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PREFACE

Nonlinear continuum mechanics is one of the fundamental subjects that form the foundation
of modern computational mechanics. The study of the motion and behavior of materials
under different loading conditions requires understanding of basic, general, and nonlinear
kinematic and dynamic relationships that are covered in continuum mechanics courses.
The finite element method, on the other hand, has emerged as a powerful tool for solving
many problems in engineering and physics. The finite element method became a popular
and widely used computational approach because of its versatility and generality in solving
large-scale and complex physics and engineering problems. Nonetheless, the success of
using the continuum-mechanics-based finite element method in the analysis of the motion of
bodies that experience general displacements, including arbitrary large rotations, has been
limited. The solution to this problem requires resorting to some of the basic concepts in
continuum mechanics and putting the emphasis on developing sound formulations that satisfy
the principles of mechanics. Some researchers, however, have tried to solve fundamental
formulation problems using numerical techniques that lead to approximations. Although
numerical methods are an integral part of modern computational algorithms and can be
effectively used in some applications to obtain efficient and accurate solutions, it is the
opinion of many researchers that numerical methods should only be used as a last resort to fix
formulation problems. Sound formulations must be first developed and tested to make sure
that these formulations satisfy the basic principles of mechanics. The equations that result
from the use of the analytically correct formulations can then be solved using numerical
methods.

This book is focused on presenting the nonlinear theory of continuum mechanics and
demonstrating its use in developing nonlinear computer formulations that can be used in
the large displacement dynamic analysis. To this end, the basic concepts used in continuum
mechanics are first presented and then used to develop nonlinear general finite element
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formulations for the large displacement analysis. Two nonlinear finite element dynamic
formulations will be considered in this book. The first is a general large-deformation finite
element formulation, whereas the second is a formulation that can be used efficiently to solve
small-deformation problems that characterize very and moderately stiff structures. In this
latter case, an elaborate method for eliminating the unnecessary degrees of freedom must be
used in order to be able to efficiently obtain a numerical solution. An attempt has been made to
present the materials in a clear and systematic manner with the assumption that the reader has
only basic knowledge in matrix and vector algebra as well as basic knowledge of dynamics.
The book is designed for a course at the senior undergraduate and first-year graduate level. It
can also be used as a reference for researchers and practicing engineers and scientists who
are working in the areas of computational mechanics, biomechanics, computational biology,
multibody system dynamics, and other fields of science and engineering that are based on the
general continuum mechanics theory.

In Chapter 1, matrix, vector, and tensor notations are introduced. These notations will be
repeatedly used in all chapters of the book, and therefore, it is necessary that the reader reviews
this chapter in order to be able to follow the presentation in subsequent chapters. The polar
decomposition theorem, which is fundamental in continuum and computational mechanics, is
also presented in this chapter. D’Alembert’s principle and the principle of virtual work can be
used to systematically derive the equations of motion of physical systems. These two important
principles are discussed and the relationship between them is explained. The use of a finite
dimensional model to describe the continuum motion is also discussed and the procedure for
developing the discrete equations of motion is outlined. The principles of momentum and
principle of work and energy are presented, and the problems associated with some of the
finite element formulations that violate these analytical mechanics principles are discussed.
Chapter 1 also provides a discussion on the definitions of the gradient vectors that are used in
continuum mechanics to define the strain components.

In Chapter 2, the general kinematic displacement equations of a continuum are devel-
oped and used to define the strain components. The Green–Lagrange strains and the Almansi
or Eulerian strains are introduced. The Green–Lagrange strains are defined in the reference
configuration, whereas the Almansi or Eulerian strains are defined in the current deformed
configuration. The relationships between these strain components are established and used to
shed light on the physical meaning of the strain components. Other deformation measures as
well as the velocity and acceleration equations are also defined in this chapter. The important
issue of objectivity that must be considered when large deformations and inelastic formula-
tions are used is discussed. The equations that govern the change of volume and area, the
conservation of mass, and examples of deformation modes are also presented in this chapter.

Forces and stresses are discussed in Chapter 3. Equilibrium of forces acting on an infinites-
imal material element is used to define the Cauchy stresses, which are used to develop the
partial differential equations of equilibrium. The transformation of the stress components and
the symmetry of the Cauchy stress tensor are among the topics discussed in this chapter.
The virtual work of the forces due to the change of the shape of the continuum is defined.
The deviatoric stresses, stress objectivity, and energy balance equations are also discussed in
Chapter 3.

The definition of the strain and stress components is not sufficient to describe the motion of
a continuum. One must define the relationship between the stresses and strains using the con-
stitutive equations that are discussed in Chapter 4. In Chapter 4, the generalized Hooke’s law
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is introduced and the assumptions used in the definition of homogeneous isotropic materials
are outlined. The principal strain invariants and special large-deformation material models
are discussed. The linear and nonlinear viscoelastic material behavior is also discussed in
Chapter 4.

Nonlinear finite element formulations are discussed in Chapters 5 and 6. Two formulations
are discussed in these two chapters. The first is a large-deformation finite element formula-
tion, which is discussed in Chapter 5. This formulation, called the absolute nodal coordinate
formulation (ANCF), is based on a continuum mechanics theory and employs position gra-
dients as coordinates. It leads to a unique displacement and rotation fields and imposes no
restrictions on the amount of rotation or deformation within the finite element. The absolute
nodal coordinate formulation has some unique features that distinguish it from other exist-
ing large-deformation finite element formulations: it leads to a constant mass matrix; it leads
to zero centrifugal and Coriolis forces; it automatically satisfies the principles of mechanics;
it correctly describes an arbitrary rigid-body motion including finite rotations; and it can be
used to develop several beam, plate, and shell elements that relax many of the assumptions
used in classical theorems. When using ANCF finite elements, no distinction is made between
plate and shell elements since shell geometry can be systematically obtained using the nodal
coordinates in the reference configuration.

Clearly, large-deformation finite element formulations can also be used to solve
small-deformation problems. However, it is not recommended to use a large-deformation
finite element formulation to solve a small-deformation problem. Large-deformation formu-
lations do not exploit some particular features of small-deformation problems, and therefore,
such formulations can be very inefficient in the solution of stiff and moderately stiff systems.
The development of an efficient small-deformation finite element formulation that correctly
describes an arbitrary rigid-body motion requires the use of more elaborate techniques in
order to define a local linear problem without compromising the ability of the method to
describe large-displacement, small-deformation behavior. The finite element floating frame of
reference (FFR) formulation, widely used in the analysis of small deformations, is discussed
in Chapter 6. This formulation allows eliminating high-frequency modes that do not have a
significant effect on the solution, thereby leading to a lower-dimension dynamic model that
can be efficiently solved using numerical and computer methods.

