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Preface 

CHANGES IN THE THIRD EDITION 

The third edition, consisting of 15 chapters, includes a number of new additions and changes 
that were incorporated in response to suggestions and requests made by professors, stu­
dents, and professionals using the second edition of the book. The major changes include: 

• A new section on using Excel to manipulate matrices 

• A new comprehensive appendix on MATLAB 

• More detail on theory and expanded derivations 

• Reorganization of Chapter 15 to include examples of batch files 

• Additional problems 

ORGANIZATION 

There are many good textbooks already in existence that cover the theory of finite 
element methods for advanced students. However, none of these books incorporate 
ANSYS as an integral part of their materials to introduce finite element modeling to un­
dergraduate students and newcomers. In recent years, the use of finite element analy­
sis as a design tool has grown rapidly. Easy-to-use , comprehensive packages such as 
ANSYS, a general-purpose finite element computer program, have become common 
tools in the hands of design engineers. Unfortunately, many engineers who lack the 
proper training or understanding of the underlying concepts have been using these tools. 
1l1is introductory book is written to assist engineering students and practicing engineers 
new to the field of finite element modeling to gain a clear understanding of the basic con­
cepts. The text offers insight into the theoretical aspects of finite element analysis and 
also covers some practical aspects of modeling. Great care has been exercised to avoid 
overwhelming students with theory, yet enough theoretical background is offered to 
allow individuals to use ANSYS intelligently and effectively. ANSYS is an integral part 
of this text. In each chapter, the relevant basic theory is discussed first and demonstrated 
using simple problems with hand calculations. These problems are followed by exam­
ples that are solved using ANSYS. Exercises in the text are also presented in this man­
ner. Some exercises require manual calculations, while others, more complex in nature , 
require the use of ANSYS. The simpler hand-calculation problems will enhance stu­
dents' understanding of the concepts by encouraging them to go through the necessary 
steps in a finite element analysis. Design problems are also included at the end of 
Chapters 3, 4,6, and 9 through 14. 

xi 
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Various sources of error that can contribute to incorrect results are discussed. A 
good engineer must always find ways to check the results. While experimental testing 
of models may be the best way, such testing may be expensive or time consumingo There­
fore , whenever possible , throughout this text emphasis is placed on doing a " sanity 
check" to verify one's finite element analysis (FEA). A section at the end of each ap­
propriate chapter is devoted to possible approaches for verifying ANSYS results. 

Another unique feature of this book is that the last two chapters are devoted to 
the introduction of design , material selection, optimization, and parametric programming 
with ANSYS. 

The book is organized into 15 chapters. Chapter 1 reviews basic ideas in finite el­
ement analysis. Common formulations , such as direct, potential energy, and weighted 
loesidual methods are discussed. Chapter 2 provides a comprehensive review of matrix 
algebra. Chapter 3 deals with the analysis of trusses , because trusses offer economical 
solutions to many engineering structural problems. An overview of the ANSYS pro­
gram is given in Chapter 3 so that students can begin to use ANSYS right away. Finite 
element formulation of members under axial loading, beams, and frames are introduced 
in Chapter 4. Chapter 5 lays the foundation for analysis of one-dimensional problems 
by introducing one-dimensional linear, quadratic, and cubic elements. Global , local , and 
natural coordinate systems are also discussed in detail in Chapter 5. An introduction to 
isoparametric formulation and numerical integration by Gauss-Legendre formulae are 
also presented in Chapter 5. Chapter 6 considers Galerkin formulation of one­
dimensional heat transfer and fluid problems. Two-dimensional linear and higher order 
elements are introduced in Chapter 7. Gauss-Legendre formulae for two-dimensional 
integrals are also presented in Chapter 7. In Chapter 8 the essential capabilities and the 
organization of the ANSYS program are covered. The basic steps in creating and ana­
lyzing a model with ANSYS is discussed in detail. Chapter 9 includes the analysis of 
two-dimensional heat transfer problems with a section devoted to unsteady situations. 
Chapter 10 provides analysis of torsion of noncircular shafts and plane stress problems. 
Dynamic problems are explored in Chapter 11. Review of dynamics and vibrations of 
mechanical and structural systems are also given in this chapter. In Chapter 12, two­
dimensional , ideal fluid-mechanics problems are analyzed. Direct formulation of the 
piping network problems and underground seepage flow are also discussed. Chapter 13 
provides a discussion of three-dimensional elements and formulations . This chapter also 
presents basic ideas regarding top-down and bottom-up solid modeling methods. The 
last two chapters of the book are devoted to design and optimization ideas. Design 
process and material selection are explained in Chapter 14. Design optimization ideas 
and parametric programming are discussed in Chapter 15. Examples of ANSYS batch 
files are also given in Chapter 15. Each chapter begins by stating the objectives and con­
cludes by summarizing what the reader should have gained from studying that chapter. 

The examples that are solved using ANSYS show in great detail how to use 
ANSYS to model and analyze a variety of engineering problems. Chapter 8 is also writ­
ten such that it can be taught right away if the instructor sees the need to start with 
ANSYS. 
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A brief review of appropriate fundamental principles in solid mechanics, heat 
transfer, dynamics, and fluid mechanics is also provided throughout the book. Addi­
tionally, when appropriate, students are warned about becoming too quick to generate 
finite element models for problems for which there exist simple analytical solutions. 
Mechanical and thermophysical properties of some common materials used in engi­
neering are given in appendices A and B. Appendices C and D give properties of com­
mon area shapes and properties ofstTuctural steel shapes, respectively. A comprehensive 
introduction to MATLAB is given in Appendix F. 

Finally, a Web site at illlp:llwww.prenlrall.comIMoaveniwill be maintained for the 
following purposes: (1) to share any changes in the upcoming versions of ANSYS; (2) 
to share additional information on upcoming text revisions; (3) to provide additional 
homework problems and design problems; and (4) although I have done my best to 
eliminate errors and mistakes, as is with most books, some errors may still exist. I will 
post the corrections that are brought to my attention at the site. The Web site will be ac­
cessible to all instructors and students. 

Thank you for considering this book and I hope you enjoy the third edition. 

SAEED MOAVENI 
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CHAPTER 1 

I ntrod uction 

The finite element method is a numerical procedure that can be used to obtain solutions 
to a large class of engineering problems involving stress analysis, heat transfer, electro­
magnetism, and fluid flow. This book was written to help you gain a clear understand­
ing of the fundamental concepts of finite element modeling. Having a clear 
understanding of the basic concepts will enable you to use a general-purpose finite 
element software, such as ANSYS, effectively. ANSYS is an integral part of this text. In 
each chapter, the relevant basic theory behind each respective concept is discussed first. 
This discussion is followed by examples that are solved using ANSYS. Throughout this 
text , emphasis is placed on methods by which you may verify your findings from finite 
element analysis (FEA). In addition, at the end of particular chapters, a section is de­
voted to the approaches you should consider to verify results generated by using ANSYS. 

Some of the exercises provided in this text require manual calculations. The pur­
pose of these exercises is to enhance your understanding of the concepts by encourag­
ing you to go through the necessary steps of FEA. This book can also serve as a reference 
text for readers who may already be design engineers who are beginning to get involved 
in finite element modeling and need to know the underlying concepts of FEA. 

The objective of this chapter is to introduce you to basic concepts in finite element 
formulation, including direct formulation , the minimum potential energy theorem, and 
the weighted residual methods. The main topics of Chapter 1 include the following: 

1.1 Engineering Problems 

1.2 Numerical Methods 

1.3 A Brief History of the Finite Element Method and ANSYS 

1.4 Basic Steps in the Finite Element Method 

1.S Direct Formulation 

1.6 Minimum Total Potential Energy Formulation 

1.7 Weighted Residual Formulations 

1.8 Verification of Results 

1.9 Understanding the Problem 
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1.1 ENGINEERING PROBLEMS 

In general , engineering problems are mathematical models of physical situations. 
Mathematical models of many engineering problems are differential equations with a 
set of corresponding boundary and/or initial conditions. The differential equations are 
derived by applying the fundamental laws and principles of nature to a system or a con­
trol volume. These governing equations represent balance of mass, force , or energy. 
When possible, the exact solution of these equations renders detailed behavior of a 
system under a given set of conditions, as shown by some examples in Table 1.1. The 
analytical solutions are composed of two parts: (1) a homogenous part and (2) a par­
ticular part. In any given engineering problem, there are two sets of design parameters 
that influence the way in which a system behaves. First , there are those parameters that 

TABLE 1.1 Examples of governing differential equations, boundary conditions, initial oonditions, and exact 
solutions for some engineering problems 

Problem Type 

A beam: 

tY w 

~ ~ 
An elastic system: 

A fin: 

fD 
1 ~QIII 

~ 

Ac 

Governing Equation, 
Boundary Conditions, or 

Initial Conditions 

EI cf-y = wX(L - X) 

dX2 2 
Boundary oonditions: 

at X = 0, Y = 0 and 

atX = L , Y = 0 

d2y 
-+ w2y = 0 dt2 n 

k 
wherew2 =-

n m 
Initial conditions: 

at time t = 0, Y = Yo and 
dy 

at timet = 0, - = 0 
dt 

d2T lip 
dX2 - kAc(T - Too ) = 0 

Boundary oonditions: 

at X = 0, T = Tbase 
as L -> 00, T = T oo 

Solution 

Deflection of the beam Y as the 
function of distance X: 

The position of the mass y as the 
function of time: 
y(t) = Yo cos wJ 

Temperature distribution along 
the fin as the function of X: 

T = Too + (Truse - Too )e-v~X 
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provide information regarding the natural behavior of a given system. These parameters 
include material and geometric properties such as modulus of elasticity, thermal 
conductivity, viscosity, and area, and second moment of area. Table 1.2 summarizes the 
physical properties that define the natural characteristics of various problems. 

TAB LE 1.2 Physical properties characterizing vmious engineering systems 

o 
o 

Problem Type 

Solid Mechanics Examples 

Load 

1 

a truss 

E 

an elastic plate 

Load 

E,I 
abeam 

G,J 
a shart 

Load 

l 

HeOlt Transfer Examples 

_~'K~ 

heat f10Wjllll 
a wall 

Examples of Parameters That Characterize a System 

modulus of elasticity, E; cross-sectional area, A 

modulus of elasticity. E 

modulus of elasticity, E; second moment of area, I 

modulus of rigidity, G; polar moment of inertia of the 
area, ] 

thennal conductivity, K; thickness, L; Area, A 

contil/lled 
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TABLE 1.2 Conlilliled 

Problem Type 

K 

fins 

Fluid flow Exalllpies 

~hi~~ :~ 
pressure 

pipe nctworks 

k porolls medium 

a concrete dam 

low 
pressure 

Electrical "'HI J\I;lgne\islII Problellls 

elcctricalnctwork 

magnetic field of an electric motor 

Examples of Paramctcrs That Characterize a Syste m 

thermal conductivity, K; Cross-Sectional Arca, A 

viscosity, \J.: pipe roughness, e; pipe diameter, D 

soil permeability, k 

resistance , R 

permeability, IJ.. 
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TABLE 1.3 Parametcrs causing disturbanccs in various cnginccring systcms 

Problcm Typc 

Solid Mcchanics 

Heat Transfer 

Fluid Flow and Pipc Networks 

Electrical Network 

Examplcs of Paramcters that Produce Disturbances in a System 

extel'llal forces and momcnts; support cxcitation 

temperature difference; heat input 

prcssure differencc; ratc of flow 

voltagc difference 

5 

On the other hand, there are parameters that produce disturbances in a system. 
These types of parameters are summarized in Table 1.3. Examples of these parameters 
include external forces, moments, temperature difference across a medium, and pres­
sure difference in fluid flow. 

The system characteristics as shown in Table 1.2 dictate the natural behavior of a 
system, and they always appear in the homogenous part of the so/utioll of a governing 
differential equation. In contrast, the parameters that cause the disturbances appear 
in the particular solution. It is important to understand the role of these parameters in 
finite element modeling in terms of their respective appearances in stiffness or con­
ductance matrices and load or forcing matrices. The system characteristics will always 
show up in the stiffness matrix , conductance matrix, or resistance matrix , whereas the 
disturbance parameters will always appear in the load matrix. We will explain the con­
cepts of stiffness, conductance , and load matrices in Section 1.5. 

1.2 NUMERICAL METHODS 

1l1ere are many practical engineering problems for which we cannot obtain exact solu­
tions. This inability to obtain an exact solution may be attributed to either the complex 
nature of governing differential equations or the difficulties that arise from dealing with 
the boundary and initial conditions. To deal with such problems, we resort to numerical 
approximations. In contrast to analytical solutions, which show the exact behavior of a sys­
tem at any point within the system, numerical solutions approximate exact solutions only 
at discrete points, called nodes. The first step of any numerical procedure is discretization. 
1l1is process divides the medium of interest into a number of small subregions (elements) 
and nodes. There are two common classes of numerical methods: (1) finite difference 
methods and (2) finite element methods. With finite difference methods, the differential 
equation is written for each node, and the derivatives are replaced by d~fferel1ce equations. 
This approach results in a set of simultaneous linear equations. Although finite difference 
methods are easy to understand and employ in simple problems, they become difficult to 
apply to problems with complex geometries or complex boundary conditions. This 
situation is also true for problems with nonisotropic material properties. 

I n contrast, the finite element method uses integral formulations rather than dif­
ference equations to create a system of algebraic equations. Moreover, a continuous 
function is assumed to represent the approximate solution for each element. The com­
plete solution is then generated by connecting or assembling the individual solutions, 
allowing for continuity at the interelemental boundaries. 
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1.3 A BRIEF HISTORY* OF THE FINITE ELEMENT 
METHOD AND ANSYS 

The finite element method is a numerical procedure that can be applied to obtain so­
lutions to a variety of problems in engineering. Steady, transient, linear, or nonlinear 
problems in stress analysis, heat transfer, fluid flow, and electromagnetism problems 
may be analyzed with finite element methods. The origin of the modern finite element 
method may be traced back to the early 1900s when some investigators approximated 
and modeled elastic continua using discrete equivalent elastic bars. However, Courant 
(1943) has been credited with being the fu·st person to develop the finite element method. 
In a paper published in the early 1940s, Courant used piecewise polynomial interpola­
tion over triangular subregions to investigate torsion problems. 

The next significant step in the utilization of finite element methods was taken by 
Boeing in the 1950s when Boeing, followed by others, used triangular stress elements 
to model airplane wings. Yet, it was not until 1960 that Clough made the term finite eL­
ement popular. During the 1960s, investigators began to apply the finite element method 
to other areas of engineering, such as heat transfer and seepage flow problems. 
Zienkiewicz and Cheung (1967) wrote the first book entirely devoted to the finite ele­
ment method in 1967. In 1971, ANSYS was released for the first time. 

ANSYS is a comprehensive general-purpose finite element computer program 
that contains more than 100,000 lines of code. ANSYS is capable of performing static, 
dynamic, heat transfer, fluid flow, and electromagnetism analyses. ANSYS has been a 
leading FEA program for well over 30 years. The current version of ANSYS has a com­
pletely new look, with multiple windows incorporating a graphical user interface (G VI), 
pull-down menus, dialog boxes, and a tool bar. Today, you will find ANSYS in use in 
many engineering fields , including aerospace, automotive, electronics, and nuclear. In 
order to use ANSYS or any other "canned" FEA computer program intelligently, it is 
imperative that one first fully understands the underlying basic concepts and limitations 
of the finite element methods. 

ANSYS is a very powerful and impressive engineering tool that may be used to 
solve a variety of problems (see Table 1.4). However; a user without a basic under­
standing of the finite element methods will find himself or herself in the same predica­
ment as a computer technician with access to many impressive instruments and tools, but 
who cannot fix a computer because he or she does not understand the inner workings 
of a computer! 

1.4 BASIC STEPS IN THE FINITE ELEMENT METHOD 

The basic steps involved in any finite element analysis consist of the following: 

Preprocessing Phase 

1. Create and discretize the solution domain into finite elements; that is, subdivide 
the problem into nodes and elements. 

*See Cook et aJ. (1989) for more detail. 



TABLE 1.4 Examples of the capabilities of ANSYS' 

A V6 engine used in front-wheel-drive automobiles was 
analyzed using ANSYS heat transfer capabilities. The 
analyses were conducted by Analysis & Design Appl. 
Co. Ltd. (ADAPCO) on behalf of a major U.S. 
automobile manufacturer to improve product 
performance. Contollrs of thennal stress in the engine 
block are shown in the figure above. 

Electromagnetic capabilities of ANSYS, which include 
the use of both vector and sC<'1lar potentials interfaced 
through a specialized element, as well as a three­
dimensional graphics representation of far-field dec<'1Y 
through infinite boundary elements, are depicted in 
this analysis of a bath plate, shown in the figure above. 
Isocontours are used to depict the intensity of the 
H-field. 

'Pho tographs courtesy o f ANSYS. Inc. , Canonsburg, PA. 

Large deflection C<'1pabilities of ANSYS were utilized by 
engineers at Today's Kids, a toy manufacturer, to con finn 
failure locations on the company's play slide, shown in the 
figure above, when the slide is subjected to overload. This 
nonlinear analysis capability is required to detect these 
stresses because of the product's structural behavior. 

Structural Analysis Engineering Corporation used ANSYS 
to determine the natural frequency of a rotor in a disk­
brake assembly. In this analysis, 50 modes of vibration, 
which are considered to contribute to brake squeal, were 
found to exist in the light-truck brake rotor. 
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2. 

3. 
4. 

5. 

6. 

Introduction 

Assume a shape function to represent the physical behavior of an element; that is, 
a continuous function is assumed to represent the approximate behavior 
(solution) of an element. 

Develop equations for an element. 

Assemble the elements to present the entire problem. Constl1lct the global stiffness 
matrix. 

Apply boundary conditions, initial conditions, and loading. 

Solution Plmse 

Solve a set of linear or nonlinear algebraic equations simultaneously to obtain 
nodal results, such as displacement values at different nodes or temperature 
values at different nodes in a heat transfer problem. 

Postprocessing Phase 

7. Obtain other important information. At this point , you may be interested in 
values of principal stresses, heat fluxes , and so on. 

In general, there are several approaches to formulating finite element prob­
lems: (1) direcl formu/alion, (2) Ihe minimum lolal pOlenlial energy formulalion, and 
(3) weighted residual formu/alions. Again, it is important to note that the basic steps 
involved in any finite element analysis, regardless of how we generate the finite ele­
ment model , will be the same as those listed above. 

1.5 DIRECT FORMULATION 

The following problem illustrates the steps and the procedure involved in direct for­
mulation. 

EXAMPLE 1.1 

Consider a bar with a variable cross section supporting a load P, as shown in Figure 1.1. 
The bar is fixed at one end and carries the load P at the other end. Let us designate the 
width of the bar at the top by WI> at the bottom by 102, its thickness by I , and its length 
by L. The bar's modulus of elasticity will be denoted by I .. ;. We are interested in ap­
proximating how much the bar will deflect at various points along its length when it is 
subjected to the load P. 'Ve will neglect the we ight of the bar in the following analysis, 
assuming that the appJiedload is considerably larger than the weight of the bar: 

Preprocessing Phase 

1. Discrelize the so/tllion domain inlo finile elemenls. 
We begin by subdividing the problem into nodes and elements. In order to high­
light the basic steps in a finite ele ment analysis, we will keep this problem simple 
and thus represent it by a model that has five nodes and four elements, as shown 
in Figure 1.2. However, note that we can increase the accuracy of our results by gen­
erating a model with additional nodes and elements. This task is left as an exer­
cise for you to complete. (See Problem 1 at the end of this chapter.) The given bar 
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-, 
[ 

p FIGURE 1.1 A bar under axial loading. 

is modeled using four individual segments (elements), with each segment having 
a uniform cross section. The cross-sectional area of each element is represented by 
an average area of the cross sections at the nodes thnt make up (define) the 
element. This model is shown in Figure 1.2. 

2. Assllme a sollltion that approximates the behavior of an element. 
In order to study the behavior of a typical element, let's consider the deflection of 
a solid member with a uniform cross section A that has a length e when subjected 
to a force F, as shown in Figure 1.3. 

The average stress a in the member is given by 

F 
a=-

A 
(1.1) 

The average normal strain e of the member is defined as the change in length 
Lle per unit original length e of the member: 

p 

Lle e=e 

p 

FIGURE 1.2 Subdividing the bar into elements and nodes. 

p 

element 1 

2 
clement 2 

3 
clement 3 

4 
element 4 

5 

(1.2) 
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, , , -r----------r , , , , 
c----r---' 

F 

Introduction 

T 
e 

~ 
kcquivalcnt 

F 
FIGURE 1.3 A solid member of uniform 
cross section subjected to a force F. 

Over the elastic region , the stress and strain are related by Hooke's law, 
according to the equation 

(]' = Ee (1.3) 

where E is the modulus of elasticity of the material. Combining Eqs. (1.1) , (1.2), 
and (1.3) and simplifying, we have 

F = (AeE)~ e (1.4) 

Note that Eq. (1.4) is similar to the equation for a linear spring, F = kx. 
Therefore, a centrally loaded member of uniform cross section may be modeled 
as a spring with an equivalent stiffness of 

AE 
k eq = - e- (1.5) 

Turning our attention to Example 1.1, we note once again that the bar's cross 
section varies in the y-direction. As a first approximation, we model the bar as a 
series of centrally loaded members with different cross sections, as shown in 
Figure 1.2. Thus, the bar is represented by a model consisting of four elastic springs 
(elements) in series, and the elastic behavior of an element with nodes i and i + 1 
is modeled by an equivalent linear spring according to the equation 

where the equivalent element stiffness is given by 

(A j + 1 + Aj)E 
k eq = 2e (1.7) 

Aj and A i + 1 are the cross-sectional areas of the member at nodes i and i + 1 
respectively, and e is the length of the element. Employing the above model , let 
us consider the forces acting on each node. The free-body diagram of nodes , 
which shows the forces acting on nodes 1 through 5 of this model , is depicted in 
Figure 1.4. 
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Static equilibrium requires that the sum of the forces acting on each node be 
zero. This requirement creates the following five equations: 

node 1: RI - k l (U2 - Ill) = 0 

node 2: k l (1l2 - Ill) - k 2(U3 - (2) = 0 

node 3: k 2(U3 - 112) - k 3(U4 - ll3) = 0 

node 4: k 3(1l4 - 11 3) - k 4(IlS - 114) = 0 

node 5: k4(IlS - 114) - P = 0 

(1.8) 

Rearranging the equilibrium equations given by Eq. (1.8) by separating the 
reaction force RI and the applied external force P from the internal forces , we 
have 

klul -k11l2 

-klil l +k11l2 

= -RI 

+k2112 -k2113 =0 
-k21l2 +k21l3 +k3113 -k3114 =0 (1.9) 

node 1: 

node 2: 

node 3: 

node 4: 

node 5: 

-kit3 +k3114 +k41l4 -k41lS =0 

f 
RI 

k l (1I2 -III) 

f 
kl(1I2 -III) 

k-;.(U3 -112) 

f 
k ,.<113 - liZ) 

k:(114 -113) 

f 
k:(114 -113) 

kius-1I4) 

f 
klus-1I4) 

p 

-k4ll4 +k4US =p 

FIGURE 1.4 Free body diagram of the 
nodes in Example 1.1. 
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Presenting the equilibrium equations of Eq. (1.9) in a matrix form, we have 

k, -k, 0 0 0 Il, -R, 
-k, k, + k2 -k2 0 0 112 0 

0 -k2 k2 + k3 -k3 0 113 = 0 (1 .10) 
0 0 -k3 k3 + k4 -k4 114 0 
0 0 0 -k4 k4 IlS P 

It is also important to distinguish between the reaction forces and the ap­
plied loads in the load matrLx. Therefore, the matrix relation of Eq. (1.10) can be 
written as 

-R, k, -k, 0 0 0 u, 0 
0 -k, k, + k2 -k2 0 0 Li2 0 
0 = 0 -k2 k2 + k3 -k3 0 U3 0 (1.11) 
0 0 0 -k3 k3 + k4 -k4 Li4 0 
0 0 0 0 -k4 k4 Us P 

We can readily show that under additional nodal loads and other fixed bound­
ary conditions, the relationship given by Eq. (1.11) can be put into the general 
form 

{R} = [K]{u} - {F} (1.12) 

which stands for 

{rcaction matrix} = [stiffness matrix] I displacemcnt matrix} - {load matrix} 

Note the difference between applied load matrix {F} and the reaction force 
matrix {R}. 

Tmning our attention to Example 1.1 again, we find that because the bar is 
fLxed at the top, the displacement of node 1 is zero. Hence, there are only four un­
known nodal displacement values, U2, 1l3, Li4, and Us. The reaction force at node 1, 
R" is also unknown-all together, there are five unknowns. Because there are five 
equilibrium equations, as given by Eq. (1.11) , we should be able to solve for all of 
the unknowns. However, it is important to note that even though the number of 
unknowns match the number of equations, the system of equations contains two 
different types of unknowns-displacement and reaction force. In order to elim­
inate the need to consider the unknown reaction force simultaneously and focus 
first on unknown displacements, we make use of the known boundary condition 
and replace the first row of Eq. (1.10) with a row that reads til = O. The applica­
tion of the boundary condition Il, = 0 eliminates the need to consider the un­
known reaction force in om system of equations and creates a set of equations 
with the displacements being the only unknowns. Thus, application of the boundary 
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condition leads to the following matrLx equation: 

1 0 0 0 0 u l 0 

-k l kl + k2 -k2 0 0 l'-2 0 
0 -k2 k2 + k3 -k3 0 U3 = 0 (1.13) 
0 0 -k3 k3 + k4 -k4 114 0 
0 0 0 -k4 k4 Us P 

The solution of the above matrix yields the nodal displacement values. It should 
be clear from the above explanation and examining Eq. (1.13) that for solid 
mechanics problems, the application of boundary conditions to the finite element 
formulations transforms the system of equations as given by Eq. (1.11) to a new 
general form that is made up of only the stiffness matrix, the displacement matrix, 
and the load matrix: 

[stifl"ncss matrix] { displaccmcnt matrix} = {load matrix} 

After we solve for the nodal displacement values, from the above relationship, 
we use Eq. (1.12) to solve for the reaction force(s). In the next section, we will 
develop the general elemental stiffness matrix and discuss the construction of the 
global stiffness matrix by inspection. 

3. Develop equations for all element. 
Because each of the elements in Example 1.1 has two nodes, and with each node 
we have associated a displacement, we need to create two equations for each 
element. These equations must involve nodal displacements and the element's 
stiffness. Consider the internally transmitted forces I; and Ii+ I and the end 
displacements ll; and 1l;+1 of an element, which are shown in Figure 1.5. 

Static equilibrium conditions require that the sum of I; and 1;+1 be zero. 
Note that the sum of I; and 1;+1 is zero regardless of which representation of 
Figure 1.5 is selected. However, for the sake of consistency in the forthcoming 
derivation, we will use the representation given by Figure 1.5(b) , so that I; and 
1;+1 are given in the positive y-direction. TIlUS, we write the transmitted forces at 

/; = keq(II;+t -II;) l/;= keq(lI; -lIi+t) 

lIit 
node i 

lIit 
node i 

J OR 

lIi+0 

node i + 1 
11;+0 

nodei+l 

/;+t = kcq(lIi+t -II;) /;+t = kcq(II;+t -II;) 

(a) (b) 

FIGURE 1.5 Internally transmitted forces through an arbitrary element. 
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nodes i and i + 1 according to the following equations: 

/; = kcq(Ui - lli+l) 

/;+1 = kcq(Ui+1 - lli) 

Equation (1.14) can be expressed in a matrix form by 

{ Ii} _ [kcq -kcq]{ lli } 
li+1 -kcq kcq lli+1 

4. Assemble the elements to present the entire problem. 

(1.14) 

(1.15) 

Applying the elemental description given by Eg. (1.15) to all elements and 
assembling them (putting them together) will lead to the formation of the global 
stiffness matrix. The stiffness matrix for element (1) is given by 

[K](I) = [ kl -kl] 
-kl kl 

and its position in the global stiffness matrix is given by 

k, -kl 0 0 0 "I 

-kl kl 0 0 0 112 
[K](IG) = 0 0 0 0 0 113 

o 0 0 0 0 114 

o 0 0 0 0 115 

The nodal displacement matrix is shown alongside the position of element 
1 in the global stiffness matrix to aid us to observe the contribution of a node to 
its neighboring elements. Similarly, for elements (2), (3), and (4), we have 

[K](2) = [k2 -k2] 
-k2 k2 

and its position in the global matrix 

0 0 0 0 0 III 

0 k2 -k2 0 0 112 
[K](2G) = 0 -k2 k2 0 0 113 

0 0 0 0 0 114 
0 0 0 0 0 115 

[K](3) = [ k; 
-k3 

-k3] 
k3 

and its position in the global matrix 

0 0 0 0 0 lil 
0 0 0 0 0 li2 

[K](3G) = 0 0 k3 -k3 0 li3 
0 0 -k3 k3 0 li4 
0 0 0 0 0 U5 
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and 

[K](4) = [ k4 
-k4 

-k4] 
k4 

and its position in the global matrix 

0 0 0 0 0 III 
0 0 0 0 0 U2 

[K](4G) = 0 0 0 0 0 tt3 
0 0 0 k4 -k4 114 
0 0 0 -k4 k4 tt5 

The final global stiffness matrix is obtained by assembling, or adding together, 
each element's position in the global stiffness matrix: 

[K](G) = [K](IG) + [K](2G) + [K](3G) + [K](4G) 

kl -kl 0 0 0 

-kl kl + k2 -k2 0 0 
[K](G) = 0 -k2 k2 + k 3 -k3 0 (1.16) 

0 0 -k3 k3 + k4 -k4 

0 0 0 -k4 k4 

Note that the global stiffness matrix obtained using elemental description, as given 
by Eq. (1.16), is identical to the global stiffness matrix we obtained earlier from the 
analysis of the free-body diagrams of the nodes, as given by the left-hand side of 
Eq. (1.10). 

5. Apply bOllndary conditions and loads. 
The bar is fixed at the top , which leads to the boundary condition ttl = O. The 
external load P is applied at node 5. Applying these conditions results in the fol­
lowing set of linear equations. 

1 0 0 0 0 ttl 0 
-kl kl + k2 -k2 0 0 tt2 0 
0 -k2 k2 + k3 -k3 0 tt3 0 (1.17) 
0 0 -k3 k 3 + k4 -k4 tt4 0 

0 0 0 -k4 k4 tt5 P 

Again, note that the first row of the matrix in Eq. (1.17) must contain al followed 
by four Os to read ttl = 0, the given boundary condition. As explained earlier, also 
note that in solid mechanics problems, the finite element formulation will always 
lead to the following general form: 

[stiffness matrix] {displacement matrix} = {load matrix} 
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Solution Phase 

6. Solve a system of algebraic equations simultaneolls/y. 
In order to obtain numerical values of the nodal displacements, let us assume that 
E = 10.4 X 106 1b/in2 (aluminum), WI = 2 in, W2 = 1 in, t = 0.125 in, L = 10 in, 
and P = 1000 lb. You may consult Table 1.5 while working toward the solution. 

TABLE 1.5 Properties of the elements in Example 1.1 

Average Modulus of Element's Stiffness 
Cross-Sectional Elasticity Coefficient 

Element Nodes Area (in2) Length (in) ( Ib/in2) (lb/in) 

1 1 2 0.234375 2.5 10.4 X 106 975 X 10J 
2 2 3 0.203125 2.5 10.4 X 106 845 X 103 

3 3 4 0.171875 2.5 10.4 X 106 715 X 10J 
4 4 5 0.140625 2.5 10.4 X 106 585 X loJ 

The variation of the cross-sectional area of the bar in the y-direction can be 
expressed by: 

A(y) = ( WI + (W2 ~ WI)y} = (2 + (1 ~ 2) y)<0.125) = 0.25 - 0.0125y (1.18) 

Using Eq. (1.18), we can compute the cross-sectional areas at each node: 

Al = 0.25 in2 A2 = 0.25 - 0.0125(2.5) = 0.21875 in2 

A3 = 0.25 - 0.0125(5.0) = 0.1875 in2 A4 = 0.25 - 0.0125(7.5) = 0.15625 in2 

As = 0.125 in2 

Next, the equivalent stiffness coefficient for each element is computed from the 
equations 

(A j+1 + Aj)E 
keq = 2C 

(0.21875 + 0.25)(10.4 X 106) . 3 1b 
k\ = 2(2.5) = 975 X 10 in 

_ (0.1875 + 0.21875)(10.4 X 106) _ X 31b 
k2 - 2(2.5) - 845 10 in 

_ (0.15625 + 0.1875)(10.4 X 106) _ 3 1b 
k3 - 2(2.5) - 715 X 10 in 

(0.125 + 0.15625)(10.4 X 106) ,lb 
k4 = = 585 X l(}'-

2(2.5) in 
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and the elemental matrices are 

-k1] = 103[ 975 
kl -975 

-kZ] = 103[ 845 
k2 -845 

-k3] = 103[ 715 
k3 -715 

-k4 ] = 103[ 585 
k4 -585 

-975] 
975 

-845] 
845 

-715] 
715 

-585] 
585 

Assembling the elemental matrices leads to the generation of the global stiffness 
matrix: 

975 -975 0 0 0 
-975 975 + 845 -845 0 0 

[K](G) = loJ 0 -845 845 + 715 -715 0 
0 0 -715 715 + 585 -585 
0 0 0 -585 585 

Applying the boundary condition ttl = 0 and the load P = 1000 Ib, we get 

1 0 0 0 0 III 0 
-975 1820 -845 0 0 112 0 

103 0 -845 1560 -715 0 113 0 
0 0 -715 1300 -585 114 0 
0 0 0 -585 585 IlS lQ3 

Because in the second row, the -975 coefficient gets multiplied by Itl = 0, we need 
only to solve the following 4 X 4 matrix: 

[

1820 

03 -845 
1 0 

o 

-845 
1560 
-715 
o 

o 
-715 
1300 
-585 

o ] {1l2} {O} o 113 _ 0 
-585 114 - 0 

585 IlS 103 

The displacement solution is ttl = 0, tl2 = 0.001026 in , 113 = 0.002210 in, 
ll4 = 0.003608 in , and lls = 0.005317 in. 

Postprocessing Phase 

7. Obtain other information. 
For Example 1.1 , we may be interested in obtaining other information, such as 
the average normal stresses in each element. These values can be determined 
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from the equation 

(1.19) 

Since the displacements of different nodes are known, Eq. (1.19) could have been 
obtained directly from the relationship between the stresses and strains, 

a = Ee = E( Ilj+ I e- llj) (1.20) 

Employing Eq. (1.20) in Example 1.1, we compute the average normal stress for 
each element as 

( I) (1l2 - Ill) (10.4 X 106)(0.001026 - 0) Ib 
a = E = = 4268-e 2.5 in2 

a = E = = 4925-(2) (1l3 - 1l2) (10.4 >< 106)(0.002210 - 0.001026) Ib 

e 2.5 in2 

(3) _ (1l4 - 1l3) _ (10.4 X 106)(0.003608 - 0.002210) _ ~ 
a - E e - 2.5 - 5816 in2 

(4) _ (1l5 - 1l4) _ (10.4 X 106)(0.005317 - 0.003608) _ . ~ 
a - E e - 2 5 - 7109 . 2 

. In 

In Figure 1.6, we note that for the given problem, regardless of where we cut a 
section through the bar, the internal force at the section is equal to 1000 lb. So, 

a(1) f 
Aavg 

1000 Ib 
0.234375 = 4267 in2 

a(2) f 1000 Ib 
=--= 

0.203125 = 4923 in2 A avg 

-1 f=P 

f=P 

L 

j 
P=1000lb P P 

FIGURE 1.6 The internal forces in Example 1.1. 
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(1(3) f 1000 Ib 
= = 0.171875 = 5818 in2 A avg 

(1(4) f 1000 Ib 
= = 0.140625 = 7111 in2 A avg 

Ignoring the errors we get from rounding off our answers , we find that these results 
are ident ical to the element stresses computed from the displacement infonna­
tion. This comparison tells us that our displacement calculations are good for this 
problem. 

Reaction Forces For Example 1.1, the reaction force may be computed in a num­
ber of ways. First , referring to Figure 1.4, we note that the statics equilibrium at 
node 1 requires 

RI = k l (U2 - Ill) = 975 x 103(0.001026 - 0) = 1000lb 

The statics equilibrium for the entire bar also requires that 

RI = P = 1000lb 

As you may recall, we can also compute the reaction forces from the general 
reaction equation 

{R} = [K]{u} - {F} 

or 

{rCllctiolllllatrix} = [stiffness Illlltrix] { disphlccmcllt matrix} - {load Ilultrix} 

Because Example 1.1 is a simple problem, we do not actually need to go through 
the matrix operations in the aforementioned general equation to compute the 
reaction forces. However, as a demonstration, the procedure is shown here. From 
the general equation, we get 

RI 975 -975 0 0 0 0 0 

R2 -975 1820 -845 0 0 0.001026 0 

R3 = 103 0 -845 1560 -715 0 0.002210 0 

R4 0 0 -715 1300 -585 0.003608 0 

Rs 0 0 0 -585 585 0.005317 103 

where Rl> R2, R3, R4, and Rs represent the reactions forces at nodes 1 through 5 
respectively. Performing the matrix operation, we have 

Rt -1000 

Rz 0 

R3 = 0 

R4 0 

Rs 0 
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The negative value of Rl simply means that the direction of the reaction force is 
up (because we assumed that the positive y-direction points down). Of course, as 
expected, the outcome is the same as in our earlier calculations because the rows 
of the above matrix represent the static equilibrium conditions at each node. \Vhen 
solving for reaction forces, note that you must use the complete stiffness matTix­
without the influence of boundary conditions-in Equation (1.12). Next, we will 
consider finite element formulation of a heat transfer problem. 

EXAMPLE 1.2 

A typical exterior frame wall (made up of2 X 4 studs) of a house contains the materi­
als shown in the table below. Let us assume an inside room temperature of 70°F and an 
outside air temperature of 20°F, with an exposed area of 150 ft2. We are interested in 
determining the temperature distribution through the wall. 

Resistance U·factor 
Items hr· ft2 • °FIBtu Btu/hr' ft2 • of 

1. Outside film resistance (winter, 0.17 5.S8 
IS-mph wind) 

2. Siding, wood (112 X Slapped) O.SI 1.23 

3. Sheathing (112 in regular) 1.32 0.76 

4. Insulation batt (3 - 3V, in) 11.0 0.091 

5. Gypsum wall board (112 in) 0.45 2.22 

6. Inside film resistance (winter) 0.68 1.47 2 

Preprocessing Phase 

1. Discretize Ihe sO/lilian domain into finite elements. 
We will represent this problem by a model that has seven nodes and six elements, 
as shown in Figure 1.7. 

2. Assume a solurion that approximates the behavior of an element. 
For Example 1.2, there are two modes of heat transfer (conduction and convec­
tion) that we must first understand before we can proceed with formulating the 
conductance matrix and the thermal load matrix. The steady-state thermal behavior 

FIGURE 1.7 Finite element model of Example 1.2. 
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of the elements (2) , (3) , (4), and (5) may be modeled using Fourier's law. When 
there exists a temperature gradient in a medium, conduction heat transfer occurs, 
as shown in Figure 1.8. The energy is transported from the high-temperature region 
to the low-temperature region by molecular activities. The heat transfer rate is 
given by Fourier's law: 

oT 
qx = -kA­

aX (1.21) 

qx is the X-component of the heat transfer rate , k is the thermal conductivity of 

the medium, A is the area normal to heat flow, and :~ is the temperature gra­

dient. TIle minus sign in Eq. (1.21) is due to the fact that heat flows in the direc­
tion of decreasing temperature. Equation (1.21) can be written in a difference 
form in terms of the spacing between the nodes (length of the element) e and the 
respective temperatures of the nodes i and i + 1, Ti and Ti+l> according to the 
equation 

kA(Ti+1 - T i ) 
q= e (1.22) 

In the field of heat transfer, it is also common to write Eg. (1.22) in terms of 
the thermal transmittance coefficient V, or, as it is often called, the V-factor 
(V = ~).TIle V-factor represents thermal transmission through a unit area and has 
the units of Btu/hr· ft2• OF. It is the reciprocal of thermal resistance. So, 

q = V A(Ti+1 - T i ) (1.23) 

The steady-state thermal behavior of elements (1) and (6) may be modeled 
using Newton 's law of cooling. Convection heat transfer occurs when a fluid in 
motion comes into contact with a surface whose temperature differs from the 
moving fluid. The overall heat transfer rate between the fluid and the surface is 

I---c---I 

k 

---;--qx 

FIGURE 1.8 Heat transfer in a mediulll 
by conduction. 
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governed by Newton 's law of cooling, according to the equation 

q = hA(7; - T,) (1.24) 

where II is the heat transfer coefficient, 7; is the surface temperature, and r, 
represents the temperature of the moving fluid. Newton's law of cooling can also 
be written in terms of the V-factor, such that 

q = VA(7; - T,) (1.25) 

where V = h, and it represents the reciprocal of thermal resistance due to con­
vection boundary conditions. Under steady-state conduction, the application of 
energy balance to a surface, with a convective heat transfer, requires that the 
energy transferred to this surface via conduction must be equal to the energy trans­
fer by convection. This principle, 

aT 
-kA aX = hA[Ts - Ttl (1.26) 

is depicted in Figure 1.9. 
Now that we understand the two modes of heat transfer involved in this 

problem, we can apply the energy balance to the various surfaces of the wall , start­
ing with the wall 's exterior surface located at node 2. The heat loss through the wall 
due to conduction must equal the heat loss to the surrounding cold air by con­
vection. That is, 

The application of energy balance to surfaces located at nodes 3, 4, and 5 yields 
the equations 

V3A (14 - 13) = V2A(13 - Tz) 

V4A(75 - 74) = V3A (74 - 13) 

VsA(16 - 15) = V4A(15 - 14) 

For the interior surface of the wall, located at node 6, the heat loss by convection 
of warm air is equal to the heat transfer by conduction through the gypsum board, 

f/conveclion = hA [Ts- Ttl 

t t t 

I---e---I 

FIGURE 1.9 Energy balance at a surface 
with a convective heat transfer. 
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according to the equation 

V6A (17 - 16) = VsA(16 - 15) 

Separating the known temperatures from the unknown temperatures, we have 

+(U1 + Uz)ATz -UzAT3 

-UzATz +(Uz + U3)AT3 -U3AT4 
-U3AT3 +(U3 - U4)AT4 -U4AT5 

-U4AT4 +(U4 + U5)AT5 -U5AT6 

-U5AT5 +(U5 + U6 )AT6 

The above relationships can be represented in matrix form as 

VI + V2 -V2 0 0 0 T2 VIATI 
-V2 V2 + V3 -V3 0 0 T3 0 

0 -V3 V3 + V4 -U4 0 T4 = 0 (1.27) 

0 0 -V4 V4 + Vs -Vs Ts 0 

0 0 0 -Us Vs + V6 T6 V6AT7 

Note that the relationship given by Eq. (1.27) was developed by applying the con­
servation of energy to the surfaces located at nodes 2, 3, 4, 5, and 6. Next , we will 
consider the elemental formulation of this problem, which will lead to the same 
results. 

3. Develop equations for a/1 element. 
In general, for conduction problems, the heat transfer rates qi and qit I and 
the nodal temperatures 11 and 11+ 1 for an element are related according to the 
equations 

kA 
qi = T(1I - 1Itl) 

kA 
qitl = T(1Itl - 11) (1.28) 

The heat flow through nodes i and i + 1 is depicted in Figure 1.10. 
Because each of the elements in Example 1.2 has two nodes, and we have 

associated a temperature with each node, we want to create two equations for each 
element. These equations must involve nodal temperatures and the element's ther­
mal conductivity or V-factor, based on Fourier's law. Under steady-state conditions, 
the application of the conservation of energy requires that the sum of qi and qit I into 
an element be zero; that is, the energy flowing into node i + 1 must be equal to the 
energy nowing out of node i. Note that the sum of qi and qitl is zero regardless of 
which representation of Figure 1.10 is selected. However, for the sake of consistency 
in the f0l1hcoming derivation, we will use the representation given by Figure 1.10(b). 
Elemental description given by Eq. (1.28) can be expressed in matrix form by 

{ qi} kA[ 1 
qitl = T -1 

-lJ { To } 
1 Ti~l (1.29) 
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l_oC- e-_~1 1_01 -e-_~I 

k 

kA 
qi = T (Ti+l - Ti) 

Ti 

FIGURE 1.10 Heat flow through nodes i and i + 1. 

The thermal conductance matrix for an element is 

[K](e) = k:[ ~1 ~1] (1.30) 

The conductance matrix can also be written in terms of the V-factor ( V = ~ )= 

[K](e) = UA[ ~1 ~1] (1.31) 

Similarly, under steady-state conditions, the application of the conservation of 
energy to the nodes of a convective element gives 

qi = hA(1'; - 1';+1) 

qi+1 = hA(1';+1 - 1';) 

Equation (1.32) expressed in a matrix form is 

{q~~J=hA[~1 ~1]{;~J 
The thermal conductance matrix for a convective element then becomes 

[K](e) = hA[ ~1 ~1] 
Equation (1.33) can also be written in terms of the V-factor (U = h): 

(1.32) 

(1.33) 

(1.34) 
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4. Assemble the elements to present the entire problem. 
Applying the elemental description given by Eqs. (1.31) and (1.34) to all of the 
elements in Example 1.2 and assembling leads to the formation of the global 
stiffness matrix. So, 

[K](1) = A[ V, 
-V, -v'J V, 

and its position in the global matrix is 

V, -V, 0 0 0 0 0 T, 
-V, V, 0 0 0 0 0 T2 

0 0 0 0 0 0 0 T3 
[K](1G) = A 0 0 0 0 0 0 0 T4 

0 0 0 0 0 0 0 Ts 
0 0 0 0 0 0 0 T6 
0 0 0 0 0 0 0 T7 

The nodal temperature matrix is shown along with the global thermal conductance 
matrix to help you observe the contribution of a node to its neighboring elements: 

0 0 0 0 0 0 0 T, 
0 V2 -V2 0 0 0 0 T2 

[K](2) = A[ V2 -UJ 0 -V2 V2 0 0 0 0 T3 
2 and [K](2G) = A 0 0 0 0 0 0 0 T4 -Uz V2 0 0 0 0 0 0 0 Ts 

0 0 0 0 0 0 0 T6 
0 0 0 0 0 0 0 T7 

0 0 0 0 0 0 0 T, 
0 0 0 0 0 0 0 T2 

[K](3) = A[ V3 -V3J and [K](3G) = A 
0 0 V3 -V3 0 0 0 T3 
0 0 -V3 V3 0 0 0 T4 

-V3 V3 
0 0 0 0 0 0 0 Ts 
0 0 0 0 0 0 0 T6 
0 0 0 0 0 0 0 T7 

0 0 0 0 0 0 0 T, 
0 0 0 0 0 0 0 T2 

[K](4) = A[ V4 -V4J and [K](4G) = A 
0 0 0 0 0 0 0 T3 
0 0 0 V4 -V4 0 0 T4 -[h [h 
0 0 0 -V4 V4 0 0 Ts 
0 0 0 0 0 0 0 T6 
0 0 0 0 0 0 0 T7 
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0 0 0 0 0 0 0 TI 
0 0 0 0 0 0 0 T2 

[K](S) = A[ Vs -u.] 0 0 0 0 0 0 0 T3 
sand [K](5G) = A 0 0 0 0 0 0 0 T4 

-Vs Vs 
0 0 0 0 Vs -Vs 0 Ts 
0 0 0 0 -Us Vs 0 T6 
0 0 0 0 0 0 0 T7 

0 0 0 0 0 0 0 TI 
0 0 0 0 0 0 0 T2 

[K](6) = A[ Lt -Lt] and [K](fG) = A 
0 0 0 0 0 0 0 T3 
0 0 0 0 0 0 0 T4 

-~ V6 
0 0 0 0 0 0 0 Ts 
0 0 0 0 0 V6 -V6 T6 
0 0 0 0 0 -V6 V6 T7 

The global conductance matrix is 

[K](G) = [K](1G) + [K](2G) _ [K](3G) + [K](4G) + [K](5G) + [K](6G) 

VI -VI 0 0 0 0 0 

-VI VI + V2 -V2 0 0 0 0 

0 -V2 V2 + V3 -V3 0 0 0 
[K]<G) = A 0 0 -V3 V3 + V4 -V4 0 0 (1.35) 

0 0 0 -V4 V4 + Vs -Vs 0 

0 0 0 0 -Vs Vs + V6 -V6 
0 0 0 0 0 -~ V6 

5. Apply boundary conditions and thermal loads. 
For the given problem, the exterior of the wall is exposed to a known air temper-
ature Tb and the room temperature, T7, is also known. Thus, we want the first 
row to read TI = 20°F and the last row to read T7 = 70°F. So, we have 

YA 0 0 0 0 0 0 TI 20°F 
-UI UI + U2 -U2 0 0 0 0 T2 0 

0 -U2 U2 + U3 -U3 0 0 0 T3 0 

A 0 0 -U3 U3 + U4 -U4 0 0 T4 0 (1.36) 
0 0 0 -U4 U4 + Us -Us 0 Ts 0 

0 0 0 0 -Us Us + U6 -U6 T6 0 

0 0 0 0 0 0 ItA T7 70°F 
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Note that the finite element formulation of heat transfer problems will always lead 
to an equation of the form 

[K]{T} = {(I} 

[ conductance matrix] {temperature matrix} = {heat flow matrix} 

Also note that for Example 1.2, the heat transfer rate through each element was 
caused by temperature differences across the nodes of a given element. Thus, the 
external nodal heat flow values are zero in the heat flow matrix. An example of a 
situation in which extemal nodal heat values are not zero is a heating strip attached 
to a solid surface (e.g. , the base of a pressing iron); for such a situation , the exter­
nal nodal heat value is equal to the amount of heat being generated by the heat­
ing strip over the surface. Turning our attention to the matrices given by Eq. (1.36) 
and incorporating the known boundary conditions into rows 2 and 6 of the 
conductance matrL'I(, we can reduce Eq. (1.36) to 

UI + U2 -U2 0 0 0 T2 UIATI 
-U2 U2 + U3 -U3 0 0 T3 0 

A 0 -U3 U3 + U4 -U4 0 T4 0 

0 0 -U4 U4 + U5 -U5 T5 0 

0 0 0 -Us Us + U6 T6 U6AT7 

Keep in mind that the above matrix was obtained by assembling the elemental 
description and applying the boundary conditions. Moreover, the results of this 
approach are identical to the relations we obtained earlier by balancing the heat 
flows at the nodes, as given by Eq. (1.27). This equality in the outcome is expected 
because the elemental formulations are based on the application of energy balance 
as well. 

Referring to the original global matrix, substituting for the U-values and 
employing the given boundary conditions, we have 

0 0 0 0 0 0 
T. 20°F 

-5.885.88 + 1.23 -1.23 0 0 0 0 T2 0 
0 -1.23 1.23 + 0.76 -0.76 0 0 0 T3 0 
0 0 -0.76 0.76 + 0.091 -0.091 0 0 T4 0 
0 0 0 -0.091 0.091 + 2.22 -2.22 0 Ts 0 
0 0 0 0 -2.22 2.22 + 1.47 -1.47 T6 0 

1 T7 70°F 
0 0 0 0 0 0 -

150 
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Simplifying, we obtain 

7.11 -1.23 0 0 0 T2 (5.88) (20) 
-1.23 1.99 -0.76 0 0 T3 0 

0 -0.76 0.851 -0.091 0 T4 = 0 

0 0 -0.091 2.311 -2.22 Ts 0 
0 0 0 -2.22 3.69 T6 (1.47) (70) 

Solution Phase 

6. Solve a system of algebraic equations simultaneollsly. 
Solving the previous matrix yields the temperature distribution along the wall: 

T, 20.00 

T2 20.59 

T3 23.41 

T4 = 27.97 °C 

Ts 66.08 

T6 67.64 

T7 70.00 

Por problems similar to the type discussed here, the knowledge of temperature 
distribution within the wall is important in determining where condensation may 
occur in the wall and thus where one should place a vapor barrier to avoid mois­
ture condensation. To demonstrate this concept, let us assume that moisture 
can diffuse through the gypsum board and that the inside air has a relative hu­
midity of 40%. With the help of a psychometric chart , using a dry bulb tempera­
ture of 700 P and the value <t> = 40% , we identify the condensation temperature 
to be 44°P. Therefore, the water vapor in the air at any surface whose temperature 
is 44°P or below will condense. In the absence of a vapor barrier, the water vapor 
in the air will condense somewhere between surface 5 and 4 for the assumed con­
ditions in this problem. 

Postprocessing Phase 

7. Obtain other information. 
For this example, we may be interested in obtaining other information, such as 
heat loss through the wall. Such information is important in computing the heat 
load for a building. Because we have assumed steady-state conditions, the heat 
loss through the wall should be equal to the heat transfer through each element. 
This value can be determined from the equation 

q = U A(T;+1 - T;) (1.37) 
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The heat transfer through each element is 

q = U A(T;+1 - T;) = (1.47)(150)(70 - 67.64) = (2.22)(150)(67.64 - 66.08) = 

= (5.88) (150) (20.59 - 20) = 520 Btu 
hr 

We also could have calculated the heat loss through the wall using the overall 
V-factor in the following manner: 

1 
q = VovcraUA(1insidc - Toutsidc) = L Resistance A (1insidc - Toutside) 

= (0.0693)(150)(70 - 20) = 520 B
l
tu 
lr 

This problem is just another example of how we can generate finite element models 
using the direct method. 

A Torsional Problem: Direct Formulation 

EXAMPLE 1.3 

Consider the torsion of a circular shaft, shown in Figure 1.11. Recall from your previous 
study of the mechanics of materials that the angle of twist e for a shaft with a constant 
cross-sectional area with a polar moment of inertia J and length e, made of homogenous 
material with a shear modulus of elasticity G, subject to a torque T is given by 

Te e=­
JG 

Using direct formulation , equilibrium conditions, and 

e = Te 
JG 

we can show that for an element comprising two nodes, the stiffness matrix, the angle 
of twists, and the torques are related according to the equation 

J7[ ~1 ~1 ] {::} = {~~} (1.38) 

FIGURE 1.11 A torsion of circular shaft. 
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We will discuss torsional problems in much more detail in Chapter 10. For now, let 
us consider a shaft that is made of two parts, as shown in Figure 1.12. Part AB is made 
of material with a shear modulus of elasticity of GAB = 3.9 X 106 1b/in2 and has a 
diameter of 1.5 in. Segment BC is made of slightly different material with a shear mod­
ulus of elasticity of G BC = 4.0 X 106 Ib/in2 and with a diameter of 1 in. The shaft is fixed 
at both ends. A torque of 200 lb· ft is applied at D. Using three elements, let us deter­
mine the angle of twist at D and B, and the torsional reactions at the boundaries. 

We will represent this problem by a model that has four nodes at A , B, C, and D, 
respectively, and three elements (AD , DB, BC). 

The polar moment of inertia for each element is given by 

II = 12 = ~ 11-r4 = ~ 11"( 1~5 in) 
4 

= 0.497 in4 

I. = .:!. 1I"r4 = .:!. 11"(~ in)4 = 0.0982 in4 
~ 2 2 2 

The stiffness matrix for each element is computed from Eq. (1.38) as 

So, for element (1) , the stiffness matrix is 

K (1) = (0.497 in4) (3.9 X 106 Ib/in2) [ 1 
[ ] (12 X 2.5) in -1 

-1] = [ 64610 
1 -64610 

and its position in the global stiffness matrix is 

[ 

64610 

[K],·e) = -6r10 

-64610 

64610 
o 
o 

1.5 in T= 200 lb· ft 

o 
o 
o 
o 

-64610] . 
64610 lb· III 

(f )B It en 
2.5 ft --__ 1 __ 1 ft_I~C--2f'~ 

FIGURE 1.12 A schematic of the shaft in Example 1.3. 
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Similarly, for elements (2) and (3), their respective stiffness matrices and positions in the 
global stiffness matrix are as follows: 

(2) _ (3.9 X 106Ib/in2) (0.497 in4) [ 1 
[K] - (12 X 1.0) in -1 

-1] = [ 161525 
1 -161525 

-161525 ] 
161525 lb· in 

[K],2G) ~ [~ 
0 0 

T' 161525 -161525 o 62 

-161525 161525 o 63 

0 0 o 64 

K (3) _ (4.0 X 106Ib/in2) (0.0982 in4) [ 1 
[] - (12 X 2.0) in -1 

-1] = [ 16367 
1 -16367 

-16367] lb. in 
16367 

[K]'W) ~ [~ 
0 0 or 0 0 o 6, 
0 16367 -16367 63 

0 -16367 16367 64 

The final global matrix is obtained simply by assembling, or adding, elemental 
descriptions: 

[K](G) = [K](1G) + [K](2G) + [K](3G) 

[ 

64610 -64610 

[K](G) = -64610 64610 + 161525 
o -161525 
o 0 

o 
-161525 

161525 + 16367 
-16367 

-l~J 
16367 J 

Applying the fixed boundary conditions at points A and C and applying the external 
torque, we have 

o 
226135 
-161525 

o 

o 
-161525 
177892 

o 

~ ] {:~} = {-(200 X 012 ) lb· in} 
-16367 63 0 

1 ~ 0 

Solving the above set of equations, we obtain 

{ ::} = { -0.03~20 rad } 
63 -0.02742 rad 
64 0 
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The reaction moments at boundaries A and C can be determined as follows: 

{R} = [K]{9} - {T} 

{ 
RA} [64610 -64610 
RD = -64610 226135 
RB 0 -161525 

Rc 0 0 

{ 
~:} = {1951f Oin} 

Rc 449Ib·in 

o 
-161525 

177892 
-16367 

~ ]{ -0.03~20 rad} _{-(200 X 012) lb· in} 
-16367 -0.02742 rad 0 
16367 0 0 

Note that the sum of RA and Rc is equal to the applied torque of 2400 Ib·in. Also note 
that the change in the diameter of the shafts will give rise to stress concentrations that 
are not accounted for by the model we used here. 

EXAMPLE 1.4 

A steel plate is subjected to an axial load, as shown in Figure 1.13. Approximate the 
deflections and average stresses along the plate. The plate is 1/16 in thick and has a 
modulus of elasticity E = 29 X 106 1b/in2• 

We may model this problem using four nodes and four elements, as shown in 
Figure 1.13. Next, we compute the equivalent stiffness coefficient for each element: 

AlE (5)(0.0625)(29 X 106) . 
kl = -e - = = 9,062,500Ib/m 

I 1 

A2E (2) (0.0625) (29 X 106) . 
k2 = k3 = -- = = 9062501b/m e2 4 ' 

A4E (5)(0.0625)(29 X 106) -. . . 
k4 = e:;- = 2 = 4,5.:>1 ,250Ib/m 

The stiffness matrix for element (1) is 

[K](1) = [ kl -kl] 
-kl kl 

and its position in the global stiffness matrix is 

-kl 0 
kl 0 
o 0 
o 0 

OJ III o llZ 

o ll3 

o ll4 
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r-======----" 
2" 

-.l 
I-------l~ 800 Ib 

II t 
2" 

1-_-1-"-j"""T_--4-" -"""1--2-" ---II -.l 

(2) 

(1) (4) 800 lb 

(3) 

~ 

'---_--~~ 800 Ib 
4 

FIGURE 1.13 A schematic of the steel 
plate in Example 1.4. 

Similarly, the respective stiffness matrices and positions in the global stiffness matrix 
for elements (2), (3), and (4) are 

[KI(2G) = [~ 
0 0 

T' [K](2) = [ k 2 -k2] k 2 -k2 o 112 

-k2 k 2 -k2 k 2 o 113 

0 0 o 114 

[KI{3G) = [~ 
0 0 

T' [K](3) = [ k 3 -k3] k 3 -k3 o 112 

-k3 k 3 -k3 k 3 o 113 

0 0 o 114 

[KI(~) = [~ 
0 0 

0]'" [K](4) = [ k4 -k4] 0 0 o 112 

-k4 k4 0 k4 -k4 113 

0 -k4 k4 114 
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The final global matrix is obtained simply by assembling, or adding, the individ­
ual elemental matrices: 

Substituting for the elements' respective stiffness coefficients, the global stiffness ma­
trix becomes 

[ 

9,062,500 

[KJ{G) ~ -9,Of,5°O 

-9,062,500 

10,875 ,000 
-1,812,500 

o 

o 
-1 ,812,500 

6,343,750 
-4,531 ,250 

o ] o 
-4,531,250 

4,531 ,250 

Applying the boundary condition III = 0 and the load to node 4, we obtain 

o 
10,S75,000 

-1 ,812,500 

o 

o 
-1 ,S12,500 

6,343,750 

-4,531 ,250 

o ] {Ill} {O} o 112 _ 0 

-4,531 ,250 113 0 

4,531 ,250 114 SOO 
Solving the system of equations yields the displacement solution as 

{ :::} = {S.S27 ~ 10-5
} in 

113 5.296 X 10-4 

114 7.062 X 10-4 

and the stresses in each element are 

(1) (112 - Ill) (29 X 106) (8.827 X 10-5 - 0) Ib 
a = E = = 2560-e 1 in2 

a = a = E = = 3200 -
(2) (3) (U3 - (12) (29 X 106) (5.296 X 10-4 - 8,S27 X 10-5) Ib 

e 4 in2 

(4) _ (114 - 113) _ (29 X 106) (7.062 X 10-4 - 5.296 X 10-4) _ ~ 
a - E e - 2 - 2560 . 2 

III 

Note that the model used to analyze this problem consisted of springs in parallel 
as well as in series. The two springs in parallel could have been combined and repre­
sented by a single spring having a stiffness equal to k2 + k3 (see Problem 25). Also 
note that because of the hole, the abrupt changes in the cross section of the strip will give 
rise to stress concentrations with values exceeding those average values we computed 
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FIGURE 1.14 The x-component of stress distribution for the plate in Example 1.4, 
as computed by ANSYS. 

here. After you study plane-stress finite element formulation (discussed in Chapter 10), 
you will revisit this problem (see Problem 10.13) and be asked to solve it using ANSYS. 
Furthermore, you will be asked to plot the components of the stress distributions in the 
plate and thus identify the location and magnitude of maximum stresses. 

To give you just a taste of what is to come in Chapter 10 and also to shed more light 
on our discussion about the stress concentration regions, we have solved Example 1.4 
using ANSYS and have determined the x-component of the stress distribution in the 
plate, as shown in Figure 1.14. In the results shown in Figure 1.14, the load was applied 
as a pressure over the entire right surface of the bar. Note the variation of the stresses 
at section A-A from approximately 3000 psi to 3500 psi. At section 13-13, the x-compo­
nent of the stresses varies from approximately 2300 psi to 2600 psi. These values are 
not that far off from the average stress values obtained using the direct model. Also 
note that the maximum and minimum stress values given by ANSYS could change, de­
pending upon how we apply the load to the bar, especially in the regions near the point 
of load application and the regions near the hole. Keeping in mind Example 1.4 and 
Figure 1.13, remember that in a real situation, the load would be applied over an area , 
not at a single point. TIlliS, remember that how you apply the external load to your fi­
nite element model will influence the stress distribution results, particularly in the re­
gion near where the load is applied. This principle is especially true in Example 1.4 
because it deals with a short plate with a hole. 

For the sake of convenience, the results of Section 1.5 is summarized in Table 1.6. 
In the table, carefully examine what constitutes an element, its degrees of freedom, and 
the physical balance requirements. 
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TABLE 1.6 Examples of elements and nodes 

Element 

Linear Elastic Element (linear spling) 

i + 1 

f l = k(ul - 111+1) 
fl+l = k(ul+1 - "I) 

Torsional Elastic Element (torsional spring) 

~+1 ,~Ti+1 
--, 

IG 

JG 
TI = e (8; - 8'+1) 

JG 
TI+l = e (8/+1 - 8/) ::=:--.I i + 1 

il ______ C 

Conduction Ele ment 

L 
kA 

ql = T(TI - TI+1) Ti Ti+1 

kA 
ql+l = T(TI+1 - TI) 

qi- k -qi+1 
i i + 1 

Laminar Pipe Flow Element (Sec Section 12.1) 

Pi+1 Q i+1 --, QI = C(PI - Pi+1) 

Ql+l = C(Pl+l - PI) 

ElectJical Resistance Element 

1 
II = "R(VI - Vi+1) 

1 
11+1 = "R(VI+l - VI) 

Physical Balance 
Degrees of Freedom Requirement 

nodal displacements: 
II" UI+1 

nodal angie of twist: 
(J/,8/+ 1 

nodal temperatures: 

T"TI+1 

nodal pressures: 

P"PI+1 

nodal 
voltages: 

V" V I+1 

force balance: 
fl + fl+l = 0 

torque balance: 
TI + TI+1 = 0 

energy balance: 
ql + ql+1 = 0 

flow balance: 
QI + QI+l = 0 

electric current 
balance: 

II + 11+1 = 0 
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1.6 MINIMUM TOTAL POTENTIAL ENERGY FORMULATION 

The minimum total potential energy formulation is a common approach in generating 
finite element models in solid mechanics. External loads applied to a body will cause the 
body to deform. During the deformation, the work done by the external forces is stored 
in the material in the form of elastic energy, called strain energy. Let us consider the 
strain energy in a solid member when it is subjected to a central force F, as shown in 
Figure 1.15. 

Also shown in Figure L15 is a piece of material from the member in the form of 
differential volume and the normal stresses acting on the smfaces of this volume. Earlier, 
it was shown that the elastic behavior of the member may be modeled as a linear spring. 
In Figme L15 note that y' is a variable measuring deformation of the member and its 
value varies from 0 to ~ e. When the member is stretched by a differential amount dy', 
the stored energy in the material is 

y' l' ( ) 
A = 1 Fdy' = 1 ky'dy' = ~ky'2 = ~kY' y ' (1.39) 

F 

y' ty' 

• T 
unstretched length (no load) 

1 
y I cry 

,--,----------, , ' .. I ... I 

~ ,,' I ' ' 
, ' 

,, " I .. " 
, I 

-r'- - ........ .. -'_ .. .. " 
dy', I: dy 

--T 
I 

,1 __ - _ _______ X 

" dz 

dx 

FIGURE 1.15 The elastic behavior of a member subjected to a central load. 
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We can write Eq. (1.39)-for a piece of material from the member in the form of 
differential volume-in terms of the normal stress (0") and strain (e): 

1 cl~ce 1 . elaslic force ~ 1 
dA = '2 (ky') dy' = '2 (O"ydxdz) edy = '2O"e dV 

Therefore, for a member or an element under axial loading, the strain energy A (e) is 
obtained by adding up the stored energy in all pieces (differential volumes) making up 
the member: 

A (e) = J dA = J ~e dV = J Et dV 
V V 

(1.40) 

where V is the volume of the member. The total potential energy f1 for a body consist­
ing of n elements and I1l nodes is the difference between the total strain energy and the 
work done by the external forces: 

n m 
f1 = LA(e) - ~F;u; (1.41) 

e=[ ;=1 

The minimum total potential energy principle simply states that for a stable sys­
tem, the displacement at the equilibrium position occurs such that the value of the sys­
tem's total potential energy is a minimum. 

an _ ~ ~ (e) _ ~ ~ .. _ . • • _ ,., . -. £.JA £.JF;u, - 0 fOI I - 1,2, -' , ... ,11 (1.42) 
(iU; 011; e-I all; ;- 1 

The following examples offer insight into the physical meaning of Eq. (1.42). 

EXAMPLE 1.5 

Consider the following situations: (a) We have applied a force P to a linear spring as 
shown in Figure 1.16. Depending on the stiffness value of the spring, the spring stretches 
by a certain amountx. The static equilibrium requires that the applied force Pbe equal 
to the internal force in the spring kx. 

F 
F = kx or x =-

k 

Now, let us consider the total potential energy of the system as defined by Eq. (1.41). The 
stored elastic energy in the spring is A = t kx2 and the work done by the extel'llal force 
Pis Px (force times displacement). Thus , the total potential energy of the system is 

n = .lkx2 - Fx 
2 

T. I FIGURE 1.1. A H.""p,in""bj,,,,d fF- x to a force F. 
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1-+1.----- 8 cm ----_ ...... ,.0- 2 cm P = 12 N 

A G B C 

• • 

FIGURE 1.17 The rod of Example 1.5. 

Minimizing TI with respect to x, we have 

dTI d (1 2 ) - = - -kx - Fx = kx - F = 0 
dx dx 2 

which results in x = :. 
(b) The slender rod shown in Figure 1.17 weighs 8 N and is supported by a spring 

with a stiffness k = 20 Nlcm. A force P = 12 N is applied to the end of the rod at point 
C. We are interested in determining the deflection of the spring. 

First, we solve this problem by applying the static equilibrium conditions and then 
apply the minimum total potential energy concept. Static equilibrium requires that sum 
of the moments of the forces acting on the rod about point A be zero. Considering the 
free-body diagram of the rod shown in Figure 1.18, we find 

-(8N)(5 cm) + Fs (8 cm) - (12 N)(10 cm) = 0 

Fs = 20 Nand kx = (20 Nlcm) (x) = 20 N 

x = 1 cm 

Now, we solve the problem using the minimum total potential energy approach. 
We note that elastic energy stored in the system is predominantly due to elastic energy 
of the spring and is given by 

TIle work done by the external forces is calculated by multiplying the weight of the rod 
by the displacement of point G , and force P by the displacement of endpoint C. Through 

