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Preface

This book is intended as a supplement for courses in machine compo-
nent design and as a reference for mechanical engineers. The book uses
MATLAB® as a tool to analyze and solve machine component problems.

The solutions of the problems are obtained analytically and numerically
using MATLAB. Many figures are generated with MATLAB programs.
Specific functions dealing with machine components are created. The book
will assist the undergraduate and advanced undergraduate students inter-
ested in machine element analysis. The project can be used for classroom
instruction and it can be used for a self~study and can also be oftered as
distance learning.

The chapters of the book are: stress and deflection, fatigue failure,
screws, rolling bearings, lubrication and sliding bearings, and spur gears.

Dan B. Marghitu and Mihai Dupac
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> CHAPTER ONE

Stress and deflection

> 1.1. Stress components
In the design process, the uniform distribution of stresses is usually

considered, that is, the results of forces and moments applied to an element

represent pure shear or pure tension. If a force F (tension) acts at the ends
of a straight bar its line of action incorporates the centroid of the section.
If one piece is cut and removed from the bar (made of a homogeneous
material), one can replace its effect through a force F =0 A uniformly
distributed at the cut. The normal stress o can then be expressed as

F
o=—, 1.1
: (1.1)
where A is the bar cross-sectional area. For an element in shear the uniform
shear stress distribution is

r==. (1.2)

Stress elements represent a convenient way to show stresses acting at some
point of a body. A three-dimensional Cartesian stress element with the nor-
mal stresses oy, 0y, and o, and the shear stresses 7., T.y, Txy, Tyx, Tys, and 7z,
is shown in Fig. 1.1A. For the shear stresses, using the static equilibrium,
results in

Txz = Tzx, Tyx = Ty, T2y = Tyz- (1 3)

If the stresses oy, 0y, and 0. — called either tensile stresses or tension — are
oriented as shown in Fig. 1.1A, the stresses are considered positive. The
subscripts used in the definition of the normal stresses represent the normal
direction to the surface.

The shear stresses acting in the positive direction of the reference axis
are considered positive. The first and second subscripts of the shear stress
denote the axes to which it is perpendicular (and subsequently the face on
which the stress acts) and respectively parallel.

For the stress element shown in Fig. 1.1B, where only the x and y faces
are subject to stresses, 0. =0 and 7). = 7.y = T,. = 7., = 0, and o, and o,

Machine component analysis with MATLAB® Copyright © 2019 Elsevier Inc. 1
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Figure 1.1 (A) Three-dimensional stress element and (B) planar element. From
Budynas—Nisbett: Shigley’s Mechanical Engineering Design, Eighth Edition, McGraw-
Hill, 2006. Used with permission from McGraw Hill Inc.

act in the positive direction. The shear stresses acting in the clockwise (cw)
direction are considered positive, otherwise negative and acting counter-
clockwise (ccw).

Many times it is desirable to calculate stresses on an inclined (or rotated)
section acting at an angle ¢ (Fig. 1.2). The stresses T and o acting on
an inclined plane (section) can be computed considering the equilibrium
equations for the force components caused by the stresses by using the
formulas

_ Ok +o, oy

o=y ;Uycos2¢+rxysin2¢, (1.4)

o, =0y .
T= 5 sin2¢ + 1., cos 2¢. (1.5)
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Tyz ~—

Ty
Figure 1.2 Stresses o and T on an oblique plane. From Budynas-Nisbett: Shigley’s Me-

chanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with permission
from McGraw Hill Inc.

Considering that the derivative with respect to the angle ¢ of Eq. (1.4)
equals zero, one can write

dt  o.—o

% = (—2sin2¢) + 1,y (2cos2¢) =0, (1.6)
or equivalently,
21y,
tan2¢ = # (1.7)
o — 0y

The two solutions of Eq. (1.7) as functions of ¢ represent the principal stresses
o1 and oy, respectively named minimum and maximum stresses. The angles
¢ are called principal angles, and the related (or matching) directions that are
perpendicular to each other are called principal directions.

Setting the derivative of Eq. (1.5) to zero, one obtains

ox — 0,

tan2¢ = —

(1.8)

27y,

Solving Eq. (1.8), one can obtain the angles 2¢ which represent the extreme
values of the shear stress 7. Rewriting Eq. (1.7) as

(0x — 0y) sin2¢ = 27, cos 2¢,

one obtains

27y, c082¢

Ox — 0y

sin2¢ = (1.9)
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Combining Egs. (1.5) and (1.9), one can write

=Gy 27y c082
o T 2R 00820 L2 =0, (1.10)
2 oy — 0,

that is, the shear stress in the principal directions is negligible.
Combining Eqs. (1.4) and (1.8), one gets
o=2F% (1.11)
2
that is, the normal stresses related with the maximum shear stresses are
equal.
Using Eq. (1.7), one can calculate

Tyy Ox — 0y

sin2¢ =

, Cos2¢p = .
) Ox — 0y 2 5 [ oy — 0y 2
Txy + T txy + 2

From Egs. (1.4) and (1.12) one can obtain the two principal stresses oy and

2
Ox+ 0y 5 Ox — 0y
o= TJF\/TWL(T ’
Oy + 0o Oy — O 2
o = ox+o,—o0p= 32 y_ t3y+<%), (1.13)

or equivalently,

(1.12)

0> as

2
oy + o, Oy — O,
o1o= "2 }i\/qgﬁ(%) : (1.14)

where 02 and oy are respectively the smaller and larger principal stresses.
The planes with no shear stress (when shear stresses are zero) are called
principal planes. Similarly, the shear stresses can be written as

2
tl,rzzj:\/rf),+<6x20y) . (1.15)

The state of stress can be graphically represented using the Mohr’s circle

diagram method (named after German civil engineer Otto Mohr) shown
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T (ew) i

(02 —0y) /2

Ty Sin 20

Ty COS 2¢
(cew)

Figure 1.3 Mohr’s circle diagram.

in Fig. 1.3. The idea behind this graphical representation is that all the
possible values o and 7 in Egs. (1.4) and (1.5) for a given state of stress
can be obtained by varying the angle 6 from 0 to 360°. The normal and
the shear stresses are plotted on the abscissa and (respectively) ordinate axis,
while tensile (o, and o, shown in Fig. 1.3) and normal compressive stresses
are considered positive and (respectively) negative. The shear stresses are
considered positive or negative if their orientation is clockwise (cw) or
counterclockwise (ccw).

For the Mohr’s circle diagram presented in Fig. 1.3, the tensile stresses
o, and o, are represented by OA and OC, respectively, 1, by AB, and 7,
by CD. The Mohr’s circle center is located at E, points B and D having
coordinates (oy, T,y) and (o, 7)) represent the stress conditions on the x-
and y-face, respectively. Points B and D are the opposite ends of the Mohr’s
circle diameter, therefore 2¢p = 180°, and the angle (on the stress element)
between x and y is ¢ = 90°. The principal normal stresses oy (maximum)
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(01 +02) /2

(o1 +03) /2

(03 + U‘Z) /2

(o1=02) /2

Figure 1.4 3D Mohr’s circle diagram.

and o, (minimum) are located at points F and G, while the shear stresses’
extreme values are located at H and I.

Considering a three-dimensional stress element, an orientation having
all the shear stress elements/components equal to zero and the principal
directions normal to the faces can be considered. For a stress element, the
three principal directions are related to the stresses o1, 02, and o3. The
components needed to specify a given state of stress of a three-dimensional
element are 7y, 7z, Tz, and oy, o), 0-.

To devise Mohrs circle for a three-dimensional state of stresses
(Fig. 1.4), the values o7, 02, and o3 representing the principal stresses are
ordered, that is, o > 02 > 3. The principal shear stresses (Fig. 1.4) 7y, 12, and
73 are computed using

1 1 1
‘L’1=§(02—0'3), 172=§(G1—03)7 T3=§(U1—U2)- (1.16)
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The Mohr’s circles shown in Fig. 1.4 represent the normal and shearing
stresses for rotation about the principal axes. If 7,4 = 72, then o1 > 05 > 03.

Elastic strain

The amount of elongation obtained by applying tensile load to a straight
bar is named fotal strain. Also known as unit deformation, the bar elongation
per unit length can be expressed as

€=-, (1.17)
l
where [ is the bar length, € is the Greek symbol used to designate strain, §
is the total strain (or bar elongation), and € is dimensionless.
The angular change in the right angle of an rectangular element (under
the action of pure shear stresses) named shear strain can be written as

y="7. (1.18)

Elasticity is the ability of a material to regain its original shape/geometry
once the applied load is withdrawn. Considering Hooke’s law of elasticity,
that 1s, for small deformations, the stress is directly proportional to the strain
(that produced it), and one can write

c=Ee, 1t=Gy, (1.19)

where the Young’s modulus E measures the material resistance to being
elastically deformed, and the shear modulus G — named also modulus of rigidity
— measures the material resistance to being elastically deformed.

For axial tension or compression, the total deformation § of a bar can
be calculated from Egs. (1.1), (1.17), and (1.19) as

Fl
§=——. 1.20
¥z (1.20)
When a tensile load is applied to a bar (Fig. 1.5), there is an increase

in length but also a decrease in width, that is, axial and lateral strains —
proportional to each other — occur. The negative lateral to axial strain ratio

— named Poisson’s ratio — is given by

b _late.ral strzfin. (1.21)
axial strain
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\

Figure 1.5 Tensile load applied to a bar and its deformation.

If the material is subject to stress only in the x direction, the corresponding

strain is €, = —. If the stress o, is acting in the y direction, the induced

.. [ef . . .
strain is €, = —ve, = —vEy, where v is the Poisson ratio expressed as
€, €.
p=—">d=_= (1.22)
€x €x

€, is the axial strain, €, and e. are the lateral strains, i.e., strains in the
normal directions. If the bar is subjected to both stresses at once (0. = 0),

the corresponding strains can be expressed by

€, = é (ox —voy),
1
o = L),
€. = —% (vo, —voy). (1.23)

For the 3D case when the bar is subjected to the stresses oy, 0,, and o at

once, the corresponding strains can be expressed by

€= (0 —voy —vo2)
¢ = é (0, — vo, — vo) .
€. = é (02 —vox —voy). (1.24)
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The modulus of elasticity E, Poisson’s ratio v and shear modulus G are
related by

E
=—. 1.2
© 2(1+v) (1.25)
The bulk modulus of elasticity given by
E
K=——"— 1.2
3(1—2v) (1.26)

represents the resistance of a material to compression under uniform load-
ing.

Shear and moment

The simply supported beam in Fig. 1.6A is loaded by a transversal force
F acting downwards. The reactions at supports, denoted by Ry and Ry, are
directed on the positive direction of the y-axis and are considered positive.
The beam is sectioned at a distance x from its left end, and its left-hand
part is considered free. To secure equilibrium, a shear force denoted by 1V
and a bending moment denoted by M should be applied at the cutting
(Fig. 1.6B).

(A ————————— . — . Z

Ry Ry

vl
I_[
|
: Vv

(B) % ; ..... =z

x ‘ M
Ry

Figure 1.6 (A) Simply supported beam under the action of concentrated forces, and
(B) free-body diagram of the sectioned beam. From Dan B. Marghitu, Kinematic Chains
and Machine elements Design, Elsevier, 2005.
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‘When bending is due to a uniformly distributed load w, the equilibrium
of the forces along the y direction (for a differential beam element) gives

dv
&, (1.27)
dx

where w is expressed in units of force per unit length. By equilibrium of

moments, one can relate the bending moment and the shear force by

M

V=——.
dx

(1.28)

For a differential element of the beam, one can integrate Eq. (1.27) to

obtain I as
/dV:/—wdx, (1.29)

and then integrate Eq. (1.28) to obtain M as

/dM:/ V dx, (1.30)

where the integration constants can be obtained from the values of the
bending moment and shear force at the ends of the beam. The above equa-
tions confirm that the changes in shear force and bending moment for a
differential element represent the area of the loading and shear force dia-
grams of the element, respectively.

Normal stresses in pure bending

To calculate the normal stresses under pure bending, the following as-
sumptions about the beam are taken into consideration:

1. The beam is made of an isotropic and homogeneous material which
obeys Hooke’s law.

2. The beam is straight, with its axis of symmetry in the plane of bend-
ing.

3. The beam has a constant cross-section.

A graphical representation of a beam section — under the action of a
bending moment M. — is shown in Fig. 1.7. The beam neutral plane (rep-
resented by the xz plane) is coincident with the zero strain elements of the
beam, and its neutral and symmetry axes are coincident with x and y axes,
respectively.
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Q0 @

Figure 1.7 Normal stress in flexure. From J. Shigley, C.R. Mischke, Mechanical Engineer-
ing Design, 5th edition, McGraw Hill Press, New York, 1989. Used with permission from
McGraw Hill Inc.

If a (positive) moment is applied to the beam (Fig. 1.7), the beam neutral
axis and upper surface will bend downward, that is, the elements at the top
will be in compression while the elements below the neutral axis will be
in extension. Initially parallel to the section RS, section PQ rotates by the
angle d¢ (Fig. 1.7) to its final orientation P'(QY'. Considering the geometry
of the beam (Fig. 1.7) with ds the neutral axis differential element length,
d¢ the adjacent angle, and p the radius of curvature, one can write

_d¢

1
—=—. 1.31
0T s (1.31)
The strain due to the beam deformation can be expressed by
d d
em __yd_ v (1.32)

ds ds  p’



12 Machine component analysis with MATLAB®

where dx = yd¢. From Egs. (1.19) and (1.32), the associated stress can be
calculated as

Ey
-

o =Ee = (1.33)

Considering an element of area dA, one can express the force acting on the
element by

dF = o dA. (1.34)

By integration one can obtain

/UM:—%/yMza (1.35)

At equilibrium, the internal and external moments o and M, = Mk
should be the same, that is,

E EI
M:/WM:—ffM=—, (1.36)
o o
or equivalently,
1 M
—=—, 1.37
> T (1.37)

where I = [ y? dA is the second moment of area (with respect to the z axis).
Eliminating p from Egs. (1.33) and (1.37) yields

M
a:-TK (1.38)

that is, the stress is proportional to the product My as shown in Fig. 1.8.
The maximum stress can now be expressed as
Mc M M
I Ijc Zy

Oax = (1.39)
where ¢ = y,ux and Zg,, = I/c is the section modulus.

For asymmetrical sections, the previous results may be considered if and
only if the section beam principal axis coincides with the plane of bending.
Using Egs. (1.34) and (1.35), the moment of the force (for a differential
element dA) about the y-axis can be expressed by

M),=/zdF=/zadA=/z_TEydA:—%/ysz, (1.40)
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Neutral axis T

Figure 1.8 Bending stress in flexure. From Budynas-Nisbett: Shigley’s Mechanical Engi-
neering Design, Eighth Edition, McGraw-Hill, 2006. Used with permission from McGraw
Hill Inc.

where the integral is over the section. If the bending moment acts in the
plane of the principal axis, one can deduce that I,. = [yzdA =0 and
M, = 0. Hence, the developed relations can be applied to asymmetrical
sections if and only if I,. = 0.

Shear stresses in beams

The beam of constant cross-section in Fig. 1.9 is subject to a bending
moment M. = Mk and a shear force V = I}, where the unit vectors J and
k relate to the y- and z-axes. The bending moment M, = Mk and a shear
force V= I’j are related by Eq. (1.28). Consider next the beam element of
length dx in Fig. 1.9. The bending moment is not constant along the x-axis
due to the shear force, that is, the bending moments M and M + dM act at
the beginning and end side of the beam element. The bending moments
that acts at the sections of the beam element produce the normal stresses o
and o + do, respectively. The force created by the normal stress o can be
expressed by

F[,:F;,l, where F;,:f (TdA, (1.41)
4!

and consequently, the force created by o + do is given by

y=¢
F.=—F,1, where F, :/ (o +do) dA, (1.42)
r=r

where dA is the area of a small element of the face.
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Figure 1.9 Shear stresses. From Dan B. Marghitu, Kinematic Chains and Machine ele-
ments Design, Elsevier, 2005.

M
Using 0 = Ty’ the forces acting on the beginning side and on the end

face can be calculated as

M C
F, = —/ydA, (1.43)
I 71
M+ dM [
F = % / ydA. (1.44)
)4l

Since F, > F,, the resultant Rg = F, — F}, tends to slide the element in
the —x direction. To secure equilibrium, the shear force must act in the
opposite direction to the resultant. The shear force can be expressed by

F,=F,1, where F,= bt dx, (1.45)

where 7 is the shear stress and b is the element width.
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At equilibrium, the sum of forces in the x direction equals zero, that is,

ZPX:FS+F1,—FC=O
& F=F —F

M4+dM (€ M [°
e RTZE-Y e T”
I Y1 I 1

aM (¢
& Fo=—| ydA (1.46)
rJ,
Substituting Egs. (1.28) and (1.45) into Eq. (1.46), one can calculate the
shear stress as

1dM (¢

V c
=— " | ydA=— | ydA, 1.47
]! Y (1.47)

b J,,

or in a much simpler form using the first moment of area Q (about the
neutral axis) as

_1Q

For the beam of rectangular cross-section in Fig. 1.10, the first moment of
area Q becomes

Q= [ ydA=b|

g Y1

|
= Eb(c2 -y, (1.49)
Y1

1
dy= ~by>?
ydy=3by

where dA = b dy, the element dA is at a distance y above the neutral axis,
V = I/} is the shear force, M, = Mk is the bending moment and o is the
normal stress at the beam cross-section. Using Eq. (1.49), the shear stress in
Eq. (1.48) can be expressed by

Vo
I—Z(C —D- (1.50)

The second moment of area in the case of a rectangular section can be
expressed as

bh? _ A2

=— = 1.51
12 37 (15D

where A = bh=2bc. Eqgs. (1.50) and (1.51) give
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Y Y
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Figure 1.10 Stresses in a beam with rectangular cross-section: (A) side view, and
(B) cross-section view. From Budynas—Nisbett: Shigley’s Mechanical Engineering Design,
Eighth Edition, McGraw-Hill, 2006. Used with permission from McGraw Hill Inc.

W v
= (14 )=c=— 1.52
‘ 2A< @) T (152

where the value of C is [4]

1.50 for y; =0,
1.44  for y; =0.2¢,
C=4 1.26 fory =0.4c, (1.53)
0.96 for y; =0.6¢,
0 for y1 =c.

. 3V : .
A maximum shear stress 7,,,. = — can be obtained at the neutral axis.

The maximum flexural shear stress for rectangular, circular, hollow round
and structural shapes can be expressed as in [27] by

3V 41
Trectangular = ﬂs Teircular = 3—A ’
2V |4
Thollow = 7s Tstructural = A—I . (1 54)
web
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1.2. Deflection

When an element does not change its geometry under the action
of an external force, it is called rigid. Otherwise it is called a flexible ele-
ment which deflects, bends or twists under the action of an external force,
torque or moment. If a material regains its initial shape after having been
deformed, it is called elastic, and this property is called elasticity.

Consider next the deflection of a simply supported beam (Fig. 1.11)
under a loading transversal force F. If the elastic limit of the material — due
to the deflection — is not exceeded, the beam can be represented as a linear

spring.
‘F

—_—y
< l -
|l L]

Figure 1.11 Beam described as a linear spring. From Budynas—Nisbett: Shigley’s Me-
chanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with permission
from McGraw Hill Inc.

The spring rate of a loaded bar can be expressed using Eq. (1.20) and
the spring constant definition by

AE
==, (1.55)

k=
l

=T

where [ is the bar length, E is the Young’s modulus, F is the applied force,
and A is the area of the bar cross-section.
The curvature of a planar beam can be expressed by

&y
1_ dx? , (1.56)

()]

d
where y(x) is the beam deflection. If the curve slope 6 = d_y is very small,
x

2
its square (d_y> is negligible, and the denominator can be approximated
x

by
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Consequently, the curvature can be approximated by

1 d
1_4ay 1.
P (1.57)

The beam curvature can be related to the beam external moment M by

1 M
—-—=—_, (1.58)
p EI
where E is the modulus of elasticity and I the second moment of area.
From Egs. (1.57) and (1.58), one can obtain

M &£
= d—xg (1.59)
Differentiating Eq. (1.59) twice, one can write
Vo &y
5= 7o (1.60)
g _dYy

dM
where V' = — 1is the shear force.

dx

Strain energy

Strain energy or potential energy defined as work done by an external force,
torque or moment on a elastic member to distort its shape can be expressed
as

1 1P
U=-Fy=-—, 1.62
27T %% (1.62)
F . .
where y = 71 the member deformation.

For tension and compression, the potential energy can be determined

by

1 F?]
=_—F§=—— 1.
v 2 8 2AE’ (1.63)

where the deformation § is calculated using Eq. (1.20).
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Figure 1.12 Strain energy: (A) direct shear and (B) bending. From Budynas-Nisbett:
Shigley’s Mechanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with
permission from McGraw Hill Inc.

Fig. 1.12A shows a fixed element (by its side) in pure shear. The stain
energy due to shear can be represented by

1 F?l

F
where the deformation § is calculated from the shear strain y = 1c due to
the applied force F.
The potential energy due to bending (Fig. 1.12B) can be expressed as

1 . Mds

— ~Mdo="2 1.
dU=3 2y (1.65)

ds . . :
where p = — is the radius of curvature, and the length of the elastic curve

PQ is Ipg = ds. Using Eq. (1.58), one can eliminate the radius of curvature
from Eq. (1.65) and obtain
M?2d
JU="22
2EI

(1.66)

Integrating Eq. (1.66), one obtains the beam strain energy due to bending
as
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1 [ M?

where ds ~ dx (the case of small deflections).
Using Egs. (1.63)—(1.64), one can obtain the strain energy u as

10?2 . .
u=s= (tension/compression),
1 ‘anmx :
H=250 (torsion),
1 2
W=z % (direct shear).

In the case of shear loading, the strain energy of a beam can be approx-
imated using Eq. (1.64) as

CV2%dx
- [ 1.
U / 254G (1.68)

where 17 is the shear force, and C is a correction factor [27]

2 for round or tubular cross-section,
1.5  for rectangular cross-section, (1.69)

1.33  for rectangular cross-section,
1 for structural or box cross-section.

Castigliano’s theorem may represent a good approach to deflection anal-
ysis, provided the system is in equilibrium.

Castigliano’s theorem. The displacement corresponding to any force in a sys-
tem subjected to small elastic displacements is equal to the first partial derivative of

the total strain energy in the system with respect to that force, in the direction of
displacement.

Castigliano’s theorem can be written as

U
T AF’

; (1.70)
where §; is the deflection, F; is the force, and U is the potential/strain en-
ergy at a certain point. As an straightforward example, Castigliano’s theorem
can be applied for the case of axial deflection. Considering the expressions
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of the strain energy in Eq. (1.63), one can obtain

a F?l Fl

1.3. Examples

Example 1.1. A rigid plate B is fastened to bar A and to bar C as shown
in Fig. 1.13. Bar C is also fastened to bar D which has its end fastened
to a rigid support while the end of bar A is free. Bars A, C, and D have
lengths 4, Ic, Ip and diameters d4 = d, dc = d, and dp = 1.5 d, respectively.
Load Fj is applied to the rigid plate B (distributed uniformly around the
circumference of the rigid plate B), and load F; is applied at the centroid
of the end cross-section of bar A as shown in Fig. 1.13.

1

I Ic T P
> > le——>]
|
|
|

Ip

l

|
<

33

|

|

Figure 1.13 Axial bar under loading.

Determine the axial stresses in bars A, C, and D, deformations of the
bars and total deformation of the system. For the numerical application use:
F; =64000 N, F, =192000 N, d =45 mm, [4 = 170 mm, Ic = 144.5 mm,
Ip =255 mm, and E =21 (10*) MPa.
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Figure 1.14 Free-body diagrams.

Solution

The bar 1s divided into components, and the internal forces are cal-
culated passing sections through each component. Free-body diagrams are
developed for portions of the bar.

The free-body diagram of the system, namely bar D, bar C, plate B,
and bar A, contains only one unknown force, that is, reaction R at the
rigid support, as shown in Fig. 1.14A. Reaction R, or the reaction force of
the rigid support on bar D, is

ZFf‘B‘C‘D:O¢>R+F1—F2=O<$R:F2_Fl~ (172)

The MATLAB® program starts with the declaration of variables:
clear all; clc; close all
syms F_1 F_2

syms d_A d_C d_DdE1T_AI1_CI1_D

The internal forces are calculated for each portion of the bar. For the
interval 3—4, the free-body diagram for bar A as shown in Fig. 1.14B gives

Y Fe=0&Tu-F=0% Ty=F. (1.73)
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For the interval 1-3, the free-body diagram shown in Fig. 1.14C will give
the equilibrium equation as

ZFx:0<:>T13+F1—F2:0<:>T13:F2_F17 (174)

where T3 is the internal force for the interval 1-3.
The equilibrium equations are written in MATLAB with:

T_34
T_13

F_2;
F_2-F_1;

The cross-section areas of each bar A, C, and D are calculated as A4 =

d? d> 7 d? .
TA’ Ac= 4C, and Ap="2, respectively.
The cross-section areas are calculated in MATLAB with:
d_A=d;
d_C=d;
d_D=1.5%d;

A_A=pixd_Axd_A/4;
A_C=pi*d_Cxd_C/4;
A_D=pi*d_D=%d_D/4;

fprintf("A_A = %s \n’,char(A_A))
fprintf(*A_C = %s \n’,char(A_C))
fprintf("A_D = %s \n’,char(A_D))
fprintf(’\n’)

The axial stresses on bars A, C, D, namely 04, o, and o, are calculated
using

JEY _ F _ 4F,

04 = 034 ==jg;;-—-;12 —-;;Eg,
o —o T B-F _4h-1)
c=ou= - ac Y
Tis FKh—-F 4—F)
= = — = = . 1.75
op e AD AD ﬂd% ( )

The axial stresses are calculated in MATLAB with:

sigma_A=T_34/A_A;
sigma_C=T_13/A_C;
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sigma_D=T_13/A_D;
fprintf(’sigma_A = %s \n’,char(sigma_A))

fprintf(’sigma_C = %s \n’,char(sigma_C))

fprintf(’sigma_D = %s \n’,char(sigma_D))
fprintf(’\n’)

The axial displacement of bar D is

_Tulp _ (B=F)lp
" ApE ApE

312

The axial displacement of bar C is

_ T3l _ (F, —F)lc

8
P = AcE AcE

The axial displacement of bars D and C is

(Fz—F1)lD+(Fz—Fl)lcze—F1<ZD lc)

813 =812+ 03 = 1 E 1 5 —
D c

Ap ' Ac
The axial displacement of bar D is

_ Tula  Bly
T A4E  A4E’

834

The total axial displacement of the system is

lD n lc FQIA
Ap " Ac) T ALE

F,—F
514=313+334=g< (1.76)
E
The axial displacement of the bars and system are calculated in MATLAB
with:

delta_12=T_13x1_D/(A_D*E);
delta_23=T_13x1_C/(A_C*E);
delta_13=delta_l2+delta_23;
delta_34=T_34x1_A/(A_AxE);
delta_l4=delta_13+delta_34;
fprintf(’delta_12 = %s \n’,char(delta_12))
fprintf(’delta_23 = %s \n’,char(delta_23))
fprintf(’delta_13 = %s \n’,char(delta_13))
fprintf(’delta_34 = %s \n’,char(delta_34))
4

fprintf(’delta_41 = %s \n\n’,char(delta_14))
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The numerical data is introduced using the following code:

%numerical application
lists={F_1,F_2,d,1_A,1_C,1_D, E};

N l_L, 1_U,

11stn={192000,64000,45,170,144.5,255,21*10"4};

To numerically calculate the axial stress and displacements, the symbolic
variables are substituted with the numerical data:

Fln=subs(F_1,Tlists,listn);
F2n=subs(F_2,1ists,listn);
T_13n=subs(T_13,Tists,listn);
T_34n=subs(T_34,1ists,listn);
fprintf(’Fl = %s(N)\n’, char(Fln))
fprintf(’ = %s (N)\n’, char(F2n))
fprintf(’T_13 = %s (N)\n’, char(T_13n))
fprintf(’T_34 = %s (N)\n’, char(T_34n))
fprintf(’\n”)

The numerical values for the cross-section of each bar are calculated in
MATLAB with:

d_An=subs(d_A,Tists,listn);
d_Cn=subs(d_C,Tists,listn);
d_Dn=subs(d_D,Tists,listn);
A_An=subs(A_A,1ists,Tistn);
A_Cn=subs(A_C,T1ists,Tistn);
A_Dn=subs(A_D,T1ists,Tistn);

fprintf(’d_A = %s (mm)\n’,char(d_An))
fprintf(’d_C = %s (mm)\n’,char(d_Cn))
fprintf(’d_D = %s (mm)\n’,char(d_Dn))
fprintf("A_A = %s (mm*2)\n’,eval(char(A_An)))
fprintf("A_C = %s (mm*2)\n’,eval(char(A_Cn)))
fprintf("A_D = %s (mm*2)\n’,eval(char(A_Dn)))
fprintf(’\n’)

The numerical values of each bar diameter are expressed in MATLAB by:

1_An=subs(1_A,Tists,Tistn);
1_Cn=subs(1_C,Tists,Tistn);
1_Dn=subs(1_D,Tists,Tistn);
fprintf("1_A = %s (mm)\n’,char(1_An))
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fprintf(’1_C = %s (mm)\n’,char(1_Cn))
fprintf(’1_D %s (mm)\n’,char(1_Dn))
fprintf(’\n”)

The numerical values of the axial stresses are calculated in MATLAB with:

sigmA_An=subs(sigma_A,Tlists,listn);
sigmA_Cn=subs(sigma_C,Tists,listn);
sigmA_Dn=subs(sigma_D,lists,listn);

fprintf(’sigmA_A = %s (MPa)\n’,eval(char(sigmA_An)))
fprintf(’sigmA_C = %s (MPa)\n’,eval(char(sigmA_Cn)))
fprintf(’sigmA_D = %s (MPa)\n’,eval(char(sigmA_Dn)))
fprintf(’\n”)

and the results are:

sigmA_A = 4.024066e+01 (MPa)
sigmA_C -8.048131e+01 (MPa)
sigmA_D = -3.576947e+01 (MPa)

The numerical values of the axial displacement of the bars and system
are calculated in MATLAB with:

delta_l2n=subs(delta_12,1ists,listn);
delta_23n=subs(delta_23,lists,listn);
delta_13n=subs(delta_13,Tists,listn);
delta_34n=subs(delta_34,lists,listn);
delta_l4n=subs(delta_14,1ists,listn);
delta_24n=delta_34n+delta_23n;
fprintf(’delta_12 %s (mm)\n’,eval(char(delta_12n)))
fprintf(’delta_14 = %s (mm)\n’,eval(char(delta_14n)))
fprintf(’delta_23 = %s (mm)\n’,eval(char(delta_23n)))
))
))

fprintf(’delta_34 = %s (mm)\n’,eval(char(delta_34n)
fprintf(’delta_24 = %s (mm)\n’,eval(char(delta_24n)
fprintf(’\n”)

and the results are:

delta_12 = -4.343436e-02 (mm)
delta_14 = -6.623740e-02 (mm)
delta_23 = -5.537881e-02 (mm)
delta_34 = 3.257577e-02 (mm)
delta_24 = -2.280304e-02 (mm)
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Figure 1.15 Force, stress and displacement diagrams.

The force, stress and displacement diagrams obtained using the follow-
ing MATLAB code are shown in Fig. 1.15.

%Force Diagram

subplot(1,3,1)

ForceDdraw(T_13n,T_34n,1_An,1_Cn,1_Dn);

%Stress Diagram

subplot(1,3,2)

StressDdraw(sigmA_An,sigmA_Cn, ...
sigmA_Dn,T_An,1_Cn,1_Dn);

%Displacement Diagram

subplot(1,3,3)

DisplacementDdraw(delta_l4n,delta_13n,...
delta_12n,1_An,1_Cn,1_Dn);

The MATLAB function ForceDdraw 1is:

function []=ForceDdraw(F1A,F2A,11,12,13,14)
xlabel (’Force (kN)*), ylabel(’Bar Length (mm)’)
title(’Force Diagram’)

hold on; grid on

axis equal; axis on
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axis([-200 200 -100 7001)
hold on;
scale_F=1000;
hold on
1=Tine([0 0J1,L[0 (11+12+13)1);
1=Tine([0 F1A/scale_FJ1,[(11+12+13) (11+12+13)1);
1=line([F1A/scale_F F1A/scale_F1],...
[CT1412413) (114+12+13)-(13) 1)
1=Tine([F1A/scale_F F1A/scale_F],...
[CT1+12+13)-13 (11+12+13)-(13)1);
1=1ine([F1A/scale_F F1A/scale_F],...
[(11+412413)-13 (11+12+13)-(12+13)1);
1=1ine([F1A/scale_F F2A/scale_F1,...
CCT1412413)-(12413) (11+12+13)-(12+13)7);
1=line([F2A/scale_F F2A/scale_F1,...
[0 (T1+12+13)-(12+13)1);
1=1ine([F2A/scale_F 01,[0 01);
set(1,’Color’,’blue’);

end
The MATLAB function StressDdraw 1is:

function []=StressDdraw(sigmal,sigma2,sigma3,11,12,13)

xlabel(’Stress (MPa)’), ylabel(’Bar Length (mm)’)

title(’Stress Diagram’)

hold on; grid on

axis equal; axis on

axis([-200 200 -100 7001)

hold on;

scale_S=1;

hold on

1=Tine([0 0],[0 (11+12+13)1);

1=Tine([0 sigmal3],[(11+12+13) (11+12+13)71);

1=Tine([sigma3/scale_S sigma3/scale_S],...
COT1+12+13) (11+12+13)-(13)1);

1=1ine([sigma3/scale_S sigma2/scale_S],...
[CT1+12413)-(13) (T1+412+13)-(13)1);

1=Tine([sigma2/scale_S sigma2/scale_S],...
[(T14+12413)-(13) (11+12+13)-(12+13) 1) ;

1=line([sigma2/scale_S sigmal/scale_S],...
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COTIH12413)-(12413) (11412+13)-(12+13) 1) ;
1=Tine([sigmal/scale_S sigmal/scale_S],...

