DESIGN FOR

Thermal
STRESSES

RANDALL F. BARRON
BRIAN R. BARRON






DESIGN FOR THERMAL
STRESSES






DESIGN FOR THERMAL
STRESSES

RANDALL F. BARRON

BRIAN R. BARRON

WILEY
JOHN WILEY & SONS, INC.



This book is printed on acid-free paper. @

Copyright © 2012 by John Wiley & Sons, Inc. All rights reserved
Published by John Wiley & Sons, Inc., Hoboken, New Jersey
Published simultaneously in Canada

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any
form or by any means, electronic, mechanical, photocopying, recording, scanning, or otherwise,
except as permitted under Section 107 or 108 of the 1976 United States Copyright Act, without
either the prior written permission of the Publisher, or authorization through payment of the
appropriate per-copy fee to the Copyright Clearance Center, 222 Rosewood Drive, Danvers,

MA 01923, (978) 750-8400, fax (978) 646-8600, or on the web at www.copyright.com. Requests
to the Publisher for permission should be addressed to the Permissions Department, John Wiley

& Sons, Inc., 111 River Street, Hoboken, NJ 07030, (201) 748-6011, fax (201) 748-6008, or online
at www.wiley.com/go/permissions.

Limit of Liability/Disclaimer of Warranty: While the publisher and the author have used their best
efforts in preparing this book, they make no representations or warranties with respect to the
accuracy or completeness of the contents of this book and specifically disclaim any implied
warranties of merchantability or fitness for a particular purpose. No warranty may be created or
extended by sales representatives or written sales materials. The advice and strategies contained
herein may not be suitable for your situation. You should consult with a professional where
appropriate. Neither the publisher nor the author shall be liable for any loss of profit or any other
commercial damages, including but not limited to special, incidental, consequential, or other
damages.

For general information about our other products and services, please contact our Customer Care
Department within the United States at (800) 762-2974, outside the United States at (317)
572-3993 or fax (317) 572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print
may not be available in electronic books. For more information about Wiley products, visit our
web site at www.wiley.com.

Library of Congress Cataloging-in-Publication Data:
Barron, Randall F.
Design for thermal stresses / Randall F. Barron, Brian R. Barron.
p. cm.
Includes index.

ISBN 978-0-470-62769-3 (hardback); ISBN 978-1-118-09316-0 (ebk); ISBN
978-1-118-09317-7 (ebk); ISBN 978-1-118-09318-4 (ebk); ISBN 978-1-118-09429-7 (ebk);
ISBN 978-1-118-09430-3 (ebk); ISBN 978-1-118-09453-2 (ebk)

1. Thermal stresses. I. Barron, Brian R. II. Title.
TA654.8.B37 2011
620.1'1296—dc23
2011024789

Printed in the United States of America

10987654321


http://www.copyright.com
http://www.wiley.com/go/permissions
http://www.wiley.com

CONTENTS

Preface xi
Nomenclature Xiii
1 Introduction 1

1.1 Definition of Thermal Stress 1
1.2 Thermal—Mechanical Design 3
1.3 Factor of Safety in Design 4
1.4 Thermal Expansion Coefficient 7
1.5 Young’s Modulus 11
1.6 Poisson’s Ratio 13
1.7 Other Elastic Moduli 14
1.8 Thermal Diffusivity 16
1.9 Thermal Shock Parameters 17
1.10 Historical Note 19

Problems 23

References 25



vi

2 Thermal Stresses in Bars

2.1
2.2
23
24
2.5
2.6

Stress and Strain 26
Bar between Two Supports 27
Bars in Parallel 32

Bars with Partial Removal of Constraints 35

Nonuniform Temperature Distribution 43

Historical Note 52
Problems 53

References 58

3 Thermal Bending

3.1
32
33
34
3.5
3.6
3.7
3.8

Limits on the Analysis 59
Stress Relationships 60

Displacement Relations 64

General Thermal Bending Relations 65

Shear Stresses 67

Beam Bending Examples 69
Thermal Bowing of Pipes 97
Historical Note 108
Problems 110

References 117

4 Thermal Stresses in Trusses and Frames

4.1
42
43
44
45
4.6
47
48
4.9

Elastic Energy Method 118
Unit-Load Method 123

Trusses with External Constraints 129
Trusses with Internal Constraints 132
The Finite Element Method 142
Elastic Energy in Bending 153

Pipe Thermal Expansion Loops 158
Pipe Bends 172

Elastic Energy in Torsion 178

CONTENTS

26

59

118



CONTENTS vii

4.10 Historical Note 185
Problems 186
References 195

5 Basic Equations of Thermoelasticity 197
5.1 Introduction 197
5.2 Strain Relationships 198
5.3 Stress Relationships 203
5.4 Stress—Strain Relations 206
5.5 Temperature Field Equation 208
5.6 Reduction of the Governing Equations 212
5.7 Historical Note 215
Problems 217
References 220

6 Plane Stress 221
6.1 Introduction 221
6.2 Stress Resultants 222
6.3 Circular Plate with a Hot Spot 224
6.4 Two-Dimensional Problems 239
6.5 Plate with a Circular Hole 247
6.6 Historical Note 256
Problems 257
References 262

7 Bending Thermal Stresses in Plates 264
7.1 Introduction 264
7.2 Governing Relations for Bending of Rectangular Plates 265
7.3 Boundary Conditions for Plate Bending 273
7.4 Bending of Simply-Supported Rectangular Plates 277
7.5 Rectangular Plates with Two-Dimensional Temperature Distributions 283

7.6 Axisymmetric Bending of Circular Plates 287



viii

1.7
7.8

7.9

CONTENTS

Axisymmetric Thermal Bending Examples 292

Circular Plates with a Two-Dimensional Temperature
Distribution 305

Historical Note 310
Problems 312
References 315

Thermal Stresses in Shells

8.1
8.2
8.3
8.4
8.5
8.6
8.7

8.8

Introduction 317

Cylindrical Shells with Axisymmetric Loading 319
Cooldown of Ring-Stiffened Cylindrical Vessels 329
Cylindrical Vessels with Axial Temperature Variation 336
Short Cylinders 344

Axisymmetric Loading of Spherical Shells 350

Approximate Analysis of Spherical Shells under Axisymmetric
Loading 357

Historical Note 371
Problems 373
References 377

Thick-Walled Cylinders and Spheres

9.1
9.2
9.3
9.4
9.5
9.6
9.7

Introduction 378

Governing Equations for Plane Strain 379

Hollow Cylinder with Steady-State Heat Transfer 384
Solid Cylinder 388

Thick-Walled Spherical Vessels 397

Solid Spheres 402

Historical Note 411

Problems 412

References 415

317

378



CONTENTS ix

10 Thermoelastic Stability 416

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
10.9

Introduction 416

Thermal Buckling of Columns 416

General Formulation for Beam Columns 420
Postbuckling Behavior of Columns 423
Lateral Thermal Buckling of Beams 426
Symmetrical Buckling of Circular Plates 432
Thermal Buckling of Rectangular Plates 437
Thermal Buckling of Cylindrical Shells 450
Historical Note 454

Problems 455

References 460

Appendix A Preferred Prefixes in the SI System of Units 461

Appendix B Properties of Materials at 300 K 462

Appendix C Properties of Selected Materials as a Function

C.1
C2
C3
C4
C5
C.6
C.7

of Temperature 464
Properties of 2024-T3 Aluminum 464
Properties of C1020 Carbon Steel 465
Properties of 9% Nickel Steel 465
Properties of 304 Stainless Steel 466
Properties of Beryllium Copper 466
Properties of Titanium Alloy 467
Properties of Teflon 467
References 468

Appendix D Bessel Functions 469

D.1
D.2

Introduction 469
Bessel Functions of the First Kind 470



X CONTENTS

D.3 Bessel Functions of Noninteger Order 470
D.4 Bessel Functions of the Second Kind 472
D.5 Bessel’s Equation 474
D.6 Recurrence Relationships for J,(x) and Y, (x) 475
D.7 Asymptotic Relations and Zeros for J,(x) and Y, (x) 476
D.8 Modified Bessel Functions 477
D.9 Modified Bessel Equation 478
D.10 Recurrence Relations for the Modified Bessel Functions 479
D.11 Asymptotic Relations for I,,(x) and K,(x) 480
References 483

Appendix E Kelvin Functions 485
E.1 Introduction 485
E.2 Kelvin Functions 486
E.3 Differential Equation for Kelvin Functions 490
E.4 Recurrence Relationships for the Kelvin Functions 491
E.5 Asymptotic Relations for the Kelvin Functions 492
E.6 Zeros of the Kelvin Functions 493

Appendix F Matrices and Determinants 494
F.1 Determinants 494
F.2 Matrices 499
References 504

Index 505



PREFACE

Situations involving thermal stresses arise in many engineering areas, from
aerospace structures to zirconium-clad nuclear fuel rods. It is important for the
engineer to recognize the importance of alleviation of thermal stresses and to
have the tools to carry out this task. For example, in the design of cryogenic
fluid transfer systems, the vacuum-jacketed transfer lines must accommodate
differential contractions as large as an inch or a couple of centimeters when
the inner pipe is cooled from ambient temperature to the cryogenic temperature
range. In process industry systems, such as shell-and-tube heat exchangers,
differential thermal expansion between the tube and the heat exchanger shell
would result in mechanical failure if design approaches were not use to alleviate
this situation. Even the seemingly mundane or “everyday” problem of buckling
of concrete slabs in highways due to summer heating is a thermal stress problem.

Thermal stresses arise in each of these systems when the system compo-
nents undergo a change in temperature while the component is mechanically
constrained and not free to expand or contract with the temperature change.
Often thermal stresses cannot be changed by “making the part bigger.” Thermal
stresses arise as a result of constraints and thermal stresses may be controlled
safely by reducing the extent of the restraint. For example, flexible expansion
bellows are used in cryogenic fluid transfer lines to reduce the constraint and
forces between the cold inner line and the warm outer vacuum jacket to accept-
able levels. The problem of thermal buckling of concrete slabs can be alleviated
by providing a sufficiently large gap to allow some unconstrained expansion of
the highway slab.

Some of the treatments of thermal stresses concentrate on the analysis of
the thermomechanical system, which is an important consideration. However,
the design process involves an interaction of both the analysis and synthesis

xi



xii PREFACE

processes, and not simply an application of “formulas.” This design process is
emphasized in this text. Example problems are included to illustrate the applica-
tion of the principles for practicing engineers and student study, and homework
problems are included to allow practice in applying the principles.

This text evolved from the authors’ academic and industrial experiences. One
of us (RFB) has taught senior undergraduate and graduate level mechanical engi-
neering courses in the areas of thermal stresses, directed MS and PhD thesis and
dissertation research projects, including studies of thermal stresses in the thermal
shroud of a space environmental simulation chamber, and conducted continuing
education courses involving thermal stress applications for practicing engineers
for more than 3 decades. He has first-hand industrial experience in the area of
thermal stress design, including application of thermal design principles in design
and manufacture of cryogenic liquid storage and transfer systems (dewars and
vacuum-jacketed transfer lines), heat exchangers, and space environmental sim-
ulation chambers. BRB has conducted research involving the development of a
hybrid finite element and finite difference numerical technique for solving ther-
mal problems involving ultrashort laser pulses in layered media, in which thermal
stresses can present severe design challenges.

The first part of the text (Chapters 1—4) covers thermal stress design in bars,
beams, and trusses, which involves a “strength-of-materials” approach. Both ana-
lytical and numerical design methods are presented. The second part of the book
(Chapters 5-9) covers more advanced thermal design for plates, shells, and thick-
walled vessels, which involves a “theory of elasticity” approach. The final chapter
(Chapter 10) covers the problem of thermal buckling in columns, beams, plates,
and shells. Material on thermal viscoelastic problems (creep, etc.) is not included
because of space limitations. The material included in the appendixes includes a
discussion of the SI units used for quantities in thermal stress problems, tables
of material properties relating to thermal stresses, brief coverage of mathematical
functions (Bessel and Kelvin functions), and the characteristics of matrices and
determinants required for design and analysis of plates and shells.

The book is written for use in junior- or senior-level undergraduate engineering
elective courses in thermal design (mechanical, chemical, or civil engineering)
and for graduate-level courses in thermal stresses. The proposed text is intended
for use as a textbook for these classes, and a sufficient number of classroom-
tested homework problems are included for a one-semester course in thermal
stress design.

In addition, the book is intended for use by practicing engineers in the process
industries, cryogenic and space-related fields, heat exchanger industries, and other
areas where consideration of thermal stresses is an important part of the design
problem. Detailed example problems are included with emphasis on practical
engineering systems. The proposed text would serve as a reference and a source
of background material to help engineers accomplish their design tasks.

Our most heartfelt thanks and appreciation is extended to each of our spouses,
Shirley and Kitty, who generously gave their support and encouragement during
the months of book preparation.
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INTRODUCTION

1.1 DEFINITION OF THERMAL STRESS

Thermal stresses are stresses that result when a temperature change of the material
occurs in the presence of constraints. Thermal stresses are actually mechanical
stresses resulting from forces caused by a part attempting to expand or contract
when it is constrained.

Without constraints, there would be no thermal stresses. For example, consider
the bar shown in Figure 1-1. If the bar were subjected to a temperature change
AT of 20°C and the ends were free to move, the stress in the bar would be zero.
On the other hand, if the same bar were subjected to the same temperature change
and the ends were rigidly fixed (no displacement at the ends of the bar), stresses
would be developed in the bar as a result of the forces (tensile or compressive)
on the ends of the bar. These stresses are called thermal stresses.

There are two types of constraints as far as thermal stresses are concerned:
(a) external constraints and (b) internal constraints. External constraints are
restraints on the entire system that prevent expansion or contraction of the system
when temperature changes occur. For example, if a length of pipe were fixed at
two places by pipe support brackets, this constraint would be an external one.

Internal constraints are restraints present within the material because the
material expands or contracts by different amounts in various locations, yet the
material must remain continuous. Suppose the pipe in the previous example were
simply supported on hangers, and the inner portion of the pipe were suddenly
heated 10°C warmer than the outer surface by the introduction of a hot liquid
into the pipe, as shown in Figure 1-2. If the outer surface remains at the initial

1



2 INTRODUCTION

AT
O ) ENDS FREE TO MOVE
(A)
aT
j ENDS RIGIDLY
// FIXED
(B)

Figure 1-1. Illustration of external constraints. (A) No constraint—the bar is free to
expand or contract. Thermal stresses are not present. (B) External constraint—the bar has
both ends rigidly fixed and no motion is possible. Thermal stresses are induced when the
bar experiences a change in temperature.

e - e
et e > THERMA

L EXPANSION
——— IN COMPRESSION «——

HOT LIQUID

THICK-WALLED PIPE

Figure 1-2. Internal constraints. The inner surface is heated by the fluid and tends to

expand, but the outer (cool) surface constrains the free motion. Thermal stresses are
induced by this constraint.

temperature, the outer layers would not expand, because the outer temperature
did not change, whereas the inner layers would tend to expand due to a tem-
perature change. Thermal stresses will arise in this case because the inner layer
of material and outer layer of material are not free to move independently. This
type of constraint is an internal one.



THERMAL-MECHANICAL DESIGN 3

1.2 THERMAL-MECHANICAL DESIGN

The design process involves more than “solving the problem” in a mathematical
manner [Shigley and Mischke, 1989]. Ideally, there would be no design limi-
tations other than safety. However, usually multiple factors must be considered
when designing a product. A general design flowchart is shown in Figure 1-3.

Initially, there is usually a perceived need for a product, process, or system.
The specifications for the item required to meet this need must be defined. Often
this specification process is called preliminary design. The input and output quan-
tities, operating environment, and reliability and economic considerations must be
determined. For example, anticipated forces that would be applied to the system
must be specified.

After the design problem has been defined, the next step involves an interaction
between synthesis, analysis, and optimization. Generally, there are many possible
design solutions for a given set of specifications. (Not everyone drives the same
model of car, for example, although all car models provide a solution to the
problem of transportation from one place to another.) Various components for a

Perceived Need
for Product

Physical Constraints

P Operating Environment

Preliminary Design  |€— Reliability Requirements

\l, Economic Considerations

Problem Definition

(Iterations) (Iterations)
\
Synthesis Analysis Optimization
Physica! Properties Analylitical Optimization Criteria
Tools
\
Design Codes and Optimized Design
Standards \l/
Prototype Evaluation

v v

Manufacturing Marketing

A A

Final Product

Figure 1-3. General design flowchart.
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system may be proposed or synthesized. An abstract or mathematical model is
developed for the analysis of the system. The results of the analysis may be used
to synthesize an improved approach to the design solution. Based on specific
criteria defining what is meant by the “best” system, the optimum or best system
is selected to meet the design criteria.

In many cases, the optimal design emerging from the synthesis/analysis design
phase is evaluated or tested. A prototype may be constructed and subjected to
conditions given in the initial specifications for the system. After the evalu-
ation phase has been completed successfully, the design then moves into the
manufacturing and marketing arena.

When including consideration of thermal stresses in the design process, there
are many cases in which the stresses are weakly dependent or even independent
of the dimensions of the part. In these cases, the designer has at least three
alternatives to consider: (a) materials selection, (b) limitation of temperature
changes, and (c) relaxation of constraints.

For identical loading and environmental conditions, different materials will
experience different thermal stresses. For example, a bar of 304 stainless steel,
rigidly fixed at both ends, will experience a thermal stress that is about eight
times that for Invar under the same conditions. Many factors in addition to
thermal stresses dictate the final choice of materials in most design situations.
Cost, ease of fabrication, and corrosion resistance are some of these factors. The
designer may not have complete freedom to select a material based on thermal
stress considerations alone.

A reduction of the temperature change will generally reduce thermal stresses.
For a bar with rigidly fixed ends, if the temperature change is 50°C instead of
100°C, the thermal stress will be reduced to one-half of the thermal stress value
for the larger temperature difference. In some steady-state thermal conditions, the
temperature change of the part may be reduced by using thermal insulation. The
design temperature change is often determined by factors that cannot be changed
by the designer, however.

In many cases, the most effect approach to limit thermal stresses in the design
stage is to reduce or relax the constraints on the system. The system may be
made less constrained by introducing more flexible elements. This approach will
be illustrated in the following chapters.

1.3 FACTOR OF SAFETY IN DESIGN

In general, a part is designed such that it does not fail, except under desired
conditions. For example, fuses must fail when a specified electric current is
applied so that the electrical system may be protected. On the other hand, the
wall thickness for a transfer line carrying liquid oxygen is selected such that the
pipe does not rupture during operation of the system.

One issue in the design process is the level at which the part would tend to fail.
This issue is addressed in the factor of safety f;. It is defined as the ratio of the
failure parameter of the part to the design value of the same parameter. The first
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decision that the designer must make is to define what constitutes “failure” for
the component or system under consideration. There are several failure criteria,
including

(a) breaking (rupture) of the part

(b) excessive permanent deformation (yielding) of the part

(c) breaking after fluctuating loads have been applied for a period of time
(fatigue)

(d) buckling (elastic instability)

(e) excessive displacement or vibration

(f) intolerable wear of the part

(g) excessive noise generation by the part

The selection of the proper failure criteria is often the key to evaluating and
planning for safety considerations.

If the failure criterion is the breaking or rupture of the part when stress is
applied and the temperature is not high enough for creep effects to be significant,
the failure parameter would be the ultimate strength S, for the material. On the
other hand, if the failure criterion is yielding, then the yield strength S, would
be the failure parameter selected. In either case, the design parameter would be
the maximum applied stress o for the part. The factor of safety may be written
as follows, for these cases:

fs = & or fy= =2 (1-1)

The factor of safety may be defined in a similar manner for the other failure
criteria.

The factor of safety may be prescribed, as is the case for such codes as the
ASME Code for Unfired Pressure Vessels, Section VIII, Division 1, in which the
factor of safety for design of cylindrical pressure vessels is set at 3.5. When the
factor of safety is not prescribed, the designer must select it during the early
stages of the design process. It is generally not economical to use a factor of
safety that assures that absolutely no failure will occur under the worst possible
combination of conditions. As a result, the selection of the factor is often based
on the experience of the designer in related design situations.

In general, the value of the factor of safety reflects uncertainties in many
factors involved in the design. Some of these uncertainties are as follows:

(a) Scatter (uncertainty) in the material property data
(b) Uncertainty in the maximum applied loading

(c) Validity of simplifications (assumptions) in the model used to estimate the
stresses or displacements for the system

(d) The type of environment (corrosive, etc.) to which the part will be exposed

(e) The extent to which initial stresses or deformations may be introduced
during fabrication and assembly of the system
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One of the more important factors in selection of the factor of safety is the
extent to which human life and limb would be endangered if a failure of the sys-
tem did occur or the possibility that failure would result in costly or unfavorable
litigation.

The probabilistic or reliability-based design method [Shigley and Mischke,
1989] attempts to reduce the uncertainty in the design process; however, the
disadvantage of this method lies in the fact that there is uncertainty in the “uncer-
tainty” (probabilistic) data and the data is not extensive.

The uncertainty in the value of the strength parameter (ultimate or yield
strength) may be alleviated somewhat by understanding the causes of the scat-
ter in the data for the strength parameter. The values of the ultimate and yields
strengths reported in the literature are generally average or mean values. In this
case, 50 percent of the data lies above the mean value and 50 percent of the
data lies below the reported value. A 1-in-2 chance would be excellent odds for
a horse race, but this is not what one would likely employ in the design of a
mechanical part. The value for the strength for which the probability of encoun-
tering a strength less than this value may be found from the normal probability
distribution tables, if the standard deviation &g is known from the strength data.
The ultimate strength for this case is given by the following expression:

Su = ksS,, (1-2)

The quantity S, is the average ultimate strength, and the factor ks is defined by

ks =1— Fp(&S/Eu) (1-3)

Values for the probability factor F), are given in Table 1-1. Similar expressions
may be used for the yield strength and fatigue strength.

Information on the standard deviation for the strength data is not readily

available for all materials. If no specific standard deviatiorl data are available,
the following approximation may be used for the ratio (65/S5): 0.05 for ultimate

TABLE 1-1. Probability Factor F, for Various Probabilities of Survival

Survival Rate” Failure Rate® Probability Factor®, F),
0.900 0.100 1.282
0.950 0.050 1.645
0.975 0.025 1.960
0.990 0.010 2.33
0.999 0.001 3.09
0.9999 0.0001 3.72

“The survival rate is the probability that the actual strength value is not less than the
S value given by eq. (1-2).

bThe failure rate is (1 — survival rate) or the probability that the actual strength is
less than the S value given by eq. (1-2).

°F, is used in eq. (1-3).
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strength; 0.075 for yield strength; and 0.10 for fatigue strength or endurance limit.
The designer has the task of deciding what risk is acceptable for the minimum
strength used in the design.

The reliability of the maximum anticipated loading (either mechanical or ther-
mal) used in the design affects the value of the factor of safety selected. If there
are safeguards (pressure relief valves, for example) on the system to prevent the
loading from exceeding a selected level, then the factor of safety may be smaller
than for the case in which the loading is more uncertain.

The validity of the mathematical model (set of assumptions or simplifications)
used in the design has a definite influence on the factor of safety selected. It may
be noted that a very complicated numerical analysis (or, as is commonly stated,
a “sophisticated” analysis) is not precisely accurate, despite the opinions of some
overly enthusiastic novice computer analysist. The estimated uncertainty in the
analysis may be used as a guide in selecting the factor of safety.

Example 1-1 304 stainless steel is to be used in a design. A factor of safety
of 2.5 is selected, based on yielding as the failure criterion. It is desired that
the uncertainty (failure rate) for the yield strength be 0.1%, and the standard
deviation for the yield strength data is 7.5 percent of the mean yield strength.
Determine the stress to be used in the design.

The average yield strength for 304 stainless steel is found in Appendix B:

S, =232MPa (33,600 psi)

For a 0.1 percent failure rate or 99.9 percent survival rate, the probability factor
from Table 1-1 is F, = 3.09. The factor ks may be found from eq. (1-3):

ks =1—(0.075)(3.09) = 0.7683

The yield strength value that will be exceeded 99.9 percent of the time for 304
stainless steel is found from eq. (1-2):

Sy = ksS, = (0.07683)(232) = 1782 MPa (25,850 psi)

The design stress is found from the definition of the factor of safety:

S, 1782
o (design) = Ty =55 = 71.3MPa (10,340 psi)

1.4 THERMAL EXPANSION COEFFICIENT

One of the important material properties related to thermal stresses is the thermal
expansion coefficient. There are generally two thermal expansion coefficients that
we will consider: (a) the linear thermal expansion coefficient, «, and (b) the
volumetric thermal expansion coefficient, f;.
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The linear thermal expansion coefficient is defined as the fractional change
in length (or any other linear dimension) per unit change in temperature while
the stress on the material is kept constant. The following is the mathematical
definition of the linear thermal expansion coefficient:

_1 JL 14
=1 (57), -

Usually, the linear thermal expansion coefficient is measured under conditions
of zero applied stress o. Values for the linear thermal expansion coefficient for
several engineering materials are given in Appendix B. Values for the linear
thermal expansion coefficient as a function of temperature for several metals are
presented in Appendix C.

The volumetric thermal expansion coefficient is defined as the fractional
change in volume per unit change in temperature while the pressure (all-around
stress) is held constant. The following is the mathematical definition of the
volumetric thermal expansion coefficient:

1 [0V
=1 <ﬁ>,, (1-5)

For an isotropic material (properties the same in all directions), the two thermal
expansion coefficients are related by the following simple relation:

Br = 3a (1-6)

The variation of the thermal expansion coefficient with temperature may be
understood by considering the intermolecular forces of the material [Kittel, 1966].
The intermolecular potential energy curve for a pair of atoms, as shown in
Figure 1-4, is not symmetrical. As the atom acquires more energy (or as the
temperature is increased), the mean spacing of the two atoms becomes larger,
i.e., the material expands.

If the potential energy curve were symmetric, for example, if U = %K (r —
r0)?, then the positions of the two atoms at the extreme positions r; and r, for a
given energy E are

rp=ro—+2U/K and r, =19+ +/2U/K (1-7)

The quantity rq is the equilibrium spacing at 7 = 0. The average spacing of the
two atoms for a symmetrical energy curve is

Fave = 5(r1 + 12) = ro = constant (1-8)

Because the equilibrium spacing remains constant, independent of the energy
level, for a pair of atoms with a symmetrical energy curve, there would be
no thermal expansion for this material, because, although the atoms would
move farther apart as the temperature is increased, their average spacing would
remain unchanged.
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ATOMIC SPACING, r

Figure 1-4. Interatomic potential energy curve for the potential energy between two
atoms.

The actual potential energy curve is asymmetrical about the equilibrium spac-
ing at absolute zero; therefore, the equilibrium spacing of the atoms increases as
the temperature of the material is increased. The rate at which the mean spacing
of the atoms changes increases as the energy or temperature is increased. This
results in an increase of the thermal expansion coefficient as the temperature is
increased. The thermal expansion coefficient approaches a value of zero as the
material temperature approaches absolute zero, as required by the third law of
thermodynamics [McClintock et al., 1984].

For crystalline solids, the specific heat of the material is dependent on the
vibrational energy of the atoms. Since the thermal expansion coefficient is also
associated with interatomic vibrational energy, one might except to find a rela-
tionship between these two properties. This interdependence is given by the
Griineisen relationship [Yates, 1972]:

YGCv P

B = ) (1-9)
or )
o= W (1-10)

The quantity ¢, is the specific heat at constant volume, p is the material density,
and B is the isothermal bulk modulus, discussed in Section 1.6. The quantity E
is Young’s modulus, which is directly related to the bulk modulus by eq. (1-20).
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TABLE 1-2. Values of the Griineisen Constant for Selected Materials at
Ambient Temperature

Material Lattice Structure Griineisen Constant, yg
Aluminum, Al FCC 2.17
Copper, Cu FCC 1.96
Gold, Au FCC 2.40
Lead, Pb FCC 2.73
Nickel, Ni FCC 1.88
Palladium, Pa FCC 2.23
Platinum, Pt FCC 2.54
Silver, Ag FCC 2.40
Iron, Fe BCC 1.60
Molybdenum, Mo BCC 1.57
Tantalum, Ta BCC 1.75
Tungsten, W BCC 1.62
Cobalt, Co HCP 1.87
Zinc, Zn HCP 2.01
Bismuth, Bi Rhombic 1.14
Tin, Sn BC tetra 2.14

Note. FCC, face-centered-cubic; BCC, body-centered-cubic; HCP, hexagonal close-packed.

The parameter yg is the Griineisen constant [Griineisen, 1926]. Some typical
values for the Griineisen constant are given in Table 1-2.

The bulk modulus and density for a metal are not strongly dependent on
temperature. If the Griineisen constant were truly independent of temperature (it
does actually depend on temperature in certain temperature ranges), then eq. (1-9)
indicates that the thermal expansion coefficient would vary in the same manner
with temperature as the specific heat does. The temperature variation of some
metals is given in Appendix C. For a pure crystalline solid at low temperatures,
the thermal expansion coefficient is proportional to 73. At temperatures around
ambient temperature and above ambient temperature, the thermal expansion coef-
ficient is practically proportional to temperature, and is much less dependent on
temperature than is the case at very low temperatures.

There are some cases, particular at cryogenic temperatures, that the thermal
expansion coefficient cannot be treated as a constant, within acceptable accuracy.
The cryogenic temperature range is defined [Scott, 1959] as temperatures less than
123K or —150°C (—238°F). In this temperature region, we may use the thermal
strain parameter e;, defined by the following expression:

T
et(T)zf adTl (1-11)
0

The average thermal expansion coefficient between two temperature limits, 7}
and T3, is given by
_ () —e(T)
A= — (1-12)
-1
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The thermal strain parameter e, is tabulated in Appendix C for some metals.
The parameter may be found for other materials by (a) fitting the thermal expan-
sion coefficient to an analytical expression, using the least-squares curve-fitting
technique, and then carrying out the integration analytically, or (b) carrying out
the integration of the tabular or experimental thermal expansion coefficient data
numerically.

Example 1-2 The density of silver at 300 K (80°F) is 10,500 kg/m? (0.379 Ib,,/
in®), and the bulk modulus for silver is 92.82 GPa (13.46 x 10° psi). The vibra-
tional energy contribution to the specific heat (Debye specific heat) is 0.216 kJ/
kg-K (0.0517 Btu/1b,,-°F) [Gopal, 1966]. It may be noted that the total spe-
cific heat for silver is 0.236kJ/kg-K (0.0564 Btu/lb,,,-°F). Determine the linear
thermal expansion coefficient from the Griineisen relationship.

The value of the Griineisen constant is found from Table 1-2 for silver:

vy = 2.40
The volumetric thermal expansion coefficient is found from eq. (1-9):

~(2:40)(0.216 x 10%)(10,500)

= =58.6 x 107°K™!
(92.82 x 109)

The linear thermal expansion coefficient is found from eq. (1-6):
o= (58.6x107%/(3)=19.5x 10°°K™! (10.8 x 107 °F~1)

The measured value for the linear thermal expansion coefficient is in excellent
agreement with this calculated value [Corruccini and Gniewek, 1961]:

o (measured) = 19.3 x 1070k !

1.5 YOUNG’S MODULUS

Young’s modulus gives a measure of the flexibility of a material, so this is another
material property of importance in determining thermal stresses. Young’s modu-
lus is usually measured under isothermal (constant temperature) conditions. The
mathematical definition of Young’s modulus (specifically, the tangent modulus) is

do

The stress level o is below the proportional limit for the material. The quantity
¢ is the mechanical strain caused by the stress o. Values for Young’s modulus
for several materials are given in Appendix B.

Young’s modulus is related primarily to the forces between atoms in a mate-
rial. A typical interatomic force curve is shown in Figure 1-5. The value of
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Figure 1-5. Interatomic force curve for the force between two atoms. Young’s modulus
is related to the slope of this curve.

Young’s modulus is determined from the slope of the interatomic force curve at
the equilibrium spacing ry of the atoms. One theoretical relationship for Young’s
modulus is as follows [Ruoff, 1973]:

972%¢2

= — 1-14
16n80ré ( )

The quantity Z is the valence of the atomic ion, e is the electron charge
(e =0.1601 x 10718 C), g9 is the permittivity of free space (o = 8.8542 x
10~'2 F/m), and ry is the equilibrium spacing of the atoms.

Example 1-3 The equilibrium spacing of the silver atoms in the metal is
0.288 nm, and the valence of silver is 4 1. Estimate the value of Young’s modulus
for silver.

Using these values in eq. (1-14), we find the following value of Young’s
modulus:

(9)(1)%(0.1601 x 10~'8)?

= =75.3 x 10° Pa = 75.3 GPa
(167)(8.8542 x 10~12)(0.288 x 10~9)*
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The experimental value of Young’s modulus for silver is 72.4 GPa (10.6 x
10° psi) [Bolz and Tuve, 1970].

1.6 POISSON’S RATIO

When the atoms of a material are pulled apart by a force applied in a certain
direction, there is a corresponding contraction of the material in the lateral direc-
tion, perpendicular to the applied force. Poisson’s ratio p is the magnitude of
the ratio of the lateral strain to the strain in the direction of the applied force.
For a force applied in the x-direction, Poisson’s ratio may be written as follows:

_sy

n= -15)

8)C

The quantity &, is the mechanical strain in the y-direction when a force is applied
in the x-direction, and &, is the mechanical strain in the x-direction (the direction
of the applied force). The negative sign is introduced because the strain in the
transverse direction will be a contraction (negative strain) if the force causes
an elongation (positive strain) in the x-direction. Numerical values of Poisson’s
ratio for several materials are given in Appendix B.

The effect of application of a tensile force on the volume of a material may be
examined. Suppose we have a bar with a length L, and cross-sectional dimensions
a x b. The initial volume V{y, with the bar unloaded, is

V() = Lab

The final volume Vi, after a tensile load has been applied in the lengthwise
direction, is related to the original dimensions and Poisson’s ratio:

Vi = (L +&.L)(a + &,a) (b + &.b)

If we introduce Poisson’s ratio from eq. (1-15) and expand the expression for
the final volume, we obtain

Vi = Lab(1 + £:)(1 — pe) (1 — peg) = Vo(1 + £0)(1 — 2uey + p’e)

The fractional change in volume may be found as follows, where we have
omitted the terms involving &2 and &2, because these values are negligible for
small strains:

AV V=V

v 7 =é&x(1—-2p) (1-16)

For a homogeneous isotropic material, the value of Poisson’s ratio is between
zero and % If Poisson’s ratio were greater than %, a pressure applied to the
material would cause the volume of the material to increase, and this behavior is
not observed in engineering materials. For a material with Poisson’s ratio u = 1

2
the volume does not change as a tensile or compressive force is applied.



14 INTRODUCTION

Figure 1-6. Poisson’s ratio for a material with a face-centered-cubic or hexagonal close-
packed lattice structure.

Poisson’s ratio is a property that depends primarily on the geometry or arrange-
ment of the atoms in the material. Because of this characteristic, Poisson’s ratio
is practically independent of temperature. It may be shown that Poisson’s ratio
for a metal having a face-centered-cubic (FCC) or hexagonal close-packed (HCP)
lattice arrangement should be u = % From Figure 1-6, we observe the following:

x>+ yo = rg = constant

For small displacements u and v, the displacements may be found as follows:

2xu + 2yv ~ 2xdx 4+ 2ydy =0

or

Poisson’s ratio is defined by eq. (1-15):

2 2

—&y X 2 amo 1 1

= =|—) =tan (30)=<—> = —
H Ex <)’> \/5 3

1.7 OTHER ELASTIC MODULI

In addition to Young’s modulus and Poisson’s ratio, several other elastic moduli
have been defined. For an isotropic material, only two of the elastic moduli are
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independent. In this text, we will usually choose Young’s modulus and Poisson’s
ratio as the independent properties.

The modulus of elasticity in shear G is defined as the ratio of the shearing
stress T to the shear strain y for a material in the elastic region (stresses less
than the proportional limit). This property is also called the shear modulus and
the modulus of rigidity:

G = (1-17)

R |«

The shear modulus is related to Young’s modulus and Poisson’s ratio for an
isotropic material by the following relationship:

E

=— 1-1
2(14+p) (1-18)

For a material with Poisson’s ratio u = %, the shear modulus is G = %E .

The isothermal bulk modulus B is defined as the change in pressure per
unit volumetric strain (change in volume per unit volume) of a material under
constant-temperature conditions. The bulk modulus has also been called the

volume modulus of elasticity:
ad
B=v(L (1-19)
A

The bulk modulus is related to Young’s modulus and Poisson’s ratio for an
isotropic material by the following relationship:

E

ST (=0

For a material with Poisson’s ratio ;© = %, the bulk modulus is B = E. Note that
the bulk modulus is infinite for a material having a Poisson’s ratio u = % As
mentioned in Section 1.6, materials having a Poisson’s ratio of % experience no
volume change (zero volumetric strain) when a pressure is applied.

To obtain a relationship between B, G, and E, let us combine eqs. (1-18) and
(1-20) as follows:

1 3 _30-2w n Ad+w _ 9

— 4+ — — (1-21)
B G E E E
The Lamé elastic constant Ay is defined by the following relationship:
E 3uB
AL e i (1-22)

T a+wd-2p) 1+gu

For a material with Poisson’s ratio u = %, the Lamé constant is A; = %E.
Using eq. (1-18), we may write the following relationship for the Lamé con-
stant in terms of the shear modulus and the bulk modulus for any value of
Poisson’s ratio:

AL+3G=B8B (1-23)
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Values for the elastic moduli may be found from the data in Appendix B and
the relationships given in this section.

Example 1-4 Determine the elastic moduli for 304 stainless steel at 300 K
(80°F). Young’s modulus and Poisson’s ratio are found from Appendix B for
304 stainless steel: E = 193 MPa (28.0 x 10° psi) and x = 0.305.

The shear modulus is found from eq. (1-18):

(193)

=— """  —739GP 10.7 x 10° psi
)(1 +0.305) a (107> 107psi)

The bulk modulus is found from eq. (1-20):

(193)

_ - .
= B = ) 0305 _ 026 (239> 107ps)

Finally, the Lamé constant is found from eq. (1-22):

(0.305)(193)

= =1157GPa  (16.8 x 10° psi)
(14 0.305)[1 — (2)(0.305)]

AL

1.8 THERMAL DIFFUSIVITY

In many situations involving thermal stresses, transient or time-dependent tem-
perature distributions are involved. In these cases, the temperature distribution
and the thermal stress distribution are dependent on a material property called the
thermal diffusivity «. The thermal diffusivity is defined in terms of the material
thermal conductivity k;, density p, and specific heat c:

K= k& (1-24)
pc

The units for the thermal diffusivity in the SI system are {m?/s}, and typical
units in the conventional system are {ft*/hr).

The value of the thermal diffusivity gives a measure of how rapidly energy
may be conducted into a solid material. A large value of thermal diffusivity
means that energy may diffuse rapidly into the material, and steep temperature
gradients (large temperature changes over small distances) will not be developed.
This behavior tends to result in lower thermal stresses in the transient situation
than the case of a material with a small thermal diffusivity.

One relationship for the thermal diffusivity of a solid material is as follows
[Berman, 1976]:

VAm (1-25)

(ST

K =

The quantity v is the velocity of the “energy carriers” (electrons, lattice vibrational
waves or phonons, etc.), and A, is the average distance traveled by the carriers
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between collisions, or the mean free path for the energy carriers. For metals at
ambient temperature and higher, the thermal diffusivity is relatively constant with
temperature change. At very low temperatures, the thermal diffusivity of metals
is strongly dependent on temperature and varies as 7> to 7~*. The temperature
dependence of the thermal diffusivity of some selected materials is displayed
in Appendix C.

1.9 THERMAL SHOCK PARAMETERS

Thermal shock occurs when a material is subjected to rapidly changing temper-
atures in the environment around the material. Some examples of thermal shock
situations include space vehicle reentry into the atmosphere, start-up of a cold
automobile engine, and quenching of a metal part. Under identical environmental
conditions, some materials are more resistant to thermal shock than others. Brittle
materials exhibit small mechanical strains before rupture, so thermal shock can
be a serious problem for such materials. Ductile materials can withstand larger
mechanical strains before rupture; however, thermal shock may cause yielding
for ductile materials. In addition, repeated thermal shock can result in a thermal
fatigue failure for ductile materials.

The strength—weight ratio S,/p is an important parameter in selection of
materials to withstand a specified tensile load for minimum weight of the part.
Similarly, a thermal shock parameter would be a convenient material property to
assist the designer in selection of materials that would resist thermal shock for a
given temperature change. Schott and Winkelmann suggested one of the original
thermal shock parameters in 1894 [Richards, 1961]:

Sur/Kc
aFE

TSP = (1-26)
The quantity S, is the ultimate tensile strength of the material, and « is the
thermal diffusivity for the material.

A material with a high value of ultimate tensile strength would be able to
withstand a higher stress level than a material with a low ultimate tensile strength.
A material with a low thermal expansion coefficient « would develop smaller
thermal strains (and correspondingly lower thermal stresses) than a material that
expands by a large amount when the material temperature is changed. A material
with a small Young’s modulus £ would be more flexible and able to accommodate
thermal strains better than a material with a large Young’s modulus. Finally,
a material with a large thermal diffusivity « would tend to develop smaller
temperature gradients than a material with small «, because thermal energy can
be spread out throughout the high-« material more rapidly.

In summary, a material that would have good thermal shock resistance should
have a large ultimate tensile strength S,,, a small thermal expansion coefficient «, a
small Young’s modulus £, and a large thermal diffusivity «. These characteristics
are brought together in the thermal shock parameter TSP. A material having a
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TABLE 1-3. Values of the Thermal Shock Parameter TSP and Thermal Stress
Ratio TSR for Several Materials at 300K (27°C or 80°F)

TSP = S,k 2/aE,

Material aE, MPa/K TSR = S,/aE, K K-m/s!?
Aluminum, 2024-T3 1.652 280 1.94
Aluminum, 3003-H12 1.553 83.7 0.68
Aluminum, 6061-T6 1.615 192 1.57
Beryllium copper 2.208 521 2.59
Brass, 70/30 1.210 291 1.70
Bronze, UNS-22000 1.833 202 0.60
Copper/10% Ni 2.009 179 0.67
Inconel, 600 2.795 229 0.68
Invar 0.387 1660 2.81
Monel, K-500 2.516 380 0.84
Gray cast iron, Class 20 0.880 160 0.65
Gray cast iron, Class 40 1.339 218 0.88
Steel, C1020, annealed 2.440 180 0.77
Steel, 4340 2.397 422 1.19
Steel, 9% Ni 2.230 384 1.03
Stainless steel, 304 3.088 167 0.34
Stainless steel, 416 1.980 258 0.69
Titanium, Ti—5A1-2.5Sn 1.066 819 1.57
Concrete, 1:21/5:31/, 0.224 7.7° 0.006*
Glass, silicate 7740 0.282 35.44 0.02¢
Glass, Pyrex 0.205 1344 0.09¢
Nylon 0.252 241 0.33
Teflon 0.050 366 0.13

“Strength values in tension.

large value of TSP would have good thermal shock resistance. The values for
the thermal shock parameter for several materials are listed in Table 1-3.

Under steady-state conditions, the transient thermal properties do not influence
the thermal stresses. In these cases, the thermal stress ratio TSR is an important
material property for use in assessing the material resistance to thermal stresses

[Gatewood, 1957]: S
TSR = — (1-27)
oaF
Values for the thermal stress ratio for several materials are also tabulated in
Table 1-3. Generally, a material with a large thermal stress ratio will have good
resistance to thermal stresses.

Example 1-5 Tubes made of red brass (UNS-C2300, 85% Cu, 15% Zn) having
a 05105 temper are to be used in a steam condenser. The ultimate tensile strength
for the material is 305 MPa (44,200 psi), and Young’s modulus for the red brass
is 90GPa (13 x 10° psi). The thermal expansion coefficient for the material is
18 x 107 K~! (10 x 107% °F~1), and the thermal diffusivity is 18.0 mm?/s.
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Determine the thermal stress ratio and thermal shock parameter for the red brass
tubing.
The thermal stress ratio is found from eq. (1-27):
(305)(10%)

TSR = =188.3K
(18)(1070)(90)(107)

The thermal shock parameter is found from eq. (1-26):
TSP = (188.3)(18.0 x 107%)!/% = 0.799 K-m/s'/?

It is noted from Table 1-3 that these values are slightly lower than the corre-
sponding values for 70/30 brass.

Example 1-6 In the design of a heat exchanger, the engineer has a choice of
the following materials for use as the heat exchanger tubing: red brass, copper
(Cu/10% Ni), and aluminum (2024-T3). Which material should be selected from
a thermal stress resistance standpoint?

From Table 1-3 and Example 1.5, we find the following values for the thermal
stress ratio and thermal shock parameter:

Material TSR, K TSP, K-m/s'?
Aluminum, 2024-T3 280 1.94
Red brass 188 0.80
Copper (Cu/10% Ni) 179 0.67

When the fluid is suddenly introduced into the heat exchanger, originally at
ambient temperature, the tubing may experience thermal shock. The aluminum
has the largest TSP, so aluminum would be the best material for thermal shock
resistance. In addition, the TSR for aluminum is largest of the three materials,
so aluminum would also be best for steady-state thermal stress resistance.

We may conclude that the engineer should select aluminum (2024-T3) as the
best of the three materials from a thermal stress standpoint.

1.10 HISTORICAL NOTE

People have known about thermal stresses from the time that the first person broke
a clay vessel by heating the vessel too rapidly. It wasn’t until the 1800s, however,
that the first analytical analysis was made for thermal stresses [Timoshenko,
1983].

Robert Hooke (1635-1703) worked with Robert Boyle on perfecting an air
pump at Oxford. Boyle recommended Hooke as the curator of the experiments
of the Royal Society in England, of which Hooke was a charter member. In the
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1670s Hooke conducted experiments with elastic bodies, and in 1678 he published
the first technical paper in which elastic properties of materials were examined.
Based on his experiments with springs and other elastic bodies, Hooke concluded
in his paper “De Potentia Restitutiva” (“Of Springs™) in 1678: “It is very evident
that the Rule or Law of Nature in every springing body is, that the force or
power thereof to restore itself to its natural position is always proportional to the
distance or space it is removed therefrom, whether it be by rarefaction, or the
separation of the parts the one from the other, or by Condensation, or crowding
of those parts together.” In less formal words, Hooke’s law may be stated in
the form: “There is a linear relationship between the force and deformation for
bodies at stresses below the proportional limit.” This principle is the beginning
point for all elastic analyses, including thermoelastic analysis.

Thomas Young (1778-1829) (Figure 1-7) originally studied medicine and
received his doctor’s degree from Gottingen University in 1796. A few years
later while at Cambridge (in 1796) he became interested in the physical sciences,
including acoustics and optics. In 1802 he was appointed a professor of natural
philosophy (the forerunner of today’s physics and other scientific areas) by the
Royal Institution. Many of his main contributions to mechanics of materials were
presented in his course on natural philosophy during the year he taught at the
Royal Institution. He introduced the concept of the modulus of elasticity, which
is called Young’s modulus today (although Young’s definition was somewhat
different from that used now). In his lecture notes entitled A Course of Lectures
on Natural Philosophy and the Mechanical Arts, published in 1807,Young stated:
“The modulus of elasticity of any substance is a column of the same substance,
capable of producing a pressure on its base which is to the weight causing a

Figure 1-7. Thomas Young (From S. P. Timoshenko, 1983. Used by permission of Dover
Publications, Inc.)
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certain degree of compression as the length of the substance is to the diminution
of its length.” The modulus defined by Young was essentially the product of
Young’s modulus and the cross-sectional area in present-day terminology.

C.L.M.H. Navier (1785-1836) published a book on strength of materials in
1826, in which he defined the modulus of elasticity for tension or compression
as the ratio of the force per unit cross-sectional area to the elongation per unit
length. This modulus is the property that is denoted as Young’s modulus today.
Navier actually measured the Young’s modulus for the iron that was used in the
construction of the Pont des Invalides in Paris.

S. D. Poisson (1781-1840) (Figure 1-8) taught mathematics at the Ecole
Polytechnique, and he applied his mathematical skills in solving several problems
involving the theoretical strength of materials. He was interested in the theory
of elasticity based on molecular force considerations. In his memoir, Mémoire
sur I’équilibre et le mouvement des corps élastiques, published in 1829, Poisson
applies general elasticity equations that he had developed to isotropic materials.
He found that, for simple tension of a rod or bar, the axial elongation produces a
lateral contraction. Poisson’s relationships yielded a value of the ratio of lateral
strain to axial strain, called Poisson’s ratio today, to have a universal value of
n= 4—1‘. As discussed in Section 1.6, Poisson’s ratio for isotropic materials may
have values between 0 and %

Gabriel Lamé (1795-1870) (Figure 1-9) graduated from the Ecole Polytech-
nique in 1818 and worked with a then-new Russian engineering school, the
Institute of Engineers of Ways of Communication in St. Petersburg. Lamé taught
applied mathematics and physics at the school and helped with the design of

i

Figure 1-8. S. D. Poisson (From S. P. Timoshenko, 1983. Used by permission of Dover
Publications, Inc.)
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Figure 1-9. Gabriel Lamé (From S. P. Timoshenko, 1983. Used by permission of Dover
Publications, Inc.)

several suspension bridges built in the St. Petersburg area. In 1852, Lamé pro-
duced the first book on the theory of elasticity, entitled Lecons sur la Théorie
Mathématique de 1’Elasticité des Corps Solides. He concluded that to define the
elastic properties of an isotropic material, only two different elastic constants were
required. In Lamé’s general elasticity equations, he selected the two constants as
Lamé’s elastic modulus A; and the modulus of elasticity in shear G.

J. M. Constant Duhamel (1797-1872) also graduated from Ecole Polytech-
nique in 1816 and, after studying for law and teaching mathematics in some
other schools, he joined the faculty at Ecole Polytechnique in 1830. After pub-
lishing several papers in the area of conduction heat transfer, Duhamel made
some basic contributions to the theory of elasticity. In 1835 he published the
paper “Mémoir sur le calcul des actions moléculaires développées par les change-
ments du température dans les corps solids.” In this paper he developed the basic
partial differential equations for stress equilibrium conditions, including stresses
produced by temperature variation. This paper was the first to give an analytical
treatment of thermal stresses.

Duhamel applied the general equations to several problems of practical inter-
est. He obtained a solution for the stress distribution in the wall of a hollow
spherical vessel and a hollow cylindrical vessel in which the temperature varies
across the wall of the vessel. Duhamel was one of the first investigators to use
the principle of superposition in thermal stress analysis.

Franz Neumann (1798-1895) (Figure 1-10) began service in the German
Army when he was only 17 years old. After a year in the military service,
he returned Berlin to complete his high school education and to study at Berlin
University. He studied mineralogy and was awarded a faculty position to teach
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Figure 1-10. Franz Neumann (From S. P. Timoshenko, 1983. Used by permission of
Dover Publications, Inc.)

mineralogy at the University of Konigsberg after receiving his doctorate. In 1843,
Neumann published an extensive memoir dealing with double refraction of light,
in which he presents the basic principles used in experimental photoelastic stress
analysis. Based on stress equilibrium equations similar to those developed by
Duhamel, Neuman solved the stress distribution problem for a sphere with radi-
ally varying temperature. He also conducted photoelastic tests and experimentally
measured the thermal stresses in the sphere, and found that the experimental and
theoretical data were in satisfactory agreement. This is the first time that ther-
mal stresses were measured in the laboratory. Neumann analyzed the problem of
thermal stresses in circular plates in which the temperature varies in the radial
direction in the plate, but is constant in the thickness direction. He also solved
the plate thermal bending problem for a circular plate in which the temperature
was a function of the axial coordinate only.

PROBLEMS

1-1. A part is to be constructed using 9-percent nickel steel, for which the aver-
age ultimate strength is 856 mPa (124,200 psi) and the standard deviation
of the ultimate strength data is 42.9 MPa (6220 psi). If an ultimate strength
of 756 MPa (109,600 psi) is used in the design, determine the probability
that the actual ultimate strength of the material used is less than 756 MPa.

1-2. In a certain design, 6061-T6 aluminum is used, for which the average yield
strength is 275 MPa (39,890 psi) and the standard deviation for the yield
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1-3.

1-4.

1-6.

1-8.

1-9.

1-10.

INTRODUCTION

strength data is 20 MPa (2900 psi). A factor of safety of 1.50, based on the
yield strength for a 99.99 percent survival rate, is to be used in the design.
Determine the design stress that should be used.

At room temperature, Young’s modulus and Poisson’s ratio for constantan
(cupronickel, 55% Cu/45% Ni) are E = 165 GPa (23.9 x 10° psi) and . =
0.325. The specific heat and density for constantan are ¢, = 0.409 kJ/kg-K
(0.0977 Btu/lb,,- °F) and p = 8922 kg/m3 (0.322 1by, /in3) at room temper-
ature. Determine the linear thermal expansion coefficient o for constantan
at room temperature, if the Griineisen constant for constantan is yg = 1.91.

Niobium is a material used in superconducting magnets, which operate
at cryogenic temperatures. The properties of niobium at 4.2 K (—269°C
or 7.6°R or —452°F) are density, 8580kg/m® (0.3101b,,/in%); Young’s
modulus, 68.9 GPa (10.0 x 100 psi); Poisson’s ratio, 0.270; and Griineisen
constant, 1.57. The specific heat of niobium for temperatures below 22 K
is given by

¢y = Co(T /6p)°

The factor Cp = 20.921 kJ/kg-K, T is the absolute temperature, and 6p =
265 K (477°R) = the Debye temperature for niobium. Determine the linear
thermal expansion coefficient for niobium at 4.2 K.

. Using the data from Problem 1-4, determine the total change in length of

a niobium wire having an initial length of 800 m (2625 ft) when the wire
is cooled from 20.3 to 4.2 K. The properties, except the thermal expansion
coefficient, may be treated as constant.

Platinum has a valence of +2, and the equilibrium spacing of the atoms in
platinum is 0.28 nm. Determine the value of Young’s modulus for platinum
predicted by the theoretical expression, eq. (1-14). How does this value
compare with the measured value of Young’s modulus for platinum, £ =
146.9 GPa?

. Determine the shear modulus, bulk modulus, and Lamé constant for (a)

2024-T3 aluminum and (b) C1020 steel.

The shear modulus and Lamé constant for platinum are G = 55.5 GPa
(8.05 x 10° psi) and A; = 103.0 GPa (14.94 x 10° psi). Determine the
value of Young’s modulus and Poisson’s ratio for platinum.

In a particular application involving transient thermal stresses, it is desired
to select the best material for thermal shock resistance from the following:
(a) 3003-H12 aluminum, (b) copper/10% nickel, and (c) 304 stainless steel.
Determine the thermal shock parameter for each of these materials and
select the one that would have the best shock resistance characteristics.

In a steady-state situation involving thermal stresses, the designer has a
choice of the following three materials: C1020 carbon steel, annealed;
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6061-T6 aluminum; and a nickel alloy (¢ = 11.3 x 107 K~! = 6.28 x
107°°F~1; E = 220 GPa = 31.9 x 10° psi; S, =955 MPa = 138,500 psi).
Determine the thermal stress ratio for each material and select the one
that would have the best thermal stress resistance.
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THERMAL STRESSES IN BARS

2.1 STRESS AND STRAIN

From a basic viewpoint, stress is defined as a force per unit area on which
the force acts. From an engineering viewpoint, there are two types of stresses:
(a) direct or extensional stresses, in which the force acts normal or perpendicular
to the surface, and (b) shear stresses, in which the force acts tangential or parallel
to the surface. We will use the symbol o to denote the direct stresses and the
symbol 7 to denote the shear stresses. Tensile stresses will be considered as
positive stresses, and compressive stresses will be considered as negative stresses.
Because thermal deformations do not result in thermal shearing stresses for simple
systems, we will consider only direct stresses in this chapter.

Again, from a basic viewpoint, strain is defined as a deformation per unit
length. There are also two types of strain, from an engineering standpoint:
(a) direct or extensional strains, in which the deformation is a change in length
of the material, and (b) shearing strains, in which the deformation is a distortion
of the shape of the material. We will use the symbol ¢ to denote direct strains and
the symbol y to denote shearing strains. If the material elongates or stretches, the
corresponding direct strain will be considered as positive strain, and if the material
contracts, the corresponding direct strain will be considered as negative strain.

In the presence of temperature changes, the strain of a material is generally
a function of stress and temperature, ¢ = €(o, T). Applying the chain rule of
calculus, we may express the differential direct strain as

d %\ 4o+ (22 ar 2-1)
e=— o+ | — -
do ) oT /.,
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According to eq. (1-13), the first term is related to Young’s modulus. The sub-
script on the partial derivatives denotes the physical quantity that is held constant
in the evaluation of the derivative. For materials with stresses less than the elastic

limit, ,
o2

E:(ﬁv -2 (2-2)
e )5  Eem

The quantity ¢, is the mechanical strain, or strain due to the application of a
force. Because the direct strain is the change in length per unit length, we may
use eq. (1-4) to evaluate the second term in eq. (2-1):

).~
L\ar ), ~\or),

The differential of the direct strain may be written in the following form, using
the information from eqs. (2-2) and (2-3):

do
de = z 4+ adl (2-4)

By integrating eq. (2-4) from the temperature 7y, for which the stress is zero, to
any value of temperature 7', we obtain the stress—strain—temperature relationship
(modified Hooke’s law) for simple one-dimensional systems:

o T o
£== " adl =2 +[e(T) — e (To)] (2-5)
The quantity e, is the thermal strain parameter defined by eq. (1-11). If the
thermal expansion coefficient & can be approximated as constant, eq. (2-5) may
be written in the following form:

8:%+aAT (2-6)

The quantity AT = (T — Tp).

The first term on the right side of eq. (2-6) is the mechanical strain, or strain
produced by the application of a force, and the second term is the thermal strain,
or strain produced by a temperature change.

We may solve for the stress from eq. (2-6) to obtain the alternate expression
for the stress—strain—temperature relationship:

o0 =Ee¢—aFE AT 2-7)

2.2 BAR BETWEEN TWO SUPPORTS

Let us consider one of the basic problems involving thermal stresses and external
constraints. As shown in Figure 2-1, a bar is rigidly attached between two supports
and the bar undergoes a uniform temperature change AT = T — Ty. At the initial
temperature 7p, the stress in the bar is zero. The stress in the bar may be found
directly from eq. (2-7), because the change in length of the bar AL is zero
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7 7

7 AT . ends
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“| bar 7
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7 L 7
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Figure 2-1. Bar of length L rigidly attached between two supports.

(because the ends are rigidly fixed) and the corresponding strain ¢ = AL/L is

also zero:
o =—aEAT (2-8)

We note from eq. (2-8) that the thermal stress in the bar, in this case, is
independent of the dimensions of the bar. We cannot make the bar bigger to
reduce the stress. The reaction of the bar on the supports P = o A, where A is the
cross sectional area of the bar. If the cross section were made larger, the reaction
at the supports would be increased, but the stress in the bar would remain constant.

Keeping in mind that there would be no thermal stresses if there were no
constraint, we would anticipate that the designer could control thermal stresses
by relaxing the constraints on the bar. One method of relaxing the external
constraint is to allow the bar to move somewhat by providing a gap of width §
between the end of the bar and one support, as shown in Figure 2-2.

If the thermal deformation AL, = oL AT is less than the gap width §, the end
of the bar does not come in contact with the support. In this case, the external
constraint is zero, and no thermal stresses are developed:

For o« L |AT| <$: o=0 (2-9)

On the other hand, if «L|AT| is greater than the gap width, the strain of the bar
is the gap width (change in length of the bar) divided by the bar length:

For «L|AT|>8:  e==8/L (2-10)

5|8
aT') § [

Rigid Support
iy,
/11111717777777,

T

—|d

Figure 2-2. Bar with a gap of width § at one end.
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The upper sign (+) applies if the temperature change is positive; the lower sign
(-) applies if the temperature change is negative. This expression may be used
in eq. (2-7) to obtain the relationship for the stress in this case:

ES
o= iT —aEAT 2-11)
or 5/L
o=—aEAT |1 - (2-12)
o |AT|

The designer may limit the thermal stresses by appropriate choice of the gap
width §.

Another technique for relaxing the constraints is to place a flexible element
(a spring, for example) at one end of the bar, as shown in Figure 2-3. The total
change in length of the bar AL may be found from eq. (2-6):

ol
AL =¢L = ? + aLAT (2-13)

Let us consider the case in which a linear spring is used at the end of the bar.
The spring force Fp is proportional to the displacement of the spring, with the
constant of proportionality defined as the spring constant ks,. The force in the
spring is considered as zero when the bar temperature is 7p:

Fp = kAL = —Fypy =0 A (2-14)

Using eq. (2-14) to eliminate the change in length of the bar in eq. (2-13), we
obtain the following relationship:

oA _ oL | JIAT (2-15)
oA _oL )
ky  E

Solving for the stress from eq. (2-15), we obtain

aEAT

= —W (2-16)

The designer may limit the thermal stresses by appropriate choice of the spring
constant kg,. We note that, if the spring constant kg, is zero (zero spring force),
then the thermal stress is zero, because the bar is unconstrained. On the other

/77

ﬂT"?
"

Rigid Support
11117717/ 7

& L ]
|

Figure 2-3. Bar with a spring element with a spring constant k.
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hand, if the spring constant is infinite (zero displacement for the spring), then the
thermal stress given by eq. (2-16) reduces to that given by eq. (2-8).

Example 2-1 A 100-mm nominal (4-in. nominal) SCH 40 pipe is used in
a steam system. The pipe’s outside diameter is 114.3 mm (4.5001n.), its wall
thickness is 6.0 mm (0.237in.), and the length of the pipe between supports is
2.540m (100in.). The pipe material is a chromium—molybdenum alloy steel
having the following properties: ultimate strength, 400 MPa (58,000 psi); yield
strength, 270 MPa (39,200 psi); Young’s modulus, 200 GPa (29 x 10° psi); and
thermal expansion coefficient, 12.5 x 107% K~!. The allowable thermal stress for
the pipe is 100 MPa (14,500 psi). The pipe is initially stress-free at a temperature
of 20°C (68°F), and is finally heated to a uniform temperature of 200°C (392°F).
Determine the thermal stress if the pipe is rigidly fixed at each end. What gap
size would be required to limit the thermal stress to 100 MPa? If a bellows joint
were used as the spring element, what spring constant would be required to limit
the stress to the allowable value of 100 MPa?

The thermal stress is given by eq. (1-8) for the pipe rigidly fixed between two
supports:

o = —aEAT = —(12.5)(107%)(200)(10)(200 — 20)
o = —450 x 10°Pa = —450 MPa (—65,300 psi) (compression)

This stress exceeds the allowable stress of 100 MPa. In fact, this stress is higher
than the ultimate strength of the material (400 MPa).

We may use eq. (2-12) to determine the gap size required to limit the stress to
the design value in compression. Let us first calculate the dimensionless quantity,

o (—100)(10%)
= = —0.2222
«EAT — (12.5)(10-6)(200)(10%)(180)
Then, 5
—— =1-0.2222=0.7778
oL |AT)|

The required gap size is
8 = (0.7778)(12.5)(107)(2.540)(180) = 4.45 x 10> m
5 =4.45mm (0.1751n.)

This is a practical gap size for a sliding joint, as illustrated in Figure 2-2.
The cross-sectional area of the pipe is

A=7r(D, — )t =()(0.1143 — 0.0060)(0.006) =20.41 x 10~* m*=20.41 cm?
The axial force on the pipe is found as follows:

F =0A = (100)(10°)(20.41)(10™%) = 204,100N = 204.1 kKN (45,880 Iby)
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This is a fairly large reaction force; however, the force is well below the critical
axial force to cause buckling of the pipe, for the length given. The area moment
of inertia for the pipe is given by
T
I = §[Df —2(D, — Ht1(D, — 1)t (2-17)

1= %[(0.1143)2 —(2)(0.1143 — 0.0060)(0.0060)](0.1143 — 0.0060)(0.0060)

I =3.002 x 10°°m* = 300.2cm*

The critical or buckling axial force for a column with one fixed end and one
“pinned” end is given by

272El (272)(200)(10°)(3.002)(10~°
P nEL _ (277)(200)(107)( )( )=1.837x106N
L2 (2.54)2

Fo = 1.837 MN (413,000 lby)

The force required to buckle the pipe is about (1837/204.1) = 9 times the actual
force.

It would be practical, in this problem, to eliminate the thermal stress altogether
by making the gap somewhat larger. Using eq. (2-9), the minimum gap size for
zero thermal stress is

8§ =aL |AT| = (12.5)(107%)(2.540)(180) = 5.72 x 10> m
8 =5.72mm (0.2251n.)
The constraint on the pipe could also be reduced by using a flexible bellows

in the pipe. The maximum spring constant for the bellows may be found from
eq. (2-16):

1
S |75 Y S—
aEAT 1+ (AE kg L)
AE 1 =3.500
koL — 0.2222 o

The maximum value for the spring constant of the bellows is

o (20.41)(1074)(200)(10%)
P (3.50)(2.540)

kg = 45.92 MN/m (262,200 Ib¢/in.)

=45.92 x 10° N/m

This is a fairly stiff spring constant. A typical commercially available pipe
bellows with one corrugation for a 100-mm nominal pipe would have a spring
constant of about 0.440 MN/m (2510 lb¢/in.). If we were to use a bellows with
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this spring constant, the thermal stress would be almost negligible:

AE  (20.41)(107)(200)(10%)
koL~ (0.440)(10°)(2.540)

=365.2

Using eq. (2-16),

1
=— = —0.00273
o EAT 1+365.2

The thermal stress with the more flexible bellows is

o = (—0.00273)(450)(10%) = —1.229 x 10° Pa = —1.229MPa (—178.2 psi)

2.3 BARS IN PARALLEL

Let us consider the system shown in Figure 2-4, in which two bars are attached
to each other at one end and attached to a support at the other end. Initially, the
system is at a uniform temperature Ty, and the stress is zero with the external
load P, not applied. Finally, the bars are heated or cooled such that the final bar
temperatures 77 and 75 are uniform and the external load is applied in the positive
direction indicated in Figure 2-4. The temperature changes are defined as follows:

AT1 = T1 — T() and ATZ = Tz — T()

The bars are constrained such that both experience the same change in length.
Using eq. (2-6) to evaluate the strain for each bar and noting that the strain is the
change in length per unit overall length, we may write the following expressions:

O’1L1
AL, = E— + a1 L AT = ALy (2-18)
1
(72L2
AL, = E— +arLr, AT, = ALy (2-19)
2

The quantity ALy is the overall change in length for the system.

rigid support
A
"

-

rigid support

Ll

— |,

Figure 2-4. Two bars in parallel, attached at one end to each other.
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The force balance applied at the end of the system is
P, = 01A| + 00 A, (2-20)
The following expressions may be written from eqs. (2-18) and (2-19):
01A) = (A\E /L)ALy — A E1a1 ATy (2-21)
0242 = (A2E2 /L)ALy — Ay Eran AT, (2-22)

Making these substitutions into eq. (2-20), the force-balance expression, we
obtain

Po =[(A1E1/L1) + (A2E2/Ly)]1ALy — (A1 Eva 1 ATy + Ay Eran ATy)  (2-23)
We may solve for the overall change in length for the system:

_ (A Eya ATy + Ay Eran AT) + P

ALy (2-24)
(A1E(/L1) + (A2E2/Ly)
The stress in each bar may be written, using eqs. (2-18) and (2-19), as
o1 = —Ei(1 ATy — ALy/Ly) (2-25)
0y = —Ey(a AT, — ALgy/L>) (2-26)

If we substitute the expression for the change in length of the system ALj from
eq. (2-24) into eqs. (2-25) and (2-26), we obtain the final expressions for the
stress in each bar:

a1 ATy — ar ATy (Ly/Ly) — (PeLy/L1ALE)
O'1=—E1 (2—27)
1+ (A1E(Ly/AyELLy)
AT, — oy ATy (Ly/L>y) — (P,L{/L,AE
02:—E2|:O{2 2 —a AT\ (Ly/Ly) — (P.L1/LyA4 1)} (2-28)
1+ (AyEoL /A E L)

From the force-balance expression, eq. (2-20), we find the following relation-
ship between the stress in each bar:

02 = (P, /Az) — 01(A1/Az) (2-29)

The case for more than two bars in parallel may be analyzed in a similar
manner. The overall deflection of the end of the bar system consisting of N bars
in parallel is given by the following, which is a generalization of eq. (2-24):

N
Pe+ ). o EjA;AT;
ALy = NFl (2-30)
> (E;jA;/Lj)
j=1
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The stress in the nth bar is given by an expression similar to that given in
egs. (2-25) and (2-26):

0y = —En(an AT, — ALy/L,)  (n=1,2,...,N) (2-31)

Example 2-2 Two 304 stainless steel pipes are concentric, as shown in
Figure 2-5, and are attached at both ends. The inner pipe (1) is a 100-mm (4-in.)
nominal SCH 10 pipe (outside diameter, 114.3 mm or 4.5001n.; wall thickness,
3.05mm or 0.120in.) with a length of 5.00m (16.40ft). The outer pipe (2)
is a 150-mm (6-in.) nominal SCH 10 pipe (outside diameter, 168.3 mm or
6.625 in.; wall thickness, 3.40 mm or 0.134in.) with a length of 5.00 m also. The
maximum allowable stress for the material is 130 MPa (18,850 psi), Young’s
modulus is 198 GPa (28.7 x 10°psi), and the thermal expansion coefficient is
14.8 x 1076 K=! (8.22 x 107® °F~!). Both pipes are initially stress-free at
a temperature of 20°C (68°F), and the outer pipe is warmed to 25°C (77°F).
Determine the lowest temperature to which the inner pipe may be cooled by a
liquid flowing through it such that the design stress level is not exceeded. There
is no external force applied at the ends of the pipe system.
The cross-sectional areas for each pipe are

A =7m(Dy — 1)1 = (7)(0.1143 — 0.00305)(0.00305)
A1=10.66 x 107*m? = 10.66 cm? (1.542in%)
A= (7)(0.1683 — 0.00340)(0.00340) =17.61 x 10~ *m*>=17.61 cm*(2.730 in%)

The ratio term is
A1E(L A 10.66
m2 2 2 0.6052
A2E2L1 A2 17.61

We note, in this case, that (AT} — ATy) = [(T1 — Ty) — (T + Ty)] = (T7 — T>).
Because the two pipes are constructed of the same material and have the same
length, eq. (2-27) reduces to the following, for this problem:

_Ea(Th = T3)
1+ (A1/Az)

©
] \

o] =

—

5m
(16.4 ft)

Figure 2-5. Sketch for Example 2-2. Inner pipe, element 1; outer pipe, element 2. Both
ends of the circular pipes are attached.
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The magnitude of the force in each pipe is the same; therefore, the highest
stress will occur in the pipe with the smallest cross-sectional area, which is the
inner pipe in this case. Also, if the inner pipe is cooled, it will experience a
tensile stress (positive) and the outer pipe will experience a compressive stress
(negative):

o] = +130 x 106 = — (198)(10)(14.8)(1070)(T — T»)

1 +0.6052
= —(1.826)(10°)(T} — T»)
130 o

The lowest temperature for the inner pipe is
T; =25 —71.2° = —46.2°C (-51.2°F)

The corresponding stress in the outer pipe is found from the force-balance
expression, eq. (2-20):

0y = —01(A1/Ay) = —(130)(10%)(0.6052)
0y = —78.7 x 10°Pa = —78.7 MPa (—11,400 psi)

2.4 BARS WITH PARTIAL REMOVAL OF CONSTRAINTS

As for the case of a single bar with thermal stresses, the thermal stresses in a
system of bars may be controlled by partial relaxation of the constraints between
the bars. The partial relaxation of the constraints may be achieved by providing
an expansion gap or by providing a flexible element (spring) in series with one
of the components of the system.

2.4.1 Bars with Expansion Gaps

Let us consider the system shown in Figure 2-6, in which two bars are connected
at one end and fixed at the other ends. A gap of total width 2§ is provided in
member 1.

The change in length of each bar due to thermal effects is

ALL, = Ot]L] AT] and ALQ’[ = OlszATg (2—32)

The critical gap size J; is the gap size for which the two bars begin to move as
a unit:
OllL] AT] = aszATz + 5cr (2—33)

The critical gap size is given by

50r = |052L2AT2 — Ol]LlAT1| (2—34)
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A

Gap
—sf |
G 12

®
@

A A A A A A

Rigidly fixed

L |

Figure 2-6. Two bars with a gap of width § in one member.

If the actual gap size is greater than the critical gap size, the bars are actually
unconstrained, and the thermal stress is zero.

For &> 8. oy =0 =0 (2-35)

On the other hand, if the actual gap size is less than the critical value, the bars
will be partially constrained:

AL = AL, 8 =ALo+$ (2-36)

The quantity ALy is the overall displacement for the system of bars. The upper
sign (4) applies when the thermal expansion for bar 1 is greater than the thermal
expansion of bar 2, («;L;AT))>(ayL,AT;), and the lower sign (—) applies
when (O{lLlATl) < (OlszATz).
Equations (2-18) and (2-19) may be used to evaluate the change in length for
each bar:
O']L

- Ly L ATy = ALy + 8 (2-37)
1

AL, =

oo L
AL, = 2Lp

+ OlzLQATQ = ALO (2-38)
2

Solving for the product of stress and cross-sectional area from eqs. (2-37) and
(2-38), we obtain

A E|ALg AE8
O']A] :7—A1E1(11AT1:|: (2—39)
1 L,
A2E2ALg
02A2 = Li — AzEzazATz (2-40)
2

For this problem, let us consider the case in which there is no external load
applied. The force-balance equation for this case is

Foet = 0=01A1 + 024> (2-41)
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Making the substitutions from eqs. (2-39) and (2-40), we obtain

AE;  AE, ALES
+ ALy — (AE1jo0| AT, + AyEran ATy) £ =0
L, L,
The overall change in length for the system may be found:
AE AT, + AyE AT A1E\§/L
ALy = 1o 1+ AxEoorp 2y 1Ei18/Ly (2-42)
ALEy /Ly + A2Ea /Ly ALEy /Ly + A2Ea /Ly

We observe that the first term on the right side of eq. (2-42) is the same (with
P, = 0) as the expression given in eq. (2-24) for complete constraint.
The thermal stresses for this case may be found from eqs. (2-37) and (2-38):

AL 5
=E|— — AT, £ — 2-43
o1 1|: I a; ATy LJ (2-43)

AL } (2-44)

o = Ej |:L— —ay AT,
2

The analysis may be extended to the case of N bars in parallel, with bar 1
having partial constraint. The critical gap size for the general case is

8cr = |AL§ — oy AT | (2-45)

The quantity AL is the overall displacement for the system of N bars with
member 1 not present. Using eq. (2-24), we get

ALY = 2 AJEjoiAT; (2-46)
2 AE/L;

If the actual gap is larger than the critical gap, bar 1 is unconstrained, and the
stress in bar 1, o, is zero. The stress in the other bars is given by

0p = —Ey(ay AT, — ALY/L,)  (n=2,3,....N) (2-47)

If the actual gap is smaller than the critical gap size, the system will be
partially constrained. The overall change in length of the system for this case is
given by
Y (AjEja; AT;) £ (AE18/Ly)

ALy =
> AE;/L;

(2-48)

The upper sign (—) is used if («; L} ATy) > ALJ, and the lower sign (4) is used
if (aj L1 ATy) < AL{. The thermal stress in each bar may be evaluated from the
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following expression, for the case in which the actual gap is smaller than the
critical gap size:

I e N (2-49)
o] = 1 Ll o1 1 Ll
AL
U,1=E,,[L0—a,,ATni| n=2.3,....N) (2-50)

Example 2-3  Suppose the inner pipe in Example 2-2 must be cooled to —180°C
(=292°F). Determine the size of the expansion gap in the inner pipe to limit the
thermal stress to 130 MPa (18,850 psi).

If no gap were used in the system, the thermal stress in the inner pipe would
be as follows:

CEa(Ti =Ty  (198)(10°)(14.8)(10-%)(—180 — 25)
1+ (A1/A)) 1+ 0.6052
(01)ng = +3.74 x 10° Pa = 3740 MPa (542,000 psi)

(Ul)ng =

This stress is almost 29 times the allowable stress (130 MPa); therefore, the
expansion gap is needed.

The lengths and materials of both members are the same, so member 1 will
contract more than member 2, because AT} = —200°C < AT, = +5°C. The
resulting stress in member 1 will be tensile (positive). The overall change in
length may be found from eq. (2-43), using the lower (-) sign:

(130)(10° _ ALy—38 y
Tona0 = L~ (49007180 -20)
ALo =9

1

=0.0657 x 1073 = 2.960 x 1073 = —2.303 x 1073

Using eq. (2-42), we obtain

ALy—8  a(AjAT) + A ATy + A\B/L) 6
L AL+ A, L
ALy —8 a(AjAT, + AsATy) — A>(8/L)
L A+ Ay

x (—2.303)(1073)(10.66 + 17.61) = (14.8)(10~%)[(10.66)(—200)
+ (17.61)(5)] — 17.618

5 —0.03025 4 0.06511
B 17.61

=0.00198 m = 1.98 mm (0.078 in.)
The critical gap size is given by eq. (2-34):

Se=aL |ATy — ATj| = (14.8)(107)(5.00) |5 + 200| =0.01517 m=15.17 mm
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The actual gap is smaller than the critical gap. The stress in the outer line may
be evaluated from eq. (2-41), the force-balance expression:

oy = —01(A1/Az) = —(130)(10.66/17.61) = —78.7MPa (—11,410 psi)

2.4.2 Bars with Spring Elements

Partial relaxation of the constraints in a system may be achieved by providing a
flexible element or spring in series with one of the members. Let us consider the
system shown in Figure 2-7, in which a spring element having a spring constant
ksp is connected to member 1.

The overall change in length for the system is equal to the total change in
length for member 2, in this case, ALy = AL,. The overall change in length for
the system is also equal to the change in length of member 1 plus the change in
length of the spring element:

ALy= AL+ ALy, (2-51)

The change in length of the spring is related to the force on the spring and the
spring constant:
014

ALSP - ksp

(2-52)
The change in length for each member may be found from eq. (2-6) and the
definition of strain. For member 2,

oL
AL, = E— + oLy AT, = ALy (2-53)
2

Similarly, the change in length for member 1 may be found from eq. (2-6):

o1L, 014

AL = — 4+ a1 LiAT) = ALy — (2'54)
E, ksp
" AL A(L‘ +1)+ LiAT (2-55)
0 =014] — ol 1 -
AlEl ksp

| Spring
k.,

A

L~

Rigidly fixed

A
® |©
=

L,

Figure 2-7. Two bars with a spring element in series with one bar (member 1).
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If we apply a force balance to the system, we obtain the following relationship:
01A; +03A, =P, (2-56)

Using egs. (2-53) and (2-55) to eliminate the stresses, the following expression
is obtained for the overall change in length for the system:

Ot]LlATl I OlszATZ
(L1/ALEy) + (1/ksp) ( L ) + P,
ArE»
ALy = 2-57
0 T A2E> (2-57)

AT
AE, ksp

This expression may be simplified to the following form:

ALy AT+ Ko AT + Ky (7%

= 2-58
I X, (2-58)
The K factors in eq. (2-58) are defined as follows:
vl ()]
K, = 1+ (2-59)
<A1E1 ksp Ly
K 1+(A1E1) (2-60)
b= -
kepL
Ly
K. =K, (—) (2-61)
L

The stress in member 2 may be found from eq. (2-53) after the overall change
in length for the system has been determined:

ALy
o) = Ez L— — O[QATZ (2—62)
2

The stress in member 1 may be evaluated by eq. (2-55) or from the force balance
expression, eq. (2-56):

E Tt @A (2-63)
o1 = E X, -
or
o1 = —or (22} 4 Fe (2-64)
Ay Ay

The effectiveness of the spring element in reducing stresses is dependent on
the ratio of the “spring constant” (A;E{/L;) for the member (1) connected to
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the flexible element and the spring constant of the flexible element kg, expressed
in eq. (2-60). If the ratio given by the second term in eq. (2-60) is very large or
if the spring is extremely flexible (ks, — 0), we note that the stress in member
1 approaches zero, according to eq. (2-63). The change in length for the system,
according to eq. (2-57) with kg, = 0, is

ALy 3
— > AT, +
L, A Ey

(for ksp — 0) (2-65)

Making this substitution into eq. (2-62), we find that the stress in member 2 for
an extremely flexible spring is the stress produced by the external load only:

P
0y — A—f (for kg — 0) (2-66)
2

On the other hand, if the spring constant ratio is extremely small or if the
spring is extremely rigid (kg — 00), the behavior of the system approaches the
case of two members rigidly attached to each other. The expression for the overall
change in length, eq. (2-57), approaches the same as that given by eq. (2-24).

Example 2-4 A vacuum-jacketed transfer line for liquid oxygen is shown in
Figure 2-8. The outer line (1) is a 150-mm nominal (6-in. nominal) SCH 10 pipe
with an outside diameter of 168.3 mm (6.625in.), a wall thickness of 3.4 mm
(0.1341n.), and a solid cross-sectional area of 17.63 cm? (2.733 in?). The inner
line (2) is a 100-mm nominal (4-in. nominal) SCH 10 pipe with an outside
diameter of 114.3 mm (4.5001n.), a wall thickness of 3.1 mm (0.1201in.), and a
solid cross-sectional area of 10.65 cm? (1.651 in?). The length of the outer line
is 12.00 m (39.37 ft), and the length of the inner line is 12.20 m (40.03 ft). The
system is stress-free at a temperature of 20°C (68°F). Under operating conditions,
the temperature of the inner line is —180°C (-=292°F), and the temperature of the
outer line is +30°C (86°F). Both lines are constructed of 304 stainless steel, with
Young’s modulus, 198 MPa (28.7 x 10° psi) and thermal expansion coefficient,
14.8 x 107 K=! (8.22 x 107% “F~!). Because of other loadings, it is desired
to limit the thermal stresses for the system to 16 MPa (2320 psi) by placing an
expansion bellows in the outer line. Determine the required spring constant kg,
for the bellows.

The maximum thermal stress for P, = 0 will generally occur for the member
having the smallest cross-sectional area, which is the inner line, in this case. The
inner line will tend to contract; therefore, the thermal stress in the inner line will
be tensile:

0, = +16 MPa

The thermal stress in the outer line may be found from eq. (2-64), the force-
balance expression:

As 10.65
E— — ) =—=16)| —— ) = —9.665 MP —1400 psi
o fop) <A1> (16) (17.63) a ( psi)
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Expansion

Bellows
}(712.0m —.I K

21 ‘ / L

’47 22m —

(b)

Figure 2-8. Vacuum-jacketed LOX transfer line with an expansion bellows in the outer
line, Example 2-4: (a) schematic; (b) commercial cryogenic transfer line, showing the

expansion bellows in the outer line. [Used by permission of Eden Cryogenics, Plain
City, OH]

The overall change in length for the system may be found from eq. (2-53):
(16)(10%)
(198)(10%)
ALy = (12.20)(—0.002879) = —0.035126 m = —35.126 mm (—1.383 in.)

ALy = (12.20) [ + (14.8)(107%)(—180 — 20)]

For this case, eq. (2-55) may be used also for the overall change in length:

—0.035126 = (—9.665)(10°)(17.63)(10™%) [ (12.00) + i}
’ B ' (17.63)(10-4)(198)(10%) kg

+ (14.8)(107%)(12.00) (30 — 20)
—0.035126 — 0.001776
—17,040

1
=2.1656 x 107° = 0.034377 x 107° + —
sp
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The required value (maximum) for the spring constant of the bellows may be
found:

1
(2.1656 + 0.03438)(10-6)

ks = 454.5 KN/m (2595 Ibg/in.)

=454.5 x 10 N/m

kep =

We may check the result by using eq. (2-63) to calculate the stress in the outer
member (1):

K [(17.63)(10—4)(198)(109)
b (454.5)(103)(12.00)

] =1+ 64.00 = 65.00

(—0.035126/12.00) — (14.8)(106)(10)
65.00

o] = (198)(109)[ } =—-9.667 x 10° Pa

The axial force in the outer line, member 1, is

Fi = 01A; = (=9.665)(10°)(17.63)(107%) = —17.04 x 10° N
Fy = —17.04 kN (3830 Iby)

The change in length for the bellows may be found from the force-deflection
relationship for the “spring”:

Fi _ (=17.04)(10%)

ALy, = — =
P kg (454.5)(10%)

= —0.0375 m = —37.5 mm (—1.48in.)

2.5 NONUNIFORM TEMPERATURE DISTRIBUTION

In the previous sections of this chapter, we have considered thermal stresses
caused by temperature changes that are uniform along the length of the member
and across the cross section of the member. Let us now consider the effect of
temperature variation within the member or members.

2.5.1 Temperature Variation in the Lengthwise Direction

Let us consider the case in which the temperature varies along the length of a bar,
but is constant across any cross section. The coordinate x is measured from one
end (fixed) of the bar, and the temperature change is AT = T (x) — Tp, where
Tp is the temperature of the bar under stress-free conditions.

At any location x along the bar, the displacement of one side of a differential
section of the bar is denoted by u, as shown in Figure 2-9. If the displacement
is not constant, the displacement of the other side of the differential element at
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Displacements

Initial U+ dx
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dx

Final
position
H—— X —

e X + dx

Figure 2-9. Displacements in a bar with a nonuniform axial temperature distribution.

x +dx is [u + (du/dx)dx]. The strain for the differential element may be found
from the definition of strain: change in length per unit original length:

du
(M + d—dx) —Uu du
£ = a == (2-67)

dx dx

The stress—strain—temperature relationship, eq. (2-6), applies for a particular
location, whether the strain is uniform or not:
O orr = (2-68)
c=—+u« = — -
E dx
If we apply a force balance to the element, in the absence of traction or shear
forces on the surface of the bar, we obtain

do
cA—|o+—dx )|A=0
dx

Therefore, do
— =0 or, o = constant (2-69)
dx
The strain relationship, eq. (2-68), may be integrated to obtain the displacement
at any point along the bar, with the condition that the displacement is zero at one
end of the bar (ar x = 0):
o X
U=—x +/ a AT (x)dx (2-70)
E 0
If the thermal expansion coefficient may be considered as constant, eq. (2-70)
may be written as

u(x) = %x +oc/ AT (x) dx 2-71)
0
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The displacement at the other end of the bar (atr x = L) may be written in the
following form: o
u(l) = EL +aL (AT) g (2-72)

The temperature difference in the second term of eq. (2-72) is the temperature
change averaged along the length of the bar:

1 L
(AT)yye = Zf AT (x)dx (2-73)
0
Note that the overall strain for the bar gy is defined as
u(L) o
e = = T+ (AT (2-74)

This expression given in eq. (2-74) is identical in form as the expression for
uniform temperature change, eq. (2-6). This result implies that the expressions
developed previously for a uniform temperature change may also be used to
determine the thermal stress for the case in which the temperature varies along
the length of the bar, if the average temperature change for the bar is used in
this case.

Example 2-5 Conduction heat transfer takes place along a rod that is rigidly
fixed between two surfaces. The rod has a 6-mm (0.236-in.) diameter and is
300mm (11.811in.) long. The rod material is 4340 alloy steel, with a Young’s
modulus of 214 GPa (31.0 x 10° psi) and thermal expansion coefficient of 11.2 x
107 K1 (6.22 x 107% °F~1). The rod is stress-free at 25°C (77°F). One end of
the rod (x = 0) is maintained at 25°C, and the other end (x = L) is maintained at
95°C (203°F). The temperature distribution along the length of the rod is given by

T(x)=Ty+ (T — To)(x/L)

The quantity 7 is the temperature of the rod at x = L, and T is the temperature
at x = 0. Determine the thermal stress in the rod.
The average temperature along the length of the rod may be determined:

x2

(AT) = /L(T T)(x)d — (T = To) " L~y
ave_LO 1 0 L X = 1 02L20_2 1 0
(AT),ye = 3(95° —25°) =35°C

The displacement of the bar at x = L is zero, so we may use eq. (2-72) to
determine the stress in the bar:

0 = —aE (AT),. = —(11.2)(107%)(214)(10%)(35°)
o = —83.89 x 10° Pa = —83.89MPa  (—12,170 psi)
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The displacement along the length of the bar may be found from eq. (2-71):

o

ot = (2) (3) o -0 (2

We note that the first term on the right side is the displacement (negative) caused
by the compressive mechanical stress due to the force on the ends of the bar,
and the second term is the displacement (positive) caused by the thermal expan-
sion of the bar as it is heated. Using the expression for the thermal stress, the
displacement may be written in the following form:

Lt ()~ (3)] = -omons () [1- ()]

If the temperature change were uniform, then it may be shown that the dis-
placement would be zero at all points along the bar, because the displacement due
to mechanical load would be exactly offset by the thermal expansion. Since the
temperature is not uniform in this example, the mechanical and thermal effects
are offset only at each end of the bar.

2.5.2 Temperature Variation across the Cross Section

Let us consider the situation in which the temperature in the bar is uniform along
the length of the bar (in the x-direction), but the temperature may vary across the
cross section (in the y-direction) at any location along the length of the bar. The
case in which the bar temperature varies in both the x- and y-directions involves
two-dimensional stresses and strains, which we will consider in a later chapter.

In addition, we will consider the case for which the temperature distribution is
symmetrical about the centroid axis of the cross section or the case for which the
bar is externally constrained such that it cannot bend. We define a symmetrical
temperature distribution as one for which the following integral across the cross
section is zero:

/ozEAT(y)y dA=0 (2-75)
A

The coordinate y is measured from the centroid axis of the cross section. If the
temperature distribution is not symmetrical or if the bar is not constrained in

Y 4

e. - X o(y)

p

Figure 2-10. Bar with a symmetrical transverse (across the thickness) temperature
variation.
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bending, transverse deformations and bending stresses will be present. The effect
of bending is considered in Chapter 3.

If we apply a force balance for the system shown in Figure 2-10, we obtain
the following relationship:

P, = / o dA 2-76)
A
The temperature does not change along the length of the bar, in this case, so the
total strain gy is constant. Using the stress given by eq. (2-8), we may expand
eq. (2-76) as follows:
P, = / EgodA — /ocEATdA (2-77)
A A

Let us define the “thermal force” Fr as

Fr = faEAT dA (2-78)
A

If we make this substitution into eq. (2-77) and note that the total strain & is not
a function of the cross-sectional area, we obtain

P.+ Fr = & / EdA (2-79)
A

For the case in which the material properties o and E are not functions of
temperature, eqs. (2-78) and (2-79) may be written as

Fr=oFE / AT dA = 0 EAAT, (2-80)
A

Pe + FT
= - 2-81
€0 A (2-81)

The quantity AT, is the mean temperature change across the cross section:
1
AT, = 1 / AT dA (2-82)
A

We may use eq. (2-8) to evaluate the stress at any location across any cross
section not near the ends of the bar:

o(y) = Esg —aEAT(y) = % +aE [AT, — AT (y)] (2-83)

It would be in order to note at this point that the loading at the ends of
the bar may not be uniform, and the stress distribution at the ends of the bar
may not be exactly given by eq. (2-83). We may use eq. (2-83) for the stress
at locations a distance on the order of the thickness of the bar away from the
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ends, according to the Saint-Venant’s principle [Timoshenko and Goodier, 1970].
By “of the order of the thickness,” we usually mean a distance of about two or
three times the thickness of the bar. There are some thin-walled structures, such
as monocoque cylinders under concentrated loads and many sheet-and-stringer
geometries, for which the effect of loading is not restricted to the region near the
point of application of the load [Hoff, 1945].

It is not easy to make a completely general and concise statement of Saint-
Venant’s principle, because one would need to state estimates of the magnitude of
the deviation between the actual and approximate stresses and displacements in
the vicinity of the regions near the boundary [Boresi and Chong, 1987]. A general
proof of Saint-Venant’s principle has been presented [Goodier, 1937]. From the
standpoint of engineering design, we may summarize Saint-Venant’s principle as
follows. Two different but statically equivalent force systems (systems having the
same resultant force and resultant moment) that act over a small part of the surface
of a body produce approximately the same stress distribution and displacements
in regions sufficiently far removed from the region where the forces act.

Based on Saint-Venant’s principle, we may be assured that the stresses in the
bar at distances of about two or three times the thickness of the bar may be
determined from eq. (2-83) for any symmetrical temperature distribution. In this
case, the resultant force on the ends of the bar is P,, and the resultant moment
is zero.

Let us consider the case in which the bar is unconstrained at the ends or
P, = 0. Using eqs. (2-80) and (2-81) for this case, we find the overall strain as

&y = a = (XATm
The stress distribution is found from eq. (2-83):
0 = —aE[AT (y) — AT,,]

We observe that, although there are no external constraints, internal con-
straints do exist, because the outer surface and inner regions try to expand (or
contract) at different rates, yet the bar must remain in one piece. This means
that, even though there are no external forces on the bar, thermal stresses are
developed due to internal constraints.

Example 2-6 A rectangular bar having a thickness /4 and length L has both
ends rigidly fixed, as shown in Figure 2-11. Because of energy dissipation within
the bar, the following symmetrical temperature distribution is produced:

()
T=T,+(T.—T)) 1_<7>

The temperature change from the stress-free condition 7 is

2 2
AT=T—T0=ATY+(TC—Tg>[1—(%)}
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Figure 2-11. Sketch for Example 2-6.

The quantity 7 is the surface temperature of the bar, 7 is the center temperature
of the bar, and AT is (Ty — Tp). The coordinate y is measured from the center
of the bar. Determine the stress distribution in the bar and the resultant force at
the ends of the bar.

If the width of the bar is constant, the mean temperature change may be
evaluated as follows:

1 h/2
AT, = —/ AT (y)dy

hJ_np
1 h/2 4y2
AT, = E ﬁh/z |:ATS + (T, = Ty) <1 - ?>i| dy
AT, = AT, + (T —T)[X—4—y3]+h/2—AT + (=T
m s c s h 3h3 _h/2 s 3 C N

Using eq. (2-83) for zero overall strain (¢9 = 0), we obtain the following
expression for the stress in the bar:

2
o0 = —aEAT(y) = —aE {ATS + (T, — T} {1 - <27y> “

The expression for the stress distribution may be written in dimensionless form:

o _ ATy ] 2y 2
«E(T.—T,)  \T.—T, h
A plot of the stress distribution is shown in Figure 2-12.
The maximum stress occurs at the upper or lower surface of the bar, y = +h/2,

for
AT, 1
< —=
T. — Ty 2

Umax A TS

«E(T.—Ty)  T.—T,




50 THERMAL STRESSES IN BARS

y/h

M

P ¢ —
7 oE(T,-T,)
-0.1

-0.2
-0.3
-0.4

2 2 o

Q o Uit & K { &
2 - T.-T,
Tl T D wp L

T.-T. L% T.-T,

Figure 2-12. Dimensionless stress distribution for Example 2-6, for the temperature ratio,
(T, — To)/(T. = T,) = +1, 0, and —1.

On the other hand, the maximum stress occurs at the center of the bar, y = 0,

for
AT, 1
>
Tc - Ts o 2

Omax _ ATy _ T. - Tj
ak (T. —Ty) T. —T; T. — T

The end reaction P, for the bar may be determined from eq. (2-81), with
go = 0:

P, = —Fr = —aEAAT,, = —aEA[AT, + 3 (I, — T))]

The end reaction is compressive (negative) for ATy > —%(Tc — Ty), and the end
reaction is tensile (positive) for ATy < —%(Tc —Ty).

Suppose the bar material is Inconel, with a thermal expansion coefficient of
13.0 x 107 K~ (7.22 x 107% °F~!) and Young’s modulus of 215GPa (31.2 x
106 psi). The thickness of the bar is 30 mm (1.181in.), the width of the bar is
40mm (1.571in.), and the length is 450 mm (17.721in.). The bar is stress-free at
a temperature Ty = 20°C (68°F). The surface temperature of the bar is 30°C
(86°F), and the center temperature is 60°C (140°F). The temperature distribution
is that given at the beginning of this example. Determine the maximum stress
and the end reaction force.
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Let us first calculate the temperature ratio:

AT, 30° —20° 1 1
T.—T, 60°—30° 3 2

The maximum stress occurs at the center of the bar (y = 0):

Omax 1 4

— el = ——

«E(T,—T) 3 3
omax = (—3) (13.0 x 107°) (215 x 10%) (60° — 30°)
= —111.8 MPa (16,200 psi)

The reactive force at the ends of the bar is

P, = —(13.0 x 107°) (215 x 10%) (0.030) (0.040) [10° + 2(60° — 30°)]
P, = —100.6 x 10> N = —100.6 KN (—22,600 Iby)

Let us calculate the maximum stress for the case in which the bar has no force
on the ends. The mean temperature change is

AT, = (30" —20°) + 2 (60° — 30°) = 30°C (54° F)

The stress at any point in the bar is given by

()
0 =—aE | AT, +(T. — T}) 1-(7) — AT,

= wE{(T.-TH|1 ) 27T
o =—u (T, — Ty) —(7) _g(c_s)

or

The maximum stress occurs at the surface of the bar, y = £h/2:
Omax = +%O‘E (Te = Ty)
omax = (3) (13.0 x 107%) (215 x 10%) (60° —30°) = 55.0MPa (8110 psi)
The stress at the center of the bar, y = 0, is

o(y=0)=—1aE (. —T,) = — () (13.0 x 107%) (215 x 10°) (30)
o (y =0) = —27.95MPa (4050 psi)
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The stress at the surface of the bar is tensile, and the stress at the center is
compressive.

2.6 HISTORICAL NOTE

Barré de Saint-Venant (1797-1886), see Figure 2-13, demonstrated outstanding
mathematical abilities at an early age [Timoshenko, 1953]. He entered the Ecole
Polytechnique when he was 16 years old and became first in his class. During
his second year, the students of the Ecole Polytechnique were mobilized into
the French army, and Saint-Venant expressed his conscientious objection to the
conflict. Because of this incident, Saint-Venant was not allowed to continue his
studies at the university.

After about eight years of work as an assistant in the powder industry, Saint-
Venant entered the Ecole des Ponts et Chaussées, completed his university course
work, and graduated first in his class in 1825. After graduation, he worked with
an engineering group on river channels and did theoretical work in mechanics
and fluid dynamics in his spare time. In 1837, Saint-Venant was asked to lecture
on strength of materials at the Ecole des Ponts et Chaussées, where he presented
some of his developments in the theory of elasticity. He believed that engineering
work should involve both experimental and theoretical or analytical components.

In a basic discussion of bending of beams, Saint-Venant stated the principle
that we call Saint-Venant’s principle today. He mentioned that the analytical
solutions he obtained for bending of beams would be exact only if the support

Figure 2-13. Barré de Saint-Venant. [From History of Strength of Materials, S. P. Timo-
shenko (1953). Used by permission of Dover Publications, Inc., New York, NY]
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forces at the ends of the beam were distributed in a specific manner. He stated,
however, that the solution would be sufficiently accurate for any other support
force distribution with the same resultant force and resultant moment as the one
prescribed in the analytical solution. Saint-Venant carried out some experiments
with rubber bars to demonstrate that substantial difference in the deformation is
produced only in the vicinity of the applied forces.

Although Saint-Venant published no books on the theory of elasticity, he wrote
several papers (mémoires) and edited books by Navier and Clebsch, a German
scientist and engineer. In these two books, Saint-Venant added extensive notes
and appendices to the original material.

PROBLEMS

2-1. A rod having a diameter of 16 mm (0.630in.) and a length of 450 mm
(17.721n.) is rigidly attached to supports at each end. The rod is constructed
of C1020 carbon steel, with E = 205 GPa (29.7 x 10%psi) and @ = 11.9 x
1079 K~! (6.6 x 107% °F~!. The rod is initially stress-free at a temperature
of 25°C (77°F). If the bar is uniformly cooled to —5°C (27°F), determine
the resulting stress in the bar and the force on the ends of the bar.

2-2. Suppose the rod given in Problem 2-1 has an initial tensile stress of 50 MPa
(7250 psi) when the rod is at 25°C (77°F). Determine the temperature at
which the stress in the rod would be zero.

2-3. A tie rod has a diameter of 12.62mm (0.497in.; cross-sectional
area, 1.250cm? or 0.1938in?) and an effective length of 1.250m
(4.10 ft). The rod material is 4340 alloy steel, with a Young’s modulus
of 189GPa (27.4 x 10°psi) and a thermal expansion coefficient of
11.8 x 107 K~! (6.56 x 107° °F~!). One end of the rod has a connector
with a gap of 0.12mm (0.0047 in.) when the system is at 25°C (77°F), the
stress-free condition. The other end of the rod is fixed. If the rod is cooled
to a uniform temperature of —15°C (+5°F), determine the stress in the
rod. Determine the gap width required for a stress of 35 MPa (5080 psi)
in the rod at —15°C.

2-4. A structural member has a length of 828 mm (32.6in.) and a cross-sectional
area of 12.0 cm? (1.86 in?). The member is made of 6061-T6 aluminum,
with Young’s modulus, 69.0 GPa (10.0 x 10° psi), and thermal expansion
coefficient, 23.4 x 1070 K~ (13.0 x 10~° OF_l). One end of the member
is rigidly fixed, and the other end is supported by a spring. The system is
initially stress-free at a temperature of 20°C (68°F). Determine the required
spring constant, if the thermal stress in the member is to be limited to
12MPa (1740 psi) when the member is heated to a uniform temperature
of 120°C (248°F).

2-5. A vacuum-jacketed cryogenic transfer line consists of two concentric
tubes, connected at each end. The inner tube is aluminum, with Young’s
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2-6.

2-8.
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modulus, 70GPa (10.2 x 10°psi) and thermal expansion coefficient,
22 x 1070 K1 (12.2 x 107° °F~!). The cross-sectional area of the inner
tube is 3.86 cm? (0.598 in?). The outer tube is stainless steel, with Young’s
modulus, 200 GPa (29.0 x 10%psi) and thermal expansion coefficient,
16 x 107° K~! (8.89 x 107° °F~!). The cross sectional area of the outer
tube is 10.66 cm? (1.652in?). The length of both tubes is 8.00 m (26.25
ft). The system is stress-free when the temperature is 25°C (77°F). The
outer tube is heated to +45°C (113°F), and the inner tube is cooled to
—55°C (~67°F). Determine the resulting thermal stress in the inner tube
and in the outer tube.

Two concentric pipes, each having a length of 4.50m (14.76 ft), are rigidly
attached to each other at each end. The outer pipe is copper, with the fol-
lowing properties: E =112 GPa (16.2 x 10° psi), a =18 x 107¢ K~! (10 x
107% °F1), A = 84cm? (13.02in%, and Sy=140MPa (20,300 psi). The
inner pipe is aluminum, with the following properties: properties: E =
70 GPa (10.2 x 10°psi), @ = 22.5 x 107K~ (12.5 x 107® °F 1), A=
48cm? (7.44in%), and Sy, =215MPa (31,200 psi). The system is stress-
free at a temperature of 25°C (77°F). If the copper pipe is maintained
at 25°C, determine the temperature to which the aluminum pipe must be
heated to achieve yielding in one of the pipes. In which pipe will yielding
first occur, if the aluminum pipe is heated?

. The two concentric pipes shown in Figure 2-14 are rigidly fixed at one

end and are rigidly attached to each other at the other end. The shorter
pipe is copper, having the following properties: £ = 110GPa (16.0 x
100 psi), @« = 18 x 107K~ (10 x 107° °F~1), A = 10cm? (1.55in?), and
length, 600 mm (23.6in.). The longer pipe is aluminum, having the follow-
ing properties: following properties: E = 72.9 GPa (10.6 x 10° psi), @ =
23 x 107¢ K=' (12.8 x 107° °F~1), A = 17cm? (2.64in?), and length,
900 mm (35.4in.). The system is stress-free at a temperature of 20°C
(68°F). The copper pipe is cooled to 5°C (39°F). Determine the temper-
ature to which the aluminum pipe must be heated to produce a stress of
140 MPa (20,300 psi) in the copper pipe.

A carbon steel pipe is constrained by six stainless steel tie rods, as
shown in Figure 2-15. The pipe is 80 mm nominal (3%-in. nom.), with
the following properties: Young’s modulus, 205 GPa (29.7 x 10° psi); ther-
mal expansion coefficient, 11.9 x 107® K~!(6.61 x 107® °F~1); cross-
sectional area, 17.65cm?(2.74in%). The tie rods are stainless steel
14-mm (0.551-in.) diameter rods, with the following properties:
Young’s modulus, 193GPa (28.0 x 10°psi); thermal expansion
coefficient, 16.0 x 107 K~' (8.9 x 107® °F~!); cross-sectional area,
1.54 cm? (0.239 in?) each rod, or 9.24 cm? (1.432 in?) total for six rods. The
length of the pipe and the rods is 1.50 m (4.92 ft). The system is stress-free
at 120°C (248°F). Determine the stress in the pipe and in the rods when
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2-9.

2-10.
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Figure 2-14. Sketch for Problem 2-7.
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Figure 2-15. Sketch for Problem 2-8.

both are at 25°C (77°F). If the rods are heated to 60°C (140°F) and the pipe
is heated to 90°C (194°F), determine the stress in the pipe and in the rods.

A double-pipe heat exchanger has a carbon steel outer tube, with the fol-
lowing properties: E =200 GPa (29.0 x 10 psi), @ = 11.5 x 1070 K~!
(6.39 x 107° °F~1), and A =7.00cm?® (1.085in?). The inner tube is
aluminum with the following properties: E = 69 GPa (10.0 x 10° psi),
a=234x10"°K™! (13.0 x 107 °F 1), and A = 3.50cm? (0.543 in?).
Both tubes have the same length, 2.50 m (8.20 ft). The heat exchanger is
stress-free at a temperature of 25°C (77°F). Under operating conditions,
the outer tube is warmed to 45°C (113°F), and the inner tube is heated
to 125°C (257°F). Determine the stress in each tube and the net change
in length of the heat exchanger tubes.

An aluminum sleeve having an inside diameter of 15mm (0.5911in.)
and an outside diameter of 25mm (0.9841n.) is slipped over a 15-mm
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2-12.

2-13.
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(0.591-in.) diameter carbon steel bolt having a length of 250 mm
(9.841n.), as shown in Figure 2-16. The assembly is held in place by a
nut that is turned just snug. For aluminum, E = 69 GPa (10 x 10° psi)
and o =234*x107° K ! (13.0° x 10°® °F~1). For steel, E =
200 GPa (29.0 x 10°psi) and o = 11.0 x 1079 K=" (6.11 x 1076 °F~1),
The assembly is stress-free at a temperature of 20°C (68°F). The
assembly is heated uniformly to a final temperature, and the stress in the
compressive sleeve is 80 MPa (11,600 psi). Determine (a) the value of the
final temperature, (b) the stress in the bolt at the final condition, and (c)
the change in length of the assembly.

Suppose the inner pipe in Problem 2-9 has a sliding seal, such that the
inner pipe may elongate freely through a distance of 1.00 mm (0.0394 in.).
Determine the stress in each pipe for this condition. What is the change
in length for each pipe?

If the nut in Problem 2-10 is not tightened, but there is a gap of 0.13 mm
(0.0051 in.) initially, determine the final temperature required to induce a
compressive stress of 80 MPa (11,600 psi) in the sleeve. What is the total
change in length of the assembly for this condition?

A support rod for a cryogenic fluid storage vessel consists of a 19.05-mm
(0.750-in.) diameter and 1.524-m (60.00-in.) long 304 stainless steel
rod, which is rigidly fixed at both ends. The rod is subjected to an axial
temperature distribution given by

T(x)=Tc+ (Th — To)(x/L)

where T, is the cold-end temperature, 7j is the warm-end temperature,
and L is the length of the rod. The average properties of the 304 stainless
steel are E =200GPa (29.0 x 10°psi), « = 13.8°C™! (7.67°F 1), S, =
1000 MPa (145,000 psi). The hot-end temperature is +20°C (68°F) and
the cold-end temperature is —180°C (-292°F) for the support rod. The
support rod is stress-free when it is at a uniform temperature of +20°C.
Determine the thermal stress in the rod.

Aluminum Sleeve Carbon steel bolt

5_7/////////////////////////////////_{

MNut

250 mm ——4m8

Figure 2-16. Sketch for Problem 2-10.
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2-14.

2-15.

In a plate-fin heat exchanger, the rectangular fin (as shown in Figure 2-17)
is rigidly fixed at both ends and is subjected to an axial temperature dis-
tribution as follows.

T(x) = Ty + (Ty — Tp) [1 _ COSh(mx)}

cosh(mL)

where Ty = 170°C (338°F) = temperature of the fluid around the fin, Ty =

20°C (68°F) = stress-free temperature, m =70 m~" (21.3ft™!) = fin param-

eter, L = 25 mm (0.984 in.) = half-length of the fin, and x = distance from

the midpoint of the fin. The fin is constructed of copper/10% nickel alloy,

with E = 124 GPa (18 x 10° psi), &« = 16.2 x 107° °C~'(9 x 107 °F~1).
Show that the mean temperature change is given by

tanh(mL)

ATy = (Ty — To) [1 - 7]

mL

Determine the numerical value of the thermal stress in the fin.

A bus-bar with a rectangular cross section of height # = 75 mm (2.953 in.)
has the following temperature distribution across the cross section, as a
result of electrical energy dissipation:

T(y) =To+ (T. — To) cos(my/h)

where T, = 75°C (167°F) = center temperature, Ty = 25°C (77°F) =
stress-free temperature and also the surface temperature for the bar,
and y = distance measured from the center of the bar. The bar is
constructed of 2024 aluminum, with E = 73.4 GPa (10.65 x 10° psi), ¢ =
22.5 x 107°°C~! (12.5 x 107® °F~!). Determine the stress in the bar at
the center (y = 0) and at the surface (y = 1/2h) (a) if the bar is not
restrained at the ends, and (b) if the rod is rigidly fixed at the ends.

rigidly fixed B

/
TX

——

|¢—,——u—,——>‘

N

X rigidly fixed
Figure 2-17. Sketch for Problem 2-14.
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THERMAL BENDING

3.1 LIMITS ON THE ANALYSIS

In this chapter, we examine the relationships between stress and strain caused
by the presence of a temperature variation across the cross section of a beam.
The analysis is based on the strength-of-materials approach, which involves the
following restrictions:

(a) All cross-section planes remain plane after bending.

(b) The beam is relatively narrow so that lateral contractions or expansions
(Poisson ratio effects) are negligible.

(c) The longitudinal axis of the beam is straight initially.

(d) The external forces pass through the centroid axis of the cross section, so
that no torsion forces are present.

(e) The stresses are below the elastic limit, and the normal bending stresses
are directly proportional to the distance from the centroid axis of the beam
cross section.

To be precisely correct, the only situation for which the cross sections of a
beam would remain plane after bending is the case in which a simple moment
is applied to the ends of the beam. Any external transverse forces will produce
shearing stresses in the beam, and the shear stresses are responsible for distortion
of the cross section when the beam is loaded [Timoshenko and Goodier, 1970].
The importance of the shear stress effect depends on the loading condition; how-
ever, in general, the error between the strength-of-materials approach and a more

59
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exact theory-of-elasticity approach is less than 5 percent if the depth of the beam
h is less than about L/10, where L is the length of the beam.

If the beam is very wide, the effect of lateral contraction or expansion on the
stress is important. For a beam width b that is less than about #/20u, where
is Poisson’s ratio, the effect of lateral contraction is less than about 5 percent,
if b/h < 1 [Burgreen, 1971]. For Poisson’s ratio between 0.25 and 0.33, the
beam width should be less than 0.154 to 0.204 for Poisson’s ratio effects to be
negligible, where £ is the depth of the beam.

If the longitudinal axis of the beam is not straight initially, the stress distri-
bution will not be symmetrical around the neutral axis. In addition, the neutral
axis (the position at which the fibers experience no longitudinal displacement for
bending) and the centroid axis of the beam cross section will not be the same.
The bending stress in a curved beam is not directly proportional to the distance
from the neutral axis or the centroid axis [Seely and Smith, 1952]. If the depth
of a beam £/ is less than about 0.05R, where R is the radius of curvature of
the beam, the stress calculated by the straight-beam approach is generally less
than about 5 percent different from the stress determined with effects of beam
curvature considered.

3.2 STRESS RELATIONSHIPS

Let us consider the case of thermal stresses developed in a beam in which the
temperature varies in the transverse direction across the cross section only or
T = T(y). Assuming that bending of the beam may occur, let us express the
total strain as the sum of two components:

(a) A uniform extensional strain &g, which is the strain along the centroid axis

(b) A bending strain &, which varies linearly across the cross section in the
y-direction

The strain may be written according to eq. (2-5), for temperature-dependent
properties, or by eq. (2-6), for constant material properties. Let us work with the
case for which the material properties may be considered as constants:

o
szf—l—aAT:so—i-ab (3-1)

To evaluate the bending strain component, let us consider the beam shown in
Figure 3-1. For small angles of rotation, the tangent of the angle  is approxi-
mately equal to the angle itself, expressed in radian units:

tany X Y = &b (3-2)
y

From the geometry of the beam deflection, we may also write the rotation angle
in terms of the beam length L and the radius of curvature R of the beam after

bending:
L
tan LA

— —tan— ~ — 3-3
2R 2 2 3-3)
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Figure 3-1. Deflection of a beam in bending.

By equating the two expressions for the angle ¥ from eqs. (3-2) and (3-3), we
obtain the following expression for the bending strain component:

y
. 3-4
& =7 (3-4)

The stress may be written by combining eqgs. (3-1) and (3-4):
Ey
o =E€0+? — o EAT (3-5)

If we make a force balance between the end of the beam, at which the applied
axial force is P,, and any cross section of the beam, and use eq. (3-5), we obtain

Pe=/adA=EA80+O—aE/ATdA (3-6)
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The second term on the right-hand side is zero, because the origin is located at
the centroid of the cross section. The last term may be defined as the “thermal
force,” according to eq. (2-78). For constant material properties,

Fr = aE/ AT dA (3-7)

We may solve for the strain at the centroid axis by combining eqs. (3-6) and (3-7):

_Pe+FT

EA (3-8)

€0
The mechanical bending moment at any point along the length of the beam
may be found, using eq. (3-5):

E
M=/oydA=0+E/y2dA—aE-/ATydA (3-9)

The first term on the right-hand side is zero, because the origin is located at the
centroid of the cross section. The last term may be called the “thermal moment,”
and written as

My =ozEf ATy dA (3-10)

If the material properties vary with temperature, the thermal moment may be
defined as

My = /aEATy dA (3-11)

The area moment of inertia of the cross section about the z-axis of the beam
(I = I,) is defined by

I =/y2dA (3-12)

If we make the substitutions from eqs. (3-10) and (3-12) into eq. (3-9), we
may solve for the radius of curvature of the beam or its reciprocal

1 M+ M
- M+ My (3-13)
R EI

By substituting the expression for the strain at the centroid axis &y from
eq. (3-8) and the radius of curvature R from eq. (3-13) into the stress rela-
tionship, eq. (3-5), we obtain the general expression for determining the stress in
a beam subject to mechanical and thermal loads:

Pe+FT <M+MT
o = +

— aEAT 3-14
2 7 )y o (3-14)
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The sign convention for the mechanical moment is that a positive bending
moment is one that would produce a tensile stress or an extension in the +y
portion of the cross section. This sign convention is necessary to assure that the
mechanical moment M and the thermal moment M7 are defined in a compatible
manner.

We may observe that the maximum stress with thermal bending does not
necessarily occur at the outermost fiber, as is the case for an isothermal beam-
bending problem. We examine some examples of the application of the general
relationship, eq. (3-14), in the following sections.

If the temperature varies in both the transverse and spanwise directions, 7 =
T (y, z), or the beam cross section is not symmetrical, as shown in Figure 3-2,
then the stress in the beam must be determined from the following expression:

P, + Fr My+ K,y + K.z
o= =+

— «EAT (3-15)
A I,

The quantities K, and K are defined as follows:

K. = LMy — 1,:Mr; (3-16)
YL —UX/L)

.My, —1,,M
Kz — Tz zyz T (3_17)
Iy - (Iyz/lz)

The spanwise thermal moment is defined by

My, = aE/ ATz dA (3-18)
Y
1=1,=[ y*da
A
, 1=1,=[ z%dA
D > .
centroid I=1F=fysz
of A
cross sectional
area

Figure 3-2. Nonsymmetrical cross section for beam bending.
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The area moment of inertia /, and the product of inertia /,, are defined by
I, = / 72 dA (3-19)

I, =/yz dA (3-20)

3.3 DISPLACEMENT RELATIONS

Let us consider the beam element in bending, as shown in Figure 3-3. The
bending strain may be determined from the general strain definition:

_ change in length  —ydo ~ Y dw (3-21)

initial length ~  ds dx
The negative sign is introduced because the rotation of the beam w is defined by

dv

= (3-22)

w

dw

f
‘\\*‘-{\

/

—

y ‘// f l
! | 3
I / !
<

7
¢ dw

. I
K N

‘dx
s

Figure 3-3. Differential element of a beam in bending.
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The lateral displacement v is taken as positive when the displacement is in the
positive y-direction. The approximation ds ~ dx restricts the analysis to the case
in which the lateral displacement v is small in comparison with the depth of the
beam.

Using eq. (3-16) in eq. (3-15), we obtain the following expression for the
bending strain in terms of the transverse displacement:

d*

& =—y—
ydx2

(3-23)
By comparing eqs. (3-4) and (3-23), we find the following expression for the
radius of curvature of the beam:

1 d*v

= 3-24

R 7 (3-24)
In addition, by using the radius of curvature from eq. (3-13), we find the following
important relationship:

dzl) M+MT

= 3-25
dx? EI (3-25)
If we express the mechanical bending moment and thermal moment as a function
of the position x along the length of the beam, we may integrate both sides
of eq. (3-25) to obtain the expression for the transverse displacement v of the
beam.

3.4 GENERAL THERMAL BENDING RELATIONS

Let us consider the differential element of the beam, as shown in Figure 3-4. The
quantity ¢ is the applied transverse load per unit length {N/m or Ib¢/ft}. This
quantity may vary with longitudinal position x and is generally a known quantity
in the design of the beam. The transverse load is considered to be positive if the
direction of the force is in the positive y-direction.

The quantity V is the fotal shear force {units: N or lb¢} across a cross section
of the beam. If we make a force balance in the y-direction for the beam element,
we obtain

YF=0=-V+(V+dV)+qgdx

dv

T (3-26)

q:

If we sum the mechanical bending moments for the beam element around an
axis at the left end of the element, we obtain

XM =0=-M+M+dM)— (V +dV)dx — 1q (dx)*
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Figure 3-4. Loading for a beam element in bending.

If we neglect the higher-order differentials, (dV dx) and (dx)?, we obtain the rela-
tionship between the transverse shear force and the mechanical bending moment:

am

V=—
dx

(3-27)

Equation (3-26) may be used to relate the mechanical bending moment and the
applied transverse load:
v d’M

AT (328

q:

We may solve for the mechanical moment from eq. (3-25) in terms of the
transverse displacement:
d*v

Using this expression in the transverse shear expression, eq. (3-27), we obtain

. dM E1d3v dM (3-30)
T odx dx®  dx

Finally, we may relate the transverse load ¢ to the transverse displacement v by
combining eqs. (3-28) and (3-30):

dv d*v  d*My
=—— =FE[— + —~ 3-31
q I oA + o ( )

or

a* 1 d’M
- <q - T) (3-32)
X
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3.5 SHEAR STRESSES

Shear stresses will occur in beams under thermal loads, unless the axial normal
stress is constant or varies linearly with axial distance along the beam. If the
temperature change is a function of y alone, AT = AT (y), and is not a function
of the axial coordinate x, the thermal loads will produce no shear stresses in
statically determinant beams.

Let us consider the beam element shown in Figure 3-5. The width of the
beam cross section 7 is a function of the coordinate y. Only the case of a beam
with a symmetrical cross section will be considered in this section. In general,
the temperature change will be assumed to be a function of both the x- and
y-coordinates, AT = AT (x, y). The thermal force Fr and thermal moment My
involve integration of the temperature change across the cross section, so these
quantities are functions of the axial coordinate only.

Let us make a force balance for the shaded portion of the beam. The result is

W[y
2y dx +/ (a—adx) dA =0 (3-33)
y X

The quantity y;, is the value of the coordinate y at the top of the beam cross
section, as illustrated in Figure 3-5. The expression for the shear stress may be
written in the following form:

1 (% (0o 19 b
T=—— — |dA = ——— o dA (3-34)
2 Jy dax 7 0x \Jy

The direct stress may be found from eq. (3-14):

Pe+FT <M+MT
o= +

—aEAT -
A 7 )y o (3-35)

a0,
w0
G, + % X

N St/
-

Z

1
1 > X
1
1
1

1

dx

— —

Figure 3-5. Shear stresses in a beam.
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Making this substitution into eq. (3-34), we obtain

10 [P+ Fr [ M+ My [ "
f:___[$/ dA+¥/ ydA—erf ATdA]
Zbax A y I y y

(3-36)
We note that, with the absence of traction (shear) forces on the surface of the
beam, the external axial force P, is constant.
Let us define the following quantities:

Yb
r, = / vy dA (3-37)
)7
Yb
A, = / dA (3-38)
,
Vb
AAT, = / AT dA (3-39)
,

If we make these substitutions into eq. (3-36), we obtain

19 |:AyFT (M + Mp)T,

T=———
A 1

— ozEAyAT\,] (3-40)
Zp 0X ’

Carrying out the differentiation, we obtain

| [AydFy T, (dM dM d(AT,
[—y a —>< T)—aEAy( -V)} (3-41)

IZ_E A dx I \dx dx

To further simplify the expression for the shear stress in the beam, let us define

the thermal shear force Vr as
aM ¢
Vr = (3-42)
dx

The mechanical shear force is related to the mechanical moment through
eq. (3-27). If we make this substitution into eq. (3-42), we obtain the final
expression for the shear stress in the beam.

(3-43)

ry (v VT> Ay dFy | aEA, d(AT))
T = —

—_ =+ —) =
zbré% A A ZbA dx Zbh dx

The quantity r, is the radius of gyration for the cross-sectional area, defined by

r2 = (3-44)

|~
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3.6 BEAM BENDING EXAMPLES

In this section, we consider some examples of the application of the general
thermal bending relationships for beams. In actual beams, the stresses in the
immediate vicinity of the ends may be two dimensional and depart somewhat
from the strength-of-materials approach adopted in this chapter. With a factor of
safety included, the results are generally satisfactory for design purposes.

3.6.1 Cantilever Beam

Let us consider the cantilever beam of length L with rectangular cross section,
as shown in Figure 3-6. The beam has the following temperature distribution:

AT = o (142 2(3)2 (3-45)
T4 h L

In this problem, the external mechanical loads P, and M are zero.

3.6.1.1 Direct Thermal Stresses. We will use eq. (3-14) to evaluate the distri-
bution of the direct thermal stresses. The thermal force term is evaluated from

——|

-

1/2h
01'2 1 L L i AT
AT (x/L)

04 06 08 1.0

|

1
1/2h

l

Figure 3-6. Cantilever beam of rectangular cross section.
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its definition, eq. (3-7), where the differential area is dA = b dy:
h)2 1 h/2 2y 2
Fr = aE/ AT dA = - baEATo(x/L)Q/ (1 + —> dy  (3-46)
—h)2 4 —h2 h

Fr = o EATobh(x/L)* (3-47)

The thermal moment is evaluated from eq. (3-10):
h/2 1 n/2 2y 2
My = aE/ ATy dA = —baEATo(x/L)z/ (1 + —) ydy (3-48)
—n2 4 —n)2 h

My = Lbh*a EATy(x/L)> (3-49)

The area moment of inertia for the cross section is I = bh?> /12, so the thermal
moment expression, eq. (3-49), may be written in the following alternate form:

Making the substitutions from eqs. (3-45), (3-47), and (3-50) into the general
thermal stress relationship, eq. (3-14), we obtain the following stress distribution:

: EAT(X)2+“EAT0y(x)Z Loeaty (142 2(x)2 (3-51)
o —= — — _— — —_ = —_— — -
3AESINT o \r) a9t n) \L

This expression may be simplified, as follows:

_ aEATy (x\? 2y\?
e h@ ] e

The stress distribution is shown in Figure 3-7.
The maximum direct stress occurs at the upper or lower surface of the beam,
y ==£h/2.

Omax = —sa EATy(x/L)* (3-53)

3.6.1.2 Displacement. 1In this example, both the mechanical and thermal
moments are known; therefore, we may use the displacement—moment relation-
ship, eq. (3-25), to determine the transverse displacement of the beam:

dv M+ My aEl ATy (x)2

aATy /x\2
= - = 3-54
dx? EI IEh L h ( L) (3-54)
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Figure 3-7. Bending stress distribution for cantilever beam example.

The rotation or slope of the beam at any point may be found by integrating
eq. (3-54) one time:

L

= W =

dv aAToL /x\3
== (g) o
dx 3h
At the fixed end of the beam (x = 0), the slope is zero, so C; = 0.
The transverse displacement may be found by integrating again:
aATHL? [x\*
—o0 () e

12h \L

At the fixed end of the beam (x = 0), the transverse displacement is also zero,
so C; = 0. The expression for the transverse displacement of the beam is

aATyL? /x\*
v= 2070 (—) (3-55)
12n \L

The negative sign in eq. (3-55) means that the displacement is in the negative
y-direction, if the temperature change ATy is positive. The maximum transverse
displacement occurs at the free end (x = L) of the beam:

aATHL?
Umax = _W (3'56)
3.6.1.3 Shear stress distribution. The shear stress distribution may be
evaluated from eq. (3-43). Let us first determine the quantities defined in
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eqs. (3-37)—(3-39). The width of the beam z; = b is constant, and the distance
from the centroid axis to the top of the beam is y, = %h

h/2 1 2y
A, = bdy = =bh|1—-|—= -57
, fy =3t [ (3 )} (37
h/2 1 2y 2
r, =/ ydA = -bh* |1 — <—> (3-58)
) 8 h

h/2 1 h/2 2y 2
A AT, =/ AT dA = ZbATO(x/L)Z/ [1 + (7)} dy
y y

bhATy [x\2 2y\*
AVAT, = =20 <Z> [8— (1 + %) } (3-59)

The radius of gyration for the rectangular cross section is found from eq. (3-44):

I bh3/12  K?
2
=—= = — 3-60
“TAT T 12 (5-60)
The change in the thermal force per unit length of the beam may be calculated,
where the thermal force expression is given by eq. (3-47):

dF . 2aEAAT, <x>

3-61
dx 3L L ( )

Using the thermal moment expression from eq. (3-49), we may determine the
thermal shear force from its definition, eq. (3-42):

Vp = (3-62)

dM ¢ _ 2a EI ATy (x)

dx hL L

Let us make these substitutions into eq. (3-43) to evaluate the shear stress
distribution across the beam cross section:

== ()] ) - - (D] 6)
03 @)

This expression may be simplified, as follows.

B[ )] (2]
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Figure 3-8. Shear stress distribution for cantilever beam example.

or
- EATOL) () () [ (2 (364
= 12 L)\ h h

This stress distribution is shown in Figure 3-8. We note that the shear stress is
zero at the top and bottom surface of the beam, y = 4//2, and at the center of the
beam, y = 0. The shear stress reaches a maximum value at y = +h/[2(3)!/?] =
0.577(h/2). The value for the shear stress at this point is

Tmax = 0.032075a¢ EATy(h/L)(x/L) (3-65)

We note from eq. (3-52) that the direct stress o is zero at 2y/h = 1/3'/2. Because
of the small magnitude of the factor (h/L), the maximum shear stress is generally
much smaller than the maximum direct stress for this example.

Example 3-1 A beam constructed of C1020 steel (E = 205GPa = 29.7 x
10° psi); o =11.9 x 10°°K! =6.61 x 10_6°F_1) has a temperature distri-
bution given by eq. (3-45). The beam has a depth # = 150 mm (5.91in.), a
width b = 50mm (1.97in.), and a length L = 2.50m (8.202 ft). The beam is
stress-free at a uniform temperature Ty = 20°C (68°F). If the lower surface of
the beam is maintained at 20°C, determine the temperature for the top surface
of the beam in order that the direct stress in the beam not exceed 80 MPa
(11,600 psi). Also, determine the maximum transverse deflection for the beam
and the maximum shear stress for this condition.
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The temperature difference A7y may be determined from eq. (3-53):

60 max (6)(£80)(10%)
ATO = =
oE (11.9 x 10-6)(205 x 10°)

=4197 K (£386°F)

The temperature at the top surface of the beam is
Ty =20+ 197 = 217°C (422°F) or —177°C (—286°F)

The maximum transverse deflection for the beam (at the free end, x = L) may
be calculated from eq. (3-56):

(119 x 107%)(£197)(2.50)2
(12)(0.150)

=F8.14x 102 m=28.14mm (0.320in.)

Umax =

The maximum shear stress for the beam is found from eq. (3-65):

Tmax = (0.032075)(11.9 x 107%)(205 x 10?)(197)(0.150/2.50)
Tmax = 0.925 x 10°Pa = 0.925MPa (134 psi)

We note that the ratio (Tpmax/Tmax) = 0.012 in this case. Also, the direct stress o
is zero at the point at which the shear stress 7 is a maximum (2y/h = 1/3'/%? =
0.577), and the shear stress is zero at the point where the direct stress is a
maximum (2y/h = +£1).

3.6.2 Simply-supported Beam

Let us consider the simply-supported beam with a uniformly distributed mechan-
ical load —qq, as shown in Figure 3-9. The beam has a rectangular cross section,
with a depth 4 and a width b. The temperature distribution across the beam cross
section is

AT = ATysin(wy/ h) (3-66)

In this problem, the external axial load P, is zero; however, the uniform load
does impose a mechanical moment on the beam.

3.6.2.1 Direct thermal stresses. The thermal force term Fr is zero, in this
case, because the temperature distribution is an odd function of the coordinate y.
This may be demonstrated by using the definition of the thermal force, eq. (3-7),
where the differential area is dA = bdy:

h/2
Fr = aEATobf sin(y/h) = a EATy(bh/7) [cos(ry/h)]
—h/2

h/2

—nj2 = 0
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Figure 3-9. Simply-supported beam with a uniform mechanical load.

The reaction force at the supports for the beam is F = %qoL, so the total mechan-
ical moment may be written as

S M) = 0= M + Fx — (qox)(x/2)

M= —oolx + Laox? = —Lqo1? (x) (x)2 (3-67)
= 290 X 2Q0x = 2‘10 L L
In summing moments about the z-axis at any point x, a clockwise moment is
considered as a positive moment, because it would produce a tensile stress in the
+y portion of the cross section.
The thermal moment may be found from eq. (3-10):

h/2

My = ozEATob/ sin(zry/h)ydy
—h/2

Mr = erATo(bhz/nz) [sin (wy/h) — (wy/h) cos (J'ry/h)]}i/hz/2

20EATybh?  24aEI AT,
MT = =

= - (3-68)

We have substituted the area moment of inertia, / = bh3/12, in eq. (3-68).
The direct stress may be evaluated from eq. (3-14):

qoL? <X) (x>2 N 240 E ATyy E ATy sin (ry/ )
c=—"—"—1|(=)—-(= —— —« sin (7
2 |\L L) |’ 72h 0 Y

This expression may be simplified, as follows:

_ _oLh[x x\2] (2 24y |
o=-L2 [(Z> - <Z) } <7> +@EAT) [ﬁ — sin (ny/h):| (3-69)
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Figure 3-10. Bending stress distribution for the simply-supported beam example.

The first term in eq. (3-69) represents the stress component resulting from the
applied mechanical load, and the second term represents the stress component
resulting from the thermal load. A plot of the stress distribution associated with
the thermal load is shown in Figure 3-10.

At either end of the beam (x = 0 or x = L), the stress component resulting
from the mechanical load is zero. For this case, the maximum stress occurs at
the surface of the beam (y = +h/2):

12
o(x=0;y=+h/2) =+ (—2 - 1) aEAT, (3-70)
T

The stress component resulting from the mechanical load has a maximum
value at the center of the beam span (x = L/2). For this location, the stress
distribution is given by the following, from eq. (3-69):

3qoL? (2y 12 [2y [ m2y
o(x=LJ/2)=— 4;}12 <7) +aEAT, [; (7 — sin o (3-71)

The location of the maximum stress at the center of the beam depends on the
relative size of the mechanical and thermal loads. The maximum stress will occur
either at the surface of the beam (y = h/2) or at the location given by

w2y 24 w2qoL?
it I A IR (L 3-72
COS( 2h ) 73 [ 1662 EAT, (3-72)




BEAM BENDING EXAMPLES 77

The stress at the surface of the beam at the center of the span is found from
eq. (3-71):

L A 3‘10L2+ 2 \aEar (3-73)
T\ T TR ) T Ty T\ ) AR )

It may possible to make the stress at the surface of the beam at the center of the
span equal to zero if both the mechanical load gy and the temperature change
AT, have the same algebraic sign. If we set the stress in eq. (3-73) equal to zero,
we obtain the following condition:

L [4baEAT, (12 172
Sl /2= (3-74)
h 36]0 2

The ratio (L/h > 5) if the strength-of-materials analysis is to be valid.

The stress is not identically zero for the condition given by eq. (3-74). If
we make the substitution from eq. (3-74) into eq. (3-73), we obtain the stress
distribution at the beam center for this condition:

*x=L/2) = EAT|:' 71_2y _(2_y] (3-75)
c'(x=L/2)=—« 0s1n<2h) h) -

The maximum value of the stress given by eq. (3-75) occurs at 2y/h =
40.56607 and has the following value:

o* (x = L/2) = F0.2105¢ EAT, (3-76)

max

3.6.2.2 Displacement. The transverse displacement of the beam in this
example may be determined from eq. (3-25):

L

L

av — 3-77
dx? EI 2EI (3-77

d*v . M+ Mp qoL2 X (x>2 240 ATy
w2h

The rotation or slope of the beam at any point is found by integrating eq. (3-77):

L= 6160_5 [3 (1) -2 (m JHALL (e e

The transverse displacement may be found by integrating again:

q()L4 x\3 x\4 120 ATyL? /x\2
- 2 (— - (— e (— Cix+C 3-79
v 12EI|: L> L) 72h L> thr+C G

The displacement at the left end (x = 0) of the beam is zero; therefore, C; = 0
in eq. (3-79). The displacement at the right end (x = L) of the beam is also zero:

qoL®  12aATHL

C,=—
! 12E1 2h

(3-80)
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After making the substitutions for the constants of integration into eq. (3-79), we
obtain the following expression for the transverse displacement of the beam:

_ qol? . 2(x>2+ (x>3 (x) N 12aATHL? [1 (x)] ()c)
' T 2E L L L 72h L/I\L
(3-81)
The expression for the transverse displacement may be written in a slightly

different form by introducing the expression for the area moment of inertia for
the rectangular cross section, I = bh3/12:

s 2 ]G BRI -G e

- bWE L L L n2h L/I\L

The rotation of the beam may be found from eq. (3-78) after substituting for
the constant of integration from eq. (3-80):

o= =t [ioo(2) +e(3) ]+ BAEE[-2(3)]
(3-82)

The rotation (slope) of the beam is zero at the center of the beam (x = L/2);
therefore, the maximum transverse displacement also occurs at this location:

1L 5qoL* N 3aATyL?
Umax = V| = = -
. 2 16bh3E 72h

If the mechanical load gy and the temperature change AT, have the same
algebraic sign, it may be possible to make the transverse displacement at the
center of the span equal to zero. If we set the displacement equal to zero in
eq. (3-83), we obtain the following condition:

(3-83)

A (3-84)

L 48ba EATy\
5m2qq

This condition is not quite the same as that given by eq. (3-74). The ratio
L/h must be >5 if the strength-of-materials analysis is to be valid.

The displacement is not identically zero for the condition given by eq. (3-84).
If we make the substitution from eq. (3-84) into the displacement relationship,
eq. (3-81), we obtain the distribution for the transverse displacement under this
condition:

=B @ OTI-GIE) e
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For this condition, the maximum transverse displacement occurs at the locations
x = 0.1464L and x = 0.8536L, and has the following value:

. 3aATL?

Umax = 537 (3-86)

Example 3-2 A beam is constructed of 6061-T6 aluminum (¢ = 23.4 x
107°%K~! = 13.0 x 107%°F~!; E = 69.0GPa = 10.0 x 10° psi; Sy = 275MPa =
40,000 psi) with a length between supports of 2.250m (7.38 ft). The beam is
simply supported at each end. The cross section of the beam is rectangular, with
the width equal to % of the height. There is a uniformly distributed mechanical
load directed downward of 1.55 kN/m (106.2 1b¢/ft = 8.85 Ib¢/in.). The tempera-
ture distribution across the depth of the beam is given by eq. (3-66), with
ATy = 120°C (216°F). If the depth of the beam cross section is selected such
that the stress at the top and bottom surfaces of the beam is zero at the center
of the span of the beam, determine the width and height of the beam. Also,
determine the transverse deflection at the center of the span of the beam.
The dimensions of the beam may be determined from eq. (3-74):

L [@(4) @34 x107%)(69.0 x 10°)(120) (12 | v
ho (3)(1550) ( )

2
L 12
i = [(55,556) (0.21585)]/< = 109.51

The required depth of the beam is

2.250 \*? ,
h = =0.0750m = 75.0mm  (2.953in.)
109.51

The width of the beam is
w=1h=250mm (0.984in.)

We note that (L/h) = (2.250/0.075) = 30> 5, so the calculated beam dimen-
sions are satisfactory.
The maximum stress in the beam may be found from eq. (3-76):

o* (x = L/2) = F(0.2105)(23.4 x 1079)(69.0 x 10°)(120)

max

o* = F40.78 x 10° Pa = F40.78 MPa (5920 psi)

max

This stress is less than the yield strength for the material (S, = 275 MPa).
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The transverse displacement of the beam at the center of the span is found
from eq. (3-83):

B (5)(1550)(2.25)* (3)(23.4 x 1079)(120)(2.25)?
(16)(0.025)(0.075)3(69.0 x 10°) (2)(0.075)

v(L/2) =
v(L/2) = —0.0171 + 0.0576 = 0.0405m = 40.5mm  (1.60in.)

We note that, in this case, the beam deflects upward, because the displacement
due to thermal effects (the second term) more than offsets the displacement due
to the distributed mechanical load (the first term).

3.6.3 Statically Indeterminate Beam

Let us consider the beam shown in Figure 3-11, which is simply supported at the
center and at each end. The beam has a rectangular cross section, and no external
mechanical loads, other than those of the supports, are applied. The beam has
the following temperature distribution across the cross section:

AT—lAT 1+ 2—y 3-87
—3om[1+(2)] (-87)

The beam is statically indeterminate because the external forces due to the sup-
ports cannot be determined by force and moment balances alone. From a force
and moment balance, we can determine that the end loads are equal and the cen-
ter load is twice that of the end force. The value of the support force F; must be
determined from information about the displacement of the beam at the supports.
The displacement at each support is taken as zero, in this problem, because the
beam is considered to be simply supported.

=

N il N
////{//// V77 7777 1< >

Ei 2F, F,

|< L >I< L >i

Figure 3-11. Simply-supported beam with three supports.
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3.6.3.1 Direct thermal stresses. The thermal force may be evaluated from its
definition, eq. (3-7):

1 h/2 2)7
o= eom [ 14 (2)]
2 —h/2 h

I 2902 1
Fr = ~aEATob |y + 2 — —@EATybh = ~a EATyA (3-88)

The quantity A = bh is the cross-sectional area of the beam.
The thermal moment may be evaluated from eq. (3-10):

1 hf2 2y
M’r = —OtEAT()b/ 1+ — ydy
2 —h/2 h

| 1, 2y371"*  «EATR?
My = J0EATob| 2y + 5 i el

3-89
2 3h ( )

~h/2 12

The area moment of inertia for the rectangular beam cross section is I = bh>/12,
so the thermal moment may be written in the following form:

_ aEIATy

Mr W

(3-90)

The mechanical moment may be written in terms of the moment produced by
the support forces.

ForO<x<L: M=-Fx (3-91a)
For L<x<2L: M=-Fix+2F(x—-L)=—-FQL—x) (3-91b)
The stress distribution within the beam may be evaluated from eq. (3-14):

Fr (M+M
o= XT + % — @EAT (3-92)

Let us examine the following terms:

Fr M 1
Ly TTy —aEAT = SaEATy

A
oEATy (2y 1 2y
— | —zaEATy|1 —]1=0
5 () —zean [+ (5
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Therefore, the stress at any location is given by the following:

Fixy
ForO<x<L: o=-— 7 (3-93a)

Fi QL —
For L<x<2L: o= —w (3-93b)

The support force is not known, and we cannot evaluate this quantity until we
have an expression for the transverse displacement of the beam.

3.6.3.2 Displacement. The transverse displacement of the beam may be deter-
mined from eq. (3-25). For the left section of the beam, 0 < x < L, we have

dv M+ Mr  Fix  aAT,
dx*r El  EI h

(3-94)

Integrating once, we obtain the general expression for the slope for the left

section:
_dv Fix?  aATyx LC (3.95)
YT T 2E I !

Integrating again, we obtain the general expression for the transverse displace-
ment for the left section:
Fix3  aATyx?
V= -
6E] 2h

At the left support, v(0) = 0; therefore, C; = 0. At the center support, v(L) =
0, and we find the following value for the constant of integration Cj:

+Cix+Cy (3-96)

FIL* oATHL

C=—
! 6EI T 2h

(3-97)
Making the substitutions for the constants of integration into eq. (3-96), we obtain

the expression for the transverse displacement and rotation for the left portion of
the beam, 0 < x < L:

= (D-O TS0 e

o= O] w ()]

For the right section of the beam, L < x < 2L, we have the following expres-
sion to solve for the displacement:

dv  FiQ2L—x) aAT
dx? EI h

(3-100)
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The general expressions for the slope and displacement are found by integration:

dv F 5 aATyx
- — — (4Lx — — C 3-101
0= 0= gg x—x) - — =+ G (3-101)
F 5 3 aATx?
= — (6Lx" — — C C 3-102
v 6EI( x*—x°) 5, TCx G ( )

The constants of integration may be found from the conditions that the
displacement is zero at each support point, v(L) = v(2L) = 0. Using these
conditions, we find the following values for the constants of integration:

11FL? N 30 ATHL
6EI 2h

_ RL*  aATHL?
- EI h

3= (3-103)

Cy (3-104)

If we substitute the expressions for the constants of integration into egs. (3-101)

and (3-102), we obtain the following expressions for the slope and displacement
for the right portion of the beam, L < x < 2L:

o= Lo (5) o (5) - ()] “mE s () 4 ()]

(3-105)

oo _BIL [11 —12 (%) +3 (f)z] 4 28Dk [3 _2 (f)] (3-106)

 6EI L 2h

3.6.3.3 Support reaction. The expression for the support reaction F; may
be found from the condition that the slope or rotation under the middle load
(at x = L) is continuous. If we equate the rotation given by eq. (3-99) at x = L
to that given by eq. (3-106) at x = L, we obtain

FIL> oAT)L  FL? N aATyL

(3-107)
3EI 2h 3EI 2h
If we solve for the reaction force, we obtain
3aEI AT,
Fil="—"""—"— (3-108)
2hL

Because of the symmetry of the loading, the slope or rotation at the center of
the beam (x = L) should be zero. If we make the substitution from eq. (3-108)
into either eq. (3-99) or (3-106) at x = L, we do obtain the result that v = 0 at
this point.
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3.6.3.4 Maximum stress and deflection. The stress distribution may be written
by combining egs. (3-93) and (3-108).

3¢EAT, 2
For0sxsLi o=-ER0 (3) (%) (3109
3aEAT, 2
For L <x <2L - o:—u(2—£) mid (3-109b)
4 L)\ h

The maximum stress occurs at the center of the span (x = L) and at the upper
and lower surfaces (y = +h/2):

Omax = F3aEATy (3-110)

We note from eq. (3-110) that the dimensions (length, width, or depth) do not
affect the maximum stress, in this case. The designer cannot control the stresses
by selection of the dimensions of the beam, for this case.

If we substitute the expression for the reaction force F| from eq. (3-110) into
egs. (3-98) and (3-105), we obtain the following expressions for the transverse
displacement and rotation of the beam, in terms of the temperature distribution.

ForO<x<L: v=%€?y[(%)—z(%)z+(%)3] (3-111a)

For L <x <2L: v= aATyL? [2—5(1) +4(f>2 - (%)3] (3-111b)

4h L L
ForO<x<L: w= O‘AJOL [1 —4(%)+3(%)2] (3-112a)
For L <x<2L: w= “AMTZOL [—5-}—8(%) —3(%)2} (3-112b)

From eq. (3-112a), we see that the slope is zero at (x/L) =1 and (x/L) = %
Since the displacement is zero at (x/L) = 1, we conclude that the maximum
displacement occurs at (x/L) = % Making this substitution into eq. (3-111a),
we find the following expression for the maximum transverse displacement:

1 aATyL?
Umax = VU gL = W (3-113)

The same displacement occurs for the right portion of the beam at (x/L) = %
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3.6.3.5 Partial constraint of the beam. One of the basic observations is that
thermal stresses arise due to constraints; therefore, if we can control the degree
of constraint for the system, we may control the stress level. If the beam were not
supported in the center, it would be free to deflect as a result of the temperature
change. Because the temperature change (in this example) is linear across the
cross section, and the bending stress is a linear function of the coordinate y, zero
thermal stresses would result if the center support were removed.

If we set F| = 0 in eq. (3-94) and integrate, we obtain the general expressions
for the slope and displacement for this case:

o aATyx

' = — 7 + Cs (3-114)
, ozATox2

v = — T + Csx 4+ Cq (3-115)

We may evaluate the constants of integration from the conditions that at x = 0,
the displacement is zero, and at x = L, the slope is zero. The result for the
transverse displacement for the case of F| = 0 is

AT,L?
wuzg__&_[z—(f)](f) (3-116)
2h L L
The displacement at the center of the beam is given by
ATyL?
V(L) = “27; = Sur (3-117)

Let us consider the case in which the displacement at the center support is &,
instead of being equal to zero. It is assumed that § < §.;; otherwise, the support
force would be zero. Let us define the coefficient of constraint &. by

Ser — & )
fe=— =1—— where 0 < &. <1 (3-118)

8C1‘ cr

A value of & = 0 implies no constraint (¥} = 0), and a value of &, = 1 implies

complete constraint (v = 0) at the center support, x = L. The displacement at

the support may be written in terms of the coefficient of constraint by using
eq. (3-117):

aAT,L?

d=(0-8)6;=0(1 _é:C)T (3-119)

If we use the condition v(L) = § in eq. (3-96), we obtain the following expres-

sion for the transverse displacement for the left portion of the beam, 0 < x < L:

=t [ O] e o ()-@)] e
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As a check, we note that eq. (3-120) reduces to eq. (3-98) for &, = 1, and for
&. = 0, the expression reduces to eq. (3-116) for zero constraint. If we use the
condition v(L) =§ in eq. (3-102) for the right portion of the beam, we may
obtain the expression for the transverse displacement for L < x < 2L:

o= D]

_eahl? [2sc ~e+e)(3)+ (%)2} (3-121)

Finally, if we equate the slope for the left and right portions of the beam at
the center support (x = L), we obtain the following expression for the support
reaction Fj:

P 3aEl AToé,

3-122
1 hL ( )

The maximum stress for partial constraint of the beam may be found by
combining eqs. (3-93) and (3-122).

3
Omax = :FZOlEATogc (3-123)

The designer has the ability to control the thermal stress level through selection of
the degree of constraint at the center support of the beam. It may not be practical
to have the beam totally unconstrained at the center; however, it is often practical
to introduce partial constraint, § = 0 at the center of the span.

For the partially constrained beam, if the coefficient of constraint & < %, the
maximum transverse displacement occurs at the center of the span and has the
value equal to the gap width, §. For the case for % <&, <1, we may find the
maximum displacement, as follows. Let us substitute the support reaction F

from eq. (3-123) into the displacement expression, eq. (3-120) for 0 < x < L:

e T G152 R G IS

If we take the derivative of the displacement given by eq. (3-124) and set the
result equal to zero, we obtain the following quadratic equation for the location
of the maximum transverse displacement for the case of partial constraint of the
beam for % <& <1t

(s e

The solution for the position of maximum transverse displacement is found from
eq. (3-125):

X 2
Z=3—EC[1—\/1—3&(1—§&)] For 2<¢& <1 (3-126)
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Example 3-3 A beam constructed of 304 stainless steel has a loading as given
in Fig. 3-11. The properties of 304 stainless steel are o = 16 x 107°K~! (8.89 x
107%°F~"), E = 193 GPa (28.0 x 10° psi), and S, = 232 MPa (33,650 psi). The
length of the beam between supports is 4.25 m (13.94 ft), the depth of the beam is
600 mm (23.62 in.), and the width of the beam is 100 mm (3.94 in.). The maximum
temperature change for the beam is ATy = 120°C (216°F). Determine the gap
width required to limit the stress in the beam to 125 MPa (18,130 psi).

The maximum stress for the partially constrained beam is given by eq. (3-123):

Omax = 125 x 10° = 3 (16 x 107°) (193 x 10°) (120) &,

The constraint coefficient is

125 8
fo=— =0450=1— —
277.9 Ser

The critical gap width is found from eq. (3-117):

_aATL? (16 x 107°) (120°) (4.25)?

Oer = =0.0289 m = 28.9mm
2h (2) (0.600)

The required gap width is found from the definition of the constraint coefficient:
8 =(1-0.450)(28.9) = 15.9mm (0.626in.)

Since the constraint coefficient in this example is less than %, the maximum
transverse deflection of the beam occurs at the center support and is equal to
159 mm = .

3.6.4 Beam on an Elastic Foundation

In the previous examples, the mechanical bending moment distribution could be
determined in terms of the external forces. If the beam is supported on an elastic
foundation, however, the external support force is a function of the displacement
of the beam, which is not known at the beginning of the solution. In this case,
we will need to use the general expression for the displacement, eq. (3-32). The
mechanical bending moment may then be evaluated from the general relations
given in Section 3-4.

Let us consider a beam supported along its length by a continuous elastic
foundation, as shown in Figure 3-12. The elastic foundation will be considered
to be linearly elastic, for which the reaction force between the foundation and
the beam is directly proportional to the displacement of the beam. The reaction
force per unit length may be written as

qr = —kv (3-127)
The negative sign is included, because a negative deflection v produces a reaction

force in the positive y-direction. The quantity k {units: (N/m)/m or N/m? = Pa}
is called the foundation modulus [Timoshenko and Langer, 1932].
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Figure 3-12. Beam on an elastic foundation.

The analysis of the problem of beam bending on an elastic foundation with no
thermal loading was developed by E. Winkler [Winkler, 1867]. The initial appli-
cation for the solution was in determining the stress in railway tracks supported
on a crosstie and ballast foundation [Timoshenko, 1956].

3.6.4.1 General Equation Solution. The general expression for the transverse
displacement of the beam is eq. (3-32):

dv 1 d*My
o E\1T 4 (128

Suppose the only mechanical force along the length of the beam is the foundation
reaction, given by eq. (3-127), or ¢ = g . For this problem, let us consider a beam
with a rectangular cross section of depth /4 and width b. Suppose the temperature
distribution is given by

1 2
AT(x.y) = 38T [1 n (%)} sin (wx /L) (3-129)
The thermal moment may be determined:

aEI ATy .
My = aE/ATy dA = ———sin(wx/L) (3-130)

h
The thermal shear force may be determined from its definition:

dMr  maEl ATy

Vr =
T "ax hL

cos(mx/L) (3-131)

The second derivative of the thermal moment is

d*Mr 72aEI ATy . (rx/L) (3-132)
= — sin (Tx -
dx? hL?
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The thermal force may also be determined:
Fr =aE / AT dA = YaEAATysin (mx /L) (3-133)

If we make the substitutions for the mechanical and thermal loading into
eq. (3-128), we obtain the following differential equation to solve for the
displacement:

d*v kv wlaAT,

A= Tm + I sin (wx /L) (3-134)

For convenience, let us define the following quantities:

k
gt = 5 (3-135)
72a ATy
vp = e (3-136)
We may now write eq. (3-134) as
d*v 4 .
F +4p"v = ypsin (mrx/L) (3-137)
by

The general solution of eq. (3-137) may be written as the sum of the solution
of the homogeneous equation, obtained by setting the right side of the complete
equation equal to zero, and a particular solution. The solution of the homogeneous
equation is independent of the thermal loading; however, the particular solution
depends on the specific expression for the thermal moment. For this example,
the general solution is

v(x) = e #* (Cy sin Bx + C; cos Bx)
4 ethx (Cs3sinx + Cqcos Bx) +dpsin(wrx/L) (3-138)

The quantity ép is defined as follows:

aAT,L?
2
5= r_ . __mh (3-139)
= T4 1+4(%§
The constants of integration, Cy, ..., C4, must be determined from the boundary

conditions for the beam.

3.6.4.2 Long-beam solution. If the beam is very long, it would appear that
the conditions at the ends of the beam would not greatly influence the stress and
deflection in the center region. For an extreme case, think of a beam with a length
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of 1.20km (about % mile). What one does at the end of the beam supported on
an elastic foundation would have no discernable effect % of a mile away. For
practical purposes, a “long” beam may be considered as one for which L < 5.

For the long beam, the term involving e*#* would be quite large, unless we
require that C3 = C4 = 0. Thus, the general solution, eq. (3-139), reduces to the
following expression for a long beam:

v(x) = e P* (C) sin Bx 4+ C, cos Bx) + 8p sin (mx/L) (3-140)
The rotation of the long beam may be determined, as follows:
o(x) = Z_)lc) = Be P¥[C) (cos Bx — sin Bx) — C (cos Bx + sin Bx)]
+ (wép/L)cos(mx/L) (3-141)
The deflection is zero at the end of the beam:
v(0) =0=C
Similarly, for a clamped-end beam, the rotation is also zero at the end:
w(0) =0=pCy + (nép/L)

or
JTSP

L

Using these results for the constants of integration, we may determine the expres-
sions for the deflection and rotation for this example:

C =

v(x) = 8p [—;—Leﬁx sin fx + sin (nx/L)i| (3-142)

”SP -8 .
w(x) = 5 [¢77¥ (sin Bx — cos Bx) + cos (mx/L)] (3-143)

We will need the second and third derivatives of the displacement to evaluate
the bending moment and shear force terms:

dv 7$ _ .
e = L—2P [2,8Le ¥ cos Bx — 7 sin (nx/L)] (3-144)
d*v nép

Ry [2B°L?e™P* (cos x + sin Bx) + m* cos (wx/L)] (3-145)
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The mechanical bending moment may be determined from eqs. (3-29) and
(3-144):

wép EI _px ) aEI ATy
M(x) = — B [28Le™"* cos Bx —  sin (wx/L)] — —, sin (rx/L)
(3-146)
The bending moment at the clamped end of the beam may now be evaluated:
2nép EI BL
My=M(QO) = -0 (3-147)

The end moment may be written in terms of the temperature difference by using

eq. (3-139) for the term dp.
4BLaEI AT,

wh
gL L -14
Mo = —- 1B (3-148)

The shear force at any point along the beam may be found from eqgs. (3-30)
and (3-145):
7T8p EI

Vix) =+ fE

[2,32L2e*’3x (cos Bx + sin Bx) + 7% cos (nx/L)] - Vr
(3-149)

The thermal shear force is given by eq. (3-131) for this example. The vertical
reaction force at the end of the beam may be found from

2 2
Fo=—V(0) = — P2/ 0P (ﬂszP El {2 + (;—L> } + LiILATO (3-150)

The vertical reaction force may be written in terms of the temperature difference
by using eq. (3-139):

o= (3-151)

_@EIATy [(BL?[2+ Gr/BLY]
ThL 1+4(BL/7)*

In this problem, the end is considered to be clamped, so there will be an
axial reaction force P, at the ends of the beam. The axial reaction force may be
determined from the condition that the change in length of the beam is zero:

1

L L
AL =0 =/ g0 dx = —/ (P, + Fr) dx (3-152)
0 EA Jo

The expression for the thermal force is given by eq. (3-133) in this case:

P.L oAT)L
EA 21

P"L+1AT/L'( /L) d
= — sin (7T X =
N *

0 (3-153)
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The axial reaction force is given by

EAAT,
p, = A2 (3-154)
21

We now have enough information to evaluate the thermal stress from

eq. (3-14):

P.+Fr (M+M
o(x,y) = e: T +1 1Y GEAT(x, y) (3-155)

From eqs. (3-129), (3-133), and (3-154), we may evaluate the following set of
terms:

P F EAT 1 2
Y= e—; T—ozEAT:—Ol2 O{I—I—n[—%—(%)}sin(mc/m}

T 2
(3-156)

Example 3-4 A beam is constructed of 4340 alloy steel with a loading as
shown in Fig. 3-12. The properties of the steel are @ = 11.2 x 107°K~! (6.22 x
107%°F~!); E =214GPa (31.0 x 10%psi); S, = 934 MPa (135,500 psi). The
dimensions of the beam, which has a rectangular cross section, are height,
150mm (5.911in.); width, 65mm (2.561n.); and length, 6.711 m (22.02 ft). The
temperature distribution is given by eq. (3-129), with a maximum temperature
change of AT, = 80°C (144°F). The foundation modulus for the support is k =
10 MPa (1450 psi), and both ends of the beam are rigidly clamped. Determine
the maximum transverse deflection and maximum stress for the beam.

First, let us calculate the reciprocal relaxation length parameter S from
eq. (3-135). The area moment of inertia for the beam cross section is

_ bh* _ (0.065)(0.150)°

[=— = = 1828 x 108 m* = 1828 cm*  (43.92in%)
12 (12)

The reciprocal relaxation length parameter may now be calculated:

k 10 x 10°

== =0.6939m™*
4EI — (4)(214 x 109)(1828 x 10-8) m

:34
B = (0.6939)!/4 = 0.8941 m™~!
The dimensionless parameter SL is
BL = (0.8941)(6.711) = 6.00

The beam dimensions correspond to a “long” beam. Note that L must be in
radian units when used in a trigonometric term.
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Let us now determine the deflection parameter from its definition in
eq. (3-139):

_ (7%)(0.150) } 0.02726 L
P | 1 6007 =525 =0503x 10 m=0.503 mm

[(11.2 x 1079)(80°)(6.711)?
B

The maximum deflection occurs at the center of the span (x = %L). Using
eq. (3-142), we may evaluate the maximum deflection of the beam.

Umax = v (3L) = 8p [1 — (/BL) e P1/*sin (BL/2)]
Vmax = (0.503) [1 — (77/6.00) ¢ > sin (3.00)]
Umax = (0.503) (1 —0.00368) = 0.501 mm  (0.0197 in.)

We note that, at the center of the span, the term involving the end condition is
only about 0.4 percent of the term involving the thermal loading. This behavior
is what we would anticipate from the “long”’-beam solution.

The bending moment at the clamped ends of the beam may be calculated from
eq. (3-147) or eq. (3-148):

(27)(0.503 x 1073)(214 x 10%)(1828 x 1078)(6.00)

My=MO) = - (6.711)2

My = —1647N-m = —1.647kN-m (1215 in-Iby)

The bending moment at any location may be found from eq. (3-146):

M(x) = My [e ¥ cos px — (x/2BL) sin (rx/L)] — aEl AT

sin (mx/L)

Let us calculate the numerical value for the coefficient in the last term:

aEIATy (112 x 107°)(214 x 10°)(1828 x 107#)(80°)
ho (0.150)

= 23.368 x 10° N-m

This term is the thermal moment at the center of the beam (x = %L), according
to eq. (3-130). The mechanical bending moment at the center of the span is

M ($L) = (—1647) (e cos 3 — m/12) — (23.37 x 10°)(1)

M (1L) = +512 - 23,368 = —22,856 N-m = —22.86kN-N  (—16,860 in-Iby)
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The last set of terms needed to determine the stress in the beam is the quantity
given by eq. (3-156). Let us evaluate this term at the upper surface of the beam,
1
y = Eh

—6 9 0
Z:_[(11.2x 10 )(227:4x 107)(80 )} |:1+7T<%+1) Sin(m/L)]

¥ = —(30.517 x 10°) [1 + 37 sin(wx/L)]

At the center of the span, this quantity has the following value at the upper
surface (y = —i—%h):

¥ (3L)=—(30.517 x 10°) (1 + 37) = —174.325 x 10° Pa= —174.325 MPa
At the lower surface (y = —%h), we find the following value:

¥ ($L) = — (30.517 x 10°) (1 — 37) = +113.291 x 10°Pa = 113.291 MPa

We have calculated all quantities needed to determine the stress in the beam:

(M + Mr)y

o(x,y)=%2(x,y)+ 7

At the center of the span (x = %L) and at the upper surface (y = %h), we find
the following value for the stress:

(—22.856 + 23.368) (10°) (0.075)
(1828 x 10-8)

o = (—174.325 x 10°) +

o = —174.325 x 10° +2.101 x 10°
= —172.224 x 10°Pa = —172.22MPa  (—24,980 psi)

Similarly, at the center of the span and at the lower surface (y = —%h), we find
the following stress:

o = +113.291 x 10° — 2.101 x 10° = +111.190 x 10° Pa
=111.19MPa (16,130 psi)

At the clamped end of the beam, the thermal force and thermal moment are zero
and the mechanical moment is equal to M. The stress at the end of the beam
and at the upper surface is

(—1647) (0.075)
(1828 x 10-8)
o = —37.274 x 10°Pa = —37.27MPa  (—5410psi)

o =—30.517 x 10° + = (—30.517 — 6.757) (10°)
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From this series of calculations, we find that the maximum stress occurs
at the center of the span and at the upper surface of the beam. This stress is
compressive:

Omax =0 (5L, 3h) = —172.22MPa (24,980 psi)

3.6.4.3 Short-beam solution. If the dimensions of the beam are such that SL <
5, we find that the solution outlined in the previous section is not valid for this
case. For mathematical convenience, we may take the general solution for the
displacement in the following alternate form:

v(x) = sinh Bx (C} sin Bx + Cj cos Bx)
+ cosh Bx (C:‘ sin Bx + Cj cos Bx) + vp(x) (3-157)
The quantity vp(x) is the particular solution of eq. (3-128). This quantity depends
on the thermal moment. For the temperature distribution given by eq. (3-129),

the particular solution is
vp(x) =d6psin(wx/L) (3-158)

The rotation may be found from the displacement expression:
dv * *\ o * *
== B cosh Bx [(C1 - C4) sin Bx + (C2 + C3) cosﬂx]
X

+ Bsinh x [(C} + C}) cos Bx + (C5 — C3) sin x| + ‘Z’—XP (3-159)

For the temperature distribution given by eq. (3-129), the last term is

dvp _ (7or L 3-160
Ir (T) cos (rx/L) (3-160)

Let us consider the case for which the temperature distribution is given by
eq. (3-129) and both ends of the beam are clamped. From the condition that the
displacement is zero at the left end of the beam (x = 0), we find that C; = 0.
From the condition that the rotation is also zero at the left end of the beam,
we find that (C; + C}) = — (w8p/BL) . The other two conditions are that the
displacement and rotation are also zero at the right end of the beam (x = L). Let
us define the following quantities:

fi =sinh BL sin BL (3-161a)
J>» =sinh BL cos BL (3-161b)
f3 =coshBL sin BL (3-161c¢c)

fa =coshBL cos L (3-161d)
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These terms may be used to express the two additional equations to determine
the remaining constants of integration:

V(L) =0=C{fi+C5fo+C5fs+6p (3-162a)
w(L) =0=B[C{ (fa+ f3)+ (C5+C3) fa+ (C; — C3) fi + (m8p/BL)]

(3-162b)

If we substitute C; = — (wdp/BL) — C5, we obtain the two expressions, which,

if solved simultan‘eously, will yield the values for the constants of integration:

CiAi+Ci(fa—f3)+ <1 - %3) §p=0 (3-163a)
* * 778P
Ci(fa+ f3) —2C fi + (ﬂ—L> (I—=fi—fa=0 (3-163b)

The second derivative is related to the bending moment:

d*v M+ Mr

e I 2p*[cosh Bx(C; cos Bx — C3 sin fx) + C§ sinh Bx cos fx|

2
_ (”;i”) sin (x/L) (3-164)

The bending moment at the clamped end of the beam (x = 0) may be evaluated,
for this case:
My = M(0) = —2B*EI C} (3-165)

The third derivative may be used to express the shear force distribution:

a'3v_ V+VT

e EI

= —2% {cosh Bx [C} sin Bx + (C5 — C5) cos px]}

3

5
— 2% (C} + C%) sinh Bx sin Bx — (”L s

) cos (mx/L) (3-166)
The vertical reaction force may be written as
Fo=—V (0)=—2BEI (C; — C}) — (x> EI8p/L*) + V7 (0) (3-167)

If we make the substitutions for the constant C3 and the thermal shear force Ot
from eq. (3-131), the vertical reaction force may be written as

3
Fo— (7‘( EI) |:4 (BL) C; i (2,32L2 i 7_[2) 8p:| + M (3-168)

L3 T hL
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3.7 THERMAL BOWING OF PIPES

When cryogenic liquids, such as liquid oxygen and liquid nitrogen, flow inside
a pipeline at partial fill levels, severe thermal stresses and significant deflections
may result [Flieder et al., 1961]. This problem may arise in partially filled steam
lines, but it is especially troublesome in cryogenic pipelines. For these systems,
the pipe material, such as 304 stainless steel, has a low thermal conductivity,
so that significant temperature gradients may develop around the circumference
of the pipe exposed to the vapor phase. In addition, the vapor tends to become
thermally stratified as it is warmed by the heat transfer from the ambient temper-
ature surroundings. The pipe temperature gradients tend to be sustained by this
condition.

3.7.1 Thermal Analysis

In the examples considered previously in this chapter, the temperature distribution
was given. We would like to illustrate how a reasonable temperature distribution
in the pipe wall may be obtained for this problem, however.

Let us consider the situation shown in Figure 3-13. A horizontal pipe is par-
tially filled with a liquid to a level ¢D,,, where ¢ is the liquid fill level parameter
and ¢ Dy, is the mean diameter of the pipe. Note that the mean pipe diameter is
related to the pipe OD and ID by D,, = Dy —t = D, + t. The quantity ¢ is the
pipe wall thickness. The fill angle ¢y and the liquid fill level parameter ¢{ are
related:

¢Dyy = 1D,y (14 cos o) (3-169)

If we solve for the liquid fill parameter ¢, we obtain
¢ =3 (1+cosgy) (3-170)
Similarly, if we solve for the fill angle ¢, we obtain the following relationship.

o =cos ' (2c — 1) (3-171)

— )
)

— liquid }

Figure 3-13. Horizontal pipe partially filled with a liquid.
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The rate equation for conduction heat transfer is the Fourier rate equation,
which is examined in more detail in Chapter 5. The heat transfer rate Q is related
to the temperature gradient as follows:

dT

) = —k, A—
Q A

(3-172)
The quantity k; is the thermal conductivity of the material {units: W/m-K or
Btu/hr-ft-CF}, A is the area through which the energy is conducted, and x is the
coordinate perpendicular to the area.
If we apply the conservation of energy principle for steady-state conditions to
the differential pipe wall element shown in Figure 3-14, we obtain

) X . d 2kitL dT
Oin+qa[5 (D +1)dpL] — Qin — -

e —) dp=0  (3-173)

Dy, d¢
The quantity g, is the heat transfer rate from the ambient surroundings per unit
outside surface area of the pipe. If the thermal conductivity can be treated as
constant, the differential equation for the temperature distribution, eq. (3-173),
may be written as
T | qa(Dn+DDn _

- 3-174
dep? 4yt (3-174)

Let us make the following definitions. The second term in eq. (3-174) is
constant, so we may define 6, as

_Ya (D +1) Dy,
8kt

6, = (3-175)

Figure 3-14. Differential element of the pipe wall for thermal analysis.
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The temperature of the pipe exposed to the liquid will be approximately constant
and equal to the liquid temperature T, because the liquid has a much higher ther-
mal conductance than the vapor phase. Let us define the temperature difference
parameter as

AT =T—-Ty (3-176)

With these terms, we may write the governing differential equation as

d*AT
We obtain the following result after integrating eq. (3-177) once:
daT +20,¢ =C (3-178)
dé A

Because the temperature distribution must be symmetrical with respect to the
vertical axis, the temperature gradient is zero at the top of the pipe, ¢ = 0;
therefore, C; = 0. If we integrate eq. (3-178), we obtain the following result:

AT + 0,0 = C> (3-179)

At the liquid level, ¢ = ¢y, the pipe wall temperature is approximately equal to
the liquid temperature, 7' = Ty, or AT = 0; therefore, C; = Q,d)%.
The final expression for the temperature distribution may be written as

0, (p2 — ¢?) for 0
AT =T — Ty = 0 (95 =9%) for 0=¢=4o (3-180)
0 for ¢p9o<op<m

The angle coordinate ¢ is related to the vertical coordinate y as follows:
y = 3Dpcos¢ (3-181)

The temperature distribution expression is a good fit to experimental measure-
ments on 8-in. and 12-in. (200 mm and 300 mm) nominal diameter lines half-filled
with liquid oxygen (fill angle equal to 90°) for the upper portion of the pipe,
between the top of the line and a location angle of approximately 75° [Arthur D.
Little, 1959].

We note that the maximum temperature difference ATy occurs at the top of
the pipe (¢ = 0):

_Ya (D +1) Dmd)(%

ATy = Tmax — To = 0,05 = T (3-182)
t

We observe that, for a given heat flux from ambient g,, the maximum tempera-
ture difference will be increased if the thermal conductivity k, or the pipe wall
thickness ¢ is decreased. The maximum temperature will be increased if the pipe
diameter D,, is increased.
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3.7.2 Thermal Stress Analysis

To concentrate on temperature effects, let us consider the case of a pipe of length
L that is simply supported at each end, with no external mechanical loading. The
stress at any point in the pipe wall may be written from eq. (3-14), with P, and
M zero:
Fr  Mry
a:T—l—T—aEAT (3-183)

The thermal force parameter may be evaluated from eq. (3-7):

(o)
Fr = aE/ AT dA = 2aE/ 0, (5 — ¢°) (3 Dnt) dé (3-184)
0

The factor 2 is introduced, because the area and temperature distribution between
0 and —¢yg is the same as that between O and +¢(. The temperature difference
AT is zero for the portion of the pipe exposed to the liquid, ¢g < ¢ < m. We
obtain the following result after carrying out the integration:

Fr = aE6, Dyt [(930 — 1¢°)]0° = 2aE6, D, 14 (3-185)

The pipe wall cross-sectional area is A = w Dy, t, so the first term in the stress
expression, eq. (3-183), may be written as

Fr _20E6,¢3 2aEATydy _ @Eqy(Dy+1) Dud) (3-186)

Next, let us determine the thermal moment:

[
e :aE/yATdA :2aE/ ' (%Dmcosqb) 0, (45 — ¢%) (%Dmt) do
0

My = YaED210, j cosp (¢5 — ¢?) do

&

My = SaED210, [¢3 sing — 2¢ cos p — (¢* — 2) sing] 00
The final expression for the thermal moment is

M7 = aE D216, (sin o — ¢o cos ¢o) (3-187)

The area moment of inertia for the pipe wall cross section may be written as

1 1 r\?
I = §7T (D,zn + tz) Dt = g’TDSJ |:1 + (D_m) :| (3-188)
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The term in brackets in eq. (3-188) is usually approximately equal to unity for
the thin-walled pipes used in cryogenic systems. For example, for a 100-mm
nominal (4-in. nominal) SCH 10 pipe (wall thickness, 3.1 mm or 0.1201in.), the
mean pipe diameter is 111.3 mm (4.3801in.). The numerical value for the term in
brackets is as follows, for this example:

oy 2—1+ >l 2—100075
D,) 1m3)
Thus, we may approximate the moment of inertia for thin-walled pipes (¢/D,, <
0.1) by the following expression, with an error of 1 percent or less.

m

I=1inD}t (3-189)

If we use the moment of inertia from eq. (3-189) in eq. (3-187), the thermal
moment may be written in the following form:

801EI Gq

(sin ¢ — ¢y cos o) (3-190)

The thermal moment expression may also be written in terms of the fill level
parameter ¢ by using eq. (3-171):

cosgpg=2¢ — 1 (3-191)
singg = /1 —cos2pg = 2/c (1 —¢) (3-192)

The thermal moment expression is

8aElb,
7 D,,

[2 t(1=2¢)— (2 — Dycos~! (22 — 1)] (3-193)

T =

If we make the substitutions from eq. (3-186) for the thermal force and

eq. (3-190) for the thermal moment into eq. (3-183), the following expressions
for the thermal stress distribution may be obtained.

(a) For the portion of the pipe exposed to the vapor, 0 < ¢ < ¢y:

O- —_—
aEl,

3
- (qsg — P> — 2&) + 4 (sin ¢y — ¢ cos o) cos ¢ (3-194a)
3 T

(b) For the portion of the pipe exposed to the liquid, ¢9 < ¢ < m:

o 2¢0
— = —+ — (sm b0 — ¢o cos @) cos P (3-194b)
ocEQq 3w
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2
—y=cos¢
D

1.0
0.8 £=3/4
0.6
0.4
0.2 &= o

0 h oE6,
-0.2
-0.4

v

-0.6

-0.8 =1/4
-1.0

-1.0-0.8-0.6-04-0.2 0 0.20.40.60.81.0

Figure 3-15. Thermal stress distribution for partially filled pipes.

The stress distribution for a few cases is shown in Figure 3-15.
The maximum stress occurs at the fill level, ¢ = ¢g:

203 4
Omax _ 2% + — (sin ¢y — ¢o cos ¢g) cos Py (3-195)
akb, 3 T

The maximum stress may also be expressed in terms of the fill level parameter ¢:

Omax 2 —1 3
= — 2¢—1
akO, 3m [cos™ 2 = 1]

+ % [2 t(1—¢) — (¢ —1)cos~! (20 — 1)] Qc—1)  (3-19)

The maximum stress is shown in Figure 3-16 as a function of the fill level
parameter ¢.

We observe that the stress is more severe when the pipe is filled with a small
quantity of liquid (¢ small).

3.7.3 Deflection Analysis

To illustrate the pipe bowing phenomenon, let us consider a horizontal pipe with
no external loading. The pipe has a length L and may be considered to be simply
supported at each end. For this problem, let us take the origin of our coordinate
system at the center of the pipe span. The temperature distribution in the pipe
wall is given by eq. (3-180), and the thermal moment, which is constant, is given
by eq. (3-187) or eq. (3-193).
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Figure 3-16. Maximum stress as a function of the fill level ¢ for a partially filled pipe.

The governing expression for the transverse deflection for this problem is

d? M+M M
av _ MAMr  Mr constant (3-197)
dx? El El

If we integrate twice, we obtain

IWTJC2
2E1

v(x) = — +Cix +Cy (3-198)

The constants of integration may be evaluated from the condition that v =0 at
either end of the pipe (x = £L/2):

My L?

Ci=0 and C; =
8EI
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Making these substitutions into eq. (3-198), we obtain the expression for the
transverse displacement of the pipe at any point:

My L2 2x\?
V= 1‘(7) (3-199)

The maximum deflection occurs at the center of the pipe run (x = 0):

MpL?  af,L?
8EI ~ =©D

Umax = v (0) = (sin o — ¢ cos ¢o) (3-200)

The maximum deflection may also be written in the following alternate form in
terms of the fill level parameter ¢:

Umax D
o, L?

_ ! [2 (1 —¢)— (¢ — ycos' (2¢ — 1)] (3-201)
T

Example 3-5 A cryogenic pipeline is consists of a 304 stainless steel 200 mm
nominal (8in. nominal) Schedule 5 pipe having a length of 12.5m (41.01 ft).
The outside diameter of the pipe is 219.1 mm (8.625in.), and the pipe wall
thickness is 2.8 mm (0.1091in.). The pipe is half-full of liquid nitrogen (¢ =
0.500) at a temperature of —195°C (-319°F). The properties of the pipe mate-
rial are: Young’s modulus, 193 GPa (28.0 x 10° psi); thermal expansion coeffi-
cient, 16 x 107°K~! (8.89 x 107%°F~!); thermal conductivity, 12.3 W/m-K (7.11
Btu/hr-ft-°F). The heat flux based on the pipe outside surface area is 471.2 W/m?
(149.4 Btu/hr-ft?). Determine the maximum stress and deflection for the pipe, if
the pipe is simply supported at both ends and there are no mechanical loads.
The line is half-full, so the liquid fill angle is

do=cos™' (2t — 1) =cos' [(2)(3) — 1] =90° = S rad

The mean diameter of the pipe is D,,, = 219.1 — 2.8 = 216.3 mm (8.5161n.). The
thermal parameter may be evaluated from eq. (3-175):

o _ (471.2) (216.3 4 2.8) (1072) (0.2163)

! (8) (12.3) (0.0028) =81.05K

The maximum temperature difference in the pipe wall is
ATy = 6,¢¢ = (81.05) (1)” = 200.0K (360°F)

The maximum stress may be evaluated from eq. (3-195):

= + —|sin{ =7 ) —|=m)cos|=m)|cos|=m ) =0.8225
ako, Bm) b4 2 2 2 2
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Then

Omax = (0.8225) (16.0 x 107°) (193 x 10%) (81.05) = 205.9 x 10° Pa
Omax = 205.9 MPa (29,860 psi)

The maximum deflection for the pipe may be found using eq. (3-200):

vow D L[ (1 1 1 1
=—|sin{=nw)—=m)cos|=m)|=—
af, L? T 2 2 2 T

Solving for the maximum deflection, we obtain the following value:

(16.0 x 107°) (81.05) (12.5)* '
Umax = =0.298m =298 mm (11.741in.)
() (0.2163)

The stress in this example is not excessive, since the yield strength for 304 stain-
less steel is 232 MPa (33,600 psi), which is 1.13 times the maximum stress. If the
designer wants to reduce the thermal stress, one approach is to apply additional
insulation to the pipe and reduce the heat flux to the pipe surface. Suppose we
would like to reduce the maximum stress to oy = 125 MPa (18,100 psi). The
required value of the thermal parameter may be found as follows:

125 x 10°

0, = =492 K
! (0.8225) (16.0 x 107°) (193 x 10°)

Using eq. (3-175), the definition of the thermal parameter, we may find the
required heat flux:

_(8)(12.3) (0.0028) (49.2)

.= =286 W/m?  (90.7 Btu/hr-ft?
1 (0.2191) (0.2163) m* u/hr-f)

If the heat flux is reduced to 286 W/m?2, the maximum deflection will be reduced
to a value of (298 mm)(49.2/81.05) = 181 mm (7.121in.).

One approach that could be used to reduce the maximum deflection of the
pipe would be to anchor the pipe at the center, similar to the support system
shown in Figure 3-11 and discussed in Section 3.6.3. The disadvantage to this
approach is that one must contend with large anchor support reactions.

By combining egs. (3-90) and (3-113), we may write the end support force in

terms of the thermal moment:
_ 3My

)
The force at the center of the space is 2F|. For this problem, the expression for
the thermal moment, eq. (3-190), reduces to

aElO, [ . (1 1 1 8aElf,
Mr = sin|=mw ) —|=zm)cos| =m =
7 Dy, 2 2 2 7 Dy,
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The area moment of inertia for the pipe is given by eq. (3-189):

T3 (T 3
I1=3D) = (8) (0.2163)% (0.0028)

= 1113 x 107 m* = 1113cm*  (26.73in")

The value for the thermal moment is

_ (8)(16.0 x 107°) (193 x 10%) (1113 x 107%) (81.05)
= (1) (0.2163)

My = 32.790 x 10° N-m = 32.79 kN-m
We may now evaluate the support reactions for the pipe anchored (simply-

supported) at each end and at the center of the span. The reaction force at either
end of the pipe run is

_(3)(32,790)

—7870N = 7.78kN (1770 1by)
(12.5)

The center reaction force is twice that at either end:
2F; = 15,740 N = 15.74kN  (35401by)

The maximum deflection for the constrained pipe may be found in terms of
the thermal moment by combining eqs. (3-90) and (3-108):

My L?
Umax = ———
T 108E]
The maximum deflection for the anchored pipe is

B (32,790) (12.5)?
~(108) (193 x 10%) (1113 x 10-8)

=0.0221m=22.1mm (0.870in.)

vmax

The stress distribution in the anchored pipe will involve an additional mechani-
cal bending moment, which is zero at the ends of the pipe and equal to —F|L/2 =
—%Mr at the center of the span. At the ends of the span, the stress distribu-
tion is the same as determined previously for the unanchored pipe, because the
mechanical bending moment is zero at the ends.

On the other hand, the anchor force produces the following stress distribution
at the center of the span.

(a) Above the liquid level, 0 < ¢ < ¢o:

o (o 25\ 2 .
TE7 = (qbo ¢ 3ﬂ) = (sin o — o c0s o) cos
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(b) Below the liquid level, ¢y < ¢ < m:

3
O 290 _ 2 (Gingo — gy cos gy) cos

akEo, T 37 T

For the case considered in this problem of a half-filled pipe (¢g = 7/2), these
expressions reduce to the following.

ForO0<¢ <m/2:

o 2 #? 2 &
=—|—- — —cos
aEb, 6 7T

Form/2 <¢p <m:

o 72 2

wE6, 12 77

The numerical values for the stress function at the top, liquid level, and bottom
of the pipe are

2
2

2222816 (for ¢ =0)

6 T

o 2
oEo, |13 +0.8225 (for ¢ = 7/2)

2 2
— 4+ — = +1.4591 (for ¢ = 1)
12 T

Thus, the maximum stress for the anchored case occurs at the center of the span
and at the top of the pipe:

Omax = — (2.2816) (16.0 x 107°%) (193 x 107) (81.05)
=571 x 10° Pa = 571 MPa (82,800 psi)

This value of stress is excessive, because the ultimate strength of 304 stainless
steel is 516 MPa.

We conclude that constraint of the pipe, by introducing a simply supported
point at the center of the span, would result in unacceptable stress levels, even
though the deflection could be significantly reduced. We could use partial con-
straint (allow some motion at the center support) to reduce the stress in the pipe
for the case of a center support; however, the deflection would be larger than that
determined for the case of complete constraint. Increasing the thermal insulation
or operating the pipeline completely filled (if possible) would probably be more
practical solutions to the pipe bowing problem.
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3.8 HISTORICAL NOTE

Beam-bending analysis has a long and interesting history. The first written record
of an attempt to analyze bending of a beam was presented by Galilei Galileo in
1638 [Galileo, 1933]. His book Two New Sciences was the first published book
on strength of materials.

Galileo noted that the “strength” of a bar in tension (which he also called the
“absolute resistance to fracture”) was proportional to the cross-sectional area of
the bar. This means that Galileo’s term “strength” actually referred to the tensile
force required to break the bar, instead of the ultimate tensile strength that we
consider today.

Galileo then investigated the “strength” of the bar if it were used as a cantilever
beam. He incorrectly assumed that the “resistance” was uniformly distributed
across the cross section of the beam, as shown in Figure 3-17. Galileo also
assumed that the beam would tend to rotate about point B at the lower surface at
the fixed end, as shown in Figure 3-17. Although he did not use the term neutral
axis, his discussion indicated that he was assuming that the neutral axis for the
cross section was at the lowest point of the cross section.

According to Galileo’s assumption, the force required to cause yielding of the
cantilever beam (or rupture for a “fully plastic” material) would be

Fo_ 3Mo _ 35,k (3:202)
yield = oL = oL

The actual failure load [Hodge, 1959] for a cantilever beam is

oMy _ Sbh
yield = I = 2L

(3-203)

F

B stress Cross
distribution section
assummed by
Galileo

<
actualg\

stress
distribution

T
il

Figure 3-17. Cantilever beam according to Galileo.
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Galileo’s analysis yields a failure load that is three times larger than the actual
failure load based on data from a simple tensile test.

E. Mariotte (1620—1684) conducted experiments with wooden and glass
beams, and he observed that Galileo’s theory predicted breaking loads that were
larger than the loads found experimentally. Mariotte developed his own theory
for determining the breaking load for cantilever beams, in which the stress
distribution was assumed to be linear (zero at the lower fiber and maximum
at the upper fiber), but the neutral axis was at the lowest point of the cross
section, the same as Galileo’s assumption. Mariotte obtained an expression for
the critical force at the end of the beam:

Sybh?
L

yield = (3-204)
This expression was in error by “only” a factor of 2, instead of a factor of 3.

Around 1694, Jacob Bernoulli (the uncle of the renowned Daniel Bernoulli)
calculated the deflection curve for a cantilever beam; however, he obtained an
erroneous solution, because he also assumed that the neutral axis was at the
lowest point of the cross section of the beam.

In 1713, Parent, who worked as an assistant with Des Billettes at the French
Academy of Sciences, published a memoir in which he concluded that the stress
distribution across the cross section of a cantilever beam with a load at the end
was linear, but the bending stress was zero at the centroid of the cross-sectional
area [Parent, 1713]. Thus, Parent assumed that the neutral axis for bending was
also the centroid axis for the cross section. Because Parent’s work was not pub-
lished by the prestigious French Academy, it remained largely unnoticed by the
scientific community for several years.

In 1773, C. A. Coulomb published a paper in which he analyzed the bending
of a cantilever beam using the correct stress distribution and location of the
neutral axis. He did not reference Parent’s work, so it is apparent that Coulomb
was unaware of Parent’s prior work. Coulomb obtained the correct expression,
eq. (3-203), for the force required to initiate yielding in the cantilever beam.

In 1826, M. Navier published a book on strength of materials in which he
assumed that plane cross sections remained plane during bending of a beam and
that the neutral axis passed through the centroid axis of the cross section [Burstall,
1965]. Navier utilized the following relationship for determining the deflection
of beams:

dv_ M 3.205)

dx*  El (
Leonard Euler had developed this expression previously using calculus of vari-
ations around 1744, when he published a book on calculus of variations and
elastic curves.

Around 1837, Saint-Venant developed a technique, which we now call the
area—moment method, for calculating the deflection of a beam without integrating
eq. (3-205). During the latter half of the 1880s, beam-bending theory and strength
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of materials principles were extensively used in design of railway bridges and
other bridges.

PROBLEMS

3-1.

3-2.

A beam has a symmetrical cross section, as shown in Figure 3-18.
The beam is subjected to a temperature change given by the following
relationship.

(a) For the upper flange, AT = ATy = constant

(b) For the web,
cosh2 — cosh [1 — (Zh_y)]

(cosh2) — 1

AT (y) = AT

(c) For the lower flange, AT =0

The height of the web is denoted by /, and the thickness of the web
is denoted by b. The thickness (height) for each flange is denoted by
hy, and the flange width is denoted by b;. Determine the expressions
for the thermal force Fr and the thermal moment Mt. Determine the
numerical values for the thermal force and thermal moment if the beam
is constructed of structural steel (E =200GPa = 29.0 x 10°psi; o =
12.0 x 107°K~! = 6.67 x 107°°F~!) with the following dimensions:
h =116 mm (4.567in.), b = 12mm (0.4721in.), h; = 18 mm (0.709in.),
and by = 35mm (1.378in.) and ATy = 75°C (135°F).

A cantilever beam having a rectangular cross section is subjected to a
uniformly distributed load gg, as shown in Figure 3-19. The temperature

i
WM
Yy
T h
T
1
M
b,

Figure 3-18. Beam cross section for Problem 3-1.
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3-3.

%

==

T

Figure 3-19. Beam loading for Problem 3-2.

distribution across the cross section is given by

ATox?y
L%h

AT (x,y) =

The quantity 4 is the depth of the beam, and L is the length of the beam.
The coordinate y is measured from the centroid axis, and the coordinate x
is measured from the free end of the beam. Determine (a) the expressions
for the stress distribution and maximum stress for the beam, (b) the expres-
sions for the transverse displacement and maximum deflection for the
beam, and (c) the temperature difference parameter AT that would result
in zero deflection for the beam, if the beam is loaded with a uniform load
qo = —2.048 kN/m (—15101b¢/ft), directed downward (in the negative
y-direction). The dimensions of the beam are depth # = 40 mm (1.575in.),
width b =24 mm (0.945in.), and length L =550 mm (21.65in.). The
beam is constructed of 70/30 brass, with a thermal expansion coefficient
of 11 x 107K~ (6.1 x 107%°F~!) and a Young’s modulus of 110 GPa
(15.95 x 10° psi). What is the maximum stress in the beam for this
condition?

A cantilever beam having a rectangular cross section with a depth 4,
as shown in Figure 3-20, is subjected to the following temperature
distribution:

AT (x,y) = ATy (x/L) sin (wy/h)

The beam is constructed of Class 30 gray cast iron (E = 100GPa =
14.5 x 10°psi; o = 10 x 1079K~! = 5.56 x 107°°F~!). The beam has a
depth 2 = 100 mm (3.937in.), a width b = 75 mm (2.953 in.), and a length
L = 1.250m (49.21in.). The maximum temperature difference parameter
ATy = 100°C (180°F). Determine: (a) the expression for the stress distri-
bution in the beam and the maximum stress, (b) the expression for the
transverse displacement of the beam and the maximum deflection, (c) the
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3-5.
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Figure 3-20. Beam for Problems 3-3 and 3-4.

numerical value for the maximum stress, and (d) the numerical value for
the maximum deflection.

A cantilever beam having a rectangular cross section with a depth £,
as shown in Figure 3-20, is subjected to the following temperature
distribution:

AT (x,y) = ATy (2y/h)? cos (rx/2L)

The beam is constructed of stainless steel (E = 200 GPa = 29.0 x 10° psi;
a=16x107°K™! =8.89 x 107°°F~!). The beam has a depth h =
90mm (3.5431in.), a width » = 16.5mm (0.6501in.), and a length L =
500mm (41.691in.). The maximum deflection of the beam is 2.25 mm
(0.08861n.). Determine: (a) the required value of the maximum temperature
change parameter ATy, and (b) the maximum stress in the beam.

A simply-supported beam, as shown in Figure 3-21, has a rectangular
cross section, with a depth # = 105 mm (4.1341n.), a width b = 80 mm
(3.1501n.), and a length L = 2.45m (8.038 ft). The beam is subjected to
the following temperature distribution:

AT (x,y) = ATy (2x/L)?sin (ry/h)

The coordinate x is measured from the center of the span, and the coor-
dinate y is measured from the centroid axis. The maximum temperature
change parameter is ATy = 65°C (117°F). The beam is constructed of
2024-T6 aluminum, for which the Young’s modulus is 73.4 GPa (10.6 x
10° psi) and the thermal expansion coefficient is 22.5 x 107°K~! (12.5 x
107%°F~ ). Determine: (a) the expression for the stress distribution and the
numerical value for the maximum stress for the beam, and (b) the expres-
sion for the deflection of the beam as a function of the coordinate x and
the numerical value for the maximum deflection.

A cantilever beam having a rectangular cross section, as shown in
Figure 3-22 has one end (at x = L) rigidly fixed, and the other end
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Figure 3-21. Beam for Problem 3-5.
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Figure 3-22. Beam geometry for Problem 3-6.

(at x = 0) is simply supported. The depth of the beam is denoted by &
and the width is denoted by b. The beam is subjected to the following
temperature distribution:

s =atio| (3) 1]
() =ATiexp| (7] ~1

The quantity AT is the temperature change at the top surface (y = +h/2)
of the beam.

Determine (a) the expression for the support reaction force at the
simply supported end of the beam, (b) the expression for the transverse
displacement of the beam as a function of the coordinate x, and (c)
the expression for the maximum stress in the beam. Suppose the
beam is constructed of steel, for which E = 200GPa (29 x 10° psi)
and o =11 x 107°K~! (6.11 x 107°°F~!). The beam dimensions are
depth, 100 mm (3.937in.); width, 72 mm (2.8351n.); and length, 2.00 m
(6.562ft). The maximum temperature change parameter AT = 60°C
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Figure 3-23. Beam support for Problem 3-7.

(108°F). Determine the numerical value of the maximum stress.
Note that

/e” (u+1)du = ue"

3-7. A beam with a rectangular cross section is supported by four equally spaced
simple supports, as shown in Figure 3-23. The beam has no mechanical
loading, and the temperature distribution across the cross section of the
beam is given by

{ATO for 0<y<h/2
for —h/2<y<0
Determine (a) the expression for the stress distribution in the beam, and
(b) the expression for the maximum stress. If the beam is constructed
of 4130 steel, with Young’s modulus, 214 GPa (31 x 100 psi) and ther-
mal expansion coefficient, 11.2 x 107°K~! (6.2 x 107°°F~1), determine

the numerical value of the maximum stress. The temperature difference
parameter is ATy = 75°C (135°F).

3-8. A cantilever beam with a circular cross section of diameter D, as shown in
Figure 3-24, is buried in the ground, so that is has an elastic support with a
foundation modulus k. The beam is subjected to a temperature distribution
as follows:

ATy (x/L)* (2y/D)* for 0<y<D)/2

AT (x,y) = 5 5
—ATy (x/L)* 2y/d)* for —D/2<y<0
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Figure 3-24. Elastically-supported beam for Problem 3-8.

Q27222

The coordinate x is measured from the clamped end of the beam. The
beam may be treated as a “long” beam. (a) Show that the thermal moment
is given by
_ 64aEl ATy (x )2
"7 T isap \L

(b) Determine the expressions for the stress distribution and the transverse
deflection of the beam. (c) Suppose the beam is constructed of a structural
steel with a Young’s modulus of 200 GPa (29.0 x 10° psi) and thermal
expansion coefficient of 12 x 107°K~! (6.67 x 107°°F~!). The beam has
a length of 12.0m (39.37ft) and a diameter of 115 mm (4.528in.). The
temperature difference parameter is ATy = 75°C (135°F), and the founda-
tion modulus is 10.52 MPa (1526 psi). Show that the “long”-beam solution
is valid for this case. Determine the numerical value of the maximum stress
and maximum transverse deflection for the beam.

. The temperature distribution in the wall of a partially filled pipe is given by

ATocosqu for 0<¢ < %n
AT() =T() Ty = 1

for I < ¢ <m
The angle ¢ is measured from the top of the pipe, as shown in Figure 3-13.
The temperature difference parameter ATy = Ty — Ty, where T is the tem-
perature at the top of the pipe cross section. The pipe has a mean diameter
D,,, a wall thickness #, and a length L. The pipe is simply supported at each
end. Determine: (a) the equation for the stress distribution and maximum
stress in the pipe wall, and (b) the equation for the transverse deflection of
the pipe and the maximum deflection. (c) Suppose the pipe is constructed
of 304 stainless steel, with Young’s modulus of 193 GPa (28.0 x 10° psi)
and thermal expansion coefficient of 16.0 x 107°K~! (8.89 x 107°F~1).

The dimensions of the pipe are mean diameter 319.28 mm (12.5701in.),
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wall thickness 4.57 mm (0.1801n.), and length 12.19 m (40.0 ft). The tem-
perature of the lower portion of the pipe is 7o = —180°C (—292°F), and
the temperature at the top of the pipe is 77 = +20°C (+68°F). Deter-
mine the numerical value for the maximum stress and maximum deflection
for the pipe.

Suppose the pipe given in Problem 3-9 is simply supported at the
center and at both ends, as shown in Figure 3-11. Determine (a) the
expression for the end reaction force, Fj, (b) the numerical value for the
end reaction force, and (c) the numerical value for the maximum stress
in the pipe.

A section of a pipeline is clamped at each end, but free to move axially, as
shown in Figure 3-25. The transverse deflection and rotation at each end
is zero, but the axial displacement is not zero. The pipe is subjected to the
following temperature distribution:

{ATocos¢ for 0<¢ < %JT

AT(y) =T(y) —To =

0 for %n <¢p<m

The location angle ¢ is measured from the top of the pipe. Determine (a)
the expression for the end reaction moment My, (b) the transverse dis-
placement, and (c) the expression for the stress distribution. (d) Determine
the numerical value for the maximum stress in the pipe, if the pipe is
constructed of stainless steel with Young’s modulus of 193 GPa (28.0 x
10%psi) and thermal expansion coefficient of 16.2 x 107°K~! (9.0 x
107%°F~!). The mean pipe diameter is 161.2 mm (6.345in.), the pipe wall
thickness is 7.1 mm (0.2801in.), and the pipe length is 9.15m (30.0 ft).
The temperature difference parameter ATy is 200°C (360°F)

y end can slide,

\ but not rotate
\ i y

\ 000 o

M.§ ¥ 2 - = + : im
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Figure 3-25. Pipeline section for Problem 3-11.
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4

THERMAL STRESSES IN TRUSSES
AND FRAMES

A static structure composed of two or more members connected such that the
members support only axial tensile or compressive loads is called a truss. Roof
supports and bridges are two examples of trusses in engineering structures. The
members may be connected at the ends by large bolts or pins, or by welding
or riveting the ends to a common plate, called a gusset plate. If the ends are
welded or riveted, the members may be treated as pin-connected members if
the centerlines of the members intersect at a common point at each connection
or joint.

A static structure composed of two or more members in which the members
support both axial loading and bending loading is called a frame. Pipe U-bends
and automobile suspension structures are two examples of frames.

In this chapter, we analyze the trusses and frames using the “strength-of-
materials” approach, as discussed in Chapter 3.

4.1 ELASTIC ENERGY METHOD

The analysis of statically determinant isothermal trusses and frames is often
accomplished by a consideration of forces alone. An alternate method of analysis,
which is advantageous for cases involving thermal effects, is the elastic energy
method [Van den Broek, 1942]. The elastic energy method applies for materials
that do not exhibit hysteresis or permanent deformation under the applied loads.
The elastic energy method may also be applied in analysis of indeterminate
trusses and frames.

There are three general approaches for the elastic energy method: (a) Cas-
tigliano’s method, or the strain energy method; (b) Engesser’s method, or the

118
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Figure 4-1. Bar subjected to an axial force and temperature change AT.

complementary energy method; and (c) the Maxwell-Mohr method, or the unit-
load method.

We will first develop the complementary energy method for axial forces or
for simple elongation with application to trusses. Let us consider the bar shown
in Figure 4-1. We will denote the external applied force by P and the internal
force by F. Note that, in this simple case, F = P. The displacement at the point
of application of the external force will be denoted by A and the elongation of
the member by e. Again, in this simple case, we note that ¢ = A. The ratio of
force to mechanical elongation is called the spring constant kip:

F oA AE

k= — =

4-1
en emlL L “-1)

If the bar is first subjected to a temperature change AT, then the external
force is applied, we obtain a force—displacement curve as shown in Figure 4-2.
The work done by the external force on the member is given by

w =/PdA 4-2)
F A
“_“g
, =T
> e
< oATL —>
e

Figure 4-2. Force—displacement curve for a bar with axial loading, as shown in
Figure 4-1.
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The complementary work is defined as
WczfAszPA—W (4-3)

The strain energy or the mechanical energy stored in the bar is given as

1, F?
Us = | Fde= | kpede = EkSpe’” = Isp (4-4)
We may define the complementary strain energy as follows:

2

2kgp

UC:/eszFe—UstozATL—l— (4-5)

If there are no dissipative effects present (hysteresis, etc.), the thermal energy
added (heat transfer) becomes internal energy associated with the temperature
change of the member, and the work energy is added to the member as strain
energy. According to the conservation of energy principle, we have the follow-

ing result:
W = Us (4-6)

Using eqs. (4-3) and (4-5) for the work and strain energy, we find
PA — W, =Fe—U, 47

We note that PA = Fe; therefore, the complementary work and complementary
strain energy are equal:

W, =U. = / A dP (4-8)

If we differentiate both sides of eq. (4-8) with respect to the applied load P,
we obtain
_dU,

A=
dpP

To apply the complementary energy method, we must express the internal force
F as a function of the external force P, or

F =F(P) (4-10)
This procedure is illustrated in Example 4-1.
For a system composed of several linear elastic members, the total com-

plementary energy is equal to the sum of the complementary energy for each
member:

(4-9)

F?
E E J
J J X

The temperature change AT) is the average temperature change for the jth mem-
ber. If P, and P, are the externally applied forced in the x- and y-directions,
respectively, the displacements of the system at the point where the external
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forces are applied and in the direction of the applied forces may be determined
by an expression similar to eq. (4-9):

U,
Ay = 4-12
Yy (4-12a)
dU.
Ay = 4-12b
AP, ( )

The complementary energy method is easily applied for manual calculations;
however, the unit-load method or finite element method is better suited for
digital computer solutions. We have examined the complementary energy method
first, because the unit-load method is a modification of the complementary
energy method.

Example 4-1 The pin-connected truss shown in Figure 4-3 is loaded by a
vertical force of SkIN (1124 1bf). The cross-sectional area for each member is
A1 = 60 mm? (0.0930 in?) and A, = 300 mm? (0.465 in?). The length of mem-
ber 2 is L, = 1.200m (47.2in.), and the angle between the two members is
30°. The material properties are Young’s modulus, 200 GPa (29.0 x 10° psi) and
thermal expansion coefficient, 11 x 107® K~ (6.11 x 107° °F~!). The tempera-
ture change for member 1 is AT} = 60°C (108°F) and the temperature change of
member 2 is zero. Determine the vertical and horizontal deflections of the joint
at which the load is applied.
The spring constants for each member may be determined:

_ A(E; (60 x107°)(200 x 10%)

ky = = 11.55 x 10° N/m = 11.55 MN/m
L (1.200) cos 30°
(300 x 107%)(200 x 10?) .
ky = =50.0 x 10° N/m = 50.0 MN/m
(1.200)

T

Figure 4-3. Pin-connected truss for Example 4-1.
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Let us calculate the values of the following thermal parameters:
al AT Ly = (11 x 107°) (60)(1.039) = 0.6857 x 10> m
= 0.6857 mm (0.0270 in.)

OtgATzLQ =0

Because there is no external force acting in the horizontal direction, we must
add a virtual horizontal force P, and then set the force equal to zero after the
differentiation. With this in mind, we can write the following expressions for the
internal forces in each member:

F) = Pycot30” + Py = V3P, + P,

F, = Pycsc30° = 2P,

The complementary energy for the two members may be written

(x/gPy + Px>2 . (2pP,)

U=(«/§P, P) AT,L; +0
c }+ x )1 1L +0+ 2k1 2](2

The deflections may now be found from eq. (4-12). The horizontal deflection is

AU, V3P, + P,
Ay = = o1 AT\ L _—
*= 9P, alAL Ly + k

/3 (5000) + 0

155 < 10° =1.436x 10> m
. X

A, =0.6857 x 1072 +
= 1.436mm (0.0565 in.)

The vertical deflection is found as follows:
U,

Ay = = V30 AT|L 2y
y=gp, T VImAlt ki "

(v/3)(5000+/3 + 0) L (45000

B -3
Ay = (V3) (0.6857 x 107%) + === 50.0 x 106

Ay =2.886 x 107> m =2.886 mm (0.1136in.)

The algebraic sign for each of the deflections is positive; therefore, the direction
of the deflections A, and A, is in the same direction as the applied forces Py
and Py, respectively.
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4.2 UNIT-LOAD METHOD

The unit-load method and the complementary energy method for linear elastic
materials are similar; however, the mathematical manipulations for the unit-load
method are less extensive than for the complementary energy method. In addition,
the unit-load method is well suited for digital computer applications.

4.2.1 Development of the Unit-load Method

Let us examine the unit-load method for trusses. By combining eqgs. (4-9) and
(4-11), we obtain the following expression for the deflection in the horizontal
direction:

oU, oF; F; 0F;
A, = = —a;AT/L; —— 4-13
* = 9P, ;apx“f “JF;kjan @19
For a linear elastic material, the internal forces F; are linear functions of the
applied loads; therefore, the partial derivatives are constants. For example, we
found the following expression for the force in member 1 in Example 4-1:

aF

Fi=~3P,+ P, so =1 (4-14)
0P,

We note that, if we apply a unit load, f, = 1, in the horizontal direction, the
resulting force in member 1 is f; = 1. In general, we conclude that the internal
forces produced by a unit load in the horizontal direction are given by

_ 95
T 9P,

fi (4-15)
We obtain a similar result for a unit load applied in the vertical direction.

If we make the substitution from eq. (4-15) into eq. (4-13), we obtain the
important result for application of the unit load method:

Ff;
A=) flsATL + Y # (4-16)
J J

F; = actual force in the jth member

“dummy” force in the jth member due to the application of a unit
load f; =1 in the x-direction at the point at which we want to
determine the deflection in the x-direction

kj = AjE;/L; = spring constant for the jth member

=
Il

Although the quantity f; is called a dummy force, it is actually dimensionless, as
indicated by its definition in eq. (4-15). The dummy force is the rate of change
of the internal force per unit change of the applied external force.
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4.2.2 Determination of the Forces in a Truss

For simple systems, the solution for the forces in each member may be found
“by hand”; however, for trusses with a large number of members, it becomes
more effective to use methods amendable to digital computer use. The method
described in this section for finding the forces in each member is sometimes
called the method of joints [Meriam, 1975].

Let us consider the joint or connection between members 1 and 2, with applied
external (known) forces P, and Py, as shown in Figure 4-4. If we set the sum
of forces in the horizontal and vertical directions equal to zero, we obtain the
following equations, which if solved simultaneously would yield values for the
forces F'| and F, in members 1 and 2, respectively:

FycosO + Frcos0, + P, =0 (4-17a)
Fisin0; + F>sin6, + Py =0 (4-17b)

These two expressions may be written in matrix notation:

|:cos91 cos02j| {F1} " {Px} —0 (4-18)

sin 91 sin 92 F2 Py

Equation (4-18) may also be written in a more compact form, if we define the
matrix B and the matrix F as follows:

__|cost cosb
- |:sin 9, sin 92] (4-19)

©)

Figure 4-4. Forces at the joint between members 1 and 2 in Figure 4-3.
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_1h
F= { Fz} (4-20)
The matrix equation resulting from the equilibrium force balance at the joint is
BF+P=0 (4-21)

We may solve for the unknown forces in the two members by multiplying both
sides of eq. (4-21) by the inverse of matrix B:

B 'BF=F=-B'P (4-22)

The inverse of the 2 x 2 matrix B is

1 [ sinf —cosé
-1 _ h h )
B = detB | — sin 01 Ccos 91i| (4-23)
The determinant for matrix B is
detB = |50 €SOl _ 0, sind, — siné; cosd (4-24)
T |sin6; sin6y| 1 2 1 h

The values for the direction angles for the jth member may be found from
the coordinates of each end of the member, as indicated in Figure 4-5.

(o2 _xl)j
L

(2 = »)j
Lj

cosf; = (4-25)

(4-26)

sin6; =

The length of each member may also be determined from the coordinates of each
end of the member:

L= /2 —x)? + (02— )} (4-27)

Y

Yi

X, X;

Figure 4-5. Direction angles for the jth member in a truss.
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The coordinates (x;, y;) are the coordinates at the end of the member at the point
at which the loads P are applied, and (x,, y;) are the coordinates of the other
end of the member.

Example 4-2 Let us work the problem given in Example 4-1 using the unit-load
method. The coordinates for the ends of each member are given in Table 4-1.
The length of each member may be found from eq. (4-27):

Ly =1.0392m

L, = \/ (1.0392) + (0.600)> = 1.200 m
The direction angles may be determined from eqs. (4-25) and (4-26):

cosfp =1 and sin6; =0

—1.0392 —0.600
costh = 1200 = —0.866 and sinf, = 500

= —0.500

The direction cosine matrix B is

B — —1.000 —0.866
- 0 —0.500

The determinant of matrix B is found from eq. (4-24):
detB = (—1.000) (—0.500) — (—0.866) (0) = 40.500

Finally, the inverse of matrix B is found from eq. (4-23):

B! I [—0.500 +0.866]

_ —1.00 1.732
~0.500 0 -1

0 -2

The internal force matrix F may be found from eq. (4-22):

_[-100 17327 0 | _ [+8.660], _ [+8.66
F—_[ 0 —2“—5000}—{—10,000}N—{—10.00}kN

TABLE 4-1. Data for Example 4-2

Member  End Coordinates

1 (1, y01=1(0,00  (x2, y2)1 = (-1.0392,0)
2 (1, y1)2=1(0,0)  (x2, y2)2 = (—1.0392, —0.600)
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\

Figure 4-6. Application of the unit loads in the vertical direction for the truss shown in
Figure 4-3.

We may also evaluate the dummy forces due to the application of a unit load
fy = +1 in the y-direction at the joint between the two members, as shown in
Figure 4-6.

¢ _ Al _ g _ _[-100 17327 (0] _ [~1.732
YA, - o 2] +2.000

We may calculate the terms in eq. (4-16) to determine the vertical deflection:

> feATL; = (—1.732) (11 x 107°) (607) (1.0392) + 0 = —1.1877 x 10 m
i

Fif; 8660) (—1.732 —10,000) (+2.000
3 ifi _ (8660) ( )« V20000 _ 1 6087 x 103 m
; k; 11.55 x 106 50.0 x 10°
The deflection in the vertical direction is found from eq. (4-16):

Ay=(—1.1877 - 1.6987)(107%) = —2.886 x 10> m = —2.886 mm (0.1136 in.)

This is the same result that we obtained using the complementary energy method.
The calculations may be arranged in tabular form, as shown in Table 4-2. The
use of the tabular format is quite effective for more complicated structures. The
negative sign on the deflection means that the actual deflection is in the direction
opposite to that of the unit load f y, i.e., the vertical deflection is in the downward
direction.

Similarly, the dummy forces for a unit load applied in the x-direction, as
shown in Figure 4-7, are

f . —100 1.732][1] _ [1
R R Rt
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\

Figure 4-7. Application of the unit loads in the horizontal direction for the truss shown
in Figure 4-3.

The horizontal deflection may be found from eq. (4-16):

Fif; (8660) (1) -3
A, = XJ: & + ;fjajA]}Lj = 5510t (1) (0.6857 x 107?)

Ay = (0.7498 +0.6857) (1073) = 1.4355 x 10~ m = 1.436 mm (0.0565 in.)

The stress in each member may be calculated from the known internal forces
and cross-sectional areas. For example, the stress in member 1 is

F, 8660

= A T 60x 106

— +144.3 x 10°Pa = 144.3 MPa (20,900 psi)

The stress for each member is also given in Table 4-2.

4.3 TRUSSES WITH EXTERNAL CONSTRAINTS

In this section, we examine the analysis for trusses that are made statically inde-
terminate by having support reactions that cannot be found by direct application
of the force equilibrium equations alone to the entire structure.

Let us consider the truss shown in Figure 4-8. The vertical support reaction
P, is zero, because there are no external loads applied in the vertical direction.
The horizontal reaction for is unknown; however, we do know that the deflection
at the support point is zero. This fact will be used to determine the reaction force
through an analysis technique similar to that used in Section 4.2.

Example 4-3 All members of the truss shown in Figure 4-8 are constructed
of structural steel with E = 200 GPa (29.0 x 10° psi) and o = 11 x 1076 K~!
(6.11 x 107% °F~1). The cross-sectional area and temperature changes for each
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Figure 4-8. Pin-connected truss for Example 4-3.

TABLE 4-3. Data for Example 4-3

End Coordinates, m
Memberj (X1, y|)j (XQ, y2)j Lj, m Aj, sz kj, MN/m ATj,OC O{jATij, mm

1 0, 0) (12,8) 14.422 160 221.88 10° 1.586
2 0, 0) (12,4) 12.649 100 158.12 30° 4.174
3 (12, 4) (12, 8) 4.000 60 300.00 20° 0.880
4 (12, 4) (24,0) 12.649 100 158.12 30° 4.174
5 (12, 8) (24,0) 14422 160 221.88 10° 1.586

member are given in Table 4-3. The coordinates for the ends of each member
are also given in Table 4-3. Determine the stress in each member.

The length of each member may be determined from eq. (4-27). For member 1
(or member 5), we find the following length:

L= \/(12 —0)2+ (8 —0)% = 14.422m (47.32 ft)

The lengths for the other members are shown in Table 4-3.
The direction angles are determined from eqs. (4-25) and (4-26). For member 1
at the support point, we find the following values.

g = 412 0.83205
COS = = 0.
' 14422
, -0
sinf; = = 0.55470
14.422

The direction angle is 33.7°. The direction cosine matrix for the members at the
pin at the left support (joint J1 and members 1 and 2) is

BUD — 0.83205 0.94868
~10.55470 0.31623
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The determinant of the direction matrix for joint J1 is

0.83205 0.94868

an _ -
detBT = ‘ 0.55470 0.31623 ‘ = ~0.26311
The inverse matrix for joint J1 is
B! — 1 0.31623 —0.94868 | | —1.20188  3.60559
T _0.26311 | —0.55470  0.83205| | 2.10821 —3.16232

The force matrix for joint J1 is

FOL — _ —1.20188  3.60559 | [P, | _ [+1.20188P | | Fi
N 2.10821 —3.16232(| 0 | = |—2.10821P,| | F»

If we use F, as a known force at joint J2, we may solve for the forces in
members 3 and 4. The force in member 5 (and a check on the force in member 3)
may be found by using the force F; as a known force at joint J3. The resulting
values for the forces in each member are shown in Table 2-4.

The “dummy” forces are given in Table 4-4 for the other members.

The horizontal deflection at the support point (which is A, = 0) may be used
to find the horizontal reaction force P,:

Ay =0=—14.9603 x 1073 +75.1619 x 107° P,
P, = 199.04 x 10> N = 199.04 kN (44,740 lby)

The positive sign for the support reaction P, means that the load is in the same
direction as that used in calculating the forces F'; and F',.

The required horizontal gap distance at the support may be found to limit the
stresses to a prescribed value. For example, suppose we want to limit the stress
in member 3 to 20 MPa (2900 psi) compressive. The required force in member 3

TABLE 4-4. Results for Example 4-3

Stress,
“Dummy” oj=F;lA;,

Member j  Force, F;  Force, f; F;filkj, m fiajAT;L;, m MPa
1 +1.2019P, 412019 65100 x 107°P,  +1.9061 x 10~>  +14.95
2 —2.1082P, —2.1082 28.1080x 107°P, —8.7996x 103  —41.96
3 —1.3333P, —1.3333 59259x107°P, —1.1733x 1073  —44.23
4 —2.1082P, —2.1082 28.1080x 107°P, —8.7996 x 1073  -41.96
5 +1.2019P, 412019 65100 x 107°P,  +1.9061 x 103 +14.95
Total 75.1619 x 107°P, —14.9603 x 1073

14,9603 x 1073

= 751619 x 100 0.19904 x 10° N = 199.04 kN (44,700 lby)
. X -

X
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to achieve this stress level is
F3 = 0343 = (=20 x 10°) (60 x 107°) = —120 x 10’ Pa = —120kN
The required horizontal reaction force may be determined:

F; = —1.333P, = —120,000 N
P, =90,000 N =90 kN (20,230 Iby)

The gap distance may be determined from eq. (4-16):

§ = —14.9603 x 107 + (75.1619 x 107°) (90 x 10°)
§=-820x 10 m=—8.20mm (—0.323 in.)

The minus sign denotes that the gap is in the direction opposite to that of the
reaction force Py, or to the left from joint J1.

4.4 TRUSSES WITH INTERNAL CONSTRAINTS

In a statically determinant truss, changes in temperature of the members do not
result in thermal stresses, because the members are not constrained and are free
to deflect as the members expand or contract. This fact may be seen from the
truss shown in Figure 4-3. If the external force P, were equal to zero, the forces
F and F, in each member would be zero. The deflection at the end would not
be zero, if member 1 experiences a temperature change; however, this would not
affect the stresses in each member.

On the other hand, if the truss has more members than are necessary to prevent
collapse of the truss, then the extra members are redundant members and the truss
is statically indeterminate. In this case, thermal stresses may develop, because
the truss is constrained internally.

4.4.1 Trusses with Thermal Loads Only

Let us develop the unit load method for trusses with redundant members in two
steps. First, we will consider the case in which only temperature changes of
the members are involved and no mechanical forces are applied. Then, we will
consider the case in which both thermal and mechanical loads are applied.

Let us consider the truss shown in Figure 4-9. The truss is statically inde-
terminate because there is one redundant member or one more member than is
required to keep the structure in static equilibrium. Let us remove the nth mem-
ber and replace the member with the force F in the nth member acting at joints
A and B. We may determine the deflection A,p between the points A and B by
applying a unit load fx = 1 at these points, as shown in Figure 4-10. The forces
in the other members of the truss may be found from the following:

Fy= fFg (4-28)
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/Y T2,

Figure 4-9. Pin-connected truss with a redundant member.

A n" member B

T, L

Figure 4-10. Application of a unit load for the truss shown in Figure 4-9.
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The deflection between points A and B may be found from eq. (4-16):

Aap =) fieATL;+ Z =Y fiAT,

J#n J#n J#n J#n

(4-29)

The force in the redundant member Fy is a constant, as far as the summation is
concerned in eq. (4-29):
f2

Aap =) fioyAT,L; + Fg Z (4-30)
j#n Jj#n i
The deflection of the redundant bar between points A and B may be written as

Fg F
Ay =, AT, Ly + — ko = fro, AT, L, + —— RfR

n n

(4-31)

The last expression may be written, because f, = fr = 1.
The redundant bar and the remainder of the truss remain in contact after the
thermal expansion takes place; therefore, we may write

App+ A, =0 (4-32)

If we make the substitutions from eqs. (4-30) and (4-31) into eq. (4-32), we
obtain

Y [ATL + fra,AT,L, +FRZf—+F {R =0 (4-33)
Jj#n Jj#n n
Or, we may write eq. (4-33) in the following form:
1}
> FeATL + Fry kL =0 (4-34)

all j all j

The force in the redundant member may be determined from the following
expression:
Y AT
J
Fr=——""—"7>— (4-35)
2
>3
k:
T
If the calculated value of the force Fg is positive, the force is tensile; if Fg
is negative, the force is compressive. The forces in the other members may be

determined from the “dummy” loads f; and the force in the redundant member
Fr by using eq. (4-28).

Example 4-4 The coordinates for the joints in the truss shown in Figure 4-9
are given in Table 4-5. The truss is constructed of steel with E = 200 GPa
(29 x 10° psi) and o = 11 x 107% K~! (6.11 x 107® °F~!). Member 3 has a
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TABLE 4-5. Data for Example 4-4

End Coordinates, m
Member j (x1, y1); (x2,¥2); Lj, m A;, cm? ki, MN/m AT;, °C «;AT;L;, mm

1 0, 0) (0, 1.20) 1.20 10 166.67 0° 0
2 (1.60, 0) (1.60, 1.20) 1.20 10 166.67 0° 0
3 (0, 1.20) (1.60, 1.20) 1.60 15 187.50 80° 1.408
4 (0,0) (1.60, 1.20) 2.00 20 200.00 0° 0
5 (0, 1.20) (1.60, 0)  2.00 20 200.00 0° 0

temperature change ATz = +80°C (144°F), and the other members have zero
temperature change. Determine the stress in each member.

Let us remove member 3 and apply a unit load at joints J3 and J4 (f3 =
fr =1). There will be a corresponding unit reaction at joints J1 and J2. The
direction angles at joint J1 are

cosfy =0 and sinf; =1

1.60 1.20
cosby = 2.00 =0.800 and sinby = 200 = 0.600

The direction cosine matrix at joint J1 is

gon _ [0 0.800
~ |1 0.600

The determinant for the direction cosine matrix is found as follows:
detB =0 — 0.800 = —0.800

The inverse matrix may be found from eq. (4-23):

11 J0600 —0.800] [-0.750 +1
— _0.800| —1 0 T |+1.250 0

The “dummy” forces in members 1 and 4 may now be determined:
I — fil — [=0750 1] J+1] _ J+0.750
T\ fe] T [+1.250 0| O |-1.250

The other calculations are summarized in Table 4-6. The force in the redundant
member 3 may be found from eq. (4-35):

> feyATIL,
; 1.408 x 1073

Fo— Fr — — = _ = —-50.815x 10° N
R=13 7? 27.7083 x 109 *

£
= —50.815 kN
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TABLE 4-6. Results for Example 4-4

Stress,
“Dummy” o; = FjlAj,
Member j  Force, f; _sz/kj, m/N  fja;AT;Lj, m F; = fjFg, kN MPa
1 +0.750 3.375 x 107 0 —38.111 —38.11
2 +0.750 3.375 x 10~ 0 —38.111 —38.11
3 +1.000 5333 x 1077 1.408 x 1073 —50.815 —33.88
4 —1.250  7.8125x 107° 0 +63.519 +31.76
5 —1.250  7.8125x 107° 0 +63.519 +38.11
Total 27.7083 x 1072 1.408 x 103
1.408 x 1073 5

Fr=F= = —50.815 x 10° N = —50.815 kN

7277083 x 10-°

The forces in the other members may be found from eq. (4-28). For example,
for member 1, the force is

Fi1 = fiFg = (0.750) (—=50.815) = —38.11 kKN (—8567 lby)

The other forces are given in Table 4-6.

The stress in the members may be calculated from the forces and cross-
sectional areas. For example, for member 1, we find the following stress:
Fi —38.111 x 10°

== loxi0—= - —38.11 x 10° Pa = —38.11 MPa (—5530 psi)
1 X

The stress in the other members is also given in Table 4-6.

o1

4.4.2 Trusses with Both Thermal and Mechanical Loads

Let us consider the truss shown in Figure 4-11, on which both external mechanical
loads (P,) and thermal loads are applied. The truss is statically indeterminate,
so we cannot determine the forces in the members by a force balance alone. Let
us remove the nth member and replace the member with the force Fy acting
between joints A and B. We may determine the deflection Axp between these
points by applying a unit load fr = 1 at these joints. The “dummy” loads in the
other members f; may be determined. Let us denote the forces in the members
of the statically determinate truss, with member n removed and the external loads
applied, by Fp;. These forces may be determined from force balances applied at
each joint, because the modified truss is statically determinate. Finally, the forces
in each member may be determined from the following:

Fj= Fpj + fiFr (4-36)

The deflection between points A and B may be written, using eq. (4-16). We
note that Fp is a constant, as far as the summation is concerned:

App = Z fieg ATLj + Z M (4-37)
Jj#n j#n /
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n" member
L A B L A B A
> rd
P, P
7. 77 7. 777 7. 77

Figure 4-11. Superposition applied to the truss shown in Figure 4-9.

The deflection of the redundant bar between points A and B may be written as

il Fpn+ f,Fr) f2
AnzanAT”L"_i__RszOlnATnLn‘i‘( Pn+ JnFR) fR

4-38
, i, (4-38)

The last expression is valid because fr = f, = 1 and Fp, = 0.

The redundant bar and the remainder of the truss remain in contact after the
thermal expansion and external loads are applied, so eq. (4-32) is valid in this
case. If we add the deflections from eqs. (4-37) and (4-38), we obtain

Fpi fi f?
D SATL + Y = 4 Fry b =0 (4-39)
]

J

all j all j all j

The force in the redundant member may be determined from the following

expression: f
Fpi f:
D STl + ) =

J J

f?
o

J

Fr =

(4-40)

After the force in the redundant member has been determined, the forces in the
other members of the truss may be found from eq. (4-36).

Example 4-5 1In the truss shown in Figure 4-12 has a vertical load applied
at joint J3 of 400kN (89,9201bs). The coordinates of the joints and cross-
sectional areas of the members are given in Table 4-7. The truss material has a
Young’s modulus of 200 GPa (29 x 10° psi) and thermal expansion coefficient
of 11.0 x 107® K=! (6.11 x 1076 “F~!). Member 5 experiences a temperature
change of +50°C (90°F), and all other members experience no temperature
change. Determine the stress in each member.

Let us chose member 5 as the redundant member. We may apply a unit tensile
load at joints J1 and J3, as shown in Figure 4-13. The resulting “dummy” loads
may be determined.
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free to move
horizontally

222

P, = 400 kN

Figure 4-12. Pin-connected truss for Example 4-5.

For example, the direction angles for members 1 and 2 at joint J1 are

BUD — costy cost| [—0.7071 +0.7071
" |sinf; sin6 | | —0.7071 —0.7071

The determinant of the direction matrix is found from eq. (4-24):
detBYD = (=0.7071) (=0.7071) — (0.7071) (—0.7071) = +1
The inverse of the direction matrix is found from eq. (4-23):

gl _ [~0.7071 —0.7071
= | 407071 —0.7071

The “dummy” loads for members 1 and 2 are found as follows:
Al B! 01 _J-0.7071
Nl —1[ — |-0.7071
The values for the “dummy” loads in the other members are given in Table 4-8:

BUD cosfp cosb| |—0.7071 +0.7071
“|sin@; sin6 |~ | —=0.7071 —-0.7071

The determinant of the direction matrix is found from eq. (4-24):

det BV = (=0.7071) (=0.7071) — (0.7071) (—0.7071) = +1
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12

200 kN

P, = 400 kN

(b)

Figure 4-13. Application of a unit load for the truss shown in Figure 4-12.

The inverse of the direction matrix is found from eq. (4-23):

g1 _ [-07071 07071
= | 407071 —0.7071

The “dummy” loads for members 1 and 2 are found as follows:

_JAl_ _p1) O _ 07071

f= {f2 =B 1= =07071
The values for the “dummy” loads in the other members are given in Table 4-8.
Next, let us determine the values for the loads in the truss with the member 5

removed, but with the external mechanical load P, = 400 kN applied, as shown
in Figure 4-13. The direction cosine matrix for joint J3 is

BUY — costs cosby| [—0.7071 0.7071
T |sinf3 sinfy4 |~ | 40.7071 0.7071

The determinant of the direction cosine matrix is

det B = (—0.7071) (0.7071) — (0.7071) (0.7071) = —1.00
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The inverse of the direction cosine matrix is found from eq. (4-23):

B! — 1 siny —cosby| [+0.7071 —0.7071
~ detB | —sin6s cos@z| | —=0.7071 —0.7071

The forces in members 3 and 4 may be determined:
F _ 0 +282.8
@33y _ )3 _ p-t -
= {Fp4} =B {—400} - {+282.8}kN
The forces in the other members are given in Table 4-8.

The force in the redundant member, member 5 in this case, may be found
from eq. (4-40):

1.9445 x 1073 —0.9024 x 1073
Fr=Fs=— XS 1o X 185.66x 10° N = —185.66 kN
. X

The forces in the other members may be found from eq. (4-36). For example,
the force in member 3 is

Fy=Fp3y+ f3Fg = +282.8 4+ (—0.7071) (—185.66) = +414.1kN (93,100 Ib)

The forces in the other members are given in Table 4-8, along with the stresses
in each member.

Trusses with two or more redundant members are not utilized extensively.
The general method described in this section for analysis of trusses with one
redundant member may be extended to the case of more than one redundant
member, however. The detailed analysis may be found in the reference by Van
den Broek [1942, pp. 26—-30].

4.5 THE FINITE ELEMENT METHOD

The finite element method of analysis has developed into a powerful tool for
analysis of structural systems, thermal systems, aerodynamic and hydraulic sys-
tems, and electrical and magnetic systems. In overly simplified terms, the finite
element method involves developing and solving simultaneous equations relating
the forces and displacements (or the equivalent parameters in other systems) in
a mechanical system that has been broken down into many connected finite ele-
ments. Because of the large number of equations that are usually handled, only the
mathematically masochistic person would attempt to solve a finite element prob-
lem “by hand.” Several large-scale digital computer programs, such as ANSYS
and NASTRAN, are available to carry out the mathematical manipulations of
finite element analysis.

The basic concepts of the finite element analysis had their origin in analysis
of aircraft structures. Hrenikoff [1941] discussed a method of the approximate
solution of elasticity problems that he called the “framework method.” Courant
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[1943] has been recognized as the first person to develop the finite element
method. The name “finite element method” was first applied to the technique
in 1960 by Clough [1960]. Zienkiewicz and Chung wrote the first book on the
finite element method in 1967 [Zienkiewicz and Chung, 1967]. There are several
textbooks available on the finite element method today [Moaveni, 1999].

4.5.1 Finite Element Formulation

Let us consider the truss member shown in Figure 4-14. The displacements
and forces may be expressed in terms of a coordinate system attached to the
member (local coordinates) or in terms of an overall coordinate system (global
coordinates). The stress in the member may be written as

F
o = Z = Fe — aEAT (4'41)

The axial displacement of the bar is related to the strain by e = ¢L. The
thermal force is defined by eq. (3-7):

Fr = aEAAT (4-42)

local
coordinates

overall or
global coordinates

(b)

Figure 4-14. Truss member subjected to a tensile or compressive load only.
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If we make these substitutions into eq. (4-41), we obtain the following expression
for the force in the member:

EA
F+ Fr = TE¢= kpe (4-43)
The quantity ks, = EA/L is the spring constant for the member or element.
The displacements of each end of a member or element (i, j) in terms of the
local coordinates may be written as displacements of each joint or node (Ji, Jj)
in the overall or global coordinates:

Ajx = ej;cos — e;,sin6 (4-44a)
Ajy = eixsinf + e;y cos O (4-44b)
Ajx = ejxcos O — ej, sinf (4-44c)
Ajy = ej,sinf + ej, cos 6 (4-44d)

The angle 6 is the angle between the overall X-axis and the member, as shown
in Figure 4-14. These four equations may be written in compact matrix form:

D©@ = T@yw© (4-45)
where
AiX €ix
DO =10 and w0 = (4-46)
J jx
Ajy €y

D and u'® represent the displacements of joints or nodes i and j with respect
to the global coordinates X and Y and the local coordinates x and y, respectively.
The transformation matrix is

cosf —siné 0 0 A —pn 0 0
() _ | sinf cos¢ 0 0 w2 0 O )
T = 0 0 cos@ —sin6 | |0 O A —pu (4-47)
0 0 sin cos 6 0O 0 wu A

We have used A = cosf and pu = sinf.
The forces at each end of the member may also be written as follows, in terms
of the local and global coordinates:

Fix = Fixcos6 — Fj,sinf (4-48a)
Fiy = Fysinf + Fjy cosf (4-48b)
Fjx = Fjxcos6 — Fj,sin6 (4-48¢)

Fjy = Fj,sinf + Fj, cos 6 (4-48d)



THE FINITE ELEMENT METHOD 145

We note that, because the force in the element is applied along the axis of the
element, the forces F;, = Fj, = 0. The force expression, eq. (4-48), may also be
written in matrix form:

F© = TOf© (4-49)
where
Fi Fix Fix
F; F;, 0
(e) __ i (e) __ iy _ -
FY = F and 9 = Ex( = | Fu (4-50)
Fj Fjy 0

The forces and displacements of the ends of each element are related through
the following set of equations:

F, —1 ky 0 —kgy O] (e
Fiy 0 0 0 0 0]]ey
) F = 4-51
Ex( TETY1[ T <kp 0 ky Of]en “-51)
Fjy 0 0 0 0 O0f|ley
or
£ + FrS = k©@u® (4-52)
The matrix S is defined by
—1
0
S = 11 (4-53)
0

If we solve for f from eq. (4-49) and solve for u from eq. (4-45), then make
the substitutions in eq. (4-52), we obtain

T'F° + FrS =k“T~'D® (4-54)
If we multiply both sides of eq. (4-54) by the transformation matrix T, we obtain
TT'F© + FrTS = F© 4 FY = Tk T 'D® (4-55)

The final form for eq. (4-55) is
F© +FY = KD (4-56)

The thermal force matrix relative to the global coordinates for an element may
be shown to be
—Fri
(&) _ _ ) Fru i
R = Frrs =1 (4-57)
+Fru
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The spring constant matrix or stiffness matrix for any element relative to the
global coordinates is given by
R YR L )
A 2w -
(e) _ (e)qp—1 __ M M 1% n B
K'Y =Tk“'T =kgp. 2 ap a2 " (4-58)
—iw —pt A wu?
The overall or global stiffness matrix K@ for the system may be obtained
by combining or assembling the elemental stiffness matrices. This procedure is
illustrated in the following example.

4.5.2 Finite Element Analysis

In any finite element analysis, there are three general phases: (a) preprocessing
phase, which involves “setting up” the problem to be analyzed, (b) solution phase,
which involves solving the set of simultaneous equations for the displacements
of the various elements, and (c) postprocessing phase, which involves calculating
the stresses and reaction forces from the displacement solution and displaying
the final results.

The preprocessing phase involves five general steps. First, the system must be
defined in terms of nodes and elements, or the system is discretized. In the case
of a truss, the nodes are the joints and the elements are the members of the truss.
The element may be defined in terms of the coordinates of each joint of the
truss and the direction (which is the ith joint and which is the jth joint) and the
designation (number) for the member. It is important at this stage to designate or
number the members and joints in such a manner that the joint numbers for an
element are as near as possible to the element number. For example, the member
(element) between joints (nodes) 6 and 7 should be numbered 6 or 7, if possible.
This procedure results in a more effective numerical solution.

The second general step in the preprocessing phase is to develop a solution that
approximates the behavior of an element. In the case of a truss, this step involves
determining the spring constant and thermal loading for each member. For a
distributed system, such as a flat plate, the displacement must be approximated
by a polynomial (usually). The coefficients of the polynomial are determined
by energy methods or other approximation techniques to “best fit” the actual
displacement for the element.

The third general step in the preprocessing phase is to develop the relationships
between stress, strain, and temperature for the elements. For the case of a truss,
this relationship is given by eq. (4-56).

The fourth step in the preprocessing phase is to combine or assemble the
relationships for the individual elements into one set of overall equations for the
entire system. This step is illustrated in the following example.

The fifth step in the preprocessing phase involves application of the boundary
conditions, because some of the displacements of the nodes may actually be
known quantities. For example, the displacement of the node or joint at a support
for the truss is usually a known quantity.
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The solution phase involves solving the system of algebraic equations simul-
taneously for the displacements of the nodes of the system. Because of the large
number of equations involved, the solution phase is usually carried out using a
numerical analysis technique [Bathe and Wilson, 1976].

The postprocessing phase involves calculation of the reaction forces and the
stress in each member. The reaction forces Fr for the truss may be calculated
from the displacements as follows:

Fr = K9D©® —p_f? (4-59)

The matrix P is the matrix of the external forces:

Px1
Py
P=1{Px> (4-60)
Py>
etc.

The force in each member may be written from eq. (4-52):

Fiy = ksp (eix - ejx) + Fr (4-61a)
Fj = ksp (e — eix) + Fr (4-61b)

We note that the sum of F';, and Fj, is zero. The two expressions may be written
in matrix form:
9 =k“u — FrS (4-62)

The stress for each member may be calculated from the force, o = F, /A, where
A is the cross-sectional area of the member.

Example 4-6 Let us work the problem given in Example 4-1, using the finite
element approach. The definition of the elements (members) and nodes (joints)
is shown in Table 4-9.

The orientation angles for each member may be found from the joint coordi-
nates and eqs. (4-25) and (4-27). For example, for member 1, the length is found
from eq. (4-27):

L0 = (X, = X+ (¥ — %:)? = /(10392 — 0% + (0.600 — 0.600)°
LY =1.0392m (40.91in.)

Similarly, L® = 1.200m (47.24 in.), for member 2. The angles may be deter-
mined from eq. (4-25). For example, for member 1,

(X, —x)"  1.0392-0
LM T 1.0392
Similarly, cos#® = 0.8660 and 8 = 30°.

cosM = =1.000 or M =0°
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TABLE 4-9. Data for Example 4-6

Element Node i Node j Angle 0 k, MN/m
(1) 1 2 0° 11.55
2) 3 2 30° 500
Joint Global Coordinates

Joint (node) X, m Y, m
J1 0 0.600
12 1.0392 0.600
13 0 0

The spring constants for the individual members have been calculated in
Example 4-1, and are listed in Table 4-9. The stiffness matrix for each of the
elements may be found from eq. (4-58). For example, for member 1,

A =cos®P =1.000 and ny = singM =0
Similarly, for member 2,
Ay = cOS (300) =0.8660 and y = sin (300) = 0.5000

Making these substitutions into eq. (4-58), the stiffness matrix for element 1 may
be found:

10 -10
K" = (11.55 x 10°) _(1) (0) (1) 8 N/m
00 00

Similarly, the stiffness matrix for element 2 may be calculated:

0.750  0.433 —-0.750 —0.433
0.433  0.250 —-0.433 —0.250
—-0.750 —-0.433  0.750  0.433
—0.433 —-0.250 0.433  0.250

K® = (50.00 x 10°) N/m

The thermal force matrix for the elements may be evaluated from eq. (4-57).
For member 1, we have

Fri = aEA ATy = (11 x 107°)(200 x 10%)(60 x 107°)(60°) = 7920 N

Also,
Fr, =0

The thermal force matrix for element 1 is

—7920
M _ 0
P’ = +7920 N
0



THE FINITE ELEMENT METHOD 149

For element 2, we obtain the following result:

0

2) 0
FY =10
0

The next step involves combining or assembling the individual stiffness matri-
ces to form the overall or global stiffness matrix. To understand this process, we
may first look at a simple example in which we have two sets of equations for
three unknowns, x, y, and z:

3x+2y=7 and 3y+2z=12
2x+y=4 y+2z=28

These two sets of equations may be written in matrix form:

HA IR I ER T
2 1y 4 000z 0
00 0
B R

¢ 01 2

The last two expressions in each case may be added together to obtain

X
y=12
Z

3 2 0 X 7
2 (143) 2|3y =3@+12)
0 1 2|1z 8

The 3 x 3 matrix on the left side of the above expression may be considered the
“assembled” matrix from the previous two matrix relations.

Let us follow the same procedure to assemble the global stiffness matrix from
the two matrices for the elements. The matrices are as follows, in “augmented”
form:

- 1155 0 —11.55 0 0 0
0O 0 0 000
. o |—=1155 0 1155 0 0 0
K® = (10°) 0 0 0 000
0 0 00 0
i 0 0 00 0

0 0 0 0 0

0
0
0
0 0 0 0 0
0 3750 21.65 —37.50 —21.65
2) _ 6
K =(10°) |0 0 2165 1250 —21.65 —12.50
0 —3750 —21.65 3750  21.65
0

—21.65 —12.50  21.65 12.50

SO o OO
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If we add these element matrices, we obtain the overall or global stiffness matrix
for this problem:

11550  —11.55 0 0 0 Aix
0 0 0 0 0 0 Aty
K© — (10) —11.55 0 (11.55 +37.50) (21.65+0) —37.50 —21.65 | |Asx
0 0 (21.65+0) (12.50+0) —21.65 —12.50 | |Asy
0 0  —37.50 —21.65 3750 21.65||Asx
0 0 —21.65 —12.50  21.65 12.50 |Asy

For a truss with three joints, the global stiffness matrix is a (2)(3) =6 x 6
matrix. If we had a problem involving a truss with 100 joints, the global stiffness
matrix would be a 200 x 200 matrix. It is obvious that, in this case, we would
graciously allow the computer program to assemble the global stiffness matrix.

The final step in the preprocessing phase (“getting ready” to solve the problem)
is to apply the boundary conditions or to “condition” the global stiffness matrix.
Returning to the example of simultaneous equation solution discussed previously,
the final form for the equations is

32 0 |x 7
2 4 2(3yt =116
01 2|1z 8
or
3x +2y =7
2x +4y+2z=16
y+2z=28

Suppose we have given (a “condition” for the problem) that x = 1. We only
need the last two equations to solve the problem, so the first equation (first row
in the matrix) may be discarded. We may transfer the “known” quantities to the
right side of the equation to yield

y+2z=8—-(0)(1) =8

HHISEH

This last result corresponds to the “conditioned” matrix in the finite element
solution.
For this problem, we have the following boundary conditions:

or

Joint J1: Aix =0 and Ay =0
Joint J3: Az3x =0 and Azy =0

In the global stiffness matrix, we may discard the first, second, fifth, and sixth
rows. Because the known quantities (displacements) are zero in this problem, the



THE FINITE ELEMENT METHOD 151

conditioned global stiffness matrix reduces to

K© = (10°) [49.05 21.65} ‘Azx

21.65 12.50] | Aoy
In a similar manner, we may find the global thermal force matrix:

—7920
0
(7920 + 0)
0+ 0)
0
0

G) _
F =

The conditioned thermal force matrix is obtained by deleting the first, second,
fifth, and sixth rows, corresponding to the known displacement values. The result-
ing conditioned global thermal force matrix is

7920
F(TG)zi 0 }N

The reduced global force matrix reduces to

(1) 2)
FO _ FjX+FjX _ Px _ 0 _ 0 N
Fiy + F Py P ~5000

The final expression that must be solved for the displacements is
G (G) GG
F()+FT — KOp©®

The matrix expression may be written out as
0 n 79200 | 7920| (106) 49.05 21.657 [Axx
—5000 0 | |-5000] 21.65 12.50] | Azy
For large matrices (greater than about 10 x 10), the matrix inversion technique
(multiplying the right side by the inverse matrix) is usually not as computa-
tionally effective as other numerical techniques, such as the Gauss elimination

method or the Gauss-Seidel iteration method [Pearson, 1986]. The solution of
the equilibrium equations for the truss is

p©@ _ [Bax] _ [ 1436107 [ 1436]
T lAy | |-2.886 x 1073 T 1-2.886
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The final part of the problem is the postprocessing phase or “displaying” the
results of the solution. The reaction forces may be found from eq. (4-59):

Frix 11550 —11.55 0 0 0 0
Friy 0 0 0 0 0 0 0
Fp o | Frox _ (10°) —~11550 49.05 21.65 —37.50 —21.65 || 1.436
Fray 0 0 21.65 1250 —21.65 —12.50 | ]—2.886
Frax 0 0 —37.50 —21.65 37.50 21.65 0
Fray 0 0 -21.65-12.50 21.65 12.50 0
0 ~7920
0 0
0 7920
—5000( "] ©
0 0
0 0

If we carry out the operations, we obtain the following result for the reaction

forces:
—8660

0

0

0
+8660
-+5000

The forces in the individual members may be found from eq. (4-52). We may
evaluate the element displacement from eq. (4-45):

T 'D® = T ITOW® = x©

The inverse of the transformation matrix T is

Ao 0 0
_ - A 0 0
T ' =

0O 0 A nu

0O 0 —u A

The quantities A = cos6 and p = sin6 for the element.
The local displacement vector for element (1) may be written as

el 1000 0 0
U (TP S0 001 0 1436 =) 1436 ™™
€2y 000 1]]|-2886 —2.886
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For member 2, we obtain

e 0.866 0.500 0 0 1.436
W@ Jen| _qpoipo _ | —0.500 0866 0 0 | |—2.886
€3 0 0 0866 0.500 0
e3y 0 0 —0.500 0.866 0
—0.200
| -3217
=1 o
0

The force in member 1 may now be calculated:
Fz(;) = ki (e2x —€1x) — F}D
F{Y = (11.55 x 10°)(1.436 x 1073 — 0) — 7920 = 8660 N = 8.66 kN
The stress for member 1 is

Fy) 8660
A 60 x 1076

o] = = 144.3 x 10° Pa = 144.3 MPa

We find the following values for member 2:
FyY = ka(exe — e3) — Fy”

F{2 = (50 x 10°)(—0.200 x 107> = 0) — 0 = —10,000N = —10.0kN
—10,000

X

02

4.6 ELASTIC ENERGY IN BENDING

In the previous sections, we considered the analysis of frusses, in which the
members supported axial (tensile or compressive) loads only. Let us now exam-
ine the analysis of thermal stresses in frames, in which both axial loading and
bending loading may be present. Although there are several techniques available
for analysis of frames, we will use the unit-load method, developed from elastic
energy theory, in this section.

The stress—strain curve for a linear elastic member with thermal strain is
shown in Figure 4-15. The complementary energy per unit volume may be written

as follows: 5

Ue _ (AT—i—G) o oaAT 4+ 8 (4-63)
avol 7\ £) 2~ %" 2E

The volume element may be written as

dVol = dA ds (4-64)
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— aAT —_—

Figure 4-15. Stress—strain curve for a linear elastic element with thermal strain.

The quantity A is the cross-sectional area, and s is the distance measured along
the centroid axis of the element. The complementary energy per unit volume
must be used, because the stress and strain vary across the cross section when
bending is present.

The stress at any point is given by eq. (3-14):

F+Fr M+ Mr)y
o= +
A 1

— qEAT (4-65)

If we make the substitution from eq. (4-65) for the stress into eq. (4-63) and
integrate, we obtain the expression for the total complementary energy:

F+F (M+M
Ucz//ozAT[ o (M T)y—aEAT}dAds
s,A

A 1

| [F+Fr (M+Mp)y :

— —oEAT | dAd 4-66

—l—// ZE[ 1 + ] o s ( )
s, A

The transverse deflection of the beam may be found by taking the derivative
of the complementary energy with respect to an external load P applied at the
point at which we wish to determine the deflection. Note that the thermal force
and thermal moment are not functions of the applied load. The result is

au, 1dF  ydM
Ay = C://aAT 24280 dads
dp AdP " TdP
5,A

\[F+Fr (M4+M | dF  yaM
+f/—[ tFr, (Mt T)y—aEATH +X—]a’Ads
E| A
s, A

I AdP ' I dP
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Because we are considering a linear elastic material, the internal forces F
and moments M in the beam are directly proportional to the applied load P.
This means that the derivatives are constant at any cross section. We may
define the following dummy loads f and dummy moments m that would result
if a unit load (load = 1) were applied at the point at which the deflection

is desired. JF M
f=— and m=

— 4-68
dpP dpP (4-68)

Let us consider the first integral on the right side of eq. (4-67):

//aAT Lom dAa’s:/ i/ EATdA—i—ﬁ/aEATydA ds
AT EA El
s,A A A

N

£ nae e [(LFr mMy _
f/oeAT(Z—i—T)dAds—f( EA)ds—i—/( £l )ds (4-69)
s,A

Next, let us examine the first part of the second integral on the right side of
eq. (4-67):

F+ F M+ M
//i + T—o:EAT—}—M dA ds
EA 1
s, A

or

A

F+F M+ M

=/i + T/dA—/aEATdA%—#/ydA ds

EA| A I
s A A A

The second term on the right side in brackets is the thermal force Fr. Note also
that [y dA = 0 because the origin for the y-axis is on the centroid axis. The

integral reduces to
F
//i[--.]dAds=/f—ds (4-70)
EA EA
s,A

Finally, let us examine the other part of the second integral on the right side
of eq. (4-67):

F+Fr (M+M
//ﬂ[ +tFr (M T)y—aEAT}ydAds
El
s,A

A 1

m | F+ Fr (M+Mp) [, /

= =] —— A+ ———— A — EATydA

/EI I /yd + 7 /yd o ydA |ds
A A A

N
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The last term in brackets is the thermal moment M7. We note that f ysz =1,
the area moment of inertia for the cross section. The integral reduces to

M

/f Mo qdads = | B2 4-71)
El El

s,A

If we make the substitutions for the integrals from eqs. (4-69), (4-70), and
(4-71) into eq. (4-67), we obtain the final expression for determining the trans-
verse deflection for an element with bending present:

A _/‘(M—I—Mr)mds /(F—I—Fr)fds
r EI + EA

(4-72)

The rotation or slope of the beam may be found by taking the derivative of
the complementary energy with respect to an external moment M, applied at
the point at which we wish to determine the rotation. We may define the unit

e = t:ZMe

With this term, the rotation may be written as

A
“= dM // IdM

F+Fr (M + Mz)y am
// [ L —QEAT 4 ]( )deAds (4-74)

If we carry out the integrations over the cross-sectional area of the member, the
only nonzero terms are

/m, /erATydA /aEATydA+M+MT
w = — _

2
dA | ds (475
El El El i / Y s (475)
A A

The integral in the last term is the area moment of inertia, I = f y2dA. The final
expression for the rotation is
_/‘ (M + Myp)m,ds

- (4-76)

The application of these general relationships may be best demonstrated by
an example.

Example 4-7 Let us solve the problem presented in Section 3.6.1 by the elastic
energy method. A cantilever beam shown in Figure 4-16 has a rectangular cross
section, with a height &, a width b, and a length L. The beam has no mechanical
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(a)

222222

(b)

(©

Figure 4-16. Cantilever beam in Example 4-7.

loads, and the temperature distribution in the beam is given by

ar=tan (142 ()
T4t n) \L

The thermal force, given by eq. (3-47), is
Fr = 3¢ EATobh (x/L)*

The thermal moment is given by eq. (3-50):

aEIAT) (x )2
T = -

h L

222222

157

Let us determine the transverse displacement and the rotation for the beam at

the end of the beam (x = L).
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The mechanical loads are zero, so F = M = 0. The differential distance along
the centroid axis is ds = dx. The dummy moment due to the application of the
unit force at the end of the beam may be written as

m=—(L—x)

The algebraic sign is negative, because the bending moment caused by the applied
unit load would produce a compressive stress (or compressive strain) in the upper
part (the +y half) of the beam. Note that the unit load causes no axial forces in
the beam, so f = 0 for the beam. Similarly, the bending moment produced by
the application of a unit moment at the end of the beam is

m, = —1

The applied unit moment shown in Figure 4-16 would cause a compressive stress
in the +y part of the beam; therefore, the moment is negative.
For this problem, eq. (4-72) reduces to

O+ Mrymd ATy [F 2
Ayzf w+0=_a Of (i) (L — x)dx
0 0

El h L

Carrying out the integration, we obtain the following expression for the deflec-

tion: .
A — aATL* T1 <x>3 1 <x>4 . aATyL?
- h 3\L 4\L) |, 12k

The rotation of the beam at the end (x = L) may be found from eq. (4-76),
which reduces to

Lo+Mm AT [E 2
w=/ T = / (f) dx
o EI hoJo \L

If we carry out the integration, we obtain the following result for the rotation at
the end of the beam. The negative sign means that the rotation is downward.

C(AT()L
3h

w =

These results are the same as those obtained in Section 3.6.1. The use of the
elastic energy method requires no solution of differential equations, however.

4.7 PIPE THERMAL EXPANSION LOOPS

We have noted that thermal stresses arise as a result of constraints on the system.
It follows that thermal stresses would usually be decreased if the system could
be made more flexible. A system supporting a load in bending is usually much
more flexible than the same system with a direct or extensional loading.
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The spring constant for a rod in tension or compression is

EA
kext = T (4‘77)

If the system is a cantilever beam clamped at one end and loaded with a transverse
load at the other end, the spring constant for this bending situation is

3EI P
kbend = F = A_‘ (4‘78)

The quantity A is the cross-sectional area, / is the area moment of inertia, and
L is the length of the member. The ratio of the two spring constants depends on
the dimensions of the member only:

ke _ AL?

= (4-79)
kbend 31

For a pipe, the area moment of inertia is given by eq. (3-189), and the cross-
sectional area is A = w D,,t, where D,, is the mean diameter of the pipe and
t is the pipe wall thickness. The stiffness ratio of a pipe may be found from

eq. (4-79):
( Kex ) _ 8 (4-80)
kbend pipe 3D3’”L

If the length-to-diameter ratio is greater than 10, the stiffness ratio will be as

follows:
k 8 1
( oxt ) > (-) (102 =267 =
kbend / pipe ~ \3 0.00375

The pipe is 267 times stiffer in tension than in bending or, conversely, the pipe
is 267 times more flexible in bending than in tension. This concept is used to
reduce thermal stresses in piping systems through the use of pipe expansion
loops.

There are many different forms of pipe expansion loops that have been used
to reduce thermal stresses in piping systems. Let us consider the simple expan-
sion shown in Figure 4-17. The pipe is anchored at each end, and the distance
between the anchors is denoted by L. The width of the loop is W and the height
of the loop is H. The distance a is related to W and L by a = %(L - W).
The temperature change is uniform across the pipe cross section, AT = ATy =
constant.

The quantities needed for eq. (4-72) are as follows. Because the temperature
is uniform across the cross section, the thermal moment is zero, M7y = 0, and
the thermal force is given by

Fr = aEAAT, (4-81)



160 THERMAL STRESSES IN TRUSSES AND FRAMES
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Figure 4-17. Pipe expansion loop.

The mechanical moments and forces at each of the five sections of the loop are

M —Fy dx 0<x<a
Moy — Foy 0 dy 0O<y=H
M=3{My—FgpH F=1{-F ds=13 dx a<x<(a+W)
My — Foy 0 —dy H>=y=>=0
My —F dx (L—a)<x<L

Similarly, the dummy moments and loads due to the application of a unit force
and unit moment at the support point, as shown in Figure 4-18, are

0 —1 1 0<x<a
-y 0 1 0O<y=<H
m=4—H f=1-1 m, =141 a<x<(a+W)
-y 0 1 H>y>0
0 —1 1 (L—a)<x<L

4.7.1 Support Reactions

Let us evaluate the integrals in eq. (4-72). First, the integral involving the direct
and thermal forces is

/(F+FT)de=/ (=Fo+ Fr)(=1)dx+0
0

a+Ww L
—i—/ (=Fo+ Fr) (—1)dx+0+/ (—Fo+ Fr)(—1)dx
a L

—a

/(F + Fr) fds=(Fo— F;) Qa+ W) = (Fo— Fr) L (4-82)
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Figure 4-18. Reactions at the fixed ends (anchors) for the expansion loop shown in
Figure 4-17.

Next, the integral involving the moments may be evaluated:
H a+W
/(M + Mp)mds =0 +f (My — Fyy) (—y)dy+ f (Mo — FoH)(—H) dx
0 a

0
+ [ o= Foy) (=) (=) +0
/(M + My)mds = —Mo (H* + HW) + Fo (H*W + 3 H?) (4-83)

The displacement in the x-direction at the fixed support is zero; therefore,
eq. (4-72) may be written as

_ (Fo—Fr)L _ Mo (H? + WH) L Fo (H*W + 3 H?)

Ay =0
EA El El

(4-84)

This expression may be simplified by substituting for the thermal force term:

2 LI
aEIATyL = —M, (H* + WH) + Fy <H2W + gH3 + Z) (4-85)
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We may evaluate the integrals in eq. (4-76) as follows:
a H
/(M + My)mds = / (Mo +0) (1)dx+/ (Mo — Foy +0) (1) dy
0 0
a+w 0
+/ (My — FoH + 0) dx +/ (My — Foy) (—dy)
a H

L
—i—/ (Mo +0) dx
L

—a

Making this substitution into eq. (4-76) and noting that the rotation at the fixed
end is also zero, we obtain

Elw=0= My (L +2H) — Fy (H*> + WH) (4-86)
Equations (4-85) and (4-86) may be solved simultaneously to obtain the
expressions for the support bending moment and the support force reaction:

r 32H + L)

Fo = (@EIAT,L Ll
0= (@EIATOL) H2(2HL+H2+3WL—3W2)+3(Z)(2H+L)

(4-87)
B 3(H+ W)H

My = (¢EIATyL)

LI
H? (2HL + H? + 3WL — 3W?) + 3(1) QH + L)
(4-88)
For a pipe, we may use the area moment of inertia expression, eq. (3-189), to
simplify the ratio in the denominator of eqs. (4-87) and (4-88):
LI L(gnD}t) 1,
—=————-==-D/L 4-89
A 7Dt g " ( )
The expressions for the support reactions, eqs. (4-87) and (4-88), may be
written in dimensionless form, as follows. Let us introduce the following length
ratios:
1 d & d (4-90)
= — an = — -
=1 L
If we substitute these parameters into eqs. (4-87) and (4-88), we obtain the
following dimensionless expressions:

FyL? _ 3(1+2n) _x 491

«EIAT, ) ) D2 :
n*(2n+n*+35 —38%) +3( o5 ) (1+20)

MoL 3n(m+§) Ky (492)

«EIATy — n* (2n+ 12 + 36 — 362) + 3 (D2/8L?) (1 +21)
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4.7.2 Stresses

The maximum stress in the pipe bend would occur either in the pipe section
connected to the support (0 < x =0, y = 0) or in the horizontal portion of the
bend (a < x <a+ W,y = H). Generally, the first case applies when the width
W of the pipe bend is large (or for £ = W/L > %), and the second case applies
when the width of the pipe bend is small (or for & < %).

The stress may be determined from the support reaction expressions and
eq. (3-14). In this example, the thermal moment is zero, My = 0, and the thermal
force is constant, Fp = a« EAAT). For this case, the expression for the maximum
stress reduces to the following. Note that the maximum bending stress occurs on
the outer surface of the pipe and the outside diameter of the pipe is related to
the mean diameter by Dy = D,, + ¢.

F_ M(Dy+1)
A 21

The maximum stress in the pipe bend may be written in dimensionless form.

o= (4-93)
For & > %:

@ B MO (Dm + t)
A 21

()| Zmasrmo] Ereronl
Y = =K —K | —= | (4-94)
a@EATy )| D (1 +1/Dy) 4L (1 +1/Dy)

For & < %:

Fo (Mo — FoH) (D +1)

A 21

- (aEAT())[Dm(Ht/Dm)} - 1[4L(1+t/Dm) —n} (459

We may check the stress expressions for two obvious limiting cases, extremely
large values for H and extremely small values of H . First, for H very large or for
n — 0o, we observe from eqs. (4-91) and (4-92) that K; = K, = 0. Therefore,
if the height of the U-bend is very large, the stress in the U-bend approaches
zero, as would be expected.

Second, for H very small or for n — 0, we find the following values for K,
and K 5:

2

8L
Kl — —— and Kz — 0
Dy,

If we make these substitutions into eq. (4-94), the dimensionless stress function
reduces to the following for n = 0:

Y — o 2L —0 2L
- (aEAT())[Dm 1 +r/Dm)] ~ D, (1+1/Dy)
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Therefore, the stress in the system for which the height of the U-bend is zero (or
actually, if no U-bend is present) reduces to

o =—aEAT,

This is the same expression that would be obtained for a straight run of pipe
with no U-bend.

The ratio of the pipe wall thickness to the mean pipe diameter (¢/D,,) is
usually small. For example, for Schedule 40 pipe (standard pipe), we find that
0.03 < t/D,, < 0.11 for nominal pipe diameters from 1in. (25mm) to 12in.
(300 mm). The term in brackets in eq. (4-94) is also small unless the pipe run
is short. For example, if the ratio of the distance between anchors to the pipe
outside diameter {L/[D,,(1 +t/D,,)]} is greater than about 25, the bracketed
term in eq. (4-94) has a value less than 1 percent.

D 1/25
t < = =0.010
AaL(14+—) | =

m

The denominators of the factor K| and K, are equal, so we may examine the
numerator terms to determine the value of & = W/L that results in the smallest
maximum stress. If we neglect the term involving diameter-to-length ratio, the
maximum stress in the U-bend may be written from eqs. (4-94) and (4-95).

For & >

=

3n(+8)

Y=-K,=
Denom

For & <

=

3n° +3nE —3n—60> _ 3nE—1-n)

Y=—-K,+nkK;=—
2R Denom Denom

We note from the plot of the numerator terms given in Figure 4-19 that the
magnitude of the numerator increases as & increased for the first case, and
the magnitude 35 (1 + n — &) of the numerator decreases as £ is increased for the
second case.

If we equate the magnitude of the numerator terms, we obtain

30 +3n& = [3nE — 3n — 3n*| = 3n> — 3n& + 31

or
66 =3 and &=1

From the preceding discussion, we conclude that the best choice for the width
of the U-bend is & = % or W = %L. For this value of the ratio &, the dimensionless
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Figure 4-19. Plot of the numerator terms in the dimensionless stress parameter Y for
E=W/L= % for the expansion loop shown in Figure 4-17.

parameters in eqs. (4-91) and (4-92) reduce to the following expressions:

K 12 for £ =1 (4-96)
= or £ = = -
1 23 +2n + 3D 2

n n T

6

K, = 0 o for g=1 (4-97)

23 2 m

n° 3+ n)+(2L2>

The dimensionless stress function given by eq. (4-94) reduces to

D
n+ -

6 t
o \[— ZL(”D—) 1
:<7> D,,,( ) = - /2 for g =1

aEAT, 14+ — 3D
’ D, 2 (3 +2n) + (ﬁ>

(4-98)

The data obtained from eq. (4-98) for (L/D,) = 26.5 and (t/D,,) = 0.060
(and for L/Dy = 25) are tabulated in Table 4-10. For n = H/L > 0.35, the effect
of these ratios is less than 5 percent on the value of the dimensionless stress
function. If the second terms in the numerator and denominator of eq. (4-98) are
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TABLE 4-10. Dimensionless stress Y as a function of dimensionless pipe loop depth
n = H/L for a pipe loop dimensionless width § = W/L = % The tabulated values
correspond to a length-to-diameter ratio L/D,, = 26.5 and a wall thickness ratio
t/D,, = 0.060 in eq. (4-98). Use logarithmic interpolation with the tabular data.

n= H/L Y n=H/L Y
0.15 13.180 0.9 1.4156
0.20 9.460 1.0 1.2208
0.25 7.274 1.1 1.0656
0.30 5.847 1.2 0.9394
0.35 4.846 1.3 0.8353
0.40 4.109 1.4 0.7482
0.45 3.544 1.5 0.6745
0.50 3.100 1.6 0.6115
0.55 2.742 1.8 0.5100
0.60 2.448 2.0 0.4324
0.65 2.203 2.5 0.3021
0.70 1.996 3.0 0.2235
0.75 1.818 4.0 0.1370
0.80 1.6655 5.0 0.0926
Inn —Inn _ Inny — Inn or no_ <£> n2/m

lIlY—lIlY| 11’1Y2 —lnY1 n Y| Yz/Yl

neglected, the stress expression reduces to

6
Y~ ——-—— (4-99)
n (3 +2n)

For design purposes, the following relationship (obtained from a curve-fit
technique) may be used to determine the loop depth ratio, for the range 0.2 <
n <2.0.

Iny = 0.1400 — 0.69451n Y — 0.0374 (In ¥)? (4-100)

The design principles for pipe expansion loops may be illustrated by an example.

Example 4-8 A pipe loop, shown in Figure 4-17, is anchored at a distance of
12m (39.37 ft) between anchors. The pipe is 150 mm nominal (6in. nominal)
Schedule 40 pipe, with an outside diameter of 168.3 mm (6.625in.) and a wall
thickness of 7.1 mm (0.280in.). The pipe material is 304 stainless steel with
E =193 GPa (28.0 x 10% psi), and o = 16.0 x 1079 K~! (8.89 x 1076 °F~1).
The thermal stress in the pipe must be limited to 18 MPa (2610 psi). The pipe
carries liquid oxygen, so the pipe wall will be cooled from ambient temperature
(300K or 80°F), the stress-free condition, to an operating temperature of 90 K
(—298°F). Determine the dimensions of the pipe loop.

The temperature change for the pipe is ATy = 90 — 300 = —210 K (—378°F).
Let us first check whether a pipe expansion loop is needed in this case. The
thermal stress for a straight run of pipe anchored at each end is found as follows:

o =aEAT) = (16.0 x 107°)(193 x 10°)(210) = 648.5 x 10° Pa = 648.5 MPa
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Since this value greatly exceeds the allowable stress of 18 MPa, an expansion
loop is required.
The mean diameter of the pipe is

Dyp=Do—1t=1683—7.1=1612mm (6.345in.)

Generally, the optimum width for the pipe loop is one-half of the distance between
anchors:
W=1L=3(12)=600m (19.685 fi)

The dimensionless stress function may be calculated from its definition:

2L
(2)(12.0)

Y_( o ) — 18 x 109
= D, (1+—) | e4s. 6 71
aEAT, ( +5 ) 648.5 x 10 (0.1612)(1+ >

" 161.2
= 3.9582

If we use this value in eq. (4-98), we obtain the following value for the dimen-
sionless height of the loop:

H
n=0.4042 = —
L
The required height of the expansion loop is

H = (0.4042) (12.0) = 4.850m  (15.91 ft)

The anchor reactions may be evaluated for the expansion loop. The diameter-
to-length term in the denominator of eqs. (4-96) and (4-97) has the following

value:
3D\  (3)(0.1612)
<2L2> T (2)(12.0)2

=0.2707 x 1073

The factors given by egs. (4-96) and (4-97) are
(12) 12

K = . — = 19.278
(0.4042) [3 + (2) (0.4042)] + 0.0002707 ~ 0.62248
and (6)(0.4042)
= —3896
0.62248

The area moment of inertia for the pipe is

_ T3 (T 3 _ -8 4 4
I = gDmf =3 (0.1612)° (0.0071) = 1170 x 107° m" = 1170 cm
The axial force at the anchor may be calculated from eq. (4-91):

(648.5 x 10%)(1170 x 107%)(19.278)

(12.0)%

= = 1016 N (228 Iby)
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The moment at the anchor may be calculated from eq. (4-92):

(648.5 x 10%) (1170 x 107%) (3.896)
Moy = 120 = 2463 N-m (1817 Ibg-f)

4.7.3 Effect of Pipe Fittings (Elbows)

Sharp right-angled joints are generally not used in piping systems, because of
the larger fluid pressure drop occurring in the sharp bend. Instead, the straight
runs of pipe are jointed by pipe fittings called elbows.

When an elbow is subjected to bending, it has been shown both experimentally
and analytically that the circular cross section of the elbow becomes oval [von
Karman, 1911] The result of the ovalization is that the element becomes more
flexible and the local stress is higher than the overall bending stress value given by
curved beam analysis [Den Hartog, 1952] The detailed analysis for this condition
is complex; however, flexibility factors or ratios and stress intensification factors
are used for design purposes to reduce the complexity. The flexibility factor is
the ratio of the actual flexibility to the flexibility with ovalization not considered.
The stress intensification factor is the ratio of the maximum local stress to the
stress that would result for a straight run of pipe in bending.

The ASME Piping Code [ASME, 1999] recommends the following expression
for the flexibility factor Ky:

1.65
— for A, <1.65

Ka=1 7%, (4-101)

1 for Ap > 1.65

The factor A, is defined as
B 4t R,

P 2
D,

(4-102)

The quantity ¢ is the wall thickness of the elbow, R,, is the mean radius of
the elbow bend, and D,, is the mean diameter of the elbow cross section, as
illustrated in Figure 4-20.

For the case of pipe expansion loops, the effect of the increased flexibility is
that the elbow acts as if the distance from the face of the elbow to the centerline
of the other face R, is increased by a length AL, when compared with the
square-corner deflection analysis. The increase in length or virtual length for a
90° elbow is given by the following expression [Kellogg, 1956]:

AL = R, (%Kﬂ — 1) (4-103)

This additional length is added to the straight pipe run on either side of the corner
(intersection of the pipe run centerlines), as shown in Figure 4-21.
The stress intensity factor recommended by the ASME Piping Code is

0.90
W for )\.p < 0.85
K = Ap

1 for A, <0.85

(4-104)
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Figure 4-21. Additional virtual length to account for elbow flexibility.
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This multiplier is applied to the bending stress only. The flexibility of the pipe
fitting has a minor effect on direct stresses produced by axial forces.

The maximum stress for a pipe expansion loop, considering the stress in
the elbows, may be written as follows, which is a modification of eqgs. (4-94)
and (4-95).

For £ = W/L > 1:

Dy,
= — P — t -
Y K,Kg — K 4L(1 N _) (4-105)
Dy,
For £ < %:
Dy,
— 1K
= — s — t -
Y = —K>2Ki — K 4L<1 N _) (4-106)
Dy,

For the special case of & = %, eq. (4-98) may be modified as follows:

D
nKsi + "

6 t
2L(1 + D—)
n for &=1 (4-107)

2342+ 3D
n n 212

Y =—

The stress intensity factor is associated with the local stresses in the pipe
fittings, so the support reactions M and F( are not affected by the increased
stress in the elbows. On the other hand, the increased flexibility of the elbows
does affect the support reactions. The support reactions may be calculated from
eqgs. (4-91) and (4-92), using the equivalent lengths for each member.

Example 4-9 Let us work Example 4-8, considering the flexibility of the pipe
elbows. The four elbows are long-radius 90° elbows with an elbow radius of
228.6 mm (9.00in.) and the same mean diameter and wall thickness as the straight
run of pipe.

Let us first calculate the equivalent dimensions for the pipe runs in the expan-
sion loop, with elbow flexibility considered. The dimensionless parameter defined
by eq. (4-102) is

4) (7.1) (228.6)

=0.250
i (161.2)?
The flexibility factor is given by eq. (4-101):
1.65
Kg=——=6.60
0.250

The “virtual” length for each end of the elbows may be found from eq. (4-103):
AL = (0.2286)[%(6.60) ~1]=0956m
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The equivalent lengths for each run are

W, =W +2AL =6.00+ (2)(0.956) =7.912m (2 elbows in W -run)
L,=L+4AL =12.00+ (4)(0.956) = 15.824 m

The dimensionless ratio & is

W, 7.912
E=—= = 0.500
L, 15.824

The stress intensification factor may be calculated from eq. (4-104):

0.90

= W =2.268

si

The following ratios may be calculated, using the equivalent length L,:

D, B 0.1612
t

- 7.1
2L, (1 + Dm) (2)(15.824) (1 + m)
3D2  (3)(0.1612)°
202 (2)(15.824)2
2L, B (2)(15.824)

r\ 7.1
Dn(1+— 1612) (1 4+ ——
( +De) 0.16 )< +161.2>

The stress ratio is

v (18 x 10°)(188.03) 210 — 6 (2.268n 4 4.878 x 107)
6485 x 106 T T T 2 (34-217) +0.1557 x 1073

=4.878 x 1073

=0.1557 x 1073

= 188.03

The dimensionless ratio n may be found:

H,
n=06177T=—
L,
The equivalent height for the expansion loop, including flexibility of the
elbows, is
H, = (0.6177)(15.824) = 9.774 m

The actual height for the expansion loop may be determined, for the case of two
elbows in the pipe run:

H =9.774 — (2)(0.956) = 7.862m  (25.79 ft)

In Example 4-8, we found a height of 4.850 m, neglecting the effects of the
elbows. Considering the stress concentration and flexibility of the elbows, the
expansion loop height was (7.862/4.950) = 1.588 times the length for square
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corners. The stress concentration factor for the elbows is 2.268, so the flexibility
of the elbows does have the effect of reducing the stress.

4.8 PIPE BENDS

In some types of shell-and-tube heat exchangers, the heat exchanger tubes are
anchored in a tube sheet, as shown in Figure 4-22. The tubes have a straight
length L, and the mean radius of the pipe bend is R. The system is considered to
be rigidly anchored at the ends of the straight sections, where the support bending
moment is My and the transverse force is Fj. The entire system is subjected to
a uniform temperature change AT7p.

The bending moment and axial force at any location may be determined:

My — Fox for 0<x<L
M =3 (My— FyL) — FyR sin¢ for 0<¢p<nm

My — Fox for 0<x<L

0 for 0<x<L
F={—-Fysing for 0<¢<m

0 for 0<x <L

The coordinate for each section is

dx for 0<x<L
ds = { Rd¢ for 0<o¢p<nm
—dx for 0<x<L

If we apply a unit load f, = 1 at the supports points, as shown in Figure 4-23,
the resulting dummy moments and axial forces are

—X 0 for 0<x<L
m={—L—Rsing f =4 —sing for 0<¢<m
—X 0 for 0<x<L
\ L
)
\
§M\ »

N/

NN e

N\ “

W
\

\

Figure 4-22. Pipe bends, such as those in a U-tube shell-and-tube heat exchanger.
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f=1
l L
f,=1

Figure 4-23. Application of a unit load for the pipe bend shown in Figure 4-22.
For the given thermal loading, we find that the thermal moment M7y = 0 and
the thermal force Fyr = o EAAT,. These quantities may be used to evaluate the

integrals in eq. (4-72). The integral involving the axial force and thermal force
may be evaluated:

T
/ (F+ Fr)fds=0+ / (—Fysing + Fr) (—sin¢) Rd¢ + 0
0
= 3w FoR — 2aEAAT)R
The integral involving the moments may be evaluated also:
L

/ (M + Mp)mds = f (Mo — Fox) (—x) dx

0

+ /” (Mo — FoL — FoRsin$) (—L — Rsin$)Rd¢
0

0
+/ (Mo — Fox) (—x) (—dx)
L
After evaluation of the integrals, we find
/(M + Mr) mds=—Mo(L* + LR +2R*) + Fo(3L? + 7 L*R + 4LR* + 17 R%)

The transverse displacement at the support point is zero, so eq. (4-72) may be
written in the following form:

EIA, =0=—M, (L* + LR+ 2R*) + Fy (3L° + mL*R + 4LR* + 17 R?)
nIRF,
24

— 20EIAT)R (4-108)

The rotation at the support point is also zero. If we apply a unit moment at
the support point, as shown in Figure 4-24, then the dummy moment in each
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m=1

Figure 4-24. Application of a unit moment for the pipe bend shown in Figure 4-22.
section is m, = 1. If we make this substitution in eq. (4-76), we obtain
Elo =0 = /(M—}—MT)m,ds = /Mds

If we make the substitutions for the bending moment, we obtain

L b4 0
0= / (My — Fyx) dx—i—/ (My— FoL — FoR sin¢p)Rd ¢ +/ (My — Fox)(—dx)
0 0 L

After evaluating the integrals, we obtain the following relationship:
0= Mo QL +7R) — Fy (L* + wLR + 2R?)

The bending moment and transverse force at the support point are related through
the following expression:

M0=F0<

L2 LR + 2R?
LR+ ) (4-109)

2L+ 7R
We may combine eqs. (4-108) and (4-109) to obtain the expressions for the

support force and bending moment. If we introduce the following dimensionless
parameter; n = L /R, we obtain

Fo= K3 “EIQ?TO (4-110)
where
Ky — 6(2n+m)
n* 4273 4+ 1202 + 3 + (37 — 12) + 37 2y + ) (I/AR(Z) .

The term involving the area moment of inertia may be simplified by using
eq. (3-189):
I gnD)t D}

AR?  nwD,tR> 8R?

(4-112)

By using eq. (4-110) for the force in eq. (4-109), we may solve for the bending

moment at the support point:

aEIAT,
My = K4

(4-113)
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where
6(n>+mn+2
Ko — (v +7n+2) :
nt + 273 + 1202 + 3+ (372 — 12) + 3 2 + ) <m>
(4-114)
The maximum thermal stress generally occurs at the support point:
Ky EATYD,, (1 + !
MOD() 40 0Ym Dm
=4 =4 (4-115)
21 2R
The dimensionless stress at the support point may be written as
2R
=7 N | =k (4-116)
~ wEAT, | Dy (1 + —) !
Dy,

This function is plotted in Figure 4-25.
The stress at the top of the pipe bend (¢ = %n) is as follows, where the stress
concentration effects of “ovaling” are not included:

[My—Fo(L+R)IDy Fy
o== - —

4-117
21 A ( )
The stress at this point may be written in dimensionless form as
l+n+ ————
= — t -
Y =K4— K3 4R(1+—> (4-118)
Dy,

If the stress intensity factor from the ASME Piping Code is included with the
bending terms, the dimensionless stress in the pipe bend is

Dy,

(1+n) Ky +
Y = K4Kgi — K3 Y 4R<]+_
D

m

1 ) (4-119)

The stress intensity factor K is given by eq. (4-104).

The largest stress occurs for the condition in which the pipe bend is least
flexible. This case corresponds to case with a straight pipe length of zero or for
n = L/R = 0. The dimensionless stress for this condition may be found from
eq. (4-116):

Y =Ki(n=0) = (4-120)
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Figure 4-25. Plot of the maximum stress for the pipe bend shown in Figure 4-22.

The stress is smallest when the pipe bend flexibility is largest, which corre-
sponds to the case of a very long, straight pipe length or for n very large. The
dimensionless stress for this condition is

6

(4-121)
,72

Y = K4 (n > 100) ~
The difference between the stress value from eq. (4-116) and from eq. (4-121)
is less than 3 percent for n > 100.

Example 4-10 A heat exchanger U-tube is constructed of Cu/10% Ni with
Young’s modulus, 124 GPa (18 x 10° psi) and thermal expansion coefficient,
a=162x107% K~' (9 x 107 °F~1). The tubing is 1 in. OD (25.4 mm OD)
16 BWG tube, with a wall thickness of 1.65 mm (0.065 in.) and a mean diameter
of 23.75mm (22.11in.). The radius of the tube bend is 38.1 mm (1.500in.) and
the length of the straight pipe runs is 900 mm (35.43 in.). The thermal stress in
the pipe bend is to be limited to 2.0 MPa (290 psi). Determine the maximum
allowable temperature change for the pipe bend.
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The geometry ratio 7 is
£ v L 900
n=—=—=23.62
R 38.1

The term involving the area moment of inertia in eq. (4-114) may be calculated:

I D (2375

= = T 0.04857
AR*> 8R?>  (8)(38.1)°

Next, let us calculate the numerical value for the denominator of eq. (4-114):

(23.62)* + (2m)(23.62)° + (12)(23.62)* + (37)(23.62) + (372 — 12)
+ (37) (47.24 4 7)(0.04857) = 401.115 x 10

Making this substitution into eq. (4-114), we find the following value for the
dimensionless parameter K 4:

_ (6)(23.62% +23.627 +2)

401.115 x 103 =0.009487 =Y

4

The maximum allowable temperature change may be determined from
eq. (4-116):

Y =0.009487 = (2.0 x 10°) @ 38.1) 2,987
o - .65\
(16.2 x 107°) (124 x 10%) (ATp) (23.75)(1 + ﬁ) ATy

The maximum allowable temperature change is

2.987

ATy = —————
0.009487

=315K (567°F)
Let us check the stress at the top of the pipe bend (¢ = %n). The value of the
parameter K3 may be determined from eq. (4-111):

(6) [(2) (23.62) + 7]
K3 =
401.115 x 103

=0.7537 x 1073

The value of the dimensionless diameter—radius ratio is

D,y B 23.75
4R |1+ ! _(4)(381) 1+ 1.65
D,, ’ 23.75

The stress at the top of the pipe bend, excluding the effects of stress concentration
due to ovaling, may be determined from eq. (4-118):

= 0.1457

Y = 0.009487 — (0.7537 x 107%) (1 +23.62 + 0.1457) = —0.009180
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The value of the stress, excluding the effects of stress concentration, is

L —6 9 i
o = (—0.009180)(16.2 x 107°)(124 x 10 )(315)(2)(38‘1)

o = —1.936 x 10° Pa = —1.936 MPa (—281 psi)

This value is less than the maximum allowable stress (2.00 MPa); however, stress
concentration in the pipe bend will result in a higher stress.

Let us examine the effect of the stress concentration. The dimensionless param-
eter from eq. (4-102) may be evaluated:

MR (4)(1.65)(38.1)

= — = =0.4458 < 0.85
"D (23.75)?
The stress intensity factor may be found using eq. (4-104):
0.90
(0.4458)%/

The stress at the top of the pipe bend, including the effects of stress concentration
due to ovaling, may be determined from eq. (4-119):

Y = (0.009487)(1.542) — (0.7537 x 1073 [(1 + 23.62) (1.542) + 0.1457]
= —0.01409

The value of the stress for a temperature change of 315K is

o = (—0.01409) (16.2 x 107%)(124 x 10?) (315) (3) = —2.973 x 10° Pa
= —2.973 MPa

This value of stress is larger than the allowable stress; therefore, the maximum
temperature change is governed by the stress in the bend, when stress concen-
tration is considered:

2.00

ATy = 315) [ ==
o= )(2.973

) =212K (382°F)

4.9 ELASTIC ENERGY IN TORSION

In general for a homogeneous, isotropic material, temperature changes do not
directly result in torsion stresses. However, for some structures, thermal bending
moments in one portion of the structure may produce a torsion or twisting in other
portions. In this section, we consider the elastic energy method as it applies for
torsion loading.

4.9.1 Shear Stress—Strain Relations

The shearing strain in torsion is defined as the change in the angle of a line
drawn parallel to the axis of the unstrained material when a torque M, is applied,
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Figure 4-26. Strain for a rod subjected to torsional loading.

as shown in Figure 4-26. The shear strain y at the outer fiber for the element is
given by
ado
yRtany = — (4-122)
ds
The shear strain y is a linear function of the radial coordinate r, so the strain

at any point for a circular cross section is given by

_rd (4-123)
r= ds
For a linear elastic material, the shear stress and shear strain are related through

the shear modulus G, as given in eq. (1-17):

do
T=Gy =Gr— (4-124)
ds

The torque M, acting on a differential cross-sectional area dA located at a distance
r from the center of the cross section may be written as

, - db
dM, = rtdA = GridA— (4-125)
S

If we integrate the torque expression given by eq. (4-125) over the entire cross
section, we obtain the expression for the total torque for an element with a circular
cross section.

- / r’dA = GJ— (4-126)

The quantity J is the polar moment of inertia, defined as

J= /r2dA = / (x* +y*)dA = I, + I, (4-127)
A A
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If the element cross section is not circular, the determination of the
torque—twist relationship is more complicated [Timoshenko and Goodier, 1970].
For example, for a bar with a rectangular cross section, b x h, the effective
polar moment of inertia may be written as follows, where h > b:

Jett_ 4b” f(h/b)

=———"' 4-128
J b* + h? ( )
The polar moment of inertia for the rectangular cross section is
bh
J=— (b*+h 4-129
T b+ h) (4-129)
The function of the aspect ratio for the cross section is
oo .
2j+1Dnh
(h/b) =1— — tanh [7 4-130
fh/ ; i 1)5 > (4-130)

The series in eq. (4-130) generally converges quite rapidly; in fact, only the first
term is required for an accuracy of at least 0.5 percent.

192 b 7h
e nh<%> (4-131)

We may substitute the angle of twist per unit length, d6/ds, from eq. (4-126)
into eq. (4-124) to obtain the relationship between the shear stress and torque for
an element with a circular cross section:

_ Mtr
o

=Gy (4-132)

The maximum shear stress occurs at the outermost fiber, r = %D.
For an element with a rectangular cross section, the stress—torque relationship
is as follows [Timoshenko and Goodier, 1970]:

Tmax = @/ (4-133)
3fi(h/b)
The function f; is given by
fi(h/b) =1 8 i ! (4-134)
1 =l-— - -
w2 j=0.1,.. (2j + 1)% cosh [W}

For an accuracy of at least 0.5 percent, the series in eq. (4-134) may be repre-
sented by the first term:

Ji(h/b) =1

8

 m2cosh(rrh/2b) (4-135)
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For a thin rectangular element (k/b very large), the second term approaches zero,
and f; is approximately equal to unity.

4.9.2 Elastic Energy Relations for Torsion

The strain energy per unit volume for a material with a circular cross section in
shear is

aUs f d G/ dy=tey = & (4-136)
= T = = — = — -
dVol 4 ver =357 =56

We may use eq. (4-132) for the shear stress in the circular shaft.

dU, — Mr?
dVol — 2GJ2

(4-137)

The total strain energy may be found by integrating eq. (4-137) over the volume
of the element:

M?r? M? 5 M?ds
U, = ~dAds = S| [ rPdA ) ds = (4-138)
2GJ 2GJ 2GJ

The quantity s is the distance measured along the axis of the circular cross
section.

There is no “torsional thermal expansion coefficient” for a homogeneous
isotropic material, so the strain energy and the complementary strain energy
in torsion are equal:

M?ds

Us=Ue= | 557

for torsion (4-139)

The linear deflection A at the point of application of an external load P may
be found from eq. (4-9):
A= BUC _ M,ds (8Mt>

= = (4-140)
apP GJ opP

The derivative may be interpreted as the torque per unit applied load (dummy
torque) resulting from the application of a unit load (f = 1) at the point at which
we wish to determine the deflection:

oM,

m; =
oP

(4-141)

If we make the substitution from eq. (4-141) into eq. (4-140), we obtain the
following expression for the torsional contribution to the deflection:

_ M,m,ds

A= 4-142
GJ ( )

In the solution for the deflection, we must include the effects of bending and
extensional forces, in addition to the torsion contributions.
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In a similar manner, we may show that the rotation at a particular point due
to the application of a torque on an element may be found by application of a

unit torque at the point:
M,m; . ds
= ——— (4-143)
GJ

The quantity m,, is the dummy torque at any point resulting from the application
of a unit torque at the point at which we wish to determine the rotation.

4.9.3 Application

Let us consider the pipe bend shown in Figure 4-27. Suppose all three legs of
the pipe bend are subject to the following temperature distribution:

2
AT = (D—y> ATy or, AT =cos¢pAT, (4-144)

m

The quantity D,, is the mean diameter of the pipe, and the pipe has a wall
thickness 7. The angle ¢ is measured from the top of the pipe cross section, as
shown in Figure 4-27.

Because the center run (length L) will bend under the action of the thermal
moment, a torque My, will be imposed on the other two legs of the pipe bend.

Figure 4-27. Pipe bend with out-of-plane thermal loading.
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Thus, there will be an external balancing torque at the support points; however,
there will be no support moments or support forces.

The thermal force N7 is zero, because the temperature distribution is sym-
metrical. The thermal moment may be evaluated as follows:

T
My = aE/ATydA = 2aEAT0/ cos’ ¢ (3Dm) (3 Dmtdp)  (4-145)
0

If we carry out the integration, we obtain the following expression for the
constant thermal moment present in all three portions of the pipe bend:

My = jma EATOD2t (4-146)
If we substitute the expression for the area moment of inertia of a pipe from
eq. (3-189), we obtain an alternate expression for the thermal moment:
20EIAT
My = 222200 (4-147)
Dy,

The actual torques, moments, and forces in the pipe bend may be listed as
follows:

M, 0 0 dx for 0<x<H

M= 0 M={M, F=10 ds=1 dz for 0<z<L

M, 0 0 —dx for H>x>0
(4-148)

If we apply a unit torque m¢ = 1 at the support point in the same direction as
the support torque M;,, we obtain the following dummy torques and moments:

1 0 for 0<x<H
m;, =40 m, =41 for 0<z<L (4-149)
1 0 for 0<x<H

The rotation at the support point is zero, so we may evaluate the rotation from
the unit load expressions:

M, d M+ M d
w= [ +/( = M)y ds (4-150)
GJ El
. 2My, (¥ M+ M7 [F 2MH (M + Mr) L
w:O:—w/ dx—}—g/ d7 = to +( to + Mr7)
GJ )y EI 0 GJ EI
(4-151)
We may solve for the torque at the supports to obtain
Mo= -tk Mo 4-152
‘0__2HEI+L__1+2EIH (4-152)
GJ GJL

For a circular pipe, the polar moment of inertia is equal to twice the area
moment of inertia, J = 2/. For a homogeneous isotropic material, the shear
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modulus is related to Young’s modulus and Poisson’s ratio by eq. (1-18). If
we make these substitutions into eq. (4-152), we obtain

- My _ 20EIATy/D,,
1+20 4+ HL) — 1+2(0+ w(H/L)

The stress in the support legs (length H) is shear stress only. The maximum
shear stress in these elements is determined from eq. (4-132) applied at the

outside diameter, Dy = D,, + t: .
t
—aEATy |1+ —
Mo (Du+1) 2% 0( +Dm)
Tmax = = — (4-154)
2J 14+2(1 4 p) (H/L)

The stress in the center leg (length L) is bending stress only. The stress dis-
tribution in this element may be determined from eq. (3-14):

M, = (4-153)

n (Mo -i-IMT)y

2y

oc=0 —aEATy (D_> (4-155)

m

Using the relation between the support torque and the thermal moment given by
eq. (4-152), we obtain

> Mr Dy, (2y/Dy) [1 _ I ] —aEAT, (2—y> (4-156)
21 1421+ w) (H/L) Dy,

We may simplify this expression by substituting for the thermal moment from
eq. (4-147). The final expression for the bending stress at any point in the central

element is
aEAT, 2y
o =— _— (4-157)
1421+ w) (H/L) \ Dy,

The maximum bending stress occurs at the outermost fiber, y = % (D, +1).

t
EATy (14 —
(1)

1421 +p) (HL)

If the center leg of the pipe bend is very short (L — 0), the thermal stress
is zero, because the torque supplied by the center member is no longer present.
On the other hand, if the legs at the support points are very short (H — 0), the
thermal stress distribution approaches that which would be obtained for a beam
fixed at both ends and subjected to a constant thermal bending moment M7 :

(4-158)

Omax =

t
Omax (H = 0) = —aEAT) (1 + D_> (4-159)
Example 4-11 A pipe loop, as shown in Figure 4-27, has a distance of 6 m
(19.7 ft) between anchors. The pipe is 150 mm nominal (6 in. nominal) Schedule
40 pipe, with an outside diameter of 168.3 mm (6.625in.) and a wall thickness of
7.1mm (0.2801n.). The pipe material is 304 stainless steel, with £ = 193 GPa
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(28.0 x 10° psi), u = 0.305, and o« = 16.0 x 1079 K~! (8.89 x 1076 °F~!). The
shear stress due to thermal effects must be limited to 40 MPa (5800 psi). The pipe
is stress-free at a temperature of 300K (26.8°C or 80°F). The pipe is subjected
to a linear temperature change, with the upper portion of the pipe heated to
405K (131.8°C or 269°F) and the lower portion is cooled to 195K (—78.2°C or
—109°F). Determine the dimension of the leg of the pipe bend attached at the
anchor.
The mean pipe diameter is

D, =Dy—t=1683—-7.1=161.2mm (6.345in.)
Let us determine the value of the dimensionless stress ratio:

2 Timax B (2) (40 x 10°)

r\ 7.1
EAT (1 16 x 10-6) (193 x 10°) (405 — 300) (1 + ——
* 0(+D) (16 107) (193 x 107) ( )<+161.2)

m

= 0.2363
The ratio of the lengths of the bend legs may be found from eq. (4-154):

H 1 1
i —1)=1.238
L (2)(1+0.305) \0.2363
The dimension of the leg of the pipe bend attached at the anchor is as follows.
H = (6.00) (1.238) =7.429m (24.37 ft)

By comparing eqs. (4-154) and (4-158), we note that the magnitude of the
maximum bending stress is twice the maximum shear stress.

4.10 HISTORICAL NOTE

Wooden bridges and roofs were the first constructions to utilize trusses [Timo-
shenko, 1983]. Although the Romans used the arch extensively, they also used
wooden trusses in bridges such as the bridge over the Danube River built under
the orders of Emperor Trajan. European architects had a renewed interest in
wooden truss construction during the 18th century for bridges having a span
length of 30 to 60m (100 to 200 ft).

When railroad construction began in the 19th century, there was a need for
bridges that would support heavier loads and would last longer than was possible
with wooden bridges. Cast iron girders and arches were used in many of the
early railroad bridges. The first all-metal trusses were built in the United States
in 1840 by the engineer S. Whipple. He was also the first person to publish a
book [Whipple, 1847] describing engineering analysis of trusses.

Several investigators used strain—energy relationships in analyzing trusses
and other mechanical systems in the early portion of the 19th century. Carlo
Alberto Castigliano (Figure 4-28) presented his famous theorem, along with some
examples of the application of the strain energy method, in his thesis at the Turin
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Figure 4-28. Carlo Alberto Castigliano.

Polytechnic Institute in 1873. Castigliano applied the strain energy method in the
analysis of statically indeterminate trusses or trusses with redundant members.

The complementary energy method was developed as a generalization of
Castigliano’s theorem by F. Engesser around 1889 [Engesser, 1889]. The dis-
placements in a system must be a linear function of the external loads for
Castigliano’s theorem to be valid. Engesser demonstrated that the complementary
energy method applied for both linear and nonlinear systems.

Around 1864 James Clerk Maxwell developed the unit load method for deter-
mining the deflection of trusses. His presentation of the method, as applied to
analysis of indeterminate trusses, did not include illustrations and was in a some-
what abstract form, so engineers involved in practical design did not use the
method initially. Ten years later, Otto Mohr rediscovered Maxwell’s theorem and
published a paper describing several applications in structural analysis. Because
Mohr developed the unit load method without knowledge of Maxwell’s prior
work, and because the method began to be used by engineers to solve practical
design problems only after Mohr’s publication, the unit load method is usually
called the Maxwell-Mohr method .

PROBLEMS

4-1. The truss shown in Figure 4-29 is constructed of cast iron (Young’s
modulus, 96.5GPa or 14.0 x 10° psi; thermal expansion coefficient,
10.8 x 107 K~! or 6.0 x 107® °F~!). All joints are pin-connected. The
structure is stress-free at a temperature of 20°C (68°F). The dimensions
and temperature of each member are given in the table. Determine (a) the
vertical deflection of the structure at the point of application of the 10-kN
(2248-1b¢) load, and (b) the stress in each member.
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Figure 4-29. Figure for Problem 4-1.

Table for Problem 4-1

Member Area, cm? Length, m Temperature, °C
1 6.50 1.500 20°
2 4.50 2.121 30°
3 4.50 2.121 50°
4 3.00 3.000 60°

4-2. The Warren truss shown in Figure 4-30 is constructed of structural steel
(Young’s modulus, 200 GPa or 29 x 10° psi; thermal expansion coefficient,
12 x 107 K" or 6.67 x 107 °F~!). All joints are pin-connected, and the
length of each member is 5.00m (18.04 ft). A force of 125kN (28,100 Ib¢
or 14.05 tons) is applied at the center of the truss. The structure is stress-
free at a temperature of 25°C (77°F). The dimensions and temperature of
each member are given in the table. One support of the truss is fixed, and
the other support is free to move. Determine: (a) the vertical deflection of
the structure at the point of application of the 125 kN (2248 1b¢) load, and
(b) the stress in each member.

Table for Problem 4-2

Member Area, cm? Temperature, °C
1 15.0 45°
2 8.0 30°
3 15.0 45°
4 15.0 70°
5 15.0 45°
6 8.0 30°
7 15.0 45°
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Figure 4-30. Figure for Problem 4-2.

4-3. The truss shown in Figure 4-31 is constructed of carbon steel (Young’s
modulus, 200GPa or 29 x 10° psi; thermal expansion coefficient, 11 x
107 K~! or 6.1 x 107° °F~1). All joints are pin-connected, and both sup-
port points are fixed. The structure is stress-free at a temperature of 25°C
(77°F). The dimensions and temperature of each member are given in the
table. The applied load at the center of the structure is 300 kN (67,400 Ib¢
or 33.7 tons). Determine (a) the horizontal reaction force at the supports,
and (b) the stress in each member.

Table for Problem 4-3

Member Area, cm? Length, m Temperature, °C
1 35 2.475 25°
2 25 3.500 35°
3 35 2.475 25°
4 50 3.500 50°
5 35 2.475 25°
6 25 3.500 35°
7 35 2.475 25°

Figure 4-31. Figure for Problem 4-3.
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Figure 4-32. Figure for Problem 4-4.

4-4. The pin-connected truss shown in Figure 4-32 is constructed of 6061-T6

4-5.

aluminum (Young’s modulus, 69 GPa or 10 x 10° psi; thermal expansion
coefficient, 23.4 x 107% K~! or 13.0 x 10 “F~!). Both support points
are fixed. The structure is stress-free at a temperature of 25°C (77°F). The
dimensions and temperature of each member are given in the table. The
applied load is 20 kN (4496 1bs or 2.248 tons). Determine the stress in each
member.

Table for Problem 4-4

Member Area, cm? Length, m Temperature, °C
1 6.0 3.000 25°
2 6.0 3.000 35°
3 6.0 3.000 35°
4 12.0 5.196 30°
5 12.0 3.000 50°

In the pin-connected truss shown in Figure 4-33, member 6 is subjected
to a temperature change from 20°C (68°F) to 55°C (131°F), while all
other members remain at 20°C. The truss is constructed of an alloy steel,
with Young’s modulus of 200 GPa (29 x 10° psi) and thermal expansion
coefficient of 12.0 x 107® K=! (6.67 x 10" °F~!). One support for the
truss is fixed, and the other is free. The dimensions of the members are
given in the table. Determine the stress in each member.



190 THERMAL STRESSES IN TRUSSES AND FRAMES

‘— 10m _,‘

@ QOU00
117

k‘— 10m ——|«—— 10m —'I free to
move

laterally
Figure 4-33. Figure for Problem 4-5.
Table for Problem 4-5
Member Area, cm? Length, m
1 20 10
2 20 10
3 25 10
4 15 17.321
5 20 10
6 25 10
7 20 10
8 20 10

4-6. The pin-connected truss shown in Figure 4-34 is constructed of an alloy
steel, with Young’s modulus of 200 GPa (29 x 10° psi) and thermal expan-
sion coefficient of 12.0 x 107° K~! (6.67 x 10~! °F~!). Both supports for
the truss are fixed. Member 4 is heated to 75°C (167°F) while all other
members remain at 25°C (77°F). The dimensions of each member are
given in the table. Determine the stress in each member.

Table for Problem 4-6

Member Area, cm? Length, m
1 1.00 3.00

2 1.75 5.196

3 1.00 6.00

4 2.00 6.00

5 1.00 6.00

6 1.75 5.196

7 1.00 3.00
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Figure 4-34. Figure for Problem 4-6.

4-7. Member 5 in the pin-connected truss shown in Figure 4-35 is heated from
25°C (77°F) to 105°C (221°F) while all other members remain at 25°C.
Both supports for the truss are fixed, and the system is stress-free at 25°C.
The truss material has a Young’s modulus of 200 GPa (29.0 x 10° psi) and
a thermal expansion coefficient of 16 x 1070 K~! (8.89 x 107° °F~1). The
dimensions of each member are given in the table. Determine the stress in
each member.

Table for Problem 4-7

Member Area, cm? Length, m
1 3.00 5.00
2 3.00 5.00
3 3.00 5.00
4 3.00 5.00
5 3.00 7.071

Figure 4-35. Figure for Problem 4-7.
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4-8.

4-9.

THERMAL STRESSES IN TRUSSES AND FRAMES
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Figure 4-36. Figure for Problem 4-8.

The system shown in Figure 4-36 has a rectangular cross section of height
h and width b. The leg having a length W has the following temperature
distribution:

AT =T — Ty = (T — To) @y/h) = ATy 2y/h)

The leg having a length L has a constant temperature distribution, 7T = Ty,
where T is the temperature at which the system is stress-free. Determine
the expression for the horizontal deflection at the point of application of
the mechanical load P. Determine the numerical value of the horizontal
deflection for the following condition. The cross section dimensions are
h =60 mm (2.36 in.) and b = 360 mm (14.17 in.). The dimensions of
the system are W = 2.00 m (6.56 ft) and L = 3 m (9.84 ft). The applied
load is P = 3 kN (674 1b¢), and the temperature change across the cross
section is AT; = 40°C (72°F). The material is C1020 carbon steel.

The pipe ring shown in Figure 4-37 is constructed of a thin-walled tube
having a mean diameter D,, and a wall thickness 7. The ring material is

|1-— B —-y‘

Figure 4-37. Figure for Problem 4-9.
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4-10.

304 stainless steel, with E = 193 GPa (28.0 x 10° psi) and o = 16.0 x
1070 K~! (8.89 x 107% °F~!). The mean bend radius of the ring is R. The
ring is subjected to a temperature distribution as follows:

AT =T — Ty = (T) — To) 2y/Dyy) = AT; 2y/Dy)

Determine the expression for the horizontal deflection of the free end of the
ring. Determine the numerical value for the horizontal deflection of the free
end of the ring and the maximum stress in the ring for the following values
of the dimensions. R = 1.500 m (4.921 ft); D,, = 150 mm (5.906 in.); and
t =5mm (0.197 in.). The temperature change parameter for the ring is
AT, = 25°C (45°F). The applied mechanical load P = 5 kN (1124 Iby)

The frame shown in Figure 4-38 has a vertical length H and a horizontal
length W. The cross section of the frame is rectangular, with dimensions
b (width) and & (thickness). Only the horizontal portion is subjected to a
temperature change given by

AT =T —To = (T — To) 2y/h) = ATy 2y /h)

The vertical legs remain at a temperature T, the initial stress-free temper-
ature. The support points for the frame are pin-connected, i.e., there is no
bending moment at the supports. The material is C1020 steel, with £ =
205 GPa (29.7 x 10° psi) and o = 11.9 x 107" K~ (6.61 x 107° °F~1).
Determine the expressions for the horizontal reaction force and the

[
D
+

]

Figure 4-38. Figure for Problem 4-10.



194

4-11.

4-12.

4-13.

4-14.

4-15.

THERMAL STRESSES IN TRUSSES AND FRAMES

maximum stress in the frame. Determine the numerical values for the hori-
zontal reaction force and the maximum stress in the frame for the following
dimensions: H =3.60m (11.81ft), W =2.40m (7.87 ft), b = 150 mm
(591in.), and &~ = 50 mm (1.97 in.). The temperature change parameter
for the frame is AT} = 50°C (90°F).

A pipe loop, shown in Figure 4-17, is constructed of C1020 steel, with
Young’s modulus, 200 GPa (29.0 x 10° psi), and thermal expansion coef-
ficient, 12.0 x 107 K~! (6.67 x 107 °F~!). The pipe is 80 mm nominal
(31in. nominal) SCH 40 pipe with an OD of 88.9mm (3.500in.) and a
wall thickness of 5.5mm (0.216in.). The distance between the anchors
is 6.00m (19.69 ft) and the width of the loop is W = 3.00m (9.84 ft).
The pipe is subjected to a uniform temperature change of 125°C (225°F).
Neglecting the e