Although finite element (FE) formulations are based on polynomial representations,
the polynomial-based geometric representation used in computer-aided design (CAD)
methods cannot be converted exactly to the kinematic description used in many existing
FE formulations. For this reason, converting a CAD model to an FE mesh can be costly
and time-consuming. CAD software systems use computational geometry methods such
as B-spline and Non-Uniform Rational B-Splines (NURBS). These methods can describe
accurately complex geometry. The relationship between these CAD geometry methods
and the FE formulations presented in this book are discussed in Chapter 7. As explained
in Chapter 7, modeling modern engineering and physics systems requires the successful
integration of computer-aided design and analysis (I-CAD-A) by developing an efficient
interface between CAD systems and analysis tools or by developing a new mechanics based
CAD/analysis system.

In many engineering applications, plastic deformations occur due to excessive forces
and impact as well as thermal loads. Several plasticity formulations are presented in
Chapter 8. First, a one-dimensional theory is used in order to discuss the main concepts
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and solution procedures used in the plasticity analysis. The theory is then generalized to
the three-dimensional analysis for the case of small strains. Large strain nonlinear plasticity
formulations as well as the J2 flow theory are among the topics discussed in Chapter 8.

I would like to thank many students and colleagues with whom I worked for several years on
the subject of flexible body dynamics. I was fortunate to collaborate with excellent students and
colleagues who educated me in this important field of computational mechanics. In particular,
I would like to thank my doctorate students, Bassam Hussein, Luis Maqueda, Mohil Patel,
Brian Tinsley, and Liang Wang, who provided solutions for several of examples and figures
presented in several chapters of the book. I would also like to thank my family for their help,
patience, and understanding during the time of preparing this book.

Ahmed A. Shabana
Chicago, IL

2016
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CHAPTER 1

INTRODUCTION

Matrix, vector, and tensor algebras are often used in the theory of continuum mechanics in
order to have a simpler and more tractable presentation of the subject. In this chapter, the math-
ematical preliminaries required to understand the matrix, vector, and tensor operations used
repeatedly in this book are presented. Principles of mechanics and approximation methods
that represent the basis for the formulation of the kinematic and dynamic equations developed
in this book are also reviewed in this chapter. In the first two sections of this chapter, matrix
and vector notations are introduced and some of their important identities are presented. Some
of the vector and matrix results are presented without proofs with the assumption that the
reader has some familiarity with matrix and vector notations. In Section 3, the summation
convention, which is widely used in continuum mechanics texts, is introduced. This introduc-
tion is made despite the fact that the summation convention is rarely used in this book. Tensor
notations, on the other hand, are frequently used in this book and, for this reason, tensors
are discussed in Section 4. In Section 5, the polar decomposition theorem, which is funda-
mental in continuum mechanics, is presented. This theorem states that any nonsingular square
matrix can be decomposed as the product of an orthogonal matrix and a symmetric matrix.
Other matrix decompositions that are used in computational mechanics are also discussed. In
Section 6, D’Alembert’s principle is introduced, while Section 7 discusses the virtual work
principle. The finite element method is often used to obtain finite dimensional models of con-
tinuous systems that in reality have infinite number of degrees of freedom. To introduce the
reader to some of the basic concepts used to obtain finite dimensional models, discussions of
approximation methods are included in Section 8. The procedure for developing the discrete
equations of motion is outlined in Section 9, while the principle of conservation of momentum
and the principle of work and energy are discussed in Section 10. In continuum mechanics,

Computational Continuum Mechanics, Third Edition. Ahmed A. Shabana.
© 2018 John Wiley & Sons Ltd. Published 2018 by John Wiley & Sons Ltd.
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2 COMPUTATIONAL CONTINUUM MECHANICS

the gradients of the position vectors can be determined by differentiation with respect to dif-
ferent parameters. The change of parameters can lead to the definitions of strain components
in different directions. This change of parameters, however, does not change the coordinate
system in which the gradient vectors are defined. The effect of the change of parameters on
the definitions of the gradients is discussed in Section 11.

1.1 MATRICES

In this section, some identities, results, and properties from matrix algebra that are used repeat-
edly in this book are presented. Some proofs are omitted, with the assumption that the reader
is familiar with the subject of linear algebra.

Definitions

An m× n matrix A is an ordered rectangular array, which can be written in the following form:

A = (ai j) =

⎡⎢⎢⎢⎢⎣
a11 a12 … a1n

a21 a22 … a2n

⋮ ⋮ ⋱ ⋮

am1 am2 … amn

⎤⎥⎥⎥⎥⎦
(1.1)

where aij is the ijth element that lies in the ith row and jth column of the matrix. Therefore,
the first subscript i refers to the row number and the second subscript j refers to the column
number. The arrangement of Equation 1 shows that the matrix A has m rows and n columns.
If m= n, the matrix is said to be square; otherwise, the matrix is said to be rectangular. The
transpose of an m× n matrix A is an n×m matrix, denoted as AT, which is obtained from A
by exchanging the rows and columns, that is, AT = (aji).

A diagonal matrix is a square matrix whose only nonzero elements are the diagonal ele-
ments, that is, aij = 0 if i≠ j. An identity or unit matrix, denoted as I, is a diagonal matrix that
has all its diagonal elements equal to one. The null or zero matrix is a matrix that has all its
elements equal to zero. The trace of a square matrix A is the sum of all its diagonal elements,
that is,

tr(A) =
n∑

i=1

aii (1.2)

This equation shows that tr(I)= n, where I is the identity matrix and n is the dimension of the
matrix.

A square matrix A is said to be symmetric if

A = AT, aij = aji (1.3)

A square matrix is said to be skew symmetric if

A = −AT, aij = −aji (1.4)
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This equation shows that all the diagonal elements of a skew-symmetric matrix must be equal
to zero. That is, if A is a skew-symmetric matrix with dimension n, then aii = 0 for i= 1, 2,… ,
n. Any square matrix can be written as the sum of a symmetric matrix and a skew-symmetric
matrix. For example, if B is a square matrix, B can be written as

B = B̄ + B̃ (1.5)

where B̄ and B̃ are, respectively, symmetric and skew-symmetric matrices defined as

B̄ = 1
2
(B + BT), B̃ = 1

2
(B − BT) (1.6)

Skew-symmetric matrices are used in continuum mechanics to characterize the rotations of
the material elements.