[0 (T1+12+13)-(12+13)1);
1=1ine([sigmal/scale_S 0]1,[0 01);
set(1,’Color’,’blue’);

end
The MATLAB function DisplacementDdraw is:

function []=DisplacementDdraw(deltal,delta?,delta3,11,12,13)
xlabel ("Displacement (mm~{(-4)})’), ylabel(’Bar Length (mm)’)
title(’Displacement Diagram’)
hold on; grid on
axis equal; axis on
axis([-200 200 -100 7001)
hold on;
scale_D=10"(-3);
hold on
1=1ine(L0 01,[0 (11+12+13)1);
1=1ine([0 delta3/scale_D],...
[(11+12+413) (11+12+13)-(13) 1)
1=1ine([delta3/scale_D delta2/scale_D],...
COTIH12413)-(13) (11412+13)-(12+13) 1)
1=1ine([delta2/scale_D deltal/scale_D],...
CCTIH12413)-(12413) (11412+13)-(11+12+13) 1)
1=line([deltal/scale_D 0],[0 01);
set(1,’Color’, blue’);

end

Example 1.2. A rigid plate B is fastened to bar A and bar C, which is
also fastened to bar D. A second rigid plate E is fastened to bars D and F as
shown in Fig. 1.16. The ends of bars A and F are fastened to rigid supports
1 and 2. Bars A, C, D, and E have lengths l4, I¢, Ip, [ and diameters d4 =
dec =d, dp = dr = 1.5d, respectively. Load F; is applied to the rigid plate
B (distributed uniformly around the circumference of the rigid plate B),
and load F, is applied to the rigid plate E (distributed uniformly around
the circumference of the rigid plate E) as shown in Fig. 1.16. Determine
the axial stresses in bars A, C, D, and E, deformations of the bars, total
deformation of the system, and reactions at ends 1 and 2.
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Figure 1.16 Axial bar under loading.

For the numerical application use: F; =24000 N, F, =48000 N, d =
15 mm, 4 = 65 mm, Il =227.5 mm, [p =32.5 mm, [ =48.75 mm, and
E=21(10*) MPa.

Solution

The system is divided into components, and the internal forces are cal-
culated passing sections through each component. Free-body diagrams are
developed for portions of the bar.

The free-body diagram of the system, namely bar F, plate E, bar D,
bar C, plate B, and bar A, contains only two unknown forces, that is,

reactions Ry and R, at the rigid supports as shown in Fig. 1.17A. One can
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Figure 1.17 Free-body diagram.

write
Y EMOPEE (& —Ry+ F,—Fi+ R =04 Ry — Ry + F, — F; =0,

(1.77)

The internal forces are calculated for each portion of the bar. For the in-
terval 1-3, the free-body diagram of the bar shown in Fig. 1.17B gives

Y F=0&T;3+R=0% Tis=—R,. (1.78)

For the interval 35, the free-body diagram shown in Fig. 1.17C gives
Y F=0&Tis+R—F=0&Tys=F—R,. (1.79)

For the interval 5-2, the free body diagram shown in Fig. 1.17D gives

Y FE=0&Tn+R—F+F=0&Tn=Fh—-Ry—F. (1.80)
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The MATLAB program starts with:

clear all; clc; close all
syms F_1 F_2 T_13 T_35 T_52 R_1 R_2 R_2_
syms 1_A d_A 1_C d_C 1_.D d_D d E 1_F

The equilibrium equations are written and displayed in MATLAB with:

sumFOQy = R_1 - F_1 + F_2 - R_2;

sumFOyl = T_13 + R_2;

sumFOy2 = T_35 + R_2 - F_2;

sumFOy3 = T_52 + R_.2 + F_1 - F_2;
fprintf("F_1 = %s \n’,char(F_2))
fprintf(°F_2 %s \n’,char(F_1))
fprintf(’\n’)

fprintf(’sumFOy = %s \n’,char(sumFOy))
fprintf(’ sumFOyl = %s \n’,char(sumFQOyl))
fprintf(’sumF0y2 = %s \n’,char(sumFQ0y?2))
fprintf(’sumFOy3 = %s \n\n’,char(sumF0y3))

Force calculation in each section is performed in MATLAB with:

solll=solve(sumFOyl,T_13);

T_13 = solll;

fprintf(’T_13 = %s \n’,char(T_13))
soll2=solve(sumF0y2,T_35);

T_35 = soll12;

fprintf(’T_35 = %s \n’,char(T_35))
sol13=solve(sumF0y3,T_52);

T_52 = soll13;

fprintf(°T_52 = %s \n\n’,char(T7_52))

The cross-section areas of each bar A, C, D, and F are calculated using

d> a2, d? d>
Aq = H—A, Ac = n—c, Ap = H—D, Ar = u, respectively. The cross-

section areas are calculated and printed in MATLAB with:

d_A=d;

d_C=d;

d_D=1.5%d;
d_F=1.5%d;
A_A=pixd_Axd_A/4;
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A_C=pi*d_Cxd_C/4;
A_D=pixd_Dxd_D/4;
A_F=pixd_Fxd_F/4;
fprintf("A_A = %s \n’,char(A_A))
fprintf(*A_C = %s \n’,char(A_C))
fprintf(*A_D = %s \n’,char(A_D))
fprintf("A_F = %s \n\n’,char(A_F))
The axial stresses 04, 0¢, 0p, and of are calculated using
or = —_—= =,
F AF AF JTdIZ:
by FH—-R 4 —Ry)
O’D = _——= = 5 ,
AD AD T[dD
by FH—-R 4 —-Ry)
O’C = _——= = 5 ,
AC AC JTdC
F FE,—R, —F 4(Fb—R,— F
oy = Da_l 2 1 (F2 22 1) (1.81)
AA AA TL’dA

The MATLAB computation for the axial stresses is given by:

sigma_A=T_bH2/A_A;
sigma_C=T_35/A_C;
sigma_D=T_35/A_D;
sigma_F=T_13/A_F;

fprintf(’sigma_A = %s \n’,char(sigma_A))

fprintf
fprintf

(
fprintf(
(
(

sigma_C = %s \n’,char(sigma_C))

sigma_D = %s \n’,char(sigma_D))

sigma_F = %s \n\n’,char(sigma_F))

The axial displacements of bars A, C, D, and F are

1
P

831

834

841

3

3

_Fuls _ Rolp
 ApE  ApE’

3

Foalp _ (F,—Ry)Ip

ApE ApE

= 04=08+84=—

Rylp n (F>—Ry)Ip
AE ASE
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Foalc _ (F>—Ry)lc

AL ACE
Rl (Fo—Ry)lp (F,—Ro)lc
d5.1 = &85=94 S4_5 = —
5—1 5 4+ 045 AFE+ A E + AE )
Fsaly  (Fo—Ry—Fi)la
05_0 = = . 1.82
5-2 AL 4.0 (1.82)

The displacements of the bars are calculated in MATLAB with:

delta_1=0;
delta_2=0;
delta_31=T_13x1_F/(A_F*E);
delta_34=T_35x1_D/(A_D*E);
delta_4l=delta_31+delta_34;
delta_45=T_35x1_C/(A_C*E);
delta_bl=delta_41l+delta_45;
delta_b2=T_52x1_A/(A_A*E);
fprintf(’delta_l = %f \n’,delta_1)
fprintf(’delta_2 = %f \n’,delta_2)
fprintf(’delta_31 = %s \n’,char(delta_31))
fprintf(’delta_41 = %s \n’,char(delta_41))
fprintf(’delta_51 = %s \n’,char(delta_51))
fprintf(’delta_34 = %s \n’,char(delta_31))
fprintf(’delta_45 = %s \n’,char(delta_45))
2

fprintf(’delta_52 = %s \n\n’,char(delta_52))

Since the ends A and F of the bars are fastened to rigid supports, there is
no displacement at the bar ends, that is, 8, = 0. Therefore, one can write

Stotal = O2-1=1081-3 + 834 + 845+ 85
Rl N (F>,—Ry)Ip
AE ALE
(F> =Ry lc n (Fo—Ro—F)lg
AcE A4E B

0. (1.83)

In MATLAB this is achieved by:

delta_21=delta_31+delta_34+delta_4b+delta_52;
delta_tot=delta_21;
fprintf(’delta_total = %s \n’,char(delta_tot))
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It results in

_RZZF Elp Rip FRlec Rile (F—F)la Rl

_ - 2l _ -0
ArE  ApE ApE + AcE AcE + AqE AqE
Rolp  Rolp | Role | Roly  Bolp | Blc | (Fo—Fi)ly
ArE  ApE  AcE  A4E  ApE  AcE A4E
l lD ZC lA
R
< & <AFE ApE T AE T ALE
Ip lc
=F F F—F
> A E + 2ACE+(2 1)AAE
Ip
7t (F2—F) —/——
o Ry— A0E A Aa E. (1.84)
Ir Ip lc la

AE T a,E T acE T ALk

Using Eq. (1.77), one can write
Ri=Ry—F +F; =0. (1.85)

From Eqs. (1.85) and (1.84), one can write

I I
KR—+4+F +(F—F) ——
Ry=—ApE " AcE A A B4 F=0. (186
Ir n Ip n le l4
AE  ApE T AGE T A4E

Reactions R and R; at the rigid supports are calculated in MATLAB using
the code:

solla=solve(delta_tot,R_2);

R_2new = solla;

fprintf(’R_2 = %s \n’,char(R_2new))
sollb=solve(sumFOy,R_1);

R_1 = subs(sollb,R_2,R_2new);
fprintf("R_1 = %s \n\n’,char(R_1))

Using the newly calculated reactions Ry and Rj, the axial displacements
can be expressed in MATLAB with:

delta_31=subs(delta_31,R_2,R_2new);
delta_34=subs(delta_34,R_2,R_2new);
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delta_41=delta_31+delta_34;
delta_45=subs(delta_45,R_2,R_2new);
delta_bl=delta_4l+delta_45;
delta_b2=subs(delta_b52,R_2,R_2new);

fprintf(’delta_l =
fprintf(’delta_2

fprintf(’delta_31 =
fprintf(’delta_41 =
fprintf(’delta_b51 =
fprintf(’delta_34 =
fprintf(’delta_45 =
fprintf(’delta_52 =

%
%

f \n’,delta_1)

f \n’,delta_2)

%s \n’,char(delta_31))
%s \n’,char(delta_41))
%s \n’,char(delta_51))
%s \n’,char(delta_34))
%s \n’,char(delta_45))
%s \n\n’,char(delta_52))

The input data are given in MATLAB as:

snumerical application

s L, l_U,1_T,

11stn={24000,48000,15,65,3.5%65,0.5%¥65,0.75%65,21*x10"4};

The numerical values for the displacements are calculated in MATLAB

using:

delta_31_=subs(delta_31,1lists,listn);
delta_41_=subs(delta_41,1ists,listn);
delta_b51_=subs(delta_b51,lists,listn);

delta_45_=subs(delta_45,1ists,listn);

(

(

(
delta_34_=subs(delta_34,lists,listn);

(

(

delta_b2_=subs(delta_b2,Tists,listn);
fprintf(’delta_1_ = %f (mm)\n’,delta_1l)
fprintf(’delta_2_ = %f (mm)\n’,delta_2)

fprintf(’delta_31_
fprintf(’delta_41_
fprintf( delta_51_
fprintf(’delta_34_
fprintf(’delta_45_
fprintf( delta_b52_

The results are:

delta_1_
delta_2_

0.000000
0.000000

%s (mm)\n’,eval(char(delta_31_)))
%s (mm)\n’,eval(char(delta_41_)))
%s (mm)\n’,eval(char(delta_51_)))
%s (mm)\n’,eval(char(delta_34_)))
%s (mm)\n’,eval(char(delta_45_)))
%s (mm)\n\n’,eval(char(delta_52_)))

(mm)
(mm)

delta_31_ = -2.340528e-02 (mm)
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delta_41_ = -2.032564e-02 (mm)
delta_bl_ = 2.817873e-02 (mm)
delta_34_ = 3.079642e-03 (mm)
delta_45_ = 4.850436e-02 (mm)
delta_b2_ = -2.817873e-02 (mm)

The numerical values of reactions Ry and R, are obtained and printed in
MATLAB with:

R_2_=subs(R_2new,lists,listn);
R_1_=subs(R_1,Tists,Tistn);

fprintf("R_1_ = %s (N)\n’,eval(char(R_1_)))
fprintf("R_2_ = %s (N)\n\n’,eval(char(R_2_)))

The values of the reactions are:

1.608791e+04 (N)
4.008791e+04 (N)

Using the numerical values of reactions Ry and Ry, the values of the axial
stresses can be obtained in MATLAB with:

sigma_A_=eval(subs(sigma_A,[1ists,R_2]1,...
[listn,R_2_1));
sigma_C_=eval(subs(sigma_C,[lists,R_271,...
[Tistn,R_2_1));
sigma_D_=eval(subs(sigma_D,[1ists,R_21,...
[Tistn,R_2_1));
sigma_F_=eval(subs(sigma_F,[1ists,R_2]1,...
[1istn,char(R_2_)1));
fprintf(’sigma_A_ = %s (MPa)\n’,sigma_A_)

fprintf(’sigma_C_ = %s (MPa)\n’,sigma_C_)
fprintf(’sigma_D_ = %s (MPa)\n’,sigma_D_)
fprintf(’sigma_F_ = %s (MPa)\n\n’,sigma_F_)

The numerical values for the axial stresses 04, oc, op, and of are:

sigma_A_ -9.103896e+01 (MPa)
sigma_C_ = 4.477326e+01 (MPa)
sigma_D_ 1.989923e+01 (MPa)
sigma_F_ = -1.008227e+02 (MPa)

The force, stress and displacement diagrams obtained using the following
MATLAB code are shown in Fig. 1.18.
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Figure 1.18 Force, stress and displacement diagrams.

T_13_=subs(T_13,[1ists,R_2]1,[1istn,eval(R_2_)1);

T_35_=subs(T_35,[1ists,R_2],[1istn,R_2_1);

T_52_=subs(T_52,[1ists,R_2],[1istn,R_2_1);

1_A_=subs(1_A,Tists,1istn);1_C_=subs(1_C,Tists,Tistn);

1_D_=subs(1_D,Tists,Tistn);1_F_=subs(1_F,Tists,Tistn);

%Force Diagram

subplot(1,3,1)

ForceDadraw(T_13_,T_35_,T_52_,1_A_,1_C_,1_D_,1_F_);

%Stress Diagram

subplot(1,3,2)

StressDadraw(sigma_A_,sigma_C_,sigma_D_,sigma_F_,...
1_A_,1_C_,1_D_,1_F_);

%Displacement Diagram

subplot(1,3,3)

DisplacementDadraw(delta_51_,delta_41_,delta_31_,...
1_A_,1_C_,1_D_,1_F_);

The MATLAB function ForceDadraw 1is:

function [J=ForceDadraw(F1A,F2A,F3A,11,12,13,14)
xlabel (*Force (kN)’), ylabel(’Bar Length (mm)’)
title(’Force Diagram’)
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hold on; grid on
axis equal; axis on
axis([-200 200 -100 7001)
hold on;
scale_F=1000;
hold on
1=Tine([0 01,[0 (11+12+13+14)1);
1=1ine([0 F1A/scale_F1,...
CCTI+12413+14) (T1+12+13+14) 1) ;
1=1ine([F1A/scale_F Fl1A/scale_F1,...
[CT1412413+14) (11+412+413+14)-(14) 1) ;
1=1ine([F1A/scale_F F2A/scale_F1, ...
[1I+12+413+14)-14 (11+12+13+14)-(14) 1) ;
1=1line([F2A/scale_F F2A/scale_F],...
COI1+12413+414)-14 (11+412+13+14) - (13+14)]);
1=1ine([F2A/scale_F F2A/scale_F1], ...
COTIH12413+14) - (13+14) (T1+12+13+14)-(13+14) 1) ;
1=1ine([F2A/scale_F F2A/scale_F1,...
CCOTT+12413+14) - (13+14) (11+12+13+414) - (12+13+14) 1) ;
1=1ine([F2A/scale_F F3A/scale_F1,...
[CTIHT12413+14) - (12+13+14) (T1+12+13+14)-(12+13+14) 1) ;
1=1ine([F3A/scale_F F3A/scale_F],...
[0 (T1+12+13+14)-(12+13+14) 1) ;
1=1ine([F3A/scale_F 01,[0 01);
set(1,’Color’,’blue’);

end
The MATLAB function StressDadraw 1is:

function []=StressDadraw(sigmal,sigmaz,...
sigma3,sigma4,11,12,13,14)

xlabel (’Stress (MPa)’), ylabel(’Bar Length (mm)’)

title(’Stress Diagram’)

hold on; grid on

axis equal; axis on

axis([-200 200 -100 7001)

hold on;

scale_S=1;

hold on

1=1ine(L0 0],[0 (11+12+13+14)1);
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1=1ine([0 sigma4/scale_S],...
[(T1+H12413+414) (11+12+13+14) 1) ;
1=line([sigmad4/scale_S sigmad4/scale_S],...
[C11+12413414) (11+412+413+14)-(14) 1) ;
1=line([sigma4/scale_S sigma3/scale_S],...
[(11+12+413+14)-14 (11+12+13+14)-(14) 1) ;
1=Tine([sigma3/scale_S sigma3/scale_S],...
COI1H12413+414)-14 (11+412+13+14)-(13+14) 1) 5
1=1ine([sigma3/scale_S sigma2/scale_S],...
[CTI+12413+14) - (13+14) (11+12+413+14)-(13+14) 1) ;
1=Tine([sigma2/scale_S sigma2/scale_S],...
COIT+H12413+414) - (13+14) (11+12+413+14) - (12+13+14) 1) ;
1=line([sigma2/scale_S sigmal/scale_S],...
[CTI+T12413+14) - (12+13+414) (T1+12+13+14)-(12+13+14) 1) ;
1=Tine([sigmal/scale_S sigmal/scale_S],...
[O (11+12+13+14)-(12+13+14)1) 5
1=Tine([sigmal/scale_S 0]1,[0 01);
set(1,’Color’,’blue’);

end
The MATLAB function DisplacementDadraw is:

function []=DisplacementDadraw(deltal,deltaZz,...
delta3,11,12,13,14)

xlabel (’Displacement (mm~{(-4)})"), ylabel(’Bar Length (mm)”)

title(’Displacement Diagram’)

hold on; grid on

axis equal; axis on

axis([-200 200 -100 7001)

hold on;

scale_D=10"(-3);

hold on

1=Tine([0 01,[0 (11+12+13+14)1);

1=1ine([0 delta3/scale_D],...
COTI+H12+13+14) (11+412+13+14)-(14) 1)

1=1ine([delta3/scale_D delta2/scale_D],...
[C1I412413+14)-(14) (11+12+13+14)-(13+14)]);

1=1line([delta2/scale_D deltal/scale_DJ],...
[OT1+12+13+414) - (13+14) (11+12+13+14)-(12+13+14)1) ;

1=1ine([deltal/scale_D 01,...
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Figure 1.19 System of bars under loading.

COT1H12413414) - (12413+14) (11+12+13+14) - (11+12+13+14) 1) ;
set(1,’Color’,’blue’);

end

Example 1.3. The vertical load F shown in Fig. 1.19 is supported by three
different bars denoted by O; Py, O,P,, and O3P5. Bar O Py has length [,
radius r; and modulus of elasticity E;; bar O, P, has length I, radius r,, and
modulus of elasticity Ep; and bar O3 P5 has length 5, radius 13, and modulus
of elasticity E3. The distance between points Py and P> is dp,p, = di, the
distance between points P, and P is dp,p, = da, and load F is acting at a
distance d3 from point P; as shown in Fig. 1.19. Determine the load, axial
stresses and displacements of the bars when the externally applied load acts
as shown.

Solution

The free-body diagram of the system in Fig. 1.20 contains tree un-
known forces, reactions Ry, Rp, and Rj3. Resolving forces vertically, one
can obtain

Y Fop=0% Ry +Ry—F+Rs=0. (1.87)
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Figure 1.20 Free-body diagram of the system of bars under loading.

Taking moments about P; (the sum of moments about point P is zero),

one can obtain

ZMP1=O<=>R3(d1+d2)—F(d1+d2—d3)+R2d1=O.

(1.88)

The equilibrium equations in MATLAB, i.e., sums of forces and moments,

are written and displayed using

sumFOy = R_1 + R_2 - F + R_3;
SumM_P1 = R_3%(dl+d2)...

- Fx(dl1+d2-d3) + R_2*dl;
fprintf(’sumFOy = %s \n’, ...

char(sumFOy))
fprintf(’\n’)
fprintf(’sumM_P1 = %s \n’,...

char(sumM_P1))
fprintf(’\n”)

Another equation is needed to determine reactions Ry, Rp, and Rj;

(Fig. 1.20). Using a geometric approach (Fig. 1.21), one can write
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Figure 1.21 Initial and final position of the system under loading.
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where 1‘1()1p1 = A1 = TH’]Z, 1‘1()2p2 = A2 = 7T1’22, and 1‘1()3p3 = A3 = 7'[1’% repre-
sent the cross-section areas of bars Oy Py, O>P», and O3 P;, respectively. The
equation is written in MATLAB using:

A_l=pixrlnrz;
A_2=pi*r2"2;
A_3=pi*r3nr2;
delta_1=(R_1Ix11)/(A_1%E1);
delta_2=(R_2x12)/(A_2*E2);
delta_3=(R_3x13)/(A_3*E3);

eq3 = (delta_2-delta_l)/(delta_3-delta_1)...
- dl/(d1+d2);

fprintf(’eq3 = %s \n’,char(eqg3))

fprintf(’\n’)

Using Egs. (1.87), (1.88), and (1.89), one can write

Ri+Ry,— F+ R3=0,
R3(di + do) — F(dy + do — d3) + Rod; =0
Ryl Ry dq <R3l3 Ry l1>

i’gEz B V%E] - di +d V%Ey, B V%EH

(1.90)

Solving Eq. (1.90), one can obtain

E; F}'l [Ezd] 131’5 (dz — dz) + E3dzlzi’§ (d1 + dz)]

Ry = 2.2 2 2 22
ElEzlgd n 1’2 + E1E7,121’1 3 (d +2didr + d ) + E7E311d r 1’3
R EQFVS [E1 d1l31’12 (d1 +dy — d3) + Egdzdﬂﬂ’%]
2= E; Eglzdzi’l 5+ E; Ev,lztfl r3 (dz +2dyd> + dz) + E2E3l1 dZVZ r3
E3Fi’§ [E1 dllﬂ’% (d1 +2d, — d3) (E1dzlgr12 + E2d2111’22) (dg — dg,)]
3 =

E1E213d21’] ry + 5153121’] 3 (dz +2dyd> + dz) + E>E3l4 d2V2V3
(1.91)

The system of equations is solved in MATLAB using:

sol=solve(sumFOy,sumM_P1,eq3,...
R1 = s1mphfy(so1.R_1);
R2 = simplify(sol.R_2);
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R3 = simplify(sol.R_3);
fprintf(’R1 = %s \n’,char(R1))
fprintf(’R2 = %s \n’,char(R2))
fprintf(’R3 = %s \n’,char(R3))
fprintf(’\n’)

The axial stresses 01 = 00, p,, 02 = 00,p,, and 03 = 00, p, are calculated using

Ry Ry R

o3 = = — = s
3 Ao3p3 A3 7'[1’2
R, R; Ry
loX = = —— =,
2 A()sz A2 7'[1’2
R R R
o = L =2 -2 (1.92)

Ao1 P A_] - T 1’2 ’
and in MATLAB with:

sigma_1=R1/A_1;
sigma_2=R2/A_2;
sigma_3=R3/A_3;

fprintf(’sigma_l = %s \n’,char(sigma_1))
fprintf(’

(

(’sigma_2 = %s \n’,char(sigma_2))
fprintf(’sigma_3 = %s \n’,char(sigma_3))

(

(

fprintf(’\n’)

fprintf(’\n’)

Considering the axial stresses o1, 02, and o3, one can obtain the displace-
ments of the bars using

5 — Rslo,py,  Rsly
Ao,psEosp,  TrRE;
5 — Rolo,p,  Rob
1‘1()2172]:_‘:()2172 7T1’22E2’
Ryl Ryl
5 = tlo,p, R4y (1.93)

AoypEop, mrRiEr
Bar displacements are calculated in MATLAB with:

deltal=(RI1*11)/(A_1*xE1);
delta2=(R2%12)/(A_2xE2);
delta3=(R3*13)/(A_3%E3);
fprintf(’delta_l = %s \n’,char(simplify(deltal)))
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fprintf(’delta_2 = %s \n’,char(delta2))
fprintf(’delta_3 %s \n’,char(delta3))
fprintf(’\n”)

The input data are given in MATLAB with:

snumerical application

lists={F,rl,r2,r3,d1,d2,d3,11,12,13,E1,E2,E3};

1istn={32000,25,45,15,120,280,100,125,65,95, ...
21%x1074,21%x10"4,21x10"4 1} ;

Reactions Ry, Ry, and Rj are calculated and printed in MATLAB with:

R1 = subs(Rl,Tists,Tistn);

R2 = subs(R2,Tists,Tistn);

R3 = subs(R3,Tists,Tistn);

fprintf(’R1 %s (N)\n’,eval(char(R1)))
fprintf(’R2 = %s (N)\n’,eval(char(R2)))
fprintf(’ %s (N)\n’,eval(char(R3)))
fprintf(’\n’)

e}
w
Il

and their numerical values are:

R1 = -9.323149e+03 (N)
R2 = 2.474736e+04 (N)
R3 = 1.657579e+04 (N)

The numerical values for the axial stresses o1, 0>, and o3 are calculated in
MATLAB with:

sigma_1l= abs(subs(sigma_1,1lists,listn));
sigma_2= abs(subs(sigma_2,1ists,listn));
sigma_3= abs(subs(sigma_3,1ists,listn));
fprintf(’sigma_l = %s (MPa)\n’,eval(char(sigma_1)))
fprintf(’sigma_2 = %s (MPa)\n’,eval(char(sigma_2)))

fprintf(’sigma_3 = %s (MPa)\n’,eval(char(sigma_3)))
fprintf(’\n’)

and the results are:

sigma_l = 4.748241e+00 (MPa)
sigma_2 = 3.890039e+00 (MPa)
sigma_3 = 2.344995e+01 (MPa)
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The displacements are calculated in MATLAB using:

deltal= subs(deltal,lists,listn);
delta2= subs(delta2,lists,listn);
deltal3= subs(delta3,lists,listn);

The values are displayed in MATLAB using:

fprintf(’delta_l = %Zs (mm)\n’,eval(char(deltal)))
fprintf(’delta_2 = %s (mm)\n’,eval(char(delta2)))
(
(

fprintf(’delta_3 = %s (mm)\n’,eval(char(delta3)))
fprintf(’\n’)

that is,

delta_l = -2.826334e-03 (mm)
delta_2 = 1.204060e-03 (mm)
delta_3 = 1.060831e-02 (mm)

Example 1.4. Bars AP, PB, and PC are connected and loaded as shown
in Fig. 1.22. Bar AP (bar 1) has length /;, modulus of elasticity E; and a
circular cross-section with radius that varies from rp at the top P to r4 at
the bottom A. Bar PB (bar 2) has length Ipg, radius rpg = r, and modulus of
elasticity E; = E. Bar PC (bar 3) has length Ipc = Ipg, radius rpc = rpg =7,
and modulus of elasticity E3 = E; = E. The distance between point P and
base BC is I, and the angle of bars PB and PC with the horizontal direction
is denoted by 6 as shown in Fig. 1.22. Load F which is acting at point P
has an upward vertical direction. Determine the load and displacement of
the bars when the externally applied force F acts as shown.

Solution

For the system in Fig. 1.22, one can write the equilibrium equations.
The free-body diagram shown in Fig. 1.23 contains tree unknown forces,
reactions Ry, Ry, and Rj3. Resolving forces horizontally, one can obtain

Y F.=0¢ Rycosf — Rycost) =0. (1.94)
Resolving forces vertically, one can obtain
> F,=04 F— Ry + Rysinf + Rysinf =0. (1.95)

The equilibrium equations are written in MATLAB with:
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Figure 1.22 System of three connected bars under loading.

clear all; clc; close all
syms F R_1 R_2 R.3 11 12 r_1A r_1P
syms dl d2 d3 r r3 E E_1 theta

sumFOx = R_2%cos(theta) - R_3xcos(theta);

sumFQy = F - R_1 + R_2xsin(theta) + R_3*sin(theta);
fprintf(’eql = %s = 0\n’,char(sumFOx))

fprintf(’eq2 = %s =0\n",char(sumF0y))

Another equation is needed to determine reactions Ry, Rp, and Rj;
(Fig. 1.21). Considering the deformed geometry (with exaggerated de-
flection) of the bars AP, PB, and PC shown in Fig. 1.24, one can write

8
cosa=3—3<:>83=51 cosa = §;sinf, (1.96)
1

where cosa = sinf and 83 = &, due to symmetry. The displacements 83 and
8> of bars PC and PB can be expressed using
L R b

R,—— —_—
Rylp 27 27
5y = 2!PB sinf __ sin@ (1.97)

= = 5 = s
APBE2 7T1’PBE2 TH’ZE
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Figure 1.23 Free-body diagram of the bars under loading.

where Apg = nrg is the area of the cross-section of bar PB, and 83 = §,. The
displacement of bar PA can be expressed by

b R(x) Ry
§ = ——dx = d
1 /0 AE /0 AE
11 11
= / Ry dx = R1/ ! dx
o mrr(x)E; nE Jy r?(x)

R, [h 1
— 1.
e /0 [ . ]de (1.98)

na- (na—rnp)
1

After integrating the right-hand side of Eq. (1.98), one obtains

Ryl
§ = — (1.99)
wEiranp

From Egs. (1.96), (1.97), and (1.99), one gets

Rocng R

= inf. 1.100
TH’ZE 7TE1 "MAmNnp st ( )

Using the geometry of the deformation, the equilibrium equations are
written in MATLAB with:
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re=r; r3=r;

A_2=pi*r2"2;

A_3=pi*r3”2;

E_2=E; E_3=E;
delta_2=R_2x12/(sin(theta)*xA_2%E_2);
delta_l1=R_1*11/(pi*r_lA*xr_1PxE_1);
eq3 = delta_2 - delta_lxsin(theta) ;
fprintf(’eq3 = %s =0\n\n’,char(eqg3))

From Egs. (1.94), (1.95), and (1.100), one can write the following system
of three equations with three unknowns (reactions Ry, Ry, and R3):

Rscos8 — Rzcosf =0,
F— Ry 4+ Rysin(f) + R3sinf =0,
b (1.101)
sinf __ Ryl

e = sinf.
nrrE 7TE171A1’1P

Solving Eq. (1.101), one obtains

Ry =

1 )
L Ey
1oz 1

sin® 6

L Ey riarip
l1 E2 1’2
R, = F—lEinane

sin’ @

Ry = F s 1.102
? l1 E3 1’2 ( )
1202

L Eqy riarip

and in MATLAB:

sol=solve(sumFOx,sumFOy,eq3,...
R_1,R_2,R_3);

Rlnew = sol.R_1;

R2new = sol.R_2;

R3new = sol.R_3;

fprintf(’R1 %s \n’,char(Rlnew))

fprintf(*R2 = %s \n’,char(R2new))

fprintf(’R3 = %s \n\n’,char(R3new))
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Figure 1.24 Deformed geometry (with exaggerated deflection) of the bars.

The displacements of the bars (see Fig. 1.24) are

R1 l1 . Fl] sinf
83 =06 = sinf = 5 ,
wEirnanp LhE r .3
ﬂElVlAhp 1-2—— sin” 6
L Ey riarip
Ryl Fl
o= —— ! . (1.103)

= = 2
mEiranp hE, r .
wEiranpl|1 —21—— sin® 0
b B ranp

In MATLAB, the displacement of the bars are obtained with:

delta_l=subs(delta_1,R_1,Rlnew);
delta_2Z=subs(delta_2,R_2,R2new);
delta_3=delta_2;

fprintf(’delta_l = %s \n’,char(delta_1))
fprintf(’delta_2 = %s \n’,char(delta_2))
fprintf(’delta_3 = %s \n\n’,char(delta_3))

The numerical data is introduced in MATLAB using:

%numerical application

lists={F,r,r_1A,r_1P,11,12,E,E_1,theta};

1istn={11500,5,7.5,10,90,120,21%10%4, ...
21%1074,60%pi/180};
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The numerical values for the reaction forces are calculated in MATLAB

with:

R1
R2
R3

subs(RInew,lists,listn);
subs(R2new,l1ists,listn);

subs(R3new,lists,listn);

fprintf('R1 = %s (N)\n’,eval(char(R1)))
fprintf('R2 = %s (N)\n’,eval(char(R2)))

fprintf(’R3

%s (N)\n\n’,eval(char(Rr3)))

and the results are:

R1
R2
R3

1.703097e+04 (N)
3.193307e+03 (N)
3.193307e+03 (N)

The displacements are calculated and printed in MATLAB with:

delta_2=abs(subs(delta_2,lists,listn));

delta_3 =

delta_2;

delta_l=abs(subs(delta_1,lists,listn));
fprintf('delta_l = %s (mm)\n’,eval(delta_1))
fprintf('delta_2 = %s (mm)\n’,eval(delta_2))
fprintf('delta_3 = %s (mm)\n\n’,eval(delta_3))

and the numerical results are:

delta_1l
delta_2
delta_3

Example

3.097786e-02 (mm)
2.682762e-02 (mm)
2.682762e-02 (mm)

1.5. Lever 1 having length AC =1 is subjected to a horizontal

force F applied at its end as shown in Fig. 1.25. Bar 2 denoted by AB has
radius r and length d. Determine the normal and shear stresses of an element

located on the free surface of road 2 at a distance h from the hexagonal base

(the element is parallel to the plane determined by the axes x, y). Construct

the Mohr’s circle and determine the principal planes and stresses.