t:-5 Clll --.... r-- 3 cm -I-- 2 CIll ; = 12 N 

R. _~:~------=t=-----':=±=---" 
~~~~~~-~~---'r7.---J-' 

x{ 

FIGURE 1.18 The free-body diagram of the rod in Example 1.5. 
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similar triangles, we can relate the displacements of points G and C to the displacement 
of the spring (point B) according to 

X Xc 5 
= or Xc =-x 

8 5 8 
x Xc 5 

= or Xc =-x 
8 10 4 

Thus, the work done by the external forces is given by 

:LF;llj = (8N)(%X) + (12N) (~x) = 5x + 15x = 20x 

The total potential energy of the system is 

and 

dTI d ( ? ) - = - lOx- - 20x = 20x - 20 = 0 
dx dx 

Solving the above equation for x, we find x = 1 cm. Because there is only one unknown 
displacement, note that when we employed Eqs. (1.41) and (1.42), we replaced the dis­
placement llj with x and the partial derivative symbol with the ordinary symbol. We 
have plotted the total potential energy TI = 10x2 - 20x as a function of displacement 
x in Figure 1.19. It is clear from examining Figure 1.19 that the minimum total poten­
tial energy occurs at x = 1 cm. 

Now, let us turn our attention back to Example 1.1. The strain energy for an 
arbitrary element (e) can be determined from Eq. (1.40) as 

JE 2 A E 
(el _ ~ _~ 2 2_ 

A - 2 dV - 2e (ll;+l + ll; 2u;+1 ll;) 
v 

(1.43) 

Displacement of Spring x (cm) 

FIGURE 1.19 Total potential energy versus displacement x. 
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where e = (Ui+1 - lli)/e was substituted for the axial strain. Minimizing the strain energy 
with respect to lli and lli+1 leads to 

and, in matrix form , 

aA (e) A avgE 
= - e-(lli - lli+l) 

all; 

aA(e) AavgE 
= - e-(lli+1 - lli) 

()lli+ I 

{ 
aA(e)} 

alii = [ k eq 
~A (e) -k 
_U_ cq 

alli+1 

(1.44) 

(1.45) 

where k eq = (AavgE)/e. Minimizing the work done by the external forces at nodes i and 
i + 1 of an arbitrary element (e), we get 

() 
-(F:ll·) = F: 
()lli I I I 

(1.46) 

For Example 1.1, the minimum total potential energy formulation leads to a global stiff­
ness matrix that is identical to the one obtained from direct formulation: 

kl -kl 0 0 0 

-kl kl + k2 -k2 0 0 
[K](C) = 0 -k2 k2 + k3 -k3 0 

0 0 -k3 k3 + k4 -k4 
0 0 0 -k4 k4 

Furthermore , application of the boundary condition and the load results in 

1 0 0 0 0 III 0 

-kl kl + k2 -k2 0 0 ll2 0 

0 -k2 k2 + k3 -k3 0 ll3 = 0 (1.47) 

0 0 -k3 k3 + k4 -k4 ll4 0 

0 0 0 -k4 k4 llS P 

The displacement results will be identical to the ones obtained earlier from the direct 
method, as given by Eq. (1.17). The concepts of strain energy and minimum total 
potential energy will be used to formulate solid mechanics problems in Chapters 4, 10, 
and 13. Therefore, spending a little extra time now to understand the basic ideas will 
benefit you enormously later. 
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Example 1.1: Exact Solution* 

In this section, we will derive the exact solution to Example 1.1 and compare the finite 
element formulation displacement results for this problem to the exact displacement 
solutions. As shown in Figure 1.20, the statics equilibrium requires the sum of the forces 
in the y-direction to be zero. This requirement leads to the relation 

P - (O"avg)A(Y) = 0 (1.48) 

Once again, using Hooke's law (0" = Ee) and substituting for the average stress in terms 
of the strain, we have 

P - EeA(y) = 0 (1.49) 

Recall that the average normal strain is the change in length du per unit original length 
of the differential segment dy. So, 

du 
e=-

dy 

If we substitute this relationship into Eq. (1.49), we now have 

Rearranging Eq. (1.50) , we get 

p 

P - EA(y/u = 0 
dy 

Pdy 
dll = EA(y) 

-I 
L 

I 
FIGURE 1.20 The relationship between the external force P and the average stresses 
for the bar in Example 1.1. 

*The contribution of shear stresses is neglected. 

(1.50) 

(1.51) 
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TABLE 1.7 Comparison of displacement results 

Results from the 
LOC<'ltion of a Exact Displacement Results from the Results from the 
Point Along Method (in) Direct Method Energy Method 
the Bar (in) Eq. (1.53) (in) (in) 

y=O 0 0 0 
y = 2.5 0.001027 0.001026 0.001026 
Y = 5.0 0.002213 0.002210 0.002210 
y = 7.5 0.003615 0.003608 0.003608 
y = 10 0.005333 0.005317 0.005317 

The exact solution is then obtained by integrating Eq. (1.51) over the length of the bar 

j u jL Pdy 
o du = 0 EA(y) 

j y Pdy JY Pdy 

/ley) = 0 EA(y) = 0 ( ('W2 - 'WI) ) 
E WI + L Y t 

(1.52) 

where the area is 

( ( 'W2 - 'WI) ) A(y) = WI + L Y t 

The deflection profile along the bar is obtained by integrating Eq. (1.52), resulting in 

/ley) = Et(~:~ WI)[ln( 'WI + (~ ~ WI)y) - In 'WI] (1.53) 

Equation (1.53) can be used to generate displacement values at various points along 
the bar. It is now appropriate to examine the accuracy of the direct and potential energy 
methods by comparing their displacement results with the values. Table 1.7 shows nodal 
displacements computed using direct and energy methods. 

It is clear from examination of Table 1.7 that all of the results are in agreement with 
each other. 

1.7 WEIGHTED RESIDUAL FORMULATIONS 

The weighted residual m ethods are based on assuming an approximate solution for the 
governing differential equation. The assumed solution must satisfy the initial and bound­
ary conditions of the given problem. Because the assumed solution is not exact, substi­
tution of the solution into the differential equation will lead to some residuals or errors. 
Simply stated, each residual method requires the error to vanish over some selected 
intervals or at some points. To demonstrate this concept, let's turn our attention to 
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Example 1.1. The governing differential equation and the corresponding boundary 
condition for this problem are as follows: 

A(y)E ~; - P = 0 subject to the boundary condition u(O) = 0 (1.54) 

Next, we need to assume an approximate solution. Again, keep in mind that the 
assumed solution must satisfy the boundary condition. We choose 

(1.55) 

where C" C2, and C3 are unknown coefficients. Equation (1.55) certainly satisfies the 
fixed boundary condition represented by u(O) = O. Substitution of the assumed solu­
tion , Eq. (1.55) , into the governing differential equation , Eq. (1.54), yields the error 
function <Jt: 

(1.56) 

Substituting for values of wI> W2 , L , t , and E in Example 1.1 and simplifying, we get 

<Jt/E = (0.25 - 0.0125y)(cl + 2C2Y + 3C3i) - 96.154 X 10-{:i 

Collocation Method 

In the collocation method the error, or residual , function <Jt is forced to be zero at 
as many points as there are unknown coefficients. Because the assumed solution in 
this example has three unknown coefficients, we \vill force the error function to 
equal zero at three points. We choose the error function to vanish at y = L/3, y = 2L/3 , 
andy = L: 

<Jt( c, y) I Y=~ = 0 

<Jt = (0.25 - 0.0125( ~O) )( Ct + 2C2( 130) + 3C3( 130 y) -96.154 X 10-{:i = 0 

<Jt(C' Y)1 = 0 2L 
Y=T 

<Jt = (0.25 - 0.0125( 230) )( Ct + 2C2( 230) + 3C3( 230 y) -96.154 X 10-{:i = 0 

<Jt(C, y)IY=L = 0 

<Jt = (0.25 - 0.0125(lO»)(cl + 2c2(10) + 3c3(10)2) - 96.154 X 10-6 = 0 
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1l1is procedure creates three linear equations that we can solve to obtain the unknown 
coefficients c" C2 , and C3: 

20 100 
CI + 3C2 + TC3 = 461.539 X 10--{j 

40 400 
CI + -C2 + -c- = 576.924 X 10--{j 3 3 ~ 

CI + 20C2 + 300C3 = 769.232 X 10-6 

Solving the above equations yields c1 = 423.0776 X 10-6, C2 = 21.65 X 10-15, and 
C3 = 1.153848 X 10-6• Substitution of the c-coefficients into Eq. (1.55) yields the ap­
proximate displacement profile: 

u(y) = 423.0776 X 1O-6y + 21.65 X 1O-15l + 1.153848 X 1O--{j/ (1.57) 

In order to get an idea of how accurate the collocation approximate results are, we will 
compare them to the exact results later in this chapter. 

Subdomain Method 

In the subdomain method, the integral of the error function over some selected subin­
tervals is forced to be zero. The number of subintervals chosen must equal the number 
of unknown coefficients. Thus, for our assumed solution , we will have three integrals: 

1t<fftdY =0 
o 

1'3[(0.25 - O.Ol25y) (CI + 2C2Y + 3C3y2) - 96.154 X 10-6]dy = 0 
o 

h~[(0.25 - O.0125y)(cl + 2czY + 3C3y2) - 96.154 X 10--{j]dy = 0 
3 

(1.58) 

Integration of equations given by Eq. (1.58) results in three linear equations that we 
can solve to obtain the unknown coefficients c" C2 , and C3: 

763.88889 X 1O-3cI + 2.4691358c2 + 8.1018519c3 = 320.513333 X 10-6 

0.625CI + 6.1728395c2 + 47.4537041c3 = 3.2051333 X 10-4 

O.4R()l 'lll C1 + K024()917c2 + 100.()94444c3 = ~.2051 ~~~ X '10-4 
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Solving the above equations yields CI = 391.35088 X lO--{j, C2 = 6.075 X 10-6, and 
C3 = 809.61092 X 10-9• Substitution of the c-coefficients into Eg. (1.55) yields the 
approximate displacement profile: 

/ley) = 391.35088 X 10--{jy + 6.075 X 1O-6y2 + 809.61092 X 10-91 (1.59) 

\Ve will compare the displacement results obtained from the subdomain method to the 
exact results later in this chapter. 

Galerkin Method 

The Galerkin method requires the error to be orthogonal to some weighting functions 
<I>;, according to the integral 

Ib <I>/!Jt dy = 0 i = 1,2, ... , N (1.60) 

The weighting functions are chosen to be members of the approximate solution. Be­
cause there are three unknowns in the assumed approximate solution for Example 1.1, 
we need to generate three equations. Recall that the assumed solution is 
!ley) = ClY + C2i + C31; thus, the weighting functions are selected to be 
<1>1 = y, <]>2 = i , and <1>3 = I. This selection leads to the following equations: 

1L y[(0.25 - 0.0125y) (c i + 2C2Y + 3C3y2) - 96.154 X 1O-6]dy = 0 
o 

1\2[(0.25 - 0.0125y)(cl + 2C2Y + 3C3y2) - 96.154 X 1O-6]dy = 0 
o 

1L 1[0.25 - 0.0125y)(cl + 2C2Y + 3C3y2) - 96.154 X 1O-6]dy = 0 
o 

(1.61) 

Integration of Eq. (1.61) results in three linear equations that we can solve to 
obtain the unknown coefficients CI> C2 , and C3: 

8.333333cI + 104.1666667c2 + 1125c3 = 0.0048077 

52.083333cI + 750C2 + 8750C3 = 0.0320513333 

375cI + 5833.3333c2 + 71428.57143c3 = 0.240385 

Solving the above equations yields c) = 400.642 X 10-6, C2 = 4.006 X 10-6, and 
C3 = 0.935 X 10-6• Substitution of the c-coefficients into Eq. (1.55) yields the approxi­
mate displacement profile: 

/ley) = 400.642 X 1O-6y + 4.006 X 1O-6y2 + 0.935 X lO--{jl (1.62) 

We will compare the displacement results obtained fTOm the Galerkin method to the 
exact results later in this chapter. 
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Least-Squares Method 

The least-squares method requires the elTor to be minimized with respect to the unknown 
coefficients in the assumed solution, according to the relationship 

:\1inimize( lb <JI.2dY) 

which leads to 
b 1 <JI. (~dy = 0 

a iJei 
i = 1, 2, . .. , N (1.63) 

Because there are three unknowns in the approximate solution of Example 1.1 , 
Eq. (1.63) generates three equations. Recall that the error function is 

rguE = (0.25 - O.0125y) (c] + 2C2Y + 3C3i) - 96.154 X 10--<i 

Differentiating the error function with respect to Cl> C2, and C3 and substituting into 
Eq. (1.63) , we have: 

iJffi 
ffi de. 

10 • • J [(0.25 - 0.0125y)(c] + 2C2Y + 3C3i) - 96.154 X 10-6](0.25 - 0.0125y) dy = 0 

o 
iJffi 

ffi Tc2 
rIO 2 . . Jo [(0.25 - 0.0125y)(c] + 2C2Y - 3C3 Y ) - 96.154 X 10-6](0.25 - 0.0125y)2y dy = 0 

iJffi 
ffi iiC.3 110 [(0.25 - 0.0125y) (c] + 2C2Y + 3C3y2) - 96.154 X 10-6] (0.25 - 0.0125y)3y2 dy = 0 

o 

Integration of the above equations results in three linear equations that we can solve to 
obtain the unknown coefficients Cb C2, and C3: 

0.364583333c] + 2.864583333c2 + 25c3 = 0.000180289 

2.864583333c] + 33.333333c2 + 343.75c3 = 0.001602567 

25c] + 343.75c2 + 3883.928571c3 = 0.015024063 

Solving the set of equations simultaneously yields c) = 389.773 X 1O--<i, 
C2 = 6.442 X 10--<i, and C3 = 0.789 X 10--<i. Substitution of the c-coefficients into 
Eq. (1.55) yields the approximate displacement profile: 

u(y) = 389.733 X lO--<iy + 6.442 X 10-6y2 + 0.789 X 1O-6y3 (1.64) 

Next, we will compare the displacement results obtained from the least-squares method 
and the other weighted residual methods to the exact results. 
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TABLE 1.8 Comparison of weighted residual results 

Loc<ltion 
ofa 

Point 
Along 
the Bar 

(in) 

y=o 
y = 2.5 
Y = 5.0 
y = 7.5 
Y = 10 

Displacement Displacement Displacement Displacement Displacement 
Results frolll the Results from the Results from the Results from the Results from the 

Exact Collocation Subdomain Galerkin Least-Squares 
Solution Method Method Method Method 

Eq. (1.53) Eq. (1.57) Eq. (1.59) Eq. (1.62) Eq. (1.64) 
(in) (in) (in) (in) (in) 

0 0 0 0 0 
0.001027 0.001076 O.uo102l} 0.001041 0.001027 
0.002213 0.002259 0.002209 0.002220 0.002208 
0.003615 0.003660 0.003618 0.003624 0.003618 
0.005333 0.005384 0.005330 0.005342 0.005331 

Comparison of Weighted Residual Solutions 

Now we will examine the accuracy of weighted residual methods by comparing their 
displacement results with the exact values. Table 1.8 shows nodal displacements com­
puted using the exact, collocation, subdomain, Galerkin, and least-squares methods. 

It is clear from an examination of Table 1.8 that the results are in agreement with 
each other. It is also important to note here that the primary purpose of Section 1.7 was 
to introduce you to the general concepts of weighted residual methods and the basic 
procedures in the simplest possible way. Because the Galerkin method is one of the 
most commonly used procedures in finite element formulations, more detail and an 
in-depth view of the Galerkin method will be offered later in Chapters 6 and 9. We 
will employ the Galerkin method to formulate one- and two-dimensional problems once 
you have become familiar with the ideas of one- and two-dimensional elements. Also note 
that in the above examples of the use of weighted residual methods, we assumed a so­
lution that was to provide an approximate solution over the entire domain of the given 
problem. As you will see later, we will use piecewise solutions with the Galerkin method. 
That is to say, we will assume linear or nonlinear solutions that are valid only over each 
element and then combine, or assemble, the elemental solutions. 

1.8 VERIFICATION OF RESULTS 

In recent years, the use of finite element analysis as a design tool has grown rapidly. 
Easy-to-use, comprehensive packages such as ANSYS have become a common tool in 
the hands of design engineers. Unfortunately, many engineers without the proper train­
ing or a solid understanding of the underlying concepts have been using finite element 
analysis. Engineers who use finite element analysis must understand the limitations of 
t he finite element procedures. There are various sources of error that can contribute to 
incorrect results. They include 

1. Wrong input data, such as physical properties and dimensions 
This mistake can be corrected by simply listing and verifying physical properties 
and coordinates of nodes or keypoints (points defining the vertices of an object; 
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they are covered in more detail in Chapters 8 and 13) before proceeding any further 
with the analysis. 

2. Selecting inappropriate types of elements 
Understanding the underlying theory will benefit you the most in this respect. You 
need to fully grasp the limitations of a given type of element and understand to 
which type of problems it applies. 

3. Poor element shape and size after meshing 
This area is a very important part of any finite element analysis. Inappropriate 
element shape and size will influence the accuracy of your results. It is important 
that the user understands the difference bet\veen free meshing (using mixed-area 
element shapes) and mapped meshing (using all quadrilateral area elements or 
all hexahedral volume elements) and the limitations associated with them. These 
concepts will be explained in more detail in Chapters 8 and 13. 

4. Applying wrong boundary conditions and loads 
This step is usually the most difficult aspect of modeling. It involves taking an actual 
problem and estimating the loading and the appropriate boundary conditions for a 
finite element model. This step requires good judgment and some experience. 

You must always find ways to check your results. While experimental testing of your 
model may be the best way to do so, it may be expensive or time consuming. You should 
always start by applying equilibrium conditions and energy balance to different portions 
of a model to ensure that the physical laws are not violated. For example, for static mod­
els, the sum of the forces acting on a free-body diagram of your model must be zero. This 
concept will allow you to check for the accuracy of computed reaction forces. You may 
want to consider defining and mapping stresses along an arbitrary cross section and inte­
grating this information. The resultant internal forces computed in this manner must bal­
ance against external forces. In a heat transfer problem under steady-state conditions, 
apply conservation of energy to a control volume surrounding an arbitrary node. Are the 
energies flowing into and out of a node balanced? At the end of particular chapters in 
this text, a section is devoted to verifying the results of your models. In these sections, 
problems will be solved using ANSYS, and the steps for verifying results will be shown. 

1.9 UNDERSTANDING THE PROBLEM 

You can save lots of time and money if you first spend a little time with a piece of paper 
and a pencil to try to understand the problem you are planning to analyze. Before 
initiating numerical modeling on the computer and generating a finite element model , 
it is imperative that you develop a sense of or a feel for the problem. There are many 
questions that a good engineer will ask before proceeding with the modeling process: 
Is the material under axial loading? Is the body under bending moments or twisting 
moments or a combination of the two? Do we need to worry about buckling? Can we 
approximate the behavior of the material with a two-dimensional model? Does heat 
transfer playa significant role in the problem? Which modes of heat transfer are influ­
ential? If you choose to employ FEA, "back-of-the-envelope" calculations will greatly 
enhance your understanding of the problem, in turn helping you to develop a good, rea­
sonable finite element model, particularly in terms of your selection of element types. 
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Some practicing engineers still use finite element analysis to solve a problem that could 
have been solved more easily by hand by someone with a good grasp of the fundamen­
tal concepts of the mechanics of materials and heat transfer. To shed more light on this 
very important point, consider the following examples. 

EXAMPLE 1.6 

Imagine that by mistake , an empty coffee pot has been left on a heating element. 
Assuming that the heater puts approximately 20 Watts (typically, a heater crentes a 
lower wattage) into the bottom of the pot, determine the temperature distribution within 
the glass if the surrounding air is at 25°C, with a corresponding heat transfer coefficient 
h = 15 W/m2 • K. The pot is cylindrical in shape, with a diameter of 14 cm and height of 
14 cm, and the glass is 3 mm thick. 

o 
o 
o 

Heating plate 

This problem is first analyzed using a finite element model. After you study three­
dimensional thermal-solid elements (discussed in Chapter 13), you will revisit this prob­
lem (see problem 13.11) and be asked to solve it using ANSYS. As you will learn later, 
a solid model of the pot is created and meshed and the appropriate boundary conditions 
are applied and the temperature solutions is then obtained. The results of this analysis 
is shown in Figure 1.21. 

From the results of finite element analysis we find that the maximum temperature 
of 1l3.18°C occurs at the bottom of the pot in the center location, as shown in Figure 1.21. 
1l1is is a good example of a problem that could have been solved more easily by hand by 
someone with a good grasp of the fundamental concepts of heat transfer. We can ap­
proximate the temperature of the glass by applying the energy balance to the bottom of 
the pot and assuming a one-dimensional model. Because the pot is made of thin glass, we 
can neglect the spatial temperature variation within the glass. Under steady-state condi­
tions, the heat flux added into the bottom of the glass is approximately equal to the rate 
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FIGURE 1.21 The temperature distribution in the pot of Example 1.6. 
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of energy convected away by air. Thus, we employ Newton 's law of cooling 

q" = h(Ts - Tf ) (1.65) 

where 

q" = heat flux , W/m2 

h = heat transfer coefficient, W/m2 • °C (W/m2 • K) 

~ = surface temperature of the coffee pot,OC 

Tf = surrounding air temperature,oC 

We can estimate the heat flux into the bottom of the pot: 

q" = 20 W = 1299 W/m2 
'IT , 2 
4(0.14 m) 

and substituting for heat flux , II, and Tf into Eg. (1.65), and solving for Tn 

1299 W/m2 = (15 W/m' 0c) (Ts - 25) ~ 1's = 111.6°C 

As you can see, the temperature result obtained by hand calculation 
(Ts = 111.6°C) is very close to the result of our finite element model (T,nax = 113.l8°C). 
Thus, there was no need to resort to finite element formulation to solve the above 
problem. 
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EXAMPLE 1.7 

Consider the torsion of a steel bar (G = 11 X 103 ksi) having a rectangular cross sec­
tion, as shown in the accompanying figure . Under the loading shown, the angle of twist 
is measured to be e = 0.0005 rad/in. We are interested in determining the location(s) 
and magnitude of the maximum shear stress. 

Again, we have analyzed this problem using a finite element model. All of the 
steps leading to the ANSYS solution are given in Example 10.1 (revisited). The results 
of this analysis are shown in Figure 1.22. 

The results of finite element analysis show that the maximum shear stress of 
2558 Ib/in2 occurs at the midsection of the rectangle. This is another example of a prob­
lem that could have been solved more easily by hand by someone with a good grasp of 
the fundamental concepts of mechanics of materials. 

As you wi 11 learn in Chapter 10, Section 10.1, there are analytical solutions that we 
could employ to solve problems dealing with torsion of members with rectangular cross­
sectional area. When a torque is applied to a straight bar with a rectangular cross­
sectional area, within the elastic region of the material, the maximum shearing stress and 
an angle of twist caused by the torque are given by 

where 

T 
'Tmax = -h2 

C!'W 

'Tmax = maximum shear stress, Ib/in2 

T = applied torque, lb . in 

w = width of the rectangular cross-section, in 

h = height of the rectangular cross-section, in 

c, = a constant coefficient that depends on aspect ratio of the cross section, 
0.246; see Table 10.1 
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FIGURE 1.22 The shear stress distribution for the steel bar of Example 1.7. 

and 
TL 

6=----::-
C2 Gwll3 

L = length of the bar, in 

G = shear modulus or modulus of rigidity of material, Ib/in2 

C2 = a constant coefficient that depends on aspect ratio of the cross section, 0.229; 
see Table 10.1 

Substituting into the above equations appropriate values, we get 

TL T(l in) 
6 = = 0.0005 rad/in = , ~ T = 157.5 lb· in 

C2 Gwll3 0.229(11 X 106 Ib/in2) (1 in) (0.5 in)~ 

T 157.5 lb· in = 25601b/in2 
'T'max = C} wll2 = 0.246(1 in)(O.5 in)2 

When comparing 2560 Ib/in2 to the FEA results of 2558 Ib/in2, you see that we could 
have saved lots of time by calculating the maximum shear stress using the analytical 
solution and avoided generating a finite element model. 

SUMMARY 

At this point you should 

1. have a good understanding of the physical properties and the parameters that 
characterize the behavior of an engineering system. Examples of these proper­
ties and design parameters are given in Tables 1.2 and 1.3. 



S4 Chapter 1 Introduction 

2. realize that a good understanding of the fundamental concepts of the finite element 
method will benefit you by enabling you to use ANSYS more effectively. 

3. know the seven basic steps involved in any finit e element analysis, as discussed in 
Section 1.4. 

4. understand the differences among direct formulation , minimum total potential 
energy formulation , and the weighted residual methods (particularly the Galerkin 
formulation). 

5. know that it is wise to spend some time to gain a full understanding of a problem 
before initiating a finite element model of the problem. There may even exist a rea­
sonable closed-form solution to the problem, and thus you can save lots of time and 
money. 

6. realize that you must always find a way to verify your FEA results. 
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PROBLEMS 

1. Solve Example 1.1 using (I) two elements and (2) eigh t elements. Compare your results to 
the exact values. 

2. A concrete table column-support with the profile shown in the accompanying figure is to 
carry a load of approximately 500 lb. Using the direct method discussed in Section 1.5 , 
determine the defl ection and average normal stresses along the column. Divide the column 
into five elements. (E = 3.27 X 103 ksi) 
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500lb 

28 in. 

""«--- 1ft ~ 

3. An aluminum strap with a thickness of 6 mm and the profile shown in the accompanying 
figure is to carry a load of 1800 N. Using the direct method discussed in Section 1.5, deter­
mine the deflection and the average normal stress along the strap. Divide the strap into three 
elements. This problem may be revisited again in Chapter 10, where a more in-depth analy­
sis may be sought. (£ = 68.9 GPa) 

~I'--- 8 cm ----all 
• I 

T 
2.5 cm 

~ 

- - 2cm 10 cm 

T 
2.5 cm 

~ 

1800 N 
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4. A thin steel plate with the profile shown in the accompanying figure is subjected to an 
axial load. Approximate the deflection and the average normal stresses along the plate using 
the model shown in the figure. The plate has a thickness of O. I 25 in and a mod ulus of elas­
ticity E = 28 X 103 ksi. You will be asked to use ANSYS to analyze this problem again in 
Chapter 10. 

""�------4 in-----·~I 
I --r 

2in 

- ~ 

~in 
12 in - - tin kS 

- --
- --r 

2in 

~ 

SOOlb SOOlb 

5. Apply the statics equilibrium conditions directly to each node of the thin steel plate (using 
a finite element model) in Problem 4. 

6. For the spring system shown in the accompanying figure , determine the displacement of each 
node. Start by identifying the size of the global matrix. Write down elemental stiffness matri­
ces, and show the position of each elemental matrix in the global matrix. Apply the boundary 
conditions and loads. Solve the set of linear equations. Also compute the reaction forces. 

k = S!Q. 
I III 

k2 = Sib 
III 

10ib 

k = SIb 
3 III 

k = 10 Ib 
5 III 

~ 

IOlb 
k = 20!Q. 

6 III 
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7. A typical exterior masonry wall of a house, shown in the accompanying figure , consists of the 
items in the accompanying table. Assume an inside room temperature of 68°F and an out­
side air temperature of 10°F, with an exposed area of 150 ft2. Determine the temperature 
distribution through the wall. Also calculate the heat loss through the wall. 

Resistance V-factor 
Items hr' ft2 • of/Btu BtU/hr' ft 2 • of 

1. Outside film resistance 
(winter. IS-mph wind) 0.17 5.88 

2. Face brick (4 in) 0.44 2.27 

3. Cement mortar (112 in) 0.1 10.0 

4. Cinder block (8 in) 1.72 0.581 

5. Air space (3/4 in) 1.28 0.781 

6. Gypsum board (112 in) 0.45 2.22 

7. Inside film resistance (winter) 0.68 1.47 1 2 3 4 5 6 7 

8. In order to increase the thermal resistance of a typical exterior frame wall , such as the one 
in Example 1.2, it is customary to use 2 X 6 studs instead of2 X 4 studs to allow for place­
ment of more insulation within the wall cavit.y. A typical exterior (2 X 6) frame wall of a 
house consists of the materials shown in the accompanying figure. Assume an inside room 
temperature of 68°F and an outside air temperature of 20°F, with an exposed area of 150 ft2. 
Determine the temperature distribution through the wall. 

Resistance V-factor 
Items hr - ft2 - 'FlBtu Btulllr -f~ . 'F 

1. Outside film resistance 
(winter. IS-mph wind) 0.17 5.88 

2. Siding. wood (112 X 8 lapped) 0.81 1.23 

3. Sheathing (112 in regular) 1.32 0.76 

4. Insulation batt (5!in) 19.0 0.053 

5. Gypsum wall board (112 in) 0.45 2.22 

6. Inside film resistance (winter) 0.68 1.47 2 

9. Assuming the moisture can diffuse through the gypsum board in Problem 8, where should you 
place a vapor barrier to avoid moisture condensation? Assume an indoor air temperature of 
68°F with relative humidity of 40%. 

10. A typical ceiling of a house consists of the items in the accompanying table . Assume an in­
side room temperature of 70°F and an attic air temperature of 15°F, with an exposed area of 
1000 ft2. Determine the temperature distribution through the ceiling. Also calculate heat loss 
through the ceiling. 
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Resistance V-factor 

Items hr· ft2 • of/Btu Btu/hr' ftl· 'F 

1. Inside attic film resistance 0.68 1.47 

2. Insulation batt (6 in) 19.0 0.053 

3. Gypsum board (112 in) 0.45 2.22 

4. Inside film resistance 
(winter) 0.68 1.47 

28in 

11. A typical l~-in solid wood core door exposed to winter conditions has the characteristics 
shown in the accompanying table. Assume an inside room temperature of70°F and an out­
side air tempe rature of 20°F, with an exposed area of 22.5 ft2. (a) Determine the inside and 
outside te mperatures of the door 's surface. (b) Determine heat loss through the door. 

Resistance V-factor 
Items hr' ft2 • of/Btu Btunlr . ft2 • of 

1. Outside film resistance 
(winter, IS-mph wind) 0.17 5.88 

2. Ii-in solid wood core 0.39 2.56 

3. Inside film resistance 
(winter) 0.68 1.47 

12. The concrete table column-support in Problem 2 is reinforced with three ~-in steel rods, as 
shown in the accompanying figure . Dete rmine the deflection and average normal stresses 
along the column under a load of 1000 lb. Divide the column into five e lements. 
(Ee = 3.27 X 103 ksi; Es = 29 X 10; ksi) 

l0001b 

c;::, 00 
Or;) c;::, 

o G 0 

o 0 0 0 0 
1""\ 

_9in_ 

1_6in-1 
-t 

3in 
-~ 

12 in ·1 
"+--- 1 ft 

13. Compute the total strain ene rgy for the concrete table column-support in Problem 12. 
14. A:I O-in slender rod weighing 61b is supported by a spring with a stiffness k = 60 Ib/in. A force 

P = 35 Ib is applied to the rod at the location shown in the accompanying figure. Determine 
the de flection of the spring (a) by drawing a free-body diagram of the rod and applying the 
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statics equilibrium conditions, and (b) by applying the minimum total potential energy 
concept. 

P=351b 

'""141------6 in -------I~~I 

W=61b 

15. In a DC electrical circuit, Ohm's law relates the voltage drop V 2 - VI across a resistor to a 
current I flowing through the element and the resistance R according to the equation 
V 2 - VI = RI. 

R 
~I 

I 

Using direct formulation, show that for a resistance element comprising two nodes, the con­
ductance matrix, the voltage drop, and the currents are related according to the equation 

16. Use the results of Problem 15 to set up and solve for the voltage drop in each branch of the 
circuit shown in the accompanying figure. 

5n 

10 mA Ion 15n 
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17. The deformati on of a simply supported beam under a distributed load , shown in the accom­
panying figure , is gove rned by the relationship 

d2y M(X) 
dX2 =El 

where M(X) is the inte rnal bending moment a nd is given by 

wX(L - X) 
M(X) = 2 

IY I I I i I I I ! 

L -I 
Derive the eq uation fo r the exact deflection. Assume an approximate deflection solutio n of 
the form 

Y(X) =c{(1Y -(1)J 
Use the following meth ods to evaluate Cl: (a) the collocation method and (b) the subdo main 
meth od. Also, using the approximate solutio ns, determine the maximum deflection of the 
beam if a W24 X 104 (wide fl ange shape) with a span of L = 20 ft supports a distributed 
load of 10 = 5 kips/ft. 

18. Fo r the exa mple problem used througho ut Section 1.7, assume an approximate solutio n of 
the form u(y) = CIY + C21 + C3T + c4l. Using the collocation, subdomain, Galerkin , and 
least-squares methods, detennine the unknown coefficients Cit C2 , C3, and C4. Compare your 
results to th ose obtained in Section 1.7. 

19. The leakage flow o f hyd raulic fluid through the gap between a piston~ylinder arrangement 
may be modeled as laminar flow of fluid between infinite parallel plates, as shown in the ac­
companying figure. This model oITers reasonable results for re lativc1y small gaps . The dif­
ferential eq ua tio n governing the flow is 

I 

Y 

Lx 
I 

dlll dp 
p.. dl = dx 

~ 
"\,11 

) 

/ 
~ 

I 

1 
H 

J 
I 
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where I.L is the dynamic viscosity of the hydraulic fluid , /I is the fluid velocity, and ddP is the 
x 

pressure drop and is constant. Derive the equati on for the exact fluid velocities. Assume an 

approximate fluid velocity so lution of the form /ley) = C.[ sin( ~) J. Use the following 

methods to evaluate Cl: (a) the collocation me thod and (b) the subdomain method. Com­
pare the approximate results to the exact solution. 

20. Use the Galerkin and least-squares methods to solve Problem 19. Compare the approximate 
results to the exact solutio n. 

21. For the cantilever beam shown in the accompanying figure , the deformation of the beam 
under a load P is governed by the rela tionship 

J2y M(X) 
dX2=~ 

where M(X) is the internal bending moment a nd is 

M(X) = -PX 

I""""" P 

Y 

X 
'-- x L-~ 

Derive the equa tion for the exact de flection. Assume an appropriate form of a polynomial 
function. Keep in mind that the assumed solution must satisfy the given boundary condi­
tions. Use the subdomain method and the Galerkin me thod to solve for the unknown coef­
ficients of the assumed solution. 

22. A shaft is made of three parts, as shown in the accompanying figure. Parts AB and CD are 
made of the same material with a modulus of ri gidity of G = 9.8 X 103 ksi , and each has a 
diameter of 1.5 in. Segment BC is made of a materia l with a modulus of rigidity of 
G = 11.2 X 103 ksi and has a diameter of I in. The shaft is fixed at both ends. A torque of 
2400 lb· in is applied at C. Using three elements, determine the angle of twist at Band C 
and the torsiona l reactions at the boundaries. 

A B C D 
r-- -

I I 
./ ....... 

~ -
1- 2ft --1-1.5ft-l- 2ft --I 
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23. For the shaft in Problem 22, replace the torque at C by two equal torques of I200 Ib . in at B 
and C. Compute the angle of twist at Band C and the torsional reactions at the boundaries. 

24. Consider a plate with a variable eros, section supporting a load of 1500 Ib, as shown in the 
accompanying figure. Using direct formulation , determine the deflection of the bar at loca­
tions y = 2.5 in, y = 7.5 in, and y = 10 in. The plate is made of a material with a modulus 
of elasticity E = 10.6 X 103 ksi. 

1,:- ==_4 in~~:: ... ..., 

--,~r-.-_-===----:==_..."..-,-l thickness = 0.125 in 

lOin 

1500Ib 

25. Consider the springs in parallel and in series, as shown in the accompanying figureo Realiz­
ing that deformation of each spring in pmoallel is the same, and the applied force must equal 
the sum of forces in individual springs, show that for the springs in pmoallel the equivalent 
spring constant k, is 

For the springs in series, realizing that the total deformation of the springs is the sum of the 
deformations of the individual springs, and the force in each spring equals the applied force , 
show that for the springs in series, the equivalent spring constant is 

k, = -)--)--1-

-+-+­
k. k2 k3 
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F 

F 

26. Use the results of problem 25 and determine the equivalent spring constant for the system 
of the springs shown in the accompanying figure. 

F 

27. Determine the equivalent spring constant for the cantilever beam shown in the accompany­
ing figure. 

F 

E, I 

---- T ------
F====================-=-==~~~ x ----... I-} ~I'------L 
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28. Use the results of Problem 27 and Eq. (1.5) to determine the equivale nt spring constant for 
the system shown in the accompanying figure. 

- r-

E2,A2 
L2 

EI,II j 
_t£.. 

I' LI T 
L3 

E3,A3 ! 

29. Determine the equivalent spring constant for the system shown. Determine the deflection of 
point A, using the minimum total potential energy concept. 

-
~T 

E2,A2 L2 

F EI,II 

.A 

t.J r: ---1..:::. 

I. LI I LI .1 
2 I 2 

~l_ 
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30. Neglect the mass of the connecting rod and determine the denection of each spring for the 
system shown in the accompanying figure (a) by applying the statics equilibrium conditions, 
and (b) by applying the minimum total potential energy concept. 

L 

T 
.1 

L 

L .1-6'VM\~ 



CHAPTER 2 

Matrix Algebra 

In Chapter 1 we discussed the basic steps involved in any finite element analysis. These 
steps include discretizing the problem into elements and nodes, assuming a function 
that represents behavior of an element, developing a set of equations for an element, as­
sembling the elemental formulations to present the entire problem, and applying the 
boundary conditions and loading. These steps lead to a set of linear (nonlinear for some 
problems) algebraic equations that must be solved simultaneously. A good understanding 
of matrLx algebra is essential in formulation and solution of finite element models. As 
is the case with any topic, matrix algebra has its own terminology and follows a set of 
rules. We provide an overview of matrix terminology and matrix algebra in this chapter. 
The main topics discussed in Chapter 2 include 

2.1 Basic Definitions 

2.2 MatrLx Addition or Subtraction 

2.3 MatrL-1: Multiplication 

2.4 Partitioning of a Ma trLx 

2.5 Transpose of a Matrix 

2.6 Determinant of a Matrix 

2.7 Solutions of Simultaneous Linear Equations 

2.8 Inverse of a Matrix 

2.9 Eigenvalues and Eigenvectors 

2.10 Using MATLAB® to Manipulate Matrices 
2.11 Using Excel® to Manipulate Matrices 

2.1 BASIC DEFINITIONS 

A matrix is an alTay of numbers or mathematical terms. The numbers or the math­
ematical terms that make up the matrix are called the elements of matrix. The size 
of a matrix is defined by its number of rows and columns. A matrix may consist 
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of m rows and n columns. For example, 

5 

~4] 
[ COS 6 

-sin e 0 

-,L] [i\1 ~ [ ~ [T] ~ 'r cos e 0 
26 

0 cos e 
-5 8 

0 sin e cos e 
Df(x , y, z) L w 

dX jXdX jYdY 

{L} = 
af(x , y, z) 

[I] = 0 0 

L w ay 
jx2 ji Df(x ,y,z) L dx L dy 

az 0 0 

Matrix [N] is a 3 by 3 (or 3 X 3) matrix whose elements are numbers, [1] is a 4 X 4 that 
has sine and cosine terms as its elements, {L} is a 3 X 1 matrix with its elements rep­
resenting partial derivatives, and [/] is a 2 X 2 matrix with integrals for its elements. The 
[N] , [T], and [I] are square matrices. A square matrix has the same number of rows 
and columns. The element of a matrix is denoted by its location. For example, the ele­
ment in the first row and the third column of a matrix [8] is denoted by bu , and an el­
ement occulTing in matl-lX [A] in row 2 and column 3 is denoted by the term a 23. In this 
book, we denote the matrix by a bold-facc Ictter in brackets [] and {} , for example: [K] , 
[T], {F}, and the elements of matrices are represented by regular lowercase letters. The 
{} is used to distinguish a column matrix. 

Column Matrix and Row Matrix 

A column matrix is defined as a matrix that has one column but could have many rows. 
On the other hand, a row matrix is a matrix that has one row but could have many 
columns. Examples of column and row matrices follow. 

{A} ~ { ~2}' {X} ~ {;:}..nd {L} ~ 
af(x , y, z) 

ax 
at(x, y, z) 

by 
at(x, y, z) 

ilz 

are examples of column matrices. 

whereas [C] = [5 0 2 -3] and [Y] = [YI Y2 Y3] are examples of row matrices. 

Diagonal, Unit, and Band (Banded) Matrix 

A diagonal matrix is one that has elements only along its principal diagonal ; 
the elements are zero everywhere else (aij = 0 when i * j). An example of a 
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4 X 4 diagonal matrix follows. 

o 0 
a2 0 
o a3 
o 0 

The diagonal along which at> a2, a3, and a4lies is called the principal diagonal. An identity 
or unilmatrix is a diagonal matrix whose elements consist of a value 1. An example of 
an identity matrix follows. 

[I] = 

10000 
01000 
00100 

00010 
00001 

A banded matrix is a matrix that has a band of nonzero elements parallel to its princi­
pal diagonal. As shown in the example that follows, all other elements outside the band 
are zero. 

bll bl2 0 0 0 0 0 

b21 bn b23 0 0 0 0 
0 b32 b33 b34 0 0 0 

[8] = 0 0 b43 b44 b45 0 0 
0 0 0 b54 b55 b56 0 

0 0 0 0 b65 b66 b67 

0 0 0 0 0 b76 ~7 

Upper and Lower Triangular Matrix 

An upper triangular matrix is one that has zero elements below the principal diagonal 
(uii = 0 when i > j) , and the lower triangular matrix is one that has zero elements above 
the principal diagonal (Iii = 0 when i < j). Examples of upper triangular and lower 
triangular matrices are shown below. 

[

llll 

[U] = 0 o 
o 

lll2 lil3 

lln Un 

0 U33 

0 0 ""J 
1124 

1134 

1144 

o 0 
122 0 

132 133 

142 143 I~J 
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2.2 MATRIX ADDITION OR SUBTRACTION 

Two matrices can be added together or subtracted from each other provided that 
they are of the same size-each matrix must have the same number of rows and 
columns. We can add matrix [A ]mxn of dimension m by 11 to matrix [B]mxn of the same 
dimension by adding the like elements. Matrix subtraction follows a similar rule , as 
shown. 

au al2 aln bu b l 2 bin 
a 21 an a2n b21 bn b2n 

[A] ± [B] = ± 

ami am2 amn bml bm2 bmn 

(au ± bu ) (a12 ± b12 ) (aln ± bin) 
(a21 ± b21) (an ± b22 ) (azn ± b2n) 

= 

(ami ± bml ) (am2 ± bm2) (amn ± bmn ) 

The rule for matrix addition or subtraction can be generalized in the following 
manner. Let us denote the elements of matrix [A] by ai; and the elements of matrix [B] 
by bi;, where the number of rows i varies from 1 to m and the number ofcolumnsjvaries 
from 1 to Il . If we were to add matrix [A] to matrix [B] and denote the resulting matrix 
by [C] , it follows that 

[A] + [B] = [C] 

and 

Cij = ai; + bijfori = 1, 2, ... , mandj = 1, 2, ... , 11 (2.1) 

2.3 MATRIX MULTIPLICATION 

In this section we discuss the rules for multiplying a matrix by a scalar quantity and by 
another matrix. 

Multiplying a Matrix by a Scalar Quantity 

When a matrix [A] of size m X 11 is multiplied by a scalar quantity such as 13, the 
operation results in a matrix of the same size m X 11 , whose elements are the product 
of elements in the original matrix and the scalar quantity. For example, when we mul­
tiply matrix [A] of size m X n by a scalar quantity [3 , this operation results in another 
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matrix of size m X n, whose elements are computed by multiplying each element of 
matrix [A] by 13 , as shown below. 

011 012 °In 13 0 11 130 12 130ln 

021 022 ° 2n 13 0 21 130 22 1302n 

13 [A ] = 13 = (2.2) 

0 1111 0 1112 °llln 130111 1 130m2 13 0 llln 

Multiplying a Matrix by Another Matrix 

Whereas any size matrix can be multiplied by a scalar quantity, matrix multiplication can 
be performed only when the number of columns in the premultiplier matrix is equal to 
the number of rows in the pastmultiplier matrix. For example, matrix [A] of size m X n 
can be premultiplied by matrix [D] of size n X p because the number of columns n in 
matrix [A] is equal to number of rows n in matrix [D]. Moreover, the multiplication 
results in another matrix, say [C], of size m X p. Matrix multiplication is carried out 
according to the following rule . 

[A ]IIIX,,[ D]nx p = [C]III Xp 
L-J 
must match 

011 012 Oln b ll b l2 b lp CI1 CI2 Clp 

0 21 022 ° 2n b 21 b 22 b 2p C21 C22 C2p 

[AHD] = = 

0ml 0m2 0nlll b nl b n2 bnp CIIII Cm2 cmp 

where the elements in the first column of the [C] matrix are computed from 

ClI = ol1 b l1 + 012b 21 + ... + Olnbnl 

cZ I = 021b ll + 0 22b 21 + ... + 0 2nb nl 

Cml = Omlbll + Om2b 21 + ... + Omnbnl 

and the e lements in the second column of the [C] matrix are 

C12 = 0l1 b l2 + 012b 22 + ... + 0lnb n2 

C22 = 021 b l2 + 0 22b 22 + ... + 0 2"b,,2 

Cm2 = 01lllb l2 + 01ll2b 22 + ... + 01ll"b,,2 

and similarly, the elements in the other columns are computed, leading to the last column 
of the [C] matrix 

Clp = Ol1 b lp + 012b 2p + ... + Olnbnp 

C2p = 021 b lp + 0 22b 2p + ... + 02nb np 
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The multiplication procedure that leads to the values of the elements in the [q matrix 
may be represented in a compact summation form by 

n 

cmp = '2:,amkbkP 
k - I 

(2.3) 

When multiplying matrices , keep in mind the following rules. Matrix multiplica­
tion is not commutative except for very special cases. 

[A][B] '* [BHA] (2.4) 

Matrix multiplication is associative; that is 

[A]( [B][C]) = ([A][B])[q (2.5) 

The distributive law holds true for matrix multiplication; that is 

([A] + [B])[q = [A][q + [B][q (2.6) 

or 

[A]([B] + [CD = [A][B] + [A][q (2.7) 

For a square matrix , the matrix may be raised to an integer power n in the following 
manner: ntimcs 

~ 

[AY = [AHA] .. . [A] (2.8) 

This may be a good place to point out that if [I] is an identity matrix and [A] is a square 
matrix of matching size, then it can be readily shown that the product of 
[JHA] = [A][J] = [A]. See Example 2.1 for the proof. 

EXAMPLE 2.1 

Given matrices 

[A] = [~ ~2 n [B] = G ~ ~:l and {e} = n} 
perform the following operations: 

ll. [A] + [B] = ? 

b. [A] - [B] = ? 

c.3[A]=? 

d. [AHB] = ? 

c. [A]{C} = ? 

f. [A]2 = ? 

g. Show that [J][A] = [AHJ] = [A] 
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'Ve will use the operation rules discussed in the preceding sections to answer these 
questions. 

a. [A] + [B] = ? 

[AJ + [BJ ~ G 5 

!]+n 
6 ~2] 3 2 

-2 3 -4 

[(0 + 4) (5 + 6) (0 + (-2))] [4 11 -2] = (8 + 7) (3 + 2) (7 + 3) = 15 5 15° 
(9 + 1) (-2 + 3) (9 + (-4)) 10 1 

b. [A] - [B] = ? 

[AJ - [BJ ~ G 5 0] [4 6 ~2] 3 7 - 7 2 
-2 9 1 3 -4 

[ (0-4) (5-6) (0-( -2))] [-4 -1 

1~] = (8-7) (3-2) (7-3) = 1 1 
(9-1) (-2-3) (9-(-4)) 8 -5 

c. 3[A] = ? 

3[AJ ~ {~ ~2 ~] = [(3)°(8) g~g~ (3)°(7)] = [2~ 
9 (3)(9) (3)(-2) (3)(9) 27 

d. [A][B] = ? 

[A][B] = [~ ~ ~][; ~ ~2] = 
9 -2 9 1 3 -4 

[ 
(0)(4) + (5)(7) + (0)(1) (0)(6) + (5)(2) + (0)(3) (0)(-2) + (5)(3) + (0)(-4) ] 
(8)(4) + (3)(7) + (7)(1) (8)(6) + (3)(2) + (7)(3) (8)(-2) + (3)(3) + (7)(-4) 

(9)(4) + (-2)(7) + (9)(1) (9)(6) + (-2)(2) + (9)(3) (9)(-2) + (-2)(3) + (9)( -4) 

= [~~ ~~ ~~5] 
31 77 -60 

c. [A]{C} = ? 

[A]{C} ~ G ~ ~]{~1} = { ~~~~=~~ : g~g~ : ~~~g~ } = {~~} 
-2 9 5 (9)(-1)+(-2)(2)+(9)(5) 32 
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f. [A]2 = ? 

[AJ' ~ [A][A] ~ [~ 5 

m~ 
5 0] [40 15 35] 

3 3 7 = 87 35 84 
-2 -2 9 65 21 67 

g. Show that [IHA] = [AHI] = [A] 

[/HA] ~ [~ 
0 

m~ 
5 

n ~[: 
5 

nand 1 3 3 
0 -2 -2 

[A][I] ~ [~ 5 

nu 
0 

n~[: 
5 

n 3 1 3 
-2 0 -2 

2.4 PARTITIONING OF A MATRIX 

Finite element formulation of complex problems typically involves relatively large sized 
matrices. For these situations, when performing numerical analysis dealing with matrix 
operations, it may be advantageous to partition the matrix and deal with a subset of 
elements. The partitioned matrices require less computer memory to perform the op­
erations. Traditionally, dashed horizontal and vertical lines are used to show how a ma­
trix is partitioned. For example , we may partition matrix [A] into four smaller matrices 
in the following manner: 

all al2 a\3 ! al4 a l5 a l6 

a21 a22 a23 ! a24 a 25 a26 

[A] = 
--------------- ---- ---- ---~----------- ------ ---- ----

a31 a32 a33 I a34 a 35 a36 

a41 a42 a43 ! a44 a45 a46 

a51 a52 a53 ! a54 a5S a56 

and in terms of submatrices [A] = [ All 
A21 

A I2J 
A22 

where 

[All] = [an 
a12 

a13J [A I2] = [ al4 al5 
a l6J 

a21 a22 a23 a24 a25 a26 

[ a" 
a32 a,,] [ a" 

a35 a36
] [A2tl = a41 a42 a43 [Azzl = a44 a45 a46 

a51 a52 a53 a54 a55 a56 

It is important to note that matrix [A] could have been partitioned in a number of 
other ways, and the way a matrix is partitioned would define the size of sub matrices. 
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Addition and Subtraction Operations 
Using Partitioned Matrices 

Now let us turn our attention to matrix operations dealing with addition, subtraction , 
or multiplication of two matrices that are partitioned. Consider matrix [B] having the 
same size (5 X 6) as matrix [A]. If we partition matrix [B] in exactly the same way we 
partitioned [A] previously, then we can add the submatrices in the following manner: 

where 

bl1 bl2 b13 I bl4 bls bl6 

b21 bn b23 I b24 b2S b26 

[B] = b;-;-----b;;-----b;-;T-b;~-----b~;-----b;~ 

[Bid = [bll 
b21 

[ b" [B2d = b41 

bSI 

b41 b42 b43 I b44 b4S b46 

bSI bS2 bS3 I bS4 bss bS6 

bl2 b 13 ] [BI2] = [b14 
bls 

b22 b23 b24 b2S 

b32 bn ] [b~ b3S 

b42 b43 [Bn] = b44 b4S 

bS2 bSJ bS4 bss 

Then, using submatrices we can write 

[A] + [8] = [All + Bl1 
A21 + 8 21 

Matrix Multiplication Using Partitioned Matrices 

b16] 
b26 

b36
] b46 

bS6 

As mentioned earlier, matrix multiplication can be performed only when the number of 
columns in the prel11l1/tip/ier matrix is equal to the number of rows in the postrl1l1lliplier 
matrix. RefelTing to [A] and [8] matrices of the precedi.ng section, because the number of 
columns in matrix [A] does not match the number of rows of matrix [8], then mntrjx [B] 
cannot be premultiplied by matrix [AJ. To demonstrate matrix multiplication using sub­
matrices, consider matrix [q of size 6 X 3, which is partitioned in the manner shown below. 

Cll CI2 I CI3 

C21 C22: C23 

[e] = =~!------~~~-L~~-~ 
C41 C42 I C43 

C51 c52 I C53 

C61 C62 i C63 

[e] = [ell el2 ] e21 e22 
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where 

Next , consider premultiplying matrix [C] by matrix [A]. Let us refer to the results 
of this multiplication by matrix [D] of size 5 X 3. In addition to paying attention to the 
size requirement for matrix multiplication , to carry out the multiplication using parti­
tioned matrices, the premultiplying and postmultiplying matrices must be partitioned in 
such a way that the resulting submatrices conform to the multiplication rule. That is, if 
we partition matrix [A] between the third and the fourth columns, then matrix [C] must 
be partitioned between the third and the fourth rows. However, the column partition­
ing of matrix [C] may be done arbitrarily, because regardless of how the columns are par­
titioned, the resulting submatrices will still conform to the multiplication rule. In other 
words, instead of partitioning matrix [C] betwee n columns two and three , we could 
have partitioned the matrix between columns one and two and still carried out the mul­
tiplication using the resulting submatrices. 

[A][C] = [D] = [Att Al2][C:ll Cl2] = [AttC:tt + Al2C:2l 
A2l A 22 C2l C22 A21 C tt + A 22C21 

D12] 
D22 

where 

EXAMPLE 2.2 

Given the following partitioned matrices, calculate the product of [A ][E] = [C] using 
the submatrices shown. 

5 7 2 I 0 3 5 
2 10 I 0 
8 7 I 5 

3 8 -3 i -5 0 8 
-5 2 ! -4 

[A] 
---------------------------j-----------------------------

and [E] I 1 4 0 i 7 15 9 = ----------------,--------
4 8 I 13 

0 10 5 
I 

12 3 -1 I 

3 12 I 0 
2 -5 9 2 18 -10 I 1 5 7 
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where 

and 

where 

where 

[Ad = [~5 ~ n 
[An] = [1272 1; ~ 1 ] 

18 -10 

[5 7 [ClI ] = [AlI][BlIl + [A 12][B2tl = 3 8 ~3 J[ ~5 r] 
+ [~5 3 5JU o 8 1 

1~] ~ [7~ 
5 7.;) 

[5 7 [Cd = [AlI]{Bd + [A 12]{B22 } = 3 8 ~3JUJ 
[0 3 + -5 0 mn ~ {:;} 

r 4 12 10] 
[C2tl = [A 21 HBlI ] + [A22HB2tl = ~ 10 5 8 7 

-5 9 -5 2 

[7 15 
9 r 8] [116 + 12 3 -1 3 12 = 111 

2 18 -10 1 5 -29 

164J 
80 

319] 
207 
185 



The final result is given by 

[A][B] = [C] = [Att 
A21 

Section 2.5 

4 

15 
3 

18 

Transpose of a Matrix 77 

nUJ 
9 ]{ 13} {174} -1 0 = 179 

-10 7 -105 

70 164 I 62 
I 

73 80 i 43 ---------------------~--- --------
116 319 I 174 
111 207 I 179 

I 
-29 185 i -105 

As explained earlier, the column partitioning of matrix [B] may be done arbitrarily be­
cause the resulting submatrices still conform to the multiplication rule. It is left as an ex­
ercise for you (see problem 3 at the end of this chapter) to show that we could have 
partitioned matrix [B] between columns one and two and used the resulting submatri­
ces to compute[A ][B] = [C]. 

2.5 TRANSPOSE OF A MATRIX 

As you will see in the following chapters, the finite element formulation lends itself to 
situations wherein it is desirable to rearrange the rows of a matrix into the columns of 
another matrix. To demonstrate this idea, let us go back and consider step 4 in Exam­
ple 1.1. In step 4 we assembled the elemental stiffness matrices to obtain the global 
stiffness matrix. You will recall that we constructed the stiffness matrix for each ele­
ment with its position in the global stiffness matrix by inspection. Let's recall the stiff­
ness matrix for element (1), which is shown here again for the sake of continuity and 
convenience. 

[K](1) = [ kl 
-kl 

-kl ] 
kl 

and its position in the global matrix 

kl -kl 0 0 0 
-kl kl 0 0 0 

[K](1C) = 0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 

Instead of putting together [K](IC) by inspection as we did, we could obtain [K](1C) using 
the following procedure: 

(2.9) 
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where 

[Ad=[~ 0 0 0 ~J 1 0 0 

and 

1 0 

0 1 
[A1t = 0 0 

0 0 

0 0 

[Ad\ called the transpose of [Ad , is obtained by taking the first and the second rows of 
[A d and making them into the first and the second columns of the transpose matrix. It 
is easily verified that by carrying out the multiplication given by Eq. (2.9) , we will arrive 
at the same result that was obtained by inspection. 

1 0 
U 

[K](IG) = 0 

o 
o 

o 
o o OJ = o 0 

u 
o 
o 
o 

u u 
o 0 
o 0 
o 0 

Similarly, we could have performed the following operation to obtain [K](2G): 

[K](2G) = [A2Y[K](2) [A2] 

where 

[A2] = [~ 1 0 0 ~J 0 1 0 

and 

0 0 
1 0 

[A2Y = 0 1 
0 0 

0 0 

and 

0 0 0 0 0 0 0 

1 0 
[ k2 -k2J[ 0 0 0 ~J = 

0 k2 -k2 0 0 
[K](2G) = 0 1 

1 
0 -k2 k2 0 0 

-k2 k2 0 0 1 0 
0 0 0 0 0 0 0 

0 0 0 0 0 0 0 
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As you have seen from the previous examples, we can use a positioning matrix, 
such as [A] and its transpose, ancl methodically create the global stiffness matrix for 
finite element models. 

In general , to obtain the transpose of a matrix [B] of size m X n, the first row of 
the given matrix becomes the first column of the [BY, the second row of [B] becomes 
the second column of [B]\ and so on, leading to the mth row of [B] becoming the mth 
column of the [B]\ resulting in a matrix with the size of n X m. Clearly, if you take the 
transpose of [B]\ you will end up with [B]. That is, 

([BYl = [B] (2.10) 

As you will see in succeeding chapters, in order to save space, we write the solution 
matrices , which are column matrices, as row matrices using the transpose of the 
solution-another use for transpose of a matrix. For example, we represent the 
displacement solution 

V, 
V2 

{V} = V3 by [VY = [V, V 2 V3 Vn] 

When performing matrix operations dealing with transpose of matrices, the fol­
lowing identities are true: 

([A] + [B] + ... + [N]l = [AY + [BY + ... + [NY 
([AHB] ... [N])T = [NY ... [BY[AY 

In Eq. (2.12), note the change in the order of multiplication. 

(2.11) 

(2.12) 

This is a good place to define a symmetric matrix. A symmetric matrix is a square 
matrix whose elements are symmetrical with respect to its principal diagonal. An ex­
ample of a symmetric matrix follows. 

[A] = [ ~ 1 ~3 
-5 20 8 

-5

J 20 
8 
o 

Note that for a symmetric matrix, element amn is equal to anm. That is, amn = anm for all 
values of n andm. Therefore, for a symmetric matrix, [A] = [A r 

EXAMPLE 2.3 

Given the following matrices: 

[A] ~ [~ 
5 
3 
-2 

~] and [B] = [~ 
9 1 

6 

2 

3 

~2] 
-4 
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perform the following operations: 

a. [Af = ? and [Bf = ? 
b. verify that ([A] + [BDT = [Af + [Bf 
c. verify that ([A][BDT = [Bf[Af 

a. [AV = ? and [Bf = ? 
As explained earlier, the first , second, third, ... , and the mth rows of a matrix be­
come the first , second, third, .. . , and the mth columns of the transpose matrix 
respectively. 

2 

Similarly, 

[BY = [ : 
-2 3 

7 

b. Verify that ([A] + [B]l = [AV + [BY. 

[A[ + [B] = [I~ 11 -2] [ 4 15 In 5 10 and ([A] + [BDT = 11 5 
10 1 5 -2 10 

[A[T + [B[T = [~ 8 ~2] + [ : 
7 

~ ]=[1~ 
15 In 3 2 5 

7 9 -2 3 -4 -2 10 

Comparing results, it is clear that the given identity is true. 

c. Verify that ([AHB]f = [BV[AY. 
In Example 2.2 we computed the product of [A][B] : 

[AIIB] = [~ 
5 

m~ 
6 -2] [35 10 

IS ] ,., 
2 3 = 60 75 -35 .) 

-2 3 -4 31 77 -60 

and using the results we get 

[35 60 31 ] 
([A][BDT = 10 75 77 

15 -35 -60 

Alternatively, 

[BJ'[A]' = [ : 

7 

q[~ 
8 ~2] = [~~ 60 31 ] 

2 3 75 77 

-2 3 -4 0 7 9 15 -35 -60 

Again , by comparing results we can see that the given identity is true. 
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2.6 DETERMINANT OF A MATRIX 

Up to this point we have defined essential matrix terminology and discussed basic ma­
trix operations. In this section we define what is meant by a determinant of a matrix. As 
you will see in the succeeding sections, determinant of a matrix is used in solving a set 
of simultaneous equations, obtaining the inverse of a matrix, and forming the charac­
teristic equations for a dynamic problem (eigenvalue problem). 

Let us consider the solution to the following set of simultaneous equations: 

a11xI + al2x 2 = bl 

a 21x I + a 22x 2 = b2 

We can represent Eqs. (2.13a) and (2.13b) in a matrix form by 

or in a compact form by 

[A]{X} = {B} 

(2.13a) 

(2.13b) 

(2.14) 

To solve for the unknowns XI and X2, we may first solve for X2 in terms of XI> using 
Eq. (2.13b), and then substitute that relationship into Eq. (2.13a). These steps are shown 
next. 

Solving for XI 

(2.15a) 

After we substitute for XI in either Eq. (2.13a) or (2.13b), we get 

(2.15b) 

Referring to the solutions given by Eqs. (2.15a) and (2.15b) , we see that the denomi­
nators in these equations represent the product of coefficients in the main diagonal 
minus the product of the coefficient in the other diagonal of the [A] matrix. 

The a11a22 - a 12a21 is the determinant of the 2 X 2 [A] matrix and is represented 
in one of following ways: 

Dct[A] or dct[A] orl al1 
a21 

(2.16) 

Only the determinant of a square matrix is defined. Moreover, keep in mind that the de­
terminant of the [A] matrix is a single number. That is, after we substitute for the values 
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of al1 , an, a12, and a2l into al1a22 - al2a21> we get a single number. In general , the 
determinant of a matrix is a single value. However, as you will see later, for dynamic 
problems the determinant of a matrix resulting from equations of motions is a polyno­
mial expression. 

Cramer's rule is a numerical technique that can be used to obtain solutions to a 
relatively small set of equations similar to the previous example. Using Cramer's rule we 
can represent the solutions to the set of simultaneous equations given by Eqs. (2.l3a) 
and (2.l3b) with the following determinants: 

I:~ : ~~I 
and X2 = -71-a-11--a-12':..1 

a21 a22 

Let us now consider the determinant of a 3 X 3 matrix such as 

which is computed in the following manner: 

Cl1 CI2 CI3 

C21 C22 C23 

C31 Cn C33 

CllC22C33 + C12C23C31 + C13C21C32 - C13C22C31 

- Cl1 C23C32 - CI2C21C33 

(2.17) 

(2.18) 

There is a simple procedure called direct expansion, which you can use to obtain 
the results given by Eq . (2.18). Direct expansion proceeds in the following manner. 
First , we repeat and place the first and the second columns of the matrix [C] next to the 
third column, as shown in Figure 2.1. Then we add the products of the diagonal ele­
ments lying on the solid arrows and subtract them from the products of the diagonal 
elements lying on the dashed arrows. This procedure, shown in Figure 2.1 , results in the 
determinant value given by Eq. (2.18). 

The direct expansion procedure cannot be used to obtain higher order determi­
nants. Instead, we resort to a method that first reduces the order of the determinant­
to what is called a minor-and then evaluates the lower order determinants. To 
demonstrate this method, let's consider the right-hand side of Eq. (2.18) and factor out 
CII> -CI2, and CI3 from it. This operation is shown below. 

Cl1Cn C33 + C12C23C31 + C13C21C32 - C13C22C31 - CllC23C32 - C12C21C33 

= Cl1 (C22C33 - C23Cn ) - cd C21C33 - C23C31) + Cl3( C21Cn - C22C31) 

As you can see, the expressions in the parentheses represent the determinants of 
reduced 2 X 2 matrices. Thus, we can express the determinant of the given 3 X 3 matrix 
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(a) 
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FIGURE 2.1 Direct expansion procedure 
for computing the detenuinant of (a) 
2 X 2 matrix, and (b) 3 X 3 matrix. 

in terms of the determinants of the reduced 2 X 2 matrices (minors) in the following 
manner: 

A simple way to visualize this reduction of a third-order determinant into three 
second-order minors is to draw a line through the first row, first column, second 
column, and third column. Note that the elements shown in the box-the common 
element contained in elimination rows and columns-are factors that get multiplied 
by the lower order minors. The plus and the minus signs before these factors are as­
signed based on the following procedure. We add the row and the column number of 
the factor, and if the sum is an even number, we assign a positive sign , and if the sum 
is an odd number we assign a negative sign to the factor. For example, when deleting 
the first row and the second column (1 + 2) , a negative sign should then appear before 
the Cl2 factor. 

C22 C23 C21 C 2 C23 

31 C32 C33 C31 C 2 C33 

It is important to note that alternatively to compute the determinant of [A] we 
could have eliminated the second or the third row-instead of the first row-to reduce 
the given determinant into three other second-order minors. This point is demonstrated 
in Example 2.4. 

Our previous discussion demonstrates that the order of a determinant may be 
reduced into other lower order minors, and the lower order determinants may be used 
to evaluate the value of the higher order determinant. 

Here are two useful properties of determinants: (1) The determinant of a matrix 
[A] is equal to the determinant of its transpose [Af This property may be readily 
verified (see Example 2.4). (2) If you multiply the elements of a row or a column of 
a matrix by a scalar quantity, then its determinant gets multiplied by that quantity as 
well. 
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EXAMPLE 2.4 

Given the following matrix: 

calculate 

5 
3 
-2 

H. determinant of [A] 
b. determinant of [A f 
a. For this example, we use both the direct expansion and the minor methods to 

compute the determinant of [A]. As explained earlier, using the direct expansion 
method, we repeat and place the first and the second columns of the matrix next 
to the third column as shown, and compute the products of the elements along 
the solid arrows, then subtract them from the products of elements along the 
dashed arrow. 

8 """, -' 3 ~,*)",'5' 
~ff";-7i~, " 

150 
837 
6 -2 9 

(1)(3)(9) + (5)(7)(6) + (0)(8)( -2) - (5)(8)(9) 
- (1)(7)(-2) - (0)(3)(6) = -109 

Next, we use the minor to compute the determinant of [A]. For this exam­
ple, we eliminate the elements in the first row and in first , second , and third 
columns, as shown. 

~ 
~ ~2 ~ 
~ 
~ +2 ~ 
~ 
~ ~2 ~ 

: ~2 ~ = 11~2 ~H~ ~I + °l~ ~21 
= (1)[(3)(9)-(7)( -2)]-(5)[(8)(9)-(7)(6)] = -109 

Alternatively, to compute the determinant of the [A] matrix, we can elimi­
nate the elements in the second row, and first , second, and third column as shown: 

~ 
~ 
~ 
~ 42 ~ 
~ 
~ ~2 ~ 



1 
8 
6 
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= - (8)[ (5)(9) - (0)( -2)]+(3)[ (1 )(9) - (0)( 6) ]-(7)[ (1)( -2) -(5)( 6)] = -109 

b. As already mentioned, the determinant of [AYis equal to the determinant of [A]. 
Therefore, there is no need to perform any additional calculations. However, as a 
means of verifying this identity, we will compute and compare determinant of 
[AY to the determinant of [A]. Recall that [AY is obtained by interchanging the 
first , second, and third rows of [A] into the first , second, and third columns of the 

[1 8 6] 
[AY, leading to [AY = 5 3 -2. Using minors, we get 

079 

~ 
~ ; ~~ 
~ 
~ t ~~ 
~ 
~ ; 1~ 

1 8 
5 3 
o 7 

= (1)[(3)(9)-(-2)(7)]-(8)[(5)(9)-(-2)(0)] + (6)[(5)(7)-(3)(0)] = -109 

When the determinant of a matrix is zero, the matrix is called a singlliar. A singular ma­
trLx results when the elements in two or more rows of a given matrix are identical. For 
example, consider the following matrix: 

[2 1 4] 
[A] = 2 1 4 

1 3 5 

whose rows one and two are identical. As shown below, the determinant of [A] is zero. 

2 1 4 (2)(1)(5) + (1)(4)(1) + (4)(2)(3) - (1)(2)(5) 
2 1 4 = 
1 3 5 - (2)(4)(3) - (4)(1)(1) = 0 

Matrix singularity can also occur when the elements in two or more rows of a matrix are 
linearly dependent. For example, if we multiply the elements of the second row of ma­
trix [A] by a scalar factor such as 7 , then the resulting matrix, 

[2 1 4] 
[A] = 14 7 28 

135 
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is singular because rows one and two are now linearly dependent. As shown below, the 
determinant of the new [A] matrix is zero. 

2 
14 
1 

1 4 
7 28 
3 5 

= 
(2)(7)(5) + (1)(28)(1) + (4)(14)(3) - (1)(14)(5) 
- (2)(28)(3) - (4)(7)(1) = 0 

2.7 SOLUTIONS OF SIMULTANEOUS LINEAR EQUATIONS 

As you saw in Chapter 1, the finite element formulation leads to a system of algebraic 
equations. Recall that for Example 1.1, the bar with a variable cross section supporting 
a load, the finite element approximation and the application of the boundary condition 
and the load resulted in a set of four linear equations: 

[

1820 
-845 

103 
o 
o 

-845 
1560 
-715 

o 

o 
-715 
1300 
-585 

-~85] {:::} = { ~ } 
585 llS 103 

In the sections that follow we discuss two methods that you can use to obtain so­
lutions to a set of linear equations. 

Gauss Elimination Method 

We begin our discussion by demonstrating the Gauss elimination method using an 
example. Consider the following three linear equations with three unknowns, Xl> X2 , 

and X3' 

2Xl + X2 + X3 = 13 

3x l + 2x2 + 4x3 = 32 

5Xl - X2 + 3X3 = 17 

(2.19a) 

(2.19b) 

(2.19c) 

1. We begin by dividing the first equation, Eq. (2.19a), by 2, the coefficient of Xl 

term. This operation leads to 

(2.20) 

2. We multiply Eq. (2.20) by 3, the coefficient of Xl in Eq. (2.19b). 

(2.21) 
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We then subtract Eq. (2.21) from Eq. (2.19b). This step eliminates XI from 
Eq. (2.19b). This operation leads to 

3xI + 2X2 + 4X3 = 32 

- (3XI + 1. x, + ~ x- = 39) 2 - 2 ~ 2 

1 5 25 
2"X2 + 2"X 3 = 2 

(2.22) 

3. Similarly, to eliminate XI from Eq. (2.19c), we multiply Eq. (2.20) by 5, the coeffi­
cient of XI in Eq. (2.19c) 

(2.23) 

We then subtract the above equation from Eq. (2.19c), which eliminates XI from 
Eq. (2.19c). This operation leads to 

5xI - X2 + 3X3 = 17 

( 5 5 65) 
- 5xI + 2"X2 + 2"X3 = 2 

7 1 31 
-"2X2 + "2X3 = -2 (2.24) 

Let us summarize the results of the operations performed during steps 1 through 
3. These operations eliminated the XI from Eqs. (2.1%) and (2.19c). 

1 1 13 
XI + "2 X2 + "2 X3 = 2 

1 5 25 
"2 X2 + "2X3 = 2 
7 1 31 

--x + -x- =--2 2 2 ~ 2 

(2.25a) 

(2.25b) 

(2.25c) 

4. To eliminate X2 from Eq. (2.25c), first we divide Eq. (2.25b) by 112, the coefficient 
of X2 . 

X2 + 5X3 = 25 (2.26) 

Then we multiply Eq. (2.26) by -7/2, the coefficient of X2 in Eq. (2.25c), and sub­
tract that equation from Eq. (2.25c). These operations lead to 

7 1 31 
-"2 X2 + "2X3 = 2 

- ( -~ X2 - T X3 = - ~) 
1~X3 = 72 (2.27) 
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Dividing both sides of Eq. (2.27) by 18, we get 

X3 = 4 

Summarizing the results of the previous steps, we have 

1 1 13 
x, + '2X2 + '2X3 ="2 

X2 + 5X3 = 25 

(2.28) 

(2.29) 

(2.30) 

Note Eqs. (2.28) and (2.29) are the same as Eqs. (2.25a) ancl (2.26) , which are 
renumbered for cOllvenience. Now we can use back substitution to compute the 
values of X2 and x,. We substitute for X3 in Eq. (2.29) and solve for X2' 

x 2 + 5(4) = 25 ~ x 2 = 5 

Next, we substitute for X3 and X2 in Eq. (2.28) and solve for x,. 

The Lower Triangular, Upper Triangular (LU) 
Decomposition Method 

When designing structures, it is often necessary to change the load and consequently the 
load matrix to determine its effect on the resulting displacements and stresses. Some heat 
transfer analysis also requires experimenting with the heat load in reaching the desirable 
temperature distribution within the medium. The Gauss elimination method requires full 
implementation of the coefficient matrix (the stiffness or the conductance matrix) and 
the right-hand side matrix (load matrix) in order to solve for the unknown displace­
ments (or temperatures). When using Gauss elimination, the entire process must be re­
peated each time a change in the load matrix is made. Whereas the Gauss elimination 
is not well suited for such situations, the LU method handles any changes in the load 
matrix much more efficiently. The LU method consists of two major parts: a decompo­
sition part and a solution part. We explain the LU method using the following three 
equations 

or in a matrix form, 

a"x, + a'2x 2 + aUx3 = b, 

a 2'x, + an X2 + a n X3 = b2 

a31x l + a 32x 2 + a 33x 3 = b3 

(2.31) 

(2.32) 

(2.33) 

(2.34) 
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Decomposition Part The main idea behind[ ;he LOU ~e]thOd is first to decom-

pose the coefficient matrix [A] into lower [L] = 121 1 0 and upper triangular 

[
Illl 1112 1l13] 131 In 1 

[U]= 0 1122 1123 matrices so that 

o 0 1133 

[ a" 
a12 a,,] [ 1 

0 

~]['~' 
1112 u,,] 

a21 a22 a23 = 121 1 1122 ll23 

a 31 a32 a33 131 132 0 ll33 

(2.35) 

Carrying out the multiplication operation, we get 

[a" al2 a,,] [ 1 
0 

nu' 
1112 ",,] a21 a22 a23 = /21 1 1122 1123 

a31 an a33 131 In 0 1133 

[ "" 1112 U" ] = 12 III 11 1211112 + ll22 121 1113 + 1123 

13111ll 1311112 + 1321122 13 III 13 + Inll23 + ll33 

(2.36) 

Now let us compare the elements in the first row of [A] matrix in Eg. (2.36) to the 
elements in the first row of the [L][U] multiplication results. From this comparison we 
can see the following relationships: 

llll = all and lll2 = al2 and 1113 = au 

Now, by comparing the elements in the first column of [A] matrix in Eg. (2.36) to 
the elements in the first column of the [LHu] product, we can obtain the values of 121 

and 131 : 

1211111 = a21 - I - a21 _ a21 (2.37) 21 - -
Illl all 

1311111 = a31 - I - a31 _ a31 (2.38) 31 - -
Illl all 

Note the value of Illl was determined in the previous step. That is, 1111 = all' We can ob­
tain the values of ll22 and liz3 by comparing the elements in the second rows of the matri­
ces in Eg. (2.36). 

1211112 + ll22 = a22 - llzz = a22 - lzlllt2 

12111 13 + ll23 = a23 - Un = a23 - 1211113 

(2.39) 

(2.40) 

When examining Egs. (2.39) and (2.40) remember that the values of 121> 1l12, and ll13 are 
known from previous steps. Now we compare the elements in the second columns of 
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Eq. (2.36). This comparison leads to the value of 132• Note, we already know values of 
U12 , ~h U22 , and 131 from previous steps. 

an - 1311112 
132 = --:.::'---.....::..:.~ 

1122 

Finally, the comparison of elements in the third rows leads to the value of 1l33. 

(2.41) 

(2.42) 

We used a simple 3 X 3 matrix to show how the LU decomposition is performed. 
We can now generalize the scheme for a square matrix of any size n in the following 
manner: 

Step 1. TIle values of the elements in the first row of the [V] matrix are obtained from 

Ill; = al; for j = 1 to n (2.43) 

Step 2. The unknown values of the elements in the first column of the [L] matrix are 
obtained from 

ail 
Iii = - for i = 2 to n 

1111 
(2.44) 

Step 3. The unknown values of the elements in the second row of the [V] matrix are 
computed from 

(2.45) 

Step 4. TIle values of the elements in the second column of [L] matrix are calculated from 

ai2 - lilll12 
In = for i = 3 to n 

1122 
(2.46) 

Next, we determine the unknown values of the elements in the third row of the [V] 
matrix and the third column of [L]. By now you should see a clear pattern. We evalu­
ate the values of the elements in a row first and then switch to a column. This procedure 
is repeated until all the unknown elements are computed. \Ve can generalize the above 
steps in the following way. To obtain the values of the elements in the kth row of [V] ma­
trix, we use 

k-I 

Ilki = ak; - "LlkPllp; for j = k to n (2.47) 
p=1 

We will then switch to the kth column of [L] and determine the unknown values in that 
column. 

k-I 

aik - "L/ipllpk 
p=1 

lik = ---'----­
Ilkk 

for i = k + 1 to n (2.48) 

Solution Purf So far you have seen how to decompose a square coefficient 
matrix [A] into lower ancl upper triangular [L] and [V] matrices. Next, we use the [L] 
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and the [U] matrices to solve a set of linear equations. Let's turn our attention back to 
the three equations and three unknowns example and replace the coefficient matrix 
[A] with the [L] and [U] matrices: 

[A]{x} = {b} 

[L][U]{x} = {b} 

We now replace the product of [U]{x} by a column matrix {z} such that 

{z} 
~ 

[U]{x} = {z} 

[L][U]{x} = {b} ° ~ O[L]{z} = {b} 

(2.49) 

(2.50) 

(2.51) 

(2.52) 

Because [L] is a lower triangular matrix, we can easily solve for the values of the 
elements in the {z} matrix, and then use the known values of the {z} matrix to solve for 
the unknowns in the {x} from the relationship [U] {x} = {z}. These steps are demon­
strated next. 

From Eq. (2.53), it is clear that 

Zl = bl 

Z2 = b2 - 12\zl 

Z3 = b3 - 131Z1 - 132z2 

(2.53) 

(2.54) 

(2.55) 

(2.56) 

Now that the values of the elements in the {z} matrix are known , we can solve for the 
unknown matrix {x} using 

[I 
til 2 

II" Jr' } {" } ti?J. lh , x ? = z ? (2.57) 
0 1133 X3 Z3 

Z3 
(2.58) X3 =-

1133 

Z2 - 1123X3 
(2.59) X 2 = 

1122 

Zl - 1112X2 - /l\3X3 
(2.60) XI = 

llll 

Here we used a simple three equations and three unknowns to demonstrate how 
best to proceed to obtain solutions; we can now generalize the scheme to obtain the so­
lutions for a set of 11 equations anclll unknown. 
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i-I 

ZI = bl and Zi = bi - ~/ijZj fori = 2,3,4, ... ,n 
i~1 

for i = n - 1, n - 2, n - 3, ... ,3,2,1 

(2.61) 

(2.62) 

Next, we apply the LU method to the set of equations that we used to demonstrate 
the Gauss elimination method. 

EXAMPLE 2.5 

Apply the LU decomposition method to the following three equations and three 
unknowns set of equations: 

2xI + X2 + X3 = 13 

3xI + 2X2 + 4X3 = 32 

5xI - x2 + 3x3 = 17 

[A] ~ G ~1 ~}nd (b) ~ nn 
Note that for the given problem, n = 3. 

Decomposition Part 

Step 1. The values of the elements in the first row of the [V] matrix are obtained from 

llli = ali for j = 1 to n 

llll = all = 2 lll2 = al2 = 1 

Step 2. The unknown values of the elements in the first column of the [L] matrix are 
obtained from 

I· =~ 
II Ull 

1 - a21 _ 3 
21 - - -­

Ull 2 

for i = 2 to n 

1 - a31 - ~ 
31 - -

Ull 2 

Step 3. The unknown values of the elements in the second row of the [V] matrix are 
computed from 

U2j = a2j - 121ulj for j = 2 to n 

U22 = a22 - 1211112 = 2 -(%)(1) = ~ 

U23 = a23 - 121ll\3 = 4 -(%)(1) = & 
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Step 4. The unknown values of the elements in the second column of the [L] matrix 
are determined from 

for i = 3 to n 

= -1-(-25)(1) = -7 
1 - a 32 - 13\ll\ 2 
32 - ll 22 1 

2 

Step 5. Compute the remaining unknown elements in the [U] and [L] matrices. 
k-\ 

llkj = akj - 2:)kpllpj for j = k to n 
r\ 

ll33 = a 33 - (l3\ll\3 + In U23 ) = 3 - ( (%)(1) + (-7)(%) ) = 18 
Because of the size of this problem (n = 3) and the fact that the elements along 

the main diagonal of the [L] matrix have values of 1, that is, 133 = 1, we do not need to 
proceed any furthel: Therefore, the application of the last step 

k-\ 

aik - ~/iPllpk 
p=1 

lik = ---'---­
llkk 

for i = k + 1 to n 

is omitted. We have now decomposed the coefficient matrix [A] into the following lower 
and upper triangular [L] and [U] matrices: 

1 
3 
2 

5 
2 

o 
1 

-7 

When performing this method by hand, here is a good place to check the decom­
position results by premultiplying the [L] matrix by the [U] matrix to see if the [A] ma­
trix is recovered. 

We now proceed with the solution phase of the LU method, Eg. (2.61). 

Solution Part 

i-I 

ZI = bl and Zi = bi - ~/ijZj for i = 2 to n 
j=\ 

Z\ = 13 Z2 = b2 - 12\z\ = 32 - (~)(13) = 2; 
Z3 = b3 - (l3\Z\ + 132z2) = 17 - ((%)(13) + (_7)(2;)) = 72 
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The solution is obtained from Eq. (2.62). 
n 

Zi - ~ llijXi 
Zn ;=i+1 

Xn = - and Xi = -----'---- for i = n - 1, n - 2, n - 3, ... ,3, 2,1 
linn Uii 

Note for this Problem 11 = 3, therefore i = 2, 1. 

Z3 72 
X3 = - = - = 4 

1133 18 

225 - (-25)(4) 
Z2 - 1123X3 

X2 = 1122 = 1 = 5 

2 
ZI - lll2x2 - ll\3x3 13 - «1)(5) + (1)(4» 

XI = = = 2 
llll 2 

2.8 INVERSE OF A MATRIX 

In the previous sections we discussed matrix addition , subtraction, and multiplication , 
but you may have noticed that we did not say anything about matrix division. That is be­
cause such an operation is not formally defined. Instead, we define an inverse of a ma­
trix in such a way that when it is multiplied by the original matrix , the identity matrix is 
obtained. 

(2.63) 

In Eq. (2.63), [A r l is called the inverse of [A]. Only a square and nonsingular matrix has 
an inverse. In Section 2.7 we explained the Gauss elimination and the LU methods that 
you can use to obtain solutions to a set of linear equations. Matrix inversion allows for 
yet another way of solving for the solutions of a set of linear equations. Once again , re­
call from our discussion in Chapter 1 that the finite element formulation of an engi­
neering problem leads to a set of linear equations, and the solution of these equations 
render the nodal values. For instance, formulation of the problem in Example 1.1 led 
to the set of linear equations given by 

[KHII} = {F} (2.64) 

To obtain the nodal displacement values {II}, we premultiply Eq. (2.64) by [Krl , 

which leads to 
[I) 

~ 

[Krl[K]{II} = [Krl{F} 

[/HII} = [Krl{F} 

and noting that [/HII} = {II} and simplifying, 

{II} = [Kj-I{F} 

(2.65) 

(2.66) 

(2.67) 
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From the matrix relationship given by Eq. (2.67), you can see that the nodal so­
lutions can be easily obtained, provided the value of [Ktl is known. This example shows 
the important role of the inverse of a matrix in obtaining the solution to a set of linear 
equations. Now that you see why the inverse of a matrix is important , the next question 
is, How do we compute the inverse of a square and nonsingular matrix? There are a 
number of established methods that we can use to determine the inverse of a matrix. 
Here we discuss a procedure based on the LU decomposition method. Let us refer back 
to the relationship given by Eq. (2.63), and decompose matrix [A] into lower and upper 
triangular [L] and [U] matrices. 

[r\) 

~ 

[L][U] [Atl = [I] 

Next, we represent the product of [U][Atl by another matrix, say matrix [Y]: 

[U][Atl = [Y] 

and substitute for [U][Afl in terms of [Y] in Eq. (2.68), which leads to 

[L][Y] = [I] 

(2.68) 

(2.69) 

(2.70) 

We then use the relationships given by Eq. (2.70) to solve for the unknown values of el­
ements in matrLx [Y] , and then use Eq. (2.69) to solve for the values of the elements in 
matrix [Atl. These steps are demonstrated using Example 2.6. 

EXAMPLE 2.6 

Given [A] ~ G 1 
2 
-1 

~ 1 compute [Ar', 

Step 1. Decompose the given matrix into lower and upper triangular matrices. In 
Example 2.5 we showed the procedure for decomposing the [A] matrix into 
lower and upper triangular [L] and [U] matrices. 

1 

3 
[L] = 2 

5 -
2 

0 

1 

-7 

0 

0 

1 

1 
1 
2 
o 1] 

Step 2. Use Eq. (2.70) to determine the unknown values of the elements in the [Y] matrix. 

[I.) Pl 
~ -------... 

~ ~ : [;. ~~: ~~ ~~:] = [00
1 

001 ~1] 
2 Y31 Y32 Y33 

5 -7 1 
2 
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First , let us consider the multiplication results pertaining to the first column of 
the [Y] matrix, as shown. 

1 0 0 
3 

0 u:}~m - 1 
2 

5 
-7 

2 
1 

The solution of this system of equations leads to 

YII = 1 
3 

Y21 = --
2 

Y31 = -13 

Next, consider the multiplication results pertaining to the second column of [Y]: 

1 
3 
2 
5 
2 

o 
1 

-7 

o 

The solution of this system of equation yields 

Y12 = 0 Y22 = 1 Y32 = 7 

Similarly, solve for the unknown values of the elements in the remaining 
column of the [Y] matrix: 

1 0 0 

3 
1 0 {2}~m 2 

5 
-7 

2 
1 

Y13 = 0 Y 23 = 0 Y33 = 1 

Now that the values of elements of the [YJ are known, we can proceed with calculation 
of the values of the elements comprising the [Atl, denoted by XII, X12," . , and so on , 
as shown. Using the relationship given by Eq. (2.69) , we have 

[U][Ar l = [Y] 

[: ~ i][;:: :::] = [ ~& ~ :] 
X33 -13 7 1 
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Again , we consider multiplication results pertaining to one column at a time. Consider­
ing the first column of the [x] matrix, 

[: ~ i ] { ;::} = { ~&} 
o 0 18 31 -13 

13 
X31 = -18 

11 
X 21 = 18 

Multiplication results for the second column render 

7 
X 32 = 18 

1 
X22 = 18 

TIle multiplication results of the third column yield 

Therefore, the inverse of the [A] matrix is 

[
10 

[Arl = J.- 11 
18 -13 

-4 
1 
7 

10 
XlI = 18 

4 
XI 2 = -18 

2 
X\3 = 18 

We can check the result of our calculations by verifying that [A][Arl = [I]. 

1 

2 
-1 

1][ 10 4 11 
3 -13 

-4 
1 
7 

Finally, it is worth noting that the inversion of a diagonal matrix is computed simply by 
inversine its elements. That is, the inverse of a diagonal mat.rix is also a diagonal mat.rix 
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2.9 

with its elements being the inverse of the elements of the original matrix. For example, 
the inverse of the 4 x 4 diagonal matrix 

1 
0 0 0 

al 

la, 0 0 

qS[At' = 
0 

1 
0 0 -

[AJ = ~ a2 0 llz 
0 a3 

0 0 
1 

0 
0 0 a4 a3 

0 0 0 
a4 

This property of a diagonal matrix should be obvious because [Arl[A] = [I]. 
1 

0 0 0 
al 

1 

l~' 
0 0 

~}l~ 
0 0 

~] 
0 0 0 

0 1 0 
[Arl[A] = a2 a2 

0 0 
1 

0 
0 a3 0 1 

a3 0 0 0 0 

0 0 0 
1 

a4 

EIGENVALUES AND EIGENVECTORS 

Up to this point we have discussed some of the methods that you can use to solve a set 
of linear equations of the form 

[A]{x} = {b} (2.71) 

For the set of linear equations that we have considered so far, the values of the elements 
of the {b} matrix were typically nonzero. This type of system of linear equations is com­
monly referred to as l1onhomogenous. For a nonhomogenous system, unique solutions 
exist as long as the determinant of the coefficient matrix [A] is nonzero. We now discuss 
the type of problems that render a set of linear equations of the form 

[A]{X} - A{X} = 0 (2.72) 

This type of problem, called an eigenvalue problem, occurs in analysis of buckling prob­
lems, vibration of elastic structures, and electrical systems. In general, this class of prob­
lems has nonunique solutions. That is, we can establish relationships among the 
unknowns, and many values can satisfy these relationships. It is common practice to 
write Eq. (2.72) as 

[[A] - A[I]]{X} = 0 (2.73) 

where [I] is the identity matrix having the same dimension as the [A] matrix. In 
Eg. (2.73), the unknown matrix {X} is called the eigenvector. We demonstrate how to 
obtain the eigenvectors using the following vibration example. 
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EXAMPLE 2.7 

Consider the two degrees of freedom system shown in Figure 2.2. We are interested in 
determining the natural frequencies of the system shown. We will discuss in detail the 
formulation and analysis of multiple degrees of freedom systems in Chapter 11. For the 
sake of presentation continuity, the derivation of the set of linear equations are shown 
here as well. 

Using the free-body diagrams shown, the equations of motion 

I1llxj' + 2kxI - kX2 = ° 
or in a matrix form , 

[ ml ° ]{Xj'} [2k -k]{XI} {a} o m2 xi + - k 2k X2 = ° 

(2.74) 

(2.75) 

Note that Eqs. (2.74) and (2.75) are second-order homogenous differential equa­
tions. Also note that these equations are coupled, because both XI and X2 appear in each 
equation. This type of system is called elastically coupled and may be represented in the 
general matrix form by 

[M]{x"} + [K]{x} = ° (2.76) 

where [M] and [K] are the mass and the stiffness matrices respectively. We can simplify 
Eqs. (2.74) and (2.75) by dividing both sides of each equation by the values of the re­
spective masses: 

t:1 

2k k 
xi' + -XI - -X2 = ° 

ml ml 
k 2k 

xi - -XI + -X2 = ° 
m2 m2 

Assumingx2 > XI 

~I 

1: k(x2 - xI) 

~
'(X2-Xl) 

/112 

kX2 

FIGURE 2.2 A schematic diagram of an elastic system with two degrees of freedom. 

(2.77) 

(2.78) 
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Using matrix notation , we premultiply the matrix form of the equations of motion by 
the inverse of the mass matrix [Mr l , which leads to 

{x"} + [Mf'[K]{X} = 0 

As a next step, we assume a harmonic solution of the form XI (t) = X I sin( wt + <1» and 
X2(t) = X 2sin(wt + <1»-01' in matrix form , {x} = {X}sin(wt + <1»-and substitute 
the assumed solutions into the differential equations of motion , Eqs. (2.77) and (2.78) , 
to create a set of linear algebraic equations. 

This step leads to 

-w2X lsin(wt + <1» + 2k Xlsin(wt + <1» - ~X2sin(wt + <1» = 0 
ml ml 

-w2X2sin(wt + <1» - ~Xlsin(wt + <1» + 2k X2sin(wt + <1» = 0 
m2 m2 

After simplifying the sin( wt + <1» terms, 

(2.79) 

or in a general matrix form , 

(2.80) 

Note that {x} = {:~~~~} represents the position of each mass as the function of 

time, the {X} = {~~} matrL,,{ denotes the amplitudes of each vibrating mass, and <1> is 

the phase angle. Equation (2.79) may be written as 

m~;} + [:' 
-k]{XI} = 0 
2k X 2 

(2.81) 

or by 

(2.82) 
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Comparing Eq. (2.82) to Eq. (2.73) , [[A] - A[/]]{X} = 0 we note that o} = A. Simpli­
fying Eq. (2.82) further, we have 

[ 

2 2k k] 
-00_ : m, _,,~:' 2k {;;} ~ 0 

nl2 nl2 

(2.83) 

Problems with governing equations of the type (2.73) or (2.83) have nontrivial 
solutions only when the determinant of the coefficient matrix is zero. Let's assign some 
numerical values to the above example problem and proceed with the solution. Let 
nil = nl2 = 0.1 kgandk = 100 Nfm. Forming the detenninantofthe coefficient matrix 
and setting it equal to zero, we get 

I-oi + 2000 -1000 I = 0 (2.84) 
-1000 -w2 + 2000 

(-w2 + 2000)(-w2 + 2000) - (-1000)(-1000) = 0 (2.85) 

Simplifying Eq. (2.85) , we have 

wC 4000w2 + 3,000,000 = 0 (2.86) 

Equation (2.86) is called the characteristic equation , and its roots are the natural 
frequencies of the system. 

WI = Al = 1000(rad/s? and WI = 31.62 radfs 

w~ = A2 = 3000(rad/s)2 and w2 = 54.77 radfs 

Once the w2 values are known, they can be substituted back into Eq. (2.83) to solve for 
the relationship between XI and X 2• The relationship between the amplitudes of mass 
oscillating at natural frequencies is called natura/modes. We can use either relationship 
(rows) in Eq. (2.83). 

(-w2 + 2000)XI - 1000X2 = 0 

(-1000 + 2000)XI - 1000X2 = 0 

Or using the second row, 

-lOOOXI + (-w2 + 2000)X2 = 0 

-lOOOXI + (-1000 + 2000)X2 = 0 

and substituting for WI = 1000 

_ X2 = 1 
XI 

and substituting for WI = 1000 

_ X2 = 1 
XI 

As expected, the results are identical. The second mode is obtained in a similar manner 
by substituting for w~ = 3000 in Eq. (2.83). 

(-w2 + 2000)XI - 1000X2 = 0 and substituting for WI = 3000 

X2 
(-3000 + 2000)XI - 1000X2 = 0 - - = -1 

XI 

It is important to note again that the solution of the eigenvalue problems leads to 
establishing a relationship among the unknowns, not specific values. 
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2.10 USING MATLAB TO MANIPULATE MATRICES 

MATLAB is mathematical software available in most university computational labs 
today. MATLAB is a very powerful tool for manipulating matrices; in fact , it was orig­
inally designed for that pUipose. There are many good textbooks that discuss the capa­
bilities of MATLAB to solve a full range of problems. Here , we introduce only some 
basic ideas so that you can perform essential matrix operations. For more detail see 
Appendix F. 

Once in a MATLAB environment, you can assign values to a variable or define 
elements of a matrix. For example, to assign a value 5 to the variable x, you simply type 

x=5 

DC to do fino tho dornon t of tho rna tdx [A 1 ~ G ~ 2 ~ J. you typo 

A = [1 5 0; 8 3 7; 6 -2 9] 

Note that the elements of the matrix are enclosed in brackets and are separated 
by blank space, and the elements of each row are separated by a semicolon. The basic 
scalar operations are shown in Table 2.1. 

MATLAB offers many tools for matrix operations and manipulations. Table 2.2 
shows examples of these capabilities. Next, we demonstrate a few MATLAB commands 
with the aid of some examples. 

TABLE 2.1 MATLAB's basic scalar operators 

Operation Symbol Example: x = 5 and y = 3 Result 

Addition + x+y 
Subtraction x-y 
Multiplication * x *y 
Division (x + y)J2 
Raised to a power A xA2 

TABLE 2.2 Examples of MATLAB's matrix operations 

Operation 

Addition 

Subtraction 

Multiplication 

Transpose 

Inverse 

Determinant 

eigenvalues 

Matrix left division (uses Gauss elimination 
to solve a se t of linear equations) 

Symbols 
or Commands 

+ 

* 
matrix name' 

inv(matrix /lame) 

det(matrix name) 

eig(matrix /lame) 

\ 

8 
2 

15 
4 

25 

Example: A and B are matrices 
that you have defined 

A+B 
A-B 
A*B 
A' 

inv(A) 

det(A) 

eig(A) 

see Example 2.8 
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EXAMPLE 2.1 Revisited 

Given the following matrices: 

-2] {-I} 
~4 , and [C] = ~ 

5 
3 
-2 

using MATLAB, perform the following operations: 

H. [A] + [B] = ?, b. [A] - [B] = ?, c. 3[A] = ?, d. [A][B] = ?, c. [A]{C} = ? 

f. [Af = ? 

Also compute [A]T and the determinant of [A]. 
A screen capture of a MATLAB session is shown in Figure 2.3. When studying 

MATLAB examples (Figure 2.3), note that the response given by MATLAB is shown 
in boldface . Information that the user must type is shown in regular print. Hit the Enter 
key after you finish typing data. The MATLAB's prompt for input is » . 

To get started, select " MATLAU Help" from the Hell) menu. 

» A = [050;83 7;9 -2 9] 

A= 

o 5 0 

8 3 7 
9 -2 9 

» B = [46-2;72 3; 13 -4] 

U= 

4 6 -2 
7 2 3 
1 3 -4 

» C = [-1 ;2;5] 

c= 

-1 
2 
5 

FIGURE 2.3 Example of a MATLAB session. 
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»A + D 
:illS = 

4 11 -2 
15 5 10 
10 1 5 

» A-B 
:illS = 
-4 -1 °2 
1 1 °4 
8 5 13 

»3*A 
:IIIS = 

0 15 °0 
24 °9 21 
27 °6 27 

» A*B 
:IIIS = 

35 10 15 
60 75 -35 
31 77 -60 

» A*C 
HilS = 

10 

33 
32 

» A"2 
:ms = 

40 15 35 
87 35 84 
65 21 67 

» A' 
:ms = 

0 8 9 
5 3 -2 
0 7 9 

» det(A} 
:IllS = 
-45 
» 

FIGURE 2.3 Con tin lied 
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EXAMPLE 2.8 

Solve the following set of equntions using the Gnuss eliminntion and by inverting the [A] 
matrix nnd multiplying it by the {b} mntrix. 

2x I + X2 + X3 = 13 

3xI + 2X2 + 4X3 = 32 

5xI - X2 + 3X3 = 17 

[A] = U ~1 ~}Ild {b} = nn 
We first use the MATLAB matrix left division operntor \ to solve this problem. The \ 
operator solves the problem using Gnuss elimination. We then solve the problem using 
the inl' commnnd. 

To get started, select "MATLAU Help" from the Helll mellu . 

» A=[211 ;324;5-131 

A= 

2 1 1 
3 2 4 

5 -1 3 

» b=[13;32;17] 

b= 

13 
32 
17 

» x=A\b 

x= 

2.0000 

5.0000 

4.0000 

»x=inv(A)*b 

x= 

2.0000 

5.0000 

4.0000 
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2.11 USING EXCEL TO MANIPULATE MATRICES 

Using the following two examples (Example 2.1 (revisited) and Example 2.8 (revis­
ited» , we will show how to use Excel to perform matrix operations. 

EXAMPLE 2.1 Revisited 

Given rnatrioe" [AJ ~ [~ 5 
3 

-2 
~] , [B] = [~ 
9 1 

Excel perform the following operations. 

6 

2 

3 

-2] {-I} ~4 ' and Ic} = ~ , Using 

H. [A] + [B] = ? b. [A] - [B] = ? c. [AHB] = ? d. [A]{C} = ? 

1. In the cells shown in Figure 2.4 type the appropriate characters and values. Use the 
Fornmt Cells and Font option to create the bold variables as shown. Note that you 
do not have to create the characters ([A]=, [Il]= , and so on) and format them to 
carry out the matrix operations. This is done merely as a visual aide for 
presentation purposes. 

2. In cell AlO type [A]+[U]=, and then using the left mouse button pick cells B9 
through D11 , as shown in Figure 2.5. 

3. Next , in the formula bar type =H3:D5+G3:I5 and while holding down the Ctrl 
and the Shift keys press the Enter key. Note that you could also pick the range 
B3:D5 or G3:I5 , instead of typing them. This sequence of operations will create 
the result shown in Figure 2.6. You can follow similar procedure as outlined in 
step 2 to perform [A]-[U] , except in the formula bar type =H3:D5-G3:I5. 

1~';;£[o!1iHi]HI=a,;;f.' _ 1r.:'II:lHx I 

:!IID E'e ~dit ~ew Insert f2rmat !ooIs Qata ~ndow !:!elp 1 Type a question for help 81- (J ~ 

! D ~ riiI ~ 1 ~ ~ I""" ·1 I: • ~l l of1OO% l:Ul1J ~ !~I B I 1 ~ ~ ~ 1 EB · ~ 
F13 l ... (xl 

A B C D E F_ G H I J K L M~ 

1 if 
2 II 

3 0 5 0 4 6 -2 -1 
4 [A] = 8 3 7 [B] = 7 2 3 I{C} 2 I 

5 9 -2 9 1 3 -4 5 l 
6 I 
7 I, 

8 ..." 

n l!!1.C II~..! :!. ~!l\5heetl1, Sheet2 f Sheet3 / j 110 II 

[Ready I IIr if. 

FIGURE 2.4 Example 2.1 Revisited \vith Excel (stl'pl). 
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~ Microsofl: Excel - Matrix Operations Step 2.xls 

TODAY 

A F G H J K 

1 
2 
3 0 5 0 4 6 -2 -1 
4 [A] = 8 3 7 [B] = 7 2 3 {C}= 2 
5 9 -2 9 1 3 -4 5 
6 

7 
8 
9 ;3:15 
10 [A] + [B] = 
11 
12 
13 
14 

14 4 • 

Point 

FIGURE 2.5 Example 2.1 R evisi ted with Excel (step 2). 

E;l Microsoft EKcel - MatrlK Operations Step 3.Kls ' 

A 0 E F G H J K L M ,. 
2 
3 0 5 0 4 6 -2 -1 
4 [A] - 8 3 7 [9] - 7 2 3 {C}- 2 
5 9 -2 9 1 3 -4 5 
6 
7 

8 
9 4 11 -2 
10 [A] + [9] = 15 5 10 
11 10 1 5 
12 
13 2 
14 [A] - [9] = 4 

13 .. 
Iff 

~ 

FIGURE 2.6 Example 2.1 Revisited with Excel (st!'p 3). 
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~ Microsoft EKcel- MatriK Operations Step 4,Kls 

@EIe ~dit :ilew Insert F211Mt 1oo1s ~~ w.lndow tielp 

I D ~ ,.. ItilI§ ~ l o(")· 1: • U * 1100% ·1(1)~ I~ D I 

TODAY ... X oJ '" =MMULT(B3:D5,G315) 
A B C 0 E F G H J K L M I ... 

1 
2 
3 0 5 0 4 6 -2 -1 
4 [A] = 8 3 7 [9] = 7 2 3 {C}= 2 
5 9 -2 9 1 3 -4 5 
6 
7 
8 
9 4 11 -2 
10 [A]+ 9 = 15 5 10 
11 10 1 5 
12 
13 -4 -1 2 
14 [A] - [9] = 1 1 4 
15 8 -5 13 
16 
17 
18 [A][9] = 
19 
20 

14 4 ~ H 

Enter 

FIGURE 2.7 Example 2.1 Revisiled ,vilh Excel (step 4). 

4. To carry out the matrix multiplication, first type [AJln.!= in cell A18, as shown in 
Figure 2.7. Then pick cells B17 through 019. 

5. In the formula bar type =MMULT(H3:Ds,G3:ls) , and while holding down the 
Ctrl and the Shift keys press the Enter key. Similarly you can perform the matrix 
operation [A] (C). First you pick cells B21 through B23 and in the formula bar 
type =MMULT(H3:Ds, L3:Ls), and while holding down the Ctrl and the Shm 
keys press the Enter key. This sequence of operations will create the result shown 
in Figure 2.8. 



~ 
~ E~ tOt ~ lnsert Qata ~ndow 

~ Igm~ 
I Type a question for help 81- 6 X 

D ~ !iii ~ 1 ~ ~ I'" ·1 1: • ~J I ~l loo"lo 811l). i@:]lI D I rii' ~ 'fii 183 ' ~ 4.. ~ 
117 l· [--1 

A B ( D IE' F G H I J K L M N 

1 
2 
3 0 5 0 4 6 -2 -1 
4 [A] = 8 3 7 [9]= 7 2 3 {C}= 2 
5 9 -2 9 1 3 -4 5 
~ 
7 
8 
9 4 11 -2 
~ l[~]+[~] = 15 5 10 
11 10 1 5 
12 
13 -4 -1 2 
14 [A] - [9] = 1 1 4 
15 8 -5 13 
16 
17 35 10 15 
~ [~][~l= 60 75 -35 
19 31 77 -60 
20 
21 10 
22 [A]{C)= ~ 
23 32 , 
?4 Jfl~ H • ~ HI\Sheetl 1. SheeI Shee t3' 

IReady .;a 

FIGURE 2.8 Example 2.1 Revisited with Excel (step 5). 

EXAMPLE 2.8 Revisited 

Consider the following 3 linear equations with three unknowns, Xl> x2 , ancl x3' Our in­
tent here is to show you how to use Excel to solve a set of linear equations. 

2Xl + X2 + X3 = 13 

3Xl + 2X2 + 4X3 = 32 

5Xl - X2 + 3X3 = 17 

1. In the cells shown in Figure 2.9 type the appropriate characters ancl values. Use the 
Format Cells and Font option of create the bold ancl subscript variables. 

2. In cell AI0 type [Ar1 = ancl then using the left mouse button pick cells B9 through 
D11 as shown in Figure 2.10. 

3. Next, in the formula bar type =MINVERSE(lB:DS) ancl while holcling clown the 
Ctrl and the Shift keys press the Enter key. This sequence of operations will cre­
ate the result shown in Figure 2.11. The inverse of matrix [A] is now computecl. 
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FIGURE 2.9 Example 2.8 Revisited with Excel (stcpl). 
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FIGURE 2.10 Example 2.8 Revisited with Excel (stl'p2). 
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FIGURE 2.12 Example 2.8 Revisited with Excel (step 4). 
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FIGURE 2.13 Example 2.8 Revisited ,vilh Excel (step 5). 

» . 

4. Type the information shown in cells A14, B13 through B15, C14, D14, and E14 as 
shown in Figure 2.12. 

S. Then pick cells F13 through F15 and in the formula bar type =MMULT 
(H9:Dll,K3:KS), and while holding down the etrl and the Shift keys press the Enter 
key. This sequence of operations will create the result shown in Figure 2.13. The 
values of XI> X2, and X3 are now calculated. 

SUMMARY 

At this point you should 

1. know the essential matrix terminology and the basic matrix operations. 

2. know how to construct the transpose of a matrix. 
3. know how to evaluate the determinant of a matrix. 

4. know how to use Cramer's rule, Gauss elimination, and the LU decomposition 
methods to solve a set of linear equations. 

s. know how to compute the inverse of a matrix. 
6. be familiar with the solution of an eigenvalue problem. 
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PROBLEMS 

1. Identify the size and the type of the given matrices. Denote whether the matrix is a square, 
column, diagonal, row, unit (identity), triangular, banded, or symmetric. 

".[~ 
2 

n b.g} c. [~ ~J 4 d. [1 
, 

il y y-

5 

3 -1 0 0 0 

.. [~ 
2 2 

~] ,.[~ 
0 

:] 
2 0 6 0 0 

0 4 0 
1 3 

1 r. 4 1 
0 

0 0 0 5 4 2 
1 

0 0 0 7 8 
0 0 

[<' 
0 0 

!] ). : C2 0 

0 C3 

0 0 

2. Given matrices 

[AJ ~ [~ 
2 

~+IIJ ~ [~ 
2 

~lndlCj ~ t2} 0 3 

-5 5 

perform the following operations: 

u. [A] + [8] = ? 

b. [A] - [8] = ? 

c. 3[A] = ? 

d. [A][8] = ? 

c. [A]{C} = ? 

r. rAp = ? 
g. Show that [[HA] = [AJ[J] = [A] 
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3. Given the following partitioned matrices, calculate the product of [A][lJ] = [C] using the 
submatrices given. 

[A] = [~------~--------~LH5 ___ --i~-------~--. -] and [/J] = 

o 10 5 i 12 3 -I 
2 -59! 2 18 -10 

2 ! 10 0 

8 ! 7 5 
-5! 2 -4 

-~--r~------~-

4. Given the matrices 

5. 

[AJ ~ [~ 
4 ~ }Od[IIJ ~ [~3 5 ~1] 3 1 
1 -2 2 4 -4 

perform the following operations: 

:I. [At = ? and [/Jt = ? 

b. verify that ([A] + [/l])T = [At + [/J]T 
c. verify that ([A][lJ]f = [/l]T[At 
Given the following matrices 

[AI ~ [12
6 

10 1~1[111 ~ [; 
10 

1~] 6 20 
12 -4 18 12 -4 

calculate 

:1. determinant of [A] and [Ill by direct expansion and by minor lower order determinants 
methods. 

b. determinant of [AY 

c. determinant of 5[A] 
Which matrix is singular? 

6. Given the following matrix: 

5 
3 
-2 ~] 

calculate determinant of [A] and determinant of [At. 
7. Solve the following se t of equations using the Gauss elimination method , and compare your 

answer to the results of Example 1.4. 

[
10875000 

-1812500 
o 

-1812500 

6343750 
-4531250 

o ]{t~} {O} -4531250 U3 = 0 

4531250 U4 800 

8. Decompose the coefficient matrix in problem 6 into lower and upper triangular matrices. 
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9. Solve the fo llowing se t of equations using the LU method, and compa re yo ur answer to the 
results o f E xample 1.4. 

[ 
10875000 
-1 812500 

o 

-1812500 

6343750 

-453 1250 

o ]{ 1l2} {O} - 453 1250 ll ] = 0 

453 1250 114 800 

10. So lve the foll owing se t o f equations by findin g the inverse o f the coeffi cient matrix first. 
Compare your answer to the results of Example 1.4. 

[ 
10875000 
-1 812500 

o 

-18 12500 

6343750 

- 4531250 

o ]{1l2} {O} - 453 1250 Il] = 0 

4531250 114 800 

11. So lve the following se t of equatio ns (a) using the Gaussian me thod , (b) using the LU de­
compositio n method, and (c) by findin g the inverse o f the coeffici ent matrix. 

12. Determine the inverse o f the following matrices: 

o 
2 
o 
o 

o 
o 
8 
o 

[lJ] = [ ~ 
- 3 

1 

5 [C] = [ktt 
k 21 

13. Show that. if we multiply the elements o fa 4 X 4 matrix by a scalar quantity Ct , then the value 
of the de te rminant o f the o riginal matrix gets multiplied by Ct4• That is: 

( [a" 
al2 an 

a"J) a" 
al2 a l3 al4 

det Ct a 21 a 22 a n a 24 = Ct4 a 21 a 22 a 23 a 24 

a31 a32 a 33 a 34 a31 a 32 Q33 a34 

a 41 a 42 a 43 a 44 a 41 a42 a43 a44 

Also, show that if we mUltiply the elements of a 3 X 3 matrix by the same scalar quantity Ct , 

then the value of the determina nt of the original matrix ge ts multiplied by Ct3? How would 
yo u generalize the results of this example? 

14. Determine the na tural frequencies and the na tural modes for the example problem in Section 
2.9 for ml = 0.1 kg, m 2 = 0.2 kg, k = 100 N/m . 

15. Solve problem 2 using MATLA\3 and Exce l. 

16. So lve problem 4 using MATLAB and Excel. 

17. So lve problem 5 using MATLAB. 

18. So lve problem 6 using MAT LA\3. 

19. So lve problem 7 using MAT LA\3. 

20. So lve problem 8 using MAT LA\3. 
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21. Solve problem 9 usi ng MATLAB. 

22. Solve problem 10 using MATLAI3 and Exce l. 

23. Solve problem II using MATLAI3. 

24. Solve problem 13 using MATLAI3. 

25. Solve the following set of equations, resulting from a model of composite wall , using 
MATLAI3 by employing the matrix left division command: 

7.11 -1.23 0 0 0 T2 (5.88)(20) 
-1.23 1.99 -0.76 0 0 T3 0 

0 -0.76 0.851 -0.091 0 T4 0 
0 0 -0.091 2.31 -2.22 Ts 0 
0 0 0 -2.22 3.69 T6 (1.47)(70) 

and compare your solution to the resu lts of Example 1.2. 

26. Using MATLAI3, solve problem 25 by first finding the inverse of the coefficient matrix and 
carrying out the necessary operations afterward. 

27. Using MATLAB, solve problem 25 by first decomposing the coefficient matrix into lower and 
upper triangular matrices and carrying out the necessary operations afterward. 

28. Solve the following set of equations, resulting from a model of a fin , using MATLAB. 

0 0 0 0 Tl 100 
-0.0408 0.0888 -0.0408 0 0 T2 0.144 

0 -0.0408 0.0888 -0.0408 0 T3 0.144 
0 0 -0.0408 0.0888 -0.0408 T4 0.144 

0 0 0 -0.0408 0.04455 Ts 0.075 

29. Solve the following set of equations, resulting from a model of a truss, using MATLAB, and 
compare your solution to the results of Example 3.1: 

7.2 0 0 0 -1.49 -1.49 U2x 0 
0 7.2 0 -4.22 -1.49 -1.49 U2Y 0 

105 
0 0 8.44 0 -4.22 0 U4X 0 

0 -4.22 0 4.22 0 0 U4Y -500 

-1.49 -1.49 -4.22 0 5.71 1.49 Usx 0 
-1.49 -1.49 0 0 1.49 1.49 USY -500 

30. Solve problem 14 using MATLAI3. 

31. Solve problem 25 using Excel. 

32. Solve problem 28 using Excel. 

33. Solve problem 29 using Excel. 
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Trusses 

The objectives of this chapter are to introduce the basic concepts in finite element 
formulation of trusses and to provide an overview of the ANSYS program. A major 
section of this chapter is devoted to thl! Launcher, the Graphical User Interface, and the 
organization of the ANSYS program. The main topics discussed in Chapter 3 include 
the following: 

3.1 Definition of a Truss 

3.2 Finite Element Formulation 

3.3 Space Trusses 

3.4 Ovelview of the ANSYS Program 

3.5 Examples Using ANSYS 

3.6 Verification of Results 

3.1 DEFINITION OF A TRUSS 

A truss is an engineering structure consisting of straight members connected at their 
ends by means of bolts, rivets, pins, or welding. The members found in trusses may con­
sist of steel or aluminum tubes, wooden struts, metal bars, angles, and channels. Trusses 
offer practical solutions to many structural problems in engineering, such as power trans­
mission towers, bridges, and roofs of buildings. A plane truss is defined as a truss whose 
members lie in a single plane. The forces acting on such a truss must also lie in this 
plane. Members of a truss are generally considered to be two-force members. This term 
means that internal forces act in equal and opposite directions along the members, as 
shown in Figure 3.1. 

In the analysis that follows, it is assumed that the members are connected by 
smooth pins and by a ball-and-socket joint in three-dimensional trusses. Moreover, it can 
be shown that as long as the center lines of the joining members intersect at a common 
point , trusses with bolted or welded joints may be treated as having smooth pins 
(no bending). Another important assumption deals with the way loads are applied. All 
loads must be applied at the joints. This assumption is true for most situations because 
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/~ 

7 3 3' compl"ession ~ 

. two-force members 

/1 2~ 

tension 

FIGURE 3.1 A simple truss subjected to a load. 

'-
2 

trusses are designed so that the majority of the load is applied at the joints. Usually, the 
weights of members are negligible compared to those of the applied loads. However, if 
the weights of the members are to be considered, then half of the weight of each mem­
ber is applied to the connecting joints. Statically determinate truss problems are covered 
in many elementary mechanics text. This class of problems is analyzed by the methods 
of joints or sections. These methods do not provide information on deflection of the 
joints because the truss members are treated as rigid bodies. Because the truss members 
are assumed to be rigid bodies, statically indeterminate problems are impossible to an­
alyze. The finite element method allows us to remove the rigid body restriction and 
solve this class of problems. Figure 3.2 depicts examples of statically determinate and 
statically indeterminate problems. 

3.2 FINITE ELEMENT FORMULATION 

Let us consider the deflection of a single member when it is subjected to force F, as 
shown in Figure 3.3. The forthcoming derivation of the stiffness coefficient is identical to 
the analysis of a centrally loaded member that was presented in Chapter 1, Section 1.5. 
As a review and for the sake of continuity and convenience, the steps to derive the 
elements' equivalent stiffness coefficients are presented here again. Recall that the 
average stresses in any two-force member are given by 

F 
(J" =-

A 
(3.1) 

The average strain of the member can be expressed by 

f1L 
g=-

L 
(3.2) 

Over the elastic region, the stress and strain are related by Hooke's law, 

(J" = Ee (3.3) 
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StatiC<llly Determinate Statically Indeterminate 

Load 

3 

1 2 1 

R1X-$==t ========~I R.x- I 
R1y R2y R1y 

3 unknown reactions 

3 equilibrium equations 

I.Fx=O 
IFy=O 

IM=O 

4 unknown reactions 

3 equilibrium equations 

IFx=O 
IFy=O 

IM=O 

FIGURE 3.2 Examples of statiC<ll1y determinate and statiC<ll1y indetenuinate problems. 
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FIGURE 3.3 A two-force member sub­
jected to a force F. 
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Load Load 

(3) 1 (6) 
o 

4 5 

2 FIGURE 3.4 A balcony truss. 

Combining Eqs. (3.1), (3.2) , and (3.3) and simplifying, we have 

F = (ALE)~L (3.4) 

Note that Eq. (3.4) is similar to the equation of a linear spring, F = kx. Therefore, 
a centrally loaded member of uniform cross section may be modeled as a spring with an 
equivalent stiffness of 

AE 
k cq =T (3.5) 

A relatively small balcony truss with five nodes and six elements is shown in 
Figure 3.4. From this truss, consider isolating a member with an arbitrary orientation. 
Let us select element (5). 

In general, two frames of reference are required to describe truss problems: a 
global coordinate system and a local frame of ref erence. We choose a fixed global co­
ordinate system , XY (1) to represent the location of each joint (node) and to keep 
track of the orientation of each member (element) , using angles such as 6; (2) to 
apply the constraints and the applied loads in terms of their respective global com­
ponents; and (3) to represent the solution-that is, the displacement of each joint in 
global directions. We will also need a local , or an elemental , coordinate system xy, to 
describe the two-force member behavior of individual members (elements). The re­
lationship between the local (element) descriptions and the global descriptions is 
shown in Figure 3.5. 

The global displacements (UiX' Uiy at node i and UjX' Ujy at node j) are related 
to the local displacements (Uix' lliy at node i and lljx' lljy at node j) according to the 
equations 

U;x = lIix cos e - lliy sin e 
Uiy = liixsin e + lliy cos e 
UjX = lljxCOSe - lljy sine 

Ujy = Ii;.. sin e + lljy cos e 

(3.6) 
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~ __ F 

FIGURE 3.5 Relationship between local and global coordinates. Note that local co­
ordinate x points from node i toward j. 

If we write Eqs. (3.6) in matrix form, we have 

{U} = [T]{ \I} 

where 

121 

(3.7) 

rx} [CDse 
-sin e 0 

{U} = U;Y , [T] = sine cose 0 
UjX 0 0 cose 

U,y 0 0 sin e 

o J {UiX } o u · 
. , and {II} = Iy 

-~ne u, JX 

cos e Ujy 

{U} and {II} represent the displacements of nodes i andj with respect to the global XY 
and the local xy frame of references, respectively. [T] is the transformation matrix that 
allows for the transfer of local deformations to their respective global values. In a sim­
ilar way, the local and global forces may be related according to the equations 

Fix = hx cos e - hy sin e 

F;y = hx sin e + hy cos e 

F;x = f;x cos e - f;y sin e 

Fjy = f;x sin e + f;y cos e 

(3.8) 
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or, in matrix form, 

where 

{F} = [T]{f} 

{F} = F;y { 
F;X} 
F;x 
F;y 

(3.9) 

are components of forces acting at nodes j and j with respect to global coordinates, 
and 

represent the local components of the forces at nodes i and j. 
A general relationship between the local and the global properties was derived in 

the preceding steps. However, we need to keep in mind that the displacements and the 
forces in the local y-direction are zero. This fact is simply because under the two-force 
assumption, the members can only be stretched or shortened along their longitudinal axis 
(local x-axis). Of course , this fact also holds true for the internal forces that act only in 
the local x-direction as shown in Figure 3.6. We do not initially set these terms equal to 
zero in order to maintain a general matrix description that will make the derivation 
of the element stiffness matrix easier. This process will become clear when we set the 
y-components of the displacements and forces equal to zero. The local internal forces 
and displacements are related through the stiffness matrix 

{ 
hx } [k 0 -k 0] { llix } hy _ 0 0 0 0 lliy 
/j.. - -k 0 k 0 lljx 
/jy 0 0 0 0 lljy 

(3.10) 

where k = kcq = Af, and using matrix form we can write 

{f} = [K]{ \I} (3.11) 

After substituting for {f} and {\I} in terms of {F} and {V}, we have 

{f} {II} 

(3.12) 
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/;y = 0 
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fjx = k(lIjt - "ix) = -k(IILt - "iX ) or in a matrix form 

fjy = 0 
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{"x} fk 0 -k O]{"lt} [,Y _ 0 0 0 0 lI,y 

fjx - -k 0 k 0 "it 

/;y 0 0 0 0 lilY 

FIGURE 3.6 Intemal forces for an arbitrary truss element. Note that the static equilibrium condi­
tions require that the sum of liz and Ii. be zero. Also note that the sum of Ii. and Ii. is zero regardless 
of which representation is selected. 

where [Tft is the inverse of the transformation matrix [T] and is 

[

COS e 

[Ttl = -st sin e 
cose 

o 
o 

o 
o 

cose 
-sine 

Si~6l 
cose J 

Multiplying both sides of Eg. (3.12) by [T] and simplifying, we obtain 

{F} = [T][K][Tft{U} 

(3.13) 

(3.14) 

Substituting for values of the [T], [K] , [Tft , and {U} matrices in Eg. (3.14) and multi­
plying, we are left with 

rx} [ 
cos2 e sin e cos e -cos2 e -Sin6~OS6] rx } F;y = k sin e c~s e sin2 e -sin e cos e -Sill e u;y 

(3.15) 
Fjx -cos e -sin e cos e cos2 e sin e cos e U;x 
Fjy -sin e cos e -sin2 e sin e cos e sin2 e U;y 
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Equations (3.15) express the relationship between the applied forces , the element stiff­
ness matrix [K](e), and the global deflection of the nodes of an arbitrary element. TIle 
stiffness matrix [K](e) for any member (element) of the truss is 

cos2 e sin 0 cos 0 -cos2 0 -5;" 9 cos 9 ] 
[K]'" ~ { si" 9 cos 9 sin2 0 -sin 0 cosO -sin2 0 

(3.16) 
-cos2 0 -sin 0 cosO cos2 0 sin 0 cos 0 

-sin 0 cos 0 -sin2 0 sin 0 cos 0 sin2 0 

The next few steps involve assembling, or connecting, the elemental stiffness ma­
trices, applying boundary conditions ancl loads, solving for displacements, and obtain­
ing other information, such as normal stresses. These steps are best illustrated through 
an example problem. 

EXAMPLE 3.1 

Consider the balcony truss in Figure 3.4, shown here with dimensions. We are inter­
ested in determining the deflection of each joint under the loading shown in the figure. 
All members are made from Douglas-fir wood with a modulus of elasticity of 
E = 1.90 X 106 1b/in2 and a cross-sectional area of 8 in2• We are also interested in cal­
culating average stresses in each member. First , we will solve this problem manually. 
Later, once we learn how to use ANSYS, we will revisit this problem and solve it using 
ANSYS. 

500 Ib 500 Ib 

1- 3ft -1- 3ft 
(3) (6) 

T 
o 

4 

3 ft 

1 
As discussed in Chapter 1, Section 1.4, there are seven steps involved in any finite 

element analysis. Here, these steps are discussed again to emphasize the three phases 
(preprocessing, solution, and postprocessing) associated with the analysis of truss 
problems. 

Preprocessing Phase 

1. Discrefize fhe problem info nodes and elemenls. 
Each truss member is considered an element, and each joint connecting members 
is a node. Therefore, the given truss can be modeled with five nodes and six ele­
ments. Consult Table 3.1 while following the solution. 
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TABLE 3.1 The relationship between the elements and their corresponding nodes 

Element Node i Nodej e See Figures 3.7-3.10 

(1) 1 2 0 
(2) 2 3 135 
(3) 3 4 0 
(4) 2 4 90 
(5) 2 5 45 
(6) 4 5 0 

2. Assume a solution that approximates the behavior of an element. 
As discussed in Section 3.2, we will model the elastic behavior of each element as 
a spring with an equivalent stiffness of k as given by Eq. (3.5). Since elements (1), 
(3), (4), and (6) have the same length, cross-sectional area, and modulus of elas­
ticity, the equivalent stiffness constant for these elements (members) is 

(8 in2)(1.90 X 106 .lb2) 
AE 111 s . 

k = L = 36 in = 4.22 X 10 Ibhn. 

The stiffness constant for elements (2) and (5) is 

(8 in2)(1.90 X 106 .lb2) 
AE 111 ~ • 

k = L = 50.9 in = 2.98 X 10- Ib/ll1. 

3. Develop equations for elements. 
For elements (1), (3), and (6), the local and the global coordinate systems are 
aligned, which means that e = O. This relationship is shown in Figure 3.7. Using 
Eq. (3.16), we find that the stiffness matrices are 

[ 

COS2 e sin e cos e 
[K]<e) = k sin e cos e sin2 e -sin e cos e 

-cos2 e -sin e cos e cos2 e 
-sin e cos e -sin2 e sin e cos e 

[ C05' (0) sin(O) cos(O) 

[K](1) = 4.22 X lOs sin(O) cos(O) sin2(0) 

-cos2(0) -sin(O) cos(O) 
-sin(O) cos(O) -sin2(O) 

[K](l) ~ 4.22 X 10{ ~l 
0 -1 

°rx 
0 0 o U,y 
0 1 o U2X 

0 0 o U2Y 

-sin e cos e] 
-sin2 e 

sin e cos e 
sin2 e 

-cos2(O) 

-sin(O) cos(O) 

cos2(0) 
sin(O) cos(O) 

-5in(0) C05(0) ] 
-sin2(0) 

sin(O) cos(O) 
sin2(O) 
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y y 

L x 1 (@ .. x @) 
i = 1 element (1) j = 2 

or 
3 element (3) 4 FIGURE 3.7 The orientation of the local 

4 or 5 coordinates with respect to the global co-
element (6) ordinates for elements (1), (3), and (6). 

and the position of element (l)'s stiffness matr L,{ in the global matrix is 

4.22 0 -4.22 0 0 0 0 0 0 0 U1X 

0 0 0 0 0 0 0 0 0 0 U1Y 

- 4.22 0 4.22 0 0 0 0 0 0 0 U2X 

0 0 0 0 0 0 0 0 0 0 U2Y 

[K](lG) = 10' 0 0 0 0 0 0 0 0 0 0 U3X 

0 0 0 0 0 0 0 0 0 0 U3Y 

0 0 0 0 0 0 0 0 0 0 U4X 

0 0 0 0 0 0 0 0 0 0 U4Y 

0 0 0 0 0 0 0 0 0 0 Usx 
0 0 0 0 0 0 0 0 0 0 USY 

Note that the nodal displacement matrix is shown alongside element (1 ) 's posi-
tion in the global matrix to aid us in observing the location of element (l) 's stiff-
ness matrix in the global matrix. Similarly, the stiffness matrix for element (3) is 

[KJ(3) ~ 4.22 X !O{ ~1 
0 -1 lox 0 0 o U3Y 

0 1 o U4X 

0 0 o U4Y 

and its position in the global matrix is 

0 0 0 0 0 0 0 0 0 0 U1X 

0 0 0 0 0 0 0 0 0 0 U1Y 

0 0 0 0 0 0 0 0 0 0 U2X 

0 0 0 0 0 0 0 0 0 0 U2Y 

[K](3G) = lOs 0 0 0 0 4.22 0 -4.22 0 0 0 U3X 

0 0 0 0 0 0 0 0 0 0 U3Y 

0 0 0 0 -4.22 0 4.22 0 0 0 U4X 

0 0 0 0 0 0 0 0 0 0 U4Y 

0 0 0 0 0 0 0 0 0 0 U5X 

0 0 0 0 0 0 0 0 0 0 USY 
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The sti ffness matrix for element (6) is 

[ 1 

0 -1 

T" [K]") ~ 4.22 X 10' ~1 0 0 o U4y 
0 1 o Usx 
0 0 o Usy 

and its position in the global matrix is 

0 0 0 0 0 0 0 0 0 U\X 
0 0 0 0 0 0 0 0 0 0 U\y 
0 0 0 0 0 0 0 0 0 0 U2X 
0 0 0 0 0 0 0 0 0 0 U2y 

[K] (6G)=1O 
0 0 0 0 0 0 0 0 0 0 U3X 
0 0 0 0 0 0 0 0 0 0 U3y 
0 0 0 0 0 0 4.22 0 -4.22 0 U4X 
0 0 0 0 0 0 0 0 0 0 U4y 
0 0 0 0 0 0 -4.22 0 4.22 0 Usx 
0 0 0 0 0 0 0 0 0 Usy 

For element (4) , the orientation of the local coordinate system with respect 
to the global coordinates is shown in Figure 3.8. Thus, for element (4), e ;;;;; 90, 
which leads to the stiffness rna trix 

[ cos2(90) sin(90) cos(90) -cos2(90) -sin(90) COs (90] 
[K](4) ;;;;; 4.22 X lOs sin(90) cos(90) sin2(90) -sin(90) cos(90) -sin2(90) 

-cos2(90) -sin(90) cos(90) cos2(90) sin(90) cos(90) 
-sin(90) cos(90) -sin2(90) sin(90) cos(90) sin2(90) 

[K](4) ~ 4.22 X 1O{ ~ 
0 0 or 1 0 -1 UZy 
0 0 o U4X 
- 1 0 1 U4y 

and its global position 

0 0 0 0 0 0 0 0 0 0 U\X 
0 0 0 0 0 0 0 0 0 0 U\y 
0 0 0 0 0 0 0 0 0 0 U2X 
0 0 0 4.22 0 0 0 -4.22 0 0 UZy 

[K](4G) ;;;;; lOs 0 0 0 0 0 0 0 0 0 0 U3X 
0 0 0 0 0 0 0 0 0 0 U3y 
0 0 0 0 0 0 0 0 0 0 U4X 
0 0 0 -4.22 0 0 0 4.22 0 0 U4y 
0 0 0 0 0 0 0 0 0 0 Usx 
0 0 0 0 0 0 0 0 0 0 Usy 
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y 

@ 4 

x 

x Y~-I-' element (4) 

© 2 

FIGURE 3.8 The orientation of the local 
coordinates with respect to the global co­
ordinates for element (4). 

For element (2), the orientation of the local coordinate system with respect 
to the global coordinates is shown in Figure 3.9. Thus, for element (2) , yielding 
the stiffness matrix 

[ 

.5 

[K](2) = 2.98 X 105 = :~ 
.5 

.5 

.5 
-.5 

.5 

.5 
-.5 

.5 JU2X -.5 U2Y 

-.5 U3X 

.5 U3Y 

FIGURE 3.9 The orientation of the local 
coordinates with respect to the global co­
ordinates for element (2). 



Section 3.2 Finite Element Formulation 129 

Simplifying, we get 

[ 1 

-1 -1 lrx -1 1 1 -1 U2y 
[K](2) = 1.49 X 105 ~ 1 

1 1 -1 U3X 
-1 -1 1 U3y 

and its position in the global matrix is 

0 0 0 0 0 0 0 0 0 0 U,x 
0 0 0 0 0 0 0 0 0 0 U,y 
0 0 1.49 -1.49 -1.49 1.49 0 0 0 0 U2X 
0 0 -1.49 1.49 1.49 -1.49 0 0 0 0 U2y 

[K] (2C) = 105 
0 0 -1.49 1.49 1.49 -1.49 0 0 0 0 U3X 
0 0 1.49 -1.49 -1.49 1.49 0 0 0 0 U3y 
0 0 0 0 0 0 0 0 0 0 U4X 

0 0 0 0 0 0 0 0 0 0 U4y 
0 0 0 0 0 0 0 0 0 0 Usx 
0 0 0 0 0 0 0 0 0 0 USY 

For element (S), the orientation of the local coordinate system with respect 
to the global coordinates is shown in Figure 3.10. Thus, for element (S), e = 4S, 
yielding the stiffness matrix 

[ co,'(45) sin( 4S) cos( 4S) -cos2(4S) -,in(45) CO'(45] 

[K](S) =2.98 X 105 sin~~ls~~;;~S) sin2(4S) -sin( 4S) cos( 4S) -sin2( 4S) 

-sin(4S) cos(4S) cos2(4S) sin(4S) cos(4S) 
-sin(4S) cos(4S) -sin2(4S) sin(4S) cos(4S) sin2(4S) 

[ .5 

.S -.S 

-'T2X [K](5) = 2.98 X 105 ~~S .S -.S -.S U2y 
-.S .S .S Usx 

-.S -.5 .S .S Usy 

and its position in the global stiffness matrix is 

2 

FIGURE 3.10 The orientation of the local 
coordinates with respect to the global co­
ordinates for element (5). 
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0 0 0 0 0 0 0 0 0 0 U,X 
0 0 0 0 0 0 0 0 0 0 U,y 
0 0 1.49 1.49 0 0 0 0 -1.49 -1.49 U2X 
0 0 1.49 1.49 0 0 0 0 -1.49 -1.49 U2y 

[K](SG) = 10- 0 0 0 0 0 0 0 0 0 0 U3X 
0 0 0 0 0 0 0 0 0 0 U3y 
0 0 0 0 0 0 0 0 0 0 U4X 
0 0 0 0 0 0 0 0 0 0 U4y 
0 0 -1.49 -1.49 0 0 0 0 1.49 1.49 Usx 
0 0 -1.49 -1.49 0 0 0 0 1.49 1.49 USY 

It is worth noting again that the nodal displacements associated with each el-
ement are shown next to each element's stiffness matrix. This practice makes it 
easier to connect (assemble) the individual stiffness matrices into the global stiff-
ness matrix for the truss. 

4. Assemble elements. 
The global stiffness matrix is obtained by assembling, or adding together, the in-
dividual elements' matrices: 

[K](G) = [K](1G) + [K](2G) + [K](3G) + [K](4G) + [K](5G) + [K](6G) 

4.22 0 -4.22 0 0 
0 0 0 0 0 

-4.22 0 4.22 + 1.49 + 1.49 -1.49 + 1.49 -1.49 

0 0 1.49-1.49 4.22 + 1.49 + 1.49 1.49 

[K](G) = lOs 0 0 -1.49 1.49 4.22 + 1.49 
0 0 1.49 -1.49 -1.49 

0 0 0 0 -4.22 

0 0 0 -4.22 0 
0 0 -1.49 -1.49 0 
0 0 -1.49 -1.49 0 

0 0 0 0 0 U,x 
0 0 0 0 0 U,y 

1.49 0 0 -1.49 -1.49 U2X 

-1.49 0 -4.22 -1.49 -1.49 U2y 
-1.49 -4.22 0 0 0 U3X 
1.49 0 0 0 0 U3y 

0 4.22 + 4.22 0 -4.22 0 U4X 
0 0 4.22 0 0 U4y 
0 -4.22 0 4.22 + 1.49 1.49 Usx 
0 0 0 1.49 1.49 USY 
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Simplifying, we get 

4.22 0 -4.22 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

-4.22 0 7.2 0 -1.49 1.49 0 0 -1.49 -1.49 
0 0 0 7.2 1.49 - 1.49 0 -4.22 -1.49 -1.49 

[K](G) = 105 0 o -1.49 1.49 5.71 -1.49 -4.22 0 0 0 
0 0 1.49 -1.49 -1.49 1.49 0 0 0 0 
0 0 0 0 -4.22 0 8.44 0 -4.22 0 
0 0 0 -4.22 0 0 0 4.22 0 0 
0 o -1.49 -1.49 0 0 -4.22 0 5.71 1.49 
0 o -1.49 -1.49 0 0 0 0 1.49 1.49 

5. Apply the bOllndary conditions and loads. 

1 
0 

The following boundary conditions apply to this problem: nodes 1 and 3 are fixed, 
which implies that U1X = 0, U1y = 0, U3X = 0, and U3y = O. Incorporating these 
conditions into the global stiffness matrix and applying the external loads at nodes 
4 and 5 such that F4y = -500 Ib and Fsy = -500 Ib results in a set of linea r equa­
tions that must be solved simultaneously: 

0 0 0 0 0 0 0 0 0 U1X 0 
1 0 0 0 0 0 0 0 0 U1y 0 

-4.220 7.2 0 -1.49 1.49 0 0 -1.49 -1.49 U2X 0 
0 0 0 7.2 1.49 - 1.49 0 -4.22 -1.49 -1.49 U2y 0 
0 0 0 0 1 0 0 0 0 0 U3X 0 
0 0 0 0 0 1 0 0 0 0 U3y 0 
0 0 0 0 -4.22 0 8.44 0 -4.22 0 U4X 0 
0 0 0 -4.22 0 0 0 4.22 0 0 U4y -500 
0 o -1.49 -1.49 0 0 -4.22 0 5.71 1.49 Usx 0 
0 o -1.49 -1.49 0 0 0 0 1.49 1.49 USY -500 

Because U1X = 0, U1y = 0, U3X = 0, and U3y = 0, we can eliminate the first, sec-
ond, fifth, and sixth rows and columns from our calculation such that we need only 
solve a 6 X 6 matrix: 
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7.2 0 0 0 -1.49 -1.49 U2X 0 
0 7.2 0 -4.22 -1.49 -1.49 U2Y 0 

lOs 0 0 8.44 0 -4.22 0 U4X 0 
= 

0 -4.22 0 4.22 0 0 U4Y -500 
-1.49 -1.49 -4.22 0 5.71 1.49 Usx 0 
-1.49 -1.49 0 0 1.49 1.49 USY -500 

Solution Phase 

6. Solve a system o/algebraic equations simultaneollsly. 
Solving the above matrix for the unknown displacements yields U2X = -0.00355 
in, U2Y = -0.01026 in, U4X = 0.00118 in, U4Y = -0.0114 in, Usx = 0.00240 in, and 
USY = -0.0195 in. 1llllS, the global displacement matrix is 

U1X 0 
U1Y 0 
U2X -0.00355 
U2Y -0.01026 

U3X 0 
= in. 

U3Y 0 
U4X 0.00118 

U4Y -0.0114 

Usx 0.00240 
USY -0.Q195 

Recognize that the displacements of the nodes are given with respect to the global 
coordinate system. 

Postprocessing Phase 

7. Obtain other information. 

Reaction Forces As discussed in Chapter 1, the reaction forces can be computed 
from 

{R} = [K](Gl{U} - {F} 

such that 



R1X 
R1y 
R2X 
R2y 

R3X 
R3y 
R4X 
R4y 
Rsx 
Rsy 
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4.22 0 -4.22 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

-4.22 0 7.2 0 -1.49 1.49 0 0 -1.49 -1.49 
0 0 0 7.2 1.49 -1.49 0 -4.22 -1.49 -1.49 

= lOs 0 0 -1.49 1.49 5.71 -1.49 -4.22 0 0 0 
0 0 1.49 -1.49 -1.49 1.49 0 0 0 0 
0 0 0 0 -4.22 0 8.44 0 -4.22 0 
0 0 0 -4.22 0 0 0 4.22 0 0 
0 0 -1.49 -1.49 0 0 -4.22 0 5.71 1.49 
0 0 -1.49 -1.49 0 0 0 0 1.49 1.49 

0 0 
0 0 

-0.00355 0 
-0.01026 0 

0 0 
0 0 

0.00118 0 
-0.0114 -500 
0.00240 0 
-0.0195 -500 

Performing matrix operations yields the reaction results 

R1x 1500 
R1y 0 
R2X 0 
Ru 0 

R3X -1500 
R3y 1000 

Ib 

R4X 0 
R4y 0 

Rsx 0 
Rsy 0 

Intemal Forces mHI Normal Stresses Now let us compute internal forces and 
the average normal stresses in each member. The member internal forces hx and 
/j.P which are equal and opposite in direction, are 
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y 

FIGURE 3.11 Internal forces in a truss member. 

/;x = k( llix - llix) 

!;x = k(uix - llix) 

(3.17) 

Note that the sum of /;x and !;x is zero regardless of which representation of 
Figure 3.11 we select. However, for the sake of consistency in the forthcoming 
derivation, we will use the second representation so that /;x and!;x are given in the 
positive local x-direction. In order to use Eq. (3.17) to compute the internal force 
in a given element, we must know the displacements of the element's end nodes, 
llix and llix' with respect to the local coordinate system,x, y. Recall that the global 
displacements are related to the local displacements through a transformation 
matrix, according to Eq. (3.7), repeated here for convenience, 

{U} = [T]{ II} 

and the local displacements in terms of the global displacements: 

{II} = [Trl{U} r} [COS6 
sin e 0 

o ] [U;x ] lliy = -sin e cose 0 o UiY 

llix 0 0 cose sin e UiX 

lliy 0 0 -sin e cos e UiY 

Once the internal force in each member is computed, the normal stress in 
each member can be determined from the equation 

internal force f 
a= 

area A 

or alternatively, we can compute the normal stresses from 

(3.18) 
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As an example, let us compute the internal force and the normal stress in el­
ement (5). For element (5) , e = 45 , U2X = -0.00355 in , U2Y = -0.01026 in, 
Usx = 0.0024 in, and Usy = -0.0195 in. First, we solve for local displacements of 
nodes 2 and 5 from the relation 

sin 45 
cos 45 

o 
o 

o 
o 

cos 45 

-sin 45 

o ] { -0.00355 } o -0.01026 

sin 45 0.00240 

cos 45 -0.01950 

which reveals that ll2x = -0.00976 in and USx = -0.01209 in. Upon substitution of 
these values into Eqs. (3.17) and (3.18), the internal force and the normal stress in 
element (5) are 6961b and 87Ib/in2, respectively. Similarly, the internal forces and 
stresses can be obtained for other elements. 

This problem will be revisited later in this chapter and solved using 
ANSYS. The verification of these results will also be discussed in detail later in 
Section 3.6. 

3.3 SPACE TRUSSES 

c 

A three-dimensional truss is often called a space truss. A simple space truss has six 
members joined together at their ends to form a tetrahedron, as shown in Figure 3.12. 
We can create more complex structures by adding three new members to a simple truss. 
This addition should be done in a manner where one end of each new member is 
connected to a separate existing joint , attaching the other ends of the new members 
together to form a new joint. This structure is shown in Figure 3.13. As mentioned 
earlier, members of a truss are generally considered to be two-force members. In the 
analysis of space trusses, it is assumed that the members are connected together by 

B 

FIGURE 3.12 A simple tIUSS. FIGURE 3.13 Addition of new elements to a simple truss to form 
complex stlUctmes. 
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ball-and-socket joints. It can be shown that as long as the center lines of the adjacent 
bolted members intersect at a common point, trusses with bolted or welded joints may 
also be treated under the ball-and-socket joints assumption (negligible bending mo­
ments at the joints). Another restriction deals with the assumption that all loads must 
be applied at the joints. This assumption is true for most situations. As stated earlier, the 
weights of members are usually negligible compared to the applied loads. However, if 
the weights of the members are to be considered, then half of the weight of each mem­
ber is applied to the connectingjoints. 

Finite element formulation of space trusses is an extension of the analysis of plane 
trusses. In a space truss, the global displacement of an element is represented by six un­
knowns, V iX, V iy , ViZ , V jX, V jy, and VjZ ' because each node Goint) can move in three di­
rections. Moreover, the angles ex, ey, and ez define the orientation of a member with 
respect to the global coordinate system, as shown in Figure 3.14. 

The directional cosines can be written in terms of the difference between the co­
ordinates of nodes j and i of a member and the member's length according to the 
relationships 

cos ex = 
Xj - Xi 

L 

COSey = 
lj-Y; 

L 

cos ez = 
Zj - Zi 

L 

x 

(3.19) 

(3.20) 

(3.21) 

FIGURE 3.14 The angles formed by a 
member with the X-, Y- , and Z-axis . 
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where L is the length of the member and is given by 

(3.22) 

The procedure for obtaining the element stiffness matrix for a space-truss mem­
ber is identical to the one we followed to derive the two-dimensional truss element stiff­
ness. We start the procedure by relating the global displacements and forces to local 
displacements and forces through a transformation matrix. \Ve then make use of the 
two-foree-member property of a member. We use a matrix relationship similar to the one 
given by Eg. (3.14). This relationship leads to the stiffness matrix [K](e) for an element. 
However, it is important to realize that the elemental stiffness matrix for a space-truss 
element is a 6 X 6 matrix rather than the 4 X 4 matrix that we obtained for the two­
dimensional truss element. For a space-truss member, the elemental stiffness matrix is 

cos2 6x cos 6xcos 6y cos 6x cos 6z 
cos 6x cos 6y cos2 6y cos 6y cos 6z 

[K]<e) = k 
cos 6x cos 6z cos 6y cos 6z cos2 6z 

-cos2 6x -cos 6x cos 6y -cos 6x cos 6z 
-cos 6 x cos 6y -cos2 6y -cos 6y cos 6z 
-cos 6x cos 6z -cos 6y cos 6z -cos2 6z 

-cos2 6x -cos 6x cos 6y -cos 6 x cos 6z 
-cos 6 x cos 6y -cos2 6y -cos 6y cos 6z 
-cos 6x cos 6z -cos 6y cos 6z -cos2 6z 

cos2 6x cos 6x cos 6y cos 6x cos 6z 
(3.23) 

cos 6x cos 6y cos2 6y cos 6y cos 6z 
cos 6x cos 6z cos 6y cos 6z cos2 6z 

The procedure for the assembly of individual elemental matrices for a space-truss 
member-applying boundary conditions, loads, and solving for displacements-is exactly 
identical to the one we followed for a two-dimensional truss. 

3.4 OVERVIEW OF THE ANSYS* PROGRAM 

Entering ANSYS 

This section provides a brief overview of the ANSYS program. More detailed infor­
mation about how you should go about using ANSYS to model a physical problem is 
provided in Chapter 8. But for now, enough information will be provided to get you 
started. One way to enter the ANSYS program is through the ANSYS Launcher, shown 
in Figure 3.15. The Launcher has a menu that provides the choices you need to run the 
ANSYS program and other auxiliary programs. 

*Materials were adapted with pennission from ANSYS documents. 
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FIGURE 3.15 The ANSYS Product L1uncher for a PC version. 

When using the Launcher to enter ANSYS, follow these basic steps: 

1. Activate the Launcher by issuing the proper command at the system prompt 
if you are running ANSYS on a UNIX Platform. On a PC platform, go to: 
Start - Progrmns - ANSYS 10.0 - ANSYS Product Launcher®. 

2. Select the ANSYS option from the Launcher menu by positioning the cursor of the 
mouse over it and clicking the left mouse button. This command brings up a dia­
log box containing interactive entry options. 
a. Working directory: This directory is the one in which the ANSYS run will be 

executed. If the directory displayed is not the one you want to work in , pick 
the Browse button to the right of the directory name and specify the desired 
directory. 

b. Jobn:tmc: This jobname is the one that will be used as the prefix of the file name 
for all files generated by the ANSYS run. Type the desired jobname in this field 
of the dialog box. 
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Enter ANSYS ExitANSYS 

t 
BEGIN LEVEL 

PREP7 
SOLUTION 

POSTI POST26 ~ General 
Processor 

General Time-History 
Preprocessor Postprocessor Postprocessor 

PROCESSOR LEVEL 

FIGURE 3.16 The organization of ANSYS. 

3. Move the mouse cursor over the Run button at the bottom of the window and 
press it. TIle Graphical User Interface (GUI) will then be activated, and you are 
ready to begin. 

Program Organization 

Before introducing the GUI, we will discuss some basic concepts of the ANSYS program. 
The ANSYS program is organized into two levels: (1) the Begin level and (2) the 
Processorleve!' When you first enter the program, you are at the Begin level. From this 
level, you can enter the ANSYS processors, as shown in Figure 3.16. 

You may have more or fewer processors available to you than the ones shown in 
Figure 3.16. The actual processors available depend on the particular ANSYS product 
you have. The Begin level acts as a gateway into and out of the ANSYS program. It is 
also used to access certain global program controls. At the Processor level, seveTal rou­
tines (processors) are available; each accomplishes a specific task. Most of your analy­
sis will be done at the Processor level. A typical analysis in ANSYS involves three distinct 
steps: 

1. Preprocessing: Using the PREP7 processor, you provide data such as the geome­
try, materials, and element type to the program. 

2. Solution: Using the Solution processor, you define the type of analysis, set bound­
ary conditions, apply loads, and initiate finite element solutions. 

3. Postprocessing: Using POSTl (for static Or steady-state problems) or POST26 
(for transient problems), you review the results of your analysis through graphi­
cal displays and tabular listings. 

You enter a processor by selecting it from the ANSYS main menu in the GUI. You can move 
from one processor to another by simply choosing the processor you want from the ANSYS 
main menu. The next section presents a brief overview of the GUI. 
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The Graphical User Interface (GUI) 

The simplest way to communicate with ANSYS is by using the ANSYS menu system, 
called the Graphical User Interface. The GUI provides an interface between you and 
the ANSYS program. The program is internally driven by ANSYS commands. However, 
by using the GUI, you can perform an analysis with little or no knowledge of ANSYS 
commands. This process works because each GUI function ultimately produces one or 
more ANSYS commands that are automatically executed by the program. 

Layout of the GUI The ANSYS GUI consists of six main regions, or windows, 
as shown in Figure 3.17. 

S Preprocessor 
El Solution 
8 Cicnc:rcl Post;proc 
G Timc:Hist postp.o 
lEI lopological Opt 
lEI 04!:sign Opt 
El Ptob Des:igr'l 
El R<ldl<ltlOn opt 
EI Rurt-nme Stat~ 

B !E$9cnEdlOr 
~F&ni,h 

Utility Menu: Contains utility functions that are available throughout the 
ANSYS session, such as file controls, selecting, and graphics controls. 
You also exit the ANSYS program through this menu. 

FIGURE 3.17 The ANSYS GU!. 
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Main Mcnu: Contains the primary ANSYS functions , organized by proces­
sors. These functions include preprocessor, solution, general postproces­
sor, design optimizer, and so on. 

Toollmr: Contains push buttons that execute commonly used ANSYS com­
mands and functions. You may add your own push buttons by defining 
abbreviations. 

Input Window: Allows you to type in commands directly. All previously 
typed-in commands also appear in this window for easy reference and 
access. 

~ Graphks Window: A window where graphics displays are drawn. 

Output Window: Receives text output from the program. It is usually 
positioned behind the other windows and can be brought to the front 
when necessary. 

The ANSYS main menu and the ANSYS utility menu, both of which you will use most 
often, are discussed next. 

The Main Menu 

The main menu, shown in Figure 3.18( a) , contains main ANSYS functions sllch as pre­
processing, solution, and postprocessing. 

Each menu topic on the main menu either brings up a submenu or performs an ac­
tion. The ANSYS main menu has a tree structure. Each menu topic can be expanded 
to reveal other menu options. The expansion of menu options is indicated by + . You 
click on the + or the topic name until you reach the desired action. As you reveal other 
subtopics, the + will turn into - , as shown in Figure 3.18(b). For example, to create a 
rectangle, you click on Preprocessor, then on Modcling, Create, Areas, and Rectangle. 
As you can see from Figure 3.18(b), you now have three options to create the rectan­
gle: By 2 Corncrs, or B)I Ccntr&Cornr, or By Dimcnsions. Note that each time YOli 

revealed another subtopic, the + turned into -. 
The left mouse button is used to select a topic from the main menu. The submenus 

in the main menu stay in place until you choose a different menu topic higher up in the 
hierarchy. 

The Utility Menu 

The utility menu, shown in Figure 3.19, contains ANSYS utility functions such as file 
controls, selecting, and graphic controls. Most of these functions are mode less; that is, 
they can be executed at any time during the ANSYS session. The modeless natme of the 
utility menu greatly enhances the productivity and user friendliness of the GUI. 

Each menu topic on the utility menu activates a pull-down menu of subtopics, 
which in turn will either cascade to a submenu, indicated by a ~ after the topic, or per­
form an action . The symbol to the right of the topic indicates the action: 
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~ Preferences 
EJ JlGH,·i4U,·li 
13 Solution 
13 General Postproc 
13 TimeHist Postpro 
13 Topological Opt 
13 Design Opt 
13 Prob Design 
13 Radiation Opt 
13 Run-Time Stats 
~ Session Editor 
~ FirOsh 

(a) 

, fA/\/\ ANSVS Main Mero 

~ Preferences 
B Preprocessor 

(b) 

13 Element Type 
13 Real Constants 
I±l Material Props 
I±l Sections 
B Modeling 

B Create 
I±l Keypoints 
I±l Lines 
B Areas 

I±l Arbitrary 

EJ;fflM 
~ By 2 Corners 
~ By Centr 8< Cornr 
~ By Dimensions 

I±l Circle 
I±l Polygon 
~ Area Fmet 

I±l Volumes 
I±l Nodes 
I±l Elements 
EI Contact Pair 
I±l Piping Models 
I±l Circuit 
EI Racetrack Coil 

I±l Transducers 
I±l Operate 
I±l Moye / Modiry 
I±l Copy 
I±l Renect 
I±l Check Geom 
I±l Delete 

FIGURE 3.18 The main menu. 

no symbol for immediate execution of the function 

... for a dialog box 

+ for a picking menu. 

/\/\/\ 

I;; 
IJ 

Clicking the left mouse button on a menu topic on the utility menu is used to "pull 
down" the menu topic. Dragging the cursor of the mouse allows you to move the cur­
sor to the desired subtopic. The menus will disappear when you click on an action 
subtopic or elsewhere in the GUI. 

FIGURE 3.19 The utility menu. 
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Graphical Picking 

In order to use the GUI effectively, it is important to understand graphical picking. You 
can use the mouse to identify model entities and coordinate locations. There are two 
types of graphical-picking operations: loeational picking, where you locate the coordi­
nates of a new point, and retrieval picking, where you identify existing entities. For ex­
ample, creating key points by picking their locations on the working plane is a 
locational-picking operation, whereas picking already-existing key points to apply a 
load on them is a retrieval-picking operation. 

Whenever you use graphical picking, the GUI brings up a picking menu. 
Figure 3.20 shows the picking menus for locational and retrieval picking. The features 
of the picking menu that are used most frequently in upcoming examples are described 
in detail below. 

Function Title 

Picking Mode 

Picking Status 

Picked Data 

Keyboard 
Entry Options 

Action Buttons 

Picking Mode: Allows you to pick or un pick a location or entity. You can 
use either these toggle buttons or the right mouse button to switch be­
tween pick and unpick modes. The mouse pointer is an up arrow for 
picking and a down arrow for unpicking. For retrieval picking, you also 
have the option to choose from single pick, box, circle, and polygon 
mode. 

Create KPs on wp ' ~.-= 
~ " I 

~ 

~ 
Count 0 ~ Maxi .. "", 1000 n Polygon (' Circle 
Mini .. "", = 1 G Loop 

WP X 

J~ ~ 
Count . 0 y 

Maximum. . 3 
Glollal X = 

Mini .. "", = 1 
Y • 

~ Z • KeyP No. • 

('. WP Coordinates r. List of Ite .. s 

r. Glollal Cartesian ~ ~ CI Min, Max, Inc: 

Apply 

Cancel ..... 

FIGURE 3.20 Picking menu for locational and retlieval picking, 
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Picked Dahl: Shows information about the item being picked. For locational 
picking, the working plane and global Cartesian coordinates of the point 
are sho\VIl. For retrieval picking, this area shows the entity number. You can 
see this data by pressing the mouse button and dragging the cursor of the 
mouse into the graphics area. This procedure allows you to preview the in­
formation before releasing the mouse button and picking the item. 

Action Uuttons: This area of the menu contains buttons that take certain 
actions on the picked entities, as follows: 

OK: Applies the picked items to execute the function and closes the picking 
menu. 

Apply: Applies the picked items to execute the function. 

Reset: Unpicks all picked entities. 

Cancel: Cancels the function and closes the picking menu. 

Pick All: Picks all entities available for retrieval picking only. 

Help: Brings up help information for the function being performed. 

Mouse-Uutton Assignments for Picking A summary of the mouse-button as­
signments used during a picking operation is given below: 

DID 
D 
001 
D 

The left button picks or unpicks the entity or location closest to the cursor of the 
mouse. Pressing the left mouse button and dragging the cursor of the mouse 
allows you to preview the items being picked or unpicked. 

The middle button applies the picked items to execute the function. Its function 
is the same as that of the Apply button on the picking menu. 

The right button toggles between pick and unpick mode. Its function is the same 
as that of the toggle buttons on the picking menu. 

The Help System 

The ANSYS heIp system gives you information for virtually any component in the GUI 
and any ANSYS command or concept. It can be accessed within the GUI via the help 
topic on the utility menu or by pressing the help button from within a dialog box. You 
can access a help topic by choosing from a manual's table of contents or index. Other 
features of the help system include hypertext links, word search, and the ability to print 
out help topics. An in-depth explanation of the capabilities and the organization of the 
ANSYS program is offered in Chapter 8. 

3.5 EXAMPLES USING ANSYS 

In this section, ANSYS is used to solve truss problems. ANSYS offers two types of 
elements for the analysis of trusses: LINK! and LINK8. A two-dimensional spar, called 
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LlNK1, with two nodes and two degrees of freedom (Ux , Uy) at each node is com­
monly used to analyze plane truss problems. Input data must include node loca­
tions, crosssectional area of the member, and modulus of elasticity. If a member is 
prestressed, then the initial strain should be included in the input data as well. As 
we learned previously in our discussion on the theory of truss element, we cannot 
apply surface loads to this element; thus, all loads must be applied directly at the 
nodes. To analyze space-truss problems, ANSYS offers a three-dimensional spar 
element. This element, denoted by LINKS, offers three degrees of freedom 
(Ux , Uy, Uz) at each node. Required input data is similar to LlNKl input informa­
tion. To get additional information about these elements, run the ANSYS online 
help menu. 

EXAMPLE 3.1 Revisited 

Consider the balcony truss from Example 3.1 , as shown in the accompanying figure. We 
are interested in determining the deflection of each joint under the loading shown in the 
figure. All members are made from Douglas-fir wood with a modulus of elasticity of 
E = 1.90 X 106 Ib/in2 and a cross-sectional area of 8 in2. We can now analyze this prob­
lem using ANSYS. 

500 Ib 500 Ib 

1_3ft_!_3ft_ 
(3) (6) 

T 
00 0 

4 

3 ft (2) 

1 (1) 
o 

2 

The following steps demonstrate how to create the truss geometry, choose 
the appropriate element type , apply boundary conditions and loads, and obtain 
results: 

Enter the ANSYS program by using the Launcher. 

Type Truss (or a file name of your choice) in the JobllaJnc entry field of the dialog 
box. 
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Pick nun to start the GUI. Create a title for the problem. This title will appear 
on ANSYS display windows to provide a simple way of identifying the displays. 
To create a title, issue the command 

utility menu: File ~ ClulIIgeTitlc . .. 

. . ; Change Title 

[/TITlE] Enter new title I Truss 

cancel 
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Define the element type and material properties: 

main menu: Prcprocessor - Elcment type - Add/Edit/Delete 

Element Types 

Defined Element Types: 

NONE DEFINED 

dose Help 

-. ": library of Element Types 

Library of Element Types 2D s ar ! Structural Mass ,' .... 
tiiiiigmiiiil ••• n 3D finit stn 180 

Beam spar 8 
Pipe bilinear ! 0 
Solid actuator 11 
Shell 

Hyperelastic ' -:~~~~=~~~=' F. " .o.:~.:o:::o:,:l1e::.!'1:.;:R:.::i.:.;vl::.:in====~ ___ 12D spar 
~=====~ 

Element type reference number 

Cancel 

Element Types x 

Defined Element Types: 
Type! LINK! 

Delete 

Help 
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Assign the cross-sectional area of the truss members: 

main menu: Prcproccssor ~ Rcul Constants ~ Add/Edit/Delete 

Real Constants 

Defined Real Constant Sets 

ONE DEFINED 

dose 

--: Real Constant Set Number I, ror L1NKI 

Element Type Reference No. 1 

Real Constant Set No. 

Cross-sectional area AREA 

Initial strain ISTRN 

~ OK 

, . 
Choose element type: 

Type 1 LINKl 

Delete 

Cancel 

--: Real [on.lanla 13 

Ie 

Help 

Assign the value of the modulus of elasticity: 

main menu: Prcproccssor ~ Mutcrial Prol)S ~ Muterial Models ~ 

Structural ~ Lincar ~ Elustic ~ Isotropic 

Note: Double-click on Structural and then on Linear, Elastic, and Isotropic. 



~ Denne Material Model Behavior 

Mater~1 Edit Help 

r Material Models Defined 

~ Mater~1 Model Nunber 1 

c~ " 

Note: 
EX: Modulus of Elasticity 
PRXY: Poisson's Ratio 

Poisson 's Ratio may be omitted 
for link elements. 

~ 

r;-
'III"-
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Material Models Avaiable 

IS structur at 

IS linear 

IS Elastic 

~III 
~ Orthotropic 

~ Anisotropic 

~ Non~near 

~ Density 

~ Thermal Expansion Coef 

~ Damping 

~ Friction Coefficient 
~ II ............. ~_I ... I'\ ..... I ......... 

'~ II 

~ '~I ,~ 

Unear Isotropic Material Properties for Material Number 1 

T1 

Temperatures 10 -tl 
EX 11.ge6 I 
PRXV 10.3 ~ 

'MdTemperature I Delete Temper~1 I] Graph I 
11 I. OK :111 Cancel III Help I 

Close the Define Material Model Behavior window. 

149 

~ 

--

. 
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Save the input data: 

ANSYS Toolbar: SAVE_DB 

Set up the graphics area (i.e., workplane, zoom, etc.): 

utility menu: WorkPlanc ~ WP Settings ... 

WP Selling! 
- - - -

Toggle on the workplane by the following sequence: 

utility menu: Workplanc ~ Display Working Planc 

Bring the workplane to view using the following sequence: 

utility menu: PlotCtrls ~ Pan, Zoom, Rotatc ... 



Section 3.5 Examples Using ANSYS 151 

Click on the small circle until you bring the workplane to view. You can also use 
the arrow buttons to move the workplane in a desired direction. Then, create 
nodes by picking points on the workplane: 

main menu: Preprocessor - Modeling - Create - Nodes-
On Working Plane 

On the workplane, pick the location of joints (nodes) and apply them: 
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~ 
[WP = 0,0] 

~ 
[WP = 36,0] 

~ 
[WP = 0,36] 

~ 
[WP = 36,36] 

100 [WP = 72,36] 

D 
OK 

You may want to turn off the workplane now and turn on node numbering in­
stead: 

utility menu: Workplane - Display Working Plane 

utility menu: PlotCtrls - Numbering . . . 

x 

~"'PHUI11 prot NWIbii .. ing CiJntl'Ols 

KP JCeypoiiit ntiiiiJlel'S 

~INE tine nuRbel's 

I_ OK 
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You may want to li st nodes at this point in order to check your work: 

utility menu: List - Nodes ... 

; SOIl NOOE listing E3 

~PUt liat·irlg will contain 

Sort fust ·hy, 

Sort second hy HODE Hu .. ber 

Sort third hy HODE Nu .. bor I'" 

" OK 

lIST ALL SELECTED IIODES. DSYS· 0 
SORT TABLE ON NODE NODt NODE 

PODE X Y Z 
1 .000000000000 .000000000000 .000000000000 
2 36.0000000000 .000000000000 .000000000000 
3 .000000000000 36.0000000000 .000000000000 
4 36.0000000000 36.0000000000 .000000000000 
5 72.0000000000 36.0000000000 . 000000000000 

Close 

ANSYS Toolbar: SAVE_DIl 

Define elements by picking nodes: 

main menu: Preprocessor - Modeling - Create - Elements­
AutoNulIlbcrcd -+ Thru Nodes 
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~ 
[node 1 and then node 2] 

010 [Use the middle button anywhere in the ANSYS graphics window to apply] 

D 

~ 
[node 2 and then node 3] 

~ 
[anywhere in the ANSYS graphics window] 

100 [node 3 and then node 4] 

D 

~ 
[anywhere in the ANSYS graphics window] 

~ 
[node 2 and then node 4] 

~ 
[anywhere in the ANSYS graphics window] 

~ 
[node 2 and then node 5] 

~ 
[anywhere in the ANSYS graphics window] 

~ 
[node 4 and then node 5] 

010 
D 

[anywhere in the ANSYS graphics window] 

OK 
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ANSYS Toolbar: SAVE_Un 

Apply boundary conditions and loads: 

main menu: Solution - Define Loads - Apply - Structural -

Displacement - On Nodes 

[node 1] 

[node 3] 

[anywhere in the ANSYS graphics window] 
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100 
D 

~ 
DID 
D 

Trusses 

.. : Apply U,ROT on Nodes 

[D] Apply Displacements (U,ROT) on Nodes 

Lab2 DOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

OK Apply 

D 
Iconstant value lE1 

I~~';;;;;~=-: 

Cancel Help 

main menu: Solution ~ Define Loads ~ Apply ~ Structural ~ 

Force/Moment ~ On Nodes 

[node 4] 

[node 5] 

[anywhere in the ANSYS graphics window] 

.,: Apply F/M on Nodes I 

[F] Apply Force/Moment on Nodes 

Lab Direction of force/mom 

Apply as 

If CC!nstant value then: 

VAlUE Force/moment value 

OK 

ANSYS Toolbar: SAVE_DB 

Cancel 

1~l8~---=:::::;;::::::::::::::~-

Iconstant value !EJ 
~~~== 

I-soo 



Section 3.5 Examples Using ANSYS 

Solve the problem: 

main menu: Solution ~ Soll'C ~ Current LS 

: Solvo c...ent load Step 13 

<Red ... the aURA&l'y lntorRAtion in the U.t ... "indow (entiU.d 
"AlIATCO 

OK 

Close (the solution is done!) window. 

Close (the /STAT Command) window. 

For the postprocessing phase, first plot the deformed shape: 

main menu: General Postproc ~ Plot Results ~ Deformed Shape 

x 

I )t OK 

157 
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main menu: General Postproc ~ List Results ~ Nodal Solution 

List Nodal Solution 
Item to be listed ------~=~----:-----------___, 

I5?t Favorites 

r& Nodal Solution 

r& DOF Solution 

o X -Component of displacement 

o V-Component of displacement 

----:~-:---- 0 
I5?t Stress 

isplacement vector sum 

~ Total Strain 

I5?t Elastic Strain 

~ Plastic Strain 

I5?t Creep Strain 

~ Thermal Strain 

I5?t Total Mechanical and Thermal Strain 

o Swelling strain 

~ :':" '.' 

Value for computing the EQV strain 

PRNSOL Command ' 
File 

PRINT U NODAL SOLUTION PER NODE 

***** POST1 NODAL DEGREE OF FREEDOM LISTING ***** 
LOAD STEP- 1 SUBSTEP- 1 

TIME= 1.0000 LOAD CASE= 0 

Help 

THE FOLLOWING DEGREE OF FREEDOM RESULTS ARE IN THE GLOBAL COORDINATE SYSTEM 

NODE UX UY 
1 0.0000 0.0000 
2 -0.35526E-02-0.10252E-01 
3 0.0000 0.0000 
4 0.11842E-02-0.11436E-01 
5 0.23684E-02-0.19522E-01 

MAXIMUM ABSOLUTE UALUES 

UZ 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

NODE 2 5 0 
UALUE -0.35526E-02-0.19522E-01 0.0000 

Close 

USUM 
0.0000 

0.10850E-01 
0.0000 

0. 11497E-01 
0.19665E-01 

5 
0.19665E-01 
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To review other results, such as axial forces and axial stresses, we must copy these 
results into element tables. These items are obtained using item label and seqllence 
numbers, as given in the Table 4.1-4.3 section of the ANSYS elements manual. 
For truss elements, the values of internal forces and stresses, which ANSYS com­
putes from the nodal displacement results, may be looked up and assigned to user­
defined labels. For Example 3.1 , we have assigned the internal force , as computed 
by ANSYS, in each member to a user definecllabel " Axforce. " However, note 
that ANSYS allows up to eight characters to define such labels. Similarly, the axial 
stress result for each member is assigned to the label "Axstress." 'Ve now run the 
following sequence: 

main menu: General Postproc ~ Elemcnt Table ~ Definc Table 

Element Table Data ' x 
Currently Defined Data and Status: 

l..tJel ltemComp Time St<>mp 

NONE DEFINED 

Close Help 

. •• o. , t~.l 
[AVfRIN) EffNUforEq.'s~ah I!........ JJ 
[ET I'BtE] Defhe Additional Eierne"lt T atie Items 

Lab User label fa tern AXforce .I -
Item,Canp Resuts data Rem Stran-elastic ~ . 

5t,an-thelma NMtSC, [ 5tran-plasz:ic LS, 
Strcin-ucep 

W 
LEF1::l, 

Str.3n·othor LEPTH, p; Contact LHPl, 
ODtmization , -. - .. ISMISC, 1 , 

(for"8y~nce ntJn", enter ~nce 

no. in Sele:ticn oox. See M !e 4.)()f-3 

in Ei:mcnts MM'MJoI for seq. numbcu,) 

If OK I II Apply I II (anreI I II Hep I 

-



160 Chapter 3 Trusses 

" I,. I. " !2J 
[AVflUN) Eff NU for Eq,' slran 

~ jJ 
[ET I>BtE] Defhe Add~icMl Element r at/e ~ems 

l<lb User label fa ~em AXstre,~ II 
Irem,Canp Resots data ~em Stran-elastic .!. SMISC, ff-Str an-thelma NMISC 

5tran·plastic 
Slrdn-ucep 

[ 
I.fF£L, -

Str.:in-othor LEPTH, f; Contad LEWt, 
Ooti'nization -. ' • IlS, I '-----

(for"'8y ~nce ...... ent .. S<>:jU1n<e 

no. in ~19:ticn tox. See latte 4.x.-3 
in EbmentJ M~oI for seq. numbe..,.) 

• OK I II ~ppIy I II CMreI I II Hep I 

Element Table Data 

C"rently Defiled Data and Status: 

Label nemComp Time Stamp 
AXFORCE SMIS 

AXSTRESS LS I 

Delete 

Close Help 

main menu: Gcncnll Postllroc -- Elcmcnt Tablc -- Plot Elcmcnt Tablc 

or 

main menu: Gcncntl Postllroc -- Elcmcnt Tablc -- List Elcmcnt Tablc 
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rio 

...... POSTl EttlltHT TABLE LlSTIHC ..... 

STAT curuu:1IT curuu:1IT 
ELElI oIXFORC!: oIXSTRESS 

1 -1500.0 -187.50 
2 1414. 2 176. 70 
3 500.00 62.500 
4 -500. 00 -62. 500 
5 -707.11 -88.388 
6 500. 00 62. 500 

IIIHIIIUII VALUES 
ELEII 1 1 
VALut -l~OO.O -187.~O 

1IoIXIII\JJI VALUES 
ELtll 2 2 
VALUE 1414.2 176.78 

Closc 

List reaction solutions: 

main menu: Gcneral Postproc ~ List Results ~ Reaction Solu 

: List Reoction Solution 13 
[PRJISOIlJ 

Lab 
Struct force FX 

FY 
FZ 

All strue fore P 
Struct RO~ent HX 

I1Y 
lIZ 

All struc ROAe " 

All ite .. s 

.1\' PRRSOL Command E) 

PRIIIT RUCTION SOL11TIONS PER HODE 

.... a POSTl TOTAL ~ACTIOJl SOLUTION LISTING ..... 

LOAD STEP- 1 SUBSTE'-
1.0000 

1l!E fOLLOWING X. Y.Z SOLtrrIOHS ARE IH GLOBAL COORDIHATES 

HODE fX 
1 1500.0 
3 -1500.0 

TOTAL VALUES 
VALU!: .00000 

rY 
.00000 
1000.0 

1000.0 
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Exit ANSYS and save everything, including element tables and reaction forces: 

ANSYS Toolbar: QUIT 

.; EXit hom ANSYS Ef 
- Exit E1'01II AHSIIS -

Coneol 1 

If, for any reason, you need to modify a model, first launch ANSYS and then type 
the file nalllc of the model in the Jolm:unc entry field of the Launcher dialog box. 
Then press Run. From the File menu, choose RcsulIlc Jobnalllc.DU. Now you 
have complete access to your model. You can plot nodes, elements, and so on to 
make certain that you have chosen the right problem. 

EXAMPLE 3.2 

Consider the three-dimensional truss shown in the accompanying figure. We are inter­
ested in determining the deflection of joint 2 under the loading shown in the figure. The 
Cartesian coordinates of the joints with respect to the coordinate system shown in the 
figure are given in feet. All members are made from aluminum with a modulus of elas­
ticity of E = 10.6 X 106 Ib/in2 and a cross-sectional area of 1.56 in2• 

z 

y 

2 
/~~-------~~~~------I~X 

(6',0, 0) 
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To solve this problem using ANSYS, we employ the following steps: 

Enter the ANSYS program by using the Launcher. 

Type Truss3D (or a file name of your choice) in the Jobnamc entry field of the 
dialog box. 

Pick Run to start the GUI. 

Create a title for the problem. This title will appear on ANSYS display windows 
to provide a simple way of identifying the displays: 

utility menu: File ~ Changc Titlc ... 

Define the element type and material properties: 

main menu: Preproccssor ~ Elemcnt Type ~ Add/Edit/Dclete 

. ': Element Types 13 

I • 

r~ 

I~ 

.. : Library of Element Types 

Ubrary of Element Types structural Mass '.. 2D spar 1 

.... ~ii ...... r.l~3~D~fniit.~.nrnlOO .......... 1 
Beam PI 
Pipe bilnear 10 

Element type reference runber 

OK Apply 

So&d ~tuator 11 
SheD 

Hyperelastic 
Mooney·Rivtin 

Cancel 

spar e J 
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.: Element T l'pel 13 

Types: 

Assign the cross-sectional area of the truss members: 

main menu: Preprocessor - Real Constant - Add/Edit/Delete 

. . , Reat Constant Set Number I, ror L1NKB 

Element Type Reference No. I 

Real Constent Set No. 

Cross-sedional ... ea AREA 

I Element Tvpe lex Reol [onslonll 

C .... o •• el .... nt t!lll8 : 

E: 
If OK I If Cancel 

I 
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Assign the value of the modulus of elasticity: 

main menu: Prcproccssor ~ Matcrial Props ~ Matcriall\''1odcls ~ 

Structural ~ Lincar ~ Elastic ~ Isotropic 

Linear Isotropic Properties for Material Number 'l 

linear Isotropic Material Properties for Material Number I 

T1 

Temperatures 1 
__ EX 1r-I-o,-6~-6--...!l 

PRXY 1",,0, ... 3 ===!.I 

Add Temperature I De'ete Temperature I 
Help 

Close the Define Material Model Behavior window. 

ANSYS Toolbar: SAVE_DB 

Create nodes in active coordinate system: 

main menu: Prcproccssor ~ Modcling ~ Crcatc ~ Nodcs ~ In Actil'c CS 

: Create N odes In Active Coordinate S )lstem 

[Hl Cl'tlilte Hci es iii Active Ciiol'diilate Systell 
NODE NOde nuilbeJ' r.------1 

X.Y.Z LOcation In act! e CS 

IHKII.rHYZ.IHZX 
~tation angles (de~es) 
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: Create Node. In Aclove CoordInate SVltem Ef 

Node nu.liel' 

X.Y.Z LOcation in actlyo CS 

IHXII.IHYZ.IHZlC 
Rof, tion a nglec (degpeec) 

Rotation anglec (degpeec) 

• 1 . ... . .. , . 
I"I'IJ "l'tIate" ~Nilde. l il"Ac tiUi COO1'diiia:~SY8fe. 

NODE Node nu~ )4 
X.Y.Z Iiocatlon in actillo Cli III 
IHXII.IHYZ.IHZlC 

Rotation anglec (ilegpeec) II 

1- 0K II Ir Apply ' l Ir cancel\ 

You may want to turn on node numbering: 

utility menu: PlotCtrls - Numbering , , , 

X 

U 
11"2 IY" 

II I ~ 

Jr Help -I 

-

--
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KP Keypoint nUIIINl'1I 
J Off 

LINE Line nulilbers ~ Oft. 

AREA Al'sa nulilbers I Off 

UOLU Uo!lullle nUNbel's 

Node nUlllbers 

Elen I Attrib nUlllbering ~ 

BURL Nullleric contour ualues 

You may want to list nodes at this point in order to check your work: 

utility menu: List - Nodes .. . 

. ; SOlt NODE listing EI 
[HLIST) Select node-list forAat and sorting criteria 

Out»ut listing will contain 

Bort first by 

second liy 

NODE NUlllbel" I~ 

OK 

167 
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·N NlIST C ..... nd EJ 

LIST ALL SELEcn:O NOOES. DSYS. 0 
SORT TJ.BLE ON NODE KODI: UODI: 

KODE X Y Z llIXY 1lIYZ TIlZX 
1 .00000 .00000 36.000 .00 .00 .00 
2 72.000 .00000 .00000 .00 .00 .00 
3 .00000 .00000 -36.000 .00 .00 .00 
4 .00000 72.000 .00000 . 00 .00 .00 

Close 

ANSYS Toolbar: SAVE_nil 

Define elements by picking nodes. But first set the view angle: 

utility menu: PlotCtrls - P~lIl, Zoom, notate ... 

Select the oblique (Obliq) or isometric (Iso) viewing. 

main menu: Preprocessor - Modeling - Create - Elements-

Auto Numbered - Thru Nodes 

[node 1 and then node 2] 

[Use the middle button anywhere in the ANSYS graphics window to apply] 

[node 1 and then node 3] 

DID [anywhere in the ANSYS graphics window] 

D 
100 
D 

[node 1 and then node 4] 

DID [anywhere in the ANSYS graphics window] 

D 
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[node 2 and then node 3] 

DID [anywhere in the ANSYS graphics window] 

D 
[node 2 and then node 4] 

DID [anywhere in the ANSYS graphics window] 

D 
[node 3 and then node 4] 

DID [anywhere in the ANSYS graphics window] 

D 
OK 

ANSYS Toolbar: SAVE_On 

Apply boundary conditions and loads: 

IDD 
D 

~ 

~ 

main menu: Solution - Define Loads - Apply - Structural -

Displacement - On Nodes 

[node 1] 

[node 3] 

[node 4] 

DID [anywhere in the ANSYS graphics window] 

D 
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. . : Apply U,ROT on Nodes . 

[0] Apply Displacements (U,ROT) on Nodes 

Lab2 DOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

Apply Cancel 

[KJ 

AIiDOF -UY 

J UZ 

Iconstant vlllue a 
10 

main menu: Solution ~ Define Lmuls ~ Apply ~ Structuml ~ 

Displaccmcnt ~ On Nodes 

[node 1] 

[anywhere in the ANSYS graphics window] 

.. : Apply U,ROT on Nodes c 

[0] Apply Displacements (U,ROT) on Nodes 

Lllb2 DOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

OK Cancel 

~.I.! .P'.Qf.._ ................ _ ..... ; 
UX I iJy· ................................ · .. j -

Iconstant value 

Help 
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main menu: Solution - Define Loads - Apply - Structural -

Displacement - On Nodes 

100 
D 

[node 1] 

~ 
[node 4] 

[anywhere in the ANSYS graphics window] 

'" ': Apply U,ROT on Nodes 

[0] Apply Displacements (U,ROT) on Nodes 

Lab2 DOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

OK 

AIIDOF 
ux 

UZ 

Iconstant value 

10 

Help 

main menu: Solution - Define Loads - Apply - Structural -
Force/Moment - On Nodes 

[node 2] 

[anywhere in the ANSYS graphics window] 

ANSYS Toolbar: SA VE_DH 
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.• : Apply F 1M on Nodes , 

[F] Apply Force/Moment on Nodes 

Lab Direction of forcefmom 

Apply as 

If Constant value then: 

VALUE Forcefmoment value 

OK Apply Cancel 

Solve the problem: 

main menu: Solution ~ Solve ~ Current LS 

OK 

Close (the solution is done!) window. 

Close (the /STAT Command) window. 

1, ... c ... on ... s ... taiiiiintiiiiiv ... al ... ue ..... __ ~G 

1-200 

Help 

Now we run the postprocessing phase by listing nodal solutions (displacements): 

main menu: General Postproc ~ List Results ~ Nodal Solution 

List Nodal Solution 
Item to be listed -------------------------, 

~ Favorites 

ri!t Nodal Solution 

ri!t DOF Solution 

@I X-Component of displacement 

@I Y-Component of disp lacement 

@I Z-Component of displacement 
@I 

~ Stress 

isplacement vector sum 

~ Total Strain 

~ Elastic Strain 

~ Plastic Strain 

~ Creep Strain 

~ Thermal Strain 
~ Total Mechanical ard Thermal Strain 

Value for computing the EQV strain 



I 
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PRNSOL Command 
File 

PRINT U NODAL SOLUTION PER NODE 

***** POST1 NODAL DEGREE OF FREEDOM LISTING ***** 
LOAD STEP- 1 SUBSTEP- 1 

TIME- 1.0000 LOAD CASE- 0 

THE FOLLOWING DEGREE OF FREEDOM RESULTS ARE IN THE GLOBAL COORDINATE SVSTEM 

NODE UX UV UZ 
1 0.0000 0.0000 0.0000 
2 -0.66294E-03-0.31260E-02-0.10885E-03 
3 0.0000 0.10885E- 03-0.21??1E-03 
4 0.0000 0.0000 0.0000 

MAXIMUM ABSOLUTE UALUES 

USUM 
0.0000 

0.319?4E-02 
0.24340E-03 
0.0000 

NODE 2 2 3 2 
UALUE -O.66294E-03-0.31260E-02-0.21??1E-03 0 . J19?4E-02 

173 

To review other results, such as axial forces and axial stresses, we must copy these 
results into element tables. These items are obtained using item label and sequence 
II/Imbers, as given in the Table 4.1-4.3 section of the ANSYS elements manual. 
So, we run the following sequence: 

main menu: Gcncml Pustpruc -- Elcment T~lblc -- Dclin 
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. ': Define AddItional Element Table Rem. 

[A'll'RlNJ Eff MJ for EQV strlJi:'J 

[ETAIIlE] Define AdditionoI Element Tobie Rems 

l&b user I4beI for k&m 

Rem,CcIr4> Res<.b data ~em 

(For "By sequenco run", enter ~o 

no. In SelectIon box. See T&bIo 4.xx-3 

In Elemerts MonuaI for seq. nurbers.) 

, ': Define Additional Element Table Rem. 

[A'II'RIN] Ell MJ lor EQV str&n 

[ETAIIlE] Define Additionol Element Tobie Rems 

l&b User l&bel for lom 

Item,CcIr4> Restb dat& item 

(For "By sequenco run", enter sequenco 

no. In SelectIon box. See i&bIo 4.xx-3 

i'J E1emerts Maroa! for seq. nurbers.) 

OK 

I AXFORCE II _ 
Strain--eiastK: I . ~·~~ ••••• -:.!l 
str &in-therm&I - ""IISC, ~ 
str&ln-pl&stlc LS, 
str&in-aeep LEPEl, 
str.1n-other rr LEPTH, 
Contact II LEPPl, 
Ootlmlzatlon ffilimm __ IB· ISMISC, I 

f. 
-- --

Cancel 

IAXSTRESS lr 
strain-elastic ~ SMISC, i-: str ain-thermal ,.,.,ISC 
str aln-pl&stlc 
straln-aeep 

[ 
LEPEL, -

str.1n-other LEPTH, r;-
Contact LEPPL, ~ 
IOptlmlzatlon '= 
: - , '- • IlS, I ,. 
~ 

Cancel 

': ~Iemenl I able Uala Jf3 

(Cu: 
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main menu: General Postproc - Element Table - List Element Table 

WRUif4!1;'''''4\.\. ,;e xl 

I 
PRItn' ELEHEm' TABLE ITEMS PER ELElIEIIT 

••••• POSTl [L[HlNT TABL[ LISTING ••••• 

STAT CtrnPENT CURIU:NT 
ELEM AXFORCE AXSTP.ESS 

1 -111.S0 -71.669 
2 50.000 32.051 
3 .00000 .00000 
4 -111.80 -71. 669 
S 202.04 101. 31 
6 .00000 .00000 

MINImllt VALUES 
ELEM 1 
VALUE -111.80 -71.669 

MAXImllt VALUE:J 
ELEM 5 
VALUE 282.84 181. 31 

Close 

List reaction solutions: 

main menu: General Postproc - List Results - Reaction Solu 
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I 

Trusses 

Fie 

Struct force FX 
FY 
FZ 

All struc fore P 
Struct ~ment ~ 

HY 
HZ 

All struc I'IOAC, tI 

All items 

PRINT REACTION SOLUTIONS PER NODE 

***** POST1 TOTAL REACTION SOLUTION LISTING ***** 

LOAD STEP- 1 SUBSTEP- 1 
TltlE= 1.0000 LOAD CASE= 0 

THE POLLOUING X. II.Z SOLUTIONS ARE IN GLOBAL COORDINATES 

NODE PI< P'l FZ 
1 100.00 0.0~00 0.0000 
3 100.00 
4 -200.00 200.00 

TOTAL UALUES 
UALUE 0.0000 200.00 0.0000 

Close 

'Help 

Exit ANSYS and save everything, including element tables and reaction forces: 

ANSYS Toolbar: QUIT 

: hIlham ANSYS E3 
- Exit fro .. AHS'lS -
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3.6 VERIFICATION OF RESULTS 

There are various ways to verify your findings. 

1. Check the reaction forces. 

\Ve can use the computed reaction forces and the external forces to check for sta­
tics equilibrium: 

and 

LFX = 0 

LFy = 0 

L Mnode = 0 

The reaction forces computed by ANSYS are FIx = 1500 Ib; FlY = 0; 
F3X = -1500 Ib; and F3y = 1000 lb. Using the free-body diagram shown in the ac­
companying figure and applying the static equilibrium equations, we have: 

+ 
-'> L Fx = 0 1500-1500 = 0 

+jL Fy = 0 1000-500-500 = 0 

ttL Mnodcl = 0 (1500) (3) - (500) (3) - (500) (6) = 0 

lOOOlb 

500lb 500lb 

(3) (6) 
_3ft_!_3ft_ 

1500 Ib---------:r1!o~====~o;::===:::;~o~ 
3 4 

3 ft 

1 (I) 
1500Ib-----....:L...·IToL' =~~=~ 

2 

Now consider the internal forces of Example 3.1 as computed by ANSYS, shown 
in Table 3.2. 

TABLE 3.2 Internal forces in each element 
as computed by ANSYS 

Element Number 

1 
2 
3 
4 
5 
6 

Internal Forces (lb) 

-1500 
1414 
500 

-500 
-707 

500 



178 Chapter 3 Trusses 

2. The sum of the forces at each node should be zero. 
Choose an arbitrary node and apply the equilibrium conditions. As an example, 
let us choose node 5. Using the free-body diagram shown in the accompanying 
figure , we have 

~ '2. Fx = 0 -500 + 707 cos 45 = 0 

+ i '2. Fy = 0 -500 + 707 sin 45 = 0 

500lb 

5001b~5 
"Y 

707lb 

3. Pass an arbitrary section through the truss. 
Another way of checking for the validity of your FEA findings is by arbitrarily 
cutting a section through the truss and applying the statics equilibrium conditions. 
For example , consider cutting a section through elements (1) , (2) , and (3), as shown 
in the accompanying figure. 

500lb 500lb 

I- 3 ft ----+-
(3) ~ (6) 

500lb -) 4 
14141b 

~(2) 3ft 

I 1500 lb 
(1) 2 

+ 
-+ '2. F x = 0 -500 + 1500 - 1414 cos 45 = 0 

+j'2. Fy = 0 -500 - 500 + 1414 cos 45 = 0 

{j;'2. M node2 = 0 -(500)(3) + (500)(3) = 0 

Again, the validity of the computed internal forces is verified. Moreover, it is 
important to realize that when you analyze statics problems, statics equilibrium 
conditions must always be satisfied. 
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SUMMARY 

At this point you should 

1. have a good understanding of the underlying assumptions in truss analysis. 

2. understand the significance of using global and local coordinate systems in 
describing a problem. You should also have a clear understanding of their role 
in describing nodal displacements and how information presented with respect 
to each frame of reference is related through the transformation matrix. 

3. know the difference between the elemental stiffness matrix and the global stiffness 
matrix and know how to assemble elemental stiffness matrices to obtain a truss's 
global stiffness matrix. 

4. know how to apply the boundary conditions and loads to a global matrix to obtain 
the nodal displacement solution. 

5. know how to obtain internal forces and stresses in each member from displacement 
results. 

6. have a good grasp of the basic concepts and commands of ANSYS. You should 
realize that a typical analysis using ANSYS involves the preprocessing phase, 
where you provide data such as geometry, materials, and element type to the 
program; the solution phase, where you apply boundary conditions, apply loads, 
and initiate a finite element solution; and the postprocessing phase, where you 
review the results of the analysis through graphics displays, tabular listings, 
or both. 

7. know how to verify the results of your truss analysis. 

REFERENCES 

ANSYS User's Manllal: Procedures, Vol. I, Swanson Analysis Systems, Inc. 

ANSYS User's Manual: Commands, Vol. II , Swanson Analysis Syste ms, Inc. 

ANSYS User's Manual: Elements, Vol. III, Swanson Analysis Systems, Inc. 

Beer, F. P. , and Johnston , E. R. , Vector ,'I1echanics for Engineers: Statics, 5th ed. , New York , 
McGraw-Hill , 1988. 

Segrlind , L., Applied Finite Element Analysis, 2nd ed. , New York, John Wiley and Sons, 1984. 

PROBLEMS 

1. Starting with the transformation matrix, show that the inverse of the transformation matrix 
is its transpose. That is, show that 

[

COS e 
[IT' ~ -'~ne 

sin e 

cos e 

o 
o 

o 
o 

cos e 
- sin e 

'i~e ] 
cos 6 
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2. Starting with Eg. (3.14), {F} = [T][K][Ttl{U}, and substituting for values of the 
[T), [K), [Tr" and {U} matrices in Eg. (3.14) , verify the elemental relationship 

r} [ '0'" 
sin e cos e -cos2 e -'in'~o, ' Jt' } F,y = k sin e c~s e sin2 e -sin e cos e - Slll- e U;y 

Fjx -cos- e -sin e cos e cos2 e sin e cos e UjX 

Fjy - sin e cos e - sin2 e sin e cos e sin2 e ~Y 

3. The members of the truss shown in the accompanying figure have a cross-sectional area of 
2.3 in2 and are made of aluminum alloy (E = 10.0 X 106Ib/in2). Using hand calculations, 
determine the deflection of joint A , the stress in each member, and the reaction forces. Verify 
your results. 

4. The members of the truss shown in the accompanying figure have a cross-sectional area of 
8 cm2 and are made of steel (E = 200 OPa). Using hand calculations, dete rmine the deflec­
tion of each joint, the stress in each member, and the reaction forces. Verify your results. 

2kN 



Chapter 3 Problems 181 

5. The members of the truss shown in the accompanying figure have a cross-sectional area of 
15 cm2 and are made of aluminum alloy (£ = 70 GPa). Using hand calculations, determine 
the deflection of each joint, the stress in each member, and the reaction forces. Verify your 
results. 

2kN 

4 

I 
1m 

1 ~ 
2 

I· 1.5 m ~I 

6. The members of the truss shown in the accompanying figure have a cross-sectional area of 
2 in2 and are made of structural steel (E = 30.0 X I06 Ib/in2). Using hand calculations, de­
termine the de flection of each joint, the stress in each member, and the reaction forces. Ver­
ify your results. 

4 

.... 1 ~E---- 8 ft --~......,--- 8 ft ---l~~1 

lOOO Ib 

7. The members of the three-dimensional truss shown in the accompanying figure have a cross­
sectional area of 2.5 in2 and are made of aluminum alloy (E = 10.0 X I 06Ib/in2). Using hand 
calculations, determine the deflection of join t A , the stress in each member, and the reaction 
forces. Verify your results. 
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y 

x 

z 

8. The members of the three-dimensional truss shown in the accompanying figure have a cross­
sectional area of 15 cm2 and are made of steel (E = 200 GPa). Using hand calculations, 
determine the deflection of joint A , the stress in each member, and the reaction forces. Verify 
your results. 

y 

1.5m 

L 
1.5m 

x 
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9. Consider the power transmission-line tower shown in the accompanying figure. The mem­
bers have a cross-sectional area of 10 in2 and a modulus of elasticity of E = 29 x 106Ib/in2• 

Using ANSYS, determine the deflection of each joint , the stress in each member, and the re­
action forces at the base. Verify your results. 

ttl 
5 at to ft 'I t6 12 13 14 15 

j to ft 

~ 
t 

1000 tb 10 ft 1000lb 

1 
t 

to ft 

J 

f 

r-15ft-1 
10. Consider the staircase truss shown in the accompanying figure. lllere are 14 steps, each with 

a rise of 8 in and a run of 12 in. The members have a cross-sectional area of 4 in2 and are made 
of stee l with a modulus of elasticity of E = 29 x 106Ib/in2• Using ANSYS, determine the de­
flection of each joint, the stress in each member, and the reaction forces. Verify your results. 

1-12in·-1 200lb 
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11. The members of the roof truss shown in the accompa nying fi gure have a cross-secti ona l area 
o f approximately 2 1.5 in2 and are made o f Do uglas-fir wood with a modulus o f e las ticity o f 
E = 1.9 X 106 Ib/in2. Using ANSYS, de te rmine the de flection o f each jo int, the stresses in 
each membe r, and the reactio n fo rces. Ve rify your results. Also, replace one o f the fi xed 
bo undary conditio ns with rolle rs a nd obtain the stresses in each member. Discuss the diffe r­
ence in results. 

250lb 

! 

r 1-o[-__ 8_.7_ft ___ ~_I __ 24 ft --------~ I 
1'? The members o f the floor truss shown in the accompanying figure have a cross-sectional area 

o f approximately 21.5 in2 and are made o f Do uglas- fir wood with a modulus o f elas ticity o f 
E = 1.9 X 106 Ib/in2• Using ANSYS, de te rmine the de flec tion o f each jo int , the stresses in 
each membe r, a nd the reactio n fo rces. Ve rify your results. Also, replace one o f the fi xed 
bo undary conditions with rollers and so lve the problem aga in to o btain the stresses in each 
member. Discuss the diffe rence in results. 

500 lb 500lb 500 lb 500lb 

1 .... 0(<-----------30 ft-----------~ 1 

13. The three-dimensional truss shown in the accompanying figure is made o f aluminum alloy 
(E = 10.9 X 106 psi) and is to support a load o f 500 lb. The Cartesian coordinates o f the 
jo ints with respect to the coordinate system shown in the fi gure are given in feet. T he cross­
sectio nal area o f each member is 2.246 in2. Using ANSYS, de te rmine the de flection o f each 
jo int , the stress in each member, and the reaction forces. Knowing tha t the second mo ment 
o f area is 4.090 in4, do you think that buckling is a concern for this truss? Verify yo ur results. 
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y 

z 

x 

14. The three-dimensional truss shown in the accompanying figure is made of aluminum alloy 
(E = 10.4 X I06Ib/in2) and is to support a sign weighing 1000 lb. The Cartesian coordinates 
of the joints with respect to the coordinate system shown in the figure are given in feet. The 
cross-sectional area of each member is 3.14 in2• Using ANSYS, determine the deflection of 
joint E, the stresses in each member, and the reaction forces. Verify your results. 

IU~=~~~E (1.0, 2.5, 0) 

x 
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15. The three-dimensional truss shown in the accompanying figure is made of steel 
(E = 29 X 106 psi) and is to support the load shown in the figure. The Cartesian cOOl'di­
nates of the joints with respect to the system shown in the figure are given in feel. The cross­
sectional area of each member is 3.093 ill. Using ANSYS, determine the deflection of each 
joint , the stresses in each member, and the reaction forces. Verify your results. 

y 

A (4,0,0) 

x 

z 

16. During a maintenance process on the three-dimensional truss in Problem IS , the AB mem­
ber is replaced with a member with the following properties: E = 28 X 106 psi and 
A = 2.246 in2• Using ANSYS, determine the deflection of each joint and the stresses in each 
member. Hint: you may need to ask your instructor for some help with this problem or you 
may want to study Example 6.2 (revisited) on your own to learn about how to assign differ· 
ent attributes to an element in ANSYS. 

17. During a maintenance process on the three-dimensional truss in Problem 13, members 4-5 , 
4-6, and 5-6 are replaced with steel members with the following properties: E = 29 X 106 psi 
and A = 1.25 in2• Member 1-5 is also replaced with a steel member with a cross-sectional area 
of 1.35 in2• Using ANSYS, determine the deflection of each joint and the stresses in each 
member. See the hint given for Problem 16. 

18. Derive the transformation matrix for an arbitrary member of a space truss, shown in the ac­
companying figure. The directional cosines, in terms of the difference between the cOOl'di­
nates of nodes j and i of a member and its length , are 

Xj -Xi 
cos6x = L ; 

}j-Y; 
cos6 =---' 

Y L ' 

where L is the length of the member and is 

Zj - Zi 
cos6z = L 
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x 

19. The three-dimensional truss shown in the accompanying figure is made of steel 
(E = 29 X 106 psi) and is to support the load shown in the figure. Dimensions are given in 
feet. The cross-sectional area of each member is 3.25 in2• Using ANSYS, determine the de­
flection of each joint, the stresses in each member, and the reaction forces. Verify your results. 

y 

~!~ 7.~~ 
\.~ 

x 

z 300lb 
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20. DcsiJ,!1l Prohlcm Size the cross section of each member for the outdoor truss structure shown 
in the accompanying fi gure so that the e nd de flection o f the truss is kept under I ill. Select 
appropriate mate ria l and discuss how you a rrived at your final design. 

y 

z x 



CHAPTER 4 

Axial Members, Beams, 
and Frames 

TIle objective of this chapter is to introduce you to the analysis of members under axial 
loading, beams, and frames. Structural members and machine components are gener­
ally subject to a push-pull, bending, or twisting type of loading. We will discuss twisting 
or torsion of structural members and plane stress formulation of machine components 
in Chapter 10. The main topics discussed in this chapter include the following: 

4.1 Members Under Axial Loading 

4.2 Beams 

4.3 Finite Element Formulation of Beams 

4.4 Finite Element Formulation of Frames 

4.5 Three-Dimensional Beam Element 

4.6 An Example Using ANSYS 

4.7 Verification of Results 

4.1 MEMBERS UNDER AXIAL LOADING 

In this section , we use the minimum total potential energy formulation to generate finite 
element models for members under axial loading. However, before we proceed with 
finite element formulation of axial members, \ve should define what we mean by an 
axial element and corresponding shape functions and their properties. 

A Linear Element 

The structural example in this section is employed to introduce the basic ideas of one­
dimensional element and shape functions. Steel columns are commonly used to sup­
port loads from various floors of multistory buildings, as shown in Figure 4.1. The COIUllUl 
shown in the figure may be divided into four elements and five nodes to generate a 
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Actual 

Load 
y deflection , profile 

5 ) 
(4) 

4 
, 

• 
(3) 

3 
• 

(2) 

2 
• 

(1) 

= u 
=0 () , =0 () c< Deflection value 

FIGURE 4.1 Deflection of a steel column subject to floor loading. 

finite element model. The loading from the floors causes vertical displacements of 
various points along the column. Assuming axial central loading, we may approximate 
the actual deflection of the column by using a series of linear functions, describing the 
deflection over each element or each section of the column. Note that the deflection 
profile II represents the vertical (not the lateral) displacement of the column at various 
points along the column. The profile is merely plotted as a function of Y. We have 
modeled the example problem shown in Figure 4.1 by five nodes and four elements. 
Let us focus our attention on a typical element, as shown in Figure 4.2. 

y 

-------;;! 

---/ ! I 
I 
I 
I 
I 

~----~----~----------------~11 
Uj I J 

FIGURE 4.2 Linear approximation of 
deflection variation for an element. 
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The linear deflection distribution for a typical element may be expressed as 

(4.1) 

In order to solve for the unknown coefficients c. and C2 , we make use of the element's 
end deflection values which are given by the nodal deflections ll; and llj ' according to the 
conditions 

II = Iti 

II = Itj 
at 

at 

Y = Y i 

Y=}j 

(4.2) 

Substitution of nodal values into Eq. (4.1) results in two equations and two unknowns: 

Iti = c. + e2Yi 

llj = c. + C2}j 

Solving for the unknowns c. and C2, we get 

Iti}j - ItjYi 
c. = 

}j-Yi 

llj - Ui 

C2 = Y _ Y 
} I 

TIle element's deflection distribution in terms of its nodal values is 

It.y· - u.y· ll· - u· (e) _ I } } I } I 

II - y . _ y . + y . _ y . Y 
} I I I 

Grouping the lli terms together and the llj terms together, Eq. (4.6) becomes 

( }j - Y) (Y - Y:) 
ll(e) = }j _ Yi Ui + }j _ ~ Uj 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

We now define the shape functions, Si and Sj using the terms in parentheses appearing 
before lli and Uj' according to the equations 

s· I = 

= 

lj-Y lj-Y 
y-

I 

Y -

y.. -
I 

Yi 
Yi 
Yi 

= e 
Y-Yi 

e (4.9) 

where e is the length of the element. Thus, the deflection for an element in terms of the 
shape functions and the nodal deflection values can be written as 

ute) = Silli + Sjllj 

Equation (4.10) can also be expressed in matrix form as 

S 'l{Ui} I ll . 
I 

(4.10) 

(4.11) 
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It will become clear to you that we can use the same approach to approximate the spa­
tial variation of any unknown variable, such as temperature or velocity, in the same 
manner. We will discuss the concept of one-dimensional elements and their properties 
in more detail in Chapter 5. 

As we discussed in Chapter 3 , in finite element modeling, it is convenient to use 
two frames of references: (1) a global coordinate system to represent the location of 
each node, OJientation of each element, and to apply boundary conditions and loads. The 
nodal solutions of finite element models are generally expressed with respect to global 
coordinates as well. On the other hand, we employ (2) a local coordinate system to take 
advantage of the local characteristics of the system behavior. 

For the one-dimensional element shown in Figure 4.2, the relationship between a 
global coordinate Y and a local coordinate y is given by Y = Y; + y. This relationship 
is shown in Figure 4.3. Substituting for Y in terms of the local coordinate y in Eqs. (4.8) 
and (4.9) , we get 

S; = 
lj-Y lj - (Y; + y) y 

(4.12) e e =1--e 

S; = 
Y-Y; (Y; + y) - Y; Y 

(4.13) e e e 
where the local coordinate y varies from 0 to e; that is, 0 ::5 Y ::5 e. 

This is a good place to say a few words about the shape functions S; and Sj. They 
possess unique properties that, once understood, can simplify the derivation of stiffness 
matrices. We now refer to Eqs. (4.12) and (4.13) and note that S; and Sj each has a value 
of unity at its corresponding node and zero at the other adjacent node. For example, if 
we evaluate S; at node i by substituting y = 0 in Eq. (4.12), we find that S; = 1. Simi­
larly, 'we can show that the value of Sj at node j(y = e) is also 1. The value of the shape 
function S;, Eq. (4.12), at the adjacent nocle j(y = e) ancl Sj' Eq. (4.13), at its adjacent 
node iCy = 0) are zero. We discuss the properties of shape functions in more detail in 
Chapter 5. 

Y 

T1f -
e 

1 Yi - ........ -:'-'---'-Y_ 

FIGURE 4.3 The relationship between a global coordinate 
Y and a local coordinate y. 
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EXAMPLE 4.1 

Consider a four-story building with steel columns. One column is subjected to the load­
ing shown in Figure 4.4. Under axial loading assumption and using linear elements, the 
vertical displacements of the column at various floor-column connection points were 
determined to be 

UI 0 

112 0.03283 

113 = 0.05784 111 . 

114 0.07504 

Us 0.08442 

The modulus of elasticity of E = 29 X 1061b/in2 and area of A = 39.7 in2 were used in 
the calculations. A detailed analysis of this problem is given in the next section. For 
now, given the nodal displacement values, we are interested in determining the deflec­
tions of points A and B. 

a. Using the global coordinate Y, the displacement of point A is represented by 
element (1): 

(I) (I) (I) Y 2 - Y Y - YI 
It =Sllll+S-Zli2 = lll+ 112 e e 

tl = 15 - 10 (0) 10 - O( ) 15 + 15 -0.03283 = -0.02188 in 

5 

t ~ 
8 fl 

25,0001b 15 ft t 
~~ 

t 
15 ft 

~ 
t 
15 ft 

~ 
t 
15 ft 

! 
° <:::> °ot) 

o 00 C FIGURE 4.4 The column in Exmllple 4.1. 
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b. The displacement of point 13 is represented by element (4): 

(4) (4) (4) Y s - Y Y - Y4 
II = S 4 ll4 + S 5 llS = e ll4 + e llS 

@-~ ~-~ . 
u = 15 (-0.07504) + 15 (-0.08442) = -0.0794111l 

Stiffness and Load Matrices 

In this section, we use the minimum total potential energy formulation to generate the 
stiffness and load matrices for members under axial loading. Previously, we showed 
that under axial loading, we can approximate the exact deflection of the column shown 
in Figure 4.1 by a series of linear functions . Moreover, as discussed in Section 1.6, 
applied external loads cause a body to deform. During the deformation, the work 
done by the external forces is stored in the material in the form of elastic energy, 
called strain energy. For a member (element) under axial loading, the strain energy A (e) 

is given by 

A (e) = lae dV = l Ee2 dV 
V 2 V 2 

(4.14) 

The total potential energy rr for a body consisting of n elements and m nodes is the dif­
ference between the total strain energy and the work done by the external forces: 

n m 

rr = 2:A (e) - 2:F;llj (4.15) 
e=1 j=1 

The minimum total potential energy principle states that for a stable system, the 
displacement at the equilibrium position occurs such that the value of the system's total 
potential energy is a minimum. That is, 

arr () n e () m 
- = - 2: A ( ) - - 2: F;llj = 0 for i = 1, 2, 3, ... , m 
aUj allj e=1 aUj j=1 

(4.16) 

where i takes on different values of node numbers. Recall that the deflection for an 
arbitrary element with nodes i and j in terms of local shape functions is given by 

(4.17) 

where Sj = 1 - 1 and Sj = 1 and y is the element's local coordinate, with its origin at 

node i. The strain in each member can be computed using the relation e = ~ as 

(4.18) 
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Incorporating Eg. (4.18) into Eg. (4.14) yields the strain energy for an arbitrary 
element (e): 

1Ee2 AE ? 
A (e) = -dV = -(llf + lr - 2U'Il ') v 2 2C I , /' 

(4.19) 

Minimizing the strain energy with respect to lli and Uj leads to 

(4.20) 

or, in matrix form , 

{ a~l~e)} = AE [ 1 
iJA (e) e -l 

iJUj 
-IJ{lli} = [k -kJ{Lli} 
1 llj -k k llj (4.21 ) 

where k = (ACE). Minimizing the work done by external forces , the second term on 

the right-hand side of Eg. (4.16) results in the load matrix 

{F}(e) = {~} (4.22) 

Computing individual elemental stiffness and load matrices and connecting them leads 
to global stiffness and load matrices. This step is demonstrated by the next example. 

EXAMPLE 4.2 A Column Problem 

Consider a four-story building with steel columns. One column is subjected to the load­
ing shown in Figure 4.5. Assuming axial loading, determine (a) vertical displacements 
of the column at various floor-column connection points and (b) the stresses in each 
portion of the column. E = 29 X 106 1b/in2, A = 39.7 in2• 

Because all elements have the same length, cross-sectional area, and physical 
properties, the elemental stiffness for elements (1),(2),(3), and (4) is given by 

[K](e) = AE [1 -IJ = 39.7 X 29 X 106 [1 -1J = 6.396 X 106 [ 1 -11J 
c -1 1 15 X 12 -1 1 -1 

[K](1) = [K](2) = [K](3) = [K](4) = 6.396 X 106[ 1 -lJ ~b 
-1 1 111 
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30,000 lb 

l 5 

(4) t 
25,000 lb 15 ft 

l 4 ~~ • 
t (3) 15 ft 

3 ! • 
t 

(2) 15 ft 

2 ! • 
t 

(1) Y 15 ft 

1 ~ 
0 (/ o =C) a FIGURE 4.5 A schematic of the column 

Q 0 C) Q in Example 4.2. 

The global stiffness matrix is obtained by assembling the elemental matrices: 

1 -1 0 0 0 
-1 1 + 1 -1 0 0 

[K](G) = 6.396 X 106 0 -1 1 + 1 -1 0 
0 0 -1 1 + 1 -1 
0 0 0 -1 1 

The global load matrix is obtained from 

FI 0 

{F}(G) = { ()~illi} 
F2 50000 
F3 50000 lb (Illi i=l,5 
F4 50000 
F5 60000 

Note all applied forces act in the negative Y direction. Application of the boundary 
condition, III = 0, and loads results in 

1 0 0 0 0 III 0 
-1 2 -1 0 0 112 50000 

6.396 X 106 0 -1 2 -1 0 113 = 50000 
0 0 -1 2 -1 114 50000 
0 0 0 -1 1 115 60000 



Solving for displacements, we have 

= 

o 
0.03283 
0.05784 In 

Ll4 0.07504 

llS 0.08442 

TIle axial stresses in each element are determined from 

Section 4.2 Beams 

E(llj - u;) 29 X 106(-0.03283 - 0) 
a(1) = = = -52891b/in2 

e 15 X 12 

(2) 29 X 106(-0.05784 - (-0.03283» . 2 
a = 5 = -4029 Ib/m 

1 X 12 

(3) _ 29 X 106(-0.07504 - (-0.05784» _ _ . 2 

a - 15 X 12 - 2771 Ibhn 

() 29 X 106 ( -0.08442 - (-0.07504» 2 
a 4 = = -1511 Ib/in 

15 X 12 

4.2 BEAMS 

197 

Beams play significant roles in many engineering applications, including buildings, 
bridges, automobiles, and airplane structures. A beam is defined as a structural mem­
ber whose cross-sectional dimensions are relatively smaller than its length. Beams are 
commonly subjected to transverse loading, which is a type of loading that creates bend­
ing in the beam. A beam subjected to a distributed load is shown in Figure 4.6. 

In the previous chapter we defined trusses as structures consisting of two-force 
members. Moreover, recall that when using a truss model to analyze a physical problem, 
all loads are assumed to apply at the joints or the nodes of the truss. Therefore, no bend­
ing of the members are allowed. Note that for a structural member that is considered 
as a beam, loads may be applied anywhere along the beam and the loading will create 
bending in the beam. It is important to make these distinctions when modeling a physical 
problem. 

The deflection of the neutral axis of a beam at any location x is represented by the 
variable v. For small deflections, the relationship between the normal stress a at a 

v 

1 
load 

I I I I 1 y 
x L±-neutral axis 

FIGURE 4.6 A beam subjected to a dis tributed load. 



198 Chapter 4 Axial Members, Beams, and Frames 

Positive bending and 
Positive curvature 

M 
Negative moment 
and negative curvature 

FIGURE 4.7 The positive and negative bending moments and curvature sign 
convention. 

section , the bending moment at that section M, and the second moment of area I is 
given by the flexure formula. The tlexure formula is the equation 

My 
a=---

I 
(4.23) 

where y locates a point in the cross section of the beam and represents the lateral dis­
tance from the neutral axis to that point. The detlection of the neutral axis v is also re­
lated to the internal bending moment M(x), the transverse shear V(x) , and the load 
w(x) according to the equations 

EI d2v = M(x) 
dx2 

d3 dM(x) 
EI~ = = V(x) 

dx~ dx 

d4v dV(x) 
EI dx4 = ~ = w(x) 

(4.24) 

(4.25) 

(4.26) 

Note that the standard beam sign convention is assumed in the previous equations. The 
positive and negative bending moments and curvatures are shown in Figure 4.7. For 
your reference, the detlections and slopes of beams under some typical loads for sim­
ply supported and cantilevered supports are summarized in Table 4.1. If you come across 
problems that can be analyzed using equations (4.24), (4.25), and (4.26) and Table 4.1 , 
solve them as such. 

EXAMPLE 4.3 

The cantilevered balcony beam shown in the accompanying figure is a wide-flange 
\v18 X 35, with a cross-sectional area of 10.3 in2 and a depth of 17.7 in. The second 
moment of area is 510 in4. The beam is subjected to a uniformly distributed load of 
1000 Ib/ft. The modulus of elasticity of the beam is E = 29 X 1061b/in2. Using the review 



TABLE 4.1 DeOeclions .nd slopes of beams under some lypicallo.ds.nd supports 

Ilc.m Support 
nnd l o.d 

v 

I IV 

L.T 
·1 I' L 

V 

I~~LT 
I:_,-L--·I 

Equation of Elastic Curve 

v = -, •. t' (x' - 4LT + 6L' ) 
24EI 

_tt1o-'(l 

V = t'1lJL£1 (-x' + 5LT' - JOL'x + IOL') 

_px2 

V = 6£1 (3L - x) 

Maximum 
Deflection 

- wL' 
v •• = 8EI 

- woL' v_. = 30£1 

-PL' v_. = 3£1 

Slope 

- wL' 
6 . .. = 6£1 

-PL' 
6.11 = 2EI 



.... 
o 
o 

TABLE 4.1 (COI/I;III1"1) Dellections and slopes of benms under some typicnlloads and support. 

ncom Support 
and Load 

.0 

1--.. 
L---="'I 

Equation of Elastic Curve 

v - ~x' - 2Lr' + L') 

-Px , , ( L) v = 4iiJ<3L - 4x-) for x s "2 

Maximum 
Deflection 

-5wL' 
V.a - 3S4EI 

-PL' 
V.1ft = 48El 

Slope 

-PL' 
8.11 = 16EI 
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materials presented in this section, we win determine the deflection of the beam at the mid­
point B and the endpoint C. We will also compute the slope of the beam at point C. 

1000 lb/ft 

l l J J J l l 
A -8 C 

t-------- 10 ft -------J-I.I 
TIle deflection equation for a cantilever beam is given in Table 4.l. 

-wx2 

v = 24EI (xl - 4Lx + 6L2.) 

The deflection of the beam at midpoint corresponding to x = ~ is 

-wxl 2 2 
VB = 24EI (x - 4Lx + 6L ) 

= -(1000Ib/ft) (5ftf 52 _ 410 5 + 610 2 ft2 (12in)3 = -0.052 in. 
24(29 X 1061b/in2) (510 in4) « ()() (») 1 ft 

And the deflection of point C is 

4 -(1000 Ib/ft) (10 ft)4(12fin)3 
-wL 1 t 

V = -- = = -0.146 in 
c 8EI 8(29 X 1061b/in2) (510 in4) 

TIle maximum slope occurs at point C. 

-wL3 -(1000 Ib/ft) (10 ft)3 
6max = 6EI = ( . )2 = -0.00163 rad 

6(29 X 106lb/in2) (510 in4) 1~~~ 

Let us also calculate the maximum bending stress in the beam. Because the maximum 
bending moment occurs at point A , the maximum bending stress in the beam will occur 
at point A. TIle resulting maximum bending stress at outer fiber of the beam at A is 

My 
u=-= 

I 

M 
y 

(1000Ib/ft)·(lOft)(5ft) (l~:tn) (17.7 in) 
________ ----''-------''---....:....-_2_--'- = 104111b/in2 

510 in4 
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4.3 FINITE ElEMENT FORMULATION OF BEAMS 

Before we proceed with finite element formulation of beams, we should define what 
we mean by a beam element. A simple beam element consists of two nodes. At each 
node, there are two degrees of freedom , a vertical displacement , and a rotation angle 
(slope), as shown in Figure 4.8. 

