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Preface

Since the basic concept behind the method of fundamental solutions (MFS)
was developed primarily by V. D. Kupradze and M. A. Alexidze in 1964, the
meshless MFS has become an effective tool for the solution of a large variety of
physical and engineering problems, such as potential problems, elastic problems,
crack problems, fluid problems, piezoelectric problems, antiplane problems,
inverse problems, and free-boundary problems. More recently, it has been
extended to deal with inhomogeneous partial differential equations, partial
differential equations with variable coefficients, and time-dependent problems,
by introducing radial basis function interpolation (RBF) for particular solutions
caused by inhomogeneous terms.

The great advantage of the MFS over other numerical methods is that it
can easily be implemented for physical and engineering problems in two- or
three-dimensional regular and irregular domains. This means that it can be
programmed with simple codes by users and no additional professional skills are
required. Clearly, there are still some limitations in the range of implementation
of the MFS, as pointed out in Chapter 1 of this book. However, the MFS has
sufficiently shown its success as an executable numerical technique in a simple
form via various engineering applications. Hence, it is warranted to present some
of the recent significant developments in the MFS for the further understanding
of the physical and mathematical characteristics of the procedures of MFS which
is the main objective of this book.

This book covers the fundamentals of continuum mechanics, the basic con-
cepts of the MFS, and its methodologies and extensive applications to various
engineering inhomogeneous problems. This book consists of eight chapters. In
Chapter 1, current meshless methods are reviewed, and the advantages and dis-
advantages of MES are stressed. In Chapter 2, the basic knowledge involved in this
book is provided to give a complete description. In Chapter 3, the basic concepts
of fundamental solutions and RBF are presented. Starting from Chapter 4, some
engineering problems including Euler—Bernoulli beam bending, thin plate
bending, plane elasticity, piezoelectricity, and heat conduction are solved in turn
by combining the MFS and the RBF interpolation.

Hui Wang
Qing-Hua Qin

xiii



Acknowledgments

The motivation that led to the development of this book based on our extensive
research since 2001, in the context of the method of fundamental solutions
(MFS). Some of the research results presented in this book were obtained by the
authors at the Department of Engineering Mechanics of Henan University
of Technology, the Research School of Engineering of the Australian National
University, the Department of Mechanics of Tianjin University, and the
Department of Mechanics of Dalian University of Technology. Thus, support
from these universities is gratefully acknowledged.

Additionally, many people have been most generous in their support of this
writing effort. We would like especially to thank Professor Xingpei Liang of
Henan University of Technology for his meaningful discussions. Special thanks
go to Senior Editors Jianbo Liu and Chao Wang, Senior Copyright Manager
Xueying Zou of Higher Education Press as well as Glyn Jones, Naomi
Robertson and Sruthi Satheesh of Elsevier Inc. for their commitment to the
publication of this book. Finally, we are very grateful to the reviewers who made
suggestions and comments for improving the quality of the book.

XV



List of abbreviations

AEM Analog equation method
BEM Boundary element method
BVP Boundary value problem

DOF Degrees of freedom

FE Finite element

FEM Finite element method

FGM Functionally graded materials
FS Fundamental solution

MFS Method of fundamental solutions
MQ Multiquadric

PDE Partial differential equation
PS Power spline

PZT Lead zirconate titanate

RBF Radial basis function

TPS Thin plate spline

xvii



Part |

Fundamentals of meshless
methods



Chapter 1

Overview of meshless methods

Chapter outline

1.1 Why we need meshless methods 3 1.4.4.2 Interior region
1.2 Review of meshless methods 6 surrounded by a
1.3 Basic ideas of the method of complex curve 29
fundamental solutions 8 1.4.4.3 Biased
1.3.1 Weighted residual method 8 hollow circle 33
1.3.2 Method of fundamental 1.5 Some limitations for
solutions 10 implementing the method of
1.4 Application to the two- fundamental solutions 34
dimensional Laplace problem 13 1.5.1 Dependence of
1.4.1 Problem description 13 fundamental solutions 37
1.4.2 MFS formulation 14 1.5.2 Location of source points 37
1.4.3 Program structure and 1.5.3 lll-conditioning treatments 39
source code 18 1.5.3.1 Tikhonov regulari-
1.4.3.1 Input data 19 zation method 39
1.4.3.2 Computation of 1.5.3.2 Singular value
coefficient matrix 19 decomposition 39
1.4.3.3 Solving the 1.5.4 Inhomogeneous problems 41
resulting system of 1.5.5 Multiple domain problems 41
linear equations 19 1.6 Extended method of fundamental
1.4.3.4 Source code 20 solutions 43
1.4.4 Numerical experiments 24 1.7 Outline of the book 47
1.4.4.1 Circular disk 24  References 48