Determinant

The determinant of an n× n square matrix A, denoted as |A| or det(A), is a scalar quantity. In
order to be able to define the unique value of the determinant, some basic definitions have to
be introduced. The minor Mij corresponding to the element aij is the determinant of a matrix
obtained by deleting the ith row and jth column from the original matrix A. The cofactor Cij
of the element aij is defined as

Cij = (−1)i+ jMij (1.7)

Using this definition, the determinant of the matrix A can be obtained in terms of the cofactors
of the elements of an arbitrary row j as follows:

|A| = n∑
k=1

ajkCjk (1.8)

One can show that the determinant of a diagonal matrix is equal to the product of the diagonal
elements, and the determinant of a matrix is equal to the determinant of its transpose; that
is, if A is a square matrix, then |A|= |AT|. Furthermore, the interchange of any two columns
or rows only changes the sign of the determinant. It can also be shown that if the matrix has
linearly dependent rows or linearly dependent columns, the determinant is equal to zero. A
matrix whose determinant is equal to zero is called a singular matrix. For an arbitrary square
matrix, singular or nonsingular, it can be shown that the value of the determinant does not
change if any row or column is added or subtracted from another. It can be also shown that the
determinant of the product of two matrices is equal to the product of their determinants. That
is, if A and B are two square matrices, then |AB|= |A||B|.

As will be shown in this book, the determinants of some of the deformation measures used
in continuum mechanics are used in the formulation of the energy expressions. Furthermore,
the relationship between the volumes of a continuum in the undeformed state and the deformed
state is expressed in terms of the determinant of the matrix of position vector gradients. There-
fore, if the elements of a square matrix depend on a parameter, it is important to be able to
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determine the derivatives of the determinant with respect to this parameter. Using Equation 8,
one can show that if the elements of the matrix A depend on a parameter t, then

d
dt
|A| = n∑

k=1

ȧ1kC1k +
n∑

k=1

ȧ2kC2k + · · · +
n∑

k=1

ȧnkCnk (1.9)

where ȧij = daij∕dt. The use of this equation is demonstrated by the following example.

Example 1.1

Consider the matrix J defined as

J =
⎡⎢⎢⎢⎣
J11 J12 J13

J21 J22 J23

J31 J32 J33

⎤⎥⎥⎥⎦
where Jij = 𝜕ri/𝜕xj, and r and x are the vectors

r(x1, x2, x3, t) = [r1 r2 r3]T, x = [x1 x2 x3]T

That is, the elements of the vector r are functions of the coordinates x1, x2, and x3 and the
parameter t. If J= |J| is the determinant of J, prove that

dJ
dt

=
(
𝜕ṙ1

𝜕r1
+
𝜕ṙ2

𝜕r2
+
𝜕ṙ3

𝜕r3

)
J

where 𝜕ṙi∕𝜕rj = (𝜕∕𝜕rj)(dri∕dt), i, j= 1, 2, 3.

Solution: Using Equation 9, one can write

dJ
dt

=
3∑

k=1

J̇1kC1k +
3∑

k=1

J̇2kC2k +
3∑

k=1

J̇3kC3k

where Cij is the cofactor associated with element Jij. Note that the preceding equation can be
written as

dJ
dt

=
|||||||
J̇11 J̇12 J̇13

J21 J22 J23

J31 J32 J33

||||||| +
|||||||
J11 J12 J13

J̇21 J̇22 J̇23

J31 J32 J33

||||||| +
|||||||
J11 J12 J13

J21 J22 J23

J̇31 J̇32 J̇33

|||||||
In this equation,

J̇ij =
𝜕ṙi

𝜕xj

=
𝜕ṙi

𝜕r1

𝜕r1

𝜕xj

+
𝜕ṙi

𝜕r2

𝜕r2

𝜕xj

+
𝜕ṙi

𝜕r3

𝜕r3

𝜕xj

=
3∑

k=1

𝜕ṙi

𝜕rk

Jkj
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Using this expansion, one can show that

|||||||
J̇11 J̇12 J̇13

J21 J22 J23

J31 J32 J33

||||||| =
(
𝜕ṙ1

𝜕r1

)
J

Similarly, one can show that

|||||||
J11 J12 J13

J̇21 J̇22 J̇23

J31 J32 J33

||||||| =
(
𝜕ṙ2

𝜕r2

)
J,

|||||||
J11 J12 J13

J21 J22 J23

J̇31 J̇32 J̇33

||||||| =
(
𝜕ṙ3

𝜕r3

)
J

Using the preceding equations, it is clear that

dJ
dt

=
(
𝜕ṙ1

𝜕r1
+
𝜕ṙ2

𝜕r2
+
𝜕ṙ3

𝜕r3

)
J

This matrix identity is important and is used in this book to evaluate the rate of change of
the determinant of the matrix of position vector gradients in terms of important deformation
measures.

Inverse and Orthogonality

A square matrix A−1 that satisfies the relationship

A−1A = AA−1 = I (1.10)

where I is the identity matrix, is called the inverse of the matrix A. The inverse of the matrix
A is defined as

A−1 =
Ct|A| (1.11)

where Ct is the adjoint of the matrix A. The adjoint matrix Ct is the transpose of the matrix of
the cofactors (Cij) of the matrix A. One can show that the determinant of the inverse |A−1| is
equal to 1/|A|.

A square matrix is said to be orthogonal if

ATA = AAT = I (1.12)

Note that in the case of an orthogonal matrix A, one has

AT = A−1 (1.13)

That is, the inverse of an orthogonal matrix is equal to its transpose. One can also show that
if A is an orthogonal matrix, then |A|=±1; and if A1 and A2 are two orthogonal matrices that
have the same dimensions, then their product A1A2 is also an orthogonal matrix.
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Examples of orthogonal matrices are the 3× 3 transformation matrices that define the ori-
entation of coordinate systems. In the case of a right-handed coordinate system, one can show
that the determinant of the transformation matrix is +1; this is a proper orthogonal trans-
formation. If the right-hand rule is not followed, the determinant of the resulting orthogonal
transformation is equal to −1, which is an improper orthogonal transformation, such as in the
case of a reflection.

Matrix Operations

The sum of two matrices A= (aij) and B= (bij) is defined as

A + B = (aij + bij) (1.14)

In order to add two matrices, they must have the same dimensions. That is, the two matrices
A and B must have the same number of rows and same number of columns in order to apply
Equation 14.

The product of two matrices A and B is another matrix C defined as

C = AB (1.15)

The element cij of the matrix C is defined by multiplying the elements of the ith row in A by
the elements of the jth column in B according to the rule

cij = ai1b1j + ai2b2j + · · · + ainbnj =
∑

k

aikbkj (1.16)

Therefore, the number of columns in A must be equal to the number of rows in B. If A is an
m× n matrix and B is an n× p matrix, then C is an m× p matrix. In general, AB≠BA. That is,
matrix multiplication is not commutative. The associative law for matrix multiplication, how-
ever, is valid; that is, (AB)C=A(BC)=ABC, provided consistent dimensions of the matrices
A, B, and C are used.