Solution

The normal and shear stresses of a general element (as shown in

Fig. 1.1B) parallel to the plane determined by the axes x, y located at a
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Figure 1.25 Lever under loading.

distance h from the hexagonal base can be evaluated by

M1 4E(d—h)

O'y =

L. T
The,r  2FI
Ty = (1.104)
. wrl
art . .
where I, = e is the second moment of area with respect to the Ox-axis,

4
Tt ) . )
.= - is the polar moment of inertia about the axis Oz, Tho), = Fl, and

M., = F(d — h). The normal and shear stresses are calculated in MATLAB
with:

I _x=pixr*4/4; J_z=pixr*4/2;
T_hOy=F*1;M_hOx=Fx(d-h);

sigma_x=0; sigma_y=M_hOxxr/I_x;
tau_xy=T_hQy=*r/J_z;

fprintf(’The normal and shear stress are \n’);
fprintf(’sigma_y = %s \n’,char(sigma_y))
fprintf(’tau_xy = %s \n\n’,char(tau_xy))

The element orientation and extreme values of the shear stress are calcu-
lated using Eqs. (1.7) and (1.8), and the principal stresses are calculated using
Eq. (1.14). The element orientation and principal stresses are calculated in
MATLAB with:
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[sigma_max,sigma_min,radius,center_circle...
,phi,phi_p,sigma_theta,tau_thetal=...
mohr2D(sigma_x,sigma_y,tau_xy,theta);

fprintf(’The principal stress orientation is \n’);
fprintf(’tan(2xphi) = %s \n\n’,char(phi_p))
fprintf(’sigma_max = %s \n’,char(sigma_max))
fprintf(’sigma_min = %s \n’,char(sigma_min))
fprintf(’\n”)

where mohr2D(sigmay, sigmay,, tauy,, theta), e.g., a user created function, is:

function [sigma_max,sigma_min,radius,...

center_circle,phi,phi_p,sigma_theta,tau_thetal=...
mohr2D(sigma_x,sigma_y,tau_xy,theta)

phi_p= 2xtau_xy/(sigma_x-sigma_y);

phi_radians= atan(phi_p)/2;

phi=(180*phi_radians)/(pi);

sigma_min=(sigma_x+sigma_y)/2-...
sqrt(((sigma_x-sigma_y)/2)"2+tau_xy" 2);

sigma_max=(sigma_x+sigma_y)/2+...
sqrt(((sigma_x-sigma_y)/2)"2+tau_xy”"2);

radius=sqrt(((sigma_x-sigma_y)/2)"2+tau_xy" 2);

center_circle=(sigma_x+sigma_y)/2;

sigma_theta=(sigma_x+sigma_y)/2+...
((sigma_x-sigma_y)/2)xcos(2xtheta)+...
tau_xy*sin(2+theta);

tau_theta=-((sigma_x-sigma_y)/2)*sin(2«theta)+...
tau_xy*cos(2xtheta);

end

The input numerical data are introduced in MATLAB with:

snumerical application
lists={(F,d,1,h,r};
1istn={250,0.2,0.25,0.05,0.009};

The numerical values for the equivalent force-couple system are calculated
and printed in MATLAB with:

T=subs(T_hOy,lists,listn);
F=subs(F,Tists,Tistn);
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M_x=subs(M_hOx,Tists,Tistn);

fprintf(’The equivalent force system is given by\n’);
fprintf(*T_hOy = %s (Nm)\n’, char(T))

fprintf(’F_h = %s (N)\n’, char(F))

fprintf(’M_hOx = %s (Nm)\n\n’, char(M_x))

resulting in:

T_hQy = 125/2 (Nm)
F_h = 250 (N)
M_hOx = 75/2 (Nm)

The numerical values for the stress orientation and principal stresses are
calculated and printed in MATLAB with:

%Mohr’s circle

sigma_x=0;

sigma_y=eval(subs(sigma_y,lists,listn));
tau_xy=eval(subs(tau_xy,lists,listn));
sigma_max=eval (subs(sigma_max,lists,1istn));
sigma_min=eval (subs(sigma_min,lists,listn));
radius=eval(subs(radius,lists,listn));
center_circle=eval(subs(center_circle,lists,listn));
phi=eval(subs(phi,lists,1istn));
phi_p=eval(subs(phi_p,Tists,listn));

fprintf(’The principal stress orientation is \n’);
fprintf(’tan(2+phi) = %s \n’, phi_p)
fprintf(’or equivalently, \n’)

(

(

(
fprintf(’phi = %s degrees\n\n’, phi)
fprintf(’The principal stresses are \n’);
fprintf(’sigma_max = %f (MPa)\n’, sigma_max*10"(-6))
(

fprintf(’sigma_min = %f (MPa)\n’, sigma_min*107(-6))
One can obtain:

tan(2%phi) = -1.666667e+00
or equivalently,
phi = -2.951812e+01 degrees

The principal stresses are
sigma_max = 96.398467 (MPa)
sigma_min = -30.902605 (MPa)



56 Machine component analysis with MATLAB®

x 10" Mohr Circle

tau

ot

4}

-6

Figure 1.26 Mohr’s circle.

The graphical representation of the Mohr’s circle (see Fig. 1.20) is obtained
in MATLAB with:

%Mohr’s circle drawing

function [] = mohr2Ddraw(sigma_x,sigma_y,tau_xy,...
sigma_max,sigma_min,center_circle,radius)

xlabel(’sigma’), ylabel(’tau’)

title(’Mohr’s Circle’)

hold on; grid on

axis equal; axis on

x_axis=quiver(center_circle-1.5*radius,0,...
center_circle+3*radius,0, ...

"Color’,’b’,’LineWidth’,1.0);

set(x_axis,’Color’,’black’);

y_axis=quiver(0,-1.5*radius,0,3.5xradius, ...

"Color’,’b’, LineWidth’,1.0);

set(y_axis,’Color’,’black’);

plot(center_circle, 0, '0’,’Color’, ’red’);

circle(center_circle,0,radius);

text(double(radius/15),double(radius/10),’0", fontsize’,12)

text(double(2*radius),double(radius/7), sigma’, fontsize’,12)

text(double(radius/10),double(1.5*radius), tau’, fontsize’,12)
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lTine([sigma_y sigma_x],[tau_xy -tau_xyl)

hold on

plot([sigma_x sigma_xJ,[-tau_xy 01, --")
hold on

plot([sigma_y sigma_y],[tau_xy 01,’--")
plot(sigma_y,tau_xy, ’+’,’Color’, ’green’);
plot(sigma_x,-tau_xy, ’+’,’Color’, ’green’);
plot(sigma_max,0, ’x’,’Color’, ’red’);
plot(sigma_min,0, *x’,’Color’, ’red’);

text(double(sigma_max),-double(radius/7), sigma-max’, fontsize’,10)
text(double(sigma_min),-double(radius/7), sigma-min’, fontsize’,10)
end

Example 1.6. A general stress element (as shown in Fig. 1.1B) of a struc-
tural member has o, = 80 MPa, o, = 40, and 1, = 7). = 30 MPa. Construct
Mohr’s circle and determine:

(a) the principal stresses,

(b) the maximum shearing stress and the associate normal stress.

Solution
The principal stresses o, and 0, can be calculated from the equation
det(A — AI) =0 in A, that is,

N (1.105)
Txy oy —A

where 0, = A, Opax = A2, and the associated matrix A is

A:(G" o). (1.106)

Ty Oy
The principal stresses can be calculated in MATLAB with:

clear all; clc; close all
syms sigma_x Ssigma_y
syms tau_xy tau_yx

tau_xy=tau_yx;

A=[ sigma_x tau_yx; tau_xy sigma_y];
fprintf("A= "); fprintf(’\n’)
pretty(A)
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The maximum shear stress is calculated using
_ 1
Tyae = radius = > (o1 —02), (1.107)

where “radius” is the radius of Mohr’s circle. The corresponding normal
stress can be calculated as

1
o = center = > (o1 +02), (1.108)

where “center” is the calculated value of the center of Mohr’s circle. The

maximum shearing stress and the associate normal stress are calculated in
MATLAB with:

lambda=eig(A);

sigma_min = lambda(1);

sigma_max = simplify(lambda(2));
center=1/2x(sigma_min+sigma_max);
radius=1/2x(sigma_min-sigma_max);
fprintf(’The principal stresses are \n’);
fprintf(’sigma_min = %s \n’,char(sigma_min))
fprintf(’sigma_max = %s \n’,char(sigma_max))
fprintf(’\n’)

The input numerical data are introduced in MATLAB with:

lTists={sigma_x,sigma_y,tau_yx};
1istn={50,-10,40};

The numerical values for the principal stresses are computed in MATLAB
with:

sigma_min=subs(sigma_min,lists,listn);
sigma_max=subs(sigma_max,lists,listn);
fprintf(’The principal stresses are \n’);
fprintf(’sigma_min = %f (MPa)\n’,...
eval(char(sigma_min)))
fprintf(’sigma_max = %f (MPa)\n\n’,...
eval(char(sigma_max)))

resulting in:

sigma_min = -30.000000 (MPa)
sigma_max = 70.000000 (MPa)
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Figure 1.27 Example 1.6(b).

The maximum shearing stress and the associate normal stress are calculated
and printed in MATLAB with:

center=subs(center,lists,Tistn);
radius=abs(subs(radius,lists,listn));
tau_max=subs(radius,lists,listn);

fprintf(’The corresponding normal stress is \n’);
fprintf(’sigma = %f (MPa)\n’, eval(char(center)))
fprintf(’The maximum shear stress is \n’);
fprintf(’tau_max = %Zf (MPa)\n’, eval(char(tau_max)))

and the results are:

The corresponding normal stress is
sigma = 20.000000 (MPa)

The maximum shear stress is
tau_max = 50.000000 (MPa)

The graphical representation of the Mohr’s circle shown in Fig. 1.27 is
obtained in MATLAB with:

%Mohr’s circle drawing
sigma_x=subs(sigma_x,lists,listn);
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sigma_y=subs(sigma_y,lists,listn);

tau_xy=subs(tau_xy,lists,listn);

mohr2Ddraw(sigma_x,sigma_y,tau_xy,sigma_max,...
sigma_min,center,radius)

Example 1.7. A general stress element (as shown in Fig. 1.1A) on a struc-
ture has o, = 30 MPa, o, = =30 MPa, 0. =70 MPa, 1,, = 1, = 40, and
Tyr = Ty = Tpe = T, = 0 MPa. Construct Mohr’s circle and determine the
principal stresses. Calculate the maximum shearing stress acting on the ele-
ment.

Solution
The principal stresses o1, 02, and o3 can be calculated from the equation
det(A — AI) =0 in A, that is,

Ox — A Tyx Tax
detA-rD=| 1, o -1 1, |=0, (1.109)
Tz Tyz 0> — )‘

where 01 = A1, 02 = A2, and 03 = A3 are the eigenvalues and

Oy t)/x Tox
A=\ 7o o, 1 (1.110)
Tz ‘Cyz (oF%

is the eigenmatrix of Eq. (1.109). Since 7., = 7, =0 and 7., = 7,. =0, one
of the principal values of the equation is A3 = 03. In MATLAB the associ-
ated eigenmatrix and principal stresses are calculated and printed using:

clear all; clc; close all
Syms sigma_x Ssigma_y sigma_z
syms tau_xy tau_yx tau_xz tau_zx tau_yz tau_zy

tau_xz=0; tau_zx=0;
tau_yz=0; tau_zy=0;
tau_xy=tau_yx;

[sigmal,sigma2,sigma3,centerl?2,center23,center3dl,...
radiusl2,radius23,radius3l,tau_12,tau_23,tau_31,...
EigValMatrix] = mohr3D(sigma_x,sigma_y,sigma_z,...
tau_xy,tau_yx,tau_xz,tau_zx,tau_yz,tau_zy);
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fprintf(’The Eigen Matrix is = \n\n’);
pretty(EigValMatrix);

fprintf(’sigmal = %s \n’,char(sigmal))
fprintf(’sigma2 = %s \n’,char(sigma2))
fprintf(’sigma3 = %s \n\n’,char(sigma3))

where mohr3D (listed below) is a MATLAB function that calculates all the
associated values related to the Mohr’s circle:

function [sigmal,sigma2,sigma3,centerl?2,center?23,...
center3l,radiusl2,radius23,radius31,tau_12,...
tau_23,tau_31,EigValMatrix] = mohr3D(sigma_x,...
sigma_y,sigma_z,tau_xy,tau_yx,tau_xz,tau_zx,...
tau_yz,tau_zy);

EigValMatrix= [sigma_x tau_yx tau_zx; tau_xy...
sigma_y tau_zy; tau_xz tau_yz sigma_z];

lTambda=eig(EigValMatrix);

sigmal = Tambda(1);

sigma2 = lambda(2);

sigma3 = lambda(3);

centerl?2=1/2*(sigmal+sigma?2);

center23=1/2*(sigma2+sigma3d);

center31=1/2*(sigma3+sigmal);

radiusl2=1/2x(sigmal-sigma2);

radius23=1/2x(sigma2-sigma3);

radius31=1/2x(sigma3-sigmal);

tau_l2=radiusl?;

tau_23=radius23;

tau_31=radius31;

end

One can calculate the centers of the 3 circles and their associated radii for
the 3D Mohr’s diagram using

1 1 1
C23=§(02+03), C31=§(03+U1), C12=§(U1+02)s (1.111)
and

1 1 1
Ry = > loo —o3|, Rai= > los —o1l, Riz= > loy —o2f.  (1.112)
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The shear and normal stresses are located outside the circle centered at
Co3, inside the circle centered at Cyy (largest circle) and outside the circle
centered at Cj3. The maximal shear stresses can be calculated as the largest
differences between the principal values:

™= 5 (02 —03),
EE (01 —03),
1
T2 = 5((71 —(72). (1113)

The maximal shear stresses are calculated in MATLAB with the mohr3D
function and printed with:

fprintf(’tau23 = %s \n’,char(radius23))
fprintf(’tau3l = %s \n’,char(radius31))
fprintf( taul2 %s \n\n’,char(radiusl?2))

The largest shear stress is the maximal value of the maximal shear stresses
(from 3D Mohrs circle)

Tinax = Max (123, T13, T12). (1.114)

The input numerical data is introduced in MATLAB using;:

lists={sigma_x,sigma_y,sigma_z,tau_yx};
1istn={30,-30,70,40};

The maximal shear stresses are calculated in MATLAB using:

%Principal stresses

sigma_l=subs(sigmal,lists,listn);
sigma_2=subs(sigma2,lists,listn);
sigma_3=subs(sigma3,lists,listn);

The numerical values of the maximal shear stresses are printed in MATLAB
with:

fprintf(’sigmal %f (MPa)\n’, eval(char(sigma_1)))
fprintf(’sigma2 = %f (MPa)\n’, eval(char(sigma_2)))
fprintf(’sigma3 = %f (MPa)\n’, eval(char(sigma_3)))

fprintf(’\n”)
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that 1s,
sigmal = 70.000000 (MPa)
sigma2 = -50.000000 (MPa)

sigma3 = 50.000000 (MPa)

The numerical values for the principal stresses are calculated and printed in
MATLAB using:

tau_23=subs(tau_23,Tists,Tistn);
tau_3l=subs(tau_31,lists,Tistn);
tau_l2=subs(tau_l2,1ists,Tistn);

fprintf(’tauz23 = %f (MPa)\n’, eval(char(tau_23)))
fprintf(’tau3l = %f (MPa)\n’, eval(char(tau_31)))
fprintf(’taul2 = %f (MPa)\n’, eval(char(tau_12)))
fprintf(’\n’)

The MATLAB results are:

tauz3 = -50.000000 (MPa)
tau3l = -10.000000 (MPa)
taul2 = 60.000000 (MPa)

The largest shear stress is calculated in MATLAB with:

tau_max=max([tau_23 tau_31 tau_12]);
fprintf(’tau_max = %f (MPa)\n’, eval(char(tau_max)))

resulting in:
tau_max = 60.000000 (MPa)

The graphical representation of the Mohr’s circle shown in Fig. 1.28 is
obtained in MATLAB using:

C_12=subs(centerl?2,lists,listn);R_12=abs(tau_12);
C_23=subs(center23,lists,listn);R_23=abs(tau_23);
C_31=subs(center3l,lists,Tistn);R_31=abs(tau_31);
%Mohr’s circle drawing
mohr3Ddraw(sigma_x,sigma_y,sigma_z, ...
tau_xy,tau_yx,tau_xz,tau_zx,tau_yz,tau_zy,...
c_12,C_23,C_31,R_12,R_23,R_31);

The MATLAB function mohr3Ddraw is listed below:
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Figure 1.28 3D Mohr’s circle.

function [] = mohr3Ddraw(sigma_x,sigma_y,sigma_z,...
tau_xy,tau_yx,tau_xz,tau_zx,tau_yz,tau_zy, ...
center_circlel,center_circle2,center_circle3d, ...
radiusl,radius2,radius3);

xlabel(’sigma’), ylabel( tau’)

title(’Mohr’s Circle’)

hold on; grid on

axis equal; axis on

cc=(center_circlel+center_circle2+center_circle3)/3;

rd=max([radiusl radius2 radius31]);

x_axis=quiver(cc-1.75*rd,0,cc+3*rd,0,...

"Color’,’b”, LineWidth’,1.0);

set(x_axis,’Color’,’black’);

y_axis=quiver(0,-1.5*rd,0,3.5*rd, ...

*Color’,’b’,’LineWidth’,1.0);

set(y_axis, Color’,’black’);

plot(center_circlel, 0, ’0’,’Color’, ’red’);

text(double(radiusl/15),double(radiusl/10),’0", fontsize’,12)

text(double(l.5*radiusl),double(radiusl/7), sigma’, fontsize’,12)

text(double(radiusl/10),double(1l.5%radiusl), tau’, fontsize’,12)

ccl=circle(center_circlel,0,radiusl);
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set(ccl,’Color’,’red’);

hold on;

plot(center_circle2, 0, ’o0’,’Color’, ’blue’);

cc2=circle(center_circle2,0,radius2);

set(ccz,’Color’,’blue’);

hold on;

plot(center_circle3, 0, ’o0’,’Color’, ’black’);

cc3=circle(center_circle3,0,radius3);

set(cc3,’Color’,’black’);

hold on;

ql=quiver(center_circlel,0,radiusl*cos(pi/4),...
radiuslxsin(pi/4),0);

set(qgl, Color’,’red’);

hold on;

g2=quiver(center_circle2,0,radiusZ2*cos(pi/3), ...
radius2xsin(pi/3),0);

set(q2,’Color’,’blue’);

hold on;

g3=quiver(center_circle3,0,radius3*sin(pi/3),...
radius3xcos(pi/3),0);

set(q3,’Color’,’black’);

text(double(center_circlel+radiusl),...
-double(radiusl/7), sigma-1", fontsize’,10)

text(double(center_circlel-radiusl),...
-double(radiusl/7), sigma-2°, fontsize’,10)

text(double(center_circle2+radius2), ...
-double(radiusl/4),’sigma-3’, fontsize’,10)

end
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CHAPTERTWO

Fatigue failure

Repeated, alternating, or fluctuating stress is a stress oscillating between
some limits acting on a component of a system. The fatigue failure is a
breakdown of the part under the action of these alternating stresses. A small
crack will be sufficient to initiate fatigue failure. There are two distinct ways
of a part failing due to fatigue, either a gradual growth of a crack or based

on the rapid fracture of a system component.

2.1. Endurance limit

A Moore’s fatigue testing machine rotates a test specimen with a con-
stant angular speed. The test specimen is in pure bending under diftferent
weights. The fatigue strength, also called endurance strength, is the maximal
reversed stress the material can withstand without failure for a considered
number of cycles. For every experiment the endurance/fatigue strengths
are represented as functions of the matching number of revolutions. The
obtained graph known as the Wohler diagram represents the foundation of
the strength-life method and depicts the nominal stress amplitude S versus
the number of cycles N. The S—N diagram is usually presented on a log—log
scale.

The fatigue or endurance limit S, of a test specimen (Fig. 2.1) for ferrous
materials is the extreme value of the alternating stress that can be endlessly
endured with no failure. The fatigue limit of the test specimen is repre-

sented with a horizontal line on the S—N diagram, as shown in Fig. 2.2.

N |
VARV

Figure 2.1 Moore’s rotating beam fatigue testing system.
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Figure 2.2 Idealized S-N diagram.

The relation between the endurance limit and the ultimate strength of
the test specimen is given by [4]

g - 0.50 S, for S, <200 kpsi, 2.1
| 100 kpsi for S, > 200 kpsi, '
or
g - 0.50S, for S, < 1400 MPa, 2.2)
¢ ] 700 MPa for S, > 1400 MPa. ’

Overall, the fatigue limit of a machine component, S,, is distinct from
the one of a test specimen (sample), S,. The fatigue limit of a machine
component, S,, is influenced by a series of elements named modifying fac-
tors. The most important factors are the surface kg, load k;, gradient (size)
ke, temperature kr, and reliability kr. The fatigue limit of a component
may be linked to the fatigue limit of the test element by the equation
S, = ks kg k. ky kg S,.

Surface factor, kg
The surface modifying factor, kg, is related to the tensile strength, S,;,

of the material, and to the machine component surface finish [4] as

ks=aSt. (2.3)
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The exponent b and factor a in Egs. (2.3) relate to the type of the surface
finish (different surface conditions) [4]:

—0.085 surface finish: ground,

—0.256  surface finish: cold-drawn or machined,
—0.718  surface finish: hot-rolled,

—0.995 surface finish: forged;

b= (2.4)

e for S, given in (kpsi)

1.34  surface finish: ground,
i 2.70  surface finish: cold-drawn or machined, 2.5)
") 14.4 surface finish: hot-rolled, )

39.9  surface finish: forged.
e for S, given in (MPa)

1.58  surface finish: ground,
i 4.51 surface finish: cold-drawn or machined, 2.6)
“ | 57.7 surface finish: hot-rolled, ’

272 surface finish: forged;

Gradient (size) factor, kg

In addition to the surface finish, the size (gradient) factor should also be
considered. For bending and torsional loading, the gradient factor can be
calculated as [4]

—0.107
11
(%) , —<d<2in

ke = o (2.7)
md—““, 2<d<101n,
or
—-0.107
(%) , % <d<51 mm,
ke = m (2.8)
oo 3l=d=254mm,

where the diameter d of the test bar was expressed both in inches and
millimeters.

Eqgs. (2.7) and (2.8) can be also used for a rectangular specimen or for
a non-rotating round bar, in such cases an equivalent diameter d, can be
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computed [4]. For a circular non-rotating shaft the equivalent diameter is
d,=0.37d. (2.9)
For a rectangular section of dimensions i and b, the equivalent diameter is
[4]
d,=0.808 Vhb. (2.10)

For axial loading kg = 1.

Load factor, k.
The load moditying factor is calculated as [4]

0.85 for axial,
kp=1 1 for bending, (2.11)
0.59 for pure torsion.

When torsion is combined with other stresses, use ky = 1.

Temperature factor, kr
The temperature factor is calculated as
Sot
by ===, (2.12)
S
where S,; and S, are the tensile strengths at room (rt) and at operating (ot)
temperature, respectively.

For steel bending, torsion and axial loading, the temperature factor is
[10]

1 T <840°F,

kr = 3.688 —0.0032T, 840°F < T <1020°F. @.13)
The reliability factor, kg
One can calculate the reliability factor using
kr=1—0.08z,, (2.14)
where
0, for 50% reliability,
o 11
.= 1.288, for 90% reliability, (2.15)

1.645, for 95% reliability,
2.326, for 99% reliability.
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The reliability modifying factors calculated in [10] are:

1, for 50% reliability,
0.897, for 90% reliability,
kr =1 0.868, for 95% reliability, (2.16)

0.814, for 99% reliability,
0.753, for 99.9% reliability.

For the fatigue of ductile materials, the modifying factors have been
reviewed in [10] and are as follows:
o for 103-cycle strength

0.9kt S, bending loads,
Sf=1q 0.75k7 S, axial loads, (2.17)
09kr S,  torsional loads,

where the ultimate shear strength, S, is

0.8S, for steel,

us ~ . . 2.1
S 0.7S, for any other ductile material; (2.18)
o for 10°-cycle strength

Se = ks k¢ kp k1 kg S,. (2.19)

2.2, Fluctuating stresses

The minimum and maximum stress, 0, and 0., respectively, alter-
nating stress (or stress amplitude), o,, stress range, o,, and midrange or mean
stress, o,,, are shown in Fig. 2.3. The alternating stress and mean stress are
defined by

Py (2.20)
2
o, = O min + O max (22])
2
The stress ratios are
R=2" and A=22. (2.22)

Gi11ax Gm
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Figure 2.3 Different types of stresses: (A) sinusoidal; (B) repeated; and (C) reversed sinu-
soidal. From Budynas-Nisbett: Shigley’s Mechanical Engineering Design, Eighth Edition,
McGraw-Hill, 2006. Used with permission from McGraw Hill Inc.

In Fig. 2.3A the sinusoidal fluctuating stress is shown, while the repeated
stress and the reversed sinusoidal stress are shown in Figs. 2.3B—C, respec-
tively.

2.3. The constant life fatigue diagram

Material in this section is based on [10].

A constant life fatigcue diagram is an illustration of constant life data
(given yielding and various fatigue life) of mean and alternating stress as
shown in Fig. 2.4. The axes (vertical and horizontal) shown in the dia-
gram are given by o0, = 0 and o, = 0, where the latter represents the static
loading. The points (0, S.), (0, Sip3), (0, Sig4), (0, Sqg5), ... on the verti-
cal axis are chosen directly from the S—N diagram. The ultimate tensile
strength and yield strength are given by the points (S,, 0) and (S,, 0) lo-
cated on the ordinate axis. The ultimate tensile strength and yield strength
are given by the points (S,, 0) and (S,, 0) located on the horizontal axis.
The construction lines (0, S,)—(S,, 0), (0, S;p3)—(S., 0), (0, S;04)—(S,, 0),
(0, S1p5)—(Sy, 0), ... are the constant life lines (also known as Goodman
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Constant-Life Curves

yield line

Om

o) - (tension)

Figure 2.4 Constant life (curves) fatigue diagram.

lines) corresponding to 10° cycles or oo life, 10° cycles, 10* cycles, 10° cy-
cles, and so forth.

The compressive yield strength — considered for ductile materials — is
given by the point (=S, 0). The stress at (0, S,) is bounded by —S, and
+S,. The points on the line (S,, 0)—(0, S,) have a tensile maximum of S,

The gray area, in Fig. 2.4, below the lines (0, S,)—(S,, 0) and
(S, 0)—(0, S,) represents a life of no less than 10° cycles and no yield-
ing. The hatched area above the line (0, S,)—(S,, 0) and below the line
(S,, 0)—(0, S,) represents a life less than 10° cycles and no yielding. The
area above the yield line, (S,, 0)—(0, S,), states yielding.

In the case of torsional loads, S, and S, are replacing S, and S, by

Sy~0.58S, and S,~08S, for steel. (2.23)

2.4. The fatigue life and arbitrarily varying forces

A component of a machine is exposed to varying load o; for n; cycles,
where i =1,2,... The most widely used procedure for determining the
fatigue life of an element is Miner’s rule (cumulative damage model) given
by [10,29]:

k
n; 1 2] ng
;N’ o N1+N2+ +Nk (2:29)
where n;, i=1,..., k represent the number of cycles for considered stress

amounts o;, i=1,...,k, and N;, i=1,..., k express the life (in cycles) at
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Figure 2.5 Fatigue diagram. From J.E. Shigley, and C.R. Mischke, “Mechanical Engineer-
ing Design’, McGraw-Hill, Inc., 1989. Used with permission from McGraw Hill Inc.

these stresses, selected from the S—IN diagram. When ¢ =1, there will be
failure and experimentally 0.7 < ¢ < 2.2.

2.5. Variable loading failure theories

Material in this section is based on [4,29].

A fluctuating stress is characterized by a point using the mean and al-
ternating stresses. The system will be safe if this point is located below the
constant-life line. The utmost value for o,, on the constant-life line will be
the strength S,, and the utmost value for o, will be strength S,, as shown
in Fig. 2.5. The fatigue limit S, is represented on the ordinate, the tensile
yield strength S, is represented on the abscissa and on the ordinate, and the
(ultimate) tensile strength S, is represented on the abscissa. The failure cri-
teria, i.e., the yielding, Soderberg (that protects against yielding), Gerber,
and the modified Goodman criteria, are depicted in the fatigue diagram

shown Fig. 2.5.
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The equations for the four criteria are:
e Soderberg line

Sﬂl Stl
21, 2.25
+3 (2.25)

e Modified Goodman line

SHI Sd
—+==1. 2.26
Su * S, (2.26)
e Yielding line
Sﬂl Sa
—+==1 2.27
5,7, (2.27)
e Gerber parabolic relation
Sy (Su)’
—+|= ) =1 2.28
<+ (%) 229

With a safety factor, the utmost values are
S.=SFo, and S, =SFo,. (2.29)

Soderberg equation becomes

O.(l O.ﬂ’l 1
% - (2.30)
S. 'S, SF
Gerber and the modified Goodman equations become
SF o, SF o, 2 o,  Op 1
=1, —4+==—==. 2.31
Se + ( S ) Se + S, SF ( )

Some values for the tensile strength for steel (AISI = American Iron and
Steel Institute) are given by MatWeb — Material Property Data, http://

www.matweb.com [36]:

AISI 1006: S, =285 MPa, S,; = 330 MPa for cold drawn,
AISI 1006: S, = 165 MPa, S,, =295 MPa for 19-32 mm hot-rolled
round bar,


http://www.matweb.com
http://www.matweb.com
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AISI 1008: S, = 170 MPa, S,; = 305 MPa for 19-32 mm hot-rolled
round bar,

AISI 1008: S, =285 MPa, S, =340 MPa for 19-32 mm cold-drawn
round bar,

AISI 1010: S, =305 MPa, S, =365 MPa for cold drawn,

AISI 1010: S, = 180 MPa, S, =325 MPa for 19-32 mm hot-rolled
round bar,

AISI 1010: S, = 305 MPa, S,, =365 MPa for 19-32 mm cold-drawn
round bar,

AISI 1012: S, =310 MPa, S, =370 MPa for cold drawn,

AISI 1012: S, = 185 MPa, S, =330 MPa for 19-32 mm hot-rolled
round bar,

AISI 1012: S, = 310 MPa, S,, =370 MPa for 19-32 mm cold-drawn
round bar,

AISI 1015: S, =325 MPa, S,; = 385 MPa for cold drawn,

AISI 1015: S, = 190 MPa, S,; = 345 MPa for 19-32 mm hot-rolled
round bar,

AISI 1015: S, = 325 MPa, S,, = 425 MPa for normalized at 925°C
(1700 °F),

AISI 1015: S, =285 MPa, S,; = 385 MPa for annealed at 870 °C (1600 °F),
AISI 1016: S, = 350 MPa, S, = 420 MPa for 19-32 mm cold-drawn
round bar,

AISI 1016: S, =205 MPa, S, =380 MPa for 19-32 mm hot-rolled
round bar,

AISI 1017: S, = 340 MPa, S,; = 405 MPa for cold drawn,

AISI 1018: S, =370 MPa, S,; = 440 MPa for cold drawn,

AISI 1018: S, =275 MPa, S, =475 MPa for hot rolled, quenched,

AISI 1018: S, = 220 MPa, S,, =400 MPa for 19-32 mm hot-rolled
round bar,

AISI 1018: S, = 415 MPa, S, = 485 MPa for 16-22 mm cold-drawn
round bar,

AISI 1018: S, = 380 MPa, S,, =450 MPa for 22-32 mm cold-drawn
round bar,

AISI 1018: S, = 345 MPa, S,, = 415 MPa for 32-50 mm cold-drawn
round bar,

AISI 1018: S, = 310 MPa, S,, =380 MPa for 50-76 mm cold-drawn
round bar,

AISI 1019: S, = 379 MPa, S,, =455 MPa for 50-76 mm cold-drawn
round bar,
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AISI 1019: S, = 224 MPa, S, =407 MPa for 19-32 mm hot-rolled
round bar,
AISI 1020: S, =350 MPa, S,, =420 MPa for cold rolled.