There are four nodal values associated with a beam element. Therefore, we will 
use a third-order polynomial with four unknown coefficients to represent the displace­
ment field. Moreover, we want the first derivatives of the shape functions to be contin­
uous. The resulting shape functions are commonly referred to as Hermite shape 
functions. As you will see, they differ in some ways from the linear shape functions you 
have already studied. We start with the third-order polynomial 

v = CI + C2X + C3X2 + c4x3 (4.27) 

The element's end conditions are given by the following nodal values: 

For node i: The vertical displacement at x = 0 v = CI = 0;1 

For node i: The slope at x = 0 dvl = C2 = Un. 
dx X~O 

TIle vel1ical diSPlacemen~:tl x = L v = CI + C2L: C3L2 + C4L3 = ~I 

The slope at x = L dx = c2 + 2c3L + 3c4L = Vrz 
x~L 

Fornodej: 

For nodej: 

We now have four equations with four unknowns. Solving for CI> C2, C3, and C4; substituting 
into Eq. (4.27); and regrouping the Vii , 0;2, Vjl> ~'2 terms results in the equation 

v = SiPiI + SiPi2 + Sjl~1 + SjPj2 

where the shape functions are given by 

3x2 2x3 

Sil = 1 -"""if + L3 

2x2 x3 
S/2 = X - L + L2 

~ ~ 

(4.28) 

(4.29) 

(4.30) 

L ua:lL~~ . x'------_U"~ 
X i I~.-\-------- L _________ .1' 

FIGURE 4.8 A beam element. 
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(4.31) 

(4.32) 

It is clear that if we evaluate the shape functions, as given in Eqs. (4.29 through 4.32), 
at node j at x = 0, we find that Sit = 1 and Sj2 = Sjt = Sj2 = O. Also, if we evaluate the 

dSj2 dSjt dSjt 
slopes of the shape functions at x = 0, we find that dx = 1 and dx = dx = 
dS;2 
dx = 0. If we evaluate the shape functions at node j at x = L , we find that Sjt = 1 

and Sjt = Sa = Sj2 = 0, and if we evaluate the slopes of the shape functions at x = L , 

dSp dSjt dSj? dSjt 
we determine that -d - = 1 and -- = -d - = -- = O. These values are the proper-

x dx x dx 
ties of the Hermite third-order polynomials. 

Nmv that you know what we mean by a beam element, we proceed with deriva­
tion of stiffness matrix. In the following derivation, we neglect the contribution of shear 
stresses to the strain energy. The strain energy for an arbitrary beam element (e) then 
becomes 

A(e) = jae dV = jEe2 dV = Ej( _ y d2~)2dV 
v 2 v 2 2 v dx 

(4.33) 

Ej( d2V)2 E1L(d2v)2 1 A(e) = - -Y-2 dV = - -2 dx y2 dA 
2 v dx 2 0 dx A 

(4.34) 

Recognizing the integral ly2dA as the second moment of the area I , we have 

A(e) = EllL(d2v)2dx 
2 dx2 o 

(4.35) 

Next , we substitute for the displacement field v in terms of the shape functions 
and the nodal values. Let us begin by evaluating the equation 

(4.36) 

To simplify the next few steps of derivation and to avoid unnecessary mathematical 
operations, let us make use of matrix notations. First, let the second derivatives of the 
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shape functions be defined in terms of the following l'elationships: 

D. = d2Sil = _~ + 12x 
II dx2 L2 L3 

d2Sn 4 6x 
D· =--= --+-

12 dx2 L L2 

d2Sjl 6 12x 
D'l =--=---, dx2 L2 L3 

(4.36a) 

d2Sj2 2 6x 
Dj2 = dx2 = - L + L2 

Then , Eq. (4.36) takes on the compact-matrix form of 

d2v = [D]{U} (4.37) 
dx2 

wheo"e [Ill ~ [D" D" Di • Dd and {U} ~ {~;: } 

The (::~)' term can be represented in terms of t~:~U} and [Ill matrices as 

(~; Y = ([D]{U})([D]{U}) = {Uf[Df[D]{U} (4.38) 

In Eq. (4.38) , note that [D]{U} = {Uf[DY. The proof of this identity is left as an 
exercise for you to complete. See Problem 26 at the end of this chapter. Thus, using 
Eq. (4.38) the strain energy for an arbitrary beam element is 

L 

A(e) = EI r {Uf[DY[D]{U}dx (4.39) 
2 Jo 

Recall that the total potential energy IT for a body is the difference between the total 
strain energy and the work done by the external forces: 

IT = LA (e) - LFU (4.40) 

Also recall that the minimum total potential energy principle states that for a stable 
system, the displacement at the equilibrium position occurs such that the value of the 
system's total potential energy is a minimum. Thus, for a beam element, we have 

(4.41) 

where Uk takes on the values of the nodal degrees of freedom UiI , 0,1' ~I ' and U,1' Equa­
tion (4.40) has two main parts: the strain energy, and the work done by external forces. 
Differentiation of the strain energy with respect to the nodal degrees of freedom leads 
to the formulation of the beam's stiffness matrix and differentiation of the work done 
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by external forces results in the load matrix. We begin minimizing the strain energy with 
respect to ViI> U;2 , ViI> and~"2 to obtain the stiffness matTix. Starting with the strain en­
ergy part of the total potential energy, we get 

'A(e) lL 
(J.V = EI [DY[D]dx{U} 
i) k 0 

(4.42) 

Evaluating Eq. (4.42) leads to the expression 

[ 

12 

(}~(e) = E1IL[DY[D]dX{U} = E~ 6L 
(11k 0 L -12 

6L 

-12 

-6L 
12 

-6L 

The stiffness matrix for a beam element with two degrees of freedom at each node-the 
vertical displacement and rotation-is 

[ 

12 

[K](e) = EI 6L 
L3 -12 

6L 

-12 

-6L 
12 

-6L 

(4.43) 

Starting with Eqs. (4.39) and (4.41), proof of steps leading to Eqs. (4.42) and (4.43) is 
left as an exercise for you to perform. See Problem 27. 

Load Matrix 

There are two ways in which we can formulate the nodal load matrices: (1) by mini­
mizing the work done by the load as stated above, and (2) alternatively by computing 
the beam's reaction forces. Consider a uniformly distributed load acting on a beam of 
length L, as shown in Figure 4.9. The reaction forces and moments at the endpoints are 
also shown in the figure. 

Using the first approach, we can compute the work done by this type of 
loading from fL wv dx. The next step involves substituting for the displacement func­
tion in terms of the shape functions and nodal values, and then integrating and differ­
entiating the work term with respect to the nodal displacements. lllis approach will be 

w 

I 
, , J J , , 

I 
I~ L -I 

M'q: ~M' 
FIGURE 4.9 A beron element subjected 

Rl R2 to a uniform distributed load. 
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demonstrated in detail when we formulate the load matrix for a plane stress situation. 
In order to expose you to as many finite element formulations as possible, let us de­
velop the load matrix using the alternate approach, starting with Eq. (4.26): 

d4v dV(x) 
EI dx4 = ----;J;- = w(x) 

For a uniformly distributed load, w(x) is constant. Integrating this equation , we get 

d3v 
EI-, = -wx + c[ (4.44) 

dx' 

Applying the boundary condition (at x = 0, Vex) = R" and using Eq. (4.25» 

d 3v I EI d 3 = R., we find that CI = RI . Substituting for the value of CI and integrating 
x x-o 

Eq. (4.44) we obtain 

dlv wx2 
EI-2 = --2- + Rlx + C2 

dx 
(4.45) 

Applying the boundary condition (at x = 0, M(x) = -M" and using Eq. (4.24)) 

EI ~:~ Ix=o = -M[, we find that C2 = -MI. Substituting for the value of C2 and inte­

grating, we obtain 

(4.46) 

Applying the boundary condition (zero slope at x = 0) ~~Ix-o = 0, we find that C3 = 0. 
Integrating one last time, we have 

4 R 3 M 2 
EI wx IX IX 

V = --- + -- - -- + C4 
24 6 2 

(4.47) 

Applying the boundary condition (zero deflection at x = 0) v(O) = 0, we determine 
that C4 = 0. To obtain the values of RI and M[, we can apply two additional 
boundary conditions to this problem: ~:Ix - L = ° and veL) = 0. Applying these condi­
tions, we get 

(4.48) 

(4.49) 

Solving these equations simultaneously, we get RI = 'l~L and MI = ~~2. From the 

symmetry of the problem-that is, applying the statics equilibrium conditions-we find 
. wL wL2 

that the reactIOns at the other end of the beam are R2 = ""2 and M2 = 12. All of the 

reactions are shown in Figure 4.10. 
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FIGURE 4.10 Reaction results for a beam 
subjected to a uniformly distributed load. 

If we reverse the signs of the reactions at the endpoints, we can now represent the 
effect of a uniformly distributed load in terms of its equivalent nodal loads. Similarly, 
we can obtain the nodal load matrices for other loading situations. The relationships 
between the actual load and its equivalent nodal loads for some typical loading situa­
tions are summarized in Table 4.2. 

TABLE 4.2 Equivalent nodal loading of beams 

Loading Equivalent Nodal Loading 

lOL lOL 
10 

I. 
~ ~ ~ ~ ~ J 

.1 L 

"2 "2 

~ J) 
100 wL2 
12 12 

3wL 7wL 
20 20 

~ h 
100 lOLl 
jU "2U I~C_----- L ------l.~1 

P P 
T T 

~ h 
M= PL 

8 
1',,[= PL 

8 

EXAMPLE 4.3 Revisited 

Let us consider the cantilevered balcony beam of Example 4.3 again and solve it using 
a single beam element. Recall that the beam is a wide-flange W1S X 35, with a cross­
sectional area of 10.3 in2 and a depth of 17.7 in. The second moment of area is 510 in4. 
The beam is subjected to a uniformly distributed load of 1000 Ib/ft. The modulus of 
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elasticity of the beam E = 29 X 106Ib/in2. We are interested in determining the de­
flection of the beam at the midpoint B and the endpoint C. Also, we will compute the 
maximum slope that will occur at point C. 

lOOO lb/ft 

t==: A ==l ====l ==l =. :====l ===l ==l =it c 

~------ 10ft --------1.1 
Because we are using a single element to model this problem, the elemental stiffness and 
load matrices are the same as the global matrices. 

6L -12 
4L2 -6L 2L2 [K](e) = [K](G) = E1 6L 

[ 12 

L3 -12 -6L 12 
6L J 
-6L 

{F}(e) = {F}(G) = 

6L 2L2 -6L 4L2 

wL 

2 

[ 12 
6L -12 

6L Jr} WL2 

E1 6L 4L2 -6L 2L2 UI2 _ 12 
L3 -12 -6L 12 -6L U21 - wL 

6L 2L2 -6L 4L2 Un 2 
WL2 

12 

Applying the boundary conditions UII = 0 and UI2 = 0 at node 1, we have 

[ 

1 
E1 0 
L3 -12 

6L 

o 
1 

-6L 
2L2 

o 
o 

12 
-6L 

o 
o 
wL 

2 
WL2 

12 

wL --
2 

wL2 
--

12 
wL 
--

2 
WL2 

12 
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And simplifying, we get 

12 -6L U21 L3 -2-{ WL} 
[-6L 4L']{ u,,} ~ EI ~;' 

[ 12 
-6(10ft) 

{ 

1000(1O)} 
-6(10ft) U21 (10ft)3 2 

4(10 ft)' ]{ u,,} ~ (29 X 10' lblin' )(510 in') ( ~)' (1000)(10)' 
12 In. 12 

TIle deflection and the slope at endpoint C is 

U21 = -0.01217 ft = -0.146 in and U22 = -0.00163rad 

To determine the deflection at point B, we use the deflection equation for the beam 

element and evaluate the shape functions at x = ~ . 

v = SllU ll + SI2U12 + S2P21 + S22U22 

= Sll(O) + S12(O) + S21( -0.146) + S22( -0.00163) 

Computing the values of the shape functions at point B, we have 

1 

2 

x2 x3 (~y (~y L 
S =--+-=---+--=--

22 L L2 L L2 8 

VB = (~) (-0.146 in) + ( 12~ in.) (-0.00163 rad) = -0.048 in 

Comparing results of our finite element model to the exact solutions given in Example 
4.3, we note that they are in good agreement. We could improve our results for the mid­
point deflection by using a model that uses two elements. We have left this as an exer­
cise for you. 

EXAMPLE 4.4 

TIle beam shown in Figure 4.11 is a wide-flange W310 X 52 with a cross-sectional area 
of 6650 mm2 and depth of 317 mm. The second moment of the area is 118.6 X 106 mm4• 

The beam is subjected to a uniformly distributed load of 25,000 N/m. The modulus of 
elasticity of the beam is E = 200 GPa. Determine the vertical displacement at node 3 
and the rotations at nodes 2 and 3. Also, compute the reaction forces and moment at 
nodes 1 and 2. 
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25,000 N/m 

.2 3 

~IC----5 m-----·�-2.5m~1 FIGURE 4.11 A schematic of the beam 
in Example 4.4 

Note that this problem is statically indeterminate. We will use two elements to rep-
resent this problem. The stiffness matrices of the elements are computed from Eg. (4.43): 

[K](e) = E~ [ ~~ :t2 ~~~ ~t2 ] 
U -12 -6L 12 -6L 

6L 2L2 -6L 4L2 

Substituting appropriate values for element (1), we have 

[ 

12 
200 X 109 X 1 186 X 10-4 6(5) 

[K](I) = . 
53 -12 

6(5) 

6(5) 
4(5)2 

-6(5) 
2(5)2 

-12 
-6(5) 

12 
-6(5) 

6(5) ] 
2(5)2 

-6(5) 
4(5)2 

For convenience, the nodal degrees of freedom are shown alongside the stiffness ma­
trices. For element (1), we have 

[

2277120 

[K](1) = 5692800 
-2277120 

5692800 

5692800 
18976000 
-5692800 
9488000 

-2277120 
-5692800 

2277120 
-5692800 

Computing the stiffness matrix for element (2) , we have 

[ 

12 

[K](2) = 200 X 109 X 1.:86 X 10-4 6(2.5) 
(2.5Y -12 

6(2.5) 

6(2.5) 
4(2.5)2 
-6(2.5) 
2(2.5)2 

5692800 ]Ull 
9488000 U12 

- 5692800 U21 
18976000 U22 

-12 
-6(2.5) 

12 
-6(2.5) 

6(2.5) ] 
2(2.5)2 
-6(2.5) 
4(2.5)2 

Showing the nodal degrees of freedom alongside the stiffness matrix for element (2), we have 

[ 

18216960 22771200 -18216960 22771200 ]U21 
[K](2) = 22771200 37952000 -22771200 18976000 U22 

-18216960 -22771200 18216960 -22771200 U31 

22771200 18976000 -22771200 37952000 Un 
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Assembling [K](1) and [K](2) to obtain the global stiffness matrix yields 

2277120 5692800 -2277120 5692800 0 0 
5692800 18976000 -5692800 9488000 0 0 

[K](G) = -2277120 -5692800 20494080 17078400 -18216960 22771200 
5692800 9488000 17078400 56928000 -22771200 18976000 

0 0 -18216960 -22771200 18216960 -22771200 

0 0 22771200 18976000 -22771200 37952000 

Referring to Table 4.2, we can compute the load matrix for elements (1) and (2). The 
respective load matrices are 

wL 25 X IcY X 5 --
2 2 

WL2 25 X 103 X 52 
{ -62500} 

{F}(1) = 12 12 -52083 
= 25 X IcY X 5 wL -62500 

--
2 2 52083 

we 25 X 103 X 52 
-
12 12 

wL 25 X IcY X 2.5 
--

2 2 
WL2 25 X 103 X 2.52 

r125O

} 

--

{F}(2) = 12 12 -13021 

wL 25 X IcY X 2.5 - -31250 
--

2 2 13021 
WL2 25 X 103 X 2.52 

12 12 

Combining the two load matrices to obtain the global load matrix, we obtain 

-62500 -62500 

-52083 -52083 

{F}(G) = -62500 - 31250 -93750 
52083 - 13021 39062 

-31250 -31250 

13021 13021 
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Applying the boundary conditions Vll = VI2 = 0 at node 1 and the boundary condition 
V21 = 0 at node 2, we have 

1 0 0 0 0 0 Vll 0 
0 1 0 0 0 0 VI2 0 
0 0 1 0 0 0 V21 0 

= 5692800 9488000 17078400 56928000 -22771200 18976000 V22 39062 
0 
0 

RI 

MI 
R 2 

M2 
R 3 

M3 

0 -18216960 -22771200 18216960 -22771200 V31 -31250 
0 22771200 18976000 -22771200 37952000 Vn 13021 

Considering the applied boundary conditions, we reduce the global stiffness matrix and 
the load matrix to 

[ 
56928000 

-22771200 
18976000 

-22771200 18976000 ]{V22 } {39062} 
18216960 -22771200 V31 = -31250 

-22771200 37952000 V32 13021 

Solving the three equations simultaneously results in the unknown nodal values. The dis­
placement result is 

[uy = [0 0 0 -0.0013723(rad) -0.0085772(m) -0.004117(rad)] 

We can compute the nodal reaction forces and moments from the relationship 

{R} = [K]{U} - {F} (4.50) 

where {R} is the reaction matrix. Substituting for the appropriate values in Eq. (4.50), 
we have 

2277120 5692800 -2277120 5692800 0 0 
5692800 18976000 -5692800 9488000 0 0 

-2277120 -5692800 20494080 17078400 -18216960 22771200 
5692800 9488000 17078400 56928000 -22771200 18976000 

X 

0 0 -18216960 -22771200 18216960 -22771200 

0 0 22771200 18976000 -22771200 37952000 

0 -62500 
0 -52083 
0 -93750 

-0.0013723 39062 
-0.0085772 -31250 
-0.0041170 13021 
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Performing the matrix operation results in the following reaction forces and moments 
at each node: 

Rl 54687(N) 

Ml 39062(N ·m) 

R2 = 
132814(N) 

M2 0 

R3 0 

M3 0 

Note that by calculating the reaction matrix using the nodal displacement matrix, we can 
check the validity of our results. There is a reaction force and a reaction moment at 
node 1; there is a reaction force at node 2; there is no reaction moment at node 2, as ex­
pected; and there are no reaction forces or moments at node 3, as expected. The accu­
racy of the results is discussed further in Section 4.7. 

4.4 FINITE ELEMENT FORMULATION OF FRAMES 

Frames represent structural members that may be rigidly connected with welded joints 
or bolted joints. For such structures, in addition to rotation and lateral displacement, we 
also need to be concerned about axial deformations. Here, we focus on plane frames. 
The frame element, shown in Figure 4.12, consists of two nodes. At each nocie, there are 
three degrees of freedom: a longitudinal displacement, a lateral displacement, and a 
rotation. 

Referring to Figure 4.12, note that /li! represents the longitudinal displacement 
and /li2 and /li3 represent the lateral displacement and the rotation at node i, respec­
tively. In the same manner, lljh /lj2 ' and llj3 represent the longitudinal displacement , the 
lateral displacement, and the rotation at node j , respectively. In general , two frames of 
reference are required to describe frame elements: a global coordinate system and a 
local frame of reference. We choose a fixed global coordinate system (X, Y) for several 
uses: (1) to represent the location of each joint (node) and to keep track of the orien­
tation of each element using angles such as 6; (2) to apply the constraints and the applied 

y 

Lx 

FIGURE 4.12 A frame element. 
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loads in terms of their respective global components; and (3) to represent the solution. 
We also need a local , or elemental, coordinate system to describe the axial-load behav­
ior of an element. The relationship between the local coordinate system (x, y) and the 
global coordinate system (X, Y) is shown in Figure 4.12. Because there are three de­
grees of freedom associated with each node, the stiffness matrix for the frame element 
will be a 6 X 6 matrix. The local degrees of freedom are related to the global degrees 
of freedom through the transformation matrix, according to the relationship 

[u] = [T][U] (4.51) 

where the transformation matrix is 

cos e sine 0 0 0 0 
-sine cos e 0 0 0 0 

[T] = 
0 0 1 0 0 0 

0 0 0 cose sin e 0 
(4.52) 

0 0 0 -sine cose 0 
0 0 0 0 0 1 

In the previous section , we developed the stiffness matrix attributed to bending for 
a beam element. This matrix accounts for lateral displacements and rotations at each 
node and is 

UjJ Ul2 1li3 Iljl 1lj2 Uj3 
0 0 0 0 0 0 Ilil 
0 12 6L 0 -12 6L 1li2 

[K](e) = El 0 6L 4L2 0 -6L 2L2 lli3 
(4.53) 

xy L3 0 0 0 0 0 0 Ujl 
0 -12 -6L 0 12 -6L Uj2 
0 6L 2L2 0 -6L 4L2 uj3 

To represent the contribution of each term to nodal degrees of freedom , the degrees of 
freedom are shown above and alongside the stiffness matrix in Eg. (4.53). In Section 4.1 
we derived the stiffness matrix for members under axial loading as 

Ilil U/2 Ui3 Iljl Uj2 1lj3 

AE 
0 0 

AE 
0 0 - Ilil 

L L 
0 0 0 0 0 0 lli2 

[K](e) -
aXial - 0 0 0 0 0 0 lli3 (4.54) 

AE 
0 0 

AE 
0 0 -- -- tijl 

L L 
0 0 0 0 0 0 Uj2 

0 0 0 0 0 0 u j3 
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Adding Eqs. (4.53) and (4.54) results in the stiffness matrix for a frame element with 
respect to local coordinate system x, Y 

AE 
L 

0 0 
AE 
L 

0 0 

0 
12EI 6EI 

0 
12EI 6EI 

L3 L2 -V L2 

0 
6EI 4EI 

0 
6EI 2EI 

-V --
[K]W = 

L2 L L 
AE AE (4.55) 

0 0 0 0 
L L 

0 
12EI 6EI 

0 
12EI 6EI --- -V - L2 L3 L3 

0 
6EI 2EI 

0 
6EI 4EI 

U -- -IT --
L L 

Note that we need to represent Eq. (4.55) with respect to the global coordinate system. 
To perform this task, we must substitute for the local displacements in terms of the 
global displacements in the strain energy equation, using the transformation matrix and 
performing the minimization. (See Problem 4.13.) These steps result in the relationship 

[K](e) = [TV[K]W[T] (4.56) 

where [K](e) is the stiffness matrix for a frame element expressed in the global coordi­
nate system X, Y. Next, we will demonstrate finite element modeling of frames with an­
other example. 

EXAMPLE 4.5 

Consider the overhang frame shown in Figure 4.13. The frame is made of steel, with 
E = 30 X 106Ib/in2• The cross-sectional areas and the second moment of areas for the 
two members are shown in Figure 4.l3. The frame is fixed as shown in the figure, and 
we are interested in determining the deformation of the frame under the given distrib­
uted load. 

We model the problem using two elements. For element (1), the relationship be­
tween the local and the global coordinate systems is shown in Figure 4.14. 

Similarly, the relationship between the coordinate systems for element (2) is shown 
in Figure 4.15. 

Note that for this problem, the boundary conditions are Ull = UI2 = Ul3 = 
U31 = U32 = U33 = O. For element (1) , the local and the global frames of reference are 
aligned in the same direction; therefore, the stiffness matrix for element (1) can be com­
puted from Eg. (4.55) resulting in 
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Y 

~oo Ihlft 

A = 7.65 in2 

1 =204 ill4 

A =7.65 ill2 

1= 204 in4 

1 ...... ------ 10ft -------1-1 

9 ft 

FIGURE 4.13 An overhang frame supporting a distributed load. 

111 2 "21 

~ ""1 1111 ;13 ~X 
(I) 

FIGURE 4.14 The configuration of element (1). 

1912.5 0 0 -1912.5 0 
0 42.5 2550 0 -42.5 

[K](1) = 103 
0 2550 204000 0 -2550 

-1912.5 0 0 1912.5 0 
0 -42.5 -2550 0 42.5 
0 2550 102000 0 -2550 

"21 
I 

0 
2550 

102000 
0 

-2550 
204000 

For element (2), the stiffness matrix represented with respect to the local coordinate 
system is 

2125 0 0 -2125 0 0 
0 58.299 3148.148 0 -58.299 3148.148 

[K]W = 103 
0 3148.148 226666 0 -3148.148 113333 

-2125 0 0 2125 0 0 
0 -58.299 -3148.148 0 58.299 -3148.148 
0 3148.148 113333 0 -3148.148 226666 
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y 

Lx 

(2) 

y 
x 

1131 FIGURE 4.15 The configuration of element (2). 

For element (2) , the transformation matrix is 

cos(270) sin(270) 0 0 0 0 
-sin(270) cos(270) 0 0 0 0 

[T] = 0 0 1 0 0 0 
0 0 0 cos(270) sin(270) 0 
0 0 0 -sin(270) cos(270) 0 
0 0 0 0 0 1 

0 -1 0 0 0 0 
1 0 0 0 0 0 

[T] = 0 0 1 0 0 0 
0 0 0 0 -1 0 
0 0 0 1 0 0 
0 0 0 0 0 1 

The transpose of the transformation matrix is 

0 1 0 0 0 0 
-1 0 0 0 0 0 

[TV = 0 0 1 0 0 0 
0 0 0 0 1 0 
0 0 0 -1 0 0 
0 0 0 0 0 1 
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Substituting for [T]T, [K]W, and [T] into Eq. (4.56), we have 

0 1 0 0 o 0 2125 0 0 -2125 0 0 
-1 0 0 0 o 0 0 58.299 3148. 148 0 -58.299 3148.148 

[K](2) = \03 0 o 1 0 o 0 0 3148.148 226666 0 - 3148.148 113333 
0 o 0 0 I 0 -2125 0 0 2125 0 0 
0 o 0 -I o 0 0 -58.299 - 3148. 148 0 58.299 - 3148.148 

0 o 0 0 o 1 0 3148.148 11 3333 0 - 3148.148 226666 

0 -I 0 0 0 0 
1 0 0 0 0 0 
0 0 1 0 0 0 
0 0 0 0 -I 0 

0 0 0 I 0 0 
0 0 0 0 0 

and performing the matrix operation, we obtain 

58.299 0 3148.148 -58.299 0 3148.148 

0 2125 0 0 -2125 0 

[K](2) = 103 
3148.148 0 226666 -3148.148 0 113333 
-58.299 0 -3148.148 58.299 0 -3148.1480 

0 -2125 0 0 2125 0 
3148.148 0 113333 -3148.148 0 226666 

Constructing the global stiffness matrix by assembling [K](l) and [K](2), we have 

1912.5 0 0 -1912.5 0 0 
0 42.5 2550 0 -42.5 2550 
0 2550 204000 0 -2550 102000 

-1912.5 0 0 1912.5 + 58.299 0 o + 3148.148 
[K](2) = 103 0 -42.5 -2550 0 42.5 + 2125 -2550 

0 2550 102000 0+3148.148 -2550 204000 + 226666 
0 0 0 -58.299 0 -3148.148 
0 0 0 0 -2125 0 
0 0 0 3148.148 0 113333 

0 0 0 
0 0 0 
0 0 0 

-58.299 0 3148.148 

0 -2125 0 
-3148.148 0 113333 

58.299 0 -3148.1480 

0 2125 0 
-3148.148 0 226666 
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The load matrix is 

0 0 

wL 800 X 10 

2 2 0 
wL2 800 X 102 X 12 -4000 

{F}(t) = 12 12 -80000 
= = 

0 0 0 
wL 800 X 10 -4000 

2 2 80000 
WL2 800 X 102 X 12 

12 12 

In the load matrix, the force terms have the units of Ib, whereas the moment terms 
have the units of lb· in. Application of the boundary conditions (Ull = U12 = U13 = 
U31 = U32 = U33 = 0) reduces the 9 X 9 global stiffness matrix to the following 3 X 3 
matrix: 

[
1970.799 

103 0 
3148.148 

o 
2167.5 
-2550 

3148.148]{U21} { 0 } 
-2550 U22 = -4000 

430666 U23 80000 

Solving these equations simultaneously results in the following displacement matrix: 

[vjT = [0 0 0 -0.0002845(in) -0.0016359(in) 0.00017815(rad) 0 0 0] 

This problem will be revisited later in the chapter and solved with ANSYS. 

4.5 THREE-DIMENSIONAL BEAM ELEMENT 

ANSYS's three-dimensional beam element is suited for situations wherein the beam 
may be subjected to loads that can create tension , compression, bending about differ­
ent axes, and twisting (torsion). At each node, there are six degrees of freedom , dis­
placements in X-, Y-, and Z-directions, and rotation about X-, Y-, and Z-axes. Therefore, 
the elemental matrix for a three-dimensional beam element is a 12 X 12 matrix. 
ANSYS's three-dimensional elastic beam element is shown in Figure 4.16. 

The element input data include node locations, the cross-sectional area, two mo­
ments of inertia (/zz and /yy), two thickness (TKY and TKZ), an angle of orientation 
(0) about the element x-axis, the torsional moment of inertia (/xx) , and the material 
properties. If [xx is not specified or is equal to 0.0, ANSYS assumes that it is equal 
to the polar moment of inertia (/yy + lzz). Note that BEAM4 element is defined by 
two or three nodes. The element x-axis is oriented from node I toward node 1. For the 
two-node option, the default (0 = 0°) orientation of the element y-axis, ANSYS 
automatically sets the orientation parallel to the global X-Y plane. For the case where 
the element is parallel to the global Z axis, the element y-axis is oriented parallel to 
the global Y-axis (as shown). For user control of the element orientation about the 
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Y 

2 

(If node K is omi tted and a = 0", 
the element y axis is parallel to 
the global X-V plane.) 

~ K (optional) 

I "-
I "-
I "-
I 
I 

Tl ,T5 

T 
TKZ 

1 

Y 

1 

J 

<I> 

IZZ 
T4,T8 

Z /@ 
Y IYY 

TI,T61- -----I TI,T7 
TKY 

FIGURE 4.16 BEAM4 element, the three-dimensional elastic beam element used 
byANSYS. 

element x-axis, use the e angle (THETA) or the third-node option. If both are defined, 
the third-node option takes precedence. The third node (K), if used, defines a plane 
(with I and J) containing the element x and z axes (as shown). The input data for BEAM4 
is summarized below: 

Nodes 

I, J, K (K orientation node is optional) 

Degrees of Freedo m 

UX, UY, UZ (displacements in X, Y, and Z-directions) 

ROTX (rotation about X-axis), ROTY (rotation about Y-axis) , ROTZ (rotation 
about Z-axis) 
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Real Constants 

AREA, Izz, Iyy , TKZ, TKY, THETA, 

ISTRN (initial strain in the element), Ixx 

Material Properties 

EX (modulus of elasticity), ALPX (Poisson's ratio) , DENS (density), GXY (shear 
modulus), DAMP (damping) 

Surface Loads 

Pressures 

face 1 (I - J) (-Z normal direction) 

face 2 (I - J) (-Y normal direction) 

face 3 (I - J) (+X tangential direction) 

face 4 (I) (+X axial direction) 

face 5 (1) (-X axial direction) 

(use negative value for opposite loading) 

Temperatures 

Tl, T2, T3 , T4, T5, T6, T7, TS 

Stresses 

As you will see in Example 4.5, to review stresses in beams, you must first copy these 
results into element tables, and then you can list them or plot them. These items are 
obtained using item label and seqllence numbers. For a BEAM4 element, the follow­
ing output information is available: the maximum stress, which is computed as the di­
rect stress plus the absolute values of both bending stresses; the minimum stress, which 
is calculated as the direct stress minus the absolute value of both bending stresses. 
BEAM4 output includes additional stress values-examples of these stresses are given 
in Table 4.3. 

TABLE 4.3 Examples of stresses computed by ANSYS 

SDlR Axial direct stress 

SBIT Bending stress on the element + Y side of the beam 

SBYB Bending stress on the element - Y side of the beam 

SBZT Bending stress on the element + Z side of the beam 

SBZB Bending stress on the element - Z side of the beam 

SMAX Maximum stress (direct stress + bending stress) 

SMIN Minimum stress (direct stress - bending stress) 
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TABLE 4.4 Item and sequence numbers for the BEAM4 element 

Name Item E J 

SDIR LS 1 6 

SBYT LS 2 7 

SBYB LS 3 8 

SBZT LS 4 9 

SBZB LS 5 10 

SMAX NMISC 1 3 
SMIN NMISC 2 4 

Once you decide which stress values you want to look at, you can read them into a table 
using item labels and sequence numbers. Examples of the item labels and sequence 
numbers for BEAM4 are summarized in Table 4.4. See Example 4.5 for details on how 
to read stress values into a table for a beam element. 

4.6 AN EXAMPLE USING ANSYS 

ANSYS offers a number of beam elements that can be used to model structural 
problems. 

UEAM3 is a uniaxial element with tension, compression, and bending capabili­
ties. The element has three degrees of freedom at each node: translation in the x- and 
y-directions and rotation about the z-axis. The element input data include node locations, 
the cross-sectional area, the second moment of area, the height , and the material prop­
erties. Output data include nodal displacements and additional elemental output. Ex­
mnples of elemental output include axial stress, bending stress at the top or bottom of 
the beam's cross section , maximum (axial + bending), and minimum (axial - bending). 
BEAM4 is a three-dimensional version of BEAM3. 

EXAMPLE 4.5 Revisited 

Let us consider the overhang frame again in order to solve this problem using ANSYS. 
Recall that the frame is made of steel with E = 30 X 106 Ib/in2• The respective cross­
sectional areas and the second moments of areas for the two members are shown in 
Figure 4.13 (repeated in Figure 4.17 for your convenience). The members have a depth 
of 12.22 in. The frame is fixed as shown in the figure. We are interested in determining 
the deflections and the rotation of the frame under the given distributed load. 

Enter the ANSYS program by using the Launcher. 
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800lb/ft 

A = 7.65 in2 

1= 204 in4 

A = 7.65 in2 

1= 204 in4 

~------ 10ft -------;.~I 

9 ft 

--'-

FIGURE 4.17 An overhang frame supporting a distributed load. 

Type Frmne2D (or a file name of your choice) in the Jobnmnc entry field of the 
ANSYS Product Launcher and Pick Run to start GUI. 

Create a title for the problem. This title will appear on ANSYS display windows 
to provide a simple way to identify the displays. Use the following command 
sequences: 

utility menu: Filc - Change Title ... 

. . : Change Title 

UTffiE) Enter new title I Framezoj 

Cancel Help 

main menu: Preprocessor - Elcment Typc - Add/Edit/Delctc 
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: Element T ,pes EI 

Defined Ele~ent Types: 
NONE DEFINED 

. ': Library or Element Types 

library of Element Types Structural Mass I ... o elastic 3 
link I plastic 23 

•• II!l: ·~.m •••• IF~ tapered 54 
Pipe 3D finite strain 

Element type reference number 

Solid 2 node 188 
SheD 3 node 189 f. 

Hyperelastic ~~==:;:===:::::~j 
~M.:.o;;:o .. ne:;.!'i"'Ri .. 'vl .. in::.c.r====.r. .... \,20 elastic 3 I 

!========.!, 

Apply Cancel 
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Assign the modulus of elasticity by using the following commands: 

main menu: Preprocessor ~ Material Props ~ Material Models ~ 

Structuml ~ Lille~lr ~ Elastic ~ Isotropic 

Linear Isotropic Material Properties for Material Nlnlber 1 

T1 -
Temperatures I ,i-30- e-6 ---: 

IO.~ 

Close the "Define Material Model Behavior" window. 

main menu: Preprocessor ~ Heal Constants ~ Add/Edit/Delete 

: Real Conslanls 13 
Dttfliied ReIl.1 COnstant .~Ih: 
NONE DEPINED 
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: Elem.nt Typ. I .. R.aI Canltantl 13 

'ox 

I ".o.l:on.tant,'a, SlAM3 13 

AREA .65 

IZZ 2H4 

ro~a1 he .... he i ght HEIGHT 12.221 

Shear .n.ction conat ant SHEII'RZ 

~ nitf .. l . t .... in ISlAN 

Added ..... :fUnit itength ADDltAS 

= I R.oll:onst.nt. 

DeE ined Real Constant Seta: 

Il r Add.-:: I " Edit., •• '11r Delete 

Clo .. I J ~ Help ]~ 

I 

13 

-

:t 
I 
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ANSYS Toolbar: SAVE_DU 

Set up the graphics area (i.e. , work plane,zoom, etc.) with the following commands: 

utility menu: Workplane -+ WP Settings ... 

utility menu: Workplane -+ Display Working Plane 

Bring the workplane to view by the command 

utility menu: PlotCtrls -+ P~lIl, ZOOIll, Rotate ... 

Click on the small circle until you bring the workplane to view. Then create the 
nodes and elements: 

main menu: Preprocessor -+ Modeling -+ Create -+ Nodes 

-+ On Working Plane 

IDD LWP = 0,108] 

D 

~ 
LWP = 120,108] 
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~ 
100 
D 

~ 
~ 
~ 
DID 
D 

Axial Members, Beams, and Frames 

LWP = 120,0] 

OK 

main menu: Prcproccssor - Modcling - Crcatc - Elcmcnts 

- Auto Numbercd - Thru Nodcs 

[pick nodc 1] 

[pick nodc 2] 

[apply anywhcrc in thc ANSYS graphics window] 

[pick nodc 2] 

[pick nodc 3] 

[lmY"'hcrc in thc ANSYS graphics window] 

OK 

utility menu: Plot - Elcmcnts 

Toolbar: SAVE_DB 

Apply boundary conditions with the following commands: 

~ 
100 
D 
DID 
D 

main menu: Solution - Dcfine Loads - Apply - Structural -
Displacemcnt - On Nodcs 

[pick nodc 1] 

[pick nodc 3] 

[mlywhere in the ANSYS graphics window] 
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.. : Apply U,ROT on Nodes 

[D) Apply Displacements (U,ROT) on Nodes 

Lab2 DOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

OK 

An Example Using ANSYS 229 

AIIDOF 

~ 
UV 
ROlZ 

Iconstant value 

10 

Cancel Help 

mam menu: Solution ~ Dcfinc Loads ~ Apply ~ Structural ~ Prcssure 

~ On Ilc:tms 
100 [pick c1cmcnt 1] 

D 
DID [nn}'whcrc in thc ANSYS gmphics window] 

D 
--; Apply PRES on Beams f3 

UALI Pressure uaLue at node I 

UALJ Pressure ualue at node J 

oJOPPSlI 

OK 

To see the applied distributed load and boundary conditions, use the following 
commands: 

utility menu: Plot Ctrls ~ Symbols ... 

utility menu: Plot ~ Elcmcnts 

ANSYS Toolbar: SAVE_DIl 
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: Symbols 

Solve the problem: 

main menu: Solution - Soll'c - Currcnt LS 

OK 

Closc (the solution is done!) window. 

Closc (the/STAT Command) window. 

Begin the postprocessing phase and plot the deformed shape with the following 
commands: 

main menu: Gcncral Postproc - Plot Ucsuits - Dcformcd Shape 

x 
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List the nodal displacements with the following commands: 

main menu: General Postproc - List Uesults - Nodal Solution 

~List Nodal Solution . 

Item to be listed ====================11 

1&3 Favorites 

~ Nodal Soutioo 

rJt OOF Soution 

~ X -Component of displacement 

~ Y-Component of displacement 

~=+::--- (i;) lSplacement vector sum 

~ Z-Component of rotation 

~ Rotation vector sum 

1&3 Stress 

1&3 Total Strain 

~ Elastic Strain 

1&3 Plastic Strain 

1&3 Creep Strain 

~ Thermal Strain 

ValJe fur compuID;j the Eq.! strai1 

Also list Rotation vector sum. 

231 
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"PRNSOL Corrrnand 

PRIHr u NODAL SOLUTION PER NODE 

'"'""' POSTl NODAL OEGREE OF PREEDOrI LiStiNG xww_ 
L(N;D STEP" 1 $USSIEP; 1 
TUIE= 1. 9990 LOAD CASE::;: 

IHE FOLLOWING DECREE Of PREEDOt'I RESULTS nRE IN THE CLOBAL COORDIHAtE SVSU11 

HODE UK UY UZ 
1 8.8BiUt 8.8888 8.et'l88 
2 -'L28459 E-Dl- 9.S61S9£-Q2 M.(!f!i19 
1 'L8QQQ 11.6iI99Q 8.(I8ee 

HAXUIJn ~BSOLUIE UAWES 
HODE 2 2 e 
UnUE -e.281S9E-OJ-4J.16359E-B2 8.00e8 

2 
0.I"05E-82 

List the reactions with the following commands: 

main menu: General Postproc - List Results - Reaction Solution 

: li.t ReaClion Solution 

o. 

r;!R!lII""W;'I,n,,tI'I' 

Struct force FX 
FY 
I'Z 

All .true fore P 
Struct ftOnent I'D( 

I1Y 
lIZ 

All _true ftOfIM) " 

All ite .. ~, 

PIlINT REACTION SOLUTIONS PER IIODE 

..... POSTl TOTAL il!ACTION SOLUTICII LISTIIIG 

LOAD STIP. 1 stlBSTEP. 1 
TIllE. 1. 0000 LOAD CASE. 0 

TIlE FOLLOIIING X,Y,Z SOLUTIOIIS AR! IN GLOBAL COOIlDIUAn:S 

NODE fX 

1 5~·1.29 
3 -544.29 

TOTAL VALUES 
VALUE .00000 

IT 
452·1.0 
3476.4 

8000 . 4 

HZ 
.10235[ ... 0& 
19296. 

• 12164E+06 

xl 
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Stresses 

To view stresses in beams and frames, we must first copy these results into element 
tables. These items are obtained using item label and sequence numbers. This ap­
proach is similar to the procedure we followed to obtain axial forces and axial stresses 
for truss elements. For a beam element, the following output information is available: 
direct axial stress, bending stress on + Y side, bending stress on - Y side, direct 
stress + bending stress, and direct stress - bending stress. These stresses are shown in 
Figure 4.18. The item labels and sequence numbers for stresses for a beam element are 
given in Table 4.5. 

For Example 4.5, we have assigned the maximum and minimum stresses, as com­
puted by ANSYS, in each element to user-defined labels (User label for item) MaxSts 
and MinSts. We now run the following commands: 

\ 

FIGURE 4.18 Stresses for a beam element. 

TABLE 4.5 Item labels and sequence numbers for a beam element 

Stresses Data Item label Sequence number 

axial direct stress SDIR LS 1,4 
bending stress on + Y side SBYT LS 2,5 
bending stress on - Y side SBYB LS 3,6 
direct stress + bending stress SMA X NMISC 1,3 
direct stress - bending stress SMIN NMISC 2,4 
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main menu: Gcncml Postproc ~ Element Tablc ~ Dcfine Table 

Element Table Data 

CU'rently Defined D~t~ ~ St~tus: 

l~bel ItemComp 

NONE DEFINED 

Close 

I~~ m~~<Q<*~ 
[ETABlE] Define AddQonaI Element Table Items 

_ lab User label for tem 

fine AddItional Element Table Items 

ltem,Comp ReslAs data ~em 

(For "By sequence rum", enter seqJence 

no. il Selection box. See Table 1.xx-3 

il Elements Manual for seq. rumbers.) 

' : Dc:fnc: Additional [lement Table: Rem 

[AYPRlH) EfHAJI .. EQV",an 

[ETABlE] DcfincA±ftbnGIElclncnt r..,blcItcra, 

~l.eb U,crlobc:l foritcm 

ncm,Ccrop Roub dQl.G b:m 

(For 'By scqu:::n::c ruTr) enter !Sequence 

no. h Sdcdbn box. Sec T oblc 1.n-3 

n flement5I'1¥lu" for sal. rurte's.l 

10 

1 Mads 

Strail-e1astic 
Strail-thermal 
str ail-plastic 
Str ail-creep 
Str ail-other 
Contact 
Optrn;,ation 
: 

TimeSt~p 

Delete 

Help 

II 
~ SMIS< c. 

lS, i!:. lEPEl, 

[ lEPTH, ' .. lEPPI!., .-
• I M>11S<, 1,3 

Conce! 
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Element lable Data )( 

CUrrently De/ned Data and Status: 

label ltemcQf!lP TIme Stamp 

~lAXSl5 NMIS 
~lINSl5 NMIS 2 

main: Gcncntl Postproc ~ Element T~lblc ~ List Elcmcnt Tablc 

. . : list Element Table Data I 

[PRETAB] list Element Table Data 

labl·9 nems to be isted 

~ .. . : 
FUe 

Apply Cancel 

PRINT ELEMENT TABLE ITEMS PER ELEMENT 

***** POST1 ELEMENT TABLE LISTING ***** 

STAT 
ELEtt 

1 
2 

CURRENT 
MAXSTS 

2994.3 
728.26 

MINIMUM UALUES 
ELEtt 2 
UALUE 728.26 

MAXIMUM UALUES 
ELEtt 1 
UALUE 2994.3 

CURRENT 
MINSTS 

-3136.6 
-1637.1 

1 
-3136.6 

2 
-1637.1 

Help 

235 
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Exit ANSYS and save everything: 

ANSYS Toolbar: QUIT 

; hllhom ANSYS 

- EXit Er.o .. RHSYS -

4.7 VERIFICATION OF RESULTS 

Refer to Example 4.2. One way of checking for the validity of our FEA findings of Ex­
ample 4.2 is to arbitrarily cut a section through the column and apply the static equi­
librium conditions. As an example, consider cutting a section through the column 
containing element (2) , as shown in the accompanying illustration. 

160,000 Ib 

! 
B 
1 

160,000 Ib 

The average normal stress in that section of the column is 

(1(2) = finternal = 160,000 = 4030lb/in2 
A 39.7 

In a similar way, the average stress in element (4) can be checked by 

(1(4) = finlernal = 60,000 = 1511 Ib/in2 
A 39.7 

The stresses computed in this manner are identical to the results obtained earlier using 
the energy method. 
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It is always necessary to compute the reaction forces and moments for beam and 
frame problems. The nodal reaction forces and moments can be computed from the re­
lationship 

{R} = [K]{U} - {F} 

We computed the reaction matrix for Example 4.4, repeated here: 

R, 54687(N) 

M, 39062(N· m) 

R2 = 
132814(N) 

M2 0 

R3 0 

M3 0 

Earlier, we discussed how to check the validity of results qualitatively. It was mentioned 
that the results indicated that there is a reaction force and a reaction moment at node 
1; there is a reaction force at node 2; there is no reaction moment at node 2, as expected; 
and there are no reaction forces or moments at node 3, as expected for the given prob­
lem. Let us also perform a quantitative check on the accuracy of the results. \Ve can use 
the computed reaction forces and moments against the external loading to check for 
static equilibrium (see Figure 4.19): 

+tLFy = 0 13,2814 + 54,687 - (25,000)(7.5) = -1 ::::,; 0 

and 

d; LMnode2 = 0 39,062 - 54,687(5) + (25,000) (7.5) (1.25) = 2 ::::,; 0 

Similarly, in reference to Example 4.5, we find that the reaction results generated using 
ANSYS are shown in Figure 4.20. Checking for static equilibrium , we find that 

4 LFX = 0 

+ iLFy = 0 

d;LMnodc ' = 0 

1 

544.26 - 544.26 = 0 

4523.8 + 3476.2 - (800) (10) = 0 
102,340 + 19,295 + 3476.2(10)(12) - (544.26)(9)(12) 

-(800) (10) (5) (12) = -1 ::::,; 0 

25,000 N/m 

I I I I I I I 1 
3 

39,062 N· m 

1+------5m-----l~~--

54,687 N 132,814 N 

FIGURE 4.19 The free-body diagram for Example 4.4. 
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SOO Ib/ft 

! ! ! ! 
544.261b 1 

~~--10-2-'~-0-I-b-'-in----------------------~ 

4523.8lb 

9 ft 

544.26 Ib -- '-- -----

________ 0-.1) 19,295 lb· in 
1 ... 0«(-------------- 10 ft -1 

~76.2Ib 

FIGURE 4.20 The free-body diagram for Example 4.5. 

These simple problems illustrate the importance of checking for equilibrium conditions 
when verifying results. 

SUMMARY 

At this point you should 

1. know how to formulate stiffness matrix for a member under axial loading. 
2. know that it is wise to use simple analytical solutions rather than finite element 

modeling for a simple problem whenever appropriate. Use finite element model­
ing only when it is necessary to do so. 

3. know that the stiffness matrix for a beam element with two degrees of freedom at 
each node (the vertical displacement and rotation) is 

[ 

12 

[K]<e) = E: 6L 
U -12 

6L 

-12 
-6L 
12 

-6L 

4. know how to compute the load matrix for a beam element by consulting Table 4.2 
for equivalent nodal forces. 
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know that the stiffness matrix for a frame element (with local and global coordi-
nate systems aligned) consisting of two nodes with three degrees of freedom at 
each node (axial displacement, lateral displacement and rotation) is 

AE 
0 0 

AE 
0 0 

L L 

0 
12EI 6EI 

0 
12EI 6EI 

-V IT IF IT 
0 

6EI 4EI 
0 

6EI 2EI 
IT -- - L2 

[K](e) = L L 
AE AE 

0 0 0 0 
L L 

0 
12EI 6EI 

0 
12EI 6EI 

--V - L2 L3 -IT 

0 
6EI 2EI 

0 
6EI 4EI -- - L2 L2 L L 

Note that for members that are not horizontal , the local degrees of freedom are 
related to the global degrees of freedom through the transformation matrix, ac­
cording to the relationship 

{u} = [T]{U} 

where the transformation matrix is 

cos e sine 0 0 0 0 
-sine cos e 0 0 0 0 

[T] 
0 0 1 0 0 0 
0 0 0 cose sin e 0 

0 0 0 -sine cose 0 
0 0 0 0 0 1 

6. know how to compute the stiffness matrix for a frame element with an arbitrary 
orientation with respect to the global coordinate system using the relationship. 

[K](e) = [TnK]~1[T] 

7. know how to compute the load matrix for a frame element by consulting Table 4.2 
for equivalent nodal forces. 
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PROBLEMS 

1. Determine the de flectio ns o f point D and point F and the axia l stress in each member o f the 
system shown in the accompanying fi gure. (E = 29 X 103 ksi.) 

~ 
- 4"-

,-
Ac= 0.8 in2 

I· ." -:>-
3500lb 

Ac= 0.5 in2 -F - ~ 

D B 

~ 1-

1-----10"----1-----12"-----1 

2. Conside r a four-story building with steel columns similar to the o ne prese nted in E xample 
4.2. T he column is sUbjected to the loading shown in the accompanying figure. Assumin g 
axial loading, (a) dete rmine ve rtical displacements o f the column at va rio us floo r-column 
connection po ints and (b) de te rmine the stresses in each portio n o f the co lumn. 
(E = 29 X I06 Ib/in2, A = 59.1 in2.) 

(1) 

1 

00=0 000=0 
~...Q OQ ~ C2 0 
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3. Determine the deflection of point D and the axial stress in each member in the system shown 
in the accompanying figure. (E = 10.6 x 103 ksi.) 

~ Ac = 1 jn2 r-
Ac= 0.75 jn2 

Ac= 0.5 jn2 
D 

~ 

4oo01b - I 1500 Ib I C -

~ '-

11-1 ----12"----t.~'.I---9"---•. '~It---8 .. --... ·'1 

4. A 20·ft·tall post is used to support advertisement signs at variolls locations along its height, 
as shown in the accompanying figure. The post is made of structural steel with a modulus of 
elasticity of E = 29 x 106Ib/in2• Not considering wind loading on the signs, (a) determine dis­
placements of the post at the points of load application and (b) determine stresses in the 
post. 

100Ib 

I 
t 

5 ft 

~ 
150lb 

~ 
@ Ac = 0.75 jn2 

t 
III 5 ft 200lb 

~ 
@ Ac = 2.15 jn2 

T 
10 ft 

I I 

5. Determine the deflections of point D and point F in the system in the accompanying figure. 
Also compute the axial force and stress in each member. (E = 29 X 103 ksi.) 
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~ -
Ac 0.2 jn2 800lb • 

Ac = 0.15 jn2 

lOOOlb 500lb • F 
Ac= 0.3 jn2 D Ac= 1 jn2 

6" -I- 6 11-. 

Ac = 0.2 jn2 800lb 

...... 1-4"-
-

6. Determine the deflections of point D and point F in the system in the accompanying figure. 
Also compute the axial force and stress in each member. 

~ 

E= 69GPa 

A =5cm2 
c • D 

I ...... 

-j15eml-

.F 
20kN -

E= 101GPa 
Ac=2cm2 

/ 
I 

E = 101GPa , 

,-

E=73GPa 

Ac= 5 em2 

'-
30 em_I I=--- 50 cm--~1-40 cm--~14-- 50 em-I 

7. The beam shown in the accompanying figure is a wide-Ilange W 18 X 35, with a cross-sectional 
area of 10.3 in2 and a depth of 17.7 in. The second moment of area is 510 in4. TIle beam is sub­
jected to a uniformly distributed load of 2000 Ib/f!. The modulus of elasticity of the beam is 
E = 29 X 1061b/in2. Using manual calculations, determine the vertical displacement at node 
3 and the rotations at nodes 2 and3. Also, compute the reaction forces at nodes 1 and2 and 
reaction momen t at node I. 

2,000 Ib/ft 

1 3 

f-olff------14ft-----.i 1--7ft-I 

8. The beam shown in the accompanying figure is a wide-flange WI6 X 31 with a cross­
sectional area of 9.'12 in2 and a depth of 15.88 in. The second moment of area is 375 in4. The 
beam is subj ected to a uniformly distributed load of 1000 Ib/ft and a point load of 500 lb. 
The modulus of elasticity of the beam is E = 29 X 1061b/in2. Using manual calculations, 
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determine the vertical displacement at node 3 and the rotations at nodes 2 and 3. Also, com­
pute the reaction forces at nodes '( and 2 and reaction moment at node I. 

1,000 I b/ft 

1 .2 3 

1-<1 cl-----lO ft -----~·1~2.5 ft. ~2.5 ft·1 

500lb 

9. T he lamp frame shown in the acco mpanying figure has hollow, square cross sections and is 
made of steel, with E = 29 X 106 Ib/in2. Using hand calculations, determine the endpo int 
deflection of the cross member where the lamp is attached. 

40lb 

15 ft 

1 1 
6in.~ ~4in. 

I T T 
main cross member 

114 in thick 3/16 in thick 

10. A park picnic-table top is suppo rt ed by two ide ntical metal frames; one such frame is shown 
in the accompanying figure. The f rames are e mbedded in the ground and have hollow, cir­
cular cross-sectiona l areas. The tabletop is designed to support a distributed load of 250 Ib1ft2. 
Using ANSYS, s ize the cross section of the fra me to support the load safely. 
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'"""�1(------4ft-----~·1 

1 
28 in. 

L 
I I I 

1 ... 1([----32 in·-----i~~1 

~ All members have the same 
~ hollow circular cross section. 

I 

11. The frame shown in the accompanying figure is used to support a load of 2000 lb. The main 
vertical section of the frame has an annular cross section with an area of 8.63 in2 and a polar 
radius of gyration of2.75 in. The outer diameter of the main tubular section is 6 in. All other 
members also have annular cross sections with respecti ve areas of 2.24 in2 and polar radii of 
gyration of 1.91 in. The outer diameter of these members is 4 in. Using ANSYS, determine 
the deflections at the points where the load is applied. The frame is made of steel, with a 
modulus elasticity of E = 29 X I06Ib/in2. 

'"'I c--------I2ft--------3 .. ~1 

3ft ~ 

lOOOlb lOOOlb 

15 ft 

12. Verify the equivalent nodal loading for a beam element subjected to a triangular load, as 
shown in the accompanying figure. 
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w 3wL 7wL 
20 20 

~ ~ 
wL2 wL2 

... L ~ 30 20 

13. Referring to the section in this chapter discussing the frame elements, show that the stiff­
ness matrix represented with respect to the global coordinate system is related to the stiffness 
matrix described with respect to the frame's local coordinate system, according to the rela­
tionship 

14. The frame shown in the accompanying figure is used to support a load of 500 Ib/fl. 
Using ANSYS, size the cross sections of each member if standard-size steel square tubing 
is to be used. Use three different s izes. The deflection of the centerpoint is to be kept under 
0.05 in. 

500 lb/ft 

I I 

~ c-5ft---...J 

10 ft 

_1 
I I I I 

� .... (:-------15 ft -------~ I 

15. T he frame shown in the accompanying figure is used to support the load given in the figure. 
Using ANSYS, s ize the members if standard sizes of steel I-beams are to be used. 
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I 

I 
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I I 

700 Ib/f! 

500 Ih/f! 

! ! J 

I I I I 

1~4----15 ft----. 1-'1 4(----15 f!----l.~1 

I 

I 

T 
I 
1 

I 
16. Verify the equivalent nodal loading for a beam element subjected to the load shown in the 

accompanying figure. 

P 

o I 0 
I-- ~ ----1- ~----1 

P P 
2 2 

ck===J) 
M= PL M= PL 

8 8 

17. Use a one-element model and calculate the deflection and slope at the endpoint of the beam 
shown in the accompanying figure. Compare your results to deflection and slope values given 
in Table 4.1. 

IX 

--------- L --------~ 
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18. Use a two-element model and solve Example 4.3. Compare your results to the deflections and 
the end slope of the single element model. 

19. Use a one-element model and calculate the deflection and slope at the endpoint of the beam 
shown in the accompanying figure . Compare your results to the deflection and slope values 
given in Table 4.1. 

IX E, J r 
L ·1 

20. Use a one-element model and calculate the deflection and the slope at the midpoint of the 
beam shown in the accompanying figure. Compare your results to the deflection and slope 
v:lllles given in Tahle 4. J. 

IV 

E,l 

"' :1rl: 
1------L-----.! 

21. The beam shown in the accompanying figure is a wide-flange W 18 X 35, with a cross-sectional 
area of 1 0.3 in2 and a depth of 17.7 in. The second moment of area is 510 in4. The beam is sub­
jected to a point load of 2500 lb. The modulus of elasticity of the beam E = 29 X 1061b/in2• 

Use a two-element model and calculate the deflection of the midpoint of the beam. Compare 
your results to exact values. 

25001b 

1 
h it 
1~'---7.5 ft--..... ·*1·0-----7.5 ft----+i·1 

22. The frame shown in the accompanying figure is used to support a load of 1000 lb. Using 
ANSYS, size the cross sections of each member if standard sizes of steel I-beams are used. 
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I~ 4 ft -+- 4 ft -1 
-1 
5 ft 

J 

l000 1b 

T 
8 ft 

23. The frame shown in the accompanying figure is used to support the indicated load. Using 
ANSYS, size the cross sections of each member if standa rd sizes of steel I-beams are used. 

2500 Ib/ft 

~ ~ ~ ~ ~ ~ ~ ~ 

15 f t 

3000 lb/ft 3000 Ib/ft 

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ 

r 
15 f t 

1 -- k -l 

1-1. ----20 ft-----·~I<-· ----20 ft -----1·1 
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24. The frame shown in the accompanying figure is used to support the indicated load. Using 
ANSYS, size the cross sections of each member if standard sizes of steel I-beams are used. 

S KN ----,r--~ 

Sill 

SKN--~~~====================~ 

Sill 

1 
1+1.----- Sill -----+1·1 

25. The beams shown in the accompanying figure are used to support the indicated load. Using 
ANSYS, size the cross sections of each beam if standard sizes of steel I-beams are used. 
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~:::-~~-------lO ft ---------

B 

y 

1000 Ib 

26. Show that [D)[U} = {UjT[Dt. Use Equations (2.12) and (2.10) to prove the identity. 

27. Starting with Equations (4.39) and (4.41), show that the relationship given by Eqs. (4.42) is 
true. 

28. Starting with Equation (4.42) and using the results given by Eq. (4.36a) perform the inte­
grations to obtain the results given in the first column of the stiffness matrix, Equation (4.43). 

29. Starting with Equation (4.42) and using the results given by Eq. (4.36a) perform the inte­
grations to obtain the results given in the fourth row of the stiffness matrix , Equation (4.43). 
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30. Design Project Size the members of the bridge shown in the accompanying figure for a 
case in which traffic is backed up with a total of four trucks equally spaced on the bridge. A 
typical truck has a payload weight of 64,000 Ib and a cab weight of 8000 lb. As a starting 
point , YOll may use one cross section for all beam elements. You may also assume one cross 
section for all truss members. The roadbed weighs 1500 Ib/ft and is supported by I-beams. Use 
standard steel I-beam sizes. Design your own truss configuration. In your analysis, you may 
assume that the concrete column does not deflect significantly. Write a brief report discussing 
how you came up with the final design. 

1-----------200 ft-----------i 

1-----lOOft----~ 



CHAPTER 5 

One-Dimensional Elements 

The objectives of this chapter are to introduce the concepts of one-dimensional ele­
ments and shape functions and their properties in more detail. The idea of local and 
natural coordinate syste ms is also presented here. In addition, one-dimensional e le­
ments used by ANSYS are discussed. These are the main topics discussed in Chapter 5: 

5.1 Linear Elements 

5.2 Quadratic Elements 

5.3 Cubic Elements 

5.4 Global, Local, and Natural Coordinates 

5.5 Isoparametric Ele me nts 

5.6 Numerica l Integration: Gauss-Legendre Quadrature 

5.7 Examples of One-Dimensional Elements in ANSYS 

5.1 LINEAR ELEMENTS 

The heat transfer example in this section is employed to introduce the basic ideas of 
one-dimensional elements and shape functions. Fins are commonly used in a variety of 
engineering applications to enhance cooling. Common examples include a motorcycle 
engine head, a lawn mower engine head, extended surfaces (heat sinks) used in electronic 
equipment, and finned-tube heat exchangers. A straight fin of a uniform cross section 
is shown in Figure 5.1, along with a typical temperature distribution along the fin . As a 
first approximation, let us divide the fin into three elements and four nodes. The actual 
temperature distribution may be approximated by a combination of linear functions, 
as shown in Figure 5.1. To better approximate the actual temperature gradient near the 
base of the fin in our finite element model, we have placed the nodes closer to each 
other in that region. It should be clear that we can improve the accuracy of our ap­
proximation by increasing the number of elements as well. However, for now, let us be 
content with the three-element model and focus our attention on a typical element, as 
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T 

Actual temperature profile 

/APproximate temperature profile 

(2) (3) 

3 4 

1-.. -L-J FIGURE 5.1 Temperature distribution for 
a fin of unifonll cross section. 

T 

Ti ~ 

T;_~~~~ ____ ~ 
I I 
I I 
I i (e) Ij 

L-~~======~----.X 
Xi Xi 

I-e-I FIGURE 5.2 Linear approximation of 
temperature distribution for an element. 

shown in Figure 5.2. The temperature distribution along the element may be interpo­
lated (or approximated) using a linear function , as depicted in Figure 5.2. 

The forthcoming derivation of the shape functions are similar to the one we showed 
in Chapter 4, Section 4.1. As a review and for the sake of continuity and convenience, 
the steps to derive the shape functions are presented here again. 

The linear temperature distribution for a typical element may be expressed as 

T(e) = Cl + C2 X (5.1) 

The element's end conditions are given by the nodal temperatures T; and ~, according 
to the conditions 

T = T; at 

T = ~ at 

X =Xj 

X = Xj 

(5.2) 
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Substitution of nodal values into Eq. (5.1) results in two equations and two unknowns: 

T; = Cl + C2X i 

T; = Cl + C2X; 

Solving for the unknowns Cl and C2 , we get 

TiX; - T;Xi 
Cl = 

X;- Xi 

The element's temperature distribution in terms of its nodal values is 

TX - TX T· - T T(e) = I I I I + I I X 
Xi-Xi Xi-Xi 

Grouping the T; terms together and the T; terms together, we obtain 

Tee) = I T . + I r. ( X . -X) (X-X.) 
X; - Xi I Xi - Xi I 

We now define the shape fun ctions, Si and S;, according to the equations 

Si 
X; - X Xi - X 

Xi - Xi e 

S; 
X-Xi X -Xi 
X; - Xi e 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 

where e is the length of the element. Thus, the temperature distribution of an element 
in terms of the shape functions can be written as 

T(e) = SiT; + SiT; (5.10) 

Equation (5.10) can also be expressed in matrix form as 

T(e) = [Si Si] {~} (5.11) 

As you recall, for the structural example in Chapter 4 , the deflection u(e) for a typical 
column element is represented by 

u(e) = [Si S.] {u i } 
I ll . 

I 

(5.12) 

where Ui and u; represent the deflections of nodes i and j of an arbitrary element (e). It 
should be clear by now that we can represent the spatial variation of any unknown vari­
able over a given element by using shape functions and the corresponding nodal values. 
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'I,(e) = [S,. S] {'\Ii} 
j 'I' j 
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(5.13) 

where 'Vi and 'I' j represent the nodal values of the unknown variable, such as temper­
ature, deflection, or velocity. 

Properties of Shape Functions 

Th~ shap~ functiuns PUSS(!SS uniqu(! properties that ar~ impurtant fur us tu unuerstanu 
because they simplify the evaluation of certain integrals when we are deriving the con­
ductance or stiffness matrices. One of the inherent properties of a shape function is that 
it has a value of unity at its corresponding node and has a value of zero at the adjacent 
node. Let us demonstrate this property by evaluating the shape functions at X = Xi 
and X = Xj. Evaluating Si at X = Xi and X = Xj' we get 

Xj-XI Xi-Xi . Xi-XI 
Si!X-Xi = e = e = 1 and Si!X-Xj = e 

X- Xi X- Xi 
= 
x-x 

J e J = 0 (5.14) 

Evaluating Sj at X = Xi and X = Xj' we obtain 

X-xl X-X X-xl Sj!X=Xi = e ' =' e ' = 0 and Sj!x=Xj = e ' 
X- Xi X- Xj 

x-x 
J e ' = 1 (5.15) 

1l1is property is also illustrated in Figure 5.3. 
Another important property associated with shape functions is that the shape func­

tions add up to a value of unity. That is, 

Xj-X X-Xi 
Si + Sj = x _ x + x _ X = 1 

J ' J ' 

(5.16) 

It can also be readily shown that for linear shape functions , the sum of the derivatives 
with respect to X is zero. That is, 

d (Xj - X) d (X - Xi) 
dX Xj - Xi + dX Xj - Xi 

(5.17) 

'-----.-----T-X '----r----,--X 
Xi 

FIGURE 5.3 Linear shape fUllctions. 
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EXAMPLE 5.1 

\Ve have used linear one-dimensional elements to approximate the temperature dis­
tribution along a fin. The nodal temperatures and their corresponding positions are 
shown in Figure 5.4. What is the temperature of t]le fin at (a) X = 4cm and (b) 
X = Scm? 

In Chapter 6, we will discuss in detail the analysis of one-dimensional fin problems, 
including the computation of nodal temperatures. However, for now, using the given 
nodal temperatures, we can proceed to answer both parts of the question: 

a. The temperature of the fin at X = 4 cm is represented by element (2); 

T(2) = S(2)T + SPiT. = X3 - X T + X - X2 T 
22 ~~ e 2 e 3 

5-4 4-2 
T = -3- (41) + -3- (34) = 36.3 °C 

b. The temperature of the fin at X = 8 cm is represented by element (3); 

T(3) = S~3)T3 + S~3 )14 = X4 ; X T3 + X ~ X3 T4 

T = 10 ; S (34) + S ~ 5 (20) = 25.60C 

For this example, note the difference between S~2 ) and S~3 ). 

T·= "50·~FX {~~} = {~lc 
., 

1 (1) 2 (2) 3 (3) 4 
• • • • 

1-2cm-!-3cm-l· -I Scm 
FIGURE 5.4 The nodal temperatures and their corresponding positions along the fin in Example S.1. 

5.2 QUADRATIC ELEMENTS 

We can increase the accuracy of our finite element findings either by increasing the 
number of linear elements used in the analysis or by using higher order interpolation 
functions. For example, we can employ a quadratic function to represent the spatial 
variation of an unknown variahle. 1 Jsing a quadratic fu nction instead of a linear function 
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requires that we use three nodes to define an element. We need three nodes to define 
an element because in order to fit a quadratic function, we need three points. The third 
point can be created by placing a node, such as node k, in the middle of an element, as 
shown in Figure 5.5. Referring to the previous example of a fin , using quadratic approx­
imation, the temperature distribution for a typical element can be represented by 

(5.18) 

and the nodal values are 

T=T; at X =Xi (5.19) 

T = Tk at X = Xk 

T=~ at X = Xj 

Three equations and three unknowns are created upon substitution of the nodal values 
into Eq. (5.18): 

T; = Cl + C2X i + C3X r 
Tk = Cl + C2Xk + C3X~ 
~ = Cl + C2Xj + C3X y 

(5.20) 

Solving for Cb C2, and C3 and rearranging terms leads to the element's temperature dis­
tribution in terms of the nodal values and the shape functions: 

(5.21) 

In matrix form , the above expression is 

T") ~ IS; S; S,l {~} (5.22) 

T 

T; ---~ 
Tk ___ L __ _ 
'0 ____ ~---.L--

I I I 
I I I 
Ii: k Ij 

L---C===I===~----_X 
Xi Xk Xi 

l- e/2~ 
I-e 

FIGURE 5.5 Quadratic approximation 
of the temperature distribution for an 
element. 
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where the shape functions are 

2 
Sj = C2 (X - Xj)(X - Xk) (5.23) 

2 
Sj = C2 (X - Xj)(X - Xk ) 

-4 
Sk = ez(X - Xj)(X - Xj) 

In general , for a given element the variation of any parameter 'I' in terms of its nodal 
values may be written as 

(5.24) 

It is important to note here that the quadratic shape functions possess properties 
similar to those of the linear shape functions; that is, (1) a shape function has a value 
of unity at its corresponding node and a value of zero at the other adjacent node , and 
(2) if we sum up the shape functions , we will again come up with a value of unity. The 
main difference between linear shape functions and quadratic shape functions is in 
their derivatives. The derivatives of the quadratic shape functions with respect to X are 
not constant. 

5.3 CUBIC ELEMENTS 

The quadratic interpolation functions offer good results in finite element formula­
tions. However, if additional accuracy is needed, we can resort to even higher order 
interpolation functions , sllch as third-order polynomials. Thus, we can use cubic func­
tions to represent the spatial variation of a given variable. Using a cubic function in­
stead of a quadratic function requires that we use four nodes to define an element. 
We need four nodes to define an element because in order to fit a third-order poly­
nomial , we need four points. The element is divided into three equal lengths. The 
placement of the four nodes is depicted in Figure 5.6. Referring to the previous ex­
ample of a fin , using cubic approximation, the temperature distribution for a typical 
element can be represented by 

(5.25) 

and the nodal values are 

T=T; at X = Xi (5.26) 

T = Tk at X = X k 

T = Tm at X=Xm 

T=T; at X = Xj 

Four equations and four lInknowns are created upon substitution of the nodal values 
into Eq. (5.25). Solving for Cb C2, C3, and C4 and rearranging terms leads to the element's 



T 

T; --­
I 
I 
I 
I 

Tk ----+-----
T", I I 

~ ===~======F====-4-----I I I 
I I I 

Xi Xk Xm Xj 

·1· f--et3--l-eI3-1~-et3~ 
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X 

I. e--------~ ·1 FIGURE 5.6 Cubic approximation of the 
temperature distribution for an element. 

temperature distribution in terms of the nodal values and the shape functions: 

T(e) = SjT; + Sj~ + SkTk + SmTm (5.27) 

In matrix form, the above expression is 

T'" ~ [Si Sj s, S"J {~} (5.28) 

where the shape functions are 

9 
Sj = - 2(3 (X - Xj)(X - Xk)(X - Xm) (5.29) 

9 
Sj = 2(3 (X - Xj)(X - Xk)(X - Xm) 

27 
Sk = 2C3 (X - Xj)(X - Xj)(X - Xm) 

27 
Sm = - 2(3 (X - Xj)(X - Xj)(X - Xk) 

It is worth noting that when the order of the interpolating function increases, it is 
necessary to employ Lagrange interpolation functions instead of taking the above ap­
proach to obtain the shape functions. The main advantage the Lagrange method offers 
is that using it , we do not have to solve a set of equations simultaneously to obtain the 
unknown coefficients of the interpolating function. Instead, we represent the shape 
functions in terms of the products of three linear functions. For cubic interpolating func­
tions, the shape function associated with each node can be represented in terms of 
the product of three linear functions. For a given node-for example, i-we select the 
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functions such that their product will produce a value of zero at other nodes-namely, 
j , k, and l11-and a value of unity at the given node, i. Moreover, the product of the func­
tions must produce linear and nonlinear terms similar to the ones given by a general 
third-order polynomial function. 

To demonstrate this method, let us consider node i , with the global coordinate Xi' 
First , the functions must be selected such that when evaluated at nodes j , k , and 111 , the 
outcome is a value of zero. We select 

(5.30) 

which satisfies the above condition. lllat is, if you substitute for X = Xj' or X = X h 

or X = XnJ> the value of Si is zero. 'Ve then evaluate al such that when the shape func­
tion Si is evaluated at node i(X = Xi) , it will produce a value of unity: 

Solving for aJ, we get 

9 
al = - 2C3 

and substituting into Eq. (5.30), we have 

9 
Si = - 2C3 (X - Xj)(X - Xk)(X - Xm) 

The other shape functions are obtained in a similar fashion. Keeping in mind the ex­
planation offered above, we can generate shape functions of an (N - I)-order poly­
nomial directly from the Lagrange polynomial formula: 

SK = IT X - X M omitting (X - XK) = (X - X1)(X - X2)··· (X - XN ) 

M=I XK - X M omitting (XK - XK) (XK - Xd(XK - X2)'" (XK - X N ) 
(5.31) 

Note that in order to accommodate any order polynomial representation in Eq. (5.31) 
numeral values are assigned to the nodes and the subscripts of the shape functions. 

In general, using a cubic interpolation function , the variation of any parameter \1' 
in terms of its nodal values may be written as 

Once again, note that the cubic shape functions possess properties similar to those of the 
linear and the quadratic shape functions; that is, (1) a shape function has a value of unity 
at its corresponding node and a value of zero at the other adjacent node, and (2) if we 
sum up the shape functions , we will come up with a value of unity. However, note that 
taking the spatial derivative of cubic shape functions will produce quadratic results. 
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EXAMPLE 5.2 

Using L1grange interpolation functions , generate the quadratic shape functions directly 
from the Lagrange polynomial formula , Eq. (5.31): 

_ IT (X - X M ) omitting (X - X K) 

SK - M~' (XK - X M ) omitting (XK - X K) 

For quadratic shape functions, N -1 = 2 and K = 1, 2, 3. Refer to Figure 5.5 and note 
that subscripts 1, 2, and3 correspond to nodes i, k , andj respectively. Also, it is impor­
tant to distinguish the difference between lowercase k , denoting a specific node, and 
uppercase K, a variable subscript , denoting various nodes. 

For node i or K = 1, 

For node k or K = 2, 

For node j or K = 3, 

S S (X - X,)(X - X 2) = (X - X')(X)- X 2) = e22(X - X,)(X - X 2) 
j = 3 = -( X-3---X-,-'--)('--X-3---X---'-2) 

(e) f 
2 

The results are identical to shape functions given by Eg. (5.23). 

5.4 GLOBAL, LOCAL, AND NATURAL COORDINATES 

Most often , in finite element modeling, it is convenient to use several frames of 
reference, as we briefly discussed in Chapters 3 and 4. We need a global coordinate 
system to represent the location of each node, orientation of each element, and to apply 
boundary conditions and loads (in terms of their respective global components). 
Moreover, the solution, such as noclal displacements, is generally represented with re­
spect to the global directions. On the other hand, we need to employ local and natural 
coordinates because they offer certain advantages when we construct the geometry or 
compute integrals. The advantage becomes apparent particularly when the integrals 
contain products of shape functions. For one-dimensional elements, the relationship 
between a global coordinate X and a local coordinate x is given by X = X j + x , as 
shown in Figure 5.7. 
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t-__ ....... G;;,;lo..,b_a ... 1 .... X 

~ Local. x 

Node i .. ==================~Node i .,.. It-
Xi Xj 

~1 .. ---e---.j_1 
FIGURE 5.7 The relationship between 
a global coordinate X and a local coordi­
natex. 

Substituting for X in terms of the local coordinate x in Eqs. (5.8) and (5.9) , we get 

Xj - X Xj - (X; + x) X 

Si = e = e = 1 - e (5.32) 

_ X - Xi _ (Xi + x) - Xi _ X 
S· - - --

1 e e e (5.33) 

where the local coordinate x varies from 0 to e; that is 0 ::5 X ::5 e. 

One-Dimensional linear Natural Coordinates 

Natural coordinates are basically local coordinates in a dimensionless form . It is often 
necessary to use numerical methods to evaluate integrals for the purpose of calculating 
elemental stiffness or conductance matrices. Natural coordinates offer the convenience 
of having -1 and 1 for the limits of integration. For example, if we let 

~=2x_1 
e 

where x is the local coordinate, then we can specify the coordinates of node i as -1 and 
node j by 1. This relationship is shown in Figure 5.8. 

We can obtain the natural linear shape functions by substituting for x in terms of 
l; into Eqs. (5.32) and (5.33). This substitution yields 

1 
Si = '2 (1 - ~) (5.34) 

(5.35) 

Natural linear shape functions possess the same properties as linear shape functions; 
that is, a shape function has a value of unity at its corresponding node and has a value 

~=-1 

.~ Local x I ~ = 1 
Node 1 ... _==================~Node i .,.. , 

Xi Xj 

I" e -I 
FIGURE 5.8 The relationship between 
the local coordinate x and the natural co­
ordinate ~ . 
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of zero at the adjacent node in a given element. As an example, the temperature distri­
bution over an element of a one-dimensional fin may expressed by 

1 1 
T(e) = S·T: + ST· = - (1 - I:)T: + - (1 + I:)T.. 

II 112 "" 2 "'1 
(5.36) 

It is clear that at £ = -1 , T = T; and at £ = 1, T = ~. 

5.5 ISOPARAMETRIC ElEMENTS 

By now, it should be clear that we can represent other variables, such as the displace­
ment ll , in terms of the natural shape functions Sj and Sj according to the equation 

ute) = Sjllj + Sjllj = ~ (1 - £)Ilj + ~ (1 + £)Ilj (5.36a) 

Also note that the transformation from the global coordinate X(Xj S X S Xj) or the 
local coordinate x(O S x S C) to £ can be made using the same shape functions Sj and 
Sj. That is, 

1 1 
X = S·X + SX· = - (1 - I:)X + - (1 + I:)X 

I I I I 2 ." I 2 ." I (5.36b) 

or 

1 1 
x = S-x· + S·x· = - (1 - I:)x· + - (1 + I:)x · 

I I I I 2 ." I 2 ." I 

Comparing the relationships given by Eqs. (5.36), (5.36a) , and (5.36b) , we note that we 
have used a single set of parameters (such as Sj, Sj) to define the unknown variables 
ll , T, and so on, and we used the same parameters (Sj, Sj) to express the geometry. Fi­
nite element formulation that makes use of this idea is commonly referred to as 
isoparamelric (iso meaning the same or uniform) formulation , and an element expressed 
in such a manner is called an isoparametric element. We discuss isoparametric formu­
lation further in Chapters 7 and 10. 

EXAMPLE 5.3 

Determine the temperature of the fin in Example 5.1 at the global location X = 8 cm 
using local coordinates. Also determine the temperature of the fin at the global location 
X = 7.5 cm using natural coordinates. 

(1) 2 
• • 

(2) 3 
• 

(3) 4 
• 

!-2cm_I_3cm_II_.--5cm--_·1 
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a. Using local coordinates, we find that the temperature of the fin at X = 8 em is 
represented by element (3) according to the equation 

T(3) = S~3)T3 + S~3)T4 = (1 -; )T3 + 1 T4 

Note that element (3) has a length of 5 cm, and the location of a point 8 cm from 
the base is represented by the local coordinate x = 3: 

T = (1 -t }34) + t(20) = 25.6 °C 

h. Using natural coordinates, we find that the temperature of the fin at X = 7.5 cm 
is represented by element (3) according to the equation 

T(3) = S~3)T3 + S13)T4 = ~ (1 - £)T3 + ~ (1 + £)T4 

Because the point with the global coordinate X = 7.5 cm is located in the middle 
of element (3), the natural coordinate of this point is given by £ = 0: 

One-Dimensional Natural Quadratic 
and Cubic Shape Functions 

The natural one-dimensional quadratic and cubic shape functions can be obtained in a 
way similar to the method discussed in the previous section. The quadratic natural shape 
functions are 

1 
Sj = -2£(1 - ~) 

1 
Sj = 2 ~(1 + ~) 

Sk = (1 + ~)(1 - ~) 

The natural one-dimensional cubic shape functions are 

1 
Sj = 16 (1 - £)(3~ + 1){3~ - 1) 

1 
Sj = 16 (1 + ~)(3~ + 1)(3~ - 1) 

Sk = :6 (1 + £)(~ - 1)(3~ - 1) 

9 
Sm = 16 (1 + £)(1 - £)(3~ + 1) 

(5.37) 

(5.38) 

(5.39) 

(5.40) 

(5.41) 

(5.42) 

(5.43) 
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For the sake of convenience, the results of Sections 5.1 to 5.4 are summarized in Table 
5.1. Make sure to distinguish the differences among presentations of the shape func­
tions using global, local, and natmal coordinates. 

EXAMPLE 5.4 

Evaluate the integral J S;dX using (a) global coordinates and (b) local coordinates. l X > 

xi 

a. Using global coordinates, we obtain 

{Xi {Xi(X - X)2 1 IX > e 
}Xj SJdX = }Xj e t dX = 3e2(X - X j )3 X~ = 3" 

b. Using local coordinates, we obtain 

S;dX = .:: dx = ~ =-l Xi 1£( )2 31 £ e 
Xi 0 e 3e 0 3 

This simple example demonstrates that local coordinates offer a simple way to 
evaluate integrals containing products of shape functions. 

5.6 NUMERICAL INTEGRATION: GAUSS-LEGENDRE QUADRATURE 

As we discussed earlier, natural coordinates are basically local coordinates in a dimen­
sionless form. Moreover, most finite element programs perform element numerical in­
tegration by Gaussian quadratures, and as the limit of integration, they use an interval 
from -1 to 1. This approach is taken because when the function being integrated is 
known, the Gauss-Legendre formulae offer a more efficient way of evaluating an inte­
gral as compared to other numerical integration methods such as the trapezoidal method. 
Whereas the trapezoidal method or Simpson's method can be used to evaluate integrals 
dealing with discrete data (see Problem 24), the Gauss-Legendre method is based on 
the evaluation of a known function at nonuniformally spaced points to compute the in­
tegral. The two-point Gauss-Legendre formula is developed next in this section. The 
basic goal behind the Gauss-Legendre formulae is to represent an integral in terms of 
the sum of the product of certain weighting coefficients and the value of the function at 
some selected points. So, we begin with 

Jb n 

I = f(x)dx = ~wJ(Xj) 
a 

(5.44) 

Next, we must ask (1) How do we determine the value of the weighting coefficients, 
represented by the w;'s? (2) Where do we evaluate the function , or in other words, how 
do we select these points (Xi)? We begin by changing the limits of integration from a - b 
to -1 to 1 with the introduction of the variable A. such that 

x = Co + CIA. 



N 
0'1 
0'1 

TABLE 5.1 One·dimensional shape functi ons 

In terms of glob. I coordin>!. X 
Interpolation function X, ,,, X s Xj 

Linear 
X/- X 

S' - - e-

X -x, 
Sj=-e-

Quadratic 
2 

S, - (i<.X - X/)(X - X.) 

2 
5j = (i(X - X,)(X - X.) 

-4 5. = (iiX -X;)(X - Xj) 

Cubic 
9 5, = - u '(X - Xj)(X - X.)(X - XM ) 

9 
5j = U,(X - X,)(X - X.)(X - XM ) 

27 5. = 2C'(X - X,)(X - Xj)(X - XM ) 

27 5M = w(X - X,)(X - Xj)(X - X.) 

In terms of local coordilUte .Y In temu of natural coordinate t 
o s x se -I s ~ '" 1 
S, - 1-7 I s, -"i<1 - ~) 

Sj =% 
1 

Sj = 2(1 +~) 

S'- (% - I)(2(f) - I) 1 s, - -2~(1 - ~) 

Sj = (f)(2(f) -I) 1 
5j = 2~(1 +~) 

S. =4(f)(I- (f)) 5. = (I - ~)(I + ~) 

S, = t(1 -i)(2 - 3(%))(1 -3(%)) 1 5, = 16<1 - m3~ + 1)(3~-1) 

Sj = «f) (2 -3( f ) ) (I -3( f ) ) 5j = -!6(1 + ~)(3~ + 1)(3~-1) 

s. = ~(f)(2 -3(%))(1 - (%)) 9 5. = 16(1 + ~)(~-1)(3~-1) 

SM=~(7)(3(f) -1)(1- W) 5M = -&(1 + ~)(I - ~)(3~ + I) 
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Matching the limits, we get 

and solving for Co and c), we have 

and 

Therefore, 

a = Co + cI(-I) 

b = Co + CI(1) 

(b + a) 
Co = 2 

(b - a) 
CI = 

2 

(b + a) (b - a) 
x= 2 + 2 A 

and 

(b - a) 
dx = 2 dA 

(5.45) 

(5.46) 

Thus, using Eqs. (5.45) and (5.46), we find that any integral in the form of Eq. (5.44) can 
be expressed in terms of an integral with its limits at -1 and 1: 

I I n 

I = _/(A) dA = ~ WJ(Ai) (5.47) 

The two-point Gauss-Legendre formulation requires the determination of two 
weighting factors WI and 1~ and two sampling points A, and A2 to evaluate the function 
at these points. Because there are four unknowns, four equations are created using 
Legendre polynomials (1 , A, A2, A3) as follows: 

Wd(A,) + W2.!(A2) = .l> dA = 2 

W,!(A,) + 1~(A2) = 1> dA = 0 

I ' 2 
Wd(A,) + 1~(A2) = _, A2dA = "3 

Wd(A,) + 1~(A2) = 1,'A3 dA = 0 

The above equations lead to the equations 

w,(1) + 1~(1) = 2 

WI (AI) + W:/.(A:/. ) = 0 
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TABLE 5.2 Weighting factors and sampling points for Gauss-Legendre formulae 

Points (/I) 

2 

3 

4 

5 

Weighting factors (w,) 

W, = 1.00000000 
1V2 = 1.00000000 

W, = 0.55555556 
W2 = 0.88888889 
1V) = 0.55555556 

W, = 0.3478548 
W2 = 0.6521452 
1V) = 0.6521452 
w4 = 0.3478548 

w, = 0.2369269 
Wz = 0.4786287 
1V) = 0.5688889 
W4 = 0.4786287 
Ws = 0.2369269 

2 
WI(}I.I)2 + 'U~(A2)2 = '3 
W I(A I )3 + Wz(A2)3 = 0 

Sampling points (~,) 

~, = -0.577350269 
~2 = 0.577350269 

~, = -0.774596669 
~2 = 0 
~3 = 0.774596669 

~, = -0.861136312 
~2 = -0.339981044 
~3 = 0.339981044 
~4 = 0.861136312 

~, = -0.906179846 
~2 = -0.538469310 
~3 = 0 
~4 = 0.538469310 
~s = 0.906179846 

Solving for 101,102' AI ' and A2' we have WI = W2 = 1, AI = -0,577350269, and 
A2 = 0.577350269. The weighting factors and the 2, 3, 4, and 5 sampling points for 
Gauss-Legendre formulae are given in Table 5.2. Note that as the number of sampling 
points increases, so does the accuracy of the calculations. As you will see in Chapter 7, 
we can readily extend the Gauss-Legendre quadrature formulation to two- or three­
dimensional problems. 

EXAMPLE 5.5 

Evaluate the integral I = 16 
(x2 + 5x + 3) dx using the Gauss-Legendre two-point 

sampling formula. 
This integral is simple and can be evaluated analytically, leading to the solution 

I = 161.333333333. The purpose of this example is to demonstrate the Gauss-Legendre 
procedure. We begin by changing the variable x to A by using Eg. (5.45). So, we obtain 

(b + a) (b - a) \ (6 + 2) + (6 - 2) \ __ 4 + 2\ 
x= 2 + 2 /\,= 2 2 /\, /\, 

and 

(b - a) (6 - 2) 
dx = dA = dA = 2 dA 

2 2 
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Thus, the integral I can be expressed in terms of A: 

I(x) I()..) 

I = 16
(X2 + 5x + 3)dx = 1\2)[(4 + 2A)2 + 5(4 + 2A) + 3)]dA 

2 -I 

Using the Gauss-Legendre two-point formula and Table 5.2, we compute the value of 
the integral I from 

I == WI!(AI) + W2iUI.2) 

From Table 5.2, we find that WI = W2 = 1, and evaluating !(A) at AI = -0.577350269 
'and A2 = 0.577350269, we obtain 

!(AI) = (2)[[4 + 2( -0.577350269)f + 5(4 + 2( -0.577350269) + 3)] = 50.6444526769 

!(A2) = (2)[[4 + 2(0.577350269)]2 + 5(4 + 2(0.577350269) + 3)] = 110.688880653 

I = (1)(50.6444526769) + (1)110.688880653 = 161.33333333 

EXAMPLE 5.6 

Evaluate the integral {Xj SJdX in Example 5.4 using the Gauss-Legendre two-point 
}Xj 

formula. 
Recall from Eg. (5.35) that Sj = !(l + ~) and by differentiating the relationship 

. . (. 2x between the local coord1l1ate x and the natural coordlllate ~ I.e. , ~ = e - 1 ~ 

d~ = ~ dx) we find dx = id~. Also note that for this problem, ~ = A. So, 

I ~ fSidX ~ f( X ~ X}x ~ [(~)2dX ~ f1.H(l + <lTd< 
I I 

Using the Gauss-Legendre two-point formula and Table 5.2, we compute the value of 
the integral I from 

I == WI!(AI) + W2i(A2) 

From Table 5.2, we find that WI = W2 = 1, and evaluating !(A) at AI = -0.577350269 
and A2 = 0.577350269, we obtain 

!(~I) = f [~(1 + ~I) T = f [~(1 - 0.577350269) T = 0.02232909938g e 

!(~2) = ~ [~(l + £2) J = ~ [~(l + 0.577350269) r = 0.3110042338ge 

I = (l)(0.02232909938ge) + (1)(0.3110042338ge) = 0.333333333 e 

Note that the above result is identical to the results of Example 5.4. 
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5.7 EXAMPLES OF ONE-DIMENSIONAL ELEMENTS IN ANSYS 

ANSYS offers uniaxial link elements that may be used to represent one-dimensional 
problems. These link elements include LINK31 , LINK32, and LINK34. The LINK32 el­
ement is a uniaxial heat conduction element. It allows for the transfer of heat between 
its two nodes via conduction mode. TIle nodal degree of freedom associated with this 
element is temperature. The element is defined by its two nodes, cross-sectional area, 
and material properties such as thermal conductivity. The LINK34 element is a uniax­
ial convection link that allows for heat transfer between its nodes by convection. This 
element is defined by its two nodes, a convective surface area, and a convective heat 
transfer (film) coefficient. The LINK31 element can be usecl to model radiation heat 
transfer between two points in space. The element is defined by its two nodes, a radia­
tion surface area, a geometIic shape factor, emissivity, and the Stefan-Boltzman constant. 
In Chapter 6, we will use LINK32 and LINK34 to solve a one-dimensional heat­
conduction problem. 

SUMMARY 

At this point you should 

1. have a good understanding of the linear one-dimensional elements ancl shape 
functions, their properties, and their limitations. 

2. have a good understanding of the quadratic and cubic one-dimensional elements 
and shape functions, their properties, ancl their advantages over linear elements. 

3. know why it is important to use local and natural coordinate systems. 
4. know what is meant by isoparametric element and formulation . 
5. have a good understanding of Gauss-Legendre quadrature. 
6. know examples of one-dimensional elements in ANSYS. 
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PROBLEMS 

1. We have used linear one-dimensional elements to approximate the temperature distribution 
along a fin. The nodal temperatures and their corresponding positions are shown in the ac­
companying figure. (a) What is the temperature of the fin at X = 7 cm? (b) Evaluate the heat 
loss from the fin using the relationship 

dT 
Q = -kA dX Ix=o 

where k = 180 W/m· K and A = 10 mm2• 



• 
(1) 2 

• (2) 3 
• (3) 4 

• 
1-2cm-!--3cm-I··---5cm---.J.I 

Chapter 5 Problems 271 

[x. 
2. Evaluate the integral}" I sf dX for a linear shape function using (a) global coordinates and 

x; 
(b) local coordinates. 

3. Starting with the equations 

solve for Ch C2, and C3, and rearrange terms to verify the shape functions given by 

2 
S; = f} (X - Xj)(X - X k ) 

2 
Sj = e2 (X - Xj)(X - Xk ) 

-4 
Sk = f! (X - X;)(X - Xj) 

4. For problem 3, use the Lagrange functions to derive the quadratic shape functions by the 
method discussed in Section 5.3. 

S. Derive the expressions for quadratic shape functions in terms of the local coordinates and 
compare your results to the results given in Table 5.1. 

6. Verify the results given for one-dimensional quadratic natural shape functions in Table 5.1 
by showing that (I) a shape function has a value of unity at its corresponding node and a 
value of zero at the other nodes, and (2) if we sum up the shape functions, we will come up 
with a value of unity. 

7. Verify the results given for the local cubic shape functions in Table 5.1 by showing that (I) a 
shape function has a value of unity at its corresponding node and a value of zero at the other 
nodes and (2) if we sum up the shape functions , we will come up with a value of unity. 

8. Verify the results given for the natural cubic shape functions in Table 5.1 by showing that 
(I) a shape function has a value of unity at its corresponding node and a value of zero at 
the other nodes and (2) if we sum up the shape functions, we will come up with a value of 
unity. 
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9. Obtain expressions for the spatial derivatives of the quadratic and cubic shape functions. 

10. As previously explained, we can increase the accuracy of our finite e lement findings either 
by increasing the number of e lements used in the analysis to represent a problem or by using 
a higher order approximation. Derive the local cubic shape functions. 

11. Evaluate the integral rXiS;dX for a quadratic shape function using (a) global coordinates, 
}x; 

(b) natural coordinates, and (c) local coordinates. 

12. Assume that the deflection of a cantilever beam was approximated with linear one­
dimensional e lements. T he nodal deflections and the ir corresponding positions are shown in 
the accompanying figure. (a) What is the deflection of the beam a t X = 2 ft? (b) Evaluate 
the slope at the endpoint. 

100 1b/ft 

J I I J 
EI = 2x 106 lb· ft2 

y, 0 
1 2 3 4 5 Y2 0.003275 • • • • 0.022275 in. Y3 

1-1 ft-I-2 ft-I-1 ft-I-l ft-I Y4 0.034400 

Ys 0.046875 

13. We have used linear one-dime nsional e lements to approximate the temperature distribution 
inside a metal plate. A heating e lement is embedded within a plate. The nodal te mperatures 
and thei r corresponding positions are shown in the accompanying figure. What is the tem­
perature of the plate at X = 25 mm? Assume that (a) linear e lements were used in obtain­
ing nodal temperatures and (b) quadratic elements were used. 

T. 120 

It T2 119 

I- Scm T3 116 
~ 14 111 ? ;;R Ts 104 °C 
~ ~llomDlI'" 

T6 95 
1 2 3 4 5 6 7 S 9 17 84 

It rr Ts 71 

T9 56 

14. Quadratic e lements are used to approximate the temperature distribution in a straight fin. 
The nodal temperatures and their corresponding positions are shown in the accompanying 
figure. What is the temperature of the fin at X = 7 cm? 



Chapter 5 Problems 273 

T "'. = l000C~ T( 100 

T2 74 

T3 56 

T4 44 °C 
Ts 36 

1 2 3 4 5 6 7 
• • • • • • • T6 31 

1-2 cm-I-2 cm-I-2 cm-I-2 cm-I-2 cm-I-2 cm-l T7 28 

15. Develop the shape functions for a linear element, shown in the accompanying figure , using 
the local coordinate x whose o rigin lies at the one-fourth point of the element. 

x 

i. • j 

1
_. C14-1 1 

~·----------------- C------------------·I D ___ ·~Xi 
_________ • Xj 

16. Using the na tural coordinate system shown in the accompanying figure , develop the natural 
shape functions for a linear element. 

i €.====================~.j 

~~I·---------- e------------·IXj 

17. In the accompanying figure, the deflection of nodes 2 and 3 are 0.02 mm and 0.025 mm, re­
spectively. What are the deflections at point A and point B , provided that linear elements were 
used in the analysis? 

r-- _6cm-! r- 3cmi -

1 1 2 I 3 4 • ~ A 

'-0. 

11 •• --------10 cm--------.I- 5 cm ~- 7 cm-----·~I -
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18. Consider the steel column depicted in the accompanying figure. Under the assumption of 
axial loading, and using linear elements, we determined that the downward vertical dis­
placements of the column at various floor-column connection points are 

jill) j 0 ) 
112 0.03283 

Il; = 0.05784 in. 

114 0.07504 

Ils 0.08442 

Using local shape functions , determine the deflections of points A and B, located in the 
middle of elements (3) and (4) respectively. 

30,000 Ib 

~ 5 

(1 ) 

1 

19. Determine the deflection of points A and B on the column in problem 18 using natural 
coordinates. 

20. A 20-ft-tall post is used to support advertisement signs at various locations along its height, 
as shown in the accompanying figure. The post is made of structural steel with a modulus of 
elasticity of E = 29 X 106Ib/in2• Not considering wind loading on the signs and using linear 
elements, we determined that the downward deflections of the post at the points of load 
application are 

{Ill} { 0 } 112 6.312 X 10-4 . 
= 111. 

Il; 8.718 X 10-4 

114 11.470 X 10--4 
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Determine the deflection of point A , located at the midpo int of the middle member, using 
(a) global shape functions , (b) loca l shape functi ons, and (c) natural shape functions. 

l00 lb 

! 1 @ Ac = 0.75 in2 5 ft 

1 ~ 
150lb 

3 

1 .1 

© 5 ft lIt 200lb Ac = 2.15 in2 

1 

-1 
@ A< = 2.951.' 10 ft 

1 
! ~O C> o ~ 
~".-",o:-o __ · .... Cl 

21. Evaluate the integral in problem 11 using Gauss-Legendre two-point formula. 

22. Evaluate the given integral a nalytically and using Gauss-Legendre formula. 

j 5(X3 + 5X2 + 10)dx 

23. Evalua te the given integral analytically and using Gauss-Legendre two- and three-po int 
formulae. 

J 8(3X4 + x2 - 7x + 10)dx 
- 2 

24. In Section 5.6 we mentioned tha t when the fun cti o n being integrated is kn own, the 
Gauss-Legndre formulae offer a more efficient way of evalua ting an integral as compared 
to the trapezoidal method. The trapezoidal approximation o f an integral deals with discrete 
data at uniformly spaced intervals and is computed from 

Ibf(X)dX ~ h(tyO + YI + Y2 + ... + Yn-2 + Yn-I + tYn) 
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The above equation is known as the trapezoidal rule, and h represents the spacing among da ta 
po ints, )'0, Y" Y2 , · · · , a nd y,.. For problem 23, usc It = I and ge nera te II da ta points: Yo a t 
x = - 2, y, at x = - 1, ... , a nd YIO a t x = 8. Use the ge nera ted data and the trapezoidal rule 
to approxima te the integral. Compare this result to the results of problem 23. 

Y = /(x) 

Yo 

~ ____ ~~-L~~ __ -L ________________________ -L ____ ~~~ __ ~ __ ~ x 

(1 

25. Derive a nd plot the spatial deriva tives for linea r, quadratic, and cubic clements. Discuss the 
differences. 

26. Te mperature distributio n along a section of a materi a l is given by To = 80°C, T, = 70°C, 
T2 = 62°C. T3 = S5°C with Xo = 0, X, = 2 cm. X2 = 4 cm, X3 = 6 cm. Usc s ingle linear. 
quadratic, and cubic e lements to approximate the given temperature distribution. Plot the ac­
tual da ta po ints and compare the m to the linear, quadratic, and cubic approx imations. Also, 
estimate the spa tial derivative o f the given data and compare it to the derivatives o f the lin­
ear, quadra tic, and cubic re presenta tio ns. 

27. Usc the isopara metrie fo rmula ti o n to exp ress the fo ll owing in fo rmation: T, = 100°C, 
T2 = 58°C with the cOlTespondingglobal coord inates Xl = 2 cm, X 2 = 5 cm. Show the tra ns­
formation equatio ns be tween the global coordinate, the local coordinat e, and the natu ral co­
ordinate. 

28. Use the isopa ra metric formula ti on to express the fo ll owing deflectio n info rma ti o n: 
VI = 0.01 cm, V2 = 0.025 cm with the co rrespo nding globa l coordin ates XI = Scm, 
X 2 = 12 cm. Show the transfo rmation equations be tween the glo bal coordin ate, the local 
coordinate, and the natural coordina te. 



CHAPTER 6 

Analysis 
of One-Dimensional Problems 

The main objective of this chapter is to introduce the analysis of one-dimensional prob­
lems. Most often, a physical problem is not truly one-dimensional in nature; however, 
as a starting point , we may model the behavior of a system using one-dimensional 
approximation. This approach can usually provide some basic insight into a more com­
plex problem. If necessary, as a next step we can always analyze the problem using a two­
or three-dimensional approach. This chapter first presents the one-dimensional Galerkin 
formulation used for heat transfer problems. This presentation is followed by an ex­
ample demonstrating analysis of a one-dimensional fluid mechanics problem. The main 
topics discussed in Chapter 6 are 

6.1 Heat Transfer Problems 

6.2 A Fluid Mechanics Problem 

6.3 An Example Using ANSYS 

6.4 Verification of Results 

6.1 HEAT TRANSFER PROBLEMS 

Recall that in Chapter 1 we discussed the basic steps involved in any finite element 
analysis; to refresh your memory, these steps are repeated here. 

PREPROCESSING PHASE 

1. Create and discretize the solution domain into finite elements; that is, subdivide 
the problem into nodes and elements. 

2. Assume shape functions to represent the behavior of an element; that is, assume 
an approximate continuous function to represent the solution for a element. 
The one-dimensional linear and quadratic shape functions were discussed in 
Chapter 5. 
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3. Develop equations for an element. This step is the main focus of the current chap­
ter. We will use the Galerkin approach to formulate elemental descriptions. In 
Chapter 4, we used the minimum potential energy theorem to generate finite el­
ement models for members under axial loading and for beam elements. 

4. Assemble the elements to represent the entire problem. Construct the global stiff­
ness or conductance matrix. 

5. Apply boundary conditions and loading. 

SOLUTION PHASE 

6. Solve a set of linear algebraic equations simultaneously to obtain nodal results, such 
as the temperature at different nodes or displacements. 

POSTPROCESSING PHASE 

7. Obtain other important information. We may be interested in determining the 
heat loss or stress in each element. 

We now focus our attention on step 3 of the preprocessing phase. 'Ve formulate 
the conductance and the thermal load matrices for a typical one-dimensional fin ele­
ment. We considered a straight fin of a uniform cross section in Chapter 5. For the sake 
of convenience, the fin is shown again in Figure 6.1. The fin is modeled using three el­
ements and four nodes. The temperature distribution along the element is interpolated 
using linear functions. The actual and the approximate piecewise linear temperature 
distribution along the fin are shown in Figure 6.1. We will concentrate on a typical ele­
ment belonging to the fin and formulate the conductance matrix and the thermal load 
matrix for such an element. 

One-dimensional heat transfer in a straight fin is governed by the following heat 
equation, as given in any introductory text on heat transfer: 

T 

d2T 
kA dX2 - hpT + hpTr = 0 (6.1) 

(3) 

4 
FIGURE 6.1 The actual and approximate 
temperature distribution for a fin of uni­
form cross section. 
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We start by applying the energy balance to a differential element 

q. = qx+d. + dq,onVe<lion 

Next we use Fourier's law 

dT 
q = -kA-

• dx 

and use Newton's law of cooling, 

dq,onveclion = h(dAs)(T - T,) 

dq. d ( dT) 0= didx + dq,onveclion = dx -kA dx dx + h(dAs)(T - T,) 

Writing dA, (differential surface area) in terms of the perimeter of the fin and dx and sim­
plifying, we are left with 

d2T 
-kA- + /tp(T - To) = 0 dx2 , 

FIGURE 6.2 Derivation of the heat equation for a fin. 

279 

Equation (6.1) is derived by applying the conservation of energy to a differential sec­
tion of a fin , as shown in Figure 6.2. The heat transfer in the fin is accomplished by con­
duction in the longitudinal direction (x-direction) and convection to the surrounding 
fluid. In Eq. (6.1), k is the thermal conductivity, and A denotes the cross-sectional area 
of the fin. The convective heat transfer coefficient is represented by 11, the perimeter of 
the fin is denoted by p , and Tf is the temperature of the surrounding fluid. Equation 
(6.1) is subjected to a set of boundary conditions. First, the temperature of the base is 
generally known; that is, 

T(O) = Tb (6.2) 
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The other boundary condition deals with the heat loss at the tip of the fin. In general , 
there are three possibilities. One possibility is that the tip is long enough so that the tem­
perature of the tip is equal to the temperature of the surrounding fluid temperature. 
This situation is represented by the condition 

T(L) = Tf (6.3) 

The situation in which the heat loss from the tip of the fin may be neglected is repre­
sented by the condition 

-kA dT I = 0 
dX X=L 

(6.4) 

If the heat loss from the tip of the fin should be included in the analysis, then we have 
the condition 

dTI -kAdX X=L = /ZA(TL - Tf ) (6.5) 

Equation (6.5) is obtained by applying the energy balance to the cross-sectional 
area of the tip. Equation (6.5) simply states that the heat conducted to the tip's surface is 
convected away by the surrounding fluid . Therefore, we can use one of the boundary 
conditions given by Eqs. (6.3)-(6.5) and the base temperature to model an actual prob­
lem. Before we proceed with the formulation of the conductance matrix and the thermal 
load matrix for a typical element, let us emphasize the following points: (1) The govern­
ing differential equation of the fin represents the balance of energy at any point along 
the fin and thus governs the balance of energy at all nodes of a finite element model as 
well, and (2) the exact solution of the governing differential equation (if possible) sub­
ject to two appropriate boundary conditions renders the detailed temperature distribu­
tion along the fin , and the finite element solution represents an approximation of this 
solution. 'Ve now focus on a typical element and proceed with the formulation of the 
conductance matrix, recalling that the temperature distribution for a typical element 
may be approximated using linear shape functions, as discussed in Chapter 5. That is, 

(6.6) 

where the shape functions are given by 

Xj - X 
S· = ---'---

I e and 
X-x 

S. = I 
J e (6.7) 

In order to make this derivation as general as possible and applicable to other type of 
problems with the same form of differential equations, let Ct = kA, C2 = -/zp, 
C3 = /ZpTf , and 'I' = T. Thus, Eq. (6.1) can be written as 

d2\(! 
Ct-- + C2'Jr + c- = 0 dX2 ~ 

(6.8) 
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Recall from our introductory discussion of weighted residual methods in Chap­
ter 1 that when we substitute an approximate solution into the governing differential 
equation, the approximate solution does not satisfy the differential equation exactly, 
and thus, an error, or a residual , is produced. Also recall that the Galerkin formulation 
requires the error to be orthogonal to some weighting functions. Furthermore, the 
weighting functions are chosen to be members of the approximate solution. Here we will 
use the shape functions as the weighting functions because they are members of the ap­
proximate solution. 

We can obtain the residual equations in one of two ways: using a nodal approach 
or an elemental approach. Consider three consecutive nodes, i, j , and k, belonging to two 
adjacent elements (e) , and (e + 1), as shown in Figure 6.3. Elements (e) and (e + 1) 
both contribute to error at node j. Realizing this fact , we can 'write the residual equation 
for nodej as 

l Xj [d2'1' ]<el R· = R~el + R~e+ll = s~el c - .- + c'l' + c· dX 
J J J X. J I dX2 2 .> , 

(6.9) 

Pay close attention to the subscripts denoting node numbers and superscripts referring 
to element numbers while following the forthcoming derivation. Writing the residual or 
the error equations for each node of a finite element model leads to a set of equations 
of the form 

o 
o 
o 
o 

Rn 0 

where R2 = Rill + Ri2l, R3 = R32l + Rfl, and so on. 

(6.10) 

Let us now look at the contribution of each element to the nodal residual equa­
tions more closely. Expanding Eq. (6.9) for a number of nodes (1 , 2 , 3, 4, and so on), we 
get 

(e) (e + 1) 

• • 
j 

• 
k 

(6.11) 

FIGURE 6.3 Elements (e) and (e + 1) 
and their respective nodes. 
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clement 2 contribution 

(6.12) 

element 2 contribution 

element 3 contribution 

(6.13) 

clement 3 contribution 

element 4 contribution 

+ (XS S~4)[CI d2\1~ + C2'Jr + C3](4)dX = 0 
iX4 dX 

(6.14) 

and so on. Note that element (2) contributes to Eqs. (6.12) and (6.13) , and element 
(3) contributes to Eqs. (6.13) and (6.14), and so on. In general, an arbitrary ele­
ment (e) having nodes i and j contributes to the residual equations in the following 
manner: 

(6.15) 

R~e) = fx~j s~e{ Cl ~;: + C2 'I' + C3 Te) dX (6.16) 

This approach leads to the elemental formulation. It is important to note that we have 
set up the residual equations for an arbitrary element (e). Moreover, the elemental ma­
trices obtained in this manner are then assembled to present the entire problem, and the 
residuals equations are set equal to zero. 

Evaluation of the integrals given by Eqs. (6.15) and (6.16) will result in the 
elemental formulation. But first, we will manipulate the second-order terms into 
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first-order terms. This manipulation is accomplished by using the chain rule in the 
following manner: 

(6.17) 

(6.18) 

Substituting Eq. (6.18) into Eg. (6.15), we obtain 

lXi( (d ( d'I') dS d'I') ) R!e) = Xj c1 dX Sj dX - d; dX + Sj( C2 \1' + C3) dX (6.19) 

We eventually need to follow the same procedure for Eg. (6.16) as well , but for now 
let us focus only on one of the residual equations. There are four terms in Eq. (6.19) that 
need to be evaluated: 

(6.20) 

Considering and evaluating the fir~t term, we have 

(6.21) 

It is important to realize that in order for us to obtain the result given by Eq. (6.21) , Sj is 
zero at X = Xi and Sj = 1 at X = Xj. The second integral in Eq. (6.20) is evaluated as 

l Xi ( dSj d'I' ) CI 
C --- dX = __ ('I' · - 'I'·) 

x . I dX dX e . I J 
I 

(6.22) 

x-X 
To obtain the results given by Eq. (6.22) , first substitute for Sj = ' e and 

Xi-X X-X 
'I' = S·'I', + S ·'1'· = 'I' · + ',1' . and then proceed with evaluation of 

II II e I e I 

integral. Evaluation of the third and the fourth integrals in Eq. (6.20) yields 

l Xi C2 e C2 e 
S,(c2'I') dX = - 'I' · + - 'I' . I ,., I 6 I Xj .) 

l Xi e s.c· dX = C3-,~ 2 
Xj 

(6.23) 

(6.24) 
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(6.25) 

(6.26) 

(6.27) 

(6.28) 

It should be clear by now that evaluation of Eqs. (6.15) and (6.16) results in two 
sets of linear equations, as given by: 

+ c2 e [2 1 J { 'I'i} + c3 e {1 } 
6 1 2 II'i 2 1 

(6.29) 

Note that from here on, for the sake of simplicity of presentation of conductance and 
load matrices, we will set the residual of an element equal to zero. However, as we men­
tioned earlier, it is important to realize that the residuals are set equal to zero after all 
the elements have been assembled. Therefore, we rewrite the Eq. (6.29) as 

{
c. ~; IX_Xi} + ~[ 1 

-c d'I' I e -1 

• dX X=X. I 

-1] {'IIi} + -c2e[2 1J {11'i} = c3e{1} (6.30) 
1 'I'i 6 1 2 'I'i 2 1 

Combining the unknown nodal parameters, we obtain 

(6.31) 

where 
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is the elemental conductance for a heat transfer problem (or, itcould represent the stiff­
ness for solid mechanics problems), due to the Ct coefficient, 

is the elemental conductance (or, for a solid mechanics problem, the stiffness) due to the 
C2 coefficient, and 

{F}(e) = c~e g} 
is the load matrix for a given element. The terms 

{ Ct~; I } x - x; 

d'I' I 
-CtdX x-x. 

I 

contribute to both the conductance (or, for a solid-mechanics problem, the stiffness) 
matrix and the load matrix. They need to be evaluated for specific boundary conditions. 
We shall undertake this task shortly. However, let us first write down the conductance 
matrix for a typical one-dimensional fin in terms of its parameters. The conductance 
matrices are given by 

[K](e) = ~[ 1 
c, e -1 -1] = kA [ 1 

1 e -1 -n (6.32) 

and 

[K](e) = -C2 e [2 
C2 6 1 

1]=hPe[2 
2 6 1 ~] (6.33) 

In general, the elemental conductance matrix may consist of three terms: The 

[K]~~) term is due to conduction heat transfer along the fin (through the cross-sectional 

area); the [K]~~) term represents the heat loss through the top, bottom, and side surfaces 
(periphery) of an element of a fin; and, depending on the boundary condition of the 
tip, an additional elemental conductance matrix [K]fft. can exist. For the very last 
element containing the tip surface, and referring to the boundary condition given by 
Eq. (6.5) , the heat loss through the tip surface can be evaluated as 

{ 
d'I' I } { dT I } c- kA-

t dX x - x; _ dX x-x; _ 0 

-c. d\I'1 - -kA dT I - {hA(1f - Tf )} 

dX X-Xj dX x=Xj 

(6.34) 
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By rearranging and simplifying, we have 

( 6.35) 

[KW~. = [~ h~ ] (6.36) 

The term -{ h~Tf } belongs to the right side of Eq. (6.31) with the thermal load matrix. 

It shows the contribution of the boundary condition of the tip to the load matrix: 

( 6.37) 

To summarize, the conductance matrix for all elements, excluding the last element, is 
given by 

[K](e) = {kA[ 1 
e -1 

-1] hPe[2 
1 + 6 1 ~]} (6.38) 

If the heat loss through the tip of the fin must be accounted for, the conductance ma­
trix for the very last element must be computed from the equation 

[K](e) = {k:[ _~ -~] + h~ e [~ ~] + [~h~]} (6.39) 
The thermal load matrix for all elements, excluding the last element , is given by 

() hP eTf{l} {F}e =--
2 1 

( 6.40) 

If the heat loss through the tip of the fin must be included in the analysis, the thermal 
load matrix for the very last element must be computed from the relation 

{F}(e) = hp eTf {1} + { 0 } 
2 1 hAT, 

( 6.41) 

The next set of examples demonstrates the assembly of elements to present the entire 
problem and the treatment of other boundary conditions. 

EXAMPLE 6.1 A Fin Problem 

Aluminum fins of a rectangular profile, shown in Figure 6.4, are used to remove heat from 
a surface whose temperature is 100°C. The temperature of the ambient air is 20°C. The 
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FIGURE 6.4 Finite element model of a 
straight fin . 

thermal conductivity of aluminum is 168 Wlm . K (W/m· 0C). The natural convective 
heat transfer coefficient associated with the surrounding air is 30 W/m2 • K (W/m2 • °C). 
The fins are 80 mm long, 5 mm wide, and 1 mm thick. (a) Determine the temperature 
distribution along the fin using the finite element model shown in Figure 6.4. (b) Com­
pute the heat loss per fin. 

We will solve this problem using two boundary conditions for the tip. First , let us 
include the heat transfer from the tip's surface in the analysis. For elements (1), (2), and 
(3) in the situation, the conductance and thermal load matrices are given by 

[K](e) = {k:[ _~ -~] + h~e [~ ~]} 

{F}(e) = hp ;Tr { ~ } 
Substituting for the properties, we obtain 

[K](e) = {(168) (5 X 1 X, 1O-6)[ 1 -1] + 30 X 12 X 20 X 10-6[2 21]} 20 X 1O-~ -1 1 6 1 
{F}(e) = 30 X 12 X 20 X 10-6 X 20 {1} = {0.072} 

2 1 0.072 

The conductance matrix for elements (1) , (2) , and (3) is 

[K](1) = [K](2) = [K](3) = [ 0.0444 -0.0408] W 
-0.0408 0.0444 °C 
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and the thermal-load matrix for elements (1), (2), and (3) is 

{ 0.072} {F}(1) = {F}(2) = {F}(3) = W 
0.072 

Including the boundary condition of the tip, the conductance anclload matrices for 
element (4) are obtained in the following manner: 

[K](4) = [ 0.0444 -0.0408J + [0 
-0.0408 0.0444 0 

o J [0.0444 -0.0408J W 
(30 X 5 X 1 X 10-6 ) = -0.0408 0.04455 °C 

{F}(e) = hP CTt {l} + { 0 } 
2 1 hATt 

• (4) _ {0.072} { 0 } _ {0.072} 
{F} - 0.072 + (30 X 5 X 1 X 10-6 X 20) - 0.075 W 

Assembly of the elements leads to the global conductance matrix [K](G) and the global 
load matrix {F}(G): 

0.0444 -0.0408 0 0 0 
-0.0408 0.0444 + 0.0444 -0.0408 0 0 

[K](G) = 0 -0.0408 0.0444 + 0.0444 -0.0408 0 
0 0 -0.0408 0.0444 + 0.0444 -0.0408 
0 0 0 -0.0408 0.04455 

0.072 
0.072 + 0.072 

{F}(G) = 0.072 + 0.072 
0.072 + 0.072 

0.075 

Applying the base boundary condition Tl = 100°C, we find that the final set of linear 
equations becomes 

1 0 0 0 0 Tl 100 
-0.0408 0.0888 -0.0408 0 0 T2 0.144 

0 -0.0408 0.0888 -0.0408 0 T3 = 0.144 
0 0 -0.0408 0.0888 -0.0408 T4 0.144 
0 0 0 -0.0408 0.04455 Ts 0.075 
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We can obtain the nodal temperatures from the solution of the above equation. The 
nodal solutions are 

T, 100 

T2 75.03 

T3 = 59.79 °C 

T4 51.56 

Ts 48.90 

Note that the nodal temperatures are given in °C and not in oK. 
Because the cross-sectional area of the given fin is relatively small , we could have 

neglected the heat loss from the tip. Under this assumption, the elemental conductance 
and forcing matrices for all elements are given by: 

[K](1) = [K](2) = [K](3) = [K](4) = [ 0.0444 -0.0408] W 
-0.0408 0.0444 °C 

{F}(1) = {F}(2) = {F}(3) = {F}(4) = {0.072} W 
0.072 

Assembly of the elements leads to the global conductance matrix [Kf and the global 
load matrix {F}G: 

0.0444 -0.0408 0 0 0 
-0.0408 0.0444 + 0.0444 -0.0408 0 0 

[K](G) = 0 -0.0408 0.0444 + 0.0444 -0.0408 0 
0 0 -0.0408 0.0444 + 0.0444 -0.0408 
0 0 0 -0.0408 0.0444 

0.072 
0.072 + 0.072 

{F}(G) = 0.072 + 0.072 
0.072 + 0.072 

0.072 

Applying the base boundary condition T, = 100°C, we find that the final set of linear 
equations becomes 

1 0 0 0 0 T, 100 
-0.0408 0.0888 -0.0408 0 0 T2 0.144 

0 -0.0408 0.0888 -0.0408 0 T3 = 0.144 

0 0 -0.0408 0.0888 -0.0408 14 0.144 
0 0 0 -0.0408 0.0444 T, 0.072 
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which has approximately the same solution as that calculated previously: 

Tl 100 

T2 75.08 

T3 = 59.89 °C 

T4 51.74 

Ts 49.19 

Compared to the previous results, the nodal temperatures are slightly higher because we 
neglected the heat loss through the end surface of the tip. 

The total heat loss Q from the fin can be determined by summing the heat loss 
through individual elements: 

Q10lai = L Q(e) (6.42) 

l x -
Q(e) = 'hp(T - Tf ) dX 

Xi 

l Xj ((T + T) ) = X - hp«SiT;+S/F;) -Tf)dX=hp C '2 J -Tf 
I 

(6.43) 

Applying the temperature results to Eqs. (6.42) and (6.43), we have 

Qlolal = Q(I) + Q(2) + Q(3) + Q(4) 

Q(1) = hp e( (T; : 1j) - Tf) = 30 X 12 X 20 X 1O-6( Coo +2 75.08 ) - 20) = 0.4862 W 

Q(2) = 30 X 12 X 20 X 1O-6( (75.08 ; 59.89) - 20) = 0.3418 W 

Q(3) = 30 X 12 X 20 X 10-6(( 59.89 ; 51.74) - 20) = 0.2578 W 

Q(4) = 30 X 12 X 20 X 10-6(( 51.74; 49.19) - 20) = 0.2193 W 

Qlolal = 1.3051 W 

EXAMPLE 6.2 A Composite Wall Problem 

A wall of an industrial oven consists of three different materials, as depicted in Figure 
6.5. The first layer is composed of 5 cm of insulating cement with a clay binder that has 
a thermal conductivity of 0.08 W/m· K. The second layer is made from 15 cm of 
6-ply asbestos board with a thermal conductivity of 0.074 W/m' K (W/m' 0q . The 
exterior consists of 10-cm common brick with a thermal conductivity of 
0.72 W/m2 • K (W/m . 0C) . The inside wall temperature of the oven is 200°C, and the 
outside air is 30°C with a convection coefficient of 40 W/m2 • K (W/m2 • °C). Determine 
the temperature distribution along the composite wall. 
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FIGURE 6.5 A composite wall of an industrial oven. 

This heat conduction problem is governed by the equation 

(6.44) 

and is subjected to the boundary conditions ~ = 2000 e and -kA~ilx=30COl = 
hA(T4 - Tf ). For this example, we compare Eq. (6.44) to Eq. (6.8) , finding that 
CI = kA, C2 = 0, C3 = 0, and 'I' = T. Thus, for element (1) , we have 

[K](l) = k:[ _~ -1] = 0.08 X 1 [ 1 
1 0.05-1 

{F}(1) = {~} w 

For element (2), we have 

[K](2) = k:[ _~ 
{F}(2) = {~}w 

-1] = 0.074 x 1[ 1 
1 0.15-1 

-1] [1.6 1 - -1.6 

-1] = [ 0.493 
1 -0.493 

-1.6] W 
1.6 °e 

-0.493] W 
0.493 °e 
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For element (3), including the boundary condition at node 4, we have 

[K](3) = k:[ ~1 ~lJ + [~ h~J = 0.7~.; 1[ _~ -~J + [~ (40 ~ l)J 

[ 7.2 -7.2J W 
= -7.2 47.2 °C 

{F}(3) = {h~TJ = {( 40 X ~ X 30)} = {12000} W 

Assembling elements, we obtain 

[ 

1.6 

[K],G) ~ - ~.6 
-1.6 

1.6 + 0.493 
-0.493 

o 

o 
-0.493 

0.493 + 7.2 
-7.2 

o ] o 
-7.2 
47.2 

{F}(G) = { ~ } 
1200 

Applying the boundary condition at the inside furnace wall , we get 

o 
2.093 
-0.493 

o 

o 
-0.493 
7.693 
-7.2 

o ]{Tl} {200} o 12 _ 0 
-7.2 T3 0 
47.2 14 1200 

and solving the set of linear equations, we have the following results: 

{i} = {1~~~3} oc 
T3 39.9 

14 31.5 

Note that this type of heat conduction problem can be solved just as easily using fun­
damental concepts of heat transfer without resorting to finite element formulation. The 
point of this exercise was to demonstrate the steps involved in finite element analysis 
using a simple problem. 

6.2 A FLUID MECHANICS PROBLEM 

EXAMPLE 6.3 A Fluid Mechanics Problem 

In a chemical processing plant , aqueous glycerin solution flows in a narrow channel, as 
shown in Figme 6.6. The pressme drop along the channel is continuously monitored. The 
upper wall of the channel is maintained at 50°C, while the lower wall is kept at 20°C. 
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FIGURE 6.6 Lmninar flow of aqueous glycerin solution through a channel. 

The variation of viscosity and density of the glycerin with the temperature is given in 
Table 6.1. For a relatively low flow, the pressure drop along the channel is measured to 
be 120 Palm. The channel is 3 III long, 9 cm high, and 40 cm wide. Determine the velocity 
profile and the mass flow rate of the fluid through the channel. 

The laminar flow of a fluid with a constant viscosity inside a channel is governed 
by the balance between the net shear forces and the ne t pressure forces acting on a par­
cel of fluid. The equation of motion is 

d2u dp 
Il.---=O 

dy2 dx 
(6.45) 

subject to the boundary conditions /leO) = 0 and /l(/1) = O. Here, u represents fluid ve­
locity, Il. is the dynamic viscosity of the fluid , and ~ is the pressure drop in the direction 
of the flow. For this problem, when comparing Eq. (6.45) to Eq. (6.8), we find that 

CI = Il. , ~ = 0, C3 = -~, and 'I' = u. 

TABLE 6.1 Properties of aqueous glycerin solution as 
a function of temperatUl'e 

Temperature Viscosity Densi ty 
(0C) (kg/IIl's) (kg/1Il3) 

20 0.90 1255 
25 0.65 1253 
30 0.40 1250 
35 0.28 1247 
40 0.20 1243 
45 0.12 1238 
50 0.10 1233 
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Here, the viscosity of the aqueous glycerin solution varies with the height of the 
channel. We will use an average value of viscosity over each element when computing 
the elemental resistance matrices. The average values of viscosity and density associated 
with each element are given in Table 6.2. 

Using the properties from Table 6.2, we can compute the elemental f1ow­
resistance matrices as 

[K](1) = I-L[ 1 
C -1 

-1 J 0.775 [1 
1 = 1.5 X 10 2 -1 

-1 J = [ 51.67 
1 -51.67 

-51.67 J kg 
51.67 m2 • s 

[K](2) = I-L[ 1 
e -1 

-1 J 0.525 [1 
1 - 1.5 X 10-2 -1 

-1 J = [ 35 
1 -35 

-35 J kg 
35 m2 ·s 

[K](3) = I-L[ 1 e -1 
-1 J 0.340 [1 

1 = 1.5 X 10-2 -1 
-1 J = [ 22.67 

1 -22.67 
-22.67 J kg 
22.67 m2 • s 

[K](4) = I-L[ 1 
C -1 

-1 J 0.240 [1 
1 = 1.5 X 10-2 -1 

-lJ =[16 
1 -16 

-16 J kg 
16 m2 ·s 

[K](5) = I-L[ 1 
e -1 

-lJ 0.160 [1 
1 - 1.5 X 10-2 -1 

-1 J = [ 10.67 
1 -10.67 

-10.67 J kg 
10.67 m2 • s 

[K](6) = I-L[ 1 
e -1 

-1 J 0.110 [1 
1 - 1.5 X 10-2 -1 

-1 J = [ 7.33 
1 -7.33 

-7.33 J kg 
7.33 m2 • s 

Since [K] represents resistance to flow, we have opted to use the term elemental flow­
resistance matrix instead of elemental stiffness matrix. Because the flow is fully devel­
oped, * is constant; thus, the forcing matrix has the same value for all elements: 

dp 

{F}(1) = {F}(2) = ... = {F}(5) = {F}(6) = - dx C{ 1}= -(-120)(1.5 X 10-2) {I} = {0.9}!!... 
2 1 2 1 0.9 m2 

TABLE 6.2 Properties of each element 

Average Average 
Viscosity Density 

Element (kg/m·s) (kg/ml ) 

1 0.775 1254 
2 0.525 1252 
3 0.34 1249 
4 0.24 1245 
5 0.16 1241 
6 0.11 1236 
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The negative value associated with the pressure drop represents the decreasing nature 
of the pressure along the direction of flow in the channel. The global resistance matrix 
is obtained by assembling the elemental resistance matrices: 

51.67 -51.67 0 0 0 0 
-51.67 51.67 + 35 -35 0 0 0 

0 -35 35 + 22.67 -22.67 0 0 
[K](G) = 0 0 -22.67 22.67 + 16 -16 0 

U U U -16 16 + 10.67 -IU.67 

0 0 0 0 -10.67 10.67 + 7.33 
0 0 

and the global forcing matrix is 

0 0 

0.9 

0.9 + 0.9 

0.9 + 0.9 
{F}(G) = 0.9 + 0.9 

0.9 + 0.9 
0.9 + 0.9 

0.9 

0 -7.33 

Applying the no-slip boundary conditions at the walls leads to the matrix 

1 0 0 0 0 0 0 III 

-51.67 86.67 -35 0 0 0 0 112 

0 -35 57.67 -22.67 0 0 0 113 

0 0 -22.67 38.67 -16 0 0 114 

0 0 0 -16 26.67 -10.67 0 IlS 

0 0 0 0 -10.67 18 -7.33 116 

0 0 0 0 0 0 1 117 

The solution provides the fluid velocities at each node: 

III 0 

112 0.1233 

113 0.2538 

114 = 0.3760 mls 

IlS 0.4366 

116 0.3588 

117 0 

= 

0 
0 

0 
0 
U 

-7.33 

7.33 

0 
1.8 

1.8 
1.8 

1.8 
1.8 
0 
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The mass flow rate through the channel can be determined from 

m;otal = Lm·(e) 

mO," ~ ~'j p"W dy ~ ~'j pW (SI"I + Sj"j) dy ~ pW e( "I : Uj) 

( 6.46) 

(6.47) 

In Eg. (6.47), W represents the width of the channel. The elemental and total mass flow 
rates are given by 

. (Iii + U.) 0 + 0.1233 
m (I) = pwe 2 ' = 1254 X 0.4 X 1.5 X 10-2 X 2 = 0.4638 kg/s 

m·(2) = 1252 X 0.4 X 1.5 X 10-2 X 0.1233 + 0.2538 = 1.4164 kg/s 
2 

m·(3) = 1249 X 0.4 X 1.5 X 10-2 X 0.2538 + 0.3760 = 2.3598 kg/s 
2 

m·(4) = 1245 X 0.4 X 1.5 X 10-2 X 0.3760 + 0.4366 = 3.0350 kg/s 
2 

m·(S) = 1241 X 0.4 X 1.5 X 10-2 X 0.4366 + 0.3588 = 2.9612 kg/s 
2 

m·(6) = 1236 X 0.4 X 1.5 X 10-2 X 0.3588 + 0 = 1.3304 kgls 
2 

m;otal = 11.566 kg/s 

6.3 AN EXAMPLE USING ANSYS 

EXAMPLE 6.4 Revisited 

A wall of an industrial oven consists of three different materials, as shown in Figure 6.4, 
repeated here as Figure 6.7. The first layer is composed of 5 cm of insulating cement with 
a clay binder that has a thermal conductivity of 0.08 W/m . K. The second layer is made 
from 15 cm of 6-ply asbestos board with a thermal conductivity of 0.074 W/m' K. The 
exterior consists of 10-cm common brick with a thermal conductivity of 0.72 W/m2 • K. 
The inside wall temperature of the oven is 200oe, and the outside air is 300 e with a con­
vection coefficient of 40 W/m2 • K. Determine the temperature distribution along the 
composite wall. 

The following steps demonstrate how to create one-dimensional conduction prob­
lems with convective boundary conditions in ANSYS. This task includes choosing ap­
propriate element types , assigning attributes, applying boundary conditions, and 
obtaining results. 

To solve this problem using ANSYS, we employ the following steps: 

Enter the ANSYS program by using the Launcher. 

Type HcutTrall (or a file name of your choice) in the Jobmullc entry field of the 
dialog box, and pick Run to start the GUI. 



N 

'" ..... 

k .0.72 Wlm · K 

1~5cm-+-I' -----15cm,-----.il-lOcm-1 
.. 

X 

(1) (2) (3) 
• • 

2 3 4 

FIGURE 6. 7 A composite wall of an ind ... trial oven 

t t t 
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Create a title for the problem. This title will appear on ANSYS display windows 
to provide a simple way of identifying the displays: 

utility menu: File ~ Change Title ... 

-; Change Tille E3 
[~tTLl1 Int ... ne" title 

Define the element type and material properties: 

main menu: Preprocessor ~ Element Type ~ AddlEdit/Delete 

: ~ leraenl I,pel EJ 

DeFinea le ... nt l!l.Jl!ls : 

-
" " 

L1hN~lI~"-'Ele"ent Types m~!e~:mc ~ 
, , 

! 
3)) conduct ion 33 

I 

Con t act conuec:t ion 34 
Conblrtat Ion ra.diatlon 31 
rJ.. l'nOlil ~LlnD 

~l'.!tf 
d~ 
!l!; 

AHSVS Fluid IY D c::onduc::f:ion 32 I 
Ehinan, ~y~), .. r.~nc. nulllliitl" II I 

~ 
If OJ( -I Ir APPl. I Ircancell I ~ Help I 

" 
L1bN~lI .. , Ele.ent r_ 

~l:!t~ ~ ' ~~ ~:~~~~~t:~ 35 
HypC'r-e l a'!'t ic If Ulsco Solid radla.ti.on 31 

I Contact ~ Conbin('lt ion 
Tllo rn« 1 ""1; I; "f'--

'" 
t.Ud .. conuection 34 I 

EleiIIIIint ~Y2" N'.renc. nwu.p (21 II 

='"; OK I II Applll '- 1 Ircancell Ir Help I 
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: E le .. ent T ,pe. £i 

~Def ,iried Ele.ent iypes: 
Type 1 LINK32 , 
~ 

~ 

I[ Add • • • I I!'Options···1 II Delete' 1 

I 
t'- CloD. 'I Ir Help -I 

Assign the cross-sectional area of the wall. 

main menu: Preprocessor - Real Constants - Add/Edit/Delete 

x .: Element Type for Aeal Con.tan.. £i 
Defined Real CGnstant Sets: 

NONE DEPINED 

El~nt i ype-'Reference Nil. i1 

~al CGnstant Set No. 

CPooo-aoo~lonal OroA nRBI 

I n Apply I. IJ eanee I 1 II Help 

x 

Assign the thermal conductivity values. 

Chooae ele.ent type 

Type 2 LIHK34 

: Heat Constant. £i 
Defined Rial COnstant Sets: 

Set 1 

main menu: Preprocessor - Material Props - Material Models­

Thermal - Conductil'ity - Isotropic 
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Conductivity for Material Number 1 

Conductivity (Isotropic) for Material Number 1 

T1 

Temperatures 1 
KXX <-10.-08------;: 

I Add Temperature I Delete Temperature I 

From the Define Material Moclel Behavior window: 

Material- New Model ... 

Define Material ID 

Now double-click on Isotropic. 

Material Edit Favorite Hep 

Material MJdeIs Defned ------., 

!iiiI Material Model /-Umber 1 

~ terial Model Number 2 

Define Material 1D 12 
'-"==~ 

r Material Models Available -----------, 

!iiiI Favor ites 

!iiiI StructLral 

~ Thermal 

~ ConcUctivity $" 
~ Orthotropic 

~ Speciflc Heat 

~ Density 
~ Enthalpy 
~ Emissivity 

~ Convectbn or Film Coef. 
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Conductivity ror Material Number 2 .: 

Conductivity (Isotropic) for Material Number 2 

T1 

Temperatures 1 
_ KXX '""10-.07-4--.....;:[ 

I Add Tempera':ure I Delete Temperature I 

From the Define Material Model Behavior window: 

M:lferinl ~ New Model ...... 

Define Material ID _ 

Define Material 10 13 
~;;;;;;;;;;;;;;;~ 

Help 

301 

Assign the thermal conductivity of the third layer by double-clicking on Isotropic 
again. 

Conductivity ror Material Number 3 

Conductivity (Isotropic) for Material Number 3 

T1 

Temperatures 1 
Kxxl i-o.-n---= H 

I Add Temperature I Delete Temperature I 
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From the Define Material Model Behavior window: 

Matcrial- New Modcl ... 

Denne MateriallD 

Define Material ID 14 -
Help 

Assign the heat transfer coefficient by double-clicking on COJ\\'cction or Film 
cocr. 

Convection or Film Coefficient ror Material Number 4 

Convection or Film Coefficient for M~terl~1 Number 4 

Tl 

Temperatures I 1i-4()--""'=':! 

Add Temper ~ture I Delete Temper ~ture I 
OK 

ANSYS Toolbar: SAVE_DIl 

Set up the graphics area (i.e ., workplane, zoom, etc.): 

utility menu: Workplanc - WP Scttings ... 
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Toggle on the workplane by the following sequence: 

utility menu: Workphlllc - DisphlY Working PI:IIlC 

Bring the workplane to view using the following sequence: 

utility menu: PlotCtrls - Pan, Zoom, Rotatc ... 

Create nodes by picking points on the work plane: 

main menu: Prcprocessor - Modcling - CrcHte - Nodes 

- On Working Phllle 

On the work plane, pick the location of nodes and apply them: 

LWP = 0,0] 
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~ 
LWP = 0.05,0] 

IDO [WP = 0.2,0] 

D 

~ 
[WP = 0.3,0] 

Create the node for the convection element: 

[WP = 0.3,0] 

OK 

You may want to turn off the work plane now and turn on node numbering: 

utility menu: Workplanc - Display Working plane 

utility menu: PlotCtrls - Numbering ... 

: fllot Numbermg Controls 
- --------------------

SUAL HUfteric contour Y.l~o. 

[lNUlIJ ~ring shu .... "itli 

OK 

You may want to list nodes at this point in order to check your work: 

utility menu: List - Nodes .. . 
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(" goord. wI Anglos I 
r. Coorooates edt 

SortlNtby INODE tuOOer 

Sort_ondby 

Sort ttkd by 

01( 

NUST Command I 

LIST ALL SELECTED NODES. DSYS- 8 
SORT TABLE ON NODE NODE NODE 

NODE 
1 
2 
3 
4 
5 

Close 

X 
8.88008888008 

8.588000888008E-01 
8.288000080080 
8.308000008000 
8.388000088008 

ANSYS Toolbar: SAVE_On 

Define elements by picking nodes: 

Y 
0.00000000000 
0.00000080008 
0.88008080008 
8.88000088000 
0.88000880008 

Z 
8.00000000000 
8.00800080008 
0.08008080000 
8.00000000000 
8.00800080008 

main menu: Preprocessor - Modeling - Create - Elements 
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- Auto Numhel'ed- Thl'u Nodes 

[node 1 and then node 2] 

[use the middle button anywhere in the ANSYS graphics window to apply.] 

OK 
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Assign the thermal conductivity of the second layer (element), and then connect 
the nodes to define the element: 

main menu: Prcproccssor~ Modcling ~ Crcatc ~ Elcmcnts 

--+ Elcmcnt Attributcs 

. '; Element Attributes ! 

Define attributes for elements 

[TVPE] Element type number 1 L1NK32 

[MAT] Material number I- i] 
[REAL] Real constant set number 8 
[ESVS] Element coorclinate sys 0 B 
[SECNUM] Section number I None defined B 
[TSHAP] Target element shape I Straight line 3 

OK cancel Help 

main menu: Prcprocessor ~ Modcling ~ Crcate ~ Elcmcnts 

~ Auto Numbered ~ Thru Nodes 

[nodc 2 mul then node 3] 

DID [anywhcre in the ANSYS graphics '''indow] 

D 
OK 

Assign the thermal conductivity of third layer (element) , and then connect the 
nodes to define the element: 

main menu: Preprocessor ~ Modcling ~ Crcatc ~ Elcments 

--+ Element Attributes 



. . ; Element Attributes 

Define attributes for elements 

[TVPE] Element twe number 

[MAT] Material number 

[REAL] Real constant set number 

[ESYS] Element coordinate sys 

[SECNUM] Section number 

[TSHAP] Tan;Jet element shape 

J OK 

Section 6.3 

Cancel 

An Example Using ANSYS 

~ 

1 LINK32 G 
1- 3 

G 
0 lE1 

I None defined G 
I Str aightUne l:J 

Help 

main menu: Preprocessor - Modeling - Create - Elements 
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- Auto Numbered - Thru Nodes 

[node 3 and then node 4*] 

[anywhere in the ANSYS graphics window] 

OK 

Create the convection link: 

main menu: Preprocessor - Modeling - Create - Elements 

- Element Attributes 

*Press the OK key of the Multiple-Entities window and proceed. 
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- -: Element Attributes ~ 
Define attributes for elements 

[TYPE] Element type number 2 LINK34 E1 
[MAT] Material number 1- ::J 
[REAL] Real constant set ntnber E1 
[ESVS] Element coordinate sys 0 E1 
[SECNUM] Section number 1 None defined EJ 
[TSHAP] Target element shape I Str <light line E1 

OK Cancel 

main menu: Preprocessor - Modeling - Create - Elements 

- Auto Numbcred - Thm Nodes 

Inode 4t :lIld then 5*] 

OK 

ANSYS Toolbar: SAVE_DB 

Apply boundary conditions: 

main menu: Solution - Definc Lomls - Apply 

- Thermal- Temperllture - On Nodes 

Inode 1] 

[:lIlywhere in the ANSYS graphics window] 

tpress the OK key of the Multiple-Entities window_ 

Ipress the Next key of the Multiple-Entities window, and then OK. 
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[0) Apply TEMP on Nodes 

Lab2 OOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Load TEMP value 

OK Apply 

Iconstant value 

Cancel Help 

main menu: Solution - Dcfinc Loads - Apply 

- Thcrmal- Tcmpcmturc - On Nodes 

[node 5*] 

[:mywhcrc in thc ANSYS gmllhics window1 

~AppiV TEMP on Nodes 
[0) Apply TEMP on Nodes 

Lab2 OOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Load TEMP value 

Apply 

ANSYS Toolbar: SAVE_Dn 

Cancel 

x 

I~onstant valu_e __ E1 

Help 

*Press the Next key and then the OK key of the Multiple-Entities window and proceed. 

-

-
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Solve the problem: 

main menu: Solution - Solve - Current LS 

OK 
Close (the solution is done!) window. 

Close (the/STAT Command) window. 

For the postprocessing phase, obtain information slich as nodal temperatures: 

main menu: Gener:,1 Postproc - List Results - Nodal Solution 

list Nodal Solution 
Item to be listed --=====--------------==] 

~ Favorites 

~ Nodal Solution 

rti OaF Solution 

o odal Temperature 

~ Thermal Gradient 

!fa Thermal Flux 

·N I'HNSUL Command EJ 

PRIIrr TI:M? I/ODAL SOLITrIOII PER 1I0DE 

..... POSTl 1I0DAL DEGREE or maD OM LISTmG .. II. 

LOAD STI:P. 1 SUBS1l:P- ~ 

TIllE- 1. 0000 LOA!) CASE- 0 

NODE TI:HP 
1 200.00 

162. Z7 
3~. 8~4 

4 31. 509 
S 30.000 

MAXIMUM ABSOLUTI: VALUES 
NODE 1 
VALW- 200.00 

Help 
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Close 

Exit ANSYS and save everything. 

Toolbar: QUIT 

.: ExIt from ANSYS Ef 

6.4 VERIFICATION OF RESULTS 

There are various 'ways to verify your findings. Consider the nodal temperatures of Ex­
ample 6.2, as computed by ANSYS and displayed in Table 6.3. 

In general , for a heat transfer problem under steady-state conditions, conservation 
of energy applied to a control volume surrounding an arbitrary node must be satisfied. 
Are the energies flowing into and out of a node balanced out? Let us use Example 6.2 
to demonstrate this important concept. The heat loss through each layer of the com­
posite wall must be equal. FlIl'thermore, heat loss from the last layer must equal the 
heat removed by the surrounding air. So, 

Q(t) = Q(2) = Q(3) = Q(4) 

Q(t) = kA dT = (0.08) (1)(200 - 162.3) = 60 W 
e 0.05 

Q(2) = (0.074) ('1)( 162·~.;5 39.9) = (,0 W 

Q(3) = (0.72)(1)(39.9 0~131.5) = 60W 

TABLE 6.3 Nodaltcmpcraturcs 

Node 
Number 

1 
2 
3 
4 
5 

Temperature 
(0C) 

200 
162.3 
39.9 
31.5 
30 
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and the heat removal by the fluid is given by 

Q(4) = hA6.T = (40) (1) (31.5 - 30) = 60 W 

For thermal elements, ANSYS provides information such as heat flow through each 
element. Therefore, we could have compared those values with the one we calculated 
above. 