1.2 VECTORS

Vectors can be considered special cases of matrices. An n-dimensional vector a can be written
as

a = (ai) =

⎡⎢⎢⎢⎢⎣
a1

a2

⋮

an

⎤⎥⎥⎥⎥⎦
=
[
a1 a2 · · · an

]T
(1.17)

Therefore, it is assumed that the vector is a column, unless it is transposed to make it a row.
Because vectors can be treated as columns of matrices, the addition of vectors is the same as

the addition of column matrices. That is, if a= (ai) and b= (bi) are two n-dimensional vectors,
then a+ b = (ai + bi). Three different types of products, however, can be used with vectors.
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These are the dot product, the cross product, and the outer or dyadic product. The result of the
dot product of two vectors is a scalar, the result of the cross product is a vector, and the result
of the dyadic product is a matrix. These three different types of products are discussed in the
following sections.

Dot Product

The dot, inner, or scalar product of two vectors a and b is defined as

a ⋅ b = aTb = a1b1 + a2b2 + · · · + anbn =
n∑

i=1

aibi (1.18)

Note that the two vectors a and b must have the same dimension. The two vectors a and b are
said to be orthogonal if a ⋅ b= aTb= 0. The norm, magnitude, or length of an n-dimensional
vector is defined as

|a| =√a ⋅ a =
√

aTa =

√√√√ n∑
i=1

(ai)2 (1.19)

It is clear from this definition that the norm is always a positive number, and it is equal to zero
only when a is the zero vector, that is, all the components of a are equal to zero.

In the special case of three-dimensional vectors, the dot product of two arbitrary
three-dimensional vectors a and b can be written in terms of their norms as a ⋅b= |a| |b| cos 𝛼,
where 𝛼 is the angle between the two vectors. A vector is said to be a unit vector if its norm is
equal to one. It is clear from the definition of the norm given by Equation 19 that the absolute
value of any element of a unit vector must not exceed one. A unit vector â along the vector a
can be simply obtained by dividing the vector by its norm. That is, â= a/|a|. The dot product
b ⋅ â= |b| cos 𝛼 defines the component of the vector b along the unit vector â, where 𝛼 is the
angle between the two vectors. The projection of the vector b on a plane perpendicular to the
unit vector â is defined by the equation b − (b ⋅ â) â, or equivalently by b − (|b| cos 𝛼) â.

Cross Product

The vector cross product is defined for three-dimensional vectors only. Let a and b be two
three-dimensional vectors defined in the same coordinate system. Unit vectors along the axes
of the coordinate system are denoted by the vectors i1, i2, and i3. These base vectors are
orthonormal, that is,

ii ⋅ ij = 𝛿ij (1.20)

where 𝛿ij is the Kronecker delta defined as

𝛿ij =

{
1 i = j

0 i ≠ j
(1.21)
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The cross product of the two vectors a and b is defined as

c = a × b =
|||||||
i1 i2 i3
a1 a2 a3

b1 b2 b3

|||||||
= (a2b3 − a3b2)i1 + (a3b1 − a1b3)i2 + (a1b2 − a2b1)i3 (1.22)

which can be written as

c = a × b =
⎡⎢⎢⎢⎣
c1

c2

c3

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣

0 −a3 a2

a3 0 −a1

−a2 a1 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
b1

b2

b3

⎤⎥⎥⎥⎦ (1.23)

This equation can be written as
c = a × b = ãb (1.24)

where ã is the skew-symmetric matrix associated with the vector a and is defined as

ã =
⎡⎢⎢⎢⎣

0 −a3 a2

a3 0 −a1

−a2 a1 0

⎤⎥⎥⎥⎦ (1.25)

One can show that the determinant of the skew-symmetric matrix ã is equal to zero. That is,
|ã|= 0. One can also show that

c = a × b = −b × a = −b̃a (1.26)

In this equation, b̃ is the skew-symmetric matrix associated with the vector b. If a and b are
two parallel vectors, it can be shown that a×b= 0. That is, the cross product of two parallel
vectors is equal to zero.

Dyadic Product

Another form of vector product used in this book is the dyadic or outer product. Whereas the
dot product leads to a scalar and the cross product leads to a vector, the dyadic product leads
to a matrix. The dyadic product of two vectors a and b is written as a ⊗ b and is defined as

a⊗ b = abT (1.27)

Note that, in general, a⊗ b ≠ b⊗ a. One can show that the dyadic product of two vectors
satisfies the following identities:

(a⊗ b)c = a(b ⋅ c), a ⋅ (b⊗ c) = (a ⋅ b)cT (1.28)
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In Equation 28, it is assumed that the vectors have the appropriate dimensions. The dyadic
product satisfies the following additional properties for any arbitrary vectors u, v, v1, and v2
and a square matrix A:

(u⊗ v)T = v⊗ u
A(u⊗ v) = (Au⊗ v)
(u⊗ v)A = (u⊗ ATv)
u⊗ (v1 + v2) = u⊗ v1 + u⊗ v2

⎫⎪⎪⎬⎪⎪⎭
(1.29)

The second and third identities of Equation 29 show that (Au⊗ Av) = A(u⊗ v)AT. This result
is important in understanding the rule of transformation of the second-order tensors that will
be used repeatedly in this book. It is left to the reader as an exercise to verify the identities of
Equation 29.

Example 1.2

Consider the two vectors a = [a1 a2]T and b = [b1 b2 b3]T. The dyadic product of these
two vectors is given by

a⊗ b =

[
a1

a2

] [
b1 b2 b3

]
=
[

a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

]
For a given vector c = [c1 c2 c3]T, one has

(a⊗ b)c =
[

a1b1 a1b2 a1b3

a2b1 a2b2 a3b3

] ⎡⎢⎢⎣
c1

c2

c3

⎤⎥⎥⎦
=
[

a1b1

a2b1

]
c1 +

[
a1b2

a2b2

]
c2 +

[
a1b3

a2b3

]
c3

=
[

a1

a2

]
b1c1 +

[
a1

a2

]
b2c2 +

[
a1

a2

]
b3c3 = a(b ⋅ c)

Also note that the dyadic product a⊗ b can be written as

a⊗ b =
[[

a1
a2

]
b1

[
a1
a2

]
b2

[
a1
a2

]
b3

]
= [ab1 ab2 ab3]

It follows that if R is a 2× 2 matrix, one has

R(a⊗ b) = R[ab1 ab2 ab3] = [(Ra)b1 (Ra)b2 (Ra)b3]

= (Ra⊗ b)
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Several important identities can be written in terms of the dyadic product. Some of these identi-
ties are valuable in the computer implementation of the dynamic formulations presented in this
book because the use of these identities can lead to significant simplification of the computa-
tional algorithms. By using these identities, one can avoid rewriting codes that perform the same
mathematical operations, thereby saving effort and time by producing a manageable computer
code. One of these identities that can be written in terms of the dyadic product is obtained in
the following example.