2.6. Examples

Example 2.1. An AISI 1015 cold-drawn steel bar has diameter d =
20 mm. (a) Draw the S—-N curve and find the rotating bending fatigue
life for 4 x 10* cycles; (b) Evaluate the constant life fatigue curves for the
rotating bending load; (c) Estimate the fatigue strength corresponding to
10 and 4 x 10* cycles (bending and no yielding) if the part withstands
repeated loads (zero to maximum).

Solution

(@) The ultimate and yield strengths are S, =385 MPa and §, =
325 MPa. The endurance limit corresponding to a 10°-cycle peak (with
alternating strength) is calculated using S, = ks kg k. k7 kg S,. Considering
the endurance limit—ultimate strength relation given by Eq. (2.1) of a test
specimen, the endurance limit for S, =385 MPa < 1400 MPa can be cal-
culated as S, = 0.5 (385) = 192.500 MPa and S, = 0.5, or in MATLAB®:

Su = 385; % ultimate strength (MPa)
% Sep = 1/2 Su (when Su<1400 MPa)
% Sep = 700 MPa (when Su>1400 MPa)
if Su < 1400 % MPa

Sep = 1/2xSu;
else

Sep = 700; % MPa
end

The surface factor is given by Eq. (2.3) and with MATLAB:

% surface factor kS

a
b -0.256; % cold-drawn surface

kS = a = Su”b;

% kS = 0.982

4.51; % cold-drawn surface
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where a and b are calculated from Egs. (2.6), (2.5), and (2.4). The gradient
(size) factor is calculated with Eq. (2.8)

4\ 0107
ke = < > mm for 2.79 <d <51 mm,

7.62
or in MATLAB:
d=20; % mm
kG = (d/7.62)"(-0.107);
% kG = 0.902

From Eq. (2.11) the load factor kL =1 is used for bending load. The
temperature factor for bending is given by Eq. (2.13) and is kr = 1. The
reliability factor is calculated with Eq. (2.16) and is kg = 1. Then, the en-
durance limit is calculated using

Se = kSxkGxkL*kT*kR*Sep;
% Se = 170.564 (MPa)

The alternating strength of 103-cycle peak is calculated with Eq. (2.17) as

% peak alternating strength 1073 cycle strength Sf
Sf =10.9 » kT * Su;
% ST = 346.500 (MPa)

The log—log coordinates are used to plot the S-N diagram. For the ab-
scissa log 10° = 6, the corresponding ordinate is log S,, and for the abscissa
log 10° = 3, it results in the ordinate log S, or in MATLAB:

LSe = 10gl0(Se);

LSf = 10gl0(Sf);
% Se = 170.564 (MPa) -> log(Se) = 2.232
% ST = 346.500 (MPa) -> log(Sf) = 2.540

The S—N line in Fig. 2.6 is estimated using the line equation
y=mx-+b,

with the y-intercept b and slope m computed by

_ log S, —log §f

m= < 3 , b=logSy—3m,

or in MATLAB:



Fatigue failure

81

S-N diagram
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Figure 2.6 S—-N diagram.

Lm (LSe-LSf)/(6-3);

Lb LSf-3*Lm;

% S-N slope: m = -0.103

% S-N y-intercept: b = 2.848

The log of and the 10*-cycle peak alternating strength are
logSs=4 m+b, S;=1008%,

The log of and the 10°-cycle peak alternating strength are
logSs=5m+b, S5=10"¢%,

The previous calculations in MATLAB are as follows:

LS4 = Lb+4xLm;
LS5 = Lb+5Lm;
S4 = 107LS4;
S5 = 107LS5;

% for 1og(S4) = 2.437
% 1074 cycle strength S4
% for log(Sh) = 2.334
% 1075 cycle strength S5

273.589 (MPa)

216.020 (MPa)
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The log of and the fatigue life for N =4 x 10* cycles are

log Sy = m log(4 x 10%) + b,

or with MATLAB:

NN = 4%x10"4;

LN = ToglO(NN);

LSN = Lm*ToglO(NN)+Lb;
SN = 10~LSN;

% for 1og(SN) = 2.375

Sy = 1085~

% 4x10"4 cycle strength SN = 237.314 (MPa)

The bending fatigue life when N =4 x 10* cycles is Sy = Syq0) =
237.314 MPa. The results are plotted on Fig. 2.6. The graph in MATLAB

is obtained with:

figure(l)

% S-N diagram
syms X

% eq. for Sf-Se
xn = 3:1:6;

yn = Lmxxn+Lb;

ye = Lm*x+Lb;

hold on
plot(xn,yn,’k-",’LineWidth’,2)
plot([6,7],[LSe,LSe], ’b-", LineWidth’,2)
title(’S-N diagram’)

ylabel(’Tog S’, FontSize’,14)
xlabel(*log N, FontSize’,14)
axis([3 7 2 LSf+.25])

grid

ax = gca;

ax.XTick [3,4,LN,5,6,71;
ax.YTick = [LSe,LS5,LSN,LS4,LSf];
plot(3,LSf,’bo’, ...

"MarkerSize’,6,’ LineWidth’,2, MarkerFaceColor’,’b”)

plot(4,LS4, bo’, ...

"MarkerSize’,6,’LineWidth’,2, MarkerFaceColor’,’b”)

plot(5,LS5,"bo”, ...

"MarkerSize’,6,’LineWidth’,2, MarkerFaceColor’,’b”)
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plot(LN,LSN, ro’, ...

"MarkerSize’,6,’LineWidth’,2, MarkerFaceColor’,’r’)
plot(6,LSe, bo’, ...

"MarkerSize’,6, LineWidth”,2, MarkerFaceColor’,’b”)

(b) A graphical representation of the alternating/mean stress associated to
the yielding and different fatigue life is represented by a fatigue diagram
having as the horizontal axis o, = 0 (which corresponds to static load-
ing) and as vertical axis o, = 0. The points S, Sjp5, Ssc104), Sip4, Si3 on
the vertical axis are chosen from the S—N diagram. The ultimate tensile
and yield strengths are given by the points S, and S,, respectively. The
points (S,, 0) and (0, S,) correspond to the tensile peak S,. There is no
yielding within the area defined by the line through the points (S,, 0)
and (0, S,).

The line equations corresponding to 10°, 10%, 4(10%), 10°, and 10°
cycles of life are respectively

Om
=S| 1—-—),
g 103 ( S,,)
O
O, = 8104 (1 — S—M> ,
S -
o0=S4a0m (1= <)
4(10%) Su
O
o, = S]OS (1 - S_M> ,
o,=S, <1 — %> .
Su

With MATLAB the equations are:

% constant-1ife fatigue curves
Syms X

eq3 = Sfx(1-x/Su);

eq4 = S4x(1-x/Su);

eq5 = S5x(1-x/Su);

eqb = Sex(1l-x/Su);

eqN = SNx(1-x/Su);

eqy = Syx(1-x/Sy);

and the MATLAB commands for the equation plots are:
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figure(2)

% constant-1ife fatigue curves
xc = 0:1:Su;

eq3c = subs(eq3,x,xc);

eqdc = subs(eqg4,x,xc);

eq5c = subs(egb,x,xc);

eqbc = subs(eqb,x,xc);

egNc = subs(egN,x,xc);

eqyc = subs(eqy,x,xc);

hold on
plot(xc,eq3c,’b-", LineWidth’,2)
plot(xc,eqd4c,’b--", LineWidth’,2)

plot(xc,eqgNc, k-, LineWidth’,4)
plot(xc,eqbc,’b:’, LineWidth’,2)
plot(xc,eq6bc,’b-.", LineWidth’,2)
plot(xc,eqyc,’r-", LineWidth’,2)

grid

title(’constant-1ife fatigue diagram’)
ylabel(’\sigma_a (MPa)’, FontSize’,12)
xlabel (’\sigma_m (MPa)’,’FontSize’,12)
axis([0 Su 0 Sf])

grid on
legend(’10737,71074°,74x10%4°,710757,71076°,"S_y")
ax = gca;

ax.XTick = [Sy,Sul;

ax.YTick = [Se,S5,SN,S4,Sy,Sf1;

set(gca,

"YTickLabel’ ,numZstr(get(gca,’ YTick’ )", "%4.0f"));
set(gca,

*XTickLabel’ ,num2str(get(gca,’XTick )’ , *%4.0f"));

The constant-life fatigue diagram is shown in Fig. 2.7.

(c) The case o,, = 0, represents zero-to-maximum fluctuations of the load.
The corresponding load line is the line OA shown on the constant-life
fatigue diagram in Fig. 2.8. The load line OA of equation o,, = o, intersects

the line of N = 4(10%) cycles of equation o, = Sy1¢4) (1 - %) in a point A

u
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constant-life fatigue diagram
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Figure 2.7 Constant-life fatigue diagram.

with coordinates o,, = 0, = 146.816 MPa. For 4(10*) cycles of life, we
obtain 0, = 0, + 0, =293.633 MPa < §,.

The line OA intersect the yield line, S, — S,, of equation o, =
S, (1 - Z—) at the point B having coordinates o, = o, = 162.500 MPa.

y
For this case 0,4 = 0, + 0, = 325 MPa.

The load line OA also intersect the 10° cycles line of equation o, =

Si03 (1 — %) at the point C having coordinates o, = 0,, = 182.368 MPa.

u

For 10% cycles of life, 0, = 0, + 0, = 364.737 MPa > S,. For this case
Omax = 364.737 MPa > S, = 325 MPa, and this is not allowed. Since no
yielding is allowed, point B is selected instead of point C, that is, 0y =
0, + 0, =325 MPa. The MATLAB code for the intersection of the equa-
tions is given by:

Syms x

% load line: sigma_a = sigma_m

ms = 1;

eql = ms*x;

% intersection of sigma_a = sigma_m with 4x1074 cycle Tine
soIN = solve(y-egN,y-eql)
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Figure 2.8 Constant-life fatigue diagram and zero-to-maximum load.

sigma_mN = eval(soIN.x);

sigma_aN = eval(solIN.y);

sigma_maxN =

sigma_mN+sigma_aN;

% intersection of sigma_a = sigma_m with Sy-Sy Tine

soly = solve(y-eqy,y-eql);

sigma_my = eval(soly.x);

sigma_ay = eval(soly.y);

sigma_maxy =

sigma_my+sigma_ay;

% intersection of sigma_a = sigma_m with 1073 cycle line

sol3 = solve(y-eq3,y-eql);

sigma_m3 = eval(sol3.x);

sigma_a3 = eval(sol3.y);

sigma_max3 =

sigma_m3+sigma_a3;

and the MATLAB graph is obtained with:

figure(3)

% constant-1ife fatigue curves

xc = 0:1:Su;

eq3c = subs(eq3,x,xc);
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eqNc = subs(egN,x,xc);

eqyc = subs(eqy,x,xc);

eqlc = subs(eql,x,xc);

hold on

plot(xc,eq3c,’b-", LineWidth’,2)
plot(xc,egNc, k-", LineWidth’,4)
plot(xc,eqyc,’r-", LineWidth’,2)

plot(xc,eqlc,’ k--", LineWidth’,2)
legend(’1073°,°4x10"4”,’S_y’,’1oad”)
grid

title(’constant-1ife fatigue diagram’)
ylabel(’\sigma_a (MPa)’,’FontSize’,12)
xlabel(’\sigma_m (MPa)’,’FontSize’,12)

axis([0 Su 0 Sf1)

grid on

ax = gca;

ax.XTick = [sigma_mN,sigma_my,sigma_m3,Sy,Sul;
ax.YTick = [sigma_aN,sigma_ay,sigma_a3,SN,Sy,Sf];
set(gca,

"YTickLabel’,num2str(get(gca,’ YTick’)’, *%4.0f"));
set(gca,

"XTickLabel’,num2str(get(gca, XTick’)’, *%4.0f"));
plot(sigma_mN,sigma_aN, ko’,...

"MarkerSize’,10, LineWidth’,2, MarkerFaceColor’,’k’)
plot(sigma_m3,sigma_a3,’ro’,...

"MarkerSize’,10, LineWidth’,2, MarkerFaceColor’,’r’)
plot(sigma_my,sigma_ay,’ro’,.

"MarkerSize’,10, LineWidth’,2, MarkerFaceColor’,’r’)
text(0,0,” 07,’FontSize’,12)

text(sigma_mN,sigma_aN,’ A’,’FontSize’,12)
text(sigma_my,sigma_ay,’ B’, FontSize’,12)
text(sigma_m3,sigma_a3,’ C’,’FontSize’,12)

Example 2.2. The steel shaft of the gear shown in Fig. 2.9 has S, =
690 MPa and S, = 580 MPa. The dimensions of the shaft and gear are: shaft
diameter d = 30 mm, gear pitch diameter D =2R = 0.3 m, and distance
from the gear center O to the fillet at A 1s [ = OA = 0.06 m. The shaft
and fillet have a ground surface. The gear is driven at a constant speed with
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uniform load. The magnitudes of the gear forces at the pitch point P are
|Fy] =600 N, |F,| =950 N, |F.| =2500 N, and the directions are shown in
Fig. 2.9. The geometric concentration factors are neglected. Evaluate the
safety factor at the fillet for 90% reliability.

Figure 2.9 Example 2.2.

Solution

A Cartesian reference frame with the center O and axes x, y, and z is
attached to the gear shown in Fig. 2.9. The gear force F acting at the point
P can be expressed as

F=F.a+F+F.k
The position vectors t4 and rp can be written as
rg=xa1+y4)+z4k=01 and rp=xp1+ypJ+zpk=R].
The force R acting at the center A of the fillet is given by
R=-F=R,1+R,j+R.k,

where the axial force at A is P = R,. A free-body diagram (forces and
moments) at the fillet is shown Fig. 2.10. The moment of the force F with
respect to the center A of the fillet is

1 J k 1 )k
MEZI'APXF: Xp—X4 Yp— YA Rp—RA |= - R 0
F, F, Fz F, F, Fz

The shaft torque with respect to longitudinal axis is 7' = [M} |, and the
total bending moment due to forces on the gear is

M= \/ (v5)" + (M5
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Figure 2.10 Free-body diagram of Example 2.2.

The MATLAB commands for the forces and moments are as follows:

Fx = -600; % (N)
Fy = -950; % (N)
Fz = 2500; % (N)

d =10.03; % (m)
R =20.30/2; % (m)
1 =0.06; % (m)

rA_=[1, 0, 0];
rp_ = [0, R, 0];

F_ = [Fx, Fy, Fzl;
RA_ = F_; Rx = RA_(1); Ry = RA_(2); Rz = RA_(3);
P=Rx;

MA_ = cross(rP_-rA_, F_);
Rx = RA_(1); Ry = RA_(2); Rz = RA_(3);

Mx = MA_(1); T = Mx;
My = MA_(2);
Mz = MA_(3);

M = sqrt(My"2+Mz"2);
and the results are:

axial load P = Rx = -600.000 (N)

Ry = -950.000 (N)

Rz = 2500.000 (N)

torque Mx = T = 375.000 (N m)

My = 150.000 (N m)

Mz 147.000 (N m)

total bending moment M = 210.021 (N m)
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The stress components at the fillet are

16T 32 M 4 p
=L = wda=5

Unvarying operating conditions (steady-state) consider the bending stress
completely reversed and the axial and torsional stresses constant. Bending
provides an alternating stress. The equivalent mean bending stress, oy, is
given by [10]

0111

Oon= 3 41T+ ("—2’”)2 - % + ]2+ (%)2 (2.32)

and the equivalent alternating bending stress is
Oy = 0. (2.33)

The MATLAB commands for the mean and alternating stresses are

tau = 16xT/(pi*d”3);
tau = taux10”-6; % mega (M)
% tau = 70.736 (MPa)

sigmab = 32%M/(pi*d"3);
sigma_b = sigmabx107-6;
% sigma_b = 79.232 (MPa)

sigmax = abs(P)/(pixd~2/4);
sigma_a = sigmaxx107-6;
% sigma_a = 0.849 (MPa)

% mean stress

sigmam = sigma_a;

sigma_em = sigmam/2+sqrt(taunr2+(sigmam/2)"2);
% sigma_em = 71.161 (MPa)

% alternating stress
sigmaa = sigma_b;
sigma_ea = sigmaa;

% sigma_ea = 79.232 (MPa)
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Figure 2.11 Constant life fatigue diagram of Example 2.2.

A constant life fatigue diagram of the test specimen having the endurance

limit S, =0.5S,, S, < 1400 MPa is shown in Fig. 2.11. The surface factor,

ks, is calculated for ground surface. The gradient (size) factor, kg, is calcu-
lated for d = 30 mm where 2.79 mm < d < 51 mm. The reliability factor for

90% reliability is kg = 0.897, the temperature and load factors, kr and kr,
are both equal to 1. The endurance limit given by S, = kg kg k. kr k1 S,
is expressed in MATLAB with:

if Su < 1400 % MPa

Sep = 0.5*Su; else Sep = 700; % MPa

end
% Sep = 345.000 (MPa)
% surface factor kS

a=1.58; b=-0.085;
kS = axSu"b;
% kS = 0.906
d=30; % (mm)

kG = (d/7.62)"(-0.107);
% kG = 0.864

kL =1; % Tload factor

% ground
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kR = 0.897; % 90% reliability

kT = 1; % temperature factor
Se=kS*kG*kL*kRxkT*Sep; % endurance 1imit
% Se = 242.261 (MPa)

The Goodman line equation of infinite-life (10°) (in the bending case) is
O, =moy + Sea

where m = (Se — 0)/(0 — Su). The “operating point” represented on the
diagram shown in Fig. 2.11 relates to the equivalent and alternating bend-
ing stresses (O, 0er)- The load line drawn through the “operating point”
(Oem» 0ea) and the origin O has the equation

O@ a

o, = O

05111
The intersection of the Goodman line for infinite-life and the load line
gives the “failure point”. The equivalent mean bending stress for the “fail-

ure point” is o7, The safety factor is calculated with

max
o

SF=-"

Gem

The MATLAB commands for the safety factor are:

% line slope for 1076 cycles
m=(Se-0)/(0-Su);

% m = -0.351

syms X

% 1076 cycle line

y = mxx+Se;

% load line

yl = (sigma_ea/sigma_em)*x;
% yield line

y2 = - x + Sy;

% intersection of load line with 1076 cycle line
sigmacomp = solve(yl ==y, x);

sigmammax = eval(sigmacomp);

sigmaamax = m*sigmammax + Se;
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% sigma_m max = 165.420 (MPa)
184.181 (MPa)

% sigma_a max

SF = sigmammax/sigma_em;
% SF = 2.325

The MATLAB commands for plotting the graph are:

% plot the graph

x = 0:Su/10:Su;

y = mxx + Se;

yl = (sigma_ea/sigma_em)*x;
y2 = - x + 5y;

figure(l)

hold on

plot(x,y,’b-", LineWidth’,2)
plot(x,yl,’ k-", LineWidth’,2)
plot(x,y2,’r-.", LineWidth’,2)
title(’constant-1ife fatigue diagram’)
ylabel(’\sigma_a (MPa)’,’FontSize’,12)
xlabel (*\sigma_m (MPa)’,’FontSize’,12)
axis([0 Su 0 Sul)

legend(’1076°, 1oad”,’S_y )

ax = gca;

ax.XTick = [sigma_em,sigmammax,Sy,Sul;

ax.YTick = [sigma_ea,sigmaamax,Se,Sy];

set(gca,

"YTickLabel’,num2str(get(gca,’YTick’)’, *%4.3f"));
set(gca,

"XTicklLabel’,num2str(get(gca,’XTick’)’, *%4.3f"));
plot(sigma_em,sigma_ea, ko’,...

"MarkerSize’,8,  LineWidth’,2, MarkerFaceColor’,’k”)
plot(sigmammax,sigmaamax,’ro’,...

"MarkerSize’,8,  LineWidth’,2, MarkerFaceColor’,’r’)
grid

text(Sy,15,” S_y’,’FontSize’,12)

text(0,Sy,” S_y’, FontSize’,12)

text(Su,15,” S_u’,’ FontSize’,12)

text(0,Se+15,” S_e’,’FontSize’,12)
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text(sigmammax, sigmaamax, Smax’,’ FontSize’,12)
text(sigma_em, sigma_ea, °~ \sigma’, FontSize’,16)
text(sigma_em, 20, \sigma_{em}’,’ FontSize’,16)
text(sigmammax, 20, \sigma_{m}~{max}’, FontSize’,16)

Example 2.3. The ultimate tensile and yield strengths for a steel bar with
the diameter 2 in are S, = 150 kpsi and S, = 120 kpsi, respectively. The bar
which is subjected to torsion has a ground surface finish. The fluctuating
stress for 10 s of operation includes a total of 5 cycles. The first two cycles
have a minimum stress equal to Tminr = 8 kpsi and maximum stress equal to
Tmaxt = 60 kpsi, and the next three cycles have the minimum stress equal to
Tminil = 12 kpsi and maximum stress equal to Taar = 68 kpsi. Determine
the fatigue life of the bar which is assumed to operate continuously.

Solution
The alternating and mean stresses for the first two cycles of fluctuation

(nr = 2) are calculated using
TmaxI T Tminl

Tl = ———~ and Tl =
2 2 ’

TmaxI — Tminl

where T, 1s the minimum stress and Ty, 1s the maximum stress.

The alternating and mean stresses for the first two cycles of fluctuation
(ng = 3) are calculated using

TmaxIl T Tminll TmaxIl — Tminll
Ty =——F7—— and 1p=—rF——,
2 2

where Tminn 1s the minimum stress and T, 1s the maximum stress.

The point with coordinates (t,;, T,u) on the t,—7, diagram and the
point 7, = S,; = 0.8 S, located on the horizontal axis are connected by a
straight line. The slope of the line equation is calculated using

Tal

myp= ———.
Tl — Sus

Setting t,, = 0 gives the y-intercept (intersection of the line and vertical

axis) as

S[ = —my SH.
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For the three cycles of fluctuation (n; = 3), the point with coordinates
(Twirs Tar) on the 7,—7, plot and the point 7,, = S, located on the hori-
zontal axis are connected by a straight line. The slope of this second line is
calculated using
my = i,
Tl — Su
and the intersection with the vertical axis (z,, = 0) is the y-intercept
S = —myr Sys.

The lines S/—S,; and Spy—S,; are Goodman lines (constant life) and the
corresponding fatigue lives are the points S; and Sy as shown in Fig. 2.12.
The MATLAB program to calculate Sy and Sy is:

constant-life fatigue diagram

Ty (kpsi)

7, (kpsi)

Figure 2.12 Constant life fatigue diagram of Example 2.3.

Su 150; % ultimate strength (kpsi)
Sy = 120; % yield strength (kpsi)
d 1; % (in)

t =10; % (s) operation time

nl
nil

% cycles

% cycles
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tau_maxI = 60; % (kpsi)
tau_minl = 8; % (kpsi)
tau_maxII = 68; % (kpsi)
tau_minIl = 12 ; % (kpsi)

tau_al = (tau_maxI-tau_minl)/2;
tau_ml = (tau_maxI+tau_minl)/2;
% tau_al 26.000 (kpsi)
% tau_ml 34.000 (kpsi)

tau_all = (tau_maxII-tau_minII)/2;
tau_mll = (tau_maxII+tau_minlIl)/2;
% tau_all = 28.000 (kpsi)
% tau_mII = 40.000 (kpsi)

Sus = 0.8%Su;
Sys = 0.58%Sy;
% Sus = 120.000 (kpsi)
% Sys = 69.600 (kpsi)

% 1 constant-1ife fatigue line slope

ml = tau_al/(tau_ml-Sus);

% ml = -0.302

% 1 constant-1ife fatigue Tine y-intercept
SI = -mIxSus;

% SI = 36.279 (kpsi)

% 11 constant-1ife fatigue line slope

mIl = tau_all/(tau_mII-Sus);

% mIl = -0.350

% 11 constant-1ife fatigue line y-intercept
SIT = -mII*Sus;

% SIT = 42.000 (kpsi)

The number of cycles corresponding to Sy and Sy fatigue lives are resolved
from the S—N diagram (in log-log coordinates). The MATLAB program
for the S—N diagram is:
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% 1076 cycle strength (endurance 1limit) Se

% test specimen Se’ endurance Timit

% Se’=0.5 Su (for Su<200 kpsi); Se’=100 kpsi (for Su>200 kpsi)
% bending, axial, torsion: Se’=0.5 Su

if Su < 200 % kpsi

Sep = 0.5%Su;
else

Sep = 100; % kpsi
end

% Sep = 75.000 (kpsi)

% endurance Timit modifying factors
% (bending, axial, torsion) surface factor kS

a
b -0.085; % ground surface

kS = a * Sub;

% kS 0.875

1.34; % ground surface

% size (gradient) factor kG
kG = (d/0.3)7(-0.107);
% kG = 0.879

% load factor kL
kL=0.59; % torsion

kT = 1; % temperature factor
kR =1; % reliability factor
% Se = kS kG kL kT kR Sep - endurance limit

Se = kS*kG*xkLxkTxkRxSep;
% Se = 34.049 (kpsi)

% peak alternating strength

% 1073 cycle strength Sf

% bending load: Sf = 0.9 kT Su;

% axial load: Sf = 0.75 kT Su;

% torsional load: Sf = 0.9 kT Sus;

% Sus = 0.8 Su (for steel); Sus = 0.7 Su (other)
Sf = 0.9xkT*Sus;

% Sf = 108.000 (kpsi)
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In the S-N diagram, for log 10° =3 we have log S, and for log10° = 6
we have log S,. The S-N line equation (using log—log coordinates) is y =
mx ~+ b, and the numerical values are obtained with MATLAB using:

% S-N diagram

% eq. for Sf-Se

%y = Lmxx + Lb

LSe 10g10(Se);

% log(Se) = 1.532

LSf = 10gl0(Sf);

% 1og(Sf) = 2.033

Lm = (LSe-LSf)/(6-3);

% S-N Tine slope: m = -0.167
Lb = LSf-3xLm;

% S-N Tine y-intercept: b = 2.535

The S—N diagram is plotted in Fig. 2.13. The numbers of cycles, N; and
Ny, corresponding to Sy and Sy are calculated from the S—N diagram using
the MATLAB commands:

LST = 10gl10(SI);

% 10g(SI) = 1.560

LNI = (LSI-Lb)/Lm;

% 10g(NI) = 5.835

NI = 107LNI;

% NI = 6.841e+05 cycles
LSIT = 10gl0(SII);

% 1og(SII) = 1.623
LNIT = (LSII-Lb)/Lm;

% 10og(NII) = 5.455

NIT = 10~LNII;

% NIT = 2.848e+05 cycles

The results are shown in Fig. 2.13. The total life due to the cycles I and II
can be calculated with

nip niap
_+—:11
N Np

where p is the life in periods of t = 10 s duration and the estimated total life
corresponds to Li= pt. The life of the part is obtained by
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S-N diagram

2.033 Klog S

log S

1.62SI
1.560@log S|

10° cycles
1,532 |-log S, Y
iog N iog N,
3.000 5.455 5.835

log N

Figure 2.13 Example 2.3. S-N diagram.

% Miner’s rule

% p nI/NI + p nII/NII = 1;

% p 1ife in periods of t seconds

p =1/(nI/NI + nII/NII);

Li = txp;

% 1ife of part =743117.131(s)=12385.286(min)=206.421(h)
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> CHAPTER THREE

Screws

> 3.1. Introduction
Fasteners can be threaded, fixed, and locking, while threaded fas-

teners involve different screws. Fig. 3.1A shows an external helical thread

coiled on the surface of a cylinder. The thread of an external screw, shown
in Fig. 3.1, is described by: the pitch, p, which is defined by the length,

_,I_P|<_

| \

p
8 \
‘ 60°
'y
30°
/N L/
(®) L_.‘
p
4
~ . =
Figure 3.1 Helical thread and standard geometry of an external thread.
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parallel to the axis of the screw, between the crest of one thread to the
adjacent crest; the major diameter, d, which is the outside diameter; the
minor diameter, d, or di, which is the lower diameter; the pitch diame-
ter, d,, or d», that is, the fictitious diameter for which the cuts and flanks
of the threads are identical; and the lead, [, which is the axial distance
the screw advances during a single 360° rotation. A single start screw or a
single-threaded screw has the lead equal to the pitch. A screw with multiple
threads has multiple edges next to each other: the double-start or double-
threaded screw has the lead [ = 2 p (for a complete rotation the screw moves
2 times the pitch). A right-handed screw when rotated clockwise moves
away from the observer. The threads are in general right- and left-handed
and must be identified. Fig. 3.2A represents a single thread right-handed
screw, and a double-threaded left-handed screw is depicted in Fig. 3.2B.
Fig. 3.2A shows also the lead angle, A, which is defined as the angle of the

helix of the screw and the rotation plane by A = arctan . The helix angle

s m

. T
is calculated as (/2 — A) or arctan ——

VIR
SR

Single thread-right hand Double thread-left hand

(A) (B)

Figure 3.2 Single thread right-handed screw, lead angle A, and a double-thread left-
handed screw.

Metric or ISO threads are defined by M followed by the major diameter
(mm) and pitch (mm/thread). Unified system threads are specified by the
major diameter (in), number of treads per inch, and thread series: UNC
Unified National Coarse, UNEF Unified National Extra Fine, UNF Uni-
fied National Fine, UNS Unified National Special, UNR Unified National
Round (round root).
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3.2. Power transmission screws

The power transmission screws transform rotational into linear mo-
tion. They are used in screw jacks, tensile devices, presses, and precise
machines. Fig. 3.3 shows the Acme and square threads that are employed as

power transmission Screws.

Square Modified square

Acme stub

Figure 3.3 Square and Acme threads.

Fig. 3.4 shows the helix of a single square-threaded power screw with
the pitch diameter d,,, pitch p, and lead angle A. For one turn, = d,, the
lead of the thread, /, is the height of a right triangle and the “ridge” of the
thread is the hypotenuse.

A compressive force, F, which is parallel to the axis of the screw, acts on
the power screw as shown in Fig. 3.4. The following equations are applied
for square threads.

The force for lifting the load F is P,, and it is considered positive. The
friction force acts against the motion of the screw and has the value Fy =
u N, where p is the coefficient friction and N is the normal force. For
raising the load, the equilibrium equations are
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Figure 3.4 Helix of a single square-threaded screw.

Zszp,,—Nsin)»—uNcos)»zo,

ZFY:F+uNsinA—Ncosk=O, (3.1

and the force to raise the load is

p— F(sin A 4 pcos )
© cosA—pusinA

(3.2)

Symbolically the force to raise the load is obtained from the MATLAB®
program

syms F Pr PT N mu Tambda

% to raise the Toad

Fx = Pr-N+sin(lambda)-mu*xNxcos(lambda);
Fy = F+mu*xN*sin(lambda)-N*cos(lambda);
solPr = solve(Fx,Fy,Pr,N);

Prs = solPr.Pr;

pretty(Prs)

% F (sin(lambda) + mu cos(lambda))

% cos(lambda) - mu sin(lambda)
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To lower the load, the force, P;, with P; < 0, is determined from

ZFx =—P;— NsinA+ uNcosA =0,

Y F,=F— uNsini — Ncos . =0. (3.3)
The force necessary to lower the load is

_ F(ucosa —sina)
"~ cosA+ usinA

y (3.4

or symbolically with MATLAB:

% to lower the load
Fx
Fy = F-mu*xN*sin(lambda)-N*cos(lambda);
SolP1T = solve(Fx,Fy,PT,N);

P1s = solP1.PT;

pretty(P1s)

% F (sin(lambda) - mu cos(lambda))
.

% cos(lambda) + mu sin(lambda)

-PT-N*xsin(lambda)+muxNxcos(lambda);

From the definition of the lead angle, tani = [/(7d,,), so a necessary mo-
ment to raise the load is

dm de [+ nﬂdm
M=P—=—|——"7—], .
2 2 (ndm—ul> (3-5)
and a necessary moment to lower the load is
de nﬂdm - l
M= — . 3.6
: 2 <7'rdm + ,ul) (3-6)

The screw is self-locking when M, > 0, and the constraint for self-locking is
7Ty > 1, (3.7)
or
W > tan. (3.8)

If the friction is small and the lead is large, the external load can lower
itself without any lowering moment. For the frictionless case (u = 0), the
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moment to raise the load is

Fl
My =—. (3.9)
2
The screw efficiency e is obtained as
M, Fl
= = . 3.10
M, 2aM, ( )

Next a similar expression for a square-threaded jack is obtained. The
axial load F and the moment M about the screw axis act on the screw with
the mean radius r,,. The force of the thread on the screw thread is R as
shown in Fig. 3.4. The angle of friction, 0, is between the normal to the
thread, N, and the reaction force, R, and given by

Fy
tanf = pu = N

The axial load F is calculated from the force equilibrium as

F = Rcos(A+06),

where tanA = [/(27r,). The moment of the reaction force R with respect
to the vertical axis is M = Ry, sin(A +0). The moment required to raise the
load is

M = M, = Fr,,tan(A + 6). (3.11)
In a similar way the moment required to lower the load is
M =M, = Fr, tan(6 — 1.). (3.12)
The screw self-locking condition is 6 > A.
The Acme thread has a normal thread angle, «,,, measured in the normal
plane and calculated from

tano, =tanw cos X, (3.13)

where « is the thread angle measured in the axial plane and A is the lead
angle. For the Acme threads, the moment required to raise the load is
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dﬂ’l Fd"l t A’ n
M =pir— Mt tanacosay ) (3.14)
2 2 cos o, — ptan A
or
Fd,, (und, +lcosa,
M=—|———]|, 3.15
' 2 (ndmcosan—ul> ( )
and the moment required to lower the load is
de 12214 dm - ZCOS oy
M, = —_ ). 3.16
! 2 (ndmcosan—i—ul) ( )

The screws with square threads are more difficult to machine than the
Acme threads but they are more efficient than the Acme threads.