Another check on the validity of your results could have come from examining the 
slopes of temperatures in each layer. The first layer has a temperature slope of 754°C/m. 
For the second layer, the slope of the temperature is 816°C/m. This layer consists of a 
material with relatively low thermal conductivity and, therefore, a relatively large tem­
perature drop. The slope of the temperature in the exterior wall is 84°C/m. Because the 
exterior wall is made of a material with relatively high thermal conductivity, we expect 
the temperature drop through this layer not to be as significant as the other layers. 

Now consider the fin problem in Example 6.1. For this problem, recall that all 
elements have the same length . We determined the temperature distribution and 
the heat loss from each element. Comparing heat loss results, it is important to realize 
that element (1) has the highest value because the greatest thermal potential exists at 
the base of the fin , and as the temperature of the fin drops, so does the rate of heat 
loss for each element. This outcome is certainly consistent with the results we obtained 
previously. 

These simple problems illustrate the importance of checking for equilibrium con­
ditions when verifying results. 

SUMMARY 

At this point you should: 

1. know how to formulate conductance or resistance matrices, and be able to for­
mulate load matrices for various one-dimensional problems. 

2. know how to apply appropriate boundary condi tions. 
3. have a good understanding of the Galerkin and energy formulations of one­

dimensional problems. 
4. know how to verify your results. 
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PROBLEMS 

1. Aluminum fins, similar to the ones in Example 6.1, with rectangular profiles are used 
to remove hea t from a surface whose temperature is 150°C. The temperature of the ambi­
ent air is 20°C. The thermal conductivity of aluminum is 168 W/m' K. The natural convec­
tive coefficient associated with the surrounding air is 35 W/m2. K. The fins are 150 mm 
long. 5 mm wide , and 1 mm thick. (a) Determine the tempe rature distribution along a 
fin using five equally spaced e le ments. (b) Approximate the total heat loss for an array of 
50 fins. 

2. For the aluminum fins in problem I, determine the te mpera ture of a point on the fin 45 mm 
from the base. Also compute the fraction of the total heat that is lost through this section of 
the fin . 

3. A pin fin , or spine, is a fin with a circular cross sectio n. An array of aluminum pin fins are 
used to remove heat fro m a surface whose temperature is 120°C. The te mperature of the 
ambient air is 25°C. The thermal conductivity of aluminum is 168 W/m· K. The natural con­
vective coefficient associated with the surrounding air is 30 W/m2. K. The fins are 100 mm 
long and have respective diameters of 4 mm. (a) Determine the temperature distribution 
along a fin using five equally spaced e lements. (b) Approximate the to tal heat loss for an 
array of 100 fins. 

4. A rec tangular aluminum fin is used to re move heat from a surface whose temperature is 
80°C. The temperature of the ambient air varies between 18°C and 25°C. The thermal con­
ductivity of al uminum is 168 W 1m' K. The na tura l convective coefficient associated with the 
surrounding air is 25 W/m2. K. The fin is 100 mm long, 5 mm wide, and 1 mm thick. (a) De­
termine the temperature distribution a long a fin usi ng five eq ually spaced elements for both 
ambient condi tio ns. (b) Approximate the total heat loss for an a rray of 50 fins for each am­
bient condition. (c) The exact temperature distribution and heat loss for a fin with a negli­
gible heat loss at its tip is given by 

T(x) - Tf 
cosh [ )£f(L -X)] 

cosh [ J :~}L)] 
Q = V hpkAc (tan{ ~ :;}L)])cTb -If) 

Compare your finite element results to the exact results. 
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j x, 

5. Evaluate the integral I SihpTfdX for a situation in which the heat transfer coefficient II 
Xi 

varies linearly over a given element. 

6. The front window of a car is defogged by supplying warm air at 90°F to its inner surface. The 
glass has a thermal conductivity of k = 0.8 W 1m • °C with a thickness of approximately 114 in. 
With the supply fan running at moderate speed, the heat transfe r coefficient associated 
with the air is 50 W/m2. K. The outside air is at a temperature of 20°F with an associated 
heat transfer coefficient of 110 W/m2. K. De termine (a) the temperatures of the inner and 
outer surfaces of the glass and (b) the heat loss through the glass if the area of the glass is 
approximately 10 ft2. 

7. A wall of an industrial oven consists of three different materials, as shown in the accompa­
nyi ng figure. The first layer is composed of 10 cm of insu lating cement with a thermal con­
ductivityofO.12 W/m· K. -Ille second layer is made from 20 cm ofS-ply asbestos board with a 
thermal conductivity of 0.071 W/m • K. The exterior consists of 12-cm cement mortar with 
a thermal conductivity of 0.72 W/m2 • K. The inside wall temperature of the oven is 250°C, and 
the outside air is at a temperature of 35°C with a convection coefficient of 45 W/m2. K. 
Determine the temperature distribution along the composite wall. 

t t t 

l--lOem --1 ..... ----20 em---_.I .... --12 CIll_1 

x 

(I) (2) (3) 
• • • • 

2 3 4 

8. Replace the temperature boundary condition of the inside wall of the oven in problem 7 with 
air temperature of 400°C and an associated convection coefficient of 1 00 W/m2. K. Show the 
contribution of this boundary condition to the conductance matrix and the forcing matrix of 
element (1). Also determine the temperature distribution along the composite wall. 

9. The equation for the heat diffusio n of a one-dimensional system with heat generation in a 
Cartesian coordinate system is 

k ilT . 
-+q =0 
()X2 
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The rate of thermal energy generation q' represents the conversion of energy from electri­
cal , chemical, nuclear, or electromagnetic forms to thermal energy within the volume of a 
given system. Derive the contribution of q' to the load matrix. Consider a strip of heating el­
ements embedded within the rear glass of a car producing a uniform heat generation at a 
rate of approximately 7000 W/m3• The glass has a thermal conductivity of k = 0.8 W/m .oc 
with a thickness of approximately 6 mm. The heat transfer coefficient associated with the 
20°C air inside the back of the car is approximately 20 W/m2. K. The outside air is at a tem­
perature of -5°C with an associated heat transfer coefficient of 50 W/m2. K. Determine the 
temperatures of the inner and outer surfaces of the glass. 

10. Verify the evaluation of the integ.-al given by Eq. (6.23): 

11. Verify the evaluation of the integral given by Eq. (6.26): 

j X; ( dS;d'l') Ct 
C ---.- dX = --(-'l'. + 'l' .) 

t dXdX e I J 
Xi 

12. The deformation of an axial element of length e due to the change in its temperature is given 
by 

where 8T is the change in the length of the element, ex is the thermal expansion coefficient of 
the material, and C1T represents the temperature change. Formulate the con tribu tion of ther­
mal strains to the strain energy of an element. Also formulate the stiffness and the load ma­
trices for such an element. 

13. You are to size fins of a rectangular cross section to remove a total of200 W from a 400-cm2 

surface whose temperature is to be kept at 80°C. The temperature of the surrounding air is 
25°C, and you may assume that the natural convection coefficient value is 25 W/m2. K. l3e­
cause of restrictions on the amount of space , the fins cannot be extended more than 100 mm 
from the hot surface. You may select from the following materials: aluminum, copper, or 
steel. In a brief report , explain how you came up with your final design. 



CHAPTER 7 

Two-Dimensional Elements 

The objective of this chapter is to introduce the concept of two-dimensional shape func­
tions, along with two-dimensional elements and their properties. Natural coordinates 
associated with quadrilateral and triangular elements are also presented. We derive the 
shape functions for rectangular elements, quadratic quadrilateral elements, and trian­
gular elements. Examples of two-dimensional thermal and structural elements in ANSYS 
are also presented. The main topics discussed in Chapter 7 include the following: 

7.1 Rectangular Elements 

7.2 Quadratic Quadrilateral Elements 

7.3 Linear Triangular Elements 

7.4 Quadratic Triangular Elements 

7.S Axisymmetric Elements 

7.6 Isoparametric Elements 

7.7 Two-Dimensional Integrals: Gauss-Legendre Quadrature 

7.S Examples of Two-Dimensional Elements in ANSYS 

7.1 RECTANGULAR ElEMENTS 

In Chapter 6, we studied the analysis of one-dimensional problems. We investigated 
heat transfer in a straight fin. We used one-dimensional linear shape functions to ap­
proximate temperature distributions along elements and formulated the conductance 
matrix and the thermal load matrix. The resulting systems of equations, once solved, 
yielded the nodal temperatures. In this chapter, we lay the groundwork for the analysis 
of two-dimensional problems by first studying two-dimensional shape functions and 
elements. To aid us in presenting this material , let us consider the straight fin shown in 
Figure 7.1. The dimensions of the fin and thermal boundary conditions are such 
that we cannot accurately approximate temperature distribution along the fin by a 
one-dimensional function. The temperature varies in both the X-direction and the 
V-direction. 
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FIGURE 7.1 Using rectangular elements 
to describe a two·dimensional temperature 
distribution. 

A t this point, it is important to understand that the one-dimensional solutions are 
approximated by line segments, whereas the two-dimensional solutions are represented 
by plane segments. This point is illustrated in Figure 7.1. A close-up look at a typical rec­
tangular element and its nodal values is shown in Figure 7.2a. 

It is clear from examining Figure 7.2a that the temperature distribution over the 
element is a function of both X- and V-coordinates. We can approximate the tempera­
ture distribution for an arbitrary rectangular element by 

T 

Y 

T(e) = bl + b2x + b3y + b4xy (7.1) 

y 

x, y local coordinate system 
X, Y global coordinate system 

Till 

II~-----il----*,-,-'--~ 

__ -------__ -~-~x 
j 

~/~---- e-----~~~/ /'oE ~/ 

~----------------------------------~X 

FIGURE 7.2a A typical rectangular element. 
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Note that there are four unknowns (bl> b2, b3, b4) in Eq. (7.1) , because a rectangular ele­
ment is defined by four nodes: i , j , 111 , n. Also note that the function varies linearly along 
the edges of the element, and it becomes nonlinear inside the element (see Problem 31). 
Elements with these types of characteristics are commonly referred to as bilinear ele­
ments. The procedure for deriving two-dimensional shape functions is essentially 
the same as that for one-dimensional elements. To obtain bl> b2, b3, and b4, we use the 
local coordinates x and y. Considering nodal temperatures, we must satisfy the follow­
ing conditions: 

T=T; at x=O and y=O (7.2) 

T=1j at x= C and y=O 
T = Tm at x= e and y=w 
T = Tn at x=O and y=w 

Applying the nodal conditions given by Eq. (7.2) to Eq. (7.1) and solving for bl>~' b3, 

and b4, we have 

(7.3) 

Substituting expressions given for bl> b2, b3, and b4 into Eq. (7.1) and regrouping para­
meters will result in the temperature distribution for a typical element in terms of shape 
functions: 

(7.4) 

The shape functions in the above expression are 

(7.5) 

It should be clear that we can use these shape functions to represent the variation of any 
unknown variable 'I' over a rectangular region in terms of its nodal values 'I';, \Yj , 'I'm' 
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Lu", l 
.,-,-------------,, __ , V"lT 

Lu.. t"v .... --.....;;;;......-----------4 ~ jx 
j 

1/(-) = SjVix + SjVjx + SII/VII/X + S"V"x 
v(-) = SjVjy + SjVjy + SII/VII/Y + S"V"y 

FIGURE 7.2b A rectangular element 
used in fonllulating plane-stress problems. 

and 'I' n. Thus, in general, we can write 

\1' . 
{

'I'; } 

S.l :~: (7.6) 

For example, 'I' could represent a solid element displacement in a certain direction as 
shown in Figure 7.2b. 

Natural Coordinates 

As was discussed in Chapter 5, natural coordinates are basically local coordinates in a 
dimensionless form. Moreover, as you may recall, most finite element programs perform 
element numerical integration by Gaussian quadratures, ancl as the limits of integration, 
they use an intelval from -1 to 1. The origin of the local coordinate system x, y used ear­
lier coincides with the natural coordinates ~ = -1 and '11 = -1, as shown in Figure 7.3. 

If we let ~ = 2; - 1 and '11 = ~ - 1, then the shape functions in terms of the 

natural coordinates ~ and '11 are 

S; = ~(1 - ~)(1 - '11) 

1 
Sj = "4(1 + ~)(1 - '11) 

1 
Sm = 4(1 + ~)(1 + '11) 

1 
Sn = 4(1 - ~)(1 + '11) 

(7.7) 
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(x = O,y = w) 
(I; =-1 , 11 = 1) 

y 

(x= C,y =w) 
(1;= I,ll = 1) 

T~II ~m 

1 (0, 0) 

j 
~----------------------~~------~x 

(I; = -I , ll = -1) (I; = I,ll =-1) 
~=~y=~ ~= ~y =~ 

j-oIIl<o---- e----~>1 

FIGURE 7.3 Natrn-al coordinates used to describe a quadrilateral element. 

These shape functions have the same general basic properties as their one-dimensional 
counterparts. For example, Sj has a value of 1 when evaluated at the coordinates of 
node i, but has a value of zero at all other nodes. 

Alternatively, we could have obtained the expressions given in Eq. (7.7) by using 
a product of linear functions similar to the Lagrange functions as explained in Chapter 5, 
Section 5.3. For example, for node i , we select the functions such that their product will 
produce a value of zero at other nodes-namely, j, 111, and l1-and a value of unity at the 
given node i. Along the j-m side (~ = 1) and 11-/1l side (11 = 1), so if we choose the 
product offunctions (1 - ~)(1 - 11) then the product will produce a value of zero along 

j-m side and 11-111 side. We then evaluate at. an unknown coefficient, such that when the 
shape function Sj is evaluated at node i( ~ = -1) and ('11 = -1), it will produce a value 
of unity. That is 

1 = a\(1 - ~)(1 - '11) = Q\(1-(-1»(1-(-1» 

7.2 QUADRATIC QUADRILATERAL ELEMENTS 

The eight-node quadratic quadrilateral element is basically a higher order version of 
the two-dimensional four-node quadrilateral element. This type of element is better 
suited for modeling problems with curved boundaries. A typical eight-node qua­
dratic element is shown in Figure 7.4. When compared to the linear elements, for the 
same number of elements, quadratic elements offer better nodal results. In terms of 
the natural coordinates £ and 11, the eight-node quadratic element has the general 
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" 

(-1 , 1)" 0 1I/(l,1) 

p 

"L, p e 

(-1 , -1) ..... --~ ..... --...... (1 , -1) 
k j 

FIGURE 7.4 Eight-node quadratic quadrilateral element. 

form of 

'I'(e) = bl + bz~ + b3'T'J + b4~ + b5~2 + b6T)2 + ~~2T) + bs~T)2 (7.8) 

To solve for bJ, b2, b3, . .. , bs, we must first apply the nodal conditions and create eight 
equations from which we can solve for these coefficients. Instead of using this laborious 
and difficult method, we will follow an alternative approach, which is demonstrated next. 

In general, the shape function associated with each node can be represented in 
terms of the product of two functions FI and F2: 

(7.9) 

For a given node, we select the first function FI such that it will produce a value of zero 
when evaluated along the sides of the element that the given node does not contact. 
Moreover, the second function P2 is selected such that when multiplied by PI> it will pro­
duce a value of unity at the given node and a value of zero at other neighboring nodes. 
The product of functions FI and F2 must also produce linear and nonlinear terms simi­
lar to the ones given by Eq. (7.8). To demonstrate this method, let us consider corner 
node 111, with natural coordinates 1; = 1 and T) = 1. First, FI must be selected such that 
along the ij-side (11 = -1) and in-side (~ = -1), the function will produce a value of 
zero. \Ve select 

which satisfies the condition. We then select 

F2(~ ' 11) = CI + C2~ + C3T) 

The coefficients in F2 should be selected such that when F2 multiplied by Fi> they will pro­
duce a value of unity at the given node 11l , and a value of zero at the adjacent neighboring 
nodes e and o. Evaluating Sm at node 111 should give Sm = 1 for ~ = 1 and T) = 1; 
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evaluating Sm at node e should give Sm = 0 for £ = 1 and 1'] = 0; and evaluating Sm at 
node a should give Sm = 0 for £ = 0 and 11 = 1. Applying these conditions to Eg. (7.9) , 
we obtain 

1 = (1 + 1)(1 + 1)(Cl + c2(1) + c3(1» = 4Cl + 4C2 + 4C3 

o = (1 + 1)(1 + O)(CI + c2(1) + C3(0» = 2Cl + 2C2 

o = (1 + 0)(1 + l)(Cl + C2(0) + c3(1» = 2Cl + 2C3 

which results in Cl = -i, C2 = i, and C3 = i with Sm = (1 + £)(1 + '1'])( -i + i£ + i11). 
The shape functions associated with the other corner nodes are determined in a similar 
fashion. The corner node shape functions are 

1 
Sj = -"4(1 - £)(1 - 1'])(1 + £ + 1']) (7.10) 

1 
Sj = "4(1 + £)(1 - 1'])(-1 + £ - '11) 

1 
Sm = "4(1 + ~)(1 + 1'])(-1 + ~ + 1']) 

1 
Sn = 4"(1 - ~)(1 + 1'])(1 + ~ - '11) 

Let us turn our attention to the shape functions for the middle nodes. As an 
example, we will develop the shape function associated with node o. First, Fl must be 
selected such that along the ij-side ('T) = -1), in-side (~ = -1), and jm-side (~ = 1), 
the function will produce a value of zero. We select 

Note that the product of the terms given by Fl will produce linear and nonlinear terms, 
as required by Eq. (7.8). Therefore, the second function F2 must be a constant; other­
wise , the product of Fl and F2 will produce third-order polynomial terms, which we 
certainly do not want! So, 

Applying the nodal condition 

So = lfor ~ = 0 and '11 = 1 

leads to 

F1t£, '11) F2(~' 1']) 

1 = (1 - 0)(1 + 1)(1 + 0) ~ = 2Cl 
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resultinginCt = twithSo = t(1 - s)(l + 11)(1 + s) = So = t(1 + 11)(1 - e). Using 
a similar procedure, we can obtain the shape functions for the midpoint nodes k, e, and 
p. Thus, the midpoint shape functions are 

1 
Sk = -(1 - 1")(1 - e) (7.11) 

2 

Se 
1 = 2(1 + s)(l - 112) 

So 
1 , 

= 2(1 + 11)(1 - s-) 

1 
Sp = -(1 - s)(l - 112) 

2 

EXAMPLE 7.1 

We have used two-dimensional rectangular elements to model the stress distribution 
in a thin plate. The nodal stresses for an element belonging to the plate are shown in 
Figure 7.5. What is the value of stress at the center of this element? 

The stress distribution for the element is 

23451b/in2 

Stress 

2220lb/in2 

1845 1b/in2 

y 

/I ._---+---:FIII'--::;;,-

y 

ff-------ff--L.--~x 
j 

~0.25in.~ 
~---------------~X 

FIGURE 7.S Nodal stresses for Example 
7.1. 
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where (J'j, (J'j, (J'm, and (J' n are stresses at nodes i , j , 111 , and /1 respectively, and the shape 
functions are given by Eg. (7.5): 

S· = (1 - ~)(1 -~) = (1 - ~)(1 -~) ' e w 0.25 0.15 

Sj = ~(1- ~) = 0~5(1 - 0~5) 
xy xy 

Sm = ew = (0.25)(0.15) 

Sn = ~ ( 1 - i) = 0~5 ( 1 - 0~5) 
For the given element, the stress distribution in terms of the local coordinates x and y 
is given by 

Sj (J'j Sj (J'j Sm (J'm 
, , ~ ,' ~ . ~ 

(J'(e) = (1 - ~)(1 - ~)(2220) + ~(1 - ~)(1925) + xy (1845) 
0.25 0.15 0.25 0.15 (0.25)(0.15) 

~ 

+ 0.~5( 1 - 0~5 )(2345) 

\Ve can compute the stress at any point within this element from the aforementioned 
equation. Here , we are interested in the value of the stress at the midpoint. Substitut­
ing x = 0.125 and y = 0.075 into the equation , we have 

(J'(0.125,0.075) = 555 + 481 + 461 + 586 = 2083 Ib/in2 

Note that we could have solved this problem using natural coordinates. This approach 
may be easier because the point of interest is located at the center of the element 1; = 0 
and'T] = O. The quadrilateral natural shape functions are given by Eq. (7.7): 

111 
Sj = "4(1 - ~)(1 - '11) = 4(1 - 0)(1 - 0) = 4 

111 
Sj = "4(1 + ~)(1 - '11) = 4(1 + 0)(1 - 0) = 4 

111 
Sm = "4(1 + ~)(1 + '11) = 4(1 + 0)(1 + 0) = 4 

111 
Sn = "4(1 - ~)(1 + '11) = 4(1 - 0)(1 + 0) = "4 

(J'(0.125,0.075) = ~(2220) + ~(1925) + ~(1845) + ~(2345) = 2083 Ib/in2 
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Thus, the stress at the midpoint of the rectangular element is the average of the nodal 
stresses. 

EXAMPLE 7.2 

Confirm the expression given for the quadratic quadrilateral shape function Sn. 
Referring to the procedure discussed in Section 7.2, we can represent Sn by 

For the shape function Sm FI should be selected such that it will have a value of zero 
along the ij-side (11 = -1) and the jnz-side (£ = 1) So, we choose 

FI (£, 1") = (1 - £)(1 + 1") 

Furthermore, F2 is given by 

F2(£,11) = CI + C2£ + C311 

and the coefficients c), C2, and C3 are determined by applying the following conditions: 

Sn = 1 for £ = -1 and 1")=1 

Sn = 0 for £=0 and 1")=1 

Sn = 0 for £ = -1 and 1")=0 

Recall from our discussion in the previous section , the coefficients in F2 are selected 
such that when F2 is multiplied by F), they will produce a value of unity at node n , and 
a value of zero at adjacent neighboring nodes 0 and p. After applying these conditions 
we get 

1 = 4cI - 4C2 + 4C3 

0= 2cI + 2C3 

0= 2cI - 2C2 

resulting in cI = -~, C2 = -~, and C3 = t, which is identical to the expression previously 
given for Sn' That is, 

7.3 LINEAR TRIANGULAR ELEMENTS 

A major disadvantage associated with using bilinear rectangular elements is that they 
do not conform to a curved boundary very well. In contrast, triangular elements, shown 
describing a two-dimensional temperature distribution in Figure 7.6, are better suited 
to approximate curved boundaries. A triangular element is defined by three nodes, as 
shown in Figure 7.7. Therefore, we can represent the variation of a dependent variable, 
such as temperatme, over the triangular region by 

(7.12) 
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Two-D im e ns iona I Elements 

T 

~r----r--------V 
~ 

.J:> FIGURE 7.6 Using triangular elements to 
describe a two-dimensional temperature 
distribution. 

~--------------------------------~X FIGURE 7.7 A triangular element. 

Considering the nodal temperatures as shown in Figure 7.7, we must satisfy the follow­
ing conditions: 

T=T; at X=Xj and Y=Y; (7.13) 

T=~ at X = Xj ancl Y=}j 

T = Tk at X = Xk and Y = Yk 
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Substituting nodal values into Eq. (7.12), we have 

T; = al + a2X j + a3Y; 

T; = al + a2X; + a3Yj 

Tk = al + a2Xk + a3Yk 

Solving for a}, a2, and a3, we obtain 

(7.14) 

1 
al = 2A [(X;Yk - XkYj)T; + (XkY; - XjYdT; + (XjYj - X;Y;)Tk] (7.15) 

1 
a2 = 2A [(Yj - Yk)T; + (Yk - Y;)T; + (Y; - Yj)Tk] 

1 
a3 = 2A [(Xk - X;)T; + (Xj - XdT; + (X; - Xj)Tk] 

where A is the area of the triangular element and is computed from the equation 

(7.16) 

See Example 7.3 for how Eq. (7.16) is derived. Substituting for aJ, a2, and a3 into 
Eq. (7.12) and grouping T; , T; , and Tk terms yields 

T(') = lSi S; Ski {~} (7.17) 

where the shape functions S;, S;, and Sk are 

1 
Sj = 2A (exj + I3 jX + 8jY) 

1 
S; = 2A (ex; + I3;X + 8;Y) 

1 
Sk = 2A (exk + I3kX + 8kY) 

and 

exj = X;Yk - XkYj I3j = Yj - Yk 8j = Xk - X; 

ex; = XkY; - Xj}k 13; = Yk - Y; 8; = X j - Xk 

exk = XjYj - X;Y; 13k = Y; - Yj 15k = X; - X j 

(7.18) 

Again , keep in mind that triangular shape functions have some basic properties, like 
other shape functions defined previously. For example, Sj has a value of unity when 
evaluated at the coordinates of node i and has a value of zero at a II other nodes. Or, as 
another example, the sum of the shape functions has a value of unity. That property is 
demonstrated by the equation 

(7.19) 
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y 

L-----------------------------------~_x 

FIGURE 7.8 Natural (mea) coordinates for a triangular element. 

Natural (Area) Coordinates for Triangular Elements 

Consider point P with coordinates (X, Y) inside the triangular region. Connecting this 
point to nodes, i , j , and k results in dividing the area of the triangle into three smaller 
areas AI> A 2, and A 3, as shown in Figure 7.S. 

Let us now perform an experiment. We move point P from its inside position to 
coincide with point Q along the kj-edge of the element. In the process, the value of area 
AI becomes zero. Moving point P to coincide with node i stretches AI to fill in the en­
tire area A of the element. Based on the results of our experiment, we can define a nat­
ural, or area, coordinate ~ as the ratio of AI to the area A of the element so that its 
values vary from 0 to 1. Similarly, moving point P from its inside position to coincide with 
point M , along the ki-edge , results in A2 = O. Moving point P to coincide with node j 
stretches A 2 such that it fills the entire area of the element; that is, A2 = A. We can 
define another area coordinate 'Tj as the ratio of A2 to A, anci its magnitucie varies from 
o to 1. Formally, for a triangular element, the natural (area) coordinates~, 'Tj , and A are 
defined by 

A 2 
'Tj=-

A 

A 3 A =-
A 

(7.20) 

It is important to realize that only two of the natural coordinates are linearly indepen­
dent , because 
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For example, the A-coordinate can be defined in terms of sand 11 by 

(7.21) 

We can show that the triangular natural (area) coordinates are exactly identical to the 
shape functions Sj, Sj' and Sk' That is, 

s = Sj 

11 = Sj 

A = Sk 

As an example, consider~, which is the ratio of Al to A : 

(7.22) 

(7.23) 

Comparison of Eq. (7.23) to Eq. (7.18)* shows that sand Sj are identical. Equation (7.23) 
was derived by describing triangular areas Al and A in terms of the coordinates of 
their vertexes and using Eq. (7.16). Note that the coordinates of point P is designated 
by X and Y, because point P could lie anywhere within the area A. 

EXAMPLE 7.3 

Verify that the area of a triangular element can be computed from Equation (7.16). 
As shown in the accompanying diagram, the area of triangle ABD is equal to one 

half of the area of the parallelogram ABeD-with AB and AD as its sides. 

y 

L---~------------------------------~X e, 

*Substitute for A , " j> 131, 8; in tenllS of nodal coordinates. 
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The area of the parallelogram ABCD is equal to the magnitude of AB X AD; that is, 

2A = lAB X ADI 

where 

AB = (Xi - X j )(;\ + (Yj - Y;)(;2 

AD = (Xk - X j )(;\ + (Yk - Y;)"(;2 

and e\, e2' and e3 are unit vectors in the shown directions. Carrying out the crossprod­
uct operation in terms of the components of vectors AB and AD, 

2A = lAB X ADI = 1[(Xi - Xj)e\ + (Yj - Y;)e2] X [(Xk - Xj)e\ + (Yk - Y;)e2] I 

Noting that (;\ X "(;\ = 0, "(;\ X (;2 = (;3, and (;2 X (;\ = -(;3, 

2A = I(Xi - Xj)(}k - Y;)(;3 - (Yj - Y;)(Xk - X j)(;31 

and simplifying and regrouping terms, we show that the relationship given by Eq. (7.16) 
is true. That is, 

7.4 QUADRATIC TRIANGULAR ELEMENTS 

The spatial variation of a dependent variable, such as temperature, over a region may 
be approximated more accurately by a quadratic function , such as 

(7.24) 

By now, you should understand how to develop shape functions . Therefore, the shape 
functions for a quadratic triangular element, shown in Figure 7.9, are given below with­
out proof. The shape functions in terms of natural coordinates are 

EXAMPLE 7.4 

Sj = ~(2~ - 1) 

Si = 'T](2T] - 1) 

Sk = A(2A - 1) = 1 - 3(~ + 'T]) + 2(~ + 'T])2 

Se = 4~ 
Sm = 4T]A = 4'T](1 - ~ - 'T]) 

Sn = 4~A = 4~(1 - ~ - 'T]) 

(7.25) 

We have used two-dimensional triangular elements to model the temperature distribu­
tion in a fin. The nodal temperatures and their corresponding positions for an element 
are shown in Figure 7.10. (a) What is the value of temperature at X = 2.15 cm and 
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j 

FIGURE 7.9 A quadratic tliangular element. 
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i 
(2.25, 0.75) 

(2.40, 1.65) 

~----------------------------~X 

o 
\\ 
"s 

FIGURE 7.10 Nodal temperatures and coordinates for the element in Example 7.4. 
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Y = 1.1 em? (b) Determine the components of temperature gradients for this element. 
(c) Determine the location of70oe and 75°e isotherms. 

a. The temperature distribution inside the element is 

where the shape functions Sj, Sj, and Sk are 

and 

and 

1 
S· = -(a· + AX + o.y) 

1 2A 1 1-'1 1 

1 
Sj = 2A (o.j + I3jX + OjY) 

1 
Sk = 2A (o.k + I3kX + °kY ) 

o.j = XjYk - XkYj = (2.4)(1.0) - (1.5)(1.65) = -0.075 

o.j = XkY; - XjYk = (1.5)(0.75) - (2.25)(1.0) = -1.125 

o.k = XjYj - XjY; = (2.25)(1.65) - (2.40)(0.75) = 1.9125 

I3j = Yj - Yk = 1.65 - 1.0 = 0.65 

I3j = Yk - Y; = 1.0 - 0.75 = 0.25 

13k = Y; - Y; = 0.75 - 1.65 = -0.9 

OJ = Xk - Xj = 1.50 - 2.40 = -0.9 

8j = X j - Xk = 2.25 - 1.5 = 0.75 

Ok = Xj - Xj = 2.40 - 2.25 = 0.15 

2A = Xj(Yj - Yk) + Xj(Yk - Y;) + Xk(Y; - Yj) 

2A = 2.25(1.65 - 1.0) + 2.40(1.0 - 0.75) + 1.5(0.75 - 1.65) = 0.7125 

1 1 
Sj = 2A (o.j + I3 jX + OjY) = 0.7125 (-0.075 + 0.65X - 0.9Y) 

1 1 
Sj = 2A (o.j + I3jX + 0jY) = 0.7125 (-1.125 + 0.25X + 0.75Y) 

1 1 
Sk = 2A (o.k + I3k X + 0kY ) = 0.7125 (1.9125 - 0.9X + O.15Y) 
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The temperature distribution for the element is 

69 67 
T = 0.7125 (-0.075 + 0.65X - 0.9Y) + 0.7125 (-1.125 + O.25X + 0.75Y) + 

77 
0.7125 (1.9125 - 0.9X + 0.15Y) 

After simplifying, we have 

T = 93.632 - 10.808X - 0.421 Y 

Substituting for coordinates of the point X = 2.15 and Y = 1.1 leads to 
T = 69.93°C. 

b. In general , the gradient components of a dependent variable 'I'(e) are computed 
from 

a'I,(e) a 
-- = -[S·'I' · + S·\I' · + Sk'l'k] aX aX I I J J 

a'I,(e) i) 
--= -[5-\1'. + S·'I' , + Sk'I'k] aY aY I I J J 

{
a'lde

) } 
aX l!3i 

a\j,(e) = 2A [ 8; 

iiY 

(7.26) 

It should be clear from examining Eq. (7.26) that the gradients have constant val­
ues. This property is always true for linear triangular elements. The temperature 
gradients are computed from 

J{ T} [ 13k I 1 0.65 0.25 
8k ~ = 0.7125 -0.9 0.75 

-0.9J{:~} = {-10.808} 
0.15 77 -0.421 

Note that differentiation of the simplified temperature equation 
(T = 93.632 - 10.808X - 0.421Y) directly would have resulted in exactly the 
same values. 

c. The location of 70°C and 75°C isotherms can be determined from the fact that 
over a triangular element, temperature varies linearly in both X- and V-directions. 
Thus, we can use linear interpolation to calculate coordinates of isotherms. First, 
let us focus on the 70°C constant temperature line. This isotherm will intersect 
the 77°C-69°C-edge according to the relations 

77 - 70 1.5 - X 1.0 - Y 
= = 77 - 69 1.5 - 2.25 1.0 - 0.75 
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T 

(2.40, 1.65) 

~--------------~X 

FIGURE 7.11 The isotherms of the element in Example 7.4. 

which results in the coordinates X = 2.16 cm and Y = 0.78 cm. The 70°C 
isotherm also intersects the 77°C-67°C-edge: 

77 - 70 1.5 - X 
77 - 67 1.5 - 2.4 

1.0 - Y 
1.0 - 1.65 

These relations result in the coordinates X = 2.13 cm and Y = 1.45 cm. Similarly, 
the location of the 75°C isotherm is determined using the 77°C-69°C-edge: 

77 - 75 1.5 - X 1.0 - Y 
77 - 69 1.5 - 2.25 1.0 - 0.75 

which results in the coordinates X = 1.69 and Y = 0.94. Finally, along the 
77°C-67°C-eelge , we have: 

77 - 75 
77 - 67 

1.5 - X 
1.5 - 2.4 

1.0 - Y 
1.0 - 1.65 

These equations result in the coordinates X = 1.68 and Y = 1.13. The 
isotherms anel their corresponding locations are shown in Figure 7.11. 

7.5 AXISYMMETRIC ELEMENTS 

There are special classes of three-dimensional problems whose geometry and loading 
are symmetrical about an axis, such as the z-axis, as shown in Figure 7.12. These three­
dimensional problems may be analyzed using two-dimensional axisymmetric elements. 
In this section , we discuss the triangular and rectangular axisymmetric elements, and in 
Chapters 9 and 10 will show finite element formulations employing these types of 
elements. 
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FIGURE 7.12 Examples ofaxisymmetric 
r elements. 

Axisymmetric Triangular Elements 

In Section 7.3 , we developed the shape functions for a linear triangular element. Recall 
that the variation of any unknown variable 'I' over a triangular region in terms of its 
nodal values '1';. 'I'j , '1' k and the shape functions may be represented by 

'Ide) = [Sj Sj Sd{ ~:;} 
'I' k 

where 

1 
S· = -(a· + QX + 3Y) 

1 2A 1 tJl 1 

1 
Sj = 2A (aj + I3jX + 3jY) 

1 
Sk = 2A (ak + I3kX + 3kY) 

We now express the above shape functions in terms of r- and z-coOl'dinates-{;oordinates 
that are typically used for axisymmetric triangular elements. A typical axisymmetric 
triangular element and its coordinates is shown in Figure 7.13. 
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FIGURE 7.13 An axisymmetric triangular element. 

Substituting for the spatial coordinates X and Y in terms of ,- and z-coordinates 
and the nodal coordinates X;. Yj. Xj• }j and Xh Yk in terms of R;. Z;. Rj• Zj and Rh Zk 
results in the following set of shape functions 

1 
S· = -(cx· + (l ., + S·Z) 

t 2A t t-'t t 
(7.27) 

1 
S· = -(cx· + 13 ·' + S·z) 

J 2A J J J 

1 
Sk = 2A (CXk + 13k' + SkZ) 

where 

CX; = RjZk - RkZj 13; = Zj - Zk 8; = Rk - Rj 

CXj = RkZ; - R;Zk 13 j = Zk - Z; 8j = R; - Rk 

CXk = R;Zj - RjZ; 13k = Z; - Zj 8k = Rj - R; 

Axisymmetric Rectangular Elements 

In Section 7.1 we discussed the rectangular element and derived the following shape 
functions. 
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FIGURE 7.14 All axisymmetric rectangular element. 

Let 's now consider the axisymmetric rectangular element shown in Figure 7.14. The 
relationship between the local coordinates x and y and the axisymmetric coordinates r 
and z is shown in Figure 7.14. 

Substituting for x in terms of r and for y in terms of z, and making use of the fol­
lowing relationships among the nodal coordinates, we get 

r = R; + x or x = r - R; 

and 

z = Z; + y or y = Z - Z; 

_ ( x)( y) _( ~;)( i~) (e - (r -R;»)(W- (z - Z;») s·- 1-- 1-- - 1- 1- -- = 
t e w e ~v e w 

(7.28) 

Realizing that e = R; - R; and w = Zn - Z;, we can simplify Eg. (7.28) to obtain the 
shape function S; in terms of rand Z coordinates in the following manner: 
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Similarly, we can obtain the other shape functions. Thus, the shape functions for an 
axisymmetric rectangular element are given by 

Sj = (Rj ; r) ( Zn 1~ Z) 

Sj = (r ~ Rj
) ( Zn 1~ Z) 

Sm = (r ~ Rj) ( Z ~v Zj) 

Sn = (Rj ; r)( Z ~v Zj) 

(7.29) 

We discuss the application of these elements in solving heat transfer and solid mechan­
ics problems in Chapters 9 and 10. 

EXAMPLE 7.5 

We have used axisymmetric rectangular elements to model temperature distribution in 
a hollow cylinder. The values of nodal temperature for an element belonging to the 
cylinder are shown in Figure 7.15. What is the value of the temperature at r = 1.2 cm 
and Z = 1.4 cm? 

z 

50·C 47·C 

/I m 

4S·C 44·C 
2 cm '1--+--- 6------~:.& 

liL---+---_--+--_ ____+_ 

I-O.5cm-l 

I-2cm ----.J 

FIGURE 7.15 Nodal temperatures and coordinates for the element in Example 7.5. 
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The temperature distribution for the element is given by 

snl{ ~} T,1I 
Tn 

where T;, T;, Tm, and Tn are the values of temperature at nodes i , j , 111 , and n respectively. 
Substituting for the coordinates of the point in the shape functions, we get 

S; = (R j ; '")( Zn1~ z) = (2 ~.~1.2)( 2 -1 1.4) = 0.32 

Sj = (r ~ R;) ( Z" 1~ z) = (1.2 1~5 0.5) ( 2 ~11.4) = 0.28 

Sm = (r ~ R;)( z ~ Z;) = e·\~/·5)( 1.\- 1) = 0.19 

Sn = ( Rj ; r)( Z ~ Z;) = (2 ~.; .2)( 1.41- 1) = 0.21 

The temperature at the given point is 

T = (0.32)(48) + (0.28)(44) + (0.19)(47) + (0.21)(50) = 47.11 °C 

7.6 ISOPARAMETRIC ElEMENTS 

As we discussed in Chapter 5, Section 5.5, when we use a single set of parameters (a set 
of shape functions) to define the unknown variables 1I , v, 1~ and so on , and use the same 
parameters (the same shape functions) to express the geometry, we are using an 
isoparal11elric formulation. An element expressed in such a manner is called an isopara­
metric element. Let us turn our attention to the quadrilateral element shown in Figure 
7.16. Let us also consider a solid mechanics problem, in which a body undergoes a de­
formation. Using a quadrilateral element, the displacement field within an element be­
longing to this solid body can be expressed in terms of its nodal values as 

u(e) = S;U;.t + SjUjx + SmUm .. + SnUnx 

v(e) = S;U;y + SjUjy + SmUmy + SnUny 

We can write the relations given by Eg. (7.30) in matrix form: 

{~} = [~ ~J 0 Sj 0 Sm 0 Sn 
S; 0 Sj 0 S", 0 

(7.30) 

Ui.< 
U;y 

Uj" 
Ujy 

(7.31) 
U",.t 
Umy 
Un.t 
Uny 
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FIGURE 7.16 A quadrilateral element used in formulating plane-stress problems. 

Note that using isoparametric formulation , we can use the same shape functions to de­
scribe the position of any point, such as A , within the element by the equations 

x = SiXi + SjXj + Smxm + Snxn (7.32) 

y = SiYi + SjYj + SmYm + SnYn 

As you will see in Chapter 10, the displacement field is related to the components 
of strains (exx = ~, eyy = ~, and 'Yxy = ~ + ~) and, subsequently, to the nodal dis­
placements using shape functions . In deriving the elemental stiffness matrix from strain 
energy, we need to take the derivatives of the components of the displacement field 
with respect to the x- and y-coordinates , which in turn means taking the derivatives of 
the appropriate shape functions with respect to x and y. At this point, keep in mind that 
the shape functions are expressed in terms of ~ and 'T] Eq. (7.7). TIlliS, in general, it is nec­
essary to establish relationships that allow the derivatives of a function f(x,y) to be taken 
with respect to x and Y and to express them in terms of derivatives of the functionf(x,y) 
with respect to ~ and 'T]. This point will become clear soon. Using the chain rule , we can 
write 

a/(X,Y) 

a~ 

a/(x,y) 
(IT) 

a/(x,Y) ax a/(x,Y) ay = + --'---''--'--'-
ax a~ ay a~ 

a/(x,y) ax a/(x,y) iJy = + --'---''--'--'-
ax (IT) ay (I'T] 

Expressing Eq. (7.33) in matrix form , we have 

[J] 

{ 
a/(x,y) } [ iJX aYJ {at(X'Y)} - -

iJ~ iJ~ a£ ax 
a/(x,y) = iJx ay a/(x,y) 

iJ'T] iJ'T] (IT) ay 

(7.33) 

(7.34) 
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where the J matrix is referred to as the Jacobian of the coordinate transformation. The 
relationships of Eg. (7.34) can be also presented as 

{ 
af\x,y) } { af(.X,Y) } 

ax _ J -1 ()~ 
at(x,y) - [J af(x ,y) 

ay ~ 

(7.35) 

For a quadrilateral element, the J matrix can be evaluated using Eq. (7.32) and (7.7). This 
evalutation is left as an exercise for you; see problem 7.24. We will discuss the deriva­
tion of the element stiffness matrLx using the isoparametric formulation in Chapter 10. 
For the sake of convenience , the results of Sections 7.1 to 7.6 are summarized in 
Table 7.1. 

7.7 TWO-DIMENSIONAL INTEGRALS: GAUSS-LEGENDRE 
QUADRATURE 

As we discussed in Chapter 5, most finite element programs perform numerical inte­
gration for elements by Gaussian quadratures, and as the limits of integration, they use 
an interval from -1 to 1. We now extend the Gauss-Legendre quadrature formulation 
to two-dimensional problems as follows: 

(7.36) 

The relationships of Eq. (7.36) should be self-evident. Recall that the weighting factors 
and the sampling points are given in Chapter 5, Table 5.2. 

EXAMPLE 7.6 

To demonstrate the steps involved in Gauss-Legendre quadrature computation, let us 
consider evaluating the integral 

I = 1212(3l + 2x)dxdy 

As you know, the given integral can be evaluated analytically as 

I = 1 21 2 (3y2 + 2x)dxdy = 1T12(3y2 + 2X)dX] dy 

= 1\(3y2X + x2)Mdy = 1 2(6l + 4)dy = 24 
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TABLE 7.1 Two·dimensional shape functions 

Linear R ectangular 

(r=O.y =w) (r= (.y =w) 
(~=-I.'l=I) (~=I.'l=I) 

T~~ 

1 (0,0) 

(~ =-I ' 'l.-I) (~ =I . 'l=-I) 
(r~O, y .O) (r. (.y =O) 

�-·----~·I 

Quadratic Quadrilateral 

,.,."rL1"." 
o-o.:LJ:,." 

i k j 

S, = =-(1 - 1:.) e 10 

S = xy 
m elO 

S = 1:.(1 - =-) 
n 10 e 

1 
SI == '4(1 - ~)(1 -,,) 

1 
S, = '4(1 + ~)(1 -,,) 

1 
Sm='4(l+~)(l+") 

1 
Sn='4(l-~)(l+") 

1 
SI = -'4(1 - ~)(1 - ,,)(1 + ~ + 1]) 

1 
S, = '4(1 + ~)(1 - ,,)(-1 + ~ -,,) 

1 
Sm = '4(1 + ~)(1 + ,,)(-1 + ~ + 1]) 

1 
Sn = -'4(1 - ~)(1 + ,,)(1 + ~ - 1]) 

1 , 
Sk = '2(1 - ,,)(1 - ~-) 

1 , 
Sf = '2(1 + ~)(1 - 1]-) 

1 ? 

So = '2(1 + t)(1 - ~.) 

1 
Sp = '2(1 - ~)(1 - ,,2) 

We now evaluate the integral using Gauss-Legendre quadrature. We begin by changing 
y- and x-variables into ~ and 'T\ , using the relationships of Eg. (5.45) : 

x=l+~ 

y=l+'T\ 

Thus, the integral! can be expressed by 

and 

and 

dx = d~ 
dy = d'T\ 

I = 1212(3y2 + 2x)dxdy =1111
[3(1 + 'T\)2 + 2(1 + ~)]d~d'T\ 

o 0 -1 -1 
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TABLE 7.1 Continlled 

Linear Tria ngular 

/
Y .'" 

L-----------------~~_x 

Quadratic Triangular 

0<; = X,Yk - Xkl} 

0<, = Xk}j - XIYk 

Ok = X;l} - X,}j 

51 = W~ - 1) 

S, = "(2,, - 1) 

131 = l} - lk SI = Xk - X, 

13, = Yk - }j S, = XI - X k 

13k = }j - l} Sk = X, - XI 

Sk = A(2A - 1) = 1 - 3(~ + ,,) + 2(~ + ,,)2 

SI = 4~" 

Sm = 4"A = 411(1 - ~ - ,,) 

Sn = 4~A = 4W - ~ - 11) 

Using the two-point sampling formula , we have 

n n 

I ~ LLW;w;f(~, 'T];) 
;=1 ;=1 

2 2 

I == LLw;w;[3(1 + l1Y + 2(1 + ~;)] 
;=1 ;=1 

To evaluate the summation, we start with i = 1, while changing j from 1 to 2, and we 
repeat the process with i = 2, while changing j from 1 to 2: 

I == [(1)(1)[3(1 + (-0.577350269)f + 2(1 + (-0.577350269»] 

+ (1)(1)[3(1 + (0.577350269»2 + 2(1 + (-0.577350269»]] 

+ [(1)(1)[3(1 + (-0.577350269» 2 + 2(1 + (0.577350269»] 

+ (1)(1)[3(1 + (0.577350269»2 + 2(1 + (0.577350269»)]] = 24.000000000 
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7.8 EXAMPLES OF TWO-DIMENSIONAL ELEMENTS IN ANSYS 

ANSYS offers many two-dimensional elements that are based on linear and quadratic 
quadrilateral and triangular shape functions. We will discuss the formulation of two­
dimensional thermal- and solid-structural problems in detail in Chapters 9 and 10. 
For now, consider some examples of two-dimensional structural-solid and thermal-solid 
elements. 

Plane2 is a six-node triangular structural-solid element. The element has 
quadratic displacement behavior with two degrees of freedom at each node, 
translation in the nodal x- and y-directions. The element input data can include 
thickness if KEYOPTION 3 (plane stress with thickness input) is selected. 
Surface pressure loads may be applied to element faces. Output data include 
nodal displacements and element data, such as directional stresses and principal 
stresses. 

Plane35 is a six-node triangular thermal solid element. The element has one 
degree of freedom at each node, the temperature. Convection and heat fluxes 
may be input as surface loads at the element faces. The output data for this 
element include nodal temperatures and element data , such as thermal 
gradients and thermal fluxes. 

Plane42 is a four-node quadrilateral element used in modeling solid problems. 
The element is defined by four nodes, with two degrees of freedom at each 
node, the translation in the x- and y-directions. The element input data can 
include thickness if KEYOPTION 3 (plane stress with thickness input) is 
selected. Surface pressure loads may be applied to element faces. Output data 
include nodal displacements and element data, such as directional stresses and 
principal stresses. 

Plane 55 is a four-node quadrilateral element used in modeling two-dimensional 
conduction heat transfer problems. The element has a single degree of freedom, 
the temperature. Convection or heat fluxes may be input at the element faces. 
Output data include nodal temperatures and element data , such as thermal 
gradient and thermal flux components. 

Plane77 is an eight-node quadrilateral element used in modeling two­
dimensional heat conduction problems. It is basically a higher order version of 
the two-dimensional, four-node quadrilateral element PLANE55. This element 
is more capable of modeling problems with curved boundaries. At each node, 
the element has a single degree of freedom, the temperature. Output data 
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include nodal temperatures and element data , such as thermal gradient and 
thermal flux components. 

Plane82 is an eight-node quadrilateral element used in modeling two­
dimensional structural solid problems. It is a higher order version of two­
dimensional , four-node quadrilateral element PLANE42. This element offers 
more accuracy when modeling problems with curved boundaries. At each node, 
there are two degrees of freedom , the translation in the x- and y-directions. The 
element input data can include thickness if KEYOPTION 3 (plane stress with 
thickness input) is selected. Surface pressure loads may be applied to element 
faces. Output data include nodal displacements and element data , such as 
directional stresses and principal stresses. 

Finally, it may be worth noting that although you generally achieve better re­
sults and greater accuracy with higher order elements, these elements require 
more computational time. This time requirement is because numerical integra­
tion of elemental matrices is more involved. 

At this point you should 

1. have a good understanding of the linear two-dimensional rectangular and trian­
gular shape functions and of elements, along with their properties and limita­
tions. 

2. have a good understanding of the quadratic two-dimensional triangular and quadri­
lateral elements, as well as shape functions, along with their properties and their 
advantages over linear elements. 

3. know why it is important to use natural coordinate systems. 
4. know what is meant by axisymmetric element. 
S. know what is meant by isoparametric element and formulation. 
6. know how to use Gauss-Legendre quadrature to evaluate two-dimensional 

integrals. 

7. know examples of two-dimensional elements in ANSYS. 
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PROBLEMS 

1. We have used two-d ime nsional rectangular e leme nts to model temperature distributio n in a 
thin plate. T he values of nodal temperatures for an eleme nt belonging to such a plate are given 
in the accompanying figure. Using local shape functions, what is the temperature at the cen­
ter of this element? 

112°F 

Temperature 

108°F 

102°F 

105°F 

Y 

/I 
III 

-y-
Y 

X 

j 

/~ 0.2 in. ~/ 
"/ 

X 

2. Determine the temperature at the center of the element in Problem 1 using natural s hape 
functions. 

3. For a rectangular element, derive the x- and y-components of the grad ients of a dependent 
variable \{t. 

4. Determine the components of temperature grad ien ts at the midpoint of the eleme nt in 
Problem I. Knowing that the element has a thermal conductivity of k = 92 Btu/hr· ft . of , 
compute the x- and y-compone nts o f the heat flux. 

5. Compute the location of the 103°F and 107°F isotherms for the eleme nt in Problem I. Also, 
plot these isotherms. 

6. Two-dimensional triangular elements have been used to de termine the stress distribution in 
a machine part. The nodal stresses and their corresponding positions fo r a triangula r ele­
ment are shown in the accompanying figure. What is the value of stress at x = 2.15 cm and 
y = 1.1 cm? 



Stress 

y 

8.27 GPa 

i 
(2.25,0.75) 
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7.58 GPa 

(2.40, 1.65) 
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7. Plot the 8.0 G Pa and 7.86 G Pa stress contour lines for an element of the machine part in 
Problem 6. 

8. For a quadratic quadrilateral element , confirm the expressions given for the shape functions 
Siand Sj. 

9. For a quadratic quadrilateral element , confirm the expressions given for the shape functions 
Sk and St. 

10. For triangular elements, the integral that includes products of area coordinates may be eval­
uated using the factorial relationship shown below: 

l~a b}"cdA = a!b!c! 2A 
A " (a + b + c + 2)! 

Using the above relationship, evaluate the integral j(S[ + SjSk)dA 

A 
11. Show that the area A of a triangular clement can be computed fro III the determinant of 

Xi Y; 
Xj }j =2A 
X k Yk 

12. In the formulation of two-dimensional heat transfer problems, the need to evaluate the 
integral 1 [SIT hT dA arises; h is the heat transfer coefficient, and T represents the temper­
ature. Usfng a linear triangular element, evaluate the aforementioned integral, provided that 
temperature variation is given by 
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and II is a constant. Also, note that for triangular elements, the integral that includes prod­
ucts of area coordinates may be evaluated using the factorial relationship shown below: 

l~a bx.cdA = a!b!c! 2A 
1\ 1') (a + b + c + 2)! 

13. In the formulation of two-dimensional heat transfer problems, the need to evaluate the 
integral 

k ---- dA J (a[st aT) 
A ax ax 

arises. Using a bilinear rectangular element, evaluate the aforementioned integral, provided 
temperature is given by 

and k is the thermal conductivity of the element and is a constant. 

14. Look up the expressions for the nine-node quadratic quadrilateral element (Lagrangian el­
ement). Discuss its properties and compare it to the eight-node quadratic quadrilateral ele­
ment. What is the basic difference between the Lagrangian element and its eight-node 
quadratic quadrilateral counterpart? 

15. For triangular elements, show that the area coordinate 1') = Sj and the area coordinate X. = Sk' 

16. Verify the results given for natural quadrilateral shape functions in Eq. (7.7) by showing that 
(1) a shape function has a value of unity at its corresponding node and a value of zero at the 
other nodes and (2) if we sum up the shape functions, we will come up with a value of unity. 

17. Verify the results given for natural quadratic triangular shape functions in Eq. (7.25) by show­
ing that a shape function has a value of unity at its corresponding node and a value of zero 
at the other nodes. 

18. For plane stress problems, using triangular elements, we can represent the displacements II 
and v using a linear triangular element similar to the one shown in the accompanying figure. 
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The displacement variables, in te rms of linea r triangular shape functions and the nodal dis­
placements, are 

u = SjUj., + SjUj .. + SkUkx 

V = SjUjy + SjUjy + SkUky 

Moreover, for plane stress situations, the strain displacement relationships are 

all 
e =-

x.< ax 
av 

e =-
yy ay 

au av 
"{xy = ay + ax 

Show that for a triangular eleme nt, strain components are related to the nodal displacements 
according to the relation 

U jx 

t}_l [~' 0 ~j 0 ~k ~, ] O;y 

0 .. 
e"~ 2J4 0 OJ 0 OJ 0 

O;y 
"{xy OJ ~j OJ ~j Ok ~k 

Uk., 

Uky 

19. Consider point Q along the kj-side of the triangular element shown in the accompanying fig­
ure. Connecting this point to node i results in dividing the area of the triangle into two smaller 
areas J42 and A 3, as shown. 

L---------------------------------------~~x 

Along the kj-edge , the nat ural , or area, coordinate ~ has a value of zero. Show that along the 
kj-edge , the other natural (area) coordinates 1] and A reduce to one-dimensional natural co­
ordinates that can be expressed in terms of the local coordinate s according to the eq uations 

A 2 s 
1]=-=1 

A L j - k 

A, s 
A=-- =-

A L j - k 
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20. For the element in Problem 19, derive the simplified area coordinates along the ij and ki-edges 
using the one-dimensional coordinate s. 

21. As you will see in Chapters 9 and 10, we need to evaluate integrals along the edges of a tri­
angular element to develop the load matrix in terms of surface loads or derivative boundary 
conditions. Referring to Problem 19 and making use of the relations 

show that 

and 

I I f(m)f(n) 
(X)"·-I(J - x)n-Idx = ="'......:.........:....~ 

o f(m + n) 

f(n) = (n - I)! and r(m) = (m - 1)! 

L'-i b ISS S albl 
)Q( )b ( ) 

[ [ ( Lj-k Lj-k Lj-k (a + b + 1)! 
(1'))Q(>,) ds = Lj-k 1 - - - d - = .. Lj-k 

22. Consider a triangular element subjected to a distributed load along its ki-edge, as shown in 
the accompanying figure. 

k j k j 

L, 
Using the minimum total potential-energy method, the differentiation of the work done by 
these distributed loads with respect to the nodal displacements gives the load matrix, which 
is computed from 

where 

S; 

o 
[SV = Sj 

o 
Sk 
o 

o 

and {p} = {~;} 
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Realizing that along the ki-edge, Sj = 0, evaluate the load matrix for a situation in 
which the load is applied along the ki-edge. Use the results of Problem 21 to help you. 
Note, in this problem, A is equal to the product of the element thickness and the edge 
length. 

23. For the e lement in Problem 22, evaluate the load matrices for a situation in which the dis­
tributed load is acting along the ij-edge and the jk-edge. 

24. For a quadrilateral element, evaluate the Jacobian matrix J and its inverse .I-I using Eqs. 
(7.32) and (7.7). 

25. Verify the shape function Sj, Sm , and SII given in Eq. (7.29) for the axisymmetric rectangular 
element. 

26. We have used axisymmetric triangular elements to model temperature distribution in a 
system. The values of nodal temperature for an element belonging to the system are shown 
in the accompanying figure . What is the value of the temperature at r = 1.8 cm and 
Z = 1.9 cm? 

z 

2.2cm ------:----:::::: ..... j 

1.7 cm 

1.6 cm 

~~_l~~ ____ ~ __ ~~~ _____ r 

1.5cm 

1+------1.8 cm------l~ 

1-+--------2 cm --------+1 

27. We have used axisymmetric rectangular elements to model temperature distribution in a 
system. The values of nodal temperature for an element belonging to the system are shown 
in the accompanying figure. What is the value of the temperature at r = 2.1 cm and 
Z = 1.3 cm? 
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z 

roOc 56°C 
-m-,., 

/I /II 

57°C j 53°C IU 
r 

1--1 em-

• 2.5 em 

28. Fo r a n ax isymmc tric rcctangular c1cmcnt , dc rivc the r- and z-componcnts o f thc gradicnts 
o f dependent varia ble ' 1'_ 

29. Evaluate thc gi vcn integral a nalytically and using Gauss-Legcndrc formula. 

116 
(5y3 + 2 X2 + 5) dxdy 

I 0 

30. Evaluatc thc given intcgra l analytically and using Gauss-Lcgendre formula . 

/ 13 11O(l + 31 + 5y + 2 X 2 + X + IO)dxdy 
- 2 2 

31. Show that fo r the rectangular e lement shown in Figure 7.2a and represe nted by Eq. (7.1 ), the 
te mperature distributi on varies lincarly alo ng thc edges o f the clement , a nd it becomcs non­
linear inside the element. (Hint: rea lize that alo ng the i-j edge. y = 0, alo ng i-/1 , x = 0, a long 
j-/11 , x = e, and along the /1-/11 edge y = w.) 



CHAPTER 8 

More ANSYS* 

The main objective of this chapter is to introduce the essential capabilities and the or­
ganization of the ANSYS program. The basic steps in creating and analyzing a model 
with ANSYS are discussed here, along with an example used to demonstrate these steps 
at the end of the chapter. The main topics discussed in Chapter 8 include the following: 

8.1 ANSYS Program 

8.2 ANSYS Database a nd Files 

8.3 Creating a Finite Element Model with ANSYS: Preprocessing 

8.4 h-Method Versus p-Method 

8.5 Applying Boundary Conditions, Loads, and the Solution 

8.6 Results of Your Finite Element Model: Postprocessing 

8.7 Selection Options 

8.8 Graphics Capabilities 

8.9 Error-Estimation Procedures 

8.10 An Example Problem 

8.1 ANSYS PROGRAM 

The ANSYS program has two basic levels: the Begin level and the Processor level. When 
you first enter ANSYS, you are at the Begin level. From the Begin level , you can enter 
one of the ANSYS processors, as shown in Figure 8.1. A processor is a collection of 
functions and routines to serve specific purposes. You can clear the database or change 
a file assignment from the Begin level. 

There are three processors that are used most frequently: (1) the preprocessor 
(PREP7) , (2) the processor (SOLUTION), and (3) the general postprocessor (POSTl). 
The preprocessor (PREP7) contains the commands needed to build a model: 

• define element types and options 

• define element real constants 

*Materials were adapted with pennission from ANSYS documents. 



354 Chapter 8 More ANSYS 

Begin level 

I PREP7 I I SOLUTION I I POSTl I I POST26 I I OPT I I Etc. I 
Processor level 

FIGURE 8.1 Organization of ANSYS program. 

• define material properties 

• create model geometry 

• define meshing controls 
• mesh the object created 

The solution processor (SOLUTION) has the commands that allow you to apply bound­
ary conditions and loads. For example, for structural problems, you can define dis­
placement boundary conditions and forces, or for heat transfer problems, you can define 
boundary temperatures or convective surfaces. Once all the information is made avail­
able to the solution processor (SOLUTION) , it solves for the nodal solutions. The gen­
eral postprocessor (POST1) contains the commands that allow you to list and display 
results of an analysis: 

• read results data from results file 
• read element results data 

• plot results 

• list results 

There are other processors that allow you to perform additional tasks. For example, 
the time-history postprocessor (POST26) contains the commands that allow you to 
review results over time in a transient analysis at a certain point in the model. The 
design optimization processor (OPT) allows the user to perform a design optimization 
analysis. 

8.2 ANSYS DATABASE AND FILES 

The previous section explained how the ANSYS program is organized. This section dis­
cusses the ANSYS database. ANSYS writes and reads many files during a typical analy­
sis. The information you input when modeling a problem (e.g. , element type, material 
property, dimensions, geometry, etc.) is stored as input data. During the solution phase, 
ANSYS computes various results, such as displacements, temperatures, stresses , etc. 
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11lis information is stored as results data. 11le input data and the results data are stored 
in the ANSYS database. The database can be accessed from anywhere in the ANSYS 
program. The database resides in the memory until the user saves the database to a 
database file Jobmllllc.DU. 10bname is a name that the user specifies upon entering the 
ANSYS program; this feature will be explained in more detail later. The database can 
be saved and resumed at any time. When you issue the RESUME_DB command, the 
database is read into the memory from the database file that was saved most recently. 
In other words, the database becomes what you saved most recently. When you are un­
certain about the next step you should take in your analysis , or if you want to test some­
thing, you should issue the SAVE_DB command before proceeding with your test. 1113t 
way, if you are unhappy with the results of your test, you can issue the RESUME_DB 
command, which will allow you to go back to the place in your analysis where you started 
testing. The SAVE_DB, RESUME_DB, and QUIT commands are located in the 
ANSYS toolbar. In addition , the "Clear & Start New" option, located on the utility 
menu , allows the user to clear the database. This option is useful when you want to start 
anew, but do not wish to leave and reenter ANSYS. 

When you are ready to exit the ANSYS program, you will be given four options: 
(1) Save all model data; (2) Save all model data and solution data; (3) Save all model 
data , solution data , and postprocessing data; or (4) Save nothing. 

As previously explained, ANSYS writes and reads many files during a typical 
analysis. The files are of the form of Jobname. Ext. Recall that 10bname is a name you 
specify when you enter the ANSYS program at the beginning of an analysis. The default 
jobname isfile. Files are also given unique extensions to identify their content. Typical 
files include the following: 

• The log file (Jobnllmc.LOG): This file is opened when ANSYS is first entered. 
Every command you issue in ANSYS is copied to the log file. 10bname.LOG is 
closed when you exit ANSYS. 10bname.LOG can be used to recover from a 
system crash or a serious user error by reading in the file with the IINPUT 
command. 

• The error file (Jobnllmc.ERR): This file is opened when you first enter ANSYS. 
Every warning and error message given by ANSYS is captured by this file. If 10b­
name.ERR already exists when you begin a new ANSYS session, all new warnings 
and error messages will be appended to the bottom of this file. 

• The database .file (JobnaJnc.DH): This file is one of the most important ANSYS 
files because it contains all of your input data and possibly some results. The 
model portion of the database is automatically saved when you exit the ANSYS 
program. 

• The olltpul file (Jobnmnc.OUT): This file is opened when you first enter 
ANSYS. 10bname.OUT is available if you are using the GUI; otherwise, your 
computer monitor is your output file. 10bname.OUT captures responses given 
by ANSYS to every command executed by the user. It also records warning and 
error messages and some results. If you change the 10bname while in a given 
ANSYS session , the output file name is not changed to the new 10bname. 
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Other ANSYS files include the structural analysis resillts file (Jobn3mc.RST); the thermal 
results file (.Jobnlllllc.RTH); the magnetic results file (Jobnlllllc.RMG); the graphics file 
(Jobn:llllc.GRPH); and the element matrices file (Jobn:lmc.EMAT). 

8.3 CREATING A FINITE ELEMENT MODEL 
WITH ANSYS: PREPROCESSING 

The preprocessor (PREP7) contains the commands needed to create a finite element 
model: 

1. define element types and options 
2. define element real constants if required for the chosen element type 
3. define material properties 
4. create model geometry 
5. define meshing controls 
6. mesh the object created 

1. Dcfinc clcmcnt typcs and options. 

ANSYS provides more than 150 various elements to be used to analyze different 
problems. Selecting the correct element type is a very important part of the analy­
sis process. A gooclunclerstancling of finite element theory will benefit you the 
most in this respect, helping you choose the correct element for your analysis. In 
ANSYS, each element type is identified by a category name followed by a nllmber. 
For example, two-dimensional solid elements have the category name PLANE. 
Furthermore, PLANE42 is a four-node quadrilateral element used to model struc­
tural solid problems. The element is defined by four nodes having two degrees of 
freedom at each node, translation in the x- and y-directions. PLANE82 is an eight­
node (four corner points and four midside nodes) quadrilateral element used to 
model two-dimensional structural solid problems. It is a higher order version of the 
two-dimensional, four-node quadrilateral element type, PLANE42. Therefore, 
the PLANE82 element type offers more accuracy when modeling problems with 
curved boundaries. At each node, there are two degrees of freedom, translation 
in the x- and y-directions. Many of the elements used by ANSYS have 'options 
that allow you to specify additional information for your analysis. These options 
are known in ANSYS as keyoptiol1s (KEOPTs). For example, for PLANE82, with 
KEOPT (3) you can choose plane stress, axisymmetric, plane strain, or plane stress 
with the thickness analysis option. A list of elements used by ANSYS is shown in 
Table 8.2 at the end of this chapter. You can define element types and options by 
choosing 

main menu: Prcproccssor - Elcmcnt Typc - Add/EditlDclctc 

You will see the Element Types dialog box next, shown in Figure 8.2. 
List: A list of currently defined element types will be shown here. If you have not 
defined any elements yet, then you need to use the Add button to add an element. 
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; Element Types EI 

~ 
Defined Element Types: 

I I I ... 
i' 

I;}; 

~ 

~ If Add ••• Ilf Q~~)Il'J" .,,~ IIII[ !!!'J;I'.';~~ I 
II .:Close I[ !lIelp', -II II FIGURE 8.2 Element Types dialog box . 

. . ; library or Element Types 

Ubr~ry of Element Types 

Element type reference number 

OK Apply 

Structural Mass 
link 
Beam 
Pi e 

I ... Quad 4node 42 
4node 182 
8node 183 
: 11 + 

Trlanole 6node 2 
Axi·h~r 4node 2S Shel 

Hyperel~stk 

MOOney.Rivlin'====_~"'1 anode 82 

Cancel Help 

FIGURE 8.3 Library of Element Types dialog box. 

The Library of Element Types dialog box will appear next (see Figure 8.3). Then 
you choose the type of element you desire from the Library. 

Action Uuttons: The purpose of the Add button is to add an element, as we just 
discussed. The Delete button deletes the selected (highlighted) element type. The 
Options button opens the element type options dialog box. You can then choose 
one of the desired element options for a selected element. For example, if you 
had selected the element PLANE 82 with KEOPT (3) you could choose plane 
stress, axisymmetric, plane strain, or plane stress with the thickness analysis option, 
as shown in Figure S.4. 

2. Define clement real constants. 
Element real constants are quantities that are specific to a particular element. For 
example, a beam element requires cross-sectional area, second moment of area, 
and so on. It is important to realize that real constants vary from one element type 
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.: PLANE82 element type options f.3 
No. 1 

EleRent behau10r K3 

EXtra ele~ent output KS No extra output 

K6 No extra output 

Cancel I 

FIGURE 8.4 The element type options dialog box. 

to another; furthermore , not all elements require real constants. Real constants can 
be defined by the command 

main menu: Preprocessor ~ Real Constants ~ Add/Edit/Delete 

You will then see the Real Constants dialog box, as shown in Figure 8.5. 
List: A list of currently defined real constants will be shown here. If you have not 
defined any real constants at this point , you need to use the Add button to add real 
constants. An example of a dialog box for a PLANE 82 element's real constants 
is shown in Figure 8.6. 
Action Buttons: The purpose of the Add button has already been explained. The 
Delete Button deletes the selected (highlighted) real constants. The Edit button 
opens a new dialog box that allows you to change the values of existing real 
constants. 

3. Define material properties. 
At this point, you define the physical properties of your material. For example, 
for solid structural problems, you may need to define the modulus of elasticity, 
Poisson's ratio, or the density of the material, whereas for thermal problems , you 

.: Real Constants f.3 

FIGURE 8.5 Real Constants dialog box. 
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.. 
Choose element tYPe: 

Type 1 PLANE82 

Cancel 

.. ; Real Constant Set Number 2, ror PLANE82 ' 

Element Type Reference No. 1 

Real Constant Set No. 11 
Real Constant for Plane Stress with Thickness (KEYOPT(3)=3) 

Thicl<ness THK I 0.5 
=====;;;;;!J 

OK Apply Cancel Help 

FIGURE 8.6 An example of the dialog box for a PLANE 82 (with options) element's real 
constants. 

may need to define thermal conductivity, specific heat , or the density of the 
material. You can define material properties by the command 

main menu: Preprocessor - l\'laterial Props - Material Models 

You will then see the Define Material Model Behavior dialog box, as shown in 
Figure 8.7. 

The next dialog box allows you to define the appropriate properties for your 
analysis, as shown in Figure 8.8. You can use multiple materials in your model if the 
object you are analyzing is made of different materials. From the Define Material 
Model Behavior dialog box, click on Material button and then choose New Model. 

4. Create model geometry. 

There are two approaches to constructing a finite element model's geometry: (1) 
direct (manual) generation and (2) the solid-modeling approach. Direct genera­
tion, or manual generation, is a simple method by which you specify the location 
of nodes and manually define which nodes make up an element. This approach is 
generally applied to simple problems that can be modeled with line elements, such 
as links, beams, and pipes, or if the object is made of simple geometry, such as rec­
tangles. This approach is illustrated in Figure 8.9. Refer back to the truss problem 
of Example 3.1 in Chapter 3 to refresh your memory about the manual approach, 
if necessary. 
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~ Define Material Model Behavior 

Materia Ed~ Help 

Material Models Defiled --------r 

~ Material Model MJmber I 

Material Models Aval1able ---------------, 

!ill Structural 

I:iiilI TherrMI 

!ill CFD 

!ill ElectrolM'1letics 

!ill Acoustics 

!ill Fkids 

!ill Piezoelectrics 

I~ 

FIGURE 8.7 Material Model dialog box. 

~ Define Material Model Behavior 

Material Ed~ Help 

r;= Material Models Defiled ---------, 

~ Material Model MJmber I 

M.!terlal Models Available ---------------, 

~ Structural 

~line'" 
~ Elastic 

~-~ Orthotroplc 

~ Anisotropic 

1m NonIilMr 

~ Density 

1m Thermal Exp ..... sion Coef 

~ Damping 

~ Friction Coefficient [ 
m 

FIGURE 8.Sa Isotropic structural material propel1ies dialog box. 

With the solid-modeling approach , you use simple primitives (simple geometric 
shapes), such as rectangles, circles, polygons, blocks, cylinders, and spheres, to con­
stlUct the model. Boolean operations are then used to combine the primitives. Ex­
amples of boolean operations include addition, subtraction, and intersection. You 
then specify the desired element size and shape, and ANSYS will automatically 
generate all the nodes and the elements. This approach is depicted in Figure 8.10. 
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linear Isotropic Properties for Material Number 1 

linea r Isotropic Material Properties for Material Number 1 

T1 

Temperatures 1 
EX 1 2ge6 

PRXY 10.27 

Add Temperature I Delete Temperature I 

500lb 500lb 

(3) 

FIGURE 8.8b Linear Isotropic Material 
Properties dialog box. 

500lb 500lb 

t (6) 

4 5 

(5) 

FIGURE 8.9 A truss problem: First nodes 1-5 are created, then nodes are connected 
to f01111 elements (1)-(6). 

I FIGURE 8.10 An example of the solid­
modeling approach. 
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1\ 1\ 1\ ANSVS Main Menu 1\1\1\1 
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:3 Preprocessor 

m Element Type 
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m Material Props 
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B Modeling 
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m Areas 

m Volumes 
m Nodes J- Direct Generation m Elements 
~ Contact Pair 
m Piping Models 
m Circuit 
~ RacetrackCoil 
m Transducers 

"'- FIGURE 8.11 The Create dialog box. 

The construction of the model in ANSYS begins when you choose the Creltfc op­
tion, as shown in Figure 8.11. You choose this option with the command sequence 

main menu: Preprocessor - Modeling - Create 

When you create en tities such as keypoints , lines, areas, or volumes, they are au­
tomatically numbered by the ANSYS program. You use keypoinis to define the 
vertices of an object. Lines are used to represent the edges of an object. Areas are 
used to represent two-dimensional solid objects. They are also used to define the 
surfaces of three-dimensional objects. When using primitives to build a model , 
you need to pay special notice to the hierarchy of the entities. Volumes are 
bounded by areas, areas are bounded by lines, and lines are bounded by keypoints. 
Therefore, volumes are considered to be the highest entity, and the keypoints are 
the lowest entity in solid modeling hierarchy. Remembering this concept is par­
ticularly important if you need to delete a primitive. For example, when you de­
fine one rectangle, ANSYS automatically creates nine entities: four keypoints , 
four lines, and one area. The relationship among keypoints, lines, and areas is 
depicted in Figure 8 .12. 

K4 L3 

L4 

Kl Ll 

K3 

K2 

L2 

FIGURE 8.12 The relationship among the 
keypoints, lines, and areas. 



Section 8.3 Creating a Finite Element Model with ANSYS: Preprocessing 

El Modeling 

13 Cre<lte 
I!l Keypoints 
I!l Lines 
El Areas 

I!l Arbitrary 
EI;mw 

;;J By 2 Corners 
;;J By Centr 8< Cornr 
EI By Dimensions 

J- l3y picking 

- l3y typing in x,y coordinates 

FIGURE 8.13 The Rectangle menu. 

363 

Area primitives and volume primitives are grouped under the Areas and Volumes 
categories in the Create menu. Now let us consider the Rectangle and the Circle 
menus, because they are commonly used to build two-dimensional models. 
The Rectangle menu offers three methods for defining a rectangle, as shown in 
Figure 8.13. The command for accessing the Rectangle menu is 

main menu: Preprocessor ~ Modeling ~ Create ~ Rectangle 

The Circle menu offers several methods for defining a solid circle or annulus, as 
shown in Figure 8.14. 

The Partial Annulus option is limited to circular areas spanning 180° or less. 
In order to create a partial circle that spans more than 180°, you need to use the 
By Dimensions option. An example of creating a partial annulus spanning from 
e = 450 to e = 315° is shown in Figure 8.15. Note that you can create a solid circle 
by setting Rad-l = O. 

The Working Plane (WP) 

In ANSYS, you will use a working plane (WP) to create and orient the geometry of 
the object you are planning to model. All primitives and other modeling entities are 

El Modeling 
El [reate 

I!l Keypoints 
I!l Lines 
El Areas 

I!l Arbitrary 
I!l Rectangle 13_ 

;;J Solid Circle 
;;J Annulus 
;;J Partial Annulus 
;;J By End Points 
EI By Dimensions 

}OYPkki" 

- By typing in radii and angles 

FIGURE 8.14 The Circle menu. 
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I 

~K Apply I 
I ~Cancel I RAD2 

FIGURE 8.15 An example of creating a partial annulus spanning from 8 = 45° to 
8 = 315°. 

defined with respect to this plane. The working plane is basically an infinite plane with 
a two-dimensional coordinate system. The dimensions of the geometric shapes are de­
fined with respect to the WP. By default, the working plane is a Cartesian plane. You can 
change the coordinate system to a polar system, if so desired. Other attributes of the 
working plane may be set by opening the WP settings dialog submenu , as shown in 
Figure 8.16. To access this dialog box, issue the following sequence of commands: 

utility menu: Work Planc - WP Scttings ... 

Coordinatc Systcm: Choose the working-plane coordinate system you want to use. 
You locate or define points in terms of X- and V-coordinates when using the Cm1e­
sian coordinate system. You can also locate or define points with respect to a polar 
coordinate system using R- and 0 -coordinates. 

Display Options: This section is where you turn on the grid or grid and triad. The 
triad appears in the center (0,0 coordinates) of your working plane. 

Snap Options: These options control the locations of points that are picked. When 
activated, these options allow you to pick locations nearest to the snap point. For 
example, in a Cartesian working plane, Snap Iller controls the X- and Y-incre­
ments within the spacing grid. If you have set a spacing of 1.0 and a snap increment 
of 0.5, then within the X, Y grid you can pick coordinates with 0.5 increments. For 
example, you cannot pick the coordinates 1.25 or 1.75. 
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FIGURE 8.16 The WP settings dialog box. 

~ Grid Control 

Spacing: This number defines the spacing between the grid lines. 

Minimum: This number is the minimum X-location at which you want the grid 
to be displayed with respect to the Cartesian coordinate system. 

Maximum: This number is the maximum X-location at which you want the grid 
to be displayed with respect to the Cartesian coordinate system. 

Radius: This number is the outside radius that you want the grid to be displayed 
with respect to the polar coordinate system. 

Tolerance: This number is the amount that an entity can be off of the current 
working plane and still be considered as on the plane. 

The working plane is always active and, by default, not displayed. To display the 
working plane, you need to issue the following command: 

utility menu: Work Plane ~ Display Working Plane 

You can move the WP origin to a different location on the working plane. This fea­
ture is useful when you are defining primitives at a location other than the global 
location. You can move the WP origin by choosing the commands 

utility menu: Work Plane ~ OtTset WP to ~ XYZ Locations + 
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FIGURE 8.17 The dialog box for offset­
ting the WP. 

You can relocate the working plane by offsetting it from its current location, as 
shown in Figure 8.17. To do so, issue the command 

utility menu: Work Plane - Offset WP by Increments ... 

Offset buttons: Picking these buttons will cause an immediate offset of your work­
ing plane in the direction shown on the buttons. The amount of offset is controlled 
by the Offset slider and the Snap-Incr value on the WP setting dialog box. 

Offset Slider: This number controls the amount of offset that occurs with each 
pick of the offset buttons. If the slider is set to 1, the offset will be one times the 
Snap-Incr value on the WP setting dialog box. 

Offset Dialog Input: This feature allows you to input the exact X, Y, and Z offset 
values for the working plane. For instance, typing 1,2,2 into this field and pressing 
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the Apply or OK button will move the working plane one unit in the positive 
X-direction and two units each in the positive Y- and Z-directions. 

Location Status: This section displays the current location of the working plane in 
global Cartesian coordinates. This status is updated each time the working plane 
is translated. 

You can also relocate the working plane by aligning it with specified keypoints, 
nodes, coordinate locations, and so on, as shown in Figure 8.18. To align the work­
ing plane, issue the command 

utility menu: Work Plane ~ Align WP with 

Plotting Model Entities 

You can plot various entities, such as keypoints, lines, areas, volumes, nodes, and ele­
ments, using the Plot menu. From the utility menu , you can issue one of the following 
commands to plot: 

utility menu: Plot ~ Ke),points 
utility menu: Plot ~ Lines 
utility menu: Plot ~ Areas 
utility menu: Plot ~ Volumes 
utility menu: Plot ~ Nodes 
utility menu: Plot ~ Elements 

The Plot Numbeling Controls menu, shown in Figure 8.19, contains a useful graph­
ics option that allows you to turn on keypoint numbers, line numbers, area num­
bers, and so on to check your model. To access this option, use the command 

utility menu: PlotCtrls ~ Numbering .. . 

You may need to replot to see the effects of the numbering command you issue. 

S. Define meshing controls. 

The next step in creating a finite element model is dividing the geometry into 
nodes and elements. This process is called meshing. The ANSYS program can au­
tomatically generate the nodes and elements, provided that you specify the elem ent 
attriblltes and the element size: 

Keypoints 

Nodes 

XYZ Locations 

Plane Normal to Line 

Active Coord Sys 

Specified Coord Sys ... 

Global Cartesian 

+ 
+ 
+ 

+ 

FIGURE 8.18 Working plane-relocation 
using the Align command. 
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FIGURE 8.19 The Plot Numbering Controls dialog box. 

1. The elemel1l allribllles include element type(s) , real constants, and material 
properties. 

2. The element size controls the fineness of the mesh. The smaller the element 
size, the finer the mesh. The simplest way to define the element size is by 
defining a global element size. For example , if you specify an element edge 
length of 0.1 units, then ANSYS will generate a mesh in which no element 
edge is larger than 0.1 units. Another way to control the mesh size is by speci­
fying the number of element divisions along a boundary line. The Global Ele­
ment Sizes dialog box is shown in Figure S.20. To access this dialog box, issue 
the following commands: 

main menu: Preprocessor - Meshing - Size Cnfrls -
Manual Size - Global- Size 

6. l\'Iesh the object. 

You should get into the habit of saving the database before you initiate meshing. 
This way, if you are not happy with the mesh generated, you can resume the data­
base and change the element size and remesh the model. To initiate meshing, in­
voke the commands 

main menu: Preprocessor - Meshing - Mesh - Areas - Free 



Section 8.3 Creating a Finite Element Model with ANSYS: Preprocessing 369 

, " Global Element Sizes 

[ESlZE) ~ element sizes and d';islons (appUes rri1 
to"l.nslzed" lines) 

SIZE Element edoe length 

M)IV No. d element dvIsIons • 

• (used orIy I element edge length, SIZE,Is bla'kor zero) 

OJ( 

1°,1 
10 

Concel 

FIGURE 8.20 The Global Element Size dialog box. 

Once a picking menu appears, you can pick individual areas or use the Pick All but­
ton to select all areas for meshing. Upon selection of the desired areas, Pick the 
Apply or OK buttons to mesh. The meshing process can take some time, depending 
on the model complexity and the speed of your computer. During the meshing 
process, ANSYS periodically writes a meshing status to the output window. There­
fore, it is useful to bring the output window to the front to see the meshing status 
messages. 

Free meshing uses either mixed-area element shapes or all-triangular area el­
ements, whereas the mapped meshing option uses all quadrilateral area elements 
and all hexahedral (brick) volume elements. Mapped area mesh requirements in­
clude three or four sides, equal numbers of elements on opposite sides, and even 
numbers of elements for three-sided areas. If you want to mesh an area that is 
bounded by more than four lines, you can use the concatenate command to com­
bine some of the lines to reduce the total number of lines. Concatenation is usu­
ally the last step you take before you start meshing the model. To concatenate, 
issue the following series of commands: 

main menu: Preprocessor -Meshing - Concatenate - Lines or Areas 

Modifying Your Meshed Model 

If you want to modify your model , you must keep in mind certain rules enforced 
by ANSYS: 

1. Meshed lines, areas, or volumes may not be deleted or moved. 

2. You can delete the nodes and the elements with the meshing Clear command. 

Also, areas contained in volumes may not be deleted or changed. Lines contained 
in areas may not be deleted. Lines can be combined or divided into smaller seg­
ments with line operation commands. Keypoints contained in lines may not be 
deleted. You start the clearing process by issuing the commands 

main menu: Preprocessor -Meshing - Clear 



370 Chapter 8 More ANSYS 

TIle clearing process will delete nodes and elements associated with a selected model 
entity.TIlen you can use deleting operations to remove all entities associated with an 
entity. The " . .. and below" options delete all lower entities associated with the spec­
ified entity, as well as the entity itself. For example, deleting "Area and below" will 
automatically remove the area, the lines, and the keypoints associated with the area. 

8.4 h-METHOD VERSUS p-METHOD 

For solid structural problems, to obtain displacements, stresses, or strain, ANSYS offers 
two solution methods: h-method and p-method. The h-method makes use of elements 
that are based on shape functions that are typically quadratic. We have already pointed 
out that the elements based on quadratic shape functions are better than linear elements 
but not as good as higher order elements, such as cubic. We have also explained that the 
element size affects the accuracy of your results as well. Whereas the h-method makes 
use of quadratic elements , the p -method uses higher order polynomial shape functions 
to define elements. Because the h-method uses quadratic elements, mesh refinement 
may be necessary if you desire very accurate results. A simple way to determine if the el­
ement size is fine enough to produce good results is by solving the problem with a cer­
tain number of elements and then comparing its results to the results of a model with twice 
as many elements. If you detect substantial difference between the results of the two 
models, then the mesh refinement is necessary. You may have to repeat the process by 
refining the mesh until you can't detect a substantial difference between the models. 

As mentioned above, the p-method-which can be used only for linear structural 
static problems-makes use of polynomial shape functions that are of higher orders 
than quadratic ones. The user can specify a degree of accuracy, and the p-method ma­
nipulates the order of the polynomial or the p-Ievel to better fit the degree of difficulty 
associated with the boundaries of the given problem and its behavior to the applied 
loads. A problem is solved at a given p-Ievel, and then the order of the polynomial is in­
creased and the problem is solved again. The results of the iterations are then compared 
to a set of convergence criteria that the user has specified. In general , a higher p-Ievel 
approximation leads to better results. One of the main benefits of using the p-method 
is that in order to obtain good results, you don 't need to manually manipulate the size 
of elements by creating finer meshes. Depending on the problem, a coarse mesh can 
provide reasonable results. 

Finally, as you will learn in Section 8.9, ANSYS offers error-estimation procedures 
that calculate the level of solution errors due to meshing employed. It is worth noting 
that the p-method adaptive refinement procedure offers error estimates that are more 
precise than those of the II-method and can be calculated locally at a point or globally. 

8.5 APPLYING BOUNDARY CONDITIONS, LOADS, 
AND THE SOLUTION 

The next step of finite element analysis involves applying appropriate boundary condi­
tions and the proper loading. There are two ways to apply the boundary conditions and 
loading to your model in ANSYS. You can either apply the conditions to the solid model 
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(keypoints, lines, and areas), or the conditions can be directly imposed on the nodes and 
elements. The first approach may be preferable because should you decide to change 
the meshing, you will not need to reapply the boundary conditions and the loads to the 
new finite element model. It is important to note that if you decide to apply the concli­
tions to keypoints, lines, or areas during the solution phase, ANSYS automatically trans­
fers the information to nodes. The solution processor (SOLUTION) has the commands 
that allow you to apply boundary conditions and loads. It includes the following options: 

for structural problems: displacements, forces , distributed loads (pressures), 
temperatures for thermal expansion, gravity 

for ,hermal problems: temperatures, heat transfer rates, convection surfaces, in­
ternal heat generation 

for JluitlJlolfl problems: velocities, pressures, temperatures 

for electrical problems: voltages, currents 

for maglletic problems: potentials, magnetic flux , current density 

Degrees of Freedom (DOF) Constraints 

In order to constrain a model with fixed (zero displacements) boundary conditions, you 
need to choose the command sequence 

main menu: Solutioll ~ Dcfinc Lmuls ~ Apply ~ Structurul ~ Displuccmcnt 

You can specify the given condition on the keypoints, lines, areas, or nodes. For exam­
ple, if you choose to constrain certain keypoints, then you need to invoke the commands 

main menu: Solution ~ Define Loads ~ Apply ~ Structural ~ Displacement 

~ 011 Keypoillts 

A picking menu will appear. You then pick the keypoints to be constrained and press 
the OK button. An example of a dialog box for applying displacement constraints on 
keypoints is shown in Figure 8.21. 

The KEXPND field in the dialog box of Figure 8.21 is used to expand the constraint 
specification to all nodes between the keypoints, as shown in Figure 8.22. 

Once you have applied the constraints, you may want to display the constraint 
symbols graphically. To turn on the boundary condition symbols, open the Symbols di­
alog box, as shown in Figure 8.23, by choosing the commands 

utility menu: PlotCtrls ~ Symbols . . . 

Line or Surface Loads 

In order to specify distributed loads on a line or surface of a model , you need to issue 
the following commands: 

main menu: Solution ~ Define Loads ~ Apply ~ Structural ~ Pressures 

~ On Lines or 011 Areas 
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FIGURE 8.21 The dialog box for applying displacements on keypoints. 

A picking menu will appear. You then pick the line(s) or surfaces that require a pres­
sure load and press the OK button. An example of a dialog box for applying pressure 
loads on line(s) is shown in Figure 8.24. 

For uniformly distributed loads, you need to specify only VALL For a linear 
distribution, you need to specify both VALl and VAU, as shown in Figure 8.25. It is 
important to note that in ANSYS, a positive VALl represents pressure into the surface. 
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FIGURE 8.22 KEXPND options. 

Obtain a Solution 

Once you have created the model and have applied the boundary conditions and ap­
propriate loads, then you need to instruct ANSYS to solve the set of equations gener­
ated by your model. But first save the database. To initiate the solution, pick the 
commands 

main menu: Solution - Solyc - Currcnt LS 

The next section is about reviewing the results of your analysis. 

8.6 RESULTS OF YOUR FINITE ELEMENT MODEL: POSTPROCESSING 

There are two postprocessors available for review of your results: (1) POST! and 
(2) POST26. The general postprocessor (POSTl) contains the commands that allow 
you to list and display results of an analysis: 

• Deformed shape displays and contour displays 
• Tabular listings of the results data of the analysis 
• Calculations for the results data and path operations 

• Error estimations 

You can read results data from the results file by using one of the choices from the dialog 
box shown in Figure 8.26. This dialog box may be accessed via the following command: 

main menu: Gcncral Postproc 

For example , if you are interested in viewing the deformed shape of a structure under a 
given loading, you choose the Plot Deformed Shape dialog box, as shown in Figure 8.27. 
To access this dialog box, issue the following sequence of commands: 

main menu: Gcncral Postproc- Plot Results - Dcformcd Shapc 
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FIGURE 8.23 The Symbols dialog box. 

You can also use contour displays to see the distribution of certain variables, such as a 
component of stress or temperature over the entire model. For example , issue the fol­
lowing command to access the dialog box shown in Figure 8.28. 

main menu: General Postproc ~ Plot Results ~ 

Contour Plot ~ Nodal Solution 
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FIGURE 8.24 The dialog box for applying pressure loads on lines, 
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FIGURE 8.25 An example illustrating 
how to apply uniform and nonuniform 
loads. 

As already mentioned, you can list the results in a tabular form as well. For example, 
to list the reaction forces, you issue the following command, which gives you a dialog box 
similar to the one shown in Figure 8.29: 

main menu: General Postproc ~ List Results ~ Reaction Solll 

Select the component(s) of your choice and press the OK button. 
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FIGURE 8.26 The General Postprocess­
ing dialog box. 

'; Plol Deformed Shape f3 

FIGURE 8.27 The Plot Deformed Shape dialog Box. 

The time-history postprocessor (POST26) contains the commands that allow you 
to review results over time in a transient analysis. These commands will not be discussed 
here , but you may consult the ANSYS online help for further information about how 
to use the time-history postprocessor. 

Once you have finished reviewing the results and wish to exit the ANSYS pro­
gram, choose the Quit button from the ANSYS toolbar and pick the option you want. 
Press the OK button. 

If, for any reason, you need to come back to modify a model, first launch ANSYS , 
and then type the file-name in the Initial .JohnHmc entry field of the interactive dialog 
box. Then press the Run button. From the file menu, choose Rcsumc .Johmunc.nH. 
Now you have complete access to your model. You can plot keypoints, nodes, elements, 
and the like to make certain that you have chosen the right problem. 
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~Contour Nodal Solution Data 

ii ltem to be conlotred ===================="'I1 

Iii!I Favorite. 
rJj Nod,l Solution 

~ OOF Solution 

~-@ x -corrponent of S1ress 

@ Y-Corrponent of stress 

@ Z-Corrpcnent of stress 

I\:) XY Shear stress 
I\:) yz Shear stress 

I\:) XZ Shear stress 

I\:) 1st Principal stress 
I\:) 2nd Principal stress 
I\:) 3rd Prhcipal stress 

I\:) Stress intensity 

I\:) von Mises stress 
@ PIa. lic equivalent .\re •• 

o Stress state ratio 
I\:) Hydrostatic pressure 

~ Total Strain 
~ Elastic Strain [EI 

e.~] --------------------------------~~ 

lkldisplaced shape key =====================11 

lkldisplaced'shape key IDeformed shape only 
&a~F~tor rIA-u-ro-c-a-Ic-UIa-te~d--~------------~~r----------=;~ 

Additional Options 

Help I 

FIGURE 8.28 The Contour Nodal Solution Data dialog box, 
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, '; List Reaclion Solulion Ii3 
[PRRS,OLl 

Lab 

on 

Struct forco PX 
PII 
PZ 

All struc forc F 
Struct lIIolllent nx 

nil 
nz 

All struc 1II0llle n 

All itellls 

FIGURE 8.29 The List Reaction Solution dialog box. 
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8.7 SELECTION OPTIONS 

The ANSYS program uses a database to store all of the data that you define during an 
analysis. ANSYS also offers the user the capability to select information about only a 
portion of the model, such as certain nodes, elements, lines, areas, and volumes for fur­
ther processing. You can select functions anywhere within ANSYS. To start selecting, 
issue the following command to bring up the dialogue box shown in Figure 8.30. 

utility menu: Select - Entities ... 

The various selection commands and their respective uses are as follows: 

Selcct: To select a subset of active items from the full set. 

Reselect: To select again from the currently selected subset. 

Also Selcct: To add a different subset to the current subset. 

Unsclect: To deactivate a portion of the current subset. 

Selcct All: To restore the full set. 

Select Nonc: To deactivate the full set (opposite of the Select All command). 

IIn'ert: To switch between the active and inactive portions of the set. 

The select dialog box can be used to select or unselect entities of your solid or fi-
nite element model. You can make selections based on the location of your entities in 

'IJ Select Entities f3 

- Entity: Nodes, Elements, Volumes, Areas, etc. 

IL-=======---.il 
- Criterion: By Location,Attached To, etc. 

- Location Settings: 

-Select 

- Reselect 

- Also Select 

- Unselect 
I~~~;;;¥~~~=MI_ Invert 

FIGURE 8.30 The Select Entities dialog box. 
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space, or you can select entities that are attached to other selected entities, such as nodes 
that are attached to selected elements. Be aware, however, that you must reactivate all 
entities before solving your model. Unselected entities will not be included in a solution. 
For example, if you select a subset of nodes on which to apply constraints, you should 
reactivate all nodes before solving. ANSYS allows the user to activate all entities with 
one simple operation by the command 

utility menu: Select - Everything ... 

You can also select a set of related entities in a hierarchical fashion. For example, given 
a subset of areas , you can select (a) all lines defining the areas, (b) all keypoints defin­
ing those lines, (c) all elements belonging to the areas; and so on. To select in this fash­
ion, use the command 

utility menu: Select - Everything Below 

ANSYS also provides the capability to group some selected entities into a com­
ponent. You can group one type of entity-such as nodes, elements, keypoints, or lines­
into a component to be identified by a user-defined name (up to eight characters long). 

8.8 GRAPHICS CAPABILITIES 

Good graphics are especially important for visualizing and understanding a problem 
being analyzed. The ANSYS program provides numerous features that allow you to 
enhance the visual information presented to you. Some examples of the graphics capa­
bilities of ANSYS include deformed shapes, result contours, sectional views, and ani­
mation. Consult the ANSYS procedure manual for additional information about more 
than 100 different graphics functions available to the user. 

Up to five ANSYS windows can be opened simultaneously within one graphics 
window. You can display different information in different windows. ANSYS windows 
are defined in screen coordinates (-1 to + 1 in the x-direction and -1 to + 1 in the y ­
direction). By default, ANSYS directs all graphics information to one window (window 1). 
In order to define additional windows, you need to access the window-layout dialog 
box, as shown in Figure 8.31. To do so, issue the following commands: 

utility menu: PlotCtrls - Window Controls - Window Layout ... 

There are three important concepts that you need to know with respect to window lay­
out: (1) focus point, (2) distance, and (3) viewpoint. The focus point, with coordinates 
XF, YF, ZF, is the point on the model that appears at the center of the window. By chang­
ing the coordinates of the focus point, you can make a different point on the model ap­
pear at the center of the window. Distance determines the magnification of an image. 
As the distance approaches infinity, the image becomes a point on the screen. As the dis­
tance is decreased, the image size increases until the image fills the window. Viewpoint 
determines the direction from which the object is viewed. A vector is established from 
the viewpoint to the origin of the display coordinate. The line of sight is parallel to this 
vector and is directed at the focus point. 
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': "'mdow Layout 

[?WINDOW] Vindow LaY-Qut 
WH Vindo~ nu~He~ • 

HOttOR half I. 

Replut IF 

Apply 

FIGURE 8.31 The Window Layout dialog box. 

Next, the Pan-Zoom-Rotate dialog box allows you to change viewing direc­
tions, zoom in and out, or rotate your model. You can access this dialog box, shown in 
Figure 8.32 by the following commands: 

utility menu: PlotCtrls - Pan, Zoom, Rotatc ... 

The various commands within the Pan-Zoom-Rotate dialog box and their respective 
functions are: 

Zoom: Pick the center and the corner of the zoom rectangle. 

Hox Zoom: Pick the two corners of the zoom rectangle. 

Win Zoom: Same as Box Zoom, except the zoom rectangle has the same pro-
portions as the window. 

• Zoom out. 

• Zoom in. 

Dynamic Modc: Allows you to pan, zoom, and rotate the image dynamically. 

100 Pan model in X- and V-directions. 

D 
DID Move the mouse right and left to rotate the model about the Z-axis of the screen. D Move the mouse up and down to zoom in and out. 

001 Move the mouse right and left to rotate the model about the Y-axis of the screen. D Move the mouse up and down to rotate the model about the X-axis of the screen. 

Fit: Changes the graphics specifications such that the image fits the window exactly. 

Reset: Resets the graphics specifications to their default values. 
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Viewing Direction 

Zooming Options 

Pan/Zoom Buttons 

Rotate Buttons 
(screen coordinates) 

Dynamic Pan-Zoom-Rotate 

Error-Estimation Procedures 381 

FIGURE 8.32 The Pan-Zoom-Rotate 
dia)ogbox. 

In Section 8.10, an example problem will demonstrate the basic steps in creating 
and analyzing a model with ANSYS. 

8.9 ERROR-ESTIMATION PROCEDURES 

In the previous chapters we discussed how to use fundamental principles, such as statics 
equilibrium conditions or the conservation of energy, to check for the validity of results. 
We have also noted that when economically feasible or practical, the experimental veri­
fication of a finite element model is the best way to check for the validity of results. More­
over, it has been pointed out that the element size affects the accuracy of your results. 
Now, consider how you knowwhethertheelement sizes associated with a meshed model 
are fine enough to produce good results. A simple way to find out is to first model a prob­
lem with a certain number of elements and then compare its results to the results of a 
model that you create with twice as many elements. In other words, double the number 
of original elements and compare the results of the analysis. If no significant difference 
between the results of the two meshes is detected, then the meshing is adequate. If sub­
stantially different results are obtained, then further mesh refinement might be necessary. 
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The ANSYS program offers error-estimation procedures that calculate the level 
of solution error due to mesh discretization. Error calculations used by ANSYS are 
based on discontinuity of stresses (or heat fluxes) along interelemental boundaries. Be­
cause neighboring elements share common nodes, the difference between the nodal 
stresses calculated for each element results in a discontinuous stress solution from ele­
ment to element. The degree of discontinuity is based on both the mesh discretization 
and the severity of the stress gradient. Therefore, it is the difference in stresses from 
element to element that forms the basis for error calculation in ANSYS. 

Error calculations in ANSYS are presented in three different forms: (1) the 
elemental-energy error (SERR for structural problems and TERR for thermal prob­
lems), which measures the error in eacll element based on the differences between av­
eraged and unaveraged nodal stress or thermal flux values; (2) the percent error in 
energy norm (SEPC for structural problems and TEPC for thermal problems), which is 
a global measure of error energy in the model that is based on the sum of the elemental­
error energies; and (3) the nodal-component value deviation (SDSG for structural prob­
lems and TDSG for thermal problems), which measures the local error quantity for 
each element and is determined by computing the difference between the averaged and 
unaveraged values of stress or heat flux components for an element. To display error dis­
tributors, use the following commands: 

main menu: Gcncrul Postproc - Plot Ucslllts - Contour Plot - Elcmcnt Solll 

You can select ancl plot the elemental-energy error to observe the high-error regions 
where mesh refinement may be necessary. You can also plot SDSG (or TDSG) to iden­
tify and quantify the region of maximum discretization errors by using the following 
command: 

main menu: Gcneml Postproc - Elcmcnt Tuble - Definc Tablc 

The elemental-energy error or the nodal-component deviations can be listed as well by 
using the following command: 

main menu: General Postproc - Element Table - List Element T'lble 

Example of ANSYS elements that include error estimations are given in Table 8.1. Note 
that ANSYS stress-contour plots and listings give the upper and the lower error bounds 
based on SDSG or TDSG calculations. The estimated-error bound of plotted stresses 
is denoted by SMXB or SMNB labels in the graphics-status area. 

To make the task of mesh evaluation and refinement simpler, ANSYS offers adap­
tive meshing, which is a process that automatically evaluates mesh-discretization error 
and performs mesh refinement to reduce the error. The adaptive meshing performed by 
the ADAPT program of ANSYS will perform the following tasks: (1) it will generate 
an initial mesh and solve the model; (2) based on error calculations, it will determine if 
mesh refinement is needed; (3) if mesh refinement is necessary, it will automatically re­
fine the mesh and solve the new model; and (4) it will refine the mesh until a loop limit 
or an acceptable error limit has been reached. Note that to begin the first run of the 
adaptive-meshing program, you need to create the initial model by defining the ele­
ment type, material property, and so on. 
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TABLE 8.1 Examples of ANSYS elements that 
include error estimations 

Structural Solids 

8.10 AN EXAMPLE PROBLEM 

PLANE2 
PLANE42 
PLANE82 
SOLID45 
SOLID92 
SOLID95 

Thennal Solids 

PLANE35 
PLANE55 
PLANE77 
SOLID70 
SOLID87 
SOLID90 
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Consider one of the many steel brackets (E = 29 X 106 Ib/in2, v = 0.3) used to support 
bookshelves. The dimensions of the bracket are shown in Figure 8.33. The bracket is 
loaded uniformly along its top surface, and it is fixed along its left edge. Under the given 
loading and the constraints, plot the deformed shape; also determine the principal 
stresses and the von Mises stresses in the bracket. 

11-------12in.-------'I -l-i-------R-= O-.25-in-."""'0-+ ......... ~, 

~R=O.5in. 6in. R=4in. 
thickness = 0.125 in. 

101blin. 

111111111 

FIGURE 8.33 A schematic of the steel bracket in the example problem. 
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The following steps demonstrate how to solve this problem using ANSYS: 

Enter the ANSYS program by using the Launcher. 

Type Bracket (or a file name of your choice) in the Jobn3mc entry field of the 
dialog box. 

Pick Run to start the GUI. 

Create a title for the problem. This title will appear on ANSYS display windows to 
provide a simple way of identifying the displays. To create a title, issue the command 

utility menu: Filc ~ Change Title ... 

Define the element type and material properties: 

main menu: Preprocessor~ Element Type ~ Add/Edit/Deletc 

.. : Library or Element Types 

Library of Element Types 

Element type reference number 

OK 

: Element Types Ei 

Def i ned EleJllent Types: 
I • 

Apply 

Structural Mass 
Link 
Seam 
Pie 

t 

f 
~ 

... Quad 4node 42 
4node 182 
Snode 183 
: .1 - : 

Triangle 6node 2 
Shel Axi·h~r 4node 2S 

Hyperelastic 
};.:Mo.:::o::::.n~eY~.R",_iv:.::m.:--===.F. ... 1 8node 82 

Cancel Help 
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.; ElementTypes EJ 

0; PLANEB;;! element type options EJ 

OK 

output 

output 

K3 

KS 

K6 

j' 

No e)(tl'a output 

No e)(tl'a output 

0°; Element Types If!{ 
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Assign the thickness of the bracket: 

mam menu: Preprocessor ~ n.eal Constants ~ AddlEditlDelcte 

ONE DEFINED 

': Element T ,pe 101 Heal Conslanll 

• ::~ ",_080 0 

;lOK 

, ': Real Constant Set Number I, ror PlANE82 

Element Type Reference No. 1 

Real Constant Set No. 

1 OMn 

I 

Real Constant for Plane stress with Thickness (KEYOPT(3)=3) 

t t YJ!'I . 
: 

JJ Cancel 

Thiclcness THK 10•125 

'===~ 

OK Cancel 

~Dofinod(fJliiali Conatant Soh: 

rti 

~. J II Edit... 111 Delete 

Close). I' Ir Help I 

x 

Help 

x 

~ :-

.rE. 
I 
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Assign the modulus of elasticity and the Poisson's-ratio values: 

main menu: Prcproccssor ~ l\'httcrial Props ~ Matcrial Modcls 
~ Structuml ~ Lillc~lr ~ Elastic ~ Isotropic 

~ Deline Material Model Behavior 

Moterlol Edt Help 

Moterlol Models Defined ----:::-----, MoterlolModeIs Av~ ---=-----:::-- =----, 

~ Moterlol Model ~er 1 IS Structl.J'aI 

~li'lear 

-. 

IS Elostic 

~ I:I!I 
~ Orthotropic 

~ Anisotropic 

IlilI Nonlinear 

~ Density 

IlilI Thermal Expansion Cool 

~ DOrTllin9 

~ Friction Coefficient 

Linear Isotropic Properties ror Material Number 1 

Unear Isotropic Material Properties for Material Number 1 

T1 

Temperatures 1 
EX IZge6 

PRXV 10.3 

Add Temperature I Delete Temperature I 
t OK 

ANSYS Toolbar: SAVEJ)H 

Set up the graphics area-that is, the work plane, zoom, and so on: 

utility menu: Workplanc ~ Wp Scttings .. . 

l 
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Toggle on the workplane by the command sequence 

utility menu: Workphmc - Display Working Plane 

Bring the workplane to view by the command sequence 

utility menu: PlotCtrls - Pan, Zoom, RotMc ... 
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Click on the small circle and the :urows until you bring the work plane to view, 
and then create the geometry: 

main menu: Preprocessor - Modeling - Cre:lfe - Areas - Rectangle 

- Uy 2 Corners 

:.) On the work plane, pick the location of the corners of Areas 1 and 2, as shown in 
Figure 8.34, and apply: 

Al 

A4 

A2 

FIGURE 8.34 The areas making up the 
bracket. 
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~ 
[At WP = 0,12 in the uppcr Icft corner of thc workplanc, press 
the left button] 

100 
D 

[First, cxpand the rubber band down 2.0 and right 4.0 and, thcn, prcss the left 
button] 

~ [WP = 4,12J 

, 01 [Expand thc rubber band dmm 2.0 and right 7.0] 

OK 

b) Create circle A3 by the commands 

main menu: Preprocessor ~ Modcling ~ Crcate ~ Areas ~ Circle 

[WP = 11,11] 

~ [Expand thc rubber band to a radius of 1.0] 

OK 

c) Create quarter-circle A4 by the command 

~ Solid Circle 

main menu: Preprocessor ~ Modeling ~ Create ~ Are~IS ~ Circle 

Type in the following values in the given fields: 

[WPX = 0] 

[Wpy = 10] 

[Rad-l = 0] 

[Theta-l = 0] 

[Rad-2 = 4] 

[Theta-2 = -90] 

OK 

~ Partial Annulus 

d) Before creating the fillet , join the keypoints of Areas 1, 2, and 4 by the commands 

main menu: Preprocessor ~ Modeling ~ Operatc ~ Uooleans 
~ Glue ~ Areas 

Pick Areas 1,2, and 4. 

OK 
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e) Create the fillet by the commands 

main menu: Preprocessor ~ Modeling ~ Create ~ Lines ~ Line Fillet 

[Pick the bottom edge ofrectangular Area 2J 

[Pick the clJryed edge of (Juartcr-circle Area 4] 

APPLY 

.,: Line Fillet 

[LFILl T] Create Fdlet line 

NLI,Nl2 Intersecting ~nes 

RAD FiDet radius 

PCENT Number to assign -

- to generated keypoint at fdlet center 

Then, issue the command 

Cancel 

utility menu: PlotCtrls ~ Pan, Zoom, Rotate ... 

10.5 

Use the Box Zoom button to zoom about the fillet region, and issue the command 

utility menu: Plot ~ Lines 

f) Create an area for the fillet with the commands 

main menu: Preprocessor ~ Modeling ~ Create ~ Areas ~ Arbitrary 
~ By Lines 

Pick the fillet line and the two intersecting smaller lines. 

OK 

g) Add the areas together with the commands 

main menu: Preprocessor - Modeling - Operate - Boole3ns 
~Add~Areas 

Click on the Pick All button and issue the command 

utility menu: PlotCtrls ~ Pan, Zoom, Rotate ... 

Click on the Fit button and then Close. 
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h) Create the area of the small hole, but first change the Snap Incr value in the WP 
Settings dialog box to 0.25. 

OK 

Then issue the commands 

main menu: Preprocessor ~ Modeling ~ Create ~ Areas ~ Circle 

[WP = 11,11] 

DIDO Expand the rubber band to a radius of 0.25] 

OK 

i) Subtract the area of the small hole with the commands 

~ Solid Circle 

main menu: Preprocessor ~ Modeling ~ Operate ~ Booleans 

~ [Pick the bracket ~treal 

~ [anywhere in the ANSYS graphics area, Apply] 

~ [Pick the small circular are~l (r = 0.25)] 

~ [anywhere in the ANSYS graphics area, Apply] 

OK 

Now you can toggle off the workplane grids with the command 

utility menu: Workplane ~ Display Working Plane 

ANSYS Toolbar: SAVE.J)U 

~ Subtract ~ Areas 

You are now ready to mesh the area of the bracket to create elements and nodes. 
Issue the commands 

main menu: Preprocessor ~ Meshing ~ Size Cntrls 

~ Manual Size ~ Global ~ Size 



, " Global Eleme nt !>ozes 

[ESlZE] Global elemert sizes and!Mlons (applies rrit 
to -....;zed" lines) 

SIZE Element ed<)e length 

NOIV No. cI element <iYisIons -

- (used only t element ed<)e length, SIZE, Is blank or zero) 

OK 

Secti on 8.10 

1°,25 
10 

Concel 

ANSYS Toolbar: SAVEJ)U 

An Example Problem 

main menu: Preprocessor -+ Meshing -+ Mesh -+ Areas -+ Free 

Click on the Pick All button. 

Apply boundary conditions: 

main menu: Solution -+ Definc Loads -+ Apply -+ Structural 

393 

-+ Displaccment -+ On Kcypoints 

Pick the three keypoints: (1) upper left corner of Area 1, (2) two inches below the 
keypoin t you just picked (i.e. , the upper left corner of Area 4) , and (3) the lower 
left corner of Area 4. 

OK 

, .: Apply U,ROT on KPs 

[OK] Apply Displacements (U,ROT) on Keypoints 

Lab2 OOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

KEXPND Expand disp to nodes? 

OK Apply 

D 
Iconstant value E1 

Cancel Help 
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main menu: Solution - Definc Loads - Apply - Structural 

- Pressurc - On lilies 

Pick the upper two horizontal lines associated with Area 1 and Area 2 (on the 
upper edge of the bracket). 

OK 

Apply PRES on lines 
[SFL] Apply PRES 00 lines as a 

I If ",",On, .. '" ,I.,,, 
. VAlUE LOad PRES vakJe 

IfConstantva~ then: 

Optional PRES vak.Jes at end J ofline 
(leave blank for uniform PRES ) 

VakJe 

OK Apply 

Solve the problem: 

Cancel 

main menu: Solution - Solve - Current LS 

OK 

Close (the solution is done!) window. 

Iconstant value 

Help 

Close (the/STAT Command) window if it appears. 

For the postprocessing phase, first plot the deformed shape by using the commands 

main menu: General PostlJroc - Plot Results - Deformed Simpe 
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.: Plot Deformed Shape Ei 
U!LDISP,] l!lot DefoPIWd SM~ 

XUHD Ite~a to be plottea 

Plot the von Mises stresses with the commands 

main menu: Gcncml Postproc ~ Plot Rcsults 

395 

~ Contour Plot ~ Nodal Solu 
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Contour Nodal Solution Data I 

Item to be contoo..red~====================l1 

~ Favorites 

rIi Nodal SoUtion 
Iii:! DOF SokJtion 

rIi Stress 
~ X-component of stress 

o Y-component of stress 

o Z-COmponent of stress 

o XY Shear stress 
o yz Shear stress 

o XZ Shear stress 

o 1st Prh:lpal stress 

o 2nd Prnclpal stress 
o 3rd Prncipal stress 

o Stress ntensity 

It' ttd&M4iVifi 
o PlastiC equivalent stress 

o Stress state r aoo IF' 
~--~----------------------------~~ EJ 

IDeflYmed shape only 

IAuto calculated 
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Repeat the previous step and pick the principal stresses to be plotted. Then, exit 
ANSYS and save everything: 

Toolbar: QUIT 

.: EXII from ANSYS 13 
Exit froA RNSYS -

At this point you should know 

1. the basic organization of the ANSYS program. There are three processors that 
you will use frequently: (1) the preprocessor (PREP7), (2) the processor (SOL­
UTION) , and (3) the general postprocessor (POSTl). 

2. the commands the preprocessor (PREP7) contains that you need to use to build 
a model: 

• define element types and options 
• define element real constants 
• define material properties 

• create model geometry 
• define meshing controls 
• mesh the object created 

3. the commands the Solution processor (SOLUTION) has that allow you to apply 
boundary conditions and loads. The solution processor also solves for the nodal 
solutions and calculates other elemental information. 

4. the commands the general postprocessor (POSTl) contains that allow you to list 
and display results of an analysis: 

• read results data from results file 
• read element results data 

• plot results 
• list results 
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5. that ANSYS writes and reads many files during a typical analysis. 

6. that ANSYS also offers the user the capability to select information about a por­
tion of the model , such as certain nodes, elements, lines, areas, and volumes, for 
further processing. 

7. that the ANSYS program provides numerous features that allow you to enhance 
the visual information presented to you. Some examples of the graphics capabil­
ities of ANSYS are deformed shapes, result contours, sectional views, and 
animation. 
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ANSYS User's Manual: Elements, Vol. III , Swanson Analysis Systems, Inc. 
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TABLE 8.2 Element types offered by ANSYS 

The ANSYS program offers nenrly 150 different clement types. For detailed informntion on a specific clement type, 
see the Elemellts volume (Vol. III) of the ANSYS User's Mnnual. 

Slruclu rall'oi,ll SlrUClUral2-D Line SlruclUral 2-D Ileam 

Slruclural Mass Spar Elaslic Ileam PlasHc Ileam orfsel Tapered 
Unsymmelric Ileam 

• / / / / 
MASS21 LlNKI IlEAIvI3 IlEAM23 IlEAM54 

I node 3-D space 2 nodes 2-D space 2 nodes 2-D space 2 nodes 2-D space 2 nodes 2-D space 
DOF: UX. UY, UZ. DOF:UX.UY DOF: UX, UY, ROTZ DOF: UX, UY, ROTZ DOF: UX, UY , ROTZ 
ROTX. ROTY. ROTZ 

SlrUClUral 3-D Line Slruclural3-D Ileam 

Spar Tension-Only Spar Linear AClUalor Elas lic Ileam n,in Wailed Plaslic 
Ilemn 

/ / ~ / / 
LINKS LlNKIO LlNKII IlEAM4 IlEAM24 

2 nodes 3-D space 2 nodes 3-D space 2 nodes 3-D space 2 nodes 3-D space 2 nodes 3-D space 
DOF: UX, UY, UZ DOF: UX. UY, UZ DOF: UX. UY. UZ DOF: UX. UY, UZ. DOF: UX. UY, UZ, 

ROTX. ROTY. ROTZ ROTX. ROTY. ROTZ 

SlruclUral Pipe 

Offsel Tapered Elnslic Slraighll'ipe Elaslic Pipe Tee Curved Pipe (Elbow) PlaSlic Slraighll>ipe 
Unsymmelric Ileam 

~ / ~ t/ cr!J 
IlEAM44 I'II'EI6 I'II'El7 PIPE IS I'II'E20 

2 nodes 3-D space 2 nodes 3-D space 4 nodes 3-D space 2 nodes 3-D space 2 nodes 3-D space 
DOF: UX. UY. UZ. DOF: UX. UY. UZ. DOF: UX. UY. UZ. DOF: UX. UY. UZ. DOF: UX. UY. UZ. 
ROTX, ROTY. R0l2 ROTX. ROTY, ROTZ ROTX, ROTY, ROTZ ROTX, ROTY, ROTZ ROTX, ROTY, ROTZ 

Slructural 2-D Solid 

Immersed Pipe I'laslic CuC\'ed Pipe Triangular Solid Axisymmelric Slruclural Solid 
Harmonic Slruct. Solid 

~ cr!J b @ [J 
PIPE59 PIPE60 PLANE2 PLANE25 PLANE42 

2 nodes 3-D space 2 nodes 3-D space 6 nodes 2-D space 4 nodes 2-D space 4 nodes 2-D space 
DOF: UX, UY, UZ, DOF: UX, UY, UZ, DOF: UX, UY DOF: UX, UY, UZ DOF: UX, UY 
ROTX, ROTY, ROTZ ROTX. ROTY, ROTZ 
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TABLE 8.2 (contin/lell) Element types offered by ANSYS 

The ANSYS progmm offers nearly 150 diffcrcnt clcmcnttypes. For dctailed information on a spccific clcmcnt type, 
sec the Elements volume (Vol. III) of thc ANSYS User's Manual. 

Structural 3-D Solid 

Structural Solid Axisymmetric Struct ural Solid Layered Solid Anisotropic Solid 
HarmonicStruc!. Solid 

r:1 @1 @ 8 @ __ I 

""""-- " JE: . 

PLANE82 PLANES3 SOLI 045 SOLI 046 SOLI 06.1 
8 nodes 2-D space 8 nodes 2-D space 8 nodes 3-D space 8 nodes 3-D space 8 nodes 3-D space 
DOF':UX. UY DOF': UX. UY, UZ DOF: UX. UY. UZ DOF: UX, UY, UZ DOF: UX. UY. UZ 

Reinforced Solid Solid with Rotations Solid with Rotations Tetrahedral Solid Structural Solid 

@ 4> @ 4 ... ~ 
SOLlD65 SOLlD72 SOLI 073 SOLlD92 SOLI 0 95 

8 nodes 3-D space 4 nodes 3-D space 8 nodes 3-D space 10 nodes 3-D space 20 nodcs 3-D space 
DOF': UX. UY. UZ DOF: UX. UY. UZ. DOF: UX. UY. UZ. DOF: UX. UY. UZ DOF: UX. UY. UZ 

ROTX, ROTY, ROTZ ROTX, ROTY, ROTZ 

Structural 2-D Shell Structural 3-D Shell 

Plastic Axisymmetric Axisymmc tric Shearrrwist Panel Membrane Shell Plastic Shell 
Shell with Torsion Harmonic Struc!. Shell 

a a 0 ~ ~ 
SHELLSI SI-IELL6l SHELL28 SI-IELl4l SHELl43 

2 nodes 2-D space 2 nodes 2-D space 4 nodes 3-D space 4 nodes 3-D space 4 nodes 3-D space 
001": UX. UY, UZ. DOF: UX. UY. UZ. DOF: UX. UY. UZ or DOF: UX. UY, UZ DOF: UX. UY. UZ. 
ROTL ROl'Z ROTX. ROTY. ROTZ ROTX. ROTY. ROTZ 

Elastic Shell l6-layer Structural Structural Shell lOO-Layer Structural 
Shell Shell 

~ tQ 0 tQ 
SHELl63 SHELL9l SHELL93 SHELl99 

4 nodes 3-D space 8 nodes 3-D space 8 nodes 3-D space 8 nodes 3-D space 
DOF': UX, UY, UZ, DOF': UX, UY, UZ, DOF: UX, UY, UZ, DOF': UX, UY, UZ, 
ROTX, ROTY, ROTZ ROTX, ROTY, ROTZ ROTX, ROTY, ROTZ ROTX, ROTY, ROTZ 
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TABLE 8.2 (COil till lied) Element types offered by ANSYS 

The ANSYS program offers nearly 150 different elemcnt types. For detailcd information on a specific clement type, 
see the Elemellts volume (Vol. III) of the ANSYS User's Mnnual. 

Hyperelastic Solid 

Hyperelastic Mixed Hyperelastic Mixed Hyperelastic Mixed Hypereiastic Solid Hyperel1stic Solid 
U-PSolid U-PSolid U-PSolid 

CJ a ~ ~ a 
HYPER56 HYPERSS HYPER74 HYPER84 HYPER86 

4 nodes 2-D spnce 8 nodes 3-D space S nodes 2-D space 8 nodes 2-D spnce 8 nodes 3-D space 
OOF: UX . UY, UZ OOF: UX, UY, UZ OOF: UX, UY, UZ OOF: UX. UY, UZ OOF: UX. UY, UZ 

Visco Solid 

Viscoelastic Solid Viscoelastic Solid Large Strain Solid Large Strain Solid Large Strain Solid 

~ {f!{} CJ a ~ 
VISCOSS V ISCOS9 VISCO I06 VI SCO 107 VISCO lOS 

8 nodes 2-D spaee 20 nodes 3-D spnce 4 nodes 2-D space 8 nodes 3-D splIce 8 nodes 2-D space 
OOF: UX , UY DOF: UX, UY, UZ DOF: UX, UY, UZ OOF: UX, UY, UZ DOF: UX, UY, UZ 

Thermal Point Thermnl Line 

Thermal Mass Radiation Link Conduction Bar Conduction Bar Convection Linl; 

! / 
0 

• / II! 
j 0 

MASS71 LlNK31 LlNK32 LlNK33 LlNK34 
1 node 3-D space 2 nodes 3-D space 2 nodes 2-D space 2 nodes 3-D space 2 nodes 3-D space 
OOF:TEMP DOF:TEMP DOF:TEMP OOF: TEMP OOF:TEMP 

Thermal 2-D Solid 

Triangular Thermal Thermal Solid A.xisymmetric Thermal Solid Axisymmetric 
Solid Harmonic Thermal Harmonic Thermal 

CJ 
Solid Solid 

~ @ ~ ft 
PLANE35 PLANE55 PLANE75 PLANE77 PLANE7S 

6 nodes 2-D space 4 nodes 2-D space 4 nodes 2-D space S nodes 2-D space 8 nodes 2-D space 
DOF:TEMP DOF:TEI\·IP DOF:TEMP DOF:TEMP DOF:TEMP 
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TABLE 8.2 (contin/lell) Element types offered by ANSYS 

The ANSYS progmm offers nearly 150 diffcrcnt clcmcnttypes. For dctailed information on a spccific clcmcnt type, 
sec the Elements volume (Vol. III) of thc ANSYS User's Manual. 

111ermal 3-D Solid Thern!.11 Shell Fluid 

'nlcrnlal Solid Tctrahedrnl Thernwl Solid Thermal Shell Acoustic Fluid 
Thermal Solid a 41> .. ' tB) <:7 [J 

SOLlD70 SOLI 0 87 SOLlO90 SI-IELL57 FLUID29 
8 nod es 3-D space 10 nodes 3-D space 20 nodes 3-D space 4 nodes 3-D space 4 nodes 2-D space 
OOF:TEMP OOF:TEMP OOF:TEMP OOF:TEMP OOF: UX. UY, PRES 

Acoustic Fluid Dynamic Fluid Thermal-Fluid Pipe Contained Fluid Contained Fluid 
Coupling a u ~ D @ 

FLUID30 FLUID38 FLUID66 FLUID79 FLUID80 
8 nod es 3-D space 2 nodes 3-D space 2 nodes 3-D space 4 nodes 2-D space 8 nodes 3-D space 
OOF: UX. UY. UZ. DOF: UX. UY. UZ 001': PRES. TEMP 001': UX. UY 001': UX. UY. UZ 
PRES 

Thern!.11 Electric 

Axisymmetric FLOTRANCFD FLOTRANCFD Thermal-Electric Thermal-Electric 
Harmonic Contained Fluid-Thernml Fluid-Thernml Solid Line 
Fluid 

0 D @ [J / 
FLU IDSI FLUID141 FLUID142 PLANE67 L1NK68 

4 nod es 2-D space 4 nodes 2-D space 8 nodes 3-D space 4 nodes 2-D space 2 nodes 3-D space 
001': UX. UY, UZ DOl': VX. VY, VZ. PRES. 001': VX, VY, VZ. PRES. 001': TEMP. VOLT 001': TEMP. VOLT 

TEMP. ENKE. ENDS TEMP, ENKE. ENDS 

Magnetic Electric 

Thermal-Electric Current Source Magnetic Solid ~'Iagnetic-Scala r Magnetic Solid 
Solid Solid 

a / r:1 a a 
SOLID69 SOU RC36 PLANE53 SOLID 96 SOLID97 

8 nod es 3-D space 3 nodes 3-D space S nodes 2-D space 8 nodes 3-D space 8 nodes 3-D space 
OOF:TEMP, VOLT OOF:MAG OOF: VOLT, AZ OOF:MAG OOF: VOLT. AX, A Y, 

AZ 
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TABLE 8.2 (Colltil/lled) Element types offered by ANSYS 

The ANSYS program offers nearly 150 different clement types. For detailed informatio n on a specific clement type, 
sce the Elemellls volume (Vol. III) of the ANSYS User's Manual. 

Coupled-field 

Magnelic Inlerface Eleclroslalic So lid Eleclroslnlic Solid Telrahedral Coupled-field Solid 
Elcclrosl,,1 ic Solid 

rJ r:1 eJ k1> ... @ 
INTERI15 PLANEI21 SOLlDl22 SOLlDl23 SOLID5 

4 nodes 3-D space 8 nodes 2-D space 20 nodes 3-D space \0 nod es 3-D space S nodes 3-D space 
OOF: AX. A Y, AZ, MAG DOF:VOLT DOF:VOLT DOF:VOLT DOF: UX, UY, UZ. 

TEMP, VOLT, MAG 

COlllacl 

Coupled-field Solid Coupled-field Solid Telrahedral PoinHo-Poinl PoinHo-Ground 
Couple-field Solid 

rJ @ k1> ... Jr Y 
PLANEI3 SOLI 0 62 SOLlD9S CONTACI2 CONTAC26 

4 nodes 2-D sp.1ce 8 nodes 3-D space 10 nodes 3-D space 2 nodes 2-D space 3 nodes 2-D space 
001': UX. UY. TEMP. 001': UX. UY. UZ. 001': UX. UY. UZ. 001': UX. UY DOF:UX.UY 

VOLT. AZ AX, A Y, AZ. VOLT TEMP, VOLT, MAG 

Combinalion 

PoinHo-Surface PoinHo-Surface PoinHo-Poinl Rel'olulc Joinl Spring-Damper 

> I> n ~, ~ , .. 
, I ~, . . 

CONTAC48 CONTAC49 CONTAC52 COMnJ N7 COMBINl4 
3 nodes 2-D space 5 nodes 3-D space 2 nodes 3-D space 5 nodes 3-D space 2 nodes 3-D space 
001': UX. UY, TEMP 001': UX, UY, UZ, TEMP OOF: UX. UY, UZ 001': UX, UY, UZ, 001': UX, UY, UZ, 

ROTX. ROTY, ROTZ ROTX. ROTY, ROTZ 
PRES. TEMP 

Matrix 

Conlrol Nonlinear Spring Combinalion Sliffne.ss. /-'hss or Superelemenl 
Damping Malrix 

~ I ~H> [UJ 0 
COM BIN37 COMnJN39 COMBIN40 MATRIX27 MATRIX50 

4 nodes 3-D space 2 nodes 3-D space 2 nodes 3-D space 2 nodes 3-D space 2-D or 3-D space 
001': UX, UY, UZ, 001': UX, UY, UZ, 001': UX, UY, UZ, 001': UX, UY, UZ, 001': Any 
ROTX. ROTY, ROTZ, ROTX, ROTY, ROTZ, ROTX, ROTY, ROTZ, ROTX, ROTY, ROTZ 
PRES, TEMP PRES, TEMP PRES,TEMP 
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TABLE 8 .2 (COli till lied) Elemcllttypes offered by ANSYS 

The ANSYS program offers nearly 150 different clcmcnt typcs. For dctailed informat ion 0 11 a spccific c1cmcnt typc, 
see the Elemellts volume (Vol. Ill ) of thc ANSYS User's Manual. 

Infinile Surface 

Infinile Boundary Infinile Boundary Infinile Boundary Infinite Boundary Surface Ellecl 

~ ¢ d - i1Ii I 
INFIN9 INFIN~7 INFINIIO INFIN1II SURF19 

2 nod es 2-D space 4 nodes 3- D space 4 nodes 2-D space 8 nodes 3-D splice 3 nodes 2-D space 
OaF: AZ, TEMP OOF: MAG, TEMP OOF: AZ, VOLT, TEMP OOF: MAG. AX, A Y, AZ, OaF: UX, UY, TEMP 

VOLT,TEMP 

Surface Effecl 

r:1 
SURF22 

8 nod es 3-D splice 
OaF: UX, UY, UZ, 
TEMP 



CHAPTER 9 

Analysis of Two-Dimensional 
Heat Transfer Problems 

TIle main objective of this chapter is to introduce you to the analysis of two-dimensional 
heat transfer problems. General conduction problems and the treatment of various 
boundary conditions are discussed here. The main topics of Chapter 9 include the 
following: 

9.1 General Conduction Problems 

9.2 Formulation with Rectangular Elements 

9.3 Formulation with Triangular Elements 

9.4 Axisymmetric Formulation of Three-Dimensional Problems 

9.S Unsteady Heat Transfer 

9.6 Conduction Elements Used by ANSYS 

9.7 Examples Using ANSYS 

9.S Verification of Results 

9.1 GENERAL CONDUCTION PROBLEMS 

In this chapter, we are concerned with determining how temperatures may vary with po­
sition in a medium as a result of either thermal conditions applied at the boundaries of 
the medium or heat generation within the medium. \Ve are also interested in deter­
mining the heat flux at various points in a system, including its boundaries. Knowledge 
of temperature and heat flux fields is important in many engineering applications, in­
cluding, for example, the cooling of electronic equipment, the design of thermal-fluid 
systems, and material and manufactming processes. Knowledge of temperature distri­
butions is also useful in determining thermal stresses and corresponding detlections in 
machine and structural elements. There are three modes of heat transfer: conduction, 
convection , and radiation. Conduction refers to that mode of heat transfer that 
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occurs when there exists a temperature gradient in a medium. The energy is transported 
from the high-temperature region to the low-temperature region by molecular activities. 
Using a twodimensional Cartesian frame of reference, we know that the rate of heat 
transfer by conduction is given by Fourier's Law: 

qx = -kA aT 
aX 

(9.1) 

qy = _kA aT 
aY 

(9.2) 

qx and qy are the X- and the Y-components of the heat transfer rate, k is the thermal 
conductivity of the medium, A is the cross-sectional area of the medium, and ~I and ~~ 
are the temperature gradients. Fourier 's Law may also be expressed in terms of heat 
transfer rates per unit area as 

q'X = _k aT 
aX 

(9.3) 

aT 
(9.4) qy = -k-

aY 
/I qx /I qy f· X·· where qx = A and qy = A are called heat luxes 111 the -directIon ancl the 

Y-direction, respectively. It is important to realize that the direction of the total heat flow 
is always perpendicular to the isotherms (constant temperature lines or surfaces). This 
relationship is depicted in Figure 9.1. 

Convective heat transfer occurs when a fluid in motion comes into contact with a 
solid surface whose temperature differs from the moving fluid . The overall heat trans­
fer rate between the fluid and the surface is governed by Newton 's Law of Cooling, 
which is 

q = hA(Ts - Tr) (9.5) 

where h is the heat transfer coefficient, Ts is the solid surface temperature, and T f rep­
resents the temperature of the moving fluid . The value of the heat transfer coefficient 

isotherm 

qy q = qx+ qy 
-------~ 

I 
I 
I 
I 

~7-------C~x 

FIGURE 9.1 The heat flux vector is 
always nOllllal to the isothelllls. 
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for a particular situation is determined from experimental con'elations that are available 
in many books about heat transfer. 

All matters emit thermal radiation. 1l1is rule is true as long as the body in ques­
tion is at a finite temperature (expressed in Kelvin or Rankine Scale). Simply stated, the 
amount of energy emitted by a surface is given by the equation 

(9.6) 

where q" represents the rate of thermal energy per unit area emitted by the surface, s 
is the emissivity of the surface 0 < s < 1, and a is the Stefan-Boltzman constant 
(a = 5.67 X 10-8 W/m2 • K4). It is important to note here that unlike conduction and 
convection modes, heat transfer by radiation can occur in a vacuum, and because all 
objects emit thermal radiation, it is the net energy exchange among the bodies that is 
of interest to us. The three modes of heat transfer are depicted in Figure 9.2. 

In Chapter 1, it was explained that engineering problems are mathematical mod­
els of physical situations. Moreover, many of these mathematical models are differen­
tial equations that are derived by applying the fundamental laws and principles of nature 
to a system or a control volume. In heat transfer problems, these governing equations 
represent the balance of mass, momentum, and energy for a medium. Chapter 1 stated 
that when possible, the exact solutions of the governing differential equations should be 
sought because the exact solutions render the detailed behavior of a system. However, 
for many practical engineering problems, it is impossible to obtain exact solutions to 
the governing equations because either the geometry is too complex or the boundary 
conditions are too complicated. 

The principle of the conservation of energy plays a significant role in the analysis 
of heat transfer problems. Consequently, you need to understand this principle fully in 

q" 

thermal radiation emitted by a surface 

conduction through a solid object 

• ( .. 
• 

I solid surface 7 
Ts>Tf 

convective heat transfer from a surface 

FIGURE 9.2 Various modes of heat transfer. 
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order to model a physical problem correctly. The principle of the conservation of energy 
states the following: The rate at which thermal and/or mechanical energy enters a sys­
tem through its boundaries, minus the rate at which the energy leaves the system through 
its boundaries, plus the rate of energy generation within the volume of the system, must 
equal the rate at which energy is stored within the volume of the system. This statement 
is represented by Figure 9.3 and the equation 

Ein - E~ut + E~cncration = E~torcd (9.7) 

Ein and E~ut represent the amount of energy crossing into and out of the surfaces of a 
system. The thermal energy generation rate E~cncration represents the rate of the con­
version of energy from electrical, chemical, nuclear, or electromagnetic forms to ther­
mal energy within the volume of the system. An example of such conversion is the 
electric current running through a solid conductor. On the other hand, the energy stor­
age term represents the increase or decrease in the amount of thermal internal energy 
within the volume of the system due to transient processes. It is important to under­
stand the contribution of each term to the overall energy balance of a system in order 
to model an actual situation properly. A good understanding of the principle of the con­
servation of energy will also help verify the results of a model. 

This chapter focuses on the conduction mode of heat transfer with possible con­
vective or radiative boundary conditions. For now, we will focus on steady-state two­
dimensional conduction problems. Applying the principle of the conservation of energy 
to a system represented in a Cartesian coordinate system results in the following heat 
diffusion equation: 

I 
I 

I 
I 

l , 

I 

I 
I 

I 

\ 

I 

, , 

k (IT k i T . 0 -+ -+q-x -X2 Y -y2 -iJ iJ 
(9.8) 

E~UI 

'" '" ..- - --- - - - - - -----.... 

E~enernlcd' E~lored 

FIGURE 9.3 The principle of the conser­
vation of ener.!,'y. 
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TIle derivation of Eg. (9.8) is shown in Figure 9.4. In Eg. (9.8) , q' represents the heat gen­
eration per unit volume, within a volume having a unit depth. There are several bound­
ary conditions that occur in conduction problems: 

1. A situation wherein heat loss or gain through a surface may be neglected. This 
situation, shown in Figure 9.5, is commonly referred to as an adiabatic surface or 

First, we begin by applying the principle of the conservation of energy to a small re­
gion (differential volume) in a medium: 

aT 
qx + qy - (qX+dX + qy+dY) + q'dXdY(l) = pcdXdY­

Cit 

( iJqx ilqy ) . aT 
qx + qy - qx + axdX + qy + aY dY + qdXdY = pcdXdYii 

Simplifying, we get 

iJqx e/qy aT 
- aX dX - aY dY + q'dXdY = pcdXdYii 

Making use of Fourier's Law, we have 

()T aT 
q = -k A- = -k dX(l)­y y aY y aY 

a ( aT) a ( ()T). aT - - -kxdY- dX - - -kydX- dY + qdXdY = pcdXdY-
aX aX aY ()Y iJI 

p and c are the density and specific heat of the medium, and I represents time. For a 
steady-state situation, temperature does not change with time, and consequently, the 
right-hand side is zero. After simplifying, we obtain 

JT JT 
k X - 2 + k Y - 2 + q' = 0 

aX i!Y 

FIGURE 9.4 The derivation of the equation of heat conduction under steady-state 
conditions. 
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Pelfectly 
insulated sUlface 

FIGURE 9.5 An adiabatic, or perfectly 
insulated, sUlface. 

a perfectly insulated surface. In conduction problems, symmetrical lines 
represent adiabatic lines. This type of boundary condition is represented by 

also 

iJTI - -0 
uX (x=o,Y) -

(9.9) 

2. A situation for which a constant heat flux is applied at a surface. This boundary 
condition , shown in Figure 9.6, is represented by the equation 

uTI -k- = qo 
aX x=o 

(9.10) 

3. A situation for which cooling or heating is taking place at a surface due to 
convection processes. This situation , shown in Figure 9.7, is represented by the 
equation 

aTI -k-X = h[T(O, y) - Ttl 
() (X=O,Y) 

(9.11) 

FIGURE 9.6 A constant heat flux applied 
at a surface. 
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I I I 
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FIGURE 9.7 Convention processes caus­
ing cooling or heating to take place at a 
surface. 

4. A situation wherein heating or cooling is taking place at a surface due to net 
radiation exchange with the surroundings. The expression for this condition will 
depend on the view factors and the emissivity of the surfaces involved. 

5. A situation in which conditions 3 and 4 both exist simultaneously. 
6. Constant surface-temperature conditions occur when a fluid in contact with a solid 

surface experiences phase change, as shown in Figure 9.S. Examples include 
condensation or evaporation of a fluid at constant pressure. This condition is 
represented by 

T(O, Y) = To (9.12) 

The modeling of actual situations with these boundary conditions will be discussed 
and illustrated with examples after we consider finite element formulations of two­
dimensional heat conduction problems. 

o °0 0 . 
o 00 0 

o a 00 
00 a 0 
o 0 0 To 

o a 
00 00 

o 0 0 00. 

y 

L~x 
FIGURE 9.8 Constant surface-temperature 
conditions occur due to phase change of a fluid 
in contact with a solid smface. 
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9.2 FORMULATION WITH RECTANGULAR ElEMENTS 

Two-dimensional bilinear rectangular elements were covered in detail in Chapter 7. 
Recall that for problems with straight boundaries, linear rectangular shape functions 
offer simple means to approximate the spatial variation of a dependent variable, such as 
temperature. For convenience, the expression for a rectangular element in terms of its 
nodal temperatures and shape functions is repeated here (also see Figure 9.9). The 
expression is 

where the shape functions Sj, Sj' Sm, and Sn are given by 

xy 
S =­

m ew 

Sn = L(l -~) w e 

(9.13) 

(9.14) 

We now apply the Galerkin approach to the heat diffusion equation, Eq. (9.8) expressed 
in local coordinates x, y, yielding four residual equations: 

Til 

T 

T; 
Till 

y 

/I 11/ -r 
10 

y 
x 

/~ e ,,/ FIGURE 9.9 A typical rectanh'Ular 
X element. 
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j ( il-T il-T ) 
RIe) = A Si kx a:¢ + ky aJ + q' dA 

R]t) = lSj(kx;; + ky:~ + q')dA 

R~) = jSm(kx ~2~ + ky ~2~ + q.) dA 
A ax ay 

(e) _ j ( b2T il-T .) Rn - Sn kx 2 + ky . 2 + q dA 
A ax iJy 

(9.15) 

Note that from here on, for the sake of simplicity of presentation of conductance and 
load matrices, we will set the residual of an element equal to zero. However, as we men­
tioned earlier, it is important to realize that the residuals are set equal to zero after all 
the elements have been assembled. 

We can rewrite the four equations given by (9.15) in a compact matrix form as 

l[SV(k<;; + ky:~ + q')dA = 0 (9.16) 

where the transpose of the shape functions is given by the following matrix: 

[SIT = UJ (9.17) 

Equation (9.16) consists of three main integrals: 

1 [Sf( kx ;;) dA + 1 [sr( ky ;;) dA + 1 [sf q'dA = 0 (9.18) 

Let C\ = kx, C2 = ky, and C3 = q' so that we can later apply the results of the forth­
coming derivation to other types of problems with similar forms of governing differen­
tial equations. As will be demonstrated later in Chapters 10 and 12, we will use the 
general findings of this chapter to analyze the torsion of solid members and ideal fluid 
flow problems. So making respective substitutions, we have 

j [Sv(C\ ~~)dA + j[SV(C2 il-~)dA + j[SVC3 dA = 0 
A iix A ay A 

(9.19) 

Evaluation of the integrals given by Eq. (9.19) will result in the elemental formulation. 
We first manipulate the second-order terms into first-order terms by using the chain 
rule in the following manner: 

~([SV aT) = [SV ilT + b[SV aT (9.20) 
ax ax ax2 ax ax 
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Rearranging Eg. (9.20), we have 

[sy JT = .i!....([Sy ~T) _ d[,Sf aT 
ax2 ax ax fiX ax 

(9.21) 

Applying the results given by Eq. (9.21) to the first and the second tcrms in Eq. (9.19) , 
we obtain 

= jcl.i!....([SyaT) dA - JC I ( ii[SY aT) dA 
A ax ax A ax ax 

(9.22) 

= j c2 .i!....([SfaT) dA - jC2 ( ii[,SY aT) dA 
A ay ay A ay oy (9.23) 

Using Green's theorem, we can write the terms 

j cl.i!....([SyaT) dA 
A ax ax 

and 

j c2.i!....([SyaT) dA 
A ay ay 

in terms of integrals around the element boundary. We will come back to these terms 
later. For now, let us consider the 

_ JC I ( a[sy iJT) dA 
A ax ax 

term in Eg. (9.22). This term can easily be evaluated. Evaluating the derivatives for a 
rectangular element, we obtain 

aT = .i!....[Si Sj Sm Sn] {~;} = _1 [(-w + y) (w - y) y -y] {~;} (9.24) 
~ ~ ~ ~ ~ 

Tn Tn 

J[Sf 
Also evaluating -( - we have 

ax 

j)[~y = :J {~:} = ~ { ~: -+ :} 
ax r)X Sm ew y 

Sn -y 

(9.25) 

Substituting the results of Egs. (9.24) and (9.25) into the term 

_jcl(a[SY aT) dA 
A ax ax 
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we have 

{ 
-w + Y} {Ti} D[SjT aT 1 w - y T · -jc1(--. )dA = -C1j-.-2 [(-10 + y) (10 - y) Y - y] r' dA 

A ax iix A (e1O) Y m 

-y ~ 

Integrating yields 
(9.26) 

_Clj~{~~V-+ :}[(-1O + y) (w - y) y - y] {T~; }dA 
A( e1O) y m 

-y Tn 

}~ ~~ ~~] W} = - C!'Wl~2 
6e -1 

1 

(9.27) 

To get the results of Eg. (9.27), we carry out the integration for each term in the 4 X 4 
matrix. For example, by integrating the expression in the first row and first column, we 
get 

--( -w + y?dydx = -- 10210 + ~ - 21O~ dx 1Cl 1O 1 1 l C
( 3 2) 

o 0 (e1O)2 (e1O)2 0 3 2 

= _I_1Cu} dx = _1_1OJe =1. 10 
(e1O)2 0 3 (ew)2 3 3 e 

or the integration of the expression in the first row and third column yields 

--( -w + y)ydydx = -- -w w- + ~ dx l Cl 10 
1 1 lC

( ? if) 
o 0 (e1O)2 ( e1O? 0 2 .) 

