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PREFACE

Naval Architecture is based on geometry, for theory as well as for practice.
Naval Architecture is also the field of technology in which some of the
basic ideas of geometric modelling first appeared. Archimedes was the first
to study theoretically the properties of floating bodies. He analyzed the
stability of floating paraboloids and introduced geometrical notions such as
centre of buoyancy. In the Handbook of computer aided geometric design (Kim et
al., 2002), Gerald Farin writes

‘The earliest recorded use of curves in a manufacturing environment seems to
go back to early AD Roman times, for the purpose of shipbuilding. A ship’s ribs
... were produced based on templates that could be reused many times. Thus a
vessel’s basic geometry could be stored ... These techniques were perfected by
the Venetians from the 13th to the 16th century. The form of ribs was defined in
terms of tangent continuous circular arcs — NURBS in modern parlance...

These matters are discussed in Section 2.1 and it is mentioned there
that the idea of defining a ship section by ‘pieces’ with common tangents
in the joining points is basic for the mathematical procedures called today
‘splines’. Farin mentions the appearance in 1752 of the name spline for the
wooden instrument used to draw smooth curves, and concludes the first
part of his historical introduction with the comment

‘This “shipbuilding connection,” described by H. Nowacki ... was the earliest use
of constructive geometry to define free-form shapes...

As Nowacki and Ferreiro (2003) point out, the modern study of the sta-
bility of ships began with the publication of the Tiaité du Navire by Bouguer,
in 1746, and the Scientia Navalis by Euler, in 1749. From the beginning this
study involved geometric properties of plane figures, such as areas, cen-
troids, first and second moments of areas. Bouguer introduced the basic
notions of metacentric radius and the metacentric evolute, two notions be-
longing to differential geometry. In 1814 and 1822 Charles Dupin studied the
surface of centres of buoyancy by means of differential geometry. During
the last centuries two-dimensional drawings were the main tools for ship
design and construction. In 1765 Gaspard Monge introduced his descriptive

XVii
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geometry, a fully fledged system for representing in two dimensions a three-
dimensional object seen from any desired direction. The method was first
considered a military secret and was published only in 1799. Since then
engineering drawings are based on Monge’s method. The advent of digital
computers enabled the development of new methods for geometric mod-
elling, but traditional drawings still remain the main means for presenting
and understanding a ship design. Generally, the first drawing of any boat or
ship project is the lines drawing, a particular, but obvious application of de-
scriptive geometry. The new techniques for modelling and displaying ship
hulls and calculating their properties are based on branches of geometry that
previously presented more theoretical, rather than practical interest. These
branches include affine geometry, projective geometry, and again differential ge-
ometry. As Gallier (2011) puts it,

‘Thus, there seems to be an interesting turn of events. After being neglected for
decades, stimulated by computer science, old-fashioned geometry seems to be
making a comeback as a fundamental tool used in manufacturing, computer
graphics, computer vision, and motion planning, just to mention some key ar-

’

eds.

Devlin (2001) too reminds that the teaching of geometry has been ne-
glected for many years, and he points out to its role in the development of
reasoning abilities. Let us insert a short quotation.

‘Younger people may not have taken a geometry class. The subject was reclas-
sified as optional some years ago in the mistaken belief that it was no longer
sufficiently relevant to today’s world, a view that demonstrates the ignorance
of many of the people who make such decisions. Although it is true that hardly
anyone ever makes direct use of geometrical knowledge, it was the only class in
the high school curriculum that exposed children to the important concept of
formal reasoning and mathematical proof.

Exposure to formal mathematical thinking is important for at least two rea-
sons. First, a citizen in today’s mathematically based world should have at least
a general sense of one of the major contributors to society. Second, a survey
carried out by the United States Department of Education in 1997 (The Riley Re-
port) showed that students who completed high school geometry performed
markedly better in gaining entry to college and did better when at college than
those students who had not taken such a course, regardless of the subjects
studied at college!
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My experience fully corroborates Devlin’s comments and I appreciate
that the above quotations are particularly valid in modern ship design. In
this book proofs for many theorems and procedures are provided. By study-
ing the proof the reader is not only convinced that the proven statement is
correct, but also understands its limits of validity. Moreover, this opens the
way for extending or modifying the results to other cases. As some authors
say, this is the discovery propriety of proofs.

Present-day CAD software for naval architectural uses is inconceivable
without the use of the branches of geometry mentioned here; anyone who
wants to get a good insight in this field and be able to participate in the
development of software should acquire the basics of these mathematics.
Many books dedicated to the branches of mathematics mentioned above
have been available for a long time. Books dedicated to computer-aided
applications appeared in the last decades. Their titles include such terms as
splines, computer graphics, or geometric modelling. By writing this book,
we had no intention to replace any of the books dedicated to one subject.
Our goals are:

e to fill gaps in certain scholar programs that ignore one or more of the
fields required by Naval Architecture;

e to bring together the basics of these fields and explain them at the level
required in practical engineering;

e to show specific applications in Naval Architecture and related fields.

These are starting points and any reader interested in deepening the
knowledge in a particular field should refer to more specialized books, some
of them referred to in our book. Finally, let us remark that not only some
roots of computer-aided geometric design stem from Naval Architecture
and ship construction, but also some of its most beautiful fruits rise from
these fields. No wonder that some authors chose them to illustrate books
on computer-aided geometric modelling. The internal cover of Rogers and
Adams (1990) shows the lines of the America’s Cup yacht Stars & Stripes,
and the cover of Mortenson (1997) contains the keel and bulb lines of the
yacht Black Magic.

THE ORGANIZATION OF THE BOOK

The book is divided into four parts, as detailed below.
Traditional methods — In this part we present an introduction to de-
scriptive geometry as the basis of engineering drawing, the definition
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of the hull surface by means of the lines drawing, and the calculation
of geometric properties of plane figures.

Differential geometry — Here we introduce the parametric represen-
tation of curves and surfaces, the fundamental notion of curvature
and other related concepts, the curvatures of surfaces. We also deal
with ruled and developable surfaces, two subjects of paramount im-
portance in ship design and production.

Computer methods — We start with a chapter on cubic splines.
A chapter on geometrical transformations deals with translation, scal-
ing, rotation and reflections in usual coordinates, and continues with
their treatment in homogeneous coordinates. As an introduction to
the following two chapters, we define affine combinations and show
how they preserve collinearity, coplanarity, and invariance under
affine transformations. A whole chapter is devoted to Bézier curves
and ends with a short treatment of rational Bézier curves. B-splines
and NURBS are treated shortly in the last chapter of this part.

Applications in Naval Architecture — The first chapter in this part
describes computer methods for transforming ship hulls to achieve
desired properties. The second chapter is a short introduction to con-
formal mapping. This application of functions of complex variables has
been used for calculating hydrodynamic properties that intervene in
seakeeping calculations.

SOFTWARE

The book includes many examples in MATLAB, a versatile computing en-
vironment of Mathworks that greatly simplifies prototyping by providing
many built-in functions and direct graphic procedures accessible at various
levels of sophistication. Exercising in MATLAB the reader may understand
in detail how the various methods work. There are also examples pro-
duced in MultiSurf, a product of Aerohydro. This is a user-friendly software
remarkable by its visible relationship to theory and that is very well docu-
mented.

This book reuses procedures developed in the book referenced as Biran
(2011). These procedures are: ArcDim, arrow, pline, point; their sources can
be found on the site www.mathworks.com looking for Adrian Biran.

It may be useful to read this book in parallel with the book Biran and
Lépez-Pulido (2014).


http://www.mathworks.com
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NOTATION

Teletype characters are used for keyboard keys, for example Ctr1, or terms
that appear in the Multisurf interface, for example Insert, Point, Curve,

Surface.
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1.1 INTRODUCTION

English  descriptive geometry

French  géométrie descriptive
German  darstellende Geometrie
Italian geometria descrittiva

Spanish ~ geometria descriptiva

The graphic definition of the hull surface that will be discussed in Chap-
ter 2 is an application of the descriptive geometry; that is why we present in
this chapter the principles of this branch of mathematics. The hull surface
of a real ship cannot be defined by simple analytical expressions although, as
mentioned in Chapter 2, attempts to do this were made. A graphic defini-
tion has been used for centuries and it still is the common way of visualizing
ship forms and use them in design. A simple surface, composed of plane
faces, can be defined by projections; more complex surfaces, for example
those of ship hulls, require also sections. Thus, for detailed viewing of 3D
objects we employ 2D representations. The formal basis of the method was
developed by Gaspard Monge (French, 1746—1818) and it starts with the
fact that two 2D projections are necessary and sufficient to define a point
in 3D space.

To understand how we represent an object we must first understand
how we see it. The human eye, like any photographic or TV camera,
sees the world in central projection. Drawing and measuring in central pro-
jection requires special techniques. Therefore, in engineering drawing it
is necessary to accept certain assumptions that greatly simplify the work.
These assumptions are the bases of the parallel, and of the orthogonal pro-
jections. The systematic treatment of the latter is achieved in descriptive
geometry, a branch of mathematics that allows drawing and measuring by
purely graphic means. The aim of descriptive geometry is to define a three-
dimensional object by two-dimensional projections so that the exact shape
and dimensions can be retrieved. Most engineering drawings are orthog-
onal projections, each projection showing two coordinates of the drawn
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points. Therefore, to store three coordinates and completely represent an
object, at least two projections are necessary. The largest part of this chapter
is devoted to such projections. Taking as examples such simple surfaces as
that of a cube, a cylinder or a cone, we show that given two projections it
is possible to obtain a third one, as well as plane sections of the surface. In
Chapter 2 we apply these methods to the much more complex ship-hull
surface as represented in conventional lines drawings.

It is possible to show all three coordinates in one axonometric projec-
tion. As this kind of display is included in most CAD packages available
today, we insert a brief introduction to this subject.

Descriptive Geometry works with 2D drawings. The drawings of ship
lines described in the next chapter are also 2D projections and sections. The
CAD software available today allows 3D modelling. However, as pointed
out in Anonymous (2014), the documentation submitted for approval by
regulating bodies of the shipbuilding industry includes 2D drawings, mainly
of ship structures. The same source also mentions that

.. tothe trained eye, a properly executed set of 2D class approval drawings pro-
vide a decent enough 3D picture of the vessel being designed.