A thrust collar can be attached to a power screw as shown in Fig. 3.5,
and then a friction moment is added

Fu.d
M, = B (3.17)
2

where 1, is the coefficient of collar friction and d, is the mean collar diam-
eter. The preferred pitches for Acme threads are [29]:

lF

Collar

Nut

.\

Figure 3.5 Thrust collar.
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1/16 in  for d =0.25 in,

1/10in  for d =0.50 in,

1/6in  for d=0.75 in,

p=14 1/5in ford=1in, d=1.251n, (3.18)
1/4in  ford=1.501in, d=1.751in, d =2 in,

1/3in  for d=2.51n,

1/2in  for d=3in.

3.3. Threaded fasteners

An external force F, tends to pull apart the two parts connected with
a bolt as shown in Fig. 3.6. An initial preload F; acts on the bolt and plates

F.

Aanal
AY
LT
g

Figure 3.6 Parts connected with a bolt.

2.

o

F; = Fy = F,

where Fy is the initial bolt axial force and F, is initial clamping force
between the parts. The external separating force F, is

F,= AF, + AF, (3.19)

where AF, is the increase in bolt force and AF. is the decrease in clamping
force. The elastic displacements of the bolt and clamped parts are equal

s_ AF _AF,
B kb B kf '

(3.20)

where k; is the spring constant for the bolt and k. is the spring constant for
the clamped parts. The elongation is calculated from Eqs. (3.19) and (3.20)
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as
Bzmih' (3.21)
The bolt axial force F, is
Fy=F+AF,=F+ —F, (3.22)
ky + k.
The clamping force F, is
F—F—AF=F—-_* p. (3.23)
ky + k.
The joint constant is defined as
C= ka o (3.24)

The bolt axial and clamping forces, calculated in terms of the joint constant,
are

F,=F+ CF, (3.25)
F.=F—(1-C)F. (3.26)

The general expression for the spring constant (stiffness) is

W F_pAE_AE
8 FlL 1’

where A is the cross-sectional area, E is the modulus of elasticity, and [ is

the length.

Bolt stiffness
The spring constant (stiffness) of a bolt is calculated with
11 n 1
kb N ks kt’
where k; is the stiffness of the unthreaded section of the bolt (shank) and
k; 1s the stiftness of the threaded section of the bolt. The stiftness of the
unthreaded section of the bolt is [29]

_AE _ ad’E

kS I 4l -’

(3.27)
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]

I
|
e BT

|
U

dyr
d

Figure 3.7 Threaded fastener.

where d is the major diameter and [, is the length of the unthreaded section
in grip as shown in Fig. 3.7. The stiffness of the threaded section of the
bolt is [29]

AE

k=212 (3.28)
l;

where [; is the length of the threaded section in grip as shown in Fig. 3.7
and A, is the tensile stress area. The stiffness of the bolt 1s

1 1 1 I,
—=— 4 —= , 3.29
bR TETAETAE (3:29)
or
AAE
ky=———. 3.30
V= Al AL e
The tensile stress area, A;, is defined as [9]:
2.2
A, =0.7854 (d - 0.9743/n) in”, (3.31)

tor UN thread profiles, where d is in inches and n is the number of threads
per inch, and

A; =0.7854(d — 0.9382p)> mm?, 3.32
p

for M thread profiles with the major diameter d and the pitch p in millime-
ters.
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For UN screws the relation between the major diameter, d, and the

number of threads per inch, #, is [9]:

e for coarse threads (UNC):

0.1251in the number of threads per inch is n = 40,
0.25in  the number of threads per inch is n = 24,
0.5 in the number of threads per inch is n =13,
0.751in  the number of threads per inch is n = 10,
1in the number of threads per inch is n =8,

d= 1.125 in  the number of threads per inch is n =7, (3.33)
1.251in  the number of threads per inch is n=7,
1.51n the number of threads per inch is n =6,
1.751in  the number of threads per inch is n =15,
2 1in the number of threads per inch is n=4.5,

o for fine threads (UNF):

0.125 in  the number of threads per inch is n = 44,
0.251in  the number of threads per inch is n = 28,
0.5 in the number of threads per inch is n =20,

. 0.751in  the number of threads per inch is n =16, (3.34)

1in the number of threads per inch is n =12,
1.125 in the number of threads per inch is n =12,
1.251in  the number of threads per inch is n =12,
1.51n the number of threads per inch is n=12.

The tensile stress can be calculated using the major diameter, d, and the

pitch, p, and the relation between the major diameter and pitch is given by

ElE
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e for coarse threads (MC):

1 mm  the pitch is p=0.25 mm,
2mm  the pitch is p=0.4 mm,
2.5 mm the pitch is p = 0.45 mm,

3mm  the pitch is p=10.5 mm,

4 mm  the pitch is p=0.7 mm,

5mm  the pitch is p=0.8 mm,

d=4{ 6 mm the pitchis p=1mm, (3.35)
8mm  the pitch is p=1.25 mm,

10 mm  the pitch is p=1.5 mm,

12mm  the pitch is p=1.75 mm,

16 mm  the pitch is p =2 mm,

20 mm the pitch is p=2.5 mm,

24 mm the pitch is p =3 mm,

e for fine threads (MF):

2mm  the pitch is p = 0.25 mm,
2.5mm the pitch is p = 0.35 mm,
3mm  the pitch is p=0.35 mm,
4mm  the pitch is p=0.5 mm,
5mm  the pitch is p=0.5 mm,
6 mm  the p?tch %s p=0.75 mm, (3.36)
8 mm  the pitch is p=1 mm,

10 mm  the pitch is p=1.25 mm,
12 mm  the pitch is p=1.25 mm,
16 mm  the pitch is p=1.5 mm,
20 mm the pitch is p=1.5 mm,

24 mm the pitch is p =2 mm.

The total threaded length Ly, as shown in Fig. 3.7, is calculated with [4]

2d+1/4in for L <6 in,

Ly (in) =
=0 5120 for L= 6in,

(3.37)

and
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2d+6mm  for L <125 mm and d <48 mm,
Ly (mm)=1{ 2d+12mm for 125 < L <2000 mm, (3.38)
2d+25mm for L > 2000 mm,

where L is the total length of the bolt.

Stiffness of the clamped parts

Estimating the stiffness of the clamped parts is a difficult task. The total
clamped part is a combination of elements made of the same or different
materials.

I fkl B

f%
|

Figure 3.8 Clamped parts.

The parts may be considered as “springs” in series, as shown in Fig. 3.8,
and the stiffness of the clamped part is
L L
ke ki ko ki
For parts with the same modulus of elasticity, E, the stiftness of the clamped
parts is [29]

0.577n Ed

05771+ 0.5dY’
2In (5 05771+ 2.5d>

km =

(3.39)

where [ is the length of the grip. Wileman et al. [33] obtained an exponen-
tial expression using finite element analysis to compute the stiftness of the
clamped part with the same modulus of elasticity

ky=EdAY (3.40)
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where the numerical constants are:

A=0.78715, B=0.62873
A=0.79670, B=10.63816
A=0.79568, B=0.63553
A=0.77871, B=0.61616
A=0.78952, B=0.62914

for steel (E =206.8 GPa),
for aluminum (E =71 GPa),
tor copper (E=118.6 GPa),

for a general metal.

for gray cast iron (E = 100 GPa), and

The clamped parts may have distinct material properties with the Young

modulus E; and thicknesses /;, as shown in Fig. 3.8. The values of A and
B are taken from the general case: A = 0.78952 and B = 0.62914. The

equivalent member modulus, E, is calculated with [5]

1 1 n l n
—=- —  where = li.

Bolt preload

The initial tensile force F; is calculated as [11]:

F;=KA,S,,

(3.41)

(3.42)

where K is a preload factor, A, is the tensile stress area of the thread and S,
is the proof strength of the material [11,29].

The International Organization for Standardization (ISO) describes a

metric grade number is a range from 4.6 to 12.9, and the proof strength

can be determined as [9]

225 MPa
310 MPa
380 MPa
600 MPa
650 MPa
830 MPa
970 MPa

for M grade 4.6
for M grade 4.8
for M grade 5.8
for M grade 8.8
for M grade 9.8
for M grade 10.9
for M grade 12.9

and M 5-M 36,

and M 1.6-M 16,
and M 5-M 24,

and M 17-M 36,
and M 1.6-M 16,
and M 16—-M 36,
and M 1.6-M 36.

(3.43)
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The Society of Automotive Engineers (SAE) specifies the grade number
from 1 to 8, and the proof strength is calculated with [9]

33 kpsi  for SAE grade 1 and d =0.25-1.5 in,

55 kpsi  for SAE grade 2 and d =0.25-0.75 in,

33 kpsi  for SAE grade 2 and d =0.75-1.5 in,

S — 65 kpsi  for SAE grade 4 and d=0.25-1.5 in, (3.44)
b 85 kpsi  for SAE grade 5 and d=0.25-1 in, '

74 kpsi  for SAE grade 5 and d=1-1.51n,

105 kpsi  for SAE grade 7 and d=0.25-1.5in,

120 kpsi  for SAE grade 8 and d=0.25—1.5in.

The preload factor K is 0.75 for reused connections and 0.90 for permanent
connections. The proof load is defined as

F,=A;S,, (3.45)
and the torque necessary to achieve the preload is

T = KrFd, (3.46)
where Ky is a torque factor given by

0.30  for non-plated, black finish,
0.20  for zinc-plated,

Kr= .
T 0.18  for lubricated, (3:47)
0.16  for cadmium-plated.
Static loading of the joint
The bolt stress can be calculated from Eq. (3.25) as
F, F _F

=t =, 3.48
n=7=72+C7 (3.48)

where A, is the tensile stress area. The limiting value for the bolt stress, oy,
is the proof strength, S,. A safety factor n, is introduced for yielding, and
then Eq. (3.48) becomes

S, A,

and n,
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A load factor, ny, for the bolt against the external load is introduced [4] as

Fi Fe
rcl

A A, '

CF,

S, and n,= (3.50)
The load factor is not applied to the preload stress F;/A;. If n, > 1, the
bolt stress is less than the proof strength. When the clamping force is zero,
F. =0, there will be a detachment of the parts. The safety factor against
detachment of the parts of the joint is obtained from Eq. (3.26) with F, =0

and has the expression

F;

3.4. Examples

Example 3.1. The scissor jack shown in Fig. 3.9 is subjected to a vertical
force P =10 kN. The square-threaded screw 1 has a major diameter d =
38 mm and pitch p =6 mm. The thread coefficient of friction at E is
s = 0.2, and the angle of the jack is # = 30°. Determine (a) the moment
to raise and lower the load; (b) if the screw is self-locking; (c) the starting
moment required to raise the load.

Figure 3.9 Example 3.1.

Solution

(a) The axial force F that acts on screw 1 has to be calculated. The force
diagram for link 4 is shown in Fig. 3.10A. The force of link 3 on link 4 is
F34 and is determined from the sum of the moments on link 4 with respect
to joint C:
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Figure 3.10 Free body diagrams of Example 3.1.

—Fya+Pa=0 or Fzy=P/2.

The force of link 2 on link 4 is F»4 and is determined from the sum of the
forces on link 4:

Fiyu+Fy+P=0 or Fy=P/2.

The free body diagram of links 2, 3, and 4 is shown in Fig. 3.10B. The sum
of the moments with respect to joint G gives

—F12),(2L1) +Pﬂ:07
and the reaction force of screw 1 on link 2 along the y-axis at E is
Fip, = P/2.

The free body diagram for link 2 is shown in Fig. 3.10C. The sum of the
moments on link 2 with respect to joint D gives

Fip.atanf — (F42 + F12y) a=0,
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where the reaction force of link 4 on link 2 is F4», = F>4 and the reaction
force of link 1 on link 2 along the x-axis is

Fioy = (Fs + Fi2y) / tan6.

The free body diagram of node E is shown in Fig. 3.10D. The components
of the force of link 2 on screw 1 are Fai, = Fiz, and Fy, = Fy3,. Link 5 is
a two-force member, and the force of link 5 on screw 1, Fsy, is along EH.
The sum of the forces on the y-axis at node E is

—F21y + F51 sinf =0 or F51 = F21y/ sinf.

The axial force F that acts on screw 1 is calculated from the sum of the
forces on the x-axis

F = F>, + F51cosf.

The MATLAB commands and numerical results are:

P= 10; % kN external load
theta = pi/6; % rad

F34 = P/2;

F24 = P/2;

F42 = F24;

Fl2y = P/2;

F12x = (F42+F12y)/tan(theta);
F21x = F12x;

F2ly = Fl2y;

F61 = F2ly/sin(theta);

F = F21x + F5lxcos(theta);
F34 = 5.000 (kN)

F24 = 5.000 (kN)

F12y = 5.000 (kN)

F12x = 17.321 (kN)

F51 = 10.000 (kN)
F=25.981 (kN)

3R 3R 3R 3R 3 X

From Fig. 3.3 the minor diameter is d, = d — p, while the pitch (mean)
diameter is d,, = d — p/2. The lead of the screw is | = p, the lead angle is
A = arctan [I/(7d,,)] and the friction angle is 6, = arctanu. The MATLAB
commands and numerical results are:
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d = 38%10"(-3); % (m) major diameter

p = 6%x107(-3); % (m) pitch

mu = 0.2; % coefficient of friction
dr =d - p;

dm =d - p/2;

1= p:

lambda = atan(1/(pi*dm));

thetas = atan(mu);

% dr = 0.032 (m)

% dm = 0.035 (m)

% 1 = 0.006 (m)

% lambda = 3.123 (deg)
% thetas = 11.310 (deg)

The moment required to overcome the thread friction and to raise the load
15

Mr= de (l+7TMdm> ’

2 ﬂdm - /'Ll
the moment required to lower the load is

Fd, (7wpd, —1
My=—2 (=t
) (nderul)’

or with MATLAB:

Mr =
M1 =
% Mr
% M1

ChxFxdmx (pixmuxdm+1)/ (pi*xdm-mu*1);
C5xFxdmx (pixmuxdm-1)/(pi*dm+mux1);
117.020 (N m)
65.409 (N m)

(b) The condition for self-locking is
T[H'dm - l > 07

and with MATLAB:

sf = (pixmuxdm - 1);

if sf >0

fprintf(’sf>0 => screw is self-Tocking\n\n’)
else

fprintf(’sf<0 => screw is not self-Tocking\n\n’)
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end
% st = 0.016

% sf>0 => screw is self-locking

The screw is self-locking and it will not unscrew even if the force is re-
moved.
(c) The starting friction is about one-third higher than running fric-

tion [11], and the coefficient of starting friction is pu, = FH- The starting

moment for lifting the load is:

mus = 4*mu/3;

Mrs = 0.5%xFxdm*(pi*mus*dm+1)/(pi*dm-mus*1);
% mus = 0.267

% Mrs = 148.210 (N m)

Example 3.2. The car jack is made from a threaded shaft 1 and four
pinned members 2, 3, 4, and 5 as shown in Fig. 3.11A. The links of the
jack are pinned together at points A, B, C, and D. The length of the links is
AB=BC = CD= DA =S8 in. The threaded shaft 1 is pinned to the jack at
points A and C. Each single square-threaded screw has a major diameter of
d=1.125 in and 7 square threads per in. The thread coefficient of friction
at A and C is u = 0.3 and the angle of the jack is 8 = 45°. The external
weight exerts a force of P =400 Ib on the jack. Determine the horizontal

E handle
m ’ b
el —— TITEEEL >
right-handed _’eft—handed
thread thread
0
4 (A)

|
| .

j—)

Figure 3.11 Example 3.2.
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forces that must be applied perpendicular to the handle at E to raise and
lower the load if b=4 in.

Solution

The force in the threaded shaft 1 can be obtained by analyzing the free
body diagrams of joints B and C. The free body diagram of joint B is shown
in Fig. 3.11B. The equilibrium of joint B gives

ZFx = F>pcos0 — F3gcos0 =0,

and the force of link 2 on joint B is equal to the force of link 3 on joint B,
that is,

Fop = F3p.
The sum of the forces on the y-axis at B is

Y F,=Fpsin6 + F3psin6 — P=0,

resulting in
FQB = F3B = OSP/ sinf.
Link 3 is a two-force member and

Fsc = Fp.

The free body diagram of joint C is shown in Fig. 3.11C, and the sum of
the forces on the y-axis is

Y F,=—Fscsinf + Fycsinf =0,

or the force of link 3 on joint C is equal to the force of link 4 on joint C,

ie.,
Fyc = Fsc.

The sum of the forces on the x-axis is
ZFX = F3ccosf + Fyccosd = Fic.
The force on the threaded shaft 1 is

F=F,c=2F3ccosf =2(0.5P/sin6)cosf = P/tanf.
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Figure 3.12 Virtual work of Example 3.2.

Another approach to derive an equation for the tension F is to determine
the virtual work performed by the weight P = —Pj and the force on the
threaded shaft 1. Knowing that the total virtual work is equal to zero, ten-
sion F is derived as a function of angle 6. The free-body diagram of the
jack is shown in Fig. 3.12. Point D is fixed as the origin of the system, and
the position vector of point B is

tg =xg1+ yp) = 2asind}].
The virtual displacement of point B is
drg=2acoshs0].
The virtual work performed by weight P is
SUp=P - -8rg=—2Pacosb 6.

The tension in the threaded shaft can be divided into two equal and oppo-
site horizontal components, Fy = F1at A and Fc = —F1at C. The position
vector of point A is

rqy=—acosf1+ asinf},

and the virtual displacement of point A is
8rgq =asinf 8601+ acosh 56).
The position vector of point C is

rc =acosf1+ asinf},
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and the virtual displacement of point C is
drc = —asinh §61+ acosb 66].

The virtual works performed by the two components of tension, F4 and
F¢, are

8Up, =F4-8rg=Fasin680 and 8Up.=F¢-8rc= Fasin6 §6.

The total virtual work is the sum of the virtual work performed by the two
components of the tension, F4 and F¢, and the virtual work performed by
the weight P, namely

80U =08Up, +8Uf, + 8Up = Fasin6 66 + Fasin6 66 — 2Pacos 6 66.

The principle of virtual work states that a system of rigid bodies is in equi-
librium if the total virtual work done by all external forces and couples
acting on the system is zero for each independent virtual displacement of
the system

sU=0,
or
F=P/tan6.
The MATLAB program for the principle of virtual work is:

% virtual work method

syms a theta P F

rB_ = [0, 2xaxsin(theta), 0];

% virtual displacements drB_

drB_ = diff(rB_,theta);

P_=1[0,-P,01;

dUP = P_*drB_."; % virtual work

rA_ = [-a*cos(theta), axsin(theta), 0]1;
% virtual displacements drA_

drA_ = diff(rA_,theta);

FA_ = [F, 0, 0];

dUFA = FA_xdrA_.’; % virtual work

rC_ = [axcos(theta), axsin(theta), 01;
% virtual displacements drC_

drC_ = diff(rC_,theta);
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FC_=1[-F, 0, 0];

dUFC = FC_*drC_."; % virtual work

% total virtual work

dU = dUP+dUFA+dUFC;

Fls = solve(dU,F);

% F = (Pxcos(theta))/sin(theta)
figure(l)

thet = 0:1:90;

plot(thet, 400./tand(thet), ’b-’,’LineWidth’,2)
xlabel (*\theta (degree)’,’FontSize’,14)
ylabel(’F (1b)’,  FontSize’,14)

grid

4
25 x10

F (Ib)

0.5 q

0 I I I T T .
0 10 20 30 40 50 60 70 80 920

0 (degree)
Figure 3.13 Force F versus angle 6 of Example 3.2.

The graph of force F versus angle 6 is shown in Fig. 3.13. Tension F
increases as angle 6 approaches 0. The normal operating conditions are
30° < 6 < 60°. The pitch p, mean diameter d,,, lead I, lead angle A, and
friction angle 6; are calculated with:

d=1.125; % (in) major diameter
mu = 0.3; % coefficient of friction
% 7 square threads per in
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p=1/7; % (in) pitch

dm = d-p/2; % mean diameter

1 =p; % lead single square-threaded
lambda = atan(1/(pixdm)); % lead angle

thetas = atan(mu); % friction angle
and the numerical results are:

% p = 0.143 (in)

% dm = 1.054 (in)

% 1 = 0.143 (in)

% lambda = 2.471 (deg)
% thetas = 16.699 (deg)

The moments required to raise and lower the load for the two screws are:

Mr = Fxdmx(pixmuxdm+1)/(pi*xdm-mux1);
% Mr = 146.515 (1b in)
M1 = Fxdm*(pixmuxdm-1)/(pixdm+mu*1);
% M1 = 106.856 (1b in)

The same moments can be calculated with the expressions:

% moment required to raise the Toad
Mr = 2xFx(dm/2)*tan(thetas+Tambda);
% moment required to lower the Tload
M1 2xFx(dm/2)*tan(thetas-Tambda);

The horizontal forces that must be applied perpendicular to the handle at
E to raise and to lower the load are:

Fr = Mr/b;
F1 = M1/b;
% Fr =36.629 (1b)
% F1 26.714 (1b)

Example 3.3. The mechanism shown in Fig. 3.14 consists of link 2 that
has a double Acme-threaded screw with a major diameter d = 1.5 in,
pitch p =1/4 in and coefficient of friction for the thread u = 0.2. Load
P =2000 Ib is acting at the end of link 1 at B. The length of link 2 is
BD = L =45 in and the angle of link 2 with the horizontal is 8 = 7/6 rad.
The following dimensions are given: OD = L and BC = CD = L/2. De-
termine (a) the starting moment to raise and lower the load using the
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Figure 3.15 Free body diagram of link 1 in Example 3.1.

coefficient of starting friction; (b) the moment to raise and lower the load;
(c) if the screw is self-locking; (d) the efficiency of the screw; (e) plot the
efficiency of the screw as a function of angle A for different coefticients of
friction.

Solution

(a) The force on the threaded shaft 2 is obtained using the free body
diagrams of link 1 as shown in Fig. 3.15. The coordinates of points D, B,
and C are determined with:

L = 45; % in

theta = pi/6; % rad

x0 = 0; yO = 0;

xD = 1L; yD = 0;

xB = xD - Lxcos(theta);

yB L*sin(theta);

xC xD - 0.5%Lxcos(theta);
yC = 0.5*%Lxsin(theta);
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r0_ = [x0 y0 01;

rD_ = [xD yD 0]; % position vector of D
rB_ = [xB yB 0]; % position vector of B
rC_ = [xC yC 0]; % position vector of C

% rD_ = [45.000 0.000 0.000] Cin)
% rB_ =1 6.029 22.500 0.000] (in)
% rC_ = [25.514 11.250 0.000] (in)

The unit vector for the direction of the force, F, on the threaded shaft 2 is:

ufF_ = rC_/norm(rC_);
% uF_ =1 0.915 0.403 0.000]

and the symbolic force on the threaded shaft is:

syms F
F_ = Fxuf_;

The force F is calculated using the sum of the moments on link 1 about
the point D:

P = -2000; % 1b

P_ = 1[0 P 0]; % force at B

% sum of moments on link 1 about D

% M1D_ = cross(rC_-rD_, F_) + cross(rB_-rD_, P_);
MID_ = cross(rC_-rD_, F_) + cross(rB_-rD_, P_);

F = eval(solve(MID_(3),F));

% F = 4293.109 (1b)

The graph of the jack (see Fig. 3.16) and the vector forces are obtained in
MATLAB with

a = L;

axis([-a a -a al)

grid on, hold on
xlabel(’x’), ylabel(’y")

1ine([x0 xCJ,[y0 yCI,’LineStyle’,’--"
>Color’,’r’,’LineWidth’,2)

1ine([xD xB1,[y0 yBI1, LineStyle’,”-",...
>Color’,’k’”, LineWidth’,3)
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Figure 3.16 Graph of the jack in Example 3.3.

text(x0,y0,0,” 07, fontsize’,12);
text(xB,yB,0,” B’, fontsize’,12);
text(xC,yC,0,” C’, fontsize’,12);
text(xD,yD,0,” D’,’fontsize’,12);

plot(x0,y0,’ro’,...

"MarkerSize’,6,’ LineWidth’,2, MarkerFaceColor’,’r’)
plot(xB,yB, ko’, ...

"MarkerSize’,6, LineWidth’,2, MarkerFaceColor’, k’)
plot(xC,yC,’bo’, ...

"MarkerSize’,6,’ LineWidth’,2, MarkerFaceColor’,’b’)
plot(xD,yD, ko, ...

"MarkerSize’,6, LineWidth’,2, MarkerFaceColor’, k’)

af = 200; % force factor for graph
quiver(xB,yB,0,P/af, ...

*Color’,’b’”, LineWidth’,1.5);
quiver(xC,yC,FxuF_(1)/af,Fxuf_(2)/af,...

*Color’,’b’”, LineWidth’,1.5);

text(xB,yB+P/af,0,” P’, fontsize’,12);

text (xC+F*xuF_(1)/af,yC+FxufF_(2)/af,0,’F’, fontsize’,12);
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For the major diameter d = 1.5 in the preferred screw, the pitch is
p=0.25 in. Because of the double thread, the lead is [ =2p, the pitch

. The

(mean) diameter is d,, = d — p/2, and the helix angle is A = arctan
MATLAB results are:

wdy,

d=1.5; % (in)

p=1/4; % (in)

1 = 2%p;

dm =d - p/2;

lambda = atan(1/(pi*dm));
% p = 0.250 (in)

% 1 = 0.500 (in)

% dm = 1.375 (in)
% lambda = 6.603 (deg)

For the Acme threads, the thread angle @ = 14.5° (see Fig. 3.3), and the
thread angle measured in normal plane is tano, = tan« cos A, or with MAT-
LAB:

alpha = (29/2)*(pi/180);
alphan = atan(tan(alpha)*cos(lambda));
% alphan = 14.408 (deg)

The starting friction is about one-third higher than running friction, and

. . Lo 4 .
the coefficient of starting friction is u; = —u. The starting moments for

3

lifting and for lowering the load are:

mus = (4/3)*mu;
Mrs=0.5*Fxdm*(pi*mus*xdm+lxcos(alphan))/(pi*dmxcos(alphan)-mus*1);
M1s=0.5*Fxdm*(pi*musxdm-Txcos(alphan))/(pi*dmxcos(alphan)+mus*1);
% Mrs = 1192.258 (1b in)

% Mls = 456.447 (1b in)

(b) Changing the coefficient of friction to the running value of u, the
moments for lifting and for lowering the load with running friction are:

Mr=0.5xF*dmx(pi*muxdm+l*cos(alphan))/(pixdmxcos(alphan)-mu*1);
M1=0.5*Fxdm*(pi*muxdm-1*cos(alphan))/(pixdmxcos(alphan)+mux1);
% Mr = 974.395 (1b in)
% M 261.584 (1b in)
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(c) The self-locking condition is

sf = (pixmuxdm-1xcos(alphan));

if sf >0

fprintf(’sf>0 => screw is self-locking\n\n’)
else

fprintf(’sf<0 => screw is not self-Tocking\n\n’)
end

% sf = 0.380

and the screw is not self-locking.

(d) With friction coefficient being zero, the moment to raise the load is

_ Fd, ( lcosay, )_ Fl

My = =
2 \md,cosa, 2w

The efficiency is the ratio of friction-free moment to actual moment, or

R M,
‘TorM T M

The MATLAB calculations for the efficiency are:

% moment for raising the Toad with no friction

MrO = 0.5xF*dm*(1xcos(alphan))/(pi*dmxcos(alphan)); % or

Mr0 = F*1/(2xpi);

% efficiency: ratio of friction-free moment to actual moment
e = Mr0/Mr;

% Mr0 = 341.635 (1b in)

% e = 10.351

(e) The efficiency of the screw can be calculated with

coso, — ptan A
o= ———.
coso, + (L cota

The efficiency is a function of A and is plotted for different p. The results
are shown in Fig. 3.17. The MATLAB program for the efficiency function
1s:

lambdae = 0:pi/180:90*pi/180;
alphane = atan(tan(alpha)*cos(lambdae));
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Figure 3.17 Efficiency e as a function of A in Example 3.3.

mu0l = 0.01;
el0l =
e201 =

(cos(alphane)-muOlxtan(lambdae));

(cos(alphane)+muOlxcot(lambdae));
ee0l = el01./e201;

mu05 = 0.05;

el05 = (cos(alphane)-muO5*tan(lambdae));

e205 = (cos(alphane)+mu05*cot(Tambdae));
ee05 = el05./e205;

mul = 0.1;

ell = (cos(alphane)-mulxtan(lambdae));
e2l = (cos(alphane)+mulxcot(lambdae));
eel ell./e?l;

mu2 = 0.2;

el2z = (cos(alphane)-muZ2xtan(lambdae));

e22 = (cos(alphane)+muZxcot(lambdae));
ee2 = el2./e22;
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mu3 = 0.3;

el3 = (cos(alphane)-mu3xtan(lambdae));
e23 = (cos(alphane)+mu3xcot(lambdae));
ee3 = el3./e23;

mud = 0.4;

el4 = (cos(alphane)-mu4xtan(lambdae));
e24 = (cos(alphane)+mudxcot(lambdae));
eed = eld./e24;

hold on

plot(lambdaex180/pi, ee0l,’-’, LineWidth’,2)
plot(lambdae*x180/pi, ee05,’--b’, LineWidth’,2)
plot(Tambdaex180/pi, eel,’:k’, LineWidth’,3)
plot(lambdaex180/pi, ee2,’-.k’, LineWidth’,2)
plot(lambdaex180/pi, ee3, :bs’,’ LineWidth’,1)
plot(lambdaex180/pi, eed,’-.r*’, LineWidth’,2)

xlabel(’\lambda (degree)’,’FontSize’,14)
ylabel(’e’, FontSize’,14)

axis([0 90 0 1 1)

grid on

legend(....

A\mu = 0.01",’\mu = 0.05",...

‘Amu = 0.1","\mu = 0.2",...

‘A\mu = 0.37,’\mu = 0.4")

Example 3.4. For a joint, a steel bolt 0.5-13 UNC of SAE class 4 is
selected. The clamp length is /,, = 3 in, and the total bolt length L =3.5 in
as shown in Fig. 3.18. The Youngs modulus of all the elements is E =
30 (10°) psi. An external force of F, =2500 Ib acts on the joint and tends
to separate the two parts. Find the bolt load factor and the safety factor
against joint separation for reused and permanent connections. Plot the

bolt load and safety factors against joint separation as a function of preload
factor K defined by Eq. (3.42) [9].

Solution
A bolt 0.5-13 UNC has the major diameter d = 0.5 in and has n =
13 threads/inch. The shank area is calculated with:
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Figure 3.18 Example 3.4.

As = (pi = d*2) / 4;
% As = 0.196 (in~2)

The proof strength of the steel bolt SAE 4 with d = 0.5 in is given by
Eq. (3.44), and it is S, = 65 kpsi. The tensile stress area of the thread is
calculated with Eq. (3.31):

At = (pi/4)x(d-0.9743/n)"2;
5 At = 0.142 (in*2)

The length of the thread of the bolt, Ly, is given by Eq. (3.37):

LT = 2xd + 0.25;
% LT = 1.250 (in)

The length of the shank of the bolt, [, is:

s =L - LT;
% 1s = 2.250 (in)

The length of the thread that is in the clamp zone, I, is:

1t =1m - 1s;
% 1t = 0.750 (in)

The stiffness of the bolt is given by Eq. (3.29):

kb = (1t / (AtxE) + 1s / (As*E))"(-1);
% kb = 1.792e+06 (1b/in)
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The stiffness of the steel clamped part with the same E is calculated with
Eq. (3.40):

Asteel = 0.78715;

Bsteel = 0.62873;

km = ExdxAsteelxexp(Bsteel*d/1m);
% km = 1.311e+07 (1b/in)

The joint stiffness constant is a dimensionless stiffness parameter given by

C = kb / (km + kb);
% C=20.120

The bolt preload (initial tensile force) is given by F; = KA,S,, or in MAT-
LAB as a function of K is [9]:

Fi = @(K) K = Sp = At;

where K =0.75 for reused connections and K = 0.90 for permanent con-
nections. The initial loads for reused and permanent connections are cal-
culated with the MATLAB function Fi:

Fir = Fi(0.75);

% Fi reused = 6917.552 (1b)
Fip = Fi(0.9);

% Fi permanent = 8301.062 (1b)

The bolt axial load is given by the MATLAB function Fb:
Fb = @(K) Fi(K) + C = Fe;
The bolt axial loads for reused and permanent connections are:

Fbr = Fb(0.75);

% Fb reused = 7218.093 (1b)
Fbp = Fb(0.9);

% Fb permanent = 8601.603 (1b)

The clamping force is given by the MATLAB function Fc:
Fc = @(K) Fi(K) - (1 - C) = Fe;
and for reused and permanent connections is:

Fcr = Fc(0.75);

% Fc reused = 4718.093 (1b)
Fcp = Fc(0.9);

% Fc permanent = 6101.603 (1b)
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The bolt factor against load is given by Eq. (3.50) and using a MATLAB
function is:

nb = @(K) (At*Sp-Fi(K))/(CxFe);
nbr = nb(0.75);
nbp = nb(0.90);

The numerical values for the bolt safety factor, ny, are:

% nb reused = 7.672
% nb permanent = 3.069

The load required to separate the joint is calculated in MATLAB as

Fs = @(K) Fi(K) / (1 - C);

Fsr = Fs(0.75);

Fsp = Fs(0.90);

% Fs reused = 7862.788 (1b)

% Fs permanent = 9435.346 (1b)

and the safety factor against separation of the parts of the joint, n, is ob-
tained from Eq. (3.51):

ns = @(K) Fs(K)/ Fe;
nsr = ns(0.75);

nsp = ns(0.90);

% ns reused = 3.145

% ns permanent = 3.774

The factor for the bolt against the load, #,(K), and the safety factor against
separation of the parts, n,(K), are defined as functions of the preload factor
K [9]. The two factors are plotted in Fig. 3.19. The intersection of the two
functions is obtained in MATLAB with:

Syms x
Xxs = solve(nb(x)==ns(x));
Ko

no

eval(xs);
nb(Ko);

and the numerical values are:

% Ko
% no

0.880
3.689
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Figure 3.19 Load factor for the bolt, np, and safety factor against separation, ns, in Ex-
ample 3.4.