1.1 Why we need meshless methods

Initial and/or boundary value problems such as heat transfer, wave propaga-
tion, elasticity, fluid flow, piezoelectricity, and electromagnetics can be found
in almost every field of science and engineering applications and are generally
modeled by partial differential equations (PDEs) with prescribed boundary
conditions and/or initial conditions in a given domain. Thus PDEs are
fundamental to the modeling of physical problems. Consequently, clear
understanding of the physical meaning of solutions of these equations has
become very important to engineers and mathematicians, so that the solutions

Methods of Fundamental Solutions in Solid Mechanics. https://doi.org/10.1016/B978-0-12-818283-3.00001-4
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can be used to explain natural phenomena or to design and develop new
structures and materials.

To this end, theoretical and experimental methods were first developed.
However, PDEs usually involve higher-order partial differentials to spatial or
time variables, but theoretical analysis is operable only for problems with simple
expressions of PDEs, simple domain shapes, and simple boundary conditions.
Most engineering problems cannot be solved analytically. Besides, due to
limitations to experimental conditions, most engineering problems cannot be
tested experimentally, and even if the problem can be tested, the process is time-
consuming and expensive; moreover, not all of the relevant information can be
measured experimentally. Hence, ways to find good approximate solutions using
numerical methods should be very interesting and helpful.

Currently, solutions of ordinary/boundary value problems can be computed
directly or iteratively using numerical methods, such as the finite element
method (FEM) [1—3], the hybrid finite element method (HFEM) [4—8], the
boundary element method (BEM) [9—12], the finite difference/volume method
(FDM/FVM) [2,13], and the meshless method [14,15], etc.

Among these methods, conventional element-dependent methods such as
the FEM, the HFEM, the BEM, and the FVM require domain or boundary
element partition to model complex multiphysics problems. For example, in
the classic FEM, which was originally developed by Richard Courant in 1943
for structural torsion analysis [16], a continuum with a complex boundary
shape can geometrically be divided into a finite number of elements, generally
termed finite elements. These individual finite elements are connected through
nodes to form a topological mesh. In each individual element, the proper
interpolating function is chosen to approximate the real distribution of the
physical field. Then all elements are integrated into a weak-form integral
functional to produce the solving system of equations, so that the nodal field as
the primary variable in the final solving system can be fully determined. Due to
such features as versatility of meshing for complex geometry and flexibility of
solving strategy for complex problems, the FEM has become one of the most
robust and well-developed procedures for boundary/ordinary value problems,
and it has been successfully applied in many engineering applications [1].

There are, however, some inherent limitations for use of the FEM. Firstly,
mesh generation is usually time-consuming in the FEM, and one must spend
much time and effort for complex data management and treatment. Secondly,
mesh generation involves complex algorithms, and this is not always possible
for problems with complex domains, especially three-dimensional geometri-
cally complex domains. In some cases, users must make partitions to create
relatively regular subdomains for applying mesh generation. Thirdly, as a
displacement-based numerical method, the FEM can relatively accurately
predict displacement, rather than stress that involves higher-order derivatives
of displacement to spatial variables. Moreover, stresses obtained in the FEM
are often discontinuous across the common interface of adjacent elements,
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because of the element-wise continuous nature of the displacement field
assumed in the FEM formulation. Special smoothed treatment techniques are
required in the postprocessing stage to recover stresses. Fourthly, numerical
accuracy in the FEM is significantly dependent on mesh density, so a
remeshing operation is usually required to achieve a desired accuracy. Mul-
tiple meshing trials may be needed for that purpose. More importantly, for
large deformation problems, adaptive mesh is required to avoid element
distortion during deformation. The remeshing process at each step often leads
to additional computational time as well as degradation of accuracy in the
solution. Finally, it is difficult for the FEM to effectively simulate crack
growth and material fracture because the continuous elements in the FEM
cannot easily model discontinuous fields. All these limitations can be attrib-
uted to the use of elements or mesh in the FEM formulation.