Accurately detailing and interpreting 2D approval drawings in the marine in-
dustry continues to require extensive specialized knowledge and skill!

This specialized knowledge is based in the first place on descriptive
geometry, even if the name of this discipline is not mentioned in some
recent textbooks of engineering drawing.

When dealing with conic surfaces we show that their plane sections are
curves such as the circle, the ellipse, the parabola, or the hyperbola. Their
collective name is conic sections. We recall their definitions as loci and derive
their canonical equations. For more details we refer the reader to books
of analytical geometry, such as Fuller and Tarwater (1992), or Bugrov and
Nikolsky (1982).

Bodies having certain simple surfaces can be produced by bending a
planar cardboard or metal sheet. Therefore, we show how to develop the
surfaces of a cube, a cylinder, and a cone. The notion of developed surface is
essential in ship production and we’ll continue the discussion of the subject
in Chapters 2 and 5.

This chapter ends with two appendices that introduce the reader to the
implementation of geometric concepts on computers. The first appendix
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shows that geometric operations can be performed by linear algebra, and,
therefore, in MATLAB. The second introduces the reader to MultiSurf.

1.2 NOTATIONS

We summarize here the notations used in this chapter. Alternative notations
may be found in the literature of specialty. The indicated colours are for the
electronic version of the book.

Object Notation Examples
Point upper-case Latin letters | A, B, ...P
Straight line lower-case Latin letters | [, g

Plane upper-case Greek letter | A, T’

Greek letter 7 with
subscripts

Projection planes 71 for the horizontal plane
7o for the frontal plane

73 for the side (profile) plane
74 for an additional plane

P’ horizontal projection of P
P" frontal projection of P
P side projection of P

P projection on 74
Similarly for lines

Projected object prime marks

Object line solid, black line see Fig. 1.1
Hidden object line dashed, black line see Fig. 1.1
Line connecting two | dashed, blue line see Fig. 1.1
projections of the

same point

(in French ligne de

rappel)

Axis of symmetry dash-dot line see Fig. 1.1
Auxiliary lines continuous, red line see Fig. 1.1

The prime marks used in this chapter as superscripts for projections
should not be confounded with the prime notation of derivatives (see Sec-
tion 4.5). With our notation we can define, for example, a set of points Py,
P>, Ps, Py. Then, the line composed of the segments that connect these
points is P; P> P3Py, its horizontal projection is PP, PP, as.o.

1.3 HOW WE SEE — THE CENTRAL PROJECTION

Before learning how to represent an object, we must understand how we
see it. In Fig. 1.2 the object is the letter I7; it lies in the object plane.
Rays of light coming from the object are concentrated by the lens of the
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line of object

********** hidden object line

7777777777 line connecting two

projections of one point

—rmrm— e r— s axis of symmetry

auxiliary lines,

construction lines

Figure 1.1 Conventions for line notation

How we see the world, central projection

ject plane

Projection
True (C:r:r:r
image canXera lens)
plane

Figure 1.2 How we see the world

eye (cornea) and projected on the retina, forming there the image of the
object. This image is inverted. The retina is not plane, but, for the small
angles of ray bundles involved, we can consider it to be planar.

Images in photographic cameras are formed in the same way as in the
eye, but in this case the image is, indeed, plane. In the older, non-digital
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How we see the world, central projection

ject plane

o Image plane
Projection
centre
(eye or
camera lens)

True
image
plane

Figure 1.3 How we see the world

photographic cameras the image is formed on films. In digital cameras the
image is formed on arrays of electronic sensors. In photographic cameras
too the image is inverted, and the image plane is known as the focal plane.
In the pinhole, or camera obscura, a device known for at least 2000 years, light
1s admitted through a narrow hole into a dark chamber. An inverted image
is formed on the opposing wall.

To simplify the geometrical reasoning, it is convenient to consider an
image plane situated between the lens and the object, at the same distance
from the lens as the true image plane. In Fig. 1.3 we see the true image
plane and the one introduced here, while in Fig. 1.4 we see only the latter.
It is obvious that the size of the image is equal to that on the true im-
age plane, but the position on the new image plane is the same as on the
object plane and not inverted. Therefore, from here on we will base our
explanations on the latter description.

1.4 CENTRAL PROJECTION
1.4.1 Definition

In the preceding section we considered an object and its image. We say that
the image is the projection of the object on the plane of the retina, film
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How we see the world, central projection

ct plane

1

Image plane
Projection g P

centre
(eye or
camera lens)

Figure 1.4 Conventional image plane

or array of electronic sensors. All the lines that connect one point of the
object with its projection (that is its image) pass through the same point
that we call projection centre. This kind of projection is called central
projection. In French we find the term perspective centrale (see, for example,
Flocon and Taton, 1984), in German Zentralprojektion (see, for example,
Reutter, 1972), and in Italian prospettiva centrale (see, for example, Chirone
and Tornincasa, 2005). Definitions regarding the central projection can be
read in ISO 5456-4:1996(E).

1.4.2 Properties

Fig. 1.4 allows us to discover a first property of the central projection. If
the object and the image planes are parallel, the image of a plane object is
geometrically similar to the object.

We examine now other situations. In Fig. 1.5 the point P is the object
and E the eye. We consider a system of coordinates in which the xy-plane
is horizontal and contains the point P, the yz-plane is the image plane, and
the eye lies in the zx-plane. The image, or projection of the point P is the
point P in which the line of sight PE pierces the image plane. Theoretically,
we can consider object points situated before or behind the image plane.
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4
’7)@0@

Z|
'0/5’ N

Figure 1.5 A point in central projection

In Fig. 1.5 we use a graphic method to find the projection P'. If the
method is not obvious at this stage, we invite the reader to accept it now as
such and to return to it after reading the whole chapter. We draw through E
a perpendicular on the horizontal, xy-plane and find the point F in which
it intersects the x-axis. The line FP intersects the y-axis in P,. We raise the
vertical from Pj, and intersect the line EP in P’. By construction the point
P’ belongs both to the image plane and to the line of sight; it is the central
projection of the point P.

The central projection of the projection centre, E, is not defined. Nei-
ther can we find the projection of the point F. In general, we cannot
construct the projection of a point that lies in the plane that contains the
projection centre and is parallel to the image plane. These images are sent
to infinity. In practice, this fact may not appear as a disadvantage, but it is a
nuisance for mathematicians. To build a more convenient theory it is nec-
essary to include the points at infinity into the space under consideration.
This is assumed in the branch of mathematics called projective geome-
try where the additional points are called ideal points (see, for example,
Penna and Patterson, 1986, or Courant and Robbins, 1996).

Let us turn now to Fig. 1.6. The segment EE, is perpendicular to the
image plane and E, belongs to this plane. We cannot find in the plane xy
a point whose image is E,; however, we can think that if we consider a
point P on the axis x and its image, when the point P moves to infinity (in
either direction) its image approaches E,. To understand the geometrical
significance of the point E, we must see how straight lines are projected
under a central projection.
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Figure 1.6 Central projection of line perpendicular to the image plane

In Fig. 1.6 we consider the line d belonging to the horizontal plane
xy, and perpendicular to the image plane. The point P; belongs both to
the line d and to the image plane. Therefore, this point coincides with its
projection. We can choose two other points, P> and Ps, of the line d and
look for their projections. The line d and the point E define a plane. Let
us call it TT. The plane IT contains all the projection rays of points on d; it
is the plane that projects d on the image plane, with E as the projection
centre. It follows that the projection of d is the intersection of the plane IT
with the image plane. Then, the projections of the points Py, P> and P3,
and, in general, the projections of all points of d lie on the line that passes
through the points Py and E,. As EE, is perpendicular to the image plane,
it is parallel to d and belongs to the plane IT. Let us think now that the point
P> moves towards infinity. Then, its projection moves towards E,; this is the
image of the ideal point of the line d.

In the reasoning above we made no assumption as to the position of
the line d; all we said is that it is perpendicular to the image plane. We
can conclude that the projections of all lines perpendicular to the image
plane end in the point E,. In other words, E, is the projection of the
ideal points of all lines perpendicular to the image plane. The reader may
generalize the above considerations to lines that are not perpendicular to
the image plane, but make any angle other than zero with it. In fact, in
projective geometry — the branch of geometry that evolved from the study of
the central projection — all lines parallel to a given direction have the same
ideal point.
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“
69@ 2Z|

D/Q "o

Figure 1.7 Central projection, lines perpendicular to the image plane

//7)
e@@ » -
W, A

Figure 1.8 Central projection, lines parallel to the image plane

The particular case of lines parallel to the image plane is illustrated in
Fig. 1.8 where we consider two lines, di and d,, parallel to the image plane.
Their projections, dj and dj, are parallel to the y-axis and, thus, are parallel
one to the other.

The analysis of Figs 1.7 and 1.8 leads us to the conclusion that in central
projection parallel lines are projected as parallel if and only if they are parallel to the
image plane. In mathematical terms we like to say that the parallelism of lines
parallel to the image plane is an invariant of central projection. In general,
however, parallelism is not conserved under central projection.

Fig. 1.8 reveals another property of central projection. The segments
of the lines d; and d» shown there are equal, but the projection of the
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Object plane
AT

Image plane

Figure 1.9 Central projection, the simple ratio is not invariant

segment of dy is shorter than the projection of the segment of d;. The
farther a segment is from the image plane, the shorter is its projection.
This phenomenon is known as foreshortening and it contributes to the
sensation of depth conveyed by central projection.

There is another property that is not invariant under central projection.
In Fig. 1.9 the point O is the centre of projection, AB is a line segment in
the object plane, and A’B/, its central projection on the image plane. As one
can easily check, M’ is the midpoint of the segment A’B/, while M is not
the midpoint of the segment AB. This simple experiment shows that the
central projection does not conserve the simple ratio of three collinear
points. Formerly we can write that, in general,

A'M ” AM
M'B " MB

An exception is the case in which the object and the image plane are par-
allel.