The load factor for the bolt, n,(K), increases linearly with the decrease
of the preload factor K. The safety factor against separation of the parts,
n(K), increases linearly with the increase of the preload factor K. For a
preload factor Ky = 0.880 both factors are equal ny = n, = n, = 3.689. The
MATLAB program for the graph in Fig. 3.19 is:

K=0:0.05:1;

hold on

plot(K, ns(K),’-b *, LineWidth’,2)
plot(K, nb(K), --k”, LineWidth’,2)
xlabel(’preload factor, K”)
ylabel(’factors’)

ylim([0 101)

legend(’n_s’,’n_b")
plot([0,Kol,[no,nol,’ -k”, LineWidth’,1)
plot([Ko,Kol,[0,n0l, -k, LineWidth’,1)
plot([.75,.75],00,101,"-.b’, LineWidth’,1)
plot([.9,.91,[0,107, -.r", LineWidth’,1)
grid

plot(0.9,nsp, ko’ ...
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"MarkerSize’,6, LineWidth’,2, MarkerFaceColor’,’k”)
plot(0.9,nbp, ko’ ...

"MarkerSize’,6,  LineWidth’,2, MarkerFaceColor’, k’)
plot(0.75,nsr,’bo’, ...

"MarkerSize’,6,  LineWidth’,2, MarkerFaceColor’,’b’)
plot(0.75,nbr,’bo’, ...

"MarkerSize’,6, LineWidth’,2, MarkerFaceColor’,’b’)
plot(Ko,no,’ro’, ...

"MarkerSize’,6,  LineWidth’,2, MarkerFaceColor’,’r’)
text(.66,5,” K=0.75")

text(.9,5,” K=0.9")

text(0.795,.2,” K=0.88")

text(0,no+.25,” n_b=n_s= 3.689")
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> CHAPTER FOUR

Rolling bearings

4.1. Introduction

A bearing allows relative motion of joined elements. One of the ele-
ments can be fixed. Bearings can act as support for shaft and withstand radial
and/or axial loads. The rolling elements, balls, rollers, or needles divide the
bearing rings. The rolling bearings operate at lower starting friction with
a coefficient of friction of = 0.001-0.003. Other advantages are easy lu-
brication and replacement in case of failure. Some disadvantages of rolling
bearings are collapse to large loads, higher costs, and noise.

Fig. 4.1 depicts the parts of rolling bearings: outer ring, inner ring,
rolling element, and separator (retainer). The retainer keeps the distance be-
tween the rolling elements. The rings of the rolling bearing form the races
of the bearing. A rolling element can have ball bearings (Fig. 4.1A), roller

outer ring outer ring

separator

- # | J S

inner ring

‘ | ‘ 5 T
=
Q

. - Qo

Ball bearing

cylindrical
roller

inner ring

outside diameter

outside diameter
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—
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(A) (B)

outer ring

separator

=
[
3
1 .
c% NG tapered
5 A - N roller (cone)
(]
=t
;g mner ring
=
S >

AL 1

=L 0N . .

2
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Tapered roller bearing

©€)
Figure 4.1 Parts of rolling bearings.
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777
needle roller

Figure 4.2 Needle bearings.
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Figure 4.3 Ball bearings.
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Figure 4.4 Roller bearings.

bearings (cylinder) (Fig. 4.1B), or tapered roller bearing (cone) (Fig. 4.1C).
Needle bearings are shown in Fig. 4.2.

Different ball bearings are shown in Fig. 4.3, namely radial ball bearings
(Figs. 4.3A-B), radial-thrust ball bearings (Fig. 4.3C), thrust ball bearings
(Figs. 4.3D—-E), and thrust-radial ball bearings (Fig. 4.3F). Fig. 4.4 shows
different roller bearings.

Radial bearings sustain radial or transverse loads that are perpendicular
to the axis of the shaft. Thrust bearings sustain axial or thrust loads that are
parallel to the axis of the shaft. Single row ball bearings are designed mainly
for transverse loads but can take some thrust loads. Radial-thrust or angular
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contact bearings are designed for significant axial loads. For notable loads,
double row bearings are employed. For large deformations and tolerances
of the shaft, self-aligning bearings are used.

Cylinder roller bearings have a larger area of contact relative to ball
bearings and are designed for greater loads. Cylinder roller bearings are
not designed for axial loads. Tapered or cone roller bearings can sustain
transverse or axial forces. Needle bearings are designed for restricted areas
and can be without separators.

outer ring
raceway dm
inner ring
[ raceway

e

Figure 4.5 Geometry of a ball bearing.

The principal geometry elements of a ball bearing are shown in Fig. 4.5
and are defined as follows. The pitch diameter is calculated with

do+d
2 9

dy ~ 4.1)
where dj is the outer diameter of the ball bearing and d is the bore. Using
the diameter of the race of the outer ring, D,, and the diameter of the race
of the inner ring, D;, the pitch diameter is given by the following relation:

_D1+De

dy= =5 (4.2)

The diametral clearance between the balls of diameter D and the raceways
is given by

s¢=D, — D; — 2D. (4.3)
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4.2, Force analysis

An angular contact or radial thrust ball bearing with the contact angle

«a is depicted in Fig. 4.6. The contact angle for a radial ball bearing is null.

Figure 4.6 Radial thrust (angular contact) ball bearing.

A transverse load, F,, is acting perpendicular to the shaft axis of the angular

contact bearing. The force that acts on the ball is

F,
F=—. (4.4)
cos o
The thrust or axial load is
F,=F,= Fsina. (4.5)

4.3. Catalogue bearing dimensions

Fig. 4.5 shows some standard dimensions of the ball bearings [9]: the
bore d, the outside diameter dy, and the width w. There are different series
for bearings: extra-extra-light or LL0OO, extra-light or LOO, light or 200, and
medium or 300 [9]. The bearing basic number BBN for some ball bearing
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in terms of d and dy are given by [9]

BBN =

L02
202
302

LO4
204
304

LO5
205
305

LO6
206
306

LO7
207
307

LO8
208
308

LO9
209
309

L10
210
310

L17
217
317

for d =15 mm and dy = 32 mm,
for d =15 mm and dy = 35 mm,
for d =15 mm and dy = 42 mm,

for d =20 mm and dy = 42 mm,
for d =20 mm and dy = 47 mm,
for d =20 mm and dy =52 mm,

for d =25 mm and dy =47 mm,
for d =25 mm and dy = 52 mm,

for d =25 mm and dy = 62 mm,

for d =30 mm and dy =55 mm,
for d =30 mm and dy = 62 mm,

for d =30 mm and dy =72 mm,

for d =35 mm and dy = 62 mm,
for d =35 mm and dy =72 mm, (4.6)

for d =35 mm and dy = 80 mm,

for d =40 mm and dy = 68 mm,
for d =40 mm and dy = 80 mm,
for d =40 mm and dy =90 mm,

for d =45 mm and dy =75 mm,
for d =45 mm and dy = 85 mm,
for d =45 mm and dy = 100 mm,

for d =50 mm and dy = 80 mm,
for d =50 mm and dy = 90 mm,
for d =50 mm and dy = 110 mm,

for d =85 mm and dy = 130 mm,
for d =85 mm and dy = 150 mm,
for d =85 mm and dy = 180 mm.
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4.4. Catalogue selection for bearings

The geometry of the bearings and the standard forces are found in
catalogues where the bearings are tabulated. Next a procedure to select the
rolling bearing is presented [9].

The life of a rolling bearing represents the number of revolutions or
the period of time at a constant angular velocity prior to the initial sign of
material failure. Table 4.1 shows the rated capacity, C, corresponding to a
standard life of Lg = 9 (107) revolutions, and a constant radial load.

Bearing application required life is calculated with

C\ 10/

where the radial load for the application is F,. The required rated capacity

for the application is

L 3/10
Creq =F, (L_R) . (48)

The standard life denoted by Lio or By is the life of the bearing that
corresponds to a reliability of r =90% or 10% failure. The median life is
five times the standard life. Egs. (4.7) and (4.8) for ball and roller bearings
are improved with a reliability factor K, [9]

L=K, Lz (C/F)*%,

L 0.3
Creq =F, (K—LR> ’ (49)

where

1.00  for 90% reliability, Lo,

0.62  for 95% reliability, Ls,

K — 0.53 for 96% rel?ab%l%ty, Ly, (4.10)
0.44  for 97% reliability, L3,

0.33  for 98% reliability, L,

0.21  for 99% reliability, L;.
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Table 4.1 Bearing rated capacities, C, for Lg = 9 (107) revolutions with 90% reliability.
From New Departure-Hyatt Bearing Division, General Motors Corporation. Used with

permission from General Motors Corporation Inc.

Radial ball, « = 0° Angular ball, o =25° Roller

L00 200 300 L00 200 300 1000 1200 1300
d xlt It med xlt It med xlt It med
mm kN kN kN kN kN kN kN kN kN
10 1.02 142 190 1.02 110 1.88
12 112 142 246 110 154 2.05
15 122 156 3.05 128 1.66 285
17 132 270 375 136 220 355 212 3.80 4.90
20 225 335 530 220 3.05 580 3.30 4.40 6.20
25 245 365 590 265 325 720 3.70 5.50 8.50
30 335 540 880 3.60 6.00 8.80 8.30 10.0
35 420 850 10.6 475 820 11.0 9.30 13.1
40 450 940 126 495 990 132 7.20 1.1 16.5
45 580 9.10 148 630 104 164 7.40 12.2 20.9
50 6.10 970 158 6.60 11.0 192 12.5 24.5
55 820 120 18.0 9.00 136 215 113 14.9 271
60 8.70 13,6 20.0 970 16.4 240 12.0 18.9 32.5
65 9.10 160 220 102 192 265 122 21.1 38.3
70 11.6 17.0 245 134 192 295 23.6 44.0
75 122 17.0 255 138 20.0 325 23.6 45.4
80 142 184 280 16,6 225 355 173 26.2 51.6
85 15.0 225 300 172 265 385 18.0 30.7 55.2
90 17.2 250 325 20.0 280 415 37.4 65.8
95 18.0 275 380 21.0 31.0 455 44.0 65.8
100 18.0 30,5 405 215 345 20.9 48.0 72.9
105  21.0 32.0 435 245 375 49.8 84.5
110 235 350 46.0 275 41.0 550 294 54.3 85.4
120 245 375 285 445 61.4 100.1
130 295  41.0 335 48.0 71.0 489 69.4 120.1
140  30.5 475 35.0 56.0 77 .4 131.2
150 345 39.0  62.0 58.7 83.6
160 113.4
180  47.0 54.0 97.9 140.1
200 162.4
220 211.3
240 258.0
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The influence of the axial force is adjusted with an radial equivalent force,
F. [9]

O\ 333
L=K,Lr (F) ,

e

L 0.3
Cpeg=F. (K—LR) . (4.11)

The radial equivalent load for ball bearings with the contact angle o = 0° is

F, for 0.00 < F,/F, < 0.35,
F,
F.=1! F, [1 +1.115 (F — 0.35>i| for 0.35 < F,/F, < 10.0, (4.12)

¥

1.176 F, for F,/F, > 10.0.

For angular ball bearings with the contact angle o = 25°, the radial equiva-
lent load is

E, for 0.00 < F,/F, < 0.68,
F,
F=1]TF [1 +0.87 (F - O.68>:| for 0.68 < F,/F, <10.0,  (4.13)

r

0.911F, for F,/F, > 10.0.

The influence of a shock force is taken into consideration by an application
factor K, [4,9]:

LKL C 3.33
- r 4R KHFL, ’

L 0.3
Crog = K.F. (K—LR> : (4.14)

The application factor for a ball bearing is

1 for uniform force, no impact,

1.0-1.1 for precision gearing,

1.1-1.3  for commercial gearing,

K,={ 12 for poor bearing seals, (4.15)
1.2-1.5  for light impact,

1.5-2.0  for moderate impact,

2.0-3.0  for heavy impact.
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The application factor for a roller bearing is

1 for uniform force, no impact,
1 for gearing,
1.0-1.1  for light impact, (4.16)

1.1-1.5  for moderate impact,

1.5-2.0  for heavy impact.

The following suggestions for the life of the bearing, in kh, are given [4,9]:

design life =

0.1-0.5 kh

0.5-2.0 kh

4-8 kh

8—14 kh

14-20 kh

20-30 kh

50-60 kh

100-200 kh

for instruments and apparatus
for infrequent use,

for aircraft engines,

for machines used intermittently,
where service interruption

is of minor importance,

for machines used intermittently,
where reliability

is of great importance, 417
for machines for 8-hour service, (417)
but not every day,

for machines for 8-hour service,
every working day,

for machines for continuous
24-hour service,

for machines for continuous
24-hour service where

reliability is of extreme importance.

4.5. Examples

Example 4.1. A gear force F=1000 Ib acts on a shaft that rotates at n =
300 rpm, as shown in Fig. 4.7. The dimensions of the shaft are a=1.25 ft

and b= 0.25 ft. The machine is intended for 8-hour service, every working
day. A reliability of 90% is desired. Select identical 300 series ball bearings

for A and B.
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b

a

32

Figure 4.7 Example 4.1.

Solution

The radial loads on the shaft at A and B need to be calculated. The
radial load at bearing B, Fp, is calculated using the sum of the moments
with respect to A:

F =1000; % (1b)
a=1.25 % (ft)
b =0.25; % (ft)

FB = Fx(atb)/a;
% FB = 1200.000 (1b)

The radial force at bearing A, Fy4, is calculated from the sum of the forces
for the shaft:

FA = -F+FB;
% FA = 200.000 (1b)

The radial load on the bearing at B is greater than the radial load on the
bearing at A the selection of the bearings will be made on bearing B,
Fr = FBI

if FB > FA
Fr = FB;
else

Fr = FA;
end

The radial equivalent force is F, = F, = Fg = 1200.000 (Ib). The application
factor is given by Eq. (4.15) and for gearing it is selected as K, =1.1. The
life adjustment reliability factor for 90% reliability with Eq. (4.10) is K, = 1.
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The life of a bearing for machines for 8-hour service every working
day, with Eq. (4.17) is L; = 30 kh. The corresponding life of bearings for
30000 h operation at a speed of 300 rpm is:

Ld = 30000; % (h)

n = 300; % (rpm)

L =1L1Ld » n % 60;

% L = 5.400e+08 (rev)

The required value of the rated capacity for the application is:

LR = 90%x1076;

Creq = Fexkax(L/(krxLR))"0.3;

% Creq = 2.260e+03 (1b)

% 1 N =0.224808942443 1b

Creq = Creq/0.224808942443; % (N)
% Creq = 1.005e+04 (N)

From Table 4.1 with C =10.05 kNN for 300 series select d = 35 mm. From
Eq. (4.6) with d =35 mm for 300 series select a bearing number 307.

Example 4.2. Fig. 4.8 shows a gear with the pitch radius R = OP =
0.10 m. The uniform forces acting on the gear at P are Fp, = F, = 1500 N,
Fp,=F,=1700 N, and Fp. = F. = 5000 N. The directions of the forces are
represented in Fig. 4.8. The bearing at A can take axial (thrust) forces. The
shaft rotates at a speed of n=1050 rpm and has the dimensions a =0.15 m
and b= 0.07 m. The shaft external diameter is 30 mm at A and B. The
design life is to be DL =5000 h and an application factor of 1 is suitable.
The reliability is 90%. Select one bearing size suitable for both locations A
and B.

LS

Figure 4.8 Example 4.2.
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Solution
The input data in MATLAB® are:

Fx = -1500; % (N)
Fy = -1700; % (N)

Fz = 5000; % (N)

FP_= [Fx,Fy,Fz]; % gear force vector at P
a=20.15; % (m)

b=20.07; % (m)

R=0.10; % (m)

rA_ = [0, 0, 0]; % position vector of bearing A
rB_ = [a+b, 0,0]; % position vector of bearing B
ro_ = [a, 0,01; % position vector of gear center
rP_ = [a, R, 0]; % position vector of gear forces

The unknowns are the bearing reactions at A and B

syms FAx FAy FAz FBx FBy FBz
FA_ = [FAx, FAy, FAzl; % reaction force at A
FB_ = [ 0, FBy, FBzl; % reaction force at B

The reaction force at B is calculated using the sum of the moments with
respect to A:

% sum MA_ = rP_ x FP_ + rB_ x FB_ = 0_ =>
MA_ = cross(rP_, FP_) + cross(rB_,FB_);
SOolFB = solve(MA_(2),MA_(3));
FBys=eval(solFB.FBy);
FBzs=eval(solFB.FBz);

FB_ = [0, FBys, FBzs];

% FB_ = [ 0 477.273 -3409.09171 (N)

The radial force at B is:

FBr = sqrt(FB_(2)"2+FB_(3)"2);
% radial force FBr = 3442.338 (N)

The reaction bearing force at A is calculated using the sum of the forces for
the system:

% sum F_ = FA_+FB_+FP_ = 0_ =>
FAL = -FP_-FB_;
% FA_ = [ 1500.000 1222.727 -1590.9091 (N)
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and the radial and axial forces on the bearing at A are:

FAr = sqrt(FA_(2)"2+FA_(3)"2);
FAa FA_(L);

% radial force FAr = 2006.503 (N)
% axial force FAa = 1500.000 (N)

The MATLAB program for the graph of the free body diagram of the
system is:

% scale factor for forces
sf = 20000;
af = 1;
axis([-af af -af af -af afl)
grid on
hold on
axis auto
xlabel ("x(m)’), ylabel(’y(m)’), zlabel(’z(m)’)
t = linspace(0,2xpi);
% plot gear of radius R at 0
plot3(r0_(1)+0xt,r0_(2)+Rxcos(t),r0_(3)+R*sin(t),...
“color’, k’,’LineWidth’,3)
text(rA_(1),rA_(2),rA_(3),’ A’ fontsize’,12)
text(rB_(1),rB_(2),rB_(3),’ B’, fontsize’,12)
text(rP_(1),rP_(2),rP_(3),” P, fontsize’,12)
text(r0_(1),r0_(2),r0_(3)," 0, fontsize’,12)
Tine(LrA_(1),rB_(1)]1,[rA_(2),rB_(2)],[rA_(3),rB_(3)1,...
*LineStyle’,’”-’,’LineWidth’,2)
1ine([r0_(1),rP_(1)]1,[r0_(2),rP_(2)],[r0_(3),rP_(3)1,...
*LineStyle’,” -, LineWidth’,1)
% plot FP_ at P
quiver3(...
rP_(1),rP_(2),rP_(3),...
FP_(1)/sf,0,0, color’,’b’, LineWidth’,1.3);
quiver3(...
rP_(1),rP_(2),rP_(3),...
0,FP_(2)/sf,0,’color’,’b”,  LineWidth’,1.3);
quiver3(...
rP_(1),rP_(2),rP_(3),...
0,0,FP_(3)/sf,’color’,’b”, LineWidth’,1.3);
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text(rP_(1)+FP_(1)/sf,rP_(2),rP_(3),’F_x", fontsize’,12)
text(rP_(1),rP_(2)+FP_(2)/sf+0.025,rP_(3), F_y’, fontsize’,12)
text(rP_(1),rP_(2),rP_(3)+FP_(3)/sf,’F_z’, fontsize’,12)
% plot FA_ at A
quiver3(...

rA_(1),rA_(2),rA_(3),...

FA_(1)/sf,0,0, color’,’r’, LineWidth’,1.3);
quiver3(...

rA_(1),rA_(2),rA_(3),...

0,FA_(2)/sf,0,’color’,’r’, LineWidth’,1.3);
quiver3(...

rA_(1),rA_(2),rA_(3),...

0,0,FA_(3)/sf,’color’,’r’, LineWidth’,1.3);
text(rA_(1)+FA_(1)/sf,rA_(2),rA_(3), F_{Ax}’, fontsize’,12)
text(rA_(1),rA_(2)+FA_(2)/sf,rA_(3), F_{Ay}’, fontsize’,12)
text(rA_(1),rA_(2),rA_(3)+FA_(3)/sf,’F_{Az}’, fontsize’,12)
% plot FB_ at B
quiver3(...

rB_(1),rB_(2),rB_(3),...

0,FB_(2)/sf,0, color’,’r’, LineWidth’,1.3);
quiver3(...

rB_(1),rB_(2),rB_(3),...

0,0,FB_(3)/sf,’color’,’r’, LineWidth’,1.3);
text(rB_(1),rB_(2)+FB_(2)/sf,rB_(3), F_{By}’, fontsize’,12)
text(rB_(1),rB_(2),rB_(3)+FB_(3)/sf, F_{Bz}’, fontsize’,12)
plot3(r0_(1),r0_(2),r0_(3),’0",’color’, k")
plot3(rA_(1),rA_(2),rA_(3),’0’, color’, k")
plot3(rB_(1),rB_(2),rB_(3),’0",
view(-20,16)

‘color’,’k”)

The free body diagram using MATLAB is shown in Fig. 4.9. The bearing
with a shaft speed of n= 1050 rpm will last for

DL 5000; % (h) design Tife
n 10505 % (rpm)

L=n* DL ~ 60;

% 1ife L = 3.15e+08 (rev)

With 90% reliability, the reliability factor is K, = 1. The life corresponding
to rated capacity is Lg =90 (10)°. The application factor for uniform force
is K, = 1. The bearing inner bore size is d = 30 mm.
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Figure 4.9 Example 4.2 free body diagram with MATLAB.

Analysis for bearing at A
For ball bearings, the radial equivalent force, F,, is calculated using
Eq. (4.12):

fr=FAa/FAr;

% FAa/FAr = 0.748

FAe = FArx(1+1.115%(FAa/FAr-0.35));

% radial equivalent force FAe = 2895.965 (kN)

For radial ball bearings, the required value of rated capacity for the appli-

cation is:

CregA = Ka*xFAex(L/(Kr*LR))"0.3%x10"-3;
% rated capacity: CregA = 4.217 (kN)

From Table 4.1, with a rated capacity of 5.40 kIN, a 206 radial ball bearing
will be acceptable for A.

The radial equivalent force, F,, for angular ball bearings with a = 25° 1s
given by Eq. (4.13):
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% FAa/FAr = 0.748

FAae = FArx(1+0.87x(FAa/FAr-0.68));

% angular ball bearing: FAae = 2124.456 (kN)
CregAa = KaxFAaex(L/(KrxLR))"0.3%10"-3;

% angular ball bearing: CreqAa = 3.094 (kN)

From Table 4.1, with a rated capacity of 6 kIN, a 206 angular ball bearing
will be acceptable for A.

Analysis for bearing at B
For the radial ball bearing at B, the radial equivalent force is:

FBe = FBr;
% radial equivalent force FBe = 3442.338 (kN)

and the rated capacity is calculated with:

CreqB = KaxFBe*(L/(KrxLR))"0.3%¥10"-3;
% rated capacity: CreqB = 5.013 (kN)

From Table 4.1, with a rated capacity of 5.40 kIN, a 206 radial ball bearing
will be acceptable for B.

The capacity of a 206 radial ball bearing with a 30 mm inner diameter
is suitable at both position A and B.

Example 4.3. Fig. 4.10 depicts a countershaft with two rigidly con-
nected gears 1 and 2. The angular speed of the countershaft is 200 rpm.
The force on the countershaft gear 1 at P is Fp = Fp,J+ Fp.k = 15005 +
1500 tan(20°)k N, and the force on the gear 2 at R is Fr = Fg,J+ Fr- k=
—2000 tan(20°)3 — 2000k N. The pitch radius of gear 1 is OP = R; =
0.20 m and the pitch radius of gear 2 is CR = R, =0.15 m. The distance
between the bearings is s = 0.20 m and the distance between the gear and
bearing is I = 0.15 m. The gear system 1s a part of an industrial machine

intended for 8-hour service, but not every day. Select identical 300 series
ball bearings for A and B.

Solution
The forces and their position vectors are given by:

FPx = 0; 5 (N)
FPy 1500; %5 (N)
FPz = FPyxtan(20%pi/180);
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Figure 4.10 Example 4.3.

FP_= [FPx,FPy,FPz];

% external force FP_ = [0 1500.000 545.955] (N)
FRx = 0; % (N)

FRz -2000; % (N)

FRy = FRz*tan(20%pi/180);

FR_= [FRx,FRy,FRz];

% external force FR_ = [0 -727.940 -2000.0001 (N)
R1 = 0.20; % (m) pitch radius of gear 1

R2 = 0.15; % (m) pitch radius of gear 2

1 =20.15; %2 (m)
s =0.20; % (m)
rO_ = [0, 0, 0]; % origin, center of gear 1

rA_ = [1, 0, 0]; % position of bearing at A

rB_ = [1+s, 0, 0]; % position of bearing at B

rC_ = [2x1+s, 0, 0]; % position of center of gear 2
rP_ = [0, 0, -R1]; % application point of force FP_
rR_ = [2%1+s, R2, 0]; % application point of force FR_

The unknowns are the bearing loads at A and B:

syms FAy FAz FBy FBz
FA_ = [0, FAy, FAzI;
FB_ [0, FBy, FBzl;

The bearing reaction force at B is calculated using the sum of the moments
about A:
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% sum MA_ = rAP_ x FP_ + rAB_ x FB_ + rAR_ x FR_ = 0_ =>
MA_ = cross(rP_-rA_, FP_) + cross(rB_-rA_,FB_) + cross(rR_-rA_,FR_);
digits(6)

MAx=vpa(MA_(1));

fprintf(’MAx = %s \n’,char(MAx))

MAy=vpa(MA_(2));

fprintf(’MAy = %s \n’,char(MAy))

MAz=vpa(MA_(3));

fprintf(’MAz = %s \n’,char(MAz))

solFB = solve(MA_(2),MA_(3));

FBys=eval(solFB.FBy);

FBzs=eval(solFB.FBz);

FB_ = [0, FBys, FBzs];

FBr = sqrt(FB_(2)"2+FB_(3)"2);

% sum M_Ay 781.893 - 0.2%FBz

% sum M_Az = 0.2xFBy - 479.779

% FB_ = [ 0 2398.896 3909.4671 (N)

% radial force FBr = 4586.789 (N)

The bearing reaction force at A is calculated using the sum of the forces
for the system:

% sum F_ = FA_+FB_+FP_+FR_= 0_ =>

FA_ = -FP_-FB_-FR_;

FAr = sqrt(FA_(2)"2+FA_(3)"2);

% FA_ = [ -0.000 -3170.955 -2455.4227 (N)

% radial force FAr = 4010.493 (N)

A representation of the free body diagram is shown in Fig. 4.11 and is
obtained using the MATLAB commands:

sf 8000; % scale factor for forces

af = .5;

axis([-af af -af af -af afl)

grid on

hold on

axis auto

xlabel("x(m)’), ylabel(’y(m)’), zlabel(’z(m)’)

t = linspace(0,2xpi);

% plot gear 1 of radius R1 at O

plot3(0*t,Rlxcos(t),Rl*sin(t),...
>color’, k’,’LineWidth’,3)
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Figure 4.11 Free body diagram of Example 4.3 obtained with MATLAB.

% plot gear 2 of radius RZ2 at C

plot3(rC_(1)+0*t,rC_(2)+R2xcos(t),rC_(3)+R2xsin(t), ...

“color’, k’, LineWidth’,3)
plot3(0,0,0,’0", color’,’k”)
plot3(rC_(1),rC_(2),rC_(3),’0’,’color’, k")
plot3(rA_(1),rA_(2),rA_(3),’0’,’color’,’b")
plot3(rB_(1),rB_(2),rB_(3),’0",’color’,’b”)
1ine([r0_(1),rC_(1)],[r0_(2),rC_(2)]1,[r0_(3)
“LineStyle’,”-.’, LineWidth’,1.5)
Tine([rA_(1),rB_(1)],[rA_(2),rB_(2)],[rA_(3)
“LineStyle’,’ -, LineWidth’,2)
% plot FP_ at P
quiver3(...
rP_(1),rP_(2),rP_(3),
0,FP_(2)/sf,0,’color’,’b’, LineWidth’,1.3);
quiver3(...
rP_(1),rP_(2),rP_(3),

,rC_(3)1, ...

,rB_(3)1, ...

0,0,FP_(3)/sf,’color’,’b’, LineWidth’,1.3);

% plot FR_ at R
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quiver3(...

rR_(1),rR_(2),rR_(3),...

0,FR_(2)/sf,0,’color’,’b’, LineWidth’,1.3);
quiver3(...

rR_(1),rR_(2),rR_(3), ...

0,0,FR_(3)/sf,’color’,’b”, LineWidth’,1.3);
% plot FA_ at A
quiver3(...

rA_(1),rA_(2),rA_(3),...
0,FA_(2)/sf,0,’color’,’r’, " LineWidth’,1.3);
quiver3(...

rA_(1),rA_(2),rA_(3),...

0,0,FA_(3)/sf,’color’,’r’, LineWidth’,1.3);
% plot FB_ at B
quiver3(...

rB_(1),rB_(2),rB_(3),...

0,FB_(2)/sf,0,’color’,’r’, LineWidth’,1.3);
quiver3(...

rB_(1),rB_(2),rB_(3),...

0,0,FB_(3)/sf,’color’,’r’, LineWidth’,1.3);
text(rP_(1),rP_(2),rP_(3)-0.04,’P", fontsize’,12)
text(rP_(1),rP_(2)+FP_(2)/sf+0.04,rP_(3), FP_y’, fontsize’,12)
text(rP_(1),rP_(2),rP_(3)+FP_(3)/sf, FP_z*,’ fontsize’,12)
text(rR_(1),rR_(2)+0.08,rR_(3),” R’,’fontsize’,12)
text(rR_(1),rR_(2)+FR_(2)/sf+0.04,rR_(3), FR_y’, fontsize’,12)
text(rR_(1),rR_(2),rR_(3)+FR_(3)/sf, FR_z", fontsize’,12)
text(rA_(1),rA_(2),rA_(3)+0.04, A", fontsize’,12)
text(rA_(1),rA_(2)+FA_(2)/sf,rA_(3), FA_y’, fontsize’,12)
text(rA_(1),rA_(2),rA_(3)+FA_(3)/sf, FA_z*,  fontsize’,12)
text(rB_(1),rB_(2),rB_(3)-0.04,’B", fontsize’,12)
text(rB_(1),rB_(2)+FB_(2)/sf,rB_(3), FB_y’, fontsize’,12)
text(rB_(1),rB_(2),rB_(3)+FB_(3)/sf,’FB_z", fontsize’,12)
text(r0_(1),r0_(2),r0_(3)+0.04,0", fontsize’,12)
text(rC_(1),rC_(2),rC_(3)-0.04,’C*, fontsize’,12)
view(-30,23)
The radial force at bearing B is higher than that at bearing A, and the
selection of the bearing is based on this force FBr = 4586.789 (N):
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if FAr > FBr

Fe = FAr;
else

Fe = FBr;
end

% radial equivalent force Fe = FBr = 4586.789 (N)

From Eq. (4.17) the design bearing life for machines for 8-hour service,
but not every day, is selected (conservatively) DL = 20000 h. The life L
corresponding to the 200 rpm rotation of the shaft is:

DL = 20000; % (h) design 1life
n = 200; % (rpm)

L =nx* DL * 60;

% 1ife L = 2.400e+08 (rev)

The life adjustment is represented by the reliability factor K, given by
Eq. (4.10), K, =0.33 for 98% reliability. The application factor for com-
mercial gearing is selected (conservatively) from Eq. (4.15), K, = 1.3. The
life corresponding to rated capacity is Lg = 90 (10)°. The required value of
rated capacity for this application is given by:

Ka = 1.3; % for commercial gearing
Kr=10.33; % r = 98%
LR =90 = 10”76;

Creq = KaxFex(L/(KrxLR))"0.3%x10"-3;
% rated capacity: Creq = 11.161 (kN)

From Table 4.1 with 11.16 kN for 300 series we select C=12.6 kN and
d =40 mm bore. From Eq. (4.6) with 40 mm bore and 300 series the
bearing number is 308.

A bearing number 308 is selected for both bearings A and B.

Example 4.4. Radial forces act on a number 317 (d = 85 5mm) radial con-
tact ball bearing as follows: 25% of the time F,; =5 kN at 1,y = 1000 rpm,
25% of the time F,, = 10 kN at n, = 1200 rpm, 25% of the time
F,3 =15 kN at n3 = 1500 rpm, and 25% of the time F. = 20 kN at
1,2 = 500 rpm. The loads are with moderate impact and the reliability is
r=96%. Estimate the bearing life.