= (e:v? 1C
- ~3 dy = - (e:v)2 1~e = -i ~ 

In the same manner, we can evaluate the term 

-JC2 (D[SjT aT) dA 
A ay oy 

in Eg. (9.23) in the y-direction: 

aT =..!!...-[S. Sj Sm sn]{~;} =~[(-e +x) -x x ( e -x)]{~;} (9.28) Dy oy , Tm ew Tm 

Tn Tn 
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. a[S]T 
And evaluatmg --we have 

ay 

{ s.} {-e + x} i)[~f = ~ S~ = ~ -x 
dX ay Sm ew x 

Sn e - x 

Substituting the results of Eqs. (9.28) and (9.29) into the term 

_jc2(a[sy (~T) dA 
A ay dy 

we have 

{ 
- e + X} 

a[SYaT I-x -JC2(--)dA = -c2J- [(- e + x) 
A ay ay A( ew)2 x 

e-x 

Evaluation of the integral yields 

-c2 j~ { -e_: X} [( _ e + x) -xx (e - x)] {T~; } dA = 
A(ew) x m 

e - x Tn 

=~ =~]{~;} 
-2 2 1 Tm 
-1 1 2 Tn 

_ c2e [ ~ 
6w -1 

-2 

1 
2 

Next, we will evaluate the thermal load term 1 [SY C3 dA: 

We now return to the terms 

jCl~([Sy i!T) dA 
A ax ax 

(9.29) 

(9.31) 

(9.32) 
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and 

As mentioned earlier, we can use Green's theorem to rewrite these area integrals in 
terms of line integrals around the element boundary: 

JC1-!!-([SViiT) dA = jC1[SViiT COSedT 
A iJx ax T ax 

(9.33) 

(9.34) 

T represents the element boundary, and e measures the angle to the unit normal. 

A Review of Green's Theorem 

Before we proceed with the evaluation of Egs. (9.33) and (9.34) , let's briefly review 
Green 's theorem, which is given by the following equation: 

JJ (ag iJf) - - - dxdy = ax ay 
Region 

J fdx + gdy 
Contour 

(9.35) 

In the relationship given by Eg. (9.35),J(x , y) and g (x , y) are continuous functions and 
have continuous partial derivatives. 

Next , using simple area examples, we demonstrate how Green's theorem is 
applied. 

We can establish a relationship between the area of a region bounded by its con­
tour T and a line integral around it by substituting for f = 0 and g = x or by letting 
f = - y and g = 0 in Eg. (9.35). This approach leads to the following relationships: 

A = JJ dxdy = J xdy (9.36) 

Region Contour ,T 

or 

A = JJ dxdy = - J ydx (9.37) 

Region Contollr,T 

We can also combine Eqs. (9.36) and (9.37), which results in yet another relationship 
between area and line integrals: 

2A = 2 JJ dxdy = J (xdy - ydx) (9.38) 

Region ContollT;f 
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Let's now use the relationship given by Eg. (9.38) to calculate the area of a circle hav­
ing a radius R. As shown in the accompanying figure , for a circle 

x2+/=R2 

x = R cose 

y = R sine 

and 

and 

dx = -R sinede 

dy = R cosade 

Substituting these relationships into Eg. (9.38), we have 

y 

L-.l....-...l..-_+-__ X 

1 121T X dy Y dx 

2A= (xdy-ydx) = ~~ ~~ 
Contollr,T 0 ((R cos e)(R cos ed e) - (R Sin e)( -R Sill ed e)) 

and simplifying, we get 

or 

As another example, let's calculate the area of the rectangle shown in the accompany­
ing diagram. 

y y=b 
/x<a 

b~--------~--~ 

x=O--­
O<y<b 0 

CD 
~--~\+-----~a------x 

y=O 
O<x<a 
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Using Eq. (9.36), we have 

A = 1 xdy + 1 xdy + 1 
Tl '1'2 T) 

xdy +1 xdy 
T. 

(9.39) 

Note that along,.\> x varies from 0 to a and y is zero (dy = 0) , and along "2, x = a and 
y varies from 0 to b. Along "3, x varies from a to 0 and y is constant (dy = 0), and along 
"4, x = 0 and y varies from b to O. Then, substituting for these relationships in Eq. (9.39), 
we get 

A = 0 + l~dY + 0 + 0 = ab 

Let us now return to Eqs. (9.33) and (9.34) , which contribute to the derivative 
boundary conditions. To understand what is meant by derivative boundary condi­
tions , consider an element with a convection boundary condition, as shown in 
Figure 9.10. 

Neglecting radiation , the application of the conservation of energy in the x-direction 
to the jl1l edge requires that the energy that reaches the jl1l edge through conduction 
must be equal to the energy being convected away (by the fluid adjacent to the jl1l 
edge). So, 

aT 
-k- = h(T - Tf ) ax (9.40) 

Substituting the right-hand side of Eq. (9.40) into Eq. (9.33), we get 

/I 

1 aT 1 aT 1 C1[SY-. cosed,. = k[Sy-cosed,. = - h[SY(T - Tf)cosed,. 
ijX ax (9.41) 

T T T 

III 

q conduction q convection 
III 

j 
FIGURE 9.10 A rectangular element with 
a convective boundary condition. 
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The integral given by Eg. (9.41) has two terms: 

The terms 1 h[SVT cos e d-r and 1 h[SVT sin e d-r , for convective boundary con­

ditions along different edges of the rectangular element , contribute to conductance 
matrices: 

[2 
1 0 

~] [0 
0 0 

~] he·· 2 0 he· 2 1 [K](e) = _'I 1 (9.43) [K](e) = ---.!:::.. 0 (9.44) 
6 0 0 0 6 0 1 2 

0 0 0 0 0 0 

[0 0 o 0] [2 0 0 1] 
[K]<e) = hemn 0 0 o 0 

(9.45) [K]<e) = heni 0 0 0 0 (9.46) 
6 0 0 2 1 6 000 0 

o 0 1 2 1 002 

Referring to Figure 9.9, note that in the above matrices, f ij = emn = e and 
ejm =ein = w. To get the results of Egs. (9.43) through (9.46) , we need to carry out 
the integration for each term in the 4 X 4 matrix. 

SjSi 
S~ 

I 

SjSm 
SjSn 

SmSj 

SmSj 
S~, 

SmSn 

T 

(9.47) 
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For example, along the i-j edge, where Sm = 0 and Sn = 0, the contribution of Eg. (9.47) 
to the conductance matrix becomes 

Expressing the shape functions Sj and Sj in terms of natural coordinates: 

and noting 

1 
Sj = "4(1 - ~)(1 - 11) 

2x 
~=-:e-1 

2 e 
d~ = edx or dx = 2d~ 

and ~ varies from -1 to 1, Eg. (9.48) then becomes 

(9.48) 

1 h[SYTdT = 
T 

he;il 1 
-

2 _I 

( 1 )2 4" (1 - ~)(1 - 11) 

C16 (1 - ~)(1 - 11)(1 + ~)(1 - 1]) ) 

o 
o 

C~ (1 - ~)(1 - 1])(1 + ~)(1 - 11) ) 0 0 

(~(1 + ~)(1 - 1]) roo 
o 0 0 
o o 0 

gJ~ (9.49) 
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Making use of the fact that along i-j edge 11 = -1, and integrating Eq. (9.49) , we get 

1 he"JI h[SjTTdT = 2'J 
T -I 

~ hlf 
6 0 

0 

where 

and 

"2(1 -I;) 0 0 e y ( ~ (1 - 1;)(1 + 1;») 

( ± (1 - 1;)(1 + 1;) ) (~(1 + 1;) y 0 0 

1 

2 
0 
0 

0 0 0 0 
0 0 0 0 

0 

~]W} 0 
0 
0 

11 e y 1 [ 1;3 J 2 -(1 - 1;) dl; = - I; + - - 1;2 = :;-
I 2 4 3 -I.) 

11(1 ) 1[ 1;3]1 -(1 - 1;)(1 + 1;) dl; = - I; - -
1 

_I 4 4 3_1 

11(1 )2 1 [ 1;3 ]1 
_I "2(1 + 1;) dl; = '4 I; + 3 + e _I 

2 
3 

d<W} 

Similarly, we can obtain the results given by Eqs. (9.44) through (9.46). 

The terms 1 h[SjTTfcosed7 and 1 h[SfTfsin edT contribute to the elemental 

thermal load matrix. Evaluating these integrals along the edges of the rectangular 
element, we obtain 

{F)'" ~ hT :;i m (9.50) 

{F)'" ~ hT ~~ m (9.52) 

{F)'" ~ hT ~im {I} (9.51) 

hTfeni{~} {F}(e) = -2 - ~ (9.53) 
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Let us summarize what we have done so far. The conductance matrix for a bilinear rec­
tangular element is given by: 

[K](e) = kXW[~2 ~2 ~1 
6e -1 1 2 

1 -1 -2 

1 ] [ 2 -1 kyC 1 
-2 + 6w -1 

2 -2 

1 
2 
-2 
-1 

-1 

-2 
2 

1 

-2] -1 

1 
2 

Note that the elemental conductance matrix is composed of (1) a conduction component in 
the x-direction; (2) a conduction component in the y-direction; and (3) a possible heat 
transfer term by convection around the edge of a given element, as given by Eqs. (9.43) to 
(9.46). The thermal load matrLx for an element could ha ve twocomponen ts: (1) a component 
due to possible heat generation within agiven element, and (2) acomponentdue to possible 
convection heat transfer along an element's edge(s), as given by Eqs. (9.50) to (9.53).1l1e 
contribution of the heat generation to the element's thermal-load matrLx is given by 

"A 1 {I} 
{F}'" ~ q4 : 

It is worth noting that in situations in which constant heat-flux boundary conditions 
occur along the edges of a rectangular element, the elemental load matrix is given by (see 
problem 5) 

{O} lie 
{F}'" ~ q02;m ~ 

{F}'" ~ q:;mW 

The next step involves assembling elemental matrices to form the global matrices 
and solving the set of equations [K]{T} = {F} to obtain the nodal temperatures. We 
will demonstrate this step in Example 9.1. For now, let us turn our attention to the de­
rivation of the elemental conductance and load matrices for a triangular element. 

9.3 FORMULATION WITH TRIANGULAR ELEMENTS 

As we discussed in Chapter 7, a major disadvantage associated with using rectangular 
elements is that they do not conform to curved boundaries. In contrast, triangular ele­
ments are better suited to approximate curved boundaries. For the sake of convenience, 
a triangular element is shown in Figure 9.11. 
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T 

y 

~--------------_ X FIGURE 9.11 A triangular element. 

Recall that a triangular element is defined by three nodes and that we represent 
the variation of a dependent variable, such as temperature , over a triangular region 
using shape functions and the corresponding nodal temperatures by the equation 

T") = [S; Sj Ski { U 
where the shape functions S;, Sj' and Sk are 

1 
Sj = 2A (exj + I3 jX + 8jY) 

1 
S· = -(ex· + ~X + S.y) 

I 2A I I I 

1 
Sk = 2A (CXk + ~kX + 8kY) 

A is the area of the element and is computed from the equation 

Also, 

CX; = XjYk - XkYj ~; = Yj - Yk S; = X k - Xj 

exj = XkYj - XjYk ~j = Yk - Yj Sj = X j - X k 

CXk = XjYj - XjYj ~k = Yj - Y j Sk = Xj - X; 

(9.54) 

(9.55) 
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Employing the Galerkin approach, the three residual equations for a triangular ele­
ment, in matrix form , are given by 

J r( a2T rlT .) [S] kx v2 + ky~ + q dA = 0 
A aA - iJY 

(9.56) 

where 

\Ve now proceed with steps similar to the ones we followed to formulate the con­
ductance and thermal load matrices for rectangular elements. First, we rewrite the 
second-derivative expressions in terms of the first-derivative expressions using the chain 
rule . Evaluating the integral 

- C -- dA J (a[Sf ar) 
A 1 aX aX 

for a triangular element, we obtain 

aT = ~[s. 
aX aX t 

Substituting for the derivatives, we get 

- C ---- dA - -C -J (a[s]T aT) J 1 {(3;} 
A 1 aX aX - 1 A 4A2 :~ [(3; 

and integrating, we are left with 

In the same manner, we can evaluate the term 

J (a[sf ar) - C2 --- dA 
A aY aY 

(9.57) 

(9.58) 

(9.59) 

(9.60) 
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as 

(9.61) 

3'IUd (9.62) 

Substituting for the derivatives and integrating, we have 

J 1 {8i
} { Ti } C2 [ 8r -C2 - 8· [8· 8· 8k ] r. dA = -- 88· 4A2 , " , 4A' , 

A 8k Tk &i&k 

3;3'JC} &j&k T j (9.63) 

&~ Tk 

For a triangular element, the thermal load matrix clue to the heat generation terlll 
C 3 is 

(9.64) 

Evaluating the terms 1 h[sjTT cos e d7 and 1 h[SYT sin ed7 for a convective bound­

ary condition along the edges of the triangular element results in the equations 

[2 
1 

n [0 
0 

n he .. he· 
[K](e) = _'I 1 2 (9.65) [K](e) = ~ 0 2 (9.66) 

6 0 0 6 0 1 

[KI") ~ he" [ ~ 0 

~J 0 (9.67) 
6 1 0 

Note that in the above matrices, eij, ejk> and eki represent the respective lengths of the 

three sides of the triangular element. The terms 1 h[SfTfcos e d7 and 1 h[SfT ,sin e d7 

contribute to the elemental thermalloac1s. Evaluating these integrals along the edges of 
the triangular element yields 

{1} hT e .. 
{F}(e) =T ~ (9.68) {O} hT e'k 

{F}(e) =T ~ (9.69) 

hT e .. {1} 
{F}(e) = T ~ . (9.70) 
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Let us summarize the triangular formulation. The conductance matrix for a tri­
angular element is 

Note once again that the elemental conductance matrix for a triangular element is com­
posed of (1) a conduction component in the X-direction; (2) a conduction component 
in the Y-direction; and (3) a possible heat loss term by convection from the edge(s) of 
a given element, as given by Eq. (9.65) to (9.67). The thermal load matrix for a triangular 
element could have two components: (1) a component resulting from a possible heat­
generation term within a given element, and (2) a component due to possible convec­
tion heat loss from the element's edge(s), as given by Eq. (9.68) to (9.70). The 
contribution of the heat generation to the element's load matrix is 

{F}(() = q'A {~} 
3 1 

The development of constant heat flux boundary conditions for triangular elements is 
left as an exercise. (See problem 6.) 

Next, we use an example to demonstrate how to assemble the elemental infor­
mation to obtain the global conductance matrix and the global load matrix. 

EXAMPLE 9.1 

Consider a small industrial chimney constructed from concrete with a thermal conduc­
tivity value of k = 1.4 W/m . K, as shown in Figure 9.12. The inside surface temperature 
of the chimney is assumed to be uniform at 100°C. The exterior surface is exposed to the 
surrounding air, which is at 30°C, with a corresponding natural convection heat trans­
fer coefficient of h = 20 W/m2 • K. Determine the temperature distribution within the 
concrete under steady-state conditions. 

We can make use of the symmetry of the problem, as shown in Figure 9.12, and only 
analyze a section of chimney containing 118 of the area. The selected section of the chim­
ney is divided into nine nodes with five elements. Elements (1), (2), and (3) are squares, 
while elements (4) and (5) are triangular elements. Consult Table 9.1 while following the 
solution. 

TABLE 9.1 The relationship between the 
elcments and their corresponding nodcs 

Element j 11/ or k /I 

(1) 1 2 4 3 
(2) 3 4 7 6 
(3) 4 5 8 7 
(4) 2 5 4 
(5) 5 9 8 
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FIGURE 9.12 A schematic of the chimney in Example 9.1. 

9 

The conductance matrix due to conduction in a rectangular element is given by 

[K](e) = kW[!2 
6e -1 

1 

-2 
2 
1 
-1 

-1 
1 
2 
-2 

1 ] [ 2 -1 ke 1 
-2 + 6w -1 

2 -2 

1 
2 
-2 
-1 

-1 
-2 
2 
1 

-2] -1 

1 
2 

Elements (1), (2), and (3) all have the same dimensions; therefore, 

[ 2 -2 -1 1] 
[K](1) = [K](2) = [K](3) = (1.4)(0.1) -2 2 1 -1 

6(0.1) -1 1 2 -2 
1 -1 -2 2 

+ (1.4)(0.1 ) [ ~ 
6(0.1) -1 

-2 

1 -1 
2 -2 
-2 2 
-1 1 

-2] -1 

1 
2 
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To help with assembly of the elements later, the corresponding node numbers for each 
element are shown on the top and the side of each matrix: 

"] (i) 2(j) 4(m) 3(n) 

[ 0933 -0.233 -0.466 
-023T [K](\) = -0.233 0.933 -0.233 -0.466 2 

-0.466 -0.233 0.933 -0.233 4 
-0.233 -0.466 -0.233 0.933 3 

3(i) 4(j) 7(m) 6(n) 

[ 0.933 -0.233 -0.466 -O.23T 
[K](2) = -0.233 0.933 -0.233 -0.466 4 

-0.466 -0.233 0.933 -0.233 7 
-0.233 -0.466 -0.233 0.933 6 

4(i) 5(j) 8(m) 7(n) 

[ 0.933 -0.233 -0.466 -O.23T 
[K](3) = -0.233 0.933 -0.233 -0.466 5 

-0.466 -0.233 0.933 -0.233 8 
-0.233 -0.466 -0.233 0.933 7 

For triangular elements (4) and (5), the conductance matrix is 

where the 13- and 8-terms are given by the relations of Eg. (9.55). Because the 13- and 
8-terms are calculated from the difference of the coordinates of the involved nodes, it 
does not matter where we place the origin of the coordinate system X , Y. Evaluating the 
coefficients for element (4), we have 

J3j = Y j - Y k = 0.1 - 0.1 = 0 

J3j = Y k - Yj = 0.1 - 0 = 0.1 

13k = Y j - Yj = 0 - 0.1 = -0.1 

8j = X k - Xj = 0 - 0.1 = -0.1 
8j = X j - X k = 0 - 0 = 0 

8k = Xj - X j = 0.1 - 0 = 0.1 

Evaluating the coefficients for element (5) renders the same results because the differ­
ence between the coordinates of its nodes is identical to that of element (4). Therefore, 
elements (4) and (5) will both have the following conductance matrix: 

[K](4) = [K](5) = 1.4 [~ (0~)2 (0.1)~-0.1)] 
4(0.005) 0 (0.1)(-0.1) (-0.1)2 

1.4 [ (-~1)2 
+ 4(0.005) (-0.1)(0.1) 

o 
o 
o 

( -0.1~(0.1)] 

(0.1 )2 
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Showing the cOiTesponding node numbers on the top and the side of each respective con­
ductance matrix for elements (4) and (5) , we obtain 

2(i) 5(j) 4(k) 

[ 07 
0 -OT [K](4) = 0 0.7 -0.7 5 

-0.7 -0.7 1.4 4 

5(i) 9(j) 8(k) 

[ 0.7 0 -O.7r 
[K](5) = 0 0.7 -0.7 9 

-0.7 -0.7 1.4 8 

As explained earlier, the convective boundary condition contributes to both 
the conductance matrix and the load matrix. The convective boundary condition con­
tributes to the conductance matrices of elements (2) and (3) according to the relation­
ship 

[K](e) = h emn[~ ~ ~ ~]; 
6 0 0 21m 

o 0 1 2 n 

[K](2) = [K](3) = (20)(0.1) [~ ~ 
6 0 0 

o 0 

o 0] [0 0 o 0 0 0 
2 1 - 0 0 

1 2 0 0 

o 
o 

0.666 
0.333 

Including the nodal information, the conductance matrices for elements (2) and (3) are 

3 4 7 6 

[KI(2) = [~ 
0 0 

o r 0 0 o 4 
0 0.666 0.333 7 
0 0.333 0.666 6 

4 5 8 7 

[KIP) = [~ 
0 0 

o r 0 0 o 5 
0 0.666 0.333 8 
0 0.333 0.666 7 
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Heat loss by convection also occurs alongjk edge of element (5); thus, 

[0 
0 7 he· 

[K](e) = 2 0 2 1 j 

6 ° 1 2 k 

() (20)(0.1) [ 0 0 

n~u ° 0.~33 ] [K] e = 0 2 0.666 
6 0 1 0.333 0.666 

5 9 8 

[K]'S) ~ [~ 0 

o r 0.666 0.333 9 
0.333 0.666 8 

The convective boundary condition contributes to the thermal load matrices for ele­
ments (2) and (3) along their mn edge according to the relationship 

Including the nodal information, we have 

{F}(2) = { ~ }! 
30 7 
30 6 

{F}(3) = {~}~ 
30 8 
30 7 

The convective boundary condition contributes to the load matrix for element (5) along 
its jk edge according to the matrix 

() hTf Cik{O} (20)(30)(0.1){0} { ... O} {F}e = 1 = 1 = ~O 
2 1 2 1 30 
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Again, including the nodal information, we have 

Next, we need to assemble all of the elemental matrices. Using the nodal infor­
mation presented next to each element, the global conductance matrix becomes 

1 2 3 4 5 6 7 8 9 
0.933 -0.233 -0.233 -0.466 0 0 0 0 0 1 

-0.233 1.633 -0.466 -0.933 0 0 0 0 0 2 
-0.233 -0.466 1.866 -0.466 0 -0.233 -0.466 0 0 3 
-0.466 -0.933 -0.466 4.199 -0.933 -0.466 -0.466 -0.466 0 4 

[K](G) = 0 0 0 -0.933 2.333 0 -0.466 -0.933 0 5 
0 0 -0.233 -0.466 0 1.599 0.1 0 0 6 
0 0 -0.466 -0.466 -0.466 0.1 3.198 0.1 0 7 
0 0 0 -0.466 -0.933 0 0.1 3.665 -0.367 8 
0 0 0 0 0 0 0 -0.367 1.366 9 

Applying the constant temperature boundary condition at nodes 1 and 2 results in the 
global matrix 

1 0 0 0 0 0 
0 1 0 0 0 0 

-0.233 -0.466 1.866 -0.466 0 -0.233 
-0.466 -0.933 -0.466 4.199 -0.933 -0.466 

[K](G) = 0 0 0 -0.933 2.333 0 
0 0 -0.233 -0.466 0 1.599 
0 0 -0.466 -0.466 -0.466 0.1 
0 0 0 -0.466 -0.933 0 
0 0 0 0 0 0 

Assembling the thermal load matrix, we have 

o 
o 
o 
o 

{F}(G) = 0 
30 

30 + 30 
30 + 30 

30 

0 0 0 
0 0 0 

-0.466 0 0 
-0.466 -0.466 0 
-0.466 -0.933 0 

0.1 0 0 
3.198 0.1 0 

0.1 3.665 -0.367 
0 -0.367 1.366 
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and applying the constant temperature boundary condition at nodes 1 and21eads to the 
following final form of the thermal load matrix: 

100 
100 
o 
o 

{F}(G) = 0 
30 
60 
60 
30 

The final set of nodal equations is given by 

0 0 0 0 0 
1 0 0 0 0 

0 0 
0 0 

-0.233 -0.466 1.866 -0.466 0 -0.233 -0.466 0 

o 
o 
o 
o 
o 
o 
o 

-0.466 -0.933 -0.466 4.199 -0.933 -0.466 -0.466 -0.466 
0 
0 
0 
0 
0 

0 0 -0.933 2.333 0 
0 -0.233 -0.466 0 1.599 
0 -0.466 -0.466 -0.466 0.1 
0 0 -0.466 -0.933 0 
0 0 0 0 0 

-0.466 
0.1 

3.198 
0.1 
0 

-0.933 
0 

0.1 
3.665 
-0.367 

Tl 
T2 
T3 
T4 

X T5 
T6 
T7 
Ts 
T9 

-0.367 
1.366 

100 
100 
o 
o 
o 
30 
60 
60 
30 

Solving the set of linear equations simultaneously leads to the following nodal solution: 

[Tf = [100 100 70.83 67.02 51.56 45.88 43.67 40.10 32.73]OC 

To check for the accuracy of the results, first note that nodal temperatures are 
within the imposed boundary temperatures. Moreover, all temperatures at the outer 
edge are slightly above 30°C, with node 9 having the smallest value. This condition makes 
physical sense because node 9 is the outermost cornerpoint. As another check on the va­
lidity of the results, we can make sure that the conservation of energy, as applied to a 
control volume surrounding an arbitrary node, is satisfied. Are the energies flowing into 
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T6= 45.88 
6 

3 

--- --1 
.. 1 

I ______ 1 

4 T4 = 67.02 

1 

T1 = 100 

FIGURE 9.13 Applying the principle of 
energy balance to node 3 to check the 
validity of our results. 

and out of a node balanced out? As an example, let us consider node 3. Figure 9.13 
shows the control volume surrounding node 3 used to apply the conservation of energy 
principle. 

We start with the equation 

~q=O 

and using Fourier's law we have 

. (67.02 - T3) (45.88 - T3) (100 - T3) 
k(O.l) 0.1 + k(0.05) 0.1 + k(0.05) 0.1 = 0 

Solving for T3, we find that T3 = 69.98°C. This value is reasonably close to the value of 
70.83°C, particularly considering the coarseness of the element sizes. We will discuss the 
verification of results further with another example problem solved using ANSYS. 

9.4 AXISYMMETRIC FORMULATION 
OF THREE-DIMENSIONAL PROBLEMS 

As we explained in Chapter 7, Section 7.5, there is a special class of three-dimensional 
problems whose geometry and loading are symmetrical about an axis, such as a z-axis, 
as shown in Figure 7.12. These three-dimensional problems may be analyzed using two­
dimensional axisymmetric elements. We discussed the formulation of axisymmetric el­
ements in Section 7.5; in this section, we discuss the finite element formulation of 
axisymmetric conduction problems using triangular axisymmetric elements. 

We begin our finite element formulation by applying the principle of the conser­
vation of energy to a differential volume represented in a cylindrical coordinate sys­
tem. The resulting heat conduction equation is given by 

1 a ( aT) 1 a ( aT) a ( aT) aT -- k r- + -- k - + - k - + . - c-r ar r ar ,2 ae e ve iJz Z iJz q - P at (9.71) 
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In Eg. (9.71), k" ka , kz represent thermal conductivities in r-, a-, and z-directions, q' is 
the heat generation per unit volume, and c represents the specific heat of the material. 
The derivation of Eg. (9.71) is shown in Figure 9.14. For steady-state problems, the 
right-hand side of Eg. (9.71) vanishes. Moreover, for axisymmetric situations, there is 
no variation of temperature in the a-direction, and assuming thermal conductivity is 
constant (k r = ka = kz = k) ,Eg. (9.71) reduces to 

k a ( bT) (iT . -- r- + k- + q = 0 
r or (Jr dZ2 

(9.72) 

TIle Galerkin residuals for an arbitrary triangular element become 

{R(e)} = 1 [sY(~.!!...(r~T) + k ;l~ + q.) dV v r iJr iJr az- (9.73) 

where 

1 
S· = -(0:' + A'r + ()·Z) / 2A / 1-'/ / 

1 
S· = -(a · + A ·r + 3·z) I 2A I 1-'1 J 

and 

0:; = RjZk - RkZj 13; = Zj - Zk 3; = Rk - Rj 

aj = RkZj - RjZk I3j = Zk - Zj 3j = Rj - Rk 

ak = RjZj - RjZj 13k = Zj - Zj 3k = Rj - Rj 

As marked below, Eg. (9.73) has three main parts 

part one part two part three 
, A " A ,~ 

{R(e)} = {[SY(~ ~ (r ~T))dV + r [SY(ki~2~)dV + 1 [sy q'dV Jv r or or Jv oz v 
(9.74) 

Using the chain rule, we can rearrange the terms in part one in the following manner: 

~.!!... ([sYr ~T) = ~ b[Sy ,!Ii + ~ [sY .!!...(r ~T) (9.75) r iJr iJr r ar Dr r Dr iJr 

Now, using the relationship given by Eg. (9.75), the part one in Eg. (9.74) may be ex­
pressed as 

[sY(~~(r {'JT)) =~ ~) ([sYr (JT) _ k (J[~lr(~T 
r iJr iJr r or ar iJr iJr (9.76) 
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z 

k---it------~ Y 

x 

Applying the conservation of energy to a differential cylindriC:11 segmcnt, 

Ei" - E;""t + E~eJl."ted = E;tored 

The r-, a-, and z-components of Fourier's law in cylindriC:11 coordinatcs are 

aT ~(JT 
q, = -Ie A -= -Ie rdadz-, 'c1r ' a r 

A 
ka iJT kadrdz iJT 

qe = --;- Ae U6 = ---r- iJ6 

aT A aT 
ql = -k A - = -k rdadr-l liJz l az 

~ ~ 'JT 
(q, + qe + ql) - (q,+d, + qe+de + qz+dl) + q'drdzrda = pc drdzrda~ 

,It 

( 
q,+d, qe+de ql+dl) 

( ) iJq, iJqa iJql , aT 
q, + qe + q. - q, + -dr + qe + ~a + q. + -dz + qdrdzrda = pcdrdzrda-

, iJr U6 'i!Z iJt 
iJq, CJqe iJql. aT 

--dr - -da - -dz + q drdzrda = pcdrdzrda-
~ iJ6 ~ iJt 

Substituting for q" qe. and ql in the aL"Ovc equation 

(J ( aT) (J ( kedrd~ "T) iJ ( "T). aT -- -k rdadz - dr - - ---- da - - -k rdadr- dz + q drdzrda = pcdrdzrda-
cJr ' ~ iJ6 r (jj cJz l cJz at 

and simplifying the diffcrcntial volumc tcrms, wc have 

1 iJ (k cJT) 1 cJ (k iJT) iJ (k iJT) , iJT -- r- + -- - + - - + q = pc-
r~ ' cJr r il) eiJ6 iJz liJZ iii 

FIGURE 9.14 The derivation of equa1ion of heat conduction in cylindrical coordinates under steady-state conditions, 
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Similarly, using the chain rule and rearranging terms in part two of Eg. (9.74) , we have 

k.i!...([Sy iJT) = k[SYcff + k a[Sy ~T 
iJz iJz iJZ2 iJz az 

(9.77) 

and 

(9.78) 

Applying the results given by Egs. (9.76) and (9.78) , the contributions of part one and 
part two to the residual matrix is 

part one 
,-------' .... '----..... 

1 [S1T(k iJ (/T))d~ = 1 ~~([S1T r aT)dV -1 k iJ[sy ~T dV (9.79) 
V r Dr rir v r rir rir rir (Jr 

part two 
" 

'1 [SY(k a2~)dV ~ 1 ~([SyaT)dV -1 iJ[SY aT dV (9.80) 
v az v oz Dz v az az 

Similar to what we did in Section 9.2, using Green's theorem, we can rewrite the volume 

integrals, 1~ .a ([sYr DT)dV and l~([st:)T)dV in terms of area integrals around 
v r or iJr v cJZ az 

the element surface boundaries. We will come back to these terms later; for now let us . 1 iJ[SY aT. . . consIder the - k-. --dV term In Eg. (9.79). ThIs term can easIly be evaluated. 
v or iJr 

Evaluating the derivative for a triangular element, we obtain 

. iJ[Sy 
Also, evaluatmg - . - , we have (Jr 

a[Sy _ a { S;} _ 1 {13;} 
--- S· -- 13· 

ar ar S~ 2A 13~ 

(9.81) 

(9.82) 
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1 a[SYaT 
Substituting the results of Eqs. (9.81) and (9.82) into the term - k----dVand 

v ar ar 
integrating, we have 

1 a[SY aT 1 1 {13;} 
- k--dV = -k - 13 · [13· or ar 4A2 J t 

V V 13k 

Next, we use the Pappus-Guldinus theorem to compute the volume of the element that 
is generated by revolving the area element about the z-axis. You may recall from your 
Statics class that the Pappus-Guldinus theorem is used to calculate the volume of a 
body that is generated by revolving a sectional area about an axis similar to the one 
shown in Figure 9.15. 

(9.84) 

In Equation (9.84) , 2'IT r represents the distance traveled by the centroid of the sectional 
area. See Example 9.2 to refresh your memory about how the Pappus-Guldin us theorem 

z 

- 4R r=-311 

(a) generating volume of a sphere 

I 
A =Zbh 
_ b 
r=3" 
V = 27T r A =:!!. b2h 

, 3 

(b) generating volume of a cone 

FIGURE 9.15 The Pappus-Guldinus 
theorem-A volume generated by 
revolving an area about a fixed axis. 
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is used to calculate a volume of an object. Substituting in Eq. (9.83) and simplifying, we 
get 

1 iJ[-SY aT 7rrk[ I3J 
- k--dV = - 13·13 · 

v cJr cJr 2A t J 
13; 13k 

(9.85) 

As we discussed in Chapter 7, we can use shape functions to describe the position of any 
point within an element. Therefore, the radial position of the centroid of the element 
for which S; = Sj = Sk = 1/3 can be expressed by 

_ Rj + Rj + Rk 
r = SiR; + SiR; + SkRk = 3 (9.86) 

Equation (9.86) can be used to calculate r. In a manner shown previously, we can also 

l a[Sf aT 
evaluate the term - ----dV 

v cJz iiz 

(9.87) 

---- S · -- 5· 
a[-sy _ cJ { S;} _ 1 {5;} 

iiz cJz S~ 2A 5~ 
(9.88) 

Substituting for the derivatives and integrating, we have 

J a [Sf aT 11 {5;} - k-. --dV = -k - 2 5; [5; 
v flZ az v 4A 1\ 

(9.89) 

And using Pappus-Guldinus theorem, substituting for V = 27r rAin Eq. (9.89), we have 

1 a[ s. Y aT k [5; 
- k---dV = - 8,s · az az 4A2 t J 

V 5~k 

(9.90) 

The thermal load due to the heat generation term is evaluated by first substituting for 
R- + R- + Rk 

dV = 27r rdA and r = I J , then integrating the resulting expression 
3 

(9.91) 
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and substituting for Sj, Sj' and Sk and integrating, we get 

i [~TqdV ~ q2vr i {!}A ~ 2~;A[: ~ nu:} (9.92) 

1 k iJ ( TaT) 1 iJ ( . TuT) We now return to the terms -- [51 r-.- dVand -:- [5] - dV. 
v r or iJr v (IZ az 

As mentioned earlier, we can use Green's theorem to rewrite these volume integrals in 
terms of area integrals around the boundaries similar to the approach we discussed in 
Section 9.2. For convective boundary conditions along the areas generated by revolv­
ing the edges of the triangular element, the above terms contribute to both the con­
ductance matrix and the thermal load matrix in the following manner: 

2 e 
[

3R- + R · 'IT" , , 
•• (e) ___ " 

Along l-J , [K] - 12 R j ~ Rj 
Rj + Rj O~] 

R j + 3Rj 

and 

Alongj-k, 

and 

Along k-i, 

and 

o 

2'IThT e .. {2Ri + Rj } 
{f}(e) = 6 f " Rj ~ 2Rj 

[
0 2'ITe'k 

[K](e) = --' 0 
12 0 

o 
3Rj + Rk 
Rj + Rk 

(9.93) 

(9.94) 

(9.95) 

(9.96) 

(9.97) 

(9.98) 
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Let us now summarize the axisymmetric triangular formulation. The conductance ma­
trLx for an axisymmetric triangular element is 

13;l3k] -k[ '0; 
13 jl3k + ~~ 'O;'Oj 
13~ 'O;'Ok 

Note that the elemental conductance matrix for an axisymmetric triangular element is 
composed of (1) a conduction component in the radial direction; (2) a conduction com­
ponent in the z-direction; and (3) a possible heat loss or gain term by convection from 
the edge(s) of a given element as given by Egs. (9.93) , (9.95), and (9.97). The thermal 
load matrix for an axisymmetric triangular element could have two components: (1) a 
component resulting from a possible heat generation term within a given element, Eg. 
(9.92) , and (2) a component due to possible convection heat loss or gain from the ele­
ment's edge(s) as given by Egs. (9.94), (9.96), and (9.98). The development of constant 
heat flux boundary conditions for an axisymmetric element is left as an exercise. (See 
problem 25.) 

EXAMPLE 9.2 

Use the Pappus-Guldinus theorem to calculate the volume of the solid portion of the 
annulus generated by revolving the rectangle about the z-axis, as shown in the accom­
panying figure. 

z 

The centroid of the revolving rectangle is located 4 in from the z-axis. 

v = 27TrA = 27T(4 in)(2 in)(7 in) = 1l27T in3 
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Alternatively, the volume of the solid portion of the annulus can be calculated from 

As you can see, the results are in agreement. 

9.5 UNSTEADY HEAT TRANSFER 

In this section, we are concerned with determining how temperatures may vary with 
position and time as a result of applied or existing thermal conditions. First, we review 
some important concepts dealing with transient heat transfer problems. A good under­
standing of these concepts will better assist you to model a physical problem using 
ANSYS. We begin our review with problems for which the spatial variation of temper­
ature is negligible during the transient process and consequently, the variation of tem­
perature with time is only important. Consider the cooling of a small spherical steel 
pellet as shown in Figure 9.16. 

The thermophysical variables affecting the solution are shown in Figure 9.16. Be­
cause of the relatively small size of the pellet, the temperature variation with position 
inside the sphere is negligible. We can obtain an expression for variation of temperature 
with time starting with Eq. (9.7), E;n - E~Ul + E~cn = E~lored' and realizing that for this 
problem E;n = 0, E~ = 0. Moreover, convection heat transfer occurs between the sphere 
and the surrounding fluid according to Eq. (9.5) , E~ut = -hA(T - Tf ). The E~torcd 
term represents the decrease in the thermal energy of the sphere due to the cooling 

process and is given by E~lored = peV ~~. Substituting for E;n = 0, E~ = 0, E~Ul = 
. dT 

-hA(T - Tf) , andEslorcd = peVdt" in Eq. (9.7) , weget 

dT 
-hA(T - Tf ) = peV-d t 

(9.99) 

Assuming a relatively large cooling reservoir, it is reasonable to expect the tempera­
ture of fluid not to change with time. Thus, in Equation (9.99) we have assumed that Tf 
is constant. Equation (9.99) is a first order differential equation and to solve it , 

" = heat transfer Coefficient , ~VK 
1/1 • 

Tf = fluid Temperature,·C ---

kg 
p = density of the sphere, -;;;s-
c = specific heat of sphere, _1_ 

kg·K 

k = thermal conductivity of sphere, ~ 
III·K 

_ T; = initial temperature of sphere, ·C 

FIGURE 9.16 Cooling of a small spherical pellet. 
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we let G = T - Tf , then we separate variables and integrate, which results in 

dG peV i f:) dG 11 peV G· 
-hAG = pcV-~-- -- = - dt~t = --In-' 

dt hA e . G 0 hA G , 
(9.100) 

Thus, the time that it takes for a sphere to reach a certain temperature Tis computed from 

peV T j - Tf 
t = -In (9.101) 

hA T - Tf 

And if we were interested in knowing what the temperature of a sphere was at a given 
time, we could reaITange Eq. (9.101) in the following manner 

T - Tf (hA ) = exp ---t 
T j - Tf peV 

(9.102) 

For a transient problem, we may also be interested in knowing, the amount of heat 
transfelTed to the fluid (or removed from a solid object) up to a certain time I. This in­
formation is obtained from 

(9.103) 

Substituting for T - Tf fTOm Eq. (9.102) in Eq. (9.103) and integrating it, we get 

Q = peV(Tj - Tf { 1 - exp( - ::»] (9.104) 

When dealing with the analysis of transient heat transfer problems, there are two di­
mensionless quantities, the Biot and Fourier numbers, that are very useful. Biot num­
ber provides a measure of the thermal resistance within the solid , being cooled (or 
heated in some problems), relative to the thermal resistance offered by the cooling 
(heating) fluid . Biot number is defined according to 

hLc 
Bi=-­

k so1id 
(9.105) 

where Lc is a characteristic length, and is typically defined as the ratio of the volume of 
the object to its exposed surface areas. Small Biot numbers (typically, Bi < 0.1) implies 
that thermal resistance within the solid object is negligible and consequently, the tem­
perature distribution is approximately uniform at any instant inside the solid object. 

Another important variable is Fourier number, which is a dimensionless time pa­
rameter. It provides a measure of the rate of conduction within the solid relative to the 
rate of the thermal storage. Fourier number is defined as 

Fa = 5:!. (9.106) 
L2 

c 

In Eq. (9.106) , a is called thermal diffusivity and is equal to a = ..!.. Thermal diffusiv­
pe 

ity value represents a measure of how well the material conducts heat in comparison to 
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storing the heat. TIlUS, materials with low thermal diffusivity are better in storing ther­
mal energy than they are in conducting it. The method which we described in this sec­
tion to obtain solutions to problems wherein spatial variation of temperature at a given 
time step is neglected is called Lumped Capacitance method. For problems in which 
Bi < 0.1 , lumped capacitance method renders accurate results. 

Exact Solutions 

\Ve now consider problems for which spatial and temporal variations of temperature 
must be considered. One-dimensional transient heat transfer, described in a Cartesian 
coordinate system, is governed by 

il-T 1 aT 
(9.107) 

The solution of the governing differential heat equation requires application of two 
boundary conditions and one initial condition. Infinite series solutions exist for simple 
geometries with convective boundary conditions and unifOim initial temperatures. These 
solutions provide temperature distribution as a function of position x inside the medium 
and time t. The infinite series solu tions are also available for long cylinders and spheres. 
For heat transfer problems wherein Fa > 0.2, the one term approximate solution pro­
vides accurate results and are presented in the form of charts called Heisler charts. For 
simple three-dimensional problems, the solution may be represented in terms of the 
product of one the dimensional solutions. For an in-depth review of exact solutions, 
you are encouraged to study a good text on the heat transfer. For example of such a 
text, see Incropera and De Witt (1996). 

EXAMPLE 9.3 

In an annealing process, thin steel plates (k = 40 W/m.K, p = 7800 kglm3, 

c = 400 J/kg.K) are heated to temperatures of 900°C and then cooled in an environment 
with temperature of 35°C and h = 25 W/m2.K. Each plate has a thickness of 5 cm. We 
are interested in determining how long it would take for a plate to reach a temperature 
of 50°C and what the temperature of the plate is after one hour. 

First, we need to calculate the Biot number to see if the lumped capacitance 
method is applicable. The characteristic length for this problem is equal to half of the 
plate thickness. Recall that characteristic length is defined as the ratio of volume of the 
object to its exposed surface areas. Thus 

V 
L = = 

C A cxposed 

(area)(thickness) 0.05 m 
= -2- = 0.025 m 

2(area) 

. hLc (25 W/m2.K)(0.025 m) . 
Bl = -k . = 40 WI k = 0.015 

solId m. 
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Because the Biot number is less than 0.1, the lumped capacitance method is applicable. 
We use Eq. (9.101) to determine the time that it takes for a plate to reach a tempera­
ture of 50°C. 

peV T j - Tf (7800kglm3)(400J/kg.K)(0.025m) 900 - 35 
t = hA In T _ Tf = (25 W/m.K) In 50 _ 35 = 12650 sec = 3.5 hr 

We use Eq. (9.102) to determine the temperature of a plate after one hour. 

T - Tf = exp(~t) = T - 35 = exp( (25 W/m.K) (3600 sec) ) 
T j - Tf peV 900 - 35 (7800 kg/m3) (400 J/kg.K)(0.025 m) 

~T = 304.4°C 

Finite Difference Approach 

There are many practical heat transfer problems for which we cannot obtain exact so­
lu tions , consequently we resort to numerical approximations. As we explained in 
Chapter 1, there are two common classes of numerical methods: (1) finite difference 
methods and (2) finite element methods. To better understand the finite element for­
mulation of transient problems, let us first review two common finite difference proce­
dures, the explicit method and Implicit me/hod. The first step of any finite difference 
scheme is discretization. We divide the medium of interest into a number of subregions 
and nodes as shown in Figure 9.17. The governing differential heat equation (e.g. , 
Eg. (9.107» is then written for each node, and the derivatives in the governing equations 
are replaced by difference equations. 

Using the explicit method, the temperature of an arbitrary node n at time step 
p + 1, T~+ 1 is determined from the knowledge of temperatures of node n and its neigh­
boring nodes n - 1 and n + 1 at the previous time step p. Starting with expressing 
Eg. (9.107) in a finite difference form , 

• 

T~-l - 2T~ + T~+l 
(~x)2 

1 T~+l - T~ 

a t:.t 

• • 

FIGURE 9.17 Discretization of the medium into smaller subregions and nodes. 
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and simplifying, 

TP+l = exb..t (TP + TP ) + [1 -2( ex/).( )JTP 
n (b..x)2 n-l n+l (b..x)2 n 

we get 

T~+l = Fo(T~_1 + T~+l) + [1 - 2Fo]T~ (9.108) 

where 

(9.109) 

We start at time t = 0 corresponding to time step p = 0 and use the initial temperature 
values in Eq. (9.108) to determine the temperature of node 11 at the next time step cor­
responding to time t = b..t. We then proceed by using the newly calculated tempera­
tures as values for time step p and compute the temperatures at next time step p + 1. 
The march in time continues until the nodal temperature distribution corresponding to 
the desired time is obtained. As the name implies, explicit method makes explicit use 
of the knowledge of the temperature at previous time steps to compute the nodal values 
at the next time step. Although the explicit procedure is simple, there is a restriction on 
the size of time step that must be followed. Failure to follow the restriction will lead to 
unstable solutions that will not make physical sense. In Eq. (9.108) the term (1 - 2F 0) 
must be positive, that is 1 - 2Fo ~ 0 or Fo :5 t to ensure stable solutions. To better 
understand this restriction, consider a situation for which temperature of node 11 at time 
step p is, say, T~ = 60°C, and the temperatures of neighboring nodes 11 - 1 and n + 1 
at time step p are T~-l = T~+l = 80°C. If we were to use a Fourier value greater than 
0.5, say 0.6, then using Equation (9.108), we would get 

T~+l = Fo(T~_l + T~+l) + [1 - 2Fo]T~ = 0.6(80 + 80) + [1 - 2(0.6)](60) = 84°C 

As you can see, the resulting temperature is not physically meaningful , because the tem­
perature of node 11 at time step p + 1 can not exceed the temperature of its neighbor­
ing nodes. This violates the second law of thermodynamics. Therefore, for 
one-dimensional problems, the stability criterion is given by 

1 
Fo:5 -

2 
(9.110) 

For two-dimensional problems, it can be shown that the stability criterion becomes 

Implicit Method 

1 
Fo:5 -

4 
(9.111) 

In order to overcome the time step restriction imposed by stability requirement, we can 
resort to implicit method. Using the implicit mellwd, the temperature of an arbitrary 
node 11 at time step p + 1, T~+l is determined from its value at the previous time p and 
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the value of temperatures at its neighboring nodes n - 1 and n + 1 at time step p + 1. 
TIle heat equation, Eq. (9.107) for an arbitrary node Il is expressed by 

T~~: - 2T~+1 + T~!: 
(~x)2 

and when simplified it results in 

= 
1 T~+I - T~ 

a M 

T~+I - T~ = Fo(T~:::1 - 2T~+1 + n~D (9.112) 

Separating the unknown temperatures at time step p + 1 from the known temperature 
at time step p in Eq. (9.112) , we get 

TP+I - Fo(Tp+1 - 2Tp+1 + TP+I) = TP 
n n-I n n+1 n (9.113) 

TIle implicit method leads to a set of linear equations that are solved simultaneously to 
obtain the nodal temperatures at time step p + 1. Example 9.4 demonstrate the steps 
involved in formulating and obtaining solutions using explicit and implicit schemes. 

EXAMPLE 9.4 

Consider the long thin plate shown in Figure 9.1S, which is initially at a uniform tem­
perature of T = 250°C. The plate is made of Silicon carbide with the following pro­
perties: k = 510 \VIm. K , p = 3100 kglm3, and c = 655 J/kg.K. The plate is suddenly 
subjected to moving cold water with a very high convective heat transfer coefficient ap­
proximating a constant surface temperatme ofO°C. We are interested in determining the 
variation of temperature within the plate. 

Explicit Solution 

We can make use of the symmetry of the problem, as shown in Figme 9.1S, and only an­
alyze half of the plate. The selected section of the plate is divided into six nodes as shown 
in Figure 9.18. The thermal diffusivity of the plate is 

k 510W/m.K 
a = - = = 2.5 X 1O-4m2/s 

pc (3100 kglm3)(655 J/kg.K) 

To obtain meaningful results, we set Fo = t and solve for the appropriate time step 

a~t 1 (2.5 X 1O-4m2/s)M 
Fo = -- = - = ~ ~t = 0.2 sec 

(~x)2 2 (0.01 m)2 

The nodal equations are: 

For node 1: oT I = 0 ~ Tf+1 = Tr l 

()X X~O 

Substituting for Fo = 0.5 in Eq. (9.10S) , for nodes 2, 3, 4, and 5, we have 

T~+I = 0.5(T~_1 + T~+1) 
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DOC 

i 
I 

Ix r 
I 

I 
I 

1'(x, O) = 25DoC 

dTI = D 
dX x = D 

• 
1 

~ IDcm ~ 

-i lem l-
• • • 
2 3 4 

• 
5 

FIGURE 9.18 A schematic of the plate in Example 9.4. 

p+t and for node 6: T6 = O°C 
Starting with the initial condition and marching out in time, we obtain the results 

shown in Table 9.2. 

Implicit Solution 

The boundary condition of node 1 requires that 
. p+l p+l 

FOl· node 1: Tt = T2 
We can use Eg. (9.113) to formulate the expressions for nodes 2, 3, 4, and 5: 

and for node 6: T~+l = O°C 
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TABLE 9.2 Temperatures for Example 9.4, using the explicit method 

Temperature (OC) 

n = 1 2 3 4 

P t (sec) x=o om 0.D2 0.03 

0 0 250 250 250 250 
1 0.2 250 250 250 250 
2 0.4 250 250 250 250 
3 0.6 250 250 250 187.5 
4 0.8 250 250 218.7 187.5 
5 1 234.3 234.3 218.7 156.2 
6 1.2 226.5 226.5 195.2 156.2 
7 1.4 210.8 210.8 191.3 136.6 
8 1.6 201.1 201.1 173.7 134.7 
9 1.8 187.4 187.4 167.9 121 

10 2 177.6 177.6 154.2 117.6 
11 2.2 165.9 165.9 147.6 107.3 
12 2.4 156.7 156.7 136.6 103.2 
13 2.6 146.6 146.6 129.9 95.1 
14 2.8 138.2 138.2 120.8 90.7 
15 3 129.5 129.5 114.4 84.1 

Expressing the nodal equations in a matrix form, we have 

1 -1 0 0 
-1 4 -1 0 

o -1 4 -1 
o 0 -1 4 
o 0 0 -1 
o 0 0 0 

o 0 
o 0 
o 0 
-1 0 
4 -1 

o 1 

TP+! 
I 

Tf+1 
Tf+ 1 

~ 

Tf+! 
Tf+1 
Tf+1 

o 
2Tf 
2Tf 
2Tf 
2Tf 
o 

5 

0.04 

250 
250 
125 
125 
93.7 
93.7 
78.1 
78.1 
68.3 
67.3 
60.5 
58.8 
53.6 
51.6 
47.5 
45.3 
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6 

0.05 

250 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

Initially the plate is at a uniform temperature of 250°C. Using the initial conditions in 
the right hand side of the above matrix, we get 

1 -1 
-1 4 
o -1 

o 0 
o 0 
o 0 

o 0 0 0 
-1 0 0 0 
4 -1 0 0 
-1 4 -1 0 
o -1 4 -1 

000 1 

o 
500 
500 
500 
500 
o 

Solving the set of linear equations we obtain the nodal temperature values corresponding 
to t = 0.2 sec. 

[TI] = [248.36 248.36 245.09 232.02 183.00 0] 
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Using the above results we can now solve for nodal values at t = 0.4 sec. 

1 -1 0 0 0 0 Tl 0 
-1 4 -1 0 0 0 T~ 2 X 248.36 

0 -1 4 -1 0 0 T! 
-' 2 X 245.09 

= 0 0 -1 4 -1 0 n 2 X 232.02 

0 0 0 -1 4 -1 TI 
5 2 X 183.00 

0 0 0 0 0 1 T~ 0 

[T2] = [244.38 244.38 236.44 211.19 144.29 0] 

Using similar steps, we can march in time to obtain solutions at any desired time . Ex­
ample 9.4 demonstrated the difference between the explicit and implicit schemes. Next, 
we will look at the finite element formulation of transient heat transfer problems. 

Finite Element Approach 

In sections 9.2 and 9.3 we derived the conductance and thermal load matrices for steady 
state heat problems. The finite element formulation of these problems leads to the 
following general form: 

[K]{T} = {F} (9.114) 

[conductance matrix] {temperature matrix} = {thermal load matrix} 

For transient problems, we must also account for the thermal energy storage telm, which 
leads to 

[C]{T"} + [K]{T} = {F} (9.115) 

[hc~tf storage matrix] + [conductancc matrix]{tcmperature matrix} = 
{thermal load ma trix} 

To obtain the solution, at discrete points in time, to the system of equations given by Eq. 
(9.115), we use a time integration procedure. The time step used in this procedure plays 
an important role in the accuracy of results. If we select a time step that is too small, then 
spurious oscillation may occur in the temperature solutions leading to meaningless re­
sults. On the other hand, if the time step is too large , then the temperature gradients 

cannot be accurately computed. We can use Biot number (Bi = khilX) and Fourier 
sohd 

number (FO = ailt 2) to arrive at a reasonable time step. ilx and ill represent the 
(ilx) 

mean element width and the time step, respectively. For problems for which the Bi < 1, 
the time step size my be estimated by setting the Fourier number equal to a scaling 
value b whose magnitude varies between 0.1 and 0.5 as shown below. 

aM 
Fo =-- = b 

(ilx)Z 
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and solving for ilt , we get 

(ilx )2 
Llt = b-- where 0.1 s b s 0.5 

a 
(9.116) 

If for a problem Bi > 1, then the time step may be estimated from the product of the 
Fourier and Biot numbers in the following manner: 

(Fo)(Bi) = [ ailt 2][hilX] = b 
(ilx) k solid 

and solving for ilt , we get 

(ilx)ksolid (ilx )pc 
Llt = b = b where 0.1 s b s 0.5 

ha h 
(9.117) 

ANSYS uses the following generalized Euler scheme for time integration. 

(9.118) 

In Equation (9.118) , e is called the Euler parameter. Temperature solutions are obtained 
for time step p + 1 from the knowledge of temperature values at previous time step p , 
starting at time t = 0, corresponding to the time step p = 0, when the initial tempera­
tures are known. For implicit scheme, which is unconditionally stable, the value of e is 
limited to & s e s 1. When e = &' the integration scheme is commonly referred to as 

Crank-Nicolson. It provides accurate results for most transient heat transfer problems. 
When e = 1, the integration technique is called Backward Euler and is the default set­
ting in ANSYS. Substituting Eq. (9.118) into Eg. (9.115), gives 

Equivalent F matrix 
~ __________ -,A~ __________ ~ 

(6~'[C] + [K] {T'H} = ;F) + [C]( 6~' {T'} + 1 ~ 6 {T'} ) 

Equivalent K matrix (9.119) 

System of equations represented by Eq. (9.119) are solved to obtain nodal tempera­
tures at a discrete points in time. Now, a few words about how the thermal loads should 
be applied. Thermal loads can be applied either suddenly as a step function or in­
creased (or decreased) over a period of time as a ramp function as shown in Figure 9.19. 
Note that when using ANSYS, the value of the step load is typically applied at the 
first time substep. In Section 9.7 we will use ANSYS to solve a transient heat transfer 
problem. 
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Value of step load is applied 
at the first time subset 

Value of thermal load 
increases with time 

(a) Step load (b) Ramp load 

FIGURE 9.19 Thennalload options for a transient problem. 

9.6 CONDUCTION ELEMENTS USED BY ANSYS 

ANSYS offers many two-dimensional thermal-solid elements that are based on linear 
and quadratic quadrilateral and triangular shape functions: 

PLANE35 is a six-node triangular thermal-solid element. The element has one 
degree of freedom at each node-namely, temperature. Convection and heat 
fluxes may be input as surface loads at the element's faces. The output data for 
this element include nodal temperatures and other data , such as thermal gradi­
ents and thermal fluxes. This element is compatible with the eight-node 
PLANE77 element. 

PLANE55 is a four-node quadrilateral element used in modeling two­
dimensional conduction heat transfer problems. The element has a single degree 
of freedom, which is temperature. Convection or heat fluxes may be input at the 
element's faces. Output data include nodal temperatures and element data , such 
as thermal gradient and thermal flux components. 

PLANE77 is an eight-node quadrilateral element used in modeling two­
dimensional heat conduction problems. It is basically a higher order version of 
the two-dimensional four-node quadrilateral PLANE55 element. This element 
is better capable of modeling problems with curved boundaries. At each node, 
the element has a single degree of freedom, which is temperature. Output data 
include nodal temperatures and element data , such as thermal gradient and 
thermal flux components. 

Keep in mind that although you generally achieve more accuracy of results with higher 
order elements, they require more computational time because numerical integration 
of elemental matrices is more involved. 
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Steady State Example 
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Consider a small chimney constructed from two different materials. The inner layer is 
constructed from concrete with a thermal conductivity k = 0.07 Btu/hr' in . of. The 
outer layer of the chimney is constructed from bricks with a thermal conductivity value 
k = 0.04 Btu/hr' in' of. The temperature of the hot gases on the inside surface of 
the chimney is assumed to be 140°F, with a convection heat transfer coefficient 
of 0.037 Btu/hr' in2 • of. The outside surface is exposed to the surrounding air, which 
is at lOoF, with a corresponding convection heat transfer coefficient h = 0.012 
Btu/hr' in2 • of. The dimensions of the chimney are shown in Figure 9.20. Determine 
the temperature distribution within the concrete and within the brick layers under 
steady-state conditions. Also, plot the heat fluxes through each layer. 

1 in 

+ 
~12in -- ~lin .::;: 

--- 12 in.--
concrete 

I ..... ~---- 26 in.----_J 

26 in. 

FIGURE 9.20 A schematic of the chim­
ney in the example problem of Section 9.7. 

The following steps demonstrate how to choose the appropriate element type, 
create the geometry of the problem, apply boundary conditions, and obtain nodal results 
for this problem using ANSYS. 

Enter the ANSYS program by using the Launcher. Type Chimney (or a file 
name of your choice) in the Jobnmne entry field of the dialog box. Pick Run to 
start the GUI. 

Create a title for the problem. This title will appear on ANSYS display windows 
to provide a simple way of identifying the displays. To create a title , issue the fol­
lowing command: 

utility menu: File - Change Title .. . 
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Define the element type and material properties with the commands 

main menu: Preprocessor - Element Type - Add/Edit/Delete 

: E lement Types EI 

Defined Elenent Types: 
NONE DEFINED 

From the Library of Element Types, under Thermal Mass, choose Solid , then 
choose Quad 41lode 55: 

or Element Types 

library of Enlt Types 

Element type reference nunber 

01( Apply 

contact ... ." . 
Gasket 8node 77 
COmOOlltlon Tri<lngl6node 35 
Thermol Mass rf Axi-hor 4node 75 

U"lk 8node 78 
Brick 8node 70 

Sltel 

~1WSY=:S:FIuid:'~~iiiiiiiiiiiiiiiiiiiic_"'_1 Quad 4node 55 

11 

Cancel Help 

: E lemenlT ypes E! 

Defined ElolIICnt lyp!!s: 
r e 1 PLANE55 
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Assign the thermal conductivity values for concrete and brick. First , assign the 
value for concrete with the commands 

main menu: Preprocessor - Material Props - Material Models 

- ThcfIIllll- COllducth'ity - Isotropic 

Conductivity for Material Number 1 

Conductivity (Isotropic) for M4terl~ Number 1 

T1 

Temperatures 1 
KXX i-Io-, 071,,:--=-.....0:1 

Add Temperature I Delete Temperature I 

From the Define Material Model behavior window: 

Matcrial - New Model ... 

Define MateriallD 

Define Material ID 12 
'=====.1 

OK Cancel Help 'I 
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Double click on Isotropic and assign thermal Conductivity for brick. 

Conductivity ror Material Number 2 

conductivity (Isotropic) for Material Number 2 

T1 

Temperatures I 
K~ ~IO-.04--~==~1 

I Add Temperature 

ANSYS Toolbar: SAVEJ)U 

Set up the graphics area (i.e., the workplane, zoom, etc.) with the commands 

utility menu: Workplane ~ WP Settings ... 

WPSettings 
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Toggle on the workplane by the issuing the command 

utility menu: Workplane ~ Display Working Plane 

Bring the workplane to view with the command 

utility menu: PlotCtrls ~ P:lI1, Zoom, Rotate ... 

Click on the small circle until you bring the workplane to view. Then create the 
brick section of the chimney by issuing the commands 

main menu: Preprocessor ~ Modeling ~ Create ~ Areas 

~ Rechmgle ~ Uy 2 Corners 

On the workplane, pick the respective locations of the corners of areas and apply: 

lWP = 0,0 lower left corner of the workplane] 

[Expand the rubber band tip 26.0 and right 26.0] 

[WP = 6,6] 

100 [Expand the rubber band tip 14.0 and right 14.0] 

D OK 

To create the brick area of the chimney, subtract the two areas you have created 
with the commands 

main menu: Preprocessor ~ Modeling ~ Operate ~ Uoole:ms 

--. Subtract ~ Areas 

~ [Pick area 1] 

DID [Usc the middle button anywhere in the ANSYS graphics window to :'pply] 

D 
~ [Pick ureu 2] 

DID [anywhere in the ANSYS gmphics window] 

D OK 
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Next, create the area of concrete by issuing the following commands: 

main menu: Preprocessor - Modeling - Create - Areas - Rectangles 

- By 2 Corners 

On the workplane, pick the respective locations of the corners of areas and apply: 

~ [WP = 6,6] 

~ [EXIJl:lnd the rubber band lip 14.0 and right 14.0] 

This is our area number 4. 

LWP = 7,7J 

[Expand the rubber band lip 12.0 and right 12.0] 

Apply. This is our area number 5 

OK 

Next, subtract the two inside areas with the commands 

main menu: Preprocessor - Modeling - Opemte - HooleHns 

- Subtmct - Areas 
[Pick the area number 4J 

[Use the middle button anywhere in the ANSYS gnlphics window to apply] 

100 [Pick the area number 5J 

D 
DID [anywhere in the ANSYS graphics window] 

D OK 

To check your work thus far, plot the areas. First, toggle off the workplane and turn 
on area numbering by the commands 

utility menu: Workplane - Display Working Plane 

utility menu: PlotCtrls - ~ulllbering . . . 
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-.. : Plot Numbering Controls I 

[/PNUM] Plot Numbering Controls 

KP Keypoint numbers 

LINE Line numbers 

AREA Area numbers 

VOLU Volume numbers 

NODE Node numbers 

Elem / Attrib numbering 

TABN Table Names 

SVAL Numeric contour values 

[/NUM] Numbering shown with 

[/REPLOT] Replot upon OK/Apply? 

OK 

utility menu: Plot - Are~ls 

ANSYS Toolbar: SAVE_Dn 

Cancel 
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D Off 

D Off 

D Off 

D Off 

INo numbering EI 
D Off 

D Off 

Icolors & numbers EI 
IReplot t:J 

Help 

\Ve now want to mesh the areas to create elements and nodes. But first, we need 
to specify the element sizes. So issue the commands 

main menu: Prcprocessor - Meshing - Sizc Cntrls 

- Manualsizc - Global- Size 

x 
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Next, glue areas to merge keypoints with the commands 

main menu: Preprocessor -+ Modeling -+ Opemte -+ Boolelms -+ Glue 

-+ Areas 

Select Pick All to glue the areas. We also need to specify material attributes for 
the concrete and the brick areas before we proceed with meshing. So, issue the 
commands 

main menu: Preprocessor -+ Meshing -+ Mesh Attributes -+ Picked Areas 

LPick the concrete area] 

lanywhere in the ANSYS graphics window tn llpply] 

'. ': Area Attributes 

[AATT] Assign Attributes to Picked Areas 

MAT Material number 

REAL Real constant set number 

TYPE Element type number 1 PLANE 55 EJ 
ESYS Element coordinate sys o B 
SECT Element section INon~~fine~ B 

OK Apply Help 
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main menu: Preprocessor - Meshing - Mesh Attributes - Picked Areas 

l.Pick the brick arel') 

[anywhere in the ANSYS gmphics window to apply] 

" .': Area Attributes 

[AATT] Assign Attributes to Picked Areas 

MAT Material number 

REAL Real constant set number 

TYPE Element type number l _ l_ PLANE55 

ESYS Element coordinate sys o B 
rsECT Element section INone defined B 

OK Cancel Help 

ANSYS Toolbar: SAVE_Dn 

We can proceed with meshing now. So, issue the following commands: 

main menu: Preprocessor - Meshing - Mesh - Areas - Free 

Select Pick All and proceed. Then issue the command 

utility menu: PlotCtrls - Numbering ... 



462 Chapter 9 Analysis of Two-Dimensional Heat Transfer Problems 

,.,": Plot Numbering Controls 

[/PNUM] Plot Numbering Controls 

KP Keypoint numbers 

LINE Line numbers 

AREA Area numbers 

VOLU Volume numbers 

NODE Node numbers 

Elem / Attrib numbering 

TABN Table Names 

SVAL Numeric contour values 

[lNUM] Numbering shown with 

[/REPLOT] Replot upon OK/Apply? 

Apply 

Apply boundary conditions using the command 

D Off 

D Off 

~On 

D Off 

J:j off 

1&!!MIl!II .. I.!U 

D Off 

D Off 

Icolors & numbers 

IReplot !EJ 
~~==== 

Help 

main menu: Solution - Define Loads - Apply 

- Thermal- COIll'ection - On lilies 

Pick the convective lines of the concrete, and press the OK button to specify the 
convection coefficient and the temperature: 



, .. ,: Apply CONY on lines 

[SFL] Apply Film Coef on lines 

If Constant value then: 

VAll Film coefficient 

[SFL] Apply Bulk Temp on lines 

If Constant value then: 

VAL2I Bulk temperature 

If Constant value then: 

Optional CONV values at end J of line 

(leave blank for uniform CONV ) 

VAll Film coefficient 

VAL2J Bulk temperature 
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I Constant value 

10.037 

I Constant value 

1140 

main menu: Solution - Dcfinc Loads - Apply 

- Thcrmal- Com'cction - Onlincs 

Pick the exterior lines of the brick layer, and press the OK button to specify the 
convection coefficient and the temperature. 
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',.:: Apply CONVon lines 

[SFL] Apply Film Coef on lines 

If Constant value then: 

VAll Film coefficient 

[SFL] Apply Bulk Temp on lines 

If Constant value then: 

VAL2I Bulk temperature 

If Constant value then: 

Optional CONV values at end J of line 

(leave blank for uniform CONV ) 

VALJ Film coefficient 

VAL2J Bulk temperature 

OK 

Iconstant value 

10.012 

Iconstant value 

Help 

To see the applied convective boundary conditions, issue the command 

utility menu: PlotCtrls - Symbols ... 
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" .: Symbols "I 

[JPBC] Boo.n:Iary cDldion symbol 

IndivIdual symbol set claIoo(s) 

to be displayed: 

[JPSF] Surf ace Load Symbols 

Visiliity key for sheIs 

Plot symbols in color 

Show pres and convect as 

[JPBF] Body Load Symbols 

Show curr and fields as 

[JPICE] EIem 1M Cond Symbols 

[JPSYMB] Other Symbols 

CS Local coorOOate system 

NDIR Nodal coordnate system 

ESYS Element coordinate sys 

lolv IJle elenient divisions 

LDIR Line direction 

utility menu: Plot - Lincs 

ANSYS Toolbar: SAVE....OH 

Cancel 

• AI Be +Reaction 

C AI Appied BCs 

C AI Reactions 

r None 

r For IncivdJal: 

!..ilci;i;ion;i;i;v~ec~t F .. ~m;ii;icii;;;oef;;;..==~E1 
rOff 

POn 
I Arrows 

INone 

In;'!ii: 

Now, solve the problem with the following commands: 

main menu: Solution - Solyc - Currcnt LS 

OK 

Closc (the solution is done!) window. 

Closc (the/STAT Command) window. 

465 

Begin the postprocessing phase. First obtain information , such as nodal tempera­
tures and heat fluxes with the command 
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main menu: Gcncral Postllroc - Plot ncsults 

- Contour Plot - Nollnl Solu 

~Contour Nodal Solution Data 

Iii2I Favor;"'. 
rJi Nod,,1 Solution 

rJi OOF Solution 

o 'lffl,.§"i·MEltm 
Iii2I Thermal Gradent 
Iii2I Thermal Flux 

Undlsplaced shape key ~"""--=~~,",--"""",,~~~~=7"""'=------' 1 

Undlsplaca:l shape key I Deformed sh;;pe only 
SGI9 FOICIDr Ii-A-uto-C"-IC-U-I"-'~-d--'--------:;El-.rlo----~~ 

@I 
Help I 

The contour plot of the temperature distribution is shown in Figure 9.21. 

FIGURE 9.21 Temperature contour plot. 
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Now use the following command to plot the heat flow vectors (the plot is shown 
in Figure 9.22): 

main menu: Gcneral Postproc - Plot Rcsults 

- Vector Plot - Predefined 

; Veelor Piol of Predefined Vedo.. E3 
(PLUEer J U.cco" Ploe of P ... d.Uiled "ctort 
U... U.ctop 1~ ... tD ... p1l!lit.d p!:!i!I['I!m:m~ •• Ii1i~~~~~II};;JI.i\ 

The ...... 1 grAd C 

Lac U.c..-tO.l' Dc.tlon "or ... ult. 

r. Uoctop Itodo 

.t ... Itod. 

I he ...... 1 flux IF 

FIGURE 9.22 Plot of the heat flow vectors. 
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Next, issue the following commands: 

utility menu: Plot -+ Arcas 

main menu: General Postproc -+ Path Operations -+ Define Path -+ 

On Working Planc 

Pick the two points along the line marked as A-A , as shown in Figure 9.23 , and 
press the OK button. 

' . . ; On Working Plane I 

[PATH] Create Path on Working Plane 

Type of path to create 

[/VIEW] Plot Working Plane 

Window number !EJ 
[/PBC] Show path on display R; Yes 

Cancel Help 

A 

A 
B B 

Concrete 

rx 

Brick 
FIGURE 9.23 Defining the path for path oper­
ation. 
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. ; On WOlking Plane Jf3 
'[PAIH] 

Nan" PATH-AAI 

nSets NuRber of data sets 30 

nD \o! 20 

Then, issue the commands 

main menu: General Postproc ~ PHth Operations ~ Map onto Path 

I ... I 
a Ct ut: on 

ItI ... t&l)l. n ... 

r",,_ 

_ ••. ux ~_f YPY 
YI'% 

TF'Sun 
. . ". 

"''I YCZ 
rho ..... l gr.d ICX 

YPY 
YI'% 

tnun 
lherftAl rd T~ 

IC'I 

'" 

469 
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ot.,ltoN 

TPZ 
TnU" 

The ..... l 81'414 rcx 
TCY 
TCZ . ,. 

1CSU" 

main menu: General Postproc --. Puth Operatiolls--' 

Plot Path Item --. On Graph 

FIGURE 9.24 The variation of temperature gradients along path A-A. 
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FIGURE 9.25 The variation of temperature gradients along path B-B. 

In a similar fashion , plot the variation of temperature gradients along path B-B. 

Finally, exit ANSYS ancl save everything: 

ANSYS Toolbar: Quit 

': EXit from ANSYS f3 

Cancel I Help 
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Transient Example 

In this problem we will use ANSYS to study the transient response of a fin. Aluminum 
fins (k = 170 W/m.K, p = 2800 kg/m3, c = 870 l/kg.K) are commonly used to dissipate 
heat from various devices. An example of a section of a fin is shown in Figure 9.26. The 
fin is initially at a uniform temperature of 28°C. Assume that shortly after the device is 
turned on, the temperature of the base of the fin is suddenly increased to 90°C. The 
temperature of the surrounding air is 28°C with a corresponding heat transfer coefficient 
of It = 30 W/m2.K. 

T(O) = 2S·C 

90·C 

105mm 

30mm---i 

'---_----,_t 
lOmm 

-r 
-110mm~ 

Tf = 2S·C 

h=30~ 
/1/2 • K 

t t t 

FIGURE 9.26 A schematic of the fin in the example problem. 

Enter ANSYS program by using the Launcher. Type TranFin (or a file name of 
your choice) in the 10bname entry field of the dialog box. Pick nun to start the 
Graphic User Interface (GUI). 

Create a title for the problem. 

utility menu: File - Change Title ... 

. . : Change Title 

UTiTLEJ Enter new title I TranFin 

OK Cancel Help 
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main menu: Preprocessor ~ Element Type ~ Add/Edit/Delete 

Element Types 

Defined Element Types: 
NONE DEFINED 

Delete 

dose Help 

.. : library of Element Types 

library of Element Types Contact t .. . .. . 
Gasket 8node 77 
Combination r.;" Triano;ll 6node 3S 
TherrMI Mass Axi-har 4node 75 

unk 8node 78 r; 8rick 8node 70 
SheD r, 

ANSYSFUd ;9 I Quad 4node 55 

Element type reference nunber II 

OK C~ncel 

Element Types 

Defined Element Types: 
Type 1 PlANESS 

Add ... Options ... I Delete 

Close Help 
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main menu: Prcproccssor - Matcrial Props - Matcrial Models 

- Thermal- COllducth'ity - Isotropic 

Conductivity ror Material Number 1 

Conductivity (Isotropic) for Material Number 1 

T1 

Temperatures I 
K~ ~117-0--~==~: 

Add Temperature Delete Temperature 

OK Cancel 

main menu: Prcprocessor - M:ltcrinl Props -l\btcrial Models 

- Thcrnml - Specific Heat 

Specific Heat ror Material Number 1 

Specific Heat for Material Number 1 

T1 

Temperatures I 
C ~187-0--~==~: 

Add Temperature I Delete Temperature I 
Cancel Help 
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main menu: Preprocessor ~ Material Props ~ Material Models ~ 

Thermal ~ Density 

Density For Material Number 1 

Density for Material Number 1 

T1 

Temperatures I 
DENS I i-28- 0-0 ----:-.......0; \ 

I Add Temperature 

ANSYS Toolbar: SAVE_On 

main menu: Preprocessor ~ Modeling ~ Create ~ Areas ~ 

Rectangle ~ ny 2 Corners 

~ Rectangle by 2 Corners 

~ Pick (';. Unpick 

WP X 

Ii 

Global X 

Ii 

Z 

WP X 
113 j 

WP Ii 
113 J 

Width 113 •131 J 
Height 113.11351 I 

0]( Apply I 
Reset I 
Help 

Apply 



476 Chapter 9 Analysis of Two-Dimensional Heat Transfer Problems 

W~ .rot~'!1~ T~ 
C;:, Pick C Unpick 

WP X -
Y .. 

Global X -

Y .. 

Z -

WP X 1°. O1 I 
WP Y 1°.O125 I 
Width 1°.O3 j 
Height 1°. O11 I 
II OJ( I r Apply I 
I[ Reset I r Cancel I 
~l Help I 

Apply 

IAI~ ·rot~, !lml{i11l ~ ilRJ 
IGJ Pick o Unpick 

-WP X -
y = 

Global X • 

Y = 
Z • 

WP X 1°.O1 I 
WP Y 1°.O4'75 I 
Width 1°.O3 I 
Height 1°.O1 J 

IL OJ( I r Apply II 
Reset Ir Cancel II 
Help JII 

Apply 



Section 9.7 Examples Using ANSYS 477 

~ Rectangle by 2 Corners 

r.- Pick n Unpick 

WP X 

Y 

Global X -

Y -

Z -

WP X 1°. O1 J 
WP Y 1°.O825 I 
Width 1°.O3 I 
Height 1°.O1 I 

Apply 1 
Reset Cancel 1 
Help 

OK 

main menu: Preprocessor ~ Modeling ~ Operate ~ Uooleans ~ Add ~ Areas 

Pick All 

main menu: Prel)f()cessor ~ Meshing ~ Size Cntrls ~ Smart Size ~ Basic 

.. : Basic SmartSlze Settings 

[SMRTSIZE] Sml!rtslzing 

10 (coarse) ••• 1 (fine) 

L VL Size Level 

OK Cancel 
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main menu: Preprocessor- Meshing - Mesh - Areas - Free 

Pick All 

main menu: Solution - Analysis Type - New Analysis 

- -: New Analysis 

[ANTVPE] Type of analysis 

n Steady-State 

Co Substructuring 

OK 

" -: Transient Analysis ,~ 

[TRNOPT] Solution method 

Ie f.~!I] 
Co Reduced 

n Mode Superpos'n 

[LUMPM] Use lumped mass approx? 

Cancel Help 

main menu: Solution - Deline Loads - Settings - Uniform Temp 

- -: Unirorm Temperature , 

[TUNIF] Uniform temperature 

OK Cancel Help 

main menu: Solution - Define Lomls - Apply - Thermal 
- COII\'cctioll - 011 Lillcs 



Section 9.7 Examples Using ANSYS 479 

Pick the edges of the fin which are exposed to the convective environment, and Apply . 

. . : Apply CONY on lines 

[SFL] Apply Fim Coef on ines 

If constant value then: 

VALl Film coefficient 

[SFL] Apply Bulk Te~ on hnes 

If constant value then: 

VALZI Bulktemperaturo 

If constant value then: 

Optional com values at end J 01 line 

(leave blark for uniform com ) 
VALl Film coefficient 

VALZJ BUktemporaturo 

130 

Iconstant value 

main menu: Solution - Define Loads - Apply - Thermal 

- Tcmpcrature - On Lines 

Pick the line representing the base of the fin. 

r!1Apply TEMP on Lines . x 

OK 

[DL] Apply TEMP on lines 
Lab2 OOFs III be constrained 

Apply as 

If Constantvalue then: 
VALUE load TEMP vaILe 

KEXPND App~ TEMP 10 endpoints? 

AIiOOF 

I TEMP 

IConstant value 

Help 
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Next, we will set a time duration of 300 seconds and a time step size of 1 second. 
We will also use ANSYS's automatic time stepping capabilities to modify the time 
step size as needed. 

main menu: Solution ~ Load Stcp Opts ~ TilllclFrc<Jucnc 

. . : Time and Time Step Options ' I 

Time lind Tune step Options 

[TIME] Time at end of load step 

[DEL TIM] Time step size 

[KBC] stepped or ramped b.c. 

[AUTOTS] Automatic time steppino;J 

[DEL TIM] Minimum time step size 

MaxilTUll time step size 

Use previous step size? 

[TSRES] nne step reset bllsed on spectic time points 

Time points from: 

o Ramped 

r.~~~ 

o ON 

o OFF 

r. Prog Chosen 

10.1 J 
J 

r. Noreset 

o Existing array 

o NewarrllY 

Note: TSRES command Is valid for thermal elements, thermal·electric 

elements, thermal surf lice effect elements lind FLUIDl16, 

or lIllY combination thereof. 

OK Cllncel 

Now, we set the file write frequency to every subset. 

~ Timc-Timc Stcp 

x 

Help 

main menu: Solution ~ Load Stcp Opts ~ Output Ctrls 

~ DUlRcsults File 



.. : Controls ror Database and Results File Writing 

[OUTRES] Controls for Database and Results File Writin\l 

Item Item to be controlled 

FREQ File write frequency 

Value of N 

(Use negative N for equally spaced data) 

Cname Component name -

- for which above settin\lls to be applied 

Apply 

Section 9.7 

IAllitems 

Co Reset 

Co None 
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Co At time pOints 

Co Last substep 

~ ~i.iifi.·.~~·~~.~.~.~] 
Co Every Nth substp 

I All entities 

main menu: Solution - Soh'c - Current LS 

Close (the solution is done!) window. 

Close (the /STAT Command) window. 

Next, we define a variable called corner_pi to store the temperature of the corner 
node with the following location X = 0.01 m, Y = 0.0475 m, Z = O. You can 
choose some other node if you wish or you can directly pick the node of interest 
when asked in the Time History Postprocessing. 



482 Chapter 9 Analysis of Two-Dimensional Heat Transfer Problems 

utility menu: Pnrmnctcrs ~ Scalar Paramctcrs .. . 

Items 

Selection 

Icorner..:pt=node(O.01.0. 047~.O) 

Help 

Press the Accept button. 

Items 

Selection 

Help 

Closc 
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main menu: TimcHist Postproc 

Time History Variables - TranFinZ.rth 

Fie Help 

------.J 

I:::JI ~ 

7 8 9 CLEAR 

" 5 6 • .. 
2 3 E 

N 
T 
E 

0 + R 

Press the Add Data button, the green plus button. Next, double-click on Nodal 
Solution, then DOF Solution, and Temperature. 
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Add Time-History Variable ' 

Result Item ------------------------, 

~ Favorites 

r& Nodal Solution 

r& DOF Solution 

0@·mWm 
~ Thermal Gradient 

~ Thermal Flux 

Result Item Properties --------------------, 

Variable Name Icorner_TEMFt~ 

OK Help 

Type Con1e1"_Temp or a name of your choice in the Variable Name field as 
shown. 

G P lygon, ~ C;i.ra,Le 

Q Loop 

Coune 0 

Maximum. • 1 

Minimum. • 1 

Node No. • 

• List ot Ie .... 

r,. Min, Max, Inc 

OK Apply 

I\e.ee Cancel 

Pick l.LL I Halp 
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Type corner_pi in the fie ld shown. Recall corne r_point corresponds to the node 
with the location X = 0.01 Ill , Y = 0.0475 Ill , Z = O. Press the Enter key and then 
the OK button. This is the step where you could pick another node by lIlanual 
picking instead of us ing the defin ed parameter corner_pl . 

Time History Variables - .\TranFlnZ.rth 

Fie He'c> 

Corner _Tem1 9 Temperature 52.8118 89.5893 • 

Close 

main menu: TimeHist Postproc - Gmph Vnriables 

Type 2 in the NV AR1 1st variable to graph fi eld. 
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- -: Graph Time-History Variables II 

[PLVAR] Graph Time-History Variables 

NVARI 1st variable to graph 

NVAR2 2nd variable 

NVAR3 3rd variable 

NVAR4 4th variable 

NVAR5 5th variable 

NVAR6 6th variable 

NVAR7 7th variable 

NVAR8 8th variable 

NVAR9 9th variable 

NVARIO loth variable 

OK Apply 

OK 

Cancel 

1-

Help 

J 

J 
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You can now see how the te mperature of the com er_pi changes with time. 

The next fe w steps will show how to animate the temperature as it changes with 
time. 

main menu: Gener~11 Postproc - Re~1(1 Results - First Sct 

Utility menu: Plot Ctrls - NUlIlberill1! .. . 

. . : Plot Numbering Controls l 

[/PNUM] Plot NumberinQ Controls 

KP Keypoint numbers D Off 

LINE Line numbers D Off 

AREA Area numbers n Off 

VOLU Volume numbers D Off 

NODE Node numbers n Off 

Elem I Attrib numbering I No numbering 

TABN Table Names D Off 

SVAL Numeric contour values D Off 

[/NUM] Numbering shown with I Colors & numbers 

[/REPLOT] Replot upon OK/Apply? 

OK 

l::J 

1E1 
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Utility menu: Plot Ctrls ~ Stylc ~ Contours ~ NOILlllliform Contours __ _ 

'0 - : Non-uniform Contours 

[/CVAl] Non-uniform Contours 

WN Window number IWindow 1 

Contour values 

VI 190 

V2 150 

V3 128 I 
V4 10 

V5 10 

V6 10 

V7 10 

V8 10 

[/REPLOT] Replot Upon OK/Apply? IReplot 

OK Cancel Help 

Enter 90 in VI , 50 in V2, and 28 in V3 fields to specify the upper bounds of the first , 
second, and third contours_ Now you can animate the results by issuing the fol­
lowing command: 

utility menu: Plot Ctrls ~ Animatc ~ Ol'cr Timc __ _ 



.. : Animate Over Time 

[ANTIME] Animate over time (interpolation of results) 

Number of llniminlltlon frllmes 

Model result dlltll 

Rilnoe Minimum, Mllxlmum 

Auto contour sClllino 

Animation time delay (sec) 

[PlDI,PlNS,PlVE,PlES,PlVFRC] 

Display Type 

Section 9.7 

r. Current load Stp 

I., lOlld Step Rllnge 

n Time Ranoe 

DOF solution 
Flux &. or lldient 

Cancel 

Examples Using ANSYS 489 

Tem erature TEMP 

I Temperature TEMP 

Help 
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Then you can exit ANSYS. 
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9.8 VERIFICATION OF RESULTS 

First, let us discuss some simple yet powerful ways to verify your results visually. For sym­
metrical problems, you should always identify lines of symmetry created by geometri­
cal and thermal conditions. Lines of symmetry are always adiabatic lines, meaning that 
no heat flows in the directions perpendicular to these lines. Because no heat flows in the 
directions perpendicular to lines of symmetry, they constitute heat flow lines. In other 
words, heat flows parallel to these lines. Consider the variation of the temperature gra­
dients ~Iand ~~ and their vector sum along path A-A , as shown in Figure 9.25. Note that 
path A-A (in Figure 9.23) is a line of symmetry and, therefore, constitutes an adiabatic 
line. Because of this fact, the magnitude of :I is zero along path A-A and :~ equals vec­
tor sum as shown in Figure 9.25. Comparing the variation of the temperature gradients 
;I and :~ and their vector sum along path B-B, as shown in Figure 9.26, renders the 
conclusion that the magnitude of :~ is now zero and ;I equals vector sum. 

Another important visual inspection of the results requires that the isotherms 
(lines of constant temperatures) always be perpendicular to the adiabatic lines, or lines 
of symmetry. You can see this orthogonal relationship in the temperature contour plot 
of the chimney, as shown in Figure 9.21. 

We can also perform a quantitative check on the validity of the results. For ex­
ample, the conservation of energy applied to a control volume surrounding an arbitrary 
node must be satisfied. Are the energies flowing into and out of a node balanced out? 
This approach was demonstrated earlier with Example 9.1. 

SUMMARY 

At this point you should 

1. understand the fundamental concepts of the three modes of heat transfel: You 
should also know the various types of boundary conditions that could occur in a 
conduction problem. 

2. know how the conductance matrices and the load matrices for two-dimensional 
conduction problems were obtained. The conductance matrix for a bilinear rec­
tangular element is 

[K](e) = k.tw [ ~2 
6e -1 

1 

-2 
2 
1 
-1 

-1 

1 
2 
-2 

~1] + ki[ ~ 
-2 6w-1 

2 -2 

1 
2 
-2 
-1 

-1 

-2 
2 
1 

-2] -1 

1 
2 

Heat loss by convection around the edge of a rectangular element can also con­
tribute to the conductance matrix 

[

2 
he·· 

[K](e) = --.!.!... 1 
6 0 

o 

1 

2 
o 
o 

o 
o 
o 
o 

[

0 
he. 

[K](e) = --.!.:::... 0 
6 0 

o 

o 
2 
1 
o 

o 
1 
2 

o 
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[K](e) = hemn [ ~ ~ ~ 2~1] 
6 0 0 2 001 

[K](e) = hen; [ ~ 
6 0 

1 

o 0 1] o 0 0 
o 0 0 
o 0 2 

The load vector for a rectangular element could have many components. It 
could have a component due to a possible heat generation term within a given 
element: 

It could also have a possible convection heat loss term(s) along the edge(s): 

{F)") ~ h~; m 
{F)") ~ hT {m. m 

The conductance matrix for a triangular element is 

Heat loss by convection around the edge of a triangular element can also con­
tribute to the conductance matrix according to the equations 

[2 n hi [0 0 

n he.· 
[K](e) = ~ 1 " [K](e) = ~ 0 2 <. 

6 0 0 6 0 1 

[K]") ~ h!.;[ ~ 0 

~] 0 

1 0 
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The load matrix for a triangular element could have many components. It 
could have a component due to a possible heat generation term within a given 
element: 

. A{l} {F}(e) = ~ ~ 

Also, it could have a possible convection heat loss term(s) along the edge(s): 

hT C {I} [F](e) = ; ki ~ 

3. understand the contribution of convective boundary conditions to the conduc­
tance matrix and the forcing matrix. 

4. how the conductance and load matrices were obtained for axisymmetric problems 
using triangular elements. 

5. be familiar with formulation of transient heat transfer problems. 
6. always find ways to verify your results. 
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PROBLEMS 

1. Construct the conductance matrices for the elements shown in the accompanying figure. 
Also, assemble the elements to obtain the global conductance matrix. The properties and 
the boundary conditions for each eleme nt are shown in the figure. 
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l ...... cc---1.75 em ____ 1 

4 
5 -, 

~ 
insulated 

k = 160W/m. K 1.5 em 

(2) I 
.. 2 ________ 3~ __ 

k= !BO Wlm · K / 

,,& 

V~ Tf = 20°C, II = 10 W/m2 • K 

2. Construct the load ma trix fo r each element in problem 1. Also, asse mble the elemental load 
matrices to construct the global load ma trix. 

3. Construct the conductance ma trices shown in the accompanying figure. Also, asse mble the 
elements to obta in the global conductance matrix. The prope rties and the boundmy condi­
tions for each element are shown in the figure. 

I~ 1.75 em -I 
insulated 

T 4 5 ~ 

1.5 em k = 160W/m . K 

1 (2) 

2 3 

k= 180W/m· K / (1) 

1 "c~ 

V~ 

4. Construct the load ma trix fo r each e lement in problem 3. Also, assemble the e lemental load 
matrices to construct the global load ma trix. 



Chapter 9 Problems 495 

5. Show that for a constant hea t flux boundary condition q~, eva luation of the terms 

1 [st q~cosedT and 1 [st q~sin edT along the edges of the rectangular element results in 

the elemental load matrices 

6. Evaluate the constant heat flux boundary condition in problem 5 for a triangular element. 

7. Using the results of problem 5, construct the load matrix for each element shown in the ac­
companying figure. Also, assemble the e lemental matrices to construct the global load ma­
trix. T he boundary conditions are shown in the figure. Note that if all elements are made 
from the same material , then heat flow becomes one-dimensional. 

insulated surface 

I .I 
10 11 12 

7 8 9 

q"= 100 W/clll 

4 5 6 

-t 
lCIll 

1 2 3 ~ 
I I 
1--t-1.5 cm-,..I insulated surface 

8. In the Galerkin formulation of two-dimensional fins, the convection heat loss from the periph­

ery of the extended surface gives rise to the term 1 [SfhTdA. The term contributes to the el­

emental conductance matrix. Show that for a bilinear rectangular element, the integral yields 

2 
4 

2 
2 

4 
2 
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9. Evaluate the integral in problem 8 for a triangular e leme nt. Show that 

10. Consider a small rectangular a luminum pla te with dimensio ns o f 20 cm X 10 cm a nd a 
the rma l conductivi ty va lue of k = 168 W/m· K, as shown in the accompanying figure. 
The plate is exposed to the bo undary conditi ons shown in the fi gure. Using manua l cal­
culatio ns, de te rmine th e te mpe rature distri buti on within the plate , under steady-sta te 
conditio ns.(Hint: l3ecause the re are two axes o f symme try, yo u should mode l o nly a quarte r 
o f the plate.) 

-
C T,= 80°C 

+ / 

--

11. Aluminum fins with triangular profil es, shown in the accompanying figure, are used to re move 
heat from a surface whose tempera ture is 150°C. T he te mpe rature of the surrounding ail' is 
20°e. T he na tura l heat lI'ans re r coerricie nt associated wi th the surrounding air is 30 \V 1m2 . K. 
The thermal conductivity of a luminum is k = 168 Wlm . K. Using ma nua l ca lculatio ns, 
de te rmine the temperature distributi o n along a fin. Approximate the hea t loss for o ne 
such fin . 
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7 

1-01 .. ------90 mm------... ~I 

12. For the fin in problem I I, use ANSYS to determine the temperature distribution within the 
fin. What is the overall heat loss through the fin? Compare these results to the results of your 
manual calculations. 

13. Aluminum fins with parabolic profiles, shown in the accompanying figure , are used to remove 
heat from a surface whose temperature is 120°C. The temperature of the surrounding air is 
20°C. The natural heat transfer coefficient associated with the surrounding air is 25 W 1m2. K. 
The thermal conductivity of aluminum is k = 168 W/m' K. Using ANSYS, determine the 
temperature distribution along a fin. Approximate the heat loss for one such fin. 

-+ rY 
20mm 

_f_ ~_-----=========~ 

5 mm _I 1 ..... ----- 80 mm-----.... ~I 

14. Using ANSYS, determine the temperature distribution in the window assembly shown in 
the accompanying figure. During the winter months, the inside air temperature is kept at 
68°F, with a corresponding heat transfer coefficient of h = 1.46 I3tu/hr· ft2. OF. Assume an 
outside air temperature of 10°F and a corresponding heat transfer coefficient of 
h = 6 Btu/hr· ft2. OF. What is the overall heat loss through the window assembly? 
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I ill. 

~ 
3/4in.-I ~ t aluminum 

glass 
36 in. 

t 
I in. 

1-11.75 in. ---l 

15. Aluminum fins (k = 170 W/m . K) are commonly used to dissipate heat from electronic de­
vices. An example of such a fin is shown in the accompanying figure. Using ANSYS, deter­
mine the temperature distribution within the fin. The base of the fin experiences a constant 
flux of q' = 1000 \VIm. A fan forces air over the surfaces of the fin. The temperature of the 
surrounding air is 20°C with a corresponding heat transfer coefficient of h = 40 W/m2 • K. 

I 111m­
I 111m-

I nun -
Imm r'· -

------.-
t t 6 nun 

6mm ~ 
J 

t!--t'-t:--;tc--f-t:--;t"-----'t--!t-----,-mm 
q' = 1000 \VIm 
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16. Hot water flows through pipes that are embedded in a concrete slab. A section of the slab is 
shown in the accompanying figure. T he temperature of the water inside the pipe is 50°C, with 
a corresponding heat transfer coefficient of200 W/m2. K. With the cond itio ns shown at the 
surface, use ANSYS to determine the temperature of the surface. Assuming that the heat 
transfe r coefficient associated with the hot -wa ter flow remains constant, find the water tem­
perature at which the surface freezes. Neglect the the rmal resistance thro ugh the pipe walls. 

Do,15m -

7.5 em <::> r 00":,0 <::> 

t 
20em 

~ 

~-------------------- l.5nl--------------------~~ 

17. Consider the heat transfer through a basement wall with the dimensions give n in the accompa­
nying figure. The wall is constructed from concrete and has a thermal conductivity of k = 1.0 
lltu/hr· ft . OF. The nearby ground has an average thermal conductivity of k = 0.85 
lltu/hr' ft . OF. Using ANSYS, determine the temperature distribution within the wall and the 
heat loss from the wall. The inside air is kept at 68°F with a corresponding heat transfer coeffi­
cient of h = 1.4611tu/hr· [(2. OF. Assume an o utside air temperature of 15°F, and a corre­
sponding heat transfer coefficient of h = 6 Btu/llr' [(2. OF. Assume that at about four feet away 
from the wall, the horizontal compo nent of the heat transfer in the soil becomes negligible. 

c-

o L 0 

Pc ! 
Toutslde = 15°F 

P 
Co 

'2. 

'" 8 ft ~ 

" 'i1 
" c 
0 

~ Soil 
Ie 
0 

0 

f\ 

6 in._1 11 .... 1----- 4 ft ---.~II 
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0 

18. We would like to include the heat transfer rates throug.h an un insulated basement floo r in our 
model in problem 17. Considering the heat transfer model shown in the accompanying fig­
ure, determine the tempe rature distributions in the wall, the floo r, and the soil , and the heat 
loss from the floor and the wall. As shown in the fig.ure, assume that at about four fee t away 
from the wall and the fl oor, the horizonta I and the vertical components of the heat transfe r 
in the so il become negligible. 

r--
'-' 

!. 
~ 
r -- 0 ! ToUlOOc D 15°F, II -

TiMid. a 68°F," - 1.46 Btufhr· f~ <:::> 

-- " Co 

S' 

? 

" " ~, 
u 

, C 
0 ' 
u 

:" , 
Co 

~ 
i? 

IV ,..., 0 6' concrete floor <:::.0 IV ,.., 0 <:::.0 

Soil 

1+-1------12'----~,1 ~I~ -4'-----l 
19. In o rder to enhance heat transfer rates, the inside surface of a tube is extended to form lon­

gitudinal fins, as shown in the accompanying figure. Determine the temperature distribution 
inside the tube wall , given the following data: 
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r l = 2 in k = 400 W/m' K 

1in' ide = 80°C 

, . 
t = ;l1n hin' ide = 150 W/m2. K 

H = ~ in 

h outs ide = 30 \V/m2. K 

20. Consider the concentric-tube heat exchange r shown in the accompanying fi gure. A mixture 
of aqueous e thylene glycol solution arriving from a so lar co llecto r is passing through the 
inner tube. Wa ter flows through the annulus as shown in the figure. The average tempe ra­
ture o f the water at the section shown is [5°C, with a correspo nding heat transfer coe ffi cient 
of h = 200 W/m2. K. T he average temperature o f the e thylene glycol mixture is 48°C, with 
an associated heat transfer coeffi cie nt o f h = 150 W/m2. K. [n o rder to enha nce the hea t 
transfer rates between the fluids, the outside surface o f the inner tube is extended to form 
longitudinal fins, as shown in the figure. Dete rmine the tempera ture distributi on inside the 
heat exchangers wa lls, assumin g tha t the o utside o f the heat excha nge r is perfectly insulated. 
Also, dete rmine the heat transfer rate be tween the fluid s. 

insulation 

I 
water 

ethylene 
glycol solution --+-....... 1 

5mm 
I~"_------- 50 mm ------~ 



S02 Chapter 9 Analysis of Two-Dimensional Heat Transfer Problems 

21. Use Green's theorem Eq. (9.36) to calculate the area of the triangle shown in the accompa­
nying figure. 

y 

22. Calculate the conductance matrix for the axisymmetric triangular element shown. The ele­
ment belongs to a solid body made of aluminum alloy with a thermal conductivity 
k = 170W/m·K. 

z 

(2, 2) 

Coordinates in mm. 

j 
(9,3) 

L---------------------~r 

23. Construct the load matrix for problem 22. 

24. Construct the load matrix for each axisymmetric triangular element shown. Also, assemble 
the elemental load matrices to construct the global load matrix. 

k= 160W/m · K 

(3) 

(2) 

~ 
insulated k= 160W/m·K 
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25. Evaluate the constant heat-flux boundary condition for an axisymmetric triangular element. 

'6 I · 11k a[S{ aT . . I I _ • Evaluate t le II1tegra - ----dV for an aXlsymmetl'lc rectangu ar e ement. 
v r ar ar 

27 I I · I 1 a[.sf aT d . . I I • Eva uate I le II1tegra - ----.v for an aXlsynllnetnc rectangu ar e ement. 
v aZ az 

28. Under certain conditions, heat transfer rate q in a two-dimensional system may be computed 
using the equation q = kS(TI - T2), where k is the thermal conductivity of the med ium, S 
is the shape factor, and TI and T2 are temperatures of the surfaces, as shown in accompany­
ing diagrams. Using ANSYS plot the temperature distribution in the soil for each of the si t­
uations shown. Also, using ANSYS calculate the heat-transfer rate for each case and compare 
it to the shape factor so lution. 

First situation deals with an isothermal sphere that is buried in soil withk = 0.5 \VIm· K, 
Z = 10 m, D = 1 m, TI = 300o e , T2 = 27°e , and the corresponding shape factor is given by 

S = 27TD . 

') D 
4z 

Second si tuation deals with an isothermal ho rizontal pipe is buried in soil with 
k = 0.5 \VIm· K, Z = 2 m, D = 0.5 m, L = 50 m, TI = 100oe , T2 = 5°e and the corre-

d' I ' ' b 27TL spon II1g S lape factor IS given y S = (4Z) , 
In -

D 
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29. For thc fin in problcm 15, assumc that thc fin is initially a t thc surrounding tcmpc raturc o f 
20°C and the base of the fin experiences a sudden flu x of q' = 1000 \VIm. Study the transicnt 
rcspo nsc o f thc fin . Comparc thc stcady statc rcsults to thc transicnt rcsponsc for long aft c r 
thc sudden flux is applicd. 

30. Fo r thc slab in problc m 16, assumc tha t thc slab is initia lly a t thc tcmpcraturc o f surround­
ing - 5°C. Suddcnly ho t watcr at a tcmpe ra turc of 50°C with a corresponding hcat tra nsfcr 
coe ffi cic nt o f 200 W/m2. K is in troduced insidc thc pipes. Study thc transicn t rcsponsc of the 
system. How long will it takc for thc slIrfacc of thc slap to rcach a tcmpcrature o f 2°C. 

31. Dcsi~n Problem At some ski rcsorts, in order to kcc p ice from forming o n the surfacc of up­
hill roads leading to condo miniums, ho t water is pumpcd through pipes that are embedded 
beneath the surfacc o f thc road. You arc to design a hydronic systcm to pcrform such a task. 
Choose your favorite ski resort a nd look up its design conditio ns, such as the ambie nt a il' 
te mpera ture, and so il temperature. Thc system that yo u construct may co nsist o f a se ries o f 
tubcs, pumps, a ho t-watc r hcate r, valvcs, fittings, and so o n. llasic informatio n sought in­
cludes the type of pipes, their sizes, the spacing between the tubes, the configura tion of the 
piping systcm, and the distance below thc surfacc thc pipcs sho uld bc c mbcddcd. If timc a l­
lows, you may also size the pump a nd the ho t-water heater. 



CHAPTER 1 0 

Analysis of Two-Dimensional 
Solid Mechanics Problems 

The objective of this chapter is to introduce you to the analysis of two-dimensional solid 
mechanics problems. Structural members and machine components are generally sub­
ject to a push-pull , bending, or twisting type of loading. The components of common 
structures and machines normally include beams, columns, plates, and other members 
that can be modeled using two-dimensional approximations. Axial members, beams, 
and frames were discussed in Chapter 4. The main topics discussed in Chapter 10 include 
the following: 

10.1 Torsion of Members with Arbitrary Cross-Section Shape 

10.2 Plane-Stress Formulation 

10.3 Isoparametric Formulation: Using a Quadrilateral Element 

10.4 Axisymmetric Formulation 

10.5 Basic Failure Theories 

10.6 Examples Using ANSYS 

10.7 Verification of Results 

10.1 TORSION OF MEMBERS WITH ARBITRARY 
CROSS-SECTION SHAPE 

There are still many practicing engineers who generate finite element models for prob­
lems for which there exist simple analytical solutions. For example, you should not be 
too quick to use the finite element method to solve simple torsional problems. This type 
of problem includes torsion of members with circular or rectangular cross sections. 
Let us briefly review the analytical solutions that are available for torsional problems. 
When studying the mechanics of materials, you were introduced to the torsion of long, 
straight members with circular cross sections. A problem is considered to be a torsional 
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FIGURE 10.1 Torsion of a shaft. 

problem when the applied moment or torque twists the member about its longitudinal 
axis, as shown in Figure 10.1. 

Over the elastic limit, the shear stress (7) distribution within a member with a cir­
cular cross section, such as a shaft or a tube, is given by the equation 

Tr 
T =-

J 
(10.1) 

where T is the applied torque, r is the radial distance measured from the center of the 
shaft to a desired point in the cross section, and J represents the polar moment of iner­
tia of the cross-sectional area. It should be clear from examination of Eq. (10.1) that 
the maximum shear stress occurs at the outer surface of the shaft, where r is equal to the 
radius of the shaft. Also, recall that the angle of twist (6) caused by the applied torque 
can be determined from the equation 

TL 
6 = JG (10.2) 

in which L is the length of the member and G is the shear modulus (modulus of rigid­
ity) of the material. Furthermore, there are analytical solutions that can be applied to 
torsion of members with rectangular cross-sectional areas.* When a torque is applied to 
a straight bar with a rectangular cross-sectional area , within the elastic region of the 
material, the maximum shearing stress and an angle of twist caused by the torque are 
given by 

T 
7 max = --,-2 

CIWl 

TL 
6 = , 

c2Gwh~ 

(10.3) 

(lOA) 

L is the length of the bar and wand h are the larger and smaller sides of the cross­
section, respectively. (See Figure 10.2.) The values of coefficients CI and C2 (given in 
Table 10.1) are dependent on the aspect ratio of the cross section. As the aspect ratio 
approaches large numbers (wlh - 00 ), CI = C2 = 0.3333. This relationship is demon­
strated in Table 10.1. 

*See Timoshenko and Goadier (1970) for more detail. 
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L 

FIGURE 10.2 A straight rectangular bar 
in torsion. 

The maximum shear stress and the angle of twist for cross-sectional geometries 
with high aspect ratios (wlh > 10) are given by: 

T 
T =----::-

max 0.333 wh2 
(10.5) 

TL e = " 
0.333Gwh~ 

(10.6) 

These types of members are commonly referred to as thin-wall members. Examples of 
some thin-wall members are shown in Figure 10.3. 

Therefore, if you come across a problem that fits these categories, solve it using 
the torsional formulae. Do not spend a great deal of time generating a finite element 
model. 

Finite Element Formulation of Torsional Problems 

Fung (1965) discusses the elastic torsional behavior of noncircular shafts in detail. There 
are two basic theories: (1) St. Venant's formulation and (2) the Prandtl formulation. 

TABLE 10.1 c) and C2 values for a bar 
with a rectangular cross section 

will c. C2 

1.0 0.208 0.141 
1.2 0.219 0.166 
1.5 0.231 0.196 
2.0 0.246 0.229 
2.5 0.258 0.249 
3.0 0.267 0.263 
4.0 0.282 0.281 
5.0 0.291 0.291 
10.0 0.312 0.312 
00 0.333 0.333 
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FIGURE 10.3 Examples of thin-wall 
members. 

Here, we will use the Prandtl formulation. The governing differential equation for the 
elastic torsion of a shaft in terms of the stress function 4> is 

(i4> (r4> 
-+ - + 2G6 = 0 
iJx2 al 

(10.7) 

where G is the shear modulus of elasticity of the bar and 6 represents the angle of twist 
per unit length. The shear stress components are related to the stress function 4> ac­
cording to the equations 

(J4> 
'T =-

zx iJy (10.8) 

iJ4> 
'T =--

zy ax (10.9) 

Note that with Prandtl's formulation, the applied torque does not directly appear in 
the governing equation. I nstead, the applied torque is related to the stress function 
and is 

T = 214>dA (10.10) 

In Eq. (10.10), A represents the cross-sectional area of the shaft. Comparing the 
differential equation governing the torsional behavior of a member, Eq. (10.7) , to the 
heat diffusion equation, Eq. (9.8) , we note that both of these equations have the same 
form. Therefore, we can apply the results of Section 9.2 and Section 9.3 to torsional 
problems. However, when comparing the differential equations for torsional problems, 
we let Cl = 1 and C2 = 1, C3 = 2G6. The stiffness matrix for a rectangular element 
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/ 

1Q 
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/"",4,,--- e---;>JOo;>'/ FIGURE 10.4 Nodal values of the stress 
"----------------~X function for a rectangular element. 

then becomes 

[K]'" ~ w [ ~2 
-2 -1 

1 ] [ 2 

1 -1 

-2] 2 1 -1 e 1 2 -2 -1 
(10.11) 

6e -1 1 2 -2 + 6w -1 -2 2 1 
1 -1 -2 2 -2 -1 1 2 

where wand e are the length and the width, respectively, of the rectangular element, as 
shown in Figure lOA. The load matrix for an element is 

{F}'" ~ 2G:A {;} (10.12) 

and for triangular elements, shown in Figure 10.5, the stiffness and load matrices are 

[K](e) = 4~ [:~j ~~Jj :;::] + 4~ [8~!j 8~Jj ~~::] (10.13) 

~i~k ~j~k ~~ 8i8k 8l)k 8~ 

{F}'" ~ 2G;A {: } (10.14) 

where the area A of the triangular element and the <x , ~ , and 8-terms are given by 

2A = Xi(Yj - Yd + Xj(Yk - Yi) + Xk(Yi - Y;) 

<Xi = XjYk - XkY j 
<Xj = XkYi - XiYk 
<Xk = XiY j - XjYi 

~i = Y j - Y k 8i = X k - Xj 

~j = Y k - Yi 8j = Xi - X k 
~k = Yi - Y j 8k = Xj - Xi 

Next, we will consider an example problem dealing with torsion of a steel bar. 
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~----------------------------~X 

EXAMPLE 10.1 

FIGURE 10.5 Nodal values of the stress 
function for a lIiangular element. 

Consider the torsion of a steel bar (G = 11 X l<Pksi) having a rectangular cross sec­
tion, as shown in the accompanying figure. Assume that e = 0.0005 rad/in. Using the fi­
nite element procedure discussed above, we are interested in determining the shear 
stress distribution within the bar. 

Before we proceed with the solution , note that the point of this exercise is to demon­
strate the finite element steps for a torsional problem. As we mentioned earlier, this 
problem has a simple analytical solution which we will present when we revisit this prob­
lem later in this chapter. 
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y 

6 

5 

----+---- X FIGURE 10.6 A schematic of the bar in 
2 3 Example 10.1. 

We can make use of the symmetry of the problem, as shown in Figure 10.6, and only 
analyze a section of the shaft containing 118 of the area. The selected section of the shaft 
is divided into six nodes and three elements (a crude model). Elements (1) and (3) are 
triangular, while element (2) is rectangular. Consult Table 10.2 while following the 
solution. 

For triangular elements (1) and (3) , the stiffness matrix is 

[K](1) = [K](3) = ---.!...[:t ~~jj :;::] + _1_[ 8~t 
4A l3il3k I3jl3k 13~ 4A 8i8k 

Evaluating the 13- and 8- coefficients for element (1), we get 

l3i = Y j - Y k = 0 - 0.25 = -0.25 

I3j = Yk - Yi = 0.25 - 0 = 0.25 

13k = Y i - Y j = 0 - 0 = 0 

8i = X k - Xj = 0.125 - 0.125 = 0 

8j = Xi - X k = 0 - 0.125 = -0.125 

8k = Xj - Xi = 0.125 - 0 = 0.125 

TABLE 10.2 The relationship between elements and their corresponding nodes 
and their [coordinates] 

Element 

(I) 
(2) 
(3) 

1 [0,0] 
2 [0.125,0] 
4 [0.125,0.25] 

2 [0.125, 0] 
3 [0.25 , 0] 
5 [0.25, 0.25] 

TIl or k 

4 [0.125, 0.25] 
5 [0.25 , 0.25] 
6 [0.25, 0.5] 

n 

4 [0.125, 0.25] 
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Note that evaluating the 13- and B-coefficients for element (3) renders the same values 
because the difference between the coordinates of its nodes is identical to that of ele­
ment (1). Therefore, e le ments (1) and (3) will both have the following st iffness matrix: 

1 [0.0625 -0.0625 0] 
[K](\) = [K](3) = 4(0.015625) -0.~625 0.0~25 ~ 

+ 4(0.0~5625) [~O 0.01~625 
-0.015625 

-0.0~5625] 
0.015625 

To help with assembly of the elements later, the corresponding node numbers for the el­
ements are shown on the top and the side of the stiffness matrices. The stiffness matri­
ces for elements (1) and (3), are 

1(i) 2(j) 4(k) 

[K]") = [ 1 -1 or -1 1.25 -0.25 2 
0 -0.25 0.25 4 

4(i) 5(j) 6(k) 

[K](3) = [ 1 -1 or -1 1.25 -0.25 5 
0 -0.25 0.25 6 

The stiffness matrix for element (2) is 

[K](2) = ~[ ~2 
-2 -1 

1 ] [2 1 -1 -2] 2 1 -1 e 1 2 -2 -1 
6e -1 1 2 -2 + 6w -1 -2 2 1 

1 -1 -2 2 -2 - 1 1 2 

[K](2) = 0.25 [~2 
-2 -1 

1 ] [2 1 -1 -2] 2 1 -1 0.125 1 2 -2 -1 
6(0.125) -1 1 2 -2 + 6(0.25) -1 -2 2 1 

1 -1 -2 2 -2 -1 1 2 

The stiffness matrix for e lement (2) with the corresponding node numbers is 

2(i) 

[ 
0.83333333 

[K](2) = -0.58333333 

-0.41666667 
0.16666667 

3(j) 
-0.58333333 
0.83333333 
0.16666667 

-0.41666667 

5(111) 
-0.4166666 
0.16666667 
0.83333333 

-0.58333333 

4(n) ] 
0.16666667 2 

-0.41666667 3 
-0.58333333 5 
0.83333333 4 

The load matrices for the triangular elements (1) and (3) are computed from 
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{F}(e) = _6_ 1 leading to: {F}(I) = 57.29166667 2 and {F}(3) = 57.29166667 5 
2G A {I} {57.29166667} 1 {57.29166667} 4 

3 1 57.29166667 4 57.29166667 6 

The load matrix for the rectangular element (2) including the nodal information is 

{
I} {85.9375} 2 {F}(2) = 2G6A 1 = 85.9375 3 

4 1 85.9375 5 
1 85.9375 4 

Using the nodal information presented next to each element, the global stiffness matrix 
becomes 

1 2 3 4 5 
1 -1 0 0 0 

-1 2.08333333 -0.58333333 -0.08333333 -0.41666666 
[K](G) = 0 -0.58333333 0.83333333 -0.41666667 

0 -0.08333333 -0.41666667 2.08333333 

0 -0.41666666 0.16666667 -1.58333333 
0 0 0 0 

Assembling the load matrices, we get 

{F}(G) = 

57.3 

57.3 + 85.9 
85.9 

57.3 + 57.3 + 85.9 
57.3 + 85.9 

57.3 

= 

0.16666667 
-1.58333333 

2.08333333 
-0.25 

57.3 

143.2 
85.93 
200.5 
143.2 
57.3 

6 
0 
0 
0 
0 

-0.25 
0.25 

1 
2 

3 
4 

5 
6 

Applying the boundary condition of 4> = 0 to nodes 3, 5, and 6, we get the following 
3 X 3 matrix: 

-1 

2.083 
-0.083 

o ]{4>I} {57.3} -0.083 4>2 = 143.2 
2.083 4>3 200.5 

Solving the set of linear equations simultaneously leads to the following nodal solution: 

[4>]T = [250 193 0 104 0 0] 

We can compute the shear stress components (see Figure 10.7) from Eqs. (10.8) and 
(10.9) in the following manner. For elements (1) and (3) 
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x 

FIGURE 10.7 The directions of shear 
Z stress components. 

-[(3i 

The shear stress components for element (1) are 

(I) 
7ZX = [8i 

(I) [ 
7ZY = - (3i 

0; o,]Ui} ~ [0 -0.125 

~; ~klUi} ~ -[-025 

0.125] { ~~~} = -11Ib/in2 

104 

0.25 O]{~~~} = 141b/in2 
104 

Similarly, we can compute the shear stress components for element (3). 

T~1 ~ [0 -0.125 0.1251 { T} ~ Olblin' 

T~~ ~ -[-0.25 0.25 Ol{ T} ~ 261blin' 

Because the spatial derivatives of linear triangular elements are constants, note that the 
computed shear stress distribution over the region represented by the triangular ele­
ment is constant. This is one of the drawbacks of using linear triangular elements. We 
could have divided the selected section of the shaft into many more elements or used 
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higher order elements, as discussed in Chapter 7, to come up with better results. The 
shear stress components over the rectangular element is obtained in the same manner. 

{ 
<l>i } 

S.] :: 

1 
'I'zx = ew[( - e + x) -x x { 

<l>i } 

(f - x)] :: 

Similarly, 

b<l> 1 
TZy = - = --[(-w + y) 

aX ew 
(w - y) y { 

<l>i } 

-y] :: 

Note that for the bilinear rectangular element, the shear stress components vary with po­
sition and can be computed for a specific location within the element. It is left as an ex­
ercise for you to substitute for the local coordinates of a point within the boundaries of 
element (2) to obtain the shear stress components. We will revisit this problem later 
and solve it using ANSYS. 

10.2 PLANE-STRESS FORMULATION 

We begin by reviewing some of the fundamental concepts dealing with the elastic be­
havior of materials. Consider an infinitesimally small cube volume surrounding a point 
within a material. An enlarged version of this volume is shown in Figure 10.8. The faces 

y 

Oyy 

z 

(Jxx 

'l---..... x 

FIGURE 10.8 The components of stress 
at a point. 
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of the cube are oriented in the directions of (X, Y, Z) coordinate system.'" The applica­
tion of external forces creates internal forces and, subsequently, stresses within the ma­
terial. The state of stress at a point can be defined in terms of the nine components on 
the positive faces and their counterparts on the negative surfaces, as shown in the fig­
me. However, recall that because of equilibrium requirements, only six independent 
stress components are needed to characterize the general state of stress at a point. Thus 
the general state of stress at a point is defined by: 

[of = [axx ayy azz "Xy "YZ ,.xz] (10.15) 

where axx, ayy, and azz are the normal stresses and "Xy, "YZ, and "xz are the shear 
stress components, and they provide a measure of the intensity of the internal forces act­
ing over areas of the cube faces. In many practical problems, we come across situations 
where there are no forces acting in the Z-direction and, consequently, no internal forces 
acting on the Z- faces. This situation is commonly referred to as a plane-stress situation, 
as shown in Figure 10.9. 

For a plane-stress situation, the state of stress reduces to three components: 

z 

[oy = [axx ayy ,.Xy] 

.. _; . . 
I 

Y 

<Jyy 

t txy ~ _________ _ 

", tyX 
.. ,'" .......: •••• 1'. 

; ,' I 

crxx 

-:.r----..-X 

cryy 

~YX 

oxx:tO f- oxx 

t~ 
<Jyy 

FIGURE 10.9 Plane state of stress. 

*Note that throughout this section X, Y, Z and x , y, z coordinate systems are aligned. 

(10.16) 
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We have just considered how an applied force can create stresses within a body. As you 
know, the applied force will also cause a body to undergo deformation , or change in its 
shape. \Ve can use a displacement vector to measure the changes that occur in the po­
sition of a point within a body. The displacement vector '8 can be written in terms of its 
Cartesian components as 

l) = u(x, y, z) i + v(x, y, z) j + w(x, y, z)k 

where the i , j, and k components of the displacement vector represent the difference in 
the coordinates of the displacement of the point from its original position (x , y, z) to a 
new position (x ', y' , z') caused by loading, as given by the equations 

Il(X, y , z) = x' - x 

v(x, y, z) = y' - y 

w(x, y, z) = z' - z 

To better measure the size and shape changes that occur locally within the mate­
rial , we define normal and shear strains. The state of strain at a point is, therefore, char­
acterized by six independent components: 

(10.17) 

exx , eyy, and e zz are the normal strains, and "(xy, "(yZ' and 'Y.fZ are the shear-strain compo­
nents. These components provide information about the size and shape changes that 
occur locally in a given material due to loading. The situation in which no displacements 
occur in the z-direction is known as a plane-strain situation. As you may recall from 
your study of the mechanics of materials, there exists a relationship between the strain 
and the displacement. These relationships are 

ou oV oW 
e xx = - e = - e =-ax yy ay zz az (10.18) 

(jll (jV (jV (jW (jll (JW 

'Y.ty = ay + oX "(yz = az + iJy "(xz = az + ax 

Over the elastic region of a material, there also exists a relationship between the state 
of stresses and strains, according to the generalized Hooke 's law. These relationships 
are 

1 
en = E [O'n - v(O'yy + O'zz)] (10.19) 

1 
e yy = E [O'yy - v(O'n + O'zz)] 

1 
ezz = E [O'zz - v(O'xx + O'yy )] 

1 1 1 
"(xy = G t xy "(yz = G t yz "(zx = G Tzx 
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where E is the modulus of elasticity (Young's modulus) , v is Poisson 's ratio, and G is the 
shear modulus of elasticity (modulus of rigidity). For a plane-stress situation, the gen­
eralized Hooke 's law reduces to 

(10.20) 

or, in a compact matrix form, 

{O'} = [V]{E} (10.21) 

where 

For a plane-strain situation , the generalized Hooke's law becomes 

{ 
O'.u } E 11 ~ v 

~:: = (1 + v)( 1 - 2v) l 0 

v 

1 - v ~ ]{:x.t} 
1 YY 

2" - v 'YxY 

(10.22) 
o 

Furthermore , for plane stress situations, the strain-displacement relationship becomes 

au av all av 
e xx = -;;- e,y = -a 'Yxy = -;;- + -;;-

oX y uy oX 
(10.23) 

We have discussed throughout this text that the minimum total potential energy 
approach is very commonly used to generate finite element models in solid mechanics. 
External loads applied to a body will cause the body to deform. During the deformation , 
the work done by the external forces is stored in the material in the form of elastic en­
ergy, which is called strain energy. For a solid material under biaxial loading, the strain 
energy A is 

(10.24) 
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Or, in a compact matrix form , 

A (e) = l.J[(Tf{E} dV 
2 v 

(10.25) 

Substituting for stresses in terms of strains using Hooke 's law, Eg . (10.25) can be writ-
ten as 

(10.26) 

Note in arriving at the final form of integral , we have used Eq. (2.12) and 
[vf = [v]. We are now ready to look at finite element formulation of plane stress 
problems using triangular elements. We can represent the displacements II and v using 
a linear triangular element similar to the one shown in Figure 10.10. 

The displacement variable, in terms of linear triangular shape functions and the 
nodal displacements, is 

Ii = S,uix + SjVjx + SkV kx 

V = S,uiy + Spjy + SkVky 

We can write the relations given by Eg. (10.27) in a matrix form: 

Vix 

{:} = [~i ~J 
V iy 

0 Sj 0 Sk V jx Si 0 Sj 0 Vjy 
Vb 
V ky 

(10.27) 

(10.28) 

-~ ___ .UiX FIGURE 10.10 A triangular element used 
j in formulating plane stress problems. 
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The next step involves relating the strains to the displacement field and, subsequently, 
relating the strains to the nodal displacements using shape functions. Referring to the 
strain-displacement relations as given by Eq. (10.23), we need to take the derivatives 
of the components of the displacement field with respect to the x and y coordinates, 
which in turn means taking the derivatives of the appropriate shape functions with re­
spect to x and y. Performing these operations results in the following relations: 

()ll a 1 
ex., = - = -(S,u;x + S,ll,"x + SkUk.,) = -2 [~,u;x + ~,.ujx + ~Pkx] ax ax A 

(10.29) 

~ a 1 
eyy = - = -(s,u;y + Spjy + SkUky) = 2A[8,u;y + 8pjy + 8kUky] 

oy flY 
all av 1 

'Yxy = ()y + ()x = 2A [8,u;x + ~,u;y + 8pjx + ~pjy + 8kUkx + ~kUky] 

Representing the relations of Eq. (10.29) in a matrix form , we have 

U;., 

{"'} =_1 [~j 0 ~j 0 ~k ~] 
U;y 

8; 0 'OJ 0 
Ujx 

(10.30) eyy 2A 0 Ujy 
'Yxy '0; 13; 'OJ ~j 8k 13k Ukx 

Uky 

and in a compact matrix form , Eq. (10.30) becomes 

{E} = [n]{U} (10.31) 

where 

U;x 

{ 8"} [~ 0 I3j 0 13k ~k ] 
U;y 

{E} = eyy [II] = 2~ ~: '0; 0 'OJ 0 {U} = Uj .. 

'Yxy 13; 'OJ I3j 'Ok 13k 
Ujy 
Ukx 
Uky 

Substituting into the strain energy equation for the strain components in terms of the 
displacements, we obtain 

A (e) = ~ 1 {E V[p] {E} dV = ~ 1 [uy[uy[p][U] [U] dV (10.32) 

Differentiating with respect to the nodal displacements, we obtain 

iJA (e) a (11 ) --=--U = 'U - [uf[n]T[p][U][U] dV for k = 1, 2, ... , 6 
O k () k2v 

(10.33) 
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Evaluation of Eg. (10.33) results in the expression [K](e){u}. The expression for the 
stiffness matrix is thus 

[K](e) = j[Bf[V][B] dV = V[Hf[v][H] (10.34) 

Here, V is the volume of the element and is the product of the area of the element and 
its thickness. Example 10.2 will show how Eg. (10.34) is used to evaluate the stiffness ma­
trLx for a two-dimensional triangular plane stress element. 

Load Matrix 

To obtain the load matrix for a two-dimensional plane stress element, we must first 
compute the work done by the external forces , such as distributed loads or point loads. 
The work done by a concentrated load Q is the product of the load component and the 
corresponding displacement component. We can represent the work done by concen­
tratedloads in a compact matrix form as 

w(e) = {UV{Q} (10.35) 

A distributed load with Px and Py components does work according to the relationship 

w(e) = 1 (IlPx + VPy) dA (10.36) 

where It and v are the displacements in the x and y directions respectively, and A rep­
resents the surface over which the distributed load components are acting. The magni­
tude of the surface A is the product of the element thickness I and the length of the edge 
over which the distributed load is applied. Using triangular elements to represent the 
displacements, we find that the work done by distributed loads becomes 

w(e) = 1 {uV[sV{p} dA (10.37) 

where 

{p} = {::} 

The next step in evaluating the load matrix involves the minimization process. In the case 
of the concentrated load, differentiation of Eg. (10.35) with respect to nodal displace­
ments yields the components of the loads: 

{F}(e) = 

Qix 

Qiy 

Qjx 

Qjy 

Qkx 

Qky 

(10.38) 
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k 

The differentiation of the work done by the distributed load with respect to the nodal 
displacements gives the load matrix 

where 

[SF = 

Sj 0 

o Sj 

Sj 0 
o Sj 
Sk 0 
o Sk 

(10.39) 

Consider an element subjected to a distributed load along its ki-edge , as shown in 
Figure 10.1l. 

Evaluating Eq. (10.39) along the ki-edge and realizing that along the ki-edge, 
Sj = 0, we have 

Sj 0 Sj 0 Px 
0 Sj 0 Sj Py 

{F}(e) = 1 Sj 0 
{PX}dA = t 1 0 0 {Px} tLjk 0 

(10.40) de=-
0 Sj Py eti 0 0 Py 2 0 

Sk 0 Sk 0 p.. 
0 Sk 0 Sk Py 

Note that the effect of the distributed load in Figure 10.11 along the ki-edge is repre­
sented by two equal nodal forces at i and k, with each force having x and y components. 

j k j 

FIGURE 10.11 A distributed load acting 
over the ki-edge of a triangular element. 
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In a similar fashion , we can formulate the load matrix for a distributed load acting along 
other sides of the triangular element. Evaluation of the integral in Eq. (10.39) along the 
ij-edge and the jk-edge results in 

Px 0 

Py 0 
t£.- Px tL-k Px {F}(e) = -" {F}(e) =-' (10041) 
2 Py 2 Py 

0 Px 
0 Py 

It is worth noting that, generally speaking, linear triangular elements do not offer as ac­
curate results as do the higher order elements. The purpose of the above derivation was 
to demonstrate the general steps involved in obtaining the elemental stiffness and load 
matrices. Next, we will derive the stiffness matrix for a quadrilateral element using 
isoparametric formulation. 

10.3 ISOPARAMETRIC FORMULATION: USING 
A QUADRILATERAL ELEMENT 

As we discussed in Chapters 5 and 7, when we use a single set of parameters (a set of 
shape functions) to define the unknown variables ll , v, T, and so on, and to express the 
position of any point within the element, we are using isoparametric formulation. An el­
ement expressed in such manner is called an isoparametric element. We will now turn 
our attention to the quadrilateral element previously shown as Figure 7.16 (repeated here 

LUny 
Umy 

UnT (1 , 1) Lu 
(-1 , 1) .. ,-,-------I------~II~I mx 

• A(l;, 11) 

l...-____ -+-__ l; 

( ) lu;, LUjY 
U 

-1 , -1 ..... --....;;;.--------...... jx 
j 

(1 , -1) 
FIGURE 7.16 A quadrilateral element 
used in Connulating plane stress problems_ 
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for convenience). Using a quadrilateral element, we can express the displacement field 
within an element by Eq. (7.30): 

u = SPix + S,Ujx + SmU mx + SnUnx 

V = SPiy + S,Ujy + SmUmy + SnUny 

(7.30) 

We can write the relations given by Eq. (7.30) in matrix form, given previously in 
Eq. (7.31): 

Uix 
Uiy 

{~} = [~i ~J 
Ujx 

0 Sj 0 Sm 0 Sn Ujy 
(7.31) 

Sj 0 Sj 0 Sm 0 Umx 
Umy 
Unx 
Uny 

Note that using isoparametric formulation , we can use the same shape functions to de­
scribe the position of any point within the element by the relationships in Eq. (7.32): 

x = SiXj + SjXj + Smxm + Snxn 

Y = SjYj + SjYj + SmYm + SnYn 

(7.32) 

The di.spla~ement field is related to the components of strains (sxx = ~, Syy = g;, and 
'Yxy = ~ + ~) and subsequently to the nodal displacements through shape functions. 

In Chapter 7, we also showed that using the Jacobian of the coordinate transfor­
mation, we can write the following, previously presented as Eq. (7.34): 

[J] 
~ 

{
a[(X, y) } [ (:.X (:.Y

J 
{",(X, y) } 

iI~ _ i)~ iJ~ iJx 
ilf(x , y) - i)x ay a[(x, y) 

ihl ih] ilTJ iJ Y 

(7.34) 

The relationship of Eq. (7.34) was also presented as the following, previously shown as 
Eq. (7.35): 

{
iJf(X ' Y)} { iJf(~. ' Y)} ax _\ iJ~ 
iJf(x , y) = [J] iJf(x , y) 

iJy i~ 

(7.35) 
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For a quadrilateral e lement , the J matrix can be evaluated using Eqs. (7.32) and (7.7): 

[J] = l[[ -(1 - ll)Xi + (1 - ll)Xj + (1 + 1l)xm - (1 + 1l)xn] 
4 [- (1 - ~)Xi - (1 + ~)Xj + (1 + ~)xm + (1 - ~)xnl 

[ - (1 - 1l)Yi + (1 - ll)Yj + (1 + 1l)Ym - (1 + ll)YnlJ = [111 112J (10.43) 
[ - (1 - ~)Yi - (1 + ~)Yj + (1 + ~)Ym + (1 - ~)Yn] 121 122 

Also recall that the inverse of a two-dimensional square matrix is given by 

(10.44) 

We can now proceed with the formulation of the stiffness matri.x. The strain en­
ergy of an element is 

(10.45) 

where Ie is the thickness of the element. Recall the strain-displacement relationships in 
matrix form 

Evaluating the derivatives, we obtain 

oU 
ax 
av 
ay 

dll oV 
-+­
dY ox 

(10.46) 

(10.47) 
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and 

{rw} {rw} - -
tJx 1 122 -112 at; 
av =detJ[-121 III] tJv 
tJy (~ 

(10.48) 

Combining Eqs. (10.46), (10.47), and (10.48) into a single relationship, we have 

()ll 

()ll [A] at; A 

ax , , all 
1 [J~ -112 0 

o ] {e} = 
av 

= det J ~ 0 -121 III 
dY) 

(10.49) 
ay ()v 

III 122 -112 -
()U ()v - 21 at; 
-+- av ay ax 

dY) 

Note how we defined the [A] matrix, to be used later. Using Eg. (7.30) , we can perform 
the following evaluation: 

[D] 
~~---------------------------------------------------, 

{V} 
,-A-.. 

U ix 

U iy 

U jx (10.50) 
U jy 

Umx 
U my 

U n.t 

U ny 
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We can express the relationship in Eg. (10.50) in a compact matrLx form as 

{e} = [A][D]{U} (10.51) 

Next, we need to transform the dA term (dA = dxdy) in the strain energy integral 
into a product of natural coordinates. This transformation is achieved in the following 
manner: 

1 1 \ \ ~ 
A(e) = -(te)J{eV[V]{e}dA = -(te)ll {eV[v]{e}detJd£d'f) 

2 A 2 _\_\ 
(10.52) 

Substituting for the strain matrix {e) and the properties of the material matrix [v] 
into Eg. (10.52) and differentiating the strain energy of the element with respect to 
its nodal displacements, we find that the expression for the element stiffness matrix 
becomes: 

(to.S3) 

Note that the resulting stiffness matrLx is an 8 X 8 matrix. Furthermore, as discussed 
in Chapter 7, the integral of Eg. (10.53) is to be evaluated numerically, using the 
Gauss-Legendre formula. 

EXAMPLE 10.2 

A two-dimensional triangular plane stress element made of steel, with modulus of elas­
ticity E = 200 GPa and Poisson's ratio v = 0.32, is shown in Figure 10.12. The element 
is 3 mm thick, and the coordinates of nodes i, j , and k are given in centimeters in 
Figure 10.12. Determine the stiffness and load matrices under the given conditions. 

The element stiffness matrix is 

[K](e) = V[uf[v][U] 

where 

V = tA 

[~ 0 13; 0 13k ~k ] [II] = 2~ ~ 8; 0 8; 0 

13; 8; 13; 8k 13k 

[ 1 

v 

1 ~ v j E v 1 
[v] = 1 - v2 0 

0 
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Thus, 

y 

L-----------------------------------~x 

FIGURE 10.12 The loading and nodal coordinates for thc elcment in 
Example 10.2. 

~j = Yj - Y k = 1.65 - 1.0 = 0.65 

~j = Y k - Yj = 1.0 - 0.75 = 0.25 

~k = Yj - Yj = 0.75 - 1.65 = -0.9 

l)j = X k - Xj = 1.50 - 2.40 = -0.9 

l)j = X j - X k = 2.25 - 1.5 = 0.75 

l)k = Xj - X j = 2.40 - 2.25 = 0.15 

ancl 

2A = Xj(Yj - Yk) + Xj(Yk - Yj ) + Xk(Yj - Yj ) 

2A = 2.25(1.65 - 1.0) + 2.40(1.0 - 0.75) + 1.5(0.75 - 1.65) = 0.7125 

Substituting appropriate values into the above matrices, we have 

1 [0.65 0 0.25 0 -0.9 

0~5 ] [H] = 0.7125 -~.9 -0.9 0 0.75 0 
0.65 0.75 0.25 0.15 -0.9 

0.65 0 -0.9 
0 -0.9 0.65 

T 1 0.25 0 0.75 
[B] = 0.7125 0 0.75 0.25 

-0.9 0 0.15 
0 0.15 -0.9 

200 X 10S~[ 1 0.32 

1 -:032] 
[ 22281640 7130125 

757L] 
cm2 0.32 1 

[p] = 1 - (0.32)2 0 
= 7130125 22281640 

0 0 0 
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Carrying out the matrix operations results in the element stiffness matrix: 

(0.3) ( 0.7~25 ) 
0.65 0 -0.9 

0 -0.9 0.65 
[ 22281640 7130125 

757~758 ] [K](e) = 0.25 0 0.75 
7130125 22281640 

(0.7125)2 0 0.75 0.25 
-0.9 0 0.15 

0 0 

0 0.15 -0.9 

[ 0~5 0 0.25 0 -0.9 

0.~5 ] -0.9 0 0.75 0 
-0.9 0.65 0.75 0.25 0.15 -0.9 

Simplifying, we obtain 

3273759 -1811146 -314288 372924 -2959471 1438221 
-1811146 4473449 439769 -2907167 1371376 -1566282 

[K] (e) = -314288 439769 1190309 580495 -876020 - 1020265 
(N/cm) 

372924 -2907167 580495 2738296 -953420 168871 
-2959471 1371376 -876020 -953420 3835491 -417957 
1438221 -1566282 -1020265 168871 -417957 1397411 

1lle load matrix due to the c1istributedload is 

Px 1200 142 

Py 0 0 

{F} (e) = tLik 0 (0.3)\1(2.25 - 1.5? + (0.75 - l.0? 0 0 
= = 

2 0 2 0 0 

Px 1200 142 

Py 0 0 

1lle load matrix due to the concentrated load is 

0 0 0 
0 0 0 

{FJ(~) = Qjx -500cos (50) -321 

Qjy -500sin(50) -383 
0 0 0 
0 0 0 
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The complete load matrix for the element is 

142 
0 

{F}<e ) = -321 
(N) 

-383 
142 
0 

10.4 AXISYMMETRIC FORMULATION 

In this section we briefly discuss the formulation of a stiffness matrix using axisymmet­
ric triangular elements. The steps that we are about to take are similar to the steps 
shown in Section 10.2, where we expressed the state of the stress at a point using a 
Cartesian coordinate system. However, as you saw in Chapter 9, Section 9.4, axisym­
metric formulations require the use of a cylindrical coordinate system. Moreover, be­
cause geometry and loading are symmetrical about the z-axis, the state of stress and 
strain at a point are defined by only the following components: 

[of = [O"rr O"zz 'T"rz O"aa] 
[EY = [err ezz 'Yrz eaa] 

The relationship between the strains and the displacements are given by 

iJu 
err =-

iJr 

iJw 
e =-

zz i'Z 
iJu fJW 

'Yrz = - +-
aZ <ir 

z 

z 

L...-_______ +_ r 

FIGURE 10.13 The component of the stress and displacements in a cylindrical coor­
dinate system. 

(10.54) 

(10.55) 

(10.56) 
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See Figure 10.13 to help you visualize the deformations. The relationship between the 
stress and the strain is given by generalized Hooke's law according to 

1 
v 

1 - v 
0 

v 
1 - v 

r} 
v 

1 0 
v 

{""} (J'zz _ £(1 - v) 1 - v 1 - v e zz 

Trz (1 + v)(l - 2v) 
0 

1 - 211 
0 'Yrz 0 

2(1 - v) (J'oo eoo 

(10.57) 

v v 
0 

1 - v 1 - v 
1 

We can express Eg. (10.57) in a compact matrix form by 

{(T} = [V]{E} (10.58) 

TIle next step involves writing the displacement variables II and w in terms ofaxisym­
metric triangular shape functions. The nodal displacements of the axisymmetric trian­
gular element me shown in Figure 10.14. 

Uir 

Uiz 

{~~}=[~ 0 Sj 0 Sk ~J Ujr 
(10.59) 

Si 0 Sj 0 Ujz 
Ukr 
Ukz 

TIle expressions for the shape functions are given in Eg. (7.27). As a next step we need 
to evaluate the strains from the strain displacement relationships. 

all a 
err = - = -[SPir + S,Ujr + SkUkr] ar ar 

OW a 
ezz = - = -[S;U;z + SPiz + SkUkz] 

az iiz 

~_-__ Vjr FIGURE 10.14 The nodal displacements 
j of an axisymmetric triangular element. 

(10.60) 

(10.61) 
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(10.62) 

(10.63) 

As we did in section 10.2, after taking the derivatives of the components of the dis­
placement fields we can express the relationship between the strain components and 
the nodal displacements in a compact matrix form by 

Ie} = [B]{U} (10.64) 

We then substitute for the strain matrix (in terms of displacements) in the strain energy 
of the axisymmetric element that eventually leads to the stiffness matrix, which is com­
puted from 

[K](e) = 21l"j[Bt[v][B]rdA (10.65) 

Note that the resulting matrix is a 6 X 6 matrix. 

10.5 BASIC FAILURE THEORIES 

One of the goals of most structural solid analyses is to check for failure. The prediction 
of failure is quite complex in nature; consequently, many investigators have been study­
ing this topic. This section presents a brief overview of some failure theories. For an in­
depth review of failure theories, you are encouraged to study a good text on the 
mechanics of materials or on machine design. (For a good example of such a text, see 
Shigley and Mischke, 1989). 

Using ANSYS, you can calculate the distribution of the stress components (J" x ' (J" y ' 

and "xy, and the principal stresses (J"h and (J"2 within the material. But how would you de­
cide whether or not the solid part you are analyzing will permanently deform or fail 
under the applied loading? You may recall from your previous study of the mechanics 
of materials that to compensate for what we do not know about the exact behavior of 
a material and/or to account for future loading for which we may have not accounted, 
but to which someone may subject the part, we introduce a Faclor of Safety (ES.), which 
is defined as 

F.S. = P max 

Pallowable 
(10.66) 

where P max is the load that can cause failure. For certain situations, it is also customary 
to define the factor of safety in terms of the ratio of maximum stress that causes failure 
to the allowable stresses if the applied loads are linearly related to the stresses. But. how 
do we apply the knowledge of stress distributions in a material to predict failure? Let 
us begin by reviewing how the principal stresses and maximum shear stresses are 
computed. The in-plane principal stresses at a point are determined from the values of 
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(J'xx , (J'yy' and "xy at that point using the equation 

_ (J' x + (J' y ;T"'(;-(J'-x---(J'-y"")--:2=---2-
(J'1 ,2 - 2 ± \ 2 + "xy (10.67) 

The maximum in-plane shear stress at the point is determined from the relationship 

'=. ~ ~C. ~ IT')' + ,;, (10.68) 

There are a number offailure criteria, including the maximum-normal-stress theory, 
the maximum-shear-stress theory, and the distortion-energy theory. The distortion-energy 
theory, often called the von Mises-Hencky theory, is one of the most commonly used cri­
teria to predict failure of ductile materials. This theory is used to define the start of yield­
ing. For design purposes, the von Mises stress (J'v is calculated according to the equation 

(10.69) 

A safe design is one that keeps the von Mises stresses in the material below the yield 
strength of the material. TIle relationship among the von Mises stress, the yield strength, 
and the factor of safety is 

(10.70) 

where Sy is the yield strength of the material , obtained from a tension test. Most brittle 
materials have a tendency to fail abruptly without any yielding. For a brittle material 
under plane-stress conditions, the maximum-normal-stress theory states that the mate­
rial will fail if any point within the material experiences principal stresses exceeding the 
ultimate normal strength of the material. This idea is represented by the equations 

I (J'2 I = Sultimatc (10.71) 

where Sultimate is the ultimate strength of the material , obtained from a tension test. The 
maximum-normal-stress theory may not produce reasonable predictions for materials 
with different tension and compression properties; in such structures, consider using 
the Mohr failure criteria instead. 

10.6 EXAMPLES USING ANSYS 

ANSYS offers a number of elements that can be used to model two-dimensional solid­
structural problems. Some of these elements were introduced in Chapter 7. The two­
dimensional solid-structural elements in ANSYS include PLANE2, PLANE42, and 
PLANE82. 

PLANE2 is a six-node triangular structural-solid element. The element has qua­
dratic displacement behavior, with two degrees of freedom at each node: transla­
tion in the nodalx- and y-directions. The element input data can include thickness 
if the KEYOPTION 3 (plane stress with thickness input) is selected. Surface­
pressure loads may be applied to element faces. Output data include nodal dis­
placements and elemental data , such as directional stresses and principal stresses. 
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PLANE42 is a four-node quadrilateral element used to model solid problems. 
The element is defined by four nodes, with two degrees of freedom at each node: 
translation in the x- and y-directions.TIle element input data can include thickness 
if the KEYOPTION 3 (plane stress with thickness input) is selected. Surface­
pressure loads may be applied to element faces. Output data include nodal dis­
placements and elemental data , such as directional stresses and principal stresses. 