As an alternative to the FEM, the element-dependent BEM attempts to find
numerical solutions of boundary integral equations by incorporating element
discretization over the domain boundary [2,10,17,18]. In the BEM, the
boundary integral equation may be regarded as an exact solution of the gov-
erning partial differential equation of the problem, to which the fundamental
solution should be explicitly available, and it can be derived by introducing
the physical definition of fundamental solution to include boundary values in
the representation formula. Such distinguishing features give the BEM the
following advantages over the FEM: (1) Only the boundary of the domain
needs to be discretized; as a result, very simple data input and storage are
involved. (2) The solution in the interior of the domain is approximated with a
rather high convergence rate and accuracy. (3) Exterior problems with
unbounded domains are more properly solved by the BEM, because the remote
condition can be exactly satisfied. However, the BEM also experiences some
difficulties. For example, the BEM is greatly dependent of the fundamental
solution of the partial differential equation. So, problems with inhomogeneities
or nonlinear differential equations are in general not easily handled by pure
BEM. Additionally, the BEM requires more mathematical foundation,
compared to the FEM, to obtain the boundary integral equation and evaluate
boundary integrals, because the kernels in boundary integrals are in general
singular. All these disadvantages limit BEM applications, so sometimes
coupling of other methods must be implemented [19].

In contrast, meshless methods based on boundary and/or interior colloca-
tions in a domain can remove limitations such as in the FEM and BEM,
significantly reducing the effort of model discretization preparation. To
illustrate this, Fig. 1.1 displays domain discretization by elements and collo-
cations in the conventional FEM and the meshless method. In general, the term
“meshless method” refers to the class of numerical techniques that do not
require any predefined mesh information for domain discretization, relying
simply on either global or localized interpolation on nonordered spatial
points scattered within the problem domain as well as on its boundaries.
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(A)

element

FEM discretization

(B)

collocation

Meshless discretization

FIGURE 1.1 FEM and meshless discretization in a 2D domain.

These scattered points are not geometrically connected to form a mesh. Thus
meshless methods present great potential for engineering applications.

1.2 Review of meshless methods

Meshless methods are used to solve PDE in strong or weak form by arbitrarily
distributed collocations in the solution domain, and these points contribute to
the approximation by assumed global or local basis functions.

As in the classification of FEM and BEM, meshless methods may also be
divided into two categories: domain-type meshless methods and boundary-type
meshless methods. Domain-type meshless methods, as the name implies,
employ arbitrarily distributed interior and boundary collocations to represent the
problem domain and its boundary. Then the field variable (e.g., displacement,
temperature, pressure) at any field point within the problem domain is inter-
polated using function values at a local or global set of nodes around the field
point. Subsequently, a weak-form integral equation such as the Galerkin integral
equation or a strong-form collocation equation is introduced to include the
assumed field variables in producing a system of equations associated with the
variables. Strong-form domain-type meshless methods, include smoothed
particle hydrodynamics (SPH) [20], the finite point method (FPM) [21],
the point collocation method (PCM) [22], the Kansa collocation method [23],
and the least-squares collocation meshless method [24], etc. Weak-form domain-
type meshless methods include the diffuse element method (DEM) [25],
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the element-free Galerkin method (EFGM) [26], the reproducing kernel particle
method (RKPM) [27], partition of unity finite element methods (PUFEM) [28],
the Hp-meshless clouds method [29], the meshless local Petrov-Galerkin method
(MLPG) [30], and the point interpolation method (PIM) [31], etc. In contrast to
the strong-from meshless methods, the meshless methods based on the weak
form are more robust and steady. However, the latter generally involve more
complex formulations.