Solution
For the number 317 radial contact bearing from Table 4.1, the rated
capacity is C = 30 kN. The input data in MATLAB is:



162 Machine component analysis with MATLAB®

Cap = 30; % (kN)

nrl = 1000; % (rpm)

tl = 0.25; % 25% time
Frl = 5; % (kN)

nr2 = 1200; % (rpm)

t2 = 0.25; % 25% time
Fr2 = 10; % (kN)

nr3 = 1500; % (rpm)

t3 = 0.25; % 25% time
Fr3 = 15; % (kN)

nr4 = 500; % (rpm)

td = 0.25; % 25% time
Fr4 = 20; % (kN)

The radial load versus time is calculated with MATLAB:

x=20:2.5:100;
for ix =1 : length(x)
y(ix) = piecewiseF(x(ix));
end
stem(x, y,’ filled”)
stem(x, y,...
“LineStyle’, -~
*LineWidth’,1.5,...
"MarkerFaceColor’,’b”, ...
"MarkertEdgeColor’,’b”)
axis([0 100 0 221)
ylabel("F_r (kN)’,’FontSize’,12)
xlabel ("%, FontSize’,12)

ax = gca;

ax.XTick = [0,25,50,75,1001];

ax.YTick = [5, 10, 15, 207;

set(gca,

"YTickLabel’ ,num2str(get(gca,’YTick’)’, *%4.0f"));
set(gca,

"XTickLabel’,num2str(get(gca, XTick’ )", *%4.0f"));
grid

where the piecewise force function piecewiseF is
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Figure 4.12 Example 4.4.

function y = piecewiseF(x)

if x <= 25
y = 5;

elseif 25 < x & x <= 50
y = 10;

elseif 50 < x & x <= 75
y = 15;

else
y = 20;

end

end

The MATLAB graph of the variable force is shown in Fig. 4.12. The ap-
plication factor is K, =2 for moderate impact, and for 96% reliability the
factor is K, = 0.53. The corresponding life for each radial force is calculated
with:

Ka
Kr

2; % moderate impact
0.53; % 96% reliability
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LR = 90*10"6;

L1 = Kr*xLRx( Cap / (KaxFr1))~(10/3);
L2 = Kr*xLRx( Cap / (KaxFr2))~(10/3);
L3 = Kr*LR*( Cap / (KaxFr3))~(10/3);
L4 = Kr*xLR%( Cap / (KaxFr4))~(10/3);

% L1 = 1.857e+09 (rev)
% L2 = 1.843e+08 (rev)
% L3 = 4.770e+07 (rev)
% L4 = 1.828e+07 (rev)

Let X be the total bearing life in hours. The numbers of cycles for the
variable forces are:

syms X
nl =X * tl x nrl x 60;
n2g =X % t2 x nr2 = 60;
n3 =X * t3 x nr3 x 60;
nd =X x t4 x nrd x 60;
% nl = 15000%X (cycles)
% n2 = 18000%X (cycles)
% n3 = 22500«X (cycles)
% nd = 7500%X (cycles)

The Miner rule is

m n2 n3 n
—_— = = =,
N +_hb +_h@ +_hh

where N;=1L;, i=1,2,3, or with MATLAB:

eq = nl/L1+n2/L2+n3/1L3+nd/L4-1;
B = eval(solve(eq, X));
% bearing 1ife = 1012.497 (h)
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> CHAPTER FIVE

Lubrication and sliding bearings

5.1. Introduction

To minimize wear, friction, and temperature among components in
motion, a lubricant is introduced. Fig. 5.1A shows a moving part having
area A and velocity V. Between the fixed and moving surfaces there is a
film of lubricant. The velocity of the film of lubricant in touch with the
fixed surface is zero, and the velocity of the lubricant in touch with the
moving surface is 7. The shear stress in the fluid is

_u G.1)

T= —Ma—y,

F
A
where F is the force that acts on the lubricant, y is the distance from the
fixed surface, v(y) is the velocity, and p is the absolute viscosity or the dynamic
viscosity. If the gradient of the velocity is constant, as depicted in Fig. 5.1B,
the shear stress is

r=n’. (5.2)
K

moving surface

~ "

) y=s,v=V
(A) s fluid v . .
y = y=0,v=
AN
fixed surface
v
—
— 4
B) s fluid
AN

fixed surface

Figure 5.1 Lubrication film in a slider bearing.
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The absolute viscosity, u, 1s specified in SI in newton second per square
meter (N s/m?) or pascal seconds (Pa s). For the US Customary units, the
absolute viscosity is measured in pound second per square inch (Ib s/in?) or
reyn and

1 reyn=11b s/in” = 6890 N s/m” = 6890 Pas.

The absolute viscosity is also commonly measured in microreyn (ureyn)
and millipascal second (mPa s). Another unit for the absolute viscosity is
the centipoise, cp, given by

1cp=1mPas.

A lubricant with greater u corresponds to a thicker lubricant.
The kinematic viscosity, v, is by definition

v=—, (5.3)
0

where p is the absolute viscosity and p is the mass density. The kinematic
viscosity is measured in cm?/s or stoke (St):

1 m2/5= 10* St,

1 ¢St (centistoke) = 1 mm?/s.
The mass density for various temperatures is [9]
0 =0.89 —0.00063 (°C — 15.6) g/cm®, (5.4)
or
p =0.89 —0.00035 (°F — 60) g/cm>. (5.5)

The kinematic viscosity of oils, v, is measured with the Saybolt Universal
Viscometer, as shown in Fig. 5.2. With the Saybolt Universal Viscometer
one can determine the time, in Saybolt seconds, necessary for a given lubri-
cant to flow through an orifice. Using the Saybolt viscometer, the absolute
viscosity can be determined [9] as

180
n= (0.22 t— T) P mPa s or cp, (5.6)
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Figure 5.2 Saybolt universal viscometer.

and

180
w=0.145 (0.22 t— T) o preyn, (5.7)

where ¢ is the time in seconds and p is in g/cm?.

The classification of the oils based on viscosity is done by the Society
of Automotive Engineers (SAE). The SAE reports only the viscosity of the
oil, and it is not correlated with the performance. There are two different
SAE viscosities: for monograde oils (single viscosity oils) and multigrade
oils with the letter W (Winter). The kinematic viscosity of monograde
oils, SAE 10 or SAE 15, is given at 100°C (212°F) in cSt. The numbers
10 or 15 define the kinematic viscosity at 100°C. The SAE 10 is a less
viscous oil than an SAE 30 oil. The multigrade oils are multi-viscosity oils
and have two parts, e.g., SAE 15W-40 or SAE 20W-50. For a multigrade
oil, the viscosity at low temperatures is given by the first number (15W
or 20W) and the kinematic viscosity at 100°C is provided by the second
number. The low temperature dynamic viscosity is expressed in cp. For W
temperature, the viscosity of oil is lower for a lower W number. For the
multigrade oils SAE 10W-30 and SAE 15W-30, the number 30 specifies
that oils have the same kinematic viscosity at 100°C. For low temperature
(W) the 1T0W-30 oil is a less viscous oil than the SAE 15W-30 (10 < 15).
A synthetic oil should be considered for better performance at extreme
temperatures and special applications.
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An equation for the approximate viscosity versus temperature, using

curve fits, is given by Seireg and Dandage [27] as

n=noe

b/(T +95) 5.8)

where p is in preyn, T is in °F and the values of p( and b are given by

o =0.0158 preyn and b =1157.5°F for SAE 10,
o =0.0136 preyn and b= 1271.6 °F for SAE 20,
o =0.0141 preyn and b = 1360.0 °F for SAE 30,
o =0.0121 preyn and b = 1474.4°F for SAE 40,
o =0.0170 preyn and b = 1509.6 °F for SAE 50,
o =0.0187 preyn and b = 1564.0°F for SAE 60.

5.2. Petroff’s law

Hydrodynamic lubrication does not depend on the introduction of

the lubricant under pressure. The pressure of the lubricant is created by the

surface motion. Fig. 5.3 depicts a bearing with hydrodynamic lubrication
and a small radial load. The axial lubricant flow is neglected. The eccentric-
ity between the journal bearing and the shaft is negligible. Fig. 5.3 shows
the shaft with radius R, length of the bearing L, and radial clearance ¢. The

surface velocity is V' = 2w Ru,

where n (rev/s) is the angular speed of the

\ Oil film

Figure 5.3 Hydrodynamic bearing.

Journal Bearing
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shaft. The shear stress is given by Eq. (5.2) which could also be written as

V' 2R
N c

The force necessary to shear the film is
F=1A,
where A =27 RL. The friction torque is calculated with the formula

2mr Run

47°unLR3
- )

Tf:FRz(rA)R=< 271RL)R= (5.10)

The radial load per unit of projected bearing area is

o w
2RL’

where W is a small radial load on the bearing The friction torque is
T; =fWR =f (2RLP) R = 2R*fLP, (5.11)

where f is the coefticient of friction. Using Egs. (5.10) and (5.11), the
coefficient of friction is

f=2r> (%) <§> (5.12)

Equation (5.12) is the Petroft’s equation, or Petroft’s law. The dimensionless
R

variables, (%n) and <—>, represent bearing parameters. The symbolical
c

expression for Petroff’s equation obtained with MATLAB® is:

syms RLcnmuP f

V = 2%pi*R*n;
tau = muxV/c;
A = 2xpi*RxL;
F = tauxA;
Tf = F*R;

forintf("Tf = %s \n’,Tf)
% P = W/(2%RxL);

W = Px(2%R*L);

% Tf = fxWxR
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f = Tf/(WxR);

fprintf(’f = %s \n’,f)

% Tf = (4xL*«RA3*xmu*nxpin2)/c
% f = (2%xR*muxn*pin2)/(Pxc)

The Sommerfeld number S, or the characteristic number for hydrodynamic
bearings, is given by

S:%?(%){ (5.13)

where p is the absolute viscosity (reyn), n is the angular speed (rev/s), P is
the pressure or radial load per unit of projected bearing area (psi), R is the
journal radius (in), and ¢ is the radial clearance (in). The power loss in W
and kW is

H=2nTin, W,
_ T
T 9549’

kW, (5.14)

where n is the angular shaft speed in rev/s and Ty is the friction torque in
Nm.
The power loss in hp is

_ L
© 5252’

hp, (5.15)

where T is the friction torque in Ib ft and # the angular speed of the shaft
speed in rpm.

5.3. Reynolds equation

Fig. 5.4 shows a small volume element of lubricant film. The lubri-
cant exhibits a Newtonian, incompressible laminar flow and has a constant
viscosity. The pressure acts on the dy dz surface, and the shear acts on dy dz.
From the force diagram this results in

pdydz—7t dx dz—(p—i—j—pdx) dy dz+<r+g—rdy> dx dz=0, (5.16)
X Y

or the pressure gradient being

b _ ot

=—. 5.17
dx  dy 617
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Y

(p + dldr) dy dz
dx
—_—| dy

pdydz

dx

7 dr dz

Figure 5.4 Element of lubricant film.

The pressure of the film is a function of the x-coordinate, p = p(x). The
shear stress depends on the derivative of the velocity v(x, y) of any par-
ticle of lubricant with respect to y and the absolute viscosity, namely

ov(x, . .
= MM. This results in
dy
dp v v 1dp
— = —=——. 5.18
dx “aZY T3 y  wdx ©.18)

Integrating twice with respect to y and keeping x constant, the following

relations are obtained:
—y+ C1> (5.19)
and

d 2
Vz—(—”—+c1x+ c2>. (5.20)
dx 2
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The two integration constants are determined from the boundary condi-
tions: for y=0= v =0, and for y=s== v= 1. The velocity field is

1dp,, |4
L Z. 21
v ZM,X(Y sy) + oY (5.21)

The MATLAB solution for the differential equations is obtained from:

syms dp mu v(y) V s dpx

% dpx = dp/dx

sol = dsolve(diff(v,2)==dpx/mu, v(0)==0, v(s)==V);
fprintf(’v = %s \n’,simplify(sol))

% v = (y*x(2+%V*mu - dpx*s”2 + dpxxs*y))/(2*mu*s)

The velocity field of the lubricant is obtained from Eq. (5.21), and it is
sketched in Fig. 5.5. The volume of lubricant, Q, is calculated with

rotating journal

flow of lubricant

-
y
) fixed bearing <
Figure 5.5 Velocity distribution.
: Vs & dp
= dy = — — —— —, 5.22
Q 0V(xy)y > " 12dx (5.22)

or with MATLAB:

Q = int(sol,y,0,s);
fprintf(’Q = %s \n’,Q)
% Q= (Vxs)/2 - (dpx*s”3)/(12*mu)

d
For incompressible lubricant —Q = 0, and, differentiating Eq. (5.22), the

x
Reynolds equation for one-dimensional flow is obtained as
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Q_vi 405
dx 2 dx dx \12udx )’

or

d (sdp ds

For a two-dimensional flow, the Reynolds equation is

d (9 d (9 0
S ) IR (i S (5.24)
ox \ u dx dz \u oz ox
For analysis and design of short bearings, the following equation is recom-
mended [9]:

d 39
D (SN _gp 00 (5.25)
0z \u oz ox

5.4. Design of hydrodynamic bearings

The solutions of Reynolds equation have been changed into charts
by Raimondi and Boyd [26,4,9]. Figs. 5.7-5.12 depict the solutions for
different bearings. The variables used with the charts are explained in
Figs. 5.13, 5.14. The Raimondi and Boyd plots are calculated in terms
of the bearing characteristic number, or Sommerfeld variable, S.

From Fig. 5.6, the left limit of the zone gives the minimum film thick-
ness variable for minimum friction and the right limit is the minimum film
thickness variable for maximum load. The most favorable values for the
Sommerfeld variable are [9]

0.037 L/D=1/2 for min. friction,
0.35 L/D=1/2 for max. load,
0.082 L/D=1/1 for min. friction,
021 L/D=1/1 for max. load,

(5.26)

where D is the diameter and L is the length of the bearing.
Using Trumpler’s empirical equation, a minimal acceptable oil film
thickness, h,, is calculated with [9]

hy > hymin = 0.0002 + 0.00004 D where h, and D in inches,
ho = homin = 0.005 + 0.00004 D where h, and D in mm.  (5.27)
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Figure 5.6 Minimum film thickness variable, hg, [26]. From Budynas-Nisbett: Shigley’s
Mechanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with permis-
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chanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with permission
from McGraw Hill Inc.
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Figure 5.8 Maximum film pressure, ppax [26]. From Budynas—Nisbett: Shigley’s Me-
chanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with permission
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mum film pressure, 6p, . [26]. From Budynas-Nisbett: Shigley’s Mechanical Engineering
Design, Eighth Edition, McGraw-Hill, 2006. Used with permission from McGraw Hill Inc.

Trumpler suggests a safety factor of 2 for the load W, and doubling P

reduces S by half.

Juvinall and Marshek present some representative unit sleeve bearing

load,

for design use [9]:

(a) for relatively steady loads

0.8-1.5 MPa or 120-250 psi
1.0-2.0 MPa or 150-300 pst
0.8—1.5 MPa or 120-250 ps1
0.6—1.2 MPa or 100-180 ps1

for electric motors,
for steam turbines,
for gear reducers,

for centrifugal pumps.

(b) for diesel engines and rapidly fluctuating loads

_ ] 612 MPa or 900-1700 psi ~ for main bearings,
~ | 8-15 MPa or 1150-2300 psi for connecting rod bearings

(5.28)

(5.29)

(5.30)
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Figure 5.11 Volumetric oil-flow rate into the bearing, Q [26]. From Budynas-Nisbett:
Shigley’s Mechanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with
permission from McGraw Hill Inc.

(c) for automotive gasoline engines and rapidly fluctuating loads

P 4-5 MPa or 600-750 psi for main bearings, (5.31)
~ | 10-15 MPa or 17002300 psi  for connecting rod bearings. =

For the clearance ratio, ¢/R, the maximum temperature, T, and the bearing
ratio, L/ D, the following values are recommended for design [9]:

0.001 for 25 < D < 150 mm and precision bearings,
¢/R=1 <0.002 for general machinery bearings, (5.32)
< 0.004 for rough-service machinery,
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Figure 5.12 Volumetric side-flow leakage, Qs [26]. From Budynas-Nisbett: Shigley’s Me-
chanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with permission
from McGraw Hill Inc.

1 absolute viscosity
Q flow rate
p lubricant pressure

ho  minimum lubricant thickness

Opmax angular position of maximum pressure
0, terminating position of lubricant

D max Maximum pressure

o) position angle of minimum film thickness
e = c- h; the eccentricity

Figure 5.13 Notation for Raimondi and Boyd charts [26]. From Budynas-Nisbett:
Shigley’s Mechanical Engineering Design, Eighth Edition, McGraw-Hill, 2006. Used with
permission from McGraw Hill Inc.
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flow discharge from
annulus to sump
Q- Qs
flow i?lto v
bearing side lea‘k;ge
Figure 5.14 Lubricant flow.
< (90°C-122°C),
T= 5.33
{ < (200°F=250°F), (5-33)
0.25-0.75 frequently,
L/D= . 5.34
/ { 1 for older machinery. (5-34)

5.5. Examples

Example 5.1. An oil-lubricated journal bearing has diameter D =2 in,

length L =1 in, and diametral clearance ¢; = 0.0012 in. The angular speed
of the shaft is n =300 rpm. The bearing is lubricated by SAE 30 oil at an
average temperature of T = 175°E Using Petroff’s equation, estimate the

power loss and friction torque.

Solution

The assumptions for using the Petroft’s equation are: the eccentricity

between the journal bearing and journal is negligible; there is no lubricant
flow in the axial direction; the radial load is small. The input data for the

problem are:

D =2; % (in)
L=1; % (in)
cd = 0.0012; % (in)
n = 300; % (rpm)
= 175; % (degF)
=D/2; % radius of the bearing
c = cd/2; % radial clearance

ns = n/60; % (rps)
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The viscosity of oil for SAE 30 is calculated with Eq. (5.8):

% SAE 30

mu0 = 0.0141; % (micro reyn)

b = 1360.0; % (degF)

mu = muO*xexp(b/(T+95)); % (micro reyn)
b mu = 2.172 (micro reyn)

mu = mu*x107(-6); % (reyn)

The friction torque is obtained from Eq. (5.10):

Tf =4 % pi*2 » mu = ns = L = R*3 /c;
% Tf = 0.714 (1b in)

Tf = Tf/12;

% Tf = 0.060 (1b ft)

The power loss is calculated with Eq. (5.15):

H=mn* Tf /5252;
% H= 10.003 (hp)

Example 5.2. A lubricated journal bearing has diameter D = 2.5 in,
length L =2.5 in, and clearance ¢ = 0.002 in. The shaft rotates with the
angular speed of n = 1550 rpm. The bearing is lubricated by an SAE 20
oil at an average controlled temperature of T'= 120°E For a radial load of
W =950 Ib, estimate the coefficient of friction and the power loss.

Solution

The Petroft’s approach is suitable: the eccentricity between the shaft and
bearing is negligible, and the flow in the axial direction is negligible. The
input data for the problem are:

D=2.5; % (in)

L=2.5; % (in)

c =0.002; % (in)

n = 1550; % (rpm)

T =120; % (degF)

W = 950; % (1b)

R=0D/2; % radius of the bearing
ns = n/60; % (rps)

The viscosity, i, of the SAE 20 oil at the given temperature is:
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mu0 = 0.0136; % (micro reyn)

b =1271.6; % (degF)

mu = muO*exp(b/(T+95)); % (micro reyn)
mu = mux10"(-6); % (reyn)

% mu = 5.037e-06 (reyn)

The load intensity is:

% load intensity
P = W/(LxD);
% P = 152.000 (1b/in”2)

The coefficient of friction is obtained with:

f =2 % pi*2 » (mu * ns/P) = (R/c);
% f =0.0106

The friction torque is calculated with:

Tf = f * W * R;

% Tf = 12.541 (1b 1in)
Tf = Tf/12;

% Tf = 1.045 (1b ft)

The power loss is

H = nxTf/5252;
% H = 0.3084 (hp)

Next the coefficient of friction is checked using the Raimondi and Boyd
chart shown in Fig. 5.7. The bearing characteristic number is:

Sc = (mu * ns/P) x (R/c)"2;
% Sc = 0.334

From Fig. 5.7 two vectors are created for the characteristic number, S, and
the corresponding Rf /¢, for L/ D=1 [9,10]:

% L/D=1/1
S [0.0062 0.0248 0.08 0.0993 0.21 0.397 0.632 1.59]; % S
Rfc [0.53 1.22 2.4 2.7 4.8 8.2 13 32 1: % R f/c

The previous discrete data is interpolated:

ffc = csapi( S, Rfc );
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The value of the interpolated function at Sc = 0.334 is:

fc = fnval(ffc , Sc);
% R f/c = 7.073

and the coefficient of friction is:

fs = fcxc/R;
% fs = 0.0113

The relative error for the coefficient of friction is:

err = (fs-f)/fs;
% relative error = 0.0669

Example 5.3. A bearing with hydrodynamic lubrication has a journal
diameter D = 0.2 m, length L =0.1 m, and radial clearance ¢ =0.15 mm,
as shown in Fig. 5.15. The angular speed of the shaft is n =900 rpm.
A constant load of W =5000 N is applied to the bearing. The average
temperature of the SAE 20 oil is t,,; = 70°C. Find the minimum oil film
thickness, hg, bearing coefticient of friction, f, total oil flow rate, Q, and
flow ratio (side low/total low) Q./Q.

Figure 5.15 Example 5.3.

Solution
The given input for the problem is:

0.200; % (m)
0.100; % (m)
0.15%107-3; % (m)
= 900; % (rpm)

> o o O
Il
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t =70; % (degC)

= 5%x10"3; % (N)

=D/2; % radius of the bearing
ns = n/60; % (rps)

The dynamic viscosity is calculated with:

% T(F) = T(C)*9/5 + 32

T = 9%t/5+32; % (degF)

% SAE 20

mu0 = 0.0136; % (micro reyn)

b =1271.6; % (degF)

mu = muO*exp(b/(T+95)); % (micro reyn)
mu = mux107(-6); % (reyn)

% 1 reyn = 6890 Pa s

mu = mux6890;
% mu = 2.072e-06 (reyn)
% mu = 0.014 (Pa s) or (N s/m"2)

The pressure is:

P =W/(L*D);
% P = 2.500e+05 (N/m"2)

and the Sommerfeld number is:

Sc = (mu * ns/P) = (R/c)"2;
% Sc = 0.381

For L/D = 1/2, the following vectors are introduced:

e the Sommerfeld number vector

S=...
[0.021 0.030 0.036 0.041 0.057 0.085 0.140 0.274 0.342 0.428 0.762 1.7141;

e the corresponding vector for the minimum film thickness variable,

ho/(

hoc = ...
[0.08 0.10 0.11 0.12 0.15 0.195 0.26 0.37 0.425 0.47 0.59 0.761;

e the corresponding vector for the coefficient of friction variable, Rf /¢
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Rfc = ...
[1.3 1.6 1.75 1.9 2.3 3.1 4.4 7.38.7 10 16 361;

e the corresponding vector for the volumetric oil-flow rate, Q/ (RenL)

Qc = ...
[5.75 5.7 5.65 5.6 5.55 5.45 5.25 4.95 4.8 4.65 4.3 3.8];

e the corresponding vector for side leakage flow/total flow, Q,/Q

Qsc = ...
[0.95 0.94 0.93 0.92 0.91 0.88 0.84 0.76 0.72 0.68 0.56 0.37];

To interpolate the data, the MATLAB function csapi(X,Y) is used:

fhoc = csapi( S, hoc );
ffc = csapi( S, Rfc );
(S, Qc )
(S, Qsc );

fQR = csapi
fQs = csapi

The values of the interpolated data functions at Sc are calculated with:

% Sc = 0.381

hc = fnval(fhoc, Sc);
fc = fnval(ffc, Sc);
Qc = fnval(fQR, Sc);

Qsc= fnval(fQs, Sc);

% ho/c = 0.448

% R f/c = 9.327

% Q/(RcnlL)= 4.726
% Qs/Q = 0.701

The minimum film thickness, k,, coefficient of friction f, total flow Q, and
side leakage flow Q; are found with:

h = cxhc;

cxfc/R;

Q = Qc*Rxcxnxl;

Qs = Q0*Qsc;

h =6.724e-05 (m)

f = 0.014

Q = 6.381e-03 (m"3/s)
Qs = 4.472e-03 (m*3/s)

SRS SRS SIS
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From the total flow Q = 6.381(1073) m?/s, the side flow Q, =
4.472(107%) m3/s pours out the ends. The rest of the flow is recirculated.

Example 5.4. An oil-lubricated bearing of an electric motor has a jour-
nal that rotates with n = 250 rpm. The radial load on the bearing is
W = 1000 lb. Determine an appropriate bearing length, radius, clearance,
lubricant, and average oil temperature.

Solution
The MATLAB initial data are:

W = 1000; % (1b)
n = 250; % (rpm)
ns = n/60; % (rps)

To reduce the radial space, the bearing ratio L/D =1 is selected. From
Eq. (5.29), for electric motors the range is P € [120, 250] psi. Due to the
equation for the unit load P = W /(L D), the length of the bearing should
be L € [L,, L,] where:

P1 = 120; % (psi)
P2 = 250; % (psi)
L1 = sqrt(W/P1);
L2 = sqrt(W/pP2);

% L1 2.887 (in)
% L2 2.000 (in)

For an arbitrarily selected L =2.5 in, the intensity P is:

L =2.5; % (in)
D=1L;
= W/(LxD);

% P =160.000 (1b/in"2),(psi)

The clearance ratio is selected as ¢/R = 0.0015 for general machinery bear-
ings, and then the clearance is:

cR = 0.0015;
R=1L1/2;
c = cR * R;

% c =0.0019 (in)

For L/D =1, the optimum operating ranges from Fig. 5.6 are at S = 0.082,
for minimum friction, and S = 0.21, for maximum load. To find the vis-
cosity, we assume a mid-optimum range:
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Smin = 0.082; % S for min friction
Smax = 0.21 ; % S for max load

S = (Smin+Smax)/2; % mid-optimum range
% S = 0.146

mu =S / ((ns/P) %= (R/c)"2);
% mu = 1.261e-05 (reyn)

The oil used for lubrication is SAE 20, and the average temperature is
calculated with:

mu = mux1076; % micro reyn
% SAE 20

mu0 = 0.0136; % micro reyn
1271.6; % degF
b/Tog(mu/mu0) - 95;

% T =91.110 (degF)

Next the clearance is checked with Trumpler empirical equation h, >
o min = 0.0002 4 0.00004 D:

homin = 0.0002+0.00004%D;
% homin = 3.000e-04 (in)

The minimum film thickness, h,, is calculated using a safety factor of C;=2
applied to the load, W = C, . Doubling the intensity P, the bearing char-
acteristic number, S, is reduced by half. The minimum oil film thickness,
h,, is calculated from the ratio, h,/c:

Cs = 2;

W=2Cs x W;

% doubling P reduces S by half

Sn = S/Cs;

% Sn = 0.073

% L/D=1/1

S = ...

[0.0062 0.0248 0.08 0.041 0.0993 0.21 0.397 0.6147;
% ho/c

hoc = ...

[0.03 0.13 0.30 0.19 0.345 0.54 0.69 0.787;
% interpolate the data

fhoc = csapi( S, hoc );

hc = fnval(fhoc, Sn); % ho/c
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% ho/c 0.282
ho = ¢ * hc;
% ho = 5.297e-04 (in)
if ho > homin
fprintf(’the criterion is satisfied \n’);

else
fprintf(’the criterion is not satisfied \n’);
end

The Trumpler criterion is satisfied.
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> CHAPTER SIX

Spur gears

6.1. Introduction

The standards for gear are specified according to American Gear
Manufacturers Association (AGMA). The spur gears are used to shift the
motion between parallel shafts. The gears are durable and have very good
efficiency (up to 98%). Two gears in contact are shown in Fig. 6.1. For
the gears in contact, the common normal to the surfaces at the point of
contact intersects the line of gear centers at the same point P, called the
pitch point, as seen in Fig. 6.1. This is defined as the law of conjugate
gear-tooth action and satisfies the constant condition for the angular speed
ratios. The involute curve complies with the conjugate gear-tooth action
basic law. The involute of a circle (base circle) of radius #, is given by the
Cartesian parametric equations

x = (cosf + 0sinb)r,

y=(sinf — 6O cos0) r,

" pitch point \

| \
\

pitch cir(tle\ wy
- -1
1

Tg

\ line of centersl

Figure 6.1 Two gears in contact. From Dan B. Marghitu, Kinematic Chains and Machine
Elements Design, Elsevier, 2005.
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where 0 is the angle in radians, or in MATLAB®

syms rb theta
rb=10.1;

theta = 0:pi/100:2*pi;
% circle of radius rb
rbxcos(theta);

yc = rbxsin(theta);

XC

% the parametric equation of the involute
xi = (cos(theta) + theta.*sin(theta))*rb;
yi (sin(theta) - theta.xcos(theta))=*rb;
figure

plot(xc,yc,’-r’, xi,yi,’-b’, Tinewidth’,2)
grid on

axis equal

03

02

-0.1 -

-0.2 -

0.4

-0.5 -

-0.6 -

-0.6 0.2 0.4

Figure 6.2 Involute of a base circle of radius r, = 0.1

Fig. 6.2 shows the involute of a base circle with radius r, = 0.1. The pitch
circles are the imaginary tangent circles of the gears in contact. The contact
point for the pitch circles is the pitch point P. For two connected gears, the
smaller of the two is the pinion and the larger is the gear, while the angular
speed ratio is defined as
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d d
i:ﬁz— £ or i12=ﬂ=——2, (6.1)
a)g dp w7 d1

where d is the pitch diameter, w represents the angular speed expressed in
rad/s, and, when used, symbol n represents the angular speed in rpm. The
minus sign in Eq. (6.1) shows that the two gears are rotating in opposite
directions. The center distance between the gears defined as

d,+d
C=g+p

5 =k + 1, (6.2)

where the radius of the pitch circle is calculated as r = d/2. For the gears
shown in Fig. 6.2, line #f is the common tangent to the pitch circles, and
line nn is the common normal line to the surfaces at the contact point. The
pressure angle, ¢, is the angle of the line nn with the line # and has the
standard value of 20° for English and SI units. The pressure angle ¢ = 25°
is a standard value in the US as well. The outer circle of a gear is the
addendum circle and its radius is

tp=a+r, oOr ty=a+r, and fag = a+ 1y,

where a is the addendum shown in Fig. 6.3.

addendum

_ _ circle
a ‘ —_—
addendum

—_—

P

circular pitch

~

pitch

Po—— L
clearance circle ~_

— \\
dedendum™ ~— —_
circle

Figure 6.3 Gear teeth.

The external teeth profiles are reduced from the pitch circle, a length b
named dedendum. The circular pitch, p, is measured in mm (SI units) or
in inches (English units) and is given by

d d
_md o _Th_md

: 6.3
N =R, TN, (6.3)

p

where N, and N, represent the number of teeth of the pinion and gear,
respectively.
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For the English units the diametral pitch, Py, is

N N, N,
Pj=— or Pj=—t=2=% (6.4)
dP dg

If p is in inches and Py is in teeth per inch then pPy=.
The module, m, is used only with SI in mm and is given by

d d,
m:i or m=—+==-=. (6.5)
N N, N,

If p is in mm and m is in mm then p/m=m.

For the full-depth involute teeth with ¢ = 20°, the addendum standard
value and the dedendum minimum value in SI units are a = m and b =
1.25 m, respectively.

For English units the addendum and the minimum dedendum are [7] as

follows:

1 1.1

e full-depth involute with ¢ =14.5°: a= — and b= 57;
P, P,

o full-depth involute with ¢ =20°: a= L and b= 1'157;

P, o
8 1
e stub involute with ¢ =20°: a= 07, and b= Py

The gear interference is defined as the contact of parts of tooth profiles
that are not conjugate. This can be the case when segments of teeth that
are not involute will interfere during gear meshing.

The maximum possible addendum circle radius without interference for

external gearing is

Ta(max) = m or
2 ) P . o
rﬂ("mx)P = \/m and ”a(nmx)g = \/W, (66)

where 1, =1, cos¢ and r,, =, cos ¢ are the base circle radii of the gear and
pinion, respectively. The pitch base, p;, is given by

b/ db T dbp _ T dhg (6 7)
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Figure 6.4 Simple gear train.

A link of two or more contacting gears forms a gear train. Fig. 6.4 represents
a gear train formed by three gears connected in series. The ratio of the gear

i13=ﬂ—ﬁ%=<—N2> <—N3>—N3 (6.8)

w3 W w3 Ni N> Ni

The middle gear 2 is an idler and does not aftect the overall ratio.

train 1s

The gears of a gear train rotate about their own axes. An epicyclic (or
planetary) gear train has gear axes that rotate also with respect to a reference
frame. When a circle (planet gear) rolls without slipping on the circumfer-
ence of another circle (directing circle or sun gear), any point of the circle
describes an epicycloid. The parametric equation of the epicycloids is given

by

x=(b+a) cos@—bcos(b—i_Ta)e,

y=(b+a) sin@—bsinM.