The central projection, however, conserves a more complex quantity,
the cross-ratio of four points. In Fig. 1.10 we consider the projection
centre, O, and four collinear points, A, B, C, D, of the object plane. The
four points lie on the line d that together with the projection centre defines
a projecting plane; let its intersection with the image plane be the line d'.
The projection of the point A is A', that of B, B', a.s.o. Following Reutter
(1972) we draw through O a line parallel to the object line, d. It intersects
d" in F. We also draw through D’ a line parallel to d. Its intersections with
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Figure 1.10 The invariance of the cross-ratio
the projection rays are Ay, By, C; and Dy, the latter being identical, by
construction, with D'. Reutter uses the figure to prove that

AC AD AC AD
BD BD BC BD

(1.1)

The quantity at the left of the equal sign is the cross-ratio of the points
A, B, C, D and is noted by (ABCD). The quantity at the right of the
equal sign is the cross-ratio of the points A, B/, C’, D' and is noted by
(A'B'C'D'). The cross-ratio of four collinear points is an invariant of central projec-
tion. This property has important theoretical applications, but it is also used
in practice, for instance in the interpretation of aerial photos. In French,
the term cross-ratio is translated as birapport, in German as Doppeltverhdltnis,
and in Italian as birapporto. More about the subject can be read, for example,
in Brannan et al. (1999), or in Delachet (1964).

1.4.3 Vanishing Points

Let us list the properties revealed by studying the central projections of

various lines.

e Parallel lines parallel to the image plane are projected as parallels.

e Parallel lines not parallel to the image plane are projected as converging
lines.

e All lines parallel to a given direction are projected as lines converging to
the same point.
The above properties determine the character of images formed under

central projection. Thus, Fig. 1.11 shows a room defined by lines parallel
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Figure 1.11 One-point perspective

Figure 1.12 The construction of a one-point perspective

or perpendicular to the image plane. While the former are projected as
parallel lines, the latter appear as lines converging to one point, as seen
in the centre of the figure. Fig. 1.12 shows the construction of the lines
belonging to the pavement. The point of convergence is called vanishing
point. In Figs 1.11 and 1.12 there is only one vanishing point. Therefore,
such a projection is known as one-point perspective.

In a more general situation, the object can be defined by a set of lines
parallel to the image plane, usually vertical, and sets of lines parallel to
two directions oblique to the image plane. We obtain then a two-point
perspective, as in Fig. 1.13.
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Figure 1.13 Two-point perspective

Figure 1.14 The construction of a three-point perspective

In the most general situations there are no lines parallel to the image
plane. If we can identify sets of lines parallel to three directions, we can
construct a three-point perspective, as in Fig. 1.14. Such perspectives
are used, for example, to obtain bird views of tall buildings.

When Renaissance artists discovered the laws of perspective, they liked
to exercise with it and draw spectacular images. One particularly popu-
lar item was the pavement (in Italian pavimento) which, as exemplified in
Figs 1.11 and 1.12, greatly contributed to the sensation of space. More re-
cently, the Dutch graphic artist Maurits Cornelis Escher (1898-1972) and
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the Spanish surrealist painter Salvador Dali (1904—-1989) exploited in re-
markable manners the visual effects of perspectives.

1.4.4 Conclusions on Central Projection

The central projection produces the true perspective, that is images as we
see them, and as photographic cameras (film or digital) and TV cameras see.
As we saw, the central projection conserves the parallelism of lines parallel to
the image plane, the geometric similarity of objects in planes parallel to the
image plane, and the cross-ratio. On the other hand, the central projection
does not conserve the parallelism of lines that have any direction oblique
to the image plane, does not conserve the simple ratio, and the foreshort-
ening effect can lead to ambiguity of size. As a result, to draw in central
projection one must use elaborate techniques, and Fig. 1.12 is just a very
simple example. Still worse, to pick up measures from a central-projection
drawing one has to use special calculations. Architects and graphic artists
draw in central projection in order to obtain realistic eftects. The quantita-
tive interpretation of central projections, such as aerial photos and images
seen by a robot requires the use of elaborate techniques and not-so-simple
mathematics. In engineering drawing, however, we are interested in using
simpler techniques, both for drawing and for reading a drawing. Therefore,
we must accept assumptions that make our work simpler, even if we depart
from reality. These matters are described in the next sections. We think,
however, that the preceding introduction was worth reading because
1. the user of projections described in continuation must know to what
extent engineering drawings depart from reality and why we have to
accept this fact;
2. the Naval Architect who wants to retrieve ship dimensions from photo-
graphic images must know that this task requires specialized techniques;
3. the student who wants to deepen the knowledge or continue to the
study of computer vision, must know in which direction to aim;
4. last, but not least, software packages for Naval Architecture, such as
MultiSurf, provide the option of displaying in central projection.

1.5 ANOTE ON STEREOSCOPIC VISION

The projections used in engineering drawing are 2D images. The pop-
ular claim that present-day CAD programs yield 3D images is an abuse
of language. The model built and stored by the computer may be, in-
deed, three-dimensional, but the display on a conventional screen is as
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two-dimensional as the screen itself is. This is not the way a man with
healthy vision sees the world. The images formed on the retinas of the
two eyes differ slightly one from the other because the two eyes see the
object from slightly difterent positions. The sensorial information obtained
by the eyes is transmitted to the brain where it is processed to yield the
three-dimensional perception. It follows that for frue 3D view one needs
two different images and two eyes. In professional terminology we say
that the two images constitute a stereo pair. The observer must view this
pair by means of a device or system that enables each eye to see only
one of the two images. This is not what the vast majority of the avail-
able CAD software and hardware does today. Various methods have been
devised and implemented for creating the three-dimensional illusion, but
they still are not common tools for engineering design. If some draw-
ings and paintings give us the sensation of depth, this feeling is obtained
by other means. For static images these means are the foreshortening of
dimensions, the convergence of parallel lines, and shadows. In coloured
photos and paintings the more distant an object is, the more its colours
are fading and tending to be bluish. Movies provide a further clue for the
third dimension. When the camera turns around a set of objects, some dis-
tant objects are hidden by closer ones, while other distant objects appear
from behind closer ones. Convincing as they may be, such images are not
three-dimensional.

This is the place to point out that stereoscopic vision is not a uniformly
distributed attribute of mankind. Only a relatively small percentage of the
population enjoys full three-dimensional vision, while a similar percentage
does not see three-dimensionally at all. The quality of stereo vision of the
remaining population ranges between the two extremes.

There is a particularly simple method of achieving the stereoscopic
vision of man-made images, namely the anaglyphs. In this method the
stereoscopic pair consists of two images in different, suitably chosen colours.
One frequent choice is red for the left image and cyan for the right one.
To view the stereo pair the observer has to wear glasses with the left-
hand lens red, and the right-hand one cyan. The observer perceives a
black three-dimensional image. Vuibert has used anaglyphs in his book Les
anaglyphes géometriques published in 1912. More recently, other authors have
added anaglyphs to their books on descriptive geometry (see, for example,
Schmidt, 1977).
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Figure 1.15 Parallel projection of a pyramid

1.6 THE PARALLEL PROJECTION
1.6.1 Definition

To simplify our work, we accept a first, strong assumption: the projection cen-
tre is sent to infinity. Obviously, all projection lines become parallel. What we
obtain is called parallel projection (sometimes oblique projection). An ex-
ample is shown in Fig. 1.15. As we shall see in the next section, by letting
the projection rays be parallel we add a few properties that greatly sim-
plify the execution and reading of drawings. In real life we cannot think
about looking to objects from infinity. The farther we go from an object,
the smaller its image is. From a certain distance we practically see nothing.
We ignore this fact and, as said, we assume that we do see the world from
infinity.

1.6.2 A Few Properties

In Fig. 1.16 the line d belongs to the object plane and the line d’' belongs
to the image plane. The parallel projection of the point A is A’, that of B
is B, and that of Cis C'. The projection lines, AA’, BB', CC’, are parallel;
they can make any angle with the image plane, except being parallel to it.
Let us draw through the point C’ the line d; parallel to d. The projection

lines intersect the line d; in the points Ay, By, C;. By construction

A,C, =AC, BiC, =BC (1.2)
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Figure 1.16 Parallel projection — The invariance of the simple ratio

Applying the theorem of Thales in the triangle A’C’A; yields

BC _ B, C;
AC _A1 Cy

(1.3)

Substituting the values given by Eq. (1.2) into Eqs (1.3) we obtain

BC BC
AC AC

(1.4)

We conclude that the simple ratio of three collinear points is an invariant of
parallel projection. Another property of parallel projection can be deduced
from Fig. 1.15: parallel lines are projected as parallel. Finally and most impor-
tant, Fig. 1.17 shows that when the object plane is parallel to the image plane,
distances and sizes of angles are invariant.

1.6.3 The Concept of Scale

We know now that in parallel projection the length of the projection of
a segment parallel to the image plane is equal to the real length of that
segment. We say that the projection is in true length. This property greatly
simplifies the process of drawing. Apparently, it would be sufficient to ar-
range the object so as to have as many segments parallel to the image plane
and then draw their projections in real size. In practice, however, this is
not always possible. Many objects, for example ships, are larger than the
paper sheets we use. Other objects are too small and drawing them in real
size would result in an unintelligible image. To solve the problem we must
multiply all dimensions by a number such that the resulting image can be
well accommodated in the drawing sheet and can be easily understood.
The international standard ISO 5455-1979 defines scale as the ‘Ratio of
the linear dimension of an element of an object as represented in the original drawing
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Parallel projection, object and image planes parallel

Object plane

Image plane

Figure 1.17 Parallel projection — The invariance of lengths and angles

Table 1.1 The scales recommended by ISO 545-1979
Enlargement 2:15:1 10:1 20:1 50:1

Reduction 1:21:51:10 1:20 1:50
1:100 1:200 1:500 1:1000 1:2000
1:5000 1:10000

to the real linear dimension of the same element of the object itself’. Drawing at
full size means drawing at the scale 1:1, enlargement means a drawing
made at a scale larger than 1:1, and reduction, one made at a scale smaller
than 1:1. For example, if a length is 5 m, that is 5000 mm, when we use
the scale 1:20 we draw it as 250 mm. On the other hand, a rectangle 2 mm
by 5 mm drawn at the scale 2:1 appears as a rectangle with the sides 4 and
10 mm. Table 1.1 shows the scales recommended by ISO 5455-1979.