PLANE82 is an eight-node quadrilateral element used to model two­
dimensional structural-solid problems. It is a higher order version of the two­
dimensional, four-node quadrilateral PLANE42 element. This element offers 
more accuracy when modeling problems with curved boundaries. At each node, 
there are two degrees of freedom: translation in the x- and y-directions. TIle ele­
ment input data can include thickness if the KEYOPTION 3 (plane stress with 
thickness input) is selected. Surface-pressure loads may be applied to element 
faces . Output data include nodal displacements and elemental data, such as di­
rectional stresses and principal stresses. 

As the theory in Section 10.1 suggested, because of similarities between the governing 
equation of torsional problems and heat transfer, in addition to the elements listed 
above, you can use thermal solid elements (e.g., PLANE35, a six-node triangular element; 
PLANE55, a four-node quadrilateral element; or PLANE77, an eight-node quadrilat­
eral element) to model torsional problems. However, when using the solid thermal ele­
ments, make sure that the appropriate values are supplied to the property fields and the 
boundary conditions. Example 10.1 (revisited) demonstrates this point. 

EXAMPLE 10.1 Revisited 

Consider Example 10.1, which deals with the torsion of a steel bar (G = 11 X 103 ksi) 
having a rectangular cross section, as shown in the accompanying figure . Assuming that 
e = 0.0005 rad/in , and using ANSYS, we are interested in determining the location and 
magnitude of the maximum shearstress. We will then compare the solution generated with 
ANSYS to the exact solution for a straight rectangular bar, as discussed in Section 10.1. 
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Enter the ANSYS program by using the Launcher. Type Torsiull (or a file name of 
your choice) in the .fobnmne entry field of the dialog box. Pick nun to start the GUI. 

Create a title for the problem. 

utility menu: File - Cllllnge Title ... 

. . : Change Title 

[fTlTlE] Enter new title I Torsionl 

Cancel 

main menu: Preprocessor - Element Type - Add/Edit/Delete 

Element Types I 

Defined Element Types: 
NONE DEFINED 

Add ... Options .. . I Delete 

Close Help 

. ': Library or Element Types ' 

Library 01 Element Types 

Element type reference nl.fnber 

Apply 

Gasket 
Combrlatlon 

~1node 55 
: I. · 

Thermal Mass '= Triangl6node 35 

"'ll~ink"' •••• 'I"- Axl·har 1node 75 ,. 8node78 
SheU Brick Snode 70 

ANSYS Fluid 
FlOTRANCFD 

Cancel 

.. I 8node 77 

Help 



536 Chapter 10 Analysis of Two-Dimensional Solid Mechanics Problems 

main menu: Preprocessor -+ Material Props -+ Material Models -+ 
Thcrmal- Conductil'ity - Isotropic 

Conductivity for Material Number 1. 

Conductivity (Isotropic) for Material Number 1 

T1 

Temperatures I 
KXxl i-:ll---~~ 

I Add Temperature I Delete Temperature I 
OK Cancel 

ANSYS Toolbar: SAVE_DB 

main menu: Preprocessor -+ Modeling -+ Create -+ Areas-+ 
Rectangle -+ by 2 Corners 

IAJt~;r;r;r. r-I ... ,4,11(. ]" -, .. "'.I IlRl 
r.: Pick Co Unpick 

WP K = 

Y = 

Global X = 

Y = 

Z = 

WP X 1° J 
WP Y 1° I 
Width 1°·5 I 
Height 111 I 
I[ OK JI r Rpply 11 
Ie- Reset Jl r Cancel 11 
Ie Help 1 
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main menu: Prcprocessor ~ Meshing ~ Sizc Cntrls ~ 

-.. . : Basic Smart Size Settings • 

[SMRTSIZE] Smartsizing 

10 (coarse) ••• 1 (fine) 

LVL Size Level 

Apply Cancel 

Smart Sile ~ Basic 

Help 

main menu: Prcprocessor ~ Meshing ~ Mcsh ~ Arcas ~ Frcc 

Pick All 

main menu: Solution ~ Definc Loads ~ Apply ~ 
Thcrmal ~ Tcmpcmturc ~ On Line 

Pick the edges of the rectangle and apply a zero constant temperature boundary 
condition on all four edges. 

[Oll Apply TEMP on lines 

Lab2 DOFs to be constrahed 

Apply as 

If Constant value \hen: 

VAlUE Load TEMP value 

KEXPt-D Apply TEMP to endpoi1ts? 

OK Apply 

AIiDOF 

ITEM> 
Iconstant value EJ 

10 

p: t!'es ] 

cancel 

main menu: Solution ~ Definc Loads ~ Apply ~ Thcrmal ~ 
Heat Gcncmt ~ On Arca 

Pick the area of the rectangle and apply a constant value of 2Ge = 11000. 
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,,_.: Apply HGEN on areas 

[BFA] Apply HGEN on areas as a 

If Constant value then: 

VALUE Load HGEN value 

OK Apply 

main menu: Solution -+ Solve -+ Current LS 

OK 
Close (the solution is done!) window. 
Close (the /STAT Command) window. 

Jconstant value 

1110001 

main menu: General Postproc -+ Plot Results -+ Contour Plot-+ 
NodalSolu 

Contour Nodal Solution Data ~ rx 
Item to be conbsed =====================JI 

~ Favorites 

~ Nodal Solution 

~ DOF SokJtion 

~ Thermal Gradient 

o X-COmponent of thermal gradient 

o V-Component of thermal gradient 

o Z-Component of thermal gradient 

o hermal gradllmt vec1Dr sum 

~ Thermal FkJx 

[EJ 
~----------------------------------~~~. 

U1displaced shape key ====================]1 

U1displaced shape key IDeformed shape only 
~a~Foctorl ~A-uto--ca-t-u-~~ted~~-----------~~.7IrD---------=;1 

Additional Options @I 
He\:> I 
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The solution is then given in the following figure. 

B I I · I . fl· w 1.0 in. " 0 d I . Y ca Cll atmg t Ie aspect ratio 0 t le cross section -, = -S-. - = L.. an conSll tmg 
I O. Ill. 

Table 10.1, we find that Cl = 0.246 and C2 = 0.229. Substituting for G, 70, h, 6, Ch and C2 
in Eqs. (10.3) and (10.4), we get 

TL T(l in.) 
6 = = O.OOOS rad/in. = ===* T = 157.5 Ib.in 

C2G7Oh3 0.229(11 X 106Ib/in2)(1 in.)(O.5 in.)3 

T lS7.5 Ib.in 2560 br 2 
,. max = Cl~V'12 = 2 = I III 

< 0.246(1 in.)(O.S in.) 

When comparing 2560 Ib/in2 to the FEA results of 2558 Ib/in2, you see that we could 
have saved lots of time by calculating the maximum shear stress using the analytical so­
lution and avoided generating a finite element model. 
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EXAMPLE 10.3 

The bicycle wre nch shown in Figure 10.15 is made of steel with a modulus of elasticity 

E = 200 GPa (200 X 105 N2) and a Poisson 's ratio v = 0.32. The wrench is 3 mm 
cm 

(0.3 cm) thick. Determine the von Mises stresses under the given distributed load and 
boundary conditions. 

R = 1.25 cm 
The sides of the middle 
hexagon are 9 nun long. 

I I 15cm 
-3cm- l 

~0,.-----------,-O 
-i 1cm - -~l cmi-

Fixed all the way arollnd 
this hexagon. 

88 N/cm 

TIle sides of the comer 
hexagons are 7 nun long. 

FIGURE 10.15 A schematic for the bicycle wrench in Example 10.3. 

The following steps demonstrate how to (1) create the geometry of the problem, 
(2) choose the appropriate element type, (3) apply boundary conditions, and (4) obtain 
nodal results: 

Enter the ANSYS program by using the Launcher. Type Hikcwh (or a file name 
of your choice) in the .Jobnmnc entry field of the dialog box. Pick RUII to start 
the GUI. 

Create a title for the problem. This title ,viii appear on ANSYS display windows 
to provide a simple way to identify the displays. So, issue the command 
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utility menu: File -+ Changc Titlc ... 

["nILlJ 

Define the element type and material properties with the following commands: 

main menu: Prcproccssor -+ Elcmcnt Type -+ A(hUEdit/Dclctc 

" .: Library of Element Types 

Libr ery of Element Types 

Element type reference number 

OK 

: Element T ,pes 

Defined Ele~ent Types: 

Apply 

NONE DEFINED 

Structural Mass 
link 
Beam 
Pi e 

Shell 
Hyperelastic 
Mo()ney-Riylin 

Cancel 

I . Quad 4node 42 
I 4node 182 

8node 183 
8node 82 

I'. 
I 

Triangle 6node 2 
~xi-har4nod~2=5 ====~~ 

r;-
8node 82 

Help 
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"; Element Types Ei 

Defined Eie~ent ~ypes: 
r e 1 PLAHE82 

"; PLANE82 element type options £j 

Options for PLANE82. 

Ele~ent be~ulor K3 

Extra ele~ent outp«t KS No extra 

](6 No extra output 

"; Element Types Ei 

Defined EleRent ~y»es: 
r e 1 PLANE82 

Assign the thickness of the wrench with the following commands: 

main menu: Prcl)roccssor -+ Rcal Constants -+ A(hUEdit/Dclctc 
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.,: Real Constants f3 

.: Element T),pe 101 Real Conttants Ei 
CHOose ele~ene type 

T e 1 PLANE82 

,,: Real Constant Set Number I, ror PLANE82 J 

Element Type Reference No. I 

Real Constant Set No. 

Real constant for Plane Stress with Thickness (KEYOPT(3)=3) 

Thickness THK 1°·3 

OK Apply Cancel 

: Heal Constants Ei 

Help 

543 
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A ssign the modulus of elasticity and Poisson 's ratio values by using the following 
commands: 

main me nu: Preprocessor ~ Material Props ~ Material Models ~ 
Structural ~ Linear ~ Elastic ~ Isotropic 

Linear Isotropic Material Properties for Material Number 1 

TI 

Temperatures I 
EX 1200es 

PRXY lo.~ J 

Add Temperature I Delete Temperature I 
Help 

ANSYS Toolbar: SAVE_DB 

Set up the graphics area (i.e., workplane, zoom, etc.) with the following commands: 

utility menu: Workplane ~ Wp Settings . .. 
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Toggle on the workplane by using the command 

utility menu: Workplane ~ Display Working Plane 

Bring the workplane to view by using the command 

utility menu: PlotCtrls ~ Pan, Zoom, Rotate .. . 

Click on the small circle until you bring the work plane to view. Then, create the 
geometry with the following commands: 

main menu: Preprocessor ~ Modeling ~ Create ~ 

Areas ~ Rect::mgles ~ By 2 Corners 

On the workplane, create the two rectangles: 

Use the mouse buttons as shown below, or type the values in the appropriate fields. 

~ 
~ 
100 
D 
100 
D 

LWP = 2.25,0.5J 

LExpand the rubber band lip 1.5 mul right 3.0J 

LWP = 7.25, 0.5J 

LExpand the rubber band lip 1.5 mul right 3.0] 

OK 

Create the circles with the following commands: 

main menu: Preprocessor ~ Modeling ~ Create ~ Areas ~ 

~ 
~ 
100 
D 

~ 

LWP = 1.25,1.25] 

LExpand the rubber band to a radills of 1.25J 

LWP = 6.25,1.25] 

LExpand the rubber bmul to a radius of 1.25J 

Circle ~ Solid Circle 
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~ 
LWP = 11.25,1.25J 

100 [Expand the rubber band to a radius of 1.25J 

D 
OK 

Add the areas together with the commands: 

main menu:Preproeessor -+ Modeling -+ Operate -+ Booleans -+ Add-+ 

Areas 

Click on the Pick All button, and then create the hexagons. First, change the Snap 
Iner in the WP Settings dialog box to 0.1 with the command 

WPSellings 

utility menu: PlotCtrls -+ Pun, Zoom, Rotate ... 

Click on the Box Zoom, and put a box zoom around the left circle, then using the 
following commands create the hexagon: 

main menu: Preprocessor -+ Modeling -+ Create -+ Areas-+ 
Polygon -+ Hexagon 
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Use the mouse buttons as shown below, or type the values in the appropriate fields: 

or 

[1.25,1.25J 

[Expand the hexagon to WP Rad = 0.7, Ang = 120] 

.~ Hexagonal Area If3 

y 

Global X = 
y -

z -

1.25 J 

120 

Apply 

~ancel 

Then, issue the command 

utility menu: PlotCtrls - P~lIl, Zoom, Rotate ... 

Click on the Fit button. Then , click on the Box Zoom, and put a box zoom around 
the center circle. Use the mouse buttons as shown below, or type the values in the 
appropriate fields: 

[6.25, 1.25] 

[Expand the hexagon to WP Ibd = 0.9, Ang = 120] 

or 
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1\' Hexago.al Area f3 

y 

Global II • 

Y • 

Z • 

\/PI! 6.25 I 
UP Y 1.25 ~ 
Radius 0.'1 ~ 
TJieta 120 I 

011 I Apply 

Reset IF~1 
Help I 

utility menu: PlotCtrls - PHn, Zoom, Rotate . .. 

Click on the Fit button. Then , click on the Box ZOOIll, and put a box zoom around 
the right-end circle. Use the mouse buttons as shown below, or type the values in 
appropriate fields: 

or 

[11.25,1.25] 

[Expand the hexagon to WP Rad = 0.7, Ang = 120] 

.(\' Hexago.al Area f3 

y 

Global II • 

Y • 

z· 

11.25 

1.25 

Apply I 
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ANSYS Toolbar: SAVE_DIl 

Subtract the areas of the hexagons to create the driver holes: 

main menu: Prcproccssor ~ Modcling ~ Opcratc ~ Roolcans ~ 

Subtmct ~ Areas 

LPick thc solid arca of the wrench] 

[Apply anywhcre in the ANSYS graphics arca] 

[pick thc left hcxagon area] 

Lpick thc centcr hexagon area] 

rpick thc right hcxagon arca] 

[Apply anywhere in thc ANSYS graphics arca] 

OK 

Now you can toggle off the workplane grids with the following command: 

utility menu: Workplanc ~ Display Working Planc 

ANSYS Toolbar: SAVE_DIl 

You are now ready to mesh the area of the bracket to create elements and nodes. 
So, issue the following commands: 

main menu: Prcprocessor ~ Meshing ~ Sizc Cntrls ~ 
Manual Size ~ Global ~ Size 

.: Global Element Sizes D 

SIZE Ele.ent eage length 0.1 

is blank Oil zer.o >. 
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ANSYS Toolbar: SAVE_DB 

main menu: Preprocessor - Meshing ~ Mesh ~ Areas ~ Free 

Click on the Pick All button. 

OK 

Apply the boundary conditions and the load: 

main menu: Solution ~ Define Loads ~ AI)ply ~ Structural ~ 
Displacements ~ On Keypoints 

Pick the six corner keypoints of the left hexagon: 

OK 

' .• : Apply U,ROT on KPs 

[OK] Apply Displacements (U,ROT) on Ke}/points 

Lab2 OOFs to be constrained 

Apply as 

If Constant value then: 

VALUE Displacement value 

KEXPND Expand disp to nodes? 

Apply 

o 
Iconstant value 

Help 

main menu: Solution ~ Define Loads ~ Apply ~ Structural ~ 
Pressure ~ On Lines 

Pick the appropriate horizontal line, as shown in the problem statement: 

OK 
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-.-.: Apply PRES on lines 

[SFL] Apply PRES on lines as a 

If Constant value then: 

VALUE Load PRES value 

If Constant value then: 

Optional PRES values at end J of line 

(leave blank for uniform PRES) 

Value 

OK Apply 

Solve the problem: 

Examples Using ANSYS 551 

Iconstant value !E1 

1881 J 

Cancel Help 

main menu: Solution - Soh'c - Currcnt LS 

OK 

Closc (the solution is done!) window. 

Close (the STAT Command) window. 

Begin the postprocessing phase and plot the deformed shape with the following 
commands: 

main menu: Gcncml Postproc - Plot Rcsults - Deformed Shape 



552 Chapter 10 Analysis of Two-Dimensional Solid Mechanics Problems 

.; Plot Deformed Shape f3 
[PLDISP] Plot DeEor~ed Sfiape 
KUHD Ite~a to be plotted 

. De£ shape only 

• ~er ~ underor~ed 

.' DeE • undef, edge 

Plot the von Mises stresses with the following commands: 

main menu: Gcncral Postproc - Plot Results-

Contour Plot - Nodal Solll 
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Contour Nodal Solution Data 

I6a DOF SokJtlon 

~Stress 
o X'Compooent of stress 

o Y-Corrponent of stress 

o Z-Corrponent of stress 

o XY Shear stress 

o yz Shear stress 

o XZ Shear stress 

o 1st Prhcipal stress 

o 2nd Pr ir'lCip<l1 stress 
o 3rd Prhcipal stress 

o Stress intensity 

o Mdei§4iVm 

Examples Using ANSYS 

o Plastic equivalent stress ~I 

~------------------------------~.~ El 

553 

IX 

lkldisplaced shape key =================)1 

lkldisplaced shape key IDeformed shape only lEI 
~a~F~ IrA-um--Ca-~--~ted--------------~El~rl~--.~--3-1-1n--9~1 

Additklnal Options ®I 
Help I 

Exit ANSYS and save everything: 

ANSYS Toolbar: QUIT 
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'I EXIllrom ANSYS EJ 

Cancel I 

10.7 VERIFICATION OF RESULTS 

Now we turn our attention to Example 10.3. There are several ways to check the valid­
ity of the results of this problem. You can print the reaction forces and check the value 
of their sum against the applied force. Are statics equilibrium conditions satisfied? Using 
the path operations of ANSYS, you can also cut an arbitrary section through the wrench 
and visually assess the x- and y-components of the local stresses and shear stresses along 
the section. You can integrate the stress information along the path to obtain the inter­
nal forces and compare their values to the applied force. Are statics equilibrium concli­
tions satisfied? These questions are left to you to confirm. 

SUMMARY 

At this point you should 

1. know that it is wise to use simple analytical solutions rather than finite element 
modeling for a simple problem whenever appropriate. Use finite element mod­
eling only when it is necessary to do so. Simple analytical solutions are particu­
larly appropriate when you are solving basic torsional problems. 

2. know that the stiffness matrix for torsional problems is similar to the conductance 
matrix obtained for two-dimensional conduction problems. The stiffness matrix 
and the load matrix using a rectangular element are 

[K]") ~ w[ ~2 
-2 -1 

1 ] [ 2 
1 -1 -2] 2 1 -1 e 1 2 -2 -1 

6e -1 1 2 -2 + 6w -1 -2 2 1 
1 -1 -2 2 -2 -1 1 2 

{F)") ~ 2G:A {;} 
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For triangular elements, the stiffness and load matrices are, respectively 

3. know that the stiffness matrix for a plane-stress triangular element is 

[K](e) = V[HJT[v][B] 

where 

V = tA 

1 [~i 0 ~j 0 ~k ~] [ 1 

v 

1 ~ v] 
E v 1 [Il] = - 0 8j 0 8j 0 [v] =--

2A 1 - v2 
8j ~j 8j ~j 8k ~k 0 0 

and 

~j = Y k - Yj 8j = X j - X k 

~k = Yj - Yj 8k = Xj - X j 

2A = Xj(Yj - Y k) + Xj(Yk - Yj ) + Xk(Y j - Y j ) 

4. know that the load matrix due to a distributed load along the element's edges is 

P .. 0 P.t 
Py 0 Py 

tL.· Px tL·k Px {F}(e) = tL jk 0 {F}(e) = -" {F}(e) =-' 
2 Py 2 Py 2 0 

0 Px Px 
0 Py Py 

5. understand how an element's stiffness matrix is obtained through the isopara­
metric formulation. 

6. understand how an element's stiffness matrix is obtained through axisymmetric 
formulation. 
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PROBLEMS 

1. Using ANSYS, ve rify the stress-co ncentra ti on chart fo r a fl a t bar with a circular hole under 
axial loading. Refe r to a textbook o n the mechanics o f ma terials or textbook on machine de­
sign fo r the appropriate cha rt. Recall that the stress-concentration factor k is defined as 

k = a ma .. 

a nvg 

and for this case , its value cha nges from approximate ly 3.0 to 2.0, depending on the size of 
the hole. Usc ANSYS's se lectio n options to list the va lue of am" a t point A o r 13. 

p 8 
B 

p 

2. Consider o ne o f the ma ny stee l brackets (E = 29 X 106 Ib/in2, v = 0.3) used to support 
bookshelves. T he thickness of the bracket is 118 in. T he dimensions of the bracke t are shown 
in the accompa nying fi gure. TIle bracket is loaded uniformly alo ng its top surface, and it is 
fixed along its le ft edge. U nder the given loading and the constraints, plot the deformed 
shape; also, dete rmine the von Mises stresses in the bracke t. 
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Fillet radius 
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i-6i,=T 
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3. A k- in-thick pla te supports a load o f 100 Ib, as shown in the accompanying fi gure. The pla te 
is made o f stee l, with E = 29 X 1 061b/in2 a nd v = 0.3. Using ANSYS, dete rmine the prin­
cipal stresses in the plate. When modeling, distribute the load over part of the bott om por­
tio n of the hole. 
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11 .. ---- 5.0 in. ----

thickness = 118 in. 

T 
5.0 in. 

radius = 1.0 in. / 

lOOlb 

4. Elements (1) and (2) are subjected to the distributed loads shown in the accompanying fig­
ure. Replace the distributed loads by equivalent loads at nodes 3, 4, and 5. 

f 

100 

50 NIcOl 

4F'---'---'------''--~.-....I..----'--.. (x = 2.5, Y = 2.0) 
4 

2.0cm (1) 

1 2 __ --------~~------~x 

11 ...... (----1.5 cOl--~~~1 
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5. Using a steel sample similar to the one shown in the acco mpanying fi gure, pe rfo rm a nu­
merical tensio n test over the elastic region o f the materia l. Plot the s tress- strain di agram 
over the elas tic region. Use ANSYS's se lection options to listlhe stress and strain values at 
the mid-sectio n of the stee l sample. 

r-13/16in.-1 

/ 
118 in. 

mid-section./'" 
5 in. 

9/16in.~ -
T~ 
1 in. 

~ 
6. Examplc 1.4 (rcl'isitcd). A steel plate is subjected to an axial load, as shown in the accom­

pa nying figure. The plate is 1116 in thick, a nd it has a modulus o f elasticity 
E = 29 x 106Ib/in2• Recall tha t we approximated the deflections and average stresses along 
the plate using the concept o f o ne-dimensional direct formula tio n. Using ANSYS, deter­
mine the defl ectio n and the x- and y-compo nents o f the stress distributio ns in the plate. Also, 
determine the locatio n of the maximum-stress-concentra tion regions. Plot the variatio n of the 
x-component o f the stress at sectio ns A-A, B-B, and c-c. Compare the results of the direct­
formulatio n model to the results obta ined from ANSYS. Furthermore, recall tha t for the 
given problem, it was mentioned that the way in which you apply the external load to your 
finite ele ment model will influe nce the stress-distribution results. Experiment with applying 
the load ove r an increasingly large load-contact surface area. Discuss your results. 

c B A 

! 
T 
2" 

-~ 
l'f B 

1" I 
t -t 

2" 

Soo lb 

c A -~ 
~1 "1' 4" -1-2"-1 
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7. Consider a plate with a variable cross section supporting a load of 1500 Ib, as shown in the 
accompanying figure. Using ANSYS,determine the deflection and the x- and y-components 
of the stress distribution in the plate. The plate is made of a material with a modulus of elas­
ticity E = 10.6 X 103 ksi. In problem 24 of Chapter 1, you were asked to analyze this prob­
lem using simple direct formulation. Compare the results of your direct-formulation model 
to the results obtained from ANSYS. Experiment with applying the load over an increas­
ingly large load-contact surface area. Discuss your results. 

10 in. 

""140-----4 in·----.j-I 

---

Thickness = 0.125 in. 

c---- ---

'I" S 

-+in.-

'-- --

\--2in·_1 

1S001b 

I 
T 
Sin. 

8. A thin steel plate with the profile given in the accompanying figure is sUbjected to an axial 
load. Using ANSYS, determine the deflection and the x- and y-components of the stress dis­
tributions in the plate. The plate has a thickness of 0.125 in and a modulus of elasticity of 
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E = 28 X 103 ksi. In problem 4 of Chapter I, you were asked to analyze this problem using 
simple direct formulation. Compare the results of your direct-formulation model to the re­
sults obtained from ANSYS. Experiment with applying the load over an increasingly larger 
load-contact surface area. Discuss your results. 

12 in. 

1------4 in.----

holes equally spaced 

1· T m. -

-

[ 
.Lin S . 

1 . Till. 

-

500lb 

1· Tin. 

T 
1 

-1 
1 

9. Consider the torsion of a steel bar (0 = 11 X 103 ksi) having an equilateral-triangular cross 
section, as shown in the accompanying figure. Assuming that e = 0.0005 rad/in and using 
ANSYS, determine the location(s) and magnitude of the maximum shear stress. Compare the 
solution generated with ANSYS to the exact solution obtained from the equation 

OLe 
T =-­

max 2.31 
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T 
L=r 

10. Conside r the to rsio n o f a s teel wide-fla nge me mber (W4 X 13 and G = 1.1 X \03 ksi) with 
dime nsio ns shown in the acco mpa nying fi gure. Assuming 6 = 0.00035 rad/in a nd using 
ANSYS, plo t the shear stress distributions. Could you have solved this problem using the thin­
wall member assumption and , thus, avoid resorting to a finite element model'! 

0.345 in . 

! 
t I 

0.2"0._ - I 
f.- 4.06 in. ·1 

11. Consider the torsion of a steel bar (G = II X 103 ksi) having a square cross section, as shown 
in the acco mpanying fi gure. Assuming that 6 = 0.0005 rad/in a nd using ANSYS, de termine 
the locati on(s) a nd magnitude o f the ma ximum shear stress. Compare the solutio n gene r-

ated with ANSYS to the exact solutio n obtained from the equation Tmax = ~~:. 
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12. Consider the torsion of a steel bar (0 = 11 X 103 ksi) having a polygon cross section, as 
shown in the accompanying figure . Assuming that 6 = 0.0005 raelJin and using ANSYS, de­
termine the location(s) and magnitude of the maximum shear stress. Compare the solution 

generated with ANSYS to the exact solution obtained from the equation 'T01o , = ~;6 . 

13. Consider the torsion of a steel bar (0 = 11 X 103 ksi) having an elliptical cross section, as 
shown in the accompanying figure. Assuming that e = 0.0005 radJin and using ANSYS, de­
termine the location(s) and magnitude of the maximum shear stress. Compare the solution 

, 
generated with ANSYS to the exact solution obtained from the equation 'To1a ' = ~bh-6 . 

b- + ,,2 

14. Consider the torsion of a steel bar (0 = II X 103 ksi) having a hollow, circular cross section, 
as shown in the accompanying figure. Assuming that e = 0.0005 radJin and using ANSYS, de­
termine the location(s) and magnitude of the maximum shear stress. Compare the solution 

generated with ANSYS to the exact solution obtained from the equation 'To1a ' = G~6 . 

15. Design Project The purpose of this project is twofold: (I) to provide a basis for the appli­
cation of solid-design principles using finite element methods and (2) to foster competitive­
ness among s tudents. Each stude nt is to design and construct a structural model from a 
~ X 6 X 6 in sheet of plexiglas material that adheres to the spec ifications and rules given 
later in this problem and that is capable of competing in three areas: (I) maximum failure load 
per model weight, (2) predication of failure load using ANSYS, and (3) workmanship. A 
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ske tch of a possible model is shown in the accompanying figure. Each end of the model will 
have a diamete r hole (eye) o f d > 1/2·' drilled th rough it pe rpendicula r to the axis of loading, 
fo r which pins can be inse rted and the model loaded in tension. The dimension a must also 
be se t such tha t a > 1". The distance be tween the eyes will be e > 2" . The maximum thick­
ness of the member in the regio n of the eye will be t < 3/8" . T his require me nt will ensure 
th at the model fits into the loading attachment. A dime nsion o f b < I" from the cente r o f 
the eyes to the outer edge in the directio n o f loading must be mainta ined so tha t the loading 
a tt achme nt can be used. The max imum width is limited to to < 6", a nd the maximum height 
is limited to h < 6" . Any configura tion may be used. Two shee ts of ~ X 6 X 6 in Plexiglas'" 
will be provided. You can use o ne shee t to experiment and o ne shee t for your final design. 
Write a brief report discussing the evolution o f your fin al design. 

p t 
~I 

Holes parallel to t 
and at an angle of 90° d Section A-A 

to the axis of loading ~-I-;;C:::::--------'----..... -

Ii 

p 
1~41-------W --------l .. ~1 



CHAPTER 11 

Dynamic Problems 

The main objective of this chapter is to introduce analysis of dynamic systems. A dynamic 
system is defined as a system that has mass and components, or parts, that are capable 
of relative motion. Examples of dynamic systems include structures such as buildings, 
bridges, water towers, planes, and machine components. In most engineering applica­
tions mechanical vibration is undesirable. However, there are systems, such as shakers, 
mixers, and vibrators, that are intentionally designed to vibrate. Before discussing finite 
element formulations of dynamic problems, we review dynamics of particles and rigid 
bodies, and examine basic concepts dealing with vibration of mechanical and structural 
systems. A good understanding of the fundamental concepts of dynamics and vibration 
is necessary for an accurate finite element modeling of actual physical situations. After 
we establish the basic foundation , we consider finite element formulation of an axial 
member, a beam, and frame elements. The main topics discussed in Chapter 11 include 
the following: 

11.1 Review of Dynamics 

11.2 Review of Vibration of Mechanical and Structural Systems 

11.3 Lagrange's Equations 

11.4 Finite Element Formulation of Axial Members 

11.5 Finite Element Formulation of Beams and Frames 

11.6 Examples Using ANSYS 

11.1 REVIEW OF DYNAMICS 

The subject of dynamics is traditionally divided into two broad areas: kinematics and kin­
elies. Kinematics deals with space and time relationships-in other words, the geomet­
ric aspect of motion. Kinematics is the study of variables such as distance traveled by an 
object , its speed, and its acceleration. The fundamental dimensions associated with all 
of these variables are length and time. When studying kinematics, we are not concerned 
with causes of motion but focus instead on the motion itself. Study of kinetics, on the 
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attimel 
/ 

Particle ./ at time I + III 
o .( .'"'-'" 

-~i -x -"1',1'-, llx -"1'"-,1 FIGURE 11.1 
particle. 

Rectilinear motion of a 

other hand, deals with the relationship between forces and moments, and the resulting 
motion. 

Kinematics of a Particle 

Let us first define a particle and explain when it is appropriate to model a problem using 
a particle. For an object to be considered as a particle, all forces acting on the object 
must act at the same point and create no rotation. Moreover, an object is modeled as a 
particle when its size does not playa significant role in the way it behaves. In general, 
the motion of a particle is described by its position, instantaneous velocity, and the in­
stantaneous acceleration. 

The motion of an object along a straight path is called rectilinear motion , which is 
the simplest form of motion. The kinematical relationships for an object moving along 
a straight line is given by Eqs. (11.1) through (11.3). In these equations, x represents 
the position of the object, t is time, v is velocity, and a represents the acceleration of the 
particle. 

dx 
v=-

dt 

dv 
a=-

dt 

vdv = adx 

(11.1) 

(11.2) 

(11.3) 

The position and displacement of an object moving along a straight path are shown in 
Figure 1l.l. 

Plane Curvilinear Motion When a particle moves along a curved path , its mo­
tion can be described using a number of coordinate systems. As shown in Figure 11.2, 

y 

\ 
P 

~-~+-'----7---- X FIGURE 11.2 Rectangular components 
of motion of a particle. 
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using a rectangular coordinate system (x, y ), we can describe the position ; , velocity V, 
and acceleration a of the particle with 

- ~ -
r = xi + yj (11.4) 

- - dx dy 
v = vxi + v yj where v =- and v =- (11.5) x dt y dt 

- ~ - dvx dvy 
(11.6) a = axi + ayj where a =-- and a =-

x dt y dt 

In Egs. (11.4) through (11.6) x and y are rectangular components of the position vector; 
vx, v y, ax , ancl ay are the Cartesian components of the velocity and acceleration vectors. 

Normal and Tangential Coordinates TIle plane motion of a particle can also 
be described using normal and tangential unit vectors, as shown in Figure 11.3. It is im­
portant to note that unlike the previously employed Cartesian unit vectors i and J, whose 
directions are fixed in space, the directions of unit vectors ;1 and;n change as they move 

along with the particle. The changes in the direction of;1 and ;n> as the particle moves 
from position 1 to position 2, are shown in Figure 11.3. The velocity and acceleration of 
a particle in terms of unit vectors ;1 and ;n are 

~ ~ 

a = anen + aiel where 
v2 

a = - and 
n r 

(11.7) 

(11.8) 

Polar Coordinates A polar coordinate (or radial and transverse) system offers 
yet another way of describing motion of an object along a curved path. To locate the ob­
ject, two pieces of information are used: a radial distance,. in a direction specified by the 
unit vector;, and the angular coordinate e in the;6 direction, as shown in Figure 11.4. 
TIle position, velocity, and acceleration of the object are given by 

where 

where a = r d
2

e + 2(dr)(de) 
6 dt2 dt dt 

(11.9) 

(lLlO) 

(ILl 1) 

FIGURE 11.3 Normal and tangential 
components of motion of a particle. 
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FIGURE 11 .4 Polar components of a 
1<.----'-_______ X curvilinear motion. 

Note similar to normal and tangential unit vectors, the directions of(;e and (;, 
change as they move along with the particle. 

Relative Motion TIle relationship between the position of two particles moving 
along different paths is shown in Figure 11.5. When studying Figure 11.5, note that the 
X,Y coordinate system is fixed , and an observer located at its origin (point 0) measures 
the absolute motion of the particles A and B. Therefore, vectors r A and rB represent the 
absolute positions of particle A and B with respect to the obselver. On the other hand, 
vector ;BIA represents the position of particle B with respect to A. The relationship 
among these vectors is given by 

(11.12) 

Taking the time derivative of Eg . (11.12), we get 

(11.13) 

where VB and VA are absolute velocities of particle A and B measured by the observer 
at 0 , and VBIA is the velocity of particle B relative to A (measured by someone moving 
along with A). By taking the time derivative of Eg. (11.13) , we can obtain the relation­
ship between the absolute accelerations of particle A and B and acceleration of par­
ticle B relative to A. 

y 

~~--------------~X 
FIGURE 11.5 Relationship between two 
particles moving along different paths. 
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Kinetics of a Particle 

The equations of motion for a particle of constant mass m under the influence of forces 
Fb F2, F3, ..• , Fn is governed by Newton 's second law according to 

(11.14) 

We can describe the equations of motion using either a rectangular, normal and tan­
gential, or polar coordinate system. Using a rectangular coordinate system, Eq. (11.14) 
is expressed by 

LFx = max 

LFy = may 

(11.15) 

(11.16) 

In a normal and tangential coordinate system, Eq. (11.14) becomes 

LFn = man 

LFt = mat 

And in a polar coordinate system, we have 

LFr = mar 

~F~ = ma~ 

(11.17) 

(11.18) 

(11.19) 

(11.20) 

where the respective components of accelerations are given in the previous sections. 
It is important to point out that the only way to account correctly for every force 

acting on a particle is to draw a free-body diagram. A free-body diagram represents the 
interaction of the particle with its surroundings. To draw a free-body diagram, as the 
name implies, you must free the body from its surroundings and show all the interaction 
of the body with its surroundings with forces of appropriate magnitudes and directions 
(see Figure 11.6). 

Newton's second law of motion is a vectorial equation that relates forces acting on 
the object to its mass ancl acceleration. If the solution to a problem requires position ancl 
velocity information, then kinematical relationships are used to obtain such information 
from the knowledge of the object's acceleration. 

A 

FIGURE 11.6 A free-body diagram of the 
object shown. Note the object shown can 
not be considered as a particle. The sign is 
merely used to demonstrate the concept of 
free-body diagram. 
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Work and Energy Principle Whereas Newton 's second law is a vectorial equa­
tion, the work-energy principle is a scalar relationship. TIle work-energy principle re­
lates the work done by forces over a distance to the object's mass and speed. The work­
energy principle becomes very useful for situations for which we are interested in de­
termining the change in speed of an object due to applied forces. The work done by a 
force moving an object from position 1 to position 2, as shown in Figure 11.7, is defined 
by 

(11.21) 

The work-energy principle simply states that net work done by all forces acting on an 
object will bring about a change in its kinetic energy according to 

J~ - 1 1 
F.dr = "2mv~ - "2mvi (11.22) 

The terms ~ mv~ and ~ mvi represent the kinetic energy of the object and correspond 

to its 2 and 1 positions. When using the work-energy principle, you must pay close at­
tention to two important things: (1) work is done only when a force undergoes a dis­
placement; (2) if the tangential component of the force (the component that moves the 
object) and displacement have the same direction , then the work done is considered 
positive, and if they have opposite directions, work done is a negative quantity. 

Linear Impulse and Linear Momentum For problems wherein the time his­
tory of forces is known (i.e., how forces act on an object over a time period), the impulse 
and momentum approach may be used to determine the resulting changes in the ve­
locities of the object. Newton 's second law can be rearranged and integrated over time 
in the following manner: 

y 

~ dm-; ~ ~ 
LF = - ~ LFdt = dmv 

dt 

2 

(11.23) 

(11.24) 

L---------------------~.x 
FIGURE 11 .7 Work done by a force mov­
ing an object. 
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Equation (11.24) may be expressed in any of the previously mentioned coordinate sys­
tems. For example, using a Cartesian coordinate system, Eq. (11.24) becomes 

l t2 

"LFxdt = m(vxh - m(vx)l 
t. 

(11.25) 

(11.26) 

Next, we will use Example 11.1 to demonstrate some of the ideas we have discussed so far. 

EXAMPLE 11.1 

A small sphere having mass m is released from position 1, as shown in Figure 11.8. We 
are interested in determining the velocity of the sphere as a function of e. We solve this 
problem using both Newton 's law and the work-energy principle. 

Using Newton's second law and referring to the free-body diagram shown in the 
accompanying figure , applying Eq. (11.18), we have 

"LFt = mat 
mg cos e = mat ~ at = g cos e 

Now, using Eq. (11.3) , the kinematical relationship between velocity and acceleration, 
and noting that ds = Ld6, 

vdv = atds 

l v 
vdv = leg cos eLde ~ v = V2Lg sin e 

We now solve the problem using the work-energy principle. The force due to the ten­
sion in the string does not perform any work because it acts normal to the path of the 
sphere. Relating the work done by the weight of the sphere WI- 2 = mgL sin e to the 
change in its kinetic energy, we get 

mgL sin e = ~ nzv2 - 0 ~ v = V2Lg sin e 

You realize that it is easier to solve this problem using the work-energy principle, be­
cause we were interested in determining the speed of the sphere and not its acceleration. 

I""-L-~ 
1-

\ \ (J 

S \ 
T \ 

mg 
FIGURE 11.8 The sphere of Example 
11.1. 
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Kinematics of a Rigid Body 

In this section we discuss kinematics of a rigid body. Unlike a particle model , a rigid body 
is an object whose size affects its dynamic behavior and forces can act anywhere on the 
body. Moreover, as the name implies, a rigid body is considered rigid-no deformation 
due to application of forces. A rigid bexly is an idealization of an actual situation in which 
the magnitude of motion caused by forces and moments is much larger than internal dis­
placements. Motion of a rigid body may be classified as pure translation, pure rotation , 
or a combination of translation and rotation called general plane motion. 

Translation of a Rigid Body When a rigid body undergoes a pure translational 
motion, all constituent particles move with the same velocity and acceleration. As shown 
in Figure 11.9, points A and B have the same velocity. 

Rotation of a Rigid Body about a Fixed Axis When a rigid body rotates about 
a fixed axis, the particles of the rigid body follow circular paths, as shown in Figure 
11.10. The relationships between the velocity of a point A such as VA and its accelera­
tion and the angular velocity and acceleration of the rigid body, wand ex, are given by 

(11.27) 

(11.28) 

(11.29) 

FIGURE 11.9 A pure translation of a 
rigid body. 

FIGURE 11.10 Pure rotation motion. 
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In general , the velocity and the acceleration components of a point (such as A) located 
on a rigid body in terms of the position vector r A, the angular velocity W, and the angu­
lar acceleration; are given by 

VA=wXrA 

an = <;; X ({;; X ; A) 

at = a X rA 

(11.30) 

(11.31) 

(11.32) 

General Plane Motion The motion of a rigid body undergoing simultaneous 
rotation and translation is commonly referred to as general plane motion. The rela­
tionship between the velocities of two points A and B at'an instant is given by 

(11.33) 

where v A and VB are the absolute velocities of points A and B and v AlB represents 
the velocity of point A relative to point B. The magnitude of VAIB is expressed 
by VAIB = rAIBw, and its direction is normal to the position vector rBlA , as shown in 
Figure 11.11. 

The acceleration of points A and B are related according to 

General plane motion 

Pure translation 
Pure rotation 

~A 
B + 

FIGURE 11.11 The relationship between the velocities of two points belonging to a rigid 
body undergoing a general plane motion. 

(11.34) 
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where 

Dynamic Problems 

(;AIB)n = ; X (; X ; AlB) 

(;AlB)t = ~ X ; AlB 

(11.35) 

(11.36) 

and the magnitudes of the normal and tangential components of the acceleration of A 
relative to B are given by 

2 
VAIB 2 

(aAIB)n = -- = rAIBO> 
rAlB 

(aAiB), = rAIBa 

The directions of these components are shown in Figure 11.12. 

Kinetics of a Rigid Body 

(11.37) 

(11.38) 

The study of kinetics of a rigid body includes forces and moments that create the mo­
tion of the rigid body. 

Rectilinear Translation The rectilinear translation of a rigid body under the in­
fluence of forces F 1> F 2, F 3, ... , F n is governed by Newton 's second law according to 

2:Fx = m(ad .. 

2:Fy = m(ac)y 

+ 

FIGURE 11.12 The directions of the nOllnal and tangential components of;;AlB. 

(11.39) 

(11040) 
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Although we have related the sum of forces to the acceleration of the mass center -;c, 
it is important to realize that for a rigid body undergoing translation, all constituent 
particles have the same velocity and acceleration. Moreover, since the body is not ro­
tating, the sum of the moments of the forces about mass center G must be zero. 

(11.41) 

However, if we were to take the sum of the moment about another point, such as 0 , then 
the sum of the moments about that point is not zero, because the inertia forces m(aa}.t 
and m(ac}y create moments about that point. That is, 

1+\ LMo = m(ac}xdJ - m(ac)yd2 (11.42) 

TIle free-body and inertia diagrams for a rigid body undergoing pure translational mo­
tion are shown in Figure 11.13. 

Rotation about a Fixed Axis The rotation of a rigid body is governed by the fol­
lowing equations: 

LPn = mrclow2 

LFt = mrCIOO/. 

rt\ LMo = 100/. 

(11.43) 

(11.44) 

(11.45) 

In Eq. (11.45), 10 is the mass moment of inertia of the body about point 0 , as 
shown in Figure 11.14. Whereas mass provides a measure of resistance to translational 
motion , the mass moment of inertia represents the amount of the body's inherent re­
sistance to rotational motion. For a special case when the rigid body is rotating about 
its mass center G, the equations of motion become 

LFx = 0 

LFy = 0 

I+\LMc = IcO/. 

FIGURE 11.13 The kinetics of a rigid body under translational motion. 

(11.46) 

(11.47) 

(11.48) 
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FIGURE 11.14 The rotational motion of a rigid body. 

General Plane Motion For a rigid body that is translating and rotating simul­
taneously, the equations of motion become 

LFx = m(ac)x 

LFy = m(ac)y 

ffi~MG = lea 

(11.49) 

(11.50) 

(11.51) 

or as shown in Figure 11.15, the sum of the moments about another point such as 0 
must include the moments created by inertia forces. 

(11.52) 

Work-Energy Relations The work-energy principle relates the work done by 
forces and moments to the change in the kinetic energy of the rigid body as shown in 

_____ L 
dl 

F2 (l1~a~~-r 

FIGURE 11.15 General plane motion of a rigid body. 
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FIGURE 11.16 Work-energy principle for a rigid body. 

Figure 11.16. The forces and moments acting on a rigid body do work according to 

J~ .... 
W I- 2 = F.dr 

(11.53) 

W I - 2 = J Mde 
(11.54) 

where dr and de are the infinitesimal translation and rotational displacements. Because 
the rigid body can translate and rotate, its kinetic energy has two parts: a translational 
and a rotational part. The rigid body's translational part of kinetic energy is given by 

(11.55) 

TIle rotational kinetic energy of a rigid body about it mass center G is given by 

(11.56) 

TIle total kinetic energy of a rigid body undergoing a general plane motion is then given by 

1 2 1 2 
T = "2 mvc + "2 Ie (J) (11.57) 

TIle rotationa l kinetic energy of a rigid body about an arbitrary point 0 is 

Impulse and Momentum For problems in which time history of forces and mo­
ments are known, the impulse and momentum approach is used to determine the 
changes in the velocities of the rigid body. The linear impulse and momentum equa­
tions for a rigid body are 

(l1.58a) 

(11.58b) 
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In Eq. (l1.58b), LMc represents the sum of all moments about mass center G, and Ie 
is the mass moment of inertia of the rigid body about its mass center G. 

Next, we use Example 11.2 to show how the concepts discussed previously are ap­
plied to formulate the equations of motion for a rigid body. 

EXAMPLE 11.2 

In this example we derive the equations of motion for the system shown in the accom­
panying figure. When studying this example, keep in mind that the rod can rotate and 
translate. 

Inertia diagram 

k 1(x - be) r----------t:---------
2 I • G : L ____________________ _ 

The free-body diagram of the rod is shown above. This is a snapshot of the rod at a 
point in time as it oscillates. One way of arriving at the free-body diagram shown is by 
imagining that you pull the rod straight up and turn it counterclockwise and then let it 
go. To keep track of the motion of the rod, we will use x and x·· to locate translation of 
the mass center and use e and e·· to measure the rotational motion. Note x is measured 
from the static equilibrium position and as a result the weight of the rod and the spring 
forces in static position cancel each other out. Applying Eqs. (11.50) and (11.51) , we 
have 

LFx = m(ac)x = niX·· 

-k{ X - ~ e) - k2( X + ~ e ) = mx·· 

and simplifying, we get the equation of translational motion 
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TIle equation for rotational component is obtained from 

and simplifying we get the equation for rotational motion , which is given by 

Now that we have reviewed dynamics of particles and rigid bodies, we are ready to 
review the basic definitions, fundamental principles, and governing equations in 
vibrations. 

11.2 REVIEW OF VIBRATION OF MECHANICAL 
AND STRUCTURAL SYSTEMS 

A dynamic system is defined as a system that has mass and components (parts) that are 
capable of relative motion. A dynamic system has the following properties: 

Because of the mass of the system and the changes in the velocity of the system, 
the kinetic energy of the system can increase or decrease with time. 

Elastic members of the system are capable of storing elastic energy. 

The materials making up the system have damping characteristics that could con­
vert a portion of the work or energy input (into the system) into heat. 

Work or energy enters the system through excitation of support or direct appli­
cation of forces. 

Examples of dynamic systems are given in Table 11.1. 

Degrees of Freedom 

TIle degree of freedom is defined as the number of spatial coordinates required to com­
pletely describe the motion of a system-in other words, the number of coordinates 
needed to keep track of all components or lumped masses making up the system. For 
example, the four-story building shown in Table 11.1 requires four spatial coordinates 
to locate the temporal position of each floor mass. As another example we may use a 
model with three degrees of freedom to study the dynamic behavior of an airplane as 
shown in Table 11.1. 

Simple Harmonic Motion 

Consider the simple single degree of freedom system consisting of a linear spring and 
mass, as shown in Figure 11.17. 
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TABLE 11.1 Examples of dynamic systems 

Actual System 

A water tower 

A four-story building 

---- ------- ~ 
DDD 
DDD 
DDD 
DDD 

...... .....I 

An airplane 

stiffness 
and 

damping 

Possible Dynamic Model 

stiffness 
and 

damping 

stiffness and damping 
Zt 

The free-body diagram for the static equilibrium is shown in Figure 11.17(b). As 
you can see, at static equilibrium, the weight of the mass is supported by the spring 
force, k8static = W. In the forthcoming analysis, k represents the stiffness of the spring in 
N/mm (or Ib/in), and 8static is the static deflection in mm (or in). To obtain the governing 
equation of motion, we displace the mass and then release it, as shown in Figure 11.17(c). 
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1k 
clJ- Static equilibrium 

(a) 

~ -r Static equilibrium 

Yo t 

k85lalic 

$ 
W= IIIg 

(b) 

....L Y 

W 

(c) 

lllji 

(d) 

FIGURE 11.17 A simple single degree of 
freedom system: (a) the system, (b) the 
free-body diagram of the system in static 
equilibrium, (c) displacing mass by Yo, and 
(d) the free-body diagram for the oscillat­
ingmass. 

We then apply Newton's second law, which leads to 

LFy = my" 

-k15static - ky + W = my" 

We previously showed that W = kl5static; therefore , Eq. (11.60) reduces to 

my" + ky = 0 

(11.59) 

(11.60) 

(11.61) 

Referring to Figure 11.17(c), you are reminded thaty is measmed from the static equi­
librium position of the system. It is customary to write Eq. (11.61) in the following 
manner: 

y" + w~y = 0 

where 

w~ = ~ = undamped natural circular frequency of the system (rad/s) 
m 

(11.62) 

(11.63) 

In order to solve the governing differential equation of motion (Eq.11.62), we need to 
first define the initial conditions. Since Eq. (11.62) is a second-order differential equa­
tion, two initial conditions are required. Let's assume that at time t = 0, we pull the 
mass down by a distance of Yo and then release it without giving the mass any initial ve­
locity. Then, for time t = 0, we can write the following initial conditions: 

y = yo(or written alternatively as y(O) = Yo) (11.64) 

and 

y' = 0 (or y'(0) = 0) (11.65) 
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For this simple degree of freedom system, the general solution to the governing differ­
ential equation is then given by 

y(t) = cl sinwnt + C2 COS wnt (11.66) 

You should know from your studies in differential equation class how to obtain 
Eq. (11.66). Moreover, you should recall that the solution to a differential equation must 
satisfy the differential equation. In other words , if we were to substitute the solution , 
Eq. (11.66) , back into the governing differential equation of motion, Eq. (11.62) , the 
outcome must be zero. To demonstrate this point, we substitute the solution back into 
the governing differential equation: 

r Y 
~ ______ ~A A~ ____ ~ 

(-CIW~ sin Wn t - C2W~ cos Wn~) + w~ (Cl sin Wn t + C2 cos wn;) = 0 

0=0 Q.E.D. 

Applying the initial condition y(O) = Yo , we have 

Yo = Cl sin (0) + C2 cos (0) 

which leads to C2 = Yo, and applying y'(0) = 0 leads to 

y' = CIWn cos Wilt - C2 Wn sin Wilt 

o = Cl Wn cos(O) - c2wn sin(O) 

Cl = 0 

After substituting for Cl and C2 in Eq. (11.66) , the solution representing the location of 
the mass (from the static e quilibrium position) as a function of time is give n by 

and the velocity and acceleration of the mass are given by 

() dy . 
y' t = dt = -YOWn S111 wnt 

.. d2y ? 

Y (t) = - 2 = -YoW;' cos 14/ 
dt 

(11.67) 

(11.68) 

(11.69) 

In order to look at the harmonic behavior of the syste m, we have plotted the position 
of the mass in Figure 11.18. 

Using Figure 11.18, we can now define period and frequency for a dynamic system. 
As shown in Figure 11.18, period T is defined as the time that it takes for the mass 111 to 
complete one cycle , typically measured in seconds. On the other hand, frequency f is de­
fined as the number of cycles per second and is expressed in Hertz. The re lationship 
between frequency and period is given by 

(11.70) 

This is a good place to poi nt out the difference between the circular freque ncy w, which 
is expressed in radians per second (ra&s) , and frequency f, which is expressed in cycles 
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~T time 

y 

y 

FIGURE 11.18 The behavior of a simple single degree of freedom system. 

per second (hz). The relationship between w andfis given by 

w = 2'ITt 

w(radians) = (2'IT radians)t( CYcles) 
seconcI cycle second 

EXAMPLE 11.3 

(11.71) 

Consider the simple degree of freedom system shown in the accompanying figure. We 
are interested in determining the position and the velocity of the 4 kg Illass as a func­
tion of time. The spring has a stiffness value of 39.5 N/cm. To start the vibration, we will 
pull down the mass by 2 cm and then release it with no initial velocity. 

1. = 39.5 N/clll 

BT 
y 

The natural circular frequency is calculated from Eq. (11.63), 

(39.5 N/cm)(100cm/1m) = 31.42racUs 

4kg 

and the frequency and period are 

wn 31.42 
f = - = -- = 5hz 

2'IT 2'IT 

1 1 
T = f = 5' = 0.2s 
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It takes 0.2 seconds for the mass to complete one cycle. When designing for dynamic sys­
tems, the knowledge of magnitude of forces transmitted to the support, or the founda­
tion, is important to ensure the integrity of the foundation. For Example 11.3, the 
magnitude of the force transmitted to the support is determined from 

R(t) = ky + W = kyo cos wnt + W 

Substituting for W = mg = (4 kg)(9.81 m/s2) = 39.2 N, we get 

R(t) = (39.5)(2)cos(31.42t) + 39.2 

The maximum reaction force occurs when the spring is stretched the maximum amount 
and whenever the value of cos(31.42t) becomes 1. 

Rmax = (39.5)(2) + 39.2 = 118.2 N 

Note that for the given system, the value of Rmax depends on the initial displacement. Also 
note that the support reaction should be equal to the weight of the system when y = O. 

Forced Vibration of a Single Degree of Freedom System 

The vibration of a structural system may be induced by a number of sources such as 
wind, earthquake, or an unbalanced rotating machinery housed on a floor of a building. 
These sources of excitations may create forces that are sinusoidal , sudden, random, or 
that vary with time in a certain manner. We can learn a lot about the behavior of a sys­
tem by considering basic excitation functions , such as a sinusoidal, step, or a ramp func­
tion. Moreover, to simplify presentation and since for most structures damping is 
relatively small , we will not consider it in our forthcoming presentations. Let us now 
consider a spring mass system subjected to a sinusoidal force , as shown in Figure 11.19. 
The motion of the system is governed by 

mi' + ky = Fosin wt 

Dividing both sides of Eq. (11.72) by mass rn , 

(11.72) 

• 2 k 
and by lettmg Wn = - , we have 

m 

k Fo. i' + - y = - SJl1 wt 
m m 

•• 2 Fo. 
y + wnY = -Sill wt 

m 

T 

(11.73) 

(11.74) 

y FIGURE 11.19 Asplingmasssystemsub-
F(I) = Fosin wI jected to a harmonic forcing function. 
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The general solution to Eq. (11.74) has two parts: a homogenous solution and a partic­
ular solution. As shown previously, the homogenous solution Yh is given by 

Yh(t) = A sin w"t + B cos wnt 

For the particular solution Yp' we assume a function of the form 

Yp(t) = Yosinwt 

and differentiating it to get Yp' we get 

Y~(t) - Yow cos wt 

Y~(t) = -Yow2sinwt 

Substituting for Y~ and Yp into Eq. (11.74) 

and solving for Yo, we have 

Fo 

Fo m 

m w2 

Yo = n = = 
-w2 + w2 -w2 + w2 n n 

w2 n 

Fo 
k 

1 - (:J2 

(11.75) 

(11.76) 

(11.77) 

(11.78) 

Note that upon arriving at the final expression for Yo, we divided the numerator and the 
denominator by w~ , and we substituted for w~ = ~. 

The forced behavior of the spring mass system to the harmonic forcing function 
is then given by 

Forced Response 
,.---"""----.. 

Natural Response F 0 

, A. ' k 
yet) = A cos wnt + B Sill wnt + sin wt 

1 - (:J2 

(11.79) 

It is important to point out that the natural response of the system will eventually die 
out because every system has some inherent damping. Consequently, in the upcoming 
discussions we will focus only on the forced response. To shed more light on the re­
sponse of a single degree of freedom system to a sinusoidal force , using Eq. (11.78), we 
have plotted the ratio of the amplitude of the forced response Yo to the static deflection 

~ (that is caused if the force is applied statically) as a function of frequency ratio ~: . 
k 

The response is shown in Figure 11.20. 
It is clear from examining Figure 11.20 that as the frequency ratio approaches 

unity, the amplitude of forced oscillation becomes very large. This condition, known as 
resonance, is highly undesirable. 
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Dynamic Problems 

4 

W 
wlI 

FIGURE 11.20 Amplitude of the 
forced behavior as a function of the 
frequency ratio. 

Forced Vibration Caused by an Unbalanced Rotating Mass 

As we mentioned earlier, vibration of a system may be induced by an unbalanced rotating 
mass within a machine. In machines the vibration occurs when the center of mass of the 
rotating component does not coincide with its center of rotation. The vibration of an un­
balanced machine may be modeled by a single degree of freedom system that is excited 
by a sinusoidal forcing function. The sinusoidal forcing function results from the verti­
cal component of the normal acceleration of unbalanced mass, as shown in Figure 11.21. 

For these situations, the forcing function is represented by 

F(t) = moe w2 sin wt (11.80) 

where mo is the unbalanced mass, e is eccentricity, and w is the angular speed of the ro­
tating component. Comparing Eg. (11.80) to Eg. (11.72), we note that Fo = moe w2 and 
substituting for F 0 in Eg. (11.79), and considering only the forced response we get 

yet) = (11.81) 
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FIGURE 11.21 An unbalanced rotating machine. 

k 
"2 

and rewriting the amplitude of the vibration Yo, by substituting k = mw~, and re­
grouping, 

moew2 moew2 w2 

k mw~ Yom w2 
Yo = n (11.82) 

(:J2 (w y =? moe = 
1 - (:J2 1 - 1- -

Wn 

m ew2 
From examining the numerator _0 __ in Eq. (11.82), we note that by increasing the 

m 
mass of the system 111, we can reduce the amplitude of vibration. You may have seen tur-
bine or large pumps mounted on heavy concrete blocks to reduce the amplitude of un­
expected vibration. Moreover, we can show that as 

~ « 1 =? Yom = 0 (11.83) 
Wn moe 

and 

~ »1 =? 
Yom 

-1 (11.84) = 
Wn moe 

Using Eq. (11.82), we have plotted Yo m as a function of frequency ratio ~ and have 
moe Wn 

shown it in Figure 11.22. The behavior of the system as a function of 
frequency ratio is self-evident when examining Figure 11.22. 

The derivation of the response of a single degree of freedom mass spring system 
to a suddenly applied force, a ramp function , or a suddenly applied force that decays with 
time is left ns nn exercise. See prohlems 4 nnd :) nt the end of this chnpte r. 
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As we mentioned earlier, when designing for dynamic systems, the knowledge of the 
forces transmitted to the support or the foundation is important to ensure the integrity 
of the foundation. The relationship between the vibration of the mass and the forces 
transmitted to the foundation is depicted in Figure 11.23. 

As shown in Figure 11.23, forces are transmitted to the foundation through the 
springs. The magnitude of these forces, which varies with time, is given by 

k Fo 
k . 

. ( W )2 SJll wt = 
1- -

,Wn 

F(t) = ky(t) = Fo . 

( 
w)2 SJll wt 

1- -
Wn 

(11.85) 

However, for most engineering applications, we are interested in determining maxi­
mum magnitude of forces transmitted to the foundation , which occurs when sin wt has 
a value of 1 in Eq. (11.85), and is given by 

Fo 
F max = --(--"--)-:-2 

1 - :n 
(11.86) 
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FIGURE 11.23 Forces transmitted to a foundation. 
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In the field of vibration, it is customary to define a transmission ratio or transmissibil­
ity TR as the ratio of Fmax to the static magnitude Fo: 

Fo 

TR = IF;:xl 
1 -(:J2 

1 
= = (11.87) 

Fo 
1 -(:J2 

Figure 11.24 shows the relationship between transmissibility and the frequency ratio, as 
given by Eq. (11.87). 

It is clear from examining Figure 11.24, as the frequency ratio approaches unity, 
the transmissibility approaches very large values, which could have catastrophic con­
sequences. Furthermore, Figure 11.24 shows that in order to keep transmissibility 

TR 

--------1----
I I 
I I 
I I 
I I 
I I 
I I 

2 3 4 

FIGURE 11.24 Transmissibility as a function of frequency ratio. 
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low, machines should operate at frequencies that are much greater than their natural 
frequencies. 

Support Excitation 

In this section we review support excitation. A spring mass system that is being excited 
by its support is shown in Figure 11.25. Using Newton 's second law, we can formulate 
the governing equation of motion of the oscillating mass as follows: 

(11.88) 

Note that the magnitude of the spring force depends on the relative position of the mass 
with respect to its support. Separating the excitation term from the response, we have 

my;· + kYI = kY2 

Dividing both sides of Eq. (11.89) by 111 , we get 

(11.89) 

(11.90) 

We can use the solution we obtained earlier to the differential equation given by 
F 

Eg. (11.74). By comparing Eq. (11.90) to Eq. (11.74), and noting that w~Y2 = ~, the 
m 

solution to Eq. (11.90) then becomes 

amplitude of mass 

(11.91) 

To get a physical feeling for what the solution represents, let's turn our attention to the 
amplitude of mass, as given by Eq. 11.91. If we replace the spring with a stiff rod and ex­
cite the support , as shown in Figure 11.26(a), we note that because of the rod's large k 

T 
k(yl - yi) 

FIGURE 11.25 Support excitation. 
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FIGURE 11.26 ExpeJiments demonstrating the relationship between the amplitude 
of support excitation and the amplitude of the mass. 

value and consequently large Wm the frequency ratio would be very small,;;'; « 1, and 
consequently the amplitude of oscillation of mass would equal Y2' As you would ex­
pect, the mass will move with the same amplitude as the support. Now, if we replace 
the rod with a soft spring having a small k value (thUS a small wn ) , the frequency ratio 
becomes;;'; » 1. Substituting a large value for frequency ratio in Eq. (11.91) will show 
that the mass will vibrate with very small amplitude and will appear nearly stationary. 

Multiple Degrees of Freedom 

In the previous sections we considered the natural and forced behavior of a single de­
gree of freedom system. Next, we will demonstrate some of the important characteris­
tics of a multiple degrees of freedom system using a simple two degrees of freedom 
system. Consider the two degrees of freedom system shown in Figure 11.27. We are in­
terested in determining the natural frequencies of the system shown. We begin by for­
mulating the governing equations of motion for each mass. To write the equations of 
motion, we will initiate the free vibration by displacing the masses such that X2 > Xl' 

Using the free-body diagrams shown, the equations of motion are 

or, in a matrix form , 

nllXj' + 2kxl - kX2 = ° 
nl2XZ' - kXl + 2kx2 = ° 

[ nil ° ] {Xi'} [2k -kJ {Xl} {a} ° m2 X;: + - k 2k X2 ° 

(11.92) 

(11.93) 

Note that Eqs. (11.92) and (11.93) are second-order homogenous differential equations. 
Also note that these equations are coupled because both Xl and X2 appear in each 
equation. This type of system is called elastically coupled and may be represented in the 
general matrLx form by 

[M]{x"} + [K]{x} = ° (11.94) 
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FIGURE 11.27 A schematic diagram of 
an elastic system with two degrees of 
freedom. 

where [M] and [K] are the mass and the stiffness matrices respectively. We can simplify 
Eqs. (11.92) and (11.93) by dividing both sides of each equation by the values of the re­
spective masses: 

2k k 
XI + - XI - -X2 = 0 

1111 ml 
(11.95) 

.. k 2k 0 
X2 - -XI + -X2 = 

m2 nl2 
(11.96) 

Using matrix notation , we pre multiply the matrix form of the equations of motion by 
the inverse of the mass matrix [Mrl , which leads to 

(11.97) 

As a next step, we assume a harmonic solution of the form XI (t) = X I sin (wt + 4» and 
xit) = X 2 sin (wt + 4>)[ or in matrix form, {x} = {X} sin (wt + 4»] and substitute the 
assumed solutions into the differential equations of motion, Eqs. (11.95) and (11.96) , to 
create a set of linear algebraic equations. 

This step leads to 

-W2X I sin(wt + 4» + 2k Xlsin(wt + 4» - ~X2 sin(wt + 4» = 0 
nil ml 

-w2X 2sin(wt + 4» -~Xlsin(wt + 4» + 2kX2sin(wt + 4» = 0 
m 2 m 2 

After simplifying the sine wt + 4» terms, we get 

(11.98) 
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or, in a general matrix form , 

(11.99) 

Note that {x} = {~:~~~} represents the position of each mass as the function of time, 

the {X} = {~J matrix denotes the amplitudes of each oscillating mass, and <P is the 

phase angle. Equation (11.98) may be written as 

o ][2k 
1 -k 

m2 

-k]{XI} = 0 2k X2 
(11.100) 

or by 

(11.101 ) 

Simplifying Eq. (11.101) further, we have 

[ 

2 2k k] 
-w + ml - ml {Xl} = 0 

k 2 2k X2 
-- -w +-

mz nl2 
(11.102) 

Problems with governing equations of the type (11.99) or (11.102) have nontrivial so­
lutions only when the determinant of the coefficient matrix is zero. Let's assign some nu­
merical values to the above example problem and proceed with the solution. Let 
ml = nl2 = 0.1 kg and k = 100 N/m. Forming the determinant of the coefficient matrix 
and setting it equal to zero, we get 

l-w
2 + 2000 -1000 I = 0 
-1000 - w2 + 2000 

(11.103) 

(-w2 + 2000)(-w2 + 2000) - (-1000)(-1000) = 0 (11.104) 

Simplifying Eq. (11.104), we have 

w4 - 4000w2 + 3,000,000 = 0 (11.105) 

Equation (11.105) is called the characteristic equation, and its roots are the natural fre­
quencies of the system. 



594 Chapter 11 Dynamic Problems 

WI = AI = 1000(rad/s)2 

w~ = A2 = 3000(radis)2 

and 

and 

WI = 31.62 radls 

W2 = 54.77 rad/s 

Once the w2 values are known , they can be substituted back into Equation (11.102) to 
solve for the relationship between X I and X 2. The relationship between the amplitudes 
of mass oscillating at natural frequencies is called natural modes. We can use either re­
lationship (rows) in Eq. (11.102). 

(-w2 + 2000) XI - 1000X2 = 0 

(-1000 + 2000)XI - 1000X2 = 0 

Or, using the second row, 

and substituting for wi = 1000 

X2 
~-=1 

XI 

-1000 XI + (-w2 + 2000)X2 = 0 and substituting for WI = 1000 

X 
-1000XI + (-1000 + 2000)X2 = 0 ~ X~ = 1 

As expected, the results are identical. The second mode is obtained in a similar manner 
by substituting for w~ = 3000 in Eq. (11.102). 

(-w2 + 2000) XI - 1000X2 = 0 and substituting for w~ = 3000 

X 
(-3000 + 2000)XI -1000X2 = 0 ~ X~ =-1 

It is important to note again that the solution of the eigenvalue problems leads to es­
tablishing a relationship among the unknowns, not specific values. To shed more light 
on what the above natural frequencies and modes represent, consider the following ex­
periment. Pull down both mass one and two by, say, 1 inch (X I = X 2 = 1), and then re­
lease the system. Under these initial conditions, the system will oscillate at the first 
natural frequency (WI = 31.62 rad/s) . However, if you were to give the system the fol­
lowing initial conditions: pull mass one up by 1 inch and pull mass two down by 1 inch 
(X2 = -XI = 1), then release them, the system would oscillate at the second natural 
frequency (W2 = 54.77 raeVs). Any other initial conditions will result in the system os­
cillating such that both natural frequencies affect its behavior. 

Equations of Motion for Forced Vibration 
of Multiple Degrees of Freedom 

In the previous section we showed that the general form of equations of motion for free 
vibration of multiple degrees of freedom is 

[M]{x··} + [K]{x} = 0 (11.106) 

With damping [C] included, the equations of motion for free vibration of multiple de­
grees of freedom becomes 

[M]{x··} + [C]{x·} + [K]{x} = 0 (l1.107) 
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1lle natural response of a system with a multiple degrees of freedom can also be obtained 
using modal analysis. Modal analysis involves the uncoupling of the differential equa­
tions of motion using what is called principal coordinates. The basic idea is to represent 
the motion of each part (mass) by a single coordinate that makes no reference to any 
other coordinate. Once the equations of motion are uncoupled, then each independent 
equation is treated as a single degree of freedom system. To better understand the idea of 
principal coordinates, consider the two degrees of freedom system shown in Figure 11.27 
and assume that ml = m2 = m , then the equations of motion become 

,,2k k 
XI + -XI - -X2 = 0 

m m 
(11.95b) 

"k 2k 0 
X2 - -XI + -X2 = 

m m 
(l1.96b) 

Substitute in Eqs. (11.95) and (11.96) ml = m2 = m to arrive at Eqs. (11.95b) and 
(11.96b). Now consider first adding Eqs. (11.95b) and (11.96b) and then subtracting 
Eq. (11.96b) from Eq. (11.95 b). These operations result in 

" " k ( ) 0 XI + X2 + - XI + X2 = 
m 

" " 3k ( ) 
XI - X2 + - XI - X2 = 0 

m 

"k 0 ~PI +-PI = 
m 

" 3k 
~ P2 + -P2 = 0 

m 

where PI = XI + X2 and P2 = XI - X2' As you can see by using the principal coordi­

nates PI and P2, we were able to decouple the equations of motion. The natural fre-

. f J!; ~"k I' f . i' quencles 0 the system are WI = - and W2 = -. t IS Ie t as an exercise lor you to 
m m 

verify these results by determining the roots of characteristics equation. Although the 
decoupling of equations of motion are much more involved than what is shown here, the 
above example demonstrates the basic idea of principal coordinates and decoupling. 
The modal analysis is also used in determining the natural and the forced response of 
multiple degrees of freedom systems with damping. 

The matrix form of equations of motion for multiple degrees of freedom subjected 
to forces is given by 

[M]{x"} + [K]{x} = {F} (11.108) 

where {F) is the force matrix. And with damping, we have the following relationship: 

[M]{x"} + [C]{x'} + [K]{x} = {F} (11.109) 

Up to this point, we have explained how to approximate the behavior of systems with 
distributed mass and elastic properties by discrete models that consist of lumped masses 
and equivalent (or bulk) stiffness, and a finite number of degrees of freedom. More­
over, as you have seen, these models are represented by ordinary differential equations, 
subject to initial conditions, whose solutions render the natural or the forced responses 
of the system. 
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Because rods and beams play significant role in many engineering applications, we 
will discuss their finite element formulations in detail in Sections 11.4 and 11.5. Rods and 
beams are continuous systems which theoretically possess infinite numbers of degrees 
of freedom and natural frequencies. However, for most practical problems, only the 
first few natural frequencies are important. In general , the governing equations of 
motions of continuous systems are partial differential equations whose exact solutions 
require both boundary and initial conditions. Except for a few simple problems, the so­
lutions are very complex and hard to find. Therefore, we resort to numerical approxi­
mation of discrete models to solve many practical problems. \Ve will discuss the finite 
element formulation of bars, beams, and frames using Lagrange's equations in the forth­
coming sections. 

11.3 LAGRANGE'S EQUATIONS 

In the previous sections we derived the governing equations of motions of vibrating sys­
tems using Newton's second law. In this section we introduce another approach, which 
uses Lagrange's equations to formulate equations of motions. Lagrange's equations are 
given by 

where 

d (aT) aT aA - - --+-=Q' 
dt ciq; iJqi ciqi t 

= time 

T = kinetic energy of the system 

qi = coordinate system 

(i = 1, 2, 3, .. , n) 

q; = time derivate of the coordinate system representing velocity 

A = potential energy of the system 

Qi = nonconservative forces or moments 

(11.110) 

We will use Example 11.4 to demonstrate how to use Lagrange 's equations to formulate 
equations of motion for a dynamic system. 

EXAMPLE 11.4 

Use Lagrange's equations to formulate the governing equations of motion for the sys­
tems shown in Figure 11.28. 

The spring mass system shown in Figure 11.28(a) is a single degree of freedom 
system that requires only one coordinate q to describe its behavior. To apply Eq. (11.110), 
we must first express the kinetic and potential energies of the system in terms of the 
coordinate q and its derivative q'. Note that for this problem, we let q = x. The kinetic 
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(b) 
FIGURE 11,28 Spring mass systems of 
Example 11.4, 

and potential energies of the system are 

1 2 

T = 2mx' 

A = .!.kx2 
2 

Next, as required by Lagrange's equation , we differentiate the kinetic energy term with 
respect to q', or in our case, x': 

aT aT a (1 .2 ) () ( 1 )' , aq' = ax' = ax' 2mx = 2 2 mx = mx 

Tl k ' I ' I' , f aT len, ta mg t le time (envative 0 -" we get 
ax 

d ( aT) d (') .. - -, =-mx =mx 
dt ax dt 

Because T is a function of x' and not x, the aT = 0, Evaluating the potential term, aA , 
ax aq 

in Eq, (11.110) , we have 

aA = aA = ~(.!.kx2) = kx 
aq ax ax 2 

Finally, substituting for each term in Eq, (11.110) , we get 
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As expected, the governing differential equation of motion is given by 

mx·· + kx = 0 

The system shown in Figure l1.28(b) has two degrees of freedom ; consequently, we 
need two coordinates, XI and X2, to formulate the kinetic and potential energies. 

1 .2 1 .2 

T = 2" mlxl + 2"m2x2 

1 2 1 2 
A = 2"klxl + 2"k2(X2 - XI) 

Taking the derivatives of each term, as required by Eq. (11.110), we get 

aT . 
-. =mlxl 
aXI 

aT = aT = 0 
iJXI aX2 

and 

and 

d (aT) .. 
dt axj = mlxl 

d (aT) = m2x2 
dt ax; 

iJA 
- = klxl + k2(xI - X2) 
aXI 

aA 
- = k2(X2 - XI) 
aX2 

Substituting each term in Lagrange's equation , Eq. (11.110), we have 

mIx;· + (k l + k2)xI - k2X2 = 0 

m2x"i. - k2XI + k2X2 = 0 

or we can express the equations of motion in a matrix form by 

[ ml 0 ]{x~:} + [kl + k2 -k2]{XI} = {a} ° m2 X2 -k2 k2 X2 ° 
11.4 FINITE ELEMENT FORMULATION OF AXIAL MEMBERS 

In this section, using Lagrange's equations, we first formulate the mass matrix for an 
axial member and then use it to obtain the natural frequencies of an axial member. Re­
call that the displacement of an axial member may be expressed using one-dimensional 
shape functions Sj and S;, as shown below: 

It = S,ui + SPi (11.111) 

The shape functions in terms of the local coordinate X shown in Figure 11.29 are given by 

X s· = 1 --
I L 

X s·=-
I L 

(11.112) 

(11.113) 
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C~i r Uj 

it~------------------~tj 

I· L--·I 
FIGURE 11.29 An axial member. 

It is important to note that whereas the displacement function for a static problem de­
pends on coordinate X only, for a dynamic problem the displacement function is a func­
tion of x and time t; that is , II = u(x, t). The total kinetic energy of the member is the 
sum of the kinetic energies of its constituent particles (or smaller chunks). 

l L 
'Y 2 

T = -u·dx 
o 2 

(11.114) 

In Eq. (11.114), ll · represents the velocity of the particles along the member, and 'Y is mass 
per unit length. The velocity of the member can be expressed in terms of its nodal ve­
locities Vi ancl Vj ancl is given by 

u· = Sp; + Spj (11.115) 

Substituting Eq. (11.115) into Eq. (11.114) , we have 

T = ~l\s,u; + Spj?dx (11.116) 

And taking the derivatives as required by Lagrange 's equation, Eq. (11.110) , we get 

;~; = ~lL2Sj(SIU; + Spj)dx (11.117) 

:[;j = ~lL2Sj(S,u; + Spj)dx (11.118) 

!!...( iJT.) = -v[ [LSfV:·dx + [LS.s.V·:dX ] 
dt iJV j I io I I io I J J 

(11.119) 

_~ _ - 2-d ( "T ) [ lL lL] dt iJVj - 'Y 0 SjSPjdx + 0 Spjdx (11.120) 

Note that Sj ancl Sj are functions of x alone, whereas V;· and Vj· represent accelerations 
at nodes i and j respectively, which are functions of time. Evaluating the integrals of 
Eqs. (11.119) and (11.120) , we get 

'Y lLs1dx = 'Y lL( 1 - ~ YdX = 'Y3L (11.121) 
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11LS;SjdX = 11L(1 - ~)(~)dX = 1~ (11.122) 

11Lsldx = 11L(~ydx = 13L (11.123) 

Substituting the results of the integrals given by Eqs. (11.121) through (11.123) into 
Eqs. (11.119) and (11.120), leads to [M]{ii). Then for an axial member, the mass matrix 
becomes 

(11.124) 

We derived the stiffness matrix for an axial element in Chapter 4, Section 4.1 , which is 
given by 

Next, we will use Example 11.5 to demonstrate how to use the results of this section. 

EXAMPLE 11.5 

Consider the 30-cm long aluminum rod shown in Figure 11.30. The rod has a modulus 
of elasticity E = 70 GPa and density p = 2700 kg/m3 b = 5.4 kg/m). The rod is fixed 
at one end, as shown in the figure , and we are interested in approximating the natural 
frequencies of the rod using the three-element model shown. 

The mass matrix for each element is computed from Eq. (11.124) 

E = 70 GPa, p = 2700 kglm3 

lJ------ 30 em -----+1. I 

10 em ~ 10 em -.j- 10 em -.j 

1J = (5.4)(0.1) [2 
2 6 1 

o 
A = 20 C1U2 

1J = [0.18 
2 0.09 

0.09J 
0.18 

FIGURE 11 .30 The aluminum rod of 
Example 11 .5. 
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and the elemental stiffness matrix is 

[K](1) = [K](2) = [K](3) = ALE [ ~1 ~1 J = 

(20 X 10-4)(70 X 109 ) [ 1 

0.1 -1 
-lJ [ 1 1 = 1.4 X 109 -1 

Assembling the mass and the stiffness matrices, 

[0.18 
0.09 0 

ot] [M](G) ~ or 0.36 0.09 
0.09 0.36 

0 0.09 0.18 

[ 1.4 
-1.4 0 

-LJ 
[K](G) ~ 10' - ~.4 2.8 -1.4 

-1.4 2.8 
0 -1.4 1.4 

Applying the boundary condition-because node 1 is fixed-the first rows and columns 
of mass and stiffness matrices are eliminated. Application of the boundary condition at 
node 1 reduces the mass and the stiffness matrices to 

0.09 0] 
0.36 0.09 
0.09 0.18 

[ 
2.8 

[K](G) = 109 -~.4 

-1.4 

2.8 
-1.4 

As previously discussed in the section dealing with the natural vibration of multiple de­
grees of freedom systems, to get the natural frequencies of the system, we need to solve 
[Mfl[K]{X} = ol{X} or, in the case of the rod, [Mrl[K]{U} = ol{U}. Computing 
the inverse of the mass matrix, we get 

And calculating 

-0.8547 
[ 

2.9915 
[Mr l = -0.8547 3.4188 

0.4274 -1.7094 

[ 
0.9573 

[Mrl[K] = 1010 -0.7179 
0.3590 

-0.7179 
1.3162 
-1.4359 

0.4274 ] 
-1.7094 

6.4103 

0.1795 ] 
-0.7179 
1.1368 
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and solving for the eigenvlaues, we obtain the natural frequencies: 
wI = 1.5999 X 105 rad/s , W2 = 0.8819 X 105 rad/s, w3 = 0.2697 X 105 rad/s. 

11.5 FINITE ELEMENT FORMULATION OF BEAMS AND FRAMES 

In this section, using Lagrange's equations, we will formulate the vibration of a beam and 
a frame element. Recall from Chapter 4, Section 4.2 that the deflection of a beam ele­
ment may be represented using shape functions Sil, Si2, Sjl> Sj2 and the nodal displace­
ments Uil> Ui2 , Ujl> Uj2 by 

v = SilUil + SiPi2 + SjPjl + SrPj2 

where the shape functions are given by 

For the sake of presentation continuity, the beam element shown previously in Figure 
4.8 is repeated here. 

Vii Vjl 

L u,,~~~ ., __ upi 
X i I~:_\ _________ L ---------+.1' 

FIGURE 4.8 A beam element. 

The kinetic energy of a beam element is determined by adding the kinetic energy of its 
constituent particles according to 

l L 
'Y 2 

T = 0 "2 V · dx (11.125) 

In Eq. (11.125), v· represents the velocity distribution within the beam and is a func­
tion of time and position. 'Ve can represent the velocity of the beam in terms of shape 
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functions anel the lateral anel rotational velocities of nodes i andj according to 

(11.126) 

Substituting for the velocity distribution in the kinetic energy equation, we have 

(11.127) 

Although v· is a function of time and position, note that the nodal velocities are only a 
function of time. The shape functions account for the spatial variations in Eqs. (11.26) 
and (11.27). Evaluating the derivative terms as required by Lagrange 's equations, 
we get 

(U1~ = -2'Y1L2Sit (SiP;t + SiP"u. + SjPjt + SrP;l)dx 
iJ it 0 

(11.128) 

U~l = f 1\S;2 (SilU;1 + Si2U "u. + Sj/..Tjl + S,"2U;"2 )dx (11.129) 

(uJ~ = :r1L2Sjt(SiPit + SlP"n + SjtUjt + SjP~"2)dx 
U jt 2 0 

(11.130) 

U~ = f1L2S,l (SitU;t + Si2U"u. + SjtUjt + SpUj2)dx 
1"2 0 

(11.131 ) 

d (aT) anel evaluating the -d - terms, we have 
t uqi 

(11.132) 

(11.133) 

(11.134) 

(11.135) 

Like nodal velocities, note that the lateral and rotational accelerations of nodes i andj 
Uii , Uii , Uji , Vji are independent of coordinate x and are only functions of time. This re­
alization allows us to pull the nodal accelerations out of the integrals in Eqs. (11.132) 
through (11.135), and only integrate the products of the shape functions. It is important 
to point out that when integrating Eqs. (11.132) to (11.135) , we need not evaluate all 
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16 integrals. Some of these integrals are identical. The integrals that must be evaluated 
follow: 

(11.136) 

(11.137) 

(11.138) 

(11.139) 

(11.140) 

(11.141) 

Incorporating the results of the integrations leads to [MlIv"J, then the mass matrix for 
a beam element is given by 

[ 

156 

[u](e) = -yL 22L 
1 420 54 

-13L 

22L 54 
4L2 13L 

13L 156 
-3L2 -22L 

-13L] -3L2 

-22L 
4L2 

(11.142) 

We now turn our attention to the stiffness matrix. Recall from Section 4.2 that the stiff-
ness matrix for a beam element is 

[1' 6L -12 
6L ] [K](e) = El 6L 4L2 -6L 2L2 

(11.143) 
L3 -12 -6L 12 -6L 

6L 2L2 -6L 4L2 

\Ve discuss the finite element formulation of the mass matrix for a frame element next , 
and then demonstrate finite element modeling of oscillating frames with Example 11.7. 

Frame Element 

You may recall from our discussion of frames in Chapter 4 that frames represent struc­
turalmembers that may be rigidly connected with welded joints or bolted joints. For such 
structures, in addition to rotation ancllateral displacement , we also need to be con­
cerned about axial deformations. For the sake of presentation continuity, the frame el­
ement, Figure 4.12, is repeated here. 
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lip. 

y 

Lx 

FIGURE 4.12 A frame element. 

In the previolls section we developed the mass matrix for a beam element. This matrix 
accounts for lateral displacements and rotations at each node anel is 

0 0 0 0 0 0 

0 156 22L 0 54 -13L 
-yL 0 22L 4L2 0 13L -3L2 

(11.144) [M](e) =-
0 0 0 0 0 0 420 

0 54 13L 0 156 -22L 

0 -13L -3L2 0 -22L 4L2 

The mass matrix for a member under axial movement was developed in Section 11.4 and 
is given by 

2 0 0 1 0 0 140 0 0 70 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

[M](e) = -yL 0 0 0 0 0 0 -yL 0 0 0 0 0 0 
(11.145) = 

6 1 0 0 2 0 0 420 70 0 0 140 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

Adding Eqs. (11.144) and (11.145) results in the mass matrix for a frame element: 

140 0 0 70 0 0 

0 156 22L 0 54 -13L 

[M](e) = -yL 0 22L 4L2 0 13L -3L2 
(11.146) , 420 70 0 0 140 0 0 

0 54 13L 0 156 -22L 
0 -13L -3L2 0 -22L 4e 
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In Section 4.2, we derived the stiffness matrix for the frame element, which is given by 

AE 
0 0 

AE 
0 0 

L L 

0 
12El 6El 

0 
12El 6El 

L3 L2 L3 L2 

0 
6El 4El 

0 
6El 2El - --

[K]l~ = 
L2 L L2 L 

(11.147) 
AE AE 

0 0 0 0 
L L 

0 
12El 6El 

0 
12El 6El 

L3 L2 L3 L2 

0 
6El 2El 

0 
6El 4El 

- --
L2 L L2 L 

In Chapter 4 we also discussed the role and the importance of using local and global co­
ordinate systems to formulate and analyze finite element models. You may recall that 
the local degrees of freedom are related to the global degrees of freedom through the 
transformation matrix, according to the relationship 

{II} = [T]{U} (11.148) 

where the transformation matrix is 

cos e sin e 0 0 0 0 
-sine cos e 0 0 0 0 

[T] = 
0 0 1 0 0 0 
0 0 0 cos e sin e 0 

(11.149) 

0 0 0 -sin e cos e 0 

0 0 0 0 0 1 

The equations of motion in the element's local coordinate system is given by 

(11.150) 

We can now make use of the relationships between local and global displacements and 
accelerations {II} = [T] {U} and {II·· } = [T] {U·} and the local and global description 
of forces {f} = [T] {F} and substitute for {II} , {II ·· } , {f} in Eq. (11.150). These substi­
tutions result in 

{lr} {II} {f} 
~ ~~ 

[M1W[T]{U·} + [K1W[T]{U} = [T]{F}(e) (11.151) 

Premultiplying Eq. (11.151) by [Ttl, 

[TJ-1[M]W[TJ{U·} + [Trl[K].~1 [TJ{U} = [TJ-1[TJ{F}(e) (11.152) 



cos e 
sin e 

0 
0 
0 
0 
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It can be readily shown that for the transformation matrix, [T]-1 = [T]T (see Example 
11.6). Using this relationship and simplifying Eq. (11.152), we get 

[.IIj( e) [Al(e) 

[Tf[ftl] x/e)[T]{ U .. } + [TY[K]x/t)[T]{ U} = {F}(e) (11.153) 

Finally, the equations of motion in terms of global coordinates become 

(11.154) 

where 

[M](e) = [T]T[M]W[T] (11.155) 

and 

[K](e) = [T]T[K]W[T] (11.156) 

We will demonstrate how to use these equations to determine the natural frequencies 
of beams and frames with Example 11.7. 

EXAMPLE 11.6 

In this example we show that [T]-1 = [T]T. We begin by showing that 

[T]T[T] = [I] 

-sin e 0 0 0 0 cos e sin e 0 0 0 0 
cos e 0 0 0 0 -sin e cos e 0 0 0 0 

0 1 0 0 0 0 0 1 0 0 0 
0 0 cos e -sin e 0 0 0 0 cos e sin e 0 
0 0 sin e cos e 0 0 0 0 -sin e cos e 0 
0 0 0 0 1 0 0 0 0 0 1 

1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 

Note that the relationship cos2 e + sin2 e = 1 is used to simplify the results. Because 
[T]-I[T] = [I] and we just showed that [T]T[T] = [I] , then [Ttl = [T]T must be true. 
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EXAMPLE 11.7 

Consider the frame shown in Figure 11.31. The frame is made of steel , with 
E = 30 X 106 lb/in2. The cross-sectional areas and second moment of areas for the 
members are shown in the figure. The frame is fixed as shown, and we are interested in 
determining the natural frequencies using the three-element model shown. Members 
(1) and (3) are W12 X 26 steel beams, while member (2) is a W16 X 26 steel beam. 

The mass per unit length is 

26lb 
"Y = = 0.0056 Ib.s2/in2 

(12 in )(32.2 ftls2)(12 inlft) 

For each element, the relationship between the local and global coordinate systems is 
shown in Figure 11.32. 

The stiffness values to be used in the stiffness matrix for elements (1) and (3) are 

AE (7.65 in2)(30 X 106 lb/in2) . 
L = (15 ft)(12 in/ft) = 1,275,000Ib/lll 

12EI (12)(30 X 106 Ib/in2)(204 in4) 
----v- = «15 ft)(12 in/ft» 3 = 12,5921b/in 

6EI (6)(30 X 106 Ib/in2) (204 in4) 
- = = 1 133 333 lb 
L2 «15 ft)(12 in/ft» 2 " 

2EI (2)(30 X 106 Ib/in2) (204 in4) . 
L = (15 ft)(12 in/ft) = 68,000,000 lb. III 

4EI (4)(30 X 106 Ib/in2) (204 in4),., . 
L = (15 ft)(12 in/ft) = 1.:>6,000,000Ib.1Il 

1= 204 in4 

A = 7.65 in2 

depth = 12.22 in 

1+-1. ----- 20ft --------1·1 

1= 301 in4 

A = 7.68 in2 

depth = 15.69 in 

2 

FIGURE 11.31 The frame of Example 11.7. 

3 

1 
15 ft 

1 
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Y y L-x ~~x ________ (2_) ________ ~ 
2 + + 3 

Y 

2 t ~x 3 

(1) (3) 

Y '< 

L:J 
-.o X 

4 

FIGURE 11.32 The configuration of elements (1). (2) . and (3). 

The local stiffness matrices for elements (1) and (3) are 

AE 
0 0 

AE 
0 0 - --

L L 

0 
12El 6EI 

0 
12EI 6EI 

---
L3 L2 L3 L2 

0 
6EI 4EI 

0 
6EI 2EI 

[K](1) = [K](3) = L2 L L2 L 
xy xy AE AE 

L 
0 0 

L 
0 0 

0 
12E1 6EI 

0 
12EI 6EI 

---
L3 L2 L3 L2 

0 
6E1 2EI 

0 
6EI 4EI 

L2 L L2 L 

1275 0 0 -1275 0 0 
0 12.592 1133.333 0 -12.592 1133.333 

= 103 
0 1133.333 136000 0 -1133.333 68000 

-1275 0 0 1275 0 0 
0 -12.592 -1133.333 0 12.592 -1133.333 
0 1133.333 68000 0 -1133.333 136000 
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The local mass matrix for elements (1) and (3) is 

140 0 
o 156 

-yL 0 
[M]W = [M]W = 420 70 

o 

22L 
o 

54 

o 70 
22L 0 

o 
140 
o 

o 
54 

13L 
o 

156 

o 
-13L 
-3L2 

o 
-22L 

o -13L -3L2 0 -22L 4L2 

(0.0056 Ib.s2/in2) (15 ft)(12 in/ft) 
= 420 X 

140 0 o 70 
o 156 (22 )(15)(12) 0 
o (22)(15)(12) (4)«15)(12))2 0 
70 0 o 140 
o 54 (13)(15)(12) 0 
o -(13)(15)(12) - (3)«15)(12»2 0 

140 
o 

[M](\) = [1\1](3) = 00024 0 
xy xy· 70 

o 
156 

3960 
o 

o 
o 

54 
-2340 

o 
54 

(13)(15)(12) 
o 

156 
-(22)(15)(12) 

o 
-(13)(15)(12) 

- (3)«15)(12»2 
o 

-(22)(15)(12) 
(4)( (15)(12»2 

o 70 0 0 
3960 0 54 - 2340 

129600 0 2340 -97200 
o 140 0 0 

2340 0 156 - 3960 
-97200 0 -3960 129600 

For element (1), the transformation matrix and its transpose are 

cos(90) sin(90) 0 0 0 0 0 1 0 0 0 0 
-sin(90) cos(90) 0 0 0 0 -1 0 0 0 0 0 

[T] 
0 0 1 0 0 0 0 0 1 0 0 0 
0 0 0 cos(90) sin(90) 0 0 0 0 0 1 0 
0 0 0 -sin(90) cos(90) 0 0 0 0 -1 0 0 
0 0 0 0 0 1 0 0 0 0 0 1 

0 -1 0 0 0 0 
1 0 0 0 0 0 

[TV = 
0 0 1 0 0 0 
0 0 0 0 -1 0 
0 0 0 1 0 0 
0 0 0 0 0 1 
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For element (3), the transformation matrix and its transpose are 

cos(270) sin(270) 0 0 0 0 0 -1 0 0 0 0 
- sin(270) cos(270) 0 0 0 0 1 0 0 0 0 0 

[T]= 0 0 1 0 0 0 0 0 1 0 0 0 
= 

0 0 0 cos(270) sin(270) 0 0 0 0 0 -1 0 
0 0 0 -sin(270) cos(270) 0 0 0 0 1 0 0 
0 0 0 0 0 1 0 0 0 0 0 1 

0 1 0 0 0 0 
-1 0 0 0 0 0 

[Tf = 
0 0 1 0 0 0 
0 0 0 0 1 0 
0 0 0 -1 0 0 
0 0 0 0 0 1 

Substituting for [TV, [K]W, and [T] into Eg. (11.156), we have: 

0 -I 0 0 0 0 1275 0 0 -1275 0 0 

0 0 0 0 0 0 12.592 1133.333 0 -12.592 11 33.333 

[K](t) = 103 
0 0 I 0 0 0 0 1133.333 136000 0 -11 33.333 68000 
0 0 0 0 -1 0 -1275 0 0 1275 0 0 
0 0 0 I 0 0 0 -12.592 -11 33.333 0 12.592 -11 33.333 

0 0 0 0 0 0 1133.333 68000 0 -11 33.333 136000 

0 1 0 0 0 0 
-I 0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 1 0 
0 0 0 -I 0 0 
0 0 0 0 0 

12.592 0 -1133.33 -12.592 0 -1133.333 

0 1275 0 0 -1275 0 

[K](1) = 103 
-1133.33 0 136000 1133.333 0 68000 
-12.592 0 133.333 12.59 0 1133.333 

0 -1275 0 0 1275 0 
-1133.333 0 68000 1133.33 0 136000 
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Substituting for [1Y, [M]W, and [T] into Eq. (11.155), we have 

0 -1 0 0 0 0 
1 0 0 0 0 0 

[M](1) = 0.0024 
0 0 1 0 0 0 
0 0 0 0 -1 0 
0 0 0 1 0 0 
0 0 0 0 0 1 

140 0 0 70 0 0 0 1 0 0 0 0 

0 156 3960 0 54 -2340 -1 0 0 0 0 0 

0 3960 129600 0 2340 -97200 0 0 1 0 0 0 

70 0 0 140 0 0 0 0 0 0 1 0 

0 54 2340 0 156 -3960 0 0 0 -1 0 0 

0 -2340 -97200 0 -3960 129600 0 0 0 0 0 1 

156 0 -3960 54 0 2340 

0 140 0 0 70 0 

[M](l) = 0.0024 
-3960 0 129600 -2340 0 -97200 

54 0 -2340 156 0 3960 

0 70 0 0 140 0 

2340 0 -97200 3960 0 129600 

Similarly, the stiffness matrix and the mass matrix for element (3) are 

0 1 0 0 o 0 1275 0 0 -1275 0 0 
-1 0 0 0 o 0 0 12.592 1133.333 0 -12.592 1133.333 

[hl(3) = W 0 0 1 0 o 0 0 1133.333 136000 0 -1133.333 68000 
0 o 0 0 1 0 -1275 0 0 1275 0 0 

0 o 0 -1 o 0 0 -12.592 -1133.333 0 12.592 -1133.333 

0 o 0 0 0 1 0 1133.333 68000 0 -1133.333 136000 

0 -1 0 0 0 0 
0 0 0 0 0 

0 0 1 0 0 0 

0 0 0 0 -1 0 
0 0 0 1 0 0 
0 0 0 0 0 1 

12.592 0 1133.33 -12.592 0 1133.333 

0 1275 0 0 -1275 0 

[K](3) = 103 
1133.33 0 136000 -1133.333 0 68000 
-12.592 0 -133.333 12.59 0 -1133.333 

0 -1275 0 0 1275 0 
1133.333 0 68000 -1133.33 0 136000 
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0 1 0 0 0 0 
....:.1 0 0 0 0 0 

[M](3) = 0.0024 
0 0 1 0 0 0 
0 0 0 0 1 0 
0 0 0 -1 0 0 
0 0 0 0 0 1 

140 0 0 70 0 0 0 -1 0 0 0 0 

0 156 3960 0 54 -2340 1 0 0 0 0 0 

0 3960 129600 0 2340 -97200 0 0 1 0 0 0 
70 0 0 140 0 0 0 0 0 0 -1 0 
0 54 2340 0 156 -3960 0 0 0 1 0 0 
0 -2340 -97200 0 -3960 129600 0 0 0 0 0 1 

156 0 3960 54 0 -2340 

0 140 0 0 70 0 

[M](3) = 0.0024 
3960 0 129600 2340 0 -97200 

54 0 2340 156 0 -39600 

0 70 0 0 140 0 
-2340 0 -97200 -3960 0 129600 

The stiffness values for element (2) are 

AE (7.68 in2)(30 X 106}b/in2) . 
L = (20 ft)(12 in/ft) = 960,0001b/m 

12EI (12)(30 X 106Ib/in2)(301 in4) . 
-- = " = 7838lb/m 

L3 «20 ft)(12 inlft)Y 

6EI (6)(30 X 106 1b/in2)(301 in4) 
= = 940625lb 

L2 «20 ft)(12 in/ft)? ' 

2EI (2)(30 X 106 1b/in2)(301 in4) . 
L = (20 ft)(12 inlft) = 75,250,000Ib.m 

4EI (4 )(30 X 1061b/in2)(301 in4) . 
L = (20 ft)(12 in/ft) = 150,500,000 Ib.lI1 

For element (2) , the local and the global frames of reference are aligned in the same di­
rection; therefore, the stiffness matrix is 
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AE 
L 

o AE 
L 

o 

12EI 

o 

6EI 
L2 

2EI 

L [K](2) = 

103 

o 

o 

AE 
L 

o 

o 

960 
o 
o 

-960 

o 
o 

o 

6EI 
L2 

4EI 

L 

o 

o 

o 

AE 
L 

12EI 6EI o 
L3 L2 

6EI 2EI o 
L2 L 

o 
7.838 

940.625 
o 

-7.838 

940.625 

o 
940.625 
150500 

o 
-940.625 

75250 

The mass matrix for element (2) is 

140 0 0 70 o o 
o 156 22L 0 54 -1 3L 

[M](2) = ,,/L 0 
420 70 

140 0 
o 156 
o (22)(20)(12) 

70 0 

o 54 
o -(1 3)(20)(12) 

o 
o 

22L 4L2 0 13L - 3L 2 

o 0 140 0 0 
54 13L 0 156 -22L 

-1 3L - 3L2 0 -22L 4L2 

o 70 
(22)(20)(12) 0 

(4)«(20)(12))2 0 
o 140 

(1 3)(20)(12) 0 
- (3)«(20)(12))2 0 

140 0 

0 156 
0 5280 

o 
54 

(13)(20)(12) 
o 

156 
-(22)(20)(12) 

0 

5280 
230400 

o 

12EI 
L3 
6EI 
L2 

o 

6EI 
L2 

4EI 

L 

-960 

o 
o 

-7.838 

o 
960 

o 
o 

-940.625 

o 
7.838 

-940.625 

= 

o 
940.625 
75250 

o 
-940.625 

150500 

(0.0056 Ib.s2/i n2)(20 ft)( 12 in/ft) 

420 

o 
-(13)(20)(12) 

- (3)«(20)(12)f 
o 

-(22)(20)( 12) 
(4)( (20)(12) f 

70 0 

0 54 
0 3120 

0 

-3120 
-172800 

[M](2) = 0.0032 
70 0 0 140 0 0 
0 54 3120 0 156 -5280 

0 -3120 -172800 0 -5280 230400 
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Next, we will construct the global stiffness and mass matrices. 

12.59 
o 

-1133.333 
-12.59 

o 
[K](G) = IcY -1133.333 

o 

0.37 
o 

-9.50 
0.13 
o 

[M](G) = 5.62 
o 
o 
o 
o 
o 
o 

o 
o 
o 
o 
o 

o 
0.34 
o 
o 

0.17 
o 
o 
o 
o 
o 
o 
o 

o 
1275 

o 
o 

-1275 
o 
o 
o 
o 
o 
o 
o 

-9.50 
o 

311.04 
-5.62 

o 
-233.28 

o 
o 
o 
o 
o 
o 

-1133.333 
o 

136000 
113.333 

o 
68000 

o 
o 
o 
o 
o 
o 

-12.59 
o 

1133.333 
972.59 

o 
1133.333 

-960 
o 
o 
o 
o 
o 

o 
o 
o 

-960 

o 
-1275 

o 
o 

1282.84 
940.63 

o 
-7.84 
940.63 

o 
o 
o 

o 
o 
o 
o 

-1133.333 
o 

68000 
1133.33 
940.63 
286500 

o 
-940.63 
75250 

o 
o 
o 

o 
o 
o 
o 

o 
o 
o 
o 

o 
o 
o 
o 

o -7.84 940.63 0 0 
o -940.63 75250 0 0 

972.59 0 1133.33 -12.59 0 
o 1282.84 -940.63 0 -1275 

0.13 
o 

-5.62 
0.82 
o 

9.50 
0.22 
o 
o 
o 
o 
o 

1133.33 -940.63 286500 -1133.33 0 
-12.59 0 

o -1275 
1133.33 0 

o 5.62 
0.17 0 
o -233.28 
o 9.50 

0.84 16.90 
16.90 1048.32 

o 0 
0.17 9.98 

-9.98 -552.96 
o 0 
o 0 
o 0 

o 
o 
o 

0.22 
o 
o 

0.82 
o 

9.50 
0.13 

o 
-5.62 

-1133.33 12.59 o 
1275 
o 

o 0 
68000 -1133.33 

o 
o 
o 
o 

0.17 
9.98 
o 

0.84 
-16.90 

o 
0.17 
o 

o 0 
o 0 
o 0 
o 0 

-9.98 0 
-552.96 0 

9.50 0.13 
-16.90 0 
1048.32 5.62 

5.62 0.37 

o 0 
-233.28 -9.50 

o 
o 
o 
o 
o 
o 
o 

0.17 
o 
o 

0.34 
o 

o 
o 
o 
o 
o 
o 

1133.333 
o 

68000 
-1133.333 

o 
136000 

o 
o 
o 
o 
o 
o 

-5.62 
o 

-233.28 
-9.50 

o 
311.04 

Applying the boundary conditions, the global stiffness and mass matrices reduce to 

972.59 
o 

1133.33 [K]<G) = 103 

-960 

o 
o 

o 
1282.84 
940.63 

o 
-7.84 

940.63 

11 33.33 
940.63 
286500 

o 
-940.63 
75250 

-960 

o 
o 

972.59 

o 
1133.33 

o 
-7.84 

-940.63 

o 
1282.84 
-940.63 

o 
940.63 
75250 

1133.33 

-940.63 
286500 
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0.82 0 9.50 0.22 0 0 

0 0.84 16.90 0 0.17 -9.98 

[l\'I](G) = 9.50 16.90 1048.32 0 9.98 -552.96 

0.22 0 0 0.82 0 9.50 
0 0.17 9.98 0 0.84 -16.90 

0 -9.98 -552.96 9.50 -16.90 1048.32 

And solving [Mtl[K]{ U} = w2{ U} for the eigenvalues, we get 

wI = 95 raclls W2 = 355 rad/s W3 = 893 racl!s 

W4 = 1460 racl!s Ws = 1570 radls W6 = 2100 raclls 

11.6 EXAMPLES USING ANSYS 

In this section, ANSYS is used to solve two problems. First we revisit Example 11.7 and 
then consider the natural oscillation of a straight member with a rectangular cross­
section. As the formulations in the previous sections showed, the stiffness matrix for 
oscillating rods, beam, and frame elements are the same as those for static problems. 
However, you must include density values in the material models for calculation of mass 
matrices. Therefore , when modeling dynamic problems, the preprocessing phase in­
cluding element selection is identical to that of static problems. It is during the solution 
phase that the correct dynamic analysis type must be selected. 

EXAMPLE 11.7 Revisited 

Consider the frame from Example 11.7 shown in Figure 11.31. The frame is made of 
steel, with E = 30 X 106Ib/in2• The cross-sectional areas and second moment of areas for 
the members are shown in the figure. The frame is fixed as shown, and we are interested 
in determining the natural frequencies using the three-element model shown. Members 
(1) and (3) are W12 X 26 steel beams, while member (2) is a W16 X 26 steel beam. 

1= 204 in4 

A = 7.65 in2 

depth = 12.22 in 

1+1.------ 20 ft -------+1' 1 

1=301in4 

A = 7.68 in2 

depth = 15.69 in 

2 

3 

1 
15 ft 

1 
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Enter ANSYS program by using the Launcher. Type Oscifrmnc (or a file name of 
your choice) in the .Jobnamc entry field of the dialog box. Pick Run to start the Graphic 
User Interface (GUI). 

Create a title for the problem. 

utility menu: Filc ~ ChmlgcTitlc ... 

. . ; Change Title 

[/TITLE] Enter new title losciFrame 

OK Cancel Help 

main menu: Preprocessor ~ E1cment Type ~ Add/Edit/Deletc 

" "; Library or Element Types 

library of Element Types Structural Mass 
link 
: - . 
Pipe 
Solid 

r~ SheD 
Hyperelastlc 
Mooney:Rivlin J 

Element type reference number 11 J 

Apply Cancel Help 

OK 

main menu: Preprocessor ~ Real Constants ~ Add/Edit/Deletc 

Real Constants 

Defined Real Constant Sets 

NONE DEFINED 

Delete 

Close 
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OK 

Apply 

Dynamic Problems 

Element Type for Real Constants 

Choose element type: 

Type 1 BEAM3 

OK 

, 'I Real Constants for BEAM3 

Element Type Reference No. 1 

Re~1 Constant Set No. 

Cross-sectional area AREA 

Are~ moment 01 inertia IZZ 

Total be~ helc;!ht t£IGHT 

Shear deflei:tIon const«lt SHEARZ 

Initial str ~n ISTRN 

Added m~s/unlt length ADOMAS 

• '; Real Constants for BEAM3 

Element Type Reference No.1 

Real Const«lt Set No. 

Cross-sectloMl area AREA 

Area moment 01 inertia IZZ 

Tot~1 be~m heh# HEIGHT 

Shear deflection cDnStw St£ARZ 

Initial strain ISTRN 

Added ~ss/o.ri.1ength AOOMAS 

Cancel 

112.221 

1301 

115.69 

10 
10 
10 

Help 
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OK 

Real Constants 

Defined Real Constant Sets 

Set 1 
Set 2 

Delete 

dose 

Close 

main menu: Preprocessor ~ Material Props ~ Material Models 

~ Structural ~ Linear ~ Elastic ~ Isotropic 

Linear Isotropic Properties for Material Number 1 

linear Isotropic Material Properties for Material Number 1 

T1 

Temperatures 1 
EX 130e6 

PRXY 10.3 J 

I Add Temperature I Delete Temperature I 

OK 

main menu: Preprocessor ~ Material Props ~ Material Models 

~ Structural ~ Density 
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Density ror Material Number 1 ' 

Density fOf Mater~1 NOOlber 1 

TI 

Temperatures 10 
DENS 1-10-.0-00-73-2-....=..;1 

Add Temper atlJ'e I Delete Temper atlJ'e I 

OK 

ANSYS Toolbar: SAVE_DI~ 

Note, hel'c , densi ty 
is equal to mass pel' 
unit volulllc. 

main menu: Preprocessor ~ Modeling ~ Create ~ Nodes ~ In Actil'e CS 

. . : Create Nodes in Active Coordinate System • 

[N] Create Nodes in Active COOfdinate System 

NODE Node number 

X, V,Z Location in active CS 

THXV, THVZ, THZX 

Rotation anoles (deorees) 

Apply 

. . : Create Nodes in Active Coordinate System 

[N] Create Nodes In Active Coordinate System 

NODE Node number 

X, V,Z Location in active CS 

THXV, THVZ, THZX 

Rotation anoles (deorees) 

1_1 _ J 
JI 

~ I JI ~ 
:..:...==-=~ 

Cancel Help 

~1180 J 1 

~=~I!..=I =~II~=~ 

Cancel 
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Apply 

. . ; Create Nodes In Active Coordinate System 

[N] Create Nodes in Active Coordinate System 

NODE Node number 
13 

X, V,Z Location In active CS 1240 I 
THXV, THVZ, THZX 

Rotation angles (degrees) 

OK Apply Cancel 

Apply 

. . ; Create Nodes In Active Coordinate System • 

[N] Create Nodes In Active Coordinate System 

NODE Node number 

X, V,Z Location in active CS 

THXV,THVZ,THZX 

Rotation angles (degrees) 

OK 

OK 

1_4 _ 

Cancel 

Examples Using ANSYS 

~ 
11180 

II 

Help 

J 
101 

J I 

main menu: Prcl)roccssor ~ Modeling ~ Crc~ltc ~ Elcmcnts ~ 

621 

Auto Numbcrcd ~ 'fhm Nodcs 

Pick Nodes 1 and 2 and Apply, then pick Nodes 4 and 3. OK 

main menu: Prcproccssor ~ Modcling ~ Crcatc ~ Elemcnts ~ 

Elcm Attributcs 
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- -: Element Attributes ~ 
Define attributes for elemen~s 

[TVPE] Element type runber 1 BEAM3 E1 
[MAT] Material number G 
[REAl] Real constant set runber 1- 3 
[ESVS] Element coordinate sys 0 G 
[SECNUM] Section runber INone defined :a 
[TSHAP] T~rget element shape IStr~lght line [2] 

OK CoIIncel Help 

OK 

main me nu: Preproccssor ~ IHodeling ~ Creatc ~ Elcmcnts ~ 

Auto Numbcrcd ~ Thm Nodcs 

Pick nodes 2 and 3 

main menu: Solution ~ Dcline Loads ~ Apply ~ Structural ~ 

Disphlccmcnt ~ On Nodcs 

Pick nodes 1 and 4 

[0] Apply Dispiollcements (U,ROT) on Nodes 

l~b2 DOFs to be constrained 

Apply as 

If Constant value then: 

VAlUE Displo/lcement value 

OK 

o 
Iconst~nt value 

10 

Cancel Help 
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main menu: Solution ~ Analysis Typc ~ New Analysis 

.. ; New Analysis -

[ANTVPE] Type of analysis 

Cancel 

n Static 

r.':E~~J 
_ ' Harmon,ic­

n Transient 

r.. Spectrum 

n ~Igen Buckling 

._ Substructuring 

I-ielp 

main menu: Solution ~ Anal)lsis Typc ~ Anal)lsis 0IJtions 

As we mentioned previously, we use modal analysis to obtain the natural frequencies 
and the mode shapes of a vibrating system. Moreover, you should recall that when a nat­
ural frequency of a system matches the excitation frequency, resonance will occm: 

You must perfonn a new analysis each time you change boundary conditions. After 
you select the Modal in the New Analysis window, you need to choose a mode extrac­
tion method. ANSYS offers the following extraction methods: Block Lanczos (default), 
Subspace, Powerdynamics, Reduced, Unsymmetric, Damped, and QR Damped. You use 
the Block Lanczos method to solve large symmetrical eingenvalue problems. It uses 
sparse matrix solver and has a fast convergence rate. You can also use the Subspace 
method to solve large symmetrical problems. This method offers several solution con­
trols to manage the iteration process. The Powerdynamics method is used for models 
with over 100,000 degrees of freedom and makes use of lumped mass approximation. 
As the name implies the Reduced method uses reduced system matrices to extract 
frequencies. It is not as accurate as the Subspace method but it has a faster convergence 
rate. Typically, you use the Unsymmetric method for problems dealing with fluid­
structure interactions whose matrices are unsymmetrical. The Damped method is 
used for problems for which damping must be included in the model. The QR 
Damped method has a faster convergence rate than the Damped method. It uses the 
reduced modal damped matrix to calculate frequencies. If you choose the Reduced, 
Unsymmetic, or the Damped methods, then you must specify the number of modes to 
expand-the reduced solution is expanded to include the full degrees of freedom. In 
ANSYS, expansion also means writing the mode shapes to result files. When using the 
Reduced method, you need to define the master degrees of freedom-you choose at least 
twice as many master degrees of freedom as there are number of modes of interest. 
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Additional modal analysis options include specifying a frequency range for mode ex­
traction. For most cases you don 't need to specify the range and use the ANSYS's de­
fault setting. When using Reduced method you need to specify the number of reduced 
modes to be listed. Finally, if you are planning to perform spectrum analysis, then you 
need to normalize the mode shapes with respect to mass-the default setting. 

, ': Modal Analysis 

[MOOOP1] Mode exb'oction'me\hod 

No, of modes to extroct 

f' !il<R~ lMCZOi l 

o Sobspace 

o Powerdynamics 

CReduced 

o Ulsymmetric 

o D.>lrped 

(must be speclied for 01 methods except the Reduced method) 

(MXPANO] 

fXpand mode shapes 

NMOOE I>.b, of modes to expand 

Elcalc (i/ruate eletl results? 

[llM'M] Use lumped mass "Wox? 

·For Powerdynamics Iurnped mass approx will be used 

[PSTRES]lncI prestress effects? 

01( 

, ': Block Lanczos Method 

lJ No 

(ancel 

[MOOOPT) Options for Block Lanczos Modll Analysis 

FREQB Start Freq (initial shift) 

FREQE End Frequency 

Nrmkey NormaHze mode shapes 

Cancel 

Help 
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main menu: Solution ~ Solve ~ Current LS 

Close (the solution is done!) window. 

Close (the/STAT Command) window. 

main menu: General Postproc ~ Results SUlllmary 

Results File: Testing.rst 

Available Data Sets: 

Set Fr ~ LoadSt~ Subst~ CLf!dative 
15.139 

2 56.145 2 2 

3 140.65 3 3 
4 231.78 4 4 

5 249.01 5 5 
6 331.47 1 6 6 

Read 

Close 

Note frequency 
values are given 
in hertz. 

EXAMPLE 11.8 

. ': EKit rrom ANSY5 

- Exit from ANSYS -

Help 

(".. Save Geom+Loads 

(".. Save Geo+Ld+Solu 

r. ~Y..ii.'~~~.~.l 
(".. Quit - No Save! 

Help 

Previous I 

625 

In this example problem we use ANSYS to study the natural oscillation of an aluminum 
strip with a rectangular cross section. The strip is 3 cm wiele, 0.5 mm thick, and 10 cm 
long. It has a density of 2800 kglm3, a modulus of elasticity of E = 73 GPa, and a Pois­
son 's r<ltio of 03l \Ve <lssume the strip to he fixed <It one end. 
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Enter the ANSYS program by using the Launcher. Type Oscistrip (or a file 
name of your choice) in the .Jobn3mc entry field of the dialog box. Pick Run to 
start the GUI. 

Create a title for the problem. 

utility menu: Filc - Clumgc Titlc ... 

Type in the title of your choice 

main menu: Prcproccssor - E1cmcnt Typc - Add/Edit/Dclctc 

.. : Library of Element Types , 

Library of Element Types Structural Mass 
Link 
Beam 
Pipe 

... ... - . 
4node 182 
8node 183 
8node 82 

Triangle 6node 2 
51-",0 Axi-I'dl -Inox.le 25 ~ 

Hyperelastic r~ :======~~~:I 
Solid 

Element type reference rumber 

OK Apply 

.. : Library of Element Types 

Library of Element Types 

Element type reference rumber 

Apply 

OK 

.:;;M~o:::on:..:::e::.:.y..=-R;::iv:..:::lin.=====~--, I Quad 4node 42 

Cancel 

Structural Mass 
Link 
Beam 
PI e 

1.6. 

I 
8node 82 

Triangle 6node 2 
Axi-har 4node 25 

6node 63 
rick 8node 45 

SheD 8node 185 
Hyperelastic i;= 

o;"M;,:o,:;on.:,;;e:.y-.:.,R:;,;iv.:;,lin .................... r'':':._1 Brick 8node 45 

Cancel 

I ~ 



OK 
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Element Types 

Defined Element Types: 
Type 1 PLANE 42 
Type 2 SOLlD45 

Add ... Options ... ' Delete 

Close Help 

CIOSl! 

main menu: Preprocessor - Matl!rial Props - Material Models -
Structuflll- Linear - Elastic - Isotropic 

llne~r Isotropic Mater~1 Properties for M~ter~1 Number 1 

T1 

Temperatures 1 
EX l73e9 

PRXY 10.33 

Add Temperature , Delete Temperature' 
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Density ror Material Number 1 

Density for Material Number I 

TI 

Temperatures 1 
DENS 1;..28-0-0-----.;[ 

Add Temperature I Delete Temperature I 

OK 

ANSYS Toolbar: SAVE DB 

main menu: Preprocessor ~ Modeling ~ CreHte ~ Are.ls ~ 

OK 

~ Rectangle by 2 Corners 

WP x 
y 

Global X -

Y 

Z .. 

WP X 

WP Y 

Width 

Height 

Rechmgle ~ By 2 Corners 

main menu: Preprocessor ~ Meshing ~ Size Cntrls ~ SIIlHrt Size ~ Basic 
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.. : Basic SmartSize Settings I 

[SMRTSlZE] Smartsizing 

10 (e~rse) ••• I (fine) 

LVI. Size Level 

OK 

OK 

Apply Carleel 

Examples Using ANSYS 

main menu: Preprocessor -Meshing - Mesh - Areas - free 

First click on Pick All, then press 0 K. 

main menu: Prcproccssor - Modcling - Opcratc -

629 

Extrudc - Elcm Ext Opts 
Choose Element type number2 SOLlD4S. Also in the Element sizing options for 
extrusion, VAll No. Elcm dil's field type the value 10 . 

. ": Element EKtruslon Options 

[EXTOPT] Element Ext Options 

[TYPE] Element type runber 

MAT Materia runber 

[MAT] CMnQe defd MAT 

REAl Real constant set number 

[REAl] Ch«loe Defd REAl 

ESYS Element coordinate sys 

[ESYS] CMnoe Defd ESYS 

Element slzlnQ options for extrusion 

VAll No. E!em divs 

VAL2 ~mo rotlo 

ACLEAR Clear orea(s) after ext 

OK 

OK 

2 501.1045 

IUse Default 

IUse Default 

I~~defined 

IUse Default 

o 

10 

Conce! Help 

main menu: Preprocessor -Modcling - Opcrate - Extrude -
Arclls - By XYZ Offset 

Pick All 
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.. : EKtrude Areas by XYZ Offset 

[VEXTl Extrude Are~s by XYZ Offset 

OX,OY,OZ Offsets for extrusion 

RX,RY,RZ Scale foctors 

OK 

OK 

10 10 10.11 

I "'-1 --1.-------~1 

Apply C~el Help 

utility menu: Plot Ctrls ~ Pan, Zoom, Rotatc ... 

Choose ISO 

utility menu: Sclect ~ Entitics 

I]) 

IElements tJ 
IBy A«rlbutes ~J 

r Mllterllli num 

€J Elem type num 

r Relll set num 

O Elem CS num 

o Section 10 num 

Q lllyernum 

Min.MIIx.lnc 

11 ~ 
D From Full 

r Reselect 

o Also Select 

€.Illl.!!sc·~ 

Ir Sele All Ilr Invert I 
Sele Noilelr Se le Befo l 

JIQOI Apply I 
IJ~ Replot I 

ClIncel U~ 

Select Elcments, By Attributes, pick Elcm type num, type 
1 in the Min, Max, Inc field , and pick Unselect. 

Apply 

Then select the nodes to apply the zero displacement boundary conditions. Select 
Nodes, By Loolfion, pick Z coordinates, type 0 in the Min, Max, and pick From 
Full set. 
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lAI 0 

INodes tJ 
IBy Location J:J 

C X coordinates 

Q Y coordinates 

!!J Z coordinates 

Min.Max 

10 

.. From Full 

·0 Reselect 

• Q Also Select 

·O Unselect 

Ir Sele All I lr Invert I 
Se le NOiiel llSe le Belo I 

~IJ AppIYI 
II~ Replot I 

II! Cancell I] Help I 

Apply 

main menu: Solution - Define Loads - Apply - Structural -
Displaccmcnt - On Nodes 

Pick All 

. . ; Apply U,ROT on Nodes 

[DJ Apply Displacements (U,ROT) on Nodes 

l~b2 DOFs to be constr M"led 

Apply as 

If Constant value then: 

VAlUE Displacement vakJe 

OK Apply 

OK 

mr-IUZ_ I 

Iconst.ant value ..:.J • ......... ==iiiiiiiii 

Cancel Help 
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utility menu: Selcct --+ E\'crything ... 

main menu: Solution --+ Analysis Typc --+ New Analysis 

, ': New AnalysIs • 

[ANTYPE] Type of analysis 

OK 

OK 

Cancel 

r static 

"~J 
r ~rmonlc 

r Tr«lslent 

r Spectrum 

r EiOen BucidinQ 

r Substructuring 

main menu: Solution --+ Analysis Typc --+ Analysis Options 

. ': Modal Analysis 

[MOOOPT] Mode extraction method 

No. cJ modes to extract 

(must be specified fOf al methods except the Reduced method) 

[MXPAOO] 

Expand mode shapes 

NMOOE No. of modes to expand 

.. Block Lanczos 

r Slbspace 

r Powerdynamics 

rReduced 

c::: Unsymmetric 

Elcalc C~te elern resuts? r No 

[LUMPM] Use lmped mass approx? ~ No 

·FOf PowerdynarrVcs lmped mass approx wil be used 

[PSTRES] IncI prestress effects? r No 

Cancel 
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OK 

Use the help menu to obtain information on Block Lanczos method . 

. . : Block Lanczos Method 

[MOOOPT] Options for Block Lanczos Modal Analysis 

FREQB start Freq (initial shift) 

FREQE End Frequency 
J 

Nrmkey Normalize mode shapes I To mass matrix 

Cancel 

main menu: Solution - Soh'c - Current LS 

Closc(the solution is done!) window. 

Closc(the /STAT Command) window. 

main menu: Gcncral Postproc - Rcsults Summary 

Results file: Oscibeam.rst 

Available Data Sets: 

Set 
1 

2 

Frequency 
42.996 

274.88 

Load Step Substep 
1 

2 

Cumulative 
1 

2 

3 265,27 1 3 3 

Read Next 

Close 

Closc 

Help 

Previous 

633 
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main menu: Genenll Postproc ~ Read Results ~ First Set 

utility menu: PlotCtrls ~ Animate ~ Mode Shape 

, ': Animate Mode Shape 

Animation data 

No. of frames to create 

Time delay (seconds) 

Acceleration Type 

Nodal Solution Data 

Display Type 

OK 

I~ 
1°·11 

Ie linear 

r: SirA.Jsoidal 

~;~;~elssll!mllliii"I(·:J~~~~~f~l!~mnd~e~fomrlmled~"iiii"l(:J 
Strain-total Def + undef edge 
Energy Translation UX 
Strain ener dens UY 
Strain-elastic UZ 
Strain-thermal 
s:;t::.;ra:::in.:..-p!::la::s:::tic:;;;;;;;;====.~_v"l Deformed Shape 

Cancel Help 
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Look at the next mode by issuing the commands 

main menu: General Postproc - Read Results - Next Sct 

utility menu: PlotCtrls - Animate - Mode Shape 

Exit from ANSYS . 

. • : EMit rrom ANSYS 

• Exit from ANSYS -

OK 

(':. Save Geom+Loads 

(':. Save Geo+Ld+SoIu 

r. ~~!eE~!..r!E~ij 
r Quit - No Savel 

Cancel 

635 
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SUMMARY 

At this point you should 

1. have a good grasp of the fundamental concepts and governing equations of mo­
tions for a particle, a rigid body, and a dynamic system. 

2. have a good understanding of fundamental definitions and concepts of vibration 
of mechanical and structural systems. 

3. understand the formulation and nahlral vibration behavior for a system with single 
and multiple degrees of freedom. 

4. understand the formulation and forced vibration behavior for a system with single 
and multiple degrees of freedom system. 

S. understand the finite element formulation of axial members, beams, and frames. 
6. know how to use ANSYS to solve some dynamic problems. 

REFERENCES 

Beer, F.I~ , and Johnston , E. R. , Vector Mechanics for Engineers, 5th ed., New York , McGraw-Hili , 
1988. 

Steidel , R. , An Introduction to Mechanical Vibratiolls, 3rd cd., New York , John Wiley and Sons, 
1971. 

Timoshenko, S. , Young, D. H., and Weaver, W. , Vibration Problems in Engineering, 4th ed., New 
York , John Wiley and Sons, 1974. 

PROBLEMS 

1. A simple dynamic sys tem is modeled by a single degree of freedom with m = 10 kg and 
k equivalent = 100 N/el11. Calculate the freq ueney and period of oscillation. Also, determine the 
maximum velocity and acceleration of the system. (y(O) = 5 mm) 

2. The system described in problem I is subjected to a sinusoidal forcing function 
F(t) = 30sin(20t) in Newtons. Calculate the amplitude, maximum velocity, and accelera­
tion of the system. 

3. Derive the equations of motion for the system shown in the accompanying figure. What is the 
natural frequency of the system'! 
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4. Derive the response of a single degree of freedom mass spring system to a suddenly applied 
force Fo, as shown in the accompanying figure. Plot the response. Compare the response of 
the system to a situation where the force Fo is applied as a ramp function. Also compare the 
response of the system to a suddenly applied force to a situtation where the force Fo is applied 
statica lly. 

~ F(t) 

~T, 
F(t) 

Fo 

5. Derive the response of a single degree of freedom mass spring system to a suddenly applied 
force Fo that decays with time according to F(t) = Foe- c" , as shown in the accompanying fig­
ure . T he value of cl defines the rate of decay. Plot the response of the syste m for different 
values of Cl' Compare the response of the system to a si tuation where the force Fo is applied 
sta tically. 

F(t) 

Fo 

6. Derive the response of the syste m shown in the accompanying figure to the excitatio n shown. 
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7. Using both Newton's second law and Lagrange's equa tions, formulate the equations of mo­
tion fo r the system shown in the accompanying figure. 

·-t 
L 

_1 
t 
L 

_1 

8. Using both Newton's second law and Lagrange's equa tions, formulate the equations of mo­
tion fo r the system shown in the accompanying fi gure. 

1-'1'0----- LI ----+t+--

9. Using both Newton's second law and Lagrange's equa tions, formulate the equations of mo­
tion fo r the system shown in the accompanying fi gure. 

1113 - X3 

k 3 k 3 

111 2 _ X2 

k 2 k 2 

1111 -XI 

kl kl 
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10. Determine the first two natural frequencies of the axial members shown in the acco mpany­
ing figure. Members are made from structural steel with a modulus of e lasticity of 
E = 29 x I 061b/in2 and a mass density of 15.2 slugs/ft3. 

Ac 0.75 in2 Ac = 1 in2 

-12"-1-9"-1-12"-

11. Determine the first two natural frequencies of the axial membe r shown in the accompany­
ing figure . Member is made from aluminum alloy with a modulus of e lasticity of 
E = 10 x 1 061b/in2 and a mass density of 5.4 slugs/ft3. 

~L-___ ~I 
11 ... ---- 5fl -----·1 

12. Determine the first three natural frequencies of the post shown. The post is made of struc­
tural stee l with a mod ulus of e lastici ty of E = 29 x 1061b/in2 and a mass density of 
15.2 slugslft3. Consider only the axial oscillation. 

t 
5 fl o Ac = 0.75 in2 

t-
5 fl 

t-
10 ft 

1~ 
13. The cantilevered beam shown in the accompanying figure is a WIS X 35. Determine its first 

two natural freque ncies. 

I I 
~1'-----15 fl-----~.I 
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14. T he ca ntilevered beam shown in the accompanying figure is a WI6 X 31. Determine its first 
three natural frequencies. 

I I ::u: 

",J I. 15 ft .1. 

15. The simply supported beam shown in the accompa nying figure is a W4 X 13. De termine its 
first two natu ral frequencies. 

1: :l 
1-· ----20fl-----I·1 

16. Determine the first two natural freque ncies o f the simply supported beam with the rectan­
gular cross section shown in the accompa nying figure. 

I p = 700 kgh113, E = 10 GPa }) D!2 cm 

I I 

I· ·1 
Scm 

5m 

17. Conside r the overhan g frame shown in the acco mpanying fi gure. The cross-sectional areas 
and second moment o f areas fo r each W1 2 X 26 member are shown in the fi gure. Deter­
mine the first three na tural frequencies o f the system. 

~1'-----10fl ------.1 

A =7.65 in2 

1= 204 in4 1 
9 ft 

,---1--1---,1 
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18. Consider the overhang frame shown in the accompanying figure. The members of the frame 
are W5 X 16. Determine the first three natural freq uencies of the system. 

1 
12 ft 

~1 
1-----20ft-----~-- 7ft --~ 

19. Re-solve Example 11.7 for the case where all members of the frame are WI2 X 26. 

20. Using ANSYS, determine the first three natural frequencies of the frame shown in the ac­
companying figure. 

I- 7ft -----+11 W4X 13 

I ~ 

20 ft 
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21. Using ANSYS, determine the first three natural frequencies of the frame shown in the ac­
companying figure. 

WlO x 112 WID x 112 

II-+----15 ft--tll 

22. Re-solve Example 11.8 for the case where thickness of the strip is I mm, and 2 mm. Compare 
results and discuss your findings. 
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Analysis of Fluid Mechanics 
Problems 

The main objective of this chapter is to introduce you to the analysis of fluid mechan­
ics problems. First, we will discuss the direct formulation of pipe-network problems. 
Then, we consider finite element formulation of ideal fluid behavior (inviscid flow). Fi­
nally, we briefly look at the flow of fluid through porous media and finite element for­
mulation of underground seepage flows. The main topics discussed in Chapter 12 include 
the following: 

12.1 Direct Formulation of Flow Through Pipes 

12.2 Ideal Fluid Flow 

12.3 Groundwater Flow 

12.4 Examples Using ANSYS 

12.5 Verification of Results 

12.1 DIRECT FORMULATION OF FLOW THROUGH PIPES 

We begin by reviewing fundamental concepts of fluid flow through pipes. The internal 
flow through a conduit may be classified as laminar or turbulent flow. In laminar flow 
situations, a thin layer of dye injected into a pipe will show as a straight line. No mixing 
of fluid layers will be visible. This situation does not hold for turbulent flow, in which 
the bulk mixing of adjacent fluid layers will occur. Laminar and turbulent flow are de­
picted in Figme 12.1. Laminar flow typically occms when the Reynolds number of the 
flowing fluid is less than 2100. The Reynolds number is defined as 

pVD 
Re=-­

j.L 
(12.1) 

where p and j.L are the density and the dynamic viscosity of the fluid respectively. V rep­
resents the average fluid velocity, and D represents the diameter of the pipe. The flow 
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dye 

(a) L'uuinar flow in a pipe, 

(b) Turbulent flow in a pipe, 
FIGURE 12.1 Laminar and turbulent 
flows. 

is said to be in a transition region when the Reynolds number is typically between 2100 
and 4000. The behavior of the fluid flow is unpredictable in the transition region. The 
flow is generally considered to be turbulent when the Reynolds number is greater than 
4000. The conservation of mass for a steady flow requires that the mass flow rate at any 
section of the pipe remains constant according to the equation 

(12.2) 

Again, p is the density of the fluid , V is the average fluid velocity at a section, and A rep­
resents the cross-sectional area of the flow as shown in Figure 12.2. 

Section 1 

Flow 

Section 2 

FIGURE 12.2 Flow of fluid through a 
conduit with variable cross section, 
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For an incompressible f1ow-a flow situation where the density of the fluid re­
mains constant-the volumetric flow rate Q through a conduit at any section of the con­
duit is also constant: 

(12.3) 

For a fully developed laminar flow, there exists a relationship between the volumetric 
flow rate and the pressure drop P1 - P2 along a pipe of length L. This relationship is 
given by 

= 'ITD4 (PI - P2) 
Q 128j..L L (12.4) 

TIle pressure drop for a turbulent flow is commonly expressed in terms of head loss, 
which is defined as 

H = PI - P2 = f~ y2 
loss D 2 pg g 

(12.5) 

where lis the friction factor, which depends on the surface roughness of the pipe and 
the Reynolds number. For turbulent flows, we can also obtain a relationship between 
the volumetric flow rate and the pressure drop by substituting for Y in terms of the flow 
rate in Eq. (12.5) and rearranging terms: 

Q2 = 1.. 'IT2D5 (PI - P2) 
f 8p L (12.6) 

When we compare turbulent flow to laminar flow, we note that for turbulent flow, the 
relationship between the flow rate and pressure drop is nonlinear. 

Pipes in Series 

For flow of a fluid through a piping network consisting of a series of pipes with respec­
tive diameters D .. D2, D3, .. . , as shown in Figure 12.3, the conservation of mass (con­
tinuity equation) requires that under steady-state conditions, the mass flow rate through 
each pipe be the same: 

mj = mi = mj = ... = constant (12.7) 

1 1 
1 

f 
FIGURE 12.3 Pipes in series. 



646 Chapter 12 Analysis of Fluid Mechanics Problems 

Moreover, for an incompressible flow, the volumetric flow rate through each pipe that 
is part of a piping network in series is constant. That is, 

QI = Q2 = Q3 = . .. = constant (12.8) 

Expressing the flow rates in terms of the average fluid velocity in each pipe, we obtain 

VIIX = V2D~ = V3D~ = .. . = constant (12.9) 

For pipes in series, the total pressure drop through a network is determined from the 
sum of the pressure drops in each pipe: 

(12.10) 

Pipes in Parallel 

For flow of a fluid through a piping network consisting of pipes in parallel arrangement, 
as shown in Figure 12.4, the conservation of mass (continuity equation) requires that 

m;(. tal = mi + mi 
Moreover, for an incompressible flow, 

Qtotal = QI + Q2 

(12.11) 

(12.12) 

For pipes in parallel configuration, the pressure drop in each parallel branch is the same, 
and is related according to 

(12.13) 

Finite Element Formulation 

Consider an incompressible laminar flow of a viscous fluid through a network of piping 
systems, as shown in Figure 12.5. We start by subdividing the problem into nodes and 
elements. This example may be represented by a model that has four nodes and four 
elements. 

Q -
Q/_e Q/+l _e 

(e) i + 1 

/IIi FIGURE 12.4 Pipes in parallel. 

-
e e 

FIGURE 12.5 A network problem: an incompressible laminar flow of a viscous fluid through 
a network of piping systems. 
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The behavior of the fluid flow inside a pipe section is modeled by an element with 
two nodes. The elemental description is given by the relationship between the flow rate 
and the pressure drop as given by Eq. (12.4), such that 

Q = 'ITD4 (Pi - Pi+ l ) = C(p. _ p . ) (12.14) 
12Sj.L L 1 1+1 

where the flow-resistance coefficient C is given by 

'ITD4 

C = 12SLj.L (12.15) 

Because there are two nodes associated with each element, we need to create two equa­
tions for each element. These equations must involve nodal pressure and the element's 
flow resistance. Consider the flow rates Qi and Qi+1 and the nodal pressures Pj and P j+1 
of an element, which are related according to the equations 

Qj = C(Pj - Pi+I) 

Qj+1 = C(Pj+J - Pj) (12.16) 

The equations given by (12.16) were formulated such that the conservation of mass is 
satisfied as well. The sum of Qj and Qj+1 is zero, which implies that under steady-state 
element conditions, what flows into a given element must flow out. Equations (12.16) 
can be expressed in matrix form by 

'ITD4 'ITD4 

{ Q.} [c -CJ{ p. } Qj~1 = -C C Pj~1 
----

{:~J 12SLj.L 12SLj.L 
'ITD4 'ITD4 

---- ---
(12.17) 

128Lj.L 128Lj.L 

The element's flow-resistance matrix is then given by 

'ITD4 'ITD4 
--- ----

[R](e) = 
12SLj.L 12SLj.L 

'ITD4 'ITD4 
(12.1S) 

----
128Lj.L 128Lj.L 

Applying the elemental description given by Eq. (12.17) to all elements and assembling 
them will lead to the formation of the global flow matrix, the flow-resistance matrix, 
and the pressure matrix. 

EXAMPLE 12.1 

Oil with dynamic viscosity of j.L = O.3N . s/m2 and density of p = 900 kglm3 flows 
through the piping network shown in Figure 12.6. The 2-4-5 branch was added in par­
allel to the 2-3-5 branch to allow for the flexibility of performing maintenance on one 
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L=50m 
D=7.5cm 

4 

L = 50.99 m 
2 D=i.5cm 

L=60m 
5 D= IOcm 6 

D=Scm 
(6) 

FIGURE 12.6 The piping network of Exmnple 12.1. 

branch while the oil flows through the other branch. The dimensions of the piping sys­
tem are shown in Figure 12.6. Determine the pressure distribution in the system if both 
branches are on line. The flow rate at node 1 is 5 X 10-4 m 3/s. The pressure at node 1 is 
39182 Pa (g) and the pressure at node 6 is -3665 Pa (g). For the given conditions, the 
flow is laminar throughout the system. How does the flow divide in each branch? 

The elemental flow resistance is given by Eq. (12.18) as 

l 'lTD4 'lTD4 J 
[R](e) = 128LJL 128LJL 

'lTD4 'lTD4 
---- ---

128LJL 128LJL 

'Ve model the given network using six elements and six nodes. Evaluating the respec­
tive;: re;:sistam.:e;: malrice;:s fur de;:rne;:nts (1)-(6) , we;: ubtain 

[R](1) = 1O-9[ 115.70 
-115.70 

[R](3) = 10-9 [ 51.77 
-51.77 

[R](5) = 10-9 [ 7.23 
-7.23 

-115.70J1 
115.70 2 

-51.77J2 
51.77 4 

-7.23J 4 
7.23 5 

[R](2) = 1O-9[ 50.76 
-50.76 

[R](4) = 10-9 [ 9.50 
-9.50 

[R](6) = 10-9 [ 136.35 
-136.35 

-50.76J2 
50.76 3 

-9.50J3 
9.50 5 

-136.35J5 
136.35 6 

Note that in order to aid us in assembling the elemental resistance matrices into the 
global resistance matrix, the corresponding nodes are shown alongside of each element's 
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resistance matrix. So, we have 

115.7 -115.7 0 0 0 0 
-115.7 115.7 + 50.76 + 51.77 -50.76 -51.77 0 0 2 

10-9 
0 -50.76 50.76 + 9.50 0 -9.50 0 3 
0 -51.77 0 51.77 + 7.23 -7.23 0 4 
0 0 -9.50 -7.23 9.50 + 7.23 + 136.35 -136.35 5 
0 0 0 0 -136.35 136.35 6 

Applying the boundary conditions PI = 39182 and P2 = -3665, we obtain 

1 0 0 0 0 0 PI 39182 
-115.7 218.23 -50.76 -51.77 0 0 P2 0 

0 
0 
0 
0 

-50.76 60.26 0 -9.50 0 P3 0 
= -51.77 0 59.0 -7.23 0 P4 0 

0 -9.50 -7.23 153.08 -136.35 Ps 0 
0 0 0 0 1 P6 -3665 

Solving the systems of equations simultaneously results in the nodal pressure values: 

[pf = [39182 34860 29366 30588 2 -3665]Pa 

The flow rate in each branch is determined from Eq. (12.14): 

Q = ~~: (P j -LPi+I) = C(Pj - Pj + l ) 

Q(2) = 50.76 X 10-9 (34860 - 29366) = 2.79 X 10-4 m3/s 

Q(3) = 51.77 X 10-9 (34860 - 30588) = 2.21 X 10-4 m3/s 

Q(4) = 9.50 X 10-9 (29366 - 2) = 2.79 X 10-4 m3/s 

Q(5) = 7.23 X 10-9(30588 - 2) = 2.21 X 10-4 m3/s 

The verification of these results is discussed in Section 12.5. 

12.2 IDEAL FLUID FLOW 

All fluids have some viscosity; however, in certain flow situations it may be reasonable 
to neglect the effects of viscosity and the corresponding shear stresses. The assumption 
may be made as a first approximation to simplify the behavior of real fluids with rela­
tively small viscosity. Also, in many external viscous flow situations, we can divide the 
flow into two regions: (1) a thin layer close to a solid boundary--called the boundary 
layer region-where the effects of viscosity are important and (2) a region outside the 
boundary layer where the viscous effects are negligible, in which the fluid is considered 
to be inviscid. This concept is demonstrated for the case of the flow of air over an airfoil 
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free-stream velocity 

inviscid region 

---------------
~ _~ _~ ______ ~b~o~unldary.:ja-yer region ceo an airfoil ~ 

~ ~ - - ________ _ ____ ~<:l~l~~·t~'l~<:r region 

inviscid region 

FIGURE 12.7 The flow of air over an aiIfoil. 

in Figure 12.7. For inviscid flow situations, the only forces considered are those result­
ing from pressure and the inertial forces acting on a fluid element. 

Before discussing finite element formulation of ideal fluid problems, let us 
review some fundamental information. For a two-dimensional flow field , the fluid 
velocity is 

(12.19) 

where v x and Vy are the x- and y-components of the fluid's velocity vector, respectively. 
The conservation of mass (continuity equation) for a two-dimensional incompressible 
fluid can be expressed in the differential form in terms of fluid 's velocity components as 

illlx ()V y 
-+-=0 
ax ay 

(12.20) 

The derivation of Equation (12.20) is shown in Figure 12.8. 

The Stream Function and Stream Lines 

For a steady flow, a streamline represents the trajectory of a fluid particle. The stream­
line is a line that is tangent to the velocity of a fluid particle. Streamlines provide a 
means for visualizing the flow patterns. The stream function Ijs(x, y) is defined such 
that it will satisfy the continuity equation Eq. (12.20) according to the following 
relationships: 

~ ()Ijs 
v = - and Vy = 

x ay ax 
(12.21) 

Note that upon substitution of Eq. (12.21) into Eq. (12.20), the conservation of mass is 
satisfied. Along a line of constant Ijs(x, y) , we have 

(12.22) 
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(pV)y + dy 

First , we begin by applying the conservation of mass to a small region (differential control volume) 
in the flow field. 