The MATLAB program for the epicycloid shown in Fig. 6.5 is given by:

b =0.1;

a =20.1;

theta = 0:pi/100:2%pi;

% circle of radius a (sun)
xa = axcos(theta);
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Figure 6.5 Epicycloid curve.

ya = axsin(theta);

% parametric equation of epicycloid

xi = (b + a)xcos(theta) - b*cos((b + a)*theta./b);
yi = (b + a)*sin(theta) - bxsin((b + a)xtheta./b);
figure

plot(xa,ya,’-r’, xi,yi,’ -b’, Tinewidth’,2)

grid on

axis equal

Example 6.1. A planetary gear train is shown in Fig. 6.6. The system
consists of a directing/sun gear 1 with an angular speed of 75 rpm, two
generating/planet gears 2 and 2’ with N, = 20 teeth, and a fixed ring gear
4 with Ny =70 teeth. The module of the gears is m =2 mm. If arm 3
drives a machine, determine its angular speed.

Solution

The planet gear 2’ is a passive element. This planet gear can be elim-
inated, and the number of degrees of freedom of the mechanism remains
the same. To calculate the number of degrees of freedom for the planetary
gear train, the passive element must be eliminated as shown in Fig. 6.7. The
number of degrees of freedom of the epicyclic gear train is calculated by

M=3n—2c —,
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Figure 6.6 Planetary gear train.
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Figure 6.7 Planetary gear train without the passive planet gear.
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where #, ¢5, and ¢4 represent the number of moving links, and the number of
one and two degree of freedom joints, respectively. There are three moving
links (gear 1, gear 2, and arm 3) connected by joints, n = 3. There is a single
one degree of freedom joint (revolute joint) between the gear 1 and fixed
frame O located at O. There is a revolute joint between gear 2 and arm 3
located at O,. There is a gear joint (two degree of freedom joint) between
gear 1 and gear 2 at A, and between gear 2 and gear 4 at B. The ring gear 4
is fixed to frame 0. There is a revolute joint between the fixed frame 0 and
planet arm 3 at O. The number of degrees of freedom of the epicyclic gear
trainis M =3n—2¢ — 4 =33)—-23) —2=1.

The gears will mesh at their pitch circles. The pitch circle radii
of the planet and ring gear are n»n = mN>/2 = 2(20)/2 = 20 mm and
ry = mNy/2 = 2(70)/2 = 70 mm. The circle radius of the sun gear is
rn=rs—2r =30 mm.

The position vectors r4, ro,, and rp are

T4 =x41+y4a)=n]},
ro, =X0,1+y0,)J= (11 +n)],

rg=xpl1+ yp)=14].
The MATLAB commands for position and graphic analysis are:

m = 2x10"~-3; % (m)

N2 = 20; % (teeth)

N4 = 70; % (teeth)

% pitch radii

r2 = mxN2/2; % (m)

rd = mxN4/2; % (m)

rl = rd4d - 2xr2;

% origin of the reference frame

% center of gear 1: 01=0
rol_ = [0 0 01;

% center of gear 4: 04
ro4_ = rol_;

% center of gear 2: 02
r02_ = [0 rl+r2 01;

rA_
rB_

[0 rl 01;
[0 rd4 01;
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figure(l)
af = .08; axis([-af af -af af])
axis equal
axis square
grid on
hold on
xTabel("x(m)’), ylabel(Cy(m)’), zlabel(’z(m)’)
t = linspace(0,2xpi);
% plot gear 1 of radius rl at 01
plot(r01l_(1)+rlxcos(t),r0l_(2)+rl*sin(t),...
“color’,’b’, LineWidth’,3)
% plot gear 2 of radius r2 at 02
plot(r02_(1)+r2*cos(t),r02_(2)+r2*sin(t),...
“color’,’r’,’LineWidth’,3)
plot(r04_(1)+rd4xcos(t),r04_(2)+rd*sin(t),...
“color’, k’,’LineWidth’,3)
text(r01_(1),r01_(2)+0.004,” 0, fontsize’,12)
text(r02_(1),r02_(2)," 0_2", fontsize’,12)
text(rA_(1),rA_(2)+0.004," A, fontsize’,12)
text(rB_(1),rB_(2)+0.004,” B’, fontsize’,12)
plot(r01_(1),r01_(2),’0",’color’,’k”)
plot(r02_(1),r02_(2),’0", color’,’k”)
plot(rA_(1),rA_(2),’0",’color’,’r’)
plot(rB_(1),rB_(2),’0", color’,’r")
Tine([r01_(1),r02_(1)1,[r01_(2),r02_(2)1,
*LineStyle’,’” -, LineWidth’,4)
Tine([-af,af1,[0,01,...
“LineStyle’,’-.", LineWidth’,1.5)
1ine([0,0],[-af,af],...
*LineStyle’,’-.", LineWidth’,1.5)

The velocity of point A; on the sun gear 1 is

1 ) k
v4g, = Vo+twixry=0+|0 0 o
0 " 0

The velocity of point A, on the planet gear 2 is

=—wini
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1 ] k
Va4, = Vg +waXxtpga=0+|0 0 W | =2wr 1.
0 —2rn O

The pitch line velocities at A are equal, v4, =v4,. The planet arm angular
velocity is calculated as

Wy = —W1 71/(2 V2).

The velocity of center O on link 2 is

1] k
Vo, = Vg +wrxrpo,=0+|0 0 w |=w2n1=—05wn1
0 —1In 0
The velocity of O on link 3 is
1 ] k
Vo, = Vo+w3xro,=04+|0 0 ws |=—w3(r +n)L
0O n+nr O

From the previous equations the angular velocity of arm 3 is
w3=05wir/(rn+rn)=18850 rad/s.

The MATLAB code for the angular velocity of the planet arm is:

nl = 75; % (rpm)
omegal = nl*pi/30; % (rad/s)
omegal_ = [0 O omegall];

vo_ = [0 0 01;

vAl_ = vO_ + cross(omegal_,rA_);

syms omegaz

vB2_ = [0 0 07;

omegaZ2_ = [0 0 omega?2l;

vA2_ = VvB2_ + cross(omegaZ_,rA_-rB_);

eqvA_ = VAl_-VvA2_;
eqvA = eqvA_(1);

omegal2 = eval(solve(eqvA));
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omega2_ = [0 0 omega?]l;

syms omega3
omegal3_ = [0 0 omega3];
v022_ = vB2_ + cross(omegaZ_,r02_-rB_);

v023_ = v0_ + cross(omega3_,r02_);
eqv02_ = v022_-v023_;

eqv02 = eqv02_(1);

omega3 = eval(solve(eqv02));

omega3_ = [0 0 omega3];
The results are:

rl = 0.030 (m)
re2 = 0.020 (m)
rd = 0.070 (m)
omegal= 7.854(rad/s)=75.000(rpm)

omega2=-5.890(rad/s)=-56.250(rpm)
omega3= 2.356(rad/s)=22.500(rpm)

Example 6.2. The gears of the planetary mechanism shown in Fig. 6.8
mesh at their pitch circles. The pitch radius of gear 1 (sun) is r, =4 in and
the pitch radius of gear 2 (planet) is r» = 4 in. Planet gear 2" with the pitch
radius of r = 8 in is fixed — as planet gear 2 — on the same shaft. At a
given instant the sun gear 1 has angular velocity wy = —3 rad/s (clockwise)
and angular acceleration &y = —7 rad/s> (clockwise) and the outer ring
gear 3 has angular velocity w3 = 2 rad/s (counterclockwise) and angular
acceleration a3 = 5 rad/s? (counterclockwise). Find the angular acceleration
of planet gear 2 at this instant.

Solution
The input data for the planetary gear train are introduced in MATLAB
with the commands:

syms rl r2 r2p

syms omegal omega2 omega3 alphal alpha2 alpha3

% simbolical values

lists = {rl, r2, r2p, omegal, omega3, alphal, alpha3};
% numerical values

listn = {4, 4, 8, -3, 2, -7, 5};
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Figure 6.8 Planetary gear train.

and the position vectors of points A, B, and C are

rA_ = [0 -rl 01;
rB_ = 1[0 -rl-r2 01;
rC_= 1[0 -rl-r2-r2p 0J;

The velocity at A is
V4 = Vo+w Xrg=w1 Xty.

Th

@]

velocity of C on the planet gear 2’ is calculated as
Vo, = Va4t W XTrye.

Th

[¢)

velocity of C on the ring gear 3 is
Vg, = Vot w3 Xrs.

The angular velocity @5 is calculated from v, =ve¢,, or in MATLAB:

vO_ [0 0 0];
vA_ = v0_ + cross(omegal_,rA_);

% velocity of C on planet gear 2p
vC2_ = vA_ + cross(omega2_,rC_-rA_);
% velocity of C on ring gear 3

vC3_ = v0_ + cross(omega3_,rC_);

—
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eqvC_ = vC2_-vC3_;

eqvC = eqvC_(1);

omega? = solve(eqvC,omega?);

omegaZn = eval(subs(omega2,lists, Tistn));

% omega2 = -(omegalxrl - omegal3x(rl + r2 + r2p))/(r2 + r2p)
% omega?2 = 3.667 (rad/s)

The angular acceleration w, is calculated from ac, = ac,, or in MAT-
LAB:

alphal_ [0 0 alphall;
alphaz2_ = [0 0 alpha2]l;

alpha3_ = [0 0 alpha3];
a0_ = [0 0 071;
aA_ = a0_ + cross(alphal_,rA_)...

+cross(omegal_,cross(omegal_,rA_));
aC2_ = aA_ + cross(alpha2_,rC_-rA_)...
+cross(omegaZ_,cross(omegaZ_,rC_-rA_));
aC3_ = a0_ + cross(alpha3_,rC_)...
+cross(omega3_,cross(omega3_,rC_));
eqaC_ = aC2_-aC3_;
eqaC = eqaC_(1);
alpha2 = solve(eqaC,alpha2);
alpha2n = eval(subs(alpha2,lists, 1istn));
% alphaz = -(alphal*rl - alpha3*(rl + r2 + r2p))/(r2 + r2p)
% alpha? 9.000 (rad/s"2)

6.2. Gear forces

For the next gear force calculation friction is assumed negligible, and
the gears are considered meshing along their pitch circles. The force be-
tween two contacting frictionless gears is calculated — as shown in Fig. 6.9
— at the pitch point P. Its tangential component F; relates with the power
transmitted while its radial component F, tends to separate the gears. The
two components are related by the equation

F,=F, tan¢, (6.9)

where the pressure angle is ¢. In Fig. 6.9, gear 1 is the driver and gear 2 is
the driven gear. The pitch line velocity, I, is equal to
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pitch circle

Figure 6.9 Gear forces at the pitch point. From Dan B. Marghitu, Kinematic Chains and
Machine Elements Design, Elsevier, 2005.

I (tt/min) = 7 d(in) n(rpm) /12,
I(m/s) = w d(mm) n(rpm)/60 000, (6.10)
where the pitch diameter d is expressed in inches or mm, and #n is the

angular speed in rpm.
The transmitted power and torque are calculated with

Hthp)=——F 1,
*P)= 33500
) 1

where F, is expressed in pounds, I are in feet per minute, H in horsepower,
and n in rpm. The transmitted power and torque can also be calculated with

HW)=F,V,
M, (N'm) = 9549 H/n, (6.12)

where F, is expressed in newtons, I in meters per seconds, H in kW and
nin rpm.

Example 6.3. The two stage gear train shown in Fig. 6.10 has an input
driver gear 1, with N; = 21 teeth. The driver gear is coupled with a mo-
tor having power H =1 kW and speed n=n; = 1200 rpm. Gear 2 having
N, =63 teeth and gear 2" having Ny = 21 teeth are rigidly connected on
the same countershaft which rotates freely in bearings A and B. The out-
put gear 3 having N3 = 63 teeth is rigidly fixed to another shaft. Each
stage has a diametral pitch of P; =5, and a pressure angle of ¢ = 25°.
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Figure 6.10 Two stage gear train.

The distance between the gears is b = 300 mm, and the distance between
the gears and bearings is @ = 100 mm. Neglecting the friction loss in the
gears and bearings, determine the applied forces to countershaft bearings A
and B.

Solution
The pitch radius of gear i is

r=mN;/2,

where m = 25.4/Pd is the module. In MATLAB the gear pitch radii are
calculated with:

% diametral pitch

Pd = 5; % (teeth/inch)
% module

m = 25.4/Pd; % (mm)
% number of teeth

N1 = 21; % (teth)

N2 = 63; % (teth)
NZ2p= 21; % (teth)

N3 = 63; % (teth)

% pitch radii

ril m«N1/2; % (mm)
r2 = mxN2/2; % (mm)
r2p= mxN2p/2; % (mm)
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r3 = mxN3/2; % (mm)

rl r1x107(-3); % (m)
reg = r2*x107(-3); % (m)
rep = r2px107(-3);% (m)
r3 = r3%x10°(-3); % (m)

%rl = 0.053 (m)

% r2 = 0.160 (m)

% r2p = 0.053 (m)

% r3 = 0.160 (m)
0.4

Figure 6.11 MATLAB figure for two stage gear train.

The MATLAB figure of the gear, shown in Fig. 6.11, can be obtained with:

a=20.1; % (m)
b=20.3; % (m)

% origin of the reference frame
% center of gear 2: 02

roz_ = [0 0 07;

% center of gear 1: 01

rol_ = [0 0 rl+r2];

% center of gear 2p: 02p

r02p_ = [b 0 01;
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% center of gear 3: 03
r03_ = [b 0 -(r2p+r3)];

% Fl2_ acts at P

rP_ = [0 0 r2];

% F32_ acts at Q
rQ_ = [b 0 -r2pl;
% bearing at A
rA_ = [-a 0 0];

% bearing at B
rB_ = T[a+tb 0 0];
figure(l)

af = .25;
axis([-af af -af af -af afl)
grid on

hold on

axis auto

xTabel("x(m)”), ylabel("y(m)’), zlabel(’z(m)”)
t = Tinspace(0,2*pi);
% plot gear 1 of radius rl at 01
plot3(0*t,r01_(2)+rlxcos(t),r01_(3)+rlxsin(t),...
‘color’,’b’, LineWidth’,3)
% plot gear 2 of radius r2 at 02
plot3(0*t,r2*cos(t),r2xsin(t),...
>color’,’k’”, LineWidth’,3)
% plot gear 2p of radius r2p at 02p

plot3(r02p_(1)+0*t,r02p_(2)+r2pxcos(t),r02p_(3)+r2p*sin(t),...

*color’,’k’”, LineWidth’,3)
% plot gear 3 of radius r3 at 03
plot3(r03_(1)+0*t,r03_(2)+r3xcos(t),r03_(3)+r3xsin(t),...
*color’,’r’, LineWidth’,3)

text(r01_(1),r01_(2),r01_(3),” 0_1", fontsize’,12)
text(r02_(1),r02_(2),r02_(3),” 0_2’, fontsize’,12)
text(r02p_(1),r02p_(2),r02p_(3),” 0_{2p}’, fontsize’,12)
text(r03_(1),r03_(2),r03_(3)," 0_3", fontsize’,12)
text(rA_(1),rA_(2),rA_(3),’ A, fontsize’,12)
text(rB_(1),rB_(2),rB_(3),” B’, fontsize’,12)

plot3(r01_(1),r01_(2),r01_(3),’0’, ’color’,’k”)
plot3(r02_(1),r02_(2),r02_(3),’0’,’color’,’k”)
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plot3(r02p_(1),r02p_(2),r02p_(3),’0",’color’,’k”)
plot3(r03_(1),r03_(2),r03_(3),’0", color’,’ k")

plot3(rA_(1),rA_(2),rA_(3),’0’, color’,’r’)
plot3(rB_(1),rB_(2),rB_(3),’0", color’,’r")

Tine([r01_(1),r02_(1)1,[r01_(2),r02_(2)1,[r01_(3),r02_(3)1,...
*LineStyle’,’-.", LineWidth’,1.5)

Tine([rA_(1),rB_(1)]1,[rA_(2),rB_(2)],[rA_(3),rB_(3)],...
*LineStyle’,’-’, LineWidth’,2)

Tine([r02p_(1),r03_(1)]1,[r02p_(2),r03_(2)71,[r02p_(3),r03_(3)71,...
*LineStyle’,”-.”, LineWidth’,1.5)

Tine([r01_(1)-a,r01_(1)]1,[r01_(2),r01_(2)1,[r01_(3),r01_(3)1,...

*LineStyle’,’--", LineWidth’,2,’Color’,’b")
Tine([r03_(1),r03_(1)+al,[r03_(2),r03_(2)]1,[r03_(3),r03_(3)1,...
“LineStyle’,’--", LineWidth’,2, Color’,’ r’)

% cartesian axes

quiver3(0,0,0,1.75%af,0,0,1, Color’, k’, LineWidth’,1, LineStyle’,”-.")
quiver3(0,0,0,0,af,0,1,’Color’, k’, LineWidth’,1, LineStyle’,”-.")
quiver3(0,0,0,0,0,1.5*af,1, Color’, k’, LineWidth’,1, LineStyle’, -.")

text(1.75%af,0,0,” x’, fontsize’,12, fontweight’,’b")
text(0,af,0,” y’, fontsize’,12, fontweight’,’b”)
text(0,0,1.25%af,” z’, fontsize’,12, fontweight’,’b”)
view(-24,14)

The angular speed of countershaft 2 is

Nj
Hp = —ny—,
TN
and for the third gear and shaft
Ny
ny =—np——,
TN
or in MATLAB:
nl = 1200; % (rpm)

n2 -n1%xN1/N2; % (rpm)
n3 = -n2xN2p/N3; % (rpm)
% n2 = -400.000 (rpm)

% n3 = 133.333 (rpm)
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The torque M; in driver shaft 1 is
9549 H,

G}

1

where Hy = H is the power of the motor. The transmitted torques for each
shaft are calculated with:

% torque on the shaft 1
M1 = 9549xH/nl; % (N m)
% torque on the shaft 2
M2 = 9549xH/n2; % (N m)
% torque on the shaft 3
M3 = 9549xH/n3; % (N m)

% M1 = 7.957 (N m)
b M2 = -23.872 (N m)
% M3 = 71.617 (N m)

All the gear forces are calculated at the pitch points P and Q. The tangential
force of gear 2 on motor pinion 1 at P is

M,
Fpi = —,
n

and the motor pinion radial force is
Fpo1 = Fpj tang.

The forces of the countershaft pinion 2’ on gear 3 at Q are

M;
Fp3=— and Fo3=Fps3tang.
3

The MATLAB results are:

Ft21 M1/rl;

Fr2l Ft2lxtan(phi);
Ft2p3 = M3/r3;

Fr2p3 = Ft23+tan(phi);
% Ft2l = 149.184 (N)

% Fr2l = 69.566 (N)

%

% Ft2p3
% Fr2p3

447 .553 (N)
208.698 (N)
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countershaft

Figure 6.12 Gear forces on the countershaft.

The vector force of the motor pinion 1 on gear 2 at P, as shown in
Fig. 6.12, is

Fio =Fp1) — Faoik,
and the vector force of gear 3 on gear 2" at Q is

Fs» = Fo3)+ Fosk,

or in MATLAB:

F12_ = [0 Ft21 -Fr21];

F32p_ = [0 Ft2p3 Fr2p3];

% F12_ = [ 0 149.184 -69.566]1 (N)
% F32p_ = [ 0 447.553 208.698] (N)

The radial bearing forces at A and B are

F4=F4)+ Fak,
Fp = Fp )+ Fp:k.

The countershaft free-body diagram is shown in Fig. 6.13. The reaction
force F,4 is calculated from

> Mp=rpp x Fi» +rpo x Fso +rp4 x F4=0.

The MATLAB commands for the reaction at A are:

syms FAx FAy FAz FBx FBy FBz
FA_ = [FAx, FAy, FAz];
FB_ = [FBx, FBy, FBzl;
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Figure 6.13 Free-body diagram of the countershaft.

% sum MB_ = rBP_ x F12_ + rBA_ x FA_ + rBQ_ x F32p_ = 0_ =>

MB_ = cross(rP_-rB_,F12_) + cross(rA_-rB_,FA_) + cross(rQ_-rB_,F32p_);
SolFA = solve(MB_(2),MB_(3));

FAys=eval(solFA.FAy);

FAzs=eval(solFA.FAz);

FA_ = [0,FAys,FAzs];

% FA_ = [ 0 -208.858 13.913] (N)

The radial force at B is determined from the sum of all forces that act on
the countershaft

ZF=F12+FA+FB+F32/=O,

or in MATLAB:

% FB_ + FA_ + F12_ + F32p_ =0
FB_ = -FA_-F12_-F32p_;
% FB_ = [0 -387.880 -153.045] (N)

The MATLAB instructions for sketching the forces on countershaft are:

figure(2)
% scale factor for forces
sf = 1000;
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af = .25;
axis([-af af -af af -af afl)
grid on
hold on
axis auto
xTabel(’x(m)’), ylabel(’y(m)’), zlabel(’z(m)*)
t = linspace(0,2xpi);
% plot gear 2 of radius r2 at 02
plot3(0*t,rZ2xcos(t),r2*sin(t),...
>color’, k’,’LineWidth’,3)
% plot gear 2p of radius r2p at 02p
plot3(r02p_(1)+0*t,r02p_(2)+r2p*cos(t),r02p_(3)+rZpxsin(t), ...
>color’,’k’, LineWidth’,3)

text(r02_(1),r02_(2),r02_(3)," 0_2", fontsize’,12)
text(r02p_(1),r02p_(2),r02p_(3),” 0_{2p}’, fontsize’,12)
text(rA_(1),rA_(2),rA_(3),” A’,’ fontsize’,12)
text(rB_(1),rB_(2),rB_(3),” B’, fontsize’,12)

plot3(r02_(1),r02_(2),r02_(3),’0", color’,’k’)
plot3(r02p_(1),r02p_(2),r02p_(3),’0",’color’,’k’)

plot3(rA_(1),rA_(2),rA_(3),’0’, color’,’r’)
plot3(rB_(1),rB_(2),rB_(3),’0", color’,’r’)

Tine([r01_(1),r02_(1)],[r01_(2),r02_(2)],[r01_(3),r02_(3)1, ...
“LineStyle’,’-.7, LineWidth’,1.5)

Tine([rA_(L),rB_(1)],[rA_(2),rB_(2)],[rA_(3),rB_(3)],...
“LineStyle’,’ -7, LineWidth’,2)

Tine([r02p_(1),r03_(1)]1,[r02p_(2),r03_(2)1,[r02p_(3),r03_(3)1,...
"LineStyle’,’-.’, LineWidth’,1.5)

% plot F12_ at P
quiver3(...
rP_(1),rP_(2),rP_(3),...
0,F12_(2)/sf,0,’color’,’b’, LineWidth’,1.3);
quiver3(...
rP_(1),rP_(2),rP_(3),...
0,0,F12_(3)/sf,’color’,’b’, Linelidth’,1.3);
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text(rP_(1),rP_(2),rP_(3),” P’, fontsize’,12)
text(rP_(1),rP_(2)+F12_(2)/sf,rP_(3), F_{t12}’, fontsize’,12)
text(rP_(1),rP_(2),rP_(3)+F12_(3)/sf,’F_{r12}’, fontsize’,12)

% plot F32p_ at Q
quiver3(...
rQ_(1),rQ_(2),rad_(3),...
0,F32p_(2)/sf,0, color’,’b”, LineWidth’,1.3);
quiver3(...
rQ_(1),rQ_(2),r0_(3),...
0,0,F32p_(3)/sf,’color’,’b’, LineWidth’,1.3);

text(rQ_(1),r0Q_(2),rQ_(3),” Q’, fontsize’,12)
text(rQ_(1),rQ_(2)+F32p_(2)/sf,rQ_(3), F_{t32p}’, fontsize’,12)
text(rQ_(1),rQ_(2),rQ_(3)+F32p_(3)/sf,’F_{r32p}’, fontsize’,12)

% plot FA_ at A
quiver3(...
rA_(1),rA_(2),rA_(3), ...
FA_(1)/sf,FA_(2)/sf,FA_(3)/sf,’color’,’r’,’LineWidth’,1.3);
text(rA_(1),rA_(2)+FA_(2)/sf,rA_(3)+FA_(3)/sf, F_{A}’, fontsize’,12)

% plot FB_ at B
quiver3(...

rB_(1),rB_(2),rB_(3),...

FB_(1)/sf,FB_(2)/sf,FB_(3)/sf,’color’,’r’, LineWidth’,1.3);
text(rB_(1),rB_(2)+FB_(2)/sf,rB_(3)+FB_(3)/sf,’F_{B}’, fontsize’,12)

% cartesian axes

quiver3(0,0,0,2*af,0,0,1,’Color’, k", LineWidth’,1, LineStyle’, -.")
quiver3(0,0,0,0,af,0,1, Color’,’k’, LineWidth’,1, LineStyle’, -.")
quiver3(0,0,0,0,0,1.5*af,1,’Color’, k’, LineWidth’,1, LineStyle’,’-.")

text(2+«af,0,0,” x’, fontsize’,12, fontweight’,’b")
text(0,af,0,” y’, fontsize’,12,  fontweight’,’b")
text(0,0,1.25*af,” z’, fontsize’,12,  fontweight’,’b’)

Example 6.4. The gear train, shown in Fig. 6.14A, transmits the power of
H =1 kW through an electric motor coupled to gear 1 having the number
of teeth N; =20 and angular speed n=n; = 1000 rpm. Gear 2 having
N, = 64 teeth and gear 2" having Ny = 20 teeth are rigidly connected on
the same countershaft which rotates freely in bearings 4 and B. Gear 3 (the
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ring gear

motor
torque

(A)

0.4

z(m)

Figure 6.14 Two stage gear train.

output ring) is rigidly fixed to a shaft coupled to the driven machine and
has N3 = 64 teeth. The shafts of the gears are parallel. The module for each
stage is m = 6 mm and the pressure angle is ¢ =20°. The distance between
the bearings and gears is a = 100 mm and the distance between the gears
is b =300 mm. Find the countershaft bearings reaction forces at A and B.
The friction loss is neglected.

Solution
The pitch radii of the gears are:

% no. of teeth for each gear
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N1 = 20; % (teeth)

N2 = 64; % (teeth)

N2p= 20; % (teeth)

N3 = 64; % (teeth)

% module

m=6; % (mm)

% pressure angle

phi = 20xpi/180; % (rad)
% pitch radii

rl = mxN1/2; % (mm)

re = mxN2/2; % (mm)
re2p= mxN2p/2; % (mm)

r3 = mxN3/2; % (mm)

rl = rl*10~(-3); % (m)
reg = r2*x107(-3); % (m)
rep= r2px107(-3); % (m)
r3 = r3*x107(-3); % (m)

% rl = 0.060 (m)
% r2 = 0.192 (m)
% r2p = 0.060 (m)
% r3 = 10.192 (m)

The MATLAB figure of the gear train is shown in Fig. 6.14B. The angular
speeds of the gears are

nl 1000; % (rpm)
n2 = -nlxN1/N2; % (rpm)

n3 = n2xN2p/N3; % (rpm)
% nl = 1000.000 (rpm)
% n2 = -312.500 (rpm)
% n3 = -97.656 (rpm)

The transmitted torques are:

% power on gear 1
H=1; % (kW)

% torque on the shaft 1
M1 = 9549%H/nl; % (N m)
% torque on the shaft 2
M2 = 9549xH/n2; % (N m)
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% torque on the shaft 3
M3 = 9549%H/n3; % (N m)

% ML = 9.549 (N m)
» M2 = -30.557 (N m)
» M3 = -97.782 (N m)

Figure 6.15 Force analysis for the gear train.

The free-body diagrams of the gears are shown in Fig. 6.15. The tangential
and radial forces are calculated with:

% tangential force of gear 2 on motor pinion 1 at P
Ft2l = M1/rl;

% radial force of gear 2 on 1 at P

Fr2l = Ft2l*tan(phi);

% gear force of 2 on 1 at P

F21_ = [0 Ft21 -Fr21];

% force of gear 1 on 2 at P

Fl12_ = -F21_;
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% tangential force of gear 3 on 2 at Q
Ft32p = abs(M2/r2p);

% radial force of gear 3 on 2p at Q
Fr32p = Ft32pxtan(phi);

% force of gear 3 on 2p at Q

F32p_ = [0 Ft32p Fr32p];

% force of gear 2p on 3 at Q

F2p3_ = -F32p_;

% |Ft2l] = 159.150 (N)

% |Fr2l] = 57.926 (N)

% F21_ = [ 0 159.150 -57.9261 (N)
% Fl2_ =10 -159.150 57.9261 (N)
%

% |Ft32p| = 509.280 (N)

% |Fr32p| = 185.363 (N)

% F32p_ = [ 0 509.280 185.363] (N)
% F2p3_ = [ 0 -509.280 -185.363] (N)

The radial bearing forces at A and B are calculated with:

syms FAx FAy FAz FBx FBy FBz

FA_ [FAx, FAy, FAz]1;

FB_ = [FBx, FBy, FBz]l;

% sum MB_ = rBP_ x F12_ + rBA_ x FA_ + rBQ_ x F32_ = 0_ =>
MB_ = cross(rP_-rB_,F12_) + cross(rA_-rB_,FA_) + cross(rQ_-rB_,F32p_);
SolFA = solve(MB_(2),MB_(3));

FAys=eval (solFA.FAy);

FAzs=eval(solFA.FAz);

FA_ = [0,FAys,FAzs];

FAr =sqrt(FA_(2)"2+FA_(3)"2);

% FB_ + FA_ + F12_ + F32p_ =0

FB_ = -FA_-F12_-F32p_;

FBr =sqrt(FB_(1)"2+FB_(3)"2);

% MBx = 0.0

% MBy = 0.5xFAz + 41.7066

% MBz = 12.732 - 0.5xFAy

%

% FA_ =110 25.464 -83.413] (N)

% radial force FAr = 87.213 (N)

%

% FB_ = [0 -375.594 -159.875] (N)
% radial force FBr = 159.875 (N)
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0.4

0.3

Figure 6.16 Forces acting on the countershaft.

The forces on the countershaft are shown in Fig. 6.16.

6.3. Gear design

The forces on a gear tooth are shown in Fig. 6.17. The procedure
proposed in [7] is followed. The tangential component of the force, F;,
producing the bending stress, o, at the base of the tooth given by

M M t/2) 6M 6Fh
O =—(= — = =,
I B /12 B2 B

t2 2

F,=0B— =0Bp—, 6.13
AT A €19
where h is the distance from the application point of the force to the base
of the tooth, f is the tooth thickness, B is the width of the face, and the
bending moment is M = F, h. The face width is restricted by B = kp, where
k <4, and p is the circular pitch. The dimensionless form factor is defined

by the equation

t2

14
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Figure 6.17 Gear tooth.

For 20° full-depth involute teeth, the form factor y for use in Lewis
strength equation is given by [7]

0.078 for N =12 teeth,
0.083 for N =13 teeth,
0.088 for N = 14 teeth,
0.092 for N =15 teeth,
0.094 for N =16 teeth,
0.096 for N =17 teeth,
0.098 for N =18 teeth,
0.100 for N =19 teeth,
0.102 for N =20 teeth,
0.104 for N =21 teeth,
0.106 for N =23 teeth,
y={ 0.108 for N =25 teeth, (6.15)
0.111  for N =27 teeth,
0.114 for N = 30 teeth,
0.118 for N = 34 teeth,
0.122 for N = 38 teeth,
0.126  for N =43 teeth,
0.130 for N =50 teeth,
0.134 for N =60 teeth,
0.138 for N =75 teeth,
0.142 for N =100 teeth,
0.146  for N =150 teeth,
0.150 for N =300 teeth.
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For 14%O full-depth involute teeth, the form factor y is given by [7]

0.067 for N =12 teeth,
0.071 for N =13 teeth,
0.075 for N = 14 teeth,
0.078 for N =15 teeth,
0.081 for N =16 teeth,
0.084 for N =17 teeth,
0.086 for N =18 teeth,
0.088 for N =19 teeth,
0.090 for N =20 teeth,
0.092 for N =21 teeth,
0.094 for N =23 teeth,
y=1{ 0.097 for N =25 teeth, (6.16)
0.099 for N =27 teeth,
0.101 for N =30 teeth,
0.104 for N =34 teeth,
0.106 for N =38 teeth,
0.108 for N =43 teeth,
0.110 for N =50 teeth,
0.113 for N =60 teeth,
0.115 for N =75 teeth,
0.117 for N =100 teeth,
0.119 for N =150 teeth,
0.122  for N =300 teeth.

The transmitted force is a function of opy and is calculated with the

Lewis equation
F,=0Bpy, (6.17)

or

on’ky

2
Pd

thapzleyz

. (6.18)

A weaker gear will relate to a smaller opy value. For same material the
weaker gears will be the smaller ones.



Spur gears 221

For design problems when the diameters are not known, the stress is
calculated with

_2M.Py

= —2= 19
7T kYN’ (6.19)

where M, represents the torque on the weaker gear, the upper limit is k =4,
N is the weaker gear number of teeth, which is limited to 15.
The allowable stress is given by

60009 .
—_— hen IV <2000 —=,
V+ 600 when < min
120009
={ ———_ when?2 f :
Oul 71200 when 2000 < IV < 4000 -, (6.20)
78 o

—————  when I/ > 4000 £

W+ 78 min
where V7 represents the pitch line velocity and o the strength endurance
given by

8000 pst cast iron material,
oo =13 12000 pst bronze material, (6.21)
10000-50000 psi  carbon steel material.

When the gear diameters are given, the allowable value for the ratio P3/y
is
p; o k>

- k] 6.22
14 F, ( )

where the transmitted force is F; = 2M,/d, allowable stress is o, the upper
limit is k =4, and torque on the weaker gear is M,. The largest diametral
pitch gives the most economical design.
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