1.7 THE ORTHOGONAL PROJECTION
1.7.1 Definition

Parallel projections are used for oblique axonometric projections in Engineer-
ing Graphics, Architecture, and, to a greater extent, in general graphics. In
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Figure 1.18 Orthogonal projection
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Figure 1.19 The orthogonal projection of a pyramid

Descriptive Geometry, however, we go one step farther and we assume that
the projection rays are perpendicular to the image plane. One simple example is
shown in Fig. 1.18. We obtain thus the orthogonal projection. This is a
particular case of the parallel projection; therefore, it inherits all the proper-
ties of the parallel projection. In addition, the assumption of projection rays
perpendicular to the image plane yields a new property that is described in
the next section. Fig. 1.19 shows a more interesting example of orthogonal
projection; the reader is invited to compare it with Fig. 1.15.

In technical drawing, when using several orthogonal projections to
define one object, we talk about orthographic projections. Standard
definitions related to orthographic representations can be read in ISO
5456-2:1996(E).
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Projecting a right angle

Figure 1.20 Projecting a right angle

1.7.2 The Projection of a Right Angle

Fig. 1.20 shows two line segments, BA and BC, and two image planes,
7y and m,, perpendicular one to another. As shown in Section 1.8, such
projection planes are used in Descriptive Geometry. In Fig. 1.20 the angle
ABC is right and the side BC is horizontal, i.e. parallel to the projection
plane 7;. The figure shows also the horizontal and the frontal projections
of this angle. By horizontal projection we mean the projection on the
horizontal plane 7y, and by frontal projection, the projection on the
frontal plane m,. The following theorem states an important property of
orthogonal projections.

If one of the sides of a right angle is parallel to one of the projection planes, the
(orthogonal) projection of the angle on that plane is also a right angle.

It is possible to prove this theorem by considering the scalar products
of the vectors BA and BC and of their horizontal projections. Let us give,
however, an experimental proof of the right-angle theorem. We invite the
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To the right-angle theorem

Y

Figure 1.21 Experimental proof of the right-angle theorem

reader to take a cardboard box and a square set (triangle). First, locate the
square set in the corner of the box, and orient it parallel to the bottom, as
in Fig. 1.21. In the electronic version of book the square set is shown in
yellow, and its horizontal projection in a darker, brown hue. This projection
is right-angled.

Let now the side b of the square set remain horizontal, while we ro-
tate the side a as in the left-hand side of Fig. 1.22. The square set still fits
well in the corner of the box and the horizontal projection remains right-
angled. Alternatively, keep the side a horizontal and rotate the side b as in
the right-hand side of Fig. 1.22. The square set again fits well in the cor-
ner of the box and the horizontal projection remains right-angled. Finally,
try to rotate both sides a and b of the square set so that none of them is
horizontal, or, in other words, none of them is parallel to the bottom. It is
impossible to do this without changing the angle of the box corner. In fact
it must be increased. This means that the horizontal projection is no more
right-angled.

Is this theorem valid only for orthogonal projections? Doesn't it hold
also for an oblique parallel projection? The answer is that in the general
case it does not hold. Without loss of generality, we invite the reader to
check the case of a parallel, oblique projection in which the projecting rays
are parallel to the frontal projection plane, m,, but make the angle o with
the horizontal projection plane, 7.
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To the right-angle theorem To the right-angle theorem

Figure 1.22 Experimental proof of the right-angle theorem

z

Figure 1.23 A point in a 3D system of coordinates

1.8 THE METHOD OF MONGE

It seems that the great German painter and printmaker Albrecht Diirer
(1471-1528) was the first to show how three-dimensional objects can
be represented by projections on two or more planes (Coolidge, 1963,
pp- 109-12, Bertoline and Wiebe, 2003, pp. 394-5). The French math-
ematician Gaspard Monge was the first to organize in a coherent system
the methods for doing so. Therefore, he is considered to be the founder of
descriptive geometry. Monge was one of the scientists who accompanied
Bonaparte in the Egypt campaign and one of the founders of the Ecole
Polytechnique in Paris.

Fig. 1.23 shows a point P and a system of cartesian coordinates. The
basic idea of Descriptive Geometry is to use two projection planes, a horizontal
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Figure 1.24 The horizontal and frontal projection planes

Figure 1.25 The horizontal and frontal projections of point P

one, defined by the axes x and y, and a frontal one, defined by the axes x
and z. Let us note the horizontal plane by 7, and the frontal one by 7.
These projection planes are shown in Fig. 1.24.

The next step is to project orthogonally the point P on m; and .
The horizontal projection, P, is the point in which a ray emitted from P,
perpendicularly to my, pierces the plane 1. Similarly, the frontal projection,
P, is the point in which a ray emitted from P, perpendicularly to o,
pierces the plane 7,. These projections are shown in Fig. 1.25. Finally, as
shown in Fig. 1.26, we rotate the plane 7w, until the right angle between it
and 7 becomes 180° and 75 is coplanar with 1. We obtain thus what we
call the sketch of the point P. A sketch of a point R; is shown in Fig. 1.27.
Sometimes it is necessary to add a third projection plane defined by the
axes Ox and Oz. We note this plane by 73 and call the projection on it side
projection. Fig. 1.29 shows the definition in 3D space and the horizontal,
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Figure 1.26 Opening the projection diedre

frontal, and side projections of a point with coordinates

3
P=| 5
6

We invite the reader to check that any pair of projections contains all
three coordinates. The various projections of the same point are connected
by dashed lines (blue in the electronic version). These lines are perpen-
dicular to the lines that separate two projection planes. In particular, the
line that separates the 7y and 7, planes is called ground line. Some authors,
like Rising and Almfeldt (1964), use the term hinge lines for the lines that
separate two projection planes.

1.9 POINTS

Points are projected as points. In a sketch, the position of the projections of
a point relative to the ground line depends on the position of the point with
respect to the projection planes. To explain this we refer to Fig. 1.30. The
horizontal projection plane, 1, and the frontal projection plane, 5, extend
to infinity in all directions; we can draw only small regions of them. The
above-mentioned planes divide the space into four quadrants. We number
the four quadrants going in the direct trigonometric sense. The point Ry
is situated in the first quadrant, that is above 7y and before m2. As shown in
Fig. 1.27, in the sketch the projection R} appears under the ground line,
and the projection R/, above. We say that the point is drawn in first angle
view. This has been, and still is the representation preferred in Europe. The
point Rj is situated in the third quadrant, that is under 7; and behind 5.
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Figure 1.28 The sketch of a point in third-angle view

As shown in Fig. 1.28, in the sketch the projection R appears above the
ground line, and the projection R}, under. We say that the point is drawn
in third angle view. This is the representation used in USA. In these two
cases the two projections of a point are well separated and, therefore, easy
to distinguish. We invite the reader to check that the two projections of
the points Ry and Ry appear on the same side of the ground line. As en-
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Figure 1.30 Points in four quadrants

gineering drawings contain many points and lines, such projections would
be unreadable. Therefore, second and fourth angle views are not used.

1.10 STRAIGHT LINES
1.10.1 The Projections of a Straight Line

Straight lines are generally projected as straight lines, in special cases as
points. As an example we show in Fig. 1.31 the sketches of two angles,
each one defined by two straight lines. All four straight lines are projected
as straight lines. The theorem stated in Section 1.7.2 enables us to know
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Figure 1.31 The sketches of two angles
Axonometric view Sketch

Figure 1.32 The projections of two parallels

that the angle ABC is right, while the angle DEF is not. Further, as the
segment BC is parallel to the horizontal projection plane, 71, the length of
the projection B'C’ is equal to that of the segment BC. We say that we read
in 7y the frue length of the segment.

Parallel lines are projected as parallel lines on all planes, except planes
perpendicular to the plane defined by the parallel lines. See Fig. 1.32 where
the left-hand side is an axonometric projection, a term explained in detail in
Section 1.17. The corresponding sketch is shown in the right-hand side of
the figure.
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Axonometric view Sketch
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Figure 1.33 A horizontal line

Axonometric view Sketch

Figure 1.34 Afrontal line

Fig. 1.33 describes a horizontal line, h. We identify it as such because
its frontal projection, h”, is parallel to the ground line. Fig. 1.34 shows a
frontal line, f. In the sketch, the horizontal projection, f’, is parallel to the
ground line. Fig. 1.35 shows the axonometric projection and the sketch
of a line perpendicular to the side projection plane, 3. This line is both
horizontal and frontal; therefore, the projections s" and s” are parallel to the
ground line, while the side projection, s”, is a point. In the drawing of the
ship lines the x-axis is such a line.

1.10.2 Intersecting Lines

In the left-hand side of Fig. 1.36 we see the projections of the lines /; and .
These lines intersect; they have a common point J. The x-coordinate of the
point J is the same in the horizontal and the frontal projections. Hence, the
line that connects the two projections, J, J”, is perpendicular to the ground
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Axonometric view Sketch

o —eg

Figure 1.35 A line perpendicular on 3
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Figure 1.36 Intersecting and non-intersecting lines

line. The right-hand part of Fig. 1.28 shows the projections of the lines /3
and ;. These lines do not intersect. Let us draw from the projections J; and
J5 perpendiculars to the ground line. These perpendiculars do not coincide.
The points J; and J; have different x-coordinates, which means that they
are not the projections of the same point.

1.11 PLANES

Two planes that are not parallel intersect along a straight line. We are par-
ticularly interested in the intersection of planes with the projection planes
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Axonometric view Sketch
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Figure 1.37 The traces of a plane

Axonometric view Sketch

Figure 1.38 The traces of a plane parallel to 3

and we call such intersections traces. To be more specific, we say that the
intersection of the plane A with the projection plane 7; is the frace of A
on ;. This definition is exemplified in Fig. 1.37. To simplify the drawing,
we mark in the sketch only the projections of the trace on the respective
projection plane, for example #, on 1. The frontal projection of the trace #,
and the horizontal projection of the trace #; coincide with the ground line
that separates 7y from 5. The reader may generalize to other projections of
traces. The traces allow us to identify special planes. We are going to show
four special planes that are used for cutting the hull surface and generate
the sections that compose the drawing of ship lines discussed in Chapter 2.