Example 1.3

In the computer implementation of the formulations presented in this book, one may require
differentiating a unit vector r̂ along the vector r with respect to the components of the vector
r. Such a differentiation can be written in terms of the dyadic product. To demonstrate this, we
write

r̂ = 1√
rTr

r = 1|r|r
where |r|=

√
rTr. It follows that

𝜕r̂
𝜕r

= 1√
rTr

(
I − 1

rTr
rrT
)

This equation can be written in terms of the dyadic product as

𝜕r̂
𝜕r

= 1√
rTr

(
I − 1

rTr
r⊗ r

)
= 1|r| (I − r̂⊗ r̂)

Projection

If â is a unit vector, the component of a vector b along the unit vector â is defined by
the dot product b ⋅ â. The projection of b along â is then defined as (b ⋅ â)â, which can be
written using Equation 28 as (b ⋅ â)â= (â ⊗ â)b. The matrix P= â ⊗ â defines a projection
matrix. For an arbitrary integer n, one can show that the projection matrix P satisfies the
identity Pn =P. This is an expected result because the vector (â ⊗ â)b=Pb is defined
along â and has no components in other directions. Other projections should not change this
result.

The projection of the vector b on a plane perpendicular to the unit vector â is defined as
b − (b ⋅ â)â, which can be written using the dyadic product as (I − â ⊗ â)b. This equation
defines another projection matrix Pp = I − â ⊗ â, or simply Pp = I − P. For an arbitrary inte-
ger n, one can show that the projection matrix Pp satisfies the identity Pn

p =Pp. Furthermore,
PPp = 0 and P+Pp = I.
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Example 1.4

Consider the vector a= [1 2 0]T. A unit vector along a is defined as

â = 1√
5

[
1 2 0

]T
The projection matrix P associated with this unit vector can be written as

P = â⊗ â = 1
5

⎡⎢⎢⎣
1 2 0
2 4 0
0 0 0

⎤⎥⎥⎦
It follows that

P2 = 1
25

⎡⎢⎢⎣
5 10 0

10 20 0

0 0 0

⎤⎥⎥⎦ = 1
5

⎡⎢⎢⎣
1 2 0

2 4 0

0 0 0

⎤⎥⎥⎦ = P

The projection matrix Pp is defined in this example as

Pp = I − â⊗ â = I − P = 1
5

⎡⎢⎢⎣
4 −2 0

−2 1 0
0 0 5

⎤⎥⎥⎦
Note that P2

p = (I − P)2 = I − 2P + P2 = I − P = Pp. Successive application of this equation
shows that Pn

p =Pp. The reader can verify this fact by the data given in this example.

1.3 SUMMATION CONVENTION

In this section, another convenient notational method, the summation convention, is discussed.
The summation convention is used in most books on the subject of continuum mechanics.
According to this convention, summation over the values of the indices is automatically
assumed if an index is repeated in an expression. For example, if an index j takes the values
from 1 to n, then in the summation convention, one has

ajj = a11 + a22 + ⋅ ⋅ ⋅ + ann (1.30)

and
aijj = ai11 + ai22 + ⋅ ⋅ ⋅ + ainn (1.31)

The repeated index used in the summation is called the dummy index, an example of which
is the index j used in the preceding equation. If the index is not a dummy index, it is called
a free index, an example of which is the index i used in Equation 31. It follows that the trace
of a matrix A can be written using the summation convention as tr(A)= aii. The dot product
between two n-dimensional vectors a and b can be written using the summation convention
as a ⋅b= aTb= aibi. The product of a matrix A and a vector b is another vector c=Ab whose
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components can be written using the summation convention as ci = aijbj. Here, i is the free
index and j is the dummy index.

Unit Dyads

The dyadic product between two vectors can also be written using the summation convention.
For example, in the case of three-dimensional vectors, one can define the base vectors ik, k= 1,
2, 3. Any three-dimensional vector can be written in terms of these base vectors using the
summation convention as a= aiii = a1i1 + a2i2 + a3i3. The dyadic product of two vectors a
and b can then be written as

a⊗ b = (aiii)⊗ (bjij) = aibj(ii ⊗ ij) (1.32)

For example, if ii = i1 = [1 0 0]T, ij = i2 = [0 1 0]T, and a and b are arbitrary three-dimensional
vectors, one can show that the dyadic product of the preceding equation can be written in the
following matrix form:

a⊗ b = aibj(ii ⊗ ij) =
⎡⎢⎢⎣
a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3

⎤⎥⎥⎦ (1.33)

The dyadic products of the base vectors ii ⊗ ij are called the unit dyads. Using this
notation, the dyadic product can be generalized to the products of three or more
vectors. For example, the triadic product of the vectors a, b, and c can be written as
a⊗b⊗ c= (aiii)⊗ (bjij)⊗ (ckik)= aibjck(ii ⊗ ij ⊗ ik). In this book, the familiar summation
sign

∑
will be used for the most part, instead of the summation convention.

1.4 CARTESIAN TENSORS

It is clear from the preceding section that a dyadic product is a linear combination of unit dyads.
The second-order Cartesian tensor is defined as a linear combination of dyadic products. A
second-order Cartesian tensor A takes the following form:

A =
3∑

i, j=1

aij(ii ⊗ ij) (1.34)

where aij are called the components of A. Using the analysis presented in the preceding section,
one can show that the second-order tensor can be written in the matrix form of Equation 33.
Nonetheless, for a given second-order tensor A, one cannot in general find two vectors a and
b such that A= a ⊗ b.

The unit or identity tensor can be written in terms of the base vectors as

I =
3∑

i=1

ii ⊗ ii (1.35)
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Using the definition of the second-order tensor as a linear combination of dyadic products,
one can show, as previously mentioned, that the components of any second-order tensor can
be arranged in the form of a 3× 3 matrix. In continuum mechanics, the elements of tensors rep-
resent physical quantities such as moments of inertia, strains, and stresses. These elements can
be defined in any coordinate system. The coordinate systems used depend on the formulation
used to obtain the equilibrium equations. It is, therefore, important that the reader understands
the rule of the coordinate transformation of tensors and recognizes that such a transforma-
tion leads to the definition of the same physical quantities in different frames of reference or
different directions. One must also distinguish between the transformation of vectors and the
change of parameters. The latter does not change the coordinate system in which the vectors
are defined. This important difference will be discussed in more detail before concluding this
chapter.