Unlike domain-type meshless methods, boundary-type meshless methods
require only boundary collocation in the computation. In that case, the
T-complete function basis [5,6] or the fundamental solution basis [10] is
typically employed to approximate the field variable, so it can exactly satisfy
the governing equations of the problem. For example, Zhang et al. presented
the solution procedure of the hybrid boundary node method (BNM) [32] that
combines the modified variational functional and the moving least-square
(MLS) approximation based only on a group of arbitrarily distributed
boundary nodes. This method is a weak-form method and only involves
integration computation over the boundary. However, MLS interpolations lack
the delta function property, so it is difficult to satisfy the boundary conditions
accurately in the BNM. In an improvement over the BNM, the boundary point
interpolation method (BPIM) [33] employs shape functions having the
Kronecker delta function property, so boundary conditions can be enforced as
easily as in the conventional BEM.

Besides, some pure boundary collocation methods exist, including the
method of fundamental solutions (MFS) [14,34], boundary particle method
(BPM) [35,36], and Trefftz boundary collocation method (TBCM) [37,38].
Among these, the MFS is the most powerful and popular, when fundamental
solutions of a problem are explicitly defined. It was initially introduced by
Kupradze and Aleksidze in 1964 [39]. Over the past 30 years, MFS has been
widely used for the numerical approximation of a large variety of physical
problems [34]. The general concept of the MFS is that the solution (field
variable) approximated by a linear combination of fundamental solutions with
respect to source points located outside the solution domain can exactly satisfy
the governing partial differential equation of the problem, so only boundary
conditions at boundary collocations need to be satisfied. The MFS inherits all
the advantages of the BEM [10]; for example, it does not require discretization
over the domain, unlike domain mesh discretization methods such as the
FEM. Moreover, unlike the BEM, integrations over the domain boundary are
avoided. The solution in the interior of the domain is evaluated also without
any additional integration equation. Furthermore, the derivatives of the solu-
tion are calculated directly from the MFS representation. More importantly,
implementation of the MFS is very easy and direct, even for problems in
three-dimensional and irregular domains, and only a little data preparation is
required. Besides, high numerical accuracy and fast convergence has been
proven [40—42]. Thus, it is employed and discussed in this book.
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1.3 Basic ideas of the method of fundamental solutions

To illustrate the basic concept of the MFS, the following two-dimensional
homogeneous partial differential equation is considered:

Lu(x) =0, xeQ (1.1)

where L is a partial differential operator, x = (x, y) is an arbitrary point in a
bounded domain Q C Rz, R? denotes the Euclidean 2-space, and u is the
unknown field variable. It is noted that in the book we sometimes write
X = (x1, x») rather than x = (x, y) for the sake of convenience.

For a complete boundary value problem, the proper boundary conditions
should be complemented, for example,

(1.2)
du(x) =g, xely
on

where I'y U T', = 0Q, I') N I'y = J, u and ¢ are given functions, and 7 is the
unit normal to the boundary 0Q, as indicated in Fig. 1.2.

1.3.1 Weighted residual method

The boundary value problem (BVP) described in the governing Eq. (1.1) and
the boundary conditions (1.2) can be solved in an approximate manner, by
which the field variable u is approximated in a general form by

u(x)=u"(x) = in: ;i fi(x) (1.3)

where f;(x) is the ith basis function term, ¢; is the unknown coefficient for the
ith basis function term, and m is the number of basis functions.

g

X

FIGURE 1.2 Schematic of boundary value problem.
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In practice, the approximation function given in Eq. (1.3) cannot exactly
satisfy the governing equation and the boundary conditions, due to the trun-
cated approximation. Hence, substituting Eq. (1.3) into Egs. (1.1) and (1.2), we
usually have

Lu"(x)#0, xeQ (1.4)
and
u'(x)#1u, xeT
oul (1.5)
“ (X)q&q, xe I’
on
If the following residual functions can be defined,
R,(x) = Lu"(x), xeQ (1.6)
Ry (x) = u"(x) —@, xeT
o (1.7)
sz(X) = ua}EX) —q, xely
then Eqgs. (1.4) and (1.5) can be respectively rewritten as
R,(x)#0, xeQ (1.8)

and
Rbl(X)io, Xe Fl

1.9
R (X) *0, xely (1.9)

Theoretically, the proper approximate function should make the residuals
at each point x inside the domain or on the boundary as small as possible.
However, such strong-form satisfaction is difficult to derive. In the practical
operation, we usually force the residuals to zero in an averaged sense by
setting the so-called weighted integrals of the residuals to zero, i.e.,

/W,Rg(x)dQ—i—/ V,‘Rb](X)dF—‘r/ S,'sz(X)dF:O (110)
Q I I

where w;, v;, and s; are a set of given weight functions corresponding to the ith
point, and i =1, 2, ..., n.