Simplifying, we get 

dmcontrol volume 
min - m;"'t = --'-=d"='t-'--'-'="-

( ap )( av,) pv,dy - p + axdx v, + ax dx dy + plly dx -

( ()p)( ally) ap 
p + aydy Vy + ay dy dx = at dxdy 

-(v ap dx + pav'dX)dY _ ( v iJp dy + p (]v)" dY)dX = iJp dxdy 
, ax iJx Y ()y iJy iii 

apv, ()P lly ap 
--dxdy - -dxdy = -dxdy 

iJx ay iJt 

Canceling out the dxdy terms and assuming incompressible fluid (p = constant), 

FIGURE 12.8 The derivation of continuity equation for an incompressible fluid. 
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dx Vx 
(12.23) 

Equation (12.23) can be used to determine the stream function for a specific flow. More­
over, Eq. (12.23) gives the relationship between the slope at any point along a stream 
line and the fluid velocity components. This relationship is shown in Figure 12.9. To 
shed more light on the physical meaning of Eq. (12.23) , consider Figure 12.10 in which 
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FIGURE 12.9 TIle relationship between 
the slope at any point along a stream line 
and the fluid velocity components. 

the flow of a fluid around a sharp comer is shown. For this flow situation, the velocity 
field is represented by 

v = ex; - eyJ 

To obtain the expression for the stream function, we make use of Eg. (12.23): 

Vy dy -ey 
= = 

Integrating, we have 

Jd;=_Jd; 
Evaluating the integral results in the stream function , which is given by 

xy = constant 

or 

IjI = xy 

y 

------1jI2 

------1jI1 

FIGURE 12.10 The flow of fluid around a 

L::================:::::r--;~ x sharp corner. 
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To visualize the trajectory of fluid particles we can plot the streamlines by assigning var­
ious values to tV as shown in Figure 12.10. Note that the individual assigned values of 
streamlines are not important; it is the difference between their values that is important. 
The di fference between the values of two streamlines provides a measure of volumet­
ric flow rate between the streamlines. To demonstrate this idea , let us refer back to 
Figure 12.10. Along, the A-B section, we can write 

(12.24) 

Similarly, along the B-C section , we have 

(12.25) 

Therefore, the difference between the values of the streamlines represents the volu­
metric flow rate per unit width w. 

The Irrotational Flow, Potential Function, and Potential Lines 

As mentioned earlier, there are many flow situations for which the effects of viscosity 
may be neglected. Moreover at low speeds, the fluid elements within inviscid flow situ­
ations may have an angular velocity of zero (no rotation). These types of flow situa­
tions are referred to as irrotational flows. A two-dimensional flow is considered to be 
irrotational when 

(12.26) 

We can also define a potential function cp such that the spatial gradients of the poten­
tial function are equal to the components of the velocity field: 

acp iJcp 
v =-

x ax v =-
y ay 

Along a line of constant potential function , we have 

ficp acp 
dcp = 0 = -dx + -dy = vxdx + vydy = 0 

iJx iJy 

dy 

dx 

(12.27) 

(12.28) 

(12.29) 

By comparing Eqs. (12.29) and (12.23) , we can see that the streamlines and the veloc­
ity potential lines are orthogonal to each other. It is clear that the potential function 
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complements the stream function. Using the relationships in Eq. (12.27) to substitute for 
Vx and Vy in the continuity equation Eq. (12.20), we have 

ztc!> ztc!> 
-+-=0 
ax2 al (12.30) 

Using the definitions of stream functions as given by Eq. (12.21) and substituting for Vx 

and vyin Eq. (12.26), we have 

(12.31) 

Equations (12.30) and (12.31), which are forms of Laplace 's equation , govern the motion 
of an ideal irrotational flow. Typically, for potential flow situations, the boundary condi­
tions are the known free-stream velocities, and at the solid surface boundary, the fluid can­
not have velocity normal to the surface. The latter condition is given by the equation 

ac!> 
-=0 an (12.32) 

Here, n represents a direction normal to the solid surface. Comparing the differential 
equation governing the irrotational flow behavior of an inviscid fluid , Eq. (12.30), to 
the heat diffusion equation , Eq. (9.8) , we note that both of these equations have the 
same form; therefore, we can apply the results of Sections 9.2 and 9.3 to the potential 
flow problems. However, when comparing the differential equations for irrotational flow 
problems, we let C) = 1, C2 = 1, and C3 = O. Later in this chapter, we will use ANSYS 
to analyze the flow of an ideal fluid around a cylinder. 

Now, let us briefly discuss the analysis of viscous flows. As mentioned earlier, all 
real fluids have viscosity. The analysis of a complex viscous flow is generally performed 
by solving the governing equations of motion for a specific boundary condition using the 
finite differencing approach. However, in recent years, we have made some advances in 
the finite element formulation of viscous fluid flow problems. Bathe (J 996) discusses a 
Galerkin procedure for the analysis of the two-dimensional laminar flow of an incom­
pressible fluid. For more details on the formulation of viscous laminar flows , also see 
Section 7.1 of the theory volume of ANSYS documents. 

EXAMPLE 12.2 

Consider Figure 12.11, in which a simple uniform flow (constant velocity) in the hori­
zontal direction is shown. As you would expect, for such flow, the fluid particles follow 
straight horizontal lines and thus the stream lines should be straight parallel lines. We are 
interested in using the theory discussed in the previous sections to obtain the equations 
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y Y 

v= 2m/s T $, <1>2 $3 

~ 3 0/3 = 6 m 2/s 

~ 2 0/2 = 4 m 2/s 

~ 0/, =2m2/s 

j 

x 2 3 x 

FIGURE 12.11 The velocity, stream lines, and the potential lines for Example 
12.2. 
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for the stream and potential functions and plot a number of stream lines and potential 
lines. 

Recognizing that for this problem, Vx = 2 mls and Vy = 0, we can then obtain the 
equation for the stream function from Eq. (12.21). 

We can find the equation for the potential function using Eq. (12.27) 

We have plotted three stream lines and three potential lines by letting x = 1, x = 2, 
and x = 3, and y = 1, y = 2, and y = 3, as shown in Figure 12.11. Note that as we dis­
cussed earlier, the individual values of stream lines are not significant; it is the difference 
between their values that is significant. Recall that the difference between the values of 
stream lines represents the volumetric flow rate per unit width , for example, 
1J!3 - IJ!) = 6 - 2 = 4 m2/s represents the volumetric flow per unit width between 
stream lines 1J!3 and IJ!). Also note that the streamlines and the velocity potential lines are 
orthogonal to each other. 

12.3 GROUNDWATER FLOW 

TIle study of fluid flow and heat transfer in porous media is important in many engi­
neering applications, including problems related to oil-recovery methods, groundwater 
hydrology, solar energy storage, and geothermal energy. The flow of fluid through an 
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unbounded porous medium is governed by Darcy's law. Darcy's law relates the pres­
sme drop to the mean fluid velocity according to the relationship 

k dP 
UD = --­

jL dx 
(12.33) 

where U D is the mean fluid velocity, k is the permeability of the porous medium, jL is the 

viscosity of the fluid , and ~~ is the pressure gradient. For two-dimensional flows , it is cus­

tomary to use the hydraulic head <I> to define the components of the fluid velocities. 
Consider the seepage flow of water under a dam, as shown in Figure 12.12. 

The two-dimensional flow of fluid through the soil is governed by Darcy's law, 
which is given by 

; <1> ; <1> 
kx~ + kY-:2 = 0 

i)x iJy 
(12.34) 

The components of the seepage velocity are 

iJ<I> iJ<I> 
v = -k - and v = -k -

x x ax Y Y iJy (12.35) 

where kx and ky are the permeability coefficients and <I> represents the hydraulic head. 
Comparing the differential equation governing the groundwater seepage flow, Eq. 
(12.34), to the heat diffusion equation, Eq. (9.8) , we note that both of these equations 
have the same form; therefore, we can apply the results of Sections 9.2 and 9.3 to the 
groundwater flow problems. However, when comparing the differential equations for the 
groundwater seepage flow problems, we let C1 = kx, C2 = ky, and C3 = o. 

porous medium 

FIGURE 12.12 The seepage flow of water through a porous medium under a dam. 
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y 

/I 11/ 
~---t--~T 

w 
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ff-------... -.L--~x 

C----l"..,,/ FIGURE 12.13 Nodal values of a hy­
I<....---------------~ X d!'aulic head for a rcctangular elcment. 

The permeability matrix for a rectangular element is 

[K]'" ~ k.w[ ~2 
-2 -1 

1 ] [ 2 
1 -1 -2] 2 1 -1 ky e 1 2 -2 -1 

(12.36) 
6e -1 1 2 -2 + 6w -1 -2 2 1 

1 -1 -2 2 -2 -1 1 2 

where wand e are the length and the width, respectively, of the rectangular element, as 
shown in Figure 12.13. In addition, for a typical seepage flow problem, the magnitude 
of the hydraulic head is generally known at certain surfaces, as shown in Figure 12.12. 
The known hydraulic head will then serve as a given boundary condition. 

The nodal values of a hydraulic head for a triangular element are depicted in 
Figure 12.14. For triangular elements, the permeability matrix is 

(12.37) 

where the area A of the triangular element and the a- , ~-, and B-terms are given by 

ai = XjYk - XkYj ~i = Yj - Yk 8i = X k - Xj 

aj = XkYi - XiYk ~j = Yk - Yi Bj = Xi - X k 

ak = XiYj - XjYi 13k = Yi - Yj Bk = Xj - Xi 

Next, we discuss ANSYS elements. 
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(X; ,Y;) 

~----------------------------~X 
FIGURE 12.14 Nodal values of a hy­
draulic head for a triangular element. 

12.4 EXAMPLES USING ANSYS 

ANSYS offers a number of elements for modeling fluid mechanics problems. Examples 
of those elements include FLUID15, FLUID66, and FLUID79. 

FLUID15 is a two-dimensional plane fluid flow element with heat transfer capa­
bility. The Navier-Stokes equations, the continuity equation , and the energy 
equation for incompressible laminar flow are discretized. The element has four 
corner nodes with three degrees of freedom at each node. The degrees of free­
dom are the respective velocities in the nodal x- and y-directions and the tem­
perature. Pressure is also computed at the centroid of each element. The ele­
mental input data include the node locations, the fluid density, thermal 
conductivity, and viscosity. 

FLUID66 is a thermal-flow element with the ability to conduct heat and trans­
port fluid between its two primary nodes. FLUID66 has two degrees of freedom 
at each node: temperature and pressure. It can also account for convections tak­
ing place with two additional optional nodes. The element is defined by its two pri­
mary nodes. The elemental input data include the node locations, the fluid density, 
the convective heat transfer coefficient, thermal conductivity, specific heat, and 
viscosity. 

FLUID79 is a modification of the two-dimensional structural solid element 
PLANE42. 1l1is element is used to model fluids contained within vessels having 
no net flow rate. This element is defined by four nodes, with two degrees of 
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freedom at each node: translation in the nodal x- and y-directions. The elemen­
tal input data include the node locations, the fluid 's elastic (bulk) modulus, and 
viscosity. The viscosity is used to compute a damping matrix for dynamic analy­
sis. Pressure may be input as surface loads on the element faces. 

As the theory in the previous sections suggested, because of the similarities among 
the governing differential equations, in addition to the elements listed above, you can 
use thermal solid elements (e.g., PLANE35, a six-node triangular element; PLANE55, 
a four-node quadrilateral element; or PLANE77, an eight-node quadrilateral element) 
to model irrotational fluid flow or groundwater flow problems. However, when using the 
solid thermal elements, make sure that the appropriate values are supplied to the prop­
erty fields. Examples 12.3 and 12.4 demonstrate this point. 

EXAMPLE 12.3 

Consider an ideal flow of air around a cylinder, as shown in Figure 12.15. The radius of 
the cylinder is 5 em, and the velocity of the approach is U = 10 cm/s. Using ANSYS, de­
termine the velocity distribution around the cylinder. Assume that the free-stream ve­
locity remains constant at a distance of five diameters downstream and upstream of the 
cylinder. 

....-----------~-------... 
-:---------:::::-----~----------: 

~:------------~~I-~--~-------~ V = approach velocity~ ... :_---__ W : 
; ~ -----------~~ - --=:::--- -----------~--------------~------~.~ --------~ 

FIGURE 12.15 An ideal flow of air around a cylinder. 

Enter the ANSYS program by using the Launcher. Type FlowCYL (or a file 
name of your choice) in the JobllaJnc entry field of the dialog box. Pick Run to 
start the GUI. 

Create a title for the problem. This title will appear on ANSYS display windows 
to provide a simple way of identifying the displays. So, issue the following com­
mand sequence: 

utility menu: Filc - Change Title . .. 
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main menu: Prcproccssor - Elcmcnt Type - Add/Edit/Dclctc 

I Element Types 13 

Defined Element Types: 

eoo 0 
Contact 
Coftbinat ion 
ft. ...... 1 ..... 

Llnh 

I Element Types 13 

Defined Element ~yp'es: 
r e 1 PLANE?? 

main menu: Preprocessor- Material Props - Material Models 
- Thcrmal- Conductivity - Isotropic 
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Conductivity ror Material Number 1 

Conductivity (Isotropic) for Material Number 1 

T1 

Temper attJres I 
KXX Ir-l----=:.: ~ 

Add Temperature I Delete Temperature I 

ANSYS Toolbar: SAVE_DU 

Set lip the graphics area (i.e., work plane, zoom, etc.) with the following commands: 

utility menu: Workpl:lIlc - WP Scttings ... 

WPSettingl 
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Toggle on the workplane by using the command: 

utility menu: Workphmc - Display Working Planc 

Bring the work plane to view by using the command: 

utility menu: PlotCtrls - Pan, Zoom, Rotatc ... 

Click on the slllall circle until you bring the workplane to view. Then , create the 
geometry with the following commands: 

main menu: Prcproccssor - Modcling - Crc~lfc - Arcas 

- Rcctanglc - Uy 2 Corners 

~ 
LWP = 0,0] 

100 LExpand thc rubber up 50 mid right 50] 

D 
OK 

Create the cross section of the cylinder to be removed later: 

main menu: Prcproccssor - Modcling - Crc~lfc - Arcas - Circlc 

- Solid Circlc 

[WP = 25, 25] 

LExpand thc rubber tor = 5.0] 

OK 

main menu: Preproccssor - Modeling - Operatc - Hoolcans 

- Subtract - Arcas 

Pick Areal (the rectangle) and apply; then, pick Area2 (the circle) and apply. 
OK 

We now want to mesh the area to create elements and nodes, but first, we need to 
specify the clement sizes. So, issue the following commands: 

main menu: Preprocessor - Meshing - Sizc Cntrls - l\'1anmll Size -
Glob:.I- Size 
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.; Global Element Sizes IE3 
[ESIZE] Gioial eie.ent sizes and diu is ions ~applies only. 

to "unsized" !lines) 
,SIZE Elelllent edge length 21 

II 

- !used on~ 1£ eielllent edge !I.engt~. SIZE. is bla~k or zero) 

main menu: Preprocessor ~ Meshing ~ Mesh ~ Areas ~ Free 

Pick All 

Apply boundary conditions with the following commands: 

main menu: Solution ~ Define Loads ~ Apply ~ Thermal ~ Heat Flux 

~ On Lines 

Pick the left vertical edge of the rectangle. 

OK 

. . ; Apply HFLUX on lines 

[SFl] Apply HFlUX on mes as a 

If Constant value then: 

VALUE L~ HFlUX value 

If Constant value then: 

Optional HFlUX values at end J of ine 

(leave blank for uniform IRUX 1 
Value 

Apply 

OK 

Iconstant value 

Cancel Help 

main menu: Solution ~ Define Loads ~ Apply ~ Thermal ~ Heat Flux 

~ On Lines 

Pick the right vertical edge of the rectangle. 

OK 
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, ': Apply HFLUX on lines ' 

[SFl] Apply HFlUX on IWles as a 

If Constant value then: 

VAlUE load HFlU< value 

If Constant value then: 

Optional HFlU< values at end J of Iile 

(leave blank for !dorm HFlUX ) 

Value 

Apply 

OK 

Cancel 

utility menu: PlotCtrls - Symbols ... 

" , Symbol. 

[/PBC) eo.m.,y corditlon symOOl 

Irdvidual synbol set dioloQ(s) 

to be displayed: 

I/PSF) Surface LoedSymboIs 

Visibilty l:ey for shels 

Plot symbols In color 

ShaY< pros and ccnvect os 

[/PBF) Body.oed S~mboIs 

Show CU'I and llelds os 

[/PICE) Elem (nit Cond Symbols 

(JPSYMB)OtI'er Symbols 

CS Local coordinate system 

NOIR Nodal C)QI'diM:. system 

ESYS Elemen! coordinate sys 

LDIV Line element divisions 

LDIR Line direction 

OK Cancel 

Iconstant value 

1.10 

Help 

(":. AI Be +Reoctoon 

r. AI Applied BCs 

r AI Rooctlon. 

r None 

r. For Individo.J.I: 

P AppIJ.dBC's 

(7 Reoctions 

P Miscellaneous 

IHe.t FllOCes 

IJ Off 
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IFace outlines 

INane 

IArIOWS 

INane 
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Help 
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utility menu: Plot - Lines 

ANSYS Toolbar: SAVE_DB 

Solve the problem: 

Section 12.4 

main menu: Solution - Sol\'c - Current LS 

OK 

Closc (the solution is done!) window. 

Closc (the/STAT Command) window. 
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postprocessing phase, obtain information such as velocities (see Figure 12.16): 

main menu: Gencral Postproc - Plot nesults - Vector Plot 

- Predefined 

: Veetol Piol 01 P,edofned Veeloll E3 

IteA 'ector iteA to be plo~ted 

node 'ector or relter dilplay 

~c V.cto~ location tor r.oault. 

lA/SCALE] ScaUng of U.ctor /lno". 
lilt lIi,ido" IIwoJiiir 

URATIO Soal. Faotor AUltipli •• 

OPTION 

fherAal (lux IF 
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FIGURE 12.16 The velocity vectors. 

utility menu: Plot - Areas 

main menu: Gencr:,1 Postproc - P:tfh Operations - Definc Path 

. . : On Working plane 

[PATH] Create Path on Working Plane 

Type of path to create 

[JVIEW] Plot Working Plane 

Window number 

[jPBC] Show path on display 

OK 

- On Working Plane 

P: Yes 

Cancel 
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FIGURE 12.17 Dcfiningthcpathforpath 
operation. 

Pick the two points along the line marked A-B, as shown in Figure 12.17 . 

. : On Work in!) PI""" IF3 
[PATH] Define Path apecificationa 

Haae Define Path Na.. : 

nDlv HWIIh ... of dlvbiona 

main menu: General Postproc - Path Operations - Map onto Path 
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x 

Now, plot the results (see Figure 12.18): 

main menu: General Postproc - Path Operations 

- Plot Path Item - On Gntph 
r. 

[l'LJ'jItH J Path "'l'lR on Giiaph 

~1"", 'a Ii i~ .... to lie .~~d 

Ir OK 'I 

FIGURE 12.18 The variation of fluid velocity along path A-B. 

x 
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utility menu: Plot - Arcas 

main menu: Gcncml Postproc - Pnth Opcmtions - Dcfinc Path 

- On Working Plane 

Pick the two points along the line marked as C-D, as shown in Figure 12.17. 

Cancel Help 

OK 

main menu: Gcncral Postproc - Path Opcmtions - Map onto Path 

: Map Resu. Items onto Path 

[PDIP] Hap Reault Ita .. onto PatH 
Lab U .... label 10 .. ite .. 

TFsun 

Cancel I 
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FIGURE 12.19 The variation of fluid velocity along the C-D section. 

Now, plot the results (see Figure 12.19): 

main menu: General Postproc ~ PlIth Operations ~ Plot PlIth Item 

~OnGnlph 

lIolp 

Exit and save the results: 

ANSYS Toolbar: QUIT 

: EXIt from ANSYS 

- Exit frolll AHSYS -
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EXAMPLE 12.4 

Consider the seepage flow of water under the concrete dam shown in Figure 12.20. The 
permeability of the porous soil under the dam is approximated as k = 15 m/day. De­
termine the seepage velocity distribution in the porous soil. 

.l.. 
1m 
T 

assume to be 
impermeable 

~ 
Poo 

______ -10 ° 
- o~ -------; _ 00 
- --------/ ° - , 
:lOm ~~"O = -water--- 0 ~ <: 

______ . c:::.oo 

1= water -0.5 m - --- of concrete 
------ dam , 

1;;°<; 
~4m--l 

5m 
porous medium 

assume to be im~rmeable 

... 1----5 m---··I "'1----7 m-----l·1 

assume to be 
impermeable 

FIGURE 12.20 The seepage flow of water through a porolls medium under a concrete dam. 

Enter the ANSYS program by using the Launcher. Type DAM (or a file name of 
your choice) in the JobnaJnc entry field of the dialog box. Pick Run to start the 
GUI. 

Create a title for the problem. This title will appear on ANSYS display windows to 
provide a simple way of identifying the displays. So, issue the following commands: 

utility menu: File - Change Title ... 

main menu: Preproccssor - Elemcnt Type - A(hUEdit/Dclete 
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: Element T ypeo EI 
--- - ----------

Defined Element Types: 
I I , 

i"" 

L 
U Add' ••• I " Qpt:J;pJ1~~ " .. 11! geJ1;'tl;.~ I 

11 'Close I Ir lIelp I~ 

ItElL .... "t t~ ref.renc. nwobe. 

OK 

: Element Type. a 

Assign the permeability of the soil with the following commands: 

main menu: Preprocessor ~ Material Props ~ Material Models 

~ Thermal ~ Condllctil'ity ~ Isotropic 



Section 12.4 Examples Using ANSYS 

Conductivity ror Material Number 1 x 

Conductivity (Isotropic) for Material Number 1 

T1 

Temperatures 1 
KXX i-115---""'; 

I Add Temper .:Iture I Delete Temper .:Iture I 

ANSYS Toolbar: SAVE_DU 

Set up the graphics area (i.e. , workplane, zoom, etc.) with the commands 

utility menu: Workplanc ~ WP Scttings . .. 

WPSeltings 

673 
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Toggle on the workplane by using the following command: 

utility menu: Workplanc - Display Working Planc 

Bring the work plane to view by using the following command: 

utility menu: PlotCtrls - Pan, Zoom, Rotatc .. . 

Click on the small circle until you bring the workplane to view. Then, create the 
geometry: 

main menu: Prcproccssor - Modcling - Crcatc - Arcas - Rcct:mglc 

- By 2 Corners 

LWP = 0,0] 

LExpand thc rubber lip 5 and right 16] 

LWP = 5,4] 

[Expand thc rubber lip 1 and right 4J 

OK 

main menu: Prcproccssor - Modcling - Opcratc - Boolcans 

- Subtract - Arcas 
Pick Areal (the large rectangle) and Apply; then , pick Area2 (the small rectan­
gle) and Apply. 

OK 

We now want to mesh the areas to create elements and nodes, but first , we need 
to specify the element sizes: 

main menu: Prcprocessor - Meshing - Sizc Cntrls 

- Manllal Size - Glob:d - Size 

; blob41 tlemenl !:juc. I&J 
C o~l_ ana • viiio.. .p'plie. onll! 
to "un.tiea n I. 

Eta ... nc ocla'il l-nuli 
HDJU No. oJ _IoMn& i11,,1010n. -
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main menu: Preprocessor - Meshing - Mesh - Areas - Free 

Pick All 

Apply boundary conditions with the following commands: 

main menu: Solution - Define Lmuls - Apply - Thermal 

- Temperature - On Nodes 

Using the box picking mode, pick all of the nodes attached to the left top edge of 
the rectangle. Hold down the left button while picking. 

OK 

~Apply TEVlP on Nodes 
[0] Apply TEMP on NJdes 

Lab2 OOFs 10 be ccns1rained 

Apply as 

If Constant value 1hen: 

VALUE Load TEMP value 

_____ rx 

Iconstant value 

Help 

main menu: Solution - Define Loads - Apply - Thermal 
~ TCIl1t>crllfurc ~ On Nodcs 

Using the box picking mode, pick all of the nodes attached to the right top edge 
of the rectangle: 

OK 

~Apply TEVlP on Nodes _ 
[0] Apply TEMP on NJdes 

Lab2 OOFs 10 be ccns1rained 

Apply as 

If Constant value 1hen: 
VALUE Load T8V1P value 

ANSYS Toolbar: SAVE_DB 

Iconstant value 

10.5 

Help 
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Solve the problem: 

main menu: Solution - Solve - Current LS 

OK 

Close (the solution is done!) window. 

Close (the/STAT Command) window. 

For the postprocessing phase , obtain information such as velocities (see Figure 
12.21): 

main menu: General Postproc - Plot Results - Vector Plot 

- Predefined 

: Veelor Piol 01 P,edelined Veelo .. f3 
[PLUECTl Uector Plot of PredeFined Uectors 
It ... Uector ite .. to tie plotted 

rhe ..... l g ... d Ie 

fhe ..... } flux TP 

'HOde ' Uector or r.aster display 

• Uootor ""do 

Rister ""de 
Loc Voctor loc,tion for result. 

• Blelll Cent .... id 

Ele .. Nodo. 

Edge lile ... nt edg .. d Hidden 

lA/SCALE) Staling of Uoctor Arro ... 
lIN WindOIl Hi.lJlber Windo" 1 IJ!J I 
UllAtlO 8ealo factor RUltiplior 1 1 
JCEY Uector scaling will be Mdgnitud~ bosed ~I 

~~_PTIOH Ui ctor plot besoil on IUndefo .... ed Mesh ~J I 

Ir -:\9K 1 Ir Apply '1 Ireaneel 1 Jr Help), ' I 
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,N AHSYS Glaphic . I"i~EI 

1 

veCTI)p 

STE!"" 1 
::;UD =1 
TII'IE· I 
Tr 
ELEI1=69 
1<1!l=.781133 
1'-":=22.202 

1 .';C,r') 

6. :36. 
9.8U 
11, i9Z 
14.159 

.I'n· r 

16.817 

~ \\~n ~/' II 
1Y. ~.!) 

, I 

.. _~'. II I 

\ 
\ ,~~-- "/ /', ,,~ . - ,; // -
"" ....... > ---»,..--- / .. ~ "", ... ~--~ // ,; 

---.~ .. - -- .-
nAM 

FIGURE 12.21 The seepage-velocity distribution within the soil. 

utility menu: Plot - Areas 

main menu: General Postproc - Path Operations - Define Path 

- On Working Plane 

Pick the two points along the line marked as A-B, as shown in Figure 12.22. 

[P"TH) Create Path on worknJ Flafle 

Type d path to Cfeate 

( [VIE\It] Plot wcrbng~ ...... 

Vlndow nurAber 

)( 

• t~.~~i.~~Wj 
(": Crcul.v ~th 

~ Yes 

A B 

I 

j 

I 
FIGURE 12.22 Defining the path for path operation. 
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OK 

• On Worlung Plane Ef 

nS.t. ~"ot data •• l:i 
nDlu Hoiiio!Mir or dlu.ulona 

main menu: Gcncml Postproc ~ Path Opcmtions ~ Map onto Path 

Uolocit!l r 
x 

Ito ... Co .. p In .. to bel ItOPPOd DOP so ut on 
lho .. _l flux H~ ~r 

El ... table ite .. _ T~_I I 
lho.--l g .... d!CX I 

~g ~ 
IFSUn 

Now, plot the results (see Figure 12.23): 

main menu: Gcncral Postproc ~ P;tfh Opcrations ~ Plot Path Itcm 

~OnGmph 

x 

Exit ancl save the results: 

ANSYS Toolbar: QUIT 
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.: EXII from ANSYS EJ 
- EXit fro. ANSYS -

FIGURE 12.23 The variation of the seepage velocity along path A-B. 

12.5 VERIFICATION OF RESULTS 

There are various ways by which you can verify your findings. Consider the flow rate re­
sults of Example 12.1, shown in Table 12.l. 

Referring to Figure 12.6, elements (2) and (4) are in series; therefore, the flow 
rate through each element should be equal. Comparing Q(2) to Q(4), we find that this con­
dition is true. Elements (3) and (5) are also in series, and the computed flow rates for 
these elements are also equal. Moreover, the sum of the flow rates in elements (2) and 
(3) should equal the flow rate in element (1). 1l1is condition is also true. 

Let us now turn our attention to Example 12.3. One way of checking for the va­
lidity of your FEA findings is to consider the variation of air velocity along path A-B, 
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TABLE 12.1 Summary of flow rate 
results for Example 12.1 

Element Flow Rate (Ill'ls) 

1 5.0 X 10-4 

2 2.79 X 10--4 
3 2.21 X 10--4 
4 2.79 X 10--4 
5 2.21 X 10--4 
6 5.0 X 10--4 

as shown in Figure 12.18. The fluid velocity is at its maximum value at point A , and it 
decreases along path A-B, approaching the free-stream value. Another check on the va­
lidity of our results could come from examining the fluid velocity variation along path 
C-D, as shown in Figure 12.19. The air velocity changes from its free-stream value to 
zero at the forward stagnation point of the cylinder. These results are certainly consis­
tent with the results obtained from applying Euler's equation to an inviscid flow of air 
around a cylinder. 

The results of Example 12.4 can be visually verified in a similar fashion. Consider 
Figure 12.23, which shows the variation of the seepage velocity along path A-B. It is clear 
that the seepage velocities are higher near point A than they are near point B. This dif­
ference is attributed to the fact that point A lies on the path of the least resistance to the 
flow, and consequently, more fluid flows near point A than near point B. The other 
check on the validity of the result could come from comparing the seepage flow rates 
on the dam's upstream side to the seepage flow on the downstream side; of course, they 
must be equal. 

SUMMARY 

At this point you should 

1. know how to solve laminar flow network problems. You should also know that 
the resistance matrix for laminar pipe flow is given by 

'lTD4 'lTD4 
----

[R](e) = 128Lj.t. 128Lj.t. 
'lTD4 'lTD4 

----
128Lj.t. 128LIJ.. 

2. know the definitions of streamline and stream function , as well as what they phys­
ically represent. 

3. know what an irrotational flow is. 

4. know that the inviscid flow matrix for a rectangular element is 
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[KI") ~ ~[ :2 
- 2 - 1 

1 ] [ 2 
1 -1 -2] 2 1 -1 C 1 2 -2 -1 

1 2 -2 + 6w -1 -2 2 1 6C -1 
1 -1 -2 2 -2 -1 1 2 

and that the inviscid flow matrix for a triangular element is 

5. know that the permeability matrix for seepage flow problems is similar to the con­
ductance matrix for two-dimensional conduction problems. The permeability ma­
trix for a rectangular element is 

[Kj") ~ k,w [ :2 
- 2 -1 

~1] + k'f 
1 -1 

-2] 2 1 2 -2 -1 
6C -1 1 2 -2 6w-1 -2 2 1 

1 -1 -2 2 -2 -1 1 2 

and the permeability ma trix for a triangular e lement is 

k [ ~1 ~j~j ~i~k ] k [01 8 j8 j "ia' ] 
[K](e) = 4~ ~ ; ~j ~J ~j~k + 4~ 8;8j &~ 8 j8 k J 

~j~k ~j~k ~~ 8'~k 8 j 8k &~ 
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PROBLEMS 

1. Oil with dynamic viscosity of 1.1. = 0.3 N • s/m2 and density of p = 900 kg/m3 rIows through the 
piping network shown in the accompanying figure. Determine the pressure distribution in the 
system if the rI ow rate at node 1 is 20 X 10-4 m3/s. For the given conditions, the now is lam­
inar throughout the system. How does the rl ow divide in each branch? 

L= 175m 
D = 19.78 cm 

L = 120m 
L = 100 m D = 14.93 cm 
D = 29.51 cm 

L = 160 m 
D = 19.78 cm 

2. Consider the now of air through the diffuser shown in the accompanying figure. Neglecting 
the viscosity of air and assuming uniform veloc ities at the inle t and exit o f the diffuser, use 
ANSYS to compute and plot the velocity distribution within the diffuser. 

T 
r----.----~- - - - - - - --

15 cm/s 
20 cm 

_1 
r-15 cm-j 

40 cm 

1 
3. Consider the rI ow of air through a 900 elbow. Assuming ideal now behavior for air and uni­

form velocities at the inlet and outlet sections, use ANSYS to compute and plot the velocity 
distribution within the elbow. The elbow has a uniform depth. Use the continuity equation 
to obtain the velocity at the outlet. 
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, t 

10 cm/s 
+I ~111 

j E 
I 1.-065m-: 1 

!-1.5m 

4. Consider the flow of air thro ugh the elbow in the accompanying figure. The corners of the 
elbow are rounded as shown in the figure. Assuming ideal fl ow behavior for air and uniform 
velocities at the inlet a nd outlet secti ons, use ANSYS to compute and plot the velocity dis­
tribution within the elbow. The elbow has a uniform depth. Use the continuity equatio n to 
ob tain the velocity at the o utle t. 

t r 

10 cm/s 

E 
r = 15 cm 

~ 

r- 15 cm 

~ 

TI ~ 1m 

j 
I 1--065m :1 
1-1.5m 

S. Using ANSYS, plot the velocity distributions for the transi ti on-duct fitting shown in the ac­
companying figure. Plot the results for the combinations of the area ratios and transitio n an­
gles given in the accompanying table. 
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A 21Al 9 

0.1 10 20 45 
0.25 10 45 60 
0.5 20 45 60 

{ V2 --+---

6. Conside r the inviscid flow of air past the rounded equilateral triangle shown in the accom­
panying figure. Perform numerica l experiments by changi ng the velocity of the upstream ai r 
and the rlL ratio (for rlL = 0, rlL = 0.1 , and rlL = 0.25) and obtaining the corresponding 
air velocity distributions over the tri angle. Discuss your results. 

I 
L 

1 
7. Consider the inviscid flow of a ir past the square rod with rounded corners shown in the ac­

companying figure. Perform numerical experiments by changing the velocity of the upstream 
air and the rlL ratio (fo r rlL = 0, rlL = 0.1, and rlL = 0.25) and obtaining the correspond­
ing air velocity distrihlltio ns ove r the sqllare. Discuss yom resllit s. 
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\ I r 

L 

1 
8. Considcr thc inviscid fl ow of ail' past a NACA symmc tric airfoil. Abbot alld Von Doenhoff 

(1959) provide deta iled information about NACA symme tric airfo il shapes, including geo­
metric data fo r NACA symmctric a irfo ils . Using their gco mc tric data, o btain thc ve locity 
distributio n ove r the NACA OOl2-a irfoil shown in the accompanying figurc. Pe rfo rm nu­
merical experiments by changing the angle of allack and obtaining the correspo nding ail' ve­
locity distributions ovcr the a irfoil. Discuss yo ur rcsults. 

Free stream air velocity 

9. Consider the seepage flow o f water under the co ncrete dam shown in the accompanying fig­
ure. T he permeability o f the po rous soil unde r the dam is approxima ted as k = 45 fIIday. 
Dete rmine the seepage velocity distributi on in the porous so il. 
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6 ft 

T 

assume to be 
impermeable 

Analysis of Fluid Mechanics Problems 

-------{ 
------L 

20ft 
porous medium 

assume to be 
impermeable 

assume to be iml'1-""er!.!m!!e~a'!.!b~l-""e _______ .;... ____ ~ 

I-15ft-I ---20 ft----i 

10. Conside r the seepage flow of water under the concrete dam shown in the accompanying fi g­
ure. The pe rmeability of the porous soil under the dam is approx imated as k = 15 m/day. De­
te rmine the seepage velocity distribution in the porous soil. 

-------/,. 
------{" 

CJ 0 0 ~ 00 " -.l - - --- 0 D concre te, (J 0 
~r-;-------I 0 0 <: dam a 0 

2 m 0 0 '-- ~ 
<:::;, 0 00 0 

T 

assume to be 
impenlleable 

-----10nl~----

L-_________ ~assume t~LbejmpeJmeable'__ _______ ___' 

1-7m-1 1-7m-1 

assume to be 
impermeable 



CHAPTER 1 3 

Three-Dimensional Elements 

TIle main objective of this chapter is to introduce three-dimensional elements. First , we 
discuss the four-node tetrahedral element and the associated shape functions. Then , we 
consider the analysis of structural solid problems using the four-node tetrahedral ele­
ment, including the formulation of an element's stiffness matrix. TIlis section is followed 
by a discussion of the eight-node brick element and higher order tetrahedral and brick 
elements. Structural and thermal elements used by ANSYS will be covered next. This 
chapter also presents basic ideas regarding top-down and bottom-up solid-modeling 
methods. Finally, hints regarding how to mesh your solid model are given. The main 
topics of Chapter 13 include the following: 

13.1 The Four-Node Tetrahedral Element 

13.2 Analysis of Three-Dimensional Solid Problems Using Four-Node Tetrahedral 
Elements 

13.3 The Eight-Node Brick Element 

13.4 The Ten-Node Tetrahedral Element 

13.5 The Twenty-Node Brick Element 

13.6 Examples of Three-Dimensional Elements in ANSYS 

13.7 Basic Solid-Modeling Ideas 

13.8 A Thermal Example Using ANSYS 

13.9 A Structural Example Using ANSYS 

13.1 THE FOUR-NODE TETRAHEDRAL ELEMENT 

TIle four-node tetrahedral element is the simplest three-dimensional element used in the 
analysis of solid mechanics problems. This element has four nodes, with each node hav­
ing three translational degrees of freedom in the nodal X-, Y- , and Z-directions. A typical 
four-node tetrahedral element is shown in Figure 13.l. 

In order to obtain the shape functions for the four-node tetrahedral elemen t, we 
will follow a procedure similar to the one we followed in Chapter 7 to obtain the trian-
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L 

z 

K 

I 

..J-----..y 

x 

FIGURE 13.1 A four-node tetrahedral element. 

gular shape functions for two-dimensional problems. We begin by representing the dis­
placement field by the following equations: 

U = Cll + C12X + CoY + Cl4Z 

v = C2l + C22X + C23Y + C24Z 

W = C3l + C32X + C33Y + C34Z 

Considering the nodal displacements, we must satisfy the following conditions: 

U = Ul at X = XI Y=}j and Z = Zl 

U = u, at X = X, Y = Y, and Z = Z, 

U = UK at X = X K Y = YK and Z = ZK 

U = UL at X = XL Y = YL and Z = ZL 

Similarly, we must satisfy the following requirements: 

v = VI at X = XI Y = Yl and Z = Zl 

W = WL at X = XI Y = Yl and Z = Zl 

(13.1) 

Substitution of respective nodal values into Eqs. (13.1) results in 12 equations and 12 un­
knowns: 

III = Cll + C12X l + C13}j + Cl4Z l 

Il, = Cll + CI2X, + CI3Y, + CI4Z, 

(13.2) 
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Solving for the unknown C-coefficients, substituting the results back into Eg. (13.1) , 
and regrouping the parameters, we obtain 

TIle shape functions are 

Ll = Sllll + S211, + S3llK + S411L 

V = SIVI + S2V, + S3VK + S4VL 

W = S(w[ + S2W, + S3WK + S4WL 

1 
SI = 6V (al + blX + elY + dlZ) 

1 
S2 = 6V (a, + b,X + c,Y + d,Z) 

1 
S3 = 6V (aK + bKX + cKY + dKZ) 

1 
S4 = 6V (aL + bLX + eLY + dLZ) 

where V, the volume of the tetrahedral element, is computed from 

1 XI YI ZI 

6V = det 
1 X, Y, Z, 
1 XK YK ZK 
1 XL YL ZL 

the aI, bJ, CI , dJ, ... , and dL-terms are 

X, Y, Z, 1 Y, Z, 
al = det XK YK ZK bl = -det 1 YK ZK 

XL YL ZL 1 YL ZL 

X, 1 Z, X, Y, 1 

CI = det XK 1 ZK dl = -det XK YK 1 

XL 1 ZL XL YL 1 

(13.3) 

(13.4) 

(13.5) 

(13.6) 

We can represent the a" b" c" d" ... , and dL-terms using similar determinants by ro­
tating through the I, J, K, and L subscripts using the right-hand rule. For example, 
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It is important to note here that for thermal problems, we associate only a single 
degree of freedom with each node of the four-node tetrahedral element-namely, tem­
perature. The variation of temperature over a four-node tetrahedral element is ex­
pressed by 

13.2 ANALYSIS OF THREE-DIMENSIONAL SOLID PROBLEMS 
USING FOUR-NODE TETRAHEDRAL ELEMENTS 

(13.7) 

You may recall from Chapter 10 that only six independent stress components are needed 
to characterize the general state of stress at a point. These components are 

(13.8) 

where a xx' a yy, and a zz are the normal stresses and,. xy> ,. yz , and,. xz are the shear-stress 
components. Moreover, we discussed the displacement vector that measures the changes 
occurring in the position of a point within a body ~vhen the body is subjected to a load. 
You may also recall that the displacement vector 8 can be written in terms of its Carte­
sian components as 

5' = u(x, y, z)i + v(x , y, z») + w(x, y, z)k (13.9) 

The corresponding state of strain at a point was also discussed in Chapter 10. The gen­
eral state of strain is characterized bysix independent components as given by 

[e{ = [exx Syy ezz 'Yxy 'Yyz 'Yxz] (13.10) 

where exx , eyy, and e zz are the normal strains and 'Yxy, 'Yyz, and 'Yxz are the shear-strain 
components. As previously discussed, the relationship between the strain and the dis­
placement is represented by 

iJu 

ax 
iJv 

e =-yy iJy 
iJw 

e =-
zz iJz 

Equations (13.11) can be represented in matrix form as 

{e} = LV 

(13.11) 

(13.12) 
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where 

exx 

eyy 

{e} = 
e zz 

'Yxy 

'Yyz 

'Yxz 

and 
au -
iJx 

av 
ay 
(Jw 

az 
LU = all i)V 

-+-
by ax 

()V ()W 
-+-
iJz iJy 
()W bll 
-+-
iJX ()Z 

L is commonly referred to as the linear-differential operator. 
Over the elastic region of a material , there also exists a relationship between the 

state of stresses and strains, according to the generalized Hooke's law. This relationship 
is given by the following equations: 

(13.13) 

1 1 1 
'Yxy = G Txy 'Yyz = G Tyz 'Yzx = G'Tzx 

The relationship between the stress and strain can be expressed in a compact-matrix 
form as 

{ (J'} = [vH e } (13.14) 
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where 

(J'xx 

(J'yy 

{<T} = (J'zz 

"xy 

7 yz 

7 xz 

1 - V II 

1 - 2v 1 - 2v 
V 

1 - 2v 
0 0 0 

v 1 - v 
1 - 2v 1 - 2v 

v 
1 - 2v 

0 0 0 

v II 1 - v 
1 - 2v 1 - 2v 1 - 2v 

0 0 0 
E 

[v] ---
I + v 1 

0 0 0 - 0 0 
2 

0 0 0 0 
1 

0 -
2 

0 0 0 0 0 
1 
-
2 

e xx 

e yy 

{e} 
e zz 

'Yxy 

'Yyz 

'Yxz 

For a solid material under triaxial loading, the strain energy A is 

Or, in a compact-matrix form, 

A(e) = .!.j[CTV{e}dV 
2 v 

(13.15) 

(13.16) 



Section 13.2 Analysis of Three-Dimensional Solid Problems 693 

Substituting for stresses in terms of strains using Hooke 's law, Eg. (13.15) can be writ­
ten as 

A (e) = 1:. { {E V[vH E} dV 
2Jv 

(13.17) 

We will now use the four-node tetrahedral element to formulate the stiffness ma­
trix. Recall that this element has four nodes, with each node having three translational 
degrees of freedom in the nodal X- , yo, and z-directions. The displacements ll, v, and IV 

in terms of the nodal values and the shape functions are represented by 

{II} = [SHU} (13.18) 

where 

{n} ~ {:} 
[SI 0 0 S2 0 0 S3 0 0 S4 0 n [S] = ~ SI 0 0 S2 0 0 S3 0 0 S4 

0 SI 0 0 S2 0 0 S3 0 0 

UI 

VI 

WI 

Il, 
V, 

{U} = 
W, 

ilK 

VK 

WK 

ilL 

VL 

WL 

The next few steps are similar to the steps we took to derive the stiffness matrix 
for plane-stress situations in Chapter 10, except that more terms are involved in this 
case. We begin by relating the strains to the displacement field and, in turn, to the nodal 
displacements through the shape functions. We need to take the derivatives of the com­
ponents of the displacement field with respect to the x-, yo , and z-coordinates accord­
ing to the strain-displacement relations given by Eg. (13.12). The operation results in: 
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eyy 
ezz 

'Yxy 

'Yyz 

'Yxz 
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as! 
0 0 

aS2 
0 0 

aS3 
0 0 

aS4 
0 0 

til 

ax ax ax ax VI 

0 
as! 

0 0 
aS2 

0 0 
aS3 

0 0 
aS4 

0 WI 

ay ay ily ay Il, 
0 0 

as! 
0 0 

aS2 
0 0 

aS3 
0 0 

aS3 v, 
az az az ilz 'W, 

(13.19) = as! as! 
0 

aS2 aS2 
0 

aS3 aS3 
0 

aS4 aS4 
0 

UK 

ay ax ay ax ay i)x ay ax VK 

0 
as! as! 

0 
aSz as! 

0 
aS3 aS3 

0 
aS4 aS4 'WK 

az ay az ay az ay az ay tiL 

as! 
0 

as! aS2 
0 

aS2 aS3 
0 

aS3 aS4 
0 

aS4 VL 

az ax az ax az ax az ax 'WL 

Substituting for the shape functions using the relations of Eq. (13.4) and differentiating, 
we have 

{e} = [U]{U} (13.20) 

where 

bl 0 0 b, 0 0 bK 0 0 bL 0 0 
0 CI 0 0 C, 0 0 CK 0 0 CL 0 

[H] 
1 0 0 dl 0 0 d, 0 0 dK 0 0 dL -

6V CI bl 0 C, b, 0 CK bK 0 CL bL 0 
0 dl CI 0 d, C, 0 dK CK 0 dL CL 

dl 0 bl d, 0 b, dK 0 bK dL 0 bL 

and the volume V and the b-, CO , and d-terms are given by Eqs. (13.5) and (13.6). Sub-
stituting into the strain energy equation for the strain components in terms of the dis-
placements, we obtain 

A(e) = 1..1 {eV[p]{e} dV = .!..1[u]T[H]T[p][H][U] dV 
2 v 2 v 

(13.21) 

Differentiating with respect to the nodal displacements yields 

aA (e) a (11 ) . aUk = illk 2" v [U]T[H]T[p][H][U] dV for k = 1, 2, ... , 12 (13.22) 

Evaluation of Eq. (13.22) results in the expression [K](e){u} and, subsequently, the ex­
pression for the stiffness matrix, which is 

[K](e) = 1 [H]T[p][H] dV = V[Uf[pHH] (13.23) 
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where V is the volume of the element. Note that the resulting stiffness matrix will have 
the dimensions of 12 X 12. 

Load Matrix 

TIle load matrix for three-dimensional problems is obtained by using a procedure sim­
ilar to the one described in Section 10.2. The load matrix for a tetrahedral element is a 
12 X 1 matrix. For a concentrated-loading situation, the load matrix is formed by plac­
ing the components of the load at appropriate nodes in appropriate directions. For a dis­
tributedload, the load matrix is computed from the equation 

{F}(e) = l[S]T{P}dA (13.24) 

where 

and A represents the surface over which the distributed-load components are acting. 
TIle surfaces of the tetrahedral element are triangular in shape. Assuming that the dis­
tributedload acts on the I-J-K surface, the load matrix becomes 

Px 
Py 
Pz 
Px 
Py 

{ }() A 1- J- K Pz (13.25) F e =---
3 Px 

Py 
Pz 
0 
0 
0 

TIle load matrix for a distributed load acting on the other surfaces of the tetrahedral el­
ement is obtained in a similar fashion. 

13.3 THE EIGHT-NODE BRICK ELEMENT 

TIle eight-node brick element is the next simple three-dimensional element used in the 
analysis of solid mechanics problems. Each of the eight nodes of this element has three 
transla tiona I degrees of freedom in the noda Ix -, Yo, a nel z -directions. A typica leigh t-node 
brick element is shown in Figure 13.2. 
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Z, IV 

J-y" p 

s 

X, II 

r 

FIGURE 13.2 An eight-node brick element. 

TIle element's displacement field in terms of the nodal displacements and the shape 
functions can be written as 

1 
Il = S(Il/(l - s)(l - t)(l - r) + IlJ(l + s)(l - t)(l - r» (13.26) 

1 
+ S(IlK(l + s)(l + t)(l - r) + IlL(l - s)(l + t)(l - r» 

1 
+ S(IlM(1 - s)(l - t)(l + r) + uN(l + s)(l - t)(l + r» 

1 
+ S(uo(l + s)(l + t)(l + r) + IIp(l - s)(l + t)(l + r» 

1 
v = S(v/(l - s)(l - t)(l - r) + vJ(l + s)(l - t)(l - r» (13.27) 

1 
+ S(vK(l + s)(l + t)(l - r) + vL(l - s)(l + t)(l - r» 

1 
+ S(vM(1 - s)(l - t)(l + r) + VN(1 + s)(l - t)(l + r» 

1 
+ S(vo(1 + s)(l + t)(l + r) + vp(l - s)(l + t)(l + r» 

1 
W = S(w/(1 - s)(l - t)(l - r) + 'tOJ(l + s)(l - t)(l - r» (13.28) 

1 
+ S(WK(1 + s)(l + t)(l - r) + 'tOL(l - s)(l + t)(l - r» 
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I + S(WM(1 - s)(1 - t)(l + r) + wN(1 + s)(l - t)(l + r» 

I 
+ g(wo(l + s)(1 + t)(l + r) + wp(1 - s)(1 + t)(1 + r» 

In a similar fashion , for thermal problems, the spatial variation of temperature over an 
element is represented by 

I 
T = S(T/(I - s)(1 - t)(1 - r) + T,(I + s)(l - t)(1 - r» (13.29) 

I 
+ g(TK(l + s)(1 + t)(l - r) + TL(l - s)(1 + t)(1 - r)) 

I + g(TM(1 - s)(1 - t)(1 + r) + TN(1 + s)(1 - t)(1 + r» 

I 
+ g(To(l + s)(1 + t)(l + r) + Tp(l - s)(1 + t)(1 + r» 

13.4 THE TEN-NODE TETRAHEDRAL ElEMENT 

The ten-node tetrahedral element, shown in Figure 13.3, is a higher order version of 
the three-climensionallinear tetrahedral element. When compared to the four-node 
tetrahedral element, the ten-node tetrahedral element is better suited for and more ac­
curate in modeling problems with curved boundaries. 

For solid problems, the displacement field is represented by 

It = 1l/(2S1 - 1 )SI + 1t,(2S2 - I )S2 + llK(2S3 - 1 )S3 + IlL(2S4 - I )S4 

+ 4(IlMSIS2 + tlNS2S3 + UOSIS3 + llpSIS4 + llQS2S4 + URS3S4) 

v = v/(2S1 - 1 )SI + v,(2S2 - 1 )S2 + vK(2S3 - 1 )S3 + vL(2S4 - 1 )S4 

+ 4( VMSjS2 + VNS2S3 + VOSjS3 + VpSjS4 + VQS2S4 + VRS3S4) 

L 

z 

I 

~----y 

x 

FIGURE 13.3 A ten-node tetrahedral element. 

(13.30) 

(13.31) 
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(13.32) 

In similar fashion, the spatial distribution of temperature over an element is given by 

T = T/(2S1 - 1)SI + TA2S2 - I)S2 + TK(2S3 - I)S3 + TL(2S4 - I)S4 

+ 4(TMS1S2 + TNS2S3 + TOS1S3 + TpS1S4 + T ~2S4 + TRS3S4 ) 

(13.33) 

13.5 THE TWENTY-NODE BRICK ELEMENT 

The twenty-node brick element, shown in Figure 13.4, is a higher order version of the 
three-dimensional eight-node brick element. This element is more capable and more ac­
curate for modeling problems with curved boundaries than the eight-node brick element. 

For solid mechanics problems, the displacement field is given by 

1 
II = S(u/(1 - s)(1- t)(I- r)( - s - t -r - 2) + llJ(1 + s)(1 - t)(1 - r)(s -t- r - 2» 

1 + S(llK(1 + s)(1 + t)(l - r)(s + t - r - 2) + udl - s)(l + t)(1 - r)( - s + t - r - 2» 

1 + S(llM(1- s)(1 - t)(1 + r)( - s - t + r - 2) + llN(1 + s)(1 - t)(1 + r)(s - t + r - 2» 

1 
+ S (lloCI + s) (1 + t) (1 + r) (s + t + r - 2) + II P (1 - s) (1 + t) (1 + r)( - s + t + r - 2) ) 

r 

Z, IV 

s 
~---... y,v 

I 

X, II 

FIGURE 13.4 A twenty-node brick element. 
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1 
+ '4(lls(1 - s2)(1 + t)(l - r) + UT(1 - s)(1 - t2)(1 - r» 

1 
+ '4(llu(1 - s2)(1 - t)(1 + r) + llv(1 + s)(1 - t2)(1 + r» 

1 
+ '4(lly(1 - s)(l - t)(1 - r2) + llz(1 + s)(l - t)(1 - r2» 

(13.34) 

TIle v- and w-components of the displacement are similar to the u-component: 

1 
v = -(vJ(I-s)(l-t)(I- r)( -s-t -r - 2) + vAl + s)(1 - t)(1 - r)(s - t - r - 2» 

8 

1 
+ S(vK(1 + s)(l + t)(l - r)(s + t - r - 2) + ... ) 

1 
w = S(wJ(I- s)(l - t)(l - r)( - s - t - r - 2) + w,(1 + s)(1 - t)(l - r)(s - t - r - 2» 

1 
+ S(wK(l + s)(1 + t)(1 - r)(s + t - r - 2) + ... ) (13.35) 

For heat transfer problems, the spatial variation of temperature over an element is 
given by 

1 
T = -(TJ(l-s)(l-t)(l-r)(-s-t -r-2) +T,(l +s)(1 - t)(1 - r)(s - t - r - 2» 

8 

1 
+ S(TK(1 + s)(1 + t)(l - r)(s + t - r - 2) + ... ) (13.36) 
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13.6 EXAMPLES OF THREE-DIMENSIONAL ELEMENTS 
IN ANSYS* 

ANSYS offers a broad variety of elements for the analysis of three-dimensional prob­
lems. Some examples of three-dimensional elements in ANSYS are presented next. 

Thermal-Solid Elements 

SOLID70 is a three-dimensional element used to model conduction heat transfer prob­
lems. It has eight nodes, with each node having a single degree of freedom-tempera­
ture-as shown in Figure 13.5. The element's faces are shown by the circled numbers. 
Convection or heat fluxes may be applied to the element's surfaces. In addition , heat­
generation rates may be applied at the nodes. This element may be used to analyze 
steady-state or transient problems. 

TIle solution output consists of nodal temperatures and other information, such as 
average face temperature, temperature-gradient components, the vector sum at the cen­
troid of the element , and the heat-flux components. 

SOLID90 is a twenty-node brick element used to model steady-state or transient 
conduction heat transfer problems. This element is more accurate than the SOLID70 el­
ement, but it requires more solution time. Each node of the element has a single degree 
of freedom-temperature-as shown in Figure 13.6. This element is well suited to model 
problems with curved boundaries. The required input data and the solution output are 
similar to the data format of the SOLID70 elements. 

Structural-Solid Elements 

SOLID45 is a three-dimensional brick element used to model isotropic solid problems. 
It has eight nodes, with each node having three translational degrees of freedom in the 

M.t---..---~ 

x 

K 

FIGURE 13.5 The SOLID70 element 
used by ANSYS. 

*Materials were adapted with permission from ANSYS documents. 
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FIGURE 13.6 The SOLID90 element 
used by ANSYS. 

nodal X- , y-, and z-directions, as shown in Figure 13.7 (The element's faces are shown 
by the circled numbers.) Distributed surface loads (pressures) may be applied to the el­
ement's surfaces. This element may be used to analyze large-deflection , large-strain, 
plasticity, and creep problems. 

The solution output consists of nodal displacements. Examples of additional ele­
mental output include normal components of the stresses in X- , y-, and z-directions; 
shear stresses; and principal stresses. The element's stress directions are parallel to the 
element 's coordinate systems. 

SOLID65 is used to model reinforced-concrete problems or reinforced compos­
ite materials, such as fiberglass. This element is similar to the SOLID45 elements, and 
it has eight nodes, with each node having three translational degrees of freedom in the 
nodal X- , y-, and z-directions, as shown in Figure B.S. The element may be used to an­
alyze cracking in tension or crushing in compression. The element can also be used to 

Mj_--L __ ...ai' 

Surface coordinate system 

K 

FIGURE 13.7 The SOLID45 element 
used by ANSYS. 
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FIGURE 13.8 The SOLID65 element 
llsed by ANSYS. 

analyze problems with or without reinforced bars. Up to three rebar specifications may 
be defined. The rebars are capable of plastic deformation and creep. TIle element has 
one solid material and up to three rebar materials. Rebar specifications include the ma­
terial number; the volume ratio, which is defined as the ratio of the rebar volume to the 
total element volume; and the orientation angles. The rebar orientation is defined by two 
angles measured with respect to the element's coordinate system. The rebar capability 
is removed by assigning a zero value 10 the rebar material number. 

The solution output consists of nodal displacements. Examples of additional ele­
mental output include the normal components of the stresses in X- , Yo, and z-directions, 
shear stresses, and principal stresses. The element's stress directions are pm·allel to the 
element's coordinate system. 

SOLID72 is a four-node tetrahedral element , with each node having three trans­
lational degrees of freedom in the nodal X-, Yo, and z-directions, as well as rotations 
about the nodal X- ,Y-, and z-directions, as shown in Figure 13.9. As in previous examples, 

L 

K 

FIGURE 13.9 The SOLID72 element 
llsed by ANSYS. 
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the element's faces are shown by the circled numbers. Distributed surface loads (pres­
sures) may be applied to the element's surfaces. 

The solution output is similar to that of other structural-solid elements. 
SOLI()73 is an eight-node brick element that has three translational degrees 

of freedom in the nodal x-, y-, and z-directions, as well as rotations about the nodal X- , 

y- , and z-directions, as shown in Figure 13.10. The input data and the solution output are 
similar to those of elements discussed previously. 

SOLI()92 is a ten-node tetrahedral element that is more accurate than the 
SOLID72 element, but it requires more solution time. Each node has three transla­
tional degrees of freedom in the nodal X- , y-, and z-directions, as shown in Figure 13.1 I. 
This element may be used to analyze large-deflection , large-strain , plasticity, and creep 
problems. 

M.?----7--~ 

z 

}-Y 
X 

z 

I 
I 

~ -­
IL K 

K 

FIGURE 13.10 The SOLID73 element 
used by ANSYS. 

FIGURE 13.11 The SOLID92 element 
used by ANSYS. 
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13.7 BASIC SOLID-MODELING IDEAS* 

There are two ways to create a solid model of an object under investigation: bottom-up 
modeling and top-down modeling. With bottom-up modeling, you start by defining key­
points first , then lines, areas, and volumes in terms of the defined keypoints. You can de­
fine keypoints on the working plane by the picking method or you can enter, in 
appropriate fields , the coordinates of the keypoints in terms of the active coordinate 
system. The keypoints menu is shown in Figme 13.12, and the command for creating key­
points is 

main menu: Preprocessor -+ Modeling -+ Create -+ Keypoints 

Lines, next in the hierarchy of bottom-up modeling, are used to represent the 
edges of an object. ANSYS provides four options for creating lines, as shown in Figure 
13.13. With the splines options, you can create a line of arbitrary shape from a spline fit 
to a series of keypoints. You can then use the created line(s) to generate a surface with 
an arbitrary shape. The command for creating lines is: 

main menu: Preprocessor -+ Modeling -+ Create -+ Lines 

Using bottom-up modeling, you can define areas using the Area-Arbitrary submenu, as 
shown in Figure 13.14. The command for defining areas is: 

main menu: Preprocessor -+ Modeling -+ Create -+ Areas -+ Arbitrary 

There are five other ways by which you can create areas: (1) dragging a line along 
a path , (2) rotating a line about an axis, (3) creating an area fillet, (4) skinning a set of 
lines, and (5) offsetting areas. With the drag and rotate options, you can generate an area 
by dragging (sweeping) a line along another line (path) or by rotating a line about an­
other line (axis of rotation). With the area-fillet command, you can create a constant­
radius fillet tangent to two other areas. You can generate a smooth surface over a set of 

El Modeling 
El Create 

13 W.t·i!.iij 
~ On Working Plane I By picking on the working plane 
~ InActiveCS _ I3y typing in coordinate values 
~ Online 
~ On line w/Ratio 
~ On Node 
~ KP between KPs 
~ Fill between KPs 
EI KP at center 
EI Hard PT on line 
EI Hard PT on area 

FIGURE 13.12 The Keypoints menu. 

*Materials were adapted with permission from ANSYS documents. 
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-Ihlly straight line, r ega rdless of active coordinate sys tem 

" Straight" within the active coordinate sys tem 

FIGURE 13.13 The Lines menu. 

~ Through KPs ___ 
~ Overlaid on Area / Two commonly used m etho ds 

~ Bylines 
~ BySl<inning 
~ By Offset 

IE Rectangte 
IE Circle 
IE Polygon 
~ Area FiOet 

FIGURE 13.14 The Area-Arbitrary sub­
menu. 

lines by using the skinning command. Using the area-offset command, you can gener­
ate an area by offsetting an existing area. These operations are all shown in Figure 13.15. 

You can define volumes using the bottom-up method by selecting the Volume sub­
menu, as shown in Figure 13.16. The command for defining volume is: 

main menu: Preprocessor - Modeling - Create - Volullles - Arbitrary 

As with areas, you can also generate volumes by dragging (sweeping) an area along a 
line (path) or by rotating an area about a line (axis of rotation). 

With top-down modeling, you can create three-dimensional solid objects using 
volume primitives. ANSYS provides the following three-dimensional primitives: block, 
prism, cylinder, cone, sphere, and torus, as shown in Figure 13.17. 

Keep in mind that when you create a volume using primitives, ANSYS automat­
ically generates and assigns numbers to areas, lines, and keypoints that bound the 
volume. 
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Rotating lines Dragging lines 

Skinning (area "skinned" 
over lines Ll , L2, and L3) 

New fillet area (A3) 

Area fillet 

Offsetting areas (cylindrical area 
" inflated" and "deflated") 

FIGURE 13.15 Additional area-generation methods. 

EI Modeling 

EI Create 
ttl Keypoints 
ttl Lines 
ttl Areas 
EI Volumes 

B @ffliZ'fi 
~ Through KPs 
~ By Areas 

FIGURE 13.16 The Volume submenu. 

Regardless of how you generate areas or volumes, you can use Boolean opera­
tions to add or subtract entities to create a solid model. 

Meshing Control 

So far, you have been using global element size to control the size of elements in your 
model. The GLOBAL-ELEMENT-SIZE dialog box allows you to specify the size of an 
element's edge length in the units of your model's dimensions. Let us consider other 
ways of controlling not only the size of elements, but also their shapes. Setting the ele­
ment shape prior to meshing is important when using elements that can take on two 
shapes. For example, PLANE82 can take on triangular or quadrilateral shapes. Use the 
following command to see the dialog box for the meshing options (see Figure 13.18): 

main menu: Preprocessor -+ Meshing -+ Mcshcr Opts 
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FIGURE 13.17 Examples of three-dimensional plimitives. 

Free Meshing Versus Mapped Meshing 

Free meshing uses either mixed-area element shapes, all triangular-area elements, or all 
tetrahedral-volume elements. You may want to avoid using lower order triangular and 
tetrahedral elements (those without midside nodes) in analysis of structures, when pos­
sible. On the other hand, mapped meshing uses all quadrilateral-area elements and all 
hexahedral-volume elements. Figure 13.19 illustrates the difference between free and 
mapped meshing. 

There are , however, some requirements that need to be met for mapped mesh­
ing. The mapped-area mesh requires that the area has three or four sides, equal num­
bers of elements on opposite sides, and an even number of elements for three-sided 
areas. If an area is bounded by more than four lines, then you need to use the combine 
command or the concatenate command to combine (reduce) the number of lines to four. 
The mapped-volume requirements are that the volume must be bound by four, five , or 
six sides, have an equal number of elements on the opposite side , and have an even 
numbers of elements if a five-sided prism or tetrahedron volume is involved. For 
volumes, you can add or concatenate areas to reduce the number of areas bounding a 
volume. Concatenation should be the last step before meshing. You cannot perform 
any other solid-modeling operations on concatenated entities. To concatenate, issue the 
following command (see Figure 13.20): 

main menu: Preprocessing - Meshing - Concntcnatc 
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•• : Mesher Options 

[MOPT) Mesner options 

AMESH Triangle Mesher 

QMESH Quad Mesher 

VMESH Tet Mesher 

TlMP Tet Improvement in VMESH 

PYRA Hex to Te.t Interface 

AORO Mesh Areas By Size 

SPlIT Split poor Quality quads 

[MSHKEY) Set Mesher Key 

KEY Mesher Type 

[MSHMIO) Midside node key 

KEY Midside node placement 

[MSHPATTERN) Mapped Trl Meshing Pattern 

KEY Pattern Key 

Accept/Reject prompt ? 

If yes, a dialog box will appear af ter a successful 

meshing operation asking if the mesh should be kept. 

Cancel 

I Program chooses 

I Program chooses 

II (Oef) E:J 
I Pyramids ~ 
o No 

Ion Error E1 

r. Free 

n Mapped 

IFonow curves 

I Program chooses 

o No 

FIGURE 13.18 The dialog box for element shape. 

Free meshing Mapped meshing 

FIGURE 13.19 An illustration of the 
difference between free and mapped 
meshing. 
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EI Meshing 
IE Me~h Attrjbute~ 
EI MeshTool 
IE Size Cntrls 
EI Mesher Opts 
[3 i.j,ifi@§ 
~ Lines 
~ Areas 

L7 
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FIGURE 13.20 Concatenate dialog box. 

Lll 

concatenated line 

five-sided area four-sided area 

FIGURE 13.21 An example of free meshing and mapped meshing for an area. 

Figure 13.21 shows an example of free and mapped meshing for an area. As a general 
rule , you want to avoid meshing poorly shaped regions and avoid creating extreme 
element-size transitions in your model. Examples of these situations are given in Figure 
13.22. 

If you are unhappy with the results of a meshed region, you can use the clear com­
mand to delete the nodes and elements associated with a corresponding solid-model 
entity. To issue the clear command, use the following sequence: 

main menu: Preprocessor - Meshing - Clear 

With the aid of an example , we will now demonstrate how to create a solid model 
of a heat sink, using area and extrusion commands. 

EXAMPLE 13.1 

Aluminum heat sinks are commonly used to dissipate heat from electronic devices. Con­
sider an example of a heat sink used to cool a personal-computer microprocessor chip. 
The front view of the heat sink is shown in Figure 13.23. Using ANSYS, generate the 
solid model of the heat sink. Because of the symmetry, model only a quarter of the heat 
sink by extruding the shown frontal area by 20.5 mm. 
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sharp corner 
causes tetrahedron 

meshing failure ~ 
all volumc I 

meshes successfully 

I nUll-

1 milL-

extreme size transition causes 
tetrahedron meshing failure 

milder size transition 
meshes successfully 

FIGURE 13.22 Examples of undesirable meshing situations. 

11~ Imm 

-
-1 rmm 

1 mill I ------,t.-----
f 6 mill 

6 mm _...J!!...-__ 
t 

'--________ -'-________ ---' ____ lmm 

FIGURE 13.23 The front view of the heat sink in Example 13.1. 

Enter the ANSYS program by using the Launcher. Type Fin (or a file name of 
your choice) in the Jobnamc entry field of the dialog box. Pick Run to start the 
Graphic User Interface (GUI). 

Create a title for the problem. This title will appear on ANSYS display windows 
to provide a simple way of identifying the displays. To create a title, issue the 
following command: 
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utility menu: File ~ Change Title ... 

: Chango Tid. 13 

Set up the graphics area (i.e. , work plane, zoom, etc.) with the following commands: 

utility menu: Workphme ~ Wp Settings ... 

WPSenings 

Toggle on the workplane by using the following command: 

utility menu: Workplane ~ Display Working Plane 

Bring the workplane to view by using the following command: 

utility menu: PlotCtrls ~ Pllll, Zoom, notate ... 

Click on the small circle until you bring the workplane to view. Then , create the 
geometry with the following command: 

main menu: Preprocessor ~ Modeling ~ Create ~ Areas ~ Rectangle 

~ Hy 2 Corners 
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On the work plane, pick the following locations or type the values in WP X, 
WP Y, Width, and Height fields: 

100 
D 

~ 
~ 

[WP = 4, OJ 

[Expand the rubber band lip 2.5 and right 16.5J 

LWP = 0,1] 

[Expand the rubber band lip 1.0 and right 4.0] 

[WP = 0, 3J 

[Expand the rubber band lip 1 mul right 4.0J 

100 [WP = 4, 2.5] 

D 
~ [Expand the rubber band lip 1.5 and right 6.0] 

~ [WP = 4, 4J 

[Expand the rubber band lip 6 and right 2] 

[WP = 8, 4J 

[Expand the rubber band lip 6.0 and right 2.0] 

[WP = 11, 2.5J 

l Expand the rubber band lip 6.0 and right 1.0 J 
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[WP = 13,2.5J 

[Expand the rubber band up 6.0 and right 1.0] 

LWP = 15,2.5] 

[Expand the rubber band up 6.0 and right 1.0] 

[WP = 17,2.5J 

[Expand the rubber band up 6.0 and right 1.0] 

100 LWP = 19,2.5] 

D 
100 [Expand the rubber band up 6.0 and right 1.0] 

D OK 

main menu: Preprocessor - Modeling - Operate - Hooleans - Add 

-Areas 

Pick All 

main menu: Preprocessor - Modeling - Operate - Extrude - Areas 

- Along Normal 

Pick or enter the area to be extruded, and then press the Apply button: 

. ; EXlrude Area along Normal If3 

12 

L'engf.1\ of 8xfl'tu:ion 20.5 
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utility menu: PlotCtrls ~ PUll, Zoom, Rotutc ... 

Press the Iso (Isometric view) button. You should then see the image in Figure 
13.24. 

FIGURE 13.24 Isometric view of the heat sink. 
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Exit and save your results: 

ANSYS Toolbar: QUIT 

.; EXII from ANSYS E3 
- Exit fro~ AHSYS -

Help 

1llis example has demonstrated how to extrude an area along a normal direction to cre­
ate a volume. 

13.8 A THERMAL EXAMPLE USING ANSYS 

EXAMPLE 13.2 

A section of an aquarium wall with a viewing window has the dimensions shown in 
Figure 13.25. The wall is constructed from concrete and other insulating materials, with 
an average thermal conductivity of k = 0.S1 Btu/hr' ft· of. The section of the wall has 
a viewing window that is made of a six-inch-thick clear plastic with a thermal conduc­
tivity of k = 0.195 Btu/In· ft· of. The inside air temperature is kept at 70°F, with a 
corresponding heat transfer coefficient of It = 1.46 Btu/hr' ft2. of. Assuming a water­
tank temperature of 50°F and a corresponding heat transfer coefficient of 
It = 10.5 Btu/In' ft2 • of , use ANSYS to plot the temperature distribution within the 
wall section. Note that the main purpose of this example is to show the selection capa­
bilities of ANSYS and to show how to move the working plane when constructing three­
dimensional models. Recall that the heat loss through such a wall may be obtained with 
reasonable accuracy from the equation q = UovcraU(1inside - Twatcr) and by calculating 
the overall V-factor for the wall. 
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0.5 ft 
--........... 

Three-Dimensional Elements 

Cleat 
PI<tSI' Ie 

18 in 

"> 

7 ft 

FIGURE 13.25 Dimensions of the wall 
and the clear-plastic viewing window of 
Example 10.2. 

Enter the ANSYS program by using the Launcher. Type WHII (or a file name of 
your choice) in the Jobn:lInc entry field of the dialog box. Pick Ibm to start the 
GUI. 

To create a title, issue the following command: 

utility menu: File - Change Title ... 
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main menu: Preprocessor ~ Element Types ~ Add/Edit/Delete 

, '; library or Element Types 

library of Element Types 

Element type reference number 

OK 

; Element Types 13 

Delined Ille .. ent T.l/p.e."":.lIIIiiiiiiiiiilIED 
NONE DEFINE 

Contact 
Gasket 
Combination 
Thermal Mass 

Link 

I .. 

fF 

~ 
Triangl6node 35 I .. 
Axi-har 4node 75 

8node 78 r Brick 8node 70 
2Onode 90 

etlOnode 87 
Shell ~ r-__ ---:--____ -='--~I 

!,;,A;.,;N;;;,SV .. S;,.F.;,lu;;;,id .... iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii __ jTet 10node 87 

Apply Cancel Help 

'; Element Types If3 
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Assign thermal conductivity values for concrete and plastic with the following 
commands: 

main menu: Prcproccssor -+ Matcrial Props -+ Matcrial Models 

- Thcrmal- Conductivity - Isotropic 

Conductivity for Material Number 1 ' 

Conductivity (Isotropic) for Material Number 1 

Tl 

Temperatures I 
K~ IrO.-8-1----~~ 

From the Define Material Moclel behavior window: 

Material- Ncw Model . .. 

Define Material JD 

Define Material ID 12 
~=~ 

Double click on Isotropic and assign thermal Conductivity of Plastic 

Conductivity for Material Number 2 

Conductivity (Isotropic) for Material Number 2 

T1 

Temperatures I 
~ rIO.-19~~----~~ 
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ANSYS Toolbar: SAVE_DU 

Set up the graphics area (i.e., workplane, zoom, etc.) with the following commands: 

utility menu: Workphme ~ WP Settings ... 

WPSeUings 

Toggle on the workplane by using the following command: 

utility menu: Workplane ~ Display Working Plane 

Bring the workplane to view by using the following command: 

utility menu: PlotCtrls ~ Pan, Zoom, Rotate ... 

Click on the small circle until you bring the workplane to view. Then, press the Iso 
(Isometric view) button. Next, create the geometry with the following commands: 

main menu: Preprocessor ~ Modeling ~ Create ~ Volumes ~ Block 

~ By 2 Corners &Z 

100 [WP = 0,0] 

D 

~ 
[Expand the rubber III' 7 and right 2.5] 
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LExpmul the rubber band in the negative Z-direction to -1.5] 

Create a volume, to be removed later, for the plastic volume: 

'J'.' Block by 2 Corner. ,. Z Ef 

OK 

y 

Global X • 

y • 

WP X 

WP Y 

Widtll 

Height 

Dnpth 

OK 

Reset 

Help 

I 
j 

1.5 I 
~ 

-1.5 I 
Apply I 
Cancel I 

main menu: Preprocessor - Modeling - Operate - Boole:ms 

- Subtract - Vollllnes 

Pick Volume! and Apply; then pick Volume2 and Apply. 

OK 

utility menu: Plot - Volumes 

Create the plastic volume with the following command: 

utility menu: WorkPl:me - Offset WP by Incrcmcnts . . . 

In the X, Y, Z Offsets box, type in [0,0, - 0.5]. 
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Of bet YIP 

IEEJ ~ 
I[EI lITO 
lEE! ~ 

1 
fr4J[] ... / .. ,([1 
s~ 

)t¥ Z Offtelf 

IO.o.-o.S I 

~ In+xl 
~ In+yl 
I z-~I I ~ +zl 

30 

!'[J ILI . " . I,[J 
D~ 

X¥.vz.:zx~ 

I I 

G~X· 0 
Y. 0 

z- .0 

D D}'Imlic Modo 

~ ~ AwIl" I 
U Reteq If Cancel I 
'~ 

If Help -I 

OK 

Now, issue the following commands: 

main menu: Preprocessor ~ Modeling ~ Create 

~ Volumes ~ Hlock - Hy 2 Corners & Z 
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OK 

WP Y 

Width 

Height 

Depth 

main menu: Preproccssor ~ Modeling ~ Operafc ~ BooleHlIs 

~ Gillc ~ Vohullcs 

Pick All 

We now want to mesh the volumes to create elements and nodes, but first , we 
need to specify the element sizes. So, issue the following commands: 

main menu: Prcproccssor ~ Mcshing ~ Size Cllfrls ~ MmllJ:lI Sizc 

~ Global ~ Sizc 
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, ; Global Element Sizes If3 

to "unsized" i1.ines~ 
SIZE ~le~ent edge length 0.25 

NDIU No. oE oloAOn~ divisions - 0 

SIZE. is blanR O~ ze~~ 

We also need to specify material attIibutes for the concrete ancl the plastic volumes 
before we proceed with meshing. To do so, we issue the following commands: 

main menu: Preproccssor - Mcshing - Mesh Attributcs 

- Pickcd Volumcs 

~ [Pick thc concrcte part of the wall , 'olullle] 

DID [Apply anywhcre in thc ANSYS gmphics window] 

D 
'; Volume Allubutes f3 

1 1[.-

for 

1 SOLID8? I~ 

0 Ii" 

, 
Apply 

main menu: Prcproccssor - Mcshing - Mcsh Attributcs 

- PickcdVolumcs 

[Pick thc plastic l'Olulllc] 

fl~ [Apply anywherc in thc ANSYS gmphics window] 
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': Volume Attllbutes IE3 

REAL Real constant let nUAber Hone defined 

IYPE EleAent tY.~ nunbar 1 SOLID8? 
ESYS EleAent coordinate sys 

ANSYS Toolbar: SA VE..JlB 

We can proceed to mesh by issuing the following commands: 

main me nu: I'reprocessor ~ ]\'Ieshing ~ Mesh ~ Volumes ~ Free 

Pick All 

If you exceed the maximum number of elements allowed in the educational ver­
sion of ANSYS try the following: 

main menu: Preprocessor ~ Meshing ~ Size Cnfrls ~ Smart Size ~ Uasic 

': BasIc SmaltSlze Selllngs EJ 
[SHRISIZEl S~ar~sizing 

10 (coarse) ••• ~ (fine) 
LUL Cieo Lovol 1\ 

Now try to mesh the volumes again. To apply the boundary conditions, we first se­
lect the interior surfaces of the wall, including the clear plastic: 

utility menu: Select ~ Entities ... 

In the Min, Max field , type [0, - 0.5J, see Select Entities window. Choose all ap­
propriate fields as shown. 



OK 
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IAreas If) 
IBy Location !E1 

r.. X coordinates 

r.. Y coordinates 

r. g:.f.~.~-i~!~I~j 
Min,Max 

1°,-0.5 

utility menu: Plot - Areas 

main menu: Solution - Define Loads - Apl)ly - Thermal 

- Com'ection - On Areas 

Pick All 
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- -: Apply (OI'V on areas 

[SFA] Apply Frtm Coef on areas 

If Constant vaUe then: 

VAll Film coefficient 

[SFA] Apply BUi<. Temp on areas 

If Constant vakle then: 

VAL21 Bulk temperature 

LKEV Load key, usuaRy face no_ 

(required only for shen elements) 

Cancel 

utility menu: Select -- Everything ... 

utility menu: Select -- Entities ... 

In the Min, M:1X field, type: [-1.0, -1.5J 

~ Selec. En.i.ies It:! 

Iconstant value 

11.46 

Iconstant value 
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OK 

utility menu: Plot ~ Areas 

main menu: Solution ~ Definc Loads ~ Apply 

~ Thcrmal ~ Com'cction ~ 011 Arcas 

Pick All to specify the convection coefficient and temperature: 

, ': Apply CONY on areas " 

[SFA] Apply FUm Coef on areas I Constant value 

If Constant value then: 

VAll FUm coefficient liD,s 

[SFA] Apply Bulk Temp on areas I so~ta~ v_alue L:J 
If Constant value then: 

VAl21 Bulk temperature 150 
lKEY load key, usuaRy face no, 11 

(required only for shea elements) 

Apply Cancel 

To see the applied boundary conditions, use the following commands: 

utility menu: PlotClltrls ~ Symbols '" 
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' j Symbols , 

[JPBC] Boundary condition symbol 

In<MIual symbol set d~s) 

to be clsplayed: 

[JPSF] Slxf ace load Symbols 

Visibility key for shels 

Plot symbols In color 

Show pres and convect as 

[JPBF] Body load Symbols 

Show CU'r and fields as 

[/PICE] Elem Ir« Cond Symbols 

[JPSYM8] Other Symbols 

CS local coordinate system 

M:>IR Nodal coordinate system 

ESYS Element coordinate sys 

lOIV line element dvlslons 

tolR line direction 

OK Cancel 

utility menu: Select ~ El'er)thillg ... 

utility menu: Plot ~ Areas 

ANSYS Toolbar: SAVE_DB 

r AI Be +Reactlon 

r. AI Appied BCs 

r AI Reactions 

r None 

r For Individual: 

P' Applied BC's 

P' Reactions 

P' Miscelaneous 

~ Off 

P'On 

IArrows 

INone 

Icontours B 
INone 

r Off 

~ Off 

Solve the problem: 

main menu: Solution ~ Sohe ~ Current LS 

OK 

Close (the solution is done!) window. 

Close (the /STAT Command) window. 
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For the postprocessing phase, obtain information such as nodal temperatures ancl 
heat fluxes with the following commands (see Figure 13.26 and Figure 13.27): 

main menu: General Postproc - Plot ncsillts - Contour Plot 

- Nod:.1 Solu 

Contour Nodal Solution Data : 
Item to be contoured ==-------------------------" 

~ Favorites 

rJi Nodal Solution 

r;; Itell-ilMM 
€I Nodal Temperature 

~ Thermal Gradient 

~ Thermal Flux 

~----~--------------------------~~ ~------~--------------------------------------~ 
Undisplaced shape key -----:--:-:-::-----:--:-:-:-::--:-:---c:--:--:-::,..-:-:--:-:---:-::-:----:-:------::--:-::,-:----n 

Undisplaced shape key IDeformed shape only lEI 
Scale Factor i-IA-u-to-C-a-l-cu-la-te-d----------::-.... =:"l"lo------'--:r1 

Additional Options 

main menu: General Postproc - Plot ncsillts 

- Vector Plot - Predefined 
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, ': Vector Plot of PredeFined Vectors 

[PLVECTj Vector Plot of Predefiled Vectors 

nem Vector ~em to be plotted 

Mode Vector or raster display 

Loc Vector Ioc~tion for resuts 

Edge Element edges 

[JVSCALE] Sca&ng of Vector Arrows 

WN Window ~er 

VRATiO Scale f~or rruliplier 

KEY Vector sc~tno wi be 

OPTION -Vector plot based on 

OK 

Exit and save your results: 

ANSYS Toolbar: QUIT 

_'" E:: 
'-=iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii=' I Thermal flux TF 

.. -Vector Mode 

r: Roster Mode 

.. Elem Centroid 

c:: ElemNodes 

r; Hidden 

IWndowl 

II 
IMaQnitude based 

Ilkldeformed Mesh 

CMcei 

:::J 

cl 

.d 



Section 13.8 A Thermal Example Using ANSYS 731 

FIGURE 13.26 Temperature contour plot. 

FIGURE 13.27 The heat flow vectors. 
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13.9 A STRUCTURAL EXAMPLE USING ANSYS 

EXAMPLE 13.3 

The bracket shown in Figure 13.28 is subjected to a distributed load of 50 Ib/in2 on the 
top surface. It is fixed around the hole surfaces. The bracket is made of steel , with a 
modulus elasticity of29 X 1061b/in2 and v = 0.3. Plot the deformed shape. Also, plot the 
von Mises stress distribution in the bracket. 

2in==---

}8r 
T(25m lin 

0f 
3in 

lin 

FIGURE 13.28 Dimensions of the bracket in Example 13.3. 

The following steps demonstrate how to create the geometry of the problem: choose 
the appropriate element type, apply boundary conditions, and obtain nodal results: 

Enter the ANSYS program by using the Launcher. Type Hrack3D (or a file 
name of your choice) in the Jobn:tme entry field of the dialog box. Pick Run to 
start the GUI. 

Create a title for the problem. 

utility menu: File -- Change Title . .. 
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(.-TitLE) Enter no .. t1t18 IBracklD 

,.............. 
II ox 'II Ipc.ncol I Holp 

main menu: Preproccssor ~ Elemcnt Typc ~ Add/Edit/Deletc 

: Element Types E3 

Defined Ele~ent Types : 

. . : library or Element Types . 

Library of Element Types Structural Mass 
Link 
Beam 
Pi e 

I ... 
I 

layered 46 
layered 191 
anlso 64 
concret 65 

Tet IOnode 187 
IOnode 92 Shell 

Hyperelastic 
r.1ooneY-Rivlin,_---====_r ...... 1 ~ Onode 92 

Element type reference number 

Apply Cancel Help 

: Element Types E3 

Defined Ele~nt Types: 
,. 

733 
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Assign the modulus of elasticity and Poisson's ratio with the following commands: 

main menu: Prcproccssor - Matcrial Props - Matcrial Models 

- Structural - Lincar - Elastic - Isotropic 

- I]) 0 00 • 00 0 0 -", 

linear Isotropic Material Fl'operties for Materia I'bnber 1 

i1 

Temperatures 1 
EX l2ge6 

PRXV 10.3 I 

~emperature I Delete Temperature I ~ Graph I 
r OK Ir eancel W Help I 

ANSYS Toolbar: SAVE_DB 

Set up the graphics area (i.e. workplane, zoom, etc.) with the following commands: 

utility menu: Workplanc - WP Scttings ... 
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Toggle on the workplane by using the following command: 

utility menu: Workplane ~ Display Working Plane 

Bring the workplane to view by using the following command: 

utility menu: PlotCtrls ~ Pan, Zoom, Rotate . . . 

Click on the small circle until you bring the workplane to view. Then, press the Iso 
(Isometric view) button. Next , create the vertical plate by issuing the following 
commands: 

main menu: Preprocessor ~ Modeling ~ Create ~ Volullles ~ Block 

~ By 2 Corners & Z 

LWP = 0,0] 

[Expund the rubber bund lip 3.0 mHI to the right 2.0] 

~ [Expand the rubber band in the ncgati\'c Z-dircction by 0.125] 

OK 

To create the holes, first we must create two cylinders, with the following com­
mands: 

main menu: Preprocessor ~ Modeling ~ Create ~ Volullles 

~ Cylinder ~ Solid Cylinder 

On the work plane , pick the following locations or type the values in WP X, 
WP Y, Radius, and Dcpth fields: 

LWP = 1,1] 

[Expand the circle to md = 0.25] 

[Expand the cylinder to ~l Icngth of 0.125 in thc ncgati\'c Z-direction] 

100 [WP = 1,2] 

D 
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[Expmul thc circle to rad = 0.25] 

~ [Expand thc cylinder to a Icngth of 0.125 in thc ncgath'c Z-dircction] 

OK 

Now, create the holes by subtracting from the vertical plate the volume of cylin­
ders, with the following commands: 

main menu: Prcproccssor ~ 1\'lodcling ~ Opcratc 

~ Boolcans ~ Subtract ~ Volumcs 

Pick Volume-l (the vertical plate) and Apply; then, pick Volume-2 and Volume-3 
(the cylinders) and Apply. 

OK 

utility menu: 1)lot ~ Volumcs 

ANSYS Toolbar: SAVE_DB 

Move and rotate the workplane and create the top plate with the following com­
mand: 

utility menu: Workphmc ~ Offsct WP by Incremcnts ... 
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Offset \liP 

In the X, Y, Z Offsets box, type in [0, 3.0, - 0.125] , and then Apply. To rotate the 
Wp, move the Degrees Slider bar to 90 and then press the + X rotation button. 

OK 

utility menu: PlotCtrls ~ Pan, Zoom, Rotate ... 

Press the Hot (bottom view) button and issue the following commands: 

main menu: Preprocessor ~ Modeling ~ Create ~ Volumes ~ Block 

~ Hy 2 Corners & Z 

100 
D 

[WP = 0,0] 

~ 
[In the actil'e workplane, expand the rubber band to 3.0 and 2.0] 
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[Expand thc rubbcr band in thc ncgatil'c Z-dircction by 0.125J 

OK 

utility menu: WorkPlanc ~ Align WP With ~ Global Cartcsian 

utility menu: Plot~ Volumcs 

utility menu: WorkPlanc ~ Offset WP by Incrcmcnts ... 

In the X, Y, Z Offsets box, type in [0, 0, -0.125J , then Apply. Rotate the work­
plane about the Y-axis. Move the Degrees Slider bar to 90 and then press the 
- Y rotation button. 

Offset 'YIP 

OK 

utility menu: PlotCtrls ~ Pan, Zoom, Rotatc ... 
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Change the view to Left and issue the following commands: 
main menu: Preproccssor ~ Modeling ~ Creatc ~ Volumcs 

~ Prism ~ By Verticcs 

[WP - 0,0] 

[WP = 0, 3.125] 

[WP = 3,3.125J 

[WP = 3.0,3.0] 

[WP = 0.125, OJ 

~ [WP = 0,0] 

Change the view to the isometric view by pressing the Iso button: 

100 [Strctch thc rubber blllld 0.125 in the Z-dircction] 

D 
OK 

utility menu: Plot - Volumcs 

utility menu: PlotCtrls ~ Plm, Zoom, Rotate ... 

Toggle on the dynamic mode; hold down the right button on the mouse and rotate 
the object as desired. Then, issue the following commands: 

main menu: Preproccssor ~ Modeling ~ Operatc ~ Boolelms 

- Add ~ Volumcs 

Pick All 

\Ve now want to mesh the volumes to create elements and nodes, but first , we 
need to specify the element sizes. So, issue the following commands: 

main menu: Preprocessor ~ Meshing ~ Sizc Cutrls ~ Smlut Size ~ Basic 
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x 

ANSYS Toolbar: SAVE_DIl 

main menu: Prcproccssor ~ Mcshing ~ Mcsh ~ Volulllcs ~ Frec 

Pick All 

Closc 

ANSYS Toolbar: SAVE_DIl 

Now, we need to apply boundary conditions. First, we will fix the periphery of the 
holes by using the following command: 

utility menu: PlotCtrls ~ Pml, ZOOIll, Rotatc ... 

Choose the Front view and issue the following commands: 

main menu: Solution ~ Dcfine Loads ~ Apply ~ Structural 

~ Displaccment ~ On Kcypoints 

Change the picking mode to "circle" by toggling on the -Circlc feature. Now, start­
ing at the center of the holes, stretch the rubber band until you are just outside the 
holes and Apply: 

Apply U,ROT on ICPs I 

[DK] Apply Displacements (U,ROT) on Keypoints 

Lab2 DOFs to be constrained 

Apply as 

If constant value then: 

VALUE Displacement value 

KEXPND Expand asp to nodes? 

Cancel 

o 
l~const~"-ant=,-v,,",a,",,lu,,-e ==-.:8 
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Choose the isometric view and issue the following commands: 

utility menu: Select - Entities ... 

~ . 'lC .~ 

IAreas tJl 
IBy Location ~ 

('" X coordinates 

Ie Y coordinates 

n Z coordinates 

t.t I n, t.t ax 

13.125,3.125 J 

Ie From Full 

r. Reselect 

o Also Select 

n Unselect 

IrSele All I II Invert I 
Se le Nonel j'Sele Belo I 

Ilf OK Ilf Apply I 

III Plot IlrReplot I 

III Cancell lrHelp I 

In the Min, Max field , type [3.125, 3;125j. 

OK 

utility menu: Plot - Areas 

main menu: Solution - Define Loads - Apply - Structural - Pressure 

- 011 Areas 

Pick All to specify the distributed load (pressure) value: 
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. . : Apply PRES on areas I 

[SFA] Apply PRES on or= o. 0 

If Cont:tant vakJo tt,.." 

VAU£ Load PRES v .... 

lXEY Load key, usuaIy face no. 

(required atYy for sheI elelTlel"ts) 

Iconstant value 

To see the applied boundary conditions, use the following commands: 

utility menu: PlotCtrls ~ Symbols . .. 



Section 13.9 A Structural Example Using ANSYS 743 

utility menu: Sclcct - E\'cr)thing ••• 

utility menu: Plot - Areas 

ANSYS Toolbar: SAVE_On 

Solve the problem: 

main menu: Solution - Sol\'c - Current LS 

OK 

Closc (the solution is done!) window. 

Close (the /STAT Command) window. 

In the postprocessing phase , first plot the deformed shape by using the following 
commands (see Figure 13.29): 

main menu: Gcneral Postproc - Plot Results - Ocformcd Shapc 

, Piol De/oliled Shape 

[PLDISP) Plot DeEo ..... d Shape 

KUND Ite~ to be plotted 

FIGURE 13.29 The defollued shape of the bracket. 
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FIGURE 13.30 The von Mises stress distribution within the bracket. 

Plot the von Mises stresses by using the following commands (see Figme 13.30): 

main menu: General Postproc -- Plot Results 

-- ContollrPlot -- Nodal Solu 

~Contour Nodal Solution Data , rx 
Hem to becO'ltDu'ed ===================1,' 

~ DOF Solution 
rJi SIrESS 

II' X-Comporent of stress 

II' V-Component ofstress 

II' Z-Component of stress 
II' x:f 5l-eor stress 

II' yz Shea- stress 
II' :xz 5l-eor stross 

II' lst Principal stress 
II' <he! Prin:ipal slress 

II' 3-d Principal stress 
II' Stress intEnsity 

edlfMM 
II' Plastic equivalEnt stress ~ 

~,,~--~----~~------------------------------~ 

lkldisplaced shape key ===================11 

Lhdispla::e;I shape key Daformed .h.p. only IS 
9:aIe FcctDr j-IAJ-Jto---:-ca--:-t-ul:-a1E-d-:----'-----~IEJ~:;. ;rfu:-.l-:-94-:3329S3-:-:-:-=i3:-:....J=i1 

l>.d:Iitionoll Cptions ®I 
Help I 
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Exit and save your results: 

ANSYS Toolbar: QUIT 

.: EXII from ANSYS f3 
- Exit froR RN$Y~ -

SUMMARY 

At this point you should 

1. know how the shape functions for a tetrahedral element are derived. 
2. know how the stiffness matrix and load matrix for a tetrahedral element are de­

rived. 

3. be familiar with the eight-node brick element and its higher order countelpart, 
the twenty-node brick element. 

4. be familiar with some of the structural-solid and thermal elements available 
through ANSYS. 

5. understand the difference between the top-down and bottom-up solid-modeling 
methods. 

6. be able to find ways to verify your FEA results. 
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PROBLEMS 

1. For a tetrahedral element, derive an expression for the stress components in terms of the 
nodal displacement solutions. How are the three principal stresses computed from the cal­
culated stress component values? 



746 Chapter 13 Three-Dimensional Elements 

2. Use ANSYS to create the solid model of the object shown in the accompanying figure. Use 
the dynamic-mode option to view the object from various directions. Plot the solid object in 
its isometric view. 

\ r = 0.25 hole all the way through 

f= 1.5 

r=0.5 

r=0.75 

3. Use ANSYS to create a solid model of a foot-long section of a pipe with the internallongi. 
tudinal fins shown in the accompanying figure. Use the dynamic-mode option to view the ob­
ject from various directions. Plot the object in its isometric view. 

1ft 

'1 = 2 in 

21. 
'2 = 4' 111 

t = ~ in 

H =~in 

4. Use ANSYS to create the solid model of the wall-mount piping support bracket shown in the 
accompanying figure. Use the dynamic-mode option to view the object from various direc­
tions. Plot the solid object in its isometric view. 
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r = 0.1 25 holes 

S. Use ANSYS to create the solid model of the heat exchanger shown in the accompanying fig­
ure. Use the dynamic-mode option to view the object from various directions. Plot the model 
of the heat exchanger in its isometric view. 

l' 

Plate thickness = -&,' 

rl = 0.5' 

r2 = 0.5625" 
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6. Use ANSYS to create the solid model of the wheel shown in the accompanying figure. Use 
the dynamic-mode option to view the object from various directions. Plot the object in its iso­
metric view. 

z 

1-------10.0---1 9.011 
6.75-1 

2.0-1 5.251 -I-------r 

I . ~-I--.-
RO.8~RO.7 

Sholes 
1,0 dia. -==;:.-.-.-.-.-.-.-.-.-.-. '-'-'-'-'-'-'-'1" 

R 0.8nR 0.7 6.0 7.0 

j'i-. -x_-._._-._._-._.-___________ ~_2LIL_ -A 

Dimensions are in inches. 

7. Use ANSYS to create a solid model of a lOO-mm-long section of a pipe with the internal lon­
gitudinal fins shown in the accompanying figure. Use the dynamic-mode option to view the 
object from various directions. Plot the object in its isometric view. 

water 

ethylene glycol 
solution 

5mm 50mm 

8. Using ANSYS, calculate and plot the principal stress distributions in the support component 
shown in the accompanying figure. 'I11e bracket is made of steel. It is fixed around the hole 
surfaces. 
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fillet radius m 5 IIlIll 

9. Using ANSYS, calcula te and plot the von Mises stress distribution in the traffic signpost 
shown in the accompanying figure. The post is made of steel, and the sign is SUbjected to a 
wind gust of 60 milesnu. Use the drag force relation FD = CDA~ pU2 to calculate the load 
caused by the wind , where FD is the load, CD = 1.18, p represents the density of a ir, U is the 
wind speed, and A gives the frontal area of the sign. Distribute the load on the section of the 
post covered by the sign. Could you model this problem as a si mple cantilever beam and 
thus avoid creating an elaborate finit e eleme nt model? Expla in. 

1- 2ft -I 

I 
SIGN 2 ft 

I 
(i) - -. 

tin 
(i) - --.i.. 

(i) 

4ft 

D= 3/Sin 
(i) 

(i) 
--I 3/4 in 1--

fs~ ·rin 
(i) 

1_1.5in __ 1 
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10. Determine the temperature distribution inside the aluminum heat sink in Example 13.1 if the 
surrounding air is at 25°C, with a corresponding heat transfer coefficient h = 20 W/m2 • K. 
The heat sink sits on a chip that dis~ipates approximately 2000 W/m2• Extrude the frontal 
area shown in the accompanying figure 20.5 mm to create a quarter model of the heat sink. 

Imm­
Imm 

1 
2mm - Imm -

Imm 

r~ 
------.--t t 6mm 

6 nUll i -----'-!- --'---
L-________ ....L ________ ---J __ ~_-_1 mm 

The front view of the heat sink in problem 10. 

11. Imagine that by mistake, an empty coffee pot has been left on a heating plate. Assuming 
that the heater puts approximately 20 Walls into the bollom of the pot, determine the tem­
perature distribution within the glass if the surrounding air is at 25°C, with a corresponding 
heat transfer coefficient h = 15 W/m2. K. The pot is cylindrical in shape, with a diameter of 
14 cm and height of 14 cm, and the glass is 3 mm thick. Could you solve this problem using 
a one-dimensional conduction and thus avoid creating an elaborate three-dimensional model? 

() 
() 

o 

Heating plate 

D 

12. Using ANSYS, generate a three-dimensional model of a socket wrench. Take measuremen Is 

from an actual socket. Use solid-cylinder, hexagonal-prism, and block primitives to construct 
the model. Make reasonable assumptions regarding loading and boundmy conditions, and 
perform stress analysis. Plot the von Mises stresses. Discuss the type and magnitude of load­
ing IhM could GlIlSe r<lilme. 
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13. During the winter months, the inside air temperature of a room is to be kept at 70°F. How­
eve r, because of the location of a heat register under the window, the temperature distribu­
tion of the warm air along the window base is nonuniform. Assume a linear temperature 
variation from 80°F to 90°F (over a foot long section) with a corresponding heat transfe r co­
efficient h = 1.46 I3tu/lll·· ft2. OF. Also, assume an outside air temperature of 10°F and a cor­
responding h = 6 I3tu/hr· ft2. OF. Using ANSYS, determine the temperature distribution in 
the window assembly, as shown in the accompanying figure. What is the overall heat loss 
through the window assembly,! 

1 in 

'------~ 
3/4 in _11__ t aluminum 

1/4 in 

glass 

t 
1 in 

I- 11.75 in-I 

14. Using ANSYS, calculate ancl plot the principal s tress distributions in the link component 
shown in the accompanying figure. T he link is made of steel. 
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G/ G/ 

G/ 

114"- 2000lb 

2000lb G/ 

G/ 
I" _. 

I- 3" -I 
-.L 

0.5" T 0 0 
R= ii'S" 2" 

if 0 1 0.5" 

Tf-I" 1"-1 

15. Dcsign Problcm Referring to one of the design problems in Chapter \0 (problem 15), each 
student is to design and construct a structural moclel from a r X 6" X 6" sheet of plexiglas ma­
terial that adheres to the specifications and rules given in problem 15. Additionally, for this 
project, the model may have any cross-sectional shape. Examples of some common sections 
are shown in the accompanying figure. 

p 

p 
I------IV-----I.~I 

Examples of cross-section A-A 
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16. Dcsign Problcm Using a three-dimensional beam element in ANSYS, you are to size the cross 
sections of members of the frame shown in the accompanying figure. Use hollow tubes. The 
frame is to support the weight of a traffic light and withstand a wind gust of80 miles/hr. Write 
a brief report discussing your final design. 

~-------30'-------__ 1 

T 
30" 

_t 

18' 10" 



CHAPTER 1 4 

Design and Material Selection* 

Engineers (Ire problem solvers. In this chapter, we introduce you to the engineering de­
sign process. Engineers apply physical and chemical laws and principles along with math­
ematics to design millions of products and services that we use in our everyday lives: 
products such as cars, computers , aircraft, clothing, toys, home appliances, surgical 
equipment, heating and cooling equipment, health care devices, tools and machines that 
make various products, and so on. In recent years, the use of finite element analysis as 
a design tool has grown rapidly. As you have seen so far, finite element methods can be 
used to obtain solutions to a large class of engineering problems. 

In this chapter, we look more closely at what the term design means and learn 
more about how engineers go about designing products. We discuss the basic steps that 
most engineers follow when designing a component or system. 

As a design engineer, whether you are designing a machine part, a toy, a frame 
for a car, or a structure, the selection of material is an important design decision. There 
are a number of factors that engineers consider when selecting a material for a specific 
application. For example, they consider properties of material such as density, ultimate 
strength, flexibility, machinability, durability, thermal expansion, electrical and thermal 
conductivity, and resistance to corrosion. They also consider the cost of the material 
and how easily it can be repaired. Engineers are always searching for ways to use ad­
vanced materials to make products lighter and stronger for different applications. 

In this chapter, we also look more closely at materials that are commonly used in 
various engineering applications. We discuss some of the basic physical characteristics 
of materials that are considered in design. We examine solid materials, such as metals 
and their alloys, plastics, glass, and wood, and those that solidify over time, such as con­
crete. We also investigate in more detail basic fluids, such as air and water, that not only 
are needed to sustain life, but also play important roles in engineering. Did you ever stop 
to think about the important role that air plays in food processing, driving power tools, 
or in your car's tire to provide a cushiony ride? You may not think of water as an engi­
neering material either, but we not only need water to live, among other applications, 
we also need water to generate electricity in stearn and hydroelectric power plants, and 
we use high pressurized water, which functions like a saw, to cut materials. The main 
topics discussed in Chapter 14 are 

*Materials were adapted with permission from Engineering Fllndamentals by Moaveni (2002) . 
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14.2 Material Selection 

Section 14.1 Engineering Design Process 

14.3 Electrical , Mechanical, and Thermophysical Properties of Materials 
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14.4 Common Solid Engineering Materials (light metals, copper and its alloys, iron 
and steel, concrete, wood, plastics, glass, composite materials) 

14.5 Common Fluid Materials (air and water) 

14.1 ENGINEERING DESIGN PROCESS 

Let us begin by emphasizing what we said earlier about what engineers do. Engineers 
apply physical laws, chemical laws and principles, and mathematics to design millions of 
products and selvices that we use in our everyday lives. These products include cars, com­
puters, aircraft, clothing, toys, home appliances, surgical equipment, heating and cool­
ing equipment, health care devices, tools and machines that make various products, and 
so on. Engineers consider important factors such as cost, efficiency, reliability, and safety 
when designing the products. Engineers perform tests to make certain that the products 
they design withstand various loads and conditions. Engineers are continuously search­
ing for ways to improve already existing products as well. Engineers continuously de­
velop new advanced materials to make products lighter and stronger for different 
applications. Let us now look more closely at what constitutes the design process. These 
are the basic steps that engineers, regardless of their background, follow to arrive at 
solutions to problems. The steps include 

1. recognizing the need for a product or a service 

2. defining and understanding the problem (the need) completely 
3. doing preliminary research and preparation 
4. conceptualizing ideas for possible solutions 

S. synthesizing the findings 
6. evaluating good ideas in more detail 
7. optimizing solutions to arrive at the best possible solution 
8. presenting the final solution 

Keep in mind that these steps, which we will discuss soon, are not independent of 
one another and do not necessarily follow one another in the order they are presented. 
In fact, engineers often need to return to steps 1 and2 when clients decide to change de­
sign parameters. Quite often, engineers are also required to give oral and written progress 
reports on a regular basis. Therefore, be aware that even though we listed presenting the 
final solution as step 8, it could well be an integral part of many other design steps. Let 
us now take a closer look at each step, starting with the need for a product or a service. 

Step 1. Recogniz ing the need for a product or a service. All you have to do is look 
around to realize the large number of products and services-designed by engineers­
that you use every day. Most often we take these products and services for granted 
until , for some reason, there is an interruption in the services they provide. Some of 
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these existing products are constantly being modified to take advantage of new tech­
nologies. For example, cars and home appliances are constantly being redesigned to 
incorporate new technologies. In addition to the products and services already in use, 
new products are being developed every day for the purpose of making our lives more 
comfortable, more pleasurable, and less laborious. There is also that old saying that 
every time someone complains about a situation, or about a task, or curses a product, 
right there is an opportunity for a product or a service. As you can tell , the need for 
products and services exists; what one needs to do is to identify them. The need may 
be identified by you, the company that you may eventually (or already) work for, or 
by a third-party client that needs a solution to a problem or a new product to make 
what they do easier and more efficient. 

Step 2. Defining and understanding fhe problem. One of the first things you need to do 
as a design engineer is to fully understand the problem. This is the most important step 
in any design process. If you do not have a good grasp of what the problem is or of what 
the client wants, you will not come up with a solution that is relevant to the need of the 
client. The best way to fully understand a problem is by asking many questions. You 
may ask the client questions such as 

How much money are you willing to spend on this project? 

Are there restrictions on the size or the type of materials that can be used? 

When do you need the product or the service? 

How many of these products do you need? 

Questions often lead to more questions that will better define the problem. Moreover, 
keep in mind that engineers generally work in a team environment where they consult 
each other to solve complex problems. They divide up the task into smaller, manageable 
problems among themselves; consequently, productive engineers must be good team 
players. Good interpersonal and communication skills are increasingly important now 
because of the global market. You need to make sure you clearly understand yom por­
tion of the problem and how it fits with the other problems. For example, various parts 
of a product could be made by different companies located in different states or coun­
tries. In order to assure that all components fit and work well together, cooperation and 
coordination are essential, which demands good teamwork and strong communication 
skills. Make sme you understand the problem, and make sure that the problem is well 
defined before you move on to the next step. This point cannot be emphasized enough. 
Good problem solvers are those who first fully understand what the problem is. 

Step 3. Doing preliminary research and preparation. Once you fully understand the 
problem, as a next step you need to collect useful information. Generally speaking, a 
good place to start is by searching to determine if a product already exists that closely 
meets the need of your client. Perhaps a product, or components of a product, already 
have been developed by yom company that you could modify to meet the need. You do 
not want to reinvent the wheel! As mentioned earlier, depending on the scope of project, 
some projects require collaboration with other companies, so you need to find out what 
is available through these other companies as well. Try to collect as much information 
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as you can. This is where you spend lots of time not only with the client, but also with 
other engineers and technicians. Internet search engines are becoming increasingly 
important tools to search for such information. Once you have collected all pertinent 
information , you must then review it and organize the information in a suitable manner. 

Step 4. Conceptualizing ideas for possible solutions. During this phase of design you 
need to generate some ideas or concepts that could offer reasonable solutions to your 
problem. In other words, without performing any detailed analysis, you need to come 
up with some possible ways of solving the problem. You need to be creative and perhaps 
develop several alternative solutions. At this stage of design, you do not need to rule out 
any reasonable working concept. If the problem consists of a complex system, you need 
to identify the components of the system. You do not need to look at details of each 
possible solution yet, but you need to perform enough analysis to see whether the con­
cepts that you are proposing have merits. Simply stated, you need to ask yourself the fol­
lowing question: Would the concepts be likely to work if they were pursued further? 
ll1roughout the design process, you must also learn to budget your time. Good engineers 
have time management skills that enable them to work productively and efficiently. You 
must learn to create a milestone chart detailing your time plan for completing the pro­
ject. You need to show the time periods and the corresponding tasks that are to be per­
formed during these time periods. 

Step S. Synthesizing the findings. Good engineers have a firm grasp of the fundamen­
tal principles of engineering, which they can use to solve many different problems. 
Good engineers are analytical , detail-oriented, and creative. During this stage of de­
sign, you begin to consider details. You need to perform calculations, run computer 
models , narrow down the materials to be used, size the components of the system, and 
answer questions about how the product is going to be fabricated. You will consult per­
tinent codes and standards, and make sure that your design will be in compliance with 
them. 

Step 6. Evaluating good ideas. Analyze the problem in more detail. You may have to 
identify critical design parameters and consider their influence in your final design. At 
this stage, you need to make sure that all calculations are performed correctly. If there 
are some uncertainties in your analysis, you must perform experimental investigation. 
When possible , working models must be created and tested. At this stage of the design 
procedure, the best solution must be identified from alternatives. Details of how the 
product is to be fabricated must be fully worked out. 

Step 7. Optimizing solutions. Optimization means minimization or maximization. There 
are two broad types of design: a functional design and an optimized design. A func­
tional design is one that meets all of the preestablished design requirements, but allows 
for improvement to be made in certain areas of design. We discuss design optimization 
in Chapter 15. 

Step 8. Presenting the final solution. Now that you have a final solution, you need to 
communicate your solution to the client, who may be your boss, another group within 
your company, or an outside customer. You may have to prepare not only an oral pre­
sentation but also a written report. A reminder again-although we have listed the 
presentation as step 8 of the design process, quite often engineers are required to give 
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oral and written progress reports on a regular basis to various groups. Consequently, 
presentation could well be an integral part of many other design steps. 

14.2 MATERIAL SELECTION 

Design engineers, when faced with selecting materials for their products, often ask ques­
tions such as 

How strong will the material be when subjected to an expected load? 

Would it fail , and ifnot, how safely would the material carry the load? 

How would the material behave if its temperature were changed? 

Would the material remain as strong as it would under normal conditions if its 
temperature is increased? 

How much would it expand when its temperature is increased? 

How heavy and flexible is the material? 

What are its energy absorbing properties? 

Would the material corrode? 

How would it react in the presence of some chemicals? 

How expensive is the material? 

Would it dissipate heat effectively? 

Would the material act as a conductor or as an insulator to the flow of electric­
ity? 

It is important to note that we have posed only a few generic questions; we could 
have asked additional questions had we considered the specifics of the application. For 
example, when selecting materials for implants in bioengineering applications, one must 
consider many additional factors , including 

Is the material toxic to the body? 

Can the material be sterilized? 

When the material comes into contact with body fluid, will it corrode or deterio­
rate? 

Because the human body is a dynamic system, we should also ask how the material 
would react to mechanical shock and fatigue? 

Are the mechanical properties of the implant material compatible with those of 
bone to ensure appropriate stress distributions at contact surfaces? 

These are examples of additional specific questions that one could ask to find suit­
able material for a specific application. 

By now it should be clear that material properties and material cost are important 
design factors. In general, mechanical and thermophysical properties of a material 
depend on its phase. For example, as you know from your everyday experience, the 
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density of ice is different from liquid water (the ice cubes float in liquid water) , and the 
density of liquid water is different from that of steam. Moreover, the properties of a 
material in a single phase could depend on its temperature and the surrounding pres­
sure. For example, if you were to look up the density of liquid water in the temperature 
range of, say, 4° C to 100° C, under standard atmospheric pressure, you would find that 
its density decreases with increasing temperature in that range. Therefore, properties of 
materials depend not only on their phase but also on their temperature and pressure. 
1l1is is another important fact to keep in mind when selecting materials. 

14.3 ELECTRICAL, MECHANICAL, AND THERMOPHYSICAL 
PROPERTIES OF MATERIALS 

As we have been explaining up to this point, when selecting a material for an applica­
tion, as an engineer you need to consider a number of material properties. In general , 
the properties of a material may be divided into three groups: electrical, mechanical , and 
thermal properties. In electrical and electronic applications, the electrical resistivity of 
materials is important. How much resistance to flow of electricity does the material 
offer? In many mechanical , civil , and aerospace engineering applications, the mechan­
ical properties of materials are important. These properties include modulus of elastic­
ity, modulus of rigidity, tensile strength, compression strength, the strength-to-weight 
ratio, modulus of resilience, and modulus of toughness. In applications dealing with flu­
ids (liquids and gases) , thermophysical properties such as thermal conductivity, heat ca­
pacity, viscosity, vapor pressure, and compressibility are important properties. Thermal 
expansion of a material , whether solid or fluid , is also an important design factor. Re­
sistance to corrosion is another important factor that must be considered when select­
ing materials. 

Material properties depend on many factors, including how the material was 
processed, its age , its exact chemical composition , and any nonhomogeneity or defect 
within the material. Material properties also change with temperature and time as the 
material ages. Most companies that sell materials will provide upon request information 
on the important properties of their manufactured materials. Keep in mind that when 
practicing as an engineer, you should use the manufacturer's material property values 
in your design calculations. The property values given in this and other textbooks should 
be used as typical values-not as exact values. 

Electric~d resistivity-The value of electrical resistivity is a measure of resistance 
of material to flow of electricity. For example , plastics and ceramics typically 
have high resistivity, whereas metals typically have low resistivity, and among 
the best conductors of electricity are silver and copper. 

Density-Density is defined as mass per unit volume; it is a measure of how com­
pact the material is for a given volume. For example, the average density of alu­
minum alloys is 2700 kg/m3, and compared to steel density of 7850 kg/m3, 

aluminum has a density which is approximately 1/3 of the density of steel. 
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Modulus of elasticity (Young's Illodulus)-Modulus of elasticity is a measure of 
how easily a material will stretch when pulled (subject to a tensile force) or how 
well the material will shorten when pushed (subject to a compressive force). The 
larger the value of the modulus of elasticity is, the larger the required force would 
be to stretch or shOTten the material. For example, the modulus of elasticity of 
aluminum alloy is in the range of70 to 79 GPa, whereas steel has a modulus of elas­
ticity in the range of 190 to 210 GPa; therefore, steel is approximately three times 
stiffer than aluminum alloys. 

Modulus of rigidity (shcar Illodulus)-Modulus of rigidity is a measure of how 
easily a material can be twisted or sheared. The value of modulus of rigidly, also 
called shear modulus, shows the resistance of a given material to shear deforma­
tion. Engineers consider the value of shear modulus when selecting materials for 
shafts or rods that are subjected to twisting torques. For example, the modulus of 
rigidity or shear modulus for aluminum alloys is in the range of 26 to 36 GPa, 
whereas the shear modulus for steel is in the range of75 to 80 GPa. Therefore, steel 
is approximately three times more rigid in shear than aluminum. 

Tcnsilc strcngth-The tensile strength of a piece of material is detelmined by mea­
sm-ing the maximum tensile load a material specimen in the shape of a rectangu­
lar bar or cylinder can carry without failure. The tensile strength or ultimate 
strength of a material is expressed as the maximum tensile force per unit cross­
sectional area of the specimen. When a material specimen is tested for its strength , 
the applied tensile load is increased slowly. In the very beginning of the test, the 
material will deform elastically, meaning that if the load is removed, the material 
will return to its original size and shape without any permanent deformation. The 
point to which the material exhibits this elastic behavior is called the yield point. 
The yield strength represents the maximum load that the material can carry with­
out any permanent deformation. In certain engineering design applications (es­
pecially involving brittle materials), the yield strength is used as the tensile strength. 

COlllprcssion strength-Some materials are stronger in compression than they are 
ill tension; concrete is a good example. The compression strength of a piece of 
material is determined by measuring the maximum compressive load a material 
specimen in the shape cube or cylinder can carry without failure. The ultimate 
compressive strength of a material is expressed as the maximum compressive force 
per unit cross-sectional area of the specimen. Concrete has a compressive strength 
in the range of 10 to 70 MPa. 

Modulus of rcsilience-Modulus of resilience is a mechanical property of a mate­
rial that shows how effective the material is in absorbing mechanical energy with­
out going through any permanent damage. 

1\'lodulus of toughncss-Modulus of toughness is a mechanical property of a 
material that indicates the ability of the material to handle overloading before it 
fractures. 

Strcngth-to-wcight mtio-As the term implies, it is the ratio of strength of the ma­
terial to its specific weight (weight of the material per unit volume). Based on the 
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application , engineers use either the yield or the ultimate strength of the material 
when determining the strength-to-weight ratio of a material. 

Thermal expansion-The coefficient of linear expansion can be used to determine 
the change in the length (per original length) of a material that would occur if the 
temperature of the material were changed. This is an important material property 
to consider when designing products and structures that are expected to experience 
a relatively large temperature swing during their service lives. 

Thermal COlldllctil'ity-Thermal conductivity is a property of material that shows 
how good the material is in transferring thermal energy (heat) from a high tem­
perature region to a low temperature region within the material. 

Heat cnpacity-Some materials are better than others in storing thermal energy. 
The value of heat capacity represents the amount of thermal energy required to 
raise the temperature 1 kilogram mass of a material by 1°C or using U.S. Cus­
tomary units, the amount of thermal energy required to raise one pound mass of 
a material by 1 oF. Materials with large heat capacity values are good at storing 
thermal energy. 

Viscosity, vapor pressure, and bulk modulus of compressibility are additional fluid 
properties that engineers consider in design. 

Viscosity-The value of viscosity of a fluid represents a measure of how easily the 
given fluid can flow. The higher the viscosity value is, the more resistance the fluid 
offers to flow. For example, it requires less energy to transport water in a pipe 
than it does to transport motor oil or glycerin. 

Vllpor pressurc--Under the same conditions, fluids with low vapor pressure val­
ues will not evaporate as quickly as those with high values of vapor pressure. For 
example, if you were to leave a pan of water and a pan of glycerin side by side in 
a room, the water will evaporate and leave the pan long before you would notice 
any changes in the level of glycerin. 

Hulk modulus of compressibility-A fluid bulk modulus represents how com­
pressible the fluid is. How easily can one reduce the volume of the fluid when 
the fluid pressure is increased? For example, it would take a pressure of 
2.24 X 107 N/m2 to reduce 1 m3 volume of water by 1 %, or said another way, to 
final volume of 0.99 m3• 

In this section , we explained the meaning and significance of some of the physical 
properties of materials. Mechanical and thermophysical properties of some materials are 
given in Appendices A and B. In the following sections, we examine the application 
and chemical composition of some common engineering materials. 

14.4 COMMON SOLID ENGINEERING MATERIALS 

In this section we will briefly examine the chemical composition and common applica­
tion of some solid materials. We will discuss light metals, copper and its alloys, iron and 
steel , concrete, wood, plastics, silicon, glass, and composite materials. Most of you may 
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have already taken a class in materials science and have an in-depth knowledge of atomic 
structure of various materials. Here our intent is to provide a quick review to materials 
and their applications. 

Lightweight Metals 

Aluminum, titanium, and magnesium, because of their small densities (relative to steel) , 
are commonly referred to as lightweight metals. Because of their relatively high strength­
to-weight ratios, lightweight metals are used in many structural and aerospace applica­
tions. 

Alumillum and its alloys have densities that are approximately 1/3 the density of 
steel. Pure aluminum is very soft; thus it is generally used in electronics applications 
and in making reflectors and foils. Because pure aluminum is soft and has a relatively 
small tensile strength, it is alloyed with other metals to make it stronger, easier to weld, 
and to increase its resistance to corrosive environments. Aluminum is commonly al­
loyed with copper (Cu) , Zinc (Zn), magnesium (Mg), manganese (Mn), Silicon (Si) , 
and lithium (Li). Generally speaking, aluminum and its alloys resist corrosion; they are 
easy to mill and cut, and can be brazed or welded. Aluminum parts can also be joined 
using adhesives. They are good conductors of electricity and heat, and thus have rela­
tively high thermal conductivity and low electrical resistance values. American National 
Standards Institute (ANSI) assigns designation numbers to specify aluminum alloys. 

Aluminum is fabricated in sheets, plates, foil , rod, and wire, and is extruded into 
window frames or automotive parts. You are already familiar with everyday examples 
of common aluminum products, including beverage cans, household aluminum foil , 
non-rust staples in tea bags, building insulation , and so on. 

Titallium has an excellent strength-to-weight ratio. Titanium is used in applications 
where relatively high temperatures exceeding 400°C up to 600°C are expected. Tita­
nium alloys are used in the fan blades and the compressor blades of the gas turbine en­
gines of commercial and military airplanes. In fact , without the use of titanium alloys, 
the engines on the commercial aiIplanes would have not been possible. Like aluminum, 
titanium is alloyed with other metals to improve its properties. Titanium alloys show 
excellent resistance to corrosion. Titanium is quite expensive compared to aluminum. 
It is heavier than aluminum, having a density which is roughly! that of steel. Because 
of their relatively high strength-to-weight ratios, titanium alloys are used in both com­
mercial and military airplane airframes (fuselage and wings) and landing gear compo­
nents. Titanium alloys are becoming a metal of choice in many products; you can find 
them in golf clubs, bicycle frames , tennis racquets, and spectacle frames. Because of 
their excellent corrosion resistance, titanium alloys have been used in the tubing used 
in desalination plants as well. Titanium hips and other joints are examples of other ap­
plications where titanium is currently being used. 

Magllesium is another lightweight metal that looks like aluminum. It has a silvery 
white appearance, but it is lighter than aluminum, having a density of approximately of 
1700 kg/m3. Pure magnesium does not provide good strength for structural applications 
and because of this, it is alloyed with other elements such as aluminum, manganese , and 
zinc to improve its mechanical characteristics. Magnesium and its alloys are used in 
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nuclear applications, in drycell batteries, and in aerospace applications and some auto­
mobile parts as sacrificial anodes to protect other metals from corrosion. 

Copper and Its Alloys 

Copper is a good conductor of electricity and because of this property is commonly used 
in many electrical applications, including home wiring. Copper and many of its alloys are 
also good conductors of heat , and this thermal property makes copper a good choice for 
heat exchanger applications in air conditioning and refrigeration systems. Copper alloys 
are also used as tubes, pipes, and fittings in plumbing and heating applications. Copper 
is alloyed with zinc, tin , aluminum, nickel , and other elements to modify its properties. 
When copper is alloyed with zinc, it is commonly called brass. The mechanical proper­
ties of brass depend on the exact composition of percent copper and percent zinc. Bronze 
is an alloy of copper and tin. Copper is also alloyed with aluminum, referred to as 
aluminum bronze. Copper and its alloys are also used in water tubes, heat exchangers, 
hydraulic brake lines, pumps, and screws. 

Iron and Steel 

Steel is a common material that is used in the framework of buildings, bridges, the body 
of appliances such as refrigerators , ovens, dishwashers, washers and dryers, and cook­
ing utensils. Steel is an alloy of iron with approximately 2% or less carbon. Pure iron is 
soft and thus not good for structural applications, but the addition of even a small amount 
of carbon to iron hardens it and gives steel better mechanical properties, such as greater 
strength. The properties of steel can be modified by adding other elements such as 
chromium, nickel , manganese , silicon , and tungsten. For example, chromium is used to 
increase the resistance of steel to corrosion. In general , steel can be classified into three 
broad groups: (1) the carbon steels containing approximately 0.015% to 2% carbon, 
(2) low-alloy steels having a maximum of 8% alloying elements, and (3) high-alloy steels 
containing more than 8% of alloying elements. Carbon steels constitute most of the 
world's steel consumption; thus, you will commonly find them in the body of appliances 
and cars. The low-alloy steels have good strength and are commonly used as machine 
or tool parts and as structural members. The high-alloy steels such as stainless steels 
could contain approximately 10% to 30% chromium and could contain up to 35% nickel. 
The 18/8 stainless steels, which contain 18% chromium and 8% nickel, are commonly 
used for tableware and kitchenware products. Finally, cast iron is also an alloy of iron 
that has 2% to 4% carbon. Note that the addition of extra carbon to the iron changes 
its properties completely. In fact , cast iron is a brittle material , whereas most iron alloys 
containing less than 2% carbon are ductile. 

Concrete 

Today concrete is commonly used in construction of roads, bridges, buildings, tunnels, 
and dams. What is normally called concrete consists of three main ingredients: aggregate, 
cement, and water. Aggregate refers to materials such as gravel and sand, and cement 
refers to the bonding material that holds the aggregates together. The type and size 
(fine to coarse) of aggregate used in making concrete varies depending on application. 
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The amount of water used in making concrete could also influence the strength of con­
crete. Of course , the mixtme must have enough water so that the concrete can be poured 
and have a consistent cement paste that completely wraps around all aggregates. The 
ratio of amount of cement to aggregate used in making concrete also affects the strength 
and durability of concrete. Another factor that could influence the cured strength of 
concrete is the temperature of its surrounding when concrete is poured. Calcium chlo­
ride is added to cement when the concrete is poured in cold climates. The addition of 
calcium chloride will accelerate the curing process to counteract the effect of low tem­
perature of the surrounding. You may have also noticed as you walk by newly poured 
concrete for driveways or sidewalks that water is sprayed onto the concrete for some time 
after it is poured. This is to control the rate of contraction of concrete as it sets. 

Concrete is a brittle material , which can support compressive loads much better 
than it does tensile loads. Because of this, concrete is commonly reinforced with steel bars 
or steel mesh that consist of thin metal rods to increase its load bearing capacity, espe­
cially in the sections where tensile stress are expected. Concrete is poured into forms that 
contain the metal mesh or steel bars. Reinforced concrete is used in foundations, floors , 
walls, and columns. Another common construction practice is the use of precast concrete. 
Precast concrete slabs, blocks, and structural members are fabricated in less time with 
less cost in factory settings where SUiTOllllding conditions are controlled. The precast con­
crete parts are then moved to the construction site and are erected at site. This practice 
saves time and money. As we mentioned above, concrete has a higher compressive 
strength than tensile strength. Because of this, concrete is also prestressed in the fol­
lowing manner. Before concrete is poured into forms that have the steel rods or wires, 
the steel rods or wires are stretched; after the concrete has been poured and after enough 
time has elapsed, the tension in the rods or wires is released. This process, in turn, com­
presses the concrete. The prestressed concrete then acts as a compressed spring, which 
will become uncompressed under the action of tensile loading. Therefore, the prestressed 
concrete section will not experience any tensile stress until the section has been com­
pletely uncompressed. It is important to note once again the reason for this practice is 
that concrete is weak under tension. 

Wood 

Throughout history, wood, because of its abundance in many parts of the world, has 
been a material of choice for many applications. 'Vood is a renewable source, and be­
cause of its ease of workability and its strength, it has been used to make many prod­
ucts. Today, wood is used in a variety of products ranging from telephone poles to 
toothpicks. Common examples of wood products include hardwood flooring , roof 
trusses, furniture frames , \vall supports, doors, decorative items, window frames , trim­
ming in luxury cars, tongue depressors, clothespins, baseball bats, bowling pins, fishing 
rods, and wine barrels. Wood is also the main ingredient that is used to make various 
paper products. Whereas a steel structural member is susceptible to rust , wood , on the 
other hand, is prone to fire , termites, and rotting. Wood is anisotropic material, mean­
ing that its properties are direction-dependent. For example, as you may already know, 
under axial loading (when pulled) , wood is stronger in a direction parallel to a grain 
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than it is in a direction across the grain. However, wood is stronger in a direction nor­
mal to the grain when it is bent. The propel1ies of wood also depend on its moisture con­
tent; the lower the moisture content, the stronger the wood is. Density of wood is 
generally a good indication of how strong the wood is. As a rule of thumb, the higher 
the density of wood, the higher its strength. Moreover, any defects, such as knots, would 
affect the load carrying capacity of wood. Of course, the location of the knot and the ex­
tent of defect will directly affect its strength. 

Timber is commonly classified as softwood and hardwood. Softwood timber is 
made from trees that have cones (coniferous) , such as pine, spruce , and Douglas fir. 
Hardwood timber is made from trees that have broad leaves or have flowers. Exam­
ples of hardwoods include walnut, maple, oak, and beech. This classification of wood into 
softwood and hardwood should be used with caution, because there are some hard­
wood timbers that are softer than softwoods. 

Plastics 

In the later part of the 20th century, plastics have become increasingly the material of 
choice for many applications. They are very lightweight, strong, inexpensive, and eas­
ily made into various shapes. Over 100 million metric tons of plastic are produced an­
nually worldwide. Of course this number increases as the demand for inexpensive, 
durable, disposable material grows. Most of you are already familiar with examples of 
plastic products, including grocery and trash bags, plastic soft drink containers, home 
cleaning containers, vinyl sidings, polyvinyl chloride (PVC) piping, valves, and fittings 
that are readily available in home improvement centers. Styrofoam™ plates and cups 
and plastic forks, knives, spoons, and sandwich bags are other examples of plastic prod­
ucts that are consumed every day. 

Polymers are the backbones of what we call plastics. They are chemical com­
pounds that have very large molecular chainlike structures. Plastics are often classified 
into two categories: thermoplastics and thermosellillg. When heated to certain tempera­
tures, the thermoplastics can be molded and remolded. For example, when you recycle 
Styrofoam dishes, they can be heated and reshaped into cups or bowls or other shaped 
dishes. By contrast, thermosets can not be remolded into other shapes by heating. The 
application of heat to thermosets does not soften the material for remolding; instead, 
the material will simply break down. There are many other ways of classifying plastics; 
for instance, they may be classified on the basis of their chemical composition, molecu­
lar structure, or the way molecules are arranged or their densities. For example, based 
on their chemical composition, polyethylene , polypropylene, polyvinyl chloride, and 
polystyrene are the most commonly produced plastics. A grocery bag is an example of a 
product made from high-density polyethylene (HOPE). However, note that in a 
broader sense, for example, polyethylene and polystyrene are thermoplastics. In gen­
eral , the way molecules of a plastic are arranged will influence its mechanical and ther­
mal properties. Plastics have relatively small thermal and electrical conductivity values. 
Some plastic materials, such as Styrofoam cups, are designed to have air trapped in them 
to reduce the heat conduction even more. Plastics are easily colored by using various 
metal oxides. For example, titanium oxide and zinc oxide are used to give a plastic sheet 
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its white color. Carbon is used to give plastic sheets their black color, as is the case in 
black trash bags. Depending on an application, other additives are also added to the 
polymers to obtain specific characteristics such as rigidity, flexibility, enhanced strength, 
or a longer life span that excludes any change in the appearance or mechanical proper­
ties of the plastic over time. As with other materials, research is being performed every 
day to make plastics stronger and more durable and to control its aging process, to make 
plastics less susceptible to sun damage , and to control water and gas diffusion through 
them. The latter is especially important when the goal is to add shelf life to food that is 
wrapped in plastics. 

Silicon 

Silicon is a nonmetallic chemical element that is used quite extensively in the manufac­
turing of transistors, and various electronic and computer chips. Pure silicon is not found 
in nature; it is found in the form of silicon dioxide in sands and rocks or found com­
bined with other elements such as aluminum or calcium or sodium or magnesium in the 
form commonly referred to as silicates. Silicon, because of its atomic structure, is an ex­
cellent semiconductor. A semiconductor is a material whose electrical conductivity prop­
erties can be changed to act either as a conductor of electricity or as an insulator 
(preventing electricity flow). Silicon is also used as an alloying element with other ele­
ments, such as iron and copper, to give steel and brass certain desired characteristics. 
Make sure not to confuse silicon with silicones, which are synthetic compounds con­
sisting of silicon, oxygen, carbon , and hydrogen. You find silicones in lubricants, var­
nishes, and waterproofing products. 

Glass 

Glass is commonly used in products such as windows, light bulbs, TV CRT tubes, house­
wares such as drinking glasses, chemical containers, beverage and beer containers, and 
decorative items. The composition of the glass depends on its application. The most 
widely used form of glass is soda-lime-silica glass. The materials used in making soda­
lime-silica glass include sand (silicon dioxide) , limestone (calcium carbonate), and soda 
ash (sodium carbonate). Other materials are added to create desired characteristics for 
specific applications. For example, bottle glass contains approximately 2% aluminum 
oxide, and glass sheets contain about 4% magnesium oxide. Metallic oxides are also 
added to give glass various colors. For example, silver oxide gives glass a yellowish stain , 
and copper oxide gives glass its bluish, greenish color, depending on the amount added 
to the composition of glass. Optical glasses have very specific chemical compositions 
and are quite expensive. The composition of optical glass will influence its refractive 
index and its light dispersion properties. Glass that is made completely from silica (sili­
con dioxide) has properties that are sought after by many industries, such as fiber optics, 
but it is quite expensive to manufacture because the sand has to be heated to tempera­
tures exceeding 1700°C. Silica glass has a low coefficient of thermal expansion, high 
electrical resistivity, and high transparency to ultraviolet light. Because silica glass has a 
low coefficient of thermal expansion, it can be used in high-temperature applications. 
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Ordinary glass has a relatively high coefficient of thermal expansion; therefore, 
when its temperature is changed suddenly, it could break easily due to thermal stresses 
developed by the temperature rise. Cookware glass contains boric oxide and aluminum 
oxide to reduce its coefficient of thermal expansion. 

Fiberglass. Silica glass fibers are commonly used in fiber optics, the branch of 
science that deals with transmitting data, voice, and images through thin glass or plas­
tic fibers. Every day, copper wires are being replaced by transparent glass fibers in 
telecommunications to connect computers together in networks. TIle glass fibers typi­
cally have an outer diameter of 0.125 mm (12 micron) with an inner transmitting core 
diameter of 0.01 mm (10 micron). Infrared light signals in the wavelength ranges of 0.8 
to 0.9 m or 1.3 to 1.6 m; wavelengths are generated by light-emitting diodes or semi­
conductor lasers and travel through the inner core of glass fiber. The optical signals gen­
erated in this manner can travel to distances as far as 100 km without any need to amplify 
the optical signals again. Plastic fibers made of polymethylmethacrylate, polystyrene, or 
polycarbonate are also used in fiber optics. These plastic fibers are in general cheaper 
and more flexible than glass fibers. But when compared to glass fibers , plastic fibers re­
quire more amplification of signals due to their greater optical losses. They are gener­
ally used in networking computers in a building. 

Composites 

Because of their light weight and good strength, composite materials are becoming in­
creasingly the materials of choice for a number of products and aerospace applications. 
Today you will find composite materials in military planes, helicopters, satellites, com­
mercial planes, fast-food restaurant tables and chairs, and many sporting goods. They 
are also commonly used to repair bodies of automobiles. In comparison to conventional 
materials, such as metals , composite materials can be lighter and stronger. For this rea­
son, composite materials are used extensively in aerospace applications. Composites 
are created by combining two or more solid materials to make a new material that has 
properties that are superior to those of individual components. Composite materials 
consist of two main ingredients: matrix material and fib ers. Fibers are embedded in ma­
trix materials, such as aluminum or other metals, plastics, or ceramics. Glass, graphite, 
and silicon carbide fibers are examples of fibers used in construction of composite ma­
terials. The strength of fibers is increased when embedded in a matrix material, and the 
composite material created in this manner is lighter and stronger. Moreover, in a single 
material, once a crack starts due to either excessive loading or imperfections in the ma­
terial , the crack will propagate to the point of failure. On the other hand, in a compos­
ite material , if one or a few fibers fail , it does not necessarily lead to failure of other 
fibers or the material as a whole. Furthermore, the fibers in a composite material can 
be oriented in a certain direction or many directions to offer more strength in the di­
rection of expected loads. Therefore, composite materials are designed for specific load 
applications. For instance, if the expected load is uniaxial , meaning that it is applied in 
a single direction, then all the fibers are aligned in the direction of the expected load. 
For applications expecting multidirection loads, the fibers are aligned in different di­
rections to make the material equally strong in various directions. 
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Depending upon what type of host matrix matel1al is used in creating the composite 
material, the composites may be classified into three classes: (1) polymer-matrix com­
posites, (2) metal-matrix composites, and (3) ceramic-matrix composites. We discussed 
the characteristics of matrix materials earlier when we covered metals and plastics. 

14.5 SOME COMMON FLUID MATERIALS 

Fluid refers to both liquids and gases. Air and water are among the most abundant flu­
ids on earth. They are important in sustaining life and are used in many engineering ap­
plications. We briefly discuss them next. 

Air 

'Ve all need air and water to sustain life. Because air is readily available to us, it is also 
used in engineering as a cooling and heating medium in food processing, in controlling 
thermal comfort in buildings, as a controlling medium to turn equipment on and off, 
and to drive power tools. Understanding the properties of air and how it behaves is im­
pOitant in many engineering applications, including understanding the lift and the drag 
forces. Better understanding of how air behaves under certain conditions leads to de­
sign of better planes and automobiles. The earth's atmosphere , which we refer to as air, 
is a mL'I(tme of approximately 78% nitrogen, 21 % oxygen, and less than 1 % argon. Small 
amounts of other gases are present in earth's atmosphere, as shown in Table 14.1. 

There are other gases present in the atmosphere , including carbon dioxide , sulfur 
dioxide, and nitrogen oxide. The atmosphere also contains water vapor. The concen­
tration level of these gases depends on the altitude and geographical location. At higher 
altitudes (10 km to 50 km) , the earth's atmosphere also contains ozone. Even though 
these gases make up a small percentage of earth 's atmosphere, they playa significant role 
in maintaining a thermally comfortable environment for us and other living species. 

TABLE 14.1 The composition of dry air 

Gases 

Nitrogen (N2) 

Oxygen (02) 

Argon (Ar) 

Volume by Percent 

78.084 
20.946 
0.934 

Small amounts of other gases are present in 
atmosphere , including: 
Neon (Ne) 
Helium (He) 
Methane (CH4) 

Krypton (Kr) 
Hydrogen (H2) 

Nitrous oxide (N20) 
Xenon (Xe) 

0.0018 
0.000524 
0.0002 
0.000114 
0.00005 
0.00005 
0.0000087 
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Humidity. There are two common ways of expressing the amount of water vapor 
in air: absolute humidity (or humidity ratio) and relative humidity. The absolllte humid­
ity is defined as the ratio of mass of water vapor in a unit mass of dry air, according to 

mass of water vapor (kg) 
absolute humidity = ( ) 

mass of dry air kg 
(14.1) 

For humans, the level of a comfortable environment is better expressed by relative hu­
midity, which is defined as the ratio of the amount of water vapor or moisture in the air 
to the maximum amount of moisture that air can hold at a given temperature. There­
fore , relative humidity is defined as 

amount of moisture in the air (kg) 
relative humidity = -----------------'-....::...;.---:--~ 

maximum amount of moistme that air can hold (kg) 
(14.2) 

Most people feel comfortable when the relative humidity is around 30% to 50%. The 
higher the temperature of air the more water vapor the air can hold before it is fully sat­
urated. Because of its abundance, air is commonly used in food processing, especially in 
food drying processes to make dried fruits , spaghetti , cereals, and soup mixes. Hot air is 
transported over the food to absorb water vapors and thus remove them from the source. 

Understanding how air behaves at given pressures and temperatures is also im­
pOl'tant when designing cars to overcome air resistance or designing buildings to with­
stand wind loading. 

Water 

You already know that every living thing needs water to sustain life. In addition to drink­
ing water, we also need water for washing, laundry, grooming, cooking, and fire pro­
tection. You may also know that 2/3 of the earth's surface is covered with water, but 
most of this water cannot be consumed directly; it contains salt and other minerals that 
must be removed first. Radiation from the sun evaporates water; water vapors form 
into clouds and eventually, under favorable conditions, water vapors turn into liquid 
water or snow and fall back on land and the ocean. On land, depending on the amount 
of precipitation, part of water infiltrates the soil, part of it may be absorbed by vegeta­
tion, and part runs as streams or rivers and collects into natural reselvoirs called lakes. 
Surface water refers to water in reservoirs, lakes, rivers, and streams. Groundwater, on 
the other hand, refers to the water that has infiltrated the ground; surface and ground 
waters eventually return to the ocean , and the water cycle is completed. As we said ear­
lier, everyone knows that we need water to sustain life, but what you may not realize is 
that water could be thought of as a common engineering material! Water is used in all 
steam-power generating plants to produce electricity. In a power plant, fuel is burned 
in a boiler to generate heat, which in turn is added to liquid water to change its phase 
to steam; steam passes through turbine blades, turning the blades, which in effect runs 
the generator connected to the turbine, creating electricity. The low-pressure steam liq­
uefies in a condenser and is pumped through the boiler again, closing a cycle. 
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Water is also used as a cutting tool. High-pressure water containing abrasive par­
ticles is used to cut marble or metals. Water is commonly used as a cooling or cleaning 
agent in a number of food processing plants and industrial applications. Thus, water is 
not only transported to our homes for our domestic use , but it is also used in many en­
gineering applications. So you see, understanding the properties of water and how it 
can be used to transport thermal energy, or what it takes to transport water from one 
location to the next, is important to mechanical engineers, civil engineers, manufactm­
ing engineers, agricultmal engineers, and so on. 

SUMMARY 

At this point you should 

1. know the basic design steps that all engineers follow, regardless of their back­
ground, to design products and services. These steps are (1) recognizing the 
need for a product or a service, (2) defining and understanding the problem (the 
need) completely, (3) doing the preliminary research and preparation , (4) con­
ceptualizing ideas for possible solutions, (5) synthesizing the results, (6) evaluat­
ing good ideas in more detail , (7) optimizing the solutions to arrive at the best 
possible solution, (8) and presenting the solution. 

2. realize that economics plays an important role in engineering decision making. 

3. understand that engineers select materials for an application based on character­
istics of materials, such as strength, density, corrosion resistance, dmability, tough­
ness , the ease of machining, and manufacturability. Moreover, you need to 
understand that material cost is also an important selection criterion. 

4. be familiar with common applications of basic materials, such as light metals and 
their alloys, steel and its alloys, composite materials, and building materials such 
as concrete, wood, and plastics. 

S. be familiar with the application of fluids , such as air and water, in engineering. 

REFERENCE 

You should also be familial' with the composition of ail' and what the term hu­
midity means. 

Moaveni , Saeed, Engineering Fundamentals, an Introduction to Engineering, Pacific Grove, CA , 
Brooks-Cole, 2002. 

PROBLEMS 

1. Investigate the use of various materials in construction of bicycle fram es. Choose a bike 
fram e and create a finite element model of it. Assume boundary conditions and loading, and 
perform stress analysis of the frame using various materials. Write a report discussing yoUI' 
findings. 
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2. Investigate the use of various ma terials in constructio n of tennis racquets. Choose a tennis 
racquet and create a finite element model o f it. Assume boundmy conditions and load ing, and 
perform stress analysis of the racquet using various materials. Write a report discussing your 
findings. 

3. Investigate the design o f hip implants, including material characteristics. Create a finite ele­
ment model of a hip and perform stress analysis of it. Write a report discussing your findings. 

4. Investigate the design of wooden roof and 11001' trusses. Visit a lumberyard and o btain draw­
ings of a roof, a 1100 1' truss, or both. Make a finite element model, including appropriate load­
ing and boundary conditions for the truss, and perform stress analysis. Write a repor t 
discussing your findings, including appropriate materials that are commonly used. 

5. Investigate the design of aluminum fins in applications dealing with dissipating heat from 
electronic devices. Obtain a heat sink used to cool a PC microprocessor, and generate a fi­
nite element model of it. Make appropriate boundary and heat load assumptions, and look 
at the thermal performance of the heat sink. Write a report discussing your findings , includ­
ing appropriate materials for this application. 

6. Investigate the design of window frames with and without thermal breaks. Generate a finite 
element model of a window frame with and without thermal breaks. Make assumptions for 
appropriate boundary conditions and thermal loads. Write a report discussing your findings. 

7. Visit a hardware store and look at the design of shelf brackets. Create a finite eleme nt mode l 
of a bracket, and perform stress analysis. Make appropriate assumptions for the boundary 
conditions and loading. Write a report discussing your findings. 

8. Investigate the design of sk i lifts. Create a finite element model of a frame used in a sk i lift 
after you have made appropriate assumptions for boundmy conditions and loading. Perform 
stress analysis and write a report discussing your findings. 

9. Generate a model of a tool such as a wrench. Take actual measurements and create a finit e 
element model after you have made appropriate assumptions for the boundary conditions and 
loading. Write a report discussing your findings. 

10. Investigate the design of an exe rcise machine, such as a universal weight machine. Create a 
finite element model of the frame or a component. Perform stress analysis after you have 
made appropriate boundary conditions and loading. Write a report discussing material op­
tions and your other findings. 
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Design Optimization 

The objectives of this chapter are to introduce the basic design optimization ideas and 
the parametric design language of AI\SYS. The main topics discussed in Chapter 15 in­
clude the following: 

15.1 Introduction to Design Optimization 

15.2 The Parametric Design Language of ANSYS 

15.3 Examples of Batch Files 

15.4 An Example of an Optimization Batch File 

15.1 INTRODUCTION TO DESIGN OPTIMIZATION 

Optimization means minimization or maximization. There are two broad types of de­
sign: a functional design and an optimized design. A functional design is one that meets 
all of the preestablish design requirements, but allows for improvements to be made in 
certain areas of the design. To better understand the concept of a functional design, we 
will consider an example. Let us assume that we are to design a lO-foot-tallladder to sup­
port a person who weighs 300 pounds with a certain factor of safety. We will come up 
with a design that consists of a steel ladder that is ten feet tall and can safely support the 
load of 300 Ib at each step. The ladder would cost a certain amount of money. This de­
sign would satisfy all of the requirements, including those of the strength and the size 
and, thus, constitutes a functional design. Before we can consider improving our de­
sign, we need to ask ourselves what criterion should we use to optimize the design? De­
sign optimization is always based on some criterion such as cost, strength, size, weight, 
reliability, noise, or performance. If we use the weight as an optimization criterion, then 
the problem becomes one of minimizing the weight of the ladder. For example, we may 
consider making the ladder from aluminum. We could also perform stress analysis on 
the new ladder to see if we could remove material from certain sections of the ladder 
without compromising the loading and factor of safety requirements. 

Another important fact to keep in mind is that while an engineering system con­
sists of various components, optimizing individual components that make up a system 
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FIGURE 15.1 An optimization procedure. 

does not necessarily lead to an optimized system. For example, consider a thermal-fluid 
system such as a refrigerator. Optimizing the individual components independently­
such as the compressor, the evaporator, or the condenser-with respect to some crite­
rion does not lead to an optimized overall system. 

This chapter presents some basic ideas in design optimization of a component. We 
will focus only on weight as an optimization criterion. Traditionally, improvements in a 
design come from the process of starting with an initial design, performing an analysis, 
looking at results, and deciding whether or not we can improve the initial design. This 
procedure is shown in Figure 15.1. 

In the past few decades, the optimization process has grown into a discipline that 
ranges from linear to nonlinear programming techniques. As is the case with any disci­
pline , the optimization field has its own terminology. We will use the next two examples 
to introduce the fundamental concepts of optimization and its terminology. 

EXAMPLE 15.1 

Assume that you have been asked to look into purchasing some storage tanks for your 
company, and for the purchase of these tanks, you are given a budget of $1 ,680. After 
some research , you find two tank manufacturers that meet your requirements. From 
Manufacturer A , you can purchase 16-ft3-capacity tanks that cost $120 each. Moreover, 
this type of tank requires a floor space of 7.5 ft2. Manufacturer B makes 24-f~-capacity 
tanks that cost $240 each and that require a floor space of 10 ft2. The tanks will be placed 
in a section of a lab that has 90 ft2 of floor space available for storage. You are looking 
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for the greatest storage capability within the budgetary and floor-space limitations. How 
many of each tank (XI> X2) must you purchase? 

First, we need to define the objective function, which is the function that we will 
attempt to minimize or maximize. In this example, we want to maximize storage ca­
pacity. We can represent this requirement mathematically as 

Maximize Z = 16xl + 24x2 

subject to the following constraints: 

(15.1) 

120Xl + 240x2 ::5 1680 (15.2) 
7.5xl + lOx2 ::5 90 (15.3) 

Xl ~ 0 (15.4) 

X2 ~ 0 (15.5) 

In Eq. (15.1), Z is the objective function, while the variables Xl and X2 are called design 
variables. The limitations imposed by the inequalities in (15.2)-(15.5) are referred to as 
a set of constraints. Although there are specific techniques that deal with solving linear 
programming problems (the objective function and constraints are linear), we will solve 
this problem graphically to illustrate some additional concepts. The inequalities in 
(15.2)-(15.5) are plotted in Figure 15.2. 

The shaded region shown in Figure 15.2 is called a feasible solulion region. Every 
point within this region satisfies the constraints. However, our goal is to maximize the 

Feasible solution region 

__ ----------------------~~._----------~Xl 
(0,0) 

FIGURE 15.2 The feasible solution region for Example 15.1. 
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TABLE 15.1 Value of the objective function at the 
cornerpoints of the feasible region 

0,0 
0,7 

12,0 
8,3 

Value of Z = 16x. + 24x2 

o 
168 
192 

200 (max.) 

objective function given by Eq. (15.1). Therefore, we need to move the objective func­
tion over the feasible region and determine where its value is maximized. It can be 
shown that the maximum value of the objective function will occur at one of the cor­
nerpoints of the feasible region. By evaluating the objective function at the cornerpoints 
of the feasible region, we see that the maximum value occurs at Xl = 8 and X2 = 3. This 
evaluation is shown in Table 15.1. 

Thus, we should purchase eight of the 16-ft3 tanks from Manufacturer A and three 
of the 24-ft3 tanks from Manufacturer B to maximize the storage capacity within the 
given constraints. 

Let us now consider a nonlinear example to demonstrate some additional terms. 

EXAMPLE 15.2 

Consider a wooden cantilever beam with rectangular cross section subject to the point 
loads shown in Figure 15.3. To satisfy safety requirements, the average stress in the 
beam is not to exceed a value of 30 MPa. Furthermore, the maximum deflection of the 
beam must be kept under 1 cm. Additional spatial restrictions limit the size of the cross 
section according to the limits 5 cm :5 Xl :5 15 cm and 20 cm :5 x 2 :5 40 cm. We are 
interested in sizing the cross section so that it results in a minimum weight of the beam. 

This problem is modeled by the objective function: 

-, 
( 

o 
o 
o 

( 

II 

.. 

Minimize W = pgxlx2L 

L ~I 

2.5m .. 2.5m 

SOON SOON 

FIGURE 1 S.3 A schematic of the beam in Example 15.2. 

(15.6) 
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Assuming constant material density, the problem then becomes one of minimizing the 
volume: 

The constraints for this problem are 

a max S 30 MPa 

8max S 1 cm 

5 cm S Xl S 15 cm 

20 cm S X2 S 40 cm 

(15.7) 

(15.8) 

(15.9) 

(15.10) 

(15.11) 

For this example, the variables Xl and X2 are called design variables; the a-variable 
for stress and the 8-variable for deflection are called state variables. We will solve this 
problem using ANSYS, but first , let us look at the parametric design language, how to 
create a batch file , and optimization routines of ANSYS. 

15.2 THE PARAMETRIC DESIGN LANGUAGE 
OFANSYS* 

You can define your own variables or choose one of the ANSYS-supplied parameters. 
User-named parameters, however, must adhere to the following rules: (1) User-named 
parameters must consist of one to eight characters and must begin with a letter; (2) a pa­
rameter may be assigned a numeric value, a character value, or another parameter, as 
long as the value of the other parameter is currently known to ANSYS; and (3) para­
meters can be of a scalar type or represent an array of values. Scalar parameters may 
be defined by using the following command: 

utility menu: Paramcters - Scalar P~trmnctcrs 

To use a parameter, input the parameter's name in the field where ANSYS expects a 
value. For example, to assign a modulus of elasticity value of29 X 106 1b/in2 to a machine 
part made of steel, you can define a parameter with the name STEEL and assign a value 
of 2ge6 to it. 

ANSYS allows the user to define up to 400 parameters. You can define character 
parameters by placing the characters in single quotes. For example, if you want to de­
fine a parameter by the name of Element and assign the characters PLANE42 to it , you 
can do so by typing: Element = 'PLANE 42'. You can obtain predefined parameters by 
using the following commands: 

utility menu: Parmncters - Get Scalar Data - Paramctcrs 

*Materials were adapted with permission from ANSYS documents. 
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You can also use thousands of ANSYS-supplied values as parameters. For example, 
you can retrieve nodal coordinates, node numbers , nodal displacements, nodal stresses, 
an element volume, and so on, and assign them to parameters. You can access the 
ANSYS-supplied parameters by using the command 

utility menu: Parameters -- Get Scalar Data 

or by using the command 

utility menu: Parameters -- Get Vector Data 

You can list the parameters that have been defined by using the following command: 

utility menu: List -- Status -- Parameters -- Named Parameters 

You can use already-defined parameters to form an expression-for example: 
Area = Length '" Width. When using parametric expressions in a command field, use 
parentheses to force operations to occur in the desired order. ANSYS also offers built­
in functions that are a set of mathematical operations that return a single value. Examples 
include SIN, COS, LOG, EXp, SQRT, ABS. To make use of these functions, use the 
following command: 

utility menu: Parameters -- Array Operations -- Vector Functions 

Once you define the model in terms of design parameters, then you can run 
ANSYS's design-optimization routines interactively with the Graphical User Interface 
or by using a batch file. The batch mode is generally preferable because it offers a much 
quicker way to perform analyses. Up to this point, we have been running ANSYS in­
teractively using the GUl. Using a text editor, you can also create an ANSYS batch file 
with all of the necessary commands to generate a model. The batch file is then submit­
ted to ANSYS as a batch job. The usual procedure for design optimization consists of 
the following eight main steps: 

1. Create an analysis file to be used during looping. You begin by initializing the de­
sign variables, building the model parametrically, and obtaining a solution. You 
then need to retrieve and assign to parameters the values that will be used as 
state variables and objective functions. 

2. Enter OPT and specify the analysis file. At this point, you are ready to enter the 
OPT processor to begin optimization. 

3. Declare optimization variables. Here, you define the objective function and spec­
ify which variables are design variables and which are state variables. ANSYS al­
lows you to define only one objective function. You can use up to 60 design 
variables and up to 100 state variables in your model. 

4. Choose an optimization procedure. The ANSYS program offers several different 
optimization procedures. The procedures are divided into methods and tools. The 
optimization methods of ANSYS deal with minimizing a single objective function. 
On the other hand, the optimization tools are techniques to measure and under­
stand the design space of a problem. For a complete list of procedures available 
with ANSYS, along with the relevant theory behind each procedure, see ANSYS 
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online documents. You can also supply your own external procedure to ANSYS 
to be used during the optimization phase. 

5. Specify optimization looping controls. Here, you specify the maximum number of 
iterations to be used with an optimization procedure. 

6. Initiate optimization analysis. 
7. Review the resulting design sets and postprocess results. 

Throughout the book, up to this point , we have explained how to use ANSYS in­
teractively. We now introduce the required steps to create a batch file. We then create 
a batch file for Example 15.2, and using this problem, we demonstrate the optimization 
steps. 

Batch Files 

You may recall from studying Chapter 8 that when you first enter ANSYS, you are at 
the Begin Level. From the Begin level , you can enter one of the ANSYS processors. 
Commands that give you entry to a processor always start with a slash (I) . For example, 
the IPREP7 command gives general access to the ANSYS preprocessor. You gain ac­
cess to the general postprocessor by issuing the command IPOST1. To move from one 
processor to another, you must first return to the Begin Level by exiting the processor 
you are currently in. Only then can you access another processor. To leave a processor 
and return to the Begin Level , you must issue the FINISH command. 

The fundamental tool used to enter data and control the ANSYS program is the 
command. Some commands can be used only at certain places in your batch file , while 
others may be used in other processors. For example, you cannot use the IPREP7 model­
generating commands in other processors. The command format consists of one or more 
fields separated by commas. The first field always contains the command name. A com­
mand argument may be skipped by not specifying any data between the commas. In 
such cases, ANSYS substitutes the default data for the argument. 

For long programs and to keep track of the flow of the batch file , you can docu­
ment the batch file by placing comments within the file. A comment is indicated by ex­
clamation mark (!) , and thus, information beyond the exclamation point is interpreted 
as comments by ANSYS. Now, we will use the following examples to show how to cre­
ate batch files. To better understand batch files , you are encouraged to duplicate the 
following batch files on your own. 

15.3 EXAMPLES OF BATCH FILES 

Use a plain text editor (without formats) to create your batch files. Note that ANSYS 
commands are case insensitive. After you have created a batch file , you can run it using 
ANSYS's Hatch option or by using the Interactive option. If you decide to use the In­
teractive option then issue the following command: 

utility menu: File ~ Read Input From . .. 
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then choose the text file (batch file) which contains the ANSYS commands. After run­
ning a batch file , see filename.out for output information. If you need more information 
about how to utilize a command, use ANSYS's Help menu. 

Chapter 3, Example 3.1 

rritle, Chapter 3, Example 3.1 

IPrep7 !To begin preprocessing (define the model) 

Et, 1, link1 !Element type, 2-d truss element 

R, 1, 8 !Real constant, the value of area for this problem 

Mp, ex, 1, 1.ge6 

Mp, nuxy, 1, .3 

N, l , O, O 

N, 2,36, ° 
N, 3, 0, 36 

N, 4, 36,36 

N, 5, 72, 36 

IPnum, node, 1 

Nplot 

E , 1, 2 

E, 2, 3 

E, 3, 4 

E, 2, 4 

E, 2, 5 

E, 4, 5 

IPnum, elem, 1 

Eplot 

Finish 

/Solu 

D,l , all, 0 

D, 3, all , ° 
F, 4, fy, -500 

F, 5, fy, -500 

IPbc, all , l 

Eplot 

Solve 

Finish 

!Material property, Modulus of Elasticity 

!Material property, Poisson's ratio 

!Node 1 at 0, ° 
!Node 2 at 36, ° 
!Node 3 at 0, 36 

!Node 4 at 36,36 

!Node 5 at 72, 36 

!Show numbers of the nodes for displays 

!Plot the nodes 

!Element 1 defined by nodes 1 and 2 

!E1ement 2 defined by nodes 2 and 3 

!Element 3 defined by nodes 3 and 4 

!E1ement 4 defined by nodes 2 and 4 

!E1ement 5 defined by nodes 2 and5 

!Element 6 defined by nodes 4 and 5 

!Show numbers of the elements for displays 

!Plot the elements 

!Exit Prep7 processor 

!To begin the solution phase 

!Displacement of node 1 in all directions is zero 

!Displacement of node 3 in all directions is zero 

!A force of 500 Ib at node 4 in the negative y-dir. 

!A force of 500 Ib at node 5 in the negative y-dir. 

!Show boundary conditions for displays 

!Plot the elements (model) with the boundary conditions 

!Solve 

!Exit the Solution processor 
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IPostl 

Etable, axforce, smisc, 1 

Etable, axstress, Is, 1 

IPbc, all , l 

pldisp, l 

Ple tab, axstress 

Prnsol, u, comp 

Prrsol 

Pretab 

Finish 

IEOF 

!To begin postprocessing 

!Make an element table containing axial forces 

!Make an element table containing axial stresses 

!Plot the deformed shape 

!Plot the axial stresses 

!Print nodal displacements 

!Print reaction forces (solution) 

! Print element table results 

!Exit the general postprocessor 

!End of File 

An edited version of the output is shown next. 

***** POSTl NODAL DEGREE OF FREEDOM LISTING ***** 

LOAD STEP= 1 SUBSTEP= 1 
TIME= 1.0000 LOAD CASE= 0 

THE FOLLOWING DEGREE OF FREEDOM RESULTS ARE IN GLOBAL 
COORDINATES 

NODE 
1 
2 
3 
4 
5 

UX 
0.0000 
-0.35526E-02 
0.0000 
0.11842E-02 
0.23684E-02 

UY 
0.0000 
-0.102S2E-Ol 
0.0000 
-0.11436E-01 
-O.l9522E-01 

MAXIMUM ABSOLUTE VALUES 
NODE 2 5 0 5 

UZ 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

VALUE -0.35526E-02-0.19522E-Ol 0.0000 0.19665E-01 

***** POSTl TOTAL REACfION SOLUTION LISTING ***** 

LOAD STEP= 1 SUBSTEP= 1 
TIME= 1.0000 LOAD CASE= 0 
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THE FOLLOWING X,Y,Z SOLUTIONS ARE IN GLOBAL COORDINATES 

NODE 
1 
3 

FX 
lS00.0 
lS00.0 

TOTAL VALUES 

FY 
0.0000 
1000.0 

VALUE 0.22737E-121000.0 

***** POSTI ELEMENT TABLE LISTING ***** 

STAT CURRENT CURRENT 
ELEM AXFORCE AXSTRESS 

1 -lS00.0 -187.S0 
2 1414.2 176.78 
3 SOO.OO 62.S00 
4 -SOO.OO -62.S00 
S -707.11 -88.388 
6 SOO.OO 62.S00 

MINIMUM VALUES 
ELEM 1 1 
VALUE -1500.0 -187.50 

MAXIMUM VALUES 
ELEM 2 2 
VALUE 1414.2 176.78 

Chapter 4, Example 4.5 

(fitle, Chapter 4, Example 4.5 

!Prep7 

Et, 1, 3 

D 

R, 1, 7.6S , 204, 12.22 

Mp, ex, 1, 30e6 

!Real constant, area , area moment of inertia, beam height 

MP, Nuxy, 1, .3 

N, 1, 0, 108 

N, 2, 120, 108 

N, 3, 120, 0 

/pnum, node, 1 

Nplot 

E , 1, 2 
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E, 2, 3 

IPnum, elem, 1 

Eplot 

Finish 

ISolu 

D , 1, all, a 
D , 3, all , a 
P, 1,2,66.67" 

IPbc, all, 1 

Solve 

Finish 

IPostl 

!Distributed load of 66.67 Ib/in 

Etable, maxstress,nmisc, 1,3 !Make an element table containing maximum stresses 

Nlist 

Elist 

Rlist 

Mplist 

Prnsol, u, comp 

Prrsol 

Pretab 

IPbc, all, 1 

Pldisp, l 

Finish 

IEOF 

An edited version of the output is shown next. 
***** POST! NODAL DEGREE OF FREEDOM LISTING ***** 

LOAD STEP= 1 SUBSTEP= 1 
TIME= 1.0000 LOAD CASE= a 

THE FOLLOWING DEGREE OF FREEDOM RESULTS ARE IN GLOBAL 
COORDINATES 

NODE 
10.0000 
2 -0.28459E-03 
30.0000 

UX 
0.0000 
-0.16359E-02 
0.0000 

UY 
0.0000 
0.0000 
0.0000 

UZ 
0.0000 
O.l6605E-02 
0.0000 

***** POST! TOTAL REACTION SOLUTION T.TSTING***** 
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LOAD STEP= 1 SUBSTEP= 1 
TIME= 1.0000 LOAD CASE= 0 

THE FOLLOWING X, Y, Z SOLUTIONS ARE IN GLOBAL COORDINATES 

NODE FX FY MZ 
1 544.29 4524.0 0.10235E+06 
3 -544.29 3476.4 19296. 

TOTAL VALUES 
VALUE 0.0000 8000.4 O.12164E+06 

***** POST! ELEMENT TABLE LISTING ***** 

STAT 
ELEM 

1 
2 

CURRENT 
MAXSTRES 
2994.3 
728.26 

Chapter 6, Example 6.4 

ffITLE , Chapter 6, Example 6.4 
IPrep7 

ET, 1, 32 

ET, 2, 34 

R, 1, 1 

R, 2, 1 

!1-D conduction element 

!1-D convection element 

!Real constant, Unit area 

o 

MP, KXX, 1, 0.08 !Material Property, the value of thermal conductivity in the 
first layer 

MP, KXX, 2, 0.074 

MP, KXX, 3, 0.72 

MP, HF, 1, 40 

N, l ,O,O 

N, 2,0.05,0 

N, 3,0.2,0 

N, 4,0.3,0 

N, 5,0.3,0 

Ipnum, node, 1 

nplot 

!Material Property, the value of thermal conductivity in the 
second layer 

!Material Property, the value of thermal conductivity in the 
third layer 

!The value of heat transfer coefficient 
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Type,1 

Mat,1 

Real ,1 

E , 1, 2 

Mat ,2 

E,2,3 

Type,l 

Mat,3 

E,3,4 

Type,2 

Real ,2 

Mat,1 

E,4,5 

Ipnum, elem, 1 

Eplot 

Finish 

Isolu 

antype,O,new 

solcontrol,O 

NT, 1, TEMP, 200 

NT, 5, TEMP, 30 

IPbc, all 

Eplot 

solve 

Finish 

IPOSTl 

Nlist 

Elist 

Mplist 

Prnsol 

FINISH 

IE of 

!You need to define the element type before defining elements 

!Material type 1 

!Temperature at node 1 is set at 200 C 

!Convective temperature at node 5 is set at 30 C 
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An edited version of the output is shown next. 

NODE X Y Z 
1 0.0000 0.0000 0.0000 
2 0.50000E-Ol 0.0000 0.0000 
3 0.20000 0.0000 0.0000 
4 0.30000 0.0000 0.0000 
5 0.30000 0.0000 0.0000 

LIST ALL SELECfED ELEMENTS. (LIST NODES) 

ELEM MAT TYP REL NODES 

1 1 1 1 1 2 
2 2 1 1 2 3 
3 3 1 1 3 4 
4 1 2 2 4 5 

***** POST! NODAL DEGREE OF FREEDOM LISTING ***** 

LOAD STEP= 1 SUBSTEP= 1 
TIME= 1.0000 LOAD CASE= 0 

NODE TEMP 
1 200.00 
2 162.27 
,., 

39.894 ~ 

4 31.509 
5 30.000 

Chapter 9, Problem 10 

IPREP7 

ffITLE, Chapter 9, Problem 10 

ET, 1, plane55 !Element Type, PLANE 55 

MP, KXX, 1, 168 !Material Property, Thermal Conductivity 

k, 1, 0, 0 

k, 2, 0, 0.05 

k, 3, 0.1 ,0.05 

k, 4, 0.1 , 0 

D 
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L, 1, 2 

L, 2, 3 

L, 3, 4 

L, 4, 1 

AL, 1, 2, 3, 4 

ESIZE,,10 

AMESH, ALL 

FINISH 

Isolu 

!Defining lines by connecting keypoints 

!Defining an area by connecting lines 1, 2, 3, 4, 5 

!This command defines the number of element divisions 

!This command generates nodes and area elements 

NSEL,S,LOC, X,O.l !Selects a subset of nodes at X=O.l 

D, AII ,Temp,80 

ALLSEL !Selects everything before applying the other boundary 

!condition and solving 

SFL,2,Con v,50,,20 

solve 

FINISH 

IPOSTl 

SET, 1 

plnsol , temp 

prnsol, temp 

FINISH 

leof 

!This command applies the convective boundary condition on 
line2 

!Plot nodal solution 

!Prints nodal solution 

An edited version of the output (partial solution) is shown next. 

***** POSTl NODAL DEGREE OF FREEDOM LISTING ***** 

LOAD STEP= 1 SUBSTEP= 1 
TIME= 1.0000 LOAD CASE= 0 

NODE TEMP 
1 78.410 
2 77.979 
,., 

78.406 oJ 

4 78.393 
5 78.371 
6 78.341 
7 78.302 
8 78.255 
9 78.199 
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10 78.134 
11 78.061 
12 80.000 
13 77.996 
14 78.048 
15 78.135 
16 78.257 
17 78.416 
18 78.612 
19 78.849 
20 79.135 
21 79.478 
22 80.000 
23 80.000 
24 80.000 
25 80.000 
26 80.000 
27 80.000 
28 80.000 
29 80.000 
30 80.000 
31 80.000 
32 79.732 
33 79.474 
34 79.234 
35 79.021 
36 78.836 
37 78.684 
38 78.564 
39 78.479 

Chapter 10, Problem 1 

ffitie , Chapter 10, Problem 1 

length=6. !defining variable length 

height=6. 

radius=.5 

load=-lOOO. 

!PREP7 

ET, 1, plane82 

MP, EX, 1, 30E6 

MP, NUXY, 1, 0.3 

!defining variable height 

!defining variable radius 

!load in psi 

!2-D plane element 

Examples of Batch Files 787 

D 
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K, 1, length, ° 
k, 2, length , height 

K, 3, 0, height 

K, 4, 0, radius 

K, 5, radius, ° 
K, 6, 0, 0 

L, 1, 2 

L, 2, 3 

L, 3, 4 

!defining keypoints 

!defining the lines connecting the keypoints 

LARC, 4, 5, 6, radius !defining a circular arc 

!Larc, PI , P2, Pc, Rad 

!Pl: Keypoint at one end of circular arc line 

!P2: Keypoint at other end of circular arc line 

!Pc: Keypoint defining plane of arc and center of curvature side 

!Rad: Radius of CUivature of the arc 

L, 5, 1 
AL, 1, 2, 3, 4, 5 

ESIZE,,6 
AMESH, ALL 

!defining an area by connecting lines 1, 2, 3, 4, 5 

!This command defines the number of element divisions 

!This command meshes the area and generates nodes and 
area elements 

FINISH 

Isolu 

dl , 3, 1, symm !This command specifies symmetry surfaces on a line seg­
ment 

!ell, line, area, lab 
!Iine: line number 

!area: area (number) containing the line 

!lab: symmetry label 

dl , 5, 1, symm 

nsel, x, length, length 

sf, all , pres, load 

nail 
solve 

FINISH 

IPOSTl 

SET, 1 

!This command selects subset of nodes 

!This command is used to define a pressure load 
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/pnum, kpoi , 1 

/pnum, line , 1 

/pnum, element, 1 

/WIND, 1, LTOP 

kplot 

INOERASE 

/WIND, 1, OFF 

/wind, 2, rtop 

Iplot 

/wind, 2, off 

/WIND, 3, Ibot 

eplot 

/wind, 3, off 

/wind, 4, rbot 

/pnum, element, 0 

plnsol, s, x 

nsel, x, 0, 0 

Prnsol, s, camp 

FINISH 

lEaf 

Chapter 11, Example 11.7 

IPrep7 

!Window 1 at left top corner 

!Overlays displays 

!TURN WINDOW 1 OFF 

!Window 2 at right top corner 

!Window 3 at left bottom 

!Plots the nodal solution 

!Prints the nodal solution result 

ffitle, Chapter 11, Example 11.7 

ET,I ,3 

Mp, Ex, 1, 30e6 

Mp, Prxy, 1, 0.3 

Mp, Dens, 1, 0.000732 !Density=weight/(area*length*g)=26/(12)(32.2)(7.65)(12) 

R, 1, 7.65, 204, 12.22 

R, 2, 7.68, 301, 15.69 

N, 1, 0, 0 

N, 2, 0, 180 

N, 3, 240, 180 

N, 4, 240, 0 

E, 1,2 

D 
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Real,2 

E,2, 3 

Real , 1 

E,3, 4 

Finish 

!Analysis type, modal 

ISolu 

antype,modal,new 

Modopt, lanb,6 !Modal (solution) options, Block LanclOS method, Number of 
modes to extract 

D, 1, all,O 

D, 3, all, a 
Solve 

Finish 

IPostl 

Set,list 

finish 

leof 

!Node 1 is fixed (ze ro displacement) 

!Node 3 is fixed 

!Defines the data set to be read and list from the results file 

Chapter 13, Problem 6 (partial solution, without the eight holes) 

IPrep7 

ffitle , Chapter 13, Problem 6 

K,l,O,l !Keypoint 1 at x=O and y=l 

K,2,10,1 !Keypoint 2 at x=lO and y=l 

o 

Kgen , 2, all",O,l,O !The Kgen command generates additional keypoints from 
!an existing pattern 

!kgen, Itime, Npl , Np2, Ninc, DX, DY, DZ,Kinc, Noelem, Imove 
!Itime: number of sets to be generated including the original set 
!Npl , Np2, Ninc: set of key points defining pattern to be copied 
!If Npl=all, Np2 and Ninc are ignored and the pattern is all selected keypoints 
!DX, DY, DZ: geometric increments in active coordinate system between sets 
!Kinc: keypoint increment between generated sets. 
!Noelem: specifies if elements and nodes are also to be generated; 
!O-generate them; I-do not generate 
!Imove: specifies whether keypoints will be moved or newly defined. 

K,,5.25,2 !When keypoint number is left blank, the lowest avail­
able number is used 



K" 6.75 , 2 

Kge n, 2, -2",0, 4, ° 
K,, 2,6 

K" 9, 6 

Kgen , 2, -2", 0, 1, ° 
IPnulll , kpoi , 1 

kplot 
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!Plot keypoints 

L, I , 2 !Defines a line between two keypoints 

L,2,4 

L, 4, 6 

L,6,S 

L,S,10 

L, 10, 12 

L, 12, 11 

L, 11,9 

L, 9, 7 

L, 7, 5 

L, 5, 3 

L,3, 1 

Ipnulll, line, 1 

Lplot 

Lfillt , 9, 10, .S 

!Plot lines 

!Generates a fill e t line be tween two intersecting lines 

!Lfillt,NI1 ,NI2,Rad,Pcent 

INn: number of the first intersecting line 

!NI2: number of the second intersecting line 

lRad: radius of the fille t 

!Pcent: number to be assigned to generated keypoint at fillet arc center 

Lfillt, 11, 10, .S 

Lfillt, 3, 4, .7 

Lfillt, 5, 4, .7 

Lplot 

kgen, 2,1, 2" 0, -1, ° 
kplot 
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arotat, 1, 2, 3, 15, 4, 16, 22, 21 , 360 !Arotat generates areas by rotating a line pattern 
about an axis 

!Arotat,NIl ,NI2,NI3,NI4,I\15,NI6,Paxl ,Pax2,Arc 

!NIl ,NI2, ... ,NI6: list of lines (maximum of 6 lines) to be rotated 

!Paxl ,Pax2: keypoints defining the axis about which the line pattern is to be 
rotated 

!Arc: Arc length in degrees 

arotat, 5, 6, 7, 8, 9, 13, 22, 21 , 360 

arotat, 10, 14, 11 , 12", 22, 21 , 360 

nummrg, kpoi 

Iview, 1, 5, 2, 5 

!View,\Vn,Xv,Yv,Zv 

!Wn: Window number 

!Merges keypoints 

! Defines the viewing direction 

!Xv,Yv,Zv: The object is viewed along the line from point XV,Yv,Zv in the global co­
ords to global origin 

aplot 

finish 

leof 

15.4 AN EXAMPLE OF AN OPTIMIZATION BATCH FILES 

We will now solve Example 15.2 using ANSYS. The batch file is as follows: 

/PREP7 ! Gain access to the preprocessor 

Initialize design variable parameters: 

XI=2.0 
X2=3.0 

Initialize variable Xl, the width of the cross section 
Initialize variable X2, the height of the cross section 

D 



Section 15.4 An Example of An Optimization Batch Files 793 

Define element type, area, area mOlllent of inertia: 

ET,l,BEA}13 Define element type; two-dimensional beam element selected 
(ET=Element Type, element reference number=l) 

~~EA=Xl*X2 Define the beam's cross-sectional area 
IZZ=(X~*(X2**3»/12 ! Second moment of the area about the Z-axi~ 

Assign real constants, Inodulus of elasticity: 

R,l,AREA,IZZ,X2 

MP,EX,1,30E6 

Assign area, area moment of inertia, cross­
sectional height 
(R=Real Constant-designating geometry properties 
such as area, area moment of inertia, real constant 
reference number=l) 
Assign value of the modulus of elasticity 
(MP=Material Property, EX=modulus of elasticity, 
material reference number=l, value of modulus of 
elasticity) 

Create tile geometry of tile problem: 

N,l,O,O Define node 
N,2,2.5,0 Define node 
N,3,5.0,0 Define node 
E,l,2 Define element 1 as 
E,2,3 Define element 2 as 
FINISH Return to the Begin 

1 
2 
3 

at location X=O, Y=O 
at location X=2.5, y=o 
at location X=5.0, y=o 

having node 1 and node 2 
having node 2 and node 3 
Level to access other processors 

Apply boundary conditions, apply loading, and obtain solution: 

/SOLU 

ANTYPE,STATIC 
D,l,~.LL,O 

F,2,FY,500 
F,3,FY,500 
SOLVE 
FINISH 

! Enter the Solver processor 

Analysis type is static 
Apply boundary conditions; all displacements at node 1 
are zero 
Apply 500 lb at node 2 in the positive Y-direction 
Apply 500 lb at node 3 in the positive Y-direction 
Solve the problem 
Return to the Begin Level to access other processors 

Retrieve results parametrically: 

/POSTl 
NSORT,U,Y 
*GET, DELTAMAX, SORT, ,1-iAX 

ET~~LE,VOLU,VOLU 

ETABLE,SNAX_I,NNISC,l 

ET~~LE, SMAX_J,NNISC, 3 

SSUN 
*GET, VOLUNE, SSUl1, ITEH, VOLU 

Enter postprocessing 
Sort nodes based on UY deflection 
Assign DELT~ .. M~.x = maximum deflection 
VOLU = volume of each element 

SMAX_I maximum stress at end I of each 
element 
maximum stress at end J of each 
element 

Parameter VOLUNE total volume 
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*GET,SMAXI,SORT"MAX 
ESORT,ETAB,SM~J"l 

*GET,SMAXJ,SORT"MAX 
SMAX=SMAXI>SMAXJ 

FINISH 

Sorts elements based on absolute value of 
SMAX_I 
Parameter S~I = maximum value of SMAX_I 
Sorts elements based on absolute value of 
SMAX_J 
Parameter SMAX_J = maximum value of SMAX_J 
Parameter SMAX = the greater of SMAXI and 
SMAXJ 

Establish parameters for optimization: 

I OPT 
OPVAR,X1,DV,0.05,0.15 

OPVAR,X2,DV,0.2,0.4 

OPVAR,DELTAMAX,SV,O,O.Ol 

OPVAR,SMAX,SV,0,30000000 

OPVAR, VOLUME,OBJ 
OPTYPE,SUBP 
OPSUBP, 100 
OPEXE 
OPTYPE,SWEEP 
OPSVIEEP, BEST, 5 
OPEXE 
FINISH 

Parameter Xl is a design variable 
(See Eq. (15.10)) 
Parameter X2 is a design variable 
(See Eq. (15.11)) 
Parameter DELTAMAX is a state variable 
(See Eq. (15.9)) 
Parameter SMAX is a state variable 
(See Eq. (15.8)) 
VOLUME is the objective function 
Use subproblem approximation method 
Maximum number of iterations 
Initiate optimization 
Svleep evaluation tool 
5 evaluations per DV at best design set 
Initiate optimization looping 

The optimization procedure used in the problem we just solved included the subprob­
lem approximation method, which is an advanced zero-order method, and the sweep­
generation technique, which varies one design variable at a time over its full range using 
uniform design variable increments. 

An edited version of the output is shown next. 
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***** ANSYS F~ALYSIS DEFINITION (PREP7) ***** 

PARF.METER Xl 0 . 1000000 

PARF .. NETER X2 0.3000000 

ELENENT TYPE 1 IS BEAl'I3 2-D ELASTIC BEAl1 
KEYOPT(1-12) = 0 0 0 0 0 0 0 0 0 0 0 0 

t:UJ{J{EN'l' NUlJAL lJU~· ~I!.·l' l~ UX UY J{UT£; 

T\·JO-DINENSIONAL HODEL 

PARF.METER AREA = O.3000000E-01 

PARF.METER IZZ = O.2250000E-03 

REAL CONSTANT SET 1 ITEHS 1 TO 6 
O.30000E-01 O. 22500E-03 0 . 30000 O. O. O. 

NATERIAL 1 EX = O.1300000E+11 

NODE 1 KCS 0 X,Y,Z= O. O. O. 

NODE 2 KCS 0 X,Y,Z= 2.5000 O. O. 

NODE 3 KCS 0 X,Y,Z= 5.0000 O. O. 

ELEHENT 1 1 2 

ELEHENT 2 2 3 

***** ROUTINE COHPLETED ***** CP 0 . 551 
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***** ANSYS SOLUTION ROUTINE 

PERFORl1 A STATIC ANALYSIS 
THIS WILL BE A NEI'l ANALYSIS 

***** 

SPECIFIED CONSTRAINT UX FOR SELECTED NODES 1 TO 1 
BY 1 
REAL= O. IMAG= O. 
ADDITIONAL DOFS= UY ROTZ 

SPECIFIED NODAL LOAD FY FOR SELECTED NODES 2 TO 2 
BY 1 

REAL= 500.000000 IMAG= O. 

SPECIFIED NODAL LOAD FY FOR SELECTED NODES 3 TO 3 
BY 1 

REAL= 500.000000 IMAG= O. 

****** ANSYS SOLVE COMMAND ***** 

SOL UTI 0 N 0 P T ION S 

PROBLEM DIMENSIONALITY ......... 2-D 
DEGREES OF FREEDOI1.... UX UY ROTZ 
ANALYSIS TYPE .............. STATIC (STE~~Y-STATE) 

LOA D S T E POP T ION S 

LOAD STEP NUMBER .............. 1 
TIME AT END OF THE LOAD STEP ..... 1.0000 
NUI-IBER OF SUBSTEPS............ 1 
STEP CHANGE BOUNDARY CONDITIONS ....... NO 

PRINT OUTPUT CONTROLS .......... NO PRINTOUT 
DATABASE OUTPUT CONTROLS .......... ALL DATA I'IRITTEN 

FOR THE LAST SUB STEP 
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***** ANSYS RESULTS INTERPRETATION (POST1) ***** 

SORT ON ITEI1=U COI1PONENT=Y ORDER= 0 KABS= 0 NMAX= 3 

SORT COHPLETED FOR 3 VALUES. 

*GET DELTAl1AX FROI1 SORT ITEl1=l1AX VALUE= O. 934829060E-02 

STORE VOLU FROI1 ITEI1=VOLU FOR ALL SELECTED ELEMENTS 

STORE SHA}CI FROI1 ITEH=NI1IS COI1P= 1 FOR ALL SELECTED ELEHENTS 

STORE SHA}CJ FROI1 ITE11=NI1IS COl1P= 3 FOR ALL SELECTED ELEHENTS 

SUH ALL THE ACTIVE ENTRIES IN THE ELEMENT TABLE 

TABLE LABEL TOTAL 
VOLU 0.150000 
SMAX_I 0.333333E+07 
SMAX_J 833333. 

*GET VOLUME FROI1 SSUH ITEM=ITE11 VOLU VALUE= 0.150000000 

SORT ON ITEl1=ETAB COMPONENT=Sl1AX ORDER= 0 KABS= 1 NMAX= 2 

SORT COMPLETED FOR 2 VALUES. 

*GET SMAXI FROH SORT ITEM=MAX VALUE= 2500000.00 

SORT ON ITEH=ETAB COHPONENT=Sl1AX ORDER= 0 KABS= 1 NHAX= 2 

SORT COHPLETED FOR 2 VALUES. 

*GET SMAXJ FROH SORT ITEM=MAX VALUE= 833333.333 

PARAMETER SMAX = 2500000. 

EXIT THE ANSYS POST1 DATABASE PROCESSOR 
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***** ANSYS OPTIIHZATION ANALYSIS (OPT) ***** 

9 Parameters exist and design set No. 1 is established. 

DV NAME= Xl MIN= O.SOOOOE-Ol MAX= 0.15000 TOLER= 0.10000E-02 

DV NAME= X2 MIN= 0.20000 MAX= 0.40000 TOLER= 0.20000E-02 

SV NAME= DELTAMAX MIN= O. MAX= 0.10000E-01 TOLER= 0.10000E-03 

SV NAME= SI1AX MIN= O. MAX= 0.30000E+08 TOLER= 0.30000E+06 

Default OBJ tolerance set to 0.01* (CURRENT P~IETER VALUE) = 1.SE-03. 

OBJ NAHE= VOLUME TOLER= 0.lS000E-02 

ACTIVE OPTH-lIZATION IS THE SUBPROBLEM APPROXIMATION METHOD 

SUBPROBLEM APPROXIMATION OPTIMIZATION WILL PERFORH A HAXIMUl>1 OF 
100 ITERATIONS 
UPON EXECUTION WITH A MAXIMUM OF 7 SEQUENTIAL INFEASIBLE SOLUTIONS 

RUN OPTIIHZATION (SUBPROBLEM APPROXIMATION) ~vITH A MAXIHUM OF 100 
ITERATIONS 
AND 7 ALLOWED SEQUENTIAL INFEASIBLE SOLUTIONS. 

» BEGIN SUBPROBLEM APPROXIMATION ITERATION 1 OF 100 (MAX) «< 

»»» SOLUTION HAS CONVERGED TO POSSIBLE OPTIHUl1 ««« 
(BASED ON OBJ TOLERANCE BET\·lEEN FINAL TWO DESIGNS) 

FINAL VARIABLES ARE 

SET 6 
(FEASIBLE) 

DELTAHAX(SV) 0.933S1E-02 
SHAX (SV) 0.29249E+07 
Xl (DV) 0.62267E-01 
X2 (DV) 0.35148 
VOLUHE (OBJ) 0.10943 
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***** DESIGN SENSITIVITY SUMMARY TABLE ****** 

VOLUHE DELTAl1AX SI1AX 
Xl 1.690 -0.1304 -0.4032E+08 
X2 U.4~lJ -U. 1Y6YE-Ul -U.l~3JE+OH 

ACTIVE OPTIHIZATION TOOL IS SI·IEEP EVALUATION 

SWEEP OPTIHIZATION TOOL \"ITLL PERFORM 5 ITERATIONS PER DESIGN 
VARIABLE UPON 
EXECUTION ABOUT BEST DESIGN SET BASED ON 2 CURRENT DESIGN VARIABLES 

RUN OPTIHIZATION (SI-IEEP DESIGNS) I-lITH A HAXIHUH OF 10 ITERATIONS 
ABOUT DESIGN SET 6. 

»BEGIN SWEEP ITERATION 1 OF 10 «< 

» >SWEEP SELECTION OPTIMIZATION COMPLETED AFTER 10 ITERATIONS««« 

BEST VARIABLES ARE: 

SET 15 
(FEASIBLE) 

DELTAl1AX (SV) 
SHAX (SV) 
Xl (DV) 
X2 (DV) 
VOLUME (OBJ) 

0.94544E-02 
0.29498E+07 
0.62267E-01 
0.35000 
0.10897 

*** EXIT FROM ANSYS DESIGN OPTIMIZATION (/OPT) 

***** ROUTINE COMPLETED ***** CP = 4.035 

***** END OF INPUT ENCOUNTERED ***** 

NUHBER OF WARNING MESSAGES ENCOUNTERED= 0 
NUNBER OF ERROR MESSAGES ENCOUNTERED= 0 

*** 

799 

The above ANSYS output should give you a good idea of the steps that the program fol­
lows to move toward an optimized solution. 
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SUMMARY 

At this point you should 

1. have a good understanding of the fundamental concepts in design optimization , 
including the definitions of objective function , constraints, state variables, and 
design variables. You should also know what is meant by a feasible solution 
region. 

2. know how to define and retrieve user-defined and ANSYS-supplied parameters. 

3. know the basic steps involved in the optimization process of ANSYS. 

4. be familiar with the creation of batch files. 
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PROBLEMS 

1. Solve Problem 9 in Chapter 3 using a batch file. 

2. Solve Problem IS in Chapter 3 using a batch file. 

3. Solve Problem 7 in Chapter 4 using a batch file. 

4. Solve Problem IS in Chapter 4 using a batch file. 

S. Solve Problem 22 in Chapter 4 using a batch file. 

6. Solve Problem 7 in Chapter 6 using a batch file . 

7. Solve Problem 12 in Clwptcr 9 using a batch file. 

8. Solve Problem 17 in Chapter 9 using a batch file. 
9. Solve Problem 5 in Chnpterl0 using n batch file. 

10. Solve Problem 17 in Chapter 11 using a batch file. 

11. Solve Problem 18 in Chapler II using a balch file. 

12. Solve Problem 4 in Chapter 13 using a batch file. 
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Thermophysical Properties 
of Some Materials 

Thennophysical Properties of Some Materials (at room temperature or at the specified temperature) (SI units) 

Density Specific Thennal 
Material (kglm3) Heat (Jlkg' K) Conductivity (W/m' K) 

Aluminum (alloy 1100) 2740 896 221 
Asphalt 2110 920 0.74 
Cement 1920 670 0.029 
Clay 1000 920 
Concrete (stone) 2300 653 1.0 
Fireclay Brick 1790@373K 829 1.0@473 K 
Glass (soda lime) 2470 750 1.0@366K 
Glass (lead) 4280 490 1.4 
Glass (pyrex) 2230 840 1.0@366K 
Iron (cast) 7210 500 47.7@327K 
Iron (wrought) 7700@373K 60.4 
Paper 930 1300 0.13 
Soilt 2050 1840 0.5 
Steel (mild) 7830 500 45.3 
Wood (ash) 690 0.172@323 K 
Wood (mahogany) 550 0.13 
Wood (0<1k) 750 2390 0.176 
Wood (pine) 430 0.11 

t Reference : Incropera, E, and Dewitt D., Flllldamell/a/s of He{/( alld Mass Trallsfer, 4th cd., New York, John Wiley and Sons, 1996. 
Refcrence:ASHRAE Halldbook: Flllldamellla/ VO/llme, American Society of Heating, Refrigerating, and Air·Conditioning Engineers, 
Atlanta, 1993. 
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Properties of Common Line 
and Area Shapes 

TABLE C.l Centroids of line segments. 

Arc Segment 

~ :\'_ r sina 

I~ 
x . - a 

~ 
Quarter and semicircular Arcs 

f~-~-(~ 
2r x=-
'IT 

2r Y=-
'IT 
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TABLE C.2 Centroids and second moments of area of common shapes. 

Shape Centroid Area Moments of Inertia 

y 

P\ I = I = 71',4 
x y 4 

----
x 71',4 c l c=T 

~ 
71',4 

4, Ix = IY=8 
y=-

371' 71',4 
1=-

x c 4 

Yb- 71',4 

Tc ~ 4, Ix = IY=16 

, . - x=y= 37r 
4 

~x ~ x 
I = 71" 

c 8 

Y _a-! 

n a+b bIl3 
X=-- Ix=U 3 

~" " bIl3 rt
- I ~ 1 c·- = 

Y="3 Ix = 36 
Y x 

I+-- b ----+I t 

bh3 

B-----c----l: 
1=-x 3 

bIl3 
---- I·,=U 

I. b .1 
I =~ (b 2 + ,,2) 

c 12 
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TABLE C.3 Mass moments of inertia of common shapes. 

1 2 
Iy = Iz = 12I1lL 

x 

Thin disk 
y 

I =~lI/r2 
.t 2 

I = I = ! mr2 y z 

x 
z 

I = ~lIlr2 x 2 

I = I = ~1I/(3r2 + L2) y z 12 

x 

111in Plate 
1 I = -m(b2 + L2) x 12 

I = ~mL2 y 12 

x I =...!..l11b2 
t z 12 

A rectangular bar 
y 1 Ix = 12 lI/(b2 + L 2) 

1 (' , Iy = 12m L-+ 0-) 

x I = ~ 11/(02 + b2) z 12 z 

I = I = I = l. mr2 x y z 5 



A P PEN D x D 

Geometrical Properties 
of Structural Steel Shapes 

Wide-flange sections or W shapes 

flange 

Web 
Area Depth thickness width thickness 

A d tw b t/ 

Designation 
. 

in2 in. in. in. in. 

W24 X 104 30.6 24.06 0.500 12.750 0.750 
W24 X 94 27.7 24.31 0.515 9.065 0.875 
W24 X 84 24.7 24.10 0.470 9.020 0.770 
W24 X 76 22.4 23.92 0.440 8.990 0.680 
W24 X 68 20.1 23.73 0.415 8.965 0.585 
W24 X 62 18.2 23.74 0.430 7.040 0.590 
W24 X 55 16.2 23.57 0.395 7.005 0.505 

W18 X 65 19.1 18.35 0.450 7.590 0.750 
W18 X 60 17.6 18.24 0.415 7.555 0.695 
W18 X 65 16.2 18.11 0.390 7.530 0.630 
W18 X 50 14.7 17.99 0.355 7.495 0.570 
W18 X 46 13.5 18.06 0.360 6.060 0.605 
W18 X 40 11.8 17.90 0.315 6.015 0.525 
W18 X 35 10.3 17.70 0.300 6.000 0.425 

W16 X 57 16.8 16.43 0.430 7.120 0.715 
W16 X 50 14.7 16.26 0.380 7.070 0.630 
W16 X 45 13.3 16.13 0.345 7.035 0.565 
W16 X 36 10.6 15.86 0.295 6.985 0.430 
W16 X 31 9.12 15.88 0.275 5.525 0.440 
W16 X 26 7.68 15.69 0.250 5.500 0.345 

W14 X 53 15.6 13.92 0.370 8.060 0.660 
W14 X 43 12.6 13.66 0.305 7.995 0.530 
W14 X 38 11.2 14.10 0.310 6.770 0.515 
W14 X 34 10.0 13.98 0.285 6.745 0.455 
W14 X 30 8.85 13.84 0.270 6.730 0.385 
W14 X 26 7.69 13.91 0.255 5.025 0.420 
W14 X 22 6.49 13.74 0.230 5.000 0.335 

• Reported with a W, then the nominal depth in inches and the weight per foot. 
Source: Mechanics of Materials, 2nd cd., R. C. Hibbler, Macmillan , New York. 

x-x axis 

I S r 

in4 in3 in. 

3100 258 10.1 
2700 222 9.87 
2370 196 9.79 
2100 176 9.69 
1830 154 9.55 
1550 131 9.23 
1350 114 9.11 

1070 117 7.49 
984 lOS 7.47 
890 98.3 7.41 
800 88.9 7.38 
712 78.8 7.25 
612 68.4 7.21 
510 57.6 7.04 

758 92.2 6.72 
659 81.0 6.68 
586 72.7 6.65 
448 56.5 6.51 
375 47.2 6.41 
301 38.4 6.26 

541 77.8 5.89 
428 62.7 5.82 
385 54.6 5.87 
340 48.6 5.83 
291 42.0 5.73 
245 35.3 5.65 
199 29.0 5.54 

y-yaxis 

I S r 

in4 in3 in. 

259 40.7 2.91 
109 24.0 1.98 
94.4 20.9 1.95 
82.5 18.4 1.92 
70.4 15.7 1.87 
34.5 9.80 1.38 
29.1 8.30 1.34 

54.8 14.4 1.69 
50.1 13.3 1.69 
44.9 11.9 1.67 
40.1 10.7 1.65 
22.5 7.43 1.29 
19.1 6.35 1.27 
15.3 5.12 1.22 

43.1 12.1 1.60 
37.2 10.5 1.59 
32.8 9.34 1.57 
24.5 7.00 1.52 
12.4 4.49 1.17 

9.59 3.49 1.12 

57.7 14.3 1.92 
45.2 11.3 1.89 
26.7 7.88 1.55 
23.3 6.91 1.53 
19.6 5.82 1.49 
8.91 3.54 1.08 
7.00 2.80 1.04 
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Wide-flange sections or W shapes 

Area Depth 
A d 

Designat ion 
. 

in2 in. 

W1 2 X 87 25.6 12.53 
W12 X 50 14.7 12.19 
W12 X 45 13.2 12.06 
W12 X 26 7.65 12.22 
W12 X 22 6.48 12.31 
W1 2 X 16 4.7 1 11 .99 
W12 X 14 4.16 11.91 

WIO X 100 29.4 11.10 
W10 X 54 15.8 10.09 
WI0 X 45 13.3 10.10 
WIO X 30 8.84 10.47 
WI0 X 39 11.5 9.92 
WIO X 19 5.62 10.24 
WI0 X 15 4.41 9.99 
WIO X 12 3.54 9.87 

W8 X 67 19.7 9.00 
W8 X 58 17.1 8.75 
W8 X 48 14. 1 8.50 
W8 X 40 11.7 8.25 
W8 X 31 9.13 8.00 
W8 X 24 7.08 7.93 
W8 X 15 4.44 8.1 1 

W6 X 25 7.34 6.38 
W6 X 20 5.87 6.20 
W6 X 15 4.43 5.99 
W6 X 16 4.74 6.28 
W6 X 12 3.55 6.03 
W6 X 9 2.68 5.90 

y 

~ r--H--X 

Flange x-x axis 

Web 
thickness width thickness 

tw b tf I 5 

in. in. in. in4 inl 

0.515 12. 125 0.810 740 11 8 
0.370 8.080 0.640 394 64.7 
0.335 8.045 0.575 350 58.1 
0.230 6.490 0.380 204 33.4 
0.260 4.030 0.425 156 25.4 
0.220 3.990 0.265 103 17.1 
0.200 3.970 0.225 88.6 14.9 

0.680 10.340 I.l 20 623 112 
0.370 10.030 0.615 303 60.0 
0.350 8.020 0.620 248 49.1 
0.300 5.810 0.510 170 32.4 
0.315 7.985 0.530 209 42.1 
0.250 4.020 0.395 96.3 18.8 
0.230 4.000 0.270 68.9 13.8 
0.190 3.960 0.210 53.8 10.9 

0.570 8.280 0.935 272 60.4 
0.510 8.220 0.810 228 52.0 
0.400 8. 110 0.685 184 43.3 
0.360 8.070 0.560 146 35.5 
0.285 7.995 0.435 110 27.5 
0.245 6.495 0.400 82.8 20.9 
0.245 4.015 0.315 48.0 11 .8 

0.320 6.080 0.455 53.4 16.7 
0.260 6.020 0.365 41.4 13.4 
0.230 5.990 0.260 29.1 9.72 
0.260 4.030 0.405 32.1 10.2 
0.230 4.000 0.280 22.1 7.31 
0.170 3.940 0.215 16.4 5.56 

y-yaxis 

r I 5 r 

in. in4 inl in. 

5.38 24 1 39.7 3.07 
5.18 56.3 13.9 1.96 
5.15 50.0 12.4 1.94 
5.17 17.3 5.34 1.51 
4.91 4.66 2.31 0.847 
4.67 2.82 1.41 0.773 
4.62 2.36 1.19 0.753 

4.60 207 40.0 2.65 
4.37 103 20.6 2.56 
4.32 53.4 13.3 2.01 
4.38 16.7 5.75 1.37 
4.27 45.0 11.3 1.98 
4. 14 4.29 2.1 4 0.874 
3.95 2.89 1.45 0.810 
3.90 2.18 1.10 0.785 

3.72 88.6 21.4 2.1 2 
3.65 75.1 18.3 2.10 
3.61 60.9 15.0 2.08 
3.53 49.1 12.2 2.04 
3.47 37.1 9.27 2.02 
3.42 18.3 5.63 1.61 
3.29 3.41 1.70 0.876 

2.70 17.1 5.61 1.52 
2.66 13.3 4.41 1.50 
2.56 9.32 3.11 1.46 
2.60 4.43 2.20 0.966 
2.49 2.99 1.50 0.918 
2.47 2.19 1.11 0.905 
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y 

I" 

x x d 

I •• 

lLJ 
bf 

Amelican standard channels or C shapes 

Flange x-x axis y-yaxis 

Web 
Area Depth thickness width thickness 

A d tw bf tf I S r I S r 

Designation 
. 

in2 in. in. in. in. in4 in3 in. in4 inl in. 

C15 X 50 14.7 15.00 0.716 'X. 3.716 3X 0.650 % 404 53.8 5.24 11.0 3.78 0.867 
C15 X 40 11.8 15.00 0.520 ~ 3.520 3~ 0.650 III 349 46.5 5.44 9.23 3.37 0.886 
C15 X 33.9 9.96 15.00 0.400 ~ 3.400 3~ 0.650 % 315 42.0 5.62 8.13 3.11 0.904 

C12 X 30 8.82 12.00 0.510 ~ 3.170 3~ 0.501 ~ 162 27.0 4.29 5.14 2.06 0.763 
C12 X 25 7.35 12.00 0.387 % 3.047 3 0.501 ~ 144 24.1 4.43 4.47 1.88 0.780 
C12 X 20.7 6.09 12.00 0.282 X. 2.942 3 0.501 ~ 129 21.5 4.61 3.88 1.73 0.799 

ClO X 30 8.82 10.00 0.673 'X. 3.033 3 0.436 y.. 103 20.7 3.42 3.94 1.65 0.669 
ClO X 25 7.35 10.00 0.526 ~ 2.886 2li1 0.436 y.. 91.2 18.2 3.52 3.36 1.48 0.676 
CI0 X 20 5.88 10.00 0.379 % 2.739 2X 0.436 y.. 78.9 15.8 3.66 2.81 1.32 0.692 
ClO X 15.3 4.49 10.00 0.240 X 2.600 2% 0.436 y.. 67.4 13.5 3.87 2.28 1.16 0.713 

C9 X 20 5.88 9.00 0.448 y.. 2.648 2% 0.413 y.. 60.9 13.5 3.22 2.42 1.17 0.642 
C9 X 15 4.41 9.00 0.285 X. 2.485 2~ 0.413 y.. 51.0 11.3 3.40 1.93 1.01 0.661 
C9 X 13.4 3.94 9.00 0.233 X 2.433 2* 0.413 y.. 47.9 10.6 3.48 1.76 0.962 0.669 

C8 X 18.75 5.51 8.00 0.487 ~ 2.527 2~ 0.390 ~ 44.0 11.0 2.82 1.98 1.01 0.599 
C8 X 13.75 4.04 8.00 0.303 X. 2.343 2% 0.390 ~ 36.1 9.03 2.99 1.53 0.854 0.615 
Cl) X 11.:5 3.31> KUU 0.220 X 2.260 2X 0.3\10 * 32.6 K14 3.11 1.32 0 .71>1 0.625 

C7 X 14.75 4.33 7.00 0.419 y.. 2.299 2Y. 0.366 % 27.2 7.78 2.51 1.38 0.779 0.564 
C7 X 12.25 3.60 7.00 0.314 X. 2.194 2Y. 0.366 % 24.2 6.93 2.60 1.17 0.703 0.571 
C7 X 9.8 2.87 7.00 0.210 Yo. 2.090 2~ 0.366 % 21.3 6.08 2.72 0.968 0.625 0.581 

C6 X 13 3.83 6.00 0.437 y.. 2.157 2~ 0.343 X. 17.4 5.80 2.13 1.05 0.642 0.525 
C6 X 10.5 3.09 6.00 0.314 X. 2.034 2 0.343 X. 15.2 5.06 2.22 0.866 0.564 0.529 
C6 X 8.2 2.40 6.00 0.200 Yo. 1.920 llil 0.343 X. 13.1 4.38 2.34 0.693 0.492 0.537 

C5 X 9 2.64 5.00 0.325 X. 1.885 1li1 0.320 X. 8.90 3.56 1.83 0.632 0.450 0.489 
C5 X 6.7 1.97 5.00 0.190 Yo. 1.750 IX 0.320 X. 7.49 3.00 1.95 0.479 0.378 0.493 

C4 X 7.25 2.13 4.00 0.321 X. 1.721 IX 0.296 X. 4.59 2.29 1.47 0.433 0.343 0.450 
C4 X 5.4 1.59 4.00 0.184 Yo. 1.584 1% 0.296 Yo. 3.85 1.93 1.56 0.319 0.283 0.449 

C3 X 6 1.76 3.00 0.356 % 1.596 1% 0.273 X 2.07 1.38 1.08 0.305 0.268 0.416 
C3 X 5 1.47 3.00 0.258 X 1.498 1~ 0.273 X 1.85 1.24 1.12 0.247 0.233 0.410 
C3 X 4.1 1.21 3.00 0.170 x. 1.410 IX 0.273 Y. 1.66 1.10 1.17 0.197 0.202 0.404 

- Reported with a C, then the nominal depth in inches and the weight per foot. 
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y 

Angles having equal legs 

Weight x- x axis y-yaxis z- z axis 
per Area 

Size and th ickness Foot A I S r y I S r x r 

in. Ib 
• ? in4 inl in. in. in4 inl in. in. in. 1Il-

L.8X8Xl 51.0 15.0 89.0 15.8 2.44 2.37 89.0 15.8 2.44 2.37 1.56 
L.8 X 8 X l/4 38.9 11.4 69.7 12.2 2.47 2.28 69.7 12.2 2.47 2.28 1.58 
L8 X 8 X 1/2 26.4 7.75 48.6 8.36 2.50 2.19 48.6 8.36 2.50 2.1 9 1.59 

L 6X6Xl 37.4 11.0 35.5 8.57 1.80 1.86 35.5 8.57 1.80 1.86 1.17 
L 6 X 6 X l/4 28.7 8.44 28.2 6.66 1.83 1.78 28.2 6.66 1.83 1.78 1.17 
L 6 X 6 X 1/2 19.6 5.75 19.9 4.61 1.86 1.68 19.9 4.61 1.86 1.68 1 .18 
L 6 X 6 X l/& 14.9 4.36 15.4 3.53 1.88 1.64 15.4 3.53 1.88 1.64 1.1 9 

L.5 X 5 X l/4 23.6 6.94 15.7 4.53 1.51 1.52 15.7 4.53 1.51 1.52 0.975 

L.5 X 5 X 1/2 16.2 4.75 11 .3 3.16 1.54 1.43 11.3 3.16 1.54 1.43 0.983 

U X 5 X lIs 12.3 3.61 8 .74 2.42 1.56 1.39 8.74 2.42 1.56 1.39 0.990 

L 4 X 4 X l/4 18.5 5.44 7.67 2.81 1.19 1.27 7.67 2.81 1.19 1.27 0.778 
L 4 X 4 X 1/2 12.8 3.75 5.56 1.97 1.22 !.I 8 5.56 1.97 1.22 !.I 8 0.782 
L 4 X 4 X lIs 9.8 2.86 4.36 1.52 1.23 1.14 4.36 1.52 1.23 1.14 0.788 
L 4 X 4 X 1/4 6.6 1.94 3.04 1.05 1.25 1.09 3.04 1.05 1.25 1.09 0.795 

U I/2 X 31/2 X 112 11.1 3.25 3.64 1.49 1.06 1.06 3.64 1.49 1.06 1.06 0.683 

U I/2 X 31/2 X % 8.5 2.48 2.87 1.15 1.07 1.01 2.87 1.15 1.07 1.0 1 0.687 
U I/2 X 31/2 X 114 5.8 1.69 2 .01 0.794 1.09 0.968 2.01 0.794 1.09 0.968 0.694 

U X 3 X 1/2 9.4 2.75 2.22 1.07 0.898 0.932 2.22 1.07 0.898 0.932 0.584 
U X3xlts 7.2 2.1 1 1.76 0.833 0.913 0.888 1.76 0.833 0.913 0.888 0.587 
U X 3 X 1/4 4.9 1.44 1.24 0.577 0.930 0.842 1.24 0.577 0.930 0.842 0.592 

L 21/2 X 2112 X 112 7.7 2.25 1.23 0.724 0.739 0.806 1.23 0.724 0.739 0.806 0.487 
L 21/2 X 2112 X l/8 5.9 1.73 0.984 0.566 0.753 0.762 0.984 0.566 0.753 0.762 0.487 
L 21/2 X 21/2 X 1/4 4.1 1.19 0.703 0.394 0.769 0.717 0.703 0.394 0.769 0.717 0.491 

L 2 X 2 X lIs 4.7 1.36 0.479 0.351 0.594 0.636 0.479 0.35 1 0.594 0.636 0.389 
L 2 X 2 X 1/4 3.19 0.938 0.348 0.247 0.609 0.592 0.348 0.247 0.609 0.592 0.391 
LJ X 2 X lIs 1.65 0.484 0.190 0.131 0.626 0.546 0.190 0.131 0.626 0.546 0.398 
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Conversion Factors 

Conversion Factors 

Quantity SI -+ US Customary US Customary -+ SI 

L~nglh 1 mill = 0.03937 in 1 in = 25.4 mm 
I mill = 0.00328 fl 1 ft = 304.8 mm 
1 cm = 0.39370 in 1 in = 2.54 cm 
1 cm = 0.0328 ft 1 fl = 30.48 cm 
1 m = 39.3700 in 1 in = 0.0254 m 
1 m = 3.28 fl 1 ft = 0.3048 m 

Arl'" 1 mm2 = 1.55 E-3 in2 1 in2 = 645.16mm2 

1 mm2 = 1.0764E-5 ft2 1 fl2 = 92903 mm2 

1 cm2 = 0.155 in2 1 in2 = 6.4516 cm2 

1 cm2 = 1.07E-3 ft2 1 fl2 = 929.03 cm2 

1 m2 = 1550 in2 1 in2 = 6.4516E-4 m2 

1 m2 = 10.76 fl2 1 fl2 = 0.0929 m2 

""linne 1 mlll3 = 6.1024E-5 in3 1 in3 = 16387 mm3 

1 mnl3 = 3.5315E-8 ft3 1 fl3 = 28.317E6 mm3 

1 cm3 = 0.061024 in3 1 in3 = 16.387 cm3 

1 cm3 = 3.5315E-5 fl3 1 fl3 = 28317 cm3 

1m3 = 61024 in3 1 in3 = 1.6387E-5 m3 

1m3 = 35.315 fl3 1 ft3 = 0.028317 m3 

S~cond Momenl Imm4 = 2.402E-6 in4 1 in4 = 416.231E3mm4 

of Arca (lcnglh)4 Imlll4 = 115.861E-12 ft4 1 ft4 = 8.63097E9 mm4 

1 cm4 = 24.025E-3 in4 1 in4 = 41.623 cm4 

1 cm4 = 1.1586E-6 ft4 1 fl4 = 863110 cm4 

Im4 = 2.40251E6 in4 1 in4 = 416.231E-9 m4 

Im4 = 115.86 ft4 1 ft4 = 8.631E-3 m4 



Conversion Factors (colltinued) 

Quantity 

Mass 

Density 

force 

MOlllent 

PreSSIIr(" Sir('ss, Modllills 
of ElasticitJ, l\Iodllllls of Rigidity 

'York, Energy 

Power 

T~llIp~ratllrc 

SI -> US Customary 

1 kg = 68.521 E-3 slug 
1 kg = 2.2046 Ibm 

1 kg/ml = 0.001938 slug/ftl 

1 kg/ml = 0.06248Ibm/ftl 

1 N = 224.809E-3Ibf 

1 N·m = 8.851 in·lb 
1 N . m = 0.7376 ft ·Ib 

1 Pa = 145.0377E-6lb/in2 

1 Pa = 20.885E-3 Ib/ft2 
1 KPa = 145.0377E-6 Ksi 

1 J = 0.7375 ft ·Ib 
1 KW· hr = 3.41214E3 Btu 

1 W = 0.7375 ft ·Ib/sec 
1 KW = 3.41214E3 Btu/hr 
1 KW = 1.341 hp 

°C = ~( OF - 32) 
9 

Appendix E Conversion Factors 

US Customary -> SI 

1 slug = 14.593 kg 
Ilbm = 0.4536 kg 

1 slug/ftl = 515.7 kg/m3 
Ilbm/f~ = 16.018 kg/ml 

Ilbf = 4.448 N 

lin·lb = 0.1l3N·m 
1 ft ·Ib = 1.356 N . m 

Ilb/in2 = 6.8947E3 Pa 
Ilb/ft2 = 47.880 Pa 
1 Ksi = 6.8947E3 KPa 

1 ft ·Ib = 1.3558 J 
1 Btu = 293.071E-6 

1 ft ·Ib/sec = 1.3558 W 
1 Btu/hr = 293.07E-6 KW 
1 hp = 0.7457 KW 

9 of = _oC + 32 
5 
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APPENDIX F 

An Introduction to MATLAB 

In this Appendix we will introduce MATLAB, which is mathematical software available 
in most university computational labs today. MATLAB is a very powerful tool , especially 
for manipulating matrices; in fact, it was originally designed for that purpose. Many 
good textbooks discuss, MATLAB's capabilities for solving a full range of problems. 
Here our intent is to introduce only some basic ideas so that you can perform some es­
sential operations. Before the introduction of electronic spreadsheets and mathemati­
cal software such as MATLAB, engineers wrote their own computer programs to solve 
engineering problems. Even though engineers still write computer codes to solve com­
plex problems, they take advantage of built-in functions of solvers that are reacli Iy avail­
able with computational tools such as MATLAB. MATLAB is also versatile enough 
that you can use it to write your own program. 

We begin by discussing MATLAB's basic makeup. We will explain how to input 
data or a formula in MATLAB and how to carry out some typical engineering compu­
tations. We will also explain the use of MATLAB's mathematical, statistical , and logi­
cal functions. Next we will discuss MATLAB's conditional statements and repetitive 
loops, and plotting the results of an engineering analysis using MATLAB. Finally, we 
will briefly discuss MATLAB's curve fitting and symbolic capabilities. 

MATLAB-BASIC IDEAS 

\Ve begin by explaining some basic ideas; then once you have a good understanding of 
these concepts, we will use MATLAB to solve some engineering problems. As is the case 
with any new software you explore, MATLAB has its own syntax and terminology. 
A typical MATLAB Window is shown in Figure El. The main components of the 
MATLAB window in the default mode are marked by arrows and numbered as shown 
in Figure El. 

1. Menu bar: contains the commands you can use to perform certain tasks, for 
example to save your Workspace, or to change the View settings. 

2. Current Directory: shows the active directory, but you can also use it to change the 
directory. 
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FIGURE F.1 The desktop layout for MATLAB. 

3. Current Directory Window: shows all files, their types, sizes, and description in 
the Current Directory. 

4. Moving window outside the desktop: clicking on this icon will move the window 
outside the desktop. 

S. COlllmand Window: This is where you enter variables and issue MATLAB 
commands. 

6. COlllmand History: shows the time and the date at which commands were issued 
during the previous MATLAB sessions. It also shows the history of commands 
in the current (active) session. 

As shown in Figure F.l , MATLAB's desktop layout, in default mode, is divided into 
three windows: the Current Directory, the Command Window, and the Command His­
tory. You type (enter) commands in the Command Window. For example, you can as­
sign values to variables or plot a set of variables. The Command History window shows 
the time and the date of the commands you issued during the previous MATLAB ses­
sions. It also shows the history of commands in the current (active) session. You can 
also transfer old commands, which you issued during previous sessions, from the Com­
mand History window to the Command Window. To do this, move your mouse pointer 
over the command you want to move and then click the left button, and while holding 
down the button drag the old command line into the Command Window. Alternatively, 
when you strike the up-arrow key, the previously executed command will appear again. 
You can also copy and paste commands from the current Command Window, edit them, 
and use them again. To clear the contents of the Command Window, type c1c. 

Once in the MATLAB environment you can assign values to a variable or define 
elements of a matrix. For example, as shown in Figure F.2, to assign a value:) to the 



816 Appendix F An Introduction to MATLAB 

.J MATLAS I-lfDfXl 
File E<I~ DoIJug DosI<top VI""" Hot> 

D "'11. 'II '" " Iii rI!l1 t IClwr6tl o; rodOl'(. IC:'f'rooromF""VMTlAB1 ' ''''''' ~Ow 
ShonN11!1 How to Add 2l 'Ml.x', New 
Current Olroc torv · ••• m FUM\MA.TLA671\work • . " 
~Q! IO· To 9@ t s t 3t:"ted, ::se l ec t MArLA' jlo:olp or ~ ( rom the H@l p me nu. ~ 
",FIle>· Fikt T't1)e Sil. l OSlMOO'ed n » K" S 

x -

, ru s 
COO~ [)'rett0tY1 WOli<sPEK(O 

COmmand Histo .. » !I- [1 5 0 ;8 3 7 ;6 2 9] r· lX-S 
As [I 5 0 , 8 3 7, 6 2 9] A -

1 5 0 
8 3 7 

6 2 9 

» r~ 
• ~ CI-ck end <tOO to move COO"f'r\OI'Id 'MndoW_ 1OvR . 

FIGURE F.2 Examples of assigning values or defining elements of a mallix in MATLAB. 

variable x, in the Command Window, after the prompt sign », you simply type x = S. 
The basic MATLAB's scalar (arithmetic) operations are shown in Table El. 

TABLE F.1 MATLAB's basic scalar (arithmetic) operators 

Operation Symbol Example: x=5 and y= 3 

Addition + x+y 
Subtraction x-y 
Multiplication * x*y 
Division (x+y)!2 
Raised to a power " x"2 

To define the eleme n ts of a matrix. for example [A 1 = [~ 
A = [1 5 0;8 3 7;6 2 9] 

5 
3 
2 

~] you type 

Result 

8 
3 

15 
4 

25 

Note that in MATLAB the elements of the matrix are enclosed in brackets [ ] and are 
separated by blank spaces, and the elements of each row are separated by a semicolon (;). 

The format, disp, and fprintf Commands 

MATLAB offers several commands to display the Tesults of your calculation. The 
MATLAB format command allows you to display values in certain ways. For example, 



Appendix F An Introduction to MATLAB 817 

if you define x = 213, then MATLAB will display x = 0.6667. By default, MATLAB 
will display 4 decimal digits. If you want more decimal digits displayed, then you type 
format long. Now if you type x again, the value of x is displayed with 14 decimal digits, 
that is x = O.66666666666667.You can control the way the value of x is displayed in 
several other ways as shown in Table E2. Note that the format command does not affect 
the number of digits maintained when calculations are carried out by MATLAB.1t only 
affects the way the values are displayed. 

TABLE F.2 The Connat command options 

MATLAB Command 

Cormat short 
format long 
format rat 
Cormat bank 
format short e 

format long e 

format hex 
format + 

format compact 

How the Result of 
x = 2/3 is Displayed 

0.6667 
0.66666666666667 
213 
0.67 
6.6667e-001 

6.666666666666666e-OO 1 

3fe5555555555555 

+ 

Explanation 

Shows four decimal digits-default format 
Shows 14 decimal digits 
Shows as fractions of whole numbers 
Shows two decimal digits 
Shows scientific notation with four 

decimal digits 
Shows scientific notation with 14 decimal 

digits 
Shows hexadecimal 
Shows +, - or blank based on whether 

the number is positive, negative, or zero. 
It suppresses the blank lines in the output. 

The disp command is used to display text or values. For example, given x = [123 
451, then the command disp(x) will display 12 3 4 5. Or the command disp('Result = ') 
\\~II display Result =. Note that the text that you want displayed must be enclosed within 
a set of single quotation marks. 

The fprintf command offers a great deal of flexibility. You can use it to print text 
and/or values with a desired number of digits. You can also use special formatting char­
acters such as \n and \t to produce linefeed and tabs. The following example will demon­
strate the use of the fprintf command. 

EXAMPLE F.1 

In the MATLAB command window, type the following commands as shown. 

x = 10 

fprintf'('Thc l'alnc of x is %g \11', x) 

The MATLAB will display 

The l'nlne of x is 10 

A screen capture of the command window for Example El is shown III the 
accompanying figure. 
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10 
fpxintf('The value of x is %g\n', xl 

Note that the text and formatting code are enclosed within a set of single quota­
tion marks. Also note that the %g is the number format character and is replaced by 
x value, 10. It is also important to note that MATLAB will not produce an output until 
it encounters the VI. Additional capabilities of disp and fprintf commands will be demon­
strated using other examples later. 

SAVING YOUR MATLAB WORKSPACE 

You can save the workspace to a file by issuing the command: s:n'c your_fiIcnamc. The 
your_filename is the name that you would like to assign to the workspace. Later you can 
load the file from the disk to memory by issuing the command: load your_filcnamc. 
Over time, you may create many files; then you can use the dir command to list the con­
tents of the directory. For simple operations you can use the Command Window to enter 
variables and issue MATLAB commands. However, when you write a program that is 
longer than a few lines, you use an M-fiIe. Later in this appendix, we will explain how 
to create, edit, run, and debug an M-file. 

GENERATING A RANGE OF VALUES 

\\Then creating, analyzing, or plotting data, it is often convenient to create a range of 
numbers. To create a range of data or a row matrix, you need to specify only the start­
ing number, the increment, and the end number. For example, to generate a set of x val­
ues in the range of 0 to 100 in increments of 25 (i.e. 0 25 50 75 100), in the Command 
Window, type 

X = 0:25:100 

Note that in MATLAB language , the range is defined by a starting value , followed by 
a colon (:) , the increment followed by another colon , and the end value. As another ex­
ample, if you were to type 

Countdown = 5:-1:0 

then the Countdown row matrix would consist of values: 5 43 21 O. 
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CREATING FORMULAS IN MATLAB 

You can use MATLAB to input engineering formulas and compute the results. When 
typing your formula , use parentheses to dictate the order of operation. For example, in 
MATLAB's command window, if you were to type cOllnt=100+5*2, MATLAB would 
perform the multiplication first, which results in a value of 10, and then this result would 
be added to 100, which would yield an overall value of 110 for the variable count. If, 
however, you want MATLAB to add the 100 to 5 first and then multiply the resulting 
105 by 2, you should place parentheses around the 100 and 5 in the following manner 
cOllnt=(100+5)*2, which results in a value of 210. The basic MATLAB arithmetic 
operations are shown in Table F.3. 

TABLE F.3 The basic MATLAB mithmetic operations. 

Example: x = 10 z. the result of the formula 
Operation Symbol and y = 2 given in the example 

addition + z=x+y+20 32 
subtraction z=x-y 8 
multiplication * Z=(x*y )+9 29 
division Z=(x/2.5)+y 6 
raised to a power " z=(x"y)"O.5 10 

ELEMENT BY ELEMENT OPERATION 

In addition to basic scalar (arithmetic) operations, MATLAB provides element-by­
element operations and matrix operations. MATLAB's symbols for element-by-element 
operations are shown in Table FA. To better understand their use , suppose you have 
measured and recorded the mass (kg) and speed (m/s) of 5 runners who are running 
along a straight path: 111=[60 55706872] and s=[4 4.5 3.8 3.63.1]. Note that the mass 
III alTay and speed s alTay, each have 5 elements. Now suppose you are interested in 
determining the magnitude of each runner's momentum. We can calculate the momen­
tum for each runner using MATLAB's element-by-element multiplication operation in 
the following manner: 1I10Il1Cntlllll=m.*s, resulting in III o III cntllll1 = [240 247.5 266 244.8 
223.2]. Note the multiplication symbol (.*) for element-by-element operation. 

TABLE F.4 MATLAB"s element by element operations. 

Operation 

addition 
subtraction 
multiplication 
division 
raised to a power 

Arithmetic Operations 

+ 

* 

" 

Equivalent Element by Element 
Symbol for the Operation 

+ 

.* 
J 
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To improve your understanding of the element-by-element operations, in 
MATLAB's Command Window type a=[7 4 3 -1] and b=[1, 3, 5, 7] and then try the 
following operations. 

» a+b 

ans = 8 7 8 6 

» a-b 

ans = 6 1 -2 -8 

» 3*a 

ans = 21 12 9 -3 

» 3.*a 

ans = 21 12 9 -3 

» a.*b 

ans = 7 12 15 - 7 

» b.*a 

ans = 7 12 15 -7 

» 3. lIa 

ans = 1.0e+003 * 

2.1870 0.0810 0.0270 0.0003 
» a.llb 

ans = 7 64 243 -1 
» b.lla 

ans = 1.0000 81.0000 125.0000 0.1429 

Try the following example on your own. 

EXAMPLE F.2 

The following example will show how the density of standard air changes with temper­
ature. It also makes use of MATLAB's element-by-element operations. The density of 
standard air is a function of temperature and may be approximated using the ideal gas 
law according to 

p 
p=-

RT 

where 

P = standard atmospheric pressure (101.3 kPa) 

R ~ gas constant and its value for air is (286.9(kg~ K)) 

T ~ air temperature in Kelvin 
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Using MATLAB, we want to create a table that shows the density of air as a 
function of temperature in the range of 0 °C (273.15 K) to 50°C (323.15 K) in increments 
of 5 0c. 

In MATLAB's command window we type the following commands. 

»Temperaturc = 0:5:50; 
» Dcnsity = 101300J«286.9)*(Temperaturc+273»; 
»fprintf('\n\n');disp('Tcmperature(C) Dcnsity(kglm Il3)'); 

disp([Tcmperaturc', Dcnsity' j) 

In the commands shown above, the semicolon(;) suppresses MATLAB's auto­
matic display action. If you type Tcmperaturc = 0:5:50 without the semicolon at the 
end, MATLAB will display the values of Temperature in a row. It will show 

Temperature = 0 5 10 15 20 25 30 35 40 45 50 

The .I is a special element by element division operation that tells MATLAB to 
carry the division operation for each of the temperature values. 

In the disp command, the prime or the single quotation mark over the variables 
Tcmpcraturc' and Dcnsity' will change the values of Temperature and Density, 
which are stored in rows, to column format before they are displayed. As explained 
in Chapter 2, in matrix operation the process of changing the rows into columns 
is called Transpose of matrix. The final results for Example F.2 are shown in Fig­
ure F.3. Note that the values of Temperature and Density are shown in columns. 
Also note the use of the fprintf and disp commands. 

~) MA TLAB y(~. 

Fie Edit View Web WlI1d6w HW 
D ~ I ~ ~ e; ><') (')f lit I ? CuT .... Di'ectory: I C:lMATLAS6pl\wo,k 

» Tempera~U%e = 0:5:50; 
»Density ~ l01300./«286.9)*(Temperatuze+213)): 
»fprintf('\n\n');disp(' Temperature(e) Density(kg/m'3)');disp([Temperature' ,Density'] 

» 

T""t'eratUJ:e (e) 
o 

5.00 
10.00 
15.00 
20.00 
25.00 
30.00 
35.00 
40.00 
45 . 00 
50.00 

Ready 

Density (kg/m'3) 
1.29 
1.21 
1.25 
1.23 
1.21 
1.18 
1.17 
1.15 
1.13 
1.11 
1.09 

FIGURE F.3 The result of Example F.2. 

I", 
JW 
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In the above example, we used the e[ement-by-e[ement division operation. Other 
MATLAB element-by-e1ement operation symbols are given in Table FA. 

MATRIX OPERATIONS 

MATLAB offers many tools for matrix operations and manipulations. Tab[e F.6. shows 
examples of these capabilities. Later in this appendix we will demonstrate a few 
MATLAB matrix operations with the aid of Examp[es F.9 and F.1O. 

TABLE F.G Examples of MATLAB's matrix operations 

Operation 

Addition 
Subtraction 
Multiplication 
Transpose 
Inverse 
Determinant 
eigenvalues 
Matrix left division 
(uses Gauss elimination to 
solve a set of linear equations) 

EXAMPLE F.3 

Symbols or 
Commands 

+ 

* 
matrix name' 

inv(matrix /lam e) 
det(matrix name) 
eig(matrix /lam e) 

\ 

Example: A and B are matrices 
that you have defined 

A+B 
A-B 
A*B 
A' 

inv(A) 
det(A) 
eig(A) 

see Example F.6 

Using MATLAB, create a table that shows the relationship between interest earned 
and the amount deposited, as shown in Tab[e F.5. 

TABLE F.5 The relationship between interest earned and the 
amount deposited 

Dollar Amount Interest Rate 

0.06 0.07 0.075 0.08 
1000 60 70 75 80 
1250 75 87.5 93.75 100 
1500 90 105 112.5 120 
1750 105 122.5 131.25 140 
2000 120 140 150 160 
2250 135 157.5 168.75 180 
2500 150 175 187.5 200 
2750 165 192.5 206.25 220 
3000 180 210 225 240 
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To create a table that is similar to Table F.5, we type the following commands. 

» format lmnk 
» Amount = 1000:250:3000; 
» InteresCRate = 0.06:0.01:0.08; 
» InteresCEarned = (Amount')* (IntercsCRatc); 
» fprintf('\n\n\t\t\t\t\t\t\t Intcrest I~ate');fprintf('\n\t Amount\t\t'); ••• 
ti)rintf(' \t\t %g , ,InteresCRate );fprintf('\Il');disp(lAmount' ,IntercsCEarnedj) 

On the last command line , note the three periods ... (an ellipsis) represent a con­
tinuation marker in MATLAB. The ellipsis means there is more to follow on this com­
mand line. Note the use of fprintf and disp commands. The final result for Example F.3 
is shown in Figure F.4. 

Amount - 1000:250:3000; 
Inte~est Rate - 0 . 06:0.01:0.08; 
Inte~est-E~ned - (Amount')·(Inte~est Rate); 
fp~intf(7\n\n\t\t\t\t\t\t\t Inte~e.t Rate');fp~intf('\n\t Amount\t\t'); .. • 

( ,\t\t %g ',Inte~e.t_Rate);fp~intf('\n');di.p([Amount',Inte~e.t_E~ned) 

Intel:est Rate 
Amount 0.06 0.01 0.08 

1000.00 60.00 10.00 80.00 
1250.00 15.00 81.50 100.00 
1500.00 90.00 105.00 120.00 
1150.00 105.00 122.50 140.00 
2000.00 120.00 140.00 160.00 
2250.00 135.00 151.50 180.00 
2500.00 150.00 115.00 200.00 
2150.00 165.00 192.50 220 . 00 
3000 . 00 180 . 00 210.00 240 . 00 

FIGURE F.4 The conilllands and result for Example F.3. 
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USING MATLAB FUNCTIONS 

MATLAB offers a large selection of built-in functions that you can use to analyze data. 
The MATLAB functions are available in various categories including mathematical and 
trigonometric, statistical, and logical functions. In this appendix we will discuss some of 
the common functions. MATLAB offers a help menu that you can use to obtain infor­
mation on various commands and functions. You can also type help followed by a com­
mand name to learn how to use the command. 

Some examples of commonly used MATLAB functions , along with their 
proper use and descriptions, are shown in Table F.7. Refer to Example FA when study­
ing Table F.7. 

EXAMPLE F.4 

The following set of values will be used to introduce some of MATLAB's built-in func­
tions. Mass = [1021159910610395971029896]. 

When studying Table F.7, the results of the executed functions are shown under the 
" result of the example" column. 

TABLE F.7 Some MATLAB functions that you may use in engineering analyses. 

Function Description of the Function Example Result of the Example 

sum It sums the values in a given anay sum(Mass) 1013 
mean It calculates the average value of the mean(Mass) 101.3 

data in a given anay. 
max It determines the largest value in the max(Mass) 115 

givenanay 
min It determines the smallest value in min(Mass) 95 

the given anay 
std It calculates the standard deviation std(Mass} 5.93 

for the values in the given array 
sort It sorts the values in the given anay sort(Mass) 95 96 97 98 99 102 

in ascending order 102103106115 
pi It returns the value of 11", pi 3.14151926535897 ... 

3.14151926535897 ... 
tan It returns tangent value of the tan(pi/4) 

argument. The argument mllst be 
in radians. 

cos It returns cosine value of the cos(pil2) 0 
argument. The argument mllst be in 
radians. 

sin It returns sine value of the argument. sin(pi/2) 
The ar!,'lllnent must be in radians. 

More examples of MATLAB's Functions are shown in Table F.8. 
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TABLE F.S More examples of MATLAB functions. 

Returns the square root of value x. sqrt(x) 
factorial(x) Returns the value of factorial of x. For example, factorial(5) will return: 

(5)(4)(3)(2)(1) = 120. 

Trigollomelric FlIlICliolls 
acos(x) This is the inverse cosine function of x. It is used to determine the value of an angle 

when its cosine value is known. 

825 

asin(x) This is the inverse sine function of x. 1t is used to determine the value of an angle when 
its sine value is known. 

atan(x) This is the inverse tangent of x function. It is used to detennine the value of an angle 
when its tangent value is known. 

E.'I}o/lelllial allli Logarilhmic }';IIIClioIlS 
exp(x) Returns the value of c. 
log (x) Returns the value of natural logarithm of x. Note that x must be greater than O. 
log1O(x) Returns the value of common (base 10) logarithm of x. 
log2(x) Returns the value of base 2 logarithm of x. 

EXAMPLE F.5 

Using MATLAB, compute the average (arithmetic mean) and the standard deviation 
of the density of water data given in Table F.9. 

TABLE F.g Data for Example F.5 

Group-A Group-B 
Findings Findings 
p(kglm3) p(kglm3) 

1020 950 
1015 940 

990 890 
1060 1080 
1030 1120 

950 900 
975 1040 

1020 1150 
980 910 
960 1020 

The final results for Example F.5 are shown in Figure F.5. 
The MATLAB commands leading to results follow. 

» Dcnsity_A = [10201015990106010309509751020980 960J; 
» Dcnsity_B = [9509408901080112090010401150910 1020]; 
» DcnsitY_A_A\'cragc = IlLc3n(Dcnsit)l_A) 
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, 
»Density B - [950 940 890 1080 1120 900 1040 1150 910 1020]; 
» Density=A_Averaqe - mean (Density_A) 

1000.00 

1000.00 

34.56 

95.22 

»1 

FIGURE F.5 MATLAB's Command Window for Example F.5. 

Dcnsity_A_Aycragc = 
1000.00 

» Dcnsity_H_Aycragc = IlIc~lJl(Dcnsif)I_H) 

Dcnsity_H_Al'cragc = 
1000.00 

»Standard_Dcl'iation_For_Group_A = std(Dcnsity_A) 
Standard_Dcl'iatioll_For_Group_A = 

34.56 
» Standard_Dcl'iation_For_Group_H = std(Dcnsif)I_U} 
Standard_Dcl'iation_For_Group_H = 

95.22 
» 

THE LOOP CONTROL-for AND while COMMANDS 

'Vhen writing a computer program, often it becomes necessary to execute a line or a 
block of your computer code many times. MATLAB providesfor and while commands 
for such situations. 
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The for loop 

Using the for loop, you can execute a line or a block of code a specified (defined) num­
ber of times. The syntax of a for loop is 

for index = start-value: increment: end-value 
a line or a block of your computer code 

end 

For example, suppose you want to evaluate the function y = x2 + 10 for x values of 
22.00, 22.50, 23.00, 23.50, and 24.00. This operation will result in corresponding 
y values of 494.00, 516.25, 539.00, 562.25, and 586.00. The MATLAB code for this 
example then could have the following form: 

x = 22.0; 
for i = 1:1:5 

y=x"2+10; 
disp{ [x' ,y']} 

x = x + 0.5; 
end 

Note that in the preceding example, the index is the integer i and its start-value is 1, 
it is incremented by a value of 1, anel its end-value is 5. 

The while Loop 

Using the while loop, you can execute a line or a block of code until a specified condi­
tion is met. The syntax of a while loop is 

while controlling-expression 
a line or a block of your computer code 

end 

With the while command, as long as the controlling expression is true, the line or a block 
of code will be executed. For the preceding example, the MATLAB code using the while 
command becomes: 

x = 22.0; 
while x <= 24.00 

y=x"2+10; 
disp( [x' ,y']) 
x = x + 0.5; 

end 

In the preceding example the <= symbol denotes less than or equal to. It is called a 
relational or comparison operator. We will explain MATLAB's logical and relational 
operators next. 
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USING MATLAB RELATIONAL OPERATORS AND 
CONDITIONAL STATEMENTS 

In this section we will look at some of MATLAB's relational operators and conditional 
statements. The relational or comparison operators allow for testing of relative magni­
tude of various arguments. These relational operators are shown in Table F.lO. We will 
use Example F.6 to demonstrate the use of MATLAB's conditional statements and re­
lational operators. 

TABLE F.10 MATLAB's Relational operators and their descriptions. 

Relational Operator 

< 
<= 

> 
>= 

The Conditional Statements-if, else 

Its Meaning 

less than 
less than or equal to 
equal to 
greater than 
greater than or equal to 
not equal to 

When writing a computer program, sometimes it becomes necessary to execute a line 
or a block of code based on whether a condition or a set of conditions is met (true). 
MATLAB provides if and else commands for such situations. 

The if Statement 

The ifstatement is the simplest fOim of a conditional control. Using the ifstatement, you 
can execute a line or a block of your program as long as the expression following the if 
statement is true. The syntax for the ifstatement is 

if expression 
a line or a block of your computer code 

end 

For example, suppose we have a set of ten scores for an exam: 85, 92, 50, 77, 80, 59, 65 , 
97, 72, 40. We are interested in writing a code that shows that scores below 60 indicate fail­
ing. The MATLAB code for this example then could have the following form: 

scores=[85 92 50 77 80 59 65 97 72 40]; 
for i=1:1:10 

if scores (il <60 

end 
end 

fprintf{'\t %g \t\t\t\t\t FAILING\n', scores {ill 
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The if, else Statement 

The else statement allows us to execute other line(s) of computer code(s) if the ex­
pression following the if statement is not true. For example, suppose, we are interested 
in showing not only the scores that indicate failing, but also the scores that show pass­
ing. 'Ve can then modify om code in the following manner. 

scores=[85 92 50 77 80 59 65 97 72 40]; 
for i=1:1:10 

end 

if scores (i) >=60 
fprintf('\t %g \t\t\t\t\t PASSING\n', scores (i}); 

else 
fprintf('\t %g \t\t\t\t\t FAILING\n', scores (i}) 

end 

In MATLAB's Command Window, try the following examples on your own. 
MATLAB also provides the c1seif command that could be used with the if and 

else statements. Try MATLAB's help menu: type help elseif to learn about the elseif 
statement. 

EXAMPLE F.G 

The pipeline shown in Figure F.6 is connected to a control (check) valve that opens 
when the pressure in the line reaches 20 psi. Various readings were taken at different 
times and recorded. Using MATLAB's relational operators and conditional statement, 
create a list that shows the corresponding open and closed position of the check valve. 

'--------------11 Ch"kV'I~i L--------' 

FIGURE F.G A schematic diagram for Example F.6. 

The solution to Example F.6 is shown in Figure F.7. The commands leading to the 
solution follow: 

» pressure= [20 182226 19 19 2112]; 
» fprintf('\t Linc Pressure (psi) \t Vldyc Position\n\n');for i=1:8 
if prcssure(i» = 20 
fprintf(,\t %g \t\t\t\t\t OPEN\n',prcssure(i» 
else 
fprintf('\t %g \t\t\t\t\t CLOSED\Il' ,pressure (i) ) 
end 
end 
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e 
intf('\t %g \t\t\t\t\t CLOSED\n' ,p%e •• U%e(i)) 

20 
18 
22 
26 
19 
19 
21 
12 

Valve Po.ition 

OPEN 
CLOSED 
OPEN 
OPEN 
CLOSED 
CLOSED 
OPEN 
CLOSED 

FIGURE F.7 The solution of Example F.6. 

THE M-FILE 

As explained previously, for simple operations you can use MATLAB's Command Win­
dow to enter variables and issue commands. However, when you write a program that 
is more than few lines long, use an M-file. It is called an M-file because of its.I1I exten­
sion. You can create an M-file using any text editor or using MATLAB's Editor/ 
Debugger. To create an M-file, open the M-file Editor and MATLAB opens a new 
window in which to type your program. As you type your program, you will notice that 
MATLAB assigns line nu mbers in the left column of the window. The line numbers are 
quite useful for debugging your program. To save the file , simply click File ~ S:n'e and 
type in the filename. The name of your file must begin with a letter and may include 
other characters such as underscore and digits. Be careful not to name your file the 
same as a MATLAB command. To see if a filename is used by a MATLAB command, 
type cxist ('fiIe-namc') in the MATLAB's Command Window. To run your program, 
click on Debug ~ Run (or use the function key 1'5). Don't be discouraged to find mis­
takes in your program the first time you attempt to run it. This is quite normal! You can 
use the Debugger to find your mistakes. To learn more about debugging options, type 
help debug in the MATLAB's Command window. 
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EXAMPLE F.7 

It has been said that when Pascal was 7 years old, he came up with the formula 1/(11; I) 

to determine the sum of 1, 2, 3, ... , through n. The story suggests that one day he was 
asked by his teacher to add up numbers 1 through 100, and Pascal came up with the 
answer in few minutes. It is believed that Pascal solved the problem in the following 
manner: 

First , on one line he wrote the numbers 1 through 100, similar to 

1 2 3 4 ............ 99 100 

Then on the second line he wrote the numbers backward 

100 99 98 97 .......... 2 1 

Then he added up the numbers in the two lines, resulting in one hundred identi­
cal values of 101 

101 101 101 101 ......... 101 101 

Pascal also realized that the result should be divided by 2-since he wrote down 

the numbers 1 through 100 twice-leading to the answer: 100~OI) = 5050. Later, he 

generalized his approach and came up with the formula 11(112+ I). 

Next , we will write a computer program using an M-file that asks a user to input 
a value for n and computes the sum of 1 through 11. To make the program interesting, 
we will not make use of Pascal 's formula; instead, we will use a lor loop to solve the 
problem. We have used MATLAB's Editor to create the program and have named it 
For_Lnop_Examplc.m, as shown in Figure F.8. In the shown program, the % symbol de­
notes comments. MATLAB will treat any text following the % symbol as comments. 
Also, note that you can find the Line (Ln) and Column (Col) numbers corresponding 

3 a As k the user t o inpu t the uppe l' value 
4- upper_value=input (' Pl ease i nput t he uppe~ vl aue of the numbe~s :'): 

5 % Set t he sum equa l to zero 
6 - 9um=O: 

7 - for k-l :l:uppe r_value 
B - surn=sum+ k; 

9 - end 

10 % P~int t he l'esults 
11- fprintf(' \ n The s um of numbe r s from 1 

FIGURE F.8 The M-file for Example F.7. 
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to a specific location in your program by moving the cursor. The line and the column 
numbers are shown in the right-side bottom corner of the Editor window. As you wi II see, 
the knowledge of line ancl column numbers are useful for debugging your program. We 
run the program by clicking on Dcbug - Run, and the result is shown in Figure F.9. 

File Edit Debug Desktop Window Help 

Cl ~ / JI, l1li" . ., ,,- / " r::! ell / ~ // C:\Program Fi les\MATLAB71lwork 

Shortcuts I!I How to Add (fJ Whet's New 

Plea~e input the uppec vlaue of the number~:lOO 

The sum of numbers from 1 to 100 is eqaul to: 5050 
» 

- -

FIGURE F.9 The results of Example F.7. 

PLOTTING WITH MATLAB 

MATLAB offers many choices for creating charts. For example, you can create x-y 
charts, column charts (or histograms), contour, or surface plots. However, as an engi­
neering student, and later as a practicing engineer, most of the charts that you will cre­
ate will be x-y type charts. Therefore, we will explain in detail how to create an x-y chart. 

EXAMPLE F.8 

Starting with a 10 cm by 10 cm sheet of paper, what is the largest volume you can create 
by cutting out x cm by x cm (rom each corner of the sheet and then folding up the sides? 
This problem has a simple analytical solution, however, to demonstrate MATLAB's 
plotting features, we will lIse MATLAB to obtain the solution. 

The volume created by cutting out x cm by x cm from each corner of the 10 cm by 
10 cm sheet of paper is given by volume = (10 - 2x)(10 - 2x)x. Moreover, we know that 
for x = 0 and x = 5 the volume will be zero. Therefore, we need to create a range of x 
values from 0 to 5 using some small increments such as 0.1. We then plot the volume 
versusx and look for the maximum value of volume. The MATLAB commands that lead 
to the solution follow. 

» x = 0:0.1:5; 
»\'olumc = (lO-2::'x)/' (10-2:::x). ~: x; 

» plot (x,\'ohnllc) 
» titlc ('Volumc as a function of x') 
» xlabcl ('x (cm)') 
» ylabcl ('VohIJIIC (cmJ\3)') 
» grid minor 
» 
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The MATLAB command window for Example E8 is shown in Figure FJO. The 
plot of volume versus X is shown in Figure Ell. 

.. ) MATLAB .: 

? C\.nentDirectory: I C:lMATlAB6P1\WOI'(E1JE] 
To get sta~ted, select "MATLAB Help" f~om the Help menu. I ... 

» x • 0:0.1:5; 
» volume· (lO-2*x).*(lO-2*x).*x; 
» plot (x,volume) 
» title ('Volume as a function of x') 
» xlebel ('x (cm)') 
» ylebel ( 'Volume (cmA 3)') 
» g~id mino~ 

f.f1r-------------------------------------------------I~Ir11 
Ready 

FIGURE F.10 The MATLAB command window for Example E8. 
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FIGURE F.11 The plot of volume versus x for Example E8. 
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Let us now discuss the MATLAB commands that are commonly used when plot­
ting data. The plot(x,y) command plots y values versus x values. You can use vmious line 
types, plot symbols or colors with the command plot(x,y,s) where s is a character string 
that defines a particular line type, plot symbol, or line color. The s can take on one of 
the properties shown in Table Ell. 

TABLEF.11 MATLAB line and symbol properties 

S Color S Data Symbol S Line Type 

b blue point solid 
g green 0 ci.rcle dotted 
r red x x-mark dash-dot 
c cyan + plus dashed 
m magenta * star 
y yellow s square 
k black d diamond 

v triangle (down) 

" triangle (up) 
< triangle (left) 
> Triangle (right) 

For example , if you issue the command plot(x,y, 'k*·'), MATLAB will plot the 
curve using a black solid line with *marker shown at each data point. If you do not spec­
ifya line color, MATLAB automatically assigns a color to the plot. 

Using title ('text') command, you can add text on top of the plot. The xlabel(,text') 
creates the title for the X-axis. The text that you enclose between single quotation marks 
will be shown below the X-axis. Similarly, the ylabel('text') command creates the title 
for the Y-axis. To turn on the grid lines, type the command grid Oil (or just grid). The 
command grid off removes the grid lines. To turn on the minor grid lines as shown in 
Figure Ell , type the command grid minor. 

Generally, it is easier to use the graph property editor. For example, to make the 
curve line thicker, change the line color, and to add markers to the data points, with the 
mouse pointer on the curve , double-click the left mouse button. Make sure you are in 
the picking mode first. You might need to click on the arrow next to the print icon to ac­
tivate the picking mode. After double-clicking on the line, you should see the line and 
the marker editor window. As shown in Figure E12, we increased the line thickness 
from 0.5 to 2, changed the line color to black, and set the data point marker style to 
Diamond. These new settings are reflected in Figure E13. 

Next, we will add an arrow pointing to the maximum value of volume by select­
ing the Text Arrow under the Insert option (see Figure E13), and add the text "Maximum 
volume occurs at x = 1.7 cm". These additions are reflected in Figure E14. 

We can also change the font size and style and make the title or the axes labels bold­
face. To do so we pick the object that we want to modify and then from the menu bar 
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<>). Figure 1 GJIQ][R] 
File edit View Insert Tools Desktop Window Help 

Volu~ as a function of x 
80 .... . . . . . . , . . . . . .,., . 

• • • • • • I , I ••• • • t , , , I • • • t , 

7.0 ':1:::1::1:::1::1::':::~~~i4;:::::1::r::1::r::1:T::1::1:::1::1:::1::1::-

60 •• Ei •• U'11:l:li~j:I:I:jijIJ •• 
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E 
u 

"'40 
5 

o 1 2 3 ;4 ~ 
x(cm) 

Display Name 1 1 Plor TJ'Pe: Ir;zg Line I:JI 
I::'X~D:""a":"ta-so-u":"'rce~:I~au~to~~~8;;]1 Line: 1 8112.0 ~I~ 

InspeClor ... 

I Refresh Data I 

YData Source: :=1 ===;;~~II I Marker: .aJ~~ ~ 
Z Data Source: I l::il 

FIGURE F.12 The plot of Example F.8 with modified properties. 

select Edit and then Currcnt Objcct Propcrtics .••• Then using the property editor 
shown in Figure E15 we can modify the properties of the selected object. We have 
changed the font size and the font weight of the title and the labels for Example F.B and 
shown the changes in Figure F.16_ 

With MATLAB you can generate other types of plots including contour and sur­
face plots. You can also control the x- and y-axis scales. For example, the MATLAB's 
loglog(x,y) uses the base 10 logarithmic scales for x- and y-axes. Note that x and y are 
the variables that you want to plot. The command loglog(x,y) is identical to the 
plot(x,y), except it uses logarithmic axes. The command scmilogx(x,y) or scmilogy(x,y) 
creates a plot with base 10 logarithmic scales for either only x-axis or y-axis_ Finally, 
note that you can use the hold command to plot more than one set of data on the same 
chart. 
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x(cm) 

FIGURE F.13 Using the Insert Text Anow or Inselt Text options, you can 
add arrows or text to the plot. 

~). Figure 1 ~~[:&J 

Volume as a furction of x 
oorr-------~----~r-------r_----_,------_. 

70 

",,50 
E 
oS 
.. 40 
~ 
(; 

>30 

Maximum volume 
occurs atx = 1.7cm 

2 
x{cm) 

4 

FIGURE F.14 The solution of Example E8. 
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. j Figure 1 G][QJ[&] 
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FIGURE F.15 MATLAB's Property 
Editor. 

FIGURE F.16 The result of 
Example F.B. 
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A reminder, when creating an engineering chaI1 , whether you are using MATLAB, 
Excel , other drawing software, or freehand, an engineering chart must contain proper 
labels with proper units for each axis. TIle chart must also contain a figure number with 
a title that explains what the chart represents. If more than one set of data is plotted on 
the same chart, the chart must also contain a legend or list that shows symbols used for 
different data sets. 

EXAMPLE F.2 (revisited) 

Using the results of Example F.2 create a graph showing the value of air density as a func­
tion of temperature. 

The command window and the plot of density of air as a function of temperature 
are shown in the accompanying figures. 

Temperature - 0:5:50; 
Density a 101300./«286.9)*(Temperature+213»; 1 
plot (Temperature ,Density) 
title('Density of Air as a Funotion of Temp 

Klabel('Tcmpexdtuxe (e)') 
ylabel(' Density (kg/m' 3)') 

Ale Edt VIeW Insert Tools Wl'\(]()" Hell 

Dci\'~s 1\ A'" /1 p> j9 0 

DensitY of Air as a Function of T 9m,Perabse 
1'.3.,,----,----,-----.----'--,---, 

1,25 
. . . 

~ 1.2 

11 ; .1::·· ••• •••.••• •• ••• ~ 
.E" 

···· ········· ··1················1"················;··· ··· . 
1 ~ ............... ]" ............... 1" ................ ; ................ 1"" .......... . 

~ 1.1.5 

·~O~-----+.10~----~~~,----~W~-----4~O~----~~· 

Ternperawre (C) 
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IMPORTING EXCEL AND OTHER DATA FILES INTO MATLAB 

At times, it might be convenient to import data files that were generated by other pro­
grams, such as Excel, into MATLAB for additional analysis. To demonstrate how to 
import a data file into MATLAB, consider the Excel file shown in Figure F.17. The 
Excel fil e was created for Example ES, with two columns, the x values and the corre­
sponding volume. To import this file into MATLAB, from menu bar we select File then 
Import Data ••• and then go to the appropriate directory and open the file we want. The 
import Wizard window, as shown in Figure F.IS, will appear next. Select the "Create 
vectors from each column using column names" and the Wizard will import the data 
and will save them in x and \'oillme variables. 

1II~lr.oC.1.",[. i.~~{or: • rrr. ~1!dQJyg] 
I ~ ESe Edit ~ew Insert FQrmat lools Qata 

! Wndow tielp _ 6 x 

I ~ ,.. e 1 B ~ I I: · 110 100% GIll) » I ~·» . . 
! til tm ~ r.aJ Ii& ~. I ~ ~ 621 » . 

111 I ... fo j 
A B C D ~ 

1 x volume i""' 

2 0 0.0 
3 0.1 9.6 
4 0.2 18.4 
5 0.3 26.5 
6 0.4 33 .9 
7 0.5 40 .5 
8 0.6 46 .5 
9 0.7 51 .8 

I I 10 0.8 56.4 
11 0.9 60.5 I 
12 1 64 .0 I 

I I 
,'> ~ ~ coco 1"1 

'11 FIB I •• ~. ~11\Sheet1 f Sheet21JI I-~l r 

---- ..1'---.. ~ 

FIGURE F.17 The Excel data file used in the example. 
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9 

10 

FIGURE F.18 MATLAB's Import Wizard. 

Now let's say that we want to plot volume as a function of x. We then simply type 
the MATLAB commands that are shown in Figure F.19. The resulting plot is shown in 
Figure F.20. 

To get started, select "MATLAB Help" from the Help menu. 

Import ~izard created variables in the current workspace. 
plot (x,volume) 
title ('Volume as a function of x') 
xlabel ('x (cm)') 
ylabel ('Volume (cmA 3)') 
grid 
I 

FIGURE F.19 TIle commands leading to the plot shown in Fi,!,'ure F.20. 
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FIGURE F.20 Plot of volume versus x using data imported from an Excel file. 

MATRIX COMPUTATIONS WITH MATLAB 

As explained earlier, MATLAB offers many tools for matrix operations and manipu­
lations. Table F.6 shows examples of these capabilities. We will demonstrate a few of 
MATLAB's matrix commands with the aid of the following examples. 

EXAMPLE F.g 

Given the following matrices, [A] = [~ j !J. [D] = [~ ~ ~!]. and {CJ = { -n ' 
using MATLAB, perform the following operations. 

(a) [A] + [B] = ?, (b) [A] - [B] = ?, (c) 3[A] = ?, (d) [AHB] = ?, (e) [A]{C} = ?, 
(f) determinate of [A]. 

The solution to this problem follows. When studying these examples, note that 
the response given by MATLAB is shown in regular typeface. Information that the user 
need to type is shown in boldface. 
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To get started, select " MATLAH Help" from the Help menu. 

»A=[O 5 0;8 3 7;9 -29] 

A= 
o 
8 
9 

5 
3 

-2 

o 
7 
9 

»H=[46 -2;723;13 -4] 

B= 

4 
7 
1 

6 
2 
3 

» C=[-1;2;5] 

c= 
-1 

2 
5 

»A+H 

ails = 
4 

15 
10 

»A-B 

ails = 
-4 

1 
8 

»3*A 

ails = 
o 

24 
27 

»A*B 

ails = 
35 
60 
31 

11 
5 
1 

-1 
1 

-5 

15 
9 

-6 

10 
75 
77 

-2 
3 

-4 

-2 
10 

5 

2 
4 

13 

o 
21 
27 

15 
-35 
-60 



»A*C 

ans = 
10 
33 
32 

» dct(A) 

ans = 
-45 
» 

EXAMPLE F.10 
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Solve the following set of equations using the Gauss elimination ancl by inverting the [A] 
matrix (the coefficients of unknowns) ancl multiplying it by {hI matrix (the values on the 
right hancl sicle of equations). 

2\') + x2 + .\"3 = 13 
3x) + 2\'2 + 4X3 = 32 

5'\'1 - x2 + 3x3 = 17 

For the above problem, the coefficient matrix [A] ancl the right hancl side matrix 
{hI are 

[
2 11] {13} [A] = 3 2 4 ancl {hI = 32 
5 -1 3 17 

We will first use the MATLAB matrix left division operator \ to solve this problem. 
The \ operator solves the problem using Gauss elimination. We then solve the problem 
using the ill\' command. 

To get started, select "MATLAH Help" from the Help mCllu. 

»A=[211;3 2 4;5 -13] 

A= 
2 
3 
5 

1 
2 

-1 

» b=[13;32;17J 

b= 

13 
32 
17 

1 
4 
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» x=A\b 

x= 

2.0000 
5.0000 
4.0000 

An Introduction to MATLAB 

» x=im'(AYb 

x= 

2.0000 
5.0000 
4.0000 

Note if you substitute the solution (Xl = 2, X2 = 5, and X3 = 4 into each equation, 
you find that they satisfy them. That is, 2(2) + 5 + 4 = 13, 3(2) + 2(5) + 4(4) = 32, ancl 
5(2) - 5 + 3(4) = 17. 

CURVE FITTING WITH MATLAB 

MATLAB offers a variety of curve fitting options. We will use Example Ell to show 
how you can also use MATLAB to obtain an equation that closely fits a set of data 
points. For Example Ell , we will use the command I'olylit(x, y, 11), which determines 
the coefficients (co, cl> C2, ••. , cII ) of a polynomial of order II that best fits the data 
according to: 

EXAMPLE F.11 

Find the equation that best fits the following set of data points. 

x y 

0.00 2.00 
0.50 0.75 
1.00 0.00 
1.50 -0.25 
2.00 0.00 
2.50 0.75 
3.00 2.00 
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To qet started, select "MATLAB Help" from. the Help menu. 

o 0.5(00 1.0000 1.5000 2.0000 2.5000 3.0000 
y. [20.750 -0.25 0 0.75 2) 

o. noo o -0.2500 
CoetUc1ent •• polyUt(x,y,2) 

etUc1ent •• 
1. 0000 -3.0(00 2 . 0000 

FIGURE F.21 The command window for Example Ell. 

o 0.7500 2.0000 

845 

The plot of data points reveals that the relationship between y and .\" is quadratic 
(second order polynomial). To obtain the coefficients of the second order polynomial 
that best fits the given data, we will type the following sequence of commands. The 
MATLAB command window for Example F.ll is shown in Figure F.21. 

»fcumat compact 
» x=O:O.5:3 
» y = (20.750 -0.2500.7521 
» Cocflicicllts = polyfit(x,y,2) 

Upon execution of polyfit command, MATLAB will return the following coeffi­
cients, Co = 1, C) = -3 and C2 = 2, which leads to the equation y = x2 - 3x + 2. 

SYMBOLIC MATHEMATICS WITH MATlAB 

In the previous sections we discussed how to use MATLAB to solve engineering prob­
lems with numerical values. In this section we briefly explain the symbolic capabilities 
of MATLAB. In symbolic mathematics, as the name implies, the problem and the so­
lution are presented using symbols such as x instead of numerical values. We will demon­
strate MATLAB's symbolic capabilities using the following examples. 
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EXAMPLE F.12 

We will use the following functions to perform the MATLAB's symbolic operations 
shown in Table F.12. 

TABLE F.12 

Function 

sym 

factor 

simplify 
expand 
collect 

solve 

ezplot(f, min, 
max) 

ft{x) = x2 - 5x + 6 

f2{X) = X - 3 
f3{X) = (x + 5)2 
f4{X) = 5x - y + 2x - y 

Examples of MATLAB's symbolic operations 

Description of thc Function Example 

It creates a symbolic function Fix = sym('x"2-S*x+6') 
F2x = sym('x-3') 
F3x = sym(' (x+S)"2') 
F4x = sym('S*x-y+2*x-y') 

When possible, it factorizes the factor(Fxl) 
function into simpler tenl1s. 

It simplifies the function simplify(Flx/F2x) 
It expands the function expand(F3x) 
It simplifies a symbolic expression collect(F4x) 

by collecting like coefficients 
It solves the expression for its solve(Flx) 

values 
It plots the function f in the range czplot(Flx,O,2) 

of min and max 

Result of the Example 

Fix = x"2-S*x+6 
F2x = x-3 
F3x = (x+S)"2 
F4x = S*x-y+2*x-y 
(x-2)*(x-3) 

x-2 
x"2+ !O*x+2S 
7*x-2*y 

x = 2 and x = 3 

See Figure F.22. 

SOLUTIONS OF SIMULTANEOUS LINEAR EQUATIONS 

In this section we will show how you can use MATLA B's symbolic solvers to obta in so­
lutions to a set of linear equations. Consider the following 3 lineal' equations with three 
unknowns, x, y, and z. 

2x + y + Z = 13 

3x + 2y + 4z = 32 

5x - y + 3z = 17 
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~) Figure No.1 
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FIGURE F.22 The ezplot for Example F.12; see the last row in Table F.12. 

In MATLAB, the solve command is used to obtain solutions to symbolic algebraic 
equations. The basic form of the sol\'c command is sol\,c('cqnl','cq2', •• ,'cqn'). As 
shown below, we define each equation first and then use the sol\'c command to obtain 
the solution. 

» c(llIation_l = '2*x+y+z=13'; 

»c(llIation_2 = '3*x+2*y+4*z=32'; 

» C(llIation_3 = 'S*x-y+3*z=17'; 

» [x,y,z] =sol\'c( cqllation_l,cqllation_2,cqllation_3) 
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TIle solution is given by x = 2, Y = 5, and z = 4. TIle MATLAB Command Window 
for this example is shown in Figure F.23. 

~) MATLAB ' 

» 
» equation _2 

'2*x+y+z=13' ; 

'3*x+2*y+4*z=32' ; 

»equation_3 '5*x-y+3*z=11'; 

» [x,y,z]=solve(equation_l,equation_2,equation_3) 

x = 

2 

y = 

5 

z = 

4 

» 

~start I 

FIGURE F.23 The solution of the set of linear equations discussed in the example. 

As we said at the beginning of this appendix, there are many good textbooks 
that discuss the capabilities of MATLAB to solve a full range of problems. Here our 
intent was to introduce only some basic ideas so that you can perform some essential 
operations or write a simple program to solve for the solution of your finite element 
model. 
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A 

Absolute humidity, 769 
Adiabatic lines, 491 
Adiabatic surface, 409-410 
Air, 768-769 
Aluminum, 762 
Aluminum bronze, 763 
American National Standards 

Institute (ANSI) , 762 
Angles having equal legs, 811 
Anisotropic materia, 764 
ANSYS 

applications for, 6, 7 
backward Euler and, 451 
basic concepts of, 139 
batch files and, 778 
Begin level , 353 
boundary conditions, 370-372 
creating finite element model 

with, 356-370 
databases and files , 354-356 
degree of freedom and, 371 
dialog box, 138-139, 357 
dynamic problems using, 616-635 
element types offered by, 399-404 
error-estimation procedures, 

381-383 
examples using, 144-177, 383-397 
fluid mechanics problems using, 

658-679 
graphical picking and, 143-144 
Graphical User Interface and, 

139-141 
graphics capabilities, 379-381 

heat transfer problems using, 451-490 
help system, 144 
II-method, 370 
input command, 355 
loads, 370-372 
main menu for, 141 
meshing, 367-370, 706 
method to enter, 137-139 
in one-dimensional problems, 

270, 296-311 
overview of, 6 
parametric design language 

of, 776-778 
plotting model entities, 367-368 
p-method, 370 
postprocessing, 373-377 
Processor level, 353 
selection options, 378-379 
solution, 373 
stress component distribution, 532 
structural example using, 732-745 
three-dimensional beam element, 

219-233 
time integration and, 451 
two-dimensional solid mechanics 

problems using, 533-554 
utility menu for, 141-142 
verification of results on, 177-178 

ANSYS element types/options 
BEAM3, 222, 226 
BEAM4,219-222 
FLUID15, 658 
FLUID66, 658 
FLUID79, 658-659 
KEOPTs, 356, 357 
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ANSYS element types/options (cont.) 
LINK1, 144, 145 
LINK8, 144, 145 
LINK31, 270 
LINK32, 270 
LINK34, 270 
PLANE2, 344, 533 
PLANE35, 344, 452, 534, 659 
PLANE42, 344, 356, 534 
PLANE55, 344, 452, 534, 659 
PLANE77, 344-345, 452, 534, 659 
PLANE82, 345, 356, 357, 534 
SOLID45, 700-701 
SOLID65, 701-702 
SOLID70, 700 
SOLID72, 702-703 
SOLID73, 703 
SOLID90, 700 
SOLID92, 703 

ANSYS files 
Jobname.DB, 162, 355, 376 
Jobname.EMAT, 356 
Jobname.ERR, 355 
Jobname.GRPH, 356 
Jobname.LOG, 355 
Jobname.OUT, 355 
Jobname.RMG, 356 
Jobname.RST, 356 
Jobname.RTH, 356 

ANSYS finite element model 
creation of, 356-370 
element real constants, 357-358 
element types, 356-357 
material properties, 358-359 
meshing, 367-370 
model geometry, 359-363 

ANSYS processors 
OPT, 354 
POSTl , 139, 353, 373, 397, 778 
POST26, 139, 373, 376 
PREP7, 139, 353-354, 397, 778 
solution, 139, 353 

ANSYS working plane 
coordinate system, 364 
display options, 364 

explanation of, 363-364 
grid control, 365-366 
location status, 367 
offset buttons, 366 
offset dialog input, 366-367 
offset slider, 366 
snap options, 364 

Area moments of inertia, 806 
Axial members, finite element 

formulation of, 598-602 
Axisymmetric elements 

explanation of, 334 
rectangular, 336-339 
triangular, 335-336 

Axisymmetric formulation 
formulation of stiffness matrix 

using, 530-532 

B 

of three-dimensional 
problems, 434-442 

Backward Euler, 451 
Banded matrix, 68 
Basic failure theories, for structural 

solid analysis, 532-533 
Batch files 

examples of, 778-792 
explanation of, 778 
optimization, 792-799 

Beams 
deflection and, 197-201 
finite element formulation 

of, 202-205, 602-607 
function of, 197-198 
load matrices and, 205-207 
stiffness matrix and, 210-211, 214 
strain energy and, 194-195 
stresses in, 201 , 221-222, 233-238 
three-dimensional, 219-222 

Bilinear rectangular elements, 325 
Biot number, 443-445, 450, 451 
Boolean operations, in solid-modeling 

approach, 360 



Boundary conditions 
ANSYS, 370-372 
in conduction problems, 408-411 

Brass,763 
Brick elements 

eight-node, 695-697 
twenty-node, 698-699 

Bronze, 763 
Bulk modulus of compressibility, 761 

c 

Carbon, 766 
Centroids, 805, 806 
Chain rule, 283, 435, 437 
Circular frequency, 582-583 
Collocation method, 44-45 
Column matrix, 67 
Common shapes, 806, 807 
Composite materials, 767-768 
Composite walls, 290-292 
Compression strength, 760 
Concatenation, 707 
Concrete, 763-764 
Conductance matrix 

for axisymmetric triangular 
element, 441 

explanation of, 24, 27, 285-289 
Conduction, 405--406 
Conduction problems 

boundary conditions in, 408--411 
steady-state two-dimensional , 408 

Conservation of energy 
explanation of, 407-408 
heat transfer problems and, 434-436 

Convective heat transfer, 21 ,22,406--407 
Cooling, 252 
Copper, 763 
Cramer's rule, 82 
Crank-Nicholson, 451 
C shapes, 810 
Cubic elements, 258-261 
Cubic shape functions, natural 

one-dimensional, 264 

Index 851 

D 

Darcy's law, 656 
Deflection, linear approximation of, 

190-191 
Deflection equations, 199-201 
Degrees of freedom 

ANSYS, 371 
dynamic problems and, 579, 

584-585 
explanation of, 579 
forced vibration of single, 

584-585 
multiple, 591-596 
nodal , 210, 214 

Density, 759 
Design optimization 

batch files and, 778-799 
examples of, 773-776 
overview of, 772-773 
parametric design language of 

ANSYS and, 776-778 
Design process 

common solid engineering materials 
and, 761-768 

fluid materials and, 768-770 
material properties and, 759-761 
material selection and, 758-759 
overview of, 754-755 
steps in , 755-758 

Design variables, 776 
Determinants 

examples using, 84-86 
of matrices, 81-86 
properties of, 83 
of square matrix, 81 

Diagonal, principal , 68 
Diagonal matrix, 67-68 
Differential equations, 2, 5 
Direct expansion, 82-83 
Direct formulation 

of flow through pipes, 643-649 
heat transfer problem using, 20-29 
postprocessing phase in , 17-20 
preprocessing phase in , 8-15 
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Direct formulation (cont.) 
solution phase in , 16-17 
stress distribution problem 

using, 32-35 
torsional problem using, 29-32 

Direct generation, 359 
Discretization, 4 
Displacement matrix , 12-15, 19 
Displacement results, 42-43 
Distortion-energy theory, 533 
Dynamic problems 

ANSYS used for, 616-635 
degree of freedom , 579, 584-585 
forced vibration and unbalanced 

rotating mass and, 586-587 
forces transmitted to foundation 

and, 588-590 
L1grange 's equations and, 596-598 
multiple degrees of freedom , 

591-596 
support excitation and, 590--591 

Dynamics 
finite element formulation of axial 

members and, 598-602 
finite element formulation of beams 

and frames and , 602-616 
kinematics of particles and, 566-568 
kinematics of rigid body and, 

572-574 
kinetics of particles and, 569-571 
kinetics of rigid body and, 574-579 

Dynamic systems 

E 

examples of, 580 
explanation of, 565-566 
period and frequency for, 582 
properties of, 579 

Eigenvalues, 98 
Eigenvectors 

explanation of, 98 
method to obtain, 99-101 

Eight-node brick element, 695-697 

Elastically coupled system, 99, 591 
Elastic energy, 194 
Elasticity 

fundamental concepts of, 515-518 
Hooke 's law and, 517-518 
modulus of, 518, 760 

Electrical networks, 4, 5 
Electrical resistivity, 759 
Elemental flow resistance, 648 
Element real constants, 357-359 
Elements 

axisymmetric, 334-339 
beam, 602, 605 
cubic, 258-261 
eight-node brick, 695-697 
four-node tetrahedral, 687-695 
frame, 213-219, 604-607 
isoparametric, 263-265, 339-341 
linear, 189-194 
linear triangular, 325-330 
one-dimensional, 191, 192, 252-270 
quadratic, 256-258 
quadratic quadrilateral , 320-325 
quadratic triangular, 330--334 
quadrilateral , 320 
rectangular, 316-320 
structural-solid , 700-703 
ten-node tetrahedral, 697-698 
thermal-solid, 700 
three-dimensional , 219-222 
triangular, 328-336, 343, 423-434 
twenty-node brick, 698-699 
two-dimensional , 317-345 

Energy conservation, 407-408 
Engineering systems 

parameters causing disturbances in, 5 
physical properties characterizing, 

3-4 
Engineers, 755 
Error-estimation procedures, ANSYS, 

381-383 
Euler parameter, 451 
Excel (Microsoft), 106-112 
Explicit finite difference method, 

445, 447-448 



F 

Factor of safety (ES.) , 532 
Failure theories, for structural solid 

analysis, 532-533 
Feasible solution region, 774-775 
Fiberglass, 767 
Fibers, 767 
Finite difference method 

explanation of, 5 
explicit, 445, 447-448 
for heat transfer problems, 445-446, 

450-452 
implicit, 445-450 

Finite element analysis (FEA). 
See also ANSYS 

examples using, 50-53 
explanation of, 1 
sources of error in , 48-49 
verification of, 236-238, 679-680 

Finite element formulation 
of axial members, 598-602 
of beams and frames, 202-205, 

213-219, 602-616 
of fluid mechanics problems, 

646-647 
of viscous fluid flow problems, 654 

Finite element method 
applications for, 6 
basic steps in , 6, 8 
direct formulation and, 8-36 
explanation of, 5 
for heat transfer problems, 450-452 
historical background of, 6 
minimum total potential energy 

formulation and, 37-43 
numerical methods and, 5 
results verification and , 48-49 
for torsional problems, 505, 507-515 
for trusses, 118--136 
weighted residual formulations 

and, 43-48 
Finite element modeling 

of frames, 215-219 
frames of reference for, 261 

Index 853 

Finite element models (ANSYS) 
element types and options, 356-357 
geometry, 359-363 
grid control, 365-367 
material properties definition, 358--359 
meshing, 368--370 
plotting model entities, 367-368 
working plane, 363-367 

Finite element problems 
direct formulation approach to, 8--36 
minimum total potential energy 

formulation approach to , 37-43 
steps in , 6, 8 
weighted residual formulation 

approach to, 43-48 
Fins 

determining temperature of, 256, 
263-264 

problems involving, 286-290 
transient response of, 472-490 
two-dimensional function and, 

316, 317 
use of, 252, 253 

Fluid flow 
ideal, 649-655, 659 
parameters causing disturbances in , 5 
physical properties related to, 4 
in porous media , 655-656 

Fluid materials 
air as, 768--769 
water as, 769-770 

Fluid mechanics problems 
ANSYS used in , 658--679 
direct formulation of flow through 

pipes and, 643-649 
groundwater flow and, 655-657 
ideal fluid flow and, 649-655 
one-dimensional, 292-296 
verification of results in, 679-680 

Forced vibration 
caused by unbalanced rotating 

mass, 586-587 
equations of motion for, 594-596 
of single degree of freedom system, 

584-585 
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Foundation, forces transmitted to, 
588-590 

Fourier number, 443, 450, 452 
Fourier's law, 23, 406, 434, 436 
Four-node tetrahedral element 

analysis of three-dimensional solid 
problems using, 690-695 

explanation of, 687-690 
load matrix and, 695 

Frame elements, 213-219, 604-607 
Frames 

finite element formulation of, 
213-219, 602-616 

stresses in , 233 
Free-body diagrams, 569, 571 , 

575, 578 
Free meshing, 707-709 

G 

Galerkin method 
for analysis of two-dimensional 

laminar flow, 654 
heat transfer problems and, 412, 

425, 435 
weighted residual formulations 

and, 46, 281 
Gauss elimination method 

explanation of, 86-88 
use of, 88, 94, 105 

Gauss-Legendre formula , 265, 268, 
269, 527 

Gauss-Legendre quadrature 
explanation of, 265, 267-269 
two-dimensional integrals and, 

341-343 
General plane motion, 573-574, 576 
Geometrical properties, of structural 

steel shapes, 808-811 
Glass, 766-767 
Global conductance matrix, 

25 , 26, 427 
Global load matrix, 427 
Global matrix, 14, 15, 25, 27 

Graphical picking, ANSYS and, 
143-144 

Graphical User Interface (GUI) 
ANSYS and, 139-141 , 144 
graphical picking, 143 
layout of, 140-141 

Green's theorem, 417-423, 437, 440 
Groundwater, 769 
Groundwater flow, 655-657 

H 

Hardwood, 765 
Heat capacity, 761 
Heat conduction. See Conduction; 

Conduction problems 
Heat diffusion equation, 408-409 
Heat flow matrix, 27 
Heat transfer 

conduction , 405-406, 408-411 
convection, 21 , 406-407 
fin , 278-280 
Fourier's law and, 406, 434, 436 
Galerkin method and, 412, 

425, 435 
Green's theorem and, 417-423, 

437, 440 
modes of, 405-407 
one-dimensional elements and, 252 
one-dimensional transient, 444 
parameters causing disturbances 

in, 5 
physical properties related to, 3-4 
unsteady, 442 

Heat transfer problems 
axisymmetric formulation of 

three-dimensional , 434-442 
conduction elements used by 

ANSYS, 453 
examples using ANSYS, 453-490 
finite difference approach to, 

445-446, 450-452 
formulation with rectangular 

elements, 412-423 



formulation with triangular 
elements, 423-434 

general conduction , 405-411 
implicit method for, 446-450 
unsteady, 442-445 
verification of results to, 491 

Heiser charts, 444 
Hooke's law 

stresses and strains and, 518, 519 
truss problems and, 118 

Humidity, 769 

Identity matrix, 68 
Implicit finite difference 

method, 445-450 
Impulse approach, 577 
Incompressible flow, 645 
Integral formulations, 5 
Integrals, two-dimensional , 341-343 
Inviscid flow, 649-650, 654 
Iron, 763 
Inotational flow, 653 , 654 
Isoparametric elements 

explanation of, 263-264, 339-341 
one-dimensional natural quadratic 

and cubic shape functions 
and, 264-265 

Isoparametric formulation 
explanation of, 263, 339 
quadrilateral element and, 523-530 

Isotherms, 406,491 

K 

Kinematics 
of particle, 566-568 
of rigid body, 572-574 

Kinetics 
of particles, 569-571 
rectilinear translation , 574-575 
of rigid body, 574-579 

Index 855 

L 

Lagrange interpolation functions 
example using, 261 
explanation of, 259-260 

Lagrange polynomial formula , 261 
Lagrange's equations 

examples using, 596-599, 603 
explanation of, 596 

Laminar flow, 643, 645, 646 
Laplace's equation, 654 
Least-squares method, 47 
Legrandre polynomials, 267 
Lightweight metals, 762-763 
Linear approximation 

of deflection, 190-191 
of temperature distribution for 

element, 253 
Linear elements 

axial loading and, 189-194 
one-dimensional, 252-256 

Linear triangular elements 
explanation of,325-330 
limitations of using, 514-515 

Line segments, centroids of, 805 
Lines of symmetry, 491 
Load matrices 

change of, 88 
direct formulation and, 12, 13, 

15, 19 
formulation of nodal, 205-207 
stiffness and, 194-197 
three-dimensional problems 

and,695 
two-dimensional plane stress and, 

521-523 
Local coordinates, advantages 

of, 261 
Locational picking, 143 
Lower triangular matrix, 68 
LU method 

application of, 92-94 
explanation of, 88-92 

Lumped capacitance method, 
444 
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M 

Magnesium, 762-763 
Magnetism problems, 4 
Mapped meshing, 707-709 
Mass moments of inertia of common 

shapes, 806 
Materials 

electrical, mechanical , and 
thermophysical properties 
of, 759-761 

mechanical properties of 
engineering, 802-803 

selection of, 758-759 
thennophysical properties of, 804 

Mathematical models, 2, 407 
MATLAB 

commands for, 102 
explanation of, 102 
manipulating matrices using, 102-105 
matrix operations, 102 

Matrices 
banded, 68 
column, 67 
determinant of, 81-86 
diagonal , 67-68 
elements of, 66 
explanation of, 66- 67 
identity, 68 
inverse of, 94-98 
lower triangular, 68 
partitioning of, 73-77 
row, 67 
singular, 85-86 
size of, 66 
square, 67, 81 
transpose of, 77-80 
unit , 68 
upper triangular, 68 
using EXCEL to manipulate, 

106 112 
using MATLAB to manipulate, 

102-105 

Matrix addition, 69, 74 
Matrix materials, 767 
Matrix multiplication 

example of, 71-73 
multiplying by scalar quantity, 

69-70 
multiplying matrix by another 

matrix, 70-71 
using partitioned matrices, 

74-75 
Matrix subtraction , 69, 74 
Maxi I11U m-normal-stress 

theory, 533 
Maximum-sheer-stress theory, 533 
Mechanical properties, of engineering 

materials, 802-803 
Members under axial loading 

linear element and, 189-194 
stiffness and load matrices and, 

194-197 
Meshing 

ANSYS, 367-370, 706 
free vs. mapped, 707-709 

Microsoft Exce l. See Excel 
(Microsoft) 

Minimum total potential energy 
formulation, 37-43 

Modal analysis, 595 
Modulus of elasticity, 760 
Modulus of resilience, 760 
Modulus of rigidity, 760 
Modulus of toughness, 760 
Momentum approach, 577 
Motion 

equations of, 594-596 
general plane, 573-574, 576 
Newton's second law of, 569-571 , 

574-575, 581 
plane curvilinear, 566-567 
rectangular, 566 
relative, 5fiR 
rotational, 579 
translational , 578 



N 

NatUl'al coordina tes 
advantages of, 261 , 262 
one-dimensional , 262-263 
for triangular elements, 328-330 
two-dimensional , 319-320 

NatUl'al shape functions, quadratic, 
264 

Newton 's law of cooling, 21-22 
Newton 's second law of motion, 

569-571, 574-575 , 581 
Nodal degree of freedom, 210, 214 
Nonhomogenous systems, 98 
Normal coordinates, 567 
Numerical integration, Gauss-Legendre 

quadrature and, 265, 267-269 
Numerical methods, 5 

o 

Objective function , 774, 775 
One-dimensional eleme nts 

in ANSYS, 270 
cubic, 258-261 
Gauss-Legendre quadratUl'e and, 

265-269 
global , local , and natural 

coordinates and , 261-263 
isoparametric, 263-265 
linear, 252-255 
natural coordinates and, 261-263 
quadratic, 256-258 
shape functions and, 192, 255-256, 

266 
One-dimensional problems 

ANSYS used for, 296-311 
fluid mechanics, 296 
heat transfer, 277-292 
verifying results of, 311 -312 

One-dimensional transient heat 
transfer, 444 

Index 857 

Optimization, 772. See also Design 
optimization 

Optimization batch files, 792-799 

p 

Pappus-Guildinus theorem, 
438-439, 441 

Parame tric design language, 
776-778 

Particles 
explanation of, 566 
kinematics of, 566-568 
kinetics of, 569-571 

Perfectly insulated sUl'face, 410 
Pe rmeability matrix , 657 
Pipe flow, 643-649 
Pipes 

in parallel , 646 
in series, 645-646 

Plane cUl'vilinear motion, 566--567 
Plane-strain situation , 517, 518 
Plane-stress formulation , 

516-523 
Plane-stress situation, 516, 518 
Plane truss, 117 
Plastics, 765-766 
Plotting, model entities with ANSYS, 

367-368 
Poisson 's ratio, 518, 527, 734 
Polar coordinates, 567-588 
Polymers, 765 
Postprocessing phase 

ANSYS, 354, 373-377 
direct formulation and, 17-20, 

28-29 
of finite element method , 8 
for heat transfer problems, 

278-286 
Potential function , 651-655 
Potential lines, 653-654 
Prandtl formulation , 507-508 
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Preprocessing phase 
ANSYS, 353-354, 356-370 
direct formulation and, 8-15, 20-28 
finite element method and, 6, 8 
for heat transfer problems, 277-278 
truss problems and, 124-132 

Primitives, 360, 363 
Principal coordinates, 595 
Principal diagonal , 68 

Q 

Quadratic approximation , 257 
Quadratic elements, 256-258 
Quadratic natural shape functions , 264 
Quadratic quadrilateral elements, 

320-325, 342 
Quadratic triangular elements, 

330-334, 343 
Quadrilateral elements 

explanation of, 320 
isoparametric formulation and, 

523-530 

R 

Reaction forces , 19, 177 
Reaction matrix, 12, 19 
Real constants, element, 357-359 
Rectangular elements 

axisymmetric, 336-339 
bilinear, 325, 412 
explanation of, 316-319 
heat transfer problems and, 412-423 
natural coordinates and, 319-320 
permeability matrix for, 657 

Rectangular motion, 566 
Rectilinear translation, 574-575 
Reinforced concrete , 764 
Relative humidity, 769 
Relative motion, 568 
Retrieval picking, 143 
Reynolds number, 643 , 644 

Rigid body 
explanation of, 572 
kinematics of, 572-574 
kinetics of, 574-579 

Rigidity, modulus of, 518 
Rotation 

about fixed axis, 575 
of rigid body, 572-573 

Rotational kinetic energy, 577 
Rotational motion, 579 
Row matrix, 67 

5 

Seepage velocity, 656, 671 
Semiconductors, 766 
Shape functions 

basic ideas of, 252-255 
one-dimensional, 264-266 
properties of, 255-256 
quadratic, 261, 264 
triangular, 327, 328 
two-dimensional, 317-342 

Shear modulus, 518, 760 
Silicon, 766 
Silicones, 766 
Simple harmonic motion, 579 
Singular matrix, 85-86 
Soda-lime-silica glass, 766 
Softwood, 765 
Solid engineering materials 

composites as, 767-768 
concrete as, 763-764 
cooper and its alloys as, 763 
glass as, 766-767 
iron and steel as, 763 
lightweight metals as, 762-763 
plastics as, 765-766 
silicon as, 766 
wood as, 764-765 

Solid mechanics, 3, 5 
Solid mechanics problems. See 

Two-dimensional solid mechanics 
problems 



Solid-modeling approach 
Boolean operations, 360 
bottom-up, 704, 705 
explanation of, 359-361 
top-down , 704 

Solution phase 
ANSYS, 354 
direct formulation and, 16-17, 28 
of finite element method, 8 
for heat transfer problems, 278 
truss problems and, 132-135 

Space trusses 
explanation of, 135-137 
solution to problem with, 162-176 

Spring mass system, 590-591 
Square matrix 

determinant of, 81 
explanation of, 67 
inverse of two-dimensional , 525 

St. Venant's formulation, 507 
State variables, 776 
Static equilibrium, 11, 580, 581 
Steel, 763 
Stiffness 

load matrices and, 194-197 
in truss problems, 125 

Stiffness matrices 
beams and, 210-211 , 214 
direct formulation examples and, 

12-15, 19, 32, 33 
in dynamics problems, 608-609, 612 
truss, 122, 124-131, 137 
using axisymmetric triangular 

elements, 530-532 
Strain energy, 194-195, 518 
Stream functions , 650, 654 
Stream lines, 650-653 , 655 
Strength-to-weight ratio, 760-761 
Stresses 

in beams, 201 , 221-222, 233-238 
computing principle and maximum 

shear, 532-533 
distribution of, 32-35, 323-325 
von Mises, 532-533 

Structural steel shapes, 808-811 

Index 859 

Subdomain method, 45-46 
Support excitation, 590-591 
Surface water, 769 
System of linear equations , 

non homogenous, 98 

T 

Tangential coordinates, 567 
Temperature distribution 

cubic approximation and, 258 
heat transfer problems and, 405 
linear approximation and, 253 
quadratic approximation and, 257 

Temperature matrix, 27 
Ten-node tetrahedral element, 

697-698 
Tensile strength , 760 
Tetrahedral elements 

four-node , 687-695 
ten-node, 697-698 

Thermal conductance matrix, 24 
Thermal conductivity, 761 
Thermal diffusivity, 443-444 
Thermal expansion, 761 
Thermal radiation, 407 
Thermal transmission, 21 
Thermal transmittance coefficient, 21 
Thennophysical properties of 

engineering materials, 804 
Thermoplastics, 765 
Thermosetting, 765 
Third-order polynomials, 258 
Three-dimensional elements 

in ANSYS, 700-745 
beam, 219-222 
eight-node brick, 695-697 
four-node tetrahedral , 687-695 
solid-modeling ideas and, 704-715 
structural-solid, 700-703 
ten-node tetrahedral, 697-698 
thermal example of, 715-731 
thermal-solid, 700 
twenty-node brick, 698-699 
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Three-dimensional solid problems, 
using four-node tetrahedral 
elements, 690-695 

Three-dimensional trusses. 
See Space trusses 

Timber, 765 
Titanium, 762 
Torsional problems 

direct formulation and, 29-32 
finite element method 

and, 505, 507-515 
finite element model to 

analyze, 52-53 
Total potential energy, 194 
Total potential energy formulation, 

minimum, 37-43 
Translation 

rectilinear, 574-575 
of rigid body, 572 

Translational motion, 578 
Triangular elements 

axisymmetric, 335-336 
heat transfer problems and, 423-434 
linear, 325-330, 343 
nahlral coordinates for, 328-330 
permeability matrix for, 657 
quadratic, 330-334, 343 

Trusses 
explanation of, 117-118 
global and local frames of reference 

for, 120-123 
space, 135-137, 162-176 

Truss problems 
finite element formulation 

and, 118-135 
space, 162-176 
statistically determinate, 118,119 
statistically indeterminate, 118, 119 
stiffness matrix and, 122, 124-131 
using ANSYS to solve, 137-178 

(See alm A NSYS) 
Turbulent flow, 645 
Twenty-node brick element , 698-699 

Two-dimensional elements 
in ANSYS, 344-345 
axisymmetric, 334-339 
Gauss-Legendre quadrature 

and , 341-343 
isoparametric, 339-341 
linear triangular, 325-330 
quadratic quadrilateral, 320-325 
quadratic triangular, 330-334 
rectangular, 316-320 

Two-dimensional flows, 653 , 656 
Two-dimensional solid mechanics 

problems 
ANSYS used for, 533-554 
axisymmetric formulation and, 

530-532 
basic failure theories and, 532-533 
isoparametric formulation and, 

523-530 
plane-stress formulation and, 

515-523 
torsion of members with arbitrary 

cross-section shape and, 505-515 
Two-point sampling formula , 343 

u 

V-factor 
conductance matrix and, 24 
explanation of, 21-23 

Unit matrix, 68 
Upper triangular matrix, 68 

v 
Vapor pressure , 761 
Vibration, forced, 584-587 
Viscosity, 654, 761 
Viscous flows, 054 
von Mises-Hencky theory, 533 
von Mises stresses, 533, 732, 744 



w 

Water, 769-770 
Weighted residual formulations 

collocation method and, 44-45 
comparison of, 48 
explanation of, 43-44 
Galerkin method and, 46, 281 
least-squares method and, 47-48 
subdomain method and, 45-46 

Index 861 

Wood, 764-765 
Work-energy principle , 570, 571 , 

576-577 
W shapes, 808, 809 

y 

Young's modulus, 518, 760 
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