A tensor that has the same components in any coordinate system is called an isotropic
tensor. An example of isotropic tensors is the unit tensor. It can be shown that second-order
isotropic tensors take only one form and can be written as 𝛼I, where 𝛼 is a scalar and I is
the unit or the identity tensor. Second-order isotropic tensors are sometimes called spherical
tensors.

Double Product or Double Contraction

If A is a second-order tensor, the contraction of this tensor to a scalar is defined as∑3
i=1 aii = a11 + a22 + a33 = tr(A), where tr denotes the trace of the matrix (sum of the diag-

onal elements) (Aris 1962). It can be shown that the trace of a second-order tensor is invariant
under orthogonal coordinate transformations. In addition to the trace, the determinant of
A is invariant under orthogonal coordinate transformation. This important result can also
be obtained in the case of second-order tensors using the facts that the determinant of an
orthogonal matrix is equal to ±1 and the determinant of the product of matrices is equal to
the product of the determinants of these matrices.

If A and B are second-order tensors, the double product or double contraction is defined as

A∶B = tr(ATB) (1.36)

Using the properties of the trace, one can show that

A∶B = tr(ATB) = tr(BAT) = tr(BTA) = tr(ABT) =
3∑

i,j=1

aijbij (1.37)

where aij and bij are, respectively, the elements of the tensors A and B. If a, b, u, and v are
arbitrary vectors and A is a second-order tensor, one can show that the double contraction has
the following properties:

tr(A) = I∶A
A∶(u⊗ v) = u ⋅ (Av)
(a⊗ b)∶(u⊗ v) = (a ⋅ u)(b ⋅ v)

⎫⎪⎬⎪⎭ (1.38)
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It can also be shown that if A is a symmetric tensor and B is a skew-symmetric tensor, then
A:B= 0. It follows that if A is a symmetric tensor and B is an arbitrary tensor, the definition
of the double product can be used to show that A:B=A:BT =A:(B+BT)/2.

If A and B are two symmetric tensors, one can show that

A∶B = a11b11 + a22b22 + a33b33 + 2(a12b12 + a13b13 + a23b23) (1.39)

The preceding equation will be used in this book in the formulation of the elastic forces of
continuous bodies. These forces are expressed in terms of the strain and stress tensors. As
will be shown in Chapters 2 and 3, the strain and stress tensors are symmetric and are given,
respectively, in the following form:

𝛆 =
⎡⎢⎢⎢⎣
𝜀11 𝜀12 𝜀13

𝜀12 𝜀22 𝜀23

𝜀13 𝜀23 𝜀33

⎤⎥⎥⎥⎦ , 𝛔 =
⎡⎢⎢⎢⎣
𝜎11 𝜎12 𝜎13

𝜎12 𝜎22 𝜎23

𝜎13 𝜎23 𝜎33

⎤⎥⎥⎥⎦ (1.40)

Using Equation 39, one can write the double contraction of the strain and stress tensors as

𝛆∶𝛔 = 𝜀11𝜎11 + 𝜀22𝜎22 + 𝜀33𝜎33 + 2(𝜀12𝜎12 + 𝜀13𝜎13 + 𝜀23𝜎23) (1.41)

Because a second-order symmetric tensor has six independent elements, vector notations,
instead of tensor notations, can also be used to define the strain and stress components of
the preceding two equations. In this case, six-dimensional strain and stress vectors can be
introduced as follows:

𝛆v = [𝜀11 𝜀22 𝜀33 𝜀12 𝜀13 𝜀23]T

𝛔v = [𝜎11 𝜎22 𝜎33 𝜎12 𝜎13 𝜎23]T

}
(1.42)

where subscript v is used to denote a vector. The dot product of the strain and stress vectors is
given by

𝛆 ⋅ 𝛔 = 𝛆T𝛔 = 𝜀11𝜎11 + 𝜀22𝜎22 + 𝜀33𝜎33 + 𝜀12𝜎12 + 𝜀13𝜎13 + 𝜀23𝜎23 (1.43)

Note the difference between the results of the double contraction and the dot product of
Equations 41 and 43, respectively. There is a factor of 2 multiplied by the term that includes
the off-diagonal elements in the double contraction of Equation 41. Equation 41 arises
naturally when the elastic forces are formulated, as will be shown in Chapter 3. Therefore,
it is important to distinguish between the double contraction and the dot product despite the
fact that both products lead to scalar quantities.

Invariants of the Second-Order Tensor

Under an orthogonal transformation that represents rotation of the axes of the coordinate sys-
tems, the components of the vectors and second-order tensors change. Nonetheless, certain
vector and tensor quantities do not change and remain invariant under such an orthogonal trans-
formation. For example, the norm of a vector and the dot product of two three-dimensional
vectors remain invariant under a rigid-body rotation.
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For a second-order tensor A, one has the following three invariants that do not change under
an orthogonal coordinate transformation:

I1 = tr(A)

I2 = 1
2
{(tr(A))2 − tr(A2)}

I3 = det(A) = |A|
⎫⎪⎬⎪⎭ (1.44)

These three invariants can also be written in terms of the eigenvalues of the tensor A. For a
given tensor or a matrix A, the eigenvalue problem is defined as

Ay = 𝜆y (1.45)

where 𝜆 is called the eigenvalue and y is the eigenvector of A. Equation 45 shows that the
direction of the vector y is not affected by multiplication with the tensor A. That is, Ay can
change the length of y, but such a multiplication does not change the direction of y. For this
reason, y is called a principal direction of the tensor A. The preceding eigenvalue equation can
be written as

(A − 𝜆I)y=𝟎 (1.46)

For this equation to have a nontrivial solution, the determinant of the coefficient matrix must
be equal to zero, that is,

det(A − 𝜆I)= 0 (1.47)

This equation is called the characteristic equation, and in the case of a second-order tensor
it has three roots 𝜆1, 𝜆2, and 𝜆3. Associated with these three roots, there are three corre-
sponding eigenvectors y1, y2, and y3 that can be determined to within an arbitrary constant
using Equation 46. That is, for a root 𝜆i, i= 1, 2, 3, one can solve the system of homogeneous
equations (A− 𝜆iI)yi = 0 for the eigenvector yi to within an arbitrary constant, as demonstrated
by the following example.