Fig. 1.38 describes a plane X parallel to 73; it is perpendicular to both
the horizontal projection plane, 7y, and to the frontal projection plane,
7. In the sketch, the horizontal trace, ¢, and the frontal trace, tf”, are
collinear and perpendicular to the ground line. Such planes are used to cut
the hull surface and obtain the transversal sections called stations. The set of
all projections of these sections on 3 is called body plan.



34  Geometry for Naval Architects

Axonometric view Sketch
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Figure 1.39 The traces of a horizontal plane

Axonometric view Sketch
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Figure 1.40 The traces of a frontal plane

Fig. 1.39 describes a horizontal plane (i.e. parallel to m1); it is perpen-
dicular to both the frontal projection plane, 7>, and to the side projection
plane, 3. In the sketch the frontal trace, t/, and the side trace, ), are
collinear and perpendicular to the line that separates > and 73. Such planes
are used to cut the hull surface and obtain the horizontal sections called wa-
terlines.

Fig. 1.40 describes a frontal plane (i.e. parallel to m»); it is perpendicular
to both the horizontal projection plane, 71, and to the side projection plane,
73. In the sketch, the horizontal trace, f,, is perpendicular to the continua-
tion of the line that separates 75 and 3. The side trace, £, is perpendicular
to the ground line. Such planes are used to cut the hull surface and obtain
the longitudinal sections called butfocks. The set of all projections of these
sections on m is called sheer plan. The most important curve in this set is
the section by the plane of symmetry of the ship; it is the outline of the hull.

Fig. 1.41 describes a plane perpendicular to m3. In the sketch the hori-
zontal trace, f;, and the frontal trace, t}’ , are parallel to the ground line. The
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Figure 1.41 The traces of a plane perpendicular to 3

A cube in 3D space A cube in 3D space

Figure 1.42 The orthographic projections of a cube

side trace, t”
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obtain the sections called diagonals.

1s oblique. Such planes are used to cut the hull surface and

1.12 AN EXAMPLE OF PLANE-FACETED SOLID — THE CUBE

To show how descriptive geometry enables us to define a body, we begin
with the very simple example of a cube. The left-hand side of Fig. 1.42
shows an axonometric view (this subject is treated in Section 1.17) of a
cube and its projections on the planes 71, 7 and 3. To make the illustra-
tion more ‘picturesque’, in the right-hand side of the same figure we add
shading. The corresponding sketch is shown in Fig. 1.43. We see that some
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Figure 1.43 The sketch of a cube

projections coincide. For example, in the horizontal projection (projection
plane 1) the projection of the point D is superimposed on that of the
point A. Also, the projection of the face ABCD coincides with that of the
tace EFGH. To name the projections of the eight corner points we first
write the name of the point that we see first, then a comma, and finally
the name of the point that is hidden under, or behind the first point. For
example, in the projection plane 71, as we are looking from above, we see
the point D, while the point A is hidden under D. Therefore, we note the
point that corresponds to both projections I, A'.

Assuming that we are given the horizontal and frontal projections, the
side projection is well-defined and can be drawn. To explain this, let us find
the side projection, A”, of the point A whose coordinates are x4, y4, Z4.
This projection requires two coordinates that we obtain as follows:

e y4; we retrieve it from the horizontal projection A’;
e z4; we find it from the frontal projection A”.

Graphically, we may start by drawing from A’ the dashed line parallel to
the ground line. Using the compass we continue with a quarter of circle.
From here we raise a vertical line; let us call it /;. All points on this line have
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Figure 1.44 Cube sketch — Another way to relate projections

the y-coordinate equal to y4. Now, we draw from the frontal projection A"
a horizontal line into the side projection; let us call it . All points on this
line have the z-coordinate equal to z4. The projection A” we look for lies
at the intersection of the lines /; and /. The generalization of this procedure
is obvious. A slight variation of the method is shown in Fig. 1.44. Here,
instead of using a compass to draw half a circle, the line at 45° helps in
retrieving the y-coordinates.

Fig. 1.45 shows a section parallel to the base of the cube. The horizontal
projection of the section is a square, while the frontal and side projections
are line segments parallel to the ground line.

1.13 A SPACE CURVE — THE HELIX

The helix is the line described by a point that rotates with constant radius,
r, around a fixed axis and advances at constant speed in parallel with the
mentioned axis. The distance, p, travelled in parallel with the axis for one
complete rotation is called pitch. Fig. 1.46 illustrates the generation of the
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A cube section parallel to its base

Figure 1.45 Cube section parallel to base

N

=K

helix, and Fig. 1.47 contains a sketch of the helix. Assuming that the helix
is drawn on an opaque cylinder we show its visible part as a solid line, and
the hidden part as a dashed line. In Section 4.4.3 we give the parametric
equations of this curve. The helix finds and important application in Naval

Figure 1.46 A helix

Architecture as the geometry of screw propellers is based on this curve.

1.14 THE CYLINDER

For the general definition of the cylinder we show in Fig. 1.48 a curve
called directrix, and a straight line called generatrix. As the generatrix moves
along the directrix so that it stays always parallel to a given direction, it
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Figure 1.47 The sketch and the development of a helix

generatrix

directrix

Figure 1.48 Generating a right, circular cylinder

generates the surface of a cylinder. Popularly, the term cylinder is associated
with the particular case in which the directrix is a circle, and the generatrix
is perpendicular to the plane of the directrix. This case is illustrated in
Fig. 1.48 and the corresponding sketch appears in Fig. 1.50. Fig. 1.49 shows
a cylinder whose directrix is an ellipse, a curve defined in Section 1.16.3.
We can distinguish several lines parallel to the generatrix, and a number of
lines parallel to the directrix. As detailed in Chapter 2, the middle body of
many ships is a cylinder whose directrix is the midship section.

Cutting a right, circular cylinder with planes perpendicular to its axis
yields circles. Alternatively, we may say that all sections parallel to the base
are circles. If the cutting plane makes an angle with the axis, other than 0°
or 90°, the section is an ellipse. In Fig. 1.51 we show how to find points on
such a section. The cutting plane is perpendicular to the frontal projection
plane, m>. Therefore, the trace i’ on the horizontal projection plane is per-
pendicular to the ground line. The trace f” on the frontal projection plane
shows the slope of the cutting plane. Let us choose a point P on the section
line, for example one on the visible part of the cone surface. We start from
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Figure 1.49 An elliptic cylinder

Figure 1.50 The sketch of a right, circular cylinder

the frontal projection P”. We know that the horizontal projection of all
the surface is a circle. Therefore, to find the horizontal projection, P, it
is sufficient to draw from P” a perpendicular to the ground line and find
the intersection with the circle in the m; plane. As we mean a point on
the visible side of the cylinder, we are interested in the intersection with
the ‘forward’ half-circle. Thus we obtain the y-coordinate of the point; we
transfer it to the side projection plane, 73, and draw there the dashed, ver-
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Figure 1.51 Oblique section of a right, circular cylinder

tical line corresponding to this coordinate. From the frontal projection, P”,
we draw the dashed horizontal whose points have the z-coordinate of the
point P. The intersection of the two dotted lines is the side projection P”.
The figure shows also how to obtain the centre and the points correspond-
ing to the extremities of the two axes of the ellipse. Our solution started
from the frontal projection, but it is possible to start from the horizontal
projection.

1.15 THE CONE
1.15.1 Introduction

The cone is another simple surface treated in several branches of geometry.

For the general definition we show in Fig. 1.52:

e a plane curve called directrix;

e apoint, I, called vertex, that does not lie in the plane of the directrix;

e a straight line, called generatrix, that passes through the point 1”7 and
touches the directrix.

As the generatrix moves along the directrix so that it always passes
through the vertex, it generates the surface of the cone. Popularly, the term
‘cone’ is associated with the particular case in which the directrix is a circle
and the vertex lies on the line that passes through the centre of the circle
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Figure 1.52 Generating a cone

Figure 1.53 An elliptic cone

and 1s perpendicular to the plane of this curve. This is the circular, right cone
an example of which can be seen in Fig. 1.54. In mathematics, however,
the directrix can be any plane curve and there is no restriction on the po-
sition of the vertex. Moreover, it is assumed that the generatrix extends to
infinity in both directions from the vertex. Therefore, the generated sur-
face has two nappes, as exemplified in Fig. 1.53. In this figure we see several
positions of the generatrix and a number of curves that are geometrically
similar to the directrix.

1.15.2 Points on the Cone Surface

Fig. 1.54 shows a right, circular cone. Assuming this knowledge, and given
a projection of a point belonging to the surface of the cone, all other pro-
jections of that point are well defined. We are going to show two ways
for finding a second projection. This exercise will help to understand the
relationships between the various sections shown in the lines drawing of a
vessel.
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Figure 1.54 Point on cone surface — Finding the horizontal projection by a section
parallel to the base

Solution 1 — Using Sections Parallel to the Base

Let us suppose that in Fig. 1.54 we are given the coincident frontal pro-
jections P{ and P}, and the knowledge that the former projection is that of
a point on the visible side of the cone, while the latter is the projection of
a point on the hidden part. We are asked to find the horizontal projections
of the points P, P,. We know that all cone sections parallel to the base,
or, equivalently, perpendicular to the cone axis, are circles. In particular we
are interested in the section on which the points P; and P, lie. Therefore,
we draw the section in the horizontal plane using the simple construction
shown in the figure. From the frontal projections, P/, PJ, we draw the
dashed line perpendicular to the ground line; it intersects the circle in the
points P}, P,. These are the projections we looked for. If the given pro-
jections are the horizontal ones, we begin by drawing the circle that passes
through Pj, P, and is concentric with the base. Next we draw the frontal
projection of this circle and find its intersection with the perpendicular to
the ground line drawn from P}, P.

Solution 2 — Using a Generatrix

In Fig. 1.55, given the common point of the frontal projections we draw
the line that passes through that point and the projection of the vertex, 17",
This line represents the projections of two generatrices, one on the visible
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Figure 1.55 Point on cone surface — Finding the horizontal projection with the help of
a generatrix

part of the cone, the other on the hidden part. From the intersection of this
line with the ground line we draw a line perpendicular to the ground line;
it intersects the base circle in two points, L, L},. We draw lines that connect
the latter points with the centre of the base, which coincides with 1”7, the
horizontal projection of the vertex. The intersections of the latter lines with
the vertical line drawn from Pj, P are the projections we looked for. If we
are given the horizontal projections we have to reverse the procedure and
start from the horizontal projection.

1.16 CONIC SECTIONS
1.16.1 Introduction

The curves generated by cutting the surface of a right, circular cone with
planes are called conic sections; they present particular interests in math-
ematics and have many important applications in science and technology.
The study of conic sections started in ancient Greece with Manaechmus,
around 360-350 BC, and was continued by other Greek mathematicians,
among them Euclid (born ¢. 300 BC) and Archimedes (born c. 290-280,
died c. 211 BC). The major work on conics is due to Apollonius of Perga
(c. 240-190 BC) who wrote eight books (today we would rather call them
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Figure 1.56 A right, circular cone

chapters) seven of which survived. Apollonius has given those curves the
names that are in use to this day. The kind of curve produced by the
cutting plane depends on the position of this plane relative to the cone
surface, a fact summarized in Fig. 1.66. All conic sections can be described
by second-degree algebraic equations. In particular cases the sections can
degenerate into straight lines or a point. The reciprocal statement is true:
all second-degree algebraic equations describe conic sections. Closer to
our times, the Belgian-French mathematician Dandelin (1794-1847) gave
newer, remarkably elegant proofs that relate the conic sections to their defi-
nitions as loci. In the following sections we are going to explain how cutting
the cone shown in Fig. 1.56 by planes with different slopes generates the
various conic sections.

1.16.2 The Circle

If the sectioning plane is perpendicular to the axis of the cone the section
is a circle. This is case ‘b’ in Fig. 1.66. The plane cuts two opposed gener-
atrices; therefore, the resulting curve is closed. The circle is defined as the
locus of the points, in a plane, such that their distance from a given point,
called centre, is constant. The constant distance is the radius of the circle. For
the particular case in which the origin of coordinates coincides with the
centre of the circle we obtain the canonical equation of this curve directly
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Figure 1.57 The definition of the ellipse
from the above definition
Py =r (1.5)

1.16.3 The Ellipse

If the slope of the cutting plane is less than that of the generatrix, the
section is an ellipse. This situation corresponds to case ‘c’ in Fig. 1.66. As
the plane cuts two opposed generatrices, we understand that the resulting
curve is closed. For the definition of the ellipse let us refer to Fig. 1.57.
Given the two points F; and F,, the ellipse is the locus of the points P
such that the sum of their distances to the points F; and F, is constant.
The points F; and F, are the foci of the ellipse (singular focus). Let the
x-coordinates of the two foci be ¢ and —¢, while their y-coordinates are 0.
Writing in algebraic terms that the sum of the distances of the point P to
the two foci is equal to the constant 2a yields

\/(x—c)2+y2+\/(x+c)2+y2=2a (1.6)

Isolating the second term in the left-hand side of the equation and
squaring yields

(.X‘+C)2+)/2=4a2—4a\/m+(x_6)2+y2
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Figure 1.58 Truncated cone with elliptic upper face

After expanding the parentheses and simplifying we obtain

ox—a® =ay/(x— )2+ 2

After squaring again, simplifying, and collecting similar terms we remain
with

(@ -+ =~ )

Let a> — & = b2. The equation reduces to
q
b + a2y2 = b’

It remains to divide both parts of the equation by a?h* and we obtain
the canonic form

2 2

X
= %:1 1.7)

The constant 24 is the length of the horizontal axis of symmetry of the
ellipse known as major axis. The constant 2b is the length of the vertical axis
of symmetry called minor axis. When a = b=r the ellipse becomes a circle
with radius r.

Fig. 1.58 shows the cone in Fig. 1.56 truncated so that the edge of the
upper face is an ellipse. It is assumed that the part of the cone above the
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Figure 1.59 Truncated cone with elliptic upper face — Axonometric view

cutting plane was taken away. An axonometric view of the same truncated
cone is shown in Fig. 1.59.

One of Kepler’s laws states that the planets move along orbits that are
ellipses with the sun in one of the foci. Elliptical mirrors have interesting
reflection properties. Examples of extension of those properties to acoustics
are the whisper galleries, such as the famous one in St. Paul’s Cathedral of
London.

1.16.4 The Parabola

If the slope of the sectioning plane is exactly equal to that of the generatrix,
the resulting section is a parabola. This is case ‘d’ in Fig. 1.66. We see that
the sectioning plane cuts only one nappe of the conic surface. Therefore,
the curve has only one branch that extends to infinity. For the definition
of the parabola we refer to Fig. 1.60. Given the point F, called focus, and a
straight line, called directrix, the parabola is the locus of the points that are
equally distant from the focus and from the directrix. Let P be a point of the
parabola. We choose the midpoint between F and the directrix as origin
of coordinates, and the parallel to the directrix, through this origin, as the
y-axis. We draw PL perpendicular to the directrix. Let the x-coordinate of
the focus be p. Writing that the distance from P to F equals the distance

from P to L we obtain
x+p=,/(x=p)?+y

Squaring and simplifying yields the canonical equation of the parabola

V2 = dpx (1.8)
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directrix

Figure 1.60 The definition of the parabola

Figure 1.61 Truncated cone with parabolic section

Fig. 1.61 shows the cone in Fig. 1.56 truncated so that the edge of the
plane face is a parabola. It is assumed that the part of the cone above the
cutting plane was taken away. An axonometric view of the same truncated
cone is shown in Fig. 1.62.

Rotating a parabola around its axis generates a surface called paraboloid.
In his second book on Floating bodies, Archimedes studied the stability of
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Figure 1.62 Truncated cone with parabolic section — Axonometric view

floating paraboloids (Nowacki, 2002). Another application in Naval Archi-
tecture is due to the English Thomas Simpson (1710-1761) who derived a
method for numerical integration in which a given curve is approximated
by a parabola (see, for example, Biran and Lopez-Pulido, 2014; Biran and
Breiner, 2002). Galileo Galilei (Italian, 1564—1642) has shown that the tra-
jectory of projectiles in void is a parabola (see Example 4.6). Paraboloidal
reflectors are used to produce light beams and to concentrate radio and TV
signals received from communication satellites.

1.16.5 The Hyperbola

If the slope of the sectioning plane is larger than that of the generatrix, the
section is a hyperbola. This situation corresponds to case ‘e’ in Fig. 1.66.
As the sectioning plane cuts both nappes, the resulting curve has two
branches that extend to infinity. For the definition of the hyperbola we
use Fig. 1.63. Given the two points F; and F,, the hyperbola is the locus of
the points P such that the difference of their distances from the two points
is constant. The points F; and F, are the foci of the hyperbola. Let the
x-coordinates of the two foci be ¢ and —¢, while their y-coordinates are 0.
Writing in algebraic terms that the difference of the distances of the point
P from the two foci is equal to the constant 2a we obtain

Je—02 4y = Jxt 02+ 2 =2a (1.9)

We leave to the reader to treat this equation in the same manner we did
with the equation of the ellipse, but using now the substitution ¢ — a> = b°.
The result is the canonic equation

2 2

X
;_%21 (1.10)
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Figure 1.63 The definition of the hyperbola

As the branches of the hyperbola tend to infinity they approach two
straight lines called the asymptotes of the hyperbola; their equations are

y:éx’},:_éx (1.11)
a a

Fig. 1.64 shows the cone in Fig. 1.56 truncated so that the edge of the
plane face is a hyperbola. It is assumed that the part of the cone above the
cutting plane was taken away. An axonometric view of the same truncated
cone is shown in Fig. 1.65.

For a property based directly on its definition, the hyperbola was ex-
tensively used in a system of electronic navigation. Like the ellipse and the
parabola, the hyperbola has important properties of ray reflection.

Before going on to a different subject, let us look again to Fig. 1.66.
There are two examples of degenerate conic sections:

Case a — The section is a point; it can be regarded as a circle with radius
equal to zero, or as an ellipse with both axes reduced to zero.

Case f — The section is a pair of intersecting straight line. This situation
can be the limit of case (e) when the cutting plane passes through the
vertex. Then, the hyperbola coincides with its asymptotes.
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Figure 1.64 Truncated cone with hyperbolic section

vy

Figure 1.65 Truncated cone with hyperbolic section — Axonometric view

1.17 WHAT IS AXONOMETRY

The preceding sections covered the basics of object representation by or-
thogonal projections on two planes that are perpendicular one to the other.
For this method we use the term orthographic projections. The projection
planes are also planes of coordinates. In three-dimensional space we have
three axes of coordinates and each one is perpendicular to the other two.
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Figure 1.66 The family of conic sections

In the sketch, in the horizontal plane, 71, we see the projections of the x
and y axes as perpendicular one to the other, while in the frontal plane, 7,
the projections of the x and z axes are perpendicular one to the other. As
the orthogonal projection is a special case of the parallel projection, it in-
herits the properties of the latter. In particular, distances and angles parallel
to a projection plane are projected on that plane in true size. It is possible
to measure directly such distances in any direction. To fully benefit of this
property objects should be placed with the main faces (or features) parallel
to projection planes. In general, drawing and measuring in orthographic
projections present no special difficulties. On the other hand, to perceive
the shape of a three-dimensional object one has to look at two projections
and synthesize mentally the complete image. This operation requires cer-
tain spatial abilities and some training. Moreover, excepting certain simple
objects, it is not possible to show all dimensions in one projection. In gen-
eral, the dimensions must be distributed over at least two projections. For
simple objects it is possible to avoid the above drawbacks by projecting on a
single plane that makes an angle with two or all three coordinate planes. For
reasons explained below we call this method axonometry. The axonom-
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etry can be also used for showing pictorially the main features of complex
objects.

Oblique axonometry uses parallel projection and the projection rays are
oblique to the projection plane. Two popular variants are the cavalier and the
cabinet projections. Such projections are used in architecture, and in catalogues
of machine details. In this book we consider only orthogonal axonometric pro-
jections in which the projection rays are perpendicular to the projection
plane. In general, the projections of the coordinate axes are not perpen-
dicular one to another, and each axis is projected at its particular scale.
Therefore, it is possible to measure only in directions parallel with the pro-
jected axes, hence the name axonometry, a term composed of two Greek
words that mean ‘axes’ and ‘measuring’.

In Section 1.5 we have written that for reconstituting a three-
dimensional object one needs two different images. This observation is
valid also for axonometric projections. An axonometric projection of an
object and of a system of coordinates is ambiguous as to the position of the
object with respect to the axes of the coordinates. To solve the ambiguity
one has to add a projection of the object on one of the coordinate planes.
Obviously, providing a stereo pair of axonometric images would also solve
the problem.

1.17.1 The Law of Scales

In an axonometric projection the axes of coordinates are projected at scales
that may differ from one axis to another. We are going to show that these
scales are not independent, but fulfill a simple relationship. To be more
specific, the sum of squares of the scales equals 2. In Fig. 1.67 the projection
plane is inclined with respect to all coordinate planes; it is identified by its
traces h, f, and s. The traces h and f intercept the x-axis in the point X,
the traces /i and s intercept the y-axis in the point Yj, and the traces f and
s intercept the z-axis in the point Zj. The orthogonal projection of the
origin of coordinates on the oblique projection plane is O'.

We take apart the triangle OX(O' and show it in Fig. 1.68. As OO is
perpendicular to the projection plane, it is perpendicular to all lines be-
longing to that plane and in particular to X,O'. Let the notation of angles
be OXyO = a1, XoOO' = . The segment OX) is projected as O’ Xj. This
means that distances measured parallel to the x-axis are projected at the
scale

O'X
Sy = —— = cosay (1.12)
OX,
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Figure 1.67 Axonometric projections of coordinate axes

X-axis XO

Figure 1.68 Axonometric projection of the x-axis

Similarly, in the triangle OY,O' the the segment OO is perpendicular to
Y, O'. Let the notation of angles be OYOO’ B, W)’ B. The segment
QY is projected as O'Y,. This means that distances measured parallel to
the y-axis are projected at the scale

oY,
S,Z —— = COS 113
) OY() :31 ( )

_ Finally, in the triangle OZ O’ the the segment OO/ is perpendicular to
Z,O'. Let the notation of angles be OZO O =y, Zo OO’ = y. The segment
0OZ, is projected as O’ Zy. This means that distances measured parallel to
the z-axis are projected at the scale

Zy
S.=—— =cos 1.14
=55 Vi (1.14)
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Squaring both sides of Eqs (1.12) to (1.14), and considering the trigono-
metric relationships in the three triangles, we obtain

Si:coszoq =1—sina; =1—cos’« (1.15)
S? =cos’ By =1 —sin’ By = 1 — cos’

Sﬁ:cosz)q =1—sin’y; =1 —cos’y
Adding these equations side by side yields
S§+S§+SZZ=3—(cosza+cos2,3+coszy) (1.16)

The quantities between parentheses are the direction cosines of the normal
OO and their sum equals 1. Indeed, the projections of this normal on the
three axes are OO cosa, OO cos B, OO cos y. The length of OO’ can be
calculated from its projections by Pythagoras’ theorem in three dimensions

OO’2 = (OO0 cosa)* + (OO cos ,3)2 4+ (OO cos y)2

which gives
cos®a + cos® B+ cos’y =1

Substituting this value into Eq. (1.16) we obtain the fundamental law of

axonometry

Si+ S+ 8 =2 (1.17)

1.17.2 Isometry

When the isometric projection is displayed by means of specialized software
it is easy to choose any position of the projection plane and let the computer
draw the projection as required by Eq. (1.17). Doing the same in manual
work could be very difficult. Therefore, there is an interest in simplified
procedures. The first idea that may cross our mind is to let all three scales
be equal, that is

2
szsxzs);szz\@:o.sz (1.18)

Intuition may tell us that Eq. (1.18) 1s fulfilled when, in Fig. 1.67,

OX, = OY, = 0Z, (1.19)
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We can prove Eq. (1.19) deriving from Fig. 1.68 the equality
OXy = OO0/ /sinay

Squaring both sides and after some substitutions we get

> > >
— oo oo oo
OXy =—

sif;  1—cos?ay 1-82

In the same way we write

——
2 OO
oYy =——
‘-8
—
——2 OU
OZy =——
R S
Dividing the above equations side by side and extracting the square roots
yields
OXo _ 1-8
oY, 1- 82
oy, [1-8
0Z, 1-8
0z, |1-8
oxX, \1-8

Taking into account the equality of scales, that is Eq. (1.18), we obtain
Eq. (1.19). Then, the right-angled triangles X, OY), Yy OZy, and Z;O0X,
are congruent and Xy Yy = Yo Zy = ZpXy. As shown in Fig. 1.70, the tri-
angle of traces, XoYyZy, is equilateral and its angles are all equal to 60°.
The projected origin is the centre of the circumscribed circle and the pro-
jected axes bisect the angles of the triangle into angles of 30°. The angles
between the projected axes are all equal to 120°, as drawn in Fig. 1.69. We
draw these axes at 30° from a horizontal. As a first and classical example,
Fig. 1.71 shows the isometric cube. The circles inscribed in the faces of the
cube are projected as ellipses. This cube appears in the German standard
DIN 5, Part 1 (1970).

In manual work it is impractical to multiply all dimensions by the scale
0.82. Therefore, various standards allow to draw at the scale 1:1. Compar-
ing such a drawing with the corresponding orthographic projections causes
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Figure 1.69 Coordinate axes in isometric projection

300

Figure 1.70 The triangle of traces in isometric projection

a sensation of enlargement. Some CAD programs that can display isometric
projections let the user choose between the 1:1 and the 4/2/3 scales.

Example 1.1 (Isometric drawings of piping systems). An outstanding ap-
plication of the isometric projection is in the drawing of piping systems.
The advantages are obvious even for such a simple example as that shown
in Fig. 1.72. This drawing was carried on with the help of a CAD program,
using an isometric grid. Pipes are represented as single lines following the axes
of the actual pipes. This single view is sufficient for understanding how the
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Figure 1.71 The isometric cube

Figure 1.72 Piping in isometric projection

pipes are connected and for writing all dimensions. Fig. 1.73 shows the
same system in orthographic projections. To completely define the system
we used a front view, a top view, and two sections. To understand the con-
nections between the four pipes that run in parallel with the x-axis, one
has to see all four projections and mentally synthesize the knowledge.

Marine systems consist of dozens of pipes, valves, and other fittings.
Therefore, one can appreciate that it would be practically impossible to de-
sign and build such systems without isometric drawings. A detailed example
of a piping system, and valuable explanations are included in the German
standard DIN 5, Part 1 (1970).
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Figure 1.73 Piping in orthographic projection

Figure 1.74 An ambiguous isometric projection

1.17.3 An Ambiguity of the Isometric Projection

Fig. 1.74 shows in isometric projection a system of coordinates and a
point, P. This projection is not sufficient to define the position of the point
P with respect to the system of coordinates. As seen in Fig. 1.75, to the
given projection of the point P we can associate as horizontal projection
any point lying on the vertical through P, below the intersection hy with
the y-axis. Three examples are Py, P] and P}. The frontal projections, Py,
P} and P} can be obtained by an obvious construction and thus we com-
pletely define the points Py, Py and P, that all can correspond to the given
1sometric projection P.

To conclude the discussion we mention that for solids that extend in
one direction much more than in the other two, the isometric projection
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Figure 1.75 An ambiguity of the isometric projection

may look unnatural. The cause is that from our visual experience we expect
parallel lines to converge, unless they are parallel to the image plane. In such
cases it is recommended to use the dimefric projection in which only two
scales are equal. Good definitions and illustrations can be seen, for example,
in the German standard DIN 5, Part 2 (1970). When all three scales are dif-
ferent, we speak about a trimetric projection. These matters are detailed in
some textbooks on engineering drawing (for example Chirone and Torn-
incasa, 2005), or in specialized books, such as the superbly illustrated one
of Pavanelli et al. (2003).

1.18 DEVELOPED SURFACES
1.18.1 What Is a Developed Surface

A cube, a cylinder, or a cone can be built by bending a flat sheet of card-
board or metal. To do this we must draw a certain figure on the flat sheet.
We call this figure the development of the cube, cylinder, or cone. Because
we can develop the envelopes of cylinders and cones we say that these sur-
faces are developable. Only a limited number of surface kinds are developable.
The first necessary, geometrical condition for enabling development is that
the surface be ruled. A ruled surface is one on which it possible to lay straight
lines that lie completely on it. For a cylinder or a cone such lines are their
generatrices. Rotating the hyperbola in Fig. 1.63 around the x-axis gen-
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erates a hyperboloid with one nappe. This is a ruled surface, but one that
does not fulfill a second condition that we do not describe here. Therefore,
the hyperboloid with one nappe is not developable. A necessary and suffi-
cient condition that developable surfaces meet is described in Section 6.9.
An example of important surface that is not developable is the sphere. It is
obvious that no straight line can be laid on a sphere. An important property
of developed surfaces is that the distance between two points is conserved.
More specifically, let Py and P, be two points on the surface to be devel-
oped, and Pip, Pyp the corresponding points on the developed surface.
Then, the distance between the points Py and P,, on the given surface, is
equal to the distance between the points Pip, P2p on the developed figure.
We use this property in the developing process.

Many pieces of equipment are produced by bending metallic sheets.
Therefore, the techniques for calculating and drawing the developed sur-
faces are described in some textbooks of engineering drawing, such as
Chirone and Tornincasa (2005), or Chapter 15 in Simmons et al. (2012).
Two examples of books entirely dedicated to the subject are Boge (1959)
and Bundjulov et al. (1964).

In shipbuilding it would be ideal to develop the hull surface. For certain
ship forms it is possible to develop only parts of a shell, for other forms it is
not possible at all. Therefore, only approximate developments are possible.
This subject is dealt with in Section 2.9.

1.18.2 The Development of a Cylindrical Surface

The developed envelope of a right, circular cylinder is a rectangle. Thus, in
Fig. 1.76, given the base radius, r, and the cylinder height, h, we draw the
developed surface as a rectangle with base 27+ and height h. This solution
is valid only if the thickness of the material is negligible. Otherwise the
theory teaches us that when bending the metal sheet into a cylindrical solid,
the external surface is stretched, while the inner surface is compressed. This
behaviour is concisely described in Section 5.5. There is a surface on which
lengths are not changed. For a cylinder as considered in Fig. 1.77, this
surface corresponds to the mean diameter of the cylinder. More specifically,
given the inner diameter of the cylinder, d;, and the cylinder thickness, f,
the length that does not change is wd,,, where

d;;zzdi+t/2+t/2:d,'+t

According to Bundjulov et al. (1964), this rule is exact as long as d; > 10¢.
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Figure 1.77 The development of a right, circular cylinder with finite thickness

1.18.3 The Development of a Conic Surface

The developed envelope of a right, circular cone is a circular sector as
shown in Fig. 1.78. To find the angle y of the sector we observe that the
circumference of the cone base is equal to the length of the circular arc that
delimits the developed surface and write

2nr=yg

where y is the angle of the circular sector, and ¢ is the length of the gener-
atrix

g= /h2+1,2

The angle y must be measured in radians. In engineering drawings an-
gles are measured with the aid of protractors that are graduated in degrees.
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Figure 1.78 The developed surface of a right, circular cone

To convert radians to degrees we use the identity

Vradians Vdegrees
14 180

Finally, the value of the angle y in degrees is given by

y =360° (1.20)
g

1.19 SUMMARY

The human eye, like any photographic or TV camera, sees the world in
central projection. All projection rays pass through one point, the projection
centre. The only properties that are conserved (invariants) between an object
and its image are:
1. the parallelism of lines parallel to the image plane;
2. the cross-ratio of four collinear points.

Drawing and measuring in central projection require special geometri-
cal constructions or calculations. To simplify the work we assume that the
projection centre is sent to infinity. Then, the projection rays become par-
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allel. Therefore, we call this method parallel projection. We obtain three new
invariants:

1. sizes of objects (distances and angles) parallel to the image plane;

2. parallelism of lines;

3. the simple ratio of three collinear points.

The parallel projection is a particular case of the central projection and
inherits the invariants of the central projection. The parallel projection has
more useful properties than the central projection; it is easier to draw an
object in parallel projection than in central projection and it is easier to
measure lengths in parallel projection.

Let us further assume that the projection rays are perpendicular to the
image plane. We are dealing now with the orthogonal, or orthographic projection
and obtain a further invariant: the size of a right angle with a side parallel
to the image plane. The orthographic projection is a particular case of the
parallel projection and inherits the invariants of the parallel projection.

In ISO 5456-1:1996(E) (1996), Part 1, we find a summary of the prop-
erties of different projection methods. A technical vocabulary of terms
relating to projection methods in English, French, German, Italian and
Swedish can be found in ISO 10209-2:1993(E/F).

We said that when we draw in parallel projection we accept the seem-
ingly unnatural assumption that we look from infinity. Nature, however,
provides us with a real example of parallel projection: shadows cast by ob-
jects illuminated by the sun. The distance between us and the sun is so
large that its rays are practically parallel. Shadows of objects illuminated by
a small source of light are approximations of central projections.

Monge developed a system for drawing in orthogonal projections. This
is the descriptive geometry that allows us to completely define 3D objects by
2D projections. A point is defined by projections on two planes perpendic-
ular one to the other. One of the planes is rotated so that the right angle
between the two planes becomes 180° and the two projections lie in one
plane. The two projections contain all three coordinates of the point. Points
are projected as points, straight lines are projected as straight lines or points.
Planes can be easily defined and identified by their intersections with the
projection planes that are usually the coordinate planes. We call these inter-
sections traces. Particularly interesting are planes parallel to the coordinate
planes; we use them to cut the ship-hull surface and obtain the ship lines.

In orthographic projections it is convenient to place the object so that
as many representative faces as possible are parallel to the projection planes,
let’s say the coordinate planes. Instead of using a set of orthographic pro-
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Figure 1.79 True length, right angle

jections, sometimes it is sufficient to draw a single projection on a plane
not parallel to any coordinate plane, more specifically to any representative
face of the object. We are dealing then with axonometry. For simple objects
a single axonometric projection completely defines the shape of the object
and contains all dimensions. On the other hand, in axonometric projec-
tions the axes of coordinates are projected at scales that may differ from one
axis to the other. Therefore, distances can be measured only in parallel with
the projected axes, hence the name axonometry. The scales at which the
three axes are projected are not independent. More specifically, the sum of
the squares of scales equals 2. To simplify the work we may assume that the
three scales are equal. In this case the projection is called isometric and the
angles between the projected axes are equal to 120°.

Some surfaces, for example cylinders and cones, can be produced by
bending a plane sheet of metal. We say that those surfaces are developable.
An important example of surface that is not developable is the sphere. The
extent to which the hull surface is developable and what to do when it is
not is of paramount importance in shipbuilding where we are talking about
shell expansion.

1.20 EXERCISES

Exercise 1.1 (True length, right angle). This exercise refers to Fig. 1.79.
1. Which line segment is projected in true length on m;?
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Figure 1.80 To Exercise 1.2

2. Which line segment is projected in true length on m5?
3. Which line segment is projected in true length on m3?
4. Which angle is right?

Exercise 1.2 (Intersecting lines). Fig. 1.80 shows the horizontal and
frontal projections of the points A, B and C, and the horizontal projec-
tion, IY, of the point D. Assuming that the lines AB and CD intersect, find
the frontal projection, D", of the point D.

Exercise 1.3 (Square in horizontal plane). Fig. 1.81 is an axonometric
view of a square lying in a horizontal plane. Draw the sketch containing
the orthographic projections of the square on 71, 72 and 3.

Exercise 1.4 (Square in frontal plane). Fig. 1.82 is an axonometric view
of a square lying in a frontal plane. Draw the sketch containing the ortho-
graphic projections of the square on 7y, 73 and 3.

Exercise 1.5 (Point on pyramid face). In Fig. 1.83 we show:

e the horizontal and frontal projections of a pyramid with base ABCD
and vertex I/;

e the frontal projection of a point, P, that belongs to the face ABI” of the
pyramid.



68  Geometry for Naval Architects

Figure 1.81 A square in a horizontal plane

Figure 1.82 A square in a frontal plane

Your tasks are:
1. to draw the side projection of the pyramid;
2. to draw the horizontal and side projections of the point P.
Hint. As the points 17 and P belong to the face ABV/, the straight line
defined by these points belongs to the same face. Let the intersection of the
line VP with the pyramid edge AB be L. The projections of the point P
lie on the corresponding projections of the line IP.

Exercise 1.6 (An ice-cream cone). Fig. 1.84 shows an ‘ice-cream cone’
composed of

1. aright, circular cone;

2. a hemisphere.
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Figure 1.83 A point on a face of a pyramid

The points A to E belong to the visible part of the combined surface,
while the points F to J are on the hidden part. The figure shows the frontal
projections of these points. All given points lie in the plane defined by the
traces h, f. You are asked to draw:

1. the side projection of the combined surface;

2. the horizontal projections of the given points;

3. the side projections of the same points;

4. the horizontal and side projections of the section produced by the plane

defined by the traces A, f.

Exercise 1.7 (Cone with hole). Fig. 1.85 shows the frontal projection of
a cone with a hole defined by the points A to H. Your task is to draw:

1. the horizontal projections of the points A to H;

2. the side projections of the points A to H.
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Figure 1.84 Anice-cream cone

Exercise 1.8 (Isometric to orthographic). Fig. 1.86 shows the isometric
projection of a simple solid. Draw the corresponding orthographic projec-
tions.

Exercise 1.9 (Another solid). Fig. 1.87 shows the isometric projection
of a solid composed of a half-cone and a prism. Draw the corresponding
orthographic projections.

Exercise 1.10 (Developing a conic surface). Referring to Section 1.18.3
prove that the angle, y, of the developed surface depends only on the angle
a of the cone vertex.

APPENDIX 1.A THE CONNECTION TO LINEAR ALGEBRA AND
MATLAB

Using linear algebra we may greatly simplify geometrical calculations. On
the other hand, many concepts of linear algebra can be explained and vi-
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Figure 1.85 Cone with hole

Figure 1.86 An isometric projection

sualized by geometrical examples. The interplay and parallelism between
these two branches of mathematics is so natural and helpful that large parts
of them could (and should) be taught together. Thus, for example, in Ital-
ian universities the courses of linear algebra bear names that include the
term geometria, and the book of linear algebra of Marco Abate (1996) has
the title Geometria. As another example, the title of the book of Farin and
Hansford (2005) explicitly reminds the interplay between the two branches
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Figure 1.87 A solid composed of half-cone and a prism

of mathematics: Practical linear algebra — A geometry toolbox. The fact that for
many geometrical objects and operations we can find a parallel in linear al-
gebra allows us to use suitable computer software for geometric modelling.
Therefore, in this book we make massive use of MATLAB, an environment
initially developed for linear algebra, but today so versatile and powerful that
it is used in practically all branches of mathematics and engineering.

A point can be represented in MATLAB as an array whose elements
are the coordinates of that point. We can use either row or column arrays;
both variants appear in the literature. In this book we adopt the column-
array representation. Thus, a point P can be defined in the usual cartesian,
orthogonal system of coordinates by

An example in MATLAB is

P1L =1[5

3

61

P1 =
5
3
6

A shorter way to input a column array is

PL =1[5; 3; 6 1;
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Ending the command with a semicolon suppresses its echoing. The
reason for choosing the column-array notation is that several points defined
as above can be easily concatenated in MATLAB to define a line or a closed
polygon. For example, let us define a second point

P2 =106 4;7 1;
Then, the segment P; P, is represented by

P1P2 = [ P1 P2 T;

By definition, the horizontal projection of any point lies in the plane 4
whose z-coordinate is 0. Therefore, to obtain the horizontal component
of any point it is sufficient to set its z-coordinate to 0. In linear algebra,
accepting the above convention for points, this operation can be carried
on by left-multiplying the array of coordinates by a corresponding projection
matrix. For example, for the point Py defined above we write

10 0 3 3
Pi=|0 10 5 =15
00 0 6 0

The matrix for horizontal projection is entered in MATLAB with the
command

Hproj = [ 100; 010; 000 1;

It is easy to see that the same matrix projects the straight-line segment
P, P, on the m; plane. Assuming that Py P, and Hproj have been entered we
carry on the operation as

P1P2h = HprojxP1P2

P1P2h =
5 6
3 4
0 0

The ge