In the weighted residual method, the selection of weight functions de-
termines the type and performance of numerical approximations. In this book,
the collocation-type meshless method is discussed. In the collocation method,
a set of points that are distributed in the domain are chosen for approximation,
and we can try to satisfy the BVP at only these points, rather than satisfying
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the BVP in an integral form. To obtain the collocation solution, we select the
standard Dirac delta function as the weight functions in Eq. (1.10), i.e.,

Wi = 6(X5Xi)
vi = 6(X,X;) (1.11)
S = 6(X7 Xi)

where 0(x, x;) is the Dirac delta function centered at the point x; and has the
following properties:

0, x#x;
o(x,x;) = { (1.12)
©, X=X
and
| atexixian = six) (113)

Thus, the collocation method can be derived from the weighted residual
formulation by substituting Eq. (1.11) into it:

/Q(S(x, X; )R, (x)dQ + /Flé(x, X; )Ry (x)dI" + /1“2(5()(7 X)) Ry (x)dT" =0 (1.14)

which results in
Rg(Xi) =+ R/,l(Xi) -+ sz(X,') =0 (1.15)

Eq. (1.15) shows that the residuals are zero at n points chosen in the
problem domain. Specially, if the approximation can exactly satisfy the gov-
erning Eq. (1.1), i.e., the Trefftz approximation and fundamental solution
approximation taken into account in this book, the domain residual R, should
be zero. In that case, Eq. (1.15) can be reduced to

Rhl(xi) -I-R},z(Xi) =0, x,el (1.16)

which means that only boundary collocations can be chosen to force the
boundary residuals to zero at those collocations. This can be regarded as the
theoretical basis of the MFS described next.

1.3.2 Method of fundamental solutions

In the application of the MFS, the solution of problems governed by Eqs. (1.1)
and (1.2) is approximated as a linear combination of fundamental solutions:

Za, (x,xj) = Gat, X€Q, X j&Q (1.17)

where N is the number of source points {xsj}jv: , located outside the domain,
G*(x, X,j) centered at x;; is the fundamental solution of the partial differential
Eq. (1.1) in the spatial coordinate X = (x, y) [43,44], «; is the coefficient for
G*(x, X) that is yet to be determined, and

G=[G"(x,%51) ... G"(X,%4n)] (1.18)



Overview of meshless methods 11

/ Q‘
¢ \
i ¢
xX i

]
y
X
FIGURE 1.3 Collocations in the MFS.
a
a=| : (1.19)
ay

Obviously, the approximation (1.17) exactly satisfies the partial differential
Eqg. (1.1) due to the nonoverlapping of the source points X, (j =1, 2, ..., N)
and the field point x. Therefore, the approximation (1.17) just needs to satisfy
the specified boundary conditions (1.2). To determine all known coefficients
in Eq. (1.17), we collocate the approximate solution (1.17) on a finite set of
boundary points {Xp1, Xp2, ..., Xppr}€ I, as shown in Fig. 1.3. M is the total
number of boundary collocations. If M| and M, represent the number of collo-
cations on the boundaries I'; and I'y, respectively, and M = M| + M,, we have

N

> G (e Xg)ey =T(xy),  i=1,...,M

R (1.20)
X ,X\' _

Z ey o =q(Xp), k=M +1,...M

where xp; and Xp; are collocations on the boundary segment I'; and I,
respectively.

Eq. (1.20) can be rewritten in the following matrix form:

i Hl] HIN ] i bl 1
. . «
H, H,y ||« b,
oM MY 2= M 1.21)
H(.M‘Jrl)l H(M,+1).v . bM,+|
: a,
L Hy, Hyy | L by, |
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where

G (Xpi,Xg), i=1,...M, j=12,...,N

Hy= o | (1.22)
I M7 k=M, +1,...M, j=12..N
n

and

E(X};i), iil,...,Ml
bi=+ _ 1.23
{Q(ka), k=M +1,...M (1.23)

Explicitly, this leads to an M x N-dimensional collocation linear system of
equations that can generally be written as

N
H,-jaj:b,-, i= ],2,M (]24)
j=1

J

or in matrix form

Hysxnvonx1 = barxi (1.25)

where H is the M x N-dimensional collocation matrix with elements H;;, o is
the N x 1 vector of unknowns, and b is the M x 1 known vector.

To obtain a unique solution for the linear system of Eq. (1.25), we usually
require M > N. If M = N, the linear system of Eq. (1.25) can be solved directly
using the Gaussian elimination technique or a regularization technique such as
the Tichonov regularization or the truncated singular value decomposition if
the matrix H is ill-conditioned, whereas if M > N we must employ the linear
least-square technique to replace the rectangular M x N overdetermined sys-
tem of Eq. (1.25) with a square N X N determined system. For example,
minimization of the Euclidean error norm of Eq. (1.25)

M N 2
= Z Hjaj — b; (1.26)
=1 \ j=1
yields
oIl
@) o j=12...N (1.27)

o
from which we obtain

M N
Z ZHijaj—b,- Hy=0, k=1,2,...N (1.28)

i=1 \ j=1
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Eq. (1.28) can be rewritten in matrix form as
(H™H)y, yovx1 = (H'b)y, (1.29)

where the superscript “T” denotes the transpose of a matrix.
Solving Eq. (1.29) for the unknown coefficient vector o, we obtain

o= (H'H) ' (H™b) (1.30)

and then the field variable at arbitrary point xe Q can be evaluated by Eq. (1.17).

One of the obvious advantages of such a method is the fact that there is no
need for any mesh generation at any function evaluation, and only boundary
collocations are required. This means that the computation is economical in
terms of time. Other advantages of the MFS include its simple formulation and
high precision that can be illustrated by its application to two-dimensional
Laplace problems.

1.4 Application to the two-dimensional Laplace problem

To illustrate the MFS solution procedure, we consider a Laplace problem given
in a two-dimensional Cartesian coordinate domain. The related source code is
provided to better understand the MFS implementation.

1.4.1 Problem description

We consider a bounded simply or multiply connected region € in the plane xy.
For the two-dimensional Laplace problem defined in the domain Q, the
governing partial differential equation related to the potential function u can be
written as

Viu(x) =0, xeQ (1.31)
where
9?9
V= —+4— 1.32
0x? Jr(9y2 (1.32)

represents the two-dimensional Laplace operator, and x = (x, y) is the arbitrary
point in the plane.

Moreover, the governing Eq. (1.31) should be complemented by the
following boundary conditions to form a well-defined BVP:

u=f onl}

1.33
g=g onTl; (139

where ¢ = 0u/On denotes the outward normal derivative of u on the boundary
0Q, and f and g are given values defined on I'; and I',, respectively. Here,
69:1‘1 ) annd Fl N FZZQ.
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The MFS employs the fundamental solution of a problem to approximate
the unknown potential field u. Therefore, the fundamental solution of the
problem should be explicitly formulated. Here, the fundamental solution to the
two-dimensional Laplace operator in Eq. (1.31) can be given by

1
* ) = ——1 1.34
u* (x, Xy) Fonr (1.34)
where

r=x — x| (1.35)

is the Euclidean distance, X; is a source point at which a unit source intensity is
applied, and x is an arbitrary field point in an infinite two-dimensional domain.
Correspondingly, the first-order derivatives of u* can be obtained as

o (x,x;) 1 dr  x—x
x  2mrox 2t

X 7r dx r (136)
au*(X,XS) _ 1 g _ Y —Vs
dy  2mrdy 2@

Figs. 1.4—1.6 plot the variations of u* and its derivatives for the source
point x; = (0, 0), respectively, from which it is observed that the fundamental
solution u* and its derivatives u*/dx and du*/dy show singularity at the source
point. Fortunately, the source point cannot overlap with the field point in the
theory of MFES, because it is arranged outside the domain of interest.

1.4.2 MFS formulation

Based on the fundamental solution of the problem given in Eq. (1.34), the
following scheme for the implementation of the MFS can be obtained.
Choosing the set of source points {Xsk}i\’:1 outside the computing domain Q,

FIGURE 1.4 Variation of u* for the two-dimensional Laplace operator at x; = (0, 0).
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au'/ox

y 1A X

FIGURE 1.5 Variation of 0u*/0x for the two-dimensional Laplace operator at x; = (0, 0).

y R | X

FIGURE 1.6 Variation of 0u*/dy for the two-dimensional Laplace operator at x; = (0, 0).

we can construct the approximation for the solution u of Eqs. (1.31) and (1.33)
as follows:

N
u(x) = > o (X, Xy) (1.37)
k=1
or in matrix form:
u=Ua (1.38)

with

U=[u'(X,Xa) u(X,Xp) ... u(XXnN)] gy (1.39)
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o =g . ... ay)iw (1.40)

Further, the first-order derivatives of u can be approximated as

N (x,xg)  OU
GYy— = —a

ox
(1.41)

>
ou o~ du(x,xg) OU
=%y ,; Y T a”

Then, the outward normal derivative of u on I'; can be expressed as

N <au* (Xa Xsk)vl + Gu* (X, XSk),,l

du
q:%:%cnx‘k%'ny = Z“k

= ax dy 4
(1.42)
N
= g (xx) = Qu
k=1
where n, and n, are components of the outward normal vector n, and
N ou* (X, Xg) ou* (X, Xg)
q" (%, %) = ——5—n + PR (1.43)
Q=[¢"(xx01) ¢ (XX2) ... ¢ XXw)];xn (1.44)

In the preceding approximations, the coefficients {ak}fy:l can be deter-
mined by the satisfaction of these boundary conditions at collocation points on
the boundary 0Q; that is, if we take N collocations {Xk}fk\]:1 on 0Q and then
impose the given boundary conditions, we have

N
X;) = Zaku*(xk,xsk) =f(xx), xkely, k=1,2,....,N;

. (1.45)

q(Xk) = Zakq*(xkaxsk) = g(xk); Xk € F2a k= 1727 "'7N2
k=1

where N; and N, are the number of collocations on I'j and I',, respectively,
and N= N; + N,.
Eq. (1.45) can be rewritten in matrix notation as

X)) (X)X | 'f(xl)‘
: : : : a,
u (Xw, sl) u (Xx > s2) u (Xx > sw) sz _ f(X\,) (1.46)
q (Xl’ sl) q (Xl’ sz) q (XI’ sz) : g(X)
: : : : ay :
_q*(XN‘ X)) q*(XN] X)) q*(XN, > X\-N)_ _g(XN2 )_
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or
Ho = b (1.47)

from which the approximating coefficients can be solved and then the quan-
tities at any point in the domain can be evaluated by Eqs. (1.37) and (1.41) for
further plotting or analysis.

The unique existence of approximate solutions for Egs. (1.31) and (1.33) of
the form (1.37) has been established theoretically. However, the locations of
source points {xsk}szl outside the computing domain cannot be explicitly
determined. In practical computation, we can usually employ the following
relation to generate the source point:

Xy =Xp + (Xp — X0 )Y (1.48)

where X;, Xp, and X, represent the positions of source point, boundary point,

and center point, respectively. vy denotes the nondimensional parameter used to

control the distance between the source point and the real boundary.
Obviously, Eq. (1.48) can be equally rewritten as

X —X, = X, —X¢ + (Xb - Xc)’Y = (Xb - Xc)<1 + ’Y) (149)
or
X; = Xe + (Xp — X¢)A (1.50)

where A =1 4 v > 0 is usually called the similarity ratio between the virtual
boundary source points located and the real physical boundary.

Eq. (1.50) means that the coordinates of the source point generated by the
relation (1.48) are scaled magnification or shrinkage of the coordinates of the
boundary collocation point. Theoretically, for the case of the interior domain
(see Fig. 1.7), the scaling factor v > 0, whereas for the case of the exterior
domain (see Fig. 1.8), the parameter v can be chosen in the range (—1, 0). For
both the interior and external domain problems, it is found that the closer the
parameter vy is to 0, the closer the virtual boundary connecting the source
points is to the physical boundary. However, from the computational point of
view, the numerical accuracy may decrease as the distance between the virtual
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