Example 1.5

Consider the matrix

A =
⎡⎢⎢⎢⎣
1 −1 2

0 3 1

0 0 2

⎤⎥⎥⎥⎦
The characteristic equation of this matrix can be obtained using Equation 47 as

det(A − 𝜆I) = (1 − 𝜆)(3 − 𝜆)(2 − 𝜆) = 0

The roots of this characteristic equation define the following three eigenvalues of the
matrix A:

𝜆1 = 1, 𝜆2 = 2, 𝜆3 = 3
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Associated with these three eigenvalues, there are three eigenvectors, which can be determined
using Equation 46 as

(A − 𝜆iI)yi = 𝟎, i = 1, 2, 3

or ⎡⎢⎢⎢⎣
1 − 𝜆i −1 2

0 3 − 𝜆i 1

0 0 2 − 𝜆i

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
yi1

yi2

yi3

⎤⎥⎥⎥⎦ = 𝟎, i = 1, 2, 3

This equation can be used to solve for the eigenvectors associated with the three eigenvalues
𝜆1, 𝜆2, and 𝜆3. For 𝜆1 = 1, the preceding equation yields the following system of algebraic
equations: ⎡⎢⎢⎢⎣

0 −1 2

0 2 1

0 0 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
y11

y12

y13

⎤⎥⎥⎥⎦ = 𝟎

This system of algebraic equations defines the first eigenvector to within an arbitrary constant
as

y1 =
⎡⎢⎢⎢⎣
y11

y12

y13

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
1

0

0

⎤⎥⎥⎥⎦
For 𝜆2 = 2, one has

y2 =
⎡⎢⎢⎣
y21

y22

y23

⎤⎥⎥⎦ =
⎡⎢⎢⎣
−3

1

−1

⎤⎥⎥⎦
The eigenvector associated with 𝜆3 = 3 can also be determined as

y3 =
⎡⎢⎢⎣
y31

y32

y33

⎤⎥⎥⎦ =
⎡⎢⎢⎣

1

−2

0

⎤⎥⎥⎦

Symmetric Tensors

In the special case of a symmetric tensor, one can show that the eigenvalues are real and the
eigenvectors are orthogonal. Because the eigenvectors can be determined to within an arbitrary
constant, the eigenvectors can be normalized as unit vectors. For a symmetric tensor, one can
then write

Ayi = 𝜆iyi, i = 1, 2, 3

yT
i yj = 𝛿ij, i, j = 1, 2, 3

}
(1.48)
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If yi, i= 1, 2, 3, are selected as orthogonal unit vectors, one can form the orthogonal matrix 𝚽
whose columns are the orthonormal eigenvectors, that is,

𝚽 = [y1 y2 y3] (1.49)

It follows that
A𝚽 = 𝚽𝛌 (1.50)

where

𝛌 =
⎡⎢⎢⎣
𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

⎤⎥⎥⎦ (1.51)

Using the orthogonality property of 𝚽, one has

A = 𝚽𝛌𝚽T =
3∑

i=1

𝜆i(yi ⊗ yi) (1.52)

This equation, which defines the spectral decomposition of A, shows that the orthogonal trans-
formation 𝚽 can be used to transform the tensor A to a diagonal matrix as

𝚽TA𝚽 = 𝛌 =
⎡⎢⎢⎣
𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

⎤⎥⎥⎦ (1.53)

That is, the matrices A and 𝛌 have the same determinant and the same trace. This impor-
tant result is often used in continuum mechanics to study the invariant properties of different
tensors.

Let R be an orthogonal transformation matrix. Using the transformation y=Rz in
Equation 46 and premultiplying by RT, one obtains

(RTAR − 𝜆I)z = 𝟎 (1.54)

This equation shows that the eigenvalues of a tensor or a matrix do not change under an orthog-
onal coordinate transformation. Furthermore, as previously discussed, the determinant and
trace of the tensor or the matrix do not change under such a coordinate transformation. One
then concludes that the invariants of a symmetric second-order tensor can be expressed in
terms of its eigenvalues as follows:

I1 = tr(A) = 𝜆1 + 𝜆2 + 𝜆3

I2 = 1
2
{(tr(A))2 − tr(A2)} = 𝜆1𝜆2 + 𝜆1𝜆3 + 𝜆2𝜆3

I3 = det(A) = 𝜆1𝜆2𝜆3

⎫⎪⎪⎬⎪⎪⎭
(1.55)
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Some of the material constitutive equations used in continuum mechanics are formulated in
terms of the invariants of the strain tensor. Therefore, Equation 55 will be used in later chapters
of this book.

For a general second-order tensor A (symmetric or nonsymmetric), the invariants are
I1 = tr(A), I2 = 1

2
{(tr(A))2 − tr(A2)}, and I3 = det(A), as previously presented. One can show

that the characteristic equation of a second-order tensor can be written in terms of these invari-
ants as 𝜆3−I1𝜆

2 + I2𝜆− I3 = 0. Furthermore, by repeatedly multiplying Equation 45 n times
by A, one obtains Any= 𝜆ny. Using this identity after multiplying the characteristic equation
𝜆3 − I1𝜆

2 + I2𝜆− I3 = 0 by y, one obtains A3 − I1A2 + I2A− I3I= 0, which is the mathematical
statement of the Cayley–Hamilton theorem, which states that a second-order tensor satisfies
its characteristic equation. The simple proof provided here for the Cayley–Hamilton theorem
is based on the assumption that the eigenvectors are linearly independent. A more general
proof can be found in the literature.

For a second-order skew-symmetric tensor W, one can show that the invariants are given by
I1 = I3 = 0 and I2 = w2

12 + w2
13 + w2

23, where wij is the ijth element of the tensor W. Using these
results, the characteristic equation of a second-order tensor W can be written as 𝜆3 + I2𝜆= 0.
This equation shows that W has only one real eigenvalue, 𝜆= 0, whereas the other two eigen-
values are imaginary.

Higher-Order Tensors

In continuum mechanics, the stress and strain tensors are related using the constitutive
equations that define the material behavior. This relationship can be expressed in terms of
a fourth-order tensor whose components are material coefficients. In general, a tensor A
of order n is defined by 3n elements, which can be written as aijk… n. A lower-order tensor
can be obtained as a special case by reducing the number of indices. A zero-order tensor is
represented by a scalar, a first-order tensor is represented by a vector, and a second-order
tensor is represented by a matrix. A tensor of order n is said to be symmetric with respect to
two indices if the interchange of these two indices does not change the value of the elements
of the tensor. The tensor is said to be antisymmetric or skew symmetric with respect to two
indices if the interchange of these two indices changes only the sign of the elements of the
tensor.

As in the case of the second-order tensors, higher-order tensors can be defined using outer
products. For example, a third-order tensor T can be defined as the outer product of three
vectors u, v, and w as follows:

T = (u⊗ v⊗ w) = (tijk) (1.56)

An element of the tensor T takes the form uivjwk. Roughly speaking, in the case of
three-dimensional vectors, one may consider the third-order tensor a linear combination of a
new set of unit dyads that consist of 27 elements (3 layers, each of which has 9 elements).
Recall that the multiplication Sb of a second-order tensor S = (sij) and a vector b = (bi)
defines a vector c = (ci) according to ci =

∑3
j=1 sijbj = si1b1 + si2b2 + si3b3, which represents

a single contraction. Similarly, the multiplication Tb of a third-order tensor T = (tijk) with
a vector b = (bi) is a single contraction that defines a second-order tensor S = (sij) such
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that

sij =
3∑

k=1

tijkbk = tij1b1 + tij2b2 + tij3b3 (1.57)

Using this definition, it follows that the elements of layer or matrix l, l= 1, 2, 3 are given by
wl(u ⊗ v)=Til. Using this definition of the product or following a procedure similar to the
one used to define the elements of the second-order tensor, one can show that the elements of
the third-order tensor are defined as

tijk = (ii ⊗ ij)∶Tik (1.58)

In this equation, the third-order tensor is defined such that it maps an arbitrary vector b accord-
ing to (u⊗ v⊗ w)b = (w ⋅ b)(u⊗ v). Note that whereas a third-order tensor can in general
be written as T= (tijk), one cannot always, as in the case of second-order tensors, find vectors
u, v, and w such that T= (u ⊗ v ⊗ w).

Example 1.6

Let T= (tijk)= (u ⊗ v ⊗ w) be a third-order tensor and u, v, and w be three-dimensional vec-
tors. The third-order tensor T has 27 elements defined by the products w1(u⊗ v), w2(u⊗
v), and w3(u⊗ v). It follows that

Tik = wk(u⊗ v) = wk

⎡⎢⎢⎢⎣
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

⎤⎥⎥⎥⎦
The element t13k of the tensor T can be defined as

t13k = (i1 ⊗ i3)∶Tik = tr{(i1 ⊗ i3)TTik}

where

(i1 ⊗ i3) =
⎡⎢⎢⎣
0 0 1
0 0 0
0 0 0

⎤⎥⎥⎦
Using the preceding three equations, one obtains

t13k = (i1 ⊗ i3)∶Tik = tr{(i1 ⊗ i3)TTik} = u1v3wk

Other elements of the tensor T can be determined in a similar manner.

The double product or double contraction can also be applied to third-order tensors. Let T
and S be, respectively, third- and second-order tensors and a, b, c, u, and v be arbitrary vec-
tors. For such tensors, one can verify the following properties based on the double contraction
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(Bonet and Wood, 1997):

T∶(a⊗ b) = (Tb)a
(a⊗ b⊗ c)∶(u⊗ v) = (u ⋅ b)(v ⋅ c)a
(a⊗ S)∶T = (S∶T)⊗ a

(S⊗ a)∶T = S(Ta)

⎫⎪⎪⎬⎪⎪⎭
(1.59)

Using the first of these equations, one can show that the double contraction of a third-order
tensor T by a second-order tensor S can be evaluated in terms of their components as

T∶S =
3∑

i,j,k=1

tijksjkii (1.60)

An important example of a third-order tensor is the alternating tensor 𝚪, which, when
applied to a vector v =[v1 v2 v3]T, maps this vector to a skew-symmetric matrix associated
with this vector, that is,

𝚪v = −ṽ (1.61)

where

ṽ =
⎡⎢⎢⎣

0 −v3 v2

v3 0 −v1

−v2 v1 0

⎤⎥⎥⎦ (1.62)

The components Γijk of 𝚪 are defined as

Γijk = ii ⋅ (ij × ik) (1.63)

From this equation, it is clear that Γijk = 0 if any indices are repeated; Γijk = 1 for an even
permutation of i, j, and k; {(i, j, k), (j, k, i), (k, i, j)}; and Γijk =−1 for any other permutation.
Using the first equation in Equation 59, one can show that, for any two arbitrary vectors u and
v, the alternating tensor 𝚪 can be introduced using another definition as

𝚪∶(u⊗ v) = (𝚪v)u = −ṽu = u × v (1.64)

Equation 61 can also be written in component form as ṽij =
∑3

k=1 Γijkvk because for a fixed
k, only terms that do not have repeated indices will appear. For example, if the summation
convention is used, Γij2ṽij = Γ132ṽ13 + Γ312ṽ31 = −ṽ13 + ṽ31 = 2v2. One can follow the same
procedure for the other two components for the vector v and show that vk = − 1

2

∑3
i,j=1 Γijkṽij =

− 1
2

∑3
i,j=1 Γkijṽij =

1
2

∑3
i,j=1 Γikjṽij (Aris, 1962). The alternating tensor 𝚪 is another example of

an isotropic tensor. Furthermore, one can show that the cross product between the two vectors
in Equation 64 can be written as u × v =

∑3
i,j=1 uivj(ii × ij) =

∑3
i,j,k=1 Γijkuivjik.

In a similar manner to the third-order tensor, a fourth-order tensor F can be defined as

F = (u1 ⊗ u2 ⊗ u3 ⊗ u4) = (fijkl) (1.65)
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where um, m= 1, 2, 3, 4, is an arbitrary vector. As in the case of third-order tensors, one can
write u4m (u1 ⊗ u2 ⊗ u3)=Fim, where u4m is the mth component of the vector u4. It can then
be shown that the coefficients fijkl can be written as

fijkl = (ii ⊗ ij)∶F∶(ik ⊗ il) (1.66)

More generally, if F = (fijkl) is a fourth-order tensor and v = (vi) is a vector, one has the
single contraction, Fv = T, where T = (tijk) is a third-order tensor whose elements are
defined as

tijk =
3∑

l=1

fijklvl = fijk1v1 + fijk2v2 + fijk3v3 (1.67)

Similarly, the double contraction F∶S = B of the fourth-order tensor F = (fijkl) and a
second-order tensor S = (sij) defines a second-order tensor B = (bij) whose elements are
defined as bij =

∑3
k,l=1 fijklbkl. Using this definition, one can show that

F∶(u1 ⊗ u2) = (Fu2)u1 (1.68)

which results in a second-order tensor. The double product of fourth- and second-order ten-
sors is important because it will be used to define the product that appears in the constitutive
equations of the materials.

Alternatively, a fourth-order tensor F can be defined as the outer product of two
second-order tensors A and B as F=A ⊗ B. In this case, the elements of the tensor F can
be defined in terms of the elements of the tensors A and B as fijkl =AijBkl. Furthermore,
FT = (A⊗B)T = (B⊗A), and for arbitrary second-order tensors S1 and S2, one has the
following identity: S1 : FT: S2 = