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An excerpt from Chapter 7 of “Under Heaven” by Zhuang-Zi, 350 BC:

“A foot-long stick,
cut in half every day,

the last cutting to eternity.”

An ancient Chinese wisdom on the concept of infinitesimal calculus



Preface

This book is designed to be a textbook for a one-semester course in engineering analysis for both junior
and senior undergraduate classes or entry-level graduate programs. It is also designed for practicing
engineers who are in need of analytical tools to solve technical problems in their line of duties. Unlike
many textbooks adopted for class teaching of engineering analysis, this book introduces fewer additional
mathematical topics beyond the courses on calculus and differential equations, but has heavy engineering
content. Another unique feature of this book is its strong focus on using mathematics as a tool to solve
engineering problems. Theories are presented in the book to show students their connection with
practical issues in problem-solving. Overall, this book should be treated as an engineering, not advanced
engineering mathematics textbook.

Mathematics and physics are two principal pillars of engineering education of all disciplines. Indeed,
courses in mathematics and physics dominate the curricula of lower division engineering education in
both the Freshman and Sophomore years in most engineering programs worldwide. Many engineering
schools offer a course on engineering analysis that follows classes on precalculus, calculus, and differential
equations. Engineering analysis is also offered at the entry level of graduate studies in many universities
in the world.

The widespread acceptance of engineering analysis as a core curriculum by many educators is attributed
to their conviction that students need to synergistically integrate all of the mathematical subjects that they
learned earlier and apply them in solving engineering problems. However, the pedagogy of engineering
analysis and its outcome has rarely been discussed in open forums. Many universities offer a course on
engineering analysis as a terminal mathematics course with additional advanced mathematics subjects.
Consequently, all textbook vendors with whom I have had contact in the last 30 years have consistently
published books on advanced engineering mathematics, as textbooks for my course on engineering
analysis. Upon close inspection, almost all have little direct relevance to the engineering profession.
Additionally, all of these books are close to, or exceed, 1000 printed pages, with overwhelming coverage of
detailed and elegant mathematical treatments to mostly mathematical problems. I have also observed that
in all of the advanced engineering mathematics books such as those cited in the bibliography of this book,
less than 10 percent of the pages have applications to engineering problems. Consequently, a textbook
that is designed to teach students to solve engineering problems using mathematics as a tool is truly
needed in classes on engineering analysis or those with similar objectives.

Many science and engineering educators are of the opinion that most engineering problems in the real
world are of a physical nature. The disconnect in teaching mathematics and physics, as it occurs in lower
division engineering education, has resulted in the inability of students to use mathematics as a tool to
solve such engineering problems. Many students in my engineering analysis classes are skillful in
manipulating mathematics in their assigned problems, including performing integrations and solving
differential equations either using classical solution techniques learned previously, or using modern tools
such as electronic calculators and computers. However, they are not capable of deriving appropriate
equations for solving particular genuine engmeerlng problems. Even more, students cannot apply
1ntegrat10ns to determine simple design engineering properties such as areas, volumes, and centroids of
solids of given geometry. The situation has worsened in recent years with rapid advances in information
technology, which offer students ready access to turnkey software packages such as finite-element and
finite-difference codes. This results in obtaining the solutions of engineering problems, in which insight,
knowledge, and experience are sacrificed for numbers with seven-decimal point accuracy and fancy
graphics. Unfortunately, most of these student users do not know what these numbers and graphs mean
as solutions to the problems. These readily available commercial computer codes have actually further
prevented engineering students from understanding fundamental engineering principles, worsening an
already serious dissociation occurring early in mathematics and physics education.

An encouraging sign in recent years, however, has been the emergence of a consensus among visionary
educators that students should relate their mathematics to the engineering subjects they will encounter in
their upper division classes, and develop them as tools to solve real-world problems. It was with this
conviction that I was motivated to write this book.



The present book intends to develop the analytical capability of students in engineering education. I am
convinced that upper division students are not short of exposure to mathematics; what is lacking is the
opportunity that they get to use what they learned in solving engineering problems. Consequently, no
advanced mathematical subjects need to be added to this book. Rather, I have placed strong emphasis on
how students will learn to apply the mathematics that they learned in previous years to solve engineering
problems. Another aspect of this book is to include sufficient materials to fit the 3 hours per week in a 15-
week timeframe that most engineering schools provide for this course. The topics to be covered were
carefully chosen to ensure proper balance between breadth and depth, with lower division mathematics
and physics courses as prerequisites.

There are 12 chapters in this book. Chapter 1 offers an overview of engineering analysis, in which students
will learn the need for a linkage between physics and mathematics in solving engineering problems.
Chapter 2 provides students with basic concepts of mathematical modeling of physical problems.
Mathematical modeling often requires setting up functions and variables that represent physical
quantities in practical situations. It may involve all forms of mathematical expressions ranging from
algebraic equations to integrations and differential equations. Students are expected to apply their skills
to determine physical quantities such as areas, volumes, centroids of plane subjects, moments of inertia,
and so on as required in many engineering analyses. Special functions and curve-fitting techniques that
can model specific engineering effects and phenomena are also presented. Chapter 3 refreshes the topics
on vectors and vector calculus, which are viable tools in dealing with complicated engineering problems of
different disciplines. Application of vector calculus, in particular, to rigid body dynamics is illustrated.
Chapter 4 relates to the application of linear algebra and matrices in the formulation of modern-day
analytical tools, and the solution techniques for very large numbers of simultaneous equations such as in
the finite-element analysis. Chapter 5 deals with Fourier series, which are used to represent many periodic
phenomena in engineering practices. Chapter 6 relates to Laplace transformation for functions that
represent physical phenomena covering half of the infinite space or time domain, such as in the case of
indeterminate beams subjected to distributed loads in various sections of the spans, or with discrete
concentrated forces. Chapters 7 and 8 deal with the derivation, not just solution techniques, of first- and
second-order ordinary differential equations with applications in fluid dynamics and heat transfer by
conduction and convection in solids interfaced with fluids with applications in heating, cooling, and
refrigeration of small solids. Chapter 8 presents the principles and mathematical modeling of free and
forced vibrations, as well as resonant and near-resonant vibrations of solids with elastic restraints.
Chapter g deals with the solutions of partial differential equations, in which equations for heat conduction
and mechanical vibrations in solid structures are introduced. This chapter also offers solution methods
such as the separation of variables technique and integral transform methods involving Laplace and
Fourier transforms with numerical illustrations. Chapter 10 offers numerical solution methods for solving
nonlinear and transcendental equations and differential equations and integrals, with examples that will
facilitate learning of these techniques. Special descriptions of the overviews of popular Mathematica and
MatLAB software are included in this chapter with a special article on the use of MatLAB in one of the
appendices of the book. Chapter 11 introduces the principle and mathematical formulation of the finite-
element method, which intends to make readers intelligent users of this versatile and powerful numerical
technique for obtaining the solutions to many engineering and scientific problems with complicated
geometry, loading, and boundary conditions. The book ends with a special chapter on statistics for
engineering analysis as Chapter 12, in which the readers will learn the common terminologies in the
science of statistics with physical meanings. This chapter will usher the readers to the common practice of
statistical process control (SPC) currently adopted by industries involved in mass production. This
chapter also includes probabilistic design methods for structures and mechanical systems that would not
be otherwise handled using traditional deterministic techniques.

I have taught engineering analysis to senior undergraduate and entry-level graduate students in two
major universities in the U.S. and Canada for over 30 years. I have found that most students are not
accustomed to the application of mathematics to solving descriptive engineering problems that often
require the derivation of equations and mathematical formulae for solutions. I attribute this to a major
psychological barrier that many engineering students need to overcome before they can be effective
analysts. Consequently, I have included many examples and problems that are descriptive in nature in
this book. These problems are drawn from several engineering disciplines and many of them require
numerical solutions that relate to theoretical concepts. Most of these problems can be solved using pocket



electronic calculators.

It is by no means a trivial job to develop a book of this breadth and depth single-handedly. I wish to thank
a number of students who helped me in shaping its content. In particular, my appreciation goes to a
former student, Vaibhav Tank, for his contribution of the application of MatLLAB software in problem-
solving. Such dedicated students made an effort to develop this book into a memorable pleasure for me,
and gave me a feeling of accomplishment in engineering education.

Tai-Ran Hsu
San Jose, California



Suggestions to instructors

This book is written to be a textbook for upper division undergraduate and entry-level graduate classes. It
is also intended to be a reference book for practicing engineers to refresh their experience and skills in
using mathematics for their engineering analyses, or to upgrade their understanding of contemporary
analytical tools using digital technology in numerical methods as well as the use of commercial software
packages such as MatLAB and the finite-element method for advanced engineering analyses.

The content of this book is designed for 3 hours per week in a 15-week long semester at both
undergraduate and graduate levels. With significant omission of materials, the book can also be used for
classes with well-prepared students for 10-week long quarters.

This textbook would be more effective for students with the following academic experience and
backgrounds:

1. Undergraduate students in good upper division academic standing with sound knowledge and
experience in college mathematics that includes calculus, differential equations, fundamental physics,
and concurrent learning of engineering subjects in solid and fluid mechanics and heat transfer.

2, Students with working experience in computer software packages such as Microsoft Office, in
particular the MS Excel, and other software packages such as Mathematica and MatLAB over those
who do not have such experience.

Teaching a course on engineering analysis with sufficient breadth and depth such as that presented in this
textbook in the aforementioned time frames could be a challenge for instructors. This situation may be
further compounded by the likelihood of having students who completed their prerequisite mathematics
in lower division coursework which often focuses on drilling rather than applications. The following
Schedules A and B offer suggested topics from the book that the instructor may cover in either one
semester or one quarter. The instructor would use his or her discretion to assign the unlisted sections in
the following tables either as omissions or as assigned reading materials to the students.

Schedule A: For 15-week, 3 hours/week-long semesters

Week no. Undergraduate classes Graduate classes

1 Sections 1.3, 1.4, 2.2.3, 2.2.4, 2.3, 2.5 Sections 1.3, 1.4, 2.2.3, 2.2.4, 2.3, 2.4

2 Sections 3.4, 3.5, 3.6, Sections 3.5, 3.6, 3.7, 4.3, 4.4

3 Sections 4.2.2, 4.3—4.7 Sections 4.5—4.8

4 Sections 5.2—5.5 Sections 5.2-5.5, 6.2, 6.4, 6.5

5 Sections 6.2—6.4 Sections 6.6, 6.7, 7.2

6 Sections 6.5, 6.6, 7.2, 7.3 Sections 7.3—7.5

7 Sections 7.4, 7.5 Sections 8.2, 8.3. Assigned reading 8.4—8.6
8 Sections 8.2—-8.4 Sections 8.7-8.9

9 Sections 8.5—-8.6 Sections assigned reading 9.2., 9.3, 9.4

10 Sections 8.7, 8.8, 8.9 Sections 9.5.2, 9.6

11 Sections 9.1, 9.3.1, 9.4 Sections assigned 9.7, 9.8

12 Sections 9.5.1, 9.6.1, 9.7 Sections assigned reading 10.2., 10.3-10.6
13 Sections 10.2—-10.4 Sections 11.3-11.6

14 Sections 10.5, 10.6, 11.2—-11.4 Sections assigned reading 11.7, 11.8. 12.4—12.7
15 Sections 11.6—11.8, 12.1—12.6, 12.8—-12.10 Sections 12.8—-12.10

Schedule B: For 10-week, 3 hours/week-long quarters

Week no. Undergraduate classes Graduate classes



1 Sections 1.3, 1.4, 2.3, 2.5, 3.3 Sections 1.3, 1.4, 2.3—2.5, 3.4

2 Sections 3.4—3.6 Sections 3.5—3.7

3 Sections 4.3, 4.4, 4.5, 4.6 Sections 4.5—4.8

4 Sections 4.8, 5.3—5.5 Sections 5.2—5.5, 6.2—6.4, 6.6, 6.7
5 Sections 6.2-6.7 Sections 7.3, 7.4, 7.5

6 Sections 7.3-7.5 Sections 8.4-8.9

7 Sections 8.2, 8.4, 8.5 Sections 9.3, 9.4—9.6

8 Sections 8.6—8. Sections 10.3, 10.4, 10.5, 10.6

9 Sections 9.1, 9.4—9.6, 9.8, 10.3, 10.4, 10.5.2 Sections 11.2-11.8

10 Sections 10.6.2, 11.3, 11.8, 12.4, 12.5, 12.6, 12.8—12.10 Sections 12.4—12.10

Instructors may, of course, use their discretion in selecting the topics other than those suggested in the
above tables to suit their own preferences and schedules.

The author would like to recommend using a black or white board in addition to slide projections for
examples that are offered by the textbook. From his own experience, the author found it challenging to
have students who develop a mindset to learn to use their skills in math drilling to the applications in
solving a wide range of problems in a single 15-week semester. In pursuit of this goal, much effort needs to
be made in extra tutoring and advising students outside the classroom to help them acquire this new
experience.

Further, a few additional suggestions for the successful teaching of this class include: offering quizzes and
examinations in open book format, for which students may bring any reference materials they wish
instead of memorizing all formulae and equations required for solving the problems; students are also
encouraged to form “study groups” on their own initiative, and above all, bringing “models” for classroom
demonstrations, such as wine bottles for determining their volume content, tightening a bolt to a fixture
to demonstrate the principle of “cross product of vectors,” etc. These simple classroom demonstrations
would not only help students in understanding the subject matter, but also reinforce students'
appreciation of the value of applied engineering analysis by using mathematics as a tool for solving real-
world problems.

A final remark on stimulating student's interest in learning engineering analysis is to encourage and
reward them for using the available online solution methods in mathematical operations in their
homework assignments and quizzes and exams at all times.
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Chapter 1
Overview of Engineering Analysis



Chapter Learning Objectives

¢ Learn the concept and principles of engineering analysis, and the vital roles that engineering
analysis plays in professional engineering practices.

¢ Learn the need for the application of engineering analysis in three principal functions of
professional engineering practice: creation, problem solving, and decision making.

e Learn that engineers are expected to solve problems that relate to protection of properties and
public safety and also to make decisions.

o Appreciate the roles that mathematics plays in engineering analysis, and acquire the ability to use
mathematical modeling in problem solving and decision making in dealing with real physical
situations.



1.1 Introduction

Engineering analysis involves the application of scientific principles and approaches that often use
mathematical modeling as a tool to reveal the physical state of an engineering system, a machine or
device, or structure under study. Applications of engineering analysis also include electrical circuit design,
derivation of algorithms for computer programming, and so on. It is an integral part of the professional
practice of all engineering disciplines.

Engineering analysis provides engineers with viable tools in their professional practice, which in general
involves creating new products or engineering systems; solving technical problems that either are
required to sustain current operation and maintenance of engineering processes or relate to developing
new products or engineering systems; and making logical decisions in dealing with complex professional
activities, such those involved in design processes and concerning proper actions required to deal with
many critical problems that often involve serious consequences to public welfare and safety.

Engineers who apply engineering analysis to these professional activities must realize that mathematical
modeling is widely used as a “working tool” for their analyses, and the problems that they are required to
deal with are fundamentally of a physical nature. Consequently, engineering analysis does not involve
simply finding suitable mathematical formulas or equations with mathematical solutions for the
problems. Engineers must have thorough understanding of the physical nature of the problem and be able
to identify the appropriate mathematical modeling as a tool in finding the solutions. It also requires
engineers to recognize that mathematics serves as the “servant” to its “master”—the corresponding
physics.

This book will primarily focus on application of engineering analysis to problems primarily relating to
mechanical engineering. However, the principles of mathematical modeling derived for these applications
may also be applicable to other engineering disciplines.



1.2 Engineering Analysis and Engineering Practices

Practicing engineers are often expected to undertake the following functions in their professional
practices.

1.2.1 Creation

There is a common understanding that engineers originate many devices and engineering systems that
benefit humankind and as such are principal contributors to those aspects of our contemporary
civilization that improve the quality of lives and living standards for all. This belief in the creativity of
engineers is exemplified and supported by this quotation from Albert Einstein, underlining that
“creativity” is indeed a part of engineers' professional practice

Scientists investigate that which already is. Engineers create that which has never been.

Table 1.1 lists the 20 greatest achievements by engineers in the last century as selected by the American
Academy of Engineering. One will readily observe that all these achievements have substantially enhanced
people's quality of life. Engineering analysis offers the necessary means for engineers to develop and
produce all the products and systems listed in Table 1.1.

Table 1.1 Greatest engineering achievements of the 20th century

¢ Electrification e Highways
e Automobile e Spacecraft
e Airplane e Internet

e Water supply and distribution e Imaging

e Electronics ¢ Household appliances

¢ Radio and television ¢ Health technologies

e Agricultural mechanization e Petroleum and petrochemical technologies
e Computers e Laser and fiber optics

e Telephone e Nuclear technologies

e Air conditioning and refrigeration e High-performance materials

American Academy of Engineering (http://www.greatachievements.org/)
1.2.2 Problem Solving

Engineers are constantly required to solve technical problems that can vary in many different ways. Some
of the problem areas that engineers often encounter include ambiguity in the design of new products or
engineering systems, improper ways of manufacturing and production of products, inferior quality of
products, run-away cost control in design and/or production, resolution of customers' complains and
grievances, and addressing public grievances and mistrust. Many of these problems require immediate
solutions, whereas others may require and be afforded more time to resolve. Some problems that
engineers contribute toward solving may have major impacts on the wellbeing and safety of the general
public: a real-life case is the devastating rupture of a small section of natural gas pipelines in San Bruno,


http://thinkexist.com/quotation/scientists-investigate-that-which-already-is/761229.html
http://www.greatachievements.org

California in the autumn of 2010. This accident destroyed 20 family houses in the neighborhood and
caused the loss of 10 human lives. The owner and operator of the gas pipelines, Pacific Gas and Electricity,
has since been involved in major litigation by the victims. Large numbers of engineers have spent
countless hours of time in the search to identify the causes of the rupture of the pipeline, and from these
are expected to devise solutions to avoid recurrences.

Problems such as this relating to rupture of pressurized pipelines can be investigated by engineering
analysis using scientifically sound mathematical modeling based on fracture mechanics analysis, such as
proposed by (Hsu and Bertel, 1976; Hsu et al., 1988).

1.2.3 Decision Making

Engineering is a profession, not just an occupation. The welfare of others depends greatly on the expertise
and judgment exercised by engineers as reflected in the quality of what they design and manufacture.
Decisions made by engineers represent a public responsibility (Pearsall and Hadley Cocks, 1996).
Engineers are often required to investigate serious issues of various natures and degrees of complexity;
many of the decisions that engineers make in resolving these issues are based on the use of proper
engineering analysis. Incorrect or inadequate analyses by engineers may result in loss of productivity,
compromise of the value of products or systems, and—most seriously—have grave consequences in terms
of loss of both property and human lives. Engineering analyses used in decision-making processes may
sometimes involve simple scientific principles and simple mathematical manipulations, but the analysis of
many problems requires sophisticated advanced analytical tools and modern computational power.

The following represent some common classes of problems that require decision-making in mechanical
engineering practice.

1. Decisions relating to design of new products or systems: Decisions are required in
configuring new products or engineering systems and selecting design methodology. Decision on the
latter activity may involve selecting the empirical formulas established by a company or those available
in published design handbooks (Avallone et al., 2006; Kreith, 1998; Bishop, 2002; Gad-el-Hak, 2002;
Whitaker, 1996; Gibilisco, 1997). On other occasions engineers may decide to derive their own
methodology for the design analysis. Important decisions are also required in selecting materials for
the product or engineering systems at this stage of the design process.

2. Decisions on manufacturing and production of new products and engineering
systems: Once the design of new products or engineering systems is completed, engineers need to
make the further major decisions relating to the manufacturing and production of the products or
engineering systems.

Decisions on optimal ways of fabricating the parts and components of the target products or engineering
systems may include the choice of suitable and cost-effective machine tools, fabrication processes, and
assembly and packaging of components into the finished product or engineering system. Often, many of
these parts can be purchased from suppliers, in which case the engineers need to decide what parts to use
and select the suppliers.

Engineers are frequently also required to make decisions of a nontechnical nature. Such decisions may
include quality control and assurance of the products or engineering systems, as well as their maintenance
requirements. At times engineers must decide how to deal with unexpected demand for change orders
coming from the customers, as well as due to unexpected causes relating to the production.

On relatively rare but critical occasions, engineers are expected to be involved in making decisions in
“real-time” technical risk assessment to their superiors or clients. These may often involve potentially
grave consequences in terms of serious financial and public safety implications. Two hypothetical cases
are presented here to illustrate the critical decision making processes that may be encountered by
engineers.



Case 1 Decision on what action to take when a small crack appears on
a pipeline

We use the Trans-Alaska Pipeline as an example. Part of this mighty engineering undertaking is
shown in Figure 1.1.

Figure 1.1 The Trans-Alaska Pipeline.
(Courtesy of Alyeska Pipeline Service Company, Anchorage, Alaska, USA)

This vital long pipeline transports crude oil from Prudhoe Bay at the north shore of the state of
Alaska to the port of Valdez in the south shore of the state (https://en.wikipedia.org/wiki/Trans-
Alaska_Pipeline_System). The 800 mile-long (287 km-long) pipeline was built between 1974 and
1977. A large portion of the pipeline was built over hundreds of miles of uninhabited fragile
permafrost land. The pipeline is supported by specially designed supports that have foundations
rooted deep in the ground below the permafrost layer, and that elevate the entire pipeline to allow
free passage for wildlife over this vast uninhabited land. It costs millions of dollars to build but it
also earns millions of dollars revenue daily for the owner with a daily crude oil transportation
capacity of 2136 million barrels. The oil inside the pipeline is subjected to high pressure maintained
by 11 pumping stations along the way.

One scenario is “what would the field engineer do if he or she detects a fine crack on the surface of
the pipeline, either by visual inspection or by online instrumentations?” A sensible action would be
for the engineer to report this discovery to his or her superior without delay. Upon the receipt of the
report of the finding of the field engineer, the management (or the owner) of the pipeline has the two
options: (1) Do nothing and continue the routine operations as usual, but run a risk of possible major
pipeline rupture after the “small” crack grows beyond a “critical length” under the internal pressure
of the pipeline. (2) Order an immediate shut-down of the pipeline operations and invoke a thorough
investigation to find the cause or causes of the small crack and assess the possibility of its stability
against further growth under the normal operating conditions of the pipeline.

Either of these actions may have serious consequences: Option (1) could lead to a devastating
rupture of the pipeline by miles should the crack grow to a critical length over the time of continuous
operations. This would not only require costly replacement of the ruptured pipeline section but
would also jeopardize the public safety with possible losses of human life and wild animals' lives.
Option (2) in contrast appears prudent as far as safe operations are concerned. However, such action
requires the shut-down of the pipeline operations and that would result in substantial loss of income
revenue to the company.


https://en.wikipedia.org/wiki/Trans-Alaska_Pipeline_System

Case 2 Decision on proper actions to be taken when cracks appear on
the surface of an aircraft

This scenario is similar to that in Case 1 but involves even more grave consequences and the need for
a “real-time” decision.

It is common practice for commercial airline pilots or technicians to conduct visual inspections of
their aircraft prior to scheduled flights. Figure 1.2 shows a commercial airplane docked at a gate in a
civilian airport, ready for flight.

Figure 1.2 A commercial airplane ready for a scheduled flight.

(Courtesy of San Francisco International Airport.)

The purpose of walk-through visual inspections by field inspectors is to ensure that the airplane is
sound in structure and is ready for a safe flight. However, the inspection may reveal the appearance
of a small crack in some part of the aircraft—the wings, stabilizer and rudder, engines, or fuselage.
Such finding pose the crucial question “what should the flight manager do after the field inspector
has reported such finding to him or her?”

As in Case 1, the manager may choose one of two options: (1) Ignore the report by the field inspector
and allow the aircraft to take off as scheduled, but run the risk of a mid-air failure if the “small crack”
found by the field inspector grows to a “critical length” and propagates through the aircraft structure,
resulting in the airplane coming down. (2) Abort the scheduled flight and tow the evacuated aircraft
to a hangar for detailed investigation of the cause or causes of the crack and assess its stability under
conceivable in-flight conditions and situations. The latter decision is prudent but would lead to a
substantial loss of revenue to the airline in addition to unavoidable complaints by the ticketed
customers about the disruption in their travel plans.

In either of the above hypothetical cases, the persons who make the ultimate decisions on the
optional actions rely heavily on the “risk assessments” by their engineers and technical staff, from
which they would recommend the optimal decisions on the follow-up actions. Real-time risk
assessments submitted by engineers to their superiors obviously cannot—and should not—be
reached arbitrarily. What engineers need in such decision-making process are the “appropriate
tools” that are available to them in such process. Whatever tool they use should be derived from
logical “scientific principles” and employ sound engineering analysis.



1.3 “Toolbox” for Engineering Analysis

The “tools” that are available in engineers' tool box for their creation of new products or engineering
systems, problems solving and making critical decisions are the mathematics derived from the laws
of physics. For instance, the tools that engineers could use in making real-time risk assessments and from
there making reasoned judgments on whether the surface cracks appearing in the pipeline or airplane in
the two scenarios in presented are “stable” (i.e., safe) or “unstable” (i.e., leading to structural failure) may
be found among the theories and principles of fracture mechanics, such as described in the literature
(Landes et al., 1979; Kim and Hsu, 1982; Hsu, 1986; Luxmoore et al., 1987).

While using mathematics as the principal tool for engineering analysis, engineers have to recognize this
tool as a “means” for obtaining the solutions of the many problems that they have to deal with. These
problems are actually the “ends” in the process. It is fundamentally important to realize that the “means”
should be made to serve the “ends”—not the other way round. In the real world, engineers have problems
on hand first and then seek appropriate mathematical tools to solve the problems. Often the search for the
appropriate mathematical tools in engineering analysis is nonmathematical, as is illustrated in the
following typical statements of the problems

“A coat hanger that hangs garments of a specified range of weights and sizes.”
“A diving board that can spring a person weighing up to 100 kilograms to a height of 20 centimeters.”

“An underwater electric light fixture that is safe to swimmers against electrocution and has a long
working life of 2000 hours.”

“A washing machine that will function for 20 000 cycles.”
“A wine bottle to contain a volume of 750 milliliters of wine.”

“The rate of growth of a surface crack is 0.1 mm per hour on a pressurized pipe with given geometry
and loading.”

There are innumerable physical statements of problems involving complex engineering systems, such as
in the design and production of special-purpose bicycles, computer disk drives for mass data storage,
engines for automobiles and airplanes, and so on. Some of these physical statements are expressed in the
specifications describing the product, but many others will be long documents that may fill several freight
craters, as in the case of airplanes.

We thus see that engineering problems are of “physical” nature not mathematical. Accordingly, solutions
to engineering problems also need to be physical rather than mathematical. Unfortunately, there is rarely
a direct link between the physical engineering problem and the answer that is also of physical nature. In
fact, solutions to most engineering problems can be obtained only by engineering analysis that involves
mathematical manipulation, as illustrated in Figure 1.3.
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Figure 1.3 Role of engineering analysis in the solution of engineering problems.

Figure 1.3 illustrates how most engineering problems are solved by engineering analysis, which
involves first translation of the physical conditions of the engineering problem into mathematical form, as
indicated in the dashed box “Mathematical interpretation”. Only then can a mathematical analysis be
performed, leading to a logical solution. However, the results of all mathematical or analytical analyses
are in the form of numbers, charts, or graphs, which cannot be directly related to the sought solutions to
the physical problem. Consequently, one needs to translate whatever mathematical solutions are obtained
from the mathematical analysis into the physical sense, as indicated by the dotted box “Physical
interpretation of results.” These general steps in the engineering analysis, although apparently complex,
are necessary in solving most engineering problems that are of physical nature.

The flow chart in Figure 1.4 illustrates the major steps involved in a typical engineering design process.
Depending on the complexity of the case, some of these steps in this flow chart may be skipped, but the
design of most engineering systems involves all of these steps in the design process.
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Figure 1.4 General engineering design procedures.

The three principal components in a design process include “design synthesis,” “design analysis,” and
“design optimization” (Hsu and Sinha, 1992).

“Design synthesis” involves “brainstorming” to search for all possible solutions that might satisfy the
design objectives. Determination of design parameters may include considering plausible configurations,
materials, design, fabrication and assembly methods, design verifications (testing, etc.), and so on, along
with the pros and cons of each of the listed options. The engineer(s) will then conduct an elimination
process on each of the listed options based on the relative merits of each listed option and thereby reach
an optimal, but not necessarily the best, decision on the required design parameters.

Design synthesis is usually followed by “design analysis,” in which all the design parameters established



from the synthesis procedure are considered using whatever methodology has been chosen for reaching
quantitative decisions. The methodology, or the “tools,” involved in the design analysis often involves
mathematical formulations; these can be as simple as empirical or algebraic equations to complex
sophisticated numerical analyses such as the finite element method (FEM) described in Chapter 11, or the
finite difference method (FDM) using digital computer methods as presented in Chapter 10. The
remaining procedures included in Figure 1.4 relate to the logical sequences from which optimal design of
a product or engineering system is reached by meeting all required conditions and set criteria.

One will readily observe that engineering design is an “open-ended” problem that requires design
engineers to make a number of assumptions and hypotheses about many items of information and
conditions that are normally available in the case of class assignments in the school but are missing,
though required, in reality. Solution to these problems involves “iterative” procedure as illustrated in
Figure 1.4. The solution that design engineers obtain are “optimal” but not necessarily the “best” solution
that many might expect.

Another aspect of engineering design analysis is that “design is a process of creating something from
nothing.” In this, the design engineer needs to assign values of missing information relating to the
geometry and dimensions of essential components on the basis of his or her professional intuition and
experience. The validity and suitability of these assumed values are to be confirmed at the end of the
design process, as shown in the flowchart in Figure 1.4.



1.4 The Four Stages in Engineering Analysis

Engineers create new products or engineering systems through design processes that involve engineering
analysis as described. “Design analysis” as presented in Figure 1.4 is an important part of an engineering
design process. While the complexity of the problems and thus the “tools” used in engineering analysis
may vary from case to case, these tools play major roles in all types of design processes.

In general, engineering analysis involves the following four stages.



Stage 1 Identification of the physical problem

The engineer must first have a clear understanding of the problem for analysis, whether it is an
original design problem or an existing problem that requires a solution or decision. For many design
problems, this stage of work relates to understanding of the specification of the product or
engineering system.

The items listed below are some pertinent items of information that are normally required in the
design of a product or an engineering system. This information is normally supplied by the
customer, or come from other sources. Essential information required in this stage of analysis may
include, but is not limited to the following:

1. The design objective such as the intended application(s).

2. Options and/or restraints in configurations in geometry and size of the product or system to be
designed.

3. Selection of materials for all components.
4. Expected loading conditions, including normal and overloading situations.

5. Other conditions and constraints, on space, environment, cost, government regulations, etc.



Stage 2 Idealization of actual physical situations for mathematical
analysis

After being made fully aware of the specific conditions and requirements for the intended product or
engineering system, the engineer will search for the analytical tools that is required to do the work.
There are times when the engineer will realize that many of the stipulated requirements and
constraints cannot be met with the available analytical “tools” that he or she is aware of or has the
necessary access to. The engineer would thus be compelled to create idealizations of many of the
physical aspects of the problem through assumptions about the conditions that were stipulated in
Stage 1 of the analysis so that he or she can handle the analyses using the available analytical tools.
Idealization may be required in the following specific areas:

1. The geometry. Most engineering analytical tools, such as mathematical formulations and
solutions offered in much published literature and many handbooks (such as referenced in
Sections 1.2 and 1.3) are available for typical solid geometries of beams, rectangular or circular
plates, cylinders, etc., whereas the geometry of machine components in reality may not fit any of
these typical geometries. Idealization of the geometry of the products in real-world design
analysis is thus necessary to allow use of the available analytical tools.

2. Loading conditions. Again, most existing engineering solutions available in textbooks or
handbooks are applicable only for simple loading conditions. For example, classical solutions of
beam analysis are available for beams subject to concentrated forces or uniformly distributed
forces. Cases with beams subject to other types of loading require special derivation of equations
and their solution. Engineers are expected to idealize the expected loadings to the components in
the current design analysis so as to enable use of the available analytical tools.

3. Boundary or support conditions. Many end fixtures of machine components are neither
completely fixed nor freed to rotate. For example, for a beam “bolted” to end supports, this joint,
in reality is neither a “hinged” support that allows the beam complete freedom to rotate nor is it
rigidly fixed, the cases offered by almost all textbooks and handbooks. In such cases, engineers
need to “idealize” the boundary or end conditions in their analysis by using simply supported
conditions with “frictionless hinge and rollers,” or rigidly held ends with no rotations, as in the
cases of beams subjected to bending. Approximate bolted end supports are usually handled as
idealized situations between the two extreme cases of simply supported and rigidly held end
conditions.

One must realize that idealization of the physical requirements of the problems via a number of
assumptions, although necessary for the analysis, will compromise the accuracy and credibility of the
analytical solutions and prevent them from being entirely realistic. This shortcoming is usually
compensated by “design margins” set by the design engineers, as will be illustrated by examples in

Section 1.5.



Stage 3 Mathematical modeling and analysis

At this stage of analysis, the engineer is ready to apply whatever available analytical tools he or she
has acquired either from what he or she previously learned from his or her schools or from available
engineering handbooks such as that of Avallone et al. (2006) to solve the problem. Major tasks at
this stage of analysis may involve the following:

1. Developing a suitable mathematical model based on the idealized physical characteristics of
the problem.

2. Deriving applicable mathematical expressions; these may be in simple algebraic form or may
be published or self-derived differential equations, or empirical formulas developed by the
engineers themselves, or empirical equations developed by their employer in handling similar
problems in the past.

3. Establishing a mathematical representation of loading and boundary conditions.

4. Solving the equations for numerical solutions with idealized loading and boundary conditions.



Stage 4 Interpretation of results

This is a critical stage of any engineering analysis. Whatever analytical method the engineer uses in
the analysis, the results are most likely to be in the forms of raw numbers or in graphs or charts. A
major effort at this stage of the analysis is to invest these forms of solution with a physical sense
required for the solution to the physical problem.

Some of these four stages in engineering analysis may well take longer time and more effort to
accomplish than others. Some analytical cases may involve only the use of formulas available in
textbooks or handbooks; others may require tedious derivation of equations and computations using
powerful digital computers running appropriate numerical analysis software. There are still cases
that are too complicated to be handled by closed-form solutions from the required analysis. In these
cases, qualitative solutions based on designers' own experience and interpretation may, necessarily,
prevail.

Figure 1.5 shows how the four stage of engineering analysis fit into general design process illustrated
in Figure 1.4.
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1.5 Examples of the Application of Engineering Analysis in Design

Two examples will illustrate the application of engineering analysis in the four stages described in Section
1.4. The first example relates to the simple design analysis of a low-cost but common consumer product—
a coat hanger; the other relates to the design of a bridge structure with aspects that have implications for
public safety.



Example 1.1 Design a simple coat hanger involving the four stages in
engineering analysis

Stage 1. The problem

The objective of this analysis is to assess whether a coat hanger designed for a customer is strong
enough to hang an overcoat weighing up to 6 pounds (Ibg). The geometry and dimensions of this

hanger are illustrated in Figure 1.6.
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Figure 1.6 Coat hanger with specified geometry and dimensions.
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The customer requires the hanger be made of plastic for low cost and light weight with an allowable
tensile strength of 500 psi from a materials handbook. Other requirements include the length of the
hanger to be limited to 17 inches as shown in Figure 1.6, and the cost of producing each hanger from
a batch of 30 000 units be kept to less than 50 cents.

Stage 2. Idealization of actual physical situations for subsequent mathematical
modeling and analysis

The engineer recognizes that the principal loading on the coat hanger in Figure 1.6 would cause the
two inclined support plastic rod members to bend, leading to a decision to use the mathematical
formulas for “beam bending” in the analysis. Solutions for the strength of the beam bending under
different loading and end conditions are available in many textbooks or handbooks (such as Avallone
et al., 2006 or Kreith 1998). However, the geometry of the hanger as shown in Figure 1.6, with
rounded corners and a hook, is too complicated to match any structural geometries that are available
in any textbook or reference book. Consequently, the engineer has to make the necessary
idealizations of the geometry and loading conditions on the load-bearing members of the hanger in
the analysis so as to be able to make use of the available mathematical formulas and their solutions
available in reference works.

1. On the geometry:

From Eiyi to /\

2. On loading conditions:

P — uniformly distributed load
of the coat = 0.3243 Ibfin

3. On boundary (end) conditions:

3. Mathematical modeling and analysis

The problem required to be answered in the present case is “will the coat hanger depicted in Figure



1.6 withstand the specified maximum weight of a coat up to 6 1bs?” This is a physical problem that
requires a physical statement in the answer.

The answer to this question may be obtained by following the principles of structure design by
keeping the maximum stress induced in the coat hanger by the expected maximum load (the weight
of a coat up to 6 Ibg) below the allowable limit. In the present case, keeping the maximum tensile

strength of the hanger material below the specified value of 500 psi.
With the idealization made in Stage 2, the maximum stress in the coat hanger can be computed from

the formulas of “simple beam theory” available from handbooks (Avallone et al., 2006; Kreith, 1998)
as follows.

First using the actual loading on the load-bearing member as and subsequently converting to an case
available in the handbook consulted, as illustrated in Figure 1.7.

| Case of coat hanger |
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Figure 1.7 Loading on the idealized coat hanger member.
The maximum normal bending stress induced by the distributed load in Figure 1.7 can be obtained
with the following formula:

i Mm-_mc 11

Opmax = Ji

In Equation 1.1, M}, is the maximum bending moment in the beam, c is the radius of the beam of
circular cross-section, and I is the section moment of inertia of the beam.

We may compute the following:

The section moment of inertia of the frame rod:

4
Fe= % =1.9165% 107 in*

The maximum bending moment:

pEr  0.298 x (9.25)
max . 8 = #
The radius of the frame rod: ¢ = 0.125 inch.

= 3.1872 lb-in

The maximum bending stress is computed to be



31872 x0.125
e 19165x 107

It occurs at both ends of the inclined rod members in Figure 1.6, and it is a tensile stress at the
top face of the rod members.

= 2078.8 psi

Stage 4: Interpretation of results

As described in Section 1.4, the results obtained from Stage 3 of the analysis are usually in the form
of raw numbers or graphics. In the current analysis, we have computed the maximum normal
bending stress 0, max to be 2078.8 psi that occurs at both ends of the rod members of the hanger.

This “number” needs to be interpreted to the physical statement about “will the coat hanger
withstand the specified maximum weight of a coat up to 6 1b¢?”, which is the ultimate answer

required from the current design analysis.

We know from the specification of this example that the allowable tensile strength of the material is
0,11 = 500 psi as specified in Stage 1 of the analysis. Physically, it means that the coat hanger material

cannot sustain any tensile stress larger than the specified 500 psi in any part of this product. The
maximum normal bending stress (which turns out to be in tension, at the top surface of the inclined
rod members) at 2078.8 psi is much greater than the allowed limit of 500 psi, which means that the
hanger will not have the strength to withstand the weight of a coat at 6 lby.

The conclusion reached at the end of this analysis means that the specified design of the coat hanger
with its geometry and dimensions indicated in Figure 1.6 will not be strong enough to carry the
intended weight of the coat. The customer must be informed of this finding and advised either to
adjust the dimensions of the hanger, for example, by increasing the diameter of the members of the
coat hanger or to implement some other change such as replacing the plastic material for the hanger
with a stronger material such aluminum or steel. These adjustments will increase the cost of
production. Alternatively, the customer will need to reduce the maximum weight of the garment to
be supported. In that case, the engineer will use a similar analytical approach to determine the limit
on the weight of the garment for the new design of the coat hanger.



Example 1.2 Design analysis on a bridge cross a narrow creek

This example demonstrates the use of the four stages in engineering analysis on the design of a
bridge structure such as that illustrated in Figure 1.8. The bridge is designed and constructed to
handle limited local traffic over a narrow creek. The span of the bridge is 20 feet, and the maximum
load designed for the bridge is 10 tons (or 20 000 lbg).

; R 4

Figure 1.8 A bridge across a narrow creek.
(Courtesy of HC Bridge Company, Wilmette, Illinois, USA)

The bridge is supported by two I-beams made of steel, as illustrated in Figure 1.9. The nomenclature
of the I-beam cross-sections is shown at the right of the figure.

10 tons (20,000 Ib)

Figure 1.9 Specifications of a bridge over a narrow creek.

The engineering analysis on the strength of the bridge begins with a summary of the description of
the problem as indicated in the following Stage 1 of the analysis.

Stage 1. Definition of the problem

The analysis is intended to satisfy the following physical requirements:
1. A bridge over a narrow creek.
2. Distance of crossing, i.e., the length of the bridge is 20 feet.
3. Width of the bridge is 8 feet.

4. Maximum designed load is 10 tons (or 20 000 lbg)

5. Steel is chosen as the load-carrying structural material.

6. Maximum tensile strength for steel = 75 000 psi (from a handbook).

7. Maximum shearing strength for steel = 25 000 psi (from the same handbook).
8. Maximum allowable deflection of the structure is not critical in this case.

The relatively simple design of the bridge structure as illustrated in Figure 1.9 requires the two steel



I-beams to bear the load of the crossing traffic, which allows the engineer to use simple formulas for
beam bending available in a popular handbook (e.g., Young et al., 2012). However, the desirable
convenience of using existing formulas requires several idealizations of the real-world situation with
regard to the geometry, loading, and end support conditions as described for Stage 2 in Section 1.4.
It also requires caution in the “interpretation of results” in Stage 1.6 of the analysis using proper
values of “safety factors,” because of the high potential risk of loss of property and human life
resulting from a structural failure of the bridge. The “safety factor” is often used as a “design
allowance factor” in engineering analysis involving structures. It is intended to make up the likely
discrepancies between the solutions for the “real” structure and those obtained from “idealized
conditions.”

Stage 2. Mathematical idealization

As mentioned in Section 1.3, engineers are often required to assign values to information that is
required for the engineering analysis but is missing. In this situation, we need to make the following
“logical” assumptions on the missing conditions.

1. The maximum load applied to the bridge is carried equally by two identical I-beams as shown
on the right of Figure 1.9. The weights of the beams and other materials are neglected. (This is
obviously a serious violation of reality. We need to make this idealization, nonetheless, in order to
simplify the subsequent mathematical analysis.)

2. We have tentatively selected 12-inch I-beams for the load-bearing components. The exact
dimensions for these beams are presented in manufacturer's handbook, which indicates: H; = 12
inches, H, = 10.92 inches, b, = 5 inches, and b, = 0.35 inches (these dimensions are not the
choice of the design engineer).

3. Each I-beam carries half of the total load, i.e., 10 000 Iby.

4. Assume that each of the four wheels of the vehicle crossing the bridge carries an equal amount
of load. (This may be another questionable assumption, but it is a necessary condition for the
analysis.)

5. The worst condition to be considered for the integrity of this bridge structure is when the
vehicle is at the mid-span of the bridge.

6. In order to use the formula for beam bending with “simply supported ends” available in the
handbooks, we need to fix the two I-beams with one end of each of the beams hinged to a fixed
anchor and the other resting on “rollers.”

Stage 3. Mathematical analysis

Based on the assumptions and idealizations made in Stage 2 of the analysis, we can now use the
simple beam theory for the case illustrated in Figure 1.10 for the current analysis.
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Figure 1.10 An idealized structural support of a bridge.

In Figure 1.10, the concentrated forces, P = 5000 lb¢ represent the load transmitted to the bridge by

the wheels of the vehicle. The objective of the current analysis is to assess whether the proposed
structure of the bridge would be strong enough to sustain the expected load: expressions for the
induced bending stresses and deflection due to the loading conditions illustrated in Figure 1.10 are
available in handbooks (Young et al., 2012; Avallone et al., 2006; Kreith, 1998) or any textbook on
strength of materials, from which we have the following formula for the induced bending stresses
and deflection. The maximum induced normal tensile bending stress at the bottom surface of the I-
beam's edge is



max

_ M 1.2
Onmax = I

and the maximum shear stress at the center of the I-beam cross section is

o _ V() 1.3
s, max !bz
where
Max = maximum bending moment induced by the load.
c = half the depth of the I-beam cross section (6 inches in the present case).
1 = section moment of inertia of the beam cross-section.
|4 = maximum vertical shearing force induced by the load.
b, = width of the rib of the I-beam
Q(0) = static moment at the center of beam cross-section.
The maximum deflection of the beam is
Pa (31> 1.4
Ymax = @ T —a

at the mid-span of the bridge, where E = Young's modulus of the beam material (=30 x 10° psi for
steel, from handbooks).

One may determine the following parameters required for determining the stresses and deflection of
the beam structure illustrated in Figure 1.10: M = Pa = 480 000 in-lbg, ¢ = 6 in, I = 215.4 in4; V =
5000 lbg, b, = 0.35 in, Q(0) = 20.688 in3. The maximum bending and shearing stresses and the

deflection are obtained by substituting these parameters into Equations 1.3, and 1.4, respectively.
The corresponding maximum values of the induced normal and sharing stresses and deflection in
each of the two beams subjected to the specified loads are

Maximum normal stress: oy, max = 13 370 psi (tensile at the bottom of the I-beams).
Maximum shear stress:  0g max = 1372 psi.

Maximum deflection: Ymax = 0-42 in.

Stage 4. Interpretation of results with safety factors (SF)

The magnitude of the maximum normal and shearing stresses and deflection of the beam computed
in Stage 3 of the analysis need to be interpreted into physical terms to be of practical value. For the
present case, a critical question that engineers need to answer is “would the bridge structure with the
selected I-beams be strong enough to sustain the maximum intended load of 10 tons?” We will thus
need to translate the computed numerical results of the analysis with the maximum normal bending
stresses 0y, max = 13 370 psi, the maximum shearing stress 0g may = 1372 psi, and the maximum

deflection y;,,¢ = 0.42 in into physical statements to form the answers to the above questions.

A conventional way of translating these computed stresses into physical meanings is to compare
these values with the “maximum strength” of the materials of the structure specified by material
handbooks, as in Example 1.1. The maximum strength of the material is a material property that can
be taken as either the measured yield stress (ay) or ultimate tensile strength (o0y,). Values of both oy
and o,, for common materials are available in handbooks (Avallone et al., 2006). However, because
the maximum induced stresses and deflection of the structure are obtained by an analysis that is
based on the assumption of an idealized situation in Stage 2 of this analysis, which may not be
sufficiently realistic to reflect the real situation, a factor, called the “safety factor” (SF) with a value
greater than 1.0 is used in setting the allowable stress defined by the expression (1.5):



Measured o, or 6, of the structure material 1.5
o, = -

a SF
The safety factor SF may be defined in alternative way by the expression (1.6):

Ultimate tensile strength of the material .6
Safety factor (SF) = g o, 1.6

Maximum tensile stress in the structure (o,,,,)

We observe from the definition of SF in Equation 1.6 that a “discounting” of the ultimate tensile
strength of the material (0y,) is applied in order to make up for the less-than-realistic maximum

induced stresses and deflection obtained in the analysis.

With the maximum tensile stress, 0,,,x = 13 370 psi obtained from Stage 3 of the analysis, a safety
factor, SF = 75 000/13 370 = 5.61 is obtained from Equation (1.6). The induced maximum deflection
of 0.42 inch in the mid-span of the bridge by the expected maximum loads is not considered to be
excessive for this type of application. The SF of 5.61 in this analysis is considered to be within a
“safe” margin for the bridge structure, as will be elaborated in the subsequent section. Hence, the
selected I-beam structure is considered to be strong enough to withstand the designed maximum
load of 10 tons.



1.6 The “Safety Factor” in Engineering Analysis of Structures

“Safety factor” or “factor of safety” is common terminology in machine design. The definition of safety
factor may vary according to occasion (Shigley and Mischke, 1989; Norton, 2013; Hagen, 2014). In
engineering analysis that involves the structure of machines or engineering systems, the definitions of SF
as expressed in Equations 1.5 and 1.6 are frequently used in interpreting the analytical results from
analyses into the physical states of an engineering problem.

The safety factor (SF), as defined in Equations (1.5) and (1.6) has numerical values great than 1.0, that is,
SF > 1.0. A value SF = 2 means that only half of the ultimate tensile strength of the material is used in the
design.

There is no established rule for setting values of SF in engineering analysis. The definition of SF in
Equations 1.5 and 1.6, however, implies that SF is used to “compensate” the discrepancies between
analytical results obtained from the idealized state of the structures and those from their actual state. One
would thus expect the value of SF be established on factors depending on the nature of the problems in
the analysis. Primary factors that affect setting of the values of SF may include the following: (1) The
degree and number of idealizations on the real conditions made in Stage 2 in the analysis. The greater the
idealization of the problem, the higher the SF values used in Stage 1.6 of the analysis. (2) The credibility
and sophistication of mathematical analysis used in Stage 3 of the analysis. The more sophisticated the
analysis in Stage 3, the lower the value of SF. (3) The reliability of material properties used in the analysis.
The greater the amount of testing on the materials and components, the lower the value of SF. (4) The
liability of the product or engineering system to public safety. (5) The environmental conditions for which
the products or engineering systems are designed. Table 1.2 shows recommended typical safety factors for
engineering analysis with various applications (http://www.engineeringtoolbox.com/factors-safety-fos-
d_1624.html).

Table 1.2 Typical safety factors for engineering analyses

Equipment Recommended safety factor (SF)
Aircraft components 1.5-2.5

Boilers 3.5—6.0

Bolts 8.5

Cast iron wheels 20

Engine components 6.0-8.0

Heavy duty shafting 10.0—12.0

Lifting equipment 8.0-9.0

Pressure vessels 3.5—6.0

Turbine components—static 6.0-8.0

Turbine components—rotating 2.0-3.0
Springs, large heavy duty 4.5

Structural steelwork in buildings 4.0-6.0
Structural steelwork in bridges 5.0—7.0
Wire ropes 8.0—9.0

The Engineering ToolBox (http://www.engineeringtoolbox.com/factors-safety-fos-d_1624.html)

The SF values presented in Table 1.2 may be used in interpretation of analytical results in Stage 1.6 of
engineering analysis involving structural design of machines or engineering systems. For instance, the
value SF = 5.61 obtained in Example 1.2 may be translated into a “safe” design because this value is within
the range of SF recommended in Table 1.2.

Table 1.2 also reveals an interesting fact that higher SF values are used for the design analysis of pressure
vessels with a range of 3.5 to 6. The adoption of a high value of SF in such case is mainly due to serious


http://www.engineeringtoolbox.com/factors-safety-fos-d_1624.html
http://www.engineeringtoolbox.com/factors-safety-fos-d_1624.html

concern about public liability in the event of structural failure. Consequently, the Unfired Pressure Code
(http//en.wikipedia.org/wiki/ASME_Boiler_and_pressure_vessel_code) developed and published by the
American Society of Mechanical Engineers (ASME) uses a value of SF = 4. A safety factor of 4 in this case
means that pressure vessels designed by the ASME code use only 25% of the maximum measured strength
of the vessel materials. The “unused” 75% of the vessel material allows engineers to use simple design
formulas such as ogg = pr/t < 0, = 0.250, in which ogg is the hoop stress of a cylindrical pressure vessel'
p, 1, and t are the internal pressure, inner radius, and required thickness of the vessel respectively; and o,

is the ultimate tensile strength of the vessel material. The physical implication of using such a high value
of SF means an “underuse” of the material strength in the design with corresponding use of more than the
necessary amount of materials. However, potential grave public liability takes priority over material
usage, and the overweight of the pressure vessel associated with high SF in the design analysis is not a
primary design consideration.

In contrast to the case of design analysis of pressure vessels, in which high SF values are used because of
the potentially serious public liability in the event of the vessel bursting, very low SF values are used in
aircraft component design analysis, with SF = 1.5—2.5 as indicated in Table 1.2. One might wonder why
such a low SF value is assigned for aircraft design analysis given that the possible crash of a commercial
airplane due to structural failure would generate even more serious public liability than failure of a
pressure vessel. The reason for using low SF values in aircraft components design is to use the “good”
portion of the material strength to minimize the weight of the aircraft's structure so as to allow higher
payloads carried by the aircraft to maximize revenue earned by the owners. The risk of using low SF
values in aircraft design analysis is justified by using highly sophisticated analytical tools such as the
finite-element method in the design analysis, as will be presented in Chapter 11, coupled with extensive
materials and components testing and with stringent quality inspections and control. All of these activities
permit the least requirements of “idealization” of conditions in Stage 2 of the analysis, which means that
the analytical results are closer to the realistic situations.

Comparison of these two analytical cases typifies the important roles that the safety factor plays in major
engineering systems. It also underlines the significance of the safety factor in the design analysis of
machine and structure analyses in engineering practice.


http://http//en.wikipedia.org/wiki/ASME_Boiler_and_pressure_vessel_code

Problems

1.1 Why do engineers “create” but not scientists?

1.2 Give one example for each of the three major functions of professional engineers in their routine
work.

1.3 Why is engineering a profession and not merely an occupation?

1.4 Describe the role of mathematical modeling in engineering analysis and also the major tasks
involved in the four stages of engineering analysis.

1.5 Use no more than 25 words in answering each of the following questions:
a. Why is Stage 2 a part of an engineering analysis?
b. Why is Stage 1.6 necessary in an engineering analysis?

c. What is the reason for including safety factors in engineering analysis involving structure
design?

d. How are safety factors determined, and on what bases?

e. Why the use of higher safety factors in the analysis means a smaller portion of the material's
strength is used?

1.6 What would you do in the four stages of engineering analysis in the design of
a. A diving board for a swimming pool 2 m from the water level with a maximum deflection of 5 cm
by a diver weighing 80 kgg.
b. A bar handle bolted to the chassis of a bus; the bar should be strong enough to support a person
weighing 200 1Ib in a sudden stop from 20 mile/hour cruising.

1.7 Comment on the validity of the idealizations made in Stage 2 in Examples 1.1 and 1.2 in Section 1.5.

1.8 Conduct an engineering analysis on the bridge structure given in Example 1.2, but include the
weight of the steel structure plus the weight of the concrete road surface, 20 ft long x 12 ft wide and 6
in thick.

1.9 Conduct an analysis to find the variation of bending stresses with the truck at four different
locations on the bridge.

1.10 Study the principles of fracture mechanics on your own initiative and indicate what judgment you
would offer to your superiors as to what decisions they should make in dealing with the situations
described in Case 1 and Case 2 in Section 1.2.3.



Chapter 2
Mathematical Modeling



Chapter Learning Objectives

e Learn what mathematical modeling is and its application in engineering analysis.

e Learn the physical representation of mathematical entities such as functions, variables,
derivatives, and integrals in engineering analysis.

e Understand continuous functions and functions with discrete values.
e Understand curve fitting by polynomial functions.

o Appreciate the application of derivatives in engineering analysis.

e Appreciate the application of integrals in engineering analysis.

e Learn special functions in engineering analysis.

¢ Understand differential equations in engineering analysis and how they are derived.



2.1 Introduction

As was indicated in Section 1.1 in Chapter 1, “mathematical modeling” is used as a principal tool in
engineering analysis. It is reasonable to ask “What is mathematical modeling?” Different answers to the
question will be given by different people. Our definition of mathematical modeling is that it is “an act of
translating back and forth between mathematics and physical situations.”

An analogy to the above definition might be a beautiful melody being developed in the mind of a
composer with his or her subsequent expressing this melody in symbolic notes on the stave, as illustrated
in Figure 2.1

Figure 2.1 Translation of a melody into music notes—an analogy to mathematical modeling in
engineering.

In engineering analysis, however, the role that mathematical modeling plays is significantly more
complicated than that implied in Figure 2.1. Figure 2.2 illustrates that mathematical modeling involves
most of the tasks stipulated in Stages 2 and 3 of engineering analyses as described in Section 1.4 in
Chapter 1.

Engineering problems

(physical)
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Engineering T
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i erlﬂa_ o Translate engineering
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Solutions to with available
engineering problems Translatlon of mathematical
( h sicaI) L__| mathematical representations.
Ty to physical 3} Formulating mathematical
situations models, e.g., expres-
sions and equations.

Figure 2.2 The role of mathematical modeling in engineering analysis.

There are essentially four different forms of math tools available to engineers in their engineering
analyses.



Form 2.1 Empirical formulas

Empirical formulas are developed to describe physical situations that are too complicated to be
expressed in closed-form mathematical expressions. These formulas contain factors that can only be
determined by experiment. Many of these formulas are derived from engineers' own experience, or
their employers.

There are types of empirical formulas that are frequently used in engineering analysis. The following
are two examples that engineers may use in their analyses.

1. Estimation of the pressure drop in fluid flow in pipes

Pressure drop (AP) is a primary parameter for engineers in their design of fluid flow in pipes and
tubes and occurs in many thermal/fluid engineering systems analyses. Fluid flow is possible only if
the supply pumping energy is sufficient enough to overcome the pressure drop along its flow path.
Pressure drop in pipe flow is primarily induced by friction between the pipe (or tube) walls and the
contacting fluids.

Several empirical formulas are available for estimating the pressure drop in straight pipe flow, such
as that shown in Equation 2.1 (Moody, 1944):

2
PV L 2.1
aF=itop

where p = mass density of the fluid, v = average velocity of fluid flow, L = length of the pipe, D =
diameter of the pipe, and f = friction factor from Moody chart

(http://en.wikipedia.org/wiki/Moody_chart).

The friction factor fin Equation 2.1 with the values available from the Moody chart is derived from
experiment.

Additional pressure drop occurs when the fluid flows through bends in a pipeline (see “Bends, flow

and pressure drop in” at http://www.thermopedia.com/content/577/). This additional pressure

drop in the bends is induced by a radial pressure gradient created by the centrifugal force acting on
the fluid in the flow. The following empirical formula is used for estimating the pressure drop in pipe
bends:

pv R, @ 2.2
2 D 180°
where fis the same Moody friction factor as shown in Equation 2.1, Ry}, = radius of the pipe bend, 0 =

the angle of the bend, and k, = the bend loss coefficient.

AP=f + %kbpvz

Numerical values of the bend loss coefficient k}, in Equation 2.2 are available in handbooks (e.g.,
Friend and Idelchik, 1989), or from plots such as that in Figure 2.3.
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Figure 2.3 Head loss of fluids passing pipe bends.
2. Empirical formulas in convective heat transfer analysis

Heat transfer by convection, in particular, forced convective heat transfer is used in the design
analysis of many items of heat transfer equipment such as tubular and compact heat exchangers and
steam generators. Physical situations in such analyses involve convective heat transfer between the
hot and cold fluids separated by tubular containing surfaces such as illustrated in Figure 2.4.
Effective heat transfer between the two fluids is achievable with motion of the fluids. The pressure
drop (AP) appearing in Equations 2.1 and 2.2 thus plays a significant role in this type of analysis.

Fluid flow at T # Tyiq
——

Heat conducting

e—) ToMperature, Ty, Gl

Velocity, v

Tsurfaoe /

%
Figure 2.4 Convective heat transfer between two fluids at different temperatures.

The amount of heat transfer from the hot fluid to the cold in Figure 2.4 is characterized by a heat
transfer coefficient h, which appears in the newtonian cooling law that governs convective heat
transfer (Kreith and Bohn, 1997):

4. = hA (T;urface - Tﬂuid} 2.3

where g, = heat transferred from the temperature at the wall surface (T face) Of the tube to the
temperature of the fluid (Tf;q) flowing inside the tube. A = the contacting surface area of the fluid
and the tube wall.

Numerical values of the heat transfer coefficient h in Equation 2.3 are too complicated to be

determined by closed-form formulas. The following expression in Equation 2.4 is used for the
evaluation of the heat transfer coefficient h in Equation 2.3:



Nu = a(Re)” (Pry’ f (di) e

e

where Nu = average Nusselt number = (hD/k), Re = Reynolds number = (pDv/u), and Pr = Prantl
number = (ucp/k), and the coefficient a and indices 3 and y are constants determined by experiment.

Other symbols in Equation 2.4, p, k, Cps and u are the respective mass density, thermal conductivity,
specific heat under constant pressure and dynamic viscosity of the fluid inside the pipe, and D is the
average pipe diameter.

The function f{x/d,) in Equation 2.4 relates to the aspect ratio of the pipe cross-section, with x
indicating the location of the cross-section, and the hydraulic diameter located at x is expressed by

d, ==
P
in which A is the cross-sectional area of the fluid flow and p is the wet perimeter.
This hydraulic diameter d, is used for either partially filled or fully filled flow in the cross-section of a
pipe of a cross-sectional given geometry.

Thus, the value of heat transfer coefficient, h can be obtained from the Nusselt number in terms of
the Reynolds and Prantl numbers computed with experimentally determined coefficients and

parameters in Equation 2.4.



Form 2.2 Algebraic equations

Many textbooks, handbooks (Avallone et al., 2006; Kreith, 1998; Bishop, 2002; Gad-el-Hak, 2002;
Whitaker, 1996; Gibilisco, 1997), and technical papers offer simple algebraic formulas and
expressions for engineering analysis. Typical examples are reported as “stresses and deflection of
beam structures subjected to bending loads, dynamic forces analysis” from engineering mechanics
(Meriam and Kraige, 2007), and “temperature and heat flow in solids or fluids” from heat transfer
textbooks ( Kreith and Bohn, 1997; White, 1994; Janna, 1993). Equations (1.1) to (1.4) given in
Chapter 1 are typical algebraic equations used in mathematical modeling for simple structure design
analysis.



Form 2.3 Differential and integral equations

These equations are derived from the laws of physics for applications in engineering analysis. The
following are typical examples of differential and integral equations for such applications

1. Differential equation in diffusion analysis

The following differential equation (2.5) is used to determine the concentration of a foreign
substance such boron ions, represented by C(x,t), diffusing into another base substance such as
silicon substrate—a case of analysis of doping of semiconductor (Hsu, 2008):

aamn_D&uﬁ 2.5
o0 ox?
in which C(x,t) is the concentration of the foreign substance at depth x in the base substance at time

t; D is the diffusivity of the specific foreign substance in the base substance, a given material
characteristic available from handbook.

2. Integral equation in mathematical modeling of engineering analysis

Often, engineers need to solve for the function f{x) that represents the solution of the problem
embedded in an equation that takes the form of an integral as presented in Equation (2.6). (Spiegel,
1963):

= l-a¢ 0<a<l 2.6
dx = { = e
lf(x)cosaxx ———

The solution of this integral equation is

fx) = 2(1_—':?5‘”

Tx=



Form 2.4 Numerical solution methods

There are ample occasions when mathematical modeling for engineering analysis become too
complicated, with the requirement for solving nonlinear equations such as transcendental equations
in solutions of partial differential equations, as will be presented in Chapter 9, as well as nonlinear
differential and integral equations. Closed-form solutions will not be available for these cases.
Numerical analysis techniques that require the use of digital computer with algorithms developed
specifically for these types of problems are then the only viable technique for solution. There are a
number of sources that engineers may use for their numerical analysis, for example[Burden and
Faires (2011) and Sauer (2011). Some numerical methods for engineering analysis will be presented

in Chapters 10 and 11.

As demand arises for sophisticated engineering analysis on increasing numbers of cases involving
complex physical conditions in the geometry, loading, and boundary conditions—such as
thermofracture, thermohydraulic, and thermomechanical analyses that require advanced
engineering analysis—the forms 1 to 3 of mathematical modeling just outlined are no longer
adequate. The finite-element method (FEM) and finite-difference method (FDM) are the appropriate
tools for such analyses. Both of these methods are based on discretizing bodies of complex geometry
into a finite number of elements of specific simple geometry interconnected at nodes of the elements.
Analyses are performed on these elements rather than on the whole body. Publications describing
the principles of these advanced engineering analysis techniques are available in the literature
(Turner et al., 1959; Zienkiewicz, 1971; Bathe and Wilson, 1976; Hsu, 1986; LeVeque, 2007). There
are several commercial software packages available to engineers for advanced engineering analysis
of virtually every discipline. Chapter 11 will cover the basic principles and formulations of stress
analysis using the finite-element method.



2.2 Mathematical Modeling Terminology

We will begin mathematical modeling by reviewing the physical meanings of some of the terminology that
is frequently used in engineering analyses. It is important for engineers to relate many of the terms that
they encountered in previous mathematical courses with the physical meanings these terms represent in
solving engineering problems. In this section, we will learn what roles such common terms as “function”
and “variable” play in engineering analysis, as well as the physical meanings of “differentiation” and
“derivative” in the analysis. We will also learn what “integration” is in a physical sense, and how this
mathematical operation can help in solving many engineering problems.

2.2.1 The Numbers

2.2.1.1 Real Numbers

Real numbers can either be integers or rational numbers—a, b, a/b, and so on, with the numbers a and b
being constants. Rational numbers can be integers or fractional numbers.

2.2.1.2 Imaginary Numbers

These are the numbers that are multiplies of square root (-1) and that, along with real numbers, compose
the complex numbers. Imaginary numbers do not have physical meaning but they appear in some
mathematical expressions and solutions.

2.2.1.3 Absolute Values

The absolute value of a number recognizes the value (“magnitude”) but not the sign attached to the value.
Mathematically, the absolute value can be expressed as

|x| =« meaning x = 0 or a positive value

=—Xx meaning x is negative, i.e.x <0

2.2.1.4 Constants

For a constant the value of the number does not change and is always fixed.

2.2.1.5 Parameters

When the value of a number is treated as a “constant” under specific conditions or circumstances we refer
to it as a parameter.

2.2.2 Variables

The value of a variable varies with physical conditions, mainly in terms of spatial position or with time.
There can be more than one variable involved in engineering analysis.

Two types of variables are commonly involved in engineering analysis:

1. Spatial variables. These designate positions in a given space, e.g., (x,y,2z) in a space defined by a
rectangular coordinate system, or (,0,z) in a cylindrical polar coordinate system.

2. Temporal variable. The variable representing variation of a physical quantity or system with time t.

Both these types of variables are called “independent variables” because variation of any of these
individual variables x, y, and z, or r, 6, z, and t do not affect the values of the other variable presented in
the same cases.

2.2.3 Functions

Functions are normally used to represent the physical properties in engineering analyses. Specific
functions may be represented with the same symbols used to denote various physical quantities in the



analysis. The functions or physical quantities may be represented in mathematical modeling with Latin or
Greek letters, according to convention; typical notation includes the following;:

Mass (m), weight (W), length (L), area (A), and volume (V) of a solid.
Forces applied to a solid (F).

Temperature (T) of substances, e.g., temperature of a solid or fluid.
Velocity of a rigid solid body or a fluid in motion (V).

Distance that a rigid body travels in a straight or curved path (S).
Stress (o) and strain () in deformed solids.

The typical mathematical expression of functions such as those designating the physical quantities listed
above, usually involve associated variables. For example, the function F(x) may represent the physical
quantity of force F acting on a beam at a distance x from a reference point. The value of F depends on the
value of the variable x in this case.

Change of the value (or magnitude) of function F associated with change in the values of the variable (or
variables) of the function can take three different forms.

2.2.3.1 Form 1. Functions with Discrete Values

In general, the value of a function is determined by the values of all variables associated with the function.
The values of all the variables may vary independently of all other variables associated with the function.
The values of functions with discrete values are determined by the values of discrete variables. For
example, in a hypothetical case that involves a family of four (father, mother, and two children) standing
on a beam as illustrated in Figure 2.5a, the load to the beam involves four equivalent concentrated forces
corresponding to the weights of the members of this family defined by where the individual members
stand. The function W(x) represents the loading forces to the beam with the variable x being the location
of the beam, at which the load Wis accounted for. Thus, the function W(x) has four discrete values W, at x

=Xy, W, at x = x,, Wy at x = x5, and W at x = x, as shown in Figure 2.5b.
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Figure 2.5 Discrete forces applied to a beam structure. (a) People standing on a beam. (b) Equivalent
forces applied to the beam.

2.2.3.2 Form 2. Continuous Functions

Because the value of a function is determined by the value of the associated variable or variables, the value
of the function can vary continuously with the variation of the associated variable(s), as illustrated in
Figure 2.6 for the ambient temperature variation at a place over a period of a day; in the function T will
represent the ambient temperature at the time of day, which is denoted by t. The value of the function 71(t)
varies continuously with continuous variation of the value of the variable t.
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Figure 2.6 Typical diurnal variation of the ambient temperature of a location.

Often a function of discrete values may be approximated by a continuous function if the values of the
discrete function are small increments of the associated variable, such as in the case illustrated in Figure
2.7, where the weight W applied to the beam by people standing close together on the beam is as shown in
Figure 2.7a. The function representing the equivalent forces W applied to the beam may be approximated
by an approximated continuous function W(x) as shown in Figure 2.7b.
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Figure 2.7 Discrete and approximated continuous functions. (a) People standing close to each other. (b)
Approximate continuous variation of forces.

2.2.3.3 Form 3. Piecewise Continuous Functions

The magnitudes of the physical quantities associated with many physical phenomena in engineering
practice vary in ways that can be represented by either continuous functions, as illustrated in Figure 2.6,
or by functions of discrete values as illustrated in Figure 2.5. However, there are other cases; one may
observe, for example, that the instantaneous water level (y) in the office water cooler tank shown in Figure
2.8 may be represented by both discrete values and continuous variation with the variable time ().
Graphical representation of this physical phenomenon is shown in Figure 2.9, which shows how the water
level drops intermittently over time after each serving of water. It illustrates a continuous drop of water
level while the release tap is open, followed by a period of constant water level before the next serving.



Figure 2.8 A typical water cooler tank.
Serving number:
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Figure 2.9 A qualitative representation of water level in the drinking water tank at different times.

In many cases, functions may involve more than one independent variable, e.g., a function F(x,y), in
which the value of function F varies with independent variations of the two independent variables, x and
y.

In summary, we observe the following properties of a function:

1. Functions are dependent variables themselves because the value of a function changes depending on
the values of its associated variables.

2. The independent variables are spatial variables or temporal variables, or both.

2.2.4 Curve Fitting Technique in Engineering Analysis

Curve fitting in engineering analysis is undertaken to derive a continuous function that will best fit either
a set of data points from experiments or functions with discrete values such as that illustrated in Figure
2.7b. This technique is frequently used to describe the geometric profile of solids in engineering analyses.
The continuous functions that are derived using a curve fitting technique can also be used for
“interpolation” and “extrapolation” of the value of the function within and outside the range of the
variables used in defining this function.

A number of techniques are available for performing curve fitting. Popular techniques used in engineering



analysis include (1) least-squares technique, (2) spline curve fitting technique, and (3) polynomial curve
fitting technique.

The least-squares curve fitting technique (https://en.wikipedia.org/wiki/Least square) results in more
accurate fitting of large numbers of widely scattered data, whereas the function that is derived using the
spline fitting technique (https://en.wikipedia.org/wiki/Spline_(mathematics)) passes through all the data
points with smooth transitions. Use of the polynomial function for curve fitting is the simplest of all curve
fitting techniques, and will be described in the next subsection.

2.2.4.1 Curve Fitting Using Polynomial Functions

This technique involved the derivation of a polynomial function of order n that will pass through all the
given data or sample points. Figure 2.10 shows a data set of five temperatures measured in a production
process.

Temperature, T

> Time, t
0

Figure 2.10 Measured temperatures from a fabrication process.

We will use this example to derive a polynomial function that will pass through all measured data points
by following a procedure that begins with the assumption of a polynomial function of order n in the
general form

Y(x) =Ag+Ax +Ax> + Ax® +-- -+ A X" 2.7

in which the order of the polynomial function n = N — 1, with N being the total number of available data
(sample) points. The unknown coefficients A, A;, Ao, Ag, ..., Ap are determined by a set of simultaneous

equations established from the given coordinates of the sample points.

The coordinate system, x—y used in Equation 2.7 is shown in Figure 2.11.
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Figure 2.11 Coordinate system for polynomial function curve fitting.

Because the assumed polynomial function in Equation 2.7 is expected to pass through all the sample
points with specified coordinates (x;, ;) as indicated in the right portion of Figure 2.11, the following five

simultaneous equations will be established for the five given sample points in Figure 2.10:

Y, = Ay +Ax, + A, + Agx) + Al
Y, = Ay + A x, + Ayx; + Ax, + Ax)
Yy =Ay+Ax; + Ayd + Agxy + Auxs
Y, =Ag+Ax, +Ax2 + Ayl + Ayxd
Yy = Ag + A x5 + Ayxl + Agxl + Asxs

The five unknown coefficients, Ay, Ay, ..., A4 can be determined by solving these five simultaneous


https://en.wikipedia.org/wiki/Least_square
https://en.wikipedia.org/wiki/Spline_

equations.



Example 2.1

Derive a polynomial function that will pass the following three (3) data (sample) points: (1,
1.943), (2.75, 7.886), and (5, 1.738).

Solution:

We first note that the total number of sample point is 3, i.e., N = 3, giving 2 as the highest order
of the assumed polynomial function: n=N-1=3-1=2.

We assume a polynomial function of order of 2 in the form

Y(x) = Ay + Ax + Ax’ a

The assumed polynomial function in Equation (a) will fit (i.e., pass through) the three given data
(sample) points with given coordinates:

Y, =1943atx, =1, Y,=7886atx, =275  Y,=1738atx;=5

Consequently, by substituting the coordinates of the sample points into Equation (a), we will
obtain three simultaneous equations:

For i=1: Ay+A,(1)+A,(1)* =1.943 b1
For i=2: Ag+A,(275)+ A,(2.75)* = 7.886 b2
For i=3: Ag+A4,(5)+Ay5) = 1.738 b3

Solving the simultaneous equations in Equations (b1), (b2) and (b3), we obtain the values of the
three unknown coefficients as

A, =-56663; A =91414; A, =-15321

Hence the polynomial function that will pass through the three given data points takes the form:

Y(x) = —1.5321x% + 9.1414x — 5.6663 c
The function in Equation (c) is shown graphically in Figure 2.12.
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Figure 2.12 The fit of the derived function to the three given data (sample) points.

Having obtained this continuous function that includes the three data points, we may use it for
interpolating the value of the function between the limits of the sample points, and also for extrapolating



for the values outside the limits of the sample range, as illustrated in Figure 2.12.

2.2.5 Derivative

The values of most engineering quantities vary with position in the space, defined by the spatial variables,
or/and with time, the temporal variable. For instance, the pressure in a moving fluid varies with position,
and it also often varies with time if conditions change.

In most cases, variations of the value of functions occur continuously within the ranges of the associated
variables, as illustrated in Figures 2.6 and 2.9.

2.2.5.1 The Physical Meaning of Derivatives

We define a derivative to be the rate of change of the value of a continuous function with respect to one of
its associated variables.

Take for example the situation of a pressure chamber used in fabricating a product as illustrated in Figure
2.13. The process requires the product to be subjected to hydrostatic pressure. The chamber can be
pressurized by regulating the pumping power and the pressure relief valve of the chamber. The rate of
change of the pressure in the chamber varies as illustrated in Figure 2.14 in which the pressure at the
closed circle points are the nine measured pressure readings at specific instances from the meter attached

to the chamber. The rate of change of the pressure, P of the fluid at time ¢ is expressed mathematically as
(AP/Ab).

Relief
valve

Pump

Q— Fluid inlet

chamber

Figure 2.13 A pressurized process chamber.
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Figure 2.14 Variation of pressure in the process chamber.

We may observe from the measured pressure in the chamber as shown in Figure 2.14 that the rate of
pressure variations represented by AP/At varies at different time periods At at which the measurements of
the pressures in the process chamber were taken during the fabrication process. For example, the rate of
pressure variation in the period designated At, is AP,/At, as shown in the figure. The rate of change of

the function P in other periods At; can be obtained using similar expressions, generalized as

AP, 2.8

Rate of change of the value of the function P = 7Ty

i

withi=1, 2, 3, ..., 6 in Figure 2.14.



At times the value of a function that represents a physical situation may vary continuously with the
continuous variation of the associate variable, such as in the case of the pressure in a pressurized process
chamber in Figure 2.13. One may readily conceive that the continuous variation of the pressure P in the
chamber with time t cannot be represented by the connection of straight lines of all the measured
pressures. The real situation would be more like that represented by the dashed curve in Figure 2.15. The
rate of change of the function P can no longer be evaluated by Equation 2.8 because the value of P is
changing at all times, not in distinct increments over a finite increment of the variable At as was
represented in Figure 2.14. A different mathematical expression of P(t) derived by a curve fitting
technique such as presented in Section 2.2.4 is thus required.
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Figure 2.15 Pressure variations in the process chamber in Figure 2.13.

2.2.5.2 Mathematical Expression of Derivatives

Derivatives are used to evaluate the continuous change of the value of a function with infinitesimally small
increments in the associate variables. The increments of the variable are so small that we may use the
“approximation” of letting At — 0 in our mathematical formulations.

In Figure 2.16 we illustrate the function y with its values “continuously” varying with an independent
variable x; expressed mathematically, y = f{x).

y=fot

¥y =flx)

Noi= ﬁ-"‘-{} )

0

v
-

Figure 2.16 Continuous variation of a continuous function.

Let us pick two arbitrary points A and B on the curve that graphically represents the function y = f{x). The
function's values at these two points are y, = flx,) at point A and y; = f(x;) at point B, where x, and x; are
the corresponding values of variables associated with function values y, and y,, respectively.

Let Ax = the increment of the variable x, then the corresponding change of the function values associated
with this increment Ax is Ay = y; — y, = fx;) — flxy). But we also have the relationship x; = x, + Ax where

Ax is the increment of the variable x as shown in Figure 2.16, which leads to the expression for the
corresponding change of the value of the function:

Ay = f(x, + Ax) — f(xp)



The rate of change of f{x) with respect to x is expressed as

Change of value of function f(x) _ Ay

Change of value of x-coordinate ~ Ax

= average rate of change within increment Ax

This expression can be interpreted as the rate of change of the value of the function between point A and B
in Figure 2.16; alternatively, it is the slope of the curve represented by y = f{x) between point A and B as
illustrated in Figure 2.16.

However, it must be realized Figure 2.16 that the average rate change between points A and B is not equal
to the exact rate change at intermediate points between the two bounds A and B if Ax is large. The
discrepancy becomes smaller with smaller Ax.

A more precise expression for the rate change of function f{x) between x, and x; is obtained by reducing
the size of the increment Ax. In other words, the rate of change of y = f(x) can be represented accurate
only if Ax is very small. The increment Ax is made so small that Ax — 0. This, in reality, means the
variation of the function with respective to the variation of x is continuous. Mathematically, it can be
expressed as

A + Ax) — d
T A A e a2
6x=0 Ax  8x—=0 Ax ax |=s,

= the derivative

In general, the derivative of function y = f{x) with respect to the variable x can be expressed in the
following ways:

dy _dyx) _ df) 2.9
dx ~ dx ~  dx
=F @)=y
_ lim flx+ Ax) — f(x)
Sx—0 Ax

Engineers should realize that not all functions, as represented by y(x) in Equation (2.9), are differentiable.
A function is differentiable only if the derivative exists.

Examples of derivatives of functions of various kinds are available in the literature (Ayres, 1964; Spiegel,
1963).
2.2.5.3 Orders of Derivatives

A function, y(x), may be differentiated with its variable x more than once to give various “orders” of
derivatives.

The derivative dy(x)/dx in Equation (2.9) is referred to as the first-order derivative of the function y(x),
and may be itself a function or a constant.

The derivative of the derivative of the first order (dy(x)/dx)is called the second-order derivative.
Mathematically, it is expressed as

d’y(x) _ d (dyx)
dx>  dx \ dx

) = the second-order derivative of function y(x)

= the rate of change of the first-order derivative

There are also higher-order derivatives for some functions, such as the third- and fourth-order derivatives
are shown below:

d’y(x) d (dzy(x)

dx dx?

= ) = the third-order derivative of function y (x)



d'yx) d (d3y(x)

dx dx3

i ) = the fourth-order derivative of function y(x)

Engineering analyses, especially mechanical and civil engineering analyses, rarely involve derivatives of
higher order than 4.
2.2.5.4 Higher-order Derivatives in Engineering Analyses

Derivatives of a function of different orders have different physical meanings in engineering analysis.
Figure 2.17 illustrates a beam in a deflected state due to applied bending loads, with the deflected shape of
the beam depicted by the dashed line.

X=0

y(x) = Deflection at x

W= == wm Deflected shape of the beam

¥
Figure 2.17 A deflected beam subject to bending load.

The following physical quantities required in beam stress analysis are given by derivatives of various
orders of the beam deflection at location x, expressed as y(x):

dy(x 2.10a
;( ) = @ is the slope of the deflection curve of the beam at location x
X
d’y(x) 2.10b
El w5 ha M(x) is the bending moment in the beam at x
x

where E and I are the Young's modulus of the beam material and the moment of inertia of the beam cross-
section respectively.

d3y(x) 2.10¢
C o = V(x) is the shear force in the beam at x (Cis a constant)
x -
The deflection y(x) of a beam of constant cross-section subjected to a distributed load Q(x) can be
obtained by solving the differential equation (Equation 2.11):
dty(x) _ QW) 2.11

dx* — EI
We will illustrate solving for the deflection and the induced stresses of beams subjected to complex
loading and end conditions using Equations 2.10 and Equation 2.11 in a later part of this chapter.

2.2.5.5 The Partial Derivatives

There are engineering problems that involve more than one independent variable in the analysis. The
value of the function varies independently with each of the associated independent variables. Figure 2.18
illustrates such a case: that the cantilever beam shown in Figure 2.18a is subjected to a moving load at a
variable velocity v(t), where t is the time. Clearly, the load on the beam varies not only with the position x
but also with the time ¢, as expressed in Figure 2.18b.
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Figure 2.18 A cantilever beam subject to a moving load. (a) Moving load on the beam. (b) The loading
function of the beam.

The derivatives of the loading function P given in Figure 2.18b are expressed in terms of each of the two
independent variables x and ¢, but not with both variables included in one derivative. The rate of change
of the loading function P needs to be evaluated separately with respect to each of these two variables. We
have then two derivatives representing the rate change of the function P(x,t):

oP(x, oP(x, :
((jx 2 and () for the first-order partial derivatives
x
and
*P(x,t *P(x,t . —
% and % for the second-order partial derivatives
x2 ar?

Note that the differential operators 9/0x and /0t are used in the above derivatives to indicate these are
derivatives of a function with respect to the “partial” not the full rate of change of the function values with
both variables associated with the function.

2.2.6 Integration

2.2.6.1 The Concept of Integration

Contrary to differentiation, to obtain the derivatives of functions, which account for the rate of change of
the value of a function within selected infinitesimally small increments of the associated variable,
integration sums the areas of infinitesimally small elements of area under the graph of the curve y = f{x)
with infinitesimally small increments of the associated variable x. Thus, the integral accounts for the total
area bounded by the curve defined by the function at x = a and x = b with infinitesimally small increments
of variable x, or Ax—o0, as illustrated in Figure 2.19, where a and b are the limits of the integration. There
are two types of integrals: definite integrals and indefinite integrals. Definite integrals involve a definite
range of the associated variable in the determination of the area bounded by the curve y(x) between these
limits; indefinite integrals have no specified range of variable in the evaluations.

y =1f(x) A

= B
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Figure 2.19 Illustration of the concept of integration.



2.2.6.2 Mathematical Expression of Integrals

Figure 2.20a represents a measured continuous increase of pressure in the process chamber illustrated in
Figure 2.13. We denote the pressure increase with time t as P(t). We readily evaluate the rate of the
pressure increase at time t; to be dP(t)/dt|,_, according to Equation 2.9. The formula for the area

bounded by the curve of function P(t) can be derived by referring to Figure 2.20b.

Element
P(t) A P(t) 4 area, A,
Function Function
value at t, Py value at
P(ty)
P(ta) -
Y S S |
4>| Lfar—ro | t=1t, t=t,
t=t f=1 Afy—0
k —
(a) (b)

Figure 2.20 Area bounded by a continuous function P(t). (a) A continuous function P(t). (b) The
elements of area bounded by P(t).

Referring to the general case of small element k bounded by function y = f{x) in Figure 2.19, the area of
the element is Ay = y;_;Ax = ypAx with y;_; = yj because the two are located very closely together as

Ax—0. The same may be applied to the formulation of element area Aj. in Figure 2.20b as Ay = PyAty. The
total area bounded by the curve of the function P(t) between values of the variable of £, and ¢, is the sum
of all the element areas:

2.12

We can see from Figure 2.20b that the rectangular-shaped elements shown in Figures 2.19 and 2.20 will
more accurately represent the curve represented by the functions y = f{x) in Figure 2.19 and P(t) in Figure
2.20b as the corresponding increments Ax and Aty become small; and the true representation of the real

continuous functions will be obtained as the increments become infinitesimally small, i.e., as Ax — 0 in
Figure 2.19 and At;. — 0 in Figure 2.20b. Consequently, we have the following expression for the definite

integral for continuous functions f{x) (as in Figure 2.19):

H

b 2.1
A=lim Y y A = | fx)dx
a

on—0
k=1

Similarly, the integral for the situation depicted in Figure 2.20 can be expressed as

t
A :/ P(t)dt
t

a

The results of integration of many different forms of functions can be found in references such as
Zwillinger (2003).

If we let F(x) be a function whose derivative, F’'(x) = f{x), then the function F(x) is an “Anti-derivative” or
“Indefinite integral” of f(x). Mathematically, this relationship is expressed as

F(x}:/F’(x}dx:/f(x)dx

The function f{x) in the integral is called the integrand.

Integration of functions has many applications in engineering analysis. It is used to evaluate areas and



volumes enclosed by curves represented by functions. Integration is also used to find geometric quantities
such as centroids of plane areas and centers of gravity of solids, as well as moment of inertias for cross-
sections of beams and mass moment of inertia of solids involved in curvilinear motion. These geometric
properties are frequently involved in many computer-aided design analyses.



2.3 Applications of Integrals

2.3.1 Plane Area by Integration

In Section 2.2.6, we derived the formula for integrals in Equation 2.13 for the area bounded by the curve
represented by the function f{x). We will use the same formula for determining the plane areas that can be
described by continuous functions.



Example 2.2

Find the area of the right triangle in Figure 2.21 using an integration method.

VA

yix)=-2x+4

4 units

v
1%

| 2 units | (2.0)

Figure 2.21 Plane area of a right triangle.
Solution:

In this rather special case, we may take advantage of the right angle between the two shorter
sides of the triangle by setting the x—y coordinates. This would leave the inclined side of the
triangle (the hypotenuse) to be the “curve” under which the area is to be evaluated as shown in
Figure 2.21. Thus the “curve” is actually a straight line and the mathematical expression to
describe this straight line and thus the “curve” is y(x) = —2x + 4. Consequently, the area that is
enclosed by this straight line is

2 2
A=/ y(x)dx:f (=2x +4)dx = (—x" + )|} = 4

0 0

by using Equation 2.13.



Example 2.3

Determine the plane area of a quarter-circular plate with dimensions as shown in Figure 2.22.

Quarter circle y

(a) (b)

Figure 2.22 Plane area of a quarter circular plate. (a) Plate geometry. (b) The plate in an x—y
coordinate system.

Solution:

Since the curved edge of the plate shown in Figure 2.22b fits in a circle, and the equation of a
circleis x* + y2 = R* = (6)* = 36, from which we may establish the following functions:

x(y) = V36 —y2 2.14a
yx) = 36 — a2 2.14b

The area A under the arc between x = 0 and x = 6 in Figure 2.22b can thus be determined by
using formula in Equation 2.13 as

6 6
Azf y(x]d.x:/ V36 — x2dx
0 0
= (xV36—x2+3ésin—"é)

2
=97 or 2826 cm’

6

0



Example 2.4

Find the area of the plate in Figure 2.23 with a curved edge that fits a cosine function.

Curve fits a cosine ¥

function T )

yix
=
o
uwy
(8]

| 40 cm 5 0 X
(a) (h)

Figure 2.23 Plate with a curved edge. (a) Plate geometry. (b) The plate in an x—y coordinate
system.

Solution:

The curved edge of the plate in Figure 2.23b fits a function y(x) = 25 cos[(x/80)x]. Thus the area
of the plate can be obtained using the integral shown in Equation (2.13):

40
A= / (25 cos ix) dx = 636.94 cm?
i 80



Example 2.5

Find the area of a plate with a curved edge that fits an ellipse as shown in Figure 2.24a.

Quarter ellipse ya
y(x)
E
© b
> X
3m 0] a
 sm — )
(a) (b)

Figure 2.24 Plate with a curved edge that fits an ellipse. (a) Plate geometry. (b) The plate in an
x—y coordinate system.

Solution:

The function y(x) that represents an ellipse may be derived from the equation of an ellipse:

With a = 3 m and b = 6 m, we will have the function y(x) = 21/9 — x2. Thus, by substituting this
function into Equation (2.13), we obtain the area of the plate as

3
A =/ (2V9 — x?2)dx = 9?” =14.13 m?
(1]



Example 2.6

Determine the area of a plate with the geometry and overall dimensions shown in Figure 2.25a.

—— y
m . ‘ylcx}

Area A B

7.9¢cm

Area A

1.943 cm
1.738 cm

| 4 cm |

ot - > x

(a) (b)

Figure 2.25 Plate with curved edge by a designer. (a) Geometry of the plate. (b) The plate in an
x—y coordinate system.

Solution:

The curved edge of the plate as shown in Figure 2.25 was the work of a designer. It does not fit to
any common function as were the cases in Examples 2.2 to 2.5. Consequently, one needs to use a
curve fitting technique to develop a continuous function to describe this curved edge.

We may place the plate in an x—y coordinate system as shown in Figure 2.25b, in which five
points, A, B, C, D, and E, are used to define the geometry of the plate with the coordinates of each
point being A(1,0), B(3, 1.943), C(2.75, 7.886), D(5,1.738), E(5,0).

We may use the polynomial curve fitting technique described in Section 2.2.4 with these
measured data points to produce a polynomial function with the three data points B, C, and D
similarly to what was done in Example 2.1.This gives the function that fits the curved portion of
the plate as

y(x) = —1.5321x% + 9.1414x — 5.6663

The area of the plate can thus be determined from the integral

A, z/ y(x)dx
1

= / (~1.53214% + 9.1414x — 5.6663) dx
1
=23.7 cm’
The area of the other part, the trapezoid defined by AEDB is

(1.738 + 1.943)4
2

Hence the total plane area of the plate is A = A; + A, = 31.062 cm?.

A, = =7.362 c¢m?

2.3.1.1 Plane Area Bounded by Two Curves

Integration can also be used to determine areas enclosed by two functions f{x) and g(x) as illustrated in
Figure 2.26.



0 : ; X

Figure 2.26 Plane area between two curves.
The area defined by the two functions in Figure 2.26 between the limits x = aand x = b is

b b
A=/f(x)dx—/ gx)dx

b
= / [f(x) —g(x)]dx



Example 2.7

Determine the plane area between a half ellipse and a half circle as shown in Figure 2.27a.

¥ Y A

Half ellipse

Half circle ¥4(x) for ellipse

: ¥z(x) for circle

v

Figure 2.27 Area between a half ellipse and a half circle. (a) Plane area defined by two curves.
(b) Symmetry of the geometry about the y-axis.

Solution:

Making use of Figure 2.26 and Equation 2.15, the area between the two curves in Figure 2.27a
may be determined defining these two curves in the x—y coordinate systems and using the
symmetry of the plane about the y-axis as shown in Figure 2.27b.

The function y,(x) in Figure 2.27b may be expressed using the equation of ellipse:

(&)

x'z

b

s

+ =]

3]

a
from which we obtain

y(x) = gvbz—x?’

With a = 4 m and b = 1 m from Figure 2.27a, we have the function %) =41 —a2.

The other function, y,(x) may be derived from the equation of circle: x> + y* = r2, from which we
obtain y(x) = /s2 — x2. With the radius of the circle being r = 1 m, we have the function

Ya(x) = V1 —a2-

By substituting both y,(x) and y,(x) into Equation 2.15, we get the area between these two
functions:

1
AA=/ [y, (x) = y,(x)] dx
0
1 1
=/4 l—xzdx—/ V1-—x2dx
0 0
1
=3/ V1-—x2dx =471 m?
0

which leads to a total area between the two functions of 2 x AA = 9.41 m2.

2.3.2 Volumes of Solids of Revolution
This type of solid has a geometry that is symmetrical about one axis (“the axis of symmetry” in Figure



2.28). It is common in mechanical engineering applications. Typical solids of revolution include cylinders,
cones, conical frustums, nozzles, etc. These solids are made up by revolving a plane area about a line,
which is often called the axis of rotation.

YA
Righle=yix) Solid volume
\TN
0 > x X
as 1! b Axis of revolution
A" X 11 » -
R L b
L. ength a J
x ||, [ A
*l | dx
(a) (b)

Figure 2.28 Solid of revolution. (a) Exterior profile of the solid. (b) The same solid with axis of
revolution.

Often, engineers need to find the volume of a solid of revolution in order to determine the mass or weight
of the solid in many design analyses. The volumes of such solids can be obtained using the special definite
integrals described here.

Figure 2.28a indicates a function y(x) that represents the profile of the solid of revolution shown in Figure
2.28b. The gray element of volume shown in Figure 2.28a corresponds in position to the cross-section of
the solid normal to the axis of revolution that is shown in Figure 2.28b.

The volume of the solid in Figure 2.28b may be obtained by summing up the volumes of small elements in
Figure 2.28a. These elements may be viewed as thin “disks” with radius y(x) and thickness Ax. This is
expressed mathematically as

AV, = (A)dx = (xrh)Ax
= n[y(x)]*Ax
where A; and r are the cross-sectional area and the radius of the “thin” disk element, respectively.

The volume of the entire solid is the sum of the volumes of all these “thin” disk elements along the axis of
revolution, or

V= Z AV, = i[ﬂ:(y(x))zJAx
i=1 i=1

in which 7 designates the disk element number and n is the total number of the disk elements in the
subdivided solid.

Because the function y(x) that represents the profile of the solid is a continuous function as shown in
Figure 2.28a, we may express the volume of entire solid with the condition that Ax — dx with dx—o0. The
summation sign in the above expression for the volume V'is thus replaced by the integral with the form

b 2.16

The volume of a solid of revolution about the y-axis, such as shown in Figure 2.29, can be determined in a
similar manner.



x=g)

Figure 2.29 Solid volume of revolution about the y-axis.

The area of the shaded element can be expressed as dA = nx? and the volume of revolution of the shaded
element is dv = mx? dy. The total volume of the solid of revolution about the y-axis can be expressed as

d d
2 2.17
V=Jr/ X dy::r/ [g()* dy
< ¢



Example 2.8

Determine the volume of the right cone shown in Figure 2.30 by using an integration method.

h =8 units

-
- Ll

Figure 2.30 A right solid cone.
Solution:

The right solid cone in Figure 2.30 can be shaped by the rotation of a straight line described by a
function y(x) = 0.5x about the x-axis as illustrated in Figure 2.31.

IV A

v

0

Figure 2.31 Function describing a cone.

The volume of the solid of revolution of the function y(x) about the x-axis is determined using
Equation (2.16):

8 8
V= .rr/ [y(x))*dx = }r/ (0.5x)*dx = 42.67n
0 0
One may find from engineering handbooks that the volume of a right cone is equal to

V= %;rrzh = %gm)? X 8 = 42,671

which is identical to the result determined using the integration method.



Example 2.9

Find the volume generated by revolving the first-quadrant area bounded by the parabola y2 = 8x
and its latus rectum (x = 2) about the x-axis as illustrated in Figure 2.32.

Y A Y A

T ; 2= ]y
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Figure 2.32 A solid volume of revolution of a parabolic curve.

Solution:

Using Equation 2.16 we will find the volume of revolution V'to be
b

2
V=x if(x)}zdx = R’/ (8x)dx = fihrxzhz]I = lénr

a 0



Example 2.10

Use the integration method to determine the volume of a wine bottle as shown in Figure 2.33a.
The dimensions of the bottle are shown in Figure 2.33b.

- 8
' 2 cm diameter

10 cm | | 15z2=42+274
>l
4 cm —2M |
|
|
14 cm :
|
|
= ' > r
8 cm
diameter.
(a) (b)

Figure 2.33 A wine bottle. (a) The physical bottle. (b) The profile and dimensions of the bottle.
Solution:
Figure 2.33b shows that the wine bottle is made up of three sections: two straight sections and

one with curved cross-section. We may readily determine the volumes of the two straight sections

with the expression V =[(;td?)/4]L, in which d and L are the respective diameters and lengths of
the straight sections of the wine bottle. The volume of the curved part of the bottle requires the
use of the integral expression in Equation 2.17.

Let us use the coordinate system (r,z) established as in Figure 2.29, with the radial coordinate r
coinciding with the x-coordinate in Figure 2.29 and the axial coordinate z in place of the y-axis in
the same figure. Letting V; = the volume of the top straight-sided section and V, = the volume of

the bottom straight sided section:

=
I

= 2L, = 0.785(2)* X 10 = 31.4 cm?
)

V, = Ed%Lz = 0.785(8)> X 14 = 703.36 cm®
We will use the polynomial curve fitting technique described in Section 2.2.4 to fit the profile of
the curved portion of the wine bottle with three measure diameters along the z-axis ,the axis of
revolution, as shown in Figure 2.34.



0 (r=4,z=14)
Figure 2.34 Volume of revolution of the curved section of the wine bottle.

Using the formulas derived in Section 2.2.4, we can determine the volume of this intermediate
section from the cross-hatched volume element in Figure 2.34 to be

vy = z[r(z))* dz

where the fitted curved profile of this section of the wine bottle can be represented by a

polynomial function 15z = —412 + 274. Consequently, the total volume in this portion of the wine
bottle under the above function is computed as

18 18 18 i .
V= / nlr(2))*dz = ;r/ rdz = J’l’/ L Sl dz = 106.76 cm?
' 14 14 14 4

The total volume of the wine bottle is then equal to the sum of the volumes of the three sections:
Vi + Vy + Vg = 841.52 cm3.

The total volume as computed using the integration method was larger than the 750 ecm3 shown in the
label of the wine bottle. The discrepancy was mainly due to the discounting of the volume of the “punt” of
the wine bottle in the above computation. Figure 2.35 shows the punt of a typical wine bottle.

Figure 2.35 The “punt” at the bottom of a wine bottle.

2.3.3 Centroids of Plane Areas

The centroid of a solid of plane geometry is the point that coincides with the center of gravity of the solid.
In engineering analysis, we often consider that the mass or weight of machine components of plane
geometry (e.g., a gear or plate) is “concentrated” at the centroid in a typical dynamic analysis of a rigid
body of planar geometry in motion (Meriam and Kraige. 2007). Other examples of involving determining
the location of centroids of solids of plane geometry include the moving couplers in mechanisms such as
illustrated in Figure 2.36. The coupler that is attached to a 4-bar linkage is designed to have its tip A
follow a prescribed trajectory with the rotating crank. The induced dynamic force in this oscillating
coupler can be a major load to the linkage, and the location of the center of gravity of this coupler of solid



plane geometry must be determined in the subsequent stress analysis for the entire mechanism. Figure
2.37 shows an assembly of a mechanism involving a cam and follower that is common in many mechanical
systems. The cam, which is usually made in plane geometry, rotates about an axle. The rotary motion of
the cam pushes the follower to move up and down according to the profile of the cam. In both of these
systems—the coupler of a 4-bar linkage and the cam—follower assembly—rapid motion or rotation of the
coupler and the cam is common in practice. The dynamic forces induced by these motions can be
significant, and the location of the points of application of force is critical in the design analyses.
Identification of the centroids of these planar solids is thus an important part of the design analysis.

Coupler
= -7
A »
”

/

Desired ,*
track !f
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Figure 2.36 Mechanism with a coupler.
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Wedge
shape cam

Figure 2.37 Cam with follower.

A solid of arbitrary plane geometry is shown in Figure 2.38, for which the centroid of the solid plane is
located at the coordinates (x, y).

Figure 2.38 Centroid of a plane.

The area of a small element of the plane, such as the one shaded in dark gray in Figure 2.38, is expressed
as dA = dx dy. We will define the area moment of the element area dA about the x-axis to be dM,. = y(dA)

= y dx dy, and the area moment about the y-axis to be dM,, = x dA = x dx dy.

The total area moments can thus be obtained by summing the area moments over all area elements in the



entire plane solid:

Area moment about the x-axis:

Mx:/mx:/yd,q://y(dydx)
A A xJy

Area moment about the y-axis:

M, = /dMJ. = /di E //x[dxdy}
A A ¥ x

The coordinate of the centroid of the entire plane can thus be determined by the relations

M,

=l

ry
_ M,
vy

where the area of the plane is

A:/dA://dxdy
A yx

2.3.3.1 Centroid of a Solid of Plane Geometry with Straight Edges

2.18b

2.19a

2.19b

In the case of solids of plane geometry with at least one straight edge, such as the edge C—D of the plane

ABCD shown in Figure 2.39, we may set the straight edge to coincide with one of the coordinates as

illustrated in the same figure. The area moments for such case can be expressed as

s | 1 [ 3
foxl (Ey)dA _5[. [y dx
M},:/di:/ny(x]dx

3 A X,

Function y(x)
¥4 y g

] EP(x,ny}

Figure 2.39 Solid of plane geometry with straight edges.

2.21

The coordinates of the centroid (x,y) of the plane ABCD can be obtained by using Equations 2.21a and

2.21b with the area obtained from Equation 2.20



Example 2.11

Determine the location of the centroid of a semicircle with radius a as illustrated in Figure 2.40:
¥
dA
d_rl

T Az

b G

3 1

i

—a 0 7]
Figure 2.40 Centroid of a semicircular plate.
Solution:

The equation describing a circle of radius a is y? + x? = a® from analytical geometry, from which
we have the functions

yx) =Vat-x2 or x(y)=+Ja*—y

We realize by observation that there is no need to determine the x-coordinate of the centroid
because of the symmetry of the geometry about the y-axis of the semicircle. This symmetry in
geometry leads to x = 0. However, the determination of the y-coordinate of the centroid (i.e., y)
requires the determination of the area moment M, as indicated in Equation 2.19.

The plane area in Figure 2.40 shows the area of the element dA = 2x dy and the area moment is
M, = y dA from Equation 2.18a. Thus, the y-coordinate of the centroid is determined using

Equation 2.21a to be
fydA 2/ xydy

j: =
4 2/xdy

L)
/yvazwyzdy
0
= i
/ va® = y*dy
0

At this stage of the analysis, the engineer may either use an electronic calculator to perform the
integrations in the above expression, or use mathematical handbooks such as the CRC Standard
Mathematical Tables and Formulae (Zwillinger, 2003) to identify the solution. The latter
approach will lead to the following for the location of the centroid along the y-coordinate:

“%1 f@® — y2)3
% [y\/a? —y2 +a’sin™’ |;_|:| !
1.3
39 da

l(3)

@

|
Il



2.3.3.2 Centroid of a Solid with Plane Geometry Defined by Multiple Functions

Cases arise of solids of plane geometry with one edge defined by a multiple functions, such as that
illustrated in Figure 2.41. In Figure 2.41, the top edge of the plane is defined by three functions; y,(x),
Yo(x), and y3(x). One may divide the plane into three regions: A;, A,, and Ag. For the corresponding areas
of these three subdivisions:

(,,7,) = the coordinates of the centroid in subdivision A,
(¥,,7,) = the coordinates of the centroid in subdivision A,
(%3.73) = the coordinates of the centroid in subdivision A5

ylx) A

0

Figure 2.41 Solid of plane geometry with edges defined by multiple functions.

The centroid of the entire plane (ABda), denoted (x, ¥), may be obtained as the weighted average of those
of the three subdivisions as follows:

- XA+ XA, + XA, 2.22a
X =

A +A, +A,
- NA 24, + YA, 2.22b
y —

A+ A, +A;



Example 2.12

Determine the location of the centroid in a coupler made of a triangular plate as illustrated in
Figure 2.42a, with the dimensions shown in Figure 2.42b.

A
c y(x) 4
A(5.8,5.5)
B
Rocker A : ¥alx)
Crank o .
W |\
Division 1 iAz Division 2
Ay 5
B C(8.3,0)
2) )

Figure 2.42 Four-bar linkage with a triangular coupler. (a) The coupler ABC. (b) Dimensions of
the coupler.

Solution:

The plate in Figure 2.42a has three straight edges, so we may choose to have one of the edges BC
to coincide with the x-axis as shown in Figure 2.42b. This leaves the two edges AB and AC to
define the plate geometry with two distinct functions: y,(x) for edge AB and y,(x) for the other

edge, in analogy with Figure 2.41.
We first derive the functions y,(x) and y,(x) using the coordinates of apexes A, B, and C in Figure
2.42b:

y1(x) = 0.9483x a

¥yo(x) = —2.2x + 18.26 b

We may compute the plane areas for the two divisions in Figure 2.42b, as well as the centroid of
these two divisions using Equations 2.13, 2.19, and 2.21 as follows:

5.8
A = / ¥y (x)dx = 15.95
0

5.8
1
M, = E/{; 2 (x)]*dx = 29.24

5.8
M, = / xy,(x)dx = 61.6743
' 0

We thus have:

M, M
% = A—” =3.8667 and ¥, = —* = 18332
1 1

We may proceed to division 2, following the same procedure as for division 1, and obtain the
following:



8.3
A, = / y,(x)dx = 6.875
5.8
1

8.3
Mo =3 / . [,(0)]* dx = 12,6822

83
M,= / Xy, (x) dx = 45.6042
' 5

8

with
- ¥2 - M.,
X, = =6.6333 and y,= = 1.8374
B 2 A,
The coordinates of the centroid for the entire region can thus be obtained from Equations 2.22a,b
to be:
- XA+ %A, - YA +yA
=0T H% 49 and a4y=01T7072 _ 6340
A +A, A +A,

2.3.4 Average Value of Continuous Functions

Often, engineers need to determine the average value of a function that represents a certain physical
phenomenon or quantity. It is not a problem for functions with discrete values. For instance, the average
load on a beam in Figure 2.5 can be easily determined by adding the four discrete values of the weights of
people standing on the beam and then dividing the total weight by a factor of 4. The answer to the same
question for the average value of continuous functions such as those illustrated in Figures 2.6 and 2.15,
however, cannot be found by calculating the arithmetic average. Integration of the function between the
ranges of the variable is the only method for the purpose.

Take, for example, the continuous function y(x) in Figure 2.43a; the average value of this function over
the range x = a and x = b can be determined by

_ Area of rectangle (4)

Jav = Base of the rectangle

in which area (A) is the area bounded by the function y(x) in Figure 2.43a between x = a and x = b. The
same area is equal to the area of the rectangle in Figure 2.43b with the base (b — a). We may thus express
the above relationship in the form

b 2.23
/ y(x)dx
=T
yix) A yix)
y(x)
Sy
Area F: 3
A ]r'a'.f
0 > X 0 Xx=a x=a e
x=a x=5b | b-a) |
(a) (b)

Figure 2.43 Average value of a continuous function. (a) A continuous function. (b) The average value of
the function.



Example 2.13

A meteorologist recorded ambient temperature at the San Jose International Airport at the
following three time points during a day:

Time of day Ambient temperature readings (°F)
10:00 a.m. 72
2:00 p.m. 82
6:00 p.m. 65
Estimate the following:
a. The average temperature of the day between 6:00 a.m. and 9:00 p.m.
b. The maximum temperature during that period.
Solution:

We realize that the change of ambient temperature at a specific location is a continuous
phenomenon. As such, we need to derive a continuous function that will include the three
measured values for the required answers.

We may choose to express the three measured ambient temperatures on a 24-hour clock basis as
follows:

Hour of the day (based on 24-hour/day clock) Measured ambient temperature (°F)

10 72
14 82
18 65

We will use a polynomial function to fit the curve that will include the three measured
temperatures and will have the form

T(t) = ay+ a,t + a,t* a

where T(%) is the continuous function representing the ambient temperature at variable time t,
and a,, a,, and a, are coefficients to be determined by the measured values of temperature in the

above table.

Following the procedures presented in Section 2.2.4, we may determine the values of the three
coefficients to be

ay=-711,  a, =2275  a,=-0.844
which leads to the function 7(#) in the form

T(t) = =71.1 + 22.75¢ — 0.844¢* b

The function in Equation (b) allows us to either interpolate or extrapolate temperatures at the
specific location that are respectively within or outside the range of the measured temperature.

a. The average temperature of the day between 6:00 a.m. and 9:00 p.m. (or the 21st hour of
the day) can thus be estimated using Equation (2.23):

21 21
/ T(t)dt / (=71.1 + 22.75¢ — 0.844¢2) dt
6 6

T, = 66.38°F

=T 16 15




b. The time and the value of the maximum temperature of the day may be computed in the
following way:

Since we have already derived a continuous function for the temperature variation of the day
as shown in Equation (b), we may use on Equation (b) the formula from calculus for
determining the maximum value of a continuous function f{x).

Thus, we solve for the value of the associate variable by letting x;,, be the value at which the
function f{x) has a maximum or minimum value by letting df (x)dx = 0, and finding a
maximum value at X, if

d*f (x)
dx?

X=X,

By following the first step, we may determine that a maximum or minimum ambient
temperature of 82.2°F occurs at time t = 13.48 hour of the day. Evaluation of the second
derivative of the temperature function in Equation (b) with ¢ = 13.48 shows a value that is less
than zero, which indicates that the ambient temperature of 82.2°F indeed is the maximum
ambient temperature of the day at the location, and it occurs at 13.48 hour or 1:48 p.m.



2.4 Special Functions for Mathematical Modeling

Engineering students at the junior or senior levels of their undergraduate studies in many engineering
schools will already have gained good experience in handling standard functions such as trigonometric
and exponential functions in their mathematical education. However, there are engineering analyses that
involve situations requiring mathematical formulas to describe physical phenomena that can only be
represented by special mathematical functions. These are referred as “special functions” in engineering
analysis because they do not appear in many mathematical analyses as commonly as the trigonometric
and exponential functions.

There are generally two types of special functions used in engineering analysis:

* Type 1. Special functions appear in mathematical formulations and solutions. We will
introduce three common special functions that often appear in solutions of engineering analysis:

error function and complementary error functions;
gamma function;
Bessel functions.

* Type 2. Special functions describing special physical phenomena. These functions are useful
tools in mathematical modeling of two particular physical phenomena that often present in
engineering analyses. We will introduce two such special functions:

step functions;

impulsive functions.

2.4.1 Special Functions in Solutions in Mathematical Modeling

2.4.1.1 The Error Function and Complementary Error Function

This function often appears in the solution of differential equations such as diffusion equations. Diffusion
is the net movement of a substance (e.g., an atom, ion, or molecule) from a region of high concentration to
a region of low concentration and is a common phenomenon in nature. Oxidation of metals in a moist
environment is a typical example. We will look at a special case of diffusion analysis in which the variation
of the concentration of a solvent, solvent A, with concentration C, diffuses into another solvent, solvent B,

with a lower concentration C,, as illustrated in Figure 2.44.

Solvent A
Concentration C,

___  SolventB
—— Concentration C, —

b

The concentration of solvent A in the mixed solvent at the depth x and time t after its diffusion into
solvent B, expressed as C(x,t), can be obtained using the differential equation already presented in

Equation 2.5 (Hsu, 2008):

Figure 2.44 Diffusion of substance A into solvent B.

aC(x,t) DdEC(x,t) 2.5

at Ox?

in which D is the diffusivity of solvent A into solvent B. Diffusivity is a material constant for many
substances involved in diffusion processes and the values are available from materials handbooks. The




following conditions are specified for the present case of analysis:

Cx0)=0; C0,t)=C; C(oo,t)=0
where Cj is the concentration of solvent A at the interface of the two solvents and C(eo,t) is the
concentration of solvent in the mixed solvent far from the interface at time t.

The solution of Equation 2.5 with the specified conditions is

2.24
C(x,t) = C,erfc

2/Dt

The function erfe(x/2+/Dt) or erfe(X) with x = x/24/D¢ in Equation 2.24 is called the complementary
error function, which is related to the error function erf(X) by the relationship erfe(X) = 1 — erf(X). The
error function is given by

erf(X) = i/ et dt 2:25
0

¥/

Just as for the sine and cosine functions, the value of the error function erf(x) can be determined from its
argument X. Values of the error function with given argument X are available in many textbooks and
handbooks (Hsu, 2008; Zwillinger, 2003). It is, however, convenient to recognize that erf(0) = 0 and
erf(e) = 1.

2.4.1.2 The Gamma Function

Like the error function, the gamma function I'(t) also appears in solutions of mathematical modeling. It
takes the form

F(t) =f xr—l e* dx 2.26
0

The gamma function with integer argument t in Equation (2.26) can be evaluated by the simple formulas

I't+1)=¢tI'(t) and TI'(n)=(n-1)!

The sign “!” designates the “factorial” value of an integer number. Values of gamma functions are available
in mathematics handbooks such as Zwillinger (2003).

«)»

2.4.1.3 Bessel Functions

Bessel functions are special functions that often appear in engineering analyses involving problems of
“circular,” “cylindrical,” and “spherical” geometry. They are named after Friedrich Bessel, a German
astronomer and mathematician (1784—1846). Bessel developed the Bessel functions in 1824 from his
study of the elliptical motion of planets.

Bessel functions behave in a similar way to the periodic sine and cosine functions except that they oscillate
with gradual reduction of both the amplitude and frequency.
Bessel Equation and Bessel Functions

Bessel functions are solutions of the Bessel equation, which has the form

2 d*y(x) 5 xdy(x)
dx? dx
where A = constant and n = the integers 1, 2, 3,....

+ (%% - nz}y(x} =0

The solution of the Bessel equation (2.27) has the form



N
N
o]

y(x) = CJ,(Ax) + C, Y, (4Ax)

in which C; and C, are arbitrary constants.
The functions J,,(Ax) and Y;,(Ax) are Bessel functions with specific names:
J(Ax) is the Bessel function of the first kind of order n.
Y,,(Ax)is the Bessel function of the second kind of order n; it is often called a Neumann function.

Figures 2.45a and b illustrate plots of the first two orders of Bessel functions. We will notice that the
values of Bessel functions oscillate about the x-axis but with gradual reduction of amplitudes and periods
of oscillation.

(a) (b}

Figure 2.45 Bessel functions. (a) Bessel functions J,(x) and J;(x). (b) The Neumann functions Y,(x) and
Y, ().

A slightly different form of the Bessel equation from Equation 2.27 is

L d?y(x) dy(x) e g 2.29
2 2.2 2 _
) +x T —(Ax*+n)yx)=0
The solution of the modified Bessel equation in Equation 2.29 is
y(x) = C, I,(Ax) + C, K, (Ax) 2.30

in which I,,(Ax) is a modified Bessel function of the first kind of order n, and K,,(Ax) is a modified Bessel
function of the second kind of order n.

It may be noted from Figure 2.46 that the modified Bessel functions in Equation 2.30 do not oscillate as
do the Bessel functions in Equation 2.28.

12
10

8

> X

0 1 2 3 4 5
Figure 2.46 Graphical illustration of modified Bessel functions I,(x) and I, (x).



Example 2.14

Solve the following differential equation:
2 d*y(x) % xa’y(x)
dx? dx

We recognize that this differential equation is similar in form to Equation 2.27 with A2 = 32, and n? =
22, We may thus express the solution as that shown in Equation 2.28 with

+ (9% —4)y(x) =0

¥(x) = C, J,(3x) + C, Y,(3x)
The constants C; and C, in the above solution may be determined according to specified conditions.

Likewise, the solution of the modified Bessel equation

2 d*y(x) I dy(x)
dx? dx
may be expressed in the form of Equation 2.30:

-9’ +4)y(x)=0

Y (x) = C, L,(3x) + C, K,(3x)

Values of Bessel functions of order 0 and 1 with specified arguments are available in mathematical
handbooks such as Zwillinger (2003), and as illustrated in Figure 2.45. For instance, J,(10.5) =

-0.23664, J;(10.5) = —0.07885, J,(10.5) = 0.22162, and Y,(11) = —0.16884, Y;(11) = 0.16370, Y,(11)
= 0.19861. It is useful to be able to recognize the values of Bessel functions of certain special orders
and arguments, for instance:

Jo(O=1, J,(00=0, Y,0) = co
I0)=1, 1,0 =0 K,(0) - oo

Recurrence Relations of Bessel Functions

One will find that many handbooks offer only the values of Bessel functions of order o and 1; Bessel
functions of higher orders can be obtained by using the following recurrence relations:

)I”_](\X)'I'f”_'_](x) = zfju(‘x) 2.34

2 .
Y1 () + Y1 () = Z2Y,) 2.32

Thus, for example, the value of function J,(x) can be determine by letting n = 1 in Equation 2.31 to get

2
J(x) = ;;’l{x} — Jy(x)
with the values of J;(x) and J;(x) being available in mathematical handbooks (Zwillinger, 2003).

The modified Bessel functions I;,(x) and K,,(x) may be related to the Bessel functions by the formulas:

L(ix)=i"],(x) and [/(x)=i"],(x)

where ; = /1.



K,(ix) = T e "/~ (x) + iY, ()]

Differentiation and Integration of Bessel Functions

The following expressions are used for differentiation:

a)’,,(ﬂx} = gf,.(ax) —af,, (ax) 2.33
Y, (@) = 2, (ax) ~ aY,, (ax) =34

and for integration:
2.35

/ 2] (x)dx =x"],(x)

2.4.2 Special Functions for Particular Physical Phenomena

2.4.2.1 Step Functions

Step functions originated from “Heaviside step functions.” They are used to describe physical phenomena
that come to existence at a given instant in a “time” domain, or at a position in the “space” domain. These
physical phenomena remain in their original state thereafter. Physical phenomena of this kind may be a
“weight” or “force” existing in a portion of a solid structure, or for the switching on or off of an electric
circuit, resulting in the electric current beginning to flow or ceasing to flow in the circuit thereafter.

The physical situation that a step function represents can be represented diagrammatically as in Figure
2.47. The mathematical expression of the step function in Figure 2.47 is

u(x —a) or u,(x)=0 for-—-co<x<a 2.36a
=a fora<x<o
and
u(x = a) = u,(x) - % for x=a 2.36b
vk
Step function, u(x-a) —
3 — 00
{1 sEmmmmas - IFIIII-I-IIIII-I-IIIII-I-I
— ;
; > X
0 d

Figure 2.47 Graphical description of a step function.

The function u,(x) in Equations 2.36a,b denotes a step function with non-zero values, which begins at x =

a. Step functions can be added or subtracted to represent physical quantities existing over infinite range of
variables from — < x < « as in Equations 2.36a,b



Example 2.15

Use a step function to describe a physical quantity that varies in the form of “rectangular wave” as

illustrated in Figure 2.48.

flx) 4
P———— EEEEEEERER
] |
! 1
! 1
: !
0 a b

Figure 2.48 General form of a function existing in a finite range in an infinite variable domain.

Solution:

The situation in Figure 2.48 can be described by the superposition of two step functions as
illustrated in Figure 2.49. Thus, a physical quantity existing between x = a and x = b in an infinite
variable domain such as shown Figure 2.48 can be modeled mathematically by the following

expression:

f&x) =£(x) - f(x)
= Pu(x — a) — Pu(x — b)
= Plu(x — a) — u(x — b)]
= Pu,(x) — Pu,(x)

filx) fx)

Pr—-—-pussssssssssssmmns Pl-------

2.37

FIIIIIIIII

[-Y
r

0
Figure 2.49 Superposition of two step functions.

b



Example 2.16

Use a step function to describe a beam that is subjected to a uniformly distributed load of intensity
w(x) over part of its length, as illustrated in Figure 2.50 so that the function describing the load on

the beam is valid for the range —« < x < +c.

Loading: w(x)

Wo

L2
L

O<x<L

—_———— X

-+

Y

Figure 2.50 A cantilever beam subjected to partial distributed loading.

Solution:

The beam is subjected to a uniformly distributed load w(x) with an intensity w , as shown in Figure

2.50, whereas the other part of the beam is load free. The loading function is in the shape of a “step”
with the height of the step being w, and on the span defined by 0 < x < L/2. The loading for the

entire beam can be described by a step function that is equal to the difference of two step functions
with same “height” of the steps, i.e., w,, but with one function beginning at x = 0 and the other with

the “step” beginning at x = L/2, as illustrated in Figure 2.51.

W(X) —co <x <400

LT Wo

|

Function: u(x)

Function: u(x-L/2)

)

Vv

i

Figure 2.51 Application of a step function to a partially loaded beam.

The loading function for the entire beam length is thus

L2 |

y¥

w(x) = w, [u(x)—u(x— %)] with —o0 €<x < 400

2.4.2.2 Impulsive Functions

X

Unlike the step function that describes a physical quantity that comes to existence at a specific time or
spatial location and remains at its original value thereafter, the impulsive function is used to describe
physical phenomena that exist only for an extremely short period of time or in an extremely small
physical extent (i.e., localized physical phenomena). Impulsive functions have other names such as the
“delta function” or the “Dirac function.” A graphic representation of this function is illustrated in Figure

2.52.

a(x)

Figure 2.52 Graphical definition of impulsive function.

The mathematical expression of the impulsive function is



8x)=0 for x#0 2.39
— oo for x=0

In practice, there is no physical quantity that has an infinite magnitude along with zero pulse width, as
illustrated in Figure 2.52. Therefore, for real physical phenomena we deal with finite magnitude and finite
but very small pulse width, as illustrated in Figure 2.53. The corresponding function must be modified to
be for the following cases.

a. The pulse occurs at the origin (Figure 2.53):

o(x)=0 x<0 2.40
=1/e O0<x<e¢
=0 x>0
b. The pulse occurs at a point x = a away from the origin (Figure 2.54):

o(x—a)ord,(x)=0 x<a 2.41
=1f(e—a) a<x<e¢
=0 x2>¢
where §,(x) is an impulsive function with the pulse located at x = a.
o(x) &

l/e @

M gEEEEEEREREF

0

Figure 2.53 Impulse at origin of a coordinate system.

(x-a)
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Figure 2.54 Off-origin impulsive function.

The following are some useful properties of impulsive functions in mathematical modeling:

/ st)dt =1 2.42a
r 2.42b
/ 5(t — a)dt = u(t — a)
0
/ f()é(t — a)dt = f(a) 2.42c¢
) 2.42d

dt o(e)



Example 2.17

Use an impulsive function to describe the concentrated loading P, on a cantilever beam as shown
in Figure 2.55.

[
¥

— L2
-~ I

Figure 2.55 Beam subjected to a concentrated load.

Solution:

Because the load is a concentrated force that applies at a “spot” located at x = L/2, we may use an
impulsive function to describe this type of loading as illustrated in Figure 2.56 with a pulse of
height P, covering the range of — o0 < x < + .

—o 0 L/2 |

Figure 2.56 Impulsive function with a pulse P,,.

The loading function that covers the variable domain (x) defined by —co < x < co may be
expressed by an impulsive function as

P(x) = Pys(x — L/2) 2.43



2.5 Differential Equations

We began this book with the statement that “Engineering analysis involves the application of scientific
principles and approaches ... to reveal the physical state of an engineering system, a machine or device, or
structure under study.” This properly reminds engineers that the laws of physics should be used as the
basis of all engineering analyses. Consequently, all mathematical modeling in engineering analysis must
adhere to the laws of physics.

2.5.1 The Laws of Physics for Derivation of Differential Equations

There are three universal laws of physics that all principles and approaches of engineering analysis must
follow:

1. Conservation of mass
2. Conservation of energy
3. Conservation of momentum.

Many “application” laws of physics have been derived from these three fundamental laws of physics. For
mechanical engineering analyses, the following application laws are often used as bases for the derivation
of differential equations used in engineering analysis such as:

e Newton's laws for the mechanics of solids in static, dynamic, and kinematic analyses of machines and
rigid bodies.

e Fourier's law for the conduction of heat in solids (it relates the “heat flows” and the induced
“temperature gradients,” or vice versa, in solids).

e Newton's cooling law for convective heat transfer in fluids.
e Bernoulli's law for fluid dynamics.

The following examples illustrate how other laws of physics can be used to derive differential equations in
mathematical modeling.



Example 2.18

Derive an equation to determine the variation of weight of a freely hung solid cone along its
length. The cone has root radius R and length L as illustrated in Figure 2.57.

|
I
LAyt LS v=0

-

Figure 2.57 Freely hung solid cone.

Solution:

We realize that the weight, W, of a solid can be determined by the product of the volume of the
solid (V) and its mass density (p): or W = pV. A solution to the gradual weight increase of the
cone along its length can be determined by the variation of its volume along its length. Our task is
thus to deriving an equation to determine the volumetric variation of the cone along its length.

Referring to Figure 2.57, the volume of the cone can be obtained by summing up all the element
volume in the cross-hatched area in the figure. At an arbitrary distance from the fixed end at y =
0, the volume of the shaded element equals AV = a[r(y)]? Ay, in which Ay is the thickness of the
volume element.

We may relate the radius r(y) to the variable y by

n=Rr(1-2
0 =5(1-3)
from which we may formulate the volume of the element:

2

14 = J'rRE( 1-— 4 )“
Ay L
We also realize that the volume of the cross-hatched element increases continuously with the
increment of y in the last expression. Mathematically, this validates the condition that the
relation holds under the condition that Ay is infinitesimally small, or Ay —o0, which leads to the
following differential equation:

dV(y) 2 y\? _ 2.44
““‘—d“;—“ = JTR (1 = ) = 0
with the condition V(0) = o.



Example 2.19

Derive the equation of motion of a falling ball of mass m as illustrated in Figure 2.58.

Applied forces at time, r:

Dynamic (inertia) force, F(r)

Alr resistance, R(1)

chlncit}f. v

Weight, mg
Weight, mg

vx
Figure 2.58 Forces on a free fall rigid body.
Solution:

We realize that the ball falls from zero initial velocity and falls with a constant gravitational
acceleration g toward the ground. Due to this gravitational acceleration, the velocity of the falling
ball v increases with time t.

If we let v() be the velocity of the mass at time ¢, the forces that act on the ball at any moment ¢
are as shown in the right-hand part of Figure 2.58. The dynamic equilibrium condition requires
that the sum of all these forces be set to zero according to Newton's first law. Mathematically, this
is expressed as

Y F.=-F(t)-R(t)+ mg =0 a

where F(t) = dynamic (inertial) force, which is in the opposite direction to the acceleration (g in
this case) according to Newton's second law; R(t) = the force of air resistance from the air the ball
is passing through is proportional to the velocity, or R(t) = cu(t) where c is a proportionality
constant; mg = the weight of the ball.

The dynamic force acting on the falling ball can be expressed by Newton's second law as F(t) = M
a(t), where a(t) = the gravitational acceleration (in this case), which can be expressed as

a(t) =

av(t) d (dx(.c)) _ d?x(t)

At dt \ dt dr

where x(t) is the instantaneous position of the falling ball.

By substituting the expressions for all the forces into Equation (a), we may derive the following
differential equation to be solved for the ball's instantaneous position, x(t), and from which we
may obtain the corresponding instantaneous velocity v(t).

d*x(t) " cdx{t) B

= 2.45
dt? dt

mg =0



Problems

2.1 What is the difference between a real number and an imaginary number, and between a constant
and a parameter?

2.2 What is mathematical modeling and why does it play a vital role in engineering analysis?

2.3 How would you select an appropriate function with appropriate associated variables that could be
used in the solution of the following physical problems?

a. The time required to drain a swimming pool 20 m x 40 m x 2 m deep.

b. The time required to transport a silicon wafer by a moving chuck from one end to the other end
of a platform of given dimensions.

c. The time required for a large rotor of an electricity generator made of steel to be heated up to
500°C from room temperature in a furnace in a heat treatment process.

d. The position of your car determined by a GPS (global positioning system).

e. The amplitude of vibration of a mass attached to a spring after the application of a small but
instantaneous disturbance to the initially motionless mass.

f. The bending stress in a cantilever beam subjected to a concentrated load (also formulate the
function and variable representing the bending stress in a diving board over a swimming pool).

2.4 Give at least one “real-world” situation that can be represented by (a) function of discrete values,
and (b) continuous functions.

2.5 Why do we need to use Equation 2.23 to determine the average value of a continuous function?

2.6 Use no more than 25 words to outline the application of curve fitting techniques in engineering
analysis.

2.7 Use no more than 25 words to describe the application of the step function and the impulsive
function in engineering analysis.

2.8 What are the principal applications of Bessel functions in mathematical modeling of engineering
problems?

2.9 Describe geometrically the families of lines represented by the following functions: (a) y = mx-3,
and (b) y = 4x + b, where m and b are real numbers.

2.10 If f(x) = x2~x, show that f{x+1) = f{—x).
2.11 Draw the graph of the function
fl)y=x-1ifo<x<1
f(x) = 2xifx > 1.
2.12 Find the derivatives of each of the following functions:
a.y=1/x?
b.y =1+ 202
c.y=1/(2+xY2

2.13 Derive an expression for the temperature 7(r) in a nuclear reactor vessel wall as illustrated in
Figure 2.59. The temperature across the reactor wall fits an exponential function with its inner wall
maintained at 400°C and the outer wall at 100°C. Constants a and b in Figure 2.59 are the respective
inner and outer radii of the wall of the reactor vessel.
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Figure 2.59 Temperature in a nuclear reactor vessel wall.

2.14 Find the average ordinate of (a) semicircle of radius r; (b) the parabola = 4 — x from x = -2 to
+2.

2.15 Temperature is measured in either Fahrenheit or Celsius degrees. Fahrenheit (F) and Celsius (C)
temperature are related by the expression F = aC + b in which a and b are constants. The freezing
point of water is 0°C or 32°F, and the boiling point of water is 100°C or 212°F. (a) Find the equation
relating C and F. (b) At what temperature will the temperatures on both scales be equal in value?

2.16 Derive a function for the variation of the radius along the length of a tapered metal rod with
dimensions shown in Figure 2.60 below:

L=50cm |

I
[

Diameter:
d;=20cm

Centerline d, =10 cm

Figure 2.60 Variation of diameter of a rod.

2.17 Find the variation of the cross-sectional area, the volume, and the mass of the tapered rod in
Figure 2.60 along its length if the mass density of the rod material is p g/cm3.

2.18 A common shape of pressure vessel used in industry involves a hollow cylinder covered at both
its ends with welded “2:1 elliptical covers” (or “heads”) as illustrated in Figure 2.61. (a 2:1 elliptical
head means that the major axis of the ellipse is twice that of the minor axis). Use the integration
method to determine the volume content of the pressure vessel with the interior dimensions shown in
the figure.

2:1 elliptical head

Cylindrical section /

2:1 elliptical head

Axis of
revolution

50 cm 2m | 50 cm

Y S




Figure 2.61 A Pressure vessel containing liquid.

2.19 An engineer designs a circular filling funnel for a water bottling company with a filling volume of

8 fluid ounces (or 236 cm3). The filling funnel consists of three sections as illustrated in Figure 2.62.
Determine the approximate tapering angle 6 and the lengths L, and L, that satisfy a design constraint

on available space that requires L; + L, < 10 cm.
I
I

6 cm ;diameter
J
!

-

4cm

Axis of

! revolution
[}

(b)

Figure 2.62 Optimal design of a three-section funnel. (a) Image of the three-section funnel. (b)
Dimensions of the funnel.

i
i
! 0.5 cm diameter
I
|

2.20 Use an integration method to determine the volume content of a square tapered chute as
illustrated in Figure 2.63 with dimensions W = 20 cm, H = 10.8 cm, and h = 1.2 cm.

P W
H
;/h(

Figure 2.63 Square tapered chute.

2.20 (Hint: You may check your answer with the formula for the volume of a pyramid from
handbooks: Volume of 4-side base pyramids V = (base area)(altitude)/3.)

2.21 A measuring cup shown in Figure 2.64a has overall dimensions given in Figure 2.64b. Determine
the following: (a) the overall volume of the cup; (b) the height L, for the volume of 200 ml; and (c) the

height L, for the volume of 100 ml.
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(b)
Figure 2.64 Design of a measuring jug. (a) Image of the measuring jug. (b) The overall dimensions of
the jug.

2.22 IV bottles such as the one shown in Figure 2.65 are commonly used in hospitals. Use the
idealized geometry of the IV bottle shown at the right of the figure to determine

a. The volume of the liquid in the bottle.
b. The diameter of the straight portion of the bottle in Figure 2.65 below if the capacity is designed
to be 1200 ml (cm3).

8 cm diameter A small
© vent hole

14 cm

|4 cmg

Arc

Insignificant

7 length —)‘ }(— 4 mm diameter

|
|
|
|
|
|
|
|
|
|
B RCTRREEE DR
|
|
|
|
|
i
I
I

Figure 2.65 IV bottle for hospital use.
2.23 Use appropriate step functions to describe the loading on the beam illustrated in Figure 2.66.

LTI v S
ECE E
L

AR

Figure 2.66 A partially loaded beam.
2.24 Use appropriate step functions to describe the loading on the beam illustrated in Figure 2.67.
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/] L2
/1

X=0
Figure 2.67 Nonuniformly loaded beam.

2.25 Use the step function to express the loading function P(x) on a partially loaded beam so that the
loading function is valid for the region —« < x < +. The loading condition on the beam is illustrated in

Figure 2.68.
P(x)
:L|ﬁ
— X
7] 21/3
/ .
i

X=0
Figure 2.68 Partially loaded beam.

2.26 Use an appropriate special function to describe the loading on the beam illustrated in Figure
2.69.

|Po Ley

L/3
2L/3

SLLLLS

ANRNNN

L

Figure 2.69 A beam subjected to concentrated loads.

2.27 Derive a mathematical expression for the distributed loads, P(x) on the beam illustrated in Figure
2.70.
Loading function Q(x)

A cosine function

|
x=0

Figure 2.70 A cantilever beam subjected to a distributed load.

2.28 Use the integration method to locate the centroid of a flat plate bounded by three corners A, B,
and C with the dimensions shown in Figure 2.71.
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Figure 2.71 A plate with a curved edge.
2.29 Use the integration method to locate the centroid of a plate made of a quarter-circle as illustrated

in Figure 2.72.
\ |
6cm

Figure 2.72 A plate of quarter-circle geometry.
2.30 Use the integration method to locate the centroid of a quarter-ellipse as illustrated in Figure

2.73.
\ |
3 cm

Figure 2.73 A plate of quarter-ellipse geometry.
2.31 Use the integration method to locate the centroid of a plate of the geometry and the dimensions

shown in Figure 2.74.

6 cm

-

6 cm

o




Half ellipse
ST | —
0,

Half circle

Figure 2.74 A plate of geometry bounded by a half ellipse and a half circle.

2.31 Hint: The use of “double integration” technique in determining the enclosed area and area

moments of the plane area along both x- and y-coordinates will prove to be a proficient way to reach
solutions of this problem

2.32 Use the integration method to determine the area and the location of the centroid of a plate
coupler of a four-bar linkage similar to that illustrated in Figure 2.36. This coupler plate has
dimensions defined by the coordinates of the four corners ABCD as shown in Figure 2.75.

Coordinates: A(0,0), B(2,3), C(6,5), D(8,0)

Va
C

A > X

Figure 2.75 Plate coupler of a four-bar linkage.

2.33 According to a textbook on dynamics (Hibbeler, 2007), the (mass) moment of inertia (I) of a
solid machine component is an important quantity that is used as a measure of the resistance of a rigid
body to angular acceleration (a) caused by moment M = Ia, in which the boldface characters indicate
vectorial quantities. The mass moment of inertia of a rigid body can be determined by an integral:

I'= frzpdv a
5

where r is the perpendicular distance of the moment arm from the axis of rotation, p is the mass
density of the rigid body, and v is the volume of the rigid body.
2.33 Use the above expression to determine the mass moment of inertia of a flywheel with a linearly

tapered profile. The flywheel is made of aluminum with a mass density of 2.7 g/cm3. The cross-section

of the wheel is shown in Figure 2.76. Determine the mass moment of inertia of this flywheel using the
integral (Equation a) shown above.

AZ — axis of rotation

fﬁ//f?
10cm : 5cm \\| o




Figure 2.76 Cross-section of a flywheel with a tapered profile.



Chapter 3
Vectors and Vector Calculus



Chapter Learning Objectives

e Recap the distinction between scalar and vector quantities in engineering analysis.
e Learn vector calculus and its applications in engineering analysis.

e Learn to manipulate expressions of vectors and vector functions.

o Refresh vector algebra.

¢ Learn the dot and cross products of vectors and their physical meanings.

e Learn about derivatives, gradient, divergence, and curl in vector calculus.

e Learn to apply vector calculus in engineering analysis.

e Learn to apply vector calculus in rigid body dynamics in rectilinear and plane curvilinear motion
along paths and in both rectangular and cylindrical polar coordinate systems.



3.1 Vector and Scalar Quantities

In Section 2.2.3, we introduced functions that represent physical quantities in engineering analyses, and
whose values vary with the values of the associated independent variables in space (x, y, z) in a
rectangular coordinate system) and time (¢). These quantities are called as scalar quantities.

There is another group of physical quantities for which not only the magnitude but also the position and
the direction are significant and must be represented.. These are called vector quantities. Thus, a speed of
80 km/h of a moving car is a scalar quantity, but a velocity of 80 km/h implies that the car is traveling in
specific direction on the road at this speed, so that it is a vector quantity. Engineering analyses involving
vectorial quantities will require the use of vector calculus, which will be described later in Section 3.5.

A vector, as stated, is characterized by both its magnitude and its direction. Examples of vectorial
quantities include the velocity of an object traveling either in a (2D) plane or in a (3D) space. As well as
the example of the velocity of a moving vehicle, the concept includes related quantities such as
acceleration. The force acting on an object is another vectorial quantity that has to be defined in terms of
its magnitude and the direction in which the force is acting. Other vectorial quantities include the electric
field, current flow, and heat transmission in solids and fluids.

In contrast to vectorial quantities, common physical quantities in engineering analysis such as the
temperature, speed, mass of an object, heat and energy, and electric potential are scalar quantities.

A vector may be represented as a directed line segment as shown in Figure 3.1. We will use boldfaced
letters and notation to designate the vector quantities throughout this book.

Figure 3.1 Graphical representation of a vector.

In Figure 3.1 the vector A is characterized by its magnitude |A| and its direction indicated with an
arrowhead. Graphical representation of this vector includes an “initial point” shown as a solid circle at one
end and a “terminal point” indicated by the arrowhead. A vector with the same magnitude of vector A but
acting in the opposite direction carries a negative sign (i.e., —A ) as also shown in Figure 3.1.

Vector quantities are usually defined by a coordinate system in engineering analyses, for example in an x—
y coordinate system as shown in Figure 3.2.

Y
¥A

(a)

Figure 3.2 Rectangular x—y coordinate system for a vector. (a) Vector A in x—y coordinates. (b)
Decomposition of vector A.

Once a vector has been defined in a coordinate system, such as that shown in Figure 3.2a, it can be
decomposed into components along those coordinate directions, as illustrated in Figure 3.2b, where the
vector A is decomposed to component A, with magnitude A, and the vector component A, with

magnitude A4, along the x- and y-axis respectively.



The magnitude of vector A, i.e., |A| can be obtained as

|A] = \/|Ax|2 +1A 12 = /A2 + A2

The direction of vector A is determined by the angle 0 in Figure 3.2b:

A
tanf = —=



Example 3.1

A vector A as in Figure 3.2b has its two components along the x- and y-axes with respective
magnitudes of 6 units and 4 units. Find the magnitude and direction of the vector A.

Solution:

We are given the magnitudes of the vector components along the two coordinatestobe A, = 6
and A, = 4; according to Equation (3.1), the magnitude of vector A is

|A] = A = V6 + 4% = v/52 = 7.21 units
The direction of the vector A is determined from Equation (3.2):
4
tanf = = = 0.67
an z
which gives

# = tan™'(0.67) = 33.82°
with 0 as defined in Figure 3.2b.



3.2 Vectors in Rectangular and Cylindrical Coordinate Systems

Two coordinate systems frequently used in engineering analysis are (1) the rectangular coordinate system
with coordinates x, y, and z and (2) the cylindrical coordinate system (r,60,z), as illustrated in Figure 3.3a.

ZM

P(x,y,z) or
P(x,y,z) or Pir.0,z)

P(r,0,z)

Figure 3.3 Vector in rectangular and cylindrical coordinate systems. (a) A vector in three-dimensional
space. (b) Rectangular unit vectors.

Figure 3.3b illustrates another way to represent a vector, in this case in three-dimensional space; for
instance, the position vector A with its initial point coinciding with the origin of the coordinate system
and its terminal point situated at point P at a position with coordinates (x,y,z) in a rectangular coordinate
system. This position vector may be expressed in the following way:

A =xi+yj+zk 3.3

where 1, j, and k are the “unit vectors” along the x-, y-, and z-coordinate directions, respectively, as shown
Figure 3.3b. Unit vectors are used to designate the direction of scalar quantities. For example, in Equation
3.3, the term yj indicates the vector quantity with a magnitude of y but in the direction of the vector j
along the y-coordinate. Each of these three unit vectors in Figure 3.3b has a magnitude of 1.0.

The magnitude of vector A can be obtained by using the Pythagorean rule:

|A|=A=\/(\/x2+y2)2+z3=\/m 34

3.2.1 Position Vectors

A position vector such as the vector A of a point located at (x;, y,) illustrated in Figure 3.3a. The position
of this point may be represented by a vector r in Figure 3.4a. This vector often is known as the location
vector of the point P in space, or the radius vector that represents the position of point P in a space
defined by a coordinate system with an arbitrary reference origin O in Figure 3.4b. The position vector is
used in describing the motion of “particles” or “rigid bodies” in a planar two-dimensional space or in
three-dimensional space.



P(X1.¥1.24)
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(a) (b)
Figure 3.4 Position vectors. (a) In the two-dimensional plane. (b) In three-dimensional space.

The position vector r in Figure 3.4b can be decomposed into three components as r = ry + ry + r,, with ry,
ry, and r, being the components of the position vector r along the x-, y-, and z-coordinates, respectively.
These components may be expressed using the unit vectors i, j, and k as defined in Figure 3.3b, with r,. =
X1, ry = y3j, and r, = z;k, and the vector's magnitude being

SO 2 - S T 3:5
== I+ P+ I =/ 45+ 2

The angles a, B, and y between the position vector and the respective x-, y- and z-coordinate directions
can be computed using the expressions

x z
cosa = —, cosﬁzﬁ, cosyz—l 3.6
|| x| Ir|



Example 3.2

Express the vector A in Figure 3.2 in terms of unit vectors as defined in Figure 3.3b. This vector A
has two components with magnitudes and directions given in Example 3.1. Show the magnitudes
of the components in both rectangular and cylindrical coordinate systems.

Solution:

The magnitudes of the two components of vector A with

A, =6 and |A|=4

as given in Example 3.1. Following Equation 3.3, we can express this vector in the form of the two
corresponding unit vectors i and j as follows:

A = 6i+4j

The unit vectors in the cylindrical coordinates (r,0,z) in Figure 3.3a can be derived from the
relationship x = r cos 0, y = r sin 6, and z = z, from which we may express the position vector A in
Figure 3.3b in terms of unit vectors in the following way:

A=ri+0j+zk 3.7

in which the magnitudes r, 6, and z in the cylindrical coordinate system can be related to the
coordinates x, y, and z in the rectangular coordinate system by the following matrix relation:

3.8

r cosf sinf 0] |x
0@r=|—sinf cos® 0|5y
Z 0 0 1]z



Example 3.3

Given vector A = 2i +4k and vector B = 5j +6k, determine (a) in what planes do these two
vectors exist, and (b) their respective magnitudes.

Solution:

a. Vector A may be expressed as A = 2i +0j + 4K, so it is positioned in the x—z plane in Figure
3.3. Vector B may be expressed as B = oi + 5j +6k, with no value along the x-coordinate. It is
therefore positioned in the y—z plane in a rectangular coordinate system.

b. The magnitude of vector A is

Al = A= V22 +4% = V20 = 447

and the magnitude of vector B is

|IB| = B= V5% + 6% =1/61 =781



Example 3.4
Given two vectors: A = 3i + 2j and B = 4i — 5j, plot graphs of (a) A + B and (b) A — B in the x—y
plane.

Solution:
a. A+B=03B+4)i+(2-=5)j=7i-3j
b.A-B=@B-4)i +[2-(-5)]j = —i +7j
Graphical results for both (a) and (b) are shown in Figure 3.5.
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Figure 3.5 Summation and subtraction of the two vectors in Example 3.4.



Example 3.5

Determine the angle of a position vector r = 6i + 4j in Figure 3.4a in the x—y plane.
Solution:

Following the definition of unit vectors i and j in Figure 3.3b, we have the magnitude of the x-
component of the vector r as x; = 6 units along the x-coordinate and that of the y-component as

Y1 = 4 units along the y-coordinate; and the magnitude of the vectorris |y| = /6> + 42 = 7.21-
Using the expressions shown in Equation 3.6, we determine the angles a and £ to be

6 ) , °
cosa = —— =0.832, or a=33.68
7.21

and

cosfl = %1 — 0555 ‘or J=E63°

A check of the above computation is that @ + f = 33.68 + 56.3 = 89.984° =~ 90°, as it should
be.



3.3 Vectors in 2D Planes and 3D Spaces

In reality, vectors may operate in both two-dimensional planes and three-dimensional space. Figure 3.6a
shows a vehicle being pushed uphill in a two-dimensional plane.

. é F
P) .Y F'J'
w

(a) (b)
Figure 3.6 Force vectors in a 2D plane. (a) Force acting in a plane. (b) Multiple forces acting in a plane.

In Figure 3.6b, we have all the force vectors acting on the vehicle represented by F = the force vector that
pushes the vehicle uphill against a slope defined by the angle 6, W = the weight of the vehicle, and the
friction force vectors Fy at the contact of the wheels of the vehicle and the road surface. All these force

vectors act in the plane defined by the x—y coordinates, as illustrated in Figure 3.7.

T -

E F

w

0 > X

Figure 3.7 Force vectors in the x—y plane.

Vector quantities will often act in 3D space. A common case of space vectors is illustrated in Figure 3.8a,
with the position of the supports of the three structural components specified in a 3D space defined by the
(x,y,2) coordinates. Figure 3.8b shows the corresponding force vectors that are induced in these members
by the application of a weight at point C in Figure 3.8a. The applied force, the F vector, may be expressed
as F = — W, Kk in which the magnitude of the weight is W, or in a general form as F = F,i + F,j + Fk,
with F, F, and F, being the magnitudes of the three components of the force vector along the x-, y-, and
z-coordinate directions, respectively. The unit vectors i, j, and k are defined in Figure 3.3b. The induced
force vectors in the structural members AC, BC, and OC are expressed as F . = di — ¢j + bk,

Fge = di + fj + ¢k, and Fg = di, as shown in Figure 3.8b.
ZT ZT

A(0—e,b)

B(0,f,c)

C(d,0,0) C(d,0,0)

0(0,0,0)

C(d,0,0)

(a) (b)



Figure 3.8 Vectors in 3D space. (a) A space structure. (b) Force vectors in the structural members.



3.4 Vector Algebra
3.4.1 Addition of Vectors

The resultant vector from summing of vectors can be obtained by joining the initial point of a vector onto
the terminal point of the other vector as illustrated in Figure 3.9 for the summation of two vectors.

(a) (b) ()

Figure 3.9 Summations of two plane vectors. (a) Two free vectors. (b) Summation of two vectors. (¢) An
alternative representation of vector summation.

In Figure 3.9b, vector C is the resultant vector of the summation of vectors A and B in Figure 3.9a. Figure
3.9c shows the summation of two vectors using the parallelogram law.

Summation of more than two vectors is illustrated graphically in Figure 3.10. Here the summation is of
the four vectors A, B, C, and D shown in Figure 3.10a with the resultant vector R = A + B + C + D shown

in Figure 3.10b.
B
| Cc
< D
\Ql R

(@) (b)

Figure 3.10 Summation of multiple plane vectors. (a) Four free vectors. (b) Summation of four vectors.

3.4.2 Subtraction of Vectors

Subtraction of two vectors can be handled by summing the first vector with the second vector in reversed
direction. Figure 3.11a shows two vectors A and B in the same plane. The difference of these two vectors
follows the rule of addition of two vectors as illustrated in Figure 3.9b but with vector B in opposite
direction to that presented in Figure 3.11a. Figure 3.11b shows the addition of Vector A and vector —B,
giving the difference of these two vectors as the vector R where R = A + (-B) =

<P

(@)

Figure 3.11 Subtraction of two vectors. (a)Two free vectors A and B. (b) Subtraction of B from A by
addition of -B to A.

3.4.3 Addition and Subtraction of Vectors Using Unit Vectors in



Rectangular Coordinate Systems

A convenient way of adding and subtracting vectors is to express the vectors to be summed or subtracted
in terms of rectangular unit vectors as shown in Equation 3.3. The resultant vector is obtained by
summing the magnitudes of the components of the vectors associated with the unit vectors i, j, and k
along the respective x-, y-, and z-coordinate directions.

Figure 3.12 illustrates how the two vectors A = A,i + A j and B = B,i + Bj are summed to give the
resultant vector C = C,i + C)j,inwhich C.=A,  + B, andC,=A + B,.

¥

Cy

Figure 3.12 Summation of two vectors in the same plane.

In Figure 3.12, we have the magnitudes of the components of vector A as A, = 3 units and A, = 6 units,
and those of vector B as B, = 5 units and B, = 3 units; we may determine the magnitudes of the two
components C, =3 + 5 =8 unitsand C;, =6 + 3 = 9 units for the resultant vector C, as illustrated in
Figure 3.12. The resultant vector C shown in the figure thus can be expressed as C = 8i + 9j.

The subtraction of vectors may be handled in a similar way to that demonstrated in Section 3.4.2.



Example 3.6

A cruise ship begins its journey from port O to its destination of port C with intermediate stops

over two ports at A and B as shown in Figure 3.13. The ship sails 100 km in the direction 30° to
northeast to port A. From port A, the ship sails 180 km in a direction 15° northeast from port A to
port B. The last leg of the cruise is from port B to port C in a direction 25° northwest to the north
of Port C. Find the total distance the ship travels from port O to port C.

Y1 (North)

\ 250

% 15°

\ A
7 30°

X
(West) 0 (East)
| (South)

Figure 3.13 Navigation routes of a cruise ship.
Solution:

Let us assign the position vector A to represent the change of position of the ship from port O to
port A, vector B to represent the ship's change of position from port A to port B, and vector C for
the change of position from port B to port C. Expressions for the three position vectors in terms
of the unit vectors i and j along the respective coordinates x and y in Figure 3.13 are

A =100 (cos30°) i + 100 (sin 30°) j = 86.6i + 50
B = 180 [cos (30 + 15) °| i + 180 [sin (30 + 15)°] j = 127.28i + 127.28]
C = 350 [cos (90 + 25) °| i + 350 [sin (90 + 25) °| j = —147.92i + 317.21j
The resultant vector R is the sum of these three position vectors:
R=A+B+C=(86.6+127.28 4+ —147.92)i + (50 + 127.28 + 317.21)j
= 65.96i + 494.5j
The magnitude of vector R is the distance between port O and port C and is

IRl=R= \/(65‘96)2 +(494.5)? = \/248 881 = 498.88 km

3.4.4 Multiplication of Vectors

There are three types of multiplications of vectors: (1) scalar product, (2) dot product, and (3) cross
product.

3.4.4.1 Scalar Multiplier

The scalar product is the product of a scalar m with a vector A. Mathematically, it is expressed as

R = m(A) = mA 3.9



Thus for vector A = A,i + Aj + Ak, where A,, Ay, and A, are the magnitudes of the components of
vector A along the x-, y-, and z-coordinate directions, respectively. The resultant vector R is expressed as

R=mA,i+ mA),j + mA_k 3.10

3.4.4.2 Dot Product

The dot product of two vectors results not in another vector but in a scalar quantity that has magnitude
but no direction. Physically, the dot product of two vectors is a scalar. It is the projection of one vector
onto the other one which acts at an angle 0 with it such as that illustrated in Figure 3.14. Mathematically,
the dot product of vector A and vector B is

A -B = |A||B| cos@ = a scalar 3.11
where 0 is the angle between vector A and vector B, as illustrated in Figure 3.14.

Figure 3.14 Dot product of two vectors.

The physical meaning of the dot product of two vectors may be illustrated as in Figure 3.15. It involves the
displacement of a vehicle by a displacement vector d of magnitude d. This displacement is produced by a
force vector F of magnitude F. The work done by the force vector F for producing a displacement of d of
the vehicle is defined as

work = force X displacement

Mathematically, the work done on the vehicle is expressed as

W =F-d=Fdcos8

Here the force vector F and displacement vector d are in the same direction, as shown in Figure 3.15; thus
the angle between these two vectors 8 = 0, or cos 0 = 1. We will thus have the work W = Fd, which is a
scalar quantity in this case.

F

Figure 3.15 Work done in a displacing a solid.

We may also demonstrate that the dot product of the same vectors shown in Equation 3.11 is same with
order of multiplication reversed, that is

B - A = |B||A] cos # = the same scalar as in Equation 3.11

The algebraic definition of dot product of vectors can be written as

A-B=AB +AB,+AB, 3.12



where Ay, A, and A, are the magnitudes of the components of vector A along the x-, y-, and z-coordinate
directions, respectively, and By, By, and B, are the magnitudes of the components of vector B along the
same rectangular coordinate directions.

One may thus derive that

A-B=B-A 3.13
The verification of the relation in Equation 3.13 is obvious. For instance, if the magnitudes of the two
vectors are |A| = 6 units for vector A and |B| = 4 units for vector B with the angle between the two

vectors being 0 = 60°, the dot product of these two vectors according to Equation (3.11) will be

A-B=6x4xcos60° =12 units
and the dot product of vector B and A will be the same:

B-A=4X6cos60° = 12units
The definition of the dot product of vectors also leads to the following useful relations:

iri=j-j=k-k=1 3.14
ij=ji=i-k=k-i=j-k=k-j=0
where i, j, and k are the unit vectors in a rectangular coordinate systems as illustrated in Figure 3.3.

An algebraic definition with an expression similar to the one in Equation (3.12) for the dot product of two
vectors A - B may be derived as shown in Equation (3.15). The latter equation is derived by expressing
both these vectors with the unit vectors i, j, and k in rectangular coordinates for A = A,i + ij + Ak, and

B = B,i + Bj + B,k and using the relationships given in Equation (3.14):

A-B=AB +AB +AB, 3.15

where A, A, and A, are the magnitudes of the components of vector A along the x-, y-, and z-coordinate
directions, respectively, and By, B, and B, are the magnitudes of the components of vector B along the
same rectangular coordinate directions. The unit vectors i, j, and k are defined in Figure 3.3.

A useful rearrangement of the expression for the dot product of two vectors gives the angle between two
vector such as the vectors A and B in Equation (3.15). The angle between these two vectors 6 may be
obtained as:

AB,+AB, +AB,
AB

2

cosf =




Example 3.7
Determine (a) the dot product of the two vectors: A = 2i + 7j + 15k and B = 21i + 31j + 41Kk, and
(b) the angle between these two vectors.
Solution:

a. Using Equation 3.15, we get the result of the dot product of vectors A and B to be

A-B=2x214+7x31+15%x41 =874
b. Since the magnitudes of vectors A and B are

Al=A=V224+7+15=1667 and |B|=B=V212+312+412=55.52
and the numerator of Equation 3.16 for this case was computed in (a) to be 874, we have

874
i Ol o O
e 77T 2 T i

giving the angle between the two vectors as 0 = cos™1(0.9443) = 19.21°

3.4.4.3 Cross Product

The cross product of two vectors A and B results in a vector C that has direction perpendicular to the
plane on which both vectors A and B exist, and has magnitude that is equal to the magnitudes of A and B
and the sine of the angle 6 between them. Figure 3.16 shows the cross product of two vectors A and B in a
right-handed coordinate system.

\ F?qghl hand
A\B ﬁ\‘

F!lghl hand

(b)

Figure 3.16 Cross product of two vectors A and B in a right-handed coordinate system. (a) Cross product
A x B. (b) Cross product B x A.

Thus the cross product of two vectors is a vector R = A x B (reads “A cross B”). The magnitude of the
resultant vector R is the product of the magnitudes of A and B and the sine of the angle between them
(the angle 6 in Figure 3.16a). The direction of vector R is perpendicular to the plane of A and B as shown
in Figure 3.16. Mathematically, we have

R=AXB=|A||B|(sinf®)n = AB(sinf)n with 0<6<nx 3.17

where the vector n is a unit vector in the normal direction of the cross product of vectors A and B: that is,
A x B, as shown in Figure 3.16a. If A = B or if A is parallel to B, then sin 8 = 0,and A x B = 0.

Figure 3.17 illustrates the principle of the cross product of two vectors. This case is related to the
tightening of a threaded pipe to a faucet using a plumber's wrench. The applied force vector F is normal to
the axis y, along which is the moment arm vector d. One may easily envision that the resultant moment
vector M, is along the z-axis, which is perpendicular to the plane on which vectors F and d exist.

Mathematically, the resultant moment M, may be obtained by M, = F x d.



50 cm K|

(a) (b)

Figure 3.17 Cross product of two vectors giving the torque applied to a pipe. (a) Physical interpretation.
(b) Numerical situation.

The magnitude of the resultant vector R in Equation 3.17 may be expressed by a determinant for vector A
= Ayl + Ayj + Ak and vector B = B,i + Byj + B,k in a rectangular coordinate system, where Ay, Ay, A,,

and By, By, B, are the magnitudes of the components of vectors A and B, respectively, along the x-, y-, and

z-coordinates, and i, j, and k are the unit vectors defined in Figure 3.3b. The resultant vector of the cross
product of vectors A and B may be obtained from the following determinant:

i j k 3.18
R=AXxB=|[4, A A,
B, B, B,

in which the elements between two vertical straight lines represent a determinant.



Example 3.8

Determine the torque applied to the pipe in Figure 3.17b by a force F = 45 N with an angle 6 =
60° to the y-axis at a distance d = 50 cm from the centerline of the pipe.

Solution:

We may express the force vector

F = (Fsin0)i + (F cos 0)j = (45sin 60°)i + (45 cos 60°)j

or

F = 38.97i 4+ 22.5j

The moment arm vector d may be expressed as d = dj = 50j. The resultant vector M, = F x d
can thus be computed using Equation 3.18 to be

i j k
38.97 22.5 0

0 50 0
=(22.5% 0 — 0 X 50)i — (38.97 X 0 — 0 X 0)j + (38.97 X 50 — 22.5 x 0)k
= 1948.5k

The resultant torque on the pipe thus has a magnitude of M, = 1948.5 N cm in the direction along
the z-axis.

M, =




Example 3.9

Prove that A x B=-B x A.
Solution:

By the definition of cross product of two vectors given in Equation 3.17, we have A x B = C with
the magnitude of vector C being C = AB sin 0 and in the direction such that A, B, and C form a
right-handed system as illustrated in Figure 3.16a. The cross product of B x A = D has the same
magnitude, but the vector D is in the opposite direction as shown in Figure 3.16b in the negative
direction. Thus we have proved that A x B = -B x A.



Example 3.10

If vectors A =i - j +2k and B = 2i + 3j + 4k, determine A x B.
Solution:

We may use Equation 3.18 for the solution:

=

j
-1
3

AXxXB=

B b=t -
1]
@]

= b

from which the vector is

C=[(-1xXx4D-2 xIPi+[A1 xH-2 x2))+[1 x 3)—(-1 x 2)]k
= —10i + 5k

3.4.4.4 Cross Product of Vectors for Plane Areas

The cross product of two vectors may be used to determine the area of a plane parallelogram with vectors
A and B forming the two adjacent sides, as illustrated in Figure 3.18.

C

Figure 3.18 Plane areas by cross product of two vectors. (a) Area of a parallelogram. (b) Area of a
triangle.

Figure 3.18 shows two plane areas: one a parallelogram and the other a triangle. The area of a
parallelogram is equal to the base, represented by the magnitude of vector A, times the height H, with
H = |B|sin @ . Consequently, the area of the parallelogram in Figure 3.18a is

Area of parallelogram = Base |A| x Height H = |A[|B] sin 0

The above expression is identical to the magnitude of the cross product of vectors A and B as indicated in
Equation 3.17. We may thus express the area of a plane parallelogram to be equal to the cross product of
vectors A and B, or

Area of parallelogram = |A X B| 3.19
with vectors A and B being the two sides of the parallelogram.

A similar expression for the area of the triangle in Figure 3.18b may be derived with the relationship of
Area of triangle = ¥/2(Base x Height), with the height of the triangle being / = |B|sin @ , the area of the
triangle abc can be obtained with the expression

Area of triangle abc = %[BaselAl x Height H] = %|A||B| sin g = %A x B

3.4.4.5 Triple product

There are times when an engineering analysis requires the multiplication of three vectors A, B, and C.
Mathematical manipulations of triple products will obviously be more complicated than the case of dot
and cross products of two vectors.



The following rules apply for triple products of vectors A, B, and C:
(A-B)C # A(B-C)
A-(BxC)=B-(CxA)=C-(AXB)
AX(BxC)#(AXB)xC
AX(BxC)=(A-C)B-(A-B)C

(AXB)XxC=(A-C)B-(B-CA

3.20a
3.20b
3.20c¢
3.20d

3.20e



Example 3.11

Expand A - (B x C) in Equation 3.20b if vectors A, B, and C can be expressed as follows:

A
B

=Ai+Aj+Ak
=B,i+Bj+Bk
C-=

CGi+Cj+Ck

in which 1, j, and k are unit vectors in a rectangular coordinate system and the coefficients
associated with these unit vectors are the magnitudes of the components of vectors A, B, and C,

respectively.

Solution:

The product A - (B x C) can be shown to equal

i
A-BXC)=(A,i+Aj+AK|B, B,
ol C

Note: The relations for dot products of unit vectors in Equation 3.14

solution.

3.4.4.6 Additional Laws of Vector Algebra

3.21
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A summary of the laws of vector algebra will be useful in engineering analysis (in which m and n are real
number constants and vectors A = Ay + A,j + Ak and B = Byi + Byj + B,K):

Commutative law for addition:
Associative law for addition:

Associative law for multiplication:

Distributive law:
Distributive law:

Commutative law for dot product:

Distributive law for dot product:
Scalar multiplier for dot product:
Dot product of unit vectors:

Scalar resultant of dot product:

A+B=B+A
A+(B+CO)=A+B)+C
m(nA) =(mn)A = n(mA)

(m+n)A=mA +nA

m(A + B) = mA + mB

A-B=B-A

A-B+C)=A-B+A-C
mA-B)=mA) - B=A -(mB)=(A-Bm

i-j=j-k=k-i=0
A-B=AB,+AB,+A,B,
A A=A =A]+ A} + A
B-B =58 =B, +B+B;

3.4.4.7 Use of Triple Product of Vectors for Solid Volume

It is well known that the volume of a parallelepiped solid such as shown in Figure 3.19 can be obtained

from the expression:

Volume of a parallelepiped solid = Height X Area of the parallelogram (PARA).

We have already derived the expression for the area PARA as Area = B x C such as shown in Equation
3.19. The height of the parallelepiped solid is |A|sin 6, in which 6 is the angle between vectors A and B.



Figure 3.19 A parallelepiped solid.
We thus have that the volume of the parallelepiped solid in Figure 3.19 is

V =1]A|sind(BxC)
=]A|(BxC)sinf
=A:-(BxC)

i j k]| [A 4 A,
—A-|B, B, B,|=|B, B, B,
C.C C, G, G G

where A,, Ay, Ay By, By, etc. are the magnitudes of the components of vectors A, B, and C along the x-, y-
and z-coordinates, respectively.



3.5 Vector Calculus

Vector calculus deals with problems involving continuous variations of the magnitudes and directions of
vector quantities. Unlike most single-valued functions described in Section 2.2.3 and the formulation of
derivatives of these functions in Section 2.2.5, we need to keep track of these continuous changes of both
the magnitudes and directions of vector quantities in the analysis. The mathematical formulation for
doing this is called vector calculus.

The magnitude of a vector as well as it direction may change with any scalar quantity that may relate to its
positions defined by (x,y,z) in a rectangular coordinate system and/or time t, as may be illustrated by the
following situation.

Continuous variations of both magnitude and direction of physical quantities in position and time are
common in reality, such as in Example 3.6 in which a cruise ship travels to several ports at various
distances apart and in various directions, as illustrated in Figure 3.13. Another example is the velocity of
vehicles cruising on narrow and winding streets in urban areas. Figure 3.20a shows such a scene with
vehicles traveling along a narrow and winding Lombard Street in the City of San Francisco, California.
This 180-meter-long paved crooked block involves eight sharp turns on a steep down slope at 27%, which
is much too steep by any standard for urban streets. It is a major tourist attraction of the city
(https://en.wikipedia.org/wiki/Lombard_Street (San_Francisco)). Figure 3.20b shows that drivers on
this stretch of the street need to vary the velocity of their cars in both direction and magnitude at all times
in order to avoid accidents by driving off the street and hitting the cars ahead or being hit by the cars
behind.

(b)

Figure 3.20 Lombard Street in San Francisco. (a) A narrow and winding street. (b) Breath-taking
driving.

(Source: (a) © Gauravii46 Wikimedia Commons.).

3.5.1 Vector Functions

In Section 2.2.3 we defined a function to be a physical quantity with its value determined by variables in a
space defined by (x, y, z) in rectangular coordinates and/or time t. As stressed at the beginning of this
chapter, the definition of vector quantities requires not only the magnitudes but also their directions.
Consequently, we may express a vector function that involves both its magnitude and/or direction defined
by scalar quantities with position and/or time variables.

We may thus express a vector function of vector A in the form A(u), in which u is the scalar that defines
the vector A (Spiegel, 1963). As already discussed, the scalar u in the expression A(u) can be space
designated by (x,y,z) in a rectangular coordinate system and/or time ().

For vectors in rectangular coordinate systems, we may express the vector A(u) in the following form with
i, j, and k being the unit vectors along the x-, y-, and z-coordinate directions, respectively:

A(w) = A, () + A (u) + A () 3.22a


https://en.wikipedia.org/wiki/Lombard_Street_(San_Francisco)

or

A() = A, w)i+A,w)j +A,u) k 3.22b

where A,, Ay, and A, in Equation 3.22a denote the components of vector A(u) along the x-, y-, and z-
coordinate directions, respectively, whereas A, Ays and A, in Equation 3.22b are the magnitudes of the
components of vector A(u) along the same coordinates.

3.5.2 Derivatives of Vector Functions

The rate of change of a continuous vector function A(u) as expressed in Equation 3.22a with respect to the
scalar variable u often arises in engineering analyses; its applications will be demonstrated in later
sections of this chapter. Derivatives that describe the rate of change of vector functions may be expressed
in a similar way to those for the scalar functions in Equation 2.9 in Chapter 2. The mathematical
formulation of the derivative of continuous vector function A(u) is

dA(u) lim A(u + Au) — Au) 3.23a
du T su=0 Au

For the vector function A(u) in Equation (3.22b) in a rectangular coordinate system, the derivative of this
function becomes

dA(u) dA(u), dAu)  dA,(u) 3.23b
=it —ij+ k
du du du du
When the vector function A(x,y,z) is written as A(x,y,2) = A (x,,2)i + A (x,7.2)] + A, (x,y,2)k, we will
get the differential of this vector function A(x,y,z) in the form

dx ay 0z



Example 3.12

A position vector r in a rectangular coordinate system as illustrated in Figure 3.4a has both its
magnitude and direction varying with time ¢, and its two components ry and r, vary with time

accordingto r. =1 —¢*and r, = 1 + 2¢, respectively. Determine the rate of variation of the
position vector with respect to time variable t.

Solution:

We may express the position vector r in the form

r(t) =r(t) + r_v(t) =r(Hi+ r}.(t]j
in which i and j are the unit vectors along the x- and y-coordinate directions, respectively.

The rate of change of the position vector r(t) with respect to variable t may be obtained using
Equation 3.23b as shown below:

[i(l -8

dr(t
drt) _ dr(0, O,

d
dt dt dt g )

i+ j = (=20)i+2j

dt

The following rules on the differentiation of products of vector functions are used often in engineering

analysis for vector functions A(x,y,z) = A (x,y,2)i + A_j.{x.y.z)j + A (x,y,2)k and

B(x,y.z) = B,(x,y,2)i + B,(x,7,2)j + B_(x.y,2)k in rectangular coordinate systems, where i, j, and k are

the respective unit vectors along the x-, y-, and z-coordinate directions:

d dB JdA
—(A-B)=A-—+— B
dx{ ) ox ox
i(A-B):A-@-hﬂ-B
ady dy dy
d dB  dA
—((A-B)=A-—+ —-B
dz( ) dz 0z
d JdB JA
—(AXB)=AX—+ —XxB
dx{ ) ox ox
i{AxB):Axﬁ+%xB
dy dy 9y

3.24a

3.24b

3.24c¢

3.25a

3.25b

3.25¢



Example 3.13

A(x,y,2) = (x?siny)i +

Determine dA if the vector function | , - i
(z° cos y)j — (xy9)k

Solution:

We may use Equation 3.23c for the solution as follows:

JA 0A JA
dA = —dx+ —dy+—d
ox oy ) 0z ¢

. . d 2\ _ (a2 dx g.i . g.i :
(smy)ldx (#%) = (» )kd dx + [x ldy(smy)+21dy(cosy) dy

X

+

(cos y)igg(zz)] dz

= [(2xsiny) i — y°k| dx + [(x* cosy) i — (2° siny) j — 2xyk]| dy + [(2zcosy) j| dz
= (2xsinydx + x* cos ydy)i + (2z cos ydz — 2° siny dy)j — (y* dx + 2xydy)k

3.5.3 Gradient, Divergence, and Curl

Gradient, divergence, and curl are frequently used when dealing with variations of vectors using a vector
operator designated by v (pronounced “del”) defined as follows:

o0 50 d 3.26
V=i—+j—+k—
ax 1oy T oz

in a rectangular coordinate systems (x,y,z).

3.5.3.1 Gradient

The gradient relates to the variation of the magnitudes of vector quantities with a scalar quantity , and is
defined as

o0 . o0 d dp, Odp. 0@ 3.27
do=Vep=|i—+j—+k—)op=—i+ —j+—k
BRSE=ER ('ax Y az)“’ ax oy " oz
3.5.3.2 Divergence

The divergence of vector function A(x,y,z) implies the “growth” or “contraction” of this vector function in
its components along the coordinates. The divergence of the vector function A(x,y,z) is defined as

. d d 3.28
divA=V-A=[i—+j—
iv (ldx+]dy
_0A,  0A, 04,

=— 4+ — 4+ —
ox ay dz

+ ki) A+ A+AK
0z ’ E -

where A, Ay, and A, are the magnitudes of the components of vector A along the x-, y-, and z-coordinate
directions, respectively.

3.5.3.3 Curl

The curl of a vector function A is related to the “rotation” of this vector. It is defined as



curlA=VXxA= (‘

¥l -
>gle—

9
i|dy oz

=1
¥ Az

|~

A

ox
k
J

oz
A

d
X

Z
z

~

o4, 04,
dy E

F L

9
dx
Ay

ay

]

o0z

9
dz
A

F4

+k

6AZ an) ' (dA} @Ax

)i_(dx

) X (Ad+A,j+A.K)

9 9
ox dy
Ax A)‘

oz ox dy

)k



Example 3.14

If ¢ = xy’z* and vector A = A i + A,j + Ak, use Equations 3.27, 3.28, and 3.29 to determine
(a) grad ; (b) div( A); (c) curl( A).

Solution:
a.
vy =19 +:9 19
grad(p—qu—(ld +]dy+k6z)(p
dep, Odp, Jdo
= 2% 00 5 S0
dx +dy'+dz
ad 3\ = d 2 3 s d 2.3
=— e - k
= (xyz]1+dy(xyz)}+dz(xyz)
=y’ 21+ 2xy2’%j + 3xy’2’k
b.
div (pA) = V- (@A) = V - [(*2) A,i + (0°2%) Aj + (x°2°) A K]
d
=5—[(xyz A]+—}[xyz)A]+-—-[(xyz)A]

c. Likewise, we may use Equation 3.29 to show that

curl(@A) = V X (pA) = (i% 5505 ki) X(PA,i+ pAj + A k)

dy 0z
i j k
dg a9
“lox oy oz
DA, A, PA,
9 9 d 9 9 9
dy 0z|-jlox o9z|+k dy
PA, @A, PA, @A, PA, @A,

(6q0A 0QA,\  [0pA, 0¢A, .+((3qu}. drpA_t)k
“\ oy 0z )l ( o0x 0z )J 0x dy

The following expressions relating to gradient, divergence, and curl of vector A are useful in vector
calculus (Spiegel, 1963):

V(@A) = (V) - A+ H(V-A) 3.30a

2 2 2 .20b
V2¢ = Laplacian operator of ¢ = V - V¢p = ﬂ (j} # + (;—q: 3:30
y? z

diveurlA =0 3.30c¢



3.6 Applications of Vector Calculus in Engineering Analysis

Vectors and vector calculus as presented in Section 3.5 are much used as effective mathematical tools in
deriving mathematical models, mainly in terms of differential equations, in numerous disciplines in
physics and engineering such as the governing equations of electrodynamics (Maxwell's equations) and
fluid dynamics (Navier—Stokes equations), and in heat conduction in solids, etc. These equations involve
the Laplacian, curl, and divergence terms as presented in the previous section. Fundamentally, all the
phenomena involving electricity, magnetism, and fluid flow are related to grad/div/curl/Laplacian
operators on vector functions and their derivatives. Differentiation operators with vector functions are
presented in many different forms of Hamiltonian and Schrodinger (wave) equations. Thus,
fundamentally, vector calculus applies to everything down to the quantum level.

In more practical and specific cases, such as in antenna/scattering problems, there is a need to find the
vector and scalar potentials due to a current distribution and to use them to characterize the
electromagnetic fields of an object. Determining the fields from the potentials requires the use of
grad/div/curl operators as presented in Section 3.5. Many problems involving surface or volume integrals
can be transformed to “lower-dimensional” integrals by the use of vector calculus.

The following examples are a few specific applications of gradient, divergence, and curl of vectors in
engineering analysis (“Notes on applications of vector calculus” by W.L. Kath,
http://people.esam.northwestern.edu/~kath/courses.html).

3.6.1 In Heat Transfer

We start with the Fourier law of heat conduction in solids:

q=—-kVT 3.31a

where q is the heat flux vector (defined as heat flow in a specific direction per unit area and time) at a
point in the solid, k is the thermal conductivity of the solid, and T is the temperature at a point inside the
solid. Derivation of this law will be presented in Chapter 7.

The following heat conduction equation is derived using the principle of conservation of energy and the
Fourier law in Equation 3.31a:

aoT V2T 3.31b

—_ =

ot

in which a = k/(pc) is the thermal diffusivity of the solid, where p is the mass density and c is the specific
heat of the solid.

Equation 3.31b leads to the steady-state heat conduction equation in solids in the following form:
VT =0 3.31¢c
3.6.2 In Fluid Mechanics

Fluid flow in space follows the law of continuity, expressed by the following equation in conjunction with
the principle of conservation of mass:

P
a—?+v-Vp+pV‘v=0 3.32a

where the vector function v is the local velocity of the fluid.

Equation (3.32a) leads to the following simpler equation for a noncompressible fluid, in which the mass
density p does not vary with time and space:

V-v=0 3.32b


http://people.esam.northwestern.edu/~kath/courses.html

For fluid moving in conduits or open channels, the Bernoulli equation that will be presented in Section
7.3.2 is often used to assess the relationship between the velocity vectors of the moving fluid flow (v) and
the applied pressure (p) and the potential energy (.). This equation is derived from the principle of
conservation of energy with absence of rotation al flow of the fluid

d

2 rivp+Z+u=o0 3.32¢
a2 p

where v is the velocity vector of the fluid in motion and U is the body force vector. Both these vectors may

vary with position and direction in fluid flow.

3.6.3 In Electromagnetism with Maxwell's Equations

One of the great discoveries of modern-day physics in the nineteenth century was electromagnetism. It
arose from the study of the electromagnetic forces generated in electrical conductors situated in magnetic
fields, resulting in motion of the conductor—a situation that is exploited today in many electromagnetic
devices such as electric motors and generators as well as electromagnetic actuators and devices with broad
applications in various disciplines of engineering. The three principal quantities involved in this physical
situation are (1) the magnetic field, with magnetic flux density B; (2) the electric current flow which is in
the direction of the electric field E; and (3) the force acting on or generated by the conductor and its
motion with a velocity v. These three principal quantities, B, E, v, are vectors that vary with the spatial
arrangement and with time. The commonly used Faraday's right-hand rule, illustrated in Figure 3.21,
describes the relationship of the these principal vectorial quantities: the thumb points the direction of the
velocity of the moving conductor (v), the index finger points the direction of the magnetic flux density (B),
and the middle finger points the direction of electric current flow or the electric field (E).

Motion of conductor

Figure 3.21 Faraday's right-hand rule in electromagnetism.

The design of devices that involve electromagnetism requires the use of mathematical models in the forms
of differential equations. The following four Maxwell's equations are applicable for this purpose.

Maxwell's first equation

V.(E)=p 3.33a

where . = the permittivity or dielectric constant of the medium between the conductor and the magnetic
field, and p = the charge density in the conductor.

Maxwell's second equation

VBl 3.33b
Maxwell's third equation

VxH=]+e% 3-33¢



where H = magnetic field intensity and J = electric current flow.

Maxwell's fourth equation

0B
VXE=-—
ot

where B = the magnitude of vector B, referred to as the magnetic flux density.

These above four Maxwell's equations allow the derivation of the equation that is widely used in
determining the electric field E:

in which the constant c is the speed of light.

3.33d

3-34



3.7 Application of Vector Calculus in Rigid Body Dynamics

We will focus this section on the use of vector calculus in an elementary level of rigid body dynamic
analysis. Dynamic analysis is a special branch of solid mechanics and is an important part of the design of
any moving machine or structure, regardless of their size from giant space stations and jumbo jet
airplanes to small components of sensors and actuators at the minute scale of micrometers (Hsu, 2002,
2008).

Dynamics involves both kinematics and kinetics of moving solids (Beer et al., 2004). Kinematics is the
study of the geometry of motion. It relates displacement, velocity, and acceleration of moving solids at
given times. However, it does not deal with the cause of the motion. Kinetics relates the forces acting on a
moving rigid body, the mass of the body, and the motion of the body. It is also used to predict the motion
caused by given forces or to determine the forces required to produce a given motion.

This section will focus on the kinematics of rigid bodies in motion and the coverage will be confined to
planar motions. As indicated, kinematic analysis of moving rigid bodies involves the determination of the
instantaneous positions, velocities, and accelerations of those moving rigid bodies. Accelerations (or
decelerations) of moving bodies are the sources of dynamic forces according to Newton's second law.
Often vector calculus is used in determining acceleration in the subsequent kinetic analysis of moving
bodies.

Since the following presentation is intended to illustrate the application of vector calculus in dynamics
analysis of solids, we will make no distinction between the terminologies of “particles” and “rigid bodies.”
In this sense, the mass of the rigid bodies in the subsequent analyses is neglected as would be done in the
case of “particle dynamics.”

Most of the mathematical formulations are available in two major references: Beer et al. (2004) and
Hibbler (2007).

3.7.1 Rigid Body in Rectilinear Motion

In general, a rigid body in motion is characterized by its instantaneous position denoted by a position
vector r, the velocity vector v, and the acceleration vector a.

Figure 3.22 illustrates a rigid body in rectilinear motion. This motion takes place along a straight line as
shown in the figure.

Position vector Position vector
at time t: r(f) att + At Ar(t)
O @ >0 > X

0 a b

| Distance Sattime£:S(t) | AS
Reference Position Position
position att att + At

I X(t) | AX

I T “A

X=0
Figure 3.22 Rectilinear motion of a rigid body.

The rigid body is originally located at point 0 in the coordinate system shown in Figure 3.22. It travels to a
new position at point a in time ¢t. We may thus define its new position by the position vector function r(t),
which can be written

r(t)=S()i or r(f)=x(t)i 3.35a

in which 1 is the unit vector along the x-coordinate direction, and S(t) is the distance that this body has
traveled from point o to point a in time t.



Figure 3.22 further indicates that the average velocity vector function of the rigid body v(t) is
3.35b

_dr@®) _d .
v(t) = 5 —a,tlS(t}ll

= (—[S(f}l) V(i

where v(t) is the magnitude of the velocity vector v(t) at time t. The acceleration vector function a(t) for

the moving body may be expressed as
dv(t) d 3.35¢
) = —_— —
a(t) = TR ( r(t ))
d d’ :

sz[t] _
._[ T ]I a(bi

in which a(t) is the magnitude of the acceleration vector a(t)



Example 3.15

A rigid body is traveling along the x-axis as shown in Figure 3.22. Assume that the instantaneous
position of the body may be represented by a function x(¢) = 11¢% — 2¢3, x in meters and time ¢ in

seconds. Assume the mass of the body is negligible; determine the vector functions of the velocity

and acceleration of the moving rigid body.

Solution:

With the magnitude of the position vector x(¢) = 11#2 — 2¢%, we may use Equation 3.35b to

determine the magnitude of the velocity vector function v(t) and Equation 3.35¢ for the
magnitude of the acceleration vector function a(t) as shown in Equation (a):

i dx(t) _d 2 3y _ 2
=i i (112 - 2¢%) = 22t — 6t
dv(t) d 9
= = — (22¢ — =22-12
a(t) = = (22¢ - 61%) t

The vector functions of the velocity and acceleration of the moving rigid body thus can be
expressed in Equations (b) and (c), respectively:

v(t) = (22t — 61%)i

a(t) = (22 - 120i

Figure 3.23 shows the variation of the magnitudes of the instantaneous position vector x(t), the

[

=

(]

velocity vector v(t), and the acceleration vector a(t) using the functions derived in Equations (a),

(b), and (c).
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Figure 3.23 Vector functions of instantaneous position, velocity, and acceleration in rectilinear
motion of a rigid body. (a) Instantaneous position. (b) Instantaneous velocity.(c) Instantaneous
acceleration.



The magnitude of the position vector x(t) in Figure.3.23a increases to the maximum value of 49 m at time
t = 3.67 seconds, and decreases thereafter. A similar trend appears in the velocity along the same direction
as shown in Figure 3.23b. The acceleration a(t), however, decreases continuously from the beginning of
the motion and in a dictated linear fashion, as expressed in Equation (¢) and illustrated in Figure 3.23c.

Another noteworthy feature is that all the three principal quantities—the position vector function r(t), the
velocity vector function v(t), and the acceleration vector function a(t)—lie in the same line (or on the same
path) at all times in rectilinear motions of rigid bodies.

3.7.2 Plane Curvilinear Motion in Rectangular Coordinates

The analysis of rigid body dynamics along curvilinear paths is much more complicated than that of
rectilinear motion as presented in Section 3.7.1 and Example 3.15. Figure 3.24a illustrates a rigid body
traveling along a curved path with its initial position at point P,(u) where u represents a scalar variable,
either in coordinates represented by X, y, z or/and time t. The corresponding position vector of its initial
location is r(u) according to the definition in Figure 3.24 with an arbitrarily chosen reference point 0. The
sequential positions of the body along the curved path are given by the corresponding position vectors
defined by the increment in variable u as shown in Figure 3.24a. The shift of the position vector between
two adjacent variables u and (u + Au) is illustrated in Figure 3.24b, with the curved path situated in the x—
y plane.

Py(u + nAu) Py(u + Au)

Ar =r(U + Au) —r(u)

0-Reference point 0
(a) (b)

Figure 3.24 Rigid body moving along a curved path. (a) Motion on a curved path. (b) Change of a
position vector with variable u.

Figure 3.25a illustrates a rigid body traveling along a curved path in the x—y plane, with Figure 3.25b
showing the variation of the position vectors with time t. From this we may derive the position vector
function r(t) representing the “continuous” variation of the position of the moving body in Figure 3.25a
with respect to time. The rate of the change of this position vector in Figure 3.25b can be mathematically
expressed as follows:

dr(t) lim r(t + At) — () 3.36
dt At=0 At
in which the position vector has the form
r(t) = x(£)i + y(t)) 3.37a

in a rectangular coordinate system defined by x- and y-coordinates.
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Figure 3.25 Rigid body moving along a curved path in the x—y plane. (a) Traveling on a curved path. (b)

Change of position with time ¢

The velocity vector function can be expressed using Equation 3.35b as

dt

and the acceleration vector function using Equation 3.35¢ a

a(t)

[dx(.f,}'

dv(t) [dzx(r)'

at | de |

i+

i+

[dy(t)] . 3.37b
| dt !

S

[d?y(t)] . 3.37¢
| dr

A graphical representation of Equations 3.37a,b,c is shown in Figure 3.26, in which the point P moves
along a path S with time t and the position vector r(t) is as given in Equation 3.37a. The velocity vector
v(t) at position P is along the tangent of the curved path at P, and is perpendicular to the position vector r.
The curved path that is made up by the tips of the arrowheads of velocity vector v is called the
“hodograph.” Since the acceleration vector a is a derivative of the velocity vector v, as shown in Equation
3.37¢, we may observe that the acceleration vector a is along the tangent of the hodograph but not the
path on which the solid moves. Consequently, it is important for engineers to recognize that the
“hodograph” does not coincide with the curved path on which the rigid body travels, as illustrated in the

insert of Figure 3.26
',

Pxy.t)

.
Call

xi

Figure 3.26 Position, velocity, and acceleration vectors of a rigid body moving on a curved path.



Example 3.16

A moving rigid body with a position vector r(¢) = ti + 2¢°j in a plane defined by rectangular
coordinates x and y and with i and j being the unit vectors along the respective x- and y-
coordinate directions. If r(¢) has units of meters and the time ¢ in seconds, find the velocity vector
v and acceleration vector a, and their respective magnitudes at t = 3.

Solution:

The given position vector indicates the coordinates at which the rigid body is situated:

x(t)=t and () =26

We may find the corresponding velocity vector and acceleration vector from Equations 3.37b and
3.37c¢, respectively:

_[d®]. , [de®)]. .. ..
v(t)—[d£]1+[ 7 ]j—l+6r)

)= s dt dt

The magnitude of the velocity vector is

v(t) = [v(@®)| = /1> + (61> = V1+36t2 m/s

and the magnitude of the acceleration is

2
= M: [@]H [M]j=0i+12ﬁ=12ti

a(t) = |a(t)| = V(12£)2 = 12t m/s?

which give the magnitudes of the velocity and acceleration at t = 3 as

¥(3) = /1% + 36(3)? = V325 = 18.03 m/s

and

a(3) = 12(3) = 36 m/s?

3.7.3 Application of Vector Calculus in the Kinematics of Projectiles

The kinematics of projectiles is a unique class of problems in which a rigid body (the projectile) is
launched upward into the atmosphere with an initial velocity and at a positive launch angle. The
kinematic analysis of the motion of the projectile will establish how high and how far it will travel with
negligible air resistance but subject to gravitational acceleration (g) at all times.

Figure 3.27 illustrates the flight path of a projectile, in the course of which its velocity vector v will change
not only in magnitude but also in direction along the flight path (shown with a dashed line) under the
influence of gravitational acceleration g expressed by the acceleration vector a = —gj, which acts in a

vertically downward direction.
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Figure 3.27 Flight path of a projectile.

We may also observe from Figure 3.27 that the projectile is launched into motion with the initial velocity
U, which has components along the x- and the y-coordinate directions in the x-y plane. This velocity

vector may be expressed as

Vo = (Vo + (V)]

where i and j are the unit vectors along the x- and y-coordinate directions, respectively. We may readily
express the magnitudes of these components of the initial velocity as

(v,)g =vycosf and (v_}.)u =V, sinf

where 0 is the angle at the launching of the body. It is often referred to as the “jump slope angle.” Figure
3.27 shows the continuous variation of the position of the projectile along the flight path. We write the
position vector function r(t) of the projectile at an arbitrary position P(x,y) at time t in the form

r(f) = x(Oi+ y(t)j 3.38

in which x(t) and y(t) determine the distance the projectile travels and also the maximum height it will
reach. We realize that the variation of function x(t) is independent of that of y(t) and vice versa.

We will thus handle our kinematic analysis of the motion of the projectile in separate directions along the
x- and y-coordinate directions with reference to the coordinate system shown in Figure 3.27 in the
following analysis.

As mentioned at the beginning of this subsection, kinematic analysis deals with finding the trajectory (i.e.,
flight path), the maximum height that the projectile will reach, and the range with the given initial velocity
of the projectile v, and the “jump slope angle 6.” The following equations may be used in such an analysis

for a projectile flying in a plane defined by an x—y coordinate system as illustrated in Figure 3.27.

One may begin the analysis with the known acceleration of the projectile—that is, the gravitational
acceleration a(¢) = —gj, where g = 32.2 ft/s? in the traditional system (“English” units), or 9.81 m/s? in
the SI or metric system of units. We may obtain the velocity vector function using the following expression
relating to Equation 3.37c:

V(f)z/a(t)dt+cl=f(—gj)d.:+c, 3:39

where c, is the integration constant that can be determined by the available initial velocity vector function
v(0).

Likewise, the trajectory of the projectile represented by the position vector can be determined using

r(t) = ./.\f(.‘:)d.':hc2 3.40



in which the integration constant c, can be determined by the initial position of the projectile at r(0).

The expression for r(t) in Equation 3.40 will lead to the solution for the instantaneous location of the
projectile, given by x(t) and y(¢) in Equation 3.38, thereby allowing determination of the maximum height
of the projection y,,« at time £, from the following equations:

dy(t) L AR
2 =0 with
dt | w e

t=t

The time at which the projectile returns to the ground () can be obtained by solution of the equation
x(te) = 0. This time t, is also used to determine the range of the projectile as x(t) evaluated at t,.



Example 3.17

A projectile is launched at the origin of a rectangular coordinate system (x—y) as shown in Figure
3.28 with an initial velocity V, = 200 m/s at a jump slope angle 6 = 30°. Determine the
following:

a. The instantaneous position vector function of the projectile r(t).
b. The maximum height the projectile attains yy,.

c. The range R.

d. The impact velocity ve.

¥y N l, Gravitational

acceleration, —g

Attainable
maximum
height

~

e

\ll Impact
velocity

Attainable range

M

1
Figure 3.28 The path of a projectile in a rectangular coordinate system.
Solution:

We realize that in addition to the given initial velocity and the jump slope angle, we also know the
acceleration vector a(?) = —gj, or a(t) = —9.81j m/s? of the projectile. We may express the
initial velocity vector using these specified conditions as

v,

0= V(D) = (v,)g + (V,)y = (200 cos 30°)i + (200 sin 30°)j = 173.21i + 100j a
The velocity vector function v(t) of the projectile may be obtained using Equation 3.39:
b

v(t) = /a(t)dc +¢ = /(—9.81j}dt +¢, = (-9.81j)t + ¢

The constant ¢, in Equation (b) may be determined using the initial velocity as expressed in
Equation (a), or ¢, = 173.21i + 100j. Consequently, the velocity vector function of the projectile

can be expressed as

v(¢) = 173.21i + (100 — 9.81¢t)j (¢

a.

Determine the instantaneous position of the projectile, or the position vector
Junction r(t).

We may use Equation (3.40) to derive the expression of the position vector function r(¢) as
follows:



(=

r(t) = /v(z) dt +c, :/[17‘3.21i+(100—9‘81z)j|dz + ¢,

= (173.218)i + (100¢)j — (%zﬁ) j+c,

=(173.210)i + (100t — 4.905t2)j + ¢,
The constant c, in Equation (d) may be determined by using the initial condition that r(o) =

0, leading to ¢, = 0. Consequently, we have

r(t) = (173.218)i + (100t — 4.905¢%)j

®

The general expression of the position vector function r(¢) = x(¢)i + y(¢)j as shown in

Equation 3.38 leads to the following two expressions for the magnitudes of the components
x(t) and y(t) of the position vector of the projectile from Equation (e):

x(t) =173.21¢t f

y(t) = 100t — 4.905¢° g
b. Determine the maximum height of the moving projectile.
We may first use the function y(t) in Equation (g) to determine the time t,,, required to gain

the maximum attainable height of the projectile, that is, the maximum value, y(t,,) or y,.

This requires the calculus techniques for finding the maximum or minimum value of a
function. In the present case, we need to solve the following equation:

dy(t)
dt

= 4 100t —4905)| =0
(=t dt =t

leading to the equation 100 — 9.81t,,, = 0, from which we solve for t,,, to get t,;, = 5.0968 s. To

ensure that this t,;, would result in y(t,;,) to be the maximum of the function y(t), we will need
to show that

d*y(t)

=-981<0
dt?

t=t,,

Thus, we have obtained the maximum attainable height of the projectile:

¥, = () = 100(5.0968) — 4.95(5.0968)* = 382.26m
c. The attainable range (R)

We will need first to find the time that the projectile requires to touch down on the ground
again. Mathematically, this means that y(t,) = 0, where t, is the required time that can be

obtained by solving the following equation:
y(t,) = 100¢, — 4.90282 = 0

The solution of the above equation is ¢, = 20.3874 s (the other solution ¢, = 0 is not realistic).
The range of the projection can thus be obtained from the expression for x(t.) in Equation (f)
as

R = x(20.3874) = 173.21(20.3874) = 3531.3m
d. The impact velocity (v,)

Now that we have determined the time of the impact (¢, = 20.3874 s), we may determine the



impact velocity vector by evaluating the velocity vector function in Equation (c) at this
instant as

v, = v(t,) = v(20.3874) = 173.21i + (100 — 9.81 X 20.3874)j = 173.21i — 100j

The magnitude of the impact velocity is

Iv.| = V(173.21)% + (-100)2 = 200 m/s

The direction of the impact velocity is 6 = tan~1(100/173.21) = —18.43° from the x-coordinate.

3.7.4 Plane Curvilinear Motion in Cylindrical Coordinates

In Section 3.2, we presented a position vector in both rectangular coordinates defined by (x,y,z) and a
cylindrical coordinate system involving (r,0,z) coordinates in Figures 3.3a and 3.4b. In this section, we
formulate the kinematics of a rigid body traveling in a plane defined by the r—6 coordinates, as illustrated

in Figure 3.20a.

Z M
Reference
0 coordinate
r o P(r,ﬂ)
(a) (b)

Figure 3.29 Vectors in plane cylindrical coordinate system. (a) A plane defined by r—6 coordinates. (b) A
position vector in the r—6 plane.



Instead of using the unit vectors i, j, and k in the rectangular coordinate
systems as illustrated in Figure 3.3b, we define the unit vectors in an r-0
coordinate system as
u, =
the unit vector along the r-coordinate
ug =
the unit vector along the coordinate that follows the trend of the positive 8-coordinate (i.e., in the
counterclockwise direction) in the direction that is perpendicular to the r-coordinate.

The directions of both these unit vectors are illustrated in Figure 3.29b. One should note that the
directions of these unit vectors vary with change of the position vector with respect to time t.

Thus, by following the definition of unit vectors as stipulated in Equation (3.3), the current position vector
of the rigid body r(r,0) can be expressed as

r(r.8) = ru, + fu, 3.41
where r is the radial distance of the curved path along which the rigid body travels.

The position vector is a function of time t, or r(t), and the corresponding time-varying unit vector
functions are u,(t) and ug(t), leading to the following position vector functions such as

r(¢) = r(t)u,(t) + Gu,l(f) 3.42a
for the time-varying position vector r(t), where r(t) is the magnitude of the vector r(t) at time t.

We may also derive expressions for the velocity vector function by using Equation 3.37b:

_dr(t) 3.42b
= dt
d
= — Kt (1))
_ o dlu ()] d[r()]
=r(t)——— +u )~

= r(t)a,(t) + i(t)u,(t)

The rate of change of the radial unit vector in a cylindrical coordinate system (r,6) with respect to time (t)
i.e., 1,(¢), in Equation 3.42b is derived from the situation in which the rigid body moves from position P
to P/, together with the movement of the unit vector function u,.(¢) as illustrated in Figure 3.30a. The
same movement results in a variation of the angular movement with an increment of A6 from 6 to 6'.

$\
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(a) (b)

Figure 3.30 Variation of unit vector functions in plane cylindrical coordinates. (a) Displacement of a
body from P to P’. (b) The net increase of unit vector u,(t).

In Figure 3.30b, we observe that the position vector function of the body at P’(t) may be related to its



previous position vector function by the following relationship:

w(f) = u,(t) + Au, ()
where Au,(1) is the difference between the unit vector u’ at the current location P" and u,. at the previous
location P.

But on the assumption of a small displacement of the body in a continuous variation process, the
corresponding distance that the body has traveled § is also very small, giving the arc § = p Ag , where p is
the radius of the curved path and Af is the angle corresponding to the arc. Consequently, since Au,(t) is
very small in its magnitude, we may legitimately relate the increment of the unit vector function u,(t) to
the unit vector function ug(t) as illustrated in Figure 3.30a as

Au,(2) = (A0) u,(t) 3.43

where A6 is the corresponding variation of the 6-coordinate associated with the shift of the position vector
from position P to P’ as shown in Figure 3.30b.

Equation 3.43 leads to the following formulation for the derivatives of the unit vector functions:

. . Au(d) . (Af)u, ) A6
u= lim = lin = lim (E?) u,

at—0 At - .-3:—-0 At At—0
from which we may derive a useful expression that relates the two unit vectors in a cylindrical coordinate
system:
(1) = 0(t)u, 3.44
By substituting the relationship in Equation 3.44 into Equation 3.43, we may obtain the velocity vector
function in the r—6 coordinate system, corresponding to Equation 3.42b in the form
v(t) = r(t)0(t)u, + i(t)u, 3.45

We thus have the magnitude of the following two velocity components as

v(t) =7 3.46a
V() = r(t)0(¢) 3.46b

where v,.(t) and vg(t) are the magnitudes of the velocity vector v(t) along the respective radial and
tangential directions in a cylindrical coordinate system.

The magnitude of the velocity vector at time t is thus

W0+ \/ OO + [HOP 3-47
The derivation of the acceleration vector function may begin with the relationship of the acceleration
vector function a(t) = dv(t)/dt and the velocity vector function v(t) as expressed in Equation 3.45.
Differentiating v(t):
d 3.48

d ‘ :
a(t) = Ev(t) - [r{‘t)ug(t)u“ + r(.t)ur]
=[O 0Oy + r() B(t)uy + r(£) 600, | + [F(Ou, + i), ]

Again, we will need to formulate the derivative of u, in Equation 3.48. This can be done similarly to what
we did for the expression of u, in Equation 3.44.

Figure 3.31a illustrates the displacement of the transverse unit vector ug associated with the travel of the



particle from P to P’ along the path S. We note that although the magnitude of vector ug remain

unchanged, its direction has varied from 6 to 6’ by an amount A9, as indicated in Figure 3.31b with a shift
that is equal to Au, = u) — u,. We may use a similar argument on small displacement of the body moving

along the path S; the variation of the magnitude of the unit vector ug with a change of the angle 0 is
Au, ~ (AB)u,
or in terms of the magnitudes of the unit vectors:
|Auy| = Au, = (AB)|u,| = (AG)(1) = (AF)
In view of the fact that the magnitudes of both unit vectors ug and u,. are by definition unity—that is,
|uy| = |u,| = 1.0 —the above expression may be written
|Auy| = Auy = (AB)|uy| = (AG)|u,|
which leads to the following equality:

Au, = —(Af)u, 3.49

One will note that the negative sign added to the right-hand side of Equation 3.49 makes the vector Aug in
opposite direction to the positive direction of vector u,. as indicated in Figure 3.31b.
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(a) (b)

Figure 3.31 Variation of the transverse unit vector function. (a) Displacement of unit vector ug_(b)
Corresponding variation of unit vector ug,

Recognizing that u, in Equation 3.48 is the derivative of the transverse unit vector ug with respect to the
time variable t, we may express it using in Equation 3.49 as

1, = lim ﬂ = (- lim % = —0(t) 50
Yo = At50 At At—0 At = R
Thus, by substituting the term &, in Equation 3.48 with —@(¢)u, in Equation 3.50, we obtain the
following expression for the acceleration vector function:
a(t) =au, +azu, 3.51

in which the magnitudes of the acceleration in the respective radial and tangential directions a,. and ag are

a = ¥#(t) — r[0(t)]? 3.52a
ay = rl6(@®)] + 2[#(2)6(2)] 3.52b

The magnitude of the acceleration vector in Equation 3.51 can thus be obtained using Equation 3.53:



N RN i TR
a=|a|=\/a; +a,

=\/{m) e r{é(t}]2}2 +{rld®] +2[F® 6]}

Equation 3.52a indicates that a,. is the coefficient of the unit vector u,. along the r-coordinate, as

expressed in Equation 3.51. It also represents the magnitude of the component of the acceleration vector a
along the radial direction in a cylindrical coordinate system. The vector a,. at time ¢ is shown in Figure

3.32. Likewise, ag in Equation 3.52b is the magnitude of the vector ag, which is the component of the

acceleration vector a in the transverse, or tangential direction in the same cylindrical coordinate as shown
Figure 3.32. The term § in Equation (3.52b) is referred to as the angular acceleration in analysis.

Figure 3.32 Acceleration vector in a cylindrical coordinate system.



Example 3.18

An automobile is traveling along a section of road of circular curvature with radius r = 25 m at
the location and instant as shown in Figure 3.33. The rate of change of its angular displacement is
6 = 0.5rad/s, with an angular acceleration of § = 0.15rad/s*. Determine the magnitude of the
automobile's velocity and acceleration at this instant.

Figure 3.33 A vehicle traveling along an arc.
Solution:

The position vector of the vehicle at time t is

r(t) = ru, + fu, = 25u, + fu,
in which r and 0 are the components of the position vector r(t) in the radial direction and the

angle from the reference shown line in Figure 3.33, with the angular velocity being § = 0.5rad/s
and the angular acceleration § = 0.15rad /s”.

We will use Equations 3.46a and 3.46b to determine the radial and tangential velocity
components as follows:

drt)
dt

_d(25)
Coodt =

ré(t)
=25%05=125m/s

Thus, the magnitude of the velocity vector of the moving automobile at the time ¢ is

vt)=i=

Vg{t)

o 24 42
VA P o

= V0? +12.5> = 12.5m/s

The radial and tangential components of the acceleration vector of the vehicle may be computed
using Equations 3.52a and 3.52b:

a, =¥ —r@)?
=0 —25(0.5)* = —6.25m//s*
The negative sign attached to value of a, in the above expression indicates that this component of

the acceleration is in the opposite direction to the positive r-coordinate. The tangential
component according to Equation 3.52b is



a, = rf —2i0
=25%0.15-2x0x0.5=3.75m/s’

The magnitude of the acceleration vector is thus equal to:

a = (=625 + (3.75)% = 7.29 m/s’

The angle . that the direction of the acceleration vector a makes with the radial direction r in
Figure 3.33 is

1 a’ﬂ -1 3.75 _ ETL.

— =tan = -31
a (—6.25)

@ = tan"

¥

Note that the acceleration of the vehicle is not in the same direction as the velocity of the vehicle,
as illustrated in Figure 3.34, with its radial component pointing toward the center of the arc.

2y {

r

Figure 3.34 Magnitudes of the components of the acceleration vector of a vehicle traveling
along a circular road.

3.7.5 Plane Curvilinear Motion with Normal and Tangential Components

We have demonstrated in the foregoing sections that of the three principal physical properties involving a
rigid body in motion along a curvilinear path, both the position vector r and velocity vector v moving in
trajectories along the tangent of the path S, but the acceleration vector a is in the direction of tangent to a
hodograph that does not coincide with the path S, as illustrated in Figure 3.26 and Figure 3.32.

It is often desirable to express the acceleration vectors with their components in both the radial and
tangential directions in a kinematic analysis of moving rigid bodies. We may derive expressions for such
components from the acceleration vector function in general curvilinear motion in cylindrical coordinates
as presented in Equations 3.48 and 3.52a, b.

Figure 3.35a shows the cylindrical coordinates (r,6) and the two unit vectors along the linear coordinate r
and the angular coordinate 6. We will derive expressions for the magnitudes of acceleration vectors along
the linear radial direction r, and the tangential component normal to the r-coordinate as illustrated in

Figure 3.35b.

Velocity
Uy u, vector v

a,=a,

~ . _Specified
path S

- _Specified
“path S
r

(a) (b)



Figure 3.35 Plane curvilinear motion in a cylindrical coordinate system. (a) General curvilinear motion.
(b) Showing the radial and tangential components

We begin the derivation of expressions for the two components a,. and ag of the vector a in Figure 3.35b
by combining Equations 3.48 and 3.52a,b.

Equation 3.51 gives the acceleration vector function in the form

a(t) = a,(Hu, + ay(t)u,

in which the magnitude of the component along the r-coordinate at time t has the form 4, = 7 — r§* and
that of the component along the 6-coordinate has the form 4, = r@ + 2ré , as shown in Equations 3.52a
and 3.52b, respectively.

Now, since the velocity of the traveling rigid body is along the tangential direction of the given curved path
as shown in Figure 3.35b, we may write the velocity vector as v(t) = v(¢)u,(t), in which v(¢) is the
magnitude of the velocity vector v(t) and ug(t) is the unit vector in the 6-coordinate direction.

The corresponding acceleration vector function a(t) can thus be obtained as the following derivative of the
velocity vector with respect to time:

dv(t) _ dlvt)uy(0)]
at —  dt

dav(t) duy(t)
= ——u,(t) + v(t)#

dt
dv(t) .
e ?uf}(” + V(”uy(f)
We may substitute the proven relationship w,(t) = —fu,(¢) from Equation (3.50) into the above
expression and obtain

a(t) =

dv(t) ;
%ugm + v(6)[~0u,(0)]
i, (1) — v(t) (@)u,(t)

= a,u,(t) + vuy(t)

a(t)

The acceleration vector function a(t) expressed in Equation (3.54) may be written in the following typical
vector form:

a=au, +a,u,

in which a,. = a,= the magnitude of normal component of the acceleration, and ag = @; = the magnitude of

tangential component of the acceleration vector. Comparing the above expressions with those in Equation
3.54 with g4 = —v@ and a, = v, and from Equation 3.46b, we have the magnitude of velocity component
in the tangential of the paths as y, = r(¢)¢ , from which we obtain

. Vv v .
=-L =2 attimet
r r

Here we equate vg = v because the rigid body travels with a velocity v(t) along the tangent of the path.

We may thus express the magnitudes of the normal and tangential components of the acceleration in the
following forms:

. av(t) 3.55a

a, =v
: dt




o 3.55b
Gy = =
I
The negative sign in Equation 3.55b indicates that the normal acceleration component has a direction
toward the center o in Figure 3.35b.

The magnitude of the normal acceleration component Equation 3.55b results in the same value of
a, =a, = 6.25m/s? with v = 12.5 m/s as in Example 3.18.



Example 3.19

An automobile travels on a circular track with a radius of 25 m as shown in Figure 3.36. If the
magnitude of the velocity vector function of the vehicleis y(¢) = 1 + 2¢> m/s, and the starting

location of the vehicle is as shown in the figure, determine the following:
a. The magnitude of the acceleration of the vehicle at 4 seconds from standstill location.

b. The distance and the number of laps that the car has traveled in 10 seconds.

o
W
G&@‘ P
O\‘\ ',’

#
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I

Figure 3.36 A vehicle traveling on a circular track.
Solution:

We may begin our solution with the given magnitude of velocity vector function v(t), which is
v(t) =1 + 2¢*> m/s, from which we may obtain the magnitude of the tangential component of the
acceleration vector function:

dv(t) a
a(®) = laO)] = —
d(l + 2t%)
== =y
dt
a.
The acceleration at time t = 4 seconds
The tangential component 4, = 4t = 4 x 4 = 16 m/s?. The magnitude of the radial (or
normal) component of the acceleration at time ¢ = 4 s is obtained using the expression in
Equation (3.55b), as
; 212 b
£)? 1+ 2(4)2 b
| _fr2w —43.56m/s?
r =4 25

or 43.56 m/s? toward the center of the circular track.

The magnitude of the acceleration vector of the vehicle at t = 4 s can thus be computed from
the two components in Equations (a) and (b) as

ad) = \/a? + a’ = V16* + 43.56° = 46m/s’



The distance traveled by the vehicle at time t = 10 seconds

The distance S(t) that the vehicle has traveled after time t can be computed from the
relationship v(¢) = dS(t)/dt , which leads to

s t
/ das(t) = / v(t)dt
0 0

with the given velocity vector function v(z).

We may thus compute the distance traveled by the vehicle after 10 seconds to be

10 10
S(10) = / (1 +26%)dt = (r+ Eﬁ) = 676.67m
1] 3 0
The equivalent number of laps that the vehicle has traveled is
(1
oS00 67667  _, ., fis

2rr  2x%3.14%25



Example 3.20

Figure 3.37a illustrates a baggage conveyor in a major airport in Germany. We assume that a box,
shown in gray in Figure 3.37b, is being transported from the exit of the collection station by the
moving conveyor. Approximate dimensions and the motion of the conveyor are illustrated in
Figure 3.37b. We further assume that the conveyor is designed to move the baggage from zero

initial velocity at entry location 0 with acceleration a(t) = 0.001t m/s? between location 0 and
point ¢, but that it moves the baggage at a constant velocity with no acceleration thereafter.
Determine the following:

a. The velocity of the box baggage at locations a and c.
b. The acceleration and its direction of the baggage at the same locations.
c. The time required for the baggage to reach point c.

d. The time required for the baggage to return to the collection station at 0’ if it is not picked
up by any passenger.

e. The time for a complete excursion.
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(a) (b)
Figure 3.37 Baggage transportation conveyor. (a) An airport baggage transportation conveyor

in Frankfurt, Germany. (b) Dimensions and travel of a piece of baggage [here a box].
((a) Photograph courtesy of Frankfurt-Hahn Airport.)

Solution:

We need to find the velocity vector function of the baggage that will lead to the computation of
the distance the box has traveled from location 0 to point c. The magnitude of the tangential
velocity vector function v(t) can be found from the following expressions:

We are given the magnitude of the acceleration vector function a(t) = a,(t) = 0.001¢, but this
acceleration component is related to the rate of change of the velocity vi(t) as given in Equation
3.37¢ with

dv,(t)
dt
which yields an expression for the magnitude of the velocity vector function v;(t) by integration:

t t t
/dvt(r)dr;/ a,(:)d.::/(o‘oou)dx
0 0 0

a[(t} —



From this the velocity function is

v, (t) = 0.0005¢

If we let S(t) be the distance that the box has traveled from the starting point o after time ¢, the
relation vi(t) = dS(t)/dt will let us calculate S(t):

t t t
fdsm:/ vt(z)dL:/ (0.0005¢%) dt
0 0 0

S(t) = 1.67 x 1074

We are now ready to deal with the specific problems in the example.

which results in

a.

[

=

Determination of velocity of the box at locations a and c and the time required

Jor the box to reach these two locations

We may use the relationship shown in Equation (b) to compute the time for the box to reach

locations a and c by the distance S traveled.
If we let the time required for the box to reach location a to be t, with a distance of travel

S(t,) = 10 m, we can compute t, = [10/(1.67 x 1074)]/3 = 39.12 seconds. Likewise, the time
for the box to reach location c from the entry location o is t,,, with S(t.) = 10 + 2nr/4 = 10 +

(2 x 3.14 x 2.5)/4 = 13.925 m, giving t. = [13.925/(1.67 x 1074)]"/3 = 46.69 seconds.

With ¢, = 39.12 seconds and £, = 46.69 seconds, we may compute the velocity at locations a
and c using Equation (a) as follows.

At location a:

v (t,) = 0.0005(39.12)* = 0.765m /s

and at location c:

v(£.) = 0.0005(46.69)> = 1.09m/s
b.

The acceleration of the box at locations a and c

The acceleration can be determined from the given acceleration a.(t) = 0.01t with t, = 39.12 s

and t; = 46.69 s as follows.

At location a:

a,(t,) = 0.001 x 39.12 = 0.04m/s’
and at location c:
a(t) =alt))
= 0.001 x 46.69 = 0.0467 m/s*

However, location c is on a curvilinear path with a radius of curvature r = 2.5 m. Thus, using

Equation 3.55b, we may compute the magnitude of the normal component of the acceleration:



v (t))?
?"2

= (1.09)’/2.5 = 0.4752m/s’

a,(t.)=

The magnitude of the acceleration at location c is thus

s 0 2
a.=\/a; +a,

= 1/(0.0467)2 + (0.4752) = 0.4776 m /s’

c.
The time required for the baggage to reach point c.

The time required to pass location c is t, = 46.69 seconds.

d.
The time required for uncollected baggage to return to the collection station at
OI
We realize that the conveyor moves the baggage with no acceleration beyond location c—that

is, the box moves at constant speed from location c to the end location 0’. The speed for the
remaining portion of the movement is the speed at location ¢, or v = 1.09 m/s.

The time required to move the box from location c to 0’ can be computed with ¢,_, =S o_
o/V = (10 + 21r/4)/1.09 = 12.78 seconds.

e.
The time for a complete excursion

The time for the entire excursion of the box movement by this particular conveyor is thus
equaltot=t,+t . o = 46.69 + 12.78 = 59.47 seconds = 1 minute.



Problems

3.1 Given two vectors A = 2i + 3j+ 4k and B =1 + 2j +3Kk, compute the following: (a) A + B; (b) A - B;
(c)B - A; (d) A-A; (e) A-B; (f) A x B. Compute also the magnitudes of each of resultant vectors in
each case.

3.2 Express the position vector r for a point P(x,y,z) in terms of the unit vectors i, j, and k in a space
defined by a rectangular coordinate system with coordinates x, y, and z. Also, compute the magnitude
of this vector.

3.3 Illustrate the position vectors related to point P,(3,5) in an x—y rectangular coordinate system, and
P,(3,5,8) in a rectangular coordinate system employing x-, y-, and z-coordinates.

3.4 For position vectors r, for point P,(3,5,4) and r, for point P,(1,0,3) in a rectangular coordinate
systems employing x-, y-, and z-coordinates, show graphically (a) r, + r,; (b) r; — r,; (c) the
magnitudes of the resultant vectors in each case.

3.5 Calculate the dot product of two position vectors, r, for P,(3,5,4) and r, for P,(1,0,3), and
determine the angle between these two vectors.

3.6 Find the magnitude of a position vector r with coordinates (2,3,5) in a 3D space as shown in

Figure 3.3a. Express the position vector in terms of the unit vectors i, j, and k, and determine the
angles a, B, and y defined in Figure 3.4b.

3.7 Find the magnitudes of the two vectors A and B in Problem 3.1 using unit vectors i, j, and k
defined in Figure 3.3b, and the angles a, f and y between these two vectors as defined in Figure 3.4b.

3.8 Given a vector C = 3i —2j +4k, determine A-(B x C), with vectors A and B as defined in Problem
3.1.

3.9 Prove the following: (a) AAB=B-A; (b)) Ax BB x A;and (c)ij=jk=ki=o0;(d)ii=jj=kk
=1.

3.10 Use vector representations to determine the volume of the parallelepiped solid shown in Figure
3.38 with lengths of the sides A = 5 units, B = 8 units, and C = 4 units.

Z A

Figure 3.38 Volume of a parallelepiped solid.

3.11 A rigid body moves along both the x- and y-coordinate directions according to the functions x(t) =
cos(smt) and y(t) = 3 sin(st). Find the magnitude and direction of the velocity and acceleration vectors
att=0.25.
3.12 If vector A = (x2 sin y)i + (22 cos y)j — (xy?)K, determine the following:
A
a.—,
0x
JA
"oy’



c. A
0z
d.dA
3.13 If vector A = xzi —y?j +2x?yk and . = x2yz2, determine the following:
a. Vg,
b. v.A,
C. VXA,
d. div( A),
e. curl( A).
3.14 If . = 2x%y — xz3, find:

d d d
= fPi .__f] ﬁk
ox dy 0z

3.15 Consider a projectile traveling in a space defined by a rectangular coordinate system with x-, y-,
and z-coordinates. Unit vectors 1, j, and k along the respective x-, y-, and z-coordinate directions are
used in the analysis. The position of the projectile may be expressed by the position vector r = (25 cos
Di + (12 sin t)j + (91)k, in which t is time in seconds and the unit of the magnitude of this position
vector is meters. Determine the following:

a. The magnitude of the velocity vector v.
b. The expression for the distance (S) the projectile has traveled.

3.16 An airplane starts from an airport located at the origin o in Figure 3.39 and follows the pattern as
illustrated for its flight. It begins the flight of 150 miles in the direction 20° northeast to A. From A, the
airplane then flies 200 miles in direction 23° northwest to B, and from B it flies 240 miles in the

direction 10° southwest to C. Determine the distance between location C and its original location 0 in
terms of a position vector r as shown in Figure 3.39.

N

A

W = » E
10°

c 23°

| 20°

Figure 3.39 Flight path of an airplane.

3.17 A rigid body is moving along a curved path y = x — (x?/100) in the plane defined by an x—y
rectangular coordinate system, in which x and y in the above function are in units of meters. The
magnitude of the velocity component along the x-coordinate is v, = 0.9 m/s and remains constant.

Determine the velocity and acceleration vectors when x = 8 m.

3.18 A jet fighter airplane is dropping a bomb to hit the target on the ground as illustrated in Figure
3.40. The airplane flies horizontally over the target area at an altitude H at a constant velocity V. Use



the vector calculus method with H = 320 m and V = 600 km/h to determine:

a. The horizontal distance the dropped bomb travels relative to the point from which it was
dropped.

b. The line-of-sight angle 0 at which the bomb should be released in order to hit the target
indicated in Figure 3.40?

SIS 7777777777 7777777777777
Figure 3.40 A jet airplane bombing a target on the ground.
3.18 Assume that the aerodynamic drag on the falling bomb is negligible.

3.19 A jet fighter airplane travels along a vertical parabolic path as shown in Figure 3.41. The airplane

travels at a speed of 180 m/s with an acceleration of 0.5 m/s2. Compute the magnitude and the
direction of the acceleration of the airplane at point A in the figure.
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Figure 3.41 Flight path of a fighter jet.
3.19 Hint: The radius of curvature r of a curve in the x—y plane may be obtained with the expression
d*y(x)/dx?

y=
[1+ (dy(x)/dx)>?

]3{2

3.20 In Example 3.20, the maximum velocity of the baggage on a transportation conveyor was 1.09
m/s at the farthest location, point C in Figure 3.37b. What value for the acceleration of the conveyor
would reduce the maximum velocity to 0.5 m/s at the same location C?



Chapter 4
Linear Algebra and Matrices



Chapter Learning Objectives

e Linear algebra and its applications

e Forms of linear functions and linear equations

e Expression of simultaneous linear equations in matrix forms

¢ Distinction between matrices and determinates

¢ Different forms of matrices for different applications

e Transposition of matrices

e Addition, subtraction and multiplication of matrices

e Inversion of matrices

¢ Solution of simultaneous equations using matrix inversion method

e Solution of large numbers of simultaneous equations using Gaussian elimination method

e Eigenvalues and eigenfunctions in engineering analysis



4.1 Introduction to Linear Algebra and Matrices

Linear algebra is concerned mainly with systems of linear equations, matrices, vector space, linear
transformations, eigenvalues, and eigenvectors. It is widely applied to other areas of mathematics and to
other various disciplines of engineering and science (Hogben, 1987).

Linear functions are often used to represent straight lines. For example, the function y(x) = mx + b is

used to represent a straight line in the x—y plane, in which m and b are constants, with m representing the
“slope” of the straight line and b the intercept of the line with the y-axis as illustrated in Figure 4.1.
Equations involving linear functions are linear equations.

my =My >ms (M4 is negative):

; yix)y=mx +b

yx) ;

yx)=myx + b

Figure 4.1 Linear functions.

Engineers need to deal with various types of equations; some are linear and others are nonlinear. For
instance, Equation 4.1 is linear:

—dx; + 3, — 203+ %, =0 4.1
with x;, x5, X3, and Xy being the unknown quantities.

At least one unknown being of a higher power, such as in Equations 4.2a, results in this type of equations
being nonlinear:

—dx, + 3%, - 2% +x, =0 4.2a

Other nonlinear equations may have the forms:

2+y=1 4.2b
xy =1 4.2¢
sinx =y 4.2d

There are occasions in which engineers need to solve simultaneous linear equations with unknowns x;, x,,
and x, such as

8x, +4x, +x3+12 4.3a
2%, +6x, —x3=3 4.3b
X, —2%,+x3=2 4.3¢

One may readily solve the simultaneous equations in Equations 4.3 for the roots x; = 1, x, = 0.5, Xgq =2
using Cramer's rule.

Engineers are often required to solve large number of simultaneous linear equations, such as shown in
Equation (4.4):



apx; tapx;, tapgx;+---+ax,=n 4.4
Ay Xy dypX + dygXg + - dy, X, =T,

a3 %) + apX, +agxs + -+ azx =713

aulx + aan + anfix:i i am!xn . ru

In Equation (4.4), a; with subscriptsi=1, 2, 3,..., mandj = 1, 2, 3,..., n, are constant coefficients, X with j
=1, 2, 3,..., n are the unknowns to be solved for from the equations, and rj withj=1,2, 3, ...., n are the
given constants in each individual equation.

Engineers may be expected to solve large numbers of simultaneous linear equations, exceeding 100 000
for problems relating to complex geometry, loading, and boundary conditions, such as when assessing the
stresses near sharp crack tips in solid structures using the finite-element method (Hsu, 1986). In reality,
almost all modern numerical analytical methods commonly used in engineering analysis, whether the
finite-element method (FEM) such as presented in Chapter 11, finite-difference method (FDM) presented
in Chapter 10, or boundary element method (BEM) require effective and efficient ways of handling large
numbers of data associated with a large number of simultaneous equations. Modern digital computers,
with their super-fast speed in performing arithmetic operations and enormous data storage capabilities,
are the only practical equipment for handling these analyses. However, digital computers with the current
state-of-the-arts are not intelligent enough to handle functions, even the simple exponential or
trigonometric functions, without having them converted into simple arithmetic operations. The same
process is required to convert simultaneous linear or differential equations for solutions. The means of
such conversions—the use of algorithms—is necessary in virtually all engineering analyses; matrix
techniques are a viable tool in developing algorithms for analytical problems involving large number of
data in the analyses.



4.2 Determinants and Matrices

Determinants and matrices are the logical and convenient choice for representation of large quantities of
real numbers, variables, and vectors involved in engineering analyses. These entities are arranged in
arrays in rows and columns such as shown below:

a; 4 d;3 & & & & 4,
Ay Ay dyy @ & & @ (g,,
4y dzp dy3 ® ¢ e @ g,
L ] L] L ] L ] L L] L]
L ] L ] L ] e @ @ L]
Iaml amZ am:-l LR amn

in which ay4, a;,..., @, represent groups of data that may include real numbers, variables, and vector

quantities expressed in a number of rows (m) and columns (n). The location of individual data in these
arrays is defined by the subscripts i and j—for instance, a;;, with i and j denoting the respective row and

column numbers at which this particular data is located in the array.

Consequently, we may express the above data set in the following forms with an equal number of rows and
columns:

a3 4 43 ® & & & 4, 4.5
Ay dyp dy3 ® & & & 4,
|A| = Iaff' =\| e . . e o o .
L] L] L ¢« & & @ L]
a ml amz a m3 e & 8 g mn
or
ap ap a3 & & & e 4, 4.6
dy Gy Gy ® & & & 4,
IA|=[‘I;}'|= . . . e o o @ [
L] L] L] e & & @ L]
Ay Ayp Az © © 0 d,,

The form of an array of data enclosed within two vertical lines in Equation (4.5) is referred to as the
determinant of the data set, whereas Equation (4.6) with the data set enclosed in square brackets is the
matrix of the same data set. Both determinant and matrix involve data sets designated by subscriptsi = 1,
2,3,....,mandj =1,2,3, .., n, in which m denotes the row numbers and n the column numbers.

The difference between the determinant and the matrix of the same data set is that a determinant can be
evaluated to a single number, or a scalar quantity, but this is not the case for matrices—matrices cannot be
evaluated to single numbers or variables. Matrices represent arrays of data and they remain so in
mathematical operations throughout engineering analyses.

4.2.1 Evaluation of Determinants

The evaluation of determinants begins with the application of a simple rule for the simplest form of 2 x 2
determinants of the type:

a5y 4
ay Ay

The data in this determinant has two rows and two columns—that is, m = 2 and n = 2. Its numerical value
may be obtained by summing the cross products of the elements in the determinant according to the
following rule:



|Al = ay ay, — ayyay,

4.8



Example 4.1

Determine the value of the determinant

4 1

|A|=|1 _2‘

Solution:

The value of the determinant may be calculated using Equation 4.8 as

4 1

A=l %

‘:4x{~2)«1>< 1=-9

For determinants that have more than 2 x 2 data, the process of evaluating the determinants
will be to reduce the full determinant to a summation of subdeterminants of size 2 x 2, and
apply the aforementioned rule to obtain the value of the determinant in the same way as
illustrated in Example 4.1.




Example 4.2

Evaluate the following 3 x 3 determinant:

1 2 3
Al=]10 -1 4
-2 5 -3
Solution:
We observe that the above 3 x 3 determinant has the elements a,, =1, a,, =2, a,3 = 3;
ay =0, ay =-1,a,;=4; a;; = -2, a3, =5, a;; = —3. We will attempt to reduce it to a group

of 2 x 2 determinants, and thereafter apply the simple rule of cross products for the solution.

A general rule for the size reduction process is to use the formula

5

| = el = ) (-1)™|cl]

n=1

4.9a

where the superscript n denotes the reduction step number. Determinant |C”| is the
determinant of |A| after the n-step reduction in size. The elements ¢; in these matrices are in
the determinants that exclude the elements in the ith row and jth column in the previous

matrices. The symbol s in Equation 4.9a denotes the row or column number of the determinant
|A] -

We further observe that the determinant to be evaluated in this example is 3 x 3, which requires
only one step to reduce the sizes of the determinants |C”| to a group of subdeterminants of size
2 x 2;

1 2 3
Al=[0 -1 4
-2 5 -3
-1 4 30 -1
oo 1yl 142 143
~oen [y Glver| S S|l T
= =39

-

An alternative way to evaluate a determinant (Zwillinger, 2003) is to sum over all permutations

iy # iy # iy # iy ++ # i,, with § denoting the number of transpositions necessary to bring the sequence (i;,
io, i3,..., 1,,) back to the natural order (1, 2, 3,..., n) as shown below:

|A] = Z (=1, 85503 * * By 4.9b
The following is an example of evaluating a 3 x 3 determinant using the alternative method given by
Equation 4.9b.
S G G 4.10

Al = |ay 4y ay;
@3 dzy ds3

= ay yylyy + 4150303, + Q130,05 — Q130905 — )yl — 005,033



Example 4.3

Use Equations 4.9 and 4.10 to evaluate the determinant in Example 4.2.

Solution:

With the elements of the determinant identified in Example 4.2, using the expression provided
in Equation 4.10 we may evaluate the value of the determinant as follows:

|A] = (D(=1)(=3) + (2)(4)(=2) + 3)N0)(5) — B)(=1)(=2) = (1)(4)(5) = (2)(0)(—3)
= -39
We obtain the same answer as in Example 4.2.

.

4.2.2 Matrices in Engineering Analysis

As mentioned in Section 4.2, matrices cannot be evaluated to a single value. Rather they will always be in
the form of matrices. However, matrices can added, subtracted, and multiplied like vectors presented in
Section 3.4 in Chapter 3.




4.3 Different Forms of Matrices

There are several different forms of matrix that engineers can use in expressing sets of data in logical
sequences. The following are eight commonly used matrices in engineering analysis.

4.3.1 Rectangular Matrices

A rectangular matrix consists of arrays of numbers or variables, termed “elements,” denoted by ag, with

the first subscript i indicating the row number and the second subscript j indicating the column number.
A general form of this type of matrix is shown below:

[A] = [ay] 4.11
a;; G a3 & & & & 4q,,
Gy Gy Gy * & % & ay,
— [ ] L ] L * @ . @ L]
L] L] L L . @ L]
Ay Gy Apz ® © ® & 4,

in which the subscript i = 1, 2,..., m, and the subscript j = 1, 2,..., n, where m is the total row number and n
is the total column number in matrix [A].

4.3.2 Square Matrices

Square matrices are a special case of the rectangular matrices shown Equation 4.11 where the total
number of rows m equals the total number of columns n. For instance, a 3 x 3 matrix can be expressed as

a4y 42 dg3 4.12
[Al =|ay ay ay
a3 Ay dag

Square matrices commonly appear in engineering analyses.

4.3.3 Row Matrices

In a row matrix, the total number of row m = 1, with the total number of columns being n:
(Ay={a;, a;, a; o o o o q,} 4.13

4.3.4 Column Matrices

This type of matrix is similar to the row matrix but with transposed numbers of rows and columns. In this
case, the total number of rows is m and there is only one column, or n = 1:

w

4.14
ay
Ay
asy
L ]
{A} =4 .
.
L ]
.
aml

Column matrices, represented generally in Equation 4.14, often are used to express a vector quantity, with
the elements of this matrix representing the components of that vector quantity. For instance, a force



vector in a three-dimensional space defined by (x, y, z) coordinate systems may be written

X

(E} =

¥

ar MarMes!

z

in which F,, F, andF, are the components of the force vector along the x-, y-, and z-coordinate directions,
respectively.

4.3.5 Upper Triangular Matrices

A close look at the square matrix in Equation 4.12 will reveal that a diagonal line may be drawn through
elements in a square matrix, as in Figure 4.2.

Diagonal of a square matrix

By 4y Gy3
[A] = @y Oy Gy

@y Ay Oy

Figure 4.2 Diagonal of a square matrix.

In an upper triangular or upper diagonal matrix, all the elements below the diagonal line are zero, as
illustrated for a 3 x 3 square matrix in Equation 4.15:

a;; 41 43 4.15
[Al=] 0 ay ay
0 0 ay

4.3.6 Lower Triangular Matrices
The lower triangular matrix is the opposite case to the upper triangular matrix; here all the elements
above the diagonal line are zero, as shown for a 3 x 3 square matrix in Equation 4.16:

a, 0 0 4.16
as) dzp Adss

4.3.7 Diagonal Matrices

In diagonal matrices, the only nonzero elements are those on the diagonals. Equation 4.17 shows an
example of a diagonal matrix of size of 4 x 4:

a, 0 0 0 4.17
10 a, 0 0
Al=o 0 a, o
0 0 0 a,

4.3.8 Unit Matrices

This type of matrix is a diagonal matrix with all the nonzero elements on the diagonal lines having a value
of unity (i.e. 1.0). Equation 4.18 shows a unit matrix of size 4 x 4:



1.0 0 0 0 4.18
0O 1.0 0 0
= 0O 0 10 0
0O 0 0 1.0
Unit matrices are usually represented by [I].
Unit matrices have the properties indicated in Equations 4.19a and 4.19b:
1 00 a 0 0 4.19a
alll]=afl0 1 0|=|0 a 0| (a diagonal matrix)
0 0 1 0 0 «

where a is a scalar or a real number.

[A]T] = (T][A] 4.19b



4.4 Transposition of Matrices

Transposition of a matrix [A] is often required in engineering analysis. The transpose of [A] is denoted by
[A]T. Transposition of matrix [A] is carried out by interchanging the subscripts that define the locations of
the elements in matrix [A]. The mathematical operation of matrix transposition will achieved by letting
[ai.j.]T = [a;]. For instance, a column matrix in Equation 4.14 becomes a row matrix after transposition, as
shown below:

i
{A} =5 g :{“11 Gy dz & & & @ aml}

a

ml

and a rectangular matrix can be transposed into another rectangular matrix:

T a,, d.
tdy dp dy G
e 4 a =181 Gy
21 fap a3
fdyz dyy

Likewise, the transposition of a square matrix will result in another square matrix of the same size as
illustrated in Figure 4.3.

Diagonal of a square matrix
S s
I Wy dy  dy
Al =|a, a T e
[A] 21 “\12‘\ 23 [A] =|a, Uy ay
Ay d3p Hay a3
a3 dpy  dxg,

(@) ) (b)
Figure 4.3 Transposition of a square matrix.



4.5 Matrix Algebra

We saw in Section 4.1 that a matrix represents an array of real numbers or variables, or vector quantities.
Arithmetic operations of matrices, such as addition, subtraction, multiplication, and division cannot be
undertaken as for single numbers. The following rules apply when performing these arithmetic operations
between matrices.

4.5.1 Addition and Subtraction of Matrices

Addition or subtraction of two matrices requires that both matrices have the same size; that is, that they
have equal number of rows and columns. For example, the addition or subtraction of matrices [A] and [B]
with respective elements a;; and bj; can be carried out as

[A]l£[B] =[C] with ¢;=a;+b; 4.20

In which ag, b;;, and cjj are the elements of the matrices [A], [B] and [C] respectively.

ij>
4.5.2 Multiplication of a Matrix by a Scalar Quantity a

For multiplication of a matrix by a scalar quantity a, the following expression applies:

a[C] = [ac; 4.21

where cjj are the elements of matrix [C].

4.5.3 Multiplication of Two Matrices

For the multiplication of two matrices they must satisfy the condition that

The total number of columns in the first matrix

= the total number of rows in the second matrix
We translate this statement into a mathematical expression in Equation (4.22):

[C] = [A] X [B] 4.22

(mxp) (mxm)  (mxp)

where the notations shown in the parentheses below the matrices denote the number of rows and columns
in each of these matrices.

The following recurrence relationship may be used to determine the element in the product matrix [C]:

¢; =auby;+apby +---+a,b, 4.23

fori=1,2,.,m,andj=1,2,..,n.



Example 4.4

Demonstrate the multiplication of two matrices [A] and [B], both of size 3 x 3:

ay 4y 4y by, by, by
[Al=|ay a, ay| and [Bl=|by, by, by
a3 dzyy  dy by, by, by

Solution:

We first confirm that multiplication of these two matrices is possible by checking that the
number of columns of the first matrix [A] equals the number of rows of the second matrix [B].
This is the case, with three columns and three rows in each case. We may then proceed to
multiply these two matrices according to the recurrence formula provided in Equation (4.23).
The matrix [C] that is the product of matrices [A] and [B] thus takes the form

[C]

[A][B]

[a), ay, ay|[bny b by

=|ay ay ay||by by by

(a3, ay ay|lby by by

[a,,01) + ayzbyy +asby,  ay by +anby, +asbs,  ay by +anby; +agsbs
= |ay by, + aynby + ayby, . .




Example 4.5

Carry out the multiplication of a rectangular matrix [C] with 2 rows and 3 columns and a second
matrix {x} with 1 column and 3 rows.

-

Solution:
{y} = [Cl{x}
Xy
- [CII C12 C13:| 4
= 2
Ca1 €y Ca3

X3
) Xy FCypXy Xy
Cy1X) + CppXy + Cy3X5

- {3}

~




Example 4.6

Demonstrating the importance of the order of multiplication.

a. Multiplication of a row matrix with 1 row and 3 columns matrix and column matrix with 3
rows and 1 column:

lEJII
{“11 dy “l:’,} by, ¢ = ay by + ayby, +ays3bs,
b,
(The product is a single number, or a scalar.)

b. Multiplication of a column matrix with 3 rows and 1 column and a row matrix with 1 row and 3
columns:

ay ay by ayby apnbgy
Ay {bll by, bl;;} =|ay by, ayby, ayb;
as) ay by, az by, ayb

(The product is a square matrix.)



Example 4.7

Multiplication of a square matrix with 3 rows and 3 columns and a column matrix of 3 rows and
one column:

ay dpp ap||x apx+apy+apsz
dy Gy A |\Yr = anXx tdyy+dpz
dy Ay Ay |z A3 X+ dypY + dypz

(The product is a column matrix.)

4.5.4 Matrix Representation of Simultaneous Linear Equations

The general rule for multiplication of matrices and the result in Example 4.7 provide a powerful tool for
expressing simultaneous linear equations in matrix form; for example, Equations 4.3a,b,c can be
expressed in the following form:

8 4 17|x 12 4-24a
2 6 —-1|{x, =43
1 =2 1 ||x 2

In general, simultaneous linear equations can be expressed in the matrix form:

ap 4 az ® e e 8 g.,.11X r 4.24b
Ay Gy Gy ® & & 8 (, | |X Fy

. . e o o o o o * b=

- . e o & o o @ .
aul “uz an.’i A amr xu T'”

We may conveniently express the simultaneous linear equations in Equations 4.24a and 4.24b in the
following simplified form:

[A] {x} = {r} 4.25
where matrix [A] is referred to as the “coefficient matrix,” {x} is the “unknown matrix,” and {r} is the
“resultant” matrix. The expression in Equation (4.25) is commonly used for solutions of large number of
simultaneous linear equations as will be presented in Section 4.7.3.

4.5.5 Additional Rules for Multiplication of Matrices

From the basic rule for multiplication of matrices in Section 4.5.3 we learned that not all pairs of matrices
can be multiplied together. The following rules regarding the multiplication of matrices need to be
followed in engineering analyses:

a. Distributive law:[A]([B] + [C]) = [A][B] + [A][C]

b. Associative law: [A]([B][C]) = [A][BI(IC])

c. Noncommutativity:[A][B] # [B][A]

d. The product of two transposed matrices: ([A][B])T = [B]"[A]"



4.6 Matrix Inversion, [A]_1

There is no such operation as the division of one matrix by another. The closest thing to this operation in
matrix algebra is achieved by matrix inversion. We define the inverse of matrix [A], which is denoted [A]

-1 by

[AJIA]™! = [A]7'[A] = [1] 4.26
where [I] is a unit matrix as defined in Equation 4.18.

Note that inversion of a matrix [A] is possible only if the equivalent determinant of [A] is not zero: that is,
|A| # 0. The matrix [A] is called “singular matrix” if |A| = 0.

Inverting a matrix [A] involves the following general steps:
Step 1: Evaluate the equivalent determinant of the matrix [A], and check that |A| # 0.

Step 2: If the elements of matrix [A] are a;j, we may determine the elements of the co-factor matrix
[C] as
¢; = (=1)™|A'| 4.27

where |A’| is the equivalent determinant of a matrix [A’] that has all the elements of [A] except for
those in the ith row and jth column.

Step 3: Transpose the co-factor matrix from [C] to [C]T.
Step 4: The inverse matrix [A]~! of matrix [A] may be formulated as

o 1 T 4.28
[A]"' = —[C]"
[A]



Example 4.8

Find the inverse of matrix [A] in the following form:

i 2 3
[Al=l0 -1 4
-2 5 -3

g
Solution:

Step 1: Evaluate the equivalent determinant of [A]:

1 2 3
IA] = -1 4
«9 & =3

-1 4 0 4 0 -1

o R o M L
=-39 (#0)

Step 2: Use Equation (4.27) to find the elements of the co-factor matrix [C]:

ey = (DM (-1)(-3) - @(5B)] = -17
¢ = (D)™2[(0)(=3) — (4)(-2)] = -8
13 = (=D"™0)5) — (-1)(-2)] =

¢ = (=1*[(2)(-3) - (3)(5)] = 21
= (=1)**[(1)(=3) = (3) (—21=3
€y = (=1*P[(1)(5) — (2)(-2)] = -9

cq = (-1**'[(2)@) - 3)(-1) |— 11
3 = (-1’[(1)(@) - 3)(0)] = -

¢33 = (—1*P[(1)(-1) - 2)(0)] = -

We thus have the co-factor matrix, [C] in the form

(
(=
(=
(
(
(

-17 -8 -2
[Cl=]21 3 -9
11 -4 -1

Step 3: Transpose the matrix [C] according to the rule given in Section 4.4:

-17 21 11
[CI"=| -8 3 -4
-2 -9 -1

Step 4: Determine the inverse matrix [A]~! using Equation (4.28):

~17 21 11 17 -21 -11

T

[A]™ = li{ %—83—4:i8—34
Al -39 5, S 4] 39|, o




4.7 Solution of Simultaneous Linear Equations

4.7.1 The Need for Solving Large Numbers of Simultaneous Linear
Equations

Linear algebra is a powerful mathematical tool for solving the very large numbers of simultaneous
equations required by a some commercial analytical codes using the finite-element method (FEM) or the
finite-difference method (FDM). These codes are used extensively by industry in solving a variety of
engineering problems that involve solids and fluids of complicated geometry subjected to realistic
boundary and loading conditions. The following example illustrates the requirement to solve a large
number of simultaneous linear simultaneous equations. This case relates to the computation of stress
distribution in a perforated rectangular plate like the one illustrated in Figure 4.4. The rectangular plate
containing a small hole with radius d is subjected to tensile force F acting along longer dimension.

= few oo

Ole | o = O Brfa] ofu=f
e — I — —g"‘f—a — X
(a) (b) ()

Figure 4.4 A perforated plate subjected to lateral stretching forces. (a) The perforated plate. (b)
Application of force F. (c) The stress field.

The stress analysis of the perforated plate in Figure 4.4a is complicated by the presence of the hole in the
plate. The induced stresses in a solid plate subjected to the applied force F can readily be computed to be
o = F/(DW), where D and W are the respective width and thickness of the plate. For a perforated plate,
however, the stress in the plate near the hole is much more complex because of the geometric change in
the perforated region. According to Volterra and Gaines (1971), the stress field near the hole may be
computed from the following equations derived from the theory of linear elasticity:

o a’ o 3a* 44’ 4.29a
Ur(?‘.f)):E(]—;)'{'E(l'F?— 2 )COSZH
c a’ o 3a* 4.29b
0};(?‘.9) = E (1 -+ E) — E (1 + r_l) cos 260
4 2 .29C
Bl | Lo, Y 31100 4-29
2 rd r?

where stresses 0,. and 0g in Equations 4.29a and 4.29b are stress components along the r- and -
directions respectively in the (r,0) coordinate system shown in Figure 4.4c. The stress component o,.g in
Equation 4.29c¢ is the shearing stress. Also appearing in Equations 4.29a,b,c is 0, which is the nominal
stress along the x-coordinate away from the hole with ¢ = F/(DW). The notations a and r in Equations
4.29 are respectively radius of the hole and the linear distance from the origin of the coordinate systems in
Figure 4.4c.

Equations 4.29a,b,c are used to evaluate the stresses in the perforated plate. These equations show that
the distribution of stresses is by no means uniform in the plate. For instance, we may compute the
maximum stress in the plate to a (¢;),,,, = 3¢ at the “top and bottom” of the rim of the hole in Figure 4.4¢
with respective values of § = r/2 and 3z /2 in Equation 4.29b. This value of the maximum stress leads to
a well-known “stress concentration factor of 3” for a perforated plates subject to unilaterally applied force
F.

Stress concentrations exist in all load-bearing machine and building structures wherever there is abrupt



change of geometry. The magnitude of concentration factors may vary gently with gradual change of
geometry in structures such as tapered bars and rods to reach huge values in structures at the vicinity of
shark crack tips, in which case the stress normal to the crack face may reach “infinity” in theory. Solution
of such structural analyses is beyond the reach of classical methods. One should further realize that the
classical solution of stress distributions in a perforated plate given in Equation 4.29 may cease to be valid
should the geometry of the plate deviate from rectangular to one with tapered edges as shown in Figure
4.5a. Alternative method is needed for the solution of stress distributions in a plate with this new
geometry. Numerical methods such as the “finite-element method” (FEM) or the “finite-difference
method” (FDM) are two viable alternative techniques for engineering analyses of this kind.

L -
— —
c 3 - Mirror FE mesh «—s -

F €— F F F
= o 1= Ll il
— — - b ! -

Mirror FE mesh Mirror FE mesh
- ' —

(a) (b)

Figure 4.5 Discretization of a perforated plate with tapered edges. (a) Loading of the tapered plate. (b)
Discretized model of the plate.

As will be presented in Chapters 10 and 11, the essence of both FEM and FDM is to discretize a solid
structure or a volume of fluid of complex geometry and shape into an assembly of a “finite” number of
subdivisions of specific but simpler geometry (called “elements”) interconnected at the apexes and/or
other designated points (called “nodes”). Figure 4.5b illustrates how the perforated plate with tapered
edges in Figure 4.5a can be discretized for computing the induced stress distributions when the plate is
subjected to the applied force F. After the discretization the structure is no longer a continuous and
homogeneous plate. It is an assembly of elements of solid plates with elements of three or four sides
interconnected at the nodes. One may conceive that the FEM offers an “approximation” of the sought
solutions, with the solution being closer to the “real” solution the more elements are used in the
discretized model.

It is common practice in finite-element stress analysis for the primary unknowns required in the solution
to be the displacements of the discretized substance. In the case of the stress analysis of the perforated
plate shown in Figure 4.5, there are 31 hybrid triangular and quadrilateral (four-sided) elements
interconnected at 26 nodes. The primary unknown quantities in this analysis are the displacements at the
nodes reacting to the applied forces F. The in-plane deformation of the plate results in all nodes
deforming in the x—y plane. We realize from the physical situation that each node should have two
degrees of freedom—that is, will deform in both the x- and y-directions. However, the loading conditions
and the symmetry of the geometry of the plate allow all the nodes on the straight boundaries of the
modeled area to deform with only one component, but not in both directions. For example, the nodes on
the bottom straight edge of the modeled area may deform along the x-direction and those on the two
straight vertical edges may deform along the y-direction due to the Poisson effect. We may thus count the
total degrees of- freedom of nodal deformation as follows:

e Number of interior nodes plus the one node at the top-right corner and the one on the rim of the hole
with two degree of freedom = 17.

¢ Number of nodes along two straight vertical edges with one degree of freedom = 4.
e Number of nodes along the horizontal straight edge with one degree-of-freedom = 5.
e Total number of degrees of freedom in the discretized model thus equals 17 x 2 + 4 + 5 = 43.

Thus the number of simultaneous linear equations that have to solved for the solution of the displacement
of the 26 nodes in the model in Figure 4.5b is 43.



The finite-element model with meshes as depicted in Figure 4.5b is by no means an optimal arrangement
for this particular analysis. An accurate model would have placed many smaller elements near the rim of
the hole where there is steep variation of stress. The model in Figure 4.5b is used only to illustrate the
principle of discretization of solid structures of complex geometry.

This case illustration of the stress analysis of a perforated plate with tapered edges may lead the reader to
an over-simplified impression that the solution of the simultaneous linear equations required is not a
major effort with the use of advanced digital computers. The reality, however, is very different from this
illustration; problems involving more than 10,000 degrees of freedom, and the corresponding need to
solve this many number of simultaneous equations, are most likely in typical finite-element analysis of
most engineering problems, and the matrix solution technique that will be presented in the next section
appears to be the only practical way of achieving the solutions.

4.7.2 Solution of Large Numbers of Simultaneous Linear Equations Using
the Inverse Matrix Technique

The inverse of a matrix as defined in Equation (4.26) in Section 4.6 is often used to solve n simultaneous
equations. A typical set of simultaneous equations is shown in Equation (4.30):

@pX) tapXy tapxXyt+ - tapx, =r 4.30
Ay X) + dpXy + Ay3Xy + 0+ dy,X, =T,

a3 x) + agXy +dgxs+ -+ agx, =r;

aul‘xl + an'.!x'.! i anli‘x'_i el aml‘xn = ru

This set of n simultaneous equations may be expressed in matrix form as in Equation (4.31):

ay) dyp a3 ® & e @ g, ||X r 4.31
Ay Gy Ay & & & & a, ||x, ¥y
L] L] L] * @ * @ L] L] = L]
L] L] L] e o @ 9 L] L] L]
.{I”] a”.3 d”3 e & & 9 e i i
or in a compact version form as
[Al{x} = {r} 4.32

where [A] is usually called the coefficient matrix, {x} is the unknowns matrix, and {r} is the resultant
matrix. The elements in both [A] and {r} matrices are given constants in the simultaneous equations in
Equation (4.31).

The unknowns matrix {x} in Equation (4.32) may be solved by multiplication of an inverse matrix of [A]
on both sides of the equation as follows:

[A]7'[A]{x} = [A]}{r}
which will lead to

(M{x} = [A]"{r])

or

{x} = [A]}{r} 4.33
for the solutions of the unknowns.



Example 4.9

Solve the following simultaneous equations using the inverse matrix method:
dx, +x, = 24

% — 2%, = =21
Solution:

We may express the above simultaneous equations in the matrix form [A]{x} = {r} similar to that in
Equation (4.32), where

[A|=[’f _12]; {x}={jj}. and :r}={_2§1}

We need first to evaluate the equivalent determinant of matrix [A] to ensure that inversion of this
matrix is possible:

4 1
'A'=|1 _2‘
=-8-1
—_9 (JAI#0)

We may thus proceed to find the matrix of co-factors [C]. We derive the elements of the co-factor
matrix to be ¢;; = -2, ¢;5, = -1, ¢5; = —1, and ¢,, = 4, from which the co-factor matrix [C] takes the

form
-2 =1
a-[2 7]
and its transpose is
w =2 =i
1T —
The inverse of matrix [A] can thus be determined according to Equation (4.28):

P
Al

2|72 &
9[-1 4

4f Y

Using Equation (4.33), we obtain the solution of the simultaneous equations as

(AT




—~—

} (A1 {r)

SR
[

{x} =

1
9 | 1x 24+ (—4) x (-21) = 108

from which we have the two unknowns in Equations (a) and (b) as x; = 3 and x, = 12.

4.7.3 Solution of Simultaneous Equations Using the Gaussian Elimination
Method

As was indicated at the beginning of Section 4.7, numerical analyses—whether they are based on the
finite-element method or the finite-difference method for solving industrial-scale problems—require the
solution of large numbers of simultaneous linear equations. When the popular finite-element method is
used, the number of these equations is related to the number of degrees of freedom (the unknown
quantities) involved in the problem and often is in the thousands or more. In such a case, the familiar
Cramer's rule that is taught in secondary schools for solving simultaneous equations can no longer be
used for such solutions, nor can the matrix inversion technique presented in Section 4.7.2 be used
effectively. The Gaussian elimination method and its several derivatives appears to be the only practical
solution techniques for solving large number of simultaneous equations using digital computers.

Here, we will present only the basic formulation of the Gaussian elimination method with recurrence
relations that involve only simple arithmetic operations of real numbers that can be readily programmed
in the language of digital computers, which feature has made this method most effective with the use of
digital computers. Several derivatives of this popular method are available in textbooks, such as the
Gauss—Jordan elimination method (Wylie and Barrett, 1995), and the Gauss—Seidel method (Jeffrey,
2002).

The essence of the Gaussian elimination method is to convert the coefficient matrix, such as matrix [A] in
Equation (4.32), into the form of an upper triangular matrix as in Equation 4.15 using an “elimination
process.” Once this is done, the last unknown quantity associated with the last row of the converted upper
triangular matrix in the simultaneous equations becomes immediately available. The second-last
unknown quantity in the unknown matrix {x} may be obtained by substituting the newly found numerical
value of the last unknown quantity into the second-last row in the converted upper triangular coefficient
matrix [A]. The remaining unknown quantities may be obtained by a similar procedure, called “back
substitution.” We will illustrate the procedure of the Gaussian elimination method by considering a typical
set of three simultaneous equations as shown in Equations 4.34a,b,c.

apXx; tapx,tapgx; =r 4.34a
Ay Xy tdypXs +apX; =1, 4.34b
A3 Xy + dgpXy + dgXz =173 4.34¢

where ay;, a;,,..., a4 are specified coefficients; x;, x;, x,, x5 are the unknown quantities to be solved; and
Iy, I'a, I'g are the specified resultant constants.

These simultaneous equations may be expressed in a matrix form as shown in Equation (4.35):



a) dyp di||* r
Ay Gy Ay |y ¥20 =32
3y fzp i3] | X3 ry

or in the form [A]{x} = {r}.

Let us first express the unknown quantity x, in the first equation of Equation (4.35) in terms of the other
two unknown quantities using Equation (4.34a) with
" dp a3
X

X =—-
ap  ap an

Substituting that expression into Equations 4.34b and 4.34c will result in the following new forms in
Equations 4.36:

apXy tapX, +apx; =r 4.36a
ayy 413 i 4.36b
O+ \an—ay— )%+ |ag—ay— |x3=r,——rn
an ap ayy
Gy a3 s 4.36¢
O+ ap—ay— | %+ (a3 —a3,— | xy3=r3— —r
32 ~ 43 2 33 ~ 431 3i—F3 1
an ap an

We notice that the terms a,;x; and a5;x; are “eliminated” from Equations 4.34b and 4.34c respectively
with the above substitutions. Equations 4.36a,b,c can be expressed in matrix form as

a,, d, dpgs]|x ry 4.37
1 1 -
0 ay dy|ixp=1n
1 1 1
0 aj axp||x 3
where
_ ay
Aoy = Aoy dy
an
ry = a a %3
23 = fy3 — Ay
an
a,, =da a 42
) = dzy —dg
. a

ay

and the required corresponding modifications of r, and ry in the resultant matrix {r} are

rl=r “_‘nr
g Tty 1
ayy
R a3y
3= 737 1
ay

with the condition that @,, # 0. The superscript “1” attached to the elements in Equation (4.37) designates
the “elimination step number”—step 1 in this case.

We have thus “eliminated” x; in both Equation 4.34b and Equation 4.34c as shown in Equations 4.36 and
4.37. The next required step is to eliminate x, in Equation 4.34c using Equations (4.36c) and (4.37),



resulting in a partial completion of inversion the coefficient matrix in Equation (4.35) into an upper
triangular matrix. Ultimately, we will have the following converted form for the simultaneous equations in

Equation (4.38):

2

an 4 dig| 1% r 4.38
2, 53 o
0 a3 ayn|{X%¢=1"
2 2
0 0 ay]lx *3

in which the superscript “2” in Equation (4.38) designates the second elimination step. Fora 3 x 3
coefficient matrix, two steps are all that are required for inverting it into an upper triangular form.

The last unknown quantity, x5 in Equation 4.34, may be readily determined from the last equation in
Equation (4.38) to give

2 .. _.2
Gy3X3 =13
or
3
X3 = =
g3

We may obtain the next unknown quantity x, from the second-last equation in Equation (4.38) with the
solution of x3:

2 2 2
A5y +dyXs =1,

or
2 2 ":§
2 2 Ky —dn—
Iy — Ay3%3 A3z
o T 2 = 2
Ay ay

with x5 obtained from the previous step.

We may determine the value of the remaining unknown quantity, x; in Equation (4.35), by substituting
the values of x, and x5 into the first equation in Equation (4.38) following a procedure similar to that
outlined above.

Two useful recurrence relationships for the elimination process can be shown as follows:

au.—l 4.39a
n_ n-1_ _n-1_"
i~ i in n—1
nn

gt 4.39b
no__ =1 H=1_Hn
r. =T, - LA
£ i i n=1

nn

where the superscript n denotes the elimination step number. Numbers with superscript zero (i.e.,n = 0
in Equation 4.39) are those with the value of the original elements a;;, with

al, =ay,a’, = ay,,...,a3, = a;; in Equation (4.35).

One must bear in mind that the subscripts 7 and j used in the elimination process must satisfy the
conditions thati > nandj > n.

The recurrence relationship for “back substitutions” is



N 4.40
=5
j=itl . )
X, =————— with i=n-1,n-2,...,1
a;;

in which ag, Ty, and x;j are the elements in the final matrices at the conclusion of the elimination process.



Example 4.10

Solve the following simultaneous equations by the Gaussian elimination method using the
recurrence relationships in Equation 4.39a and 4.39b.

dx, +x, =24 a

x, —2xy, = =21 b
Solution:

We may express Equations (a) and (b) in the following matrix form:
4 1] fx\ _ [ 24 c
1 =2 \x [ 1 -21

0 _ —da —g =14 =g =140 —g — 90— — 0 _ o — _
a,=a, =4%4a,=a,=1a, =a, =l.ay,=ay,=-2r,=r=24,r,=r,=-21

Recognize that

We are now ready to use the recurrence relationships shown in Equations 4.39 a,b for the
Gaussian elimination procedure. We recognize that in this example only one step is required to
convert the coefficient matrix in Equation (c) for two simultaneous equations in Equations (a)
and (b).

Step 1 with n = 1,1 > n = 2, and j > n = 2: We obtain the elements for the coefficient and resultant
matrices after step 1 elimination as

a
I _ 0 0 “12
Gy =ap—dy—
11
1 1
==-2-1X=-==2-==
4
_ 9
4
and
0
J,_h_rn_au“v_l
b Rl 21 ¢
11
24

=-21-1X—=-21-6
4

= =27
The coefficient matrix in Equation (c) after step 1 elimination becomes

4 17 (4 94 d
9 =
0 —= £ -27
1 2
Since the original coefficient matrix is of size 2 x 2, one step of elimination is all that is required
for the solution. Thus, from Equation (c), we have the solution for x, as

—§x2=—27 - x,=12

Use back substitution in Equation 4.39b to get the solution of other unknown, x;, with n = 2 as



follows:

2
" _Z“Uxf 0
j=2 Iy = dpX, 24 —1x%x12
x — — — —
1

0 0 g
a4 ay 4

3

The solutions to Equations (a) and (b) are thus x; = 3 and x, = 12. (Note that the same results
were obtained using the matrix inversion method as presented in Example 4.8.)



Example 4.11

Solve the following three simultaneous equations using the Gaussian elimination method:

8x, +4x, +x3 =12 a
2%, +6x, —x3=3 b
X, — 2%, + x5 =2 c

Solution:
Let us express Equations (a), (b), and (c¢) in matrix form:

8 4 17[x 12 d
2 6 -1[dx,4=13
1 -2 1 Xy 2

We will require two steps (i.e., n = 2) in the elimination process for three simultaneous equations.
We will proceed to apply the Gaussian elimination process to Equation (d) using Equations 4.39a
and 4.39b.

Step1withn=1,i>n=2,andj>n=2:

a a,-
| S, | 0 12 12
gy =gy =49 gy — Ay~
11 a’ll
4
=6—-2X-—
8
=5
withi=2,j=2:
0
o %13 %)
GApy =Gyy —@y—g =G —an—
a, ayy
1
==1-2X-=
8
=-1.25
withi=2,j=3:
0
_o0_o0oh Iy
o Sl oy o et =iy 0l s
11 all
12
=3-2x —
8

withi=3andj=2:



. .-
ay, = dy, — agl% = dyp — dg) -
11 a1
=—2—1xi
8
=-25
0
13 a3
ay, = dg; — agl_n 33 — a3 T
11 11
=1-1x-=
= (0.875
0
r r
1 0 0 1 1
BRErhy=dy—o = “.na_
11 11
12
=2—1X—
8
=0.5
We may thus express Equation (d) after step 1 elimination in the form
8 4 1 x 12
0 5 =125|<x,p=40
0 -2.5 0.875] |x, 0.5

We now proceed to step 2 in the elimination process to convert the coefficient matrix in Equation
(e) into an upper triangular matrix.

Step 2 withn = 2,1 > n=3andj > n = 3: We recognize that a2, = a2, = a2, = 0 because the
subscripts 7 and j of these matrix elements are less than n = 2.

2 _ 1 1 %23
A3 = dg 3271
sy,

-1.25
= 0.875 — (=2.5) x =12
=0.25

i
"ﬁ = '":; = “:]a‘z_]l
dy
0
=05-(-25)x g
=0.5

We have completed the conversion of the matrix equation in Equation (e) to a new form of upper
triangular coefficient matrix [A] with modified resultant matrix {r} in Equation (f) after step 2
elimination as

8 4 1 X 12 f
0 5 —-125|4x,p=4 0
0 0 025 |[x, 0.5

One may readily see from the last line in Equation (f) that the solution for x, is

%y =0.5/0.25 =2



The values of the remaining two unknowns, x, and x;, may be obtained using the recurrence

relation of back substitution as given in Equation 4.39b as follows. We begin with n = 3 in
Equation 4.39b:

%= ————— with i=2,1

_ j=3 _ Ty —Gy¥y
= ) T ay
0-(-125)x2
L A=A RE
5
and to determine x; with i = 1:
3
o 2 ajx;
. = j=2 _ 1= (apXy + ay3x;)
: an an
12-(4x05+1x2) -
= = =

The solution of the simultaneous equations in Equation (a) is thus x; = 1, x, = 0.5, and X3 = 2.



4.8 Eigenvalues and Eigenfunctions

The term “eigenvalue” was derived from the German word Eigenwert, which means “proper” or
“characteristic” value; similarly, the term “eigenfunction” was derived from another German word
Eigenfunktion meaning “proper” or “characteristic” function.

Eigenvalues and eigenfunctions appear in engineering analyses involving linear transformation of
functions in vector spaces (Hogben, 1987). They also appear in the characteristic equations associated
with solutions in engineering analyses of mechanical vibration, heat conduction, and electromagnetism,
as will be presented in Chapter 9. The roots of these characteristic equations are known as eigenvalues,
which provides nontrivial solutions to the differential equations that satisfy the prescribed boundary
conditions. Nontrivial solutions of equations are solutions other than those that result in legitimate zero
in the solution of the equation. Functions that provide multiple eigenvalues are called eigenfunctions.

“Characteristic equations” often appear in engineering analyses. For example, natural frequencies in
modal analyses of structures, in which natural frequencies of the structures are denoted by w,, with mode
numbers n =1,2, 3, ...., are important design parameters of structures' vibrational behavior due to
periodic excitation with frequencies w. Uncontrollable, and often devastating, vibration called “resonant
vibration” of a structure can occur when the frequency w of an excitation force matches any of the natural
frequencies of the structure. The governing differential equations used to determine the natural
frequencies of structures are homogeneous differential equations, as will be presented in Chapters 8 and
9. The characteristic equation associated with the solution for the amplitude of vibration y(x) from these
equations will have a general form

y(x) = Csin fx

Imposition of a condition y(L) = 0, with L being the length of the structure, will lead to the expression in
Equation (4.41):

¥(L)=0=CsinfL 4.41

We recognize that there are two options to satisfy Equation (4.41): option 1, by letting the constant
coefficient ¢ = (; and option 2, by letting sin gL = 0.

We further see that option 1 will lead to a trivial solution of the problem, meaning y(x) = 0 at all times
with all values of x, which does not meet the requirements. With option 2, on the other hand, with the
function sin gL = 0, the characteristic equation (Equation (4.41)) will have multiple roots that satisfy the
condition with § =0, »/L , 2z/L, 3x/L ,...,or f=nx/L withn=1,2,3,4,...

A close look at the above roots of the characteristic equation sin gL = 0 reveals that although the root 3 =
0 leads to a trivial solution of y(x), the other roots, g = /L, 2z/L , 3x/L , ..., n7t/L do not give trivial
solutions of Equation (4.41). We thus classify B = &/L, 27t/L, 371/L, ... as the eigenvalues of the
characteristic equation sin L = o.

4.8.1 Eigenvalues and Eigenvectors of Matrices

In this subsection, we will describe the method for determining the eigenvalues from characteristic
equations involved in linear transformation of vector quantities from one space to another. Most of these
transformations involve vectors expressed as square matrices, which is a common way of expressing
vectors as was illustrated in Chapter 3. We will thus focus our attention on determining the eigenvalues in
this particular type of applications.

We follow the derivation of solutions of eigenvalues and eigenvectors as given in two reference works
(Hogben, 1987; Malek-Madani, 1998). Certain terminology is commonly used in the literature in relation
to eigenvalue problems:

e FEigenfunctions: These are functions that are derived in the course of solving homogeneous differential
equations involving homogeneous boundary conditions.



o Characteristic equations: These are the equations that involve eigenfunctions, similarly to Equation
(4.41).

e FEigenvalues: The roots of the characteristic equations, such as the roots 3 described for Equation
(4.41).

e Eigenvectors: These are the vectors involved in linear transformation, either in a two-dimensional
plane or in a three-dimensional space.

For cases involving linear transformation of vectors we may represent the characteristic equations and the
eigenvalues by the mathematical expressions discussed next.

4.8.2 Mathematical Expressions of Eigenvalues and Eigenvectors of Square
Matrices

Let

{x}=4 "2

be an eigenvector and [A] be a square matrix with real-number elements, such that

[Al{x} = {0} 4.42
Further let
[Al{x} — A{x} = {0} 4-43
from which we get
[Al{x} = A{x} 4-44

The real numbers A that satisfy Equations (4.43) and (4.44) are defined as the eigenvalues of the
eigenvector {x}.

Equation (4.43) may be expressed in another form:

([A] = AlID{x} = {0} 4.45
where [I] is the unit matrix defined in Equation 4.18.
The eigenvalues A in Equations (4.43) and (4.44) may be obtained by solving the following polynomial
equation (Equation (4.46)):

det|[A] — A[I]| =0 4.46



Example 4.12

Show that the vector

.

=

Il
— =

is an eigenvector corresponding to the eigenvalue 2 for the matrix

4 ] o
[Al=|0 -1 3
I 3 9

Solution:
Using Equation (4.23) for multiplication of two matrices, we obtain the following relationship for

[Alx}:

4 -1 -1||1
[Al{x} =]0 -1 3 |41
1 3 -2]|1
2 1
=42 ¥=241 =2{x}
2 1

= (eigenvalue 2) X (eigenvector{x})

By comparing the above expression with Equation (4.44), we have the eigenvalue ; = 2.



Example 4.13

Find eigenvalues and eigenvectors of the matrix

Solution:

We first derive the polynomial characteristic equation with eigenvalue A using Equation (4.46):

|1A1~-,u1||="1"l 2

-7 8—:1‘:0

from which we solve for the eigenvalues 4, =1 and 4, = 6.

Next, we determine the eigenvectors corresponding to these two eigenvalues.

For eigenvalue A,=1 We use Equation (4.45) to find the associated eigenvectors:

-1 2] _ [t o) fm) _[-1-1 2 X,
-7 8 01 x| -7 8-1] |«
_Jo
10
which leads to the following simultaneous equations:
- 2%, +2x,=0 a

— 7%, +7%,=0 b
We will find that if we let x, = p, a nonzero real number, we will have the same answer for x,, that
is, x; = p. Consequently, we may establish that vector {x} is

{u}={2}-- {3}

In fact, p could be chosen as any real nonzero number. In other words, a nonzero constant such
as p as a multiple of any eigenvector is also an eigenvector. Thus, we conclude that the vector

1
1
is the eigenvector corresponding to eigenvalue 4, = 1.

For eigenvalue A, = 6 We follow the same procedure as for A;, with the following equation in

matrix form:
w] 6 2 | _Jo
-7 8—6| |x, [ )0

leading to the following simultaneous equations:
- 7%, +2x,=0 c

— 7%, +2x, =0 d



Again, if we assume x, = p in Equation (c), this will lead to x; in Equation (d) as x; = 2/7. We then

obtain the eigenvector:
2
= 2
X, ) 7

We thus conclude that the eigenvector corresponding to eigenvalue 4, = 6 is

2
7
The matrices that relate to linear transform of vectors in three-dimensional space are usually of size 3 x 3,

in which case the finding of eigenvalues and eigenvectors is a little more complicated, as will be
demonstrated in the following example.



Example 4.14

Find the eigenvalues and eigenvectors of the following 3 x 3 matrix:

5 -1 0 a
[A]=]10 -5 9
5 -1 0

Solution:

Following the established procedure for finding the eigenvalues of the matrix {v} by solving the
characteristic equation as shown in Equation (4.46) (or|([A] — A[I])| = 0), we will obtain the
following expression using the matrix [A] in Equation (a):

5—-4 -1 0 b
0 -5+4) 9|=0
5 -1 -

We may solve Equation (b) for the three roots 4, =0, 4, =4, 4; = —4.
We are now ready to find the corresponding eigenvectors corresponding to these eigenvalues.

For the case of A, = 0 We solve the following equation by substituting A = A; = 0 into Equation
(b), or, in matrix format:

5 -1 0]]x 0 ¢
0 =5 9|3x,¢ =10
5 =1 0]|x 0

There are several ways one may obtain the eigenvectors from Equation (c); one may assign
various real constants to the unknown vectors in Equation (c), similarly to what was done in
Example 4.13; or one may assign a nonzero real number to only one of the three unknown vectors
in the same equation and relate the other two vectors to the same assigned real number. The
latter would require the use of the Gaussian elimination method such as was described in Section

4.7.3.

In this example, we use the Gaussian elimination method to convert the coefficient matrix in
Equation (c) into an upper triangular matrix as

5 -1 07/« d
0 -5 9|{x,=1(0}
0 0 25]|x

We assume x5 = p where p is a nonzero real constant. The second equation in Equation (d) will
give x, = 9x,/5 = 9p/5. The value of x; in Equation (d) may be obtained by expansion of the first
equation derived from Equation (d): x, = x,/25 = 9p/25.

We may thus find that



with the eigenvector

9
45
25
We may also obtain the other two eigenvectors:
1 1
17 with 4, =4; <9 with 4, = -4
1 1

Finding eigenvalues and corresponding eigenvectors for matrices higher than sizes 3 x 3 becomes very
tedious; the use of numerical techniques and of commercial software packages such as MatLAB (Malek-
Madani, 1998) appears to be a viable way to obtain the solutions.

4.8.3 Application of Eigenvalues and Eigenfunctions in Engineering
Analysis

Eigenvalues and eigenfunctions are used engineering analyses raging from control theory, through
vibration analysis, electric circuits, and rigid body dynamics to quantum mechanics. We will use the
following case to illustrate the finding of natural frequencies of a multimode mass—spring system (Chapra,
2012).

Figure 4.6 illustrates a physical situation in which two masses (each m) are attached to three springs with
identical spring constants (k), in a multiple-degrees-of freedom vibrational system. Slight instantaneous
disturbances were simultaneously applied to both the upper and lower masses m, resulting in free
vibration of these masses with instantaneous displacements y,(t) and y,(t), as illustrated on the right-

hand side of Figure 4.6, where t is the time after the inception of vibration of the masses.

LLLLLL
k
m — ¥it)=0

—— Yy =y4(t)
k l

y(t)

Figure 4.6 Free vibration of multiple mass—spring system.

We may derive the following two simultaneous differential equations for the amplitudes of the deviation
of the two masses, y,(t) and y,(t), from their initial equilibrium conditions:

490 4.47a
;:;2 = —ky,(8) + k[y,(8) — 3,(8)]




d*y,(t) 4.47b
d_;z = —k[y,(t) — ,(£)] — ky,(¢)
The solution for y,(t) and y,(t) in Figure 4.6 requires the solution of the simultaneous differential

equations in Equations 4.47a and 4.47b because of the “coupling” effect of the multiple degrees of
freedom of the vibration of the masses in the system. However, the theory of vibration of masses in mass—
spring systems, as will be presented in Chapter 8, indicates that the solution y,(t) and y,(t) will be in the

form

m

yi(t) = Y, sin(wt) 4.48
the subscript 7 = 1,2 in Equation (4.48) denotes the amplitudes of vibration of the upper and lower
masses, y,(t) and y,(t) respectively. y; with 7 = 1 and 2 are the respective maximum magnitudes of the
displacement of the two masses. The natural frequency of the vibrating mass is denoted w, with the unit
rad/s.

Upon substitution of the typical solutions for the vibrating masses in Equation (4.48) into Equations
4.47a and 4.47b, we obtain the expressions in Equations 4.49a and 4.49b:

(z—k—wz)Y]—iY2= =494
m m

4.49b
- %Y1+ (Z_k —wz) Yo=

_(Zk ) k 4.50a
()

-{o)

Equation 4.50a may be expressed differently as

2k _k 4.50b
ol [t o)
_w -
_k 2 0 1 Y, 0
I 7 Fii)

Comparing Equation 4.50b with Equation (4.45), we obtain the following equivalences:

2k _k 4.51
m m Yl .
[A] = . {x}= , and A=’
ko v,
bid} M

or in a simple matrix form, [A]J{Y} ={0} with [A] given in the first expression of Equation 4.51. The last
expression in Equation 4.51 as

w:\/; 4.52

in which A is the eigenvalue of the amplitudes of the mass vibrations is of particular significance for
evaluating the natural frequencies of mass—spring vibrational systems.



Example 4.15

We will derive numerical solutions for the system illustrated in Figure 4.6 by letting m = 10 kg
and spring constant k = 200 N/m. Determine the natural frequencies of the system in Figure 4.6.

Solution:

Substituting m = 10 kg and k = 200 N/m into the first expression of Equation 4.51 will result in

=

Use Equation (4.46) to solve for the eigenvalues A:

10
'“I”_“ 20 40 [0 1]

_|a0-2 -20
T |20 40-3

=0

from which we solve for 4 = 4, =20 and 4 = 4, = 60.

We may then use Equation (4.52) to determine the natural frequencies of the two modes to be
@, = 447rad/s and w, = 7.75rad/s for the mass—spring system shown in Figure 4.6.



Problems
4.1 Add two matrices [A] + [B] where

and [B] =

— o W
=) B o)
~] 20 WO

1
[A]=]2
3

[=209) I -
o 0o ~]

4.2 Multiply two matrices as follows:
a. [A][B]
b. [A{C}
c. [BI[A]
d. [B][AT"
e. [A][B]
f. {C}{D}
g- {C}"{D}
h. {C}{D}*
with [A] and [B] being the same as in Problem 4.1 and

(C) = and (D} =

~] &= =
o <IN I ]

4.3 Find the co-factor matrix [C] and the inverse matrix [A] ! (if it exists) with the matrix [A] in the
form of

g & 12
1](b)[A]: -1 21
o %

1

1. (a) [A] = [1

4.4 Find the eigenvalues (A) and eigenvector of the matrix

wef ]

4.5 Find the eigenvalues (A) and the corresponding eigenvectors of the matrix

0
[A] = 0
1

= o W
(=3 S R ]

4.6 Use (a) the matrix inversion method and (b) the Gaussian elimination method to solve the
following simultaneous equations:

x+2y—6z=0
x—y+z=4
y+z=3

4.7 Use both the matrix inversion and the Gaussian elimination methods to solve the following



simultaneous equations:

2x — 3y = 32
x+4y=-6
Show every step of your computation for the solutions.

4.8 Determine the natural frequencies of the mass—spring system illustrated in Figure 4.6 and
described in Example 4.15 but with only two springs supporting masses m; and m..



Chapter 5
Overview of Fourier Series

Chapter Learning Objectives

L]

o

[ )

Appreciate that Fourier series are the mathematical form for periodic physical phenomena.
Learn to use Fourier series to represent periodic physical phenomena in engineering analysis.
Learn the required conditions for deriving Fourier series.

Appreciate the principle of using Fourier series derived from the function for one period to apply the
same Fourier series for other periods.

Derive the mathematical expressions of Fourier series representing common physical phenomena.
Understand the convergence of Fourier series of continuous periodic functions.
Understand the convergence of Fourier series of piecewise continuous functions.

Understand the convergence of Fourier series at discontinuities



5.1 Introduction

We learned in Chapter 2 that functions are used to represent physical phenomena in engineering analysis.
In Section 2.4.2, we learned that step functions can be used to represent physical phenomena that exist at
the inception of a specific time or location in spectra, and that impulsive functions describe phenomena of
extremely short duration in time or extremely small extent in space. In this chapter, we will present
another useful function that represents physical phenomena of periodic nature. Being periodical in their
existence, these functions start and end at specific instants in time or location in space. They are
expressed in the form of infinite series that is called the Fourier series. The functions that describe the
specific physical quantities by the Fourier series can be used to represent the same periodic physical
quantities over the entire spectrum that the variable of these functions covers.

Periodic phenomena are common in our daily lives; Figure 5.1a shows a merry-go-round in an amusement
park. The large revolving platform consists of a number of mechanisms driving model horses, cars,
carousels, and the like, on which people (especially, children) ride round and round, sometimes with up-
and-down motions as well. Figure 5.1b shows a close-up view of a model pony on the revolving platform;
this has periodic up-and-down motions activated by a supporting column below the mechanical pony. The
forces required to lift up and pull down the pony, and other carousels revolving on the platform, are also
of periodic nature. Both the motions and the forces required to activate the individual mechanisms are
periodic, and they can be represented by Fourier series in dynamics and stress analyses.

(a) (b)

Figure 5.1 A mechanism with periodic motions. (a) Riding horse on a merry-go-round. (b) Up-and-down
motion of a mechanical pony.

Another example of periodic motion that is common in domestic situations is provided by the sewing
machine, such as that shown in Figure 5.2a. This machine stitches fabrics with the up-and-down motion
of a threaded needle. The mechanism that produces such motion of the needle is illustrated in Figure 5.2b.
The forces that are applied to the needle in its piercing of the fabric will also be of periodic nature. In
engineering analyses, Fourier series can thus be used to represent both the periodic motion of the needle
and also the induced forces that produces the motions of the needle.

(b)
Figure 5.2 Periodic motion of the needle of a sewing machines. (a) A typical sewing machine. (b) The



repetitive cyclical motion of the needle.

Many machine tools involve periodic motions. An examples is given relating to the production of metal
cups and dishes using a sheet metal stamping machine, the working principle of which is illustrated in
Figure 5.3. A die in the desired shape of the finished product is lies beneath a flat metal sheet; the
pressure of the plunger/punch on the sheet metal deforms the metal into the shape of the die surface. The
force on the plunger that stamps metal into the required shape (which may be a shallow dish or deep cup)
by means of the impact forces during the stamping process can be represented by a Fourier series because
of its periodic nature.

Sheet metal l T
Mass, M
//gj :
Elastic
foundation

Figure 5.3 A die stamping machine with a repetitive action.



5.2 Representing Periodic Functions by Fourier Series

The Fourier series, which was derived to represent periodic phenomena, is a useful tool in engineering
analysis because it permits mathematical representation of periodic phenomena that are commonly
encountered, as described in Section 5.1. The principal advantage of using the Fourier series derived from
the periodic function for one period is that it can be used for all other periods.

The functions that the Fourier series represents may be either continuous or piecewise continuous within
each period. The periods of these functions may cover (-, st) or (—L, L), as illustrated in Figure 5.4. Note
also the two different types of periodic functions represented by these Fourier series: a “continuous”
function is illustrated in Figure 5.4a, and a “piecewise continuous functions” in Figure 5.4b.

1+ f(x)

—:!'51’_ —éL —!L 0 1"_ 2!1'_ :';L

Figure 5.4 Periodic functions in typical Fourier series. (a) A periodic function with period (-, ). (b) A
periodic function with period (-L, L).

The periodic functions illustrated in Figure 5.4 appear often in measurements of various physical
phenomena and are frequently visualized on oscilloscope screens as shown in Figure 5.5. Three different
forms of signal are shown: (1) a continuous “sinusoidal function” at the top; (2) a piecewise continuous
function in the shapes of “saw teeth” in the middle; and (3) a “discontinuous linear function” at the
bottom left. Fourier series can be derived to represent all of these types of periodic functions.

L
L

il

=y

T — .v-.‘
e ———————————————




Figure 5.5 Measured signals representing periodic physical phenomena.



5.3 Mathematical Expression of Fourier Series

Mathematical forms of Fourier series for periodic phenomena may be derived subject to the following
conditions:

1. The mathematical expression of the function (e.g., f{x)) over one full period must be available.
2. If the period of the function is denoted by 2L, then

fx)=f(x+2L)=f(x+4L)="--=f(x + nL)
where n is an even number.

3. The function within one period of 2L is defined for an interval ¢ < x < ¢ + 2L, where ¢ = 0 or any
arbitrarily chosen real number within the specified period. In practice, this allows the engineer to
choose any starting point for his or her definition of the periodic behavior of the function.

4. The function f{x) and its first-order derivative f'(x) must be continuous or piecewise continuous in
the period of ¢ < x <c+2L.

If the above conditions are satisfied, expression of the function in any chosen period in the following
infinite series form applies also for all other periods:

5.1
f(x)——+2(a cos 22X +b sn%):ﬂxiﬂ,):ﬂxiu):
where a,, a,, and b,, are Fourier series coefficients to be determined by the following integrals:
c+2L 5.2a
.s1”=l f(x]cosma'x n=0,1,2,3,...
LJ. L
c+2L .2b
b,,=% f(x)sin%dx n=123,... 520

Occasionally the coefficient a,,, as a special case of a,, with n = 0 in Equation 5.2a, needs to be determined
separately as the following integral:

1 e+2L ) 5.20
= E fx)dx



Example 5.1

Derive a Fourier series for a periodic function, f{x) with a period of (-, 7).

Solution:

We let ¢ = —mr and the period 2L = 7t — (—7r) = 27, which leads to L = sr. We thus have the Fourier
series using Equations 5.1 and 5.2 as

flx) = Z—O + ;(a,, cos(nx) + b, sin(nx)) 53

with
a, = ;I;f f(x) cos(nx)dx n=0,1,23,... 542

and
5.4b

b, = i/.f[x)sin(nx)dx n=1,23,...



Example 5.2

Derive a Fourier series for a periodic function f{x) with a period of (-, I).
Solution:
We have ¢ = -1 and the period, 2L = [ — (-I) = 21, and hence the half-period L = L
Substituting this into Equations 5.1 and 5.2 will result in the following Fourier series:
ay < nrx . NTX 5.5
fx) = 5t 2 (a,,cosT +b”smT)

n=1

where the coefficients may be obtained with the following integrals:
E nrx
a, = ?/ f(x)cosde n=0,12,3,...
-1

: .6b
bn=%/-f(x)sin%dx n=1273,... 5
-l



Example 5.3

Derive a Fourier series for the function f{x) with a period of (0, 2L).

Solution:

As in the previous examples, we let ¢ = 0 and the period 2L = (2L - 0) = 2L, giving L = L.

The following Fourier series with appropriate coefficients is derived by using Equations 5.1 and

5.2:
a < 8
f(x)=50+§(a”cos’lﬂ+b”sin ”Lﬂ) >7
with
2L
1 5.8a
a, = —/ f(x)dx
LJo
2t 5.8b
au=% f(x)cosni‘ﬁdx n=1,23,...
0

2L 5 89
b”=l/ fesin2Z2dx n=1,23,... :
14 L

The different forms of Fourier series presented in Equations 5.5, and 5.7 are also available in various
engineering mathematical textbooks. The expression in Equation 5.7 with coefficients as in Equation 5.8
is a particularly useful form in many engineering analyses.



Example 5.4

Find the Fourier series for the periodic sine function in Figure 5.6a with the numerical scale
shown in Figure 5.6b.
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Figure 5.6 Periodic sine function. (a) Signal on oscilloscope screen. (b) Quantitative details of
the signal over one period.

Solution:

We express the period of the sine function in Figure 5.6b by letting the period 2L = 8 (L = 4);
then the sine function over one period shown in Figure 5.6b has the form

f{t):3sing£ for 0<t<8

The Fourier series for the sine function in Equation (a) can be expressed according to Equation
5.7with L = 4 as

f@) = E(a cos Z2= +b sin HTM) 5.7

We have the coefficient a, determined by Equation (5.8a) as

8 8
1 ; 1 "
di= E_[n foydt = Zj(; (351n Zt)dt— 0

and the other coefficients a;, and b,, determined by Equations 5.8b and 5.8c respectively as

8
a, = 1/ (SSinH—r) (cosn—ﬂ) dt=0
1/, 4 )

b”=é/8(35in%t) (sin%)dt:ﬁ n#1
2 _

The fact that n # 1 in the coefficients b,, in Equation (d) requires the determination of coefficient
b, using the integral in Equation 5.2b with n = 1:

b, = é/ﬁ (35in%) (mnz) dt=3
0

The Fourier series for the signal shown in Figure 5.6a can thus be expressed by substituting the



coefficients in Equations (b), (c), (d), (e) into Equation (5.7), resulting in

3 o .
f(r)=3+;§(l_”n2)sm%r

The function f(t) in Equation (f) will enable engineers to determine the values of the signal
depicted in Figure 5.6b beyond the period of 0 < ¢ < 8. For instance, engineers will be able to
find the value of the function at t = 12 units from f{12-8) = f(4) = 0 in Equation (f) in accordance
with the definition of Fourier series given at the beginning of Section 5.3, or the value of the
function at ¢ = 36 units from f{36—(4 x 8)) =f(4) = 0 from Equation (f).




Example 5.5

Find the Fourier series for the periodic “sawtooth” function in Figure 5.5 with the numerical scale
shown in Figure 5.7.
f{t)

3 units

o
[ .

-3 units

Figure 5.7 A sawtooth signal waveform, such as the signal from an oscilloscope screen (Figure
5.5).
Solution:

We see that this function has a period 2L = 8 units (or L = 4) as in Example 5.4. The function has
to be defined in three distinct subperiods between t = 0 and t = 2, between t = 2 and t = 6, and
between t = 6 and t = 8, as shown in Figure 5.7. We thus have the function over one period
defined in the following way:

flt)y=15t 0<t<2 a
=—-15t+6 2Lt<6

=15t-12 6<t<8

We will use Equation 5.7 for the Fourier series, and Equations 5.8b, and 5.8¢ to determine the
coefficients using the function f{t) in Equation (a) as shown below:

1 2 6 8 ‘b
a7 [/ (1.5:)d:+/ (—1.5£+6]dt+/ {1.5:—12)d:]
0 2 6
=0
: c
é[/ {15”C05n—ﬂd5+/( 15t+6)cosnde£+/ (155—12)(:05”—“53.‘:]
6
6
= —sm—
nr 2

6 8
b, = [/ a 5a)sm”—’”dz+/ (—1.5c+6)sin”T’”dz+/ (1.5:—12)sln”—’”dc]
2 6

( 3nrx 12 . 3}1;1')
= — | cos — — — sin —
nr 2 nr 2

The Fourier series for the sawtooth function depicted in Figure 5.7 can thus be expressed by
substituting the coefficients in Equations (b), (¢), and (d) into Equation 5.7:



(=)
6 1 [( : mr) nrt ( 3nr 12 3mr) ; mrt] e
t)=— = || sin — ) COS — + | CO§ —— — — SIn —— | sin ——
J® T ; M 2 4 2 nr 2 4

The Fourier series in Equation (e) will enable engineers to determine the values of the function at values
of the variable t preceding or after the period (0, 8), as described in Example 5.4. However, the function
has discontinuities at t = 2 and t = 6. The value of the function in Fourier series at these values of the
variable will be described in Section 5.5.



Example 5.6

Find the Fourier series for the periodic piecewise continuous linear signal shown on the screen of
an oscilloscope in Figure 5.5 with the numerical scale shown in Figure 5.8.

f(t)

3 units

t {unit)
0 2 4 6 8

-3 units

Figure 5.8 A piecewise continuous linear signal waveform, such as the signal from an
oscilloscope screen (Figure 5.5).

Solution:

As in the two previous examples, the period of the function f{(t) is 2L = 8 units, which gives L = 4
units. The function f{(t) for one period is

ft)= —§t+3 for 0<t<8
The Fourier series for the periodic function f{t) may be expressed using Equation 5.7, with the
coefficients determined from Equations 5.8a,b,c:

) = Z(d cos 2L +b m”Tﬂ)

and with the coefficients:

& d
- l_/ (——r+3)cm LB e
4 0 }TEJTZ
2 3 nrt 9 e
b, = —f (—;I+ 3) sin —dt = —
4 4, 4 4 nmr

We thus obtain the Fourier series of the function in Figure 5.8 by substituting the coefficients in
Equations (c), (d), and (e) into (b), to obtain

f(t)= 2 [( cos ”TH + is,in %

nrx

n=1



Example 5.7

Derive the Fourier series for a piecewise continuous periodic function f{t) of period (-, 7r) with
f(t) = 0 in the subperiod (-7 < t < 0) and f{(t) = t in the subperiod (0 < t < 7). The function is
shown graphically in Figure 5.9.
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Figure 5.9 A periodic function with period defined in (-, 7).
Solution:

Since this function has a period defined in (-, 1), we may use the Fourier series expressed in
Equations 5.3 and 5.4 for the Fourier series and the corresponding coefficients. The Fourier
series has the form of Equation 5.3:

By .
flx)= > + Z(.a!H cos(nx) + b, sin(nx))

n=1

Coefficient ay, is given by

%ziffmmzifzm=g
- 0

We may evaluate the other coefficients a,, and b,, following Equations 5.4a,b:

a, = l/ f(t)cosntdt

b/
0 F 4
[f 0-cosmd£+/ £cosn£dz]
-1 0

T

r . 1
|:_ sin nt + - cos ﬂf:|
n M 0

'_‘}‘-.1"—- R

=m(cosnx—l) n=12 ...

b, = l/ f(t)sinntdt
TJ -z

0 T
[/ 0-sinn£d£+f L sin nt dt
- 1}

x

t |
[— cos nt + — sin nr]
n n

0

= — COSHT n=12,...

S| y)= 8l

Substituting Equations (b), (¢) and (d) into Equation (a), we have the Fourier series in the form



o
T 1
f(t - [— cos nr — 1) cos nt — — cos nux sin nr]
fo=7 Z ( ) e

After replacing cos(nur) = (-1)" with n =1, 2, 3, ..., in Equations (c) and (d), the Fourier series in
Equation (a) can be expressed as

{r)gz

( 1)1; ] [_l)u
— cos nt —

sin nt




Example 5.8

Derive a Fourier series for a piecewise continuous periodic function defined over one period as
f{x) = 0 in the subperiod (-5 < x < 0) and f{x) = 3 in the subperiod (0 < x < 5). The function is
shown graphically in Figure 5.10.

fx)

————— 3.0 +——— -————

Figure 5.10 A periodic function with period defined in (-5, 5).

Solution:

We have the period 2L = 5 — (-5) = 10, and L = 5. We may choose the starting point ¢ = —5.
The Fourier series in this case fits that shown in Equations 5.5 and 5.6a,b:

mrx )

f(x]z%—ki(a cos—+b i z

n=1

1 [° 5.37
= gfsf(x]cos H.T?dx

1 . HTX 2 HTx
= = [ _5(0)cos ?dx + A (3) cos de]
. f - cos 22X dx

5/o 5

We may readily integrate the cosine function in the above integral to get
b

ﬂ,,=§(isin~"—”5)'=o if n#0
5 \nr 5

For the case with n = 0, we have

5 0 5 c
au=§/ cos()mdngf dx=3
5Jo > 5Jo

The other coefficients can be obtained as

1 /7 . nmx
b,== —d
N stf(x)51n z X

0 5
= % [[E(O)s,in%dﬂfn (3)5in%dx]

zéf smﬂdx
5/4 5



Evaluating the above integral gives

3 ( 5 mrx) 5 31 -cosnr) 3[1-(-1)"] d
b, = =|—-—cos — =
5 Hr 5 /) nrx nr

Substituting the expressions given in Equation (b), (¢), and (d) into Equation (a) will result in the
Fourier series in the form

o0

-
f(x)_2+z Hnx

n=1 n=1

3(1—cosnr) . nmx _ 3 < 31— (=11 . nax
—SIHT—§+Z—SInT

nr



5.4 Convergence of Fourier Series

We note that the Fourier series expressed in Equation 5.1 and those in the previous examples all consist of
an infinite number of terms in the Fourier series. In other words, summing an infinite number of terms is
required to get the Fourier series to be equal to the relevant function for one period as shown on the left-
hand side of the equation. In reality, of course, it is not practical to sum an infinite number of terms. An
obvious question is “How many terms are required?”; that is, what is the number of terms (the number n)
in a Fourier series such as that in Equation 5.1 that should one include in determining the value of the
function for a given value of the variable x?” Conversely, how will a Fourier series converge to the
function's value with inclusion of a reasonable number of terms in the calculation? While there is no clear
answer to this question in general, we may get a sense of such convergence from the following example.

The issue of the convergence of Fourier series is related to the behavior of the function it represents.
However, Fourier series usually converge well with only a handful terms for many continuous functions in
the specified periods, as will be demonstrated by the following case study (Wylie and Barret, 1995). This
case involves the derivation of a Fourier series for the following function over one period:

0 -z<t<0 5.9
f=9 .
sint 0<t<n~r
The function is depicted graphically in Figure 5.11.
b £(t)
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Figure 5.11 A periodic function with period of (-, 7).

Since the period of the function is (-, 1), the Fourier series in Equation 5.3 is used:

a - a
flx)= Eﬂ + ;larH cos(nx) + b, sin(nx)]
The coefficients in Equation (a) can be evaluated using Equation 5.4a:
1 b

a:= = f(¢t) cos(nt)dt

-x

0 F 4
:l/ (0)c05ncdt+l/ sint cos ntdt
TJ_

x T Jo
_ 1+ cosnr
(1-n’r
We will have to work out the special case of a,, with n =1 because the expression for a,, in Equation (b) is
not valid with n = 1:

1 .. sin’t |" c
al——/ sintcostdt = =0
TJo 2z |o

The coefficients b,, are evaluated with Equation 5.4b:



b, = %/ f(t)sin(nt)dt

0 T
= l/ (0)sin ntdt + l/ sin ¢ sin nt dt n=1,23,...
T)_, i

0

We may obtain the coefficients b,, from the above integral as

p = L[1[sind=mt _sinC +mt il iy d
x |2 l—-n 1+mn "
The special case of coefficient b, is
blzl/ sintsinrd:z-l- ¢
T Jy 2
We may substitute the coefficients from Equations (b), (¢), (d), and (e) into Equation (a) to obtain the
Fourier series in the form
i 00 5.10
=g SOE £ Y (a, cosnt + b, sinnt)
z 2 n=2
The function f{t) in Equation 5.10 can be evaluated by expanding the series to give
1 sint 2 fcos2t cos4t cos6t cos 8t 5.11
==+ -= ( - + + +e ) .
f® T 2 T 3 15 35 63

Let us examine the accuracy of the Fourier series in Equation 5.11 according to the number of terms
included in the computation. The following cases will demonstrate the correlation.

a. Use only one term of the Fourier series in Equation (5.11). The correlation of the Fourier
series with only one and the first term, f; = 1/71, and the full function is depicted in Figure 5.12.

b. Use two terms of the Fourier series in Equation (5.11). In this case the Fourier series has the
form f,(t) = 1/ +(sin t)/2. The correlation of this series and the full function is depicted in Figure 5.13.

c. Use three terms of the Fourier series in Equation (5.11). In this case we have the Fourier

series:
1  sint 2cos2¢
)= — 4+ —— —
A® b4 2 3z
Correlation of this truncated series and the full function is depicted in Figure 5.14.
f(t)+
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Figure 5.12 Correlation of a function with the Fourier series with one term.
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Figure 5.13 Correlation of a function with the Fourier series with two terms.
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Figure 5.14 Correlation of a function with the Fourier series with three terms.

One may readily observe from the three graphical illustrations of correlations of the periodic function f{(t)
and its Fourier series representation that the correlation increases dramatically with the increase of the
number of terms of the Fourier series that are included.

Figure 5.15 shows the correlation of the Fourier series with four terms from Equation 5.11 with the full
function. Clearly, a much closer correlation is obtained using only four terms of the Fourier series, as
demonstrated in Figure 5.15.
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Figure 5.15 Correlation of a function with the Fourier series with four terms.



5.5 Convergence of Fourier Series at Discontinuities

For periodic functions of continuous nature such as illustrated in Figure 5.4a and the uppermost of the
three cases shown in Figure 5.5, good convergence of the Fourier series to the full function is obtainable
with the inclusion of only a handful of terms of the derived Fourier series, as illustrated in Section 5.4. We
have demonstrated that as few as four terms (n = 4) of the derived Fourier series in Equation 5.11 resulted
in a good enough representation of the given function that represents the periodic phenomenon
illustrated in Figure 5.15. In contrast, for functions that are not continuous within the periods (see Figure
5.4b, for example), the Fourier series will not converge to the value at the discontinuity regardless of how
many terms of the Fourier series are included in the evaluation.

Let us examine the convergence of Fourier series at the discontinuity points x,, x;, and x, of the
discontinuous function shown in Figure 5.16.

t1ix)
filx)__
Pee)
(1}. : : 1 |
0 ,("1 x2i xra X4 "X
1)
Period, 2L} falx) J

|
il |

Figure 5.16 Fourier series at discontinuities.

In Figure 5.16, we have the function f{x) containing the following piecewise continuous functions defined
in a period of 2L as

filkx)foro <x<x;
folx) forx; <x<x,
fg(x) forx, <x< X4

The Fourier series for this periodic function f{x) has a similar form to that shown in Equation 5.1:

fx)=f(x+2L)=f(x+4L)="---=f(x+nL) 5.12
o
= %+§ (aucos”‘[ﬁ+businiﬁ)

where a,, a,, and b,, are Fourier series coefficients.

One will observe from Figure 5.16 that the function f{x) over one period contains discontinuities at x = 0,
x; and x,. We will find that the values of the function represented by the Fourier series in Equation 5.12
will converge at these discontinuities at the values obtained from the expressions shown below regardless
of how many terms are included in the Fourier series in Equation 5.12. Instead, engineers will find that
the Fourier series will converge to the values at the filled circles in Figure 5.16 at the variables at which the
discontinuities of the function occur. Mathematically, the converged values of the function at these
discontinuities can be obtained by the following expressions:

f(0) = 3 f(0) at Point (1)
f@) = 31 £ix) + ()] at Point (2)
f(x,) = 31 fo(%,) + fy(x,)] at Point (3)



f(xy) = f,(x,) = 3 £,(0) same as Point (1)

where Points (1), (2) and (3) are as indicated in Figure 5.16.



Example 5.9

Determine the value of Fourier series representing the periodic function in Example 5.8 at x = o,
5, 10, 12.5, -5, —7.5 and —10.

Solution:

The function in this example is represented graphically in Figure 5.17. The Fourier series for the
periodic function was derived in Example 5.8 in the form

3 - 3(1 —cosnm) . nrx &
xX) ==+ —sin —
f(x) Z nr 5

(]

n=1
3. v 3ll=(=1)] . nxx
==+ ) ——— sin—
2 - nr 5
n=1
Using the convergence criterion outlined earlier in this section for discontinuous functions, we
find that the values of the Fourier series in Equation (a) with a large number of terms converge at

both the points shown in open circles and those shown in filled circles in Figure 5.18.
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Figure 5.18 Convergence of the Fourier series for a piecewise continuous periodic function.

The filled circles in Figure 5.18 depict the converged values of the Fourier series at the
discontinuities. They are obtained from the following relations:

1
S®)e=05,10.-5.-10 = E[ﬂ(»") + /()] x=0.5,10.-5.-10

1
2( )

The open circles in Figure 5.18 are in the continuous portion of the function, and their converged
values are obtained from the function that is represented by the Fourier series.



Example 5.10

Derive the Fourier series for the piecewise continuous periodic function illustrated in Figure 5.19,
with the expression for one period being

. 3t 0<t<l 5.14
Ft) = ( )
(1<t<4)
f(t)
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Figure 5.19 Fourier series of a piecewise continuous periodic function.

We will use Equation (5.1) to derive the Fourier series of the function specified in Equation 5.14:

nxt a
(t) = (a cos +b in—)
f Z 3
with a period of 2L = 4.
The Fourier series coefficients for the function illustrated in Figure 5.19 are derived from
Equations 5.2a and 5.2b in the forms:

=13 b
|| 4
6 nrx 1 2 9, . HIT E (¢
a, = — (LOS—-I)-I—_—,(IZ—M"R’"]SIH— with »n=1,2,3,4,5,...
nm? 2 mr? 2
b, = ,6 sm”—”—L(é}coszLcosZmr) with n=1,2,3,4,5,... d
n’m? 2  nnm 2

Graphical representations of the Fourier series using the terms to n = 3, 15, and 80 are illustrated
in Figure 5.20, Figure 5.21, and Figure 5.22, respectively.



i 3 Terms
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Figure 5.20 Fourier series with 3 terms (n = 3).
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Figure 5.21 Fourier series with 15 terms (n = 15).



80 Terms
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Figure 5.22 Fourier series with 80 terms (n = 80).

We may observe from these figures that good convergence of the derived Fourier series in this
case is achieved with close to 80 terms (i.e., n = 80), and also find the converged value at t = 1 to
be f(1) = 2, as expected.



Problems

5.1 Derive the Fourier series with a graphical representation of three periods for each of the following
periodic functions. One period of the function is defined:

a.f(t)=-tfor-n<t<o;and filt)=tforo <t <.
b.f(t) =t?>for -m < t < 1.
¢. flx) = cos(x/2) with -7 < x < 7.

5.2 Derive Fourier series for the following periodic physical phenomena with one period graphically
illustrated in Figure 5.23, Figure 5.24, and Figure 5.25.

A f(1)
3 |
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1+ 1
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Figure 5.23 A step function.
f(t)
1k
L _ Ry >t
-1 0 1
Figure 5.24 A piecewise continuous function.
f(t)
ol ..  Parabola
l' "'j > r
a 0 1

Figure 5.25 A parabolic function.

5.3 Derive the Fourier series and then evaluate the functions representing the following periodic
physical phenomena in Figure 5.26 and Figure 5.27, at specific values of the variable:

a. The parabolic function in Figure 5.26 at t = -4, -2, 2, 4, 8.
b. The step function in Figure 5.27 at t = 1, 1.5, 2, 2.5, 4.

ft)

atr=-4,-2,2, 4,8
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Figure 5.26 Evaluation of the Fourier series for a parabolic function.
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Figure 5.27 Evaluation of the Fourier series for a step function.

5.4 Determine the values of the function in Example 5.6 at t = -6, —14, —-16, 10, 16,18, 24.

5.5 Determine the values of the Fourier series in Example 5.7 at t = —37, —2.57, 4.57, 571.

5.6 Derive a mathematical expression using a Fourier series to describe the periodic motion of the
plunger/punch in a stamping machine such as shown in Figure 5.3. The “crank—slider” linkage is

frequently used in mechanism design.

5.6 This problem requires the derivation of a function describing the position of the sliding block M
during one period of the crank—slider mechanism motion, as illustrated in Figure 5.28 if the crank
rotates at a constant velocity of 5 rpm. Illustrate the periodic function over three periods, and derive
the Fourier series describing the position of the sliding block, x(t), where t is the time in minutes.

Angular velocity w

i
.” ‘.I Sliding Block, M
. w 9
Av i /B DIT |
ki P P i
R J X(t) ! i
b i i
] ]
Crank Dead end Dead end
radius A B
R (X = 0) (X =2R)

Figure 5.28 Crank—slider linkage.



Chapter 6
Introduction to the Laplace Transform and Applications

Chapter Learning Objectives

L]

o

Learn the application of Laplace transform in engineering analysis.

Learn the required conditions for transforming variable or variables in functions by the Laplace
transform.

Learn the use of available Laplace transform tables for transformation of functions and the inverse
transformation.

Learn to use partial fraction and convolution methods in inverse Laplace transforms.
Learn the Laplace transform for ordinary derivatives and partial derivatives of different orders.
Learn how to use Laplace transform methods to solve ordinary and partial differential equations.

Learn the use of special functions in solving indeterminate beam bending problems using Laplace
transform methods.



6.1 Introduction

The Laplace transform is named after Pierre-Simon Laplace (1749—1829), a renowned French
mathematician and astronomer. It is a mathematical operation that is used to “transform” a variable from
a variable domain to a parametric domain. In layman's terms, the Laplace transform can be used to
“convert” a variable of a function into a parameter. After the transformation, that variable is no longer a
variable but it can be treated as a “parameter,” which—again in layman's terms—is a “constant under
specific conditions.” Transformation of variables into parameters can significantly simplify the
mathematical analysis of many physical problems. A word of caution, however, is that the Laplace
transform can only be used to transform variables that cover a range from zero (0) to infinity (). Any
variable that does not vary within this range cannot be transformed by the Laplace transform.
Consequently, the Laplace transform is often used to transform the time variable () of a function, because
in much of engineering analysis this variable usually covers the range (0,).

The Laplace transform is a useful tool in converting variables to parameters in functions—a practice that
is often used in automatic control of the motion of machine components, in which time t is often a
variable in the analysis. It is also an effective tool for solving differential equations in mathematical
analyses of physical problems. In the latter cases, major effort is required in the inversion of the
transformed expressions with Laplace transform parameters into the original functions involving the
corresponding variables for the solutions.



6.2 Mathematical Operator of Laplace Transform

The mathematical operator used to transform a function of variable u is L[ f{u)] where the variable u
covers the range (0,). The mathematical expression of the Laplace transform of function f{t) with o < t <
o has the form

L[ f(0)] =[ f®e™* dt = F(s) 61
0

where s is a parameter of the Laplace transform corresponding to the variable t in Equation (6.1), and F(s)
is the Laplace transform of function f{t) with 0 < t < . It is not a function of s. It is merely an expression
that involves the Laplace transform parameter s.

The “inverse Laplace transform” operates in the reverse sense; that is, it inverts the transformation
expression F(s) in Equation 6.1 back to its original function f{t). Mathematically, it has the form
L' [F(s)] = f(#) 6.2

where the operator L~! denotes the inverse Laplace transform.

Laplace transformation is useful in “eliminating” variables in the course of many mathematical
manipulations.



Example 6.1

Find the Laplace transform of a function f{t) = t> with 0 < t < .
Solution:

We may use the definition of Laplace transform in Equation 6.1 to find the Laplace transform of the
function f{t) = t> with 0 < t <  as follows:

LIf)] = / e (t*)dt = F(s)
0

We may use either integration tables from mathematical handbooks or electronic
calculators/computers to find the integral in Equation (a) as

LIf(t)] = / et(tHdt=e [—,— —-——— - E = F(s)
0 2s $3

Laplace transforms of many relatively simple functions are available in “Laplace Transform Tables,” such
as that presented in Appendix 1. The answer to the above example is identical to Case (3) with n = 3 in the
table of Appendix 1.

We emphasize that the functions that can be transformed using Laplace transform must have their
variables covering the range from zero (0) to infinity (). However, one should not misinterpret this
statement by the fact that there can be more than one function involved in this overall spectrum, and the
Laplace transform can be performed over these functions within this overall spectrum (0, ). For
example, the physical phenomena described by special functions in Section 2.4.2 are eligible for Laplace
transformation. The following is an example of transforming a “ramp function” that is commonly used in
mathematical modeling of automatic motion control of machines, and many production processes can be
transformed using the Laplace transform.



Example 6.2

Perform the Laplace transform on the ramp function illustrated in Figure 6.1.
f(t)

DL
i s

0 a

Figure 6.1 A ramp function.
Solution:

We may define the ramp function in Figure 6.1 with two functions in the overall range (0,):

f(£)=§t 0<t<a

=b a<t<co

The Laplace transform may be carried out on both these functions in Equation (a) using the integral
in Equation 6.1 as follows:

LIfO] = / J(®)e ™ dt = F(s) b
]

(

= / biestar + / be™* dt
o a a

We may find the integrals in Equation (b), either from mathematical handbooks or using electronic
calculators, as

b e o b _,I%
F(s)=———(-st— 1| + —e™
{ ) a (_3)2( ) 0 (_5] a
=— i(.czs +1)e™™ + 2 B [—Qe_’”
as? as? s

Laplace transformation is also used to transform the step functions described in Section 2.4.2. The
following example will illustrate such an application.



Example 6.3

Apply Laplace transforms to (a) the step function uy(x) in Figure 6.2, and (b) the step function u,(x)
in Figure 6.3.
f{f)‘ 'y

| |

0

Figure 6.2 A unit step function.
f(t)

T

0 a

Figure 6.3 A unit step function at t = a.
Solution:

a. The function uy(x) is illustrated in Figure 6.2. The mathematical expression of the step
function is given by Equation 2.36a with a = 1:

fO=uyt)=1 with0<t<oo

Thus, the Laplace transform of this function is

Lluy(t)] = /(1) ~tdt = ~-1~e“‘ o L 6.3

0 s

as in Case 1 in Appendix 1.

b. The Laplace transform is applied to the step function u,(x—a) illustrated in Figure 6.3. The

mathematical expression of the function f{(t) in this case is obtained from Equation 2.36a with a =
1

0 0<t<a
f(t)=ur,(t)={
1 a<t<oo

The corresponding Laplace transform is

l —5t

Llua(t)l—/ (O)e“’d:+/ (e~ dt = —<e 6.4

We find that the result for the step function u,(t) is identical to that shown in Case 15 in the Laplace
transform table in Appendix 1.



6.3 Properties of the Laplace Transform

Properties of Laplace transform can be used in conjunction with the Laplace transform tables in Appendix
1, as well as for mathematical manipulations. The following are a few such properties.

6.3.1 Linear Operator Property

&

Llaf(t) + bg(t)] = aL[f(t)] + bL[g(t)]

where f(t) and g(t) are two functions sharing the same variable that cover the range (0,).



Example 6.4

Find the Laplace transform of a function f(t) = 4t2 — 3 cos t + 5e7*.
Solution:
Using the linear operator in Equation 6.5, we may decompose the transform into three groups:

L(4¢* — 3 cost + 5¢™*) = 4L[¢*] — 3L[cos t] + 5L[e™"] = F(s)
From the Laplace transform table in Appendix 1 we will find the individual components of the
Laplace transform in the above expression to be

8 3s + 5
3 241 s+1

6.3.2 Shifting Property

If the Laplace transform of a function f{(t) is L[f{t)] = F(s) as shown in Equation 6.1, then we will have the
following relationship to transfer function f{t) with a multiple of e®. In such a case, one needs to replace
the parameter s by (s — a) in F(s), or

Lle"f(t)] = F(s — a) 6.6

in which a is a constant and is a real number.



Example 6.5

If Ait) = sin at, we have

R _ a
L[f(t)] = L[sinat] = oy

from the Laplace transform table.

The shifting property will facilitate finding the Laplace transform of function F(t) = e sin at as

I a
LlF(.‘:]] = LIL’zr smatl = m

6.3.3 Change of Scale Property
If L[f(t)] = F(s), we will have

L{f(at)] = éF(:—z)

where a is a constant and is a real number.

6.7



Example 6.6

If Ait) = sin t, and

LIf(#)] = L[sint] = = E(s)

s2+1
from the Laplace transform table in Appendix 1, we will have the Laplace transform of function f{(t) =
sin 3t as

1 3

2 =‘29
)+1 5+

L[sin3t] =

W=
S
LI tn



6.4 Inverse Laplace Transform

In contrast to the Laplace transform of functions defined in Equation 6.1, there is no explicit
mathematical formula available for inverting a Laplace-transformed expression F(s) back to its original
function as expressed in Equation 6.2. However, there are four approaches that generally one may follow
to invert a Laplace-transformed expression F(s).

1. Use the Laplace transform table in a reverse manner. This approach involves searching for the
function f{¢) in the right-hand column of the table in Appendix 1 that matches the F(s) in the left
column in the same table.

2, Use the partial fraction method.
3. Use the convolution theorem.
4. Use the Bromwich contour integration.

Approach (1) rarely works for most practical cases. Approaches (2) and (3) will be elaborated in the
Sections 6.4.2 and 6.4.3. Method in (4) involves the use of complex variable theory, which is beyond the
scope of this book. We will thus focus on the first three approaches.

6.4.1 Using the Laplace Transform Tables in Reverse

This method involves matching the F(s) for the corresponding function f{t) with those shown in the
Laplace transform table in Appendix 1, or those from other handbooks to find the corresponding original
function f{t). For example, one may find the following inverse Laplace transforms corresponding to the
indicated cases in the table in Appendix 1:

L= [ 1 ] =% Case 7
S§—a
= C 11
-1 [ﬁ] =t g ase
L [ 7T 2] = coswt Case 18
5= wr

The likelihood of finding the desired inverse Laplace transform of functions by this method is not always
good; other methods have thus been developed for this purpose.

6.4.2 The Partial Fraction Method

This method applies to cases where the expression F(s) is a rational function. The partial fraction method
is used to express these rational functions of F(s) in a number of simpler fractions that can be inverted to
the corresponding original functions using Laplace transform tables. The general procedure of this
method may be outlined in the following two steps:

Step 1 Express the F(s) in partial fractions:

P(s) 6.8
F(s) = —
Q(s)
A, A, A, polynomial of order (n — 1)
= - +oo = — _
s—a, Ss—a, s—a, higher-order polynomial of order n

where A;, A,, ..., Ap, and a;, a,, ..., a, are constants.

Step 2 Invert the simpler fractions on the right-hand-side of Equation 6.8 using Laplace transform
tables.



Example 6.7

Invert the following Laplace transform expression F(s) using the partial fraction method:

3s+7
s s2—-2s—3
Solution:
We may express
3s+7 3s+7 a
g e e " ]
A B
=s- 3 s+1

where A and B are constants.
The two constants A and B in Equation (a) may be determined by multiplying both sides of Equation
(a) by (s — 3)(s + 1), giving
3s+7=A(s+1)+B(s—3) b
=(A+B)s+(A-3B)

By comparing coefficients of terms on both sides of Equation (b), we may solve for A = 4 and B = -1,
which leads to the following solution with use of Laplace transform table in Appendix 1:

-7 (755) -1 (59)

t

-1 3s+7
(s—3)s+1)

=4e* — ¢~



Example 6.8

Find the following inverse of a Laplace transform using the partial fraction method:

& e Is+1
L7YFE =[N | —
LFe)] S —s2+s5-1

Solution:

Since F(s) in this problem is a rational function, we may use the partial fraction method for the
inversion. Let F(s) be written in the form

3s+1 _ A Bs+C a
(s=D(s2+1) s-1 s24+1
Note that we have placed a first-order polynomial of the parameter s in the numerator of the second
fraction in the right-hand-side of Equation (a) because the denominator of this fraction is of second

order in the parameter s. Following the procedure outlined in Example 6.7, we may solve for A = 2, B
= -2, and C = 1, which gives

3s+1 __2 2 + 1 c
(s=1)(s2+1) s—-1 s2+1 s2+1

We obtain the inversion of the Laplace-transformed function f{t) by using the Laplace transform
table in Appendix 1:

f(&) = L'[F(s)]
=[] [MMM“]

$?—s2+s5-1

- ()2 (F) (7

=2¢' —2cost +sint

6.4.3 The Convolution Theorem

Use of the convolution theorem appears to be the only way that to invert an expression F(s) involving
integrals and is thus a useful method for inverting Laplace transforms.

If we are given the inverted Laplace transforms L~1[F(s)] = f(¢) and L~1[G(s)] = g[¢] from the Laplace
transform table in Appendix 1, in which

F(s) =/ e'f(t)dt and G(s) =/ e *g(t)dt
0 0

we may find the inverse Laplace transform of the expression Q(s) = F(s)G(s) with the following integrals:

: 6.9
L7'Q(s)] = L' [F(s)G(s)] = / f(r)g(t — 1)dr 4
0

or in another form:

: 6.9b
L'[Q®)] = L' [F(9)G(s)] = / [t —n)g(r)dr
0

The reader is reminded that the notation t in Equations 6.0a and 6.9b is a dummy integration variable.
Consequently, any term associated with variable t may be “factored” out of the integrals in the process of



integration.



Example 6.9

Use the convolution theorem to find the inverse Laplace transform with
s
($) = ———=
Q) (52 + a?)?
in which a is a constant.
Solution:

We can express Q(s) in the form of the product of two rational functions:

s s 1 a
5) = = .
& (s2+a?? s*+a> 2+ a?

From the Laplace transform table in Appendix 1 we find the following inverse transforms:

=<1 [52 : az] = cosat = f(t)

and

1 sin at
o] - 22
52 + g2 a &)

We may use the integral in Equation 6.9a to find the inverse Laplace transform of Q(s):

s _ F sina(t — 1)
——| = cosatr——dr
(s +a*)* 0 a

tsinat
2a

One will get the same result using the partial fraction method described in Section 6.4.2 or the
convolution integral in Equation 6.9b.

Hint: The integrand in the above integral was first expanded using a trigonometric operation according to
sin(a + f) = sina cos # + sin f# cos a , followed by factoring out the terms associated with variable ¢ from
the integrals. The integration will be performed on the dummy variable T only.



Example 6.10
Use the convolution theorem to find the inverse Laplace transform of the function

1

—7-1 _ 7=l
f@O=L"[F@®l=L [sﬁ(s+1)2

Solution:

Since

1 |1 _1
2(s+ 12| 2 (s+1)2

and from Laplace transform table

L [%] =t and L™

1 _siant
(s+ 1)2] S

we may find the inverse of F(s) from Equation 6.9b as

t
=/(re‘r){t— T) dt
0

t
Z/(rt—r?)e_’dr
0

=te "t 426+t =2

1

—7-1
st s2(s+1)2




Example 6.11

Use (a) the partial fraction method, and (b) the convolution theory method to find the corresponding
function f(¢t) of the following expression of the Laplace transform parameter s:

1

R CES Ve
Solution:
a.
?sing the partial fraction method: We may express F(s) in terms of the following partial
ractions:

_ 1 A +Bs~|~C
(s+1)(s2+4) s+1 s2+4

We can determine the constants A, B, and C in the above to be

F(s)

1 1 1
A==, B=-—-, = =
5 5 5

We thus have F(s) expressed in the following partial fractions:

1
T s+ D(s2+4)
ek b 1 = .4 1
55+1 55244 55244
We may find the inverse Laplace transform of each individual item in the above expression of
F(s) from the Laplace transform table in Appendix 1 as follows:

F(s)

F(s) = ée" - écos 2t + % sin 2t

b.
Using the convolution theory: We first decompose the expression of F(s) into the form of the
product of two functions:
3 1 T
(s+1)(s2+4) s+1 s2+4

From the Laplace transform table we find the following inverse Laplace transforms:

F(s)

1 1 1
F(s) = — = ¢! d G(s) = = —sin2t
(s) e e and G(s) PR sin

Then using Equation 6.9b, we have the inverse of F(s) as

t t
; = i e -(t-1) l ;
f(t)—/ F(t r]G(r)dr—£ e (251n2r) drt

V]
1 f
= —e“/ e’ sin2rdr
2 0

We may obtain the above integral either from integration tables in a mathematical handbook or
by using an electronic calculator as




I3
1 _, |e(sin2r —2cos271)
(t)= —e t ]
f 2 1+22

0

= 1 sin 2t — X cos 2t + le"
10 5 5

We have thus shown that both the partial fraction method and convolution theorem have led to
the same result in inverting the Laplace transformed function.



6.5 Laplace Transform of Derivatives

We have learned how to perform a Laplace transform of functions involving variables that cover a range of
(0 to «). Since derivatives are functions too, we should also be able to transform the variables in
derivatives to parameter s using the Laplace transform.

6.5.1 Laplace Transform of Ordinary Derivatives

Let us define a first- order derivative of a function f{t) by f’(t) = df(t)/dt. The Laplace transform of f'(t)
may be accomplished using the Laplace transform definition in Equation 6.1:

Lif' (1)) =/ e““f’(:)dt:/ et [@] dt 6.10
0 0 dt

The variable to be transformed in Equation 6.10 should also satisfy the condition 0 < t < . Integration of
the integrand in Equation 6.10 requires the use of a special technique called “integration by parts,” using

the integral 7 = [ udv=uv-— / vdu where u and v are parts of the function to be integrated.

Letting u = e~5t and dv = [df(t)/dt] dt, which leads to du = —se~S! dt and v = f{t), followed by substituting
the above relationships into Equation 6.10, results in the following:

LIf () = f e fi(t) dt = ef(1)|; - / ft)(—se ™) dt 6.1
0 0

The integral in Equation 6.11 will lead to the following expression for the Laplace transform for the first-
order derivative of the function f{t):

Lif'(0] = / ef'(t)dt
0
= e“’f(£)|{°}° —/ f(t)(—se™")dt
0

—f(0) +s f e 'f(¢)dt
0

—f(0) + sL[f(1)]
We may thus write the Laplace transform of the first-order derivative of the function f{(t) as

LIf'()] = sL[f(O)] - £(0) 6.12

Following a similar procedure, we may derive the Laplace transform of the second-order derivative of the
function f{t) as

LIf'(H)] = s> L{f ()] = s£(0) = f'(0) 6.13

A recurrence relation for the Laplace transforms of nth-order of derivatives of the function f{t) can thus be
formulated:

Llf”(f)j s SHLU-(I)J - Su—lf({)] - Su—jfr(o) " Sir—i%f!r(o) ___fn—l(o) m



Example 6.12
Perform the Laplace transform on f’(t) with f{t) = t sin t.

Solution:

The Laplace transform of the second order derivative of function f{t) (that is, f’(t)) may be obtained
either using Equation 6.13 or from the general expression in Equation 6.14 with n = 2. To do this, we
will first find that f'(¢) = t cos t + sin t.

Thus, from Equation 6.13), we get

LIf" ()] = sLIf ()] — sf(0) — f'(0)
= s’L[tsint] — s(tsint)|,o — (tcost + sint)|,
= s°L[tsint]

6.5.2 Laplace Transform of Partial Derivatives

In Section 2.2.5 we saw that partial derivatives involving more than one independent variable appear
frequently in engineering analyses. Engineers have to perform Laplace transform of these functions and
their derivatives.

Typical functions involving more than one independent variable have such forms as f(x,t), f(x,y,t), or
flx,y,z,t), in which x, y, z, and t are independent variables with (x,y,z) typically being space variables and t
representing the time as described in Section 2.2.2. The rate of change of this type of function may be
expressed by “partial derivatives” with respective to each of the independent variable involved in the
function. Partial derivatives for the function f{x,t) may be expressed as of(x,t)/0x for the rate of change of
function f{(x,t) with respective to variable x, and 9f(x,t)/0t for the rate of change of the function f{x,t) with
respective to the variable t.

The function f{x,t) may have higher-order derivatives, as described in Section 2.2.5 for functions with only

one variable. For instance, 02f(x,t)/0x? and 9>f(x,t)/0t> are the second-order partial derivatives of the
function f{x,t) with variables x and t, respectively. We may express other higher-order partial derivatives
of the function f{x,t) analogously.

The function f{x,t) and its partial derivatives of any order can be transformed using the Laplace transform
as defined in Equation 6.1 if the variable in the transformation covers the range (0,) and the function
flx,t) is continuous within the specified range of the transformed variable.

Let us denote the Laplace transforms of a function with multiple variables x and ¢ by

- 6.15
Llf(x,8)] = / e f(x,t)dx = F*(s,t) with 0<x< 1
0
for the Laplace transform with respect to variable x, and
6.16

L[f(x,t)] = / e*'f(x,t)dt = F*(x,5) with 0<t<oo
0

for the Laplace transform with respect to the variable t.

The subscripts attached to the Laplace transform operator (L) in Equations 6.15 and 6.16 denote the
variable to be transformed by the Laplace transform.

The expressions for the Laplace transform of partial derivatives of functions may be derived similarly to
the way we used for functions with single variables in Section 6.5.1. Thus, we may derive the Laplace
transform of function f{(x,t) as shown next.

We realize that there can be two separate Laplace transforms for the two independent variables involved



in function f(x,t), with one transform on variable x and the other on variable t. For instance, if variable t in
function f{x,t) is being transformed according to Equation 6.16, the Laplace transform of the derivative of
the function with respect to the other independent variable, x—that is, df(x,t)/0x—may be expressed by
the following integral that defines the Laplace transform as in Equation 6.1:

Ax] [ [
ox ]_/U £ [ o% ]dr

We may observe from this expression that since the integration variable t is independent of the other
variable x, in the above integral we may legitimately “factor out” the differentiation 9/9x from this
integral; we may thus express the Laplace transform of the partial derivative of function f{x,t) with
transformation variable t as

L

t

[df(x t)] / [af x, z)] ” 6.17
—sf
c)x A ‘f(x,t)d
_ OF*(x,s)
- dx

where F*(x,s) is as defined in Equation 6.16.

The same Laplace transform of the partial derivative of the function with respect to variable t will be
derived by following a similar procedure to that used with the Laplace transform of ordinary derivatives
for single-variable functions in Section 6.5.1.

Thus, letting the integral for the Laplace transform of the partial derivative with respect to the same

variable as that to be transformed:
= of (x, t .1
1 :/ e [ ) (x ]] dt
0 ()t

oo oo
=/ udv = uv|y —/ vdu
0 0

in which u and v are parts of the integral I. If we let u = e=5! we have du = —se™5t dt, and dv = [0f(x,t)/0t],
leading to v = flx,t).

On substituting these expressions into Equation 6.18, we will have the Laplace transform of a partial
derivative of a function with respective to the same variable as the transformed variable:

‘ s 6.
0

[v2]

= —f(x,0) + s/ e f(x,t)dt
0
= —f(x,0) + SF*(x, 5)

We may thus express the Laplace transform of partial derivatives by

of (x,t)
e [ ot

] = sF"(x,s) = f(x,0)

One will observe that the Laplace transform of partial derivatives such as shown in Equation 6.20 is
similar to that for ordinary derivatives shown in Equation 6.12.

Likewise, we may show that the Laplace transform of second-order partial derivatives as follows:



*f(x.1) - . of (x,1) 6.21a
L [T = 2 F*(x,s) — sF*(x, s) — 5|

;[0 _ PF s 6.21b
oo | ox?



Example 6.13
If the Laplace transform of function 0(x,t) = xe~!is defined as
L[0(x,0)] = 0"(x,s) = / e G(x, t)dt
0

find the following Laplace transforms of the derivatives of the function 0(x,t):

a. L, [dﬂ(x. t]]

ox
2
b. L, [_a 9(’,‘;’”]
ox?
00(x,t)
c. L, [ 5 ]
2
d. L, [a G ”]
ot?
Solution:

We first establish the Laplace transform of the multiple-variable function 0(x,t) = xe™t using
Equation (a) and obtain

L,[0(x,8)] = xL,[e"] = E"%T = 0%(x,5)

We then proceed to determine the four required Laplace transforms of the derivatives of the function
O(x,t) using Equations (6.21a,b). The following expressions are obtained:

dG(x.t)] _ 00" (x,s) _ 9 ( x ) 1

a. L,
s+1

ox dx _a s+1 =

%0(x,t)] _ 0%0*(x,5) _ 0 [ 1
b. L — — = — =
’[ da? ] dx? dx(s+1) 0
C.
d00(x,t) X x
L —— — % o —_ o o e— e —
"[ ot ] 5 e} =16 0) s+1 0 s+l
220(x, t) . 00(x. 1)
L, [ Y ] = s20*(x, t) — s8(x,0) — 9 lio
2
=% —sx — (—x)
d. stl
szx X
= —SXxtx=——

s+1 s+1



6.6 Solution of Ordinary Differential Equations Using Laplace Transforms

A common application of the Laplace transform in engineering analysis is solving differential equations,
both ordinary differential equations (ODEs) and partial differential equations (PDEs).

The principle is that for an ODE involving functions with single variables covering spectra from (0 to ),
performing a Laplace transform on the ODE will “eliminate” the only variable in the equation.
Consequently, the ODE is converted into an algebraic equation F(s) with no “variable” of any function in
the resulting expressions after the transformation. The representation of F(s) obtained from that algebraic
equation is then inverted to obtain the corresponding function, which is the sought solution of the ODE.
The application of Laplace transformation in solving PDEs works on a similar principle, in which the
multiple variables involved in the functions may be transformed one variable at the time, followed by
sequential transformations of other variables, resulting an algebraic expression for the Laplace transform
parameter s in the expression for F(s).

6.6.1 Laplace Transform for Solving Nonhomogeneous Differential
Equations

For the use of the Laplace transform for solving either ordinary or partial differential equations, the
following two requirements must be met:

1. The variable(s) in the function in the equations must cover the range from (0 to «).
2, All appropriate conditions for the differential equations must be specified.

The procedure for using Laplace transformation to solve ODEs will be demonstrated in Example 6.14.



Example 6.14

Solve the following ODE using the Laplace transform technique:

d*y(t dy(t
d§2)+2%+5y(t):e"’sint 0<t<oo a
with the conditions
y(0)=0 and Y (0)=1 b

Solution:
If we define the Laplace transform of the function in Equation (a) or Equation 6.1 to be
Liy(t)] = / y(t)e_"I dt = Y(s)
0

We first apply the Laplace transform defined in Equation (c) to each term in the ODE of Equation
(a):

d*y(t) dy(t) .
L[ e + 2L o + 5L[y(t)] = L[e™" sint]

The Laplace transform of the derivatives in the above expression can be obtained using the
recurrence relation shown in Equation 6.14, and using the Laplace transform table in Appendix 1.
We will thus have the following expression for the Laplace transform Y(s) of the function y(t) in
Equation (a):

[s* Y(5) — s(0) — y'(0)] + 2[s Y (s) — y(0)] + 5Y ()
1 1
T (s+12+1 s242s+2

After applying the conditions specified in Equation (b) in the above expression and rearranging and
combining terms, we arrive at the following expression for Y(s):

_ s2+25+3 d
T (24254 2)(s2 425 +5)
We need to invert the expression Y(s) in Equation (d) to get the function y(t), the solution of

Equation (a). Since Y(s) in Equation (d) is a rational function involving the parameter s, we use the
partial fraction method for the inversion. Thus, letting

Y(s)

s>+ 25+ 3 _ As+B Cs+ D
(2425 4+2)(s2+254+5) s242s+2 s24+25+5

where A, B, C, and D are constants.

Y(s)=

We solve for A = 0, B=1/3, C= 0, and D = 2/3. We have thus expressed Y(s) in two simple fractions
as

1 2
3 3
Vi)aei o
B o T RouaE
1 1 2 1

T3 92+2542 3 £2+25+5



The result of inversion of the Y(s) and thus the solution of the ODE, y(t) is
y(t) = L7'[Y(5)]

=3 [l 3 mrars)

18 $24+2s+2 3 s24+2s+5
L. 1 3 4 1

3 G+12+1]| 3 (s+ 1) + 4

8 5

We may find the function y(t) by using Laplace transform tables and exploiting the “shifting
property”:

y(&) = L7'[Y(5)]

= Letaine+ 2 (Letainz)
—Se s:nt+3 2e sin 2t

= %e_"(sint + sin 2t)

Laplace transformation may be used in engineering analysis in conjunction with the special functions
presented in Section 2.4.2. The Laplace transform is a powerful tool in solving both statically determinate
and indeterminate problems in the bending of beams, as will be illustrated in the following three
examples.

6.6.2 Differential Equation for the Bending of Beams

Figure 6.4 illustrates a beam subjected to a distributed bending load W(x) per unit length of the beam.
The induced deflection in the beam y(x) at location x can be obtained by solving the Euler—Bernoulli
equation in the following differential form (Volterra and Gaines, 1971):

o
o
X

dy(x)  W(x)

dx* EI

Figure 6.4 A beam deflected under a distributed load.

where E is the Young's modulus of the beam material and I is the section moment of inertia of the beam
cross-section. The product of EI is referred to as the flexural rigidity of the beam structure.

The bending stress normal to the beam cross-section induced by the applied load W(x) can be computed
from the local bending moment M(x) obtainable from the local deflection y(x) from the solution of
Equation 6.22. The maximum normal bending stress is a critical design criterion for many beam designs,
such as illustrated in Examples 1.1 and 1.2 in Chapter 1.

The deflection y(x) of the beam by the applied distribute load W(x) in Equation 6.22 can be related to
other relevant quantities in beam bending such as those presented in Equations 2.10a to 2.10c. We will
use the Laplace transform to solve the differential equation in Equation 6.22 for beam bending problems
that would otherwise be difficult to solve by conventional methods presented in many mechanics of



materials books.



Example 6.15

Use the Laplace transform method to find the induced deflection function y(x) of a cantilever beam
subjected to a uniform distributed load with intensity w, on half of the beam span, as illustrated in

Figure 6.5.
Wix)
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Figure 6.5 A cantilever beam subjected to uniform distributed load.

Solution:

We may find the induced deflection of the beam y(x) by solving the differential equation in Equation
6.22:

d'y(x)  W(x) al
dx* — EI
The applied loading function W(x) in Equation (a) for the present case can be expressed as

_JW, for0<x<L/2
W“‘)‘{o for L/2 <x <L

We thus need to solve the following fourth-order differential equation for the deflection of the beam

with y(x) in Figure 6.5:

. W
dy@) _ {E_;’ with0 < x < L/2 a2

dx 0 withL/2<x<L

with the following end (or boundary) conditions using Equations 2.10a to 2.10c in the following
expressions for the present example:

y(x”x:u =y0)=0 b1
dy(x) , b2
y(x =y(0)=0
dx |.=o
d*y(x) b3
: =y'(L)=0
dxz x=L
d®y(x) : bg
: e yn (L) =0
dx’ %=L

The last two end conditions in Equations (b3) and (b4) represent the conditions with zero bending
moment and shear forces at the free-hung end of the cantilever beam in Figure 6.5, as described in
Equations 2.10b,c in Section 2.2.5.

The loading function W(x) in Figure 6.5 and Equation (a) is a uniformly distributed load covering o
<x < L/2,and E and I are respectively the Young's modulus of the beam material and the section



moment of inertia of the beam.

Legitimate use of the Laplace transform method in solving the differential equation requires the
variable x in the function y(x) to cover the range (0,). We thus need to derive the form of Equation
(a2) from the variable range 0 < x < L to the domain 0 < x < oo in order to use the Laplace
transform method to solve Equation (a2). A first step that one may take for such conversion is
expressing it as the difference between two step functions as presented in Example 2.16 in Chapter 2.

Using the definition of step functions in Section 2.4.2, we may extend the current loading function
Wi(x) from the range (0,L) to (0,) by taking the difference between two step functions as shown in
Equation (c):

Wi(x) = Wylu(x) —u(x —L/2)] with 0<x<oo c
where u(x) is the unit step function as defined in Section 2.4.2.

The equation for the deflection function y(x) in Equation (a1) will thus become

T =g lwo-u (e - 5)] *

in which we will have 0 < x < «, and the end conditions in Equations (b1) to (b4) remain unchanged.

We may thus use the Laplace transform method to solve the deflection function y(x) in Equation (a3)
with the end conditions in Equations (b1) to (b4).

Let Y(s) be the function y(x) after the Laplace transform, following the definition of the transform as

S d
Lif(x)] = / e f(x)dx = Y(s)
1]
The following expression (e) for Y(s) will be obtained by using the recurrence relation in Equation
6.14 with the Laplace transform of step functions given in Case 15 in Appendix 1:
4 3 2,7 " " W 1-et /2 €
s Y (s) = s’y(0) =57y (0) — sy ' (0) = y"(0) = N p

By applying the end conditions specified in Equations (b1) and (b2) into Equation (e) and letting y
”(0) = ¢; and y.(0) = c,, with ¢, and ¢, being two arbitrary constants to be determined later, we
obtain the expression for Y(s) as follows:

Cy f
¥ a8, T0q_ g2
@)=y 5( )
The induced beam deflection function y(x) may be obtained by inverting the expression Y(s) in
Equation (f), resulting in
Clx2 Xt Wyxt W, (x—=L/2)* L g
=LY oSO o I W i M7 O
Yo =L YOl = S+ 2o - g (*-3)
The solution in Equation (g) is valid for the range (0,). The unit step function that appears in the
last part of Equation (g) will result in the following solution in the two separate portions in the
following expressions:
cixt o Wi h1

pny for 0<x<L/2
Yoy ==+t oy for 0sxsl/

and



()_clx2+
»x) = 3

o} Wyt W, ( L )4

+ e s
6 « 24E]  24EI\"" 2
We may determine the two arbitrary constants c; and ¢, by applying the two remaining end

conditions y”(L) = 0 and y.(L) = o to Equation (h2) to obtain

for x> L/2

Wol? W, L
aA="gg ¢ Q=95

h2



Example 6.16

Use the Laplace transform method to solve Equation 6.22 and find the induced deflection function
y(x) of the cantilever beam due to the application of a concentrated force acting at its free end as
illustrated in Figure 6.6.

Figure 6.6 A cantilever beam subjected to a concentrate force P.
Solution:

There are two issues involved in solving this problem. (1) The loading function in Equation 6.22 is
for distributed loads as shown in Figure 6.4 but the current problem is for the beam subjected to a
concentrated force P. An distributed loading function W(x) equivalent to a concentrated force needs
to be derived. (2) The beam has a finite length L, meaning that the variable x covers a range (o,L),
not (0,x) as required for the Laplace transform. A conversion is required of the range of coverage of
the variable x in the function y(x) from the current range of (0,L) to one of (0,x). We will
demonstrate that both the aforementioned requirements can be met by using the special “impulsive
function” as described in Section 2.4.2.

We first derive the concentrated force P for the current problem equivalent to the distributed load
W(x) in the general beam bending situation in Figure 6.4, using the impulsive function described in

Section 2.4.2 and letting

W(X) = P(x) = —=Pé(x — L) 6.23

where §(x—L) is an impulsive function defined in Section 2.4.2. The content of Equation 6.23 is
similar to that of Example 2.17.

The loading function P(x) has x valid for the range (—,+) by the definition of the impulsive
functions. This range includes the range (0,») and hence legitimizes us in using the Laplace
transform method for the solution of the converted differential equation.

We thus have the differential equation for deflection function y(x) in Equation 6.22 expressed in the
following equivalent form that is valid for Laplace transformation:

d* 5(x —
y) ___wPr)(x 2, with 0<x< o a
dx* EI

in which E and I are respectively the Young's modulus of the beam material and the section moment
of inertia of the beam. The following end conditions need to be satisfied at the fixed end in Equation
(b1) and at the free-end in Equation (b2):

Y] =0 L
dy(x) g
dx |- =y()=0

and



d? b2
) = 5=l
dx? _
d’y(x) "
=y"(L)=0
ax® | _, A

Following the definition of the Laplace transform of the function y(x) in Equation (d) in Example
6.15 and applying the Laplace transform to each term in Equation (a) will result in

s*Y (s) — s°y(0) — s*y'(0) — sy (0) — y"'(0) = —ge_“

We apply the specified condition for the equation with y(0) = y’(0) = 0 in Equation (b1) to
expression (c). However, we do not have values for y”(0) and y.(0) for the expression in Equation
(c), but we may let y”(0) = ¢, and y.(0) = c,, in which ¢; and c, are constants to be determined later.

Substituting these values into Equation (c) results in the following expression:

(] Cy P els d
Y(s) = —
(s) s3  s* EI s
The solution of Equation (a) for the deflection function y(x) of the beam is obtained by inverting the
Laplace-transformed Y(s) in Equation (d) to yield

2 3 3
_ O CyX P(x—L) e
AR I TR I
By virtue of the definition of the step function u(x-L) appearing in Equation (e), we may decompose
the solution y(x) into two sections:

e X f1
y(x)=7+? for 0<x<lL
42 3 . f2
y(x)=£+£—i(x—m3 for x=1

2 6 6EI

By applying the two unused end conditions y”(L) = 0 and y.(L) = 0 in Equation (f2), we may
determine the constants c¢; and c, to be

PL P
¢g=—— and c=—
EI El
We thus have the solution for the deflection of the beam y(x) in the following form:

PLs s, P

Ii= _i(_xii_l_ng'Z}

_ + —
Y ==25" Y eE* = e



Example 6.17

This example will demonstrate the use of Laplace transform technique in dealing with statically
indeterminate beam analyses. Indeterminate beams often are called “redundant beams” in the
engineering community. Indeterminate beam analysis involves the solution of problems with the
number of reactions exceeding the number of equilibrium equations, such as in the bending of a
beam with both ends rigidly supported, as illustrated in Figure 6.7.

Wy

0

L sl
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"
Figure 6.7 Uniformly loaded beam with built-in support at both ends.

The beam in Figure 6.7 is indeterminate because there are two unknowns—the vertical reaction and
the bending moment—at each end. This total number of four unknowns cannot be determined by the

two available conditions obtained from the static equilibrium: Z F,=0and Z M, = 0, where F,

includes the applied forces and reactions of the beam and the M, are the moments of the forces and

reactions at a designated point of interest in the beam such as at the two end supports.
Conventional methods for the solution of determinant beam bending are tedious to execute.
However, the Euler—Bernoulli equation for beam bending in Equation 6.22 can be used for both
statically determinant and indeterminate beams analyses.
This example demonstrates how Laplace transform can be used in solving problems of this type in
conjunction with the special functions described in Section 2.4.2.

Solution:

As in the two preceding examples, we need to convert the range that the function W{(x) and the
variable x cover from the present (0,L) to (0,%) in order to validate the use of the Laplace transform.
We may express the loading function to the beam for the Euler—Bernoulli equation as

W(x) = Wylu(x) —ulx — L)] a
where u(x) and u(x-L) are the unit step functions as defined in Section 2.4.2, and W, is the intensity
of the uniformly distributed load applied to the beam in Figure 6.7. We will thus have the following
differential equation for the induced deflection function of the beam under the applied uniformly
distributed load:

dlyx) W) W, b

0
A = E —Elu(x}v—u(x—wl.)] 0<x <o
in which E and I are respectively the Young's modulus of the beam material and the section moment
of inertia of the beam.

The situation in Figure 6.7 requires the following end (boundary) conditions:

Yx)| o =5(0) =0 c1
dy(x)

dx |0 =y (0y=0




Yo =9(L)=0 c2
dy(x)
dx

Let Y(s) be the Laplace transform of function y(x) as defined in Equation (d) in Example 6.15. We
will have the following expression for Y(s) after applying the Laplace transform to Equation (b):

x=L

: y W i e
s*Y(s) - $°y(0) — 7Y/ (0) - y"(0) -y (0) = — (1 ) )
EI S

As we did in Examples 6.15 and 6.16, after substituting the end conditions in Equation (c1) and
letting y”(0) = ¢; and y.(0) = c,, where ¢; and c, are constants, we will have the expression of Y(s) as

Wil-et & o a
ElI s° s$3 5t

The solution for the deflection function y(x) in Equation (a) is obtained by inverse Laplace
transformation of Y(s) in Equation (d), resulting in

Y(s) =

W, 1 W, esL 1 1 e
—7-1 02 ) -t 0 -1y, 7-1( 2
ek (5133) L (EI s-?)“‘L (SJE)LZL (54)
Woat W1 G opx®
= — - 2 yx— L)+ —— + ——
Bral B

The solution in Equation (e) is applicable to the range 0 < x < oo, but our interest is in the range

0 < x < L . The unit step function u(x—L) appearing in the second term in Equation (e) will
automatically drop out for x > L, according to the definition of the step function, which will give the
solution in Equation (e) truncated by the term associated with this unit step function. Consequently,
we will have the solution for the deflection function y(x) as

Wond . ot cax’ f

Y¥N=Frat 3 6

The two arbitrary constants c; and ¢, in Equation (f) can be determined from the end conditions in
Equation (c2), which yield

Wol2 W, L
Q" q9pr M G55

We thus have the solution for the deflection function of the beam bending in Figure 6.7:

W(]
24E1

As we have learned from Section 2.2.5, the bending moment M(x) and shear force V(x) distributions
along the beam induced by the uniform distributed load W, may be obtained by

xl(x‘__L:F 8

y(x) =

The derivatives of the deflection function obtained in Equation (g) as

d*y(x) d’y(x)
M(x) = EI 3 and V(x)=p e

x':l
in which y(x) is as in Equation (g) and S is a constant. The normal bending stress distribution along
the beam length can be computed from the bending moment distribution M(x) obtained from the
above analysis.

Similar approaches may be followed for other beam bending analyses involving complicated loading and



end conditions, such as that illustrated in Figure 6.8.
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Figure 6.8 Bending of beams subjected to complicated loading and end conditions.



6.7 Solution of Partial Differential Equations Using Laplace Transforms

We learned how to transform partial derivatives in Section 6.5.2 and derived expressions for the Laplace
transform parameter; that is, F*(x,s) for the function f{x,t) with variable t being transformed to the s-
parameter domain, as defined in Equations 6.15 and 6.16) Mathematical expressions for partial
derivatives were derived in the forms

I of (x,t) _ OF'(x,s) _ dF*(x,s) 6.17
f dx - ox T dx

and

of (x, ¢ | 6.
L [%] = sF*(x,5) — f(x,0) 20

We notice that the Laplace transform of partial derivatives such as that expressed in Equations follows a
similar form to the recurrent relations in Equation 6.14 derived for the Laplace transform of ordinary
derivatives.

We may thus use the Laplace transform method to solve partial differential equations following similar
procedures as to those described in Section 6.6.



Example 6.18

Solve the following partial differential equation using the Laplace transform method:

ol(x, ol(x,
qso =2 He t)+U{x.t) with 0<t< o a
dx dt
with the initial and boundary conditions
U(%, D)) yug = U(x, 0) = 6 b
and the function U(x,t) existsatx > o and t > 0
Solution:
The Laplace transform of the function U(x,t) is
c

L[U(x, )] = / e*U(x,t)dt = L (x,5)
0

From this and Equations 6.17 and 6.20, we have

I aUx, )| _ dU"(x,s)
¢ ox N dx

L, [duéj‘ ”] = —U(x,0) + sU"(x,s)

The application of Laplace transformation to all terms in Equation (a) will result in the following
first-order differential equation for U*(x,s):

dU*(x,s)
dx

With the initial condition U(x,0) = 6e~3* in Equation (b), we establish the differential equation of
U*(x,s) as

= 2[-U(x,0) + sU"(x,5)] + U™ (x,5)

dU*(x, ” :
ﬂ = 2[—6e™* + sU*(x,5)] + U*(x,5) dl
dx
The solution of the first order differential equation in Equation (d) is
U (x,s) = g & €

s+2
We will obtain the solution U(x,t) in Equation (a) by inverting the Laplace transform expression
U(x,s) in Equation (e) to obtain

= * o 6 Sy —2t-3x
UGx,t) = L7 [U*x,5)] = L [me *‘] = g4I



Example 6.19
Solve the following partial differential equation using the Laplace transform method:

(}-U(.Ix,t) s 9 ) with 0<x<oo and 0<t< oo a
o0x? ot

with the initial condition (IC)

U(x,0)=0 b1
and the boundary condition (BC)

Uo,n=1 b2
Solution:

We will learn in Chapter g that Equation (a) is often referred to as a “diffusion equation” in which
the function U(x,t) represents the concentration of a medium in a diffusion process. In other cases,
Equation (a) represents transient heat conduction in a solid, with U(x,t) being the temperature in the
solid.

Because the variables x and t in the function U(x,t) are not bounded in space and time, as shown in
Equation (a), we may perform Laplace transformation of this function with either of these variables.
However, we will perform the following computations based on Laplace transformation on the
variable t. Consequently, the definition of the Laplace transform in Equation (c¢) in Example 6.18 is
adopted in this example.

Applying the Laplace transform on both sides of Equation (a) results in

o*U* (x, s)
ox
Substituting the IC in Equation (b1) into the above equation, we get

=sl"(x,5) — U(x,0)

) = sl*(x, 5) ¢
ox

We recognize that Equation (c) is a second-order ordinary differential equation in the remaining
variable x. Consequently, we may express it in the following form:

di’x(f L sU*(x,5) =0 d

The BC of Equation (a) is specified to be 1/(0, ¢) = 1 in Equation (b2). This condition needs to be
related to the condition for Equation (d) by transforming it using the same Laplace transform, as
follows:

LI[U(O.E)lzlftl}zf .fs'_"'t('ﬂhc;itzl at x=0
0 §

We thus have a condition for Equation (d):

uso,s) = =
s

The solution of the second-order differential equation in Equation (d) is



i 7 T
Ur(x,s)=c,evV’* + c,e V¢~ f

where ¢, and ¢, in Equation (f) are arbitrary constants to be determined by the explicit condition in
Equation (e) and another implicit condition that will be described as follows.

We realize from Equation (f) that x — oo will lead to #/*(x,s) = co, and hence U(x, 1)|,_. .
which is not a realistic solution for problems of this nature in engineering analysis. The only way that
this situation may be avoided is to set the constant ¢; = 0 in Equation (f). By doing that, the solution

of U*(x,s) in Equation (f) is reduced to

—Dm,

. W
U*(x,s) = c,e” V** g

The remaining constant c, may be determined by the condition given in Equation (e) with ¢, = 1/s.
We thus have the solution U*(x,s) as

i | T
u(x,s) . _e \,-.\.\’
s

The solution of Equation (a) is obtained by the inverse of the Laplace transform of U*(x,s) in
Equation (h), resulting in

—fsx j
e = L[ s =it (E I ) =e1‘fc(i)
S 2\/E

From Laplace transform tables (Zwillinger, 2003):

-1 [Lg-vak] S £(p) = _k_
L [se\ ] f(r)—erfc(‘z\/;)

The complementary error function erfc(u) in Equation (j) has the form

. X 2 o .
erfc| — | = — e " do
2/t VsV

Both the complementary error function and the error function are described in Section 2.4.1.




Problems
6.1 Find the Laplace transform of each function by direct integration:
a. f(t)y=e*
b. f(t) =4t -3
C. f(t) = sinh 2¢

6.2 Use the shift property and the Laplace transform table in Appendix 1 to find the Laplace transform
of each function:

a. f(t) = 3te*
b. f(t) = e % cos 4t
c. f(t) =4e % cosht

6.3 Use the Laplace transforms table in Appendix 1 to find the function f(t) corresponding to each
expressions of Laplace transform parameter:

172 1
a. F(s) = - (— =2
©) s \s2 s )
3s+1
b. F(s) = ——~
(s) -
458—2:.'.1'
C. F P i—
©) s2+25+5
d. F(s) = 25+ 3

(s2 +4s + 13)?

6.4 Use the convolution theorem to find the inverse Laplace transform of each of the following
expressions:

1
. F(s) = ———— inwhichai tant
a. F(s) EFPET in which a i1s a constan
b. F(s) = -
) $2(s2 — 1)
c. F(s) = -;—-1--—;- in which o is a constant
$2(s% + w?)

6.5 Use the shifting property and unit step functions to find the Laplace transforms of the following
functions, with graphical illustrations of each function:

a. f(t) = u,(t)

b. f(t) = u,(t) sin ot

c. flt) =t/2 - (t/2)uy(?)

d. f(t) = sin t with 0 < t < st and f(t) = sin 2t with 7t < t

6.6 Solve the following ordinary differential equations using the Laplace transform method:

da’y(t dy(t
a. 22D =0 with y0)=0 and 22| —10
dt? o
d?y(t dy(t
b. ;;{z ) +4y(t) =2cost with »0)=0 and % . =




2
e 4 2-fiy(at) g
dt? dt
with 0 < t < « for all the equations.

d
8y(t) =0 with »0)=1 and ﬁ =0
dt |-

6.7 Use the Laplace transform to find the deflection function y(x) of the beam subjected to partial
uniformly distributed load as shown in Figure 6.9.
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Figure 6.9 Simple beam subjected to partial uniformly distributed load.

6.8 Use the Laplace transform method to find the deflection function y(x) of the beam subject to
variable distributed load as illustrated in Figure 6.10.

-
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Figure 6.10 Simple beam subjected to variable distributed load.

6.9 Solve the amplitude of vibration y(t) of the systems illustrated in Figure 6.11 using the Laplace
transform method. In the system, the damping coefficient, ¢ = 40 kg/s and the applied force with
function F(t) = 10 sin 6t newtons. The mass vibrates from rest position; that is, y(0) = o0 and y’(0) = o.
The differential equation for the amplitude y(t) has the form:

d’y(t)  dy(t)
W + 67 + ky(t) = F(t)

VA7 50 9 A7 A 07 0 0 8 0 9 0

Spring constant: tj Damping coefficient,
k=72 Nm c

| Mass, M =2 Kg |

Applied force
F(t) +y(0)

Figure 6.11 A damped mechanical vibration.



Chapter 7
Application of First-order Differential Equations in
Engineering Analysis

Chapter Learning Objectives

°

Learn to solve typical first-order ordinary differential equations of both homogeneous and
nonhomogeneous types with or without specified conditions.

Learn the definitions of essential physical quantities in fluid mechanics analyses.
Learn the Bernoulli equation relating the driving pressure and the velocities of fluids in motion.

Learn to use the Bernoulli's equation to derive differential equations describing the flow of
noncompressible fluids in large tanks and funnels of different geometries.

Learn how to find time required to drain liquids from containers of given geometry and dimensions.

Learn the Fourier law of heat conduction in solids and Newton's cooling law for convective heat
transfer in fluids.

Learn how to derive differential equations to predict times required to heat or cool small solids by
surrounding fluids.

Learn to derive differential equations describing the motion of rigid bodies under the influence of
gravitation.



7.1 Introduction

As we have learned in Section 2.5, differential equations are equations that involve “derivatives.” They are
used extensively in mathematical modeling of engineering and physical problems.

There are generally two types of differential equations used in engineering analysis:

1. Ordinary differential equations (ODEs): Equations with functions that involve only one variable
and “ordinary” derivatives as described in Section 2.2.5.

2. Partial differential equations (PDEs): Equations with functions that involve more than one variable
and “partial” derivatives as described in Section 2.2.5.

It also explained in Section 2.5 that differential equations are derived from relevant laws of physics. Laws
of physics used frequently in mechanical engineering analyses include

e Newton's laws for statics, dynamics, and kinematics of solids.
¢ Fourier's law for heat conduction in solids.
e Newton's cooling law for convective heat transfer in fluids.
e Fick's law for diffusion of dissimilar substances in mixing.
e Bernoulli's principle for fluids in motion.
The three fundamental laws of physics that most engineering analyses involve are
e The law of conservation of mass.
e The law of conservation of energy.
e The law of conservation of momentum.
These laws serve as the bases for deriving all other laws of physics for specific engineering disciplines.

In this chapter, we will review methods commonly used to solve first-order differential equations. We will
find that although they appear simple in form these differential equations can be used to solve a number
of engineering problems in fluid mechanics, heat transfer, and kinematics of rigid bodies.



7.2 Solution Methods for First-order Ordinary Differential Equations

Solution methods for first-order ordinary differential equations are taught in freshman and sophomore
year math courses in most engineering institutions. In this section we will refresh the solution methods
that are most commonly used.

7.2.1 Solution Methods for Separable Differential Equations
Equation 7.1 shows a typical first-order differential equation, for which the sought solution is u(x):

du(x)

h(u) T

a(x)

in which h(u) and g(x) are given functions.

We may solve Equation 7.1 by rearranging the terms in the following form:

h(u)du = g(x)dx

We observe the following about the above expression: the left-hand side (LHS) involves a function of u (or
constants) only, and the right-hand side (RHS) consists of a function of the variable x (or constants) only.
Such a separation of functions with u and the variable x on different sides of the equation allows us to
obtain the following solution of u(x) by integrating both sides of the equality:

-/k(u)du:/g(x)dx-Fc 7-2

where c is the integration constant, to be determined according to the specified conditions for the
problem.



Example 7.1
Solve the following first-order ordinary differential equation:

du(x] + ) a

x u- =4
dx

Solution:

Rearrange the terms in Equation (a) into the separated form with the LHS involving the function
u(x) and the RHS involving the variable x:

du dx

4 — u(x)? x
The solution of this equation, after integration on both sides, is

/ du dx b
=] =+c¢

4 — y? x

where c is an arbitrary constant of integration.

We may either use integration tables available in mathematical handbooks, such as in Zwillinger
(2003), or use an electronic calculator to perform the integrations in Equation (b) to give

1, 2+4u
=In
4 2—-u
and the solution u in the above expression may be rewritten as

=lnx+c

_ 2c'x* - 1)
x4l

with ¢’ being another arbitrary constant to be determined by the specified conditions.

u(x)

7.2.2 Solution of Linear, Homogeneous Equations
A typical form of this type of equations is

d:;ix) + p(x) u(x) =0 73

where u(x) is the sought solution and p(x) is a function of variable x. Upon rearranging the terms, we may
express Equation 7.3 in the form

du
—_— = - d
o p(x)dx

Integrating both sides of the above equation leads to

/% z—/p(x)dx+c

in which c is an integration constant. After a further integration, we have the solution u(x) in logarithmic
form:



In u(x) = —/ plx)dx + ¢
where c is the integration constant to be determined by the prescribed conditions of the particular
problem.

The exact form of the sought solution can be derived by applying exponential operator to both sides of the
above expression, which leads to the following for the solution u(x):

lu(x)| = e~ [ P@dxte _ oo~ [ plx)dx 7.4
_ € _ &
T e/pwdx T F(x)
- K
© F(x)

in which the function F(x) has the form

F(x) = e/ A4 7.5
and K is a constant.

The function F(x) in Equation 7.5 is referred to as the integration factor.



Example 7.2
Solve the following first-order ordinary differential equation:

di) = u(x) sin
3 = Ulx)sinx

Solution:

We may rearrange the terms in Equation (a) in the following way:

4 — (sinx)u(x) =0
dx
Comparing the above equation with Equation 7.3, we have p(x) = — sin x, which leads to the

integral

/p(x)dx = cosx
and hence we have

F(.x) = efpf_\']d_\' e e{'ng_l-

from Equation 7.5.

The solution of the differential equation in Equation (a) is available in Equation 7.4, or in the
form

e

= I(e" COs X
F(x)

lu(x)| =

where K is an arbitrary constant to be determined according to the appropriate prescribed
conditions.

7.2.3 Solution of Linear, Nonhomogeneous Equations

The differential equation

du(x)
— + —
e px)u(x) = g(x)
is classified as a nonhomogeneous equation by virtue of having a function g(x), or sometimes a real
number, on the right-hand side of the equation.

The solution of the nonhomogeneous ordinary differential equation in Equation 7.6 is
1 K
x)=—— [ F x)dx + —
u(x) F(x)/ (x) g(x)dx FG)
in which F(x) = ¢/ #®dx as shown in Equation 7.5 is called the “integration factor,” and K is the
integration constant.

B



Example 7.3
Solve the following first-order nonhomogeneous differential equation:

du(x)

2
— +2u(x)=5
x = u(x) = Sx
Solution:
By rearranging the terms we obtain
d =
s + %u(x) =2
dx x2 x

We may compare the terms in Equation (a) with those in the typical form in Equation 7.6 and
find

2 5
p(x) = ‘"x'"i' and g(x} = ;
The integration factor in Equation 7.5 is

F(x] e efp{.\']d.\' o efi?,‘.\'"'ld.t s e—'!,l.\'

The solution of the Equation (a), u(x), is obtained by substituting the above integration factor
into Equation 7.7:

R X
u(x) = F(J{}/F(x)g(x)dx + @

e ~2/x (é) K
= e_yx/e = dx + oy

= 5 _/;vc_l.e_"!"“’asix+J"(-‘32/Jc

eHE{x

The integration constant K in the solution of this ODE is determined according to the specified
conditions, as will be demonstrated in Example 7.4.



Example 7.4
Solve the following differential equation:

duis) + 2u(x) =2 a
dx

with the condition

u(0) = 2 b
Comparing Equation (a) with the typical form in Equation 7.6, we have p(x) = 2 and g(x) = 2.
Thus, from Equation 7.5, we have

F(x) = efp{.\']dx s eJlr 2dx _ e?_r
Following Equation 7.7, we have the solution of Equation (a) as

. K E
u(x) = F{x)/F{x)g(x)dx+ Fo)
1 K
= Ef(elf)(z)dx+ e
1+ K
e..x

The integration constant K may be determined using the specified condition in Equation (b) with
u(x) = 2 at x = 0. Thus, substituting this condition into Equation (c), we get

from which we may obtain g = 1.

Consequently, we have the complete solution of u(x) in Equation (a):

1
ux)=1+—=1+¢>
L,X



7.3 Application of First-order Differential Equations in Fluid Mechanics
Analysis

Differential equations have been derived to model a variety of fluid dynamics problems that relate the
motion of compressible or incompressible fluids subjected to various driving forces. In this section, we
will demonstrate such applications in relatively simple cases that involve the flow of incompressible fluids,
in particular, the flow of fixed amount of liquids: for example, water in containers of specific geometry,
such as pipes and closed or open channels, and the time required to drain liquid contained in tanks or
reservoirs or funnels. These problems are often related to the food and chemical processing industries,
and in many cases to semiconductor manufacturing, in which large quantity of water or other solvents are
used in fabrication processes. First, we will review some fundamental concepts from which appropriate
differential equations are derived.

7.3.1 Fundamental Concepts

Fluids differ from solids in the fact that fluids have mass and volume but no shape. The shape of a fluid is
determined by how the fluid is contained. The motion of fluids is governed by the containers in which the
fluids flow, and the flow of fluids in containers is maintained by driving pressure or by gravitational force.

The following terms are frequently used in modeling the physical behavior of fluid flowing in a container,
such as a conduit as illustrated in Figure 7.1.

The total mass flow: Q = pAv At (kg) ~.8a
Total mass flow rate: Q= % =pAv  (kg/s) 7.8b
Total volumetric flow rate: V= % = Ay (m?/s) 7.8¢
Total volumetric flow: V=VAt=AvAt (m?) ~.8d

Fluid velocity, v

Cross-sectional
area, A

Fluid flow
Figure 7.1 Fluid flow in a conduit.

In the above expressions, p is the mass density of fluid (kg/m3), A is the cross-sectional area (m?), v is the
velocity (m/s), and At is the duration of fluid flow (s). The base units associated with the above quantities
are kilograms (kg), meters (m), and seconds (s).

If the velocity in a moving fluid varies with time—that is, v = v(¢) —then the change of volumetric flow
becomes

AV = Av(t) At 7.9

7.3.2 The Bernoulli Equation

The kinematics of a moving fluid can best be described by the Bernoulli equation. Let us look at the
situation illustrated in Figure 7.2, in which a fluid flows along a path of a streamline from state 1 to state 2.
The subscripts 1 and 2 associated with the terms representing the pressure (P), velocity (v) and elevation
(y) in Figure 7.2 denote the fluid in states 1 and 2, respectively.



(State 1) (State 2)

' y2
1 1 ; 00\:\\11 d
! Pressure, p, ! /_’ =

] I

1 |

Pressure, p4 ! e :
= —_ 3 |

l ! Velocity, v4 | Elevation, y,

] I

Elevation, y, 1 :
' :

; Reference plane :

________ s et G s e e

Figure 7.2 Fluid in motion from state 1 to state 2.

On the basis of the law of conservation of energy (the same physical principle on which the first law of
thermodynamics is derived), the following Bernoulli equation was derived:

2 2
Vi P Vo P
—+ =S4y =+ =4y
% pg ' % g

The Bernoulli equation can be used to model the flow of liquids in a large reservoir with the
approximations described below; from it we may derive the exit velocity v, of the liquid from a large

reservoir or tank as illustrated in Figure 7.3.

Fluid level

|

Vi Py

Head, h

Elevation, y,

Figure 7.3 Fluid flow in a large reservoir.

By rearranging the terms in the above Bernoulli's equation, we can obtain

W=V, Pi—P,

22 + P +01 %) =0
But since the pressures at liquid levels in the reservoir (p,) and the fluid at the exit (p,) is not much
different (approximately equal to atmospheric pressure), and the velocity of the flowing liquid at the top
of the reservoir at stage 1 is much lower than that at the exit located at the bottom of the reservoir in state
2, we may thus approximate the velocity of the fluid at this stage at v, = 0 with v; € v,. We may thus
derive the exit velocity from Equation 7.10 by using these approximations in that equation to yield the
following useful expression for the exit velocity of the liquid from a large reservoir:

vy
-2 40+h=0
2g

in which the head of the liquid level in the reservoir is expressed as h = y, — y, .

We may thus express the exit velocity of the liquid from the reservoir as



v, = \2gh 7.11

This derivation includes an assumption that the friction between the moving liquid and the container wall
is negligible.

7.3.3 The Continuity Equation

The continuity equation is frequently used in fluid dynamics analysis for pipelines of varying cross-
section. The equation is derived from the principle of conservation of mass.

Consider the states of fluid flow in the situation depicted in Figure 7.4, in which fluid flows from a section
of a pipeline with larger cross-sectional area A, to a section with smaller cross-sectional area A,. The law
of conservation of mass requires that Q, = Q,, or pA,v, = pA,v,. Consequently, for an incompressible
fluid with constant mass density p, we have

q=Av, = Ay, Z.12
A Az
Vyq : Vo
______ e . —— R T
A, A,

Figure 7.4 Fluid flow through various cross-sections.

The rate of volumetric flow g in Equation 7.12 has units of m3/s.



7.4 Liquid Flow in Reservoirs, Tanks, and Funnels

The following examples illustrate the application of first-order differential equations in modeling the
drainage of liquids in cylindrical containers such as large tanks typically used to contain water, chemical
solvents, and so on. The container in the first example has the geometry and dimensions shown in Figure
7.5-

H,0

hJ
¥ l Velocity, vit)
w P ¥ _
i

/’ o“‘@ Initial water level = h,,
5§
%,c,e" Water level at time t = h(t)
=]
O

Figure 7.5 Drainage of water from a cylindrical tank.

As illustrated on the left of Figure 7.5, the tank has a diameter D, with initial water level of h,. A small
drainage tube of diameter d is attached at the bottom of the tank.

We need to find a mathematical model (a differential equation in this case) to describe the drainage of the
tank with water leaving the tank through the small drainage tube at the bottom of the tank. The solution
for the instantaneous water level in the tank during the drainage process, h(t), can enable prediction of the
time required to empty the tank.

7.4.1 Derivation of Differential Equations

We recognize that water leaves the tank in “volume,” and the departing water volume is related to the
“velocity” as expressed in Equation (7.8¢). The amount of water that leaves the tank during the time
increment or interval At can thus be described in words by the physical expression

(linear distance traveled by the volume of water) x (the cross-sectional area of the passage; i.e., the
cross-sectional area A of the drainage pipe)

With the assumption of negligible friction between the moving water and the container wall, the total
volume leaving the tank during time At can thus be modeled mathematically as AV = g At = Av(t) At in

m3, as given in Equation 7.9, with the duration of water flow At in seconds.
From the Bernoulli law as presented in Equation 7.11, we have the exit velocity v(t) from the tank:

v(t) = \/2gh(t) (m/s)
where g is the gravitational acceleration = 9.81 m/s’.

The volume of water leaving the tank through the exit tube during At is thus

AV = AW(t) At = ("'T“L) V2gh(t) At

We realize at this point that whatever amount of water is leaving the tank through the drainage tube must
be equal to the same amount of water supplied by the tank in relation to the drop of water level in the
tank.



Now, let us examine the reduction of water level in the tank with Ah(t) during the same time interval At,
as illustrated in Figure 7.6.

gpiain|
o T B I T (e I e e e
h) H,0 d

—l—— Velocity, v(t)

|

Figure 7.6 Drop of water level in the tank during drainage.

The equivalent volume reduction in the tank during the time period At is equal to the volume of the “disk”
of water shown in gray in Figure 7.6, which has a diameter D and is infinitesimally thin with thickness of
Ah(t). Consequently, the volume of water supplied by the tank can be expressed as

AV = —ETD“ Ah(t)

It must be remembered to apply a negative (-) sign in the above expression for AV because the water level
Ah(t) in the tank reduces (thus the reduction of volume of water in the tank) with the increase of the time
variable t.

The law of conservation of mass requires the total volume of water leaving the tank during the time
increment At to be equal to the total volume of water supplied by the tank. We thus arrive at the equality

nD? nd?
—T &h(f) — T Qgh'(t)At

or in a different form:

Ah(z)__ 12 di
= = ~1h®] (DQ)\@

Because the drainage of the tank is a continuous process, which implies that A — (0, we may replace the
finite increment denoted by A in the above equation by the infinitesimally small increment designated by
das At — 0. We will then have the following differential equation describing the drainage process:

dh(t) il O e 7.13

Equation 7.13 can be used to determine the instantaneous water level h(t) in the water tank at any given
time t during the drainage process.

7.4.2 Solution of Differential Equations

The first-order ODE in Equation 7.13 for the instantaneous water level h(t) in the tank at any given time t
during the drainage can be solved by the technique for separable equations described in Section 7.2.1.
Thus, rearranging the terms in Equation 7.13, we have

dh(t) ( & )
= —\/ 2g e dﬂ
NITO, D?

with the given initial condition k(¢)|,_, = h(0) = h,, where h, is the given initial water level in the tank.




The solution of this separable equation can be obtained by integrating the terms on both sides:

/h‘”%z’h: _@(g)/d“”

where c is a constant of integration to be determined by the initial conditions.

After carrying out the integration, we will have the instantaneous water level in the tank h(t) as

2
2[h()]? = —/2g (%) t+c

The integration constant, ¢, can be determined using the initial condition /(0) = h,, resulting in ¢ = 24/h,

We thus have the complete solution for the instantaneous water level h(t):

=[5 (&) ] s

The time required to empty the tank, t,, may be obtained using the physical situation that k() = 0 in

Equation 7.14 to give
¢ (d |

We may solve for ¢, from the above equation to get

D2 2{10 Z.15

t — seconds
8

T a2



Example 7.5

A numerical example of the time required to drain the water from a tank with the following
conditions can be illustrated using the expression in Equation 7.15 with the data:

Tank diameter, p = 12" =1 ft.
Drain pipe diameter, d = 1" = 1/12 ft.
Initial water level in the tank, 4, = 12" =1 ft.

Gravitational acceleration, g = 32.2 ft/s%.
The time required to empty the tank is

2
t, = % CLL T 35.89 seconds
32.2

12

7.4.3 Drainage of Tapered Funnels

Tapered funnels are tools commonly used in the food and beverage industries in filling wine and soda
bottles and the like and in other processes in industrial production. In many automatic filling operations,
empty bottles have to be filled with beverages or other liquids both accurately and in the minimal amount
of time. A similar principle to that used earlier in deriving the first-order differential equations for the
drainage of straight cylindrical tanks can be used to represent similar drainage problems involving
tapered containers or funnels.

We will illustrate such derivation with funnels of the geometry and dimensions illustrated in Figure 7.7.
The mathematical model offers an effective tool for engineers to design a funnel that can fill bottles with
predetermined volume of contents in a required filling time.

Initial water level H

Y

Small (negligible)

—T

Funnel exit

Funnel opening
diameter d

Figure 7.7 Drainage of a Tapered Funnel.

In Figure 7.7, the tapered cylindrical funnel has a taper angle 0 and an initial liquid level H. These two
parameters determine the volumetric content of the funnel. The funnel has a small opening at the bottom
with a diameter d. For convenience in the subsequent analysis, we assume that the origin of the
coordinate y that is used to indicate the instantaneous liquid level of the funnel is located at “0” rather
than at the exit “A.” This approximation is justifiable if the distance between “0” and “A” as shown in

Figure 7.7 is small.

Following a mathematical analysis as in the example in Section 7.4.1 for straight cylindrical tanks, we can
make the following statement for the current state of a tapered funnel:



The total volume of liquid leaving the funnel during interval At (AV, j1)= the total volume of liquid
supplied by the funnel during At (AVg,nnel)

According to Equation 7.9, we may express the total volume of liquid leaving the funnel during time
interval At as

AV, =A

e

v, At

exit"e
From Equation 7.11, we have the exit velocity of the liquid (or water in this case) v, = 1/2g y(t), which
leads to

2

nd- 7.16
Avcxit = T 2§J’(f]ﬁf

The total volume of water supplied by the funnel during At is AVf;npnel, Which is the volume of the grey
cross-sectional area in Figure 7.8 (or the volume of a “thin water” disk with radius r(y) and thickness Ay)
as given by

&vl'unnul === { “l"(}’)]z }(&y) 7.17

yt)

Figure 7.8 Instantaneous radius of the funnel vs. the instantaneous water level.

The equivalence of the two volumetric flows in Equations 7.16 and 77.17 requires a mathematical relation
between the instantaneous radius r(y) of the thin “disk” of water in the tapered funnel in Equation 7.17
and linear distance of the liquid level reduction in the funnel y(t) in Equation 7.16. The relationship

between y(t) and r(y) may be obtained from the geometry of the funnel, as illustrated in Figure 7.8, in
which

_ @) 7.18
o) = tan @

By substituting the relation in Equation 7.18 into Equation 7.17, and equating the resulting form to AVt
in Equation 7.16, we obtain the following equation for the instantaneous liquid level in the funnel, y(¢):

2 )% .1
ﬂ 2gy(t) At = -1 b ,2] Ay 719
4 tan- @

from which we may derive the differential equation for the instantaneous liquid level in a tapered funnel
using the condition that




Ay _ dy(t)
A!‘I—Tl]:&-; T odr
because of the continuous nature of the drainage process. Consequently, we have the following differential
equation for the instantaneous liquid level y(1):

()12 dy(t) d? 7.20
tan’0 dt :_I@



Example 7.6

Determine the time required to drain a tapered funnel with a taper angle of 45° as shown in
Figure 7.9. The funnel contains water with an initial level /f = 150 mm.

i Volume loss

£
e o

S % | in At = -AV "

T LI N T il
g —Y) it
% - j]rSmaii

Opening diameter, d = 6 mm

Vxit
I

Figure 7.9 Draining of a tapered funnel.

Solution:
According to Equation 7.12, the rate of volumetric flow of water leaving the funnel, g, (or v/, in

ft3/s) is q, = A Vey , in which the cross-sectional area of the funnel at the exit is A, = zd? /4.

And from the Bernoulli equation and Equation 7.11, we have the exit velocity at the bottom of the
funnel as v_, = 1/2gy(t). We thus have the total volumetric flow of water continuously leaving

the funnel during time interval, At (or dt in a continuous flow process) as

2
AV, =g, At = % 20y(0) At a

The water leaving the funnel must be supplied by the water “upstream” in the funnel.
Consequently, this water supply can be related to the drop of water level upstream in the funnel
as given by the following equation for the loss of volume of water:

AV, = —(zrt)dy = —zy*dy b

Referring to Figure 7.8 with g = 45°, we can relate the instantaneous radius of the funnel, r(y) to
the instantaneous water level y(t) as r = y/(tan45°) = y.

By the law of conservation of mass, we should have AV, in Equation (a) = AV, in Equation (b),
which leads to the following equality:

2
% V2gy(t)dt = —ny*dy

from which we have the differential equation for determining the instantaneous water level in the
funnel y(t) as follows:

2 dy 2 c
Y D4 =0

\/}df 4

This differential equation in Equation (c) is separable and yields



2 2
)’_dy=_d_\@dt
y 4

\/_

We may get the solution of Equation (c) by integrating both sides of the separated equation as
shown in the following expression:

2 =—— 2t + ¢
i gz V¥

in which c is the integration constant to be determined by the given initial condition of y(0) = H,
where H is the specified initial water level in the funnel. The integration constant c can thus be
determined as ¢ = (2/5)H°%/?.

The exact solution to the problem is

2, 5 5/ d’
e SHI Ry 2

or

e g 2 e
HOIREE —%ﬁzgr + H?
To evaluate the time f,, required to drain (that is, empty) the funnel, one may set y(z,) = 0 in

Equation (d), from which we may find the value of t,:

. _ 8H” e
¢ 5d2y/2g

We compute ¢, = 87.44 seconds to drain a funnel with the dimensions shown in Figure 7.9 with
initial water level /f = 150 mm and gravitational acceleration g = 9810 mm/s”.




Example 7.7

Consider a circular funnel made of a straight section at its top and a lower tapered section, as
illustrated in Figure 7.10a and with the dimensions indicated in Figure 7.10b. Use the integration
method to determine (a) the volume of water it contains when full, and (b) the time required to
drain this funnel from its initial level as indicated in Figure 7.10b.

20 cm diameter

\I
“1

<

I
I
M | A
10cm i
] o | Initial
g | nitia
© | water
h : level
:I
! 5
!

W

Negligibl

! e—t— +1 1 cm diameter
_>|!

(a) (b)

Figure 7.10 A two-section funnel system. (a) A multisection funnel. (b) The dimensions of a
two-section funnel.

Solution:

We will first establish the initial water level in the funnel system by computing the length of the
tapered section of the funnel in Figure 7.10b. This is obtained from the taper angle g = ¢0° and
the radius of the circular straight portion of the funnel of 10 cm via the relation
h = 10tan 60° = 17.32 cm - We thus have the initial water level in the funnel as

Y(@)|;=p =¥(0) = Hy =10+ 17.32 = 27.35 cm

in which y(t) is the water level in the funnel, with the origin of the coordinate y = 0 located at the
lower end of the tapered section of the funnel.

The funnel system consists of two portions, with the straight cylindrical portion (portion I) at the
top and the tapered portion (Portion IT) as the lower portion of the funnel system. Both sections
share the same exit at the bottom of the system.

a.

The volume of the compound funnel The volume V; of the straight section can be
obtained using Equation (2.17) as follows:

10 20 2
Vs —) d
1 /0 .rr( B y
=100z y|," = 10007
= 3140 cm?®

The volume of the tapered portion of the funnel system (V) can be computed using Equation

(2.16) with the profile of the funnel defined by the x—y coordinates shown in Figure 7.11. We
thus compute the volume V, as



V,=x [y()]* dx

17.32
pa / (0.549x + 0.5)* dx = 606.37
0

= 1903.78 cm®
The total volume of the compound funnelis V = V, + V, =5043.78 cm?.

b. Time required to drain the funnel Because the funnel is made of two sections of
distinct geometry, we will compute the times required to drain each section, from which we
may obtain the total time required to drain the entire funnel.

Y a

h=17.32

ral

Figure 7.11 Profile of a tapered funnel.

We may use the formula derived for draining a straight cylindrical tank presented in Equation
7.15 for t,, by setting the diameter of the exit hose to be 1 cm as shown in Figure 7.10b. We thus

calculate to; with p =20 cm, d = 1 ¢cm» 4y = 10 cm and g = 981 cm/s?, with the result

D? [2h, 20\% [2x10 4
fi= = ? = (T) 8L 57 seconds

Finding the time required to drain the lower tapered section of the funnel system requires first
the following derivation of the differential equation for the instantaneous water level, as

presented in Figure 7.12.
I

20 cm dgameter
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Figure 7.12 Drainage of a tapered section of a compound funnel.

1 em diameter

We may use Equation 7.20, derived for a tapered funnel with taper angle 6:

OP?2dyt)y a2 7.20
ac AL N
tan%6 dt 4 \/_g




With ¢ = 60°, d = 1 ¢cm,and g =981 cm/s?, as shown in Figure 7.12 for the present problem, we
will have the differential equation for the instantaneous water level y(t) in the following form:

3/2 2
()] i dy(t) =_Qm
tan%(60°) dt 4

or

@) m—-dz(;) = —33.22 b

The solution of the differential equation in Equation (b) is obtained by integrating both sides of
the equation to yield
[Y(®)/? = —83.047¢ + ¢

where c is the integration constant, to be determined from the given initial condition of
¥(0) = 17.32 cm, leading to ¢ = (17.32)*° = 1248.45, we thus obtain the instantaneous water level
in the tapered section of the funnel system as

(7(6)1%* = —83.047¢ + 1248.45 c

The physical situation for an empty tapered funnel corresponds to a mathematical model having
¥(t,;) = 0 in Equation (c), from which we may solve for t,, from the following equation:
[yt )1? = 0 = —83.047¢,, + 1248.45

from which we obtain

. 124845
27 83,047

We may thus solve for the total time required to drain the compound funnel:

= 15.03 seconds

t, =ty +t, =57+ 15.03 = 72.03 seconds

e



Example 7.8

Design a circular funnel with a taper angle of 60° to fill the wine bottle described in Example 2.10
in Chapter 2. The designer will configure the dimensions, as illustrated in Figure 7.13a, and set
the radius and the length H of the funnel, and specify the diameter of the exit to be 1.5 cm.
Determine the time required to fill the bottle if it has the dimensions given in Figure 2.33.

Y a
R ~|
“1
N
@Qa\
X(y)
=34 ”
¥
dy
0 > x

(a) (b)

Figure 7.13 Filling a wine bottle from a circular funnel. (a) Funnel used for filling a wine bottle.
(b) Volume of the tapered cone of the funnel.

Solution:
a.

Determine the dimensions of the funnel We will first establish the volume of wine that
can be held in the bottle to be 841.52 cm3 as determined in Example 2.10. The design
objective is for the funnel to have the same volume. However, we need to determine the
maximum radius R of the funnel in relation to the length H through the given taper angle of
the funnel. This is given by tan 60° = H/R, from which we may write

R = H/tan 60" = 0.577H a

Equation (a) will enable us to determine both R and H for the funnel with a containment
volume of 841.52 cm3.

Referring to Figure 7.13b, we may determine the volume of the funnel using Equation (2.17)
with x(y) = R(y) = 0.577y as

H H
Vi=rn | [R@)Pdy=nx / (0.577y)% dy
0

L]
3 |1

5 Y
= (0.577y'm —
( yr 3

0
= 0.3485H°

But the volume of the funnel is equal to the volume of the bottle; we thus have
Vi = 0.3464H° = 841.52, from which we have that the length of the funnel / = 13.416 ¢cm -



We may also obtain the diameter D of the funnel to be

D =2R=2x(0.577 x 13.416) = 15.4821 cm
b.

Determine the time required to fill the bottle Because the volume of the bottle is equal
to the volume of the funnel in this case, we may observe that the time required to fill the
bottle is equal the time required to drain the funnel. Consequently, we may use Equation
7.20, which was derived to determine the required time to drain a tapered funnel. Thus,
substituting g = 60° and 4 = 1.5 cm into Equation 7.20, we will obtain the differential
equation for the instantaneous wine level in the funnel y(t) during the drainage process:

y@P? dy@®)  (1.5)? ——r
(tan60°)? dt 4 AP

yielding

d
DO _ 47513 L
dt

The solution y(t) of Equation (b) may be obtained by integrating both sides of Equation (b):

[y(£)]%/

[y(2)]*>® = —186.8783t + C c
The integration constant ¢ may be determined from the initial condition
¥(0) = H = 13.416 cm in part (a) of the solution, giving ¢ = 634.9654.. We thus have the
solution y(t) in Equation (c) as
[y(£)]*° = —186.8783t + 634.9654 d

The time ¢, required to drain the funnel is equal to the time required to fill the wine bottle in
Figure 7.13a. We may thus solve for ¢, using Equation (d) to give

y(t,) = —186.8783(t,) + 634.9654 = 0 e

By solving for ¢, from Equation (e) we obtain the time required to fill the bottle as
t, = 3.42 seconds.



7.5 Application of First-order Differential Equations in Heat Transfer
Analysis

In this section, we will use another two laws of physics to derive the differential equations for heat transfer
analyses. These are (1) Fourier's law for heat conduction in solids and (2) Newton's cooling law for heat
convection in fluids. We will show that the first-order differential equations derived from these two laws
can be used to solve a variety of practical problems, such as in the design of heat spreaders and reliability
testing equipment for thermal cycling involving the performance design of refrigerators and cooling
chambers and other heat treatment equipment.

7.5.1 Fourier's Law of Heat Conduction in Solids

Let us first look at a simple case in which heat flows from the left face of a solid slab to its right face, as
illustrated in Figure 7.14.

T.>Ty
,a'r*
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Wall temperature Wall temperature
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Figure 7.14 Conduction of heat in a solid slab.
The natural phenomenon of that heat flow in a substance is possible only in the presence of temperature

gradients, with heat flowing from locations at higher temperature to locations at lower temperature.
Consequently, heat will flow from the left side to the right side of the slab if we maintain a state of T}, > Ty,

with T, and T}, being the temperature at the left and right faces of the slab, respectively, as in Figure 7.14.
One may well envisage that the total amount of heat flow through the slab, designated as Q, is

proportional to following factors of the cross-sectional area A for the heat flow, the temperature difference
between the two faces T, and Tj,, and the time t allowing for the heat to flow. However, the total amount of

heat flow is inversely proportional to the distance that the heat travels; that is, the thickness of the slab d.
Mathematically, one may express the above qualitative correlations in the following form

A(T, — Tyt
d
or in an equivalent equation with a proportionality constant k:

Qx

o= kA(T'" - Tt 7.21
d

where the constant k is the thermal conductivity of the solid, with unit Btu/in-s-°F in the traditional

system, or W/m-°C in the SI or metric system.

The thermal conductivity k in Equation 7.21 is a material property. The value of k for solids generally
increases with the temperature. However, for most engineering materials at realistic operating
temperature ranges, the value of k is regarded as constant. It relates to how conductive of heat the
material is. Materials handbooks (Avallone et al., 2006; Kreith, 1998) show that gold, silver, copper, and
aluminum have superior heat conducting capabilities, with k-values in decreasing order. These materials
have higher k-values than many other materials such as steel. Metallic materials are much better heat
conducting materials than semiconductve materials such as silicon (Si), silicon carbide (SiC), and silicon



dioxide (SiO,). Ceramics such as aluminum oxide (Al203) are used as thermal insulating materials
because of their very low k-values.

Equation 7.21 provides us with a way to relate the total heat flow in a planar slab with the temperature
gradient AT = T, — T,. A more realistic characterization of heat flow in solids is in terms of the heat flux
g, defined as the heat flow per unit area and time. Thus, from Equation 7.21, we may express the heat flux
in the slab as

Q _,(I,-Ty 7.22
= = = jf— "
1 At d
The unit for heat flux g in Equation 7.22 may be expressed as W/m? or J/m?2-s, or N/m-s in the SI unit
system.

We will derive Fourier's law of heat conduction, which relates the heat flux and temperature variation in
solids. In some ways, this law is analogous to the situation in which the amount of water flowing between
two points depends upon the difference of their respective elevations.

7.5.2 Mathematical Expression of Fourier's Law

Let us revisit the situation depicted in Figure 7.14 in which heat flows from the left surface of the slab at a
higher temperature T} to the right surface at a lower temperature 7},. We will use this situation to derive a

one-dimensional mathematical form of Fourier's law. The total amount heat flow in the slab may be
computed by using Equation 7.21, and the heat flux g transmitted across the two faces of the slab is
obtained from Equation 7.22. We further realize that heat flows from the left surface to the right surface
because of the positive temperature gradient AT = T, — T}, > 0. A similar positive temperature gradient
AT must also exist inside the solid slab to allow the passage of heat from the left surface to the right
surface. The equation for heat flux transmission across the interior of the solid slab may be derived on the
same principle; that equation will be the mathematical form of Fourier's law for heat conduction in solids.

We will derive the equation for Fourier's law of heat conduction in solids by letting the x-coordinate
represent the thickness of the slab, as shown in Figure 7.15. The associated temperature variation across
the thickness of the slab is expressed by a function T(x) with x being the direction of heat flow. Let us now
“zoom in” to two extremely closely adjacent cross-sections inside the slab located at coordinates x and (x +
Ax), where Ax is the increment of the coordinate of the cross-section inside the solid slab.

T(x) Heat flow: T, > T,
d
T(x) - ::3 | —Ti{x + M)
L
|,
Ts V/ T,
™ T(x) ra L~
raA
(o
(P
L5
¥ [ | Ax
X+ Ax J
0 - X

Figure 7.15 Heat flux in a solid slab.

According to Equation 7.22, the heat flux across the two faces separated by the “thickness” Ax can be
expressed as

sk T(x)—T(x+ Ax) i T(x+ Ax) — T(x) 7.23
= Ax B Ax

Since the temperature variation in the slab varies as a continuous function T(x) with Ax — 0, we have the



following relation according to Equation 7.23 for the continuous variation of function 7(x) with the
variable x:

dT(x) 7.24
dx

where the temperature gradient is AT = T'(x + Ax) — T(x) with Ax — 0.

q=q(x) =k

Equation 7.24 is the mathematical form of Fourier's law of heat conduction in one-dimensional heat flow
along the coordinate x. One recognizes this law as a first-order differential equation for the rate of change
of temperature in a solid in the direction along the positive x-coordinate.



Example 7.9

A 1 meter long metal rod is thermally insulated around its circumference. The terminal
temperatures of the rod are measured to be 100°C and 20°C as illustrated in Figure 7.16.
Determine the heat flux in the rod for the cases where it is made of copper and of aluminum.

Thermally insulated

T T T T R Temperatire, T{X) - —s=ammmarmesmmes sy >

Heat flow

X=0 X=100cm
T=100°C T=20°C

Figure 7.16 Heat flow in a thermally insulated rod.
Solution:

We can find from a materials handbook that the thermal conductivities (k) for copper and
aluminum are k., = 3.95 W/cm-°C and k,, = 2.36 W /cm-°C, respectively.

The differential equation for the problem can be expressed in a slightly different form from
Equation 7.24 as
dl(x) _ 4 _  q_ a
dx ke 3.95
for the copper rod. The constant q is the heat flux in the rod.

u

The appropriate boundary condition is
T(0) =100°C b
Solution of the first-order differential equation in Equation (a) is straightforward by integration:

q
T(x) = =——
(x) 3_95x +c

where c is the integration constant. It can be determined from the specified boundary condition
in Equation (b) that ¢ = 100. We thus have the temperature distribution in the rod as

q c
T(x) = ———x+ 100
%)= —395"
Since we have the other condition that 7(100) = 20°C, we may determine the heat flux, g from
Equation (c): g = 3.16 W/cm?.

Following the same procedure we find the corresponding heat flux in an aluminum rod to be 1.89
W/cm?.



Example 7.10

The power supplied in kilowatts (kW) for the heat that is conducted in a solid is proportional to
the cross-sectional area for heat flow and the temperature gradient for a given thermal
conductivity k (kW/m-°C). For a long, circumferentially insulated rod such as shown in Figure
7.16, we may use the expression in Equation 7.24 for equivalent heat flux (q).

For this example, we have that heat is transferred at the rate of 10 kW at the left end of the rod.
Determine the temperature distribution in the rod if the right end of the rod at x = 2 m is held

constant at 50°C. The cross-sectional area is 12200 mm? and the thermal conductivity
k = 100 kW /m-°C.

Solution:

A conductor of circular cross-section receives a heat supply of power 10 kW at its left end causing
the heat to flow in the rod from the left toward the right, with no heat dissipating from its
circumference. The heat flow in the rod in the longitudinal direction induces a temperature
gradient along the same direction expressed by 7(x). The heat flow per unit time is equal to gA,
where q is the heat flux as given in Equation 7.24 and A is the cross-sectional area for heat flow.
The situation is graphically depicted in Figure 7.17.

Area, A = 1200 mm?
Y Thermally insulated

s X
Heat |— ,’\ X x
Supply : : - Temperature, T(x) =-=-=-=+=-=-mcafcea.o.tp
=10 kw | —*| -
Heat flow
X=0 X=2m
T(2m) = 50°C
Figure 7.17 Temperature variation in a rod with to heat flow.
We have the total heat flow in the rod per unit time being
dT(x
Q=ga=-taZ2 ?
dx
with the end condition
Tx)=50°C at x=2m b

From Equation (a) we get the differential equation for the temperature distribution 7(x) in the
following form:

dT(x) Q 10 o c
=—==_ =—-83.33 'C/m
dx kA 100(1200 x 107°) g
Solving Equation (c) leads to
T(x)=-8333x+c¢ d

in which c is the arbitrary integration constant to be determined by the end condition specified in
Equation (b), resulting in a value of ¢ = 216.67.

We thus have the temperature variation in the rod as



T(x) = 216.67 — 83.33x

7.5.3 Heat Flux in a Three-dimensional Space

Heat flux as expressed in Equation 7.24 is a vector quantity as defined in Chapter 3. This vector may be
graphically illustrated in Figure 7.18. It can be related to the associated temperature gradient by Fourier's
law of heat conduction as will be shown below.

/ o
Position vector :

r:(xy,z}
Figure 7.18 Heat flux in a solid.

Referring to Figure 7.18, the heat flux vector in a solid situated in a space defined by a rectangular
coordinate system can be expressed as

q(r,t) = —=kVT(r,t) 7.25

where r represent the x-, y-, and z-coordinates in a rectangular coordinate system. Note that the same
equation occurred as Equation 3.31a in Chapter 3. From Equations 7.22 and 7.24, the unit for heat flux

can be W/m2, J/m?2-s, or N/m-s.

Equation 7.25 is the mathematical expression of the general Fourier's law of heat conduction. Expanding
that equation into rectangular coordinates leads to the following expression (7.26) for the magnitude of

the resultant heat flux in a solid:
qx.y.2.0) =\/G2 + 4, + 4 7.26

in which
0T (x,y,2,t) 7.27a
Q.\.' = “k.\’—
ox
oT(x,,2,t) =7.27b
o=k
}J
0T (x,y,z,t) 7.27¢C
q, =k, ————
- - 0z

where gy, gy, and g, are the respective heat flux components in the x-, y-, and z-directions as shown in
Figure 7.18. The terms k,, ky, and k, are the respective thermal conductivities in the solid in the x-, y-, and
z-directions. For isotropic materials with &, = k, = k. = k , one will readily find that Fourier's law in

Equation 7.24 is a special case of the general expression in Equation 7.25 for one-dimensional heat
conduction in solids.

The negative sign that appears in Equation 7.25 often causes confusion to engineers. This sign appears
when the heat flow in the solid is in the same direction as the outward normal of the surface. An outward
normal direction is the normal line to the surface at which heat crosses but is pointing away from that
surface. Figure 7.19 illustrates the appropriate sign to be used in Fourier's law of heat conduction.
Example 7.11 will illustrate a rule with which the proper sign for the corresponding heat flux may be



assigned. A generalized rule developed by the author for assigning proper signs to the heat flux is offered
in the following description.

q — heat flux
in or out in the
solid plane

Qutward normal (n)
(+ve)

® Outward normal =
normal line pointing away
from the solid surface

> X

Figure 7.19 Two-dimensional heat flow in a solid.

Two factors determine whether a positive (+ve) or negative (—ve) sign should be used in Fourier's law in
Equations 7.25 and 7.27:

1. The sign of the “outward normal n” perpendicular to the face of the solid through which the heat
flows.

2. The “direction of heat flow,” either in the same direction as the outward normal line (n), or in the
opposite direction.

The situation is described graphically in Figure 7.19.

With the coordinates (x,y) set as shown in Figure 7.19, we perceive that the outward normal n of the
surface that the heat crosses is “positive”—that is “+n” because both its components along the x- and y-
coordinate are in the positive directions. Engineers can use Table 7.1 to assign a +ve or —ve sign to the
Fourier law in Equations 7.27.

Table 7.1 Rules for assigning signs in Fourier's law of heat conduction

Sign of outward normal (n) g along n? Sign of q in Fourier's law

+ Yes -
+ No +
- Yes +
— No —

The use of Table 7.1 begins with engineers determining the sign of the outward normal (n) to the surface
from which the heat flows. The sign applicable to Fourier's law is then determined by the corresponding
situations listed in the middle column of the table, with the appropriate sign listed in the right-hand
column in the table.



Example 7.11

Show the form of Fourier's law describing the heat flow across the four edges of a rectangular
block as illustrated in Figure 7.20. The temperature distribution in the block T(x,y) is either
specified or is determined from another analysis. The directions of heat flow across the four
edges of the block are determined by the temperature differences across these edges as shown in
Figure 7.20.
y N3
|

Given temp.
T(xy)

\LQ_,,

g1 —> > g

Figure 7.20 Heat flow in a rectangular block.

Solution:

We will use the guideline presented in Table 7.1 to assign appropriate signs to the heat fluxes
crossing the four edges of the block with their respective directions of heat flow illustrated in
Figure 7.20.

For the heat flux g, crossing the left-hand face of the block, the outward normal carries a negative
sign (—n) but the heat flow is opposite to the direction of the outward normal. This situation fits
Case 4 in Table 7.1 and a negative sign is applied in Fourier's law associated with g,. We may

assign positive or negative signs to the heat fluxes crossing the other three edges following the
same procedure. The results are shown in Figure 7.21.

Sign of outward normal, n q along n? |S=Lg$rizfr?a$
v Case 1: + Yes -
Case 2: + No +
Case 3: = Yes .
Case 4: - No =
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I g
| dr(x.y)
o ot oM
: J i d,
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+ X

Figure 7.21 Application of signs in Fourier's law of heat conduction in solids.



Example 7.12

Heat spreaders are frequently used to direct heat generated in heat sources to the surrounding air
or other media. There are many applications of using heat spreaders to mitigate the temperature
rise in “heat generators” and prevent them from being over heated. Figures 7.22a and b show
heat spreaders in the form of “fins” made of heat-conducting materials such as aluminum or
copper. In microelectronics devices, these fins are attached to the heat-generating integrated
circuit or microchip. Another common application of heat spreaders is the cooling fins attached
to the cylinder heads of internal combustion engines on motorcycles as shown in Figure 7.22c.

—‘

Heat spreader
(rectangular fins)

IC chip Cooling fan

/

Heat spreader
(a) (b)

Cooling fins

(c)

Figure 7.22 Heat spreaders of integrated circuits and an internal combustion engine. (a) A
typical printed circuit board. (b) Dissipation of heat from an integrated circuit (IC) chip. (c) A
motorcycle engine with cooling fins.

In the case of heat spreaders on microchips shown in Figures 7.22a and b, the heat generated
from the microchip flows to the exterior surfaces and the metal fins (the spreaders) dissipate the
heat to the surrounding space, where cooling air is provided by small electric fans to facilitate
removal of the dissipated heat.

In this example, we assume that a heat spreader with fins of triangular cross-section is used to
dissipate heat from a heat-generating integrated circuit chip. The cross-section of the spreader
fin is illustrated in Figure 7.23a. The temperature in the cross-section of the fins is determined
from a separate analysis indicating a function 7'(x, y) = 100 + 5xy* — 3xy in degrees Celsius,

where x and y have the unit cm. The coordinates x and y are defined in Figure 3.23a.
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Figure 7.23 Heat flow in a cooling fin of a heat spreader. (a) Cross-section of half of a fin. (b)
The coordinate system for analysis.

Find the heat fluxes dissipating into the surrounding air at 20°C from the mid-points of the three
edges if the thermal conductivity of the heat spreader material has a value of k = 0.021 W/cm-°C

Solution:

Heat generated in the integrated circuit (IC) enters the heat spreader across the edge BC: the flux
Qb in Figure 7.23a. The heat that enters the fin spreader is dissipated to the surrounding air

through the surfaces denoted by edges AB and AC. The heat fluxes across these three surfaces are
illustrated in Figure 7.23b.

We are now ready to compute the heat fluxes across the three surfaces of the heat spreader fin in
Figure 7.23.

a.

Heat flux across surface BC As illustrated in Figure 7.21, the outward normal line to this
surface carries a negative sign but the heat flux gy, is in the opposite direction to the outward

normal. This corresponds to Case 4 in Table 7.1. We will thus have the heat flux entering the
surface BC as

aT(x,y) v A a(100 + 5xy* — 3x%y)
9 =0 ay y=0
= —0.021(10xy — 3x%)|,.,
= 0.063x*> W /cm?

qbc e _k

The heat flux passing at mid-point on edge BC at x = 1 cm is thus
0.063 % (1%) = 0.063 W /cm?.

b.

Heat flux across surface AB We will first need to establish the direction of heat flow
across this surface. This can be done by checking the temperature at the two terminal points
of the edge AB.

At point B (x = 0 and y = 0) the corresponding temperature is
(100 + 5xy” — 34%y)|x=0 = 100°C > 20°C, the ambient temperature
¥=0

Likewise, we may find the temperature at point A to be 100°C, which is also greater than the
ambient temperature of 20°C. We thus determine that heat leaves the surface AB to the



surrounding as illustrated in Figure 7.23b, and this corresponds to Case 3 in Table 7.1. We
thus have the heat flux expressed by the following expression:

0T (x,y)
0x  |4=0
(100 + 5xy* — 3x%y)
dox

qab = k

d
= 0.021

x=0

=0.105y° W /cm?

The mid-point of edge AB is located at y = 2 cm, which leads to the heat flux leaving this mid-
point as 0.105 x (2%) = 0.42 W /cm?.

c. Heat flux across surface AC Again, we need first to check the direction of heat flux
across this surface in order to determine the proper sign in the expression of Fourier's law for
the heat flux.

As usual, we have the temperature at terminal point C (x = 2, y = 0) as 100°C, which is greater
than the ambient temperature. The same temperature is obtained at the other terminal point A (x
= 0, y = 4). We thus conclude that heat leaves this surface as illustrated in Figure 7.23b.

The situation for determining the direction of heat flux across surface AC is little more
complicated than that of the other two surfaces, because this surface is inclined on the x—y plane
as illustrated in Figure 7.23. The heat flux across the surface AC, g, is a vector quantity that is
neither along the x-coordinate nor along the y-coordinate. We thus need first to decompose this
vector into two components, gac  and gyc y, as shown in Figure 7.23b. The corresponding
outward normal lines (i.e., n,. and ny) are positive for both these components as illustrated in the
same figure. We thus conclude that these two heat flux components correspond to Case 1 in Table
7.1. Consequently, they can be expressed as follows:

0T (x,y)

() X x=1
y=2

Qacx = ke
= —0.021(5y* — 6xy)|x=1
y=2

= —0.021(20 — 12)
= —0.168 W/cm?

oT(x.y)
g =l

qn c.y e k

= —0.021(10xy — 34?)|x=
=

B3 =

= —0.021(20 — 3)
= -0.357 W/cm?

The resultant magnitude of these two vector components will yield the total heat flux leaving at
the mid-point of surface AC using Equation 7.26:

qilc = q'il(_'..\' + quc.}'
= 1/(-0.168)? + (—0.357)
=0.3945 W/cm’

7.5.4 Newton's Cooling Law for Heat Convection



The mode of heat transmission in a fluid is quite different from that of conduction in solids in that
convective heat transfer is associated with motion of the fluid. This motion of the heat transfer medium
(i.e., the fluid) may be created by external forces, when it is termed forced convection, or by the buoyancy
forces developed due to differences in specific gravity of the medium caused by the temperature difference
in the medium, which is termed natural convection. The law that governs heat convection in fluid is
Newton's cooling law, which stipulates that the amount of heat flow between two points A and B in a fluid
with respective temperatures 7, and T}, such as illustrated in Figure 7.24, is proportional to the difference

of these two temperatures.

I T& > Tb I
—_— — — —
. W
Figure 7.24 Convective heat flow in a bulk fluid.
Mathematically, Newton's cooling law can be expressed as
g (T,—T,) =T, - T,) 7.28

in which q is the heat flux transmitted in the fluid by the temperature difference (T, — T},), and h is the
heat transfer coefficient, with unit W/m=2-°C.

The heat transfer coefficient h in Equation 7.28 is normally determined empirically. Its value is imbedded
in the dimensionless Nusselt number Nu = (kL) /k , where L is the “significant,” or “characteristic” length
of fluid flow and k is the thermal conductivity of the fluid. The Nusselt number is related to other
dimensionless numbers such as the Reynolds number (Re) and the Prandtl number (Pr) for forced
convective heat transfer in empirical formula as shown in Equation (2.4) in Chapter 2, and is related to
another dimensionless number, the Grashof number (Gr), in natural convective heat transfer. The Nusselt
number is related to the Reynolds number in both forced and natural convective heat transfer, and the
latter is related to the velocity of the moving fluid in the form Re = (pLv)/u , where p is the mass density of
the fluid, v is the velocity of the moving fluid, and u is the dynamic viscosity of the fluid. We may thus
assert that the heat transfer coefficient h in Equation 7.28 is proportional to the velocity of the fluid in
convective heat transfer. Physically, this means that the faster the fluid motion is, the higher is the value
of the heat transfer coefficient h, and accordingly the more effective is the convective heat transfer as

given by Equation 7.28.

7.5.5 Heat Transfer between Solids and Fluids

The physical phenomenon of interfacial heat transfer between solids and fluids can be best explained by a
person's common perception of weather. The solid in such case is the person's face and also his or her skin
surface exposed to the surrounding air; the warm human body is the “solid” that give its heat to the cold
surrounding air in winter, while the body receives heat from the hot surrounding air in summer. The
person's feeling of being cold in winter and hot in summer is a measure of heat transference between the
human body (the solid) and the surrounding air (the fluid) in heat transfer processes. An interesting
feature associated with the transmission of heat between solid and surrounding fluid is the velocity of the
surrounding fluid (the ambient air) in such processes; the well-known term “wind chill effect” is often
used by meteorologist to reflect a person's actual response to the weather. He or she will feel much colder
if the cold surrounding air moves at a higher speed. Likewise, a person will feel more comfortable if a fan
is used to blow cool surrounding air across the person's face in hot summer weather. The “wind-chill
effect” may be mathematically modeled by Equation 7.28, in which the heat transfer coefficient h is a
significant factor in the effectiveness of convective heat transfer. This coefficient is proportional to the
velocity of the fluid: a fast-moving fluid, such as a high-speed breeze created by a fan, will increase the
value of h and create a more effective convective heat transfer to the surrounding fluid.

There are a number of applications of solid—fluid interface heat transfer in engineering practice. In the



semiconductor industry, it is standard procedure to heat small IC chips in hot ovens in “burn-in” tests that
are part of the reliability testing before the chips are shipped to market. The heating of the chips to a
predetermined temperature is often for a prolonged duration at elevated temperature. In addition to the
“burn-in” tests, these chips are also required to pass specific “thermal cycling” and “thermal shock” tests.
Engineers are expected to design proper cooling and heating chambers that will cool small-sized solids,
such as IC chips, in the cooling portion of a thermal cycling tests for the chip's reliability testing.
Additionally, cooling chambers such as refrigerators have many practical applications in modern society.
Conditions for heating and cooling of small solids are illustrated in Figure 7.25.

Cool Heating Coocling
sc[):;i?j ] chamber H?; - chamber
0 soli
q / q /
Bulk fluid Bulk fluid
Temp: T; Temp: T;
(a) (b)

Figure 7.25 (a) Heating and (b) cooling of small solids.

Design analysis of the cooling and heating chambers requires mathematical formulation combining
Fourier's law of heat conduction for solids given in Equations 7.24 for one-dimensional heat flow together
with Equations 7.25 to 7.27 for the general case, and Newton's cooling law for heat convection in fluids
given in Equation 7.28. The formulation of the mathematical analysis of the situations illustrated in
Figure 7.25a for heating and Figure 7.25b for cooling will be based on the general situation illustrated in

Figure 7.26.

Bulk environmental
temperature = T;

Surface area, A

(i

Initial solid temperature, T,

Figure 77.26 Heat flow between a solid and a fluid in a controlled-temperature enclosure.

Let us begin by considering a simple one-dimensional analytical case that involves a small solid at an
initial temperature T, that is to be cooled or heated in an enclosure such as a cooling chamber or an oven

with a surrounding fluid of controlled temperature T%, as shown in Figure 7.26. It is desired to estimate

how long it will take for the solid to reach a specified temperature provided by the enclosure with a given
bulk fluid temperature T7.

Our mathematical modeling of the cooling-heating of solids in environmental chambers begins with the
following stipulations:

1. The solid is initially at a uniform temperature T,.

2. Being small in size, the solid is of uniform temperature at all times, and this temperature changes
with time: thus, the solid is at temperature T(t) where t represents time.

3. The surrounding bulk fluid temperature is Ty at all times.

4. The change in the temperature of the solid is attributable only to the heat supplied or removed by



the surrounding fluid.

We will use Newton's cooling law as expressed in Equation 7.28 for the heat transmission in the bulk
fluid.

Let us take a look at a generic situation involving heat exchange between the solid surface and the
surrounding fluid, with the heat flux g transferring heat from the solid surface at temperature 7(t) to the
surrounding fluid at temperature T, as shown in Figure 7.27, in which % is the outward normal line that

designates the direction of heat flow.

Solid temp Bulk fluid
T(t)

Bulk fluid

% temp T;

Ts(t) "

—

Figure 7.27 Heat transfer from a solid to a surrounding fluid.

We may express the heat flux from the solid surface to the surrounding fluid by Newton's cooling law as
follows:

q=hlTt) - T;] = h[T(¢) — T}] 7-29
where h is the heat transfer coefficient of the bulk surrounding fluid at the solid—fluid interface.

The reader will notice that we have made the temperature of the solid at the contacting surface, T4(t), be
equal to the temperature of the solid, T(t), in accordance with our stipulation of the uniformity of
temperature in the solid. This is justified for small-size solids in which the interior temperature is close to
the surface temperature.

The temperature of the solid T(t) changes with time after it is submerged in the bulk fluid at a different
temperature. The heat exchange between the solid and the surrounding fluid during a time interval At can
be mathematically expressed as follows, using the first law of thermodynamics:

Change in internal energy Net heat flow from the small solid
of the small solid during At to the surrounding fluid during A¢

—pcVAT()

Q = qA, At = hA[T(t) - T;] At

In this relationship, AT(¢) is the change of temperature of the solid during the time interval At; p, ¢, V are
respectively the mass density, specific heat, and volume of the solid; and Ay is the interface area between
the solid and the surrounding fluid.

Rearranging the terms on both sides of the equation, we may derive the expression for the rate of change
of the temperature in the solid:

AT(t) h
=——A|T() - T;
At pcV L7(®) tl
or
AT(t)
— = —eAlT®) - T]

with the coefficient a being



ik 7.30
pcV
Since the heat transmission between the solid and the surrounding fluid is a continuous process, the finite
increments of AT(t) and At can be replaced by infinitesimally small increments of d7(t) and dt,
respectively. We may thus derive the following first-order differential equation representing heat
transmission between a small solid and surrounding fluid:

—d;ﬁ” = —aA[T(t) - T} 7:31

with the initial condition

T(®)lpeo = TO) = T,

The SI units of the physical quantities in Equation 7.30 are W/m?2-°C for the heat transfer coefficient h;
g/m3 for the mass density of the fluid p; J/g-°C for the specific heat c of the solid; and m3 for the volume
V of the solid. The coefficient a in Equation 7.31 thus has the unit of /m?2-s.



Example 7.13

A small solid at temperature of 80°C is to be cooled in a cooling chamber maintained at 5°C.
Determine the time required for the temperature of the solid to reach 8°C if the proportionality
constant in Equation 7.31is « = 0.002/m?-s with a contacting surface area 4 = 0.2 m?2.

Solution:
The situation described in the problem corresponds to the situation depicted in Figure 7.26 with
T; = 5°C and T, = 80°C. Also given are a = 0.002/m?-s and 4 = (0.2 m?2. Thus, by substituting

these given conditions into Equation 7.31, we obtain the following differential equation and the
initial condition for the solution of the instantaneous temperature of the solid, T(t):

aT® _ _0.002)02)[T () - 5] a
dt
with the initial condition:
T(0) = T, = 80°C b
The solution to the differential equation in Equation (a) can be obtained by integrating both sides
of the equation to yield
/ ATO_ _ 50004 / dt + ¢, ¢
T() -5

where ¢, is an arbitrary integration constant.

The following expression is obtained after integration on both sides of Equation (c):

T(t) —5= e—ﬂ.ﬂﬂﬂ4t+cl o Ce—ﬂ.ﬂﬂﬂ-‘lr d
The constant ¢ in Equation (d) is determined by the condition given in Equation (b), resulting in
c =758
The general solution to Equation (a) is thus:

T(t) = 5 + 75¢~090 e

Let t, be the time required for the temperature of the solid to reach 8°C. The required time can be
determined by setting 7(¢) in Equation (e) to be

T(t,) = 8 = 5 + 5¢~ 00004 )

The required time, t, can be obtained by solving the algebraic equation (f) to give
t, = 8047.19 seconds, or 134.12 minutes, or 2.24 hours.

The time required to heat or cool a solid at initial temperature T, by means of hot or cold bulk fluid is a
process design issue. Engineers would normally adjust either the bulk fluid temperature T or the

proportionality constant a in the chamber to shorten or extend the required time. There is usually a cost
factor associated with lowering T and increasing the a-value to shorten the required time for the cooling

in the case of Example 7.13. Increasing the a-value means an increasing of the h-value according to the
relationship shown in Equation 7.30. The cost associated with the increasing h-value is that of providing
more vigorous motion of the surrounding fluids with higher Reynolds numbers for higher h-values, such
as is described toward the end of Section 7.5.4. This is a classic design issue involving proper balance of
costs and benefits in the analysis.



Example 7.14

A Silicon Valley company produces microcomputer chips and is required to perform thermal
cycling tests of the chips it has produced as a part of reliability testing. In this particular series of
tests, each cycle involves heating and cooling of the chips between terminal temperatures and for
the durations illustrated in Figure 7.28.

Tempurature, T(t)

T, = 100°C

Tp = 20°C —f-----
< 0

Figure 7.28 Temperature variations in one cycle of heating and cooling of chip under test.

In the present example, each chip has an overall surface area of 8 x 10™4 m? with the heating and
cooling chambers providing the conditions specified in Table 7.2.

Table 7.2 Conditions of the heating and cooling chambers.

Chamber Proportionality coefficient (a), /m2-s Chamber ambient temperature (7%), °C

Heating 0.8 150
Cooling 0.2 -20

The procedure for this thermal cycling testing is to first heat the chip from an initial temperature
of 20°C to 100°C in the heating chamber for a period of t},, followed by cooling the chip down to

20°C in the cooling chamber for a period of ¢.. The subsequent cycles will have the chip's
temperature cycling between T, = 20°C and T, = 100°C as illustrated in Figure 7.28.
The process engineer's task is to determine the required times ¢, and ¢, for the heating and

cooling of the chips in the first cycle of the planned thermal cycling testing as illustrated in Figure
7.28. He or she is also expected to propose plans on what physical arrangements could be made
to shorten the computation times t}, and £, in order to expedite the thermal cycling process.

Solution:

We will use the first-order differential equation in Equation 7.31 to solve for the instantaneous
temperature in the chip 7(t) as follows:

dT(t) - - a
s —aA[T(t) — T;]

a.
For the heating portion of the thermal cycling test We have from Table 7.2 the values
of ¢ = 0.8/m?-s and T; = 150°C together with 4 — g x 10~* m? and the initial temperature
of the chip 7, = 20°C. Substituting these conditions into Equation (a) results in the
following differential equation for 7(t):

dT(t)

=—6.4x 107 T(t) — 150
s [T(t) — 150]

with the condition



T(t)|,eo = T(0) = T, = 20 c
The solution of Equation (b) may be obtained by integrating both sides of the equation:

/w_‘dT(n = —6'4><10“‘/dt+c1 al
T() - 150

in which ¢, is the integration constant, to be determined from the initial condition in Equation
(c). We thus obtain the following expression for function T(t):

T(t) = 130e~107 4 150 e

The time required to heat the chips to 100°C may be determined using the relation
T(t,) = T, = 100°C, which leads to

100 = —130e75410™% 4 150
We may solve for t}, from the above expression to get

150—100
In({———
130

t, = ———— = 1493 seconds or 24.88 minutes
—6.4 %10~

b.
For the cooling portion of the thermal cycling test We have the proportionality
coefficient ¢ = 0.2/m?-s and 7; = —20°C provided by the cooling chamber as indicated in
Table 7.2. The chips have an initial temperature T, = 100°C for the cooling process and they
are to be cooled to T'(z,) = 20°C.

We will use the same Equation (a) for the solution 7(t) with the following expression:
dT(t) f

e —0.2 X (8 X 107H[T(¢) — (=20)]

=-1.6 x 107*[T(¢) + 20]
The solution for T(t) in Equation (f) has the following form:

In[T(t)+20] = -1.6 X 107* +¢,

in which c, is the integration constant, to be determined from the initial condition of
T(t)|,.o = T(0) = T, = 100°C, from which we have ¢, = 4.7875. We thus have the solution

T(t) = 12016107 _ 20 g

from which we may express the temperature of the chip at time ¢, as

T(t,) = 20 = 120e~19%107% _ 20

We may solve for t, from the above equation and obtain ¢, = 6813 seconds or 113.55 minutes,
or 1.89 hour.

c. Shortening the heating and cooling times If it is required to shorten the

¢, = 24.88 minutes for heating the chips and t,=1.89 hours for cooling them, the options are

as follows. (a) To shorten the time for heating, one may increase both the a-value and the bulk
fluid temperature 7%. (b) To shorten the time for cooling, a plausible action would be to

increase the a-value or lower the bulk fluid temperature 7. Both options will increase the cost
of testing because increasing a-values in the heating or cooling chambers requires increasing



the speed of fluid moving over the solid surface, and increasing T for shorter ¢}, and reducing
T for shorter . in the chambers can also be costly.



7.6 Rigid Body Dynamics under the Influence of Gravitation

In this section, we will demonstrate how the first-order ordinary differential equations for rigid body
dynamic analysis under the influence of gravitation can be derived using Newton's second law.

Consider a rigid body of mass m that is thrown vertically up into the air with an initial velocity v, or that

is falling from some height above the ground. The moving body encounters air resistance, which is
proportional to the velocity v(t), with t being the time into the motion, we may derive the following
equations for the dynamic analysis:

a. The equation of motion in the coordinate systems shown in Figure 7.29.
b. An expression for the velocity of the mass at time t.

c. The time at which the rigid body reaches its maximum height with an initial velocity in the case of
the body thrown up, or the velocity at the touchdown for the body falling from an initial height.

X
Thrown-up: Fall-down: ‘
Velocity, w(t) Velocuy vt

-
R(r)[’lF(r} A() l? Fit) & e
W 3. . »
-
Rocket launch The paratroopers

Figure 7.29 Rise and fall of rigid bodies.
The forces that are associated with the rising and falling rigid bodies in Figure 7.29 include the following
components:

1. The weight of the body, w = mg , where m is the mass of the body and g is the gravitational
acceleration (g = 9.81 m/s?). Both the weight of the body w and the gravitational acceleration g point

toward the earth.

2. The resistance encountered by the moving body from the surrounding medium, such as
aerodynamic resistance, may be expressed as R(t) = cv(t), where c is the proportionality constant
determined by experiment and v(t) is the instantaneous velocity of the moving body.

3. The dynamic (or inertial) force is F(¢) = ma , where a is the acceleration (or deceleration, with a
negative sign). The acceleration a is defined as the rate of change of velocity of a moving solid and it
has the mathematical form a = dv(t)/dt , with v(t) being the instantaneous velocity.

We should bear in mind that both R(t) and F(t) act on the moving body in the direction opposite to that
of the motion.
We will use Newton's law on dynamic force equilibrium, }' F, = 0, to derive the required differential
equations for the following cases.

a.

A body thrown up under the influence of gravitation The following relation is derived from
the force diagram shown at the left side of Figure 7.29:

Y E,=-Ft)-w—R(@t)=0

Substituting R(¢) = cv(t) and F(t) = ma = mdv(t)/dt into the above expression, we will obtain the
differential equation for the instantaneous velocity of the moving body:



dv(t) ¢ _
dt " mV{t) =

The solution of Equation 7.32 can be obtained by comparing the terms in Equation 7.32 with the
typical form of nonhomogeneous first-order differential equation as presented in Equation 7.6. Thus,
v(t) in Equation 7.32 can be expressed as

7.32

v(t) = ;—(15/ F(t)g(t)dt + E‘%

in which F(¢) = ¢/ P®dt, p(t) = ¢/m , and g(t) = —g.
Consequently, the solution v(t) in Equation 7.32 takes the form

/(;‘C”m(—g)dt-l- K 7.33

V(t } = ecr/m

ect fm
- ___E afs Ke—('t/m
c
in which K is constant to be determined from an appropriate initial condition.
For a given initial condition that v(0) = v, one may compute K = v, + (mg/c). This will lead to the
complete solution of v(t) as

o T s 3 (VU + ﬂ) ect/m 7.34
4 c

Equation 7.34 gives the instantaneous velocity of a rigid body thrown upward with an initial velocity
of vg.

The time for the body to reach the maximum height, ¢, can be obtained by letting the velocity in
Equation 7.34 be zero at that instant: mathematically, v(¢,,) = 0. The following relation derived from
Equation 7.34 is used to determine t,:

0= _m_ + (VU + %)9_["/’”".\-.
c c

Solve for t;,, from the above expression to get

t="In (1+ﬁ) 7:35
c mg

b.

A body in free fall We have the situation depicted in the right-hand half of Figure 7.29. The
differential equation for the instantaneous velocity of the falling body can be derived using the
dynamic equilibrium of forces acting on the body at time t:

Y E=Ft)-w+R®)=0

This expression leads to the differential equation for the instantaneous velocity, v(t), as

dv(it) ¢ . 7.36

Note that the differential equation for a free-falling body in Equation 7.36 is similar to that for the
case of a body thrown upwards in Equation 7.32, the only difference being in the sign of g in the right-
hand side of the equation. A similar method to that used for solving Equation 7.32 can be used for the

solution of Equation 7.36.



Example 7.15

An armed paratrooper with ammunition weighing 322 pounds jumps from a plane with zero
initial velocity, as shown in Figure 7.30.

Figure 7.30 Paratroopers. (http://www.westandwithukraine.org/wp-
content/uploads/2015/04/Paratroopers-3-596573.jpg)

(https: Mwww google com/search?
ara

rs&tbm=isch&tbo=u&source=univ&sa=X&ved=0ahUKE:
The troopers encounter negligible side wind in their descent. However, they encounter air

resistance whose magnitude is 15 times the square of the descent velocity v(t); that is, 15[v(t)]>.
Assume that the mass of the parachute is negligible. Do the following:

a. Derive the appropriate equation for the instantaneous descending velocity v(t).
b. Solve the equation for the descent velocity.

c. Estimate the time required for the paratrooper to reach the ground from a height of 10 000
feet.

d. Estimate the impact velocity of the paratrooper upon touching the ground, and the
associated momentum.

Solution:
a.

Derivation of the differential equation The total mass of the falling body
m = 322/32.2 = 10 slugs, and the air resistance R(¢) = cv(t) = 15[v(¢)]* as given. The
instantaneous descending velocity v(t) can be obtained by using Equation 7.36 as

dv(t) 15[v(t)]? a
= 32.2
dt ki 10
Equation (a) may be written in the form

10d;i” = 322 — 15[ut)]? b

with the initial condition

()| o = ¥(0) =0 c


http://(http://www.westandwithukraine.org/wp-content/uploads/2015/04/Paratroopers-3-596573.jpg)
https://www.google.com/search?q=free+copyright+pictures+of+paratroopers&tbm=isch&tbo=u&source=univ&sa=X&ved=0ahUKEwjj5e_2y4TVAhVFw4MKHaCRCaMQsAQIUA&biw=1697&bih=788#imgrc=zSkACnNLNrqJ0M:&spf=1499891706617

b.
Solution for the instantaneous velocity v(t) Equation (b) is a separable differential
equation and can be rearranged into the form

10 ~ d
I

where v = v(t).

The solution of Equation (d) is obtained by integration on both sides of Equation (d),

resulting in
dv
10/ ———= [ dt+c
/322—15v2 / e

where c is an integration constant.

The integrand on the left-hand-side of the above expression can be found from mathematical
handbooks (Zwillinger, 2003) to be

/ dv 1 [ 4.634 + v
322 - 15+ 139 4,634 — v

10, 4634+v e
AD GO
139 24634—v i

The arbitrary constant, ¢ in Equation (e) may be determined by using the initial condition of
¥(0) = 0 in Equation (c), which leads to ¢ = 0. We thus have

which gives the solution

10 4.634 + v
— log———— =1t
139 4.634 — v
Consequently, one may express the solution of Equation (b) with v = v(¢) as

_ 4.634(e** - 1) f
Vie) = eld o 4 1

(Hint: In(z) = 2.3 log(z).)

c.

Estimation of the time required for the paratrooper to reach the ground from a
height of 10 000 feet Let the descent distance of the paratrooper to be X(t), where t is the
time starting from the moment of his jumping out the carrier airplane. The relation

v(t) = dX(t)/dt leads to the following expression for the distance of descent:

t
X(t)z/ v(t)dt
0

in which v(t) is available from Equation (f). We thus have

£ 4.634(e3" - 1)
X(t) = —_— - it
() A JSECTINE

= [0.667 In(1 + "*%) — 4.634¢]|"

The distance that the paratrooper has descended is determined to be



X(t) = 06667 In(1 + e'**) — 4.634¢ — 0.4621 h

If we let tg be the required time to travel a distance of 10 000 feet, we will have

10000 = 0.6667 In(1 + ¢'*%) — 4.634¢, — 0.4621 j

In the expression in Equation (j), we realize that t, is a real number that has a value greater
than zero (i.e., tg > 0), and 139 > 1in Equation (j), which leads to the following
approximation:

0.6667 In(1 + €'3%) ~ 0.6667 In(e'*%)
= 0.6667 x 13.9¢,
= 9.2671t,

Substituting this into Equation (b), we obtain the following relation for ty:

10000 = 4.6331&, —0.4621
which gives the solution £, = 2158.46 seconds or 35.95 minutes.

d. Estimation of the impact velocity of the paratrooper upon touching the
ground, and the corresponding momentum The impact velocity of the paratrooper is
the “terminal” velocity of his descent from a height of 10 000 feet. We may take advantage of
the expression in Equation (f) for the solution. Thus, substituting £, = 2158.46 seconds (the

time the paratrooper spent in traveling this distance, as obtained in part (c)) into Equation (f),
we have for the impact velocity, V5 :

T 4.634(e!39%215846 _ 1)

f e13.9x215846 | |

~ 4.634 ft/s

From this impact velocity we calculate the impact momentum, M = mass X velocity, or
M =mV; = (322/32.2)V; = 46.34 ft-1b, which is a significant amount that qualifies as a hard
landing.



Problems
Solve the differential equations in the Problems 7.1 to 7.6.
du(x)
.1
7 dx

= 10u(x)

.2 du(x)

= 2u(x)+ 3

7.3 x(x + Z)M = [u(x)]?
dx

7.4 B2 & e iy
dx
7.5 %) o i Wil S0y
dx
7.6 xd’;{x} +u@x)=2x with u(l)=10
X

7.7 Determine the time required to empty the water in a straight cylindrical tank with a diameter of 12
inches and initial water level of 20 inches. The diameter of the hose for draining the water from the
tank is 1 inch.

7.8 A swimming pool 20 m long (L) x 10 m wide (W) x 2 m deep (D) is filled with water. A drainage
pipe of diameter (d) 6 cm located at the bottom of the pool is used to drain the water. Determine the
following:

a. The differential equation describing the draining of the pool.
b. The water level in the pool after one hour of the draining.
c. The time required for draining all the water from the pool.

7.9 Derive an expression to estimate the time required to drain a circular funnel with a slant angle of
30° as illustrated in Figure 7.31.

L

Figure 77.31 Water in a shallow tapered funnel.

7.10 A food processing plant uses a flat tapered chute (i.e., with a rectangular cross-section) to fill
bottles with juice. The geometry and dimensions of the funnel are illustrated in Figure 7.32. The chute
was full when it was set to open at time t = 0.

a. What is volume of the juice in a full chute?
b. Establish the equation for the movement of the juice in the chute.

c. Compute the time required to empty the chute.
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Figure 7.32 A flat chute for filling juice into bottles.
7.10 Assume that the friction between the flowing juice and the chute wall is negligible.

7.11 The square chute shown in Figure 7.33a is used to hold solvents for a chemical process plant. The

dimensions of the chute are W = 20 ecm, H = 10.8 cm, h = 1.2 cm, and g = 60°, as shown in Figure
7.33b. Determine (a) the total volume of the contents of the chute, and (b) the time required to drain
the chute.

(a) (b)
Figure 7.33 A square chute for liquid solvents. (a) A square chute. (b) Dimensions of the chute.

7.12 An engineer is assigned to design a circular funnel for filling water bottle similar to the one
described in Example 2.10. The funnel is to be attached to an automatic filling machine. The funnel
has the dimensions shown in Figure 7.34. The water bottle will have similar geometry and dimensions
to the wine bottle illustrated in Figure 2.33b. The straight portion of the upper section of the water

bottle, however, is 4 cm in length rather than the 10 cm for the wine bottle in Figure 2.33b. Determine
the following:

a. The volume of the water bottle.
b. The length H that will enable the funnel to hold enough water to fill the water bottle.
c. The time required to fill one water bottle on the filling machine.
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Figure 7.34 A tapered circular funnel for water bottle filling.

7.13 Intravenous delivery (IV) bottles such as the one shown in Figure 7.35a are commonly used in
hospitals. Use the idealized geometry of the IV bottle shown in Figure 7.35b to determine:

a. The volume of the liquid in the bottle.
b. The time required to empty the bottle.

c. The length of the straight portion of the IV bottle in Figure 7.35b if the content is designed to be
1200 cc (cm3), and the time required to empty the bottle with the designed content?

8 cm diameter A small vent

©) hole
Insignificant Arc

¥ T F Iy e e 4 diametar

I
(a) (b)

ar_
14 cm

4 cm

Figure 7.35 Drainage of an IV bottle. (a) Patient with IV bottle on stand. (b) Dimensions of idealized
IV bottle.

7.14 A 1 m-long circular rod 50 mm in diameter has its circumference thermally insulated. One end of
the rod is maintained at 20°C while heat is supplied at the other end. Determine (a) the required rate
of heat supply g in kW to the rod for the temperature at its half-length to be 80°C, and (b) the
temperature variation in the entire rod under this condition. The rod material has a thermal
conductivity k = 100 kW /m-°C.

7.15 A chip containing an integrated circuit is undergoing reliability testing with heating—cooling
cycles. It is first heated to 100°C in a heating chamber, followed by a cooling in a cooling chamber with
its interior maintained at 8°C. Determine the value of the proportionality constant a in Equation 3.23

with a unit of /m2-s if the chip is to be cooled to 10°C in 2 hours. The surface area of the chip is 2 x
10~ m2. What could the process engineer do to shorten this time for the cooling to 1 hour with a new
value of a, and how would he or she physically accomplish this and why?

7.16 It is customary to put integrated circuit packages through thermal cycling as a part of product

reliability tests. A chip at room temperature (20°C) with surface area (4) of 8 x 1074 m? is placed in a
cooling chamber with its interior maintained at —-60°C. As engineering students learn in class, the rate
of temperature change of a small object such as the chip is proportional to the surface area and to the
difference between the temperature of the surrounding medium and the object's temperature. Let the
constant of proportionality be @ = 0.4/m?-s.

a. Derive the expression for the temperature in the chip at any time t after it has been placed in the



cooling chamber.
b. Determine the temperature in the chip 5 hours after it has been placed in the chamber.
c. Estimate the required time for the chip temperature to reach —40°C.

d. Which way would you adjust the proportionality constant, h (i.e., up or down) if we want to
shorten the time that is required for the chip to reach the temperature of —40°C?

7.17 A microelectronic product is put to reliability tests involving thermal cycling. The product is
heated to 100°C and at that time it is moved to the cooling chamber for the cooling portion of the cycle.
The interior of the cooling chamber is maintained at 8°C. The law of physics governing cooling of a
solid is that the rate of temperature change of the solid is proportional to the surface area A and the
difference between the temperature of the surrounding medium and the temperature of the solid, 7, at
any given time.

a. Determine the time for the temperature of the product to reach 20°C if the constant of
proportionality @ = 0.02/m?-s and the surface area of the product 4 = 2 x 10 m?.

b. If the required time is reduced to 2 hours, what will be the corresponding value of the
proportionality constant a?

.18 A printed circuit board (PCB) from a local electronics manufacturing company is expected to go
through thermal shock testing for its product reliability. The particular PCB has a surface area of 400

cm? and is initially at the ambient temperature of 20°C. It is quickly placed into a cooling chamber
that has its interior maintained at —80°C. The principle of convective heat transfer indicates that the
rate of temperature change of the PCB is proportional to the surface area and the difference between
the temperature of the surrounding medium and that of the PCB. If the constant of proportionality is
a = 0.5/m?-s, determine the following:

a. The expression for the temperature in the PCB at any time t after it is placed in the cooling
chamber.

b. The temperature in the PCB 20 minutes after it was placed in the chamber.
c. The time required for the PCB temperature to reach —40°C.

d. The a-value that is necessary if we want the PCB to reach a temperature of —40°C in 5 minutes
instead of the calculated value? What would be the engineering implications of the change of the a-
value in the process?
7.19 A bullet with mass m is shot vertically upward in the air with an initial velocity V,,. Due to the
gravitational effect g, and the air resistance, the bullet will reach a maximum height H};,, and then fall
vertically back to earth. Assume the resistance of the air to the moving bullet is proportional to the
velocity.

a. Formulate the equation of motion of the bullet upward with velocity function V(t), where t is the
time into the motion in the upward direction.

b. Formulate the equation of motion of the bullet during the free fall stage.

c. Solve for V(t) in both part (a) and part (b).

d. Derive the expression for the maximum height H,, that the bullet reaches in the upward

motion.
7.19 The following information may be used in the numerical computation: the mass of the bullet (m)
= 200 g; the initial velocity (V) = 50 m/s; gravitational acceleration (g) = 9.81 m/s?; the coefficient
of air resistance for both upward and downward motion of the bullet is ¢ = 0.1 N-s/m.
7.20 A crate containing bottles of fresh drinking water is airlifted to a remote area that was devastated
by a Richter scale magnitude 7.8 earthquake. The crate weighs 1000 kg. It is dropped with a parachute
from an aircraft 1500 m above the ground on a calm (i.e., “windless”) day. The air resistance to the

falling crate is approximately 20 times the square of the velocity of descent, v(t). Assume that the mass
of the parachute is negligible. Determine the following:



a. The equation and the appropriate conditions for the instantaneous descent velocity v(t).
b. The mathematical expression for v(t).

c. The time for the crate to reach the ground.

d. The impact velocity.

e. Whether the crate would survive the impact upon hitting the ground, and whys, if it is designed to
resist an impact force of 10 000 newtons with a “touchdown” time of 0.5 second.



Chapter 8
Application of Second-order Ordinary Differential
Equations in Mechanical Vibration Analysis

Chapter Learning Objectives

°

Refresh your knowledge of the solution methods for typical second-order homogeneous and
nonhomogeneous differential equations learned in previous mathematics courses.

Learn to derive homogeneous second-order differential equations for free vibration analysis of simple
mass—spring systems with and without damping effects.

Learn to derive nonhomogeneous second-order differential equations for forced vibration analysis of
simple mass—spring systems.

Learn to use the solution of second-order nonhomogeneous differential equations to illustrate the
resonant vibration of simple mass—spring systems and estimate the time for the rupture of the system
in resonant vibration.

Learn to use second-order nonhomogeneous differential equations to predict the amplitudes of the
vibrating mass in near-resonant vibration and the physical consequences to the mass—spring systems.

Learn the concept of modal analysis of machines and structures and the consequence of structural
failure under the resonant and near-resonant vibration modes.



8.1 Introduction

Like the first-order differential equations presented in Chapter 7, second-order differential equations are
also derived from the laws of physics. These equations are used to solve a variety of engineering problems
relating to heat conduction in solids, stress analysis of structures such as bending of beams and buckling
of slender columns, and mechanical vibration of rigid bodies, beam structures and long cables. However,
we will focus our attention on their applications in structural vibrations due to limitations on text length.

Following the same practice as in Chapter 7, we will first review the techniques available for solving
typical second-order differential equations. The solution methods presented in the subsequent sections
are generic and effective techniques for engineering analysis.



8.2 Solution Method for Typical Homogeneous, Second-order Linear
Differential Equations with Constant Coefficients

Let us consider a typical form of ordinary differential equations of second order:

d*u(x) du(x) B 8.1
) +a PP + bu(x)=0

in which u(x) is the sought solution from Equation 8.1, and a and b are given constants of real numbers.

There are several ways one may solve Equation 8.1. The particular method that we will adopt here is to
assume a solution of Equation 8.1 in the following form:

u(x) =™ 8.2
where the m is a constant to be determined in the following way.

Since the function u(x) in Equation 8.2 is assumed to be the solution of Equation 8.1, it must satisfy that
equation. Thus, by substituting the assumed solution in Equation 8.2 into Equation 8.1, we get

m‘! e”b\.' + d(.*}‘l'em".] + b(ei”.\') —_ O

We may factor out the common term e in the above expression to give

e"(m* +am+b)=0

Since the term e™* cannot be zero (ask yourself why), we will arrive at the following quadratic equation
for the unknown constant m:

m*+am+b=0 8.3
Equation 8.3 has the following two roots giving the solution m :
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We thus have the general solution for Equation 8.1 by including both m, and m, from Equation 8.4 in the
solution in Equation 8.1:

u(x} — Cleﬂflx + Cz eJHJ.( &5
where c; and c, are the two arbitrary constants to be determined by the specified conditions often given
with Equation 8.1.

Since both a and b in Equation 8.1 are given real-number constants, the value of (a2-4b) in /42 — 45 in

Equation 8.4 may be positive, negative or zero. These possibilities can produce radically different
solutions of the differential equation as shown in Equation 8.5, as will be illustrated in following three
different cases.



Case a2—4b >0

In this case we recognize that both m,; and m, in Equation 8.4 are real numbers. The solution of
Equation 8.1 is

[2 vai—ab(x
H{x} - e—ax,/?. (Cie\.fa-—rlb{x,"Z} i cz g~V 45}(.\,"2])



Case a2—4b <0

In this case both roots m; and m, in Equation 8.4 are complex numbers with

m,——%-&-% (4b — a?)i
and

itk (4b — a?)i

&= 9 9

in which ; = 4/—1. The substitution of m, and m, into Equation 8.5 will lead to the following
expression:

= ix ah—at —(ix/2V 4h—a?
u(x) =e ax/2 (Cle(e.\;’Z}\Mb a +C-le (ix/2)V 4b—a ) 8.2

The solution u(x) in Equation 8.7 has no practical value in engineering analysis, because it involves
imaginary numbers, a more commonly used form involving trigonometric functions is used instead:

u(x) = e~/ [A sin (% Vb - az)x + B cos (%Vﬂlb - az)x] 8.8

where A and B are arbitrary constants to be determined by the conditions given for Equation 8.1.
The expression in Equation 8.8 was derived by using the Biot relation, which has the form

+if!

et =cosf +isinf -

For the special case with coefficient a = 0 and b a negative number, the solution of Equation 8.1
becomes
u(x) = ¢, cosh(Z\/E_J)x +c, sinh(Z\/B)x 8.9

where ¢, and ¢, are arbitrary constants to be determined by the given conditions.



Case a2-4b = 0

We will quickly realize from Equation 8.4 that this case leads to m, = m, = m = —a/2, which will
produce the solution of Equation 8.1 in the form u(x) = (¢, + ¢,)e™*/? or y(x) = ce~**/2, with the
constant coefficient ¢ = (¢, + ¢,). We notice that this form of solution contains only one arbitrary

constant, whereas a second-order differential equation should have two arbitrary constants. We will
thus need to find the missing term with another arbitrary constant in the general solution of
Equation 8.1. Such an additional term with the “other” arbitrary constant may be found by letting
the additional root of m in Equation 8.3 to be obtained by the following modified expression for the
solution of Equation 8.1:

Uy(x) = V(x)e™

o]
et
=]

where V(x) is an assumed function of x.

By substituting the above assumed solution u,(x) in Equation 8.10 into the differential equation in
Equation 8.1, we will obtain the following equation for V(x):

d*V(x) dV(x)
— +(2
dx? e dx
One may recall from Equation 8.3 that ;2 + gm + b = 0 and m, = m, = m = —a/2 for the case of
a? — 4p = 0- The same equality also results in 2» + g = 0. Thus, the only nonzero term left in
Equation 8.11 is the second-order derivative of the function V(x). Consequently, we have a simple
differential equation for the function V(x):

8.1

[

+(m*+am+b)V(x)=0

d*V(x) _
dx?
We will obtain the solution of the above differential equation to be V(x) = x after two sequential
integrations.

The second solution for u(x), by Equation 8.10, is thus found to be

mx —ax/2

V(x)e™ = xe™ = xe

which leads to the complete solution of the differential equation in Equation 8.1 with 42 — 45 = @:

u(x) = c,e”? + cxe™? = (¢, + ¢, x)e /2 8.12




Example 8.1
Solve the following differential equation:

d*u(x) du(x) _ a
) +5 T +6u(x) =0

Solution:

Comparison of Equation (a) and Equation 8.1 gives the equivalences a = 5 and b = 6, resulting in
a?—4b=52—4%x6=1> 0-So the Case 1 solution of Equation 8.6 applies in this problem, and

the solution of Equation (a) becomes

u(x) = e~5x/2(clt,sz + cge“"ﬂ}
— C]e—lr <E ng—li.v

where ¢, and ¢, are arbitrary constants.



Example 8.2
Solve the following equation:

d*u(x) du(x) _ a
) +6 P +%u(x) =0

with the following specified conditions:

du(x) _ b
dx =0

x=0

u(0)=2 and

Solution:

In Equation (a), we recognize that a = 6 and b = 9 after comparing Equation (a) with Equation
8.1. We thus obtain the roots m; and m, from Equation 8.4 to be

g+%\3a3—4b=—3 and m2=—‘2—f—% a’—4b=-3 ¢

indicating that m = m, = m, = —3 and that Case 3 applies for the solution. Thus, according to
Equation 8.12, we have the solution of the differential equation in Equation (a) as

m, = —

u(x) = (Cl + sz]e‘f“/z = {Cl + sz)e—:a\- d

where the arbitrary constants c; and ¢, may be determined by the specified conditions in
Equation (b): %(0) = 2 leads to ¢, = 2, and we get ¢, = 6 from the second condition. The complete
solution of Equation (a) is thus

u(x) + 2(1 + 3x)e”>



8.3 Applications in Mechanical Vibration Analyses

8.3.1 What Is Mechanical Vibration?

Mechanical vibration is a form of oscillatory motion of a solid, a structure, a machine, or a vehicle
induced by mechanical means. The extent of movement in these solids and structures is called the
“amplitude.” The amplitudes of vibrating solids vary with time. Such variations may be either regular or in
random fashion. Oscillatory motions of solids with their amplitudes vary with a fixed time interval called
the “period,” and the reciprocal of the period is the “frequency” of the vibratory motion.

The effect of mechanical vibration on machines and structures can be trivial and cause mere discomfort to
riders in a vibrating vehicle, or can be devastating and result in major structural failures.

Consequences of mechanical vibration can be immediate, such as in the case of resonant vibration with
rapid increase of magnitudes of vibration, or damage can be induced cumulatively by long-term vibrations
with low amplitudes. These prolonged low-amplitude vibrations may result in the failure of a machine or
structure due to fatigue of the materials of which they are constructed.

8.3.2 Common Sources for Vibration

There are many causes of mechanical vibration in solids and in machines. Engineers need to be fully
aware of such sources in order to deal with the consequences. Common sources for mechanical vibrations
are

1. Application of time-varying mechanical force or pressure

2. Fluid-induced vibration due to intermittent forces of wind, tidal waves, etc.
3. Application of pressures associated with acoustics and ultrasonic waves

4. Random movements of supports; for example, seismic forces

5. Application of thermal, magnetic forces, etc.

8.3.3 Common Types of Vibration

There are different types of mechanical vibrations that design engineers should be aware of. Following are
three common types of vibration that engineers may be involved in their analyses.

1. Vibrating solids with constant amplitudes and frequencies: In such cases, the solid vibrates in both
directions from its initial equilibrium position with continuously varying amplitudes and phase
following regular patterns such as illustrated in Figure 8.1a.

2, Vibration with variable amplitude but constant frequency: The solid vibrates in only one direction
from its initial equilibrium position but with varying amplitude (Figure 8.1b).

3. Random amplitudes and frequencies: There is no clear pattern for the motion of the solid in the
vibration as illustrated in Figure 8.1c. This pattern of vibration is commonly observed in the case of
seismically induced vibration.
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Figure 8.1 Forms of vibration. (a) Vibration with regular variable amplitudes and frequencies. (b)
Vibration with irregular variable amplitudes but constant frequency. (c) Random vibrations.

8.3.4 Classification of Mechanical Vibration Analyses

There are generally three distinct types of vibration analysis that engineers encounter in practice: (1) free
vibration analysis, (2) damped vibration analysis, and (3) forced vibration analysis.

8.3.4.1 Free Vibration

Solids, whether they are rigid bodies such as vehicles, deformable structures, or machines and devices, all
involve “mass” and an “elastic constraint” that supports the mass and are susceptible to mechanical
vibrations. We may generalize the minimum requirement for a solid to vibrate from its initial static
condition involves a mass and an elastic support. Accordingly, the simplest mathematical model for a
mechanical vibrating system is what is termed a “mass—spring system” such as illustrated in Figure 8.2.
Vibration of the mass in both configurations illustrated in Figure 8.2 is induced by an instantaneous
disturbance—a short-lived disturbance to the mass. The inertia of the moving mass and the recoil of the
supporting spring that together keep the mass moving continuously produce what is called free vibration.

Mass
m

Mass

(a) (b}

Spring
k




Figure 8.2 A mass—spring vibrational system. (a) A simple mass—spring system. (b) Mass—spring
systems in general.

Free vibration of solids is thus the case in which the solid vibrates with no external forces or influences on
the vibrating mass after the inception of the vibration. The vibration is caused solely by an initial
disturbance. No excitation force is applied to the mass during the vibration.

8.3.4.2 Damped Vibration
Mechanical vibration with a damping effect is called damped vibration.

A retarding force, produced either by the internal friction of the molecules of the spring supports as the
supports deform during the vibration of the mass, or by the friction force acting on the mass from the
surrounding medium (such as the resistance from the ambient air), causes the reduction of the amplitude
of the motion of the vibrating mass. These “frictional” forces are referred to as the damping force. A
dashpot consisting of a piston in an air cylinder is used to simulate the damping effect in the vibration The
model used for damped vibration analysis is illustrated in Figure 8.3.

Mass

oS Sleml 3 2

Figure 8.3 A mass—spring—dashpot vibrational system.

8.3.4.3 Forced Vibration

In the case of forced vibration, an external force or external influence is applied to the vibrating mass at
all times. Figure 8.4 illustrates one such situation, with external forces acing on the mass—spring—dashpot
system, induced by the shaking of the support (the carrying truck) due to a bumpy road. The external
force acting on the vibrating mass is called the excitation force. Magnitudes of the excitation forces may
be random as in the case illustrated in Figure 8.4 or may exhibit a cyclic variation.

Mass

Figure 8.4 Forced vibration.



8.4 Mathematical Modeling of Free Mechanical Vibration: Simple Mass-
Spring Systems

As mentioned in Section 8.3.4, the simplest mechanical vibration system is the “mass—spring system.”
The physical arrangement of this system includes a mass m that either rests on a spring support or is
suspended from a spring with specific spring constant k, as illustrated in Figure 8.5. The spring constant
is defined as the amount of force required to elongate or compress the spring by a unit length and is a
property of the spring.

Mass
L Spring
Spring K
k
Mass
m
(a) (b)

Figure 8.5 Simple mass—spring systems. (a) Mass resting on a spring. (b) Mass suspended from a spring.

We can see that in either of the cases illustrated in Figure 8.5 the mass may be set to vibrate from its
initial equilibrium state by a small external disturbance (e.g., a gentle push or pull on the mass in Figure
8.5). The elasticity of the spring, coupled with the inertia of the mass, produces the forces that cause the
mass to vibrate vertically above and below its initial position following the initial disturbance.

The velocity of the moving mass is by no means constant with displacement from its initial equilibrium
position. Imagine that the mass would move faster initially and then slow down due to the increasing
recoil in spring force induced by its continuous elongation (or compression), and then to a standstill when
it reaches an extreme position, at which point it reverses its direction of motion and accelerates and then
decelerates until it reaches the other extreme position. The linear distance that the mass travels from its
initial equilibrium position may be denoted by y(t), in which t is the time into the vibratory motion of the
mass. The instantaneous position y(t) varies along the vertical axis designated as the y-coordinate in the
analysis.

We desire to derive a mathematical model such as a differential equation to determine the instantaneous
position of the mass y(t) during the vibration. From that, we may compute the corresponding velocity and
acceleration (or deceleration). The acceleration (or deceleration) may be used to assess the associated
dynamic forces on the vibrating mass, which is an important parameter in the design of a machine or of
vehicle in motion.

Figure 8.6 illustrates the three stages of constructing a model for the mechanical vibration of a mass—
spring system. Figure 8.6a represents a free-hung spring with a specified spring constant k. A mass m is
then attached to the spring, which causes the spring to be stretched by an amount h as illustrated in
Figure 8.6b. The force acting on the mass is a static force at this point, with the spring force F, = ki that

is equal to the equivalent weight of the mass, or F, = W = myg, as illustrated in Figure 8.7b.
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Figure 8.6 Modeling a vibrating mass. (a) Free-hung spring. (b) Statically stretched spring. (c) A
vibrating mass attime t.
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Figure 8.7 Forces acting on a vibrating mass. (a) Static equilibrium. (b) Dynamic equilibrium of a
vibrating mass.

We note from the free-body force diagram in Figure 8.7 that F — W = (, which leads to the equality

kh = mg 8.13

We will now set the mass in Figure 8.6b in motion by a slight gentle downward push followed by a sudden
release. We may expect the mass to bounce (vibrate) up and down from its initial equilibrium position as
illustrated in Figure 8.6c¢, with the positive direction of the downward movement of the mass being +y(t).

It is of interest to compute the instantaneous displacement of the vibrating mass y(t) at any given time ¢
during the vibratory motion of the mass. The equation that will enable us to solve for y(t) may be derived
using Newton's law with dynamic equilibrium of all applied forces on the mass at any given time t. Figure
8.7b illustrates all the forces acting on the mass at time ¢. We notice that the elastic force Fg exerted by the
attached spring includes the force induced by its “extra” stretching by an amount y(t), and a dynamic (or
inertial) force that is associated with the movement of the mass at varying velocities. This dynamic force
E(t) can be expressed in terms of the distance travelled by the vibrating mass y(¢) in the form

d*y(t)
dt?
in which a is the acceleration of the moving mass according to Newton's second law.

F(t) =ma =m

Thus, referring to Figure 8.7b, the equilibrium of the forces acting on the mass at time ¢ should satisfy the
following condition of having the summation of all forces acting on the mass in the y-direction equal to
zero at given time t:

Y F,=-F(t)-F,+ W =0

After substituting the appropriate forms of the force components into the above expression, we obtain the



following:

d*y(t) _
WMW —klh+yt)+mg=0
We know that ki = mg as shown in Equation 8.13, and we thus obtain the differential equation for the
instantaneous position of the vibrating mass y(t) as

d*y(t) 8.14
d{z +ky(t)=0

m

8.4.1 Solution of the Differential Equation

We recognize that Equation 8.14 is a special form of the typical second-order differential equation in
Equation 8.1 with a = 0 and b = k/m (a positive real number). The discriminator 4> — 4b = —4k/m < 0
results in Case 2 as presented in Section 8.1. Consequently, the solution given in Equation 8.8 is used in
the present case, leading to the following expression for the solution of Equation 8.14:

/ / 8.15
y(t) = A cos £t+Bsin £t
m m
in which A and B are arbitrary constants.
The solution in Equation 8.15 is often expressed in a more convenient form as
y(t) = A coswyt + Bsinwyt 8.16

in which @, = y/k/m is referred to as the circular frequency or angular frequency of the mass—spring

system,; it is also referred to as the natural frequency of this simple structure involving a mass
constrained by a spring as illustrated in Figure 8.5. It has units of rad/s. The natural frequency w, in

Equation 8.16 also appeared in a similar mass—spring system presented in Section 8.7.2.

The corresponding frequency of the vibrating mass can thus be expressed as

:

wy, 1 k

f=_=_ el

2r 2x VN m
The motion of the mass described by y(t) in Equation 8.16 is referred to as “harmonic oscillation”
involving sine and cosine functions. It can be graphically illustrated as in Figure 8.8.
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Figure 8.8 Graphical representation of a vibrating mass in simple harmonic motion.

A simple mass—spring structure such as illustrated in Figure 8.5 would seem to be rare in reality.
However, engineers may change this perception once they realize that in reality the “spring” need not be
in the form of “coils.” In fact, any solid made to deform elastically can be viewed as a “spring.” A steel rod
that supports a solid mass as illustrated in Figure 8.9a is a “spring.” Likewise, a cantilever beam that
supports a solid of mass m shown in Figure 8.gb is also a “spring,” as long as it deforms (or deflects) in
response to the applied force (such as supplied by the weights in Figure 8.9) and reverts to its original
state after the removal of the applied force.



(a) (b)
Figure 8.9 Non-coil springs. (a) Rod spring. (b) Cantilever spring.

The corresponding spring constants for these two nonconventional “springs” in Figure 8.9 can be defined
in the same way as that for a coil spring. We can thus derive the spring constant for the “springs” in Figure
8.9 as

kmd = % for the rOd Spring 8.18a

and

Koeam = % for the cantilever beam spring 8.18b

where E is the Young's modulus of the rod or beam materials, A is the cross-sectional area of the rod in
Figure 8.9a, and I is the area moment of inertia of the cantilever beam in Figure 8.9b.

These nonconventional springs are often used in special applications. For example, the cantilever beam
spring is used in some microdevices, such as in early versions of inertia sensors for airbag deployment in
automobiles [Hsu 2002, 2008]. Application of the concept of the rod spring will be described in the
following example.

One may relate these situations to a number of structures and machines that can be modeled by a simple
mass—spring system. The following example demonstrates such an application in an engineering analysis.



Example 8.3

An 800-pound machine is being lowered to the ground by a crane as illustrated in Figure 8.10.
The steel cable that holds the machine has an equivalent spring constant k = 6000 Ib;/in. The
equivalent spring constant of a cable is defined as its elongation induced by an applied force in
tension. The machine is being let down by the crane at a constant velocity of 20 ft/min when the
motor that controls the descending cable suddenly jams. One may imagine that the machine
would exhibit a “bouncing” motion up-and-down with visible amplitudes for a short period of
time. Determine the following:

a. The frequency of vibration of the machine induced by the sudden seizure of the steel cable.
b. The maximum tension induced in the cable by this vibrating machine.
c. The maximum stress in the stranded cable is 0.25 inch in diameter.

d. Whether the cable would break with an allowable stress at 25 000 psi found from a
materials handbook.

Figure 8.10 Hoisting a machine by a steel cable.
Solution:

We recognize that the present situation as depicted in Figure 8.10, involving a mass (the
machine) suspended by an elastic steel cable is similar to that illustrated in Figure 8.5b. The steel
cable is elastic, which means that physically it acts like a spring with a spring constant

k = 6000 Ib; /in.

a. The frequency of vibration of the machine is given in Equation 8.17. Numerically, The

circular frequency is
w, = Sy EO0T Al 5 53.83 rad/s
V m 800/32.2

and the frequency of vibration is

=20 _ 857 cycles/
f_jg;;_' cycles/s

b.

The maximum tension in the cable is determined by the maximum elongation of the steel
cable: that is, the maximum amplitude of the vibration of the machine after the cable
becomes seized plus the elongation of the cable by the dead weight of the machine. To obtain
the amplitude of the vibrating mass, we need to solve a differential equation that has the
form shown in Equation 8.14 with the appropriate conditions:



d*y(t) 8.18
ky(t) =0
g D

where in this case m = W /g = 800/32.2 slugs and k = 6000 x 12 lb;/ft. The initial conditions
¥(0) = 0, and »(0) = 20 ft/min = 0.3333 ft/s are applicable.

m

The solution of Equation 8.18 is available in the form of Equation 8.16:

y(t) = A cos 53.83t + Bsin53.83¢ a

where A and B are arbitrary constants to be determined by the given initial conditions. The
first initial condition of y(0) = 0 resultsin 4 = (, and the second in B = 0.0062-

We thus have the amplitude of vibration of the machine in the unit of feet as

y(t) = 0.0062 sin 53.83¢ b

The maximum amplitude of vibration clearly is the coefficient of the sine function in the
above expression, or y, .. = 0.0062 ft.

The corresponding maximum tension in the cable is
’T'II] = kyl'ﬂi]x + W
= (6000 x 12) x 0.0062 + 800 = 1246 1b;

c. The corresponding maximum stress in the cable is

T
Omax = — - 1_246 i 25396 pSl
A 7(0.25)"
4

d. We note that the maximum tensile stress in the cable is 25 396 psi, which exceeds the
allowable stress of the cable material found from a materials handbook by 396 psi. One may
thus interpret the situation as critical.



8.5 Modeling of Damped Free Mechanical Vibration: Simple Mass-Spring
Systems

8.5.1 The Physical Model

In Figure 8.8 the motion of a vibrating mass is shown as a perpetual oscillation of the mass within fixed
bounds of amplitude variation with elapsed time. One may well appreciate that this is unrealistic and that
the amplitude of vibration of the mass will continuously decrease with time, and eventually the vibrating
mass will return to standstill at its original position. It is logical to ask what produces the latter situation
in reality since, according to theory, the mass would oscillate indefinitely between fixed bounds of
amplitudes as shown in Figure 8.8. The answer is that friction forces are the principal reason for damping
of the vibration and the mass eventually returning to its original equilibrium state. These forces arise from
friction between the moving mass and the surrounding air, and the internal friction between the
molecules in the deforming spring.

The mathematical model for this more realistic damped vibration has to include a damper in the form of a
dashpot, which consists of a piston—cylinder assembly as illustrated in Figure 8.11a and symbolized in the
mass—spring system shown in Figure 11b.

Up | — Attime t
oot i
Vibrating mass + m — Initial position at time t =0
Down :_“""“"‘: — Attime ¢,

Damper: air cylinder
Air piston Idealized l A “dashpot”
\T Damper
Adjustable 5 ‘

opening for vent

(a)

LPLLELELEF
Damper- Spring:
a dashpot: k
c
Mass, m i)
(b)

Figure 8.11 Physical model for damped vibration of a mass—spring system. (a) Vibrating mass supported
by a dashpot. (b) Mass supported by spring and dashpot. (¢) Mass—dashpot assembly for a motorcycle
suspension.

Figure 8.11c shows the use of a “coilover” as frequently seen in the rear wheel suspension system of a
motorcycle. The coilover consists of a dashpot that is enclosed by a coil spring as shown in the
photograph. It is a common support used in the suspension systems of many vehicles.

8.5.2 The Differential Equation

The differential equation for the damped vibration may be derived by applying a damping force to the
mass in the mass—spring system as illustrated in Figure 8.11b. The damping force associated with the
damper is similar to the air resistance against a moving mass as described in Chapter 7, in which we
formulated the air resistance R(t) as



dy(t
R(t) x Velocity of moving mass in the form -—i—;(;-}-

We may thus express the damping force as an additional force acting on the vibrating mass as follows:

_dy(t) 8.19

where c is the damping coefficient of the dashpot or damper. The value of ¢ is determined by experiment,
and is customary supplied by the manufacturers of the dashpots.

The forces acting on the vibrating mass at time  are shown in Figure 8.12.

Dynamic force:

F(ty=m (?"_\'Eﬂ
dr
Damping force: Spring force:
Ry =c 2O Fs=klh +y()]
dr !
Mass, m 1
' y(t)
¥
Weight:
W=mg

Figure 8.12 Forces acting on a vibrating mass with damping.
For the system in a dynamic equilibrium at time ¢, we should have the following relationship according to
Newton's second law:
Y F,=—F(t)-R@®)—F,+ W =0
This expression of dynamic force equilibrium leads to the following mathematical expression:

d*y(t)  dy(t)

mW c? +ky(t)+kh—mg=0

Since ki = mg as we established in Figure 8.6b, we will thus have the differential equation for a damped
vibration of a mass—spring as

d*y(t) dy(t) 8.20
il ——— +ky()=0
& dt? A dt +kye)

8.5.3 Solution of the Differential Equation

A comparison of the terms in Equation 8.20 and those in Equation 8.1 will give ¢ = ¢/m and b = k/m , in
which a and b are the constant coefficients in Equation 8.1.

We may use Equation 8.4 to express the coefficients m; and m, for the current case as follows:

3 a+\/a2—4bm c +\/c2—4mk 8.21a
T 27 2 2m m

e 2m 2

a a’—4b c v 2 — dmk 8.21b

=TT Ty T Tam T om

The solution y(t) in Equation 8.20 thus becomes

y(f) s Clemlr + Czem_.r 8.22



in which ¢, and c, are arbitrary constants.

As indicated in Section 8.1, there are three distinct cases for the solution of y(t) in Equation 8.20
depending on the sign of the arguments in the square roots in the expressions for m,; and m, in Equations

8.21a and 8.21b.




Case c2 — 4mk > 0—the “over-damping situation”

In this case, both roots m; and m, in Equations 8.21a and 8.21b are real numbers. Consequently, the
solution of the Equation 8.20 has the form

y(t} o e—((.‘fZHJ‘h'{A EQI % Be—sll] 8.23

where A, B = arbitrary constants, and = \/¢2 — 4mk /(2m)-

Graphical representation of the solution in Equation 8.23 is shown in Figure 8.13, on which one may
make the following observations:

a. There is no oscillatory motion of the mass because of the absence of harmonic functions sine
and cosine in the solution in Equation 8.23.

b. There can be an initial increase in the displacement, followed by continuous decays in the
amplitudes of vibration.

c. There is rapid reduction in amplitudes of vibration initially, followed by more gradual
reduction.
A1) )
? (1) +ve initial veloeity ¥
(2) Zero initial velocity |
(3) —ve initial velocity (1)
(2)

—f (1
Yo \

(3)

(a) (b)

Figure 8.13 Amplitudes in over-damped vibration. (a) With +ve initial displacement, y,,. (b) With
negligible initial displacement.



Case c2 — 4mk = 0—“Critical damping”

In this case the two roots as shown in Equations 8.21a and 8.21b are identical: #1; = #1,. The
solution of Equation 8.20 has the following form similar to that shown in Equation 8.12:

}’(I) - e—{r.'/ler(A o BC] 8.24
where A and B are arbitrary constants.

Graphical representation of the solution in Equation 8.24 is illustrated in Figure 8.14. In this case we
may make the following observations on the physical behavior:

a. There is no oscillatory motion of the mass for the same reason as in Case 1.

b. Amplitude reduces with time, but takes longer to diminish.

y(t) (1) With +ve initial velocity  y(f)
(1) (2) With zero initial velocity

5 (3) With —ve initial velocity
Yo
© = . i

& \/
(3)

Figure 8.14 Amplitudes in critically damped vibration. (a) With +ve initial displacement. (b) With
negligible initial displacement.



Case c2 — 4mk < 0—“under-damping”

We realize here that the two roots, m; and m, are both complex numbers. Consequently, the solution
of Equation 8.20 takes a form similar to that shown in Equation 8.8. Thus by letting
Q = V4mk — ¢ /(2m), we obtain the solution of y(¢) in Equation 8.20 as

¥(t) = e /*™(c, cos Qt + ¢, sin Q1) 8.25
in which ¢, and ¢, are arbitrary constants.

Graphical representation of Equation 8.25 is illustrated in Figure 8.15. We may characterize this case
of “under-damping” as follows:

a. It is the only case of damped vibration having oscillatory motion of the mass.
b. The amplitude of oscillatory motion of the mass takes a long time to diminish.
0]

Figure 8.15 Amplitudes in under-damped vibration.

The three cases of damped vibration of a mass—spring systems as illustrated in Figure 8.13, Figure
8.14, and Figure 8.15 illustrate interesting phenomena that lead to interesting questions for
engineers, such as: “If you were to design a suspension system for a vehicle using combined support
of spring and dashpot, such the coilover shown in Figure 8.11¢, which of the above three cases would
you choose?”



8.6 Solution of Nonhomogeneous, Second-order Linear Differential
Equations with Constant Coefficients

8.6.1 Typical Equation and Solutions

There are times when engineers have to face situations in which the physical phenomena that they need to
model are best fitted with nonhomogeneous second-order differential equations, rather the homogeneous
equations exemplified by Equation 8.1. The solution method that we will adopt and is presented in this
section for the nonhomogeneous differential equation is to extend the method that we have presented in
Section 8.1 for typical second-order homogeneous differential equations.

A typical second-order nonhomogeneous differential equation can be written in a form similar to
Equation 8.1:

e
o
=

d*u(x) 2 du(x)

dx? dx
We see that Equation 8.26 differs from Equation 8.1 in a nonzero term on the right-hand side of the
equation, which makes it nonhomogeneous.

+ bu(x) = g(x)

The solution of Equation 8.26 consists of two parts:

:

u(x) = up(x) + up(x)

in which uy,(x) is the complementary solution and up(x) is the particular solution of Equation 8.26

8.6.2 The Complementary and Particular Solutions

The complementary solution, uy(x) in Equation 8.27 may be obtained by solving Equation 8.26 in its
homogeneous form as shown in Equation 8.28.

d’uy,(x) du, (x) 8.28
s +a = + buy (x) =0

We recognize that Equation 8.28 is similar to Equation 8.1. Hence uy(x) can be solved from Equation 8.28
using the method that is outlined in Section 8.1.

8.6.3 The Particular Solutions

The general solution of Equation 8.26 requires the particular solution u(x) as indicated in Equation 8.27.
There is no established rule to follow for the solution uy,(x). However, a general guideline is that the form
of up(x) is similar to that of the nonhomogeneous portion g(x) in Equation 8.26. The procedure for
finding the particular solution of Equation 8.26 is to assume a function for up(x) that is similar to the

function g(x) in Equation 8.26 but with unknown coefficients. In other words, we may assume the
particular solution up(x) to be a “close cousin” but not the “twin” of g(x) in Equation 8.26. A guideline for

choosing assumed particular solutions up(x) is presented in Table 8.1. The constant coefficients associated
with the assumed particular solution up(x) in the table will be determined later by substituting the
assumed up(x) function into the original differential equation in Equation 8.26 as

dzup(x] du,(x) 8.29
" +a . + bu(x) = g(x)

Table 8.1 Guidelines for choosing assumed particular solution u,(x)

Nonhomogeneous function g(x) with specified ~ Assumed particular solution u(x) with assumed



coefficients
Polynomial function of order n
g(x) = ax* + bx® + cx* + dx + e (order 4)
Trigonometric functions

g(x) = asin(ax), or g(x) = bcos(ax), or
g(x) = a cos(ax) + bsin(px)

Exponential functions
g(x) = ae,‘lx
Combination of functions

2(x) = ax® + b cos(Px) + ce™™

unknown coefficients

Polynomial function of order n

Uy (x) = Ag + Ax + Ayx® + Azx® + A,x* (order 4)
Trigonometric functions

up{x) = A, cos(ax) + A, sin(fx)

Exponential function

u,(x) = A, eb*

Combination of functions

u,(x) = (Ay + Ax + Apx® + Azx°)

+[A, cos(ax) + A, sin(ax)] + Aﬁe““

Equation 8.29 with the assumed function for uy,(x) will convert the nonhomogeneous differential equation
into an algebraic equation with the unknown constants in the assumed solution of uy(x). The assumed
constants may be determined by comparing the coefficients of the terms on both sides of these resultant

algebraic equations.

The following guidelines may be helpful for engineers in assuming the solution of u(x) in Equation 8.27.

a. For the case g(x) a polynomial function: We may assume a solution up(x) in the form of a
polynomial of the same order as the function g(x):

u (%) =Ag+Ax+ A+ + A" 8.30a

in which A,, A;, A,, ..., A;, are unknown constants. The highest order of the assumed polynomial
function in Equation 8.30a is dictated by the highest order in the given function g(x) in Equation 8.26.

b. For the case g(x) = Cek*, an exponential function: We may assume that

with A, being the unknown constant.

u,(x) = A, o 8.30b

c. For the case with g(x) to be a trigonometric function: The function may be either a sine or a cosine
function or a sum of these functions in the form & cos ax + bsin fx . We assume a particular solution

to be

u,(x) = A, cosax + A, sin fix 8.30c¢

where A, and A, are the unknown constants.

The following examples illustrate how the guideline in Table 8.1 for selecting up(x) can be used to

determine the form of the particular solution.



Example 8.4

Solve the following nonhomogeneous differential equation:

d*y(x)  dy(x) : a
. — 2 7 = 4, 2
dx? dx )=
Solution:
Equation (a) is a nonhomogeneous equation, so we will express the general solution as
Y(x) = (%) + ¥, (%) b
in which yp,(x) is the complementary solution of the equation
d’y(x)  dy,(x)
- =) -
dx? dx (%) =0
leading to a solution
Yx) =c e +cy g c

using the method given in Section 8.1.

The constants ¢, and c, in Equation (c) are arbitrary constants to be determined by the specified

conditions. Determination of these arbitrary constants can be done only after the complete
general solution is obtained.

Since the nonhomogeneous part of the equation g(x) in Equation (a) is 4x2, which is a second-
order polynomial function, we thus assume a particular solution, up(x) to be a polynomial of the

same order, as stipulated in Table 8.1, We thus assume the following polynomial function of the
same order (2) for the assumed function of up(x):
yp(x}=AU+A1x+A2x2 d
in which A, A;, and A, are unknown constant coefficients.
The particular solution y;,(x) in Equation (d) should satisfy the differential equation in Equation
(a) as shown below:
d’y,(x)  dy,(x) e
- -2 = 4x*
dx? dx Jaih) =

The above differential equation will be converted into an algebraic equation after substituting the
assumed yp(x) in Equation (d), resulting in

24, — (A; +24,%) — 2(A, + A x + Ax%) = 4 f

By comparing the coefficients of the terms on both sides of Equation (f), we may solve for
Ay=-3,A,=2,and A, = -2.

We thus have the particular solution:
yplx) = —2x* +2x — 3 g

The complete solution of Equation (a) is the sum of the complementary solution in Equation (c)
and the particular solution in Equation (g):



¥(x) = y @) + y,(%) = ¢, 6™ + ¢, — 2% + 25— 3

The arbitrary constants ¢; and ¢, in the above general solution can now be determined from the
specified conditions for the differential equation in Equation (a).



Example 8.5

Solve the following differential equation:

d*y(x) B dy(x)
dax? dx

_ 2}’{1’) = Elix

Solution:

We notice that the nonhomogeneous part of Equation (a) is an exponential function, and the left-
hand side—the homogeneous part—is identical to that in Equation (a) in Example 8.4.
Consequently, we will have the same complementary solution as in Example 8.4 in the form:

1) =c e + ¢, ¥ b
The particular solution for Equation (a) in this example should be an exponential function in
accordance with Table 8.1:
Ypx) = A, & c

In Equation (c), 4, is a constant that can be determined by substituting the assumed particular
solution in Equation (c) into Equation (a) to yield:

d*y,(x)  dy,(x) (A e¥)  d(A,e¥) _

3x

= ¢

We will get the following algebraic equation after differentiating each term in the above equation:

914] 83.\' o 3A1 e3.l‘ o 2.{4. i e:il‘ = eﬂ.l‘
from which we get A, = 1/,. We thus have

The general solution of the differential equation in Equation (a) is thus the sum of the
complementary solution in Equation (b) and the particular solution in Equation (d):

g —
y(X) = yp ) + y,(x) = ¢ e + €% + Eei

The two arbitrary constants c¢; and ¢, can be determined from the specified conditions for the
differential equation (a).



Example 8.6
Solve the following nonhomogeneous differential equation:

d’ d
dJ;c(;) - 2(;) — 2y(x) = sin2x a

Solution:
Again, we will have the same form of complementary solution as those in Examples 8.4 and 8.5
because the left-hand side of Equation (a) in this example is identical to that in the differential
equations in the two previous examples. Consequently, the complementary solution will be
1) =c e + ¢, ¥ b

Since the nonhomogeneous part of the differential equation in Equation (a) is a trigonometric
function, we will assume the same form for the particular solution, u,(x):

yp(x} =A;sin2x + A, cos 2x c
where A, and A, are assumed constant coefficients to be determined by substituting y,(x) from
Equation (c) into Equation (a), resulting in

(—4A, sin 2x —4A, cos 2x) — (2A, cos 2x —2A, sin 2x) — 2(A, sin 2x + A, cos 2x) = sin 2x

After rearranging the terms in the above expression, we get

(=64, +24,)sin 2x + (=24, — 6A4,) cos 2x = sin 2x
By comparing the coefficients of the terms on both sides of the expression, we get
—6A, +2A, =1 and —-2A, — 64, = 0, from which we solve for A, = -3/20 and A, = 1/20, with
which we may express the particular solution in the form

up(x) . —23—0 sin 2x + 21—0 cos 2x

Consequently, the general solution of the differential equation in Equation (a) is

¥(x) = y(x) + y,(x) = ¢ e + ¢, e + (—% sin 2x + % cos ‘Zx)



Example 8.7

Solve the following nonhomogeneous differential equation:

d*u(x)  du(x) o 2 a
e + P + 2u(x) = 4e* + 2x
Solution:
Following the same procedure as outlined in Examples 8.4, 8.5, and 8.6, we solve for the
complementary solution, up,(x) from the homogeneous part Equation (a):
d? d ) b
i) | GD) | () =0

dx? dx
Using the solution method outlined in Section 8.1, the two roots, m; and m, take the forms of the
expressions in Equation 8.4:
1. V7,
m=—=+—i and m,=-—
2 2

which leads to the complementary solution

; 7é 7 ¢
uy (x) = e7*/? (cl sin %x + ¢, cos %x)

The nonhomogeneous part of Equation (a) is a combination of a polynomial function of order 2
and an exponential function. We will thus assume a particular solution that contains both these
functions:

V7.
TI

1
2

uy(x) = Aée* + (Bx® + Cx + D) d
in which A, B, C, and D are constants.

One may determine these constants after substituting the assumed u(x) from Equation (d) into
Equation (a) togive A =1, B=1, C = —1,and D = —1/2, which leads to the particular solution

- 2 1 d
up(x)=€ +x —x—a

The general solution of Equation (a) thus has the form

u(x) = uy(x) + uy(x)

= ¢™*/? (q sin $x+62 cos ?x) (e” +at—x— %)

8.6.4 Special Case for Solution of Nonhomogeneous Second-order
Differential Equations

The method used to solve nonhomogeneous ordinary differential equations as outlined so far works well
for the problems posed up to now. However, there are occasions in which at least one function in the
complementary solution of the differential equation is identical to that of the function in the
nonhomogeneous part g(x). In such a case, we have to modify the assumed particular solution, as will be



demonstrated in Example 8.8.



Example 8.8
Solve the following differential equation:

d?
%) + 4u(x) = 2sin 2x a
dx?

Solution:

We will solve for the complementary solution from the homogeneous part of Equation (a) by
letting

d*u, (x) b
) + duy(x) =0
The two constants m; and m, in the assumed solution of #(x) = ¢”* in Equation 8.2 are
m, = +2i and m, = —2i for the form of homogeneous equation of Equation (b) as presented in

Section 8.1, resulting in the following complementary solution:

uy,(x) = ¢, cos 2x + ¢, sin 2x c

We note that the second term in the above expression for up(x) in Equation (c) has the identical

sine function as in the given nonhomogeneous part g(x) of the given differential equation in
Equation (a) in this example.

The usual approach of deriving the particular solution by assuming u,(x) = A, cos 2x + A, sin 2x
following the guideline in Table 8.1 will lead to the following ambiguous equality after

substituting the assumed expression into Equation (a):
(0) cos2x + (0) sin 2x = 2 sin 2x

Apparently the assumed form of u;,(x) obtained by following the guideline in Table 8.1 can no

longer be applied in this particular case, and a modified approach to assuming the particular
solution needs to be found.

Alternatively, we may assume a modified particular solution to take the form

up(x) = x(A; cos 2x + A, sin 2x) d
in which A, and A, are unknown constant coefficients.
With this modified u(x) in Equation (d), we may arrive at the following expression after
substituting it into Equation (a):
(—4A,x cos 2x — 24, sin 2x — 2A sin 2x
— 4A,xsin 2x + 2A, cos 2x + 24, cos 2x)
+ (4A,x cos 2x + 4A,x sin 2x)

= 2sin2x
from which we may solve for A, = —1/2 and A, = 0.

The particular solution with the assumed form in Equation (d) thus results in the solution

x
up(x) = —5 cos 2x

The general solution of Equation (a) thus has the form



u(x) = u,(x) + up(x)

= ¢, cos2x + ¢, sin2x — %cost




8.7 Application in Forced Vibration Analysis

As mentioned in Case 3 in Section 8.3.4, there are occasions when a vibrating machine or device is subject
to periodic forces with a frequency w at all times. This situation is called forced vibration.

8.7.1 Derivation of the Differential Equation

We will derive differential equations describing forced vibration in a mass—spring systems as illustrated in
Figure 8.16.

y(
I Fi=m : _\:’,r)
dr*

k[h + yit)]
k k
y=0 Mass
Mass m
. Mass —E(r)
W=mg
Excitation force Excitation force
F(t) F(t) 1 Fo)

Figure 8.16 Forced vibration of a mass—spring system.

In Figure 8.16, the applied periodic force is represented by a function F(t), which in most cases is in the
form of harmonic functions involving sine or cosine functions or combined sine and cosine functions. The
equation of motion of the mass at any given time ¢ can be derived from dynamic equilibrium of forces
acting on the mass according to Figure 8.16 as

ZF), =0 —F,—klh+y®))+W+F1t) =0
In the above equations, Fy is the dynamic (or inertial) force, h is the static deflection of the spring due to
the weight of the solid, and F(t) is the applied excitation force.

By following the same procedure as in Section 8.4, we may arrive at the following nonhomogeneous
second-order differential equation describing the motion of the solid:

d*y(t) 8.31
——— + ky(t) = F(t
T y(t) = F(1)
The dynamic motion of the mass can be characterized by the instantaneous amplitude of the vibrating
mass y(t), depending on the form of the excitation force F(t) in Equation 8.31.

In order to demonstrate the dynamic behavior of a vibrating mass subjected to an excitation force F(t)
described by a harmonic function, we assume that the excitation force F(t) follows the form:
F(t) = Fycoswt 8.32

where F, is the maximum magnitude of the applied cyclic force, and w is the circular excitation frequency
of the applied force. Graphical representation of the excitation force is illustrated in Figure 8.17.
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Figure 8.17 Excitation force acting on the mass in a mass—spring system.

Substituting the force function F(t) that appears in Equation 8.32 into the equation of motion in Equation
8.31, we have the following nonhomogeneous second-order differential equation for the amplitude of
vibration of mass m in Figure 8.16:

d*y(t 8.33
m% + ky(t) = F, coswt

The solution of y(t) in Equation 8.33 may be obtained by following the procedure for solving
nonhomogeneous differential equations as presented in Section 8.6.

We realize that the solution of Equation 8.33 has the form of y(¢) = ,,(¢) + 3, (¢), and the homogeneous
solution yy,(t) has the following form derived in Section 8.4.1:

() = ¢, coswyt + ¢, sin gt

in which ¢, and c, are arbitrary constants to be determined by specified conditions, and the natural
frequency of the mass—spring system is related to «, = y/k/m as indicated in Section 8.4.1.

The particular solution, yp(t) takes the following form according to Table 8.1:

¥p(t) = A, coswt + A, sin wt 8.34
where w is the circular frequency of the excitation force F(t) in Equation 8.32.
Upon substituting the y,(t) in Equation 8.34 into Equation 8.33, we will get the following expression:

m(—A,@* cos wt — A,” sinwt) + k(A, cos ot + A, sinwt) = F, cos wt

from which we solve for

Al = o and A, =0
k — mw? ‘

We thus have the complete solution of y(t) in Equation 8.33:

Fy

(t) = ¢, coswyt + ¢, sinw,t +
Y 1 0 2 e

5 COS wt

The above expression for the solution of y(t) may be expressed in a different form as in Equation 8.35
using the relationship e /k/m , or k = may:

E, 8.35

¥(t) = ¢, coswyl + ¢, sin wyt + —————— coswt
m(wy; — w*)

Close inspection of the solution in Equation 8.35 will reveal that the first part of the solution (i.e., the



complementary solution) is oscillatory with the amplitudes kept within fixed bounds by nature. The
second part (i.e., the particular solution), however, depends on the value of (@] — w”). One may further

observe that when the two circular frequencies become indiscriminating—i.e., when @ = @ in a situation
where the applied excitation force frequency equals the natural frequency of the mass—spring system—the
solution in Equation 8.35 becomes unbounded with y(¢) = oco. This unbounded solution implies that the

amplitude of the vibrating mass reaches “infinity” regardless of time ¢, as indicated in Equation 8.35. Such
behavior obviously cannot happen in reality. The solution in Equation 8.35, although mathematically
correct, is physically unrealistic. Hence, a form of solution other than that shown in Equation 8.35 needs
to be derived for the case @ = w,.

8.7.2 Resonant Vibration

Here, we will derive the solution for the amplitudes of vibration of a mass m suspended by a spring with a
spring constant k. The vibrating mass is subjected to a cyclic force that can be described as
F(t) = F, cos wt , where F, is the maximum value of F(t) and t designates the time at which the mass

vibrates and w is the frequency of the applied force.

The governing equation for the solution of the amplitude of the vibrating mass subjected to a cyclic force
may be solved by Equation 3.33 with the circular natural frequency of the mass—spring system being w,,.
This circular natural frequency may be related to the actual natural frequency f as shown in Equation 8.17.
The solution to Equation 8.33, y(t), consists of two parts with the complementary solution being

Ya(8) = ¢, cosmt + ¢, sinwyt , where c; and c, are arbitrary constants, and the particular solution as
shown in Equation 8.27. We may substitute the circular frequency w, in the above solution by @ under the

condition @, = @ in the present case. We may, therefore, express the complementary solution of
Equation 3.33 in the form of y, (t) = ¢, coswt + ¢, sinwt , where the first term in this solution coincides

with the applied force function at the right-hand side of Equation 3.33. Such a coincidence warrants a
special case in assuming the particular solution y;(#) in the solution y(¢) of Equation 3.33 as presented in

Section 8.6.4. We will thus assume that the particular solution of this differential equation takes the form:

Yp(t) = (A, coswt + A, sin wt)

we will obtain the following expression after substituting the above special form of particular solution into
Equation 8.33:

(—A,w’t cos wt — 2A,w sin wt — A,@’t sin wt + 2A,w cos wt)
+w, (A, t cos ot + A,t sin ot)
= Fycoswt

from which, we obtain A, = 0 and A, = F,/2mew . These coefficients will lead to the following solution to
the governing Equation (3.33)

F 0
2mw
The general solution for Equation 8.33 with the special condition of @, = @ thus takes the form

yp{t) = tsinwt

8.36

F(]

(t) = ¢, coswyt + ¢, sinw,t + tsinwt
Y 1 o 2 0 e

This situation with @ = @, in Equation 8.33 is called resonant vibration of a mass—spring system. We
recognize that the first part of the solution in Equation 8.36 remains oscillatory between specific bounds
by nature. The second part of the solution, however, indicates an indefinite continuous increase of the
amplitude of the vibrating mass with time ¢. Graphical solution of Equation 8.36 is qualitatively illustrated
in Figure 8.18.
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Figure 8.18 Amplitude of a resonant vibration.

The amplitude of the vibrating mass (or a structure) in the case of ® = w increases rapidly with time in a

resonant vibration. This phenomenon often causes the disintegration of a structure because of the rapid
increase in elongation of the elastic support (the spring, in the case of a mass—spring system) in a short
time after its inception. Design engineers should always avoid the occurrence of resonant vibration by
avoiding having the situation in which the frequency of the applied cyclic force coincides with the natural
frequency of the structure.



Example 8.9

A metal stamping machine shown in Figure 8.19 is used to punch holes in sheet metals or to
produce dishes or shallow cups from flat sheet metal. The machine operates on the vertical
movements of a plunger with an attached die that is designed for the shape of the stamped
product. The plunger is driven by a massive flywheel as illustrated in the same figure. The sheet
metal lies flat on a heavy base table with a mass m = 2000 kg attached to an elastic foundation
that has an equivalent spring constant k = 2 x 10> N/m. One may observe that the movement of

the plunger, and thus the force exerted on the sheet metal during stamping, is periodic if the
driving flywheel rotates at a constant angular velocity. In the present example, the force acting on
the sheet metal, and thus on the base table, is represented by a function F(¢) = 2000 sin (10¢), in
which t designates time in seconds. The unit for the force is newton (N). If the base table is
initially depressed downward an amount of 0.005 m by the stamping force, do the following:

a. Derive the differential equation and the appropriate conditions that will describe the
instantaneous position x(t) of the machine base.

b. Assess whether this is a resonant vibration situation. Explain why this force function would
induce a resonant vibration of the table.

c. Solve the differential equation by letting x(¢) = x,(¢) + x,,(£), where xp(t) is the
complementary solution and x;,(¢) is the particular solutlon Give the expressions for x,(t) and

Xp (D)

d. If this is in fact a resonant vibration, estimate how long will it take the elastic support to
break as a result of having exceeded the allowable elongation of the elastic foundation of 0.03
m.

Flywheel

Sheet metal l T

Base table

ass.
Elastic //L/

foundation —,
T ///////////////

Figure 8.19 Working principle of a sheet metal stamping machine.
Solution:

The situation may be simulated by a simple mass—spring systems as illustrated in Figure 8.20.

Applied force,
F(t)

Base table
mass, m

Elastic foundation
= spring, k

/



Figure 8.20 A simulated punch machine.

We have the mass of the base m = 2000 kg, the equivalent spring constant of the elastic support
k = 2 % 10° N/m, and the applied excitation force F(¢) = 2000 sin 10¢ with a circular excitation
frequency @ = 10 rad/s.

a.

The governing differential equation We may use Equation 8.31 to derive the
differential equation for the amplitude of the vibrating support of the machine x(t) with the
prescribed force function:

d*x(t 2
2000 .s;'(z ) 2% 10°(£) = 20005in 10t
The appropriate initial conditions of the stamping operations of the machine expressed in
mathematical terms are
dx(t
#0)=0005m and 29| _o
dt |=o

b.

Is this resonant vibration? With the given values for the mass of the supporting base of
the machine and the equivalent spring constant of the elastic support, we may calculate the
natural frequency of the equivalent mass—spring system in Figure 8.20:

5 C
k 2x10°
W, =1/ — = - = 10 rad/s
©°ZVm T Va2x10° /

Since the computed w,, in Equation (c) has the same value as the given excitation frequency

of the excitation force F(t), we may assert that there will be a resonant vibration of the base
table.

C.

The solution of Equation (a) for the instantaneous position, or amplitude of
vibration x(t) of the supporting mass m There are two parts in the solution x(t) in
Equation (a): the complementary solution xy,(t), and the particular solution xp(t). The
complementary solution is obtained by solving Equation (a) as a homogeneous differential
equation:

x,(¢) = ¢, cos 10t + ¢, sin 10t d

This being a case with @ = @y, the particular solution for the present case is obtained by a
special assumed form of

x,(t) =t (A; cos 10t + A, sin 101) e
By substituting this assumed particular solution into Equation (a), we get the following
expression:
—20A, sin 10f + 20A, cos 10t = sin 10¢
from which we solve for A, = —1/20 and A, = 0.

Consequently, we have the complete solution of Equation (a) as



x(t) = x,(¢) +xp(t]
= ¢, cos 10t + ¢, sin 10t — ﬁ% cos 10¢

The two arbitrary constants ¢, and c, in the above solution may be determined from the two
conditions specified in Equation (b), resulting in ¢, = 0.005 and ¢, = 1/200.

We thus have the solution of the amplitudes of vibration x(t) in the form

x(t) = 0.005 cos 10¢ + ﬁ sin 10¢ — % cos 10¢

d. Time to breaking of the elastic foundation () The elastic foundation is expected to
break at 0.03 m elongation; that is, x(¢;) = 0.03. We may use the following equation to solve
for the time for breaking t¢:

| L
0.03 = 0.005 cos 10t; + 300 sin 10¢; — 2 cos 10,

t:
= ( 0.005 — -~ ) cos 10¢; + 1 gin 10¢,
20 200

The solution of the above equation is ¢ = 0.7 s, obtained by a “short-cut” solution method of letting
cos 10t; = —1 (and thus sin 10t¢ = 0). A more accurate solution of ¢ = 0.862 s was obtained by using the

combined solution methods of (1) Microsoft Excel software described later in Section 10.3.1 and (2) the
Newton—Raphson method described in Section 10.3.2, as will be presented in Example 10.4 in Chapter 10.



Example 8.10

A light-duty motorcycle is supported by a suspension system that involves two coilovers of the
sort illustrated in Figure 8.11c. The vehicle is rolling over a wavy road surface that can be
described by a sine function as illustrated in Figure 8.21. The combined mass of the motor cycle
and the rider is m = 120 kg. The coilover has a spring constant ¥ = 12 000 N/m and a dashpot
with a damping coefficient ¢ = 1920 N-s/m. The rough road surface exerts an equivalent vertical
cyclic force on the mass that can be approximated by the function F(¢) = 1200 sin(10¢) N, in
which t is the time into the vehicle vibration induced by the rough road surface. Determine the
following:

a. The appropriate differential equation for the amplitude of vibration of the mass y(t).

b. The differential equation with graphical representation of the solution using the following
initial conditions:

dy(t
a2 =5m/s

t=0

y(0)=0 and

c. The position of the mass 2 seconds after the initiation of the vibration.

d. The mode of vibration of the vehicle if the damper ceases to function. Give your reason for
your predicted consequences.

e. A graphical representation of the amplitudes of the vibrating vehicle in the case (d) using
the same initial conditions as stipulated in (b).
Mass, m Tﬂ'[l'}

Damping
coefficient, ¢

Spring constant, k

Rolling wheel

Rough road surface
Figure 8.21 Vehicle cruising over rough road surface.

Solution:

a. The appropriate differential equation for the amplitude of the vibrating vehicle is expressed
following Equation 8.31 including the damping force to be:

lZOdzym -+ 1920@ + 12000y(¢) = 1200 sin 10t
dr? dt IR
or
d’y(t) dy(t) a
16 —— + 100y(t) = 10sin 10t
7D + T, + y(L) sin
with the conditions
dy(t
y(0) =0 and m =5m/s L
dt |-

b.
The solution of Equation (a) is expressed in Equation 8.27:



¥(@) = yp (1) + y,(t)
where yp(2) is the complementary solution and y,(t) is the particular solution.

We obtained the complementary solution by following the procedure described in Section
8.1:

—8t

yi(t) = e " (c, cos b6t + ¢, sin 6t) c

The particular solution y;(#) can be obtained by assuming a form

¥p(t) = A, cos 10t + A, sin 10¢

in which A, and A, are constants to be determined by substituting the expression assumed for
yp(t) into Equation (a), resultingin A, = -1/16 and A, = 0.

Thus, the particular solution y,(t) is

1 d
yp(t) = T cos 10¢
The complete solution of Equation (a) is the sum of expressions in (c¢) and (d):
¥(t) = e ¥(c, cos 6t + c, sin 6) — % cos 10t €
The arbitrary constant coefficients ¢, and c, in the complete solution in Equation (e) are
determined using the specified conditions in Equation (b), yielding ¢, = 1/16 and
¢, = 11/12, which lead to the solution of Equation (a) as
f

yt)=e¥ (%cos 6t + % sin 6:) = %cos 10t

Graphical representation of the amplitudes of the vibrating vehicle in Equation (f) is shown
in Figure 8.22.

We may observe from Figure 8.22 that the amplitude of the vibration of the vehicle rises
rapidly within the first 0.5 seconds into the vibration and decays quickly thereafter due to the
damper, and is then followed by oscillatory motion of the spring in the suspension system.

c. The amplitude of vibration of the vehicle at 2 seconds into the vibration: The position of the
vibrating mass at ¢ = 2 seconds from Equation (f) with y(2) = —cos 20 (in radians)/16 =
0.0255 m or 2.55 cm.

d.

If the damper in the coilover ceases to function: With a dysfunctional damper, the vehicle
would be supported only by the spring in the suspension system. Mathematically, this would
mean the damping coefficient ¢ = 0, and hence the disappearance of the term dy(t)/dt in
Equation (a). Consequently, Equation (a) will have a form

d’y(t ;

%i) + wf)y(t) = 10sin wt
In Equation (g), o, is the natural frequency of the mass—spring structure with @, = 10 rad/s
; the excitation frequency w, the frequency of the applied force, also equals 10 rad/s. The
vehicle will thus be in resonant vibration since w = @, = 10 rad/s.

g

The solution of the differential equation (g) with the same assumed initial conditions as in
Equation (b) has the form of y(¢) = y,(£) + () in which both y,(t) and yp(t) have the form



Yu(t) = ¢, cos @yt + ¢, sin wgt h

The particular solution for this case of resonant vibration will have the form
¥p(t) = (A, coswt + A, sin wt) for Equation (g), yielding the constant coefficients A, = —1/2

and A, =0, or

t 3
yp(t) = —3 cos wt J

The complete solution of Equation (g) is thus

4 t
Y(£) = ¢; coswyt + ¢, sinwyt — 5 cos wt

with ® = @, = 10 rad/s.

The arbitrary constant ¢, and ¢, in Equation (k) are determined using the same initial
conditions as in Equation (b) with ¢, = 0 and ¢, = 11/20. We thus have the solution of
Equation (g) as

11 . t
L) = — sinwyl — - coswt
PEoh B 5

for the case of a coilover with dysfunctional damper, the instantaneous position of the mass,
or the amplitudes of the oscillatory motion of the mass y(t), will be

¥t = % sin 10¢ — % cos 10¢ m
e. Graphical representation of the solution in Equation (m) is shown in Figure 8.23. We may
observe that the amplitude of the vibrating motorcycle in resonance increases rapidly with

time, similarly to what is illustrated in Figure 8.18.

y(t) = e(-8t)*(11/12 sin (6t) + 1/16 cos (6t)) — 1/16 cos (10t)
0.256

0.2 r\
[

o
[#2}
e

e

Amplitude (meters)

Time (seconds)

Figure 8.22 Graphical representation of the amplitude of vibration of a motor cycle.
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Figure 8.23 Amplitude of vibration of a vehicle in resonance




8.8 Near Resonant Vibration

Resonant vibration, in which the excitation frequency w of the externally applied cyclic force coincides
with a natural frequency of the engineering system with w,, (n = 0, 1, 2, 3, ...), can be devastating because
of the rapid increase of amplitudes as illustrated in Figure 8.18. There are situations in which @ # ®,
but the two frequencies are approximately equal: ® = @, (n =0, 1, 2, 3,...). In such cases, devastation of
the system or structure may not occur, but violent vibration will persist.

Let us re-visit the situation of a simple mass—spring system as illustrated in Figure 8.16 with the
governing differential equation given in Equation 8.33. The general solution of this equation is given in
Equation 8.35:

F 8.35

— COSs wt

(t) = ¢, cosw,t + ¢, sinw,t + ———————
4 : . 2 ’ M(w; — w?)

Upon imposing the initial conditions y(0) = 0 and dy(¢)/dt|,_, = 0, the arbitrary constants c, and c, are
determined, and the complete solution in Equation 8.35 takes the form

Fy 8.37

- [cos(wt) — cos(w,t)]

[ = e
yo) M{mﬁ — w?)

Equation 8.37 may be re-written using a trigonometric identity (Zwillinger, 2003):

cosa — cos ff = —sin %(a+ﬂ]sin%(a— 5]

Equation 8.37 can thus be expressed as

2F, . 4 t 8.38
y(t) = m sin [(w, + ru)ﬂ sin [(m[, - w)i]

Since the two frequencies w and w,, are very similar in this case, meaning @ = ®, (v, — @) is very small
in Equation 8.38. We may thus use the following approximations:

wy + ®
0 - 8.39a
2
and
Wy —
2 = 8.39b
2
The circular frequency .in Equation 8.39b is much smaller than the excitation frequency « in Equation

8.39a. Consequently, we have the solution of the amplitude y(t) for @ & @ in the following form:

2F, 8.40

y(t) = [m“ sin(et) sin(wt)

We observe that the quantity in the square bracket in Equation 8.40 represents the maximum amplitude
for the vibrating mass with amplitude varying as the product of two sine functions.

We may rearrange the terms in Equation 8.40 to the following form for interpretation of the physical
phenomenon of near-resonant vibration of a mass—spring system:



l 26 ] |
W(t) = | —————sin(ef)| sin(wt)

M(w; — @?)

and we observe from that equation that the function sin( 1) regulates the periodic variation of the
maximum amplitude of the vibrating mass while the function sin(wt) dictates the period of the variation
of the maximum amplitudes. Thus, the graphic representation of the instantaneous position of the mass
y(t), or the amplitude of the vibration with @ = @y, is shown in Figure 8.24, and the oscillation has a
period of ¢ = 27 /¢ . The period of the cycles of maximum amplitude from the above expression is

T = 2n/w, as also shown in Figure 8.24.

Beats Beats

ﬂ \U,ffﬂ L UU U\Jf; .

Period T = 24/w

Amplitudes of vibration, y(f)
”~
P | —
y -~
N\
//;

=

-

Figure 8.24 Amplitudes in near-resonance vibrations.

A “rough” sketch in Figure 8.24 shows the amplitudes of vibration of the mass in a mass—spring system in
a near-resonant vibration situation, in which the mass vibrating with amplitudes in the “beats” with the
variation of the magnitudes of these beats by envelopes represented by the sine function (sin(wt)) in
Equation (8.40).

The periods of the “beats” and of the maximum amplitudes beats in Figure 8.24 are

2 "
E= = for the “beats 8.41a

£

T = 2z for maximum amplitudes 8.41b

(]

The maximum amplitude of the vibration of the mass is

2F, 8.42
3 Bl Em s

M(w? — @?)
0

Near-resonant vibration of solids with @ & @, will not cause unbounded amplitudes of vibration with
time such as seen in the case of resonant vibration. However, many near-resonant situations can cause
violent oscillation with “fast” beats that make machines and structures vulnerable to failure by material
fatigue of the elastic supporting mechanisms, such as the spring that supports the vibrating mass in a
mass—spring system.

Graphic display of the near-resonant situation such as that expressed in Equation 8.40 is available with
the MatLAB software package with input/output as presented in Case 1, Appendix 4. The following
numerical data were used in generating the numerical results: the mass of the vibrating solid

M = 1000 kg with a natural frequency w, = 4.95 rad/s. The applied periodic force was F(t) = F,, cos(wt)
with F, = 1000 N and @ = 5rad/s.

Figure 8.25a illustrates the oscillating amplitude of the mass within the first 25 seconds into the vibration,
with a complete cycle shown in Figure 8.25b. The amplitudes of the vibrating mass over two cycles are
shown in Figure 8.26, which shows a similar behavior to that sketched in Figure 8.24.
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Figure 8.25 Amplitudes of a vibrating mass in the initial period and over one cycle. (a) Instantaneous
amplitudes over 25 seconds. (b) Amplitudes in one complete cycle.
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Figure 8.26 Amplitudes of a vibrating mass in near-resonant vibration in two cycles.



Example 8.11

A stamping machine such as that illustrated in Figure 8.19 is used to produce shallow metal cups
from flat sheet metal. The machine base has a mass of 1000 kg and it is bolted to an elastic
foundation that has an equivalent spring constant k = 25 000 N/m. A measurement of the
stamping force indicated a force function of F(¢) = 1000 sin(4.95¢) (note the different force
function in this example) applied to the machine during the stamping process. The variable ¢ in
the force function is time in seconds. The unit for the force function is newton (N). If the elastic
foundation is initially in a static equilibrium condition before the cyclic stamping force F(t) is
applied to the machine, determine the following:

a. The differential equation and the appropriate conditions that describe the instantaneous
position x(t) of the base.

b. The differential equation for the amplitudes of the vibrating machine x(t).
c. A graphical illustration of the amplitudes of the vibrating machine base versus time.
d. The maximum deflection of the elastic foundation.

e. Whether the elastic foundation would break if its maximum allowed elongation is 5 cm (or
0.05 m).

f. The time to breakage of the elastic foundation should it occur.
Solution:

a. According to Equation 8.31, we have the following differential equation with appropriate
conditions for the present problem:

d’x(t) a

1000 + 25000x(¢) = 1000 sin(4.95¢)

52
with the conditions

dx(t) b
=0
d't t=0
b. We will follow the established procedure described in Section 8.6.1 for the solution of the

differential equation in Equation (a) with the specified conditions in Equation (b). The
solution x(t) of the Equation (a) is

x(0)=0 and

x(t) = —4.02 cos(4.95¢t) sin(0.025£) c
c.

Graphical representation of the solution x(t) in Equation (c) for the first 6 seconds is shown
in Figure 8.27, whereas the amplitude of vibration for one complete cycle is as shown in
Figure 8.28, in which the “beats” for one cycle are illustrated.

The graphical representation of the vibrating mass over three complete cycles is illustrated in
Figure 8.29, and is seen to be similar to the qualitative illustration of the amplitudes of near-
resonant vibration of a mass sketched in Figure 8.24.

d. The maximum deflection of the vibrating machine and thus the maximum elongation of
the elastic foundation is 4.02 m as shown in Figures 8.28 and 8.29.

e. The maximum elongation of the elastic foundation, at 4.02 m, far exceeds the maximum
allowed elongation of 0.05 m, so the elastic foundation will break.

f. The time at which the elastic foundation breaks appears to be 0.5 seconds as indicated in
Figure 8.27.
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Figure 8.27 Amplitude of the vibrating machine in the first 6 seconds.
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Figure 8.28 Amplitude of the vibrating machine during the first full cycle.
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Figure 8.29 Amplitude of the vibrating machine in the first three cycles.




8.9 Natural Frequencies of Structures and Modal Analysis

In Section 8.4 we expressed the frequency of the vibrating mass in a simple mass—spring system in
Equation 8.17. This frequency is often referred to as the “natural frequency” of a mass—spring system. For
machine structures of more complicated geometry, we may consider that these structures are made of an
aggregation of great many “mass particles” (such as “molecules with molecular masses”) interconnected
by many “elastic bonds” (e.g., molecular bonds). Deformation of solids result in displacement of molecules
inside the solids, and any displacement of molecules will induce molecular forces as illustrated in Figure
8.30. One may also consider that there are millions of molecular masses interconnected by many millions
more molecular bonds in solid structures in reality. Consequently, there are many natural frequencies
inherent in these structures.

Molecular
bond

Molecular forces

Figure 8.30 Variation of molecular forces with distance.

The “natural frequency,” which may be related to the mass and elastic bonds of structures in the concept
of “stiffness,” is governed by the geometry and the material properties and these frequencies are
“inherited” along with the structures.. These frequencies being “inherited” with the structures are called
“natural frequencies” of the machine structure. The number of natural frequencies associated with a
structure depends on the number of degrees-of-freedom of the mass in the structure. For structures
involving a single mass and spring as illustrated in Figure 8.5, there is only one natural frequency with
which the mass has only one way to move. For structures of complicated geometry such as the Golden
Gate Bridge across the San Francisco Bay (shown in Figure 8.31), there are millions of molecules
interconnected by millions of “elastic” bonds as in all solid structures, and accordingly millions of
inherent “natural frequencies.” Natural frequencies of real machines and structures are usually expressed
as w,, with n = 1, 2, 3,.... The subscript associated with these natural frequencies is referred to as the mode

number.

Figure 8.31 The Golden Gate Bridge.



The natural frequency of a machine or structure is important to design engineers when dealing with
machines or structures that have to be designed to withstand possible intermittent or periodic loads.
Matching of the frequency of the applied load with any mode of the natural frequency of the machine or
structure will result in resonant vibration, which is often detrimental to the integrity of structures.

Modal analysis involves the determination of the natural frequencies of a structure by free vibration
analysis. As already mentioned, for machines and structures of complex geometry such as those
illustrated in Figure 8.32, there are various modes of natural frequencies, denoted w,, (n =1, 2, 3, ...)

where n is the mode number. The number of natural frequencies of the structure is the same as the
number of degrees-of-freedom (DOF) of the structure. Structures with complex geometry such as jet
aircraft fighter shown in Figure 8.33b or the Golden Gate Bridge in Figure 8.31 have, in theory, an infinite
number of DOF, and therefore they have infinite number of natural frequencies. Design engineers need to
find the first few modes of the natural frequencies, which have more grave consequences for structure
integrity than those of higher mode numbers. It is their responsibility to alert the potential users of these
machines to the need to avoid applying intermittent or cyclic loads at excitation frequencies that match
any mode of the natural frequencies of the machine that they have computed from their modal analysis.

(b)

Figure 8.32 Structures of complex geometry that may be subjected to intermittent loading. (a) A
billboard. (b) A jet fighter. (c) A satellite in orbit.

Modal analysis is a powerful design tool for engineers; one valuable outcome of such analysis is the mode
shapes, which indicate the shape the structure adopts in each of its possible modes of vibration. Figure
8.33 shows two typical mode shapes of a thin flat plate, with Figure 8.33a and b illustrating modes 1 and
3, respectively. These mode shapes illustrate possible shapes of a flat plate in lateral vibration as described
in case 2 of Appendix 4. The grid lines that divide the plate structure were used in a numerical analysis
using MatLAB software.
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(a) (b)
Figure 8.33 Mode shapes of a flat plate. (a) Mode 1. (b) Mode 3.

Engineers may use mode shapes to avoid placing delicate elements at locations at which large amplitudes
occur in the event of vibration of the plate.



Problems

8.1 Solve the following homogeneous second-order differential equations using the method offered in
Section 8.1:

a. d"“(,f” +9u(x) =0
dx?
d*u(x)
b. =
4 ) +ux)=0
2
c. o u(:r) — 4a(x) = 0 with #(0) =2 and gy =
dx? _—
d? d d
d. u(lx) +5 ) + 6u(x) =0 with #(0) =2 and ) =0
dx? dx dx |-

8.2 Determine the motion of a mass moving toward the origin with a force of attraction that is
proportional to the distance from the origin. Assume that a 10 kg mass starts at rest at a distance of 10
m and that the constant of proportionality is 10 N/m. What is the speed of the mass at 5 m from the
origin?

8.3 A 4 kg mass is hanging from a spring with a spring constant k = 100 N/m. Sketch on the same
plot the two specific solutions found from: (a) y(0) = 0.5 m, '(0) = 0, and (b) ¥(0) =0,

¥'(0) = 10 m/s. The coordinate y is measured from the equilibrium position of the mass.

8.4 Sketch on the same plot the motion of a 2 kg mass and that of a 10 kg mass suspended by a 50
N/m spring if motion starts from the equilibrium position with y'(0) = 10 m/s.

8.5 A body weighs 50 N and is hung by a spring with a spring constant of 50 N/m. A dashpot is
attached to the body. If the body is raised 0.02 m from its equilibrium position and released from rest,
determine the amplitude of vibration if (a) ¢ = 17.7 kg/s and (b) ¢ = 40 kg/s, where c is the damping
coefficient of the dashpot. What is the maximum amplitude of vibration in each case?

8.6 Find the amplitude of vibration of a mass in an over-damped motion of a spring—mass system
with mass M = 2 kg, damping coefficient ¢ = 32 kg/s, and k = 100 N/m from the initial states with

¥(0) = 0 and »'(0) = 10 m/s. Express your answer in the form of Equation 8.23.

8.7 Find the displacement y(t) for a mass of 5 kg hanging from a spring with k& = 100 N/m if there is a
dashpot attached having damping coefficient ¢ = 30 kg/s. The initial conditions are y(0) = 0.0 1 m and
y'(0) =0.

8.8 You are an engineer who is assigned to design a wheel suspension system for a lightweight
passenger vehicle. The suspension system involves a pair of coil springs with a shock absorber (Figure
8.34a). The shock absorber, which functions as a damper, is situated inside the coil spring as shown in
Figure 8.34b. Each spring-damper is subjected to a mass of 270 kg. The spring constant

k = 70 000 N/m according to the manufacturer. The damping effect by the tire is assumed to be

negligible. Determine the following:
a. The minimum damping coefficient of the shock absorber you would choose so as to avoid

oscillatory motion of the mass when the wheel runs over a small obstacle that is 2 cm high, as
illustrated in Figure 8.34b.

b. The expression for the amplitude of vibration of the mass after the vehicle runs over this small
road block.

c. The amplitude of vibration of the mass 1 millisecond and 1 second after the vehicle runs over the
same road block.



Figure 8.34 Suspension system of a light-duty vehicle. (a) Wheel suspension. (b) A small road block,
d=2cm.

8.9 An automobile with four wheels is about to pass over a speed bump as shown in the insert in
Figure 8.35a. The velocity of the vehicle at that time is 10 km/h. The vehicle is supported by a
suspension system that consists of one coilover per wheel (a coilover is a combination of a shock
absorber, or a damper, enclosed by a coil spring). The analytical model of the suspension system is
illustrated in Figure 8.35b. The mass of the automobile carried by each wheel is 250 kg. The spring
constant of the coilover is k = 50 000 N/m with a damping coefficient c. The damping effect by the
flexible tires of the wheels is assumed to be negligible. Determine the following:

a. An estimate of the time required (in seconds) for either the front wheels or rear wheels to pass
the speed bump. This time is considered to be small so as to justify the assumption that the
disturbance to the suspension system of the vehicle by the speed bump is instantaneous. The cross-
section of the speed bump is d = 6 cm and w = 18 cm as indicated in Figure 8.35a.

b. The value of minimum damping coefficient c of the shock absorber for nonoscillatory motion of
the vehicle after passing the speed bump.

c. The expression for the amplitude of vibration of the mass after the vehicle runs over the speed
bump, and also the maximum amplitude of vibration of the mass.

d. The time from the start of the vibration at which the amplitude of vibration is 1 mm.

I+ y(t), amplitude

Damper with

Spring with
prind damping coefficient ¢

spring constant k

Spead bump:

w

(a) (b)

Figure 8.35 Vibration of a vehicle induced by passing over a speed bump. (a) A speed bump. (b)
Analytical model of the suspension system.

8.10 Find solutions of the following nonhomogeneous second-order differential equations:
a d*u(x) du(x) du(x)

'W+4 = —5u(x) = 2 + 5 with u#(0) =0 and = mﬂ:o
2
i B e T L) |
dx? dx dx |.—o

8.11 Solve the following differential equation:

d*y(t)  dy(t)
m i +C—dt +

mg =0



and determine how high the solid with a mass m = 2 kg will rise with an initial velocity of 100 m/s in
an upward direction. The damping coefficient ¢ = 0.4 kg/s.

8.12 A solid weighing 100 N is dropped from rest. The drag is assumed to be proportional to the first
power of the velocity with the constant of proportionality being 0.5. Approximate the time necessary
for the solid to attain terminal velocity. Define the terminal velocity to be equal to 0.99V,, where V is

the velocity attained at t — .

8.13 A 2 kg mass is suspended by a spring with a spring constant k = 32 N/m. A force of 0.1 sin(4t) is
applied to the mass. Calculate the time required for failure to occur if the spring breaks when the
amplitude of the oscillation exceeds 0.05 m. The motion starts from rest and the damping effect is
negligible.

8.14 A 20 N weight is suspended by a frictionless spring with & = 98 N/m . A force of 2 cos(7t) acts on

the weight. Calculate the frequency of the “beats” and find the maximum amplitude of motion, which
starts from rest.

8.15 A device with 2 kg mass is suspended by an elastic cable with an equivalent spring constant

k =32 N/m. Aforce F(t) = 0.32(cos 4¢) N is applied at the mass at t > 0, where t is time in seconds.
The mass is initially pulled down by an amount of 0.01 m from its static equilibrium position, and is
released at rest. (a) Derive the equation of motion of the device mass at time t > 0. (b) Derive the
expression for the position of the mass, y(t), in the direction of the coordinate y with its positive
direction downward. (c) Estimate the time required for the cable to break if its maximum allowable
elongation of the spring is 0.1 m.

8.16 A machine with a 4 kg mass is attached to an elastic support with an equivalent spring constant
of 64 N/m. A periodic force, F(t) with t time in seconds, is applied to the machine during an operation.
The applied force F(t) can be described by a harmonic function: F(t) = F,, cos(wt) where F, = 4 N and

the excitation frequency @ = 4 rad/s.

a. Derive an expression for the amplitudes of the vibrating machine under the influence of the
applied force.

b. Assess whether the elastic support would break with a maximum allowable elongation of 0.05
m.

c. Estimate the time required for the support to break should it ever happen.

8.16 Assume that the machine is initially depressed by 0.005 m from its equilibrium state, and that
operation begins from that position of rest.



Chapter 9
Applications of Partial Differential Equations in Mechanical
Engineering Analysis



Chapter Learning Objectives

o Learn the physical meaning of partial derivatives of functions.

e Learn that there are different order of partial derivatives describing the rate of changes of
functions representing real physical quantities.

e Learn the two commonly used techniques for solving partial differential equations by (1) Integral
transform methods that include the Laplace transform for physical problems covering half-space,
and the Fourier transform method for problems that cover the entire space; (2) the separation of
variables technique.

o Learn the use of the separation of variables technique to solve partial differential equations
relating to heat conduction in solids and vibration of solids in multidimensional systems.



9.1 Introduction

Partial differential equations such as that shown in Equation (2.5) are the equations that involve partial
derivatives described in Section 2.2.5. A partial derivative represents the rate of change of a function (a
physical quantity in engineering analysis) with respect to one of several variables that the function is
associated with.

The independent variables in partial derivatives can be (1) spatial variables represented by (x,y,z) in a
rectangular coordinate system or (r,0,z) in a cylindrical polar coordinate system and (2) temporal
variables represented by time t.

Partial differential equations can be categorized as “boundary-value problems” or “initial-value
problems”, or “initial-boundary value problems”. Boundary-value problems are the ones for which the
complete solution of the partial differential equation is possible with specific boundary conditions. Initial-
value problems are those partial differential equations for which the complete solution of the equation is
possible with specific information at one particular instant. In reality, however, solutions to most
problems require both boundary conditions and initial conditions to be specified. Mathematical modeling
of real physical conditions to boundary and initial conditions for solution of partial differential equations
is thus important part of the effort in obtaining the solutions.



9.2 Partial Derivatives

Mathematical formulation of partial derivatives is more complicated than for those derivatives for
ordinary functions involving only one variable as defined in Section 2.2.5. The complication in expressing
partial derivatives is due to the fact that the value of the function in partial derivatives is determined by
variation of more than one independent variable associated with the function.

Figure 9.1 represents the derivative of a continuous ordinary function f{x) with respect to its only variable
x. The derivative of the function f{x) described in a rectangular coordinate system is expressed in Equation

2.9 as

df@) _ [t A - @) 2.9

dx Ax—0 Ax

f)

v
=

Figure 9.1 Graphic representation of an derivative of ordinary function f(x).

For the function which varies with more than one independent variable—e.g., x and t expressed as f{x,t)
—we need to express the derivative of this function with both of the independent variables x and ¢
separately. The derivatives of the function f{x,t) with respect to each of these two independent variables
become “partial derivatives” as defined in the following.

The partial derivative of function f{x,t) with respect to x only is defined as

af (x,t) lim flx+ Ax, t) = f(x, 1) 9.1

ox Ax—0 Ax
In this case, the independent variable t is treated as a “constant” in the derivation.

Likewise, the derivative of function f{x,t) with respect to the other variable, t, is defined as

df(x.t)_l. flx, t + At) — f(x, 1) 9.2
PYR v At

with now the variable x being treated as a “constant” in the derivation.

The partial derivatives of higher order can be expressed in a similar way as for ordinary functions. For
instance, the second-order partial derivatives of the function have the forms

of (x + Ax,t)  Of(x,t) 9.3
0°f(x,8) I dx 0x
— = lim
ox? Ax—0 Ax
and
of (x,t + At) a of (x, ) 9.4
0*f(x,t) ot ot

ot? A0 At



There exists another second-order partial derivative with cross differentiations in the form

A (x,t)  Pf(x,t)
dxot  dtox

9.5



9.3 Solution Methods for Partial Differential Equations

Partial differential equations are those equations that involve partial derivatives. There are four common
methods available for the solution of partial differential equations:

1. Use appropriate “trial functions” for the solution of the equation. Trial functions are usually in the
form of polynomial function involving independent variables with unknown coefficients. These
coefficients are determined in a similar way as we did for the particular solutions of second-order
ordinary differential equations as described in Section 8.6. This method is rarely used in practice due
to lack of a set of rules and guidelines for assuming the appropriate forms of trial functions for the
solutions of partial differential equations.

2. Use integral transforms to transform independent variables in the partial differential equations.
Such a procedure effectively converts partial differential equations into ordinary differential equations.
The solution obtained from the ordinary differential equation, such as those presented in Chapters 7
and 8, needs to be inversely transformed back to the original variable domains for the complete
solution. The following are three integral transform methods available for solving partial differential
equations:

a. Laplace transform for variables varying in the range (0,).
b. Fourier transform for variables varying in the range (-, +©).

c. The Hankel transform for transforming the variable in the radial coordinate (the r-coordinate)
in a cylindrical polar coordinate system (r,6,z)

The integral transform method was used to solve a variety of heat conduction problems (Ozisik 1968).

3. Separation of variables technique—a popular solution method for partial differential equations.
The principle of this method will be described in the subsequent Section 9.3.1, with applications in the
solution of partial differential equations for heat conduction in solids and vibration analysis of long
cables and membranes. Not all partial differential equations are separable with respect to the involved
variables, as will be demonstrated with some chapter-end problems.

4. Numerical solution methods—the most commonly used methods are the finite-difference (FDM)
and finite-element (FEM) methods. The principle of both of these solution methods will be presented
in the subsequent Chapters 10 and 11.

9.3.1 The Separation of Variables Method

The essence of this method is to “separate” the independent variables, such as x, y, z, and t involved in the
functions appearing in partial differential equations.

We will illustrate the principle of this solution technique with a function F(x,y,t) in a partial differential
equation. The process begins with an assumption of the original function F(x,y,t), to be a product of three
functions, each involving only one of the three independent variables, as expressed in Equation (9.6).:

F(x,y,t) = fi(x)L(00f(8) 9.6
in which f;(x), f»(y), and f3(t) are functions of the variables x, y, and t, respectively.
The expression in Equation 9.6 has effectively separated the three independent variables in the original

function F(x,y,t) into the product of three separate functions; each consists of only one of the three
independent variables.

The three separate function f}, f,, and f3 in Equation 9.6 will be obtained by solving three individual
ordinary differential equations involving “separation constants.” The solution of f;, f,, and f5 from these

ordinary differential equations will be related to the original function F according to what is shown in
Equation 9.6, which is the solution to the original partial differential equation.

9.3.2 Laplace Transform Method for Solution of Partial Differential



Equations

The use of Laplace transform for solving partial differential equations was presented in Section 6.7 in
Chapter 6, with an example on solving a partial differential equation using this technique in Example 6.18.
This method is restricted to functions that are valid for the variables covering the range (0,%). Many
physical quantities that can be represented by functions involving time variable t with ¢t > 0 justify the use
of this solution method.

9.3.3 Fourier Transform Method for Solution of Partial Differential
Equations

Like Laplace transform method, the Fourier transform is another integral transform method for solving
partial differential equations in engineering analysis. The condition for using this technique in solving a

partial differential equation, however, is that the variable that is transformed should cover the entire
domain (-, ©).

The Fourier transform for a function f{x) is expressed in mathematical form as

Sl = / f(x)e " dx = F(w) 9.7

where 1 is the imaginary number ,/_1 and w is the transformation parameter (similar to the parameter s
in the Laplace transform).

The inverse Fourier transform is obtained as Equation 9.8:

S F(w)] = ﬁl«/ F(w) e dw 9.8
TJ

We recognize that the form of the Fourier transform in Equation 9.7 is similar to that of the Laplace
transform in Equation (6.1), with differences in the integration limits and the exponents in the integral.

Like the Laplace transform of functions, the Fourier transform can also apply to derivatives of the
functions, with variables covering the range (—,). The Fourier transform of the derivative of function
f(x) may be obtained from a rather simple formulae as shown in Equation 9.9:

Sf"(x)] = / (df(x)) e dx = (iw)"F(w) 9:9

% d b

where n is the order of the derivatives being transformed.

We may thus derive the following expressions for the first- and second-order derivatives of function f{x):

SIf'(®)] = ioF(w) and S[f"(x)] = (iw)’F(w) = —0*F(w), etc. 9.10



Example 9.1

Find the Fourier transform of a function that is defined as

0 x<-a
fx)=<h—a<x<a with— 0o <x < o
0 x>a
This function is graphically represented in Figure 9.2.
f(x)

0]
X=-a x=+a

Figure 9.2 Function for Fourier Transformation.
Solution:

The Fourier transformation of the function f{x) in Equation (a) may be performed by substituting
the function into the definition of the Fourier transform in Equation 9.7 as follows:

Sf(x)] =/ fx) e ™ dx

= / (0)e ™ dx + / (h)e ™ dx + / Oy~ gy = 215IN@D) _ )

0 a w
Table 9.1 presents a useful formulae for Fourier transforms of a some selected functions.
Table 9.1 Fourier transform of selected functions

Function for Fourier transform f(x) After Fourier transform F(w)

(V) flx—a) Flw)e™iwa
(2) 6(x)* 1

(3) u(0)* (iw)™

@ e ang
(5) u(x) sin ax E;"g'a;g
(6) u(x) cos ax = if)wz

*8(x) is the delta function, or impulse function and u(x) is the unit step function. Both of these functions are defined in
Section 2.4.2.



Example 9.2
Solve the following partial differential equation using Fourier transform method:

*T(x,t) 20T (x,t) 9.11
=a° -0 <x <00
0x? at

where the coefficient a is a constant. The equation satisfies the following condition:

T(x,t)],.o = T(x,0) = f(x) 9.12
Solution:

Since the variable x varies in the range (—«,»), we may transform it in the function T(x,t) to the
parametric domain of w via a Fourier transform as defined in Equation 9.7. Thus letting T*(w, t)
be the Fourier-transformed function of T(x,t) in Equation 9.7:

T*(w.t) = S[T(x, )] = / T(x, ) e dx a

o0

Applying the above integral to the left-hand side of Equation 9.11 yields

PT(x.1) T i
T ox2 Tooxr & Gl

= — T (e, t)

from the ordinary derivative in Equation 9.10.
Likewise, the Fourier transform of the right-hand side of Equation 9.11 will lead to

L0T(x,t) o [T fOTEN e
o 2 —_ a2 Tenx
3 [a v ] = /_-00 ( i )e dx

I .
=a’— T(x,t)e " dx
ot

-0

» 0T (e, t)
0‘7
ot

We have thus transformed Equation 9.11 by equating the Fourier transforms of the right-hand-
side and left-hand-side terms to yield

dT"(w,t)
dt
One will note that in Equation (b) after performing Fourier transform of the variable x on both

sides of Equation 9.11, the partial derivatives in that equation have been replaced by the function
T* (w, t) and an ordinary derivative of the function T* (w, t) on the right side of the equation.

(=n

—*T*(w,t) = a®

Equation (b) is a first-order ordinary differential equation, and the method of obtaining the
general solution of this equation is described in Chapter 7.

At this point, we need to transform the specified condition in Equation 9.12 by the Fourier
transform defined in Equation (a), or by the expression



T"(w,0) = J[T(x,0)] c

=/ T(x,0)e " dx

= / f(x]e_""’x dx = g(w)
in which f{x) is the given condition. Thus the expression g(w) can be obtained as the integral in
Equation (c).
We will thus have the solution of the function T* (w, t) as

T*((U, f) o g((u]e—{m-’.’;‘re” d

The solution of the partial differential equation in Equation 9.11 with the specified condition in
Equation 9.12 may be obtained by inverting the transform 7* (w, t) to T(x,t) using Equation 9.8
through the following expression:

T, t) = “2‘1;[& T*(w, )™ dw = -ﬁ%;[w [g(w)]e e gl g

where g(w) is available in Equation (c) to be the Fourier-transformed specified condition of
T(x,0) in Equation 9.12.



9.4 Partial Differential Equations for Heat Conduction in Solids

9.4.1 Heat Conduction in Engineering Analysis

We have learned from Chapter 7 that temperature variations in a medium are induced by heat
transmission. This variation is called the temperature field. Excessive heat flow can induce high-
temperature fields in the medium, which may result in the following three major negative consequences to
the materials:

1. High temperature weakens materials. Many properties of engineering materials change their values
with temperatures. For instance, there can be significant reduction of Young's modulus of common
engineering materials. Young's modulus relates to the stiffness of the material. Common sense
indicates, for instance, that metals become “softer” due to such reduction of Young's modulus when
heated. The ultimate strength of the material also reduces with increasing temperature. These changes
have become major concerns in design analyses by engineers.

2. The basic laws of thermodynamics indicate that higher operating efficiency of thermal engines—
such as internal combustion engines, gas turbines, and steam and nuclear power reactors—is
achievable by operating these machines at higher temperatures. Unfortunately, high operating
temperatures not only weaken the material strength as described in (1), but also introduce thermal
stresses if the temperature is not uniformly distributed in machinery systems with improper
mechanical constraints. These thermal stresses that are induced by heat need to be accounted for in all
design analyses. Credible and reliable heat transfer analysis is thus a critical part of engineering
analysis.

3. Another potentially serious concern in engineering analysis that relates to thermal effects is the
possible creep deformation of structural materials. Creep is the phenomenon of continuous
deformation of materials with time without them being subjected to additional loads. Creep
deformation often occurs in materials at elevated temperature above half of the homologous melting
point. We may thus envision that materials such as solder alloys with low melting points used in
microelectronic devices are vulnerable to creep failures. The unexpected creep deformation induced by
high temperature is also the source of functional problems for high-performance gas turbines and
high-precision machines and devices, and is also known to be problematic for some IT (information
technology) devices that require high precision in assemblies.

We thus appreciate that heat conduction analysis involving temperature fields in solid structures is an
important part of engineering analysis.

9.4.2 Derivation of Partial Differential Equations for Heat Conduction
Analysis

We have learned in Chapter 2 that all differential equations used in engineering analysis are derived from
laws of physics, and the equations for heat conduction in solids are no exception. The law on which the
derivation presented here is based is the law of conservation of energy and its derivative—the first law of
thermodynamics.

Referring to Figure 9.3, a solid with a control volume is subjected to heat flow with incoming heat in the
form of heat flux q(r,t) into a small element shown as the small open circle in the figure. The heat leaving
the element is q(r+Ar,t), where r designates the spatial variables of (x,y,z) in a rectangular coordinate
system or (r,0,z) in a cylindrical polar coordinate system.



Control volume

Figure 9.3 Flow of heat in a solid.

We may develop an expression for the energy balance based on the law of conservation energy as
illustrated in Figure 9.4. We may use the Fourier law of heat conduction defined in Equation (7.25) to
represent the heat entering and leaving the element in Figure 9.4, and the energy storage in the element
may be related to temperature rise in the form of change of internal energy Au in the solid.
Mathematically, we can express Au in the form of Au = pc AT, in which p is the mass density and c is the
specific heat of the solid. AT in the expression denotes the temperature rise from its reference state. We
may thus establish the following partial differential equation for the situation depicted in Figures 9.3 and
the diagram in Figure 9.4:

pc@ =V [kVT(r,t)] + Q(r, ) 9.13
where the symbol v in Equation 9.13 is the divergence defined in Section 3.5.3. Q(r,t) is the heat

generation by the solid per unit volume and time.

Rate of heat
generation by the

Rate of heat entering the +
solid element

solid element

o Rate of heat leaving + Rate of energy storage
the solid element in the solid element

Figure 9.4 Energy balance of heat flow in a solid.

Examples of heat generation Q(r,t) by materials might include the heat generated by the nuclear fission of

uranium fuel in nuclear reactor cores, or i2R ohmic heating of a material in electronic circuits or devices
with the passage of electric current i through a resistance R.

9.4.3 Heat Conduction Equation in Rectangular Coordinate Systems

The general heat conduction equation in Equation 9.13 will take the following form with
IT(r,t)=T(x,y,z21t):

aT aT

d [, T, 9 d [, oT 9.14a
= e = =]+ = |+ Oy, a
o ax[*ax dy["ay] az[zaz] Axy.2.8)

in which k,, ky, and k, are the thermal conductivities of the solid along the x-, y-, and z-coordinate,
respectively.



9.4.4 Heat Conduction Equation in a Cylindrical Polar Coordinate System

Heat conduction equation in this coordinate system is obtained by expanding Equation 9.13 as follows
with T'(r,t) = T(r, 0.z, t):

oT a oT 1 oT 1[0, T d aT .14b

LLEW N | S PR k.—] == _J _[k,_] 0.2,t 9-14b
PS5t dr['dr]+r' ror | ¥ 7 Lag%0ag ] t 5z |5 | + Q02 0)

where k., kg, and k, are thermal conductivities of the material along the r-, - and z-coordinates

respectively.

9.4.5 General Heat Conduction Equation

Thermal conductivities ky, k;, and k, in Equation 9.14a and k;, kg, and k, in Equation 9.14b are used for

heat conduction analysis of solids with their thermophysical properties varying in different directions,
such as for fiber filament composites. For most engineering analyses, such variations of thermophysical
properties do not exist. Consequently, a generalize heat conduction equation may be expressed as follows:

Q(r, 1) % 1 oT(r,t) 9.15
k a Ot

where k = thermal conductivity of the material and Q(r,t) is the heat generated by the material per unit
volume and time.

V2T (r,t) +

The symbol a in Equation 9.15 is the “thermal diffusivity” of the material, its value being a = k/pc; it is
often used as a measure of how “fast” heat can flow by conduction in a solid.

9.4.6 Initial and Boundary Conditions

Solution of the heat conduction equation in Equation 9.15 involves determining a number of arbitrary
constants according to specific initial and boundary conditions. These conditions are necessary to
translate the real physical conditions into mathematical expressions. Proper specification and translation
of these conditions are important steps in formulating numerical solutions, either by the finite-difference
method or by the finite-element method, as will be described in Chapters 10 and 11, respectively.

Initial conditions are required only when dealing with transient heat transfer problems in which the
temperature field in a solid changes with the elapsing time. These conditions specify the temperature
distribution in the solid before and at the onset of the changing thermal conditions that create
temperature distributions. The common initial condition in a solid can be expressed mathematically as

T(r,£)| oy = T(r,0) = Ty(r) 9.16
where the temperature field T,(r) is a function of the spatial coordinates r only.

In many practical applications, the initial temperature distribution T;(r) in Equation 9.16 can be assigned
a constant value such as room temperature at 20°C for uniform temperature (isothermal) conditions.
Specific boundary conditions are required, however, in the analysis of all transient and steady-state
problems involving solids of finite shape. Several types of boundary conditions are commonly used, as will
be described below.

a. Prescribed surface temperature, T,4(t). Quite often, in practice, the temperature at the surface of the

solid structure is measured by either attaching thermocouples to the structure surface or by some
noncontact methods such as infrared thermal imaging scanning camera. The mathematical expression
for this case takes the form

T(r,0)l,,, = Ty() 9.17a

where ry is the coordinates of the boundary surface where temperature is specified as T(t). This type
of boundary condition with prescribed surface temperatures is called a Dirichlet condition by



mathematicians.

b. Prescribed heat flux boundary condition, q4(t). Many structures have their surfaces exposed to a
heat source or a heat sink. One such example is the heat treatment of a large forged piece, for example,
a turbine shaft in an autoclave in which heat is being supplied to the piece through its outside surface.
The mathematical translation of the heat flux to or from a solid surface can be readily carried out by
using the Fourier law of heat conduction as defined in Equation (7.25). The mathematical formulation
of the heat flux across a solid boundary surface can be expressed as

dT(r,t) _q;(rs.r) 9.17b

on; k

r=r,

where k is the thermal conductivity of the solid material. The symbol d/dn; is the differentiation along
the outward-drawn normal to the boundary surface S;. The term g(rg,t) in Equation 9.17b is the
specified heat flux across this surface defined by the coordinate ry in the same direction as n;. This

type of boundary condition is referred to as the Neuman condition by mathematicians. We may
express Equation 9.17b for the boundaries that are impermeable to heat flow, or a boundary that is
thermally insulated as

dT(r, 1)
dn

i 9.17¢

I=r,

c. Convective boundary conditions. Many engineering applications involve boundary surfaces of a
solid in contact with fluids in gaseous or liquid states such as described in Section 7.5.5. A special
expression has to be derived for the boundary conditions of this type.

One common phenomenon occurs when a solid is submerged in a stationary or moving fluid at a different
temperature; a boundary layer is developed at the interface of the solid and fluid as illustrated in Figure
9.5. This boundary layer acts as a “barrier” for heat transfer between the solid and the surrounding fluid,
resulting in T # T, where Ty is the temperature at the surface of the solid and T¥ is the contacting bulk

fluid temperature. The thickness of the boundary layer is related to the temperature difference between
the two media and the velocity of the moving fluid in contact in the case of forced convective heat transfer
in the surrounding fluid. The resistance induced by the boundary layer is related to the heat transfer
coefficient h as described in Sections 7.5.4 and 7.5.5.
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temperature //~‘//
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Figure 9.5 Heat transfer at the interface of a solid submerged in fluid.

The mathematical expression for the boundary condition for the solid submerged in fluid can be derived
by equating the heat flux g5 entering the boundary surface rg of the solid with the heat conduction in the
solid and the heat flux g¢leaving the same boundary surface by convective heat transfer. Mathematical
expressions for heat conduction follow Fourier's law of heat conduction and the formula for convective



heat transfer is expressed by Newton' cooling law in Section 7.5.4. We thus have the equality

dT(r,t)
on

—k = h[T(r,.t) - T}]

I=r,

which leads to the following boundary condition for heat conduction analysis of the solid:

dT(r.t)

- % f{T(r, Dy = h T, 9.17d

K sk

where h is the heat transfer coefficient of the surrounding fluid and k is the thermal conductivity of the
solid.

The “mixed boundary condition” expressed in Equation 9.17d actually could be used for problems
involving prescribed surface temperatures (or Dirichlet conditions) in Equation 9.17a with }; — oo, which
makes T(r,0)|,, = T, = T}: that is, the surface temperature of the solid (T}) is equal to the bulk fluid
temperature of the surrounding fluid (7f). We may also show that letting h = 0 in Equation 9.17d will lead
to a thermally insulated boundary condition with g4 = 0 in Equation 9.17b.




Example 9.3

Find the boundary conditions of a long, thick-walled pipe for hot steam flow at a bulk
temperature T and heat transfer coefficient hg. The outside wall of the pipe is in contact with

cold air at a temperature of T, and a heat transfer coefficient h,, as illustrated in Figure 9.6.

Hot
Cool steam
air

N

-
)

Figure 9.6 Steam flow in a thick wall pipe.

Solution:

We may hypothesize that heat will flow in the positive radial direction (r) in a long pipe such as in
this example because the temperature gradient crosses the pipe wall. We thus recognize two
boundary surfaces in this example at the inner surface with r = a and the outside surface at r = b.

We may use Equation 9.17d to establish the conditions at both boundary surfaces as follows.

At inner boundary withr = a:

dT(r) h s
k - =T =—T
dr e kT E
At the outside boundary withr = b:
dT(r) h, h,
k —T)._,=—T,
dr - =+ k (‘} )|J=b k a

In the above expressions, k is the thermal conductivity of the pipe material.



Example 9.4

Find the temperature distribution in a long, thick-walled pipe with inner and outside radii a and
b, respectively, by using the three types of boundary conditions in Equations 9.17b, and 9.17d.
Conditions for establishing the mathematical expressions for these boundary conditions with hot
steam inside the pipe and cool surrounding air outside the pipe are indicated in Figure 9.7.
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Figure 9.7 Temperature variations in the pipe wall.
Solution:

We recognize that the physical situation of the current example is the same as that in Example
9.3: that the principal direction of heat flow is from the hot steam inside the pipe to the outside
cool air in the radial direction. We may thus hypothesize that the temperature distribution in the
pipe wall is represented by 7(r) as illustrated in Figure 9.7.

We may select the relevant terms from the heat conduction equation derived for the cylindrical
polar coordinate system expressed in Equation 9.14b as follows:

d*T(r) 1dT(r) a
= =0
dr? kK rodr
Equation (a) is a nonlinear second-order homogeneous differential equation. One may obtain the
solution of this equation by expressing Equation (a) in the following form:

d rd T(r)| _ 0 b
dr dr |~
The solution of temperature distribution 7(r) in Equation (b) may be obtained by integrating
Equation (b) twice and result in the following solution:

T(r) =c¢,In(r) +c, c
The two arbitrary constants ¢, and ¢, in Equation (c) can be determined by three different types
of boundary conditions given in Equations 9.17b, and 9.17d.

With prescribed boundary conditions in Equation 9.17a We have T, as the temperature
at the inner surface with 7'(a) = T,, and T'(b) = T, at the outside surface of the pipe.

Substituting the above boundary conditions into Equation (c), we have



_TJWTb T .1“TIJI()
“~ In(a/b) *"In@/b)

The temperature distribution in the pipe wall is thus obtained as

and ¢, =

TJ - T]J r d
T =T-—=—LIn(I

) In(a/b) n(a)

With prescribed heat flux ga across the inner surface and 7b at the outside surface
We need to solve the following differential equation with the aforementioned boundary
conditions:

d*T(r) 1 dT(r) a

=0
dr? rodr
with the following boundary conditions according to Equation 9.17b:

dT(r) _ 4 e
dr Tk

where g, is the specific heat flux input to the inner surface of the pipe wall.

F=d

The boundary condition at the outside surface of the pipe is established by using Equation 9.17a
as

T(r),oy = T(b) =T, f

We may determine the constants c; and ¢, by substituting the boundary conditions in Equations
(e) and (f) into Equation (c):

c=—ak& and ¢c=T+ akﬂln(b)

The temperature distribution in the pipe wall T(r) can thus be obtained by substituting the
constants ¢; and ¢, in the above expressions into Equation (c), resulting in the following solution:

T(r) = T—%ln(%) g

With mixed boundary conditions Referring to Figure 9.7 and Equation 9.17d, the two
boundary conditions for this case are

dT(r) h, h, h
- =T, =—T,
ar | Tk Ol =T
dT(r) h, h, J
2Ty T
dr - + k (r)lxzb k a

The constants ¢, and c, in the solution of Equation (a) may be determined by applying the
boundary conditions in Equations (h) and (j), resulting in

hshu(]ﬁn_ Ts}
Cl =
kh kh,
Py —”+h‘huln(b>
a b :

a

and



hshu(ra a Ts} k

Cy = Ta — khd kh\ b (h—lb + ln(b))
+ —+hh,In = '

a b

The temperature distribution in the pipe wall may be obtained by substituting the constants ¢,
and c, in the above expressions into the solution in Equation (c).




9.5 Solution of Partial Differential Equations for Transient Heat Conduction
Analysis

The partial differential equation in Equation 9.15 is valid for the general case of heat conduction in solids
including transient cases in which the induced temperature field T(r,t) varies with time t. In this section,

we will demonstrate how the separation of variables technique described in Section 9.3 can be used to
solve problems of this type in both rectangular and cylindrical polar coordinate systems.

9.5.1 Transient Heat Conduction Analysis in Rectangular Coordinate
System
The case that we will present here is a large, flat slab with thermal conductivity k. The slab has thickness L

as illustrated in Figure 9.8. It has an initial temperature given by a specified function f{(x), and the
temperatures of both its faces are maintained at temperature T at time t > 0. We need to determine the

temperature variation in the slab with respect to time t.

T, (t>0) ¥ T, (t>0)
~
Tit)

\

i

X=0 X

Il
-

Figure 9.8 Conduction of heat across thickness of a slab.

We recognize that the physical situation of this problem is relevant to the cooling of a slab from its initial
temperature distribution according to an initial temperature function f{x) to a new state in which both its
faces are exposed to a uniform temperature Ty for t > 0. It is thus clear that the heat flow will be along the

x-coordinate—that is, the transient temperature in the slab may be expressed as T(x,t).
One may imagine that the temperature in the slab will vary continuously with time ¢, until the
temperature in the slab reaches a uniform temperature T}. The purpose of our subsequent analysis,

however, is to find the transient temperature T(x,t) in the slab before it reaches the ultimate uniform
temperature of Tf.

The governing differential equation for this physical situation may be deduced from Equations 9.14a and
9.15 with the thermal conductivity of the slab material k, = k, = k, = k for an isotropic material. The

terms Q(x,y,z,t) in Equation 9.14a and Q(r,t) in Equation 9.15 are omitted because the slab does not
generate heat by itself. Consequently, the equation that describes the specified physical situation becomes

PT(xt) 10T (x,¢) 9.18
0x? a ot
where a is the thermal diffusivity of the slab material.
The solution of Equation 9.18 will satisfy the following specified conditions:
Initial condition (IC):

T(x,t)],—o = T(x,0) =f(x) a given function 9.19a
Boundary conditions (BCs):



T b) o =TO,0)=T;  t>0 9.19b

T b)),y =TLO=T, >0 9.19¢

Equations 9.18 and Equations 9.19b, and 9.19c are proper mathematical expressions for the problem.
However, the solution of Equation 9.18 may be simplified by converting the nonhomogeneous BCs in
Equations 9.19b and 9.19c to homogeneous ones by the substitution of u(x,t) for T(x,t):

ulx,t)=Tx,t)=T; 9.20

Equations 9.18 and 9.19 will thus be converted to the following equivalent system of differential equations
with modified IC and BCs by the substitution of Equation 9.20 into Equations 9.18 and Equations 9.19b,
and 9.19c¢:

Pulx,t) 1 du(x, t) 9.21
x>  a ot
with the following converted initial condition:
u(x,t)|,—g = u(x,0) = f(x) = Tp a
and for the BCs:
w(x, )| o = u(0,8) = T(x,8)|,.g = Ty =Ty = T =0 b
ux,t)| ., =u(L,t) =T 0)| o, - T =T - T, =0 c

The solution of Equation 9.21 satisfying the IC and BCs in Equations (a), (b), and (c) can be obtained
using either the Laplace transform with t as the variable in the transformation, as presented in Section
6.7, or using the separation of variables technique as described in Section 9.3.1. We will use the latter
technique for obtaining the solution of Equation g.21.

The solution process begins with the separation of the variables in the function for the solution. In the
present case, the variables to be separated are variables x and t in the function u(x,t). We will proceed by
letting

u(x, t) = X(x)r(t) 9.22
in which function X(x) is a function with variable x only and the other function (t) has a variable t only.

Substituting the relationship in Equation 9.22 into Equation 9.21 gives the expression

PX@r®)] _ 19Xx)r@)]
0x? @ ot
The above expression leads to the following equalities:

92X (x)
dx?

ar(t) d

#e) ot

or

= lX(x]
a

d’X(x) 4 dr(t)
a2 e e

The second expression in Equation (d) will yield the following special form of equality:

7(t)

1 dX(x) _1 1 de@®)
X(x) dx>  at(t) dt

We observe that the left-hand side (LHS) of the expression contains only variable x, whereas the right-




hand side (RHS) of the expression consists of another independent variable t. The only way this type of
equality can exist is to have LHS = RHS = constant, and this constant needs to be a negative number to be

meaningful in the solution. Consequently, we will introduce a “separation constant” —2 for the above
expression as follows:

Ld"*){'{x} B 1Ldr(t) B 9.23

== = —f?
X(x) dx? at(t) dt

One may derive two separate ordinary differential equations by equating the LHS = -2 in Equation 9.23
to give

d>X(x)
dx?

and another differential equation by letting the terms in the RHS = -2 in Equation 9.23 to give to attend
these first two classes

+PX@x) =0 224

dr(t) 2
—_— £)=0
p7 apt(t)
We have thus successfully separated the variables x and t from the function u(x,t) in Equation 9.21 into

two ordinary differential equations in Equations 9.24 and 9.25 for the solutions of functions X(x) and (t)
in Equation 9.22.

The solution X(x) and 7(t) in Equations 9.24 and 9.25 requires the specific condition for both these
equations. We will derive these conditions for Equation 9.24 by the following procedures.

9.25

Let us first substitute the expression u(0,t) = 0 in equation (b) into Equation 9.22, resulting in:
u#(0,t) = X(0)z(t) = 0. We see that function z(¢) # 0; we will thus have X(0) = 0. The condition X(L) =0
can be derived in a similar way. We will thus have the specified conditions for Equation 9.24:

X(0)=0 el

X(L)=0 e2

Equation 9.24 is a linear homogeneous second-order differential equation, and the solution X(x) is
available from Section 8.2 in the form

X(x) = A cos ffx + Bsin fix f

in which A and B are arbitrary constants, and £ is the unknown separation constant. We will use the
specified condition in Equation (e1) to determine A = 0, and the condition in Equation (e2) leads to

X(L) = B sin fL = 0. The latter expression provides two possibilities, either the constant B = 0 or sin L =
0. Since the constant A in the solution of X(x) is already equal to zero, having B = 0 will lead to X(x) = o,
and therefore u(x,t) = 0 according to Equation 9.22. The solution u(x,t) = 0 is a trivial solution of
Equation 9.22 and it is considered to be unrealistic. We are thus left with the only possibility of letting

sinfiL =0 9.26

We will quickly realize that there are multiple values of the separation constant § that satisfy Equation
9.26. These are § = nur, with n = 1, 2, 3, .... Alternatively, we may express the separation constant in the
form

,,:”T” (n=1,23,...) 9.27

We may thus express the solution of Equation 9.24, that is, the function X{(x), in the following form:



In Equation 9.28, the constant coefficients B,, B, B,

X(x) =

. WX . 2mx . 3rx
B, Smf +B;;SlnT +B3smT+---
—ZB smnﬂx n=1,23,...)

=1

... correspond to the constant coefficient B in the

solution of X(x) in Equation (f). We need to include all valid solutions of X(x) in the solutions of linear
differential equation expressed in Equation 9.24, with those expressed in Equation 9.28.

We will note that the separation constant 8 in Equation 9.27 has multiple values excluding the case of n =
0, and all other values are multiples of integer numbers. These facts make sin fL = 0 in Equation 9.26 the
“characteristic equation” of the differential equation in Equation 9.24, and the solutions fL =nx (n =1, 2,
3, ...) the eigenvalues as defined in Section 4.8.

We are now ready to solve for the other function 7(¢) in Equation 9.25. That equation is a first-order
differential equation and the solution () may be found by the solution methods presented in Section 7.2.
Thus, we will have the solution for Equation 9.25 in the following form:

where C, withn=1,2,3, ...

solution.

T(t) = C'”e_"‘q-'-Er

9.29

are multi-valued integration constants because of the multi-valued f,, in the

The general solution of Equation 9.21 can thus be obtained by substituting the solutions X(x) in Equation
9.28 and 7(t) in Equation 9.29 into Equation 9.22 to give

i HIx
u(x, t) Z C B, e Pt gin —=

H=hH
n=1

= 3 b, ePsin
n=1

9.30

We have lumped the product of constants C,,B,;, and make this product of multi-valued constants to a

single multi-valued constant b,, in Equation 9.30. The constants b,, (n=1, 2, 3, ...

the remaining specified condition in Equation (a) with u(x,0) = fix) - Tg:

u(x,0) = f(x) — Z b, sin @

n=1

) may be determined by

9.31

Constants b,, may be determined by the following steps involving the use of the orthogonality property of
integrals of trigonometric functions as follows.

Step 1: Multiply both sides of Equation 9.31 with the function sin(nsx/L):

Step 2: Integrate both sides of Equation (g) with integration limits of (o, L):

(sm E~-—) [fx)—T¢] = (sm Eﬁ) Z b, sin m

n=1

b, (sin m) sin Lol
L L

[\"48

n=l1



/U(smu—w)[fx)u?}mx__/fz:b smw)sinﬂ;?dx h

=§/:b (sm”T) dx

Step 3: Make use of the orthogonality of the harmonic functions such as sine and cosine functions
through the following relationships:

/” NTX . PITX 0 if m#n 9.32
sin —= sin —— dx :
. p p p/2 if m=n

which imply that

P nmx 2 P
/ (sin —) dx = =
0 p 2

with m = n in Equation 9.32. We thus have from Equation (h)

/L (sin %)U(x]—?}]dx:b”(%).

0

which leads to the unknown coefficients b;, being

/ [f(x) — T;] sin —dx 9.33

We thus have the solution of Equation 9.21 as

u(x,t) =—Z{/ [f(x) - T]sm—dx} ~offs

The solution of T(x,t) in Equation 9.18 for the temperature distribution in the slab can thus be obtained by
the relationship in Equation 9.20 to take the form

L 9.34
Tx,t)=Ti+ = Z {/ [f(x) — Tyl sin }lﬂdx}e_"ﬁj’sin HLE ]
0

u 1
where Ttis the temperature of both surfaces in Figure 9.8, L is the thickness of the slab, f{x) represents
the initial temperature distribution in the slab, and 3,, = nzr/L with n = 1, 2, 3, ... are the separation
constants.

One would envisage that the slab, with the initial temperature distribution 7'(x, t)|,_, = f(x), would after
having both its surfaces maintained at temperature T¢ for time ¢ > 0 ultimately reach a uniform
temperature T%. This solution reflects such a physical situation with ¢ — co for which T(x,) = T¢ will be
obtained as the solution of Equation 9.34.

9.5.2 Transient Heat Conduction Analysis in the Cylindrical Polar
Coordinate System

We will present the next case of solving heat conduction problems using the separation of variables
technique by replacing the flat slab in Section 9.5.1 with a solid cylinder of radius a as shown in Figure
9.9. The cylinder initially has a temperature distribution of f{r). It is submerged in an agitated fluid with
bulk fluid temperature 7. Because of the vigorous agitation of the fast-moving surrounding fluid, the heat

transfer coefficient h approaches o, resulting in a circumference temperature of the cylinder being the



same as the surrounding bulk fluid temperature T for time ¢t > 0 as in Equation 9.17d. The initial

temperature distribution in the cylinder 7(r) will thus vary with time t after it is submerged in the fluid at
t > 0. We need to find the temperature distribution 7(r,t) in the cylinder for f > 0.

L r=a

I Circumference

: temperature:
T(dy W T (t>0)
|

O‘I______}-"

Figure 9.9 Heat Conduction in a Long Solid Cylinder.

The reader may relate the current case to a common industrial application in the quenching of hot solids
in a cold fluid bath. We assume that the cylinder is long enough to justify a simplified case of having the
principal heat flow in the radial direction (7).

The applicable partial differential equation for the current application may be deduced from Equation
9.14b by dropping the third and other terms in the right-hand side of the equation, resulting in

10T(r,0) _ 0>T(r,t) " 107(r,2) 9.35
a ot oar? r o or
where a = k/pc is the thermal diffusivity of the cylinder material, with p and c being the mass density and
specific heat of the cylinder material, respectively.

The appropriate conditions for the current problem are

Initial condition:

T, )|y = T(r,0) = f(r) a

The function f{r) in Equation (a) is the specified temperature distribution in the radial direction at time ¢
=0.

Boundary conditions:

T(r,t)l|,-, =T(@t)=T; t>0 b1

r=d
where Tt is the given bulk fluid temperature.
The other boundary condition at r = 0, the center of the solid cylinder, has to be a finite value. The
mathematical expression of this condition is
T(r,t),—o =T(O,t) #F oo or T(0,t) = finite value b2

We will convert Equation 9.35 from T(r,t) to u(r,t) as we did in Section 9.5.1. We thus have

u(r,t)=T(r,t)—T; c

Substituting the above expression into Equation 9.35 and the associated initial and boundary conditions
in Equations (a) and (b), we obtain the following converted partial differential equation



19u(r,t) _ ?u(r,t) " 1 du(r, t) 9.36
a ot  or roor
with the converted specified conditions:
u(r,t)) e = u(r,0)=f(r)—7; for t=0 d
w(r,t)|,., =ula,t)=0 for t>0 e

We may solve Equation 9.36 using either the Laplace transform method with variable t being the
transform parameter according to the procedure presented in Section 6.7, or we may use the separation of
variables technique as we did in Section 9.3.1. We will learn to use the latter technique for solving partial
differential equations in the cylindrical polar coordinate system.

Letting the solution of function u(x,t) in Equation 9.36 with two independent variables r and t be
separated according to the following relation:

u(r,t) = R(r)z(2) 9.37

where the function R(r) is a function of variable r only and the function 7(t) is a function of the other
variable t only. Upon substituting this relation into Equation 9.36 we get

10[R(r)z(t)] _ *[R(rr(®)] = 19[R(r)z()] f
s — . ofem
a dat ar? r ar
or
R(r) ot(t) d*R(ry  ©(t) OR(r)
a0t 78 ar? i+ r or

Equation (f) legitimates the conversion of the partial derivatives of R(r) and 7(t) to ordinary derivatives
because both these functions involve only one variable. Consequently, we may establish the following
equality as:

@d‘r{t} S A*R(r)  =(t) dR(r)
« dt ) dr? roodr

After rearranging the terms in the above expression, we get the following equality:

R(r) | dr +r dr

at(t) dt — R(r)
We note that the left-hand side of Equation (g) is a function of variable ¢ only and the right-hand side
involves another function of the other variable r only. The only way this equality can hold is to have both
sides equal to a constant (a negative constant to be realistic). Thus we have the following expression:

1 de(t) 1 [dzR(r] ldR(r}] 8

1 de(t) 1 d*R(r) 1dR(n)]| _ _p 9.38
at(t) dt ~ R(r)| dr rodr |

Equation 9.38 will result in two separate ordinary differential equations:

dr(r)+aﬁ2r(r]=0 9.39
dt
and
2

rgd ilfe, - rdR(r) + f*r’R(r =0 2:40

dr? dr
The solution of Equation 9.39 is identical to Equation 9.29 in the form



() = c, et h
where ¢, with n = 1, 2, 3,..... is a multi-valued integration constant.

Equation 9.40 is a homogeneous second-order ordinary differential equation but without constant
coefficients as in the cases in Section 8.2. Therefore the solution method presented in that section cannot
be used for the solution of Equation 9.40. However, a close look at this equation reveals that it is a special
case of the Bessel equation in Equation (2.27) with order n = 0. Consequently, the solution of Equation
9.40 can be expressed by the Bessel functions given in Equation (2.28) with n = 0 in the following form:

R(r) ZA}(](ﬁr)+BYu(ﬁr} 9.41

where A and B are arbitrary constants to be determined by appropriate boundary conditions, and J,(fr)
and Y, (Pr) are the Bessel functions of first and second kind with order zero, respectively.

The two constants A and B in Equation 9.41 can be determined using the two boundary conditions
specified in Equations (b1) for r = a, and Equation (b2) for r = 0. Application of the latter condition for
T(o,t) to be finite results in B = o for the reason that the Bessel function of second kind

Yy(pr)l,—o = Y(0) = —co, which violates the condition that the value of T(x,t) cannot be +oo.
Consequently, the only way we can avoid T(0,t) —— is to let the constant B = 0 in Equation 9.41.

We thus have the solution of Equation 9.40 as

R(r) = AJy(pr) J

The remaining arbitrary constant A in the solution in Equation (j) can be evaluated by the boundary
condition in Equation (e) that

R(a) = AJ(Pa) =0

The above expression offers two possible solutions: we may either let the constant A = 0 or have J,(fa) =

0. We recall that constant B in the expression for R(r) in Equation 9.41 is already set to zero. Setting the
other constant A = 0 will make R(r) and thus u(r,t) and T(r,t) zero in the cylinder at all times, which
violates physical reality. Consequently, we need to let

Jo(Ba) =0 9.42
Equation 9.42 offers the values of the separation constant 8 in Equation 9.38 because J,(x) = 0 is an
equation that has multiple roots like sin(L) = 0 in Equation 9.26. The roots of the equation J,(fa) = 0

may be found either from Figure 2.45a or from mathematical handbooks. For instance, the first six
approximate solutions for fa in Equation 9.42 can be found to be 2.4, 5.52, 8.65, 11.79, 14.93, and 18.07
(Zwillinger, 2003), or from commercial software such as “Mathematica” or “MatLAB” as will be described

in Chapter 10.



Example 9.5

Find the first four roots of Equation 9.42 with a = 20 units.
Solution:

We are required to find the first four roots of the equation of J,(208) = o.

We will find the first four approximate roots of the equation J,(x) = 0 to be x = 2.4, 5.52, 8.65,
and 11.79 (Zwillinger, 2003). This equation may be related to the equation J,(208) = 0 with x =
20f3. We will thus have the first four roots of the equation J,(20) = 0 with 8 = x/20, with 3; =
2.4/20 = 0.12, ff, = 5.52/20 = 0.276, /33 = 8.65/20 = 0.4325, and ﬁ4 =11.79/20 = 0.5895.

We may thus express the separation variable f in Equation 9.38 as 3, (n = 1, 2, 3, ...), and the solution of
R(r) in Equation 9.40 takes the form
R =A,JB,r) with n=1,23,...

We recognize that Equation 9.42 is the “characteristic equation” of the differential equation in Equation
9.40 with its roots f3,, with n = 1, 2, 3, .... being the eigenvalues as described in Section 4.8.

The complete solution of R(r) including all possible solutions becomes

< 9.43
RO)= Y A Jo(B,r)
n=1
The solution u(r,t) in Equation 9.36 can thus be obtained by the relationship in Equation 9.37 after
substitution of 7(t) in Equation (h) and R(r) in Equation 9.43, resulting in
o 9.44

u(r,t) = Y b, " Jo(B,r)

n=1
We have “lumped” coefficients c,, and A,, in the respective expressions in Equation (h) and Equation 9.43
into another multi-valued constant b,, in Equation 9.44.

The determination of the constant b,, in Equation 9.44 requires the use of the initial condition specified in
Equation (d), which leads to

u(r,0) =f(r)y—T; 9.45

= Z b, Jy(B,r)

n=1
= b|fr{](ﬁ]r) 7 g bgfo{ﬂzr) + b:y’u(ﬂ:gr} + -
We will multiply both sides of Equation 9.45 by the following summation of Bessel functions:

{rf[](ﬁ1r] + r)ru(ﬁ'_gr) + rj(].(ﬁ'_;r) e

leading to the following expression:

[!"}0(,313‘) + r){u(ﬂzr) + r)'g(ﬂ;;") e Jlf(r) = Tr]
= lrfg{ﬂ] r) + r}g(ﬂzr] + rj{)(ﬁjr) e '.”bl)!;](ﬁ] P") + bgf()(ﬁgr) + b}]@(ﬁ;j}‘) T J

We may express the above relation in the following form:



rju(ﬁ,,r)lf{r) — Tfj = -")’g(ﬂ”-")lb}fo(ﬁﬂ) + bg)’o(ﬁgr) + 573]0(;637') T o ] k

We will integrate both sides of the expression in Equation (k) with respect to variable r:

- 1
/ rly (B, (r) — T¢ldr
0
a
= / o800 Jo (1) + byJy(Bor) + byJo(Br) + - - -1dr for n=1,23,...
0
= / rb,,Uo(B,r)) dr +/ rbyUs(Bir)o(Byr) + Jo(Byr)o(Bsr) + - - -ldr + - - -
0 0
According to Fourier—Bessel expansions and integrals (Gray and Mathews, 1966):
a 0 lf ﬁm ‘-?é ﬂ”
/0. f’)’n(ﬂmr}}{](ﬂnr)d?’ = / ."U[](ﬂnr)F dr if ﬂm s .ﬂ,;
0
Thus, we have from the above expression that only the first integral on the right-hand side of the above
expression has nonzero value. Consequently, we have the expression after integration of the above
expression:
[ a
: m
/ r}U(ﬂjIr)U(r) S Tf] dr s b”/ rU{](ﬂnr)] dr
0 1]
But we find that integration of the expression in Equation (m) will result in
a a = n
/ ToB (1) = Tildr = b, / rlUo(B,m))dr
(1] 0
I-)' - 5
= b, 5 Us(B,a) + I} (B,a)
Since we have already established the relation that J,(8,a) = 0 in Equation 9.42, we will have
i az : ?
/ BN (r) — Tildr = b”?[ﬁ(ﬂ,ﬂ) + /3 (B,a)]
0
2 2
= bﬂa_}-l-(ﬂﬂa)
which means that the coefficients b,, in Equation 9.44 are
2 * 9.46
b, = —-—-—-——/ rlf(r) = T;1)o(B,r) dr
7T Jo VO~ T
We may thus obtain the solution of Equation 9.35 via the relation in Equation 9.37 to have the form:
9.47

T(r.t) = Ti+ ), b, e "Jo(B,1)
n=1
in which the coefficient b,, with n = 1, 2, 3, ... may be computed from Equation 9.46. As in the case in

Section 9.5.1, the physical situation in the present case is that the ultimate temperature of the cylinder
becomes equal to the surrounding fluid temperature T} at time t —co.

We observe from this case that Bessel functions often appear in the solution of partial differential
equations in the cylindrical polar coordinate system.



9.6 Solution of Partial Differential Equations for Steady-state Heat
Conduction Analysis

Often, we are required to find the temperature distributions in solids with stable heat flow patterns, which
make the temperature distributions in solids independent of time variation — that is, steady-state heat
conduction. Mathematical representation of this situation is available by use of the partial differential
equation without the term related to time variable t. Consequently, the partial differential equation in
Equation 9.15 is reduced to the following form:

Qr)

VIT(@)+ 5= =0 9-48

where the position vector r represents (x,y,z) in the rectangular coordinate system, or (r,0,z) in the
cylindrical polar coordinate system. Equation 9.48 is further reduced to the “Laplace equation” in the
following form if no heat is generated by the solid:

ViT(r) =0 9.49
9.6.1 Steady-state Heat Conduction Analysis in the Rectangular Coordinate

System

We will demonstrate the use of the Laplace equation in Equation 9.49 for the temperature distribution in
a square plate with the temperature at its three edges maintained constant at 0°C as illustrated in Figure

9.10.

a 100 cm
»ra
B
100°C
¥\
&
0°C T(x.y) 0°C S
0 Y x
0°C

Figure 9.10 Temperature distribution in a plate.

We recognize the situation in which the temperature distribution in the plate is stable with both its flat
faces thermally insulated and heat flows in the x-y plane. The induced temperature distribution in the
plate is expressed by the function T(x,y) as shown in Figure 9.10. Being a steady-state heat flow, the
analysis fits the representation of the physical situation by Equation 9.49. We may thus expand this
equation to the following form in the x-y plane:

*T(x,y)  0°T(xy) _ 5 9.50
ox? M

with 0 < x < 100 and 0 < y < 100.

The following boundary conditions apply in the present case:
T(x.9|,=o=T(0,9)=0 a1

T(x, 92100 = T(100,9) =0 az



T, )], = T(x,0) =0 a3

T(x%, ) y=100 = T(x,100) = 100 a4

Because both of the variables x and y are within finite bounds, none of the two integral transform methods
can be used for the solution of Equation 9.50; we will therefore use the separation of variable technique
for the solution. Consequently, we express the solution T(x,y) in Equation 9.50 in the form

T(x,y) = X(x)Y(y) b
in which the function X(x) involves only variable x, and the function Y(y) involves variable y only.

Substituting the relationship in Equation (b) into Equation 9.50 and rearranging terms yields the
following:

1 d*X(x) 1 d’Y(y)

X(x) dx®  Y(y) dy

We will use the same argument as we did in Sections 9.5.1 and 9.5.2 that the only way the above equality
can exist is to have both sides of the equality to be equal to the same constant. We will thus have the
following equality:

1 dX® _ 1 sz(y}__ﬂz c
X(x) dx2 Y@ dy?

in which g is the separation constant.

We may derive two ordinary differential equations from Equation (c), one by equating the left-hand side
of Equation (c) with the separation constant, and another by equating the right-hand side of the
expression with the same separation constant f:

XD v X =0 d
dx?
and
¥y e
- Yy =0
el ()

The relationship in Equation (b) also leads to the following boundary conditions for Equations (d) and (e):

X(0)=0 f1
X(100) =0 f2
Y(0) =0 3

Equation (d) corresponds to the typical second-order linear differential equation with constant
coefficients as presented in Section 8.2. It has a solution in the form

X(x) = A cos ffx + Bsin fix g
Applying the first condition in Equation (f1) to Equation (g) will result in A = 0 and the second condition
in Equation (f2) will lead to the expression:

X(100) = Bsin(1008) =0 h

The equality in Equation (h) offers the possibilities of having either the coefficient B = 0 or sin(1008) = 0.
Because the coefficient A in Equation (g) is already zero, we cannot allow constant B = 0. We thus have



sin(100f) = 0, which leads to 1008 = nrwithn=1,2,3, ...,or f = nz/100 withn =1, 2, 3, .... We may
thus express the separation constant § in a multi-valued form as

=L with n=1,23,...
100
As in the similar situations in the previous two cases in Section 9.5, since sin(1008) = 0 in Equation (h) is

the “characteristic equation” for the differential equation in Equation (d), the solutions 8 = 8, withn =1,
2, 3, ... are eigenvalues as defined in Section 4.8. We thus have the solution of X(x) in the form

X(x) = B, sin f,x J
with the constant coefficients B,, and the eigenvalues 3,, where n =1, 2, 3,....

The solution Y(y) in Equation (e) can also be obtained using the method presented in Section 8.2, but we
will adopt using the hyperbolic sine and cosine functions instead of exponential functions in the solution.
The expression for function Y(y) is

Y(y) = C cosh fiy + D sinh fly k
where C and D are arbitrary constants.

The boundary condition in Equation (f3) leads to the coefficient C = 0; thus the form of the function Y(y)
will be

Y(y) = Dsinh fly

Because the separation constant 8 in the above expression is multi-valued, we may express the solution of
Y(y) in the following form:

Y(y) = D, sinh f,y m

We have obtain the solution 7(x,y) of Equation 9.50 after substituting the expressions for X(x) in
Equation (j) and Y(y) in Equation (m) into Equation (b), which results in

T(x.y) = Y X®)Y(©)
n=1

]

I
M s

. nm . AT
B,D, (sm mx) (smh my)

b, (sin %x) (sinh %y)

=
]

I
ipMs

=
The unknown coefficients b,, in Equation (n) may be determined using the remaining boundary condition
in Equation (a4) that T(x,100) = 100, which leads to

T(x,100) =100 = Z b, (sin %x) (sinh nrx)

n=1

or

100 = z(b” sinh nr)sin —x

Hr p
100

n=1

By following a similar procedure to determination of the coefficient b,, in Equation 9.31 and making use of

the orthogonality properties of the harmonic sine and cosine functions in Equation 9.32, we find the
expression for the coefficients b;, in the present case to be



100
b,sinhnr = i/ 100 sin == x dx = —m(cos nr—1)
100 /, 100 nr

We thus have

200(cosnmr — 1)

- with n=1,2,3,... q
nr sinh nx

b =—

=

The solution of the temperature distribution in the flat plate in Equation 9.50 with the coefficients b,,
expressed in Equation (q) thus has the form

200 (1 —cosnn) nr 9.51
T(x,y) = — NE . ginh X
() = Z LT s ‘1003’

One may substitute cos nur = (—1)? with n = 1, 2, 3, ... in Equation 9.51 and compute the temperature at the
geometric center of the plate as T(50,50) = 25.2°C.

9.6.2 Steady-state Heat Conduction Analysis in the Cylindrical Polar
Coordinate System

We will demonstrate the use of separation of variables technique for the solution of steady-state heat
conduction in a solid in a cylindrical polar coordinate system. This coordinate system is used for
engineering analysis involving solids of circular geometry such as disks and cylinders. As demonstrated in
Section 9.5.2, in analyses of solids of this geometry, Bessel functions often appear in the solution.

The case we have here involves a solid cylinder of radius a and length L, with temperature at the
circumference and the bottom end maintained at 0°C and the temperature at the top surface subjected to
a temperature distribution following a specified function T(r) as shown in Figure 9.11.

Top end
temperature: g “L
F(r) X r=a |
i Circumference
temperature: 0°C
T(r.z)
L
A .

Low end
temperature: 0°C

0 | '\

Figure 9.11 Steady-state heat conduction in a solid cylinder.

We recognize the physical situation in which heat flows from the top end of the cylinder in both the radial
and longitudinal directions. We may thus represent the temperature in the cylinder by T(r,z) in a
cylindrical polar coordinate system as illustrated in Figure 9.11.

The governing partial differential equation for 7(r,z) in steady-state heat conduction as described above
may be obtained by selecting the appropriate terms in Equation 9.14b in a cylindrical polar coordinate
system in the following form:



2 2
o
with specified boundary conditions:
T(a,z)=0 a1
T(0,z) # oo a2
T(r,0)=0 a3
T(r,L)= F(r) aq

Because both the variables associated with the temperature distribution 7(r,z) are valid for finite ranges,
we cannot use either of the integral transform methods presented in Section 9.3; we will use the
separation of variables technique for the solution of Equation 9.52 by letting

T(r,z) = R(r)Z(z) b

We obtain the following expression after substituting the assumed relation in Equation (b) into Equation
9.52, followed by a rearrangement of terms:

1 62R(r)+ 1 O0R(r) 1 0°Z(z) c

R(r) or? rR(r) or T Z(z) oz

We note that the left-hand side of Equation (c¢) contains function R(r) with variable r only, whereas the
right-hand side contains a function Z(z) with variable z only. The only way this equality can be valid is
making the functions on each side of the above equation equal to the same constant. Consequently, we
have the following expression in Equation (d) after the separation of variables r and z:

LdzR(”Jr 1 dR(r) _ 1 dZZ(z)__Jﬁg
R(r) dr> " rR(r) dr — Zz) dz?

where f is the separation constant.

Note that we have converted the partial differentiations in Equation 9.52 with respect to both
independent variables r and z into two ordinary differential equations in Equation (d).

The constant f§ appearing in Equation (d) is referred to as the separation constant for Equation 9.52. We
will derive two ordinary differential equations by equating the left-hand side of the expression in Equation
(d) with -2, and another ordinary differential equation by equating the right-hand side of the expression
in Equation (d) with —f2. These two ordinary differential equations are shown below:

d*R(r) = dR(r) 2prin e
r s + ar +rf°R(r)=0
and
2z .
2@ _ pz=0 f
dz?
We may express the specified boundary conditions for Equation 9.52 in Equations (a1), (a2), and (a3) as
the following equivalent conditions using the relationship shown in Equation (b):
R(a) =0 g1
R(0) # oo g2

Z(0)=0 g3



The solution of Equation (e) involves Bessel functions as in the case in Section 9.5.2 and in Equation 9.41:

R(r) = A}(](ﬂr) +B Yu(ﬁr) 9.41
The condition specified in Equation (g2) results in having the constant coefficient B = 0, because the
second term in the above solution in Equation 9.41 cannot be allowed in the expression because Y,(0)—

—oo, which leads to an unrealistic physical situation for T(r,z). Consequently, the solution R(r) of Equation
(e) has the form

R(r) = AJy(pr)
The subsequent application of the condition in Equation (g1) to the above relation results in
R(a) = 0 = AJy(pa), in which we may either have A = 0 or Jy(Ba) = 0. It is clear that we cannot let the

constant A = 0 because the other constant B in the solution of R(r) in Equation 9.41 already equals zero.
Letting A = 0 will make R(r) = o at all times, which will lead to a trivial solution of T(r,z). We thus take the
equation for the separation constant f to be the solutions of J,(fia) = 0. This equation is the characteristic

equation of Equation (e) and it will lead to multiple values of the separation constant 3, as the equation
Jo(x) = 0 has in theory an infinite number of roots x;, x5, X3, ..., as demonstrated in Example 9.5. We may

thus express the separation constant § in the form ,, with n = 1, 2, 3, ..., and the solution for the function
R(r) should include all possible values of 3,

R(?‘) = Au][]( ”f} h

in which A,, are the constant coefficients corresponding to the values of f3,, obtained from the following
equation:

Jo(Bya) =0 j

with n =1, 2, 3, ... The solution of Equation (f) can be expressed as

Z(z) = C cosh(fiz) + D sinh(fz) k
Substituting the condition Z(0) = o for Equation (a3) into Equation (k) leads to the constant C = 0. We
will thus have
Z(z) = Dsinh(pz)

Since the solution Z(z) in the above expression also involves the separation constants 3, withn =1, 2, 3,
..., we need to express Z(z) accordingly with f3,, in the form

Z(z) = D, sinh(f,z) m
We can thus express the solution 7(r,z) in Equation 9.52 in the following form with the solutions of R(r")
in Equation (h) and Z(z) in Equation (m):
T(r,z) =[A,J(p,NID, sinh(f,z)] with n=1,23, ...

We need to include all valid solutions corresponding to the values of §3,, and express the complete solution
of T(r,z) in the following form:

T(r.Z} ES Eb”[}n(ﬂ”r)J(Sinhﬂ”Z) .

n=1
We note that the multi-valued constant coefficient b,, appearing in Equation 9.53 replaces the product of
two other multi-valued constants A,, and D,, as in the analyses in preceding cases.

The constant coefficients b,, in Equation 9.53 may be determined by using the Fourier—Bessel series as we



did in Section 9.5.2 with the use of the remaining boundary condition in Equation (a4). We will have the
following expression:

. 2F(r)  [*
b,sinhf L = ———— [ r]y(B,rdr
2p@LJe

from which we obtain the expression for b,;:

B 2F(r)
" LJXB,L)sinh B,

L
/ rly(p,rydr with n=1,23,...
0

We thus have the solution of temperature distribution in the solid cylinder 7(r,z) in Equation 9.53 with
the coefficient b,, expressed in Equation (n) with specified temperature variation F(r) at the top edge, and

the separation constants 3,, being the roots of Equation (j).



9.7 Partial Differential Equations for Transverse Vibration of Cable
Structures

Engineers often are required to carry out vibration analysis of long flexible cable structures subjected to
external forces. Cable structures are common in places such as power transmission lines shown in Figure
9.12, guy wire supports in Figure 9.13, and suspension bridges in Figure 9.14.

Figure 9.12 Long cables in electric power transmission structures.

Figure 9.13 Guy wire support for a tall radio transmission tower.



Figure 9.14 Golden Gate suspension bridge.

These cable structures, flexible in nature, are vulnerable to resonant vibrations as described in Chapter 8.
The galloping motions that often develop in resonant vibration of these structures can result in
devastating structural failure. Rupture of long power transmission cables resulting from such vibration
often occurs in places with cold climate in which freezing rain can build up heavy icicles on the cables
overnight. The significant weight gain (and thus an increase of mass) of the cable causes the cable to
vibrate violently with gale-force winds, and in many cases can result in breaking of the cables. Many
transmission towers have also been destroyed due to violent vibration of the transmission cable lines,
resulting in millions of dollars of property loss to the power companies in these regions. This is thus an
important subject for mechanical and structural engineers in the safe design of structures of this type.

9.7.1 Derivation of Partial Differential Equations for Free Vibration of Cable
Structures

Mathematical modeling of vibration analysis of cable structures begins with the illustration of the cable
movements as in Figure 9.15, in which a cable of length L is at a static equilibrium condition with both its
ends fixed at supports and with an initial sag due to its own weight and the associated tension in the cable.
This initial shape of the free-hung cable is represented by function f{x) as illustrated in the figure.

V

Figure 9.15 A long cable in a static equilibrium state.

Formulation of the differential equation for vibration of long cables is based on the law of conservation of
momentum, and in particular, the use of Newton's second law in dynamics.

Like all engineering analyses, the mathematical modeling of vibrating flexible cable structures begins with



a number of assumptions and idealizations such as were described in Stage 2 in Section 1.4. Some of these
assumptions are presented below.

1. The cable is as flexible as a string. This means that the cable has no strength to resist a bending
moment and there is no shear force associated with its deflection. The mathematical model that we
will develop subsequently will be more relevant to the case with long cables for their inherent
flexibility.

2, There exists a tension in the string in its free-hung static state as shown in Figure 9.15. This tension
is so large that the weight, but not the mass, of the cable is neglected in the analysis.

3. Each small segment of the cable along its length, that is, the segment with length Ax, moves only in
the vertical direction during vibration.

4. The vertical movement of the cable along the length is small, so the slope of the deflection curve is
small.

5. The mass of the cable along the length is constant, that is, the cable is made of the same material
along its length.

Figure 9.16 illustrates the vibration of the cable produced by a small instantaneous disturbance in the
vertical direction (or y-direction)—a situation similar to the free vibration that we dealt with for mass—
spring systems in Chapter 8.

See detail A Mass center | % P+AP
¥ 1 !
Amplitude of vibration, u(x,f) | |Vedas
I
LU+ AL
T v T ) |
"""""""""""" u ': !
| 1 X
L Ax J
X X+AX

(a) (h)

Figure 9.16 A vibrating long cable. (a) Shape of the vibrating cable at time ¢. (b) Forces on the cable in
Detail A.

Let the mass per unit length of the string be designated by m. The total mass of string in an incremental
length Ax will thus be (m Ax). The condition for a dynamic equilibrium according to Newton's second law
presented in the equation of motion obeys the relationship

Total applied forces _ Mass » Acceleration
> F T om a

Let us consider the forces acting on the small segment of the string shown in Detail A of Figure 9.16b in
the free-body diagram in Figure 9.17. From Figure 9.17, we may express the equation of motion of this
string segment in the y-direction as

2
ZFJ, = —(P + AP)sin(a + Aa) — Psina +{m/_\x)% (u ¥ —) =0



u(x+Axt)

P+AP

Mass center (P+AP)sin(a+Aa)

P sina

Figure 9.17 Dynamic forces acting on a cable segment.
We note that AP is small, so that AP sin(a+Aa) — 0; we thus have

) . a* A
—Psin(a + Aa) — Psina + (rr;,f_‘\;x:)E (“ + 7) =0

For the small angle a and thus very small Aq, the following relationship exists:

+ + A
sin(a + Aa) = tan(a + Aa) = o )
dx
holds and
T du(x, t)
sina ~ tana =
ox

the above equation of motion can be expressed as

du(x + Ax,t)  du(x,t) a* Au
P - = (m Ax) = e
p ] (m Ax) Y (u + )

o0x 2
or, after dividing both sides by Ax, as

du(x + Ax, t) N du(x, t)

2
p dx 0x zmi (LH_%)
Ax ot? 2

We recall the definition of the derivative of a function y(x) in Section 2.2.5 as

dy(x) = 1 y(x + Ax) — y(x)

dx Ax—o0 Ax

We may use this definition to arrive at the following relation for partial derivatives:

du(x + Ax,t)  odu(x,t)
= 2
i dox ox  _ 0 u(a{c,t)
Ax—co Ax [sz

The equation of motion of the string can be further simplified to take the form

0*u(x, t) a? Au
PP _ P by
dx? ot? 2

But since we have assumed that Au is small, and Au/2 is also small enough to be neglected, we thus have



the equation for the instantaneous deflection of the string at x as

%u(x, t) _ 2(32&:(.%, t) 9.54
a: & ox?

in which 4 = \/p/_m with P = tension in the string, with the unit of newton (N), and m = mass of the cable

per unit length, with the unit of kg/m. The unit for the constant a in Equation 9.54 is thus m/s. This unit

is derived from the relations that the tension P has the unit of newton, or kg-m/s2.

Equation 9.54 is often referred to as the “wave equation” that describes wave motion, with u(x,t) being the
amplitude of the wave and the constant coefficient a being the wave propagation speed.

The solution u(x,t) in Equation 9.54 for vibration of strings (or long flexible cables) represents the
instantaneous deflection (or amplitude of vibration) of the cable in a free vibration state. Some common
specified conditions used in solving this equation are as follows.

The initial condition at time t = o:

u(x, t)l,-o = u(x,0) = f(x) 9.55a

and the initial state at static equilibrium with

du(x, t) = fal e O 0 9.55b
ot t=0 B

Also the following end (boundary) conditions with fixed ends:

u(x, )| ,—o = u(0,£) =0 9.56a
and
u(x, t)|,.; =ul,)=0 9.56b

9.7.2 Solution of Partial Differential Equation for Free Vibration of Cable
Structures

We will use the separation of variables technique to solve Equation 9.54 for free vibration of a long flexible
cable with the initial and end conditions specified in Equations 9.55 and 9.56.

We recognize that the cable is deformed by its own weight into a shape that can be described by a function
f(x) at time t = 0, and the vibration is induced to the cable by a small disturbance that causes the cable to
vibrate in the direction perpendicular to the x-axis as shown in Figure 9.18. We will determine the
amplitude of vibration of the cable u(x,t) at time t = 0™, that is, having the cable released from its initially
deformed state f{x). The instantaneous position of the cable, or the amplitude of vibration of the cable, is
represented by a function u(x,t). Physically this function u(x,t) is the vertical displacement of any given
point of the cable at distance x from the left end at time t = 0, as illustrated in Figure 9.18.

X=0

Figure 9.18 A long cable subjected to lateral vibration.



The situation in this case corresponds to the description of free vibration of a flexible cable, which makes
Equation 9.54 relevant for the current problem. We thus have the partial differential equation for the
problem in the form

2%u(x. t) . %u(x, t) 9.54
ar ox?

We may use the Laplace transform method by transforming the variable t to the Laplace transform

domain because the variable t covers the range (0,), which legitimizes the use of this method. We may

also use the separation of variables technique for the solution of Equation 9.54. We will choose the latter

technique for the solution by letting

ulx, t) = Xx)T() 9.57
in which the function X(x) involves variable x only in Equation 9.57, and the other function 7(t) involves
variable t only.

Substituting the expression in Equation 9.57 into Equation 9.54, one gets the following expression after
rearranging the terms:

1 2T 1 &X)
a’T(t) dt?  X(x) dx®

Inspection of the above relationship will reveal that the left-hand side (LHS) of the above expression is a
function of variable t only, whereas the right-hand side (RHS) is a function of variable x only. The only
possibility of having such a relationship to be valid is that both sides of the above equation are equal to the
same constant (LHS = RHS = constant), or in mathematical form:

1 d*T@) 1 d°X(x) e
aT(t) d2 — X(x) dx®>
in which g is the “separation constant.” A negative sign is attached to the square of §§ to ensure that both

the LHS and RHS of Equation 9.58 are equal to a negative constant. The reason for this is that a positive
constant will lead to an “unbounded” solution of Equation 9.54.

9.58

The relationship in Equation 9.58 is a critical step in the solution, as it allows us to obtain two separate
ordinary differential equations, one for the function X(x) and the other for the function 7(t). Thus, letting

LHS of Equation 9.58 = —f32, we will have the following differential equation for T(¢):
dT@) | 2. 9:59
- Ha@FTO =0

The conditions associated with Equation 9.59 can be derived by substituting the expression in Equations
9.55a and 9.55b into Equation 9.57 to give the following forms for the initial conditions:

w(x, )|, = u(x,0) = X(x)T(0) = f(x) 9.60a
dT(t) 9.60b
it | BT

at |-

If we let the term on the right-hand side of Equation 9.58 also be equal to —32, we will have the other
differential equation for X(x):

d*X(x)
dx?
Again, the conditions associated with Equation 9.61 can be derived from Equations 9.56a and 9.56 using
Equation 9.57, resulting in

9.61

+ A’ X(x)=0



X(0)=0 9.62a

X(L)=0 9.62b

One realizes that both differential equations in Equations 9.59 and 9.61 are homogeneous second-order
ordinary differential equations with constant coefficients. The general solutions of this type of differential
equation may be obtained using the method described in Section 8.2.

We thus have the solution of Equation 9.59 as

T(t) = Asin(fat) + Bcos(fat) 9.63
and the solution of Equation 9.61 as

X(x) = Csin(fx) + D cos(fx) 9.64

in which A, B, C, and D are arbitrary constants to be determined by the conditions stipulated in Equations
b and 9.62a,b.

By substituting the expressions in Equations 9.63 and 9.64 into Equation 9.57, we will have the solution
u(x,t) of the problem:

u(x,t) = [Asin(fat) + Bcos(fat)]|C sin(fx) + D cos(fx)]

We are now ready to determine the arbitrary constants A, B, C, and D in the above solution. Let us first
use the condition in Equation 9.62a: X(0) = 0 leads to

Csin(f x0)+ Dcos(fx0)=0

from which we have D = 0. We thus have X(x) = C sin(fx). Now, if we use the other condition in Equation
9.62b, we will have

X(L)=0= Csin(pL)

At this point, we have the choice of letting C = 0 or sin (SL) = 0 from the above relationship. A close look
at these choices will show that C # o if we want to avoid a trivial solution of u(x,t). We thus have

sin(fL) =0 9.65

Equation 9.65, like those in the previous cases in Sections 9.5 and 9.6, is a characteristic equation of the
differential equation in Equation 9.61; the infinite number of valid solutions with 8 = x, 271, 371, 41, 571, ...,
nuzt, in which n is an integer, are the eigenvalues as described in Section 4.8. We may thus obtain the
values of the separation constant, f as

i
n L
The solution of the partial differential equation in Equation 9.54 thus becomes

(n=0,1,2,34...) 9.66

u(x, t) = (A,, sin %at + B, cos Z—Eat) C, sin %x

By combining the constants, A4, B, and C,, and for n = 1, 2, 3, ... one may express the above expression in
the following form with a,, = A,,C,, and b,, = B,,Cy;:
u(x,t) = (a,, sin %at + b, cos %at) sin %x

withn =1, 2, 3, ..., and a,, and b,, being the new arbitrary constants.

We may determine the constants, a,, and b,,, by using the condition given in Equation 9.55b in the above
expression:



ey nra (a _ nmwat e b,! o mmt)
L L

Pl L

leading to a, (”}"’ ) sin ”I—"'x =0

Since sin(nr/L)x # 0 in the above expression, we see that the coefficients a,, = 0. We will thus have

Hra
u(x,t) Z b, cos —t sin I

The only remaining undetermined multi-valued constant coefficients b,, in the above expression can be
determined using the remaining unused condition in Equation 9.55a; that is, u(x,0) = f(x), or

u(x,t),- = u(x,0) = f(x)
We thus have the following relationship:

9.67
fx) = Z b, sin 22X

n=1

with the function f{x) on the LHS in Equation 9.67 being the given initial condition of the partial
differential equation of Equation 9.54. The coefficients b;, (n = 1,2,3, ...) in the RHS of the equation will be
determined by the procedures presented in Section 9.5.1, as follows:

1. Multiply both sides of Equation 9.67 by a function sin(nsx/L) as follows:

sin %f(x) = (sm m) Zb m@

n=1

= Zb,, (sin @)sin il
L L

2. Integrate both sides of the above equation:

. nfrx
N f(x)dx = / bﬁ Lt WL P
/Usm f(x x = z sin 2 ) sin ——dx

=1

/ B sm— dx
n=1

The orthogonality of integration of sine functions leads to the expression

p
/ sin 2 sin X ax = 0 if M # n,
0 p P

== ifm=mn
5 ¥

The above expression leads to the coefficients b,, in Equation 9.67 as

/OL (sin%)iﬁx: %

from which we will have

b onmx
/ sin Tf(x)dx =:b. (

Q

[l )

) with #=12,34,...



We thus establish the expression for the multi-valued constant b,, as

L 0.68

b i [ fxysin 22 dx  with n=1,2,3,4,5, ... :
i L

With the coefficients b,, determined by Equation 9.68, we may express the complete solution of Equation

9.54 as

oo

& 9.69
ulx, t) = Z % (/ f(x)sin %dx) cos m;at sin ”Lﬂ
0

n=1

9.7.3 Convergence of Series Solutions

Solutions of partial differential equations by the separation of variables technique such as presented in
Sections 9.5 and 9.6 include summations of an infinite number of terms associated with the infinite
number of roots of the transcendental equation (or characteristic equations as mentioned in Chapter 4).
The solution in Equation 9.69 for the partial differential equation in (9.54) is also in the form of infinite
series. Numerical solutions of these equations can be obtained by summing up the solutions with each
assigned value of n, that is with n = 1, 2, 3, .... up to a very large integer number. In normal circumstances,
The series should converge fairly rapidly, so one needs only to sum up approximately a dozen terms using
n=1,2, ..., 12. However, the effect of the rate of convergence of infinite series, such as that in Equation
9.69, on the accuracy of the analytical results remains a concern to engineers in their analyses.

We will demonstrate the convergence of the following fictitious series solution that is similar but not
identical to that shown in Equation (9.69), with selected solution point at x = 5and t = 1.

oo 20
2 nr
E P’y o (0.25‘ "7 ) d
u(5,1) ”;20[/0 51n20x)x

cos ( 120mrr) sin Ex
20

or in final form as

-] 20
u(5,1) = 4—1{}2: [cos(6mr)sin % (/ﬂ sin %xdx)

n=

We will let the numerical solution of u(5,1) be the summation of all terms denoted by n:

u, D) =u, +uy + g+, + s +--+n

n
where uy, u,, Ug, Uy, Us, ..., Up ATE valid solutions of u(5,1) with n =1, 2, 3, 4, 5, ..., n. Valid solutions with n
up to 16 have been computed and their respective values are listed in the following table:

U Uy U Uy Ug Ug u; Ug U Upp Uy Upp Uy Uy Uy Use

1.6 3.8 2.8 0 -9.38 3.229.380 -5.63 1.14 5.63 0 |—4.025.77 4.02 0

E-2 E-2 E-2 E-3 E-3 E-3 E-3 E-3 E-3 E-3 E-4 E-3

The contribution of the individual valid solutions with u,, (n =1, 2, 3, 4, 5, ..., 30) is plotted in Figure 9.19.
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Figure 9.19 Convergence of an infinite series solution.

We envisage from Figure 9.19 that the magnitude of individual terms in the infinite series diminishes
rapidly with the increasing n-values. This trend indicates that contributions of individual terms in the
infinite series solution such as in Equation 9.69 also diminish as the n-value increases. Reasonable
accuracy of the solution for this particular case is considered to be obtained with n-value less than 20 in
the numerical solution. It is plausible to assume that reasonable accuracy of the infinite series solution of
long cable vibration may be achieved by including fewer than 20 terms in the series solutions.

9.7.4 Modes of Vibration of Cable Structures

We learned from the fundamentals of the mechanical vibration of solids in Section 8.9 that any solid
structure made of elastic material with a given geometry possesses various modes of vibration. Each
mode offers a unique “deformed shape” of the structure in the vibration. In the case of free vibration of
cable structures, the “peaks” and “valleys” in the shape of the structure differ in different modes. The
analysis that determines various modes of vibration of a structure is called modal analysis. This analysis
is of great importance for any structure that is vulnerable to mechanical vibration, and from it engineers
may determine how to design cable structures that are likely subjected to intermittent loads, such as wind
loads, at certain locations in order to avoid resonant vibration. Additionally, modal analysis will also
indicate where and when the structure may experience maximum amplitude of vibration. Such
information could offer the user of the structures the option of not installing delicate attachments at these
sensitive locations.

One should bear in mind that modal analysis is also a part of free-vibration analysis of structures with no
externally applied load. Elastic material properties and the geometry of the structure are the only required
conditions for such analyses.

In the following we will illustrate the first three modes of a vibrating string using the solution given in
Equation 9.69 in the form

i E 9.69
ulx, t) = Z % (/ f(x)sin %dx) cos e sin 2%
n=1 0

L L

or

Hmat . Nrx
sin ——

L

ux, t) = Z b, cos

n=1

with



% .68
b, = 2/ f(x)sin H2% dx 9
L)y~ L

The mode shapes of the vibrating cable in this case are determined by the assigned distinct n-value in
Equation 9.69 with the coefficients b,, evaluated in Equation 9.68 with the same n-value. Following are
the shapes of the vibrating cable in the first three modes with n = 1 for mode 1, n = 2 for mode 2, and n = 3
for mode 3 vibration

The shape of the vibrating cable in mode 1 withn =1

We will get the magnitudes of the vibrating cable u,(x,t) from Equation 9.69 and the coefficient b, from
Equation 9.68 with n = 1 as follows:

L
u,(x,t) = (bi cos 22 ) sin ZZx and b, = 2_/’ f(x)sin ZX dx = constant ¢
L L LJ, L

The above integral will result in a constant value of the coefficient b; with the given function f{x). We may

envisage that the shape of the vibrating cable will follow a sine function with its maximum amplitude at
any given instant obtained by a sin[(sz/L)x] function. Graphically, it can be illustrated in Figure 9.20. We
note that the two ends of the string are fixed and have zero amplitude of vibration. The maximum
amplitudes of vibration occur at the mid-span of the cable. The corresponding frequency of vibration for
this mode of vibration is the coefficient of the argument in the cosine function divided by 2 in the general
solution of u(x,t) in Equation 9.69, or as shown in Equation 9.70 in the case of mode 1 vibration.

Fim ra/L g _ 1 [P 9.70

YU o2r 2L 2L\ m
in which P = the tension in the cable (N) and m = the mass of the cable per unit length (kg/m).
@ time ,
T

*_____________._._* ‘%X
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X=0 '\ X=L

@ time &4
Figure 9.20 Shapes of the cable in mode 1 vibration.
The frequency f; in Equation 9.70 has a unit of Hertz (Hz).

The shape of the vibrating cable in mode 2 with n = 2 Likewise, the shape of the vibrating cable in
mode 2 may be obtained in a similar way by using Equations 9.68 and 9.69 with n = 2, as shown in the
following expressions:

u (x,t) = (bﬁ cos zi—at) sin zfx 9714

where

L .71b
b, = 3/ f(x)sin 2J'r—"’cdx = constant ¢ 97
L L

We recognize from Equation 9.68 that u,(f) = 0 at x = 0, L/2, and L. Graphically, the amplitudes in
Equation 9.71a can be illustrated in Figure 9.21.
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Figure 9.21 Shapes of the cable in mode 2 vibration.

It is interesting to note from Figure 9.21 that there are now three nodes at which the amplitude of
vibration is zero. Physically, it means that there are two spots along the cable at which maximum
amplitudes of vibration occur at L/4 and 3L/4. The corresponding frequency is

2rafl g4 1 /P 9.72
f;’: —_— = T e —_—

2n L LVm

We may find mode 3 of the vibrating cable from Equations 9.68 and 9.69 with n = 3 in the following
expressions:

us(x, t) = (53 cos SLﬂt) sin B%x 9-73a

where

L .73b
b= -, / f(x)sin Ea’x = constant 73
L L

We note from Equation 9.73a that there are four nodes in this mode of vibration at x = 0, L/3, 2L/3, and L
as illustrated in Figure 9.22. The corresponding frequency is

= 3na/L _3a 3 [P 9.74
3T 2r T 2L 2LV m
@ time t, @ time t,

L/3

X=0
Figure 9.22 Shapes of the cable in mode 3 vibration.



Example 9.6

A flexible cable 10 m long is fixed at both ends with a tension of 500 N in the free-hung state. The

cable has a diameter of 1 cm and a mass density of 2.7 g/cm3. The cable begins to vibrate due to
an instantaneous but small disturbance from its initial shape that can be described by the
function f{x) = 0.005x(1—x/10), in which x is the coordinate along the length of the cable with x =
0 at one of the two fixed ends. Determine the following:

a. The differential equation for the amplitudes of vibration of the cable represented by u(x,t)
in the unit of meters, in which ¢ is the time into the vibration with the unit of seconds.

b. The mathematical expressions for the initial and end conditions.
c. The solution for u(x,t) of the differential equation in the unit of meters.

d. The amplitude of the vibrating cable in mode 1, that is, u,(x,t) with the magnitude and
location of the maximum deflection of the cable in this mode of vibration.

e. The numerical values of the frequencies of the first and second modes of vibration.
f. The physical significance of these mode shapes to the design engineer.

Solution:

The present problem involves the following specific conditions:

The length of the cable L = 10 m and its diameter d = 1 cm = 0.01 m.

The cable is made of aluminum with a mass density p = 2.7 g/cm3.

The cable is subjected to a tension P = 500 N and with initial sag described by the function
Sx):

£(x) = 0.005x (1 = l"—o)

a.
The applicable differential equation for the amplitudes of vibration is Equation 9.54 with the
constant coefficient a in that equation to be determined by ¢ = y/P/m , where P = the

tension in the cable = 500 N and m = the mass per unit length, which needs to be computed
from the given values. The mass per unit length of the cable is m = M/L, where M = the total
mass of the cable M = pV, with V being the volume of the cable. We will get the volume of the
cable from the expression V = [(zd”/4)L] = 7.85 X 10~* m?* with d = the given diameter of

the cable. We will thus have the total mass of the cable M = pV = (2.7 x 103) (7.85 x 10™4) =
2.12 kg, meaning the mass per unit length of the cable is 0.212 kg/m.

The constant coefficient a in Equation 9.54 according to the expression given above is

a = £ | —500 = 48.56 IT]/S
\‘ m V 0.212

We will thus need to solve Equation 9.54 with a® = 2358.5 on the right-hand side of this
equation:

2 2
d u(.?:, t) = 2358.56 u(x t) a
ot? Ox?

b.

The mathematical expressions of the initial and end conditions:



The problem requires satisfying the initial and end conditions expressed mathematically as

The initial conditions are

_ _ _ . _x b1
u(x, )], = u(x,0) = f(x) = O‘OOJx(l 10)
WD) apunyep 072
ot |i=o
and the end conditions are
u(x, )|, = u(0,£) =0 c1
u(@x, ),y = u(l,t) =u(10,t) =0 c2

C.

The solution of u(x,t) of Equation (a) satisfying the conditions in Equations (b1) and (b2) and
Equations (c1) and (c2) will be obtained as follows. The solution of Equation (a) is similar to
that of Equation 9.69 with a = 48.56 m/s in the following expression:
Ccos wt [sin Ex]
10 10

o

10
ux)=y % { [/ 0A005x(1 - lx—o)sin%dx
(]

n=1

or

< 1 " x HX d
u(x, t) = = { [/ 0.005x ({1 — — ) sin —de [cos 15.25nt][sin 0.314nx]}
250/, (1-75)sin 5

Using the integrals available from the handbook (Zwillinger, 2003),

. 1 . X
xsinaxdx = — sinax — = cos ax
a= 14

and

o 2x 2 —a’x?
x°sinaxdx = = sinax + _ COS ax
a? a’

we evaluate the integral in Equation (d) in the form

10 Ef__13y\n e ity 1
/ [0.005;: (1 — i) sin de} _ 05 22—
i 10 10 nr nind

The solution in Equation (d) thus takes the form

s e P
u(x, ) = 01 L (142225 (cos 15.25nE)(sin 0.314n)
nr w33

n=1

d.

The amplitude of the vibrating cable in mode 1, that is, u,(x,t) with the magnitude and

location of the maximum deflection of the cable in this mode of vibration. The required
solution is obtained by letting n = 1 in Equation (e) as



iy (,8) = =01 [ = (14 257 )| cos 15.25¢5in 0.314x
T n

= —0.02376 cos 15.25¢ sin 0.314x

The maximum amplitude occurs at the mid-span of the cable at x = 5 m, and at the time
given by cos 15.25t = 1.0. We thus have the maximum amplitude u; 55 = 0.023 76 m, or

2.376 cm, at x = 5 m and at the time given by 15.25¢t = 7, or time t = 71/15.25 = 0.2second.

e. The numerical values of the frequencies of the first and second mode of vibration: We may
use Equations 9.70 and 9.72 to compute the numerical values of the frequencies of the first
and second modes of vibration as follows:

f]:L: 1 1{&:2.43 Hz for mode 1
2L 2x10Y 0.212

f, = l\/ﬁ = i” EJO_ =4.86 Hz for mode 2
LY m 10V 0.212

f. The physical significance of these mode shapes to the design engineer: Engineers will use
the outcomes of the above modal analysis to advise the users of this cable structure on the
possibility of potentially devastating resonant vibration of the cable structure should the
frequency of an applied cyclic force, such as wind force, coincide with any of the natural
frequencies, such as f; = 2.43 Hz, f, = 4.86 Hz, ... computed in part (e). The users will also be
made aware of the locations where maximum amplitudes of vibration may occur as indicated
by the mode shapes in the modal analysis. The users should avoid placing delicate
attachments at these locations to avoid potential damage due to excessive vibration there.




9.8 Partial Differential Equations for Transverse Vibration of Membranes

Solids of plane geometry commonly appear in machines and structures. Thin plates can be as small as
micrometers in thickness in printed electronic circuit boards or as large as floors in building structures.
Like flexible cables, thin flexible plates are normally vulnerable to transverse vibration. In some cases,
these plates may rupture due to resonant vibration, resulting in significant loss of property or even human
life.

This section will present the derivation of partial differential equations that allow engineers to assess the
amplitudes of free vibration of thin plates that are flexible enough to be simulated as thin membranes.
Engineers may use this mathematical model for their modal analysis for safe design of these types of
machine components and structures.

9.8.1 Derivation of the Partial Differential Equation

We will derive the mathematical model for the transverse vibration of thin plates with the following
idealizations and assumptions:

1. The derivation of mathematical expressions is based on the lateral displacement of solids of plane
geometry that are flexible and offer no resistance to bending. In reality, the structure corresponds to
the description of “membranes.”

2. The analysis considers thin plates with unsupported large spans that are sufficiently flexible in
lateral deformation.

3. Because they are flexible, there is no shear stress in the thin plates in the subsequent analysis.

4. The thin plate is initially flat with its edges fixed. There is an initial sag represented by a function
flx,y) sustained by in-plane tension P per unit length of the plate in all directions. The tension P is
large enough to justify neglecting the weight of the plate.

5. Figure 9.23 shows the plate in the (x,y) plane with lateral displacement z(x,y,t), the amplitude of
vibration of the plate at the locations defined by the x—y coordinates and at time t.

6. Each element of the plate vibrates in the direction perpendicular to the plane surface of the plate in
the z-coordinate as illustrated in Figure 9.24. The slopes of the deformed surface of the plate element
are small.

7. The mass per unit area of the plate (m) is uniform throughout the plate.

ZA +Z(x,y.1)
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Figure 9.23 Lateral deformations of thin plates in vibration.
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Figure 9.24 Forces on a vibrating element of a thin plate.

Figure 9.24 is a free-body diagram showing all the forces acting on a small element of the plate during a
lateral vibration. The situation satisfies a dynamic equilibrium condition with the summation of all forces
present at time t being equal to zero. Mathematically, we may express this condition in the form

Y =0

The induced dynamic force F by Newton's second law plays a major role in the formulation of the above
equilibrium of forces. Mathematically, this force may be expressed as

*z(x, v, t
L T L)
ot?

as illustrated in Figure 9.24.

Referring to the small element shown in Figure 9.24, we have the following dynamic equilibrium
conditions:

PAxsin(a + Aa) = PAxsina + PAysin(f + Apf) 9.75
o%zlx,y, 8] _

— PAysin f — m(Ax Ay) EY

0

where m = mass per unit area of the plate material.

Since the slopes of the deformed plate element in both the x- and y-directions are very small as stipulated
in “idealization number 6,” which means that both angles a and 8 are small, leading to the following
approximate relationships:



dz(x+ %,y,t)
a—y
dz(x+ %,y+/_\.y, r)

sina ~ tana =

sin(a + Aa) = tan(a + Aa) =

ay
dz (x,y + 923, r)
sin f = tan f = ————————————
dx
dz(x-i- Ax,y + ?t)
sin(f + Af) = tan(f + Af) = 3
X

Substituting the above approximate relationships into Equation 9.75 results in the following expression:

0z (x+ %.y+ Ay,t) 6z(x+ %,y.t)
PAx -

dy dy

dz(x+Ax,y+ %,t) dz (x.y+?,t)

+PA -
Y dx dx
0%z(x,y,t)
AR N T
e 0
=0

The following expression is obtained by dividing the above expression by AxAy:

dz(x+%,y+ﬁy.t) dz(x-f—ﬁ.y.t)
2 _ 2
dy 9y
Ay
£ : Ay Ay
o x+Ax,y+ —.¢ oz | x,y+ —.t
2 2
ox B 0x
! " Ax |
0%z(x,y,t)
ot?
=0

Given that the lateral deformation of the plate varies continuously with locations on the plane defined by
the x- and y-coordinates, we have the following relationships:

dz(x+ %,y+ﬁy,c) dz(x+ %,y.r)

0 ) 0*z(x,y.,
fim Y 4 = ZEEY.D)
Ay—0 Ay dy2

and



0z | x+ Ax,y + ﬂ.r 9 &y
2 Iz x.y+7,t)

0%z(x, y.t
Kikk dx ox e z(x IJ‘ )
Ax—0 Ax 0x>

The equilibrium equation thus has the following form with Ax — 0 and Ay — o for continuous variation of
the amplitude of vibration of the plate in both x- and y-coordinates with

*z(x,y,t)  0*z(x,y,t) *z(x,y, t)
P - =0
[ 5 ow " on
or in the form
d%z(x, y,t) o *z(x,y,t)  0*z(x,y,t) 9.76
e ox* 0y?

in which the constant a in Equation 9.76 has the same form as in Equation 9.54 but a different meaning:

P 9.77
a= —
m

in which P is the tension per unit length (with unit N/m), and m is the mass per unit area (kg/m?). The
constant a thus has the unit of m/s.

9.8.2 Solution of the Partial Differential Equation for Plate Vibration

Solution of the transverse vibration of a flexible plate in Equation 9.76 is far more complicated than that
in Equation 9.54 for transverse vibration analysis for long flexible cables, for the reason of having
additional variables in the equation for plate vibrations. We will use the following case, involving
transverse vibration of a flexible plate as illustrated in Figure 9.25, to show how the separation of
variables technique may be used to solve Equation 9.76.
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Figure 9.25 Plan view of a flexible plate undergoing transverse vibration.
The applicable partial differential equation is

d%z(x, y,t) o *z(x,y,t)  0*z(x,y,t) 9.76
dt? = dax? dy?

where the constant 4 = y/P/m , P is the constant tension per unit length in the plate and m is the mass

per unit area of the plate material. The following boundary and initial conditions apply for the case
illustrated in Figure 9.25.

A. The boundary conditions:

zZ(x, ¥, )| ug = 2(0,9,£) =0 ai



z2(x,y,t)| = = 2(b,y,t) =0 a2

2(x,9, tl,—o = 2(x,0,£) = 0 b1
2(%, Y, )|, = 2(%,¢,8) =0 b2
B. The initial conditions:
z2(x, ¥, ) jmp =S (%, 3) c1
dz(x,y,t) 5 c2
—_ =g(xy
ot t=0

where f(x,y) is a specified function describing the initial shape of the plate; for example, the sag of the
plate before the vibration takes place. The function g(x,y) is another specified function that describes
the velocity of the plate at the inception of the vibration. In many cases, g(x,y) = o for the plate to be
initially in static equilibrium.

We begin our solution of Equation 9.76 by letting the amplitude of vibration of the plate to be a product of
three individual functions:

Z(x,y,t) = X(x) Y(») T(2) 9.78
in which X(x), Y(y), and T(¢) are functions involving independent variables x, y, and t, respectively.

We will obtain the following equality upon substituting Equation 9.78 into Equation 9.76, as we did in a
similar way in Section 9.5.1. Such substitution yields

1 #Xw) _ 1 &Yy 1 d&TE
X(x) dx> — Y(y) dy a’T(t) de

Inspection of the above expression reveals that the left-hand side of the equality relates to variable x only,
whereas that variable x does not appear in the right-hand side of the equality. The only way such an
equality can be valid is for both sides of the equality to equal the same constant. As is a general practice
when using the separation of variables technique, a negative sign is assigned to the constant to avoid
unbounded solutions of z(x,y,t). We thus have the following relationships with the first separation
constant A:

1 &X@) _ 1 dYQ) i, A a’T(t) 2 d
X(x) dx> — Y(y) dy* = &T(t) d?2
These equalities lead to the following differential equation:
d*X(x) e
=k AZ2X(x)=0
and another equality:
1 2YQy) 1 &TE) |, f
Y(y) dy* — &T(t) dt?
Using the same argument as we did with the equality in Equation (d), we derive the following equalities
for functions involving the independent variables y and t:
1 &Yy 1 BT | ,_ g

YO) dP  @T@) de G

where 1 is second separation constant used in separating the variables y and t in Equation (f). We may



derive two additional differential equations from the above equalities:

LYy h
& +uY(»=0
and
A°T@t) | 5.0, » j
T +a’ (A" + p)T(t) =0
We recognize that all three differential equations for X(x), Y(y), and T(t) in the respective Equations (e),
(h), and (j) are linear second-order differential equations with constant coefficients. Solutions for these
functions are available in Section 8.2. The general solutions of these functions can be expressed as
follows:
X(x) = ¢, cos Ax + ¢, sin Ax k1
Y(y) = ¢ cos uy + ¢, sin uy k2

T(t) = cscosaV A% + 2t + cgsina/ A% + p’t k3

The constants ¢;, ¢y, C3, ..., ¢ in Equations (k1), (k2), and (k3) are arbitrary constants to be determined by
appropriate specified conditions in Equations (a1), (a2), (b1), (b2), (c1), and (c2).
The following conditions for the determination of constants in Equations (k1) and (k2) are derived by

substituting the relationship in Equation 9.78 into Equations (a1), (a2), (b1), and (b2), yielding the
following conditions for Equations (k1) and (k2). X(0) = 0o and Y(0) =olead toc, = c3=0. The other two

conditions: X(b) = 0 and Y(c) = 0 lead to the expressions for the separation constants: A = mn/b with m
=1,2,3,..,and g = nr/c withn =1, 2, 3, .... We thus have the solutions of X(x) and Y(y) as follows:

X(x) = ¢, sin Ax = ¢, , sin {t"‘.gi‘ with m=1,23,... m1
n
Y(y) = ¢y sin py = ¢4, sin =2 with n=1,23,... m2
[
The constant Cs and cg in solution in Equation (k3) may be determined with the initial conditions
specified in Equations (c1) and (c2) for z(x,y,t):
zZ(x,y.8) = X(x) Y(y) T(¢) n

- (oo Z2) o 2)
(ssoma/ () (=) eresimanf (52 (2))

Let

o 2 2 P
wnm ’tlh‘ + ;"R J( b ) + C )

The solution z(x,y,t) may be expressed in the form

MTX , Hmy ;
zix,y,t)=A,,, (sm —b ) (sm —c ) (A,,, cos aw,, t + B, sinaw,,t) q

withm=1,2,3,..,andn=1,2,3,....



One would have observed that we made the products of constants (c, ,,)(c,, Ncs) = A4,,, and
(C'lm )(64.}1)(56) = an in Equation (p)

Since the solution in Equation (q) is valid for every value of m and n, the complete solution will be the
sum of all valid solutions as expressed in the following;:

gl 9.79
Z Z . M . HT . .
Z(x, y! E) = (sln b x) (Sln C y) (AHFH COS a('u!””r + BH!H’ S]n aﬂ)””ft)

m=1 n=1
The multi-valued constant coefficients A,,,,, and B,,,;; in Equation 9.80a may be determined using the two
initial conditions in Equations (c1) and (c2) following a similar procedure to that outlined in determining
coefficient b,, in Section 9.7.2. However, in the current situation, we need to determine A,,,,, by

multiplying the double summation in Equation 9.80a by the product sin(msx/b)sin(ny/c) on both sides
of the equation and then integrating over the ranges 0 < x < b and 0 < y < c¢. This will give the following
expressions for these two multi-valued constant coefficients:

c b
A, = %/ﬂ /ﬂ f(x,9) (sin %x) (sin %y)a’xdy 9.80a
and
c b
4 . mn . AT 9.80b
B = mﬂ /ﬂ g(x,y) (sm Tx) (sm Ty) dxdy

The transverse vibration modes of flexible plates may be obtained by assigning m = 1 and n = 1 for mode 1,
and m = 2 and n = 2 for mode 2 vibrations, and so on. The periods of the various modes of vibration may
be computed from the expression: T, = 2rx/w,,,, with w,,, as given by Equation (p).

H Hin

9.8.3 Numerical Solution of the Partial Differential Equation for Plate
Vibration

Numerical solution for the amplitude of transverse vibration of flexible plates given in Equation 9.79 with
coefficients in Equations 9.80a and 9.80b is much more tedious and complicated than that for flexible
cables described in Section 9.7.

We will present the finding of such a solution using a commercial software package called MatLAB for a
case of free-vibration analysis of a flexible mouse pad such as shown in Figure 9.25 with dimensions b =
10 inches and ¢ = 5 inches. The pad has thickness 0.185 inch and mass density 1.55 Ib,,/in3. The pad has
an initial shape that can be described by the function f(x,y) = xy(b — x)(c — y), or

f(x,5) = xy(10 — x)(5 — ), and is subjected to a constant tension of P = 0.5 Ib;/in. Vibration of the pad
begins from a state of static equilibrium, with g(x,y) = 0 in Equation (c2) in Section 9.8.2.

We first determine the constant coefficient a in Equation 9.77:

S 5 2 i
- % _ (05 lbi/l.n}(322. ftI)/S ] ( ]_2 ln) - 353‘05 in/S
P) 0.00155 Ib,, /in® ft

The frequency w,;,;, required to compute the period T'is given in Equation (p) in Section 9.8.2 with
eigenvalues 4,, = mx /10 and yu, = nx/5 withm, n =1, 2, 3, ..., as shown in the same section.

The mode shapes of this plate are computed from free lateral vibration analysis with the following
expression:

. MmMrx . Hzy .
zZ(x, y,0) =A,,, (sm 0 ) (sm ?) (A,,, cos aw,, t) 9-81



inwhichm,n=1,2,3, ....

The coefficient A,;,,, in the above expression has the form

_16(be)’[1 + (1)1 + (-1)y™*1] 9.82

Amn - m3ﬂ3ﬂ'6

with b = 10 inches and ¢ = 5 inches.

Graphical representations of this numerical solution of the modal analysis of a flexible mouse pad are
obtained with the MatLAB software package (version R2015a) made available by the College of
Engineering at San José State University. An overview of this software will be given in Section 10.6.2 of
Chapter 10, with input/output files for this analytical problem presented in Case 2 in Appendix 4.

Figure 9.26 shows the shape of the pad in mode 1 vibration with m = n = 1 in Figure 9.26a at time t = 0
and Figure 9.26b at t = 1/8 second. There is a significant drop in the maximum amplitude during this
period of time.

e

(a)

(b)

Figure 9.26 Shape of the mouse pad in mode 1 vibration. (a) The initial shape of the pad. (b) Mode shape
at time 1/8 second.

Figure 9.27 shows graphically the shape of the pad in mode 3 vibration with m = n = 3 in three instants of
t =0, 1/8, and V4 seconds. We observe that the pad will have three multiple peaks of vibrations along the
x- and y-directions, respectively. Mode shapes and peak amplitudes of this mode at different instants are
depicted in the same figure.



(b) (c)

Figure 9.27 Mode 3 shapes in vibration of a flexible plate. (a) At time ¢ = 0. At time t = 1/8 second. (c) At
time t = 1/4 second.

As described in Section 8.9, when engineers design a thin plate structure such as the printed circuit board,
mode shapes obtained from modal analyses would allow them to avoid placing delicate electronic
components at locations where maximum amplitude of vibration may occur such as that illustrated in
Figures 9.26 and 9.27.



Problems
9.1 Determine the first- and second-order partial derivatives of each of the following functions:
a. f(x,y) = 52> + 1052y + 8xy> + 7°

b. x(t) = 11—0 cos 10t + ﬁ sin 10t — 2—t0 cos 10¢

nrat . nrx
sin < where b, (n =1, 2, 3,..., n) are constants.

L

oo
C. u(x,t) = 2 b, cos
n=1

9.2 Use the Fourier transform in Section 9.3.3 to solve Equation 9.54 for the amplitudes of vibration
of a long flexible cable:

22 Pu(x,t)  0*u(x,t)
ox> o
with —o < x <  and t > 0 and where a is a constant. The specified initial conditions are

U, )] g = u(x,0) = f(x)
du(x,t)
at t=0

=i (%.0) = g(x)

9.3 Determine whether the separation of variables technique may be used to solve the following
partial differential equations:

a. du(x, t) o du(x, t)

ox ot
ou(x,t)  du(x,t)
b. . =
= + o u(x,t) =0
a'z : dz . az s
o 2859 Fole  Foluy
ox2 0xdy 0y?
d. a-;;g.t) _ 5"'1;(;7- t) +a (@ = constant)

9.4 Determine whether the temperature distribution in a long metal rod such as illustrated in Figure
7.16 can be obtained by solving the following differential equation:

PT(xt) 10T(x,1)
x> a ot
in which a = k/(pc) is the thermal diffusivity of the rod material, where k = thermal conductivity in

W/cem-°C, p = mass density in g/cm3, and ¢ = specific heat of the material in J/g-°C. Thermal
diffusivity a for most engineering materials in normal temperature is a constant.

The prescribed conditions for this problem are
Initial condition (IC): T(x,0) = f(x) = 100 — 40x , a given function.
End conditions (BC): T(0, t) = 0°C and T(L,t) = 0°C,where L is the length of the rod.
A numerical case involving L = 1 m is to be generated with the following material properties of copper:
Thermal conductivity k = 3.93 W/cm-°C
Mass density p = 8.9 g/cm?
Specific heat ¢ = 0.386 J/g-°C



Use the separation of variables technique to solve for the temperature T(x,t) by letting

T(x,t) = X(x)r(t) where X(x) and (t) are two distinct functions. Derive the equations for these two
functions with appropriate conditions.

9.5 A rod of length L is made of a material with thermal conductivity k, initially with a temperature
distribution along its length (the x-direction) that can be described by a function f{x). Find the

temperature distribution in the rod T(x,t) at time ¢ > o if all the surfaces and the two ends of the rod
are thermally insulated.

9.6 Write the differential equation with appropriate conditions for the case in Problem 9.5 but with its
circumferential surface at r = b exposed to surrounding air with bulk temperature T, and heat transfer
coefficient h.

9.7 A rectangular plate used as a heat spreader with the temperatures at its four sides maintained as

indicated in Figure 9.10. The temperature distribution in the plate T(x,y) may be obtained by solving
the partial differential equation

*T(x,y) 0 T(xy) 6 9.50
ox? a:

a. Show the mathematical forms of the boundary conditions required to solve Equation 9.50
according to the specified conditions indicated in Figure 9.28.

b. Solve Equation 9.50 with the specified boundary conditions in (a).

c. Determine the temperature at the center of the plate.

Y A
100°
M
0° T(xy) 0° |20cm
0 2 > X
OC
30 cm I

Figure 9.28 Temperature distribution in a flat plate.

There is negligible heat flow from the flat faces of the plate in contact with stagnant air. All
temperatures in Figure 9.28 have the unit of °C.

9.8 Solve Equation 9.54 for a long cable of length L in free vibration as illustrated in Figure 9.18 with
the initial shape of the cable being f(x) = x(L — x).

9.9 Do the same as in Problem 9.8 but with f(x) = sin(zx)/L .
9.10 The amplitude y(x,t) of free vibration of a beam of length L can be obtained by solving the
following partial differential equation (called the Euler—Lagrange equation):
, 0*y(x, t) 3 *y(x,t)
“Toad T o

where 4? = EI/m, in which E is the Young's modulus and m is the mass per unit length of the beam
material, and I is the section moment of inertia of the beam cross-section.

for 0<x<L and t>0

Solve the partial differential equation with the following conditions. The beam is simply supported
with no bending moments (bending moments are proportional to the second order derivative of the
deflection of the beam) and the initial conditions of the beam are specified by the following functions
of f{x) and g(x):



¥, )= = ¥(%,0) = f(x)

and

ay(x, t)
at =0

9.11 Solve Problem 9.10 with f(x) = sin(zx)/L .

9.12 Solve Problem 9.11 but with both ends of the beam being rigidly held; that is, the slope of the
beam at both ends is zero.



Chapter 10
Numerical Solution Methods for Engineering Analysis



Chapter Learning Objectives

Learn the alternative ways of using numerical methods to solve nonlinear equations, perform
integration, and solve differential equations.

Learn the principles of various numerical techniques for solving nonlinear equations, performing
integrations, and solving differential equations by the Runge—Kutta methods.

Learn the fact that numerical methods offer approximate but credible accurate solutions to the
problems that are not readily or possibly solved by closed-form solution methods.

Learn the fact that numerical solutions are available to the users only at the preset solution
points, and the accuracy of the solutions is largely dependent on the size of the increments of the
variable selected for the solutions.

Become familiar with the value of commerecially available numerical solution software packages
such as Mathematica and MatLAB.



10.1 Introduction

Numerical methods are techniques for solving the mathematical problems involved in engineering
analysis that cannot be solved by closed-form solution methods such as those presented in the preceding
chapters. In this chapter, we will learn the use of some of the available numerical methods that will not
only enable engineers to solve many mathematical problems, but also allow engineers to minimize the
need for the many hypotheses and idealization of the conditions, such as those stipulated in Section 1.4.

Numerical techniques have greatly expanded the types of problems that engineers can solve, as illustrated
in a number of publications in the open literature (Chapra, 2012; Ferziger, 1998; Hoffman, 1992). The
goal of this chapter is to present to readers the basic principles of some of these techniques that are
frequently used in engineering analysis. The author's own experience indicates that engineers who
understand the principles of the numerical methods are usually more effective and intelligent users of
these methods than most technical personnel who are trained to carry out the same computational
assignments using “turn-key” software packages such as the finite-difference method and the MatLLAB
software package in Appendix 4. This chapter will cover the principles of commonly used numerical
techniques for (1) the solution of nonlinear polynomial and transcendental equations; (2) integration
involving complex forms of functions; and (3) the solution of differential equations by the basic finite-
difference schemes and the Runge—Kutta methods. The chapter will also cover the overviews of two
popular commercial software packages called Mathematica and MatLAB.

The principal task in numerical methods for engineering analysis is to develop algorithms that involve
arithmetic and logical operations so that such operations can be performed at incredible speed by digital
computers with enormous data storage capacities. Because readers of this book are expected to be users of
numerical methods, we will present only the principles that are relevant to the development of these
algorithms, not the theories and the proof of these methods.



10.2 Engineering Analysis with Numerical Solutions

Most engineering problems require enormous computational effort when numerical methods are used.
Digital computers are essential tools for obtaining numerical solutions. Digital computers have incredible
power in computational speed and enormous memory capacity. Unfortunately, these machines have no
intelligence of their own, and they are not capable of making independent judgment on their own.
Additionally, engineers need to realize the fact that digital computers can only perform simple arithmetic
operations with (+, —, x, +) and handle the logical flow of data. It cannot perform higher mathematical
operations even in such simple cases as evaluating exponential and trigonometric functions without
proper algorithms that convert the evaluation of these functions into simple arithmetic operations; thus,
all complicated mathematical operations have to be converted into simple arithmetical operations.
Numerical methods that enable engineers to develop algorithms for various mathematical functions and
operations using digital computers have thus become essential knowledge and skills for solving many
advanced engineering problems using mathematical tools.

Despite the fact that numerical techniques have greatly expanded the types of problems that engineers can
handle as mentioned in Section 10.1, users need to be aware of many unique characteristics of these
methods, as outlined in the following.

1. Numerical solutions are available only at selected (discrete) solution points of the domain that is
being investigated, not at all points in the entire domain covered by the functions as is the case with
analytical solution methods described in Chapters 7, 8, and q.

2. Numerical methods are essentially “trial-and-error” processes. Typically, users need to know the
initial and boundary conditions that the intended solution will cover. The selection of increments of
the variable at which the solution points are positioned is critical in the solution of the problem.
Unstable numerical solutions may result from improper selection of such increments, called the step
sizes with solutions.

3. Most numerical solution methods result in some error in the solutions. Two types of error are
inherent with numerical solutions:

a. Truncation errors — because of the approximate nature of numerical solutions of many
engineering problems, these solutions often consist of both lower-order terms and higher-order
terms. The latter terms are often dropped in the computations in order to achieve computational
efficiency, resulting in error in the solution.

b. Round-off errors —Most digital computers handle numbers either with 7 places or 14 decimal
places in numerical solutions. In the case of a 32-bit computer with double precision (i.e., numbers
of 14 decimal places), any number after the 14th decimal point will be dropped. This may not sound
like a big deal, but if a huge number of operations are involved in the computation, such error can
accumulate and result in significant error in the end results.

Both of these types of error are of cumulative nature. Consequently, errors in numerical solution may
grow to be significant in solutions obtained after many step increments.



10.3 Solution of Nonlinear Equations

Often, engineers need to solve nonlinear equations in their analyses. These equations can be as simple as
quadratic equations such as in Equation (8.3) with the two roots expressed in Equation 8.4. There is also
the need to find roots of equations in higher-order polynomial functions such as shown in Equation 10.1,
relating to the problem of locating the marking on a measuring cup, to be described in Example 10.3 and

in Figure 10.4:

L3 +70.3L% + 1647.39L — 18656.72 = 0 10.1

or solution of the time t¢ required for the mass to rupture from its spring attachment in the case of
resonant vibration analysis that was illustrated in Example 8.9:

f[- 1 5 AV.<
(&005 . E) c0s 10, + 5o sin 10 — 0.03 = 0

Solutions of nonlinear equations such as Equations 10.1 and 10.2 may be obtained by setting expressions
f(x) = 0, and finding their roots (i.e., L in Equation 10.1 and t;in Equation 10.2) located at the points of
cross-over of the function f{x) and the x-coordinate axis, as illustrated in Figure 10.1.

fix) A
f(x)
The root: x;
+ f(x_y)
f Xr'+1
f{?\"i) =0 > X
— f(xi1) 0 Xioq
Region
for root
X = Xj

Figure 10.1 Root of a nonlinear equation f(x) = 0.

We will use the following two methods for the solution of the nonlinear equation given in Equation 10.2

10.3.1 Solution Using Microsoft Excel Software

Because the roots of an equation represented by f{x) = 0 are located at the intersections of the function
f(x) and the x-coordinate axis as illustrated in Figure 10.1, one may use the widely available tool of
spreadsheets (such as Microsoft Office Excel) to locate the roots of the equation by evaluating the function
fx) with for various values of the variable x. The range in which the roots of the equation f{x) = 0 lie can
be identified as the values where f(x) change sign from positive to negative or vice versa, as illustrated for
the range (x;_;—x;,,) in Figure 10.1. More accurate values of the roots may be found by repeating the
computation of the function values with smaller increments of the variable x within that range. This
method, though sounds tedious, involves straightforward evaluation of the function f{x) with an initially
estimated value of x; by using the Excel software that has enormous computational speed to identify the

range in which the roots are located, as will be illustrated by Example 10.1.



Example 10.1
Solve the nonlinear polynomial Equation 10.3:

xt =27+’ —3x4+3=0 10.3
using a Microsoft Excel spreadsheet.
Solution:

As in many other numerical solution methods, we begin with an estimate of the root of the
equation at x = 0 and assign an increment of 0.5 in variable x in our evaluation of the function
f(x) = x* — 2x* + 22 — 3x + 3. The spreadsheet indicates the values of f{x) tabulated in the right-

hand portion of Figure 10.2 with an assumed starting point at x = 0:

x  flo)
0 3.00
0.5 1.56
1.0 O
1.5 —0.94
2.0 1.00
2.5 9.56
3.0 30.00
3.5 69.06
4.0 135.00
= 15 12.00
0500 ]| R 7
05 156 | 8.00
110 10| 6.00
1.5 [-0.94 f(x) 4.00
20 |1.00 B
25 [9356 2.00
30 [30.00 | 000> 4
3.5 [69.06 | —2.00 Wi ZAN 3
(4.0 [135.00 X
Root at x =1 Root atx = 1,8

Figure 10.2 Roots of a nonlinear equation.

We note from the computed values of f{x) with variable x in Figure 10.2 that there are two roots
of the equation, one in the range of (x = 1.0 and 1.5) and the other in the range of (x = 1.5 and
2.0), because the sign of the function f{(x) changes across each these ranges of variable x. The first
root of x =1 is obvious because it results in f{x) = 0. The search for the second root by
computation of the function f{x) with smaller increment of x between x = 1.5 and x = 2.0 indicates
aroot at approximately x = 1.8, as illustrated in the graphic representation of the results in Figure
10.2.

10.3.2 The Newton-Raphson Method

Perhaps the most widely used method for finding the roots of nonlinear equations is the Newton—
Raphson method. This method offers rapid convergence to the roots of many nonlinear equations from
the initially estimated roots. The fast convergence to true roots from the estimated roots is achieved by



means of computation of both the function f{x;) and the corresponding slope f(x;) of the function at x;, as
illustrated in Figure 10.3.

7
fx) A\ fx) .
A

: Slope = '(x))

17

R -

Figure 10.3 Newton—Raphson method for solving nonlinear equations.

Figure 10.3 illustrates the principle of the Newton—Raphson method of solving nonlinear equations. As in
many other numerical solution methods, the user has to estimate a root at x = x; for the equation f{x) = o,

from which they may compute the function f{(x;) and at the same time the slope of the curve generated by
the function f{x). This slope may be expressed f’(x;). The graphical representation of this situation
indicates that the slope f'(x;) may be expressed by Equation 10.4:

f(x) =0 10.4
x; —

fix) =

Xix1
which leads to the following expression for the next estimated root at x = x;,:

o g fx) 10.5
i+1 i f; (.x‘;)
One readily sees from Figure 10.3 that the computed approximate next root x;,, is much closer to the real
root (shown as a solid circle) than the previous estimated value at x;.




Example 10.2
Solve the nonlinear polynomial Equation 10.3 in Example 10.1 using the Newton—Raphson
method.
Solution:

In this example, we are required to find the roots of Equation 10.3, with the function

fE)=x*-23+x*-3x+3 a

From this we may express the first-order derivative that represent the slope of the curve
generated by the function f{x) as

flx)=4dx® —6x> +2x -3 b

Substituting f{x;) and f'(x;) into Equation 10.5 for the Newton—Raphson method, we will have the
following expression for finding the estimated roots beginning with x = x;:

oy =X — f(x'.) ¢
i+1 i f’(x,-)
Xy —2x7 + %2 — 3%, +3
"4 —6x? +2x, -3

Thus, estimating the first root at x = x; = 0.5 for i = 1, we will have the next estimated x value at
X, with i =7 + 1 from Equation (c) as

(0.5)* — 2(0.5)* + (0.5)2 — 3(0.5) + 3
4(0.5)3 — 6(0.5)2 + 2(0.5) — 3

%, =05 —

= 1.02083

Iterating the same procedure, we will obtain convergence of the x-values to the root of the
equation. The following tabulation shows the attempts made to find the first two roots of
Equation (a).

Roots of a polynomial equation of order 4

Attempt number (7) x; Computed x;,; Note

1 0.5 1.0208 Estimate of first root

2 1.0208 0.9998

3 0.9998 1.0010 Converges to first root

4 4.0 3.1818 Estimate of second root
5 3.1818 2.5990

6 2.4655 2.1247

7 2.1247 1.9382

8 1.9382 1.8723 Begins to converge to root
9 1.8723 1.8638

10 1.8638 1.8637 Converges to second root

We note from the above tabulation that it took only three attempts to find the convergence to the
first root at x = 1.0. However, it took six attempts to reach convergence to the second root at x =
1.8637 with an initial estimate of the root at x = 4. These two roots are indicated in Figure 10.2



with the plot of the polynomial function.



Example 10.3

Locate the line mark (L) for a contents volume of 500 milliliters (ml) in a measuring cup with the
dimensions shown in Figure 10.4.

Axis of rqvolution

11 cmidiameler
|

W

11 cm

7.5ctm

| diamleter

Figure 10.4 Dimensions of a measuring cup.

Solution:

We let the mark on the measuring cup for a contents volume of 500 ml be situated at L as shown
in Figure 10.4. We let the volume of the measuring cup with the content at the height L to be 500
ml.

The volume of a solid of revolution of a given height may be determined from Equations (2.16) or
2.17 in Chapter 2. The profile of the measuring cup in Figure 10.4 is represented by a function
x(y) = 0.16y + 3.75 in an x—y coordinate system in Figure 10.5.

¥(x)
5.5cm
inipieininiuiiel A
— s £
- . (]
- < -
0 — X
3.75cm

Figure 10.5 Profile of a measuring cup in the x—y coordinate system.

The volume of the contents of the measuring cup at height L may be determined by the following
integral following Equation (2.17):

L . L
V= x/ [x()]” dy = :rf (0.16y + 3.75)*dy
0 0
= 0.0268L% + 1.88412 + 44.15L

Since the volume of the measuring cup at height L is 500 ml or 500 cm3, we have the following
equation for the unknown quantity L:



500 = 0.0268L3 + 1.884L% + 44.15L

or in alternative form:

L? +70.3L% + 1647.39L — 18656.72 = 0

We recognize that Equation (a) is a cubic equation, and one of the roots of this equation will be
the length L.

We will use the Newton—Raphson method to solve the cubic equation in Equation (a) with the
formula given in Equation 10.5 by letting L = x in Equation (a). We thus have the following
expressions for the Newton—Raphson method:

f(x) = x* + 70.3x> + 1647.39x — 18656.72

and its derivative:

f'(x) = 3x* + 140.6x + 1647.39

We estimate the root of Equation (a) to be L = x; = 4.0 with i = 1, and using Equation 10.5 make
the next estimate of the root as

X, =X ——f(xl} =4~'&
277 fr(x) f1(4)
(—10878.36)
© T 2257.79
= 8.818

We find the subsequent estimations of the roots of Equation (c) to be rapidly converging:

2022
e ‘l —_— = 0.
x; = 8.818 3120.47 8.17
x, =817 305885 _g
2996.3287

The last estimated root is x4 =8.15 which is close to the solution x = 8.1566 obtained from the
online software Wolfram/Alpha Widgets (http://www.wolframalpha.com/widgets/view.jsp?id).

We may thus conclude that the mark line for 500 ml for the measuring cup in Figure 10.4 is
located at the height L = 8.15 cm from the bottom of the cup.


http://www.wolframalpha.com/widgets/view.jsp?id

Example 10.4

In Example 8.9 in Chapter 8, we derived an equation, Equation (a), to describe a mass that is
attached to a spring that would break when its elongation reached 0.03 m during resonant
vibration of the spring—mass system. We wish to determine the time ¢ at which the spring

breaks.
The equation derived in Example 8.9 for the breaking time ¢; was

¢
0.03 = 0.05 cos 10¢; + 2 E sin 10¢; — - cos 10¢;
200 20

or

£
(0‘05 - %) cos 10¢; + ﬁ sin 10t — 0.03 =0

Solution:

We will use the Newton—Raphson method to solve for the unknown quantity ¢; in Equation (a) by
first assuming a solution of t; = 0.75. We made this assumption of the solution based on a crudely
approximated value of t; = 0.7 in Example 8.9.

In order to illustrate how the Newton—Raphson method in Equation 10.5 is used to arrive at a
convergent solution, we will replace the unknown quantity ¢fin Equation (a) by x in the following

form:

L) L. " - b
(0.03 20) c0s 10x + 5 sin 10x = 0.03 = 0
with
fx) = (0.05—%) cos 10 + z(l}—osinlox—o.os &
and the derivative
f'(x) = —(0.05 — 0.5x) sin 10x d

Thus, the estimated root x;,,; obtained after the previously estimated root x; may be computed by
using the expression in Equation 10.5.

We will begin the solution process with our initial estimate of the root of Equation (b) as x; =
0.75, which leads to the following subsequent approximate root x,:

X 0.75
x-;:xl—f( 1):0‘75_1’( )
f(x) £(0.75)

[(0.05 — 0.75/20) cos(10 % 0.75) + sin(10 x 0.75/200 — 0.03]

=075 - :
[—(0.05 = 0.5 x0.75) sin(10 x 0.75)]

= 0.869979
The result of this computation, x, = 0.869 979 is presented as trial no. 1 in the following table.
We make similar trials with assumed solution x; and with a coarse increment of 0.5 as shown in
the same table using the Microsoft Excel software.
We note that the value of the function f{x) in the table change from -0.003 432 with x; = 0.85 in
trial no. 3 to +0.008 5058 with x; = 0.9 in trial no. 4. This change of the sign of the value of the



function indicates that the first root of Equation (b) is between x = 0.85 and 0.90. Indeed, our
subsequent trials with x; values assigned within this range of solution using the Newton—
Raphson method does indicate convergence to a more precise solution of x = 0.861 933 as
indicated in the last trial, no. 8.

Trial no. Assigned x; f(x) () 380 % Difference
1 0.75 -0.036 576 0.304 86 0.869 979 16

2 0.80 —-0.019 961 0.346 275 0.857 644 7.21

3 0.85 —0.003 432 0.299 433 0.86146 1.35

4 0.90 0.008 5058 0.164 847 0.848 402 -5.733 12

5 0.855 —0.001 959 0.289 694 0.861762 0.790 885

6 0.857 —-0.001 384 0.28555 0.861846 0.565 415

7 0.86 0.005 367 0.279 071 0.861923 0.223 604

8 0.863 0.000 2905 0.272 28 0.861933 —0.123 61



10.4 Numerical Integration Methods

Integration of functions over specific intervals of the variables that define the functions is a frequent
requirement in engineering analysis. Some of the practical applications of integration are presented in
Section 2.3 in Chapter 2. Exact evaluation of many definite integrals can be found in handbooks
(Zwillinger, 2003) but many others with functions to be integrated are so complicated that analytical
solutions for these integrals are not possible. Numerical methods are the only viable ways for such
evaluations.

In this section, we will present three numerical integration methods: (1) the trapezoidal rule; (2)
Simpson's one-third rule; and (3) Gaussian quadrature. The first two methods are commonly used for
integration of nonlinear functions, and the third method is extensively used in numerical analysis of
complex engineering analyses, such as the finite-element analysis.

We will focus our effort on refreshing the principles that are relevant to the development of algorithms of
these particular numerical integration methods, but will not rehearse the underlying theories and their
proofs. The reader will find derivation of the formulae for these numerical integration methods in
reference books such as those by Chapra (2012), Ferziger (1998), and Hoffman (1992).

10.4.1 The Trapezoidal Rule for Numerical Integration

We learned in Section 2.2.6 that the value of a definite integral of a function y(x) is equal to the area under
the curve produced by this function between the upper and lower limits of the integration as illustrated in
Figure 10.6. Mathematically, the integral of function y(x) can be expressed as

*» .6
= / y(x)dx = Area A 10
y(x) B
A
Area A
0 - - — X

Figure 10.6 Graphical representation of integration of a continuous function.

The value of the integral of a function may thus be determined by computing the area covered by the
function between the two specified limits. For example, the value of the function y(x) in Figure 10.7 may
be approximated by the sum of the three trapezoidal plane areas A;, A,, and A,.
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Figure 10.7 Approximation of the integral of a continuous function y(x).

The area of a trapezoidal plane may be evaluated by the formula of half of the sum of the length of two
parallel sides multiplied by the distance between these two sides. Mathematically, the plane areas A;, A,,

and A5 with equal distance h between two parallel sides in Figure 10.7 may be computed by the following

formulae:
Yot Yty Y2t
O Koo | 22172 A= (2273
=(B2) = (22)r A= (B52)

The sum of A;, A,,and A4 is given by

) x B + 10.7
A1+A2+A3z/ y{x}dxg(%>h+(%)h+(yz ya)k
X

h
= 50’0*’2}’; + 2y, + ;)

in which h is the assigned increment of variable x, and y,, y;, Yo, and y5 are the values of the function
evaluated at x,, x;, x,, and X3, respectively.



Example 10.5

Use the trapezoidal rule to evaluate the integral / ’ ¥(x)dx in which the function

y(x) = x1/(16 — x2)? with x; = 0.5 and x, = 3.5 and with assigned increment h = 1.0
Solution:

We will demonstrate the use of trapezoidal rule for numerical integration by plotting the function
y(x) versus x as shown in Figure 10.8. The value of the integral that we need to determine is

3.5
I=/ xV(16 — x2)3dx
0

5

() = xyfis )

90.00

80.00
70.00

£0.00
Y (X} 50.00

40.00

30.00
20.00
10.00

0.00

Q 0‘-5 1 1.5 2 2.5 3 3‘-5 4 4.5
| A=t h =1 h=1__ |
I 1

\l/ \l/
1 1

Figure 10.8 Numerical integration of a function y(x) by three trapezoids.

By using the trapezoidal rule with the three trapezoids illustrated in Figure 10.8, we may evaluate
the integral I by using the expression in Equation 10.7 as

.3.5
];/ xp(lﬁ—x'zjf*dxmg(yn+2y|+2y2 +3)
05
= %(31.25 +2xX7648 +2x76.11 4+ 25.4)

= 180.92

This approximate value of the integral I obtained by the above formula is less than the analytical solution
of 191.45 obtained from a mathematical handbook (Zwillinger, 2003). The difference between the value of
the integral of 180.92 obtained using the trapezoidal rule and that of 191.45 from the analytical solution
method is to be expected. This difference in results represents the errors inherent in any numerical
method. In the trapezoidal rule method in this example, the discrepancy is introduced by the
approximation of the curve representing the given function by straight line segments (shown dashed) that
were the edges of the trapezoids in computing the approximate area under the curve in Figure 10.8. One
may readily observe that this discrepancy between the curved edges and the straight edges shown as
dashed lines can be reduced by the reduction of the size of the increment h, as can be observed from the
graphic illustration in Figure 10.8. Consequently, closer approximation, or more accurate results from
numerical integration, may be achieved by reducing the size of increment h in this particular numerical
analysis.

Figure 10.9 shows the area under function y(x), which can be approximated as the sum of the areas of (n -



1) trapezoids. Many more trapezoids under the function curve such as shown in Figure 10.9 entails many
more increments of h along the x-coordinate between the upper and lower integration limits, with
concomitant more accurate results.

yx)
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Figure 10.9 Integration of function y(x) with multiple trapezoids.

The approximate value of the integral of function y(x) in Figure 10.9 is equal to the sum of all the
trapezoids in the figure according to the following equation derived from the same principle as in the
earlier case with three trapezoids:

X, 10.
I= / yx)dx ~ Z(A1 dillg b Adgboredh Al

*a

h
- “2‘(3’0 +2y,+ 2y, +2y3+- -+ 2y, + )

where h is the increment along the x-coordinate axis in the numerical integration.



Example 10.6

Evaluate the same integral as in Example 10.5 but with a reduced size of the increment h = 0.5.
Solution:

The value of the integral that we need to determine is

35 35
I= / y(x)dx = / xy/ (16 — x2)3 dx
0 0.5

5

with the function y(x) = x/(16 — x2)3. The area covered by the function between x = 0.5 and x =
3.5 is approximated by what is shown in Figure 10.10.
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Figure 10.10 Integration of a function y(x) with six trapezoids.

We will first determine the function values y(x) at x = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0, and 3.5. Table
10.1 shows the function values, y,, Yo, Y3, Uy, Y5, and ye required in the computation of the areas

of the five trapezoids in Figure 10.10.

Table 10.1 Function values at designated points.

nXp Yn—

1 0.5 31.25
2 1.0 58.09
3 1.5 76.48
4 2.0 83.18
5 2.5 76.11
6 3.0 55.56
7 3.5 25.42

We may thus use Equation 10.8 to compute the sum of the areas of the five trapezoids in Figure
10.10 as

I= %(31.25 +2%58.09+2x7648 +2x83.18 +2x76.11 + 2 x55.56 + 25.42)
= 188.88



This value of 188.88 for the same integral now with h = 0.5 is much closer to the analytical value of 191.45
than that of 180 obtained with h = 1.0 in Example 10.5. It has thus been demonstrated the fact that the
smaller the increment one uses in numerical integration, the more accurate a result will be obtained.

10.4.2 Numerical Integration by Simpson's One-third Rule

In Section 10.4.1, we refreshed the principle of evaluating an integral as the plane area under the curve
representing the function (the integrand) in the integral between two limits of the variable in the
integration. This area is graphically expressed in Figure 10.11a.

B

yix) 4

Figure 10.11 Graphical representation of integration of a continuous function. (a) Area defined by a
function. (b) Approximation of the area by a trapezoid. (c) Approximation of the area by a parabolic
function.

The value of an integral may be obtained by numerical methods such as the trapezoidal rule described in
Section 10.4.1. The trapezoidal method is a simple but a relatively “crude” method that will result in an
approximate value of the integral with minimal computational effort. Graphical representation of the
trapezoidal method is illustrated in Figure 10.11b for the simplest possible numerical approximation of the
area under the curve of y(x) as the area of one trapezoid (shown as the cross-hatched area) under the
curve. This method is popular and easy to use because the formula used to compute the plane area of
trapezoids is well known to engineers.

Another popular numerical method for integration is by Simpson's rule, in particular, “Simpson's one-
third rule.” This rule differs from the trapezoidal method by assuming that the function y(x) can be
approximated in the range of interest by a parabolic function as shown in Figure 10.11c. The function y(x)

= ax? + bx + c that describes the sector of the function in Figure 10.11¢ contains the unknown constant
coefficients a, b, and ¢ which can be determined with the following simultaneous equations relating to the
function values at the discrete variable values x = —x, x = 0, and x = +x as follows:

Yo = a(—x)*> + b(-x) + ¢

h=¢
¥y = a(x)* + b(x) + ¢



from which we may solve for

1 10.9a
a= E(J’n -2y, +)
C=X 10.9b

The value of the integral of the function y(x) is equal to the plane area A in Figure 10.11c¢, or

+Ax +Ax
/ y(x)dx = / (ax® + bx + ¢)dx

Ax Ax

ax®  bx? =
s=s|l—7—+—7+cx
(55 +=)

I = AREA(—xABx)

-Ax
A ;
= ?"‘pamx)z + 6¢]
By substituting the constant coefficients a and c in Equations 10.9a and 10.9b, together with Ax = x

illustrated in Figure 10.11c, into the above expression, we get the following relation for Simpson's one-
third rule for the integral I:

+Ax +x A?C
l=/ y(x)dx=/ (ux2+bx+c)dx=?(yu+4yl+y2)

Ax



Example 10.7

Use Simpson's one-third rule to find the numerical value of the integral in Example 10.5.
Solution:

We will use the three function values at x = 0.5, 2.0, and 3.5 to compute the value of the integral
of the function in Example 10.5. In this case, the increment of the integration variable is Ax = 1.5.
The integral is determined using Equation 10.10 for the graphic representation of the function

y(x) in Figure 10.12.
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Figure 10.12 Numerical integration by Simpson's one-third rule.

We may obtain the function values y,, y;,and y, at x = 0.5, 2, and 3.5 from Table 10.1 as y, =
31.25, y; = 83.18, and y, = 25.42. Integration of the function y(x) in Example 10.5 can thus be
carried out by substituting the values of y,, y; and y, and the increment of x, Ax = 1.5, into

Equation 10.10 to give

+Ax +x
= / y(x)dx = / (ax® + bx + c)dx

Ax

Ax
= '_'3"0’0 + 4y, +¥,)

35
= / y(x)dx
05

3.5
= / /(A6 =y dx
(

).5

= 1?5(31.25 +4 x 83.18 + 25.42) = 194.70

The analytical or “exact” result of the above integral is 191.45 from a table of definite integrals (Zwillinger
2003), which we may compare with the results I = 188.88 using three trapezoids in Example 10.5 and I =
194.70 with three function values using Simpson's one-third rule.

We will use the same illustration in Figure 10.13 and Equation 10.10 to derive the general expression for
Simpson's one-third rule for numerical integration.
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Figure 10.13 Integration of a nonlinear function y(x) by Simpson's one-third rule.

We derived Equation 10.10 with the first three function values y,, y; and y, at x = x, x = x3, and x = x,,

respectively, with an assumed parabolic function connecting these three points. The next parabolic
function for the next adjoining three-point segment requires that the function value y, be evaluated twice.

The same happens to the second last point at x,,_; in the region for the integration at which the function
value y,,_; in Figure 10.13 being evaluated twice. The coefficients associated with the y; for n points in
Figure 10.13 are given in the following tabulation:

X; 0123456..n-2n-1n
Coefficientof y;1 42424 2..2 4 1

We may thus formulate the general expression of Simpson's one-third rule as follows:

= / b S 10.11

h
=300+ 91+ 2, +4y3 4+ 290+ 4+ 20+ Yy )
We note from Equation 10.11 that the use of this relationship for Simpson's one-third rule requires even

number of function values with odd number increments in the integration variable.




Example 10.8

Use Simpson's one-third rule in Equation 10.10 to evaluate the integral in Example 10.6:

35 35
I'= / y(x)dx = / xy/ (16 — x?)* dx
0. 0.5

5
Solution:

The trapezoidal method was used in numerical evaluation of the integral with seven function
values as indicated in Table 10.1 in Example 10.6. Here we will require an even number of
function values for Simpson's one-third rule as indicated in Equation 10.11. Consequently, we
need to reduce the increment of x and increase the number of increments from seven in Example
10.6 to eight for the present example, with a slight reduction of increment from Ax = 0.5 in
Example 10.6 to Ax = 0.43 in the present case. The eight function values are presented in Table
10.2 for the data points shown in Figure 10.14.

Table 10.2 Eight values of a function for integration using Simpson one-third rule.
n 1 2 3 4 5 6 7 8
Xn 0.5 0.93 1.36 1.79 2.21 2.64 3.07 3.5
y=y(x,) 31.25 54.69 72.3 81.89 81.85 71.54 51.68 25.41
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Figure 10.14 Numerical integration using Simpson's one-third rule with eight function values.

We may thus insert the function values presented in Table 10.2 into Equation 10.11 and evaluate
the integral of the function:

35 3.5
1= / y(x)dx = xV (16 — x2)3dx
(

).5 0.5

i

Ax
?U’u + 4y, + 2y, +4y; + 2y, +4ys + 2y, + 3;)

%(31.25 +4 X 54.69 + 2 X 72.30 + 4 X 81.89 + 2 X 81.85 + 4 X 71.54

+2x51.68 +25.41)
186.45
This approximate solution of 186.45 of the integral has about 2.6% error from the exact solution



of 191.45.

10.4.3 Numerical Integration by Gaussian Quadrature

Numerical integration of functions using the trapezoidal rule (Section 10.4.1) and Simpson's one-third
rule (Section 10.4.2) enables us to determine approximate values of integrals of continuous functions f{x)
over a range of (x—x,) into equal parts with increment of the variable Ax (or h) as shown in Figures 10.7
and 10.9. This process allows us to select the sampling points and evaluate the integral in terms of the
discrete values of the function at these points. These methods usually work well with well-behaved
functions in integrals such as the ones used in Examples 10.5 to 10.8. However, neither the trapezoidal
rule nor Simpson's one-third rule offers any guidance on the selection of the size of the increment of the
variable in these numerical integration methods. There are times when engineers are expected to find
numerical values of integrals involving functions that have drastic changes of shape over the range of the
required integration. The two methods already discussed do not yield good approximations of the
numerical values of these integrals because of improper selection of sampling points. Thus, it is desirable
to have a numerical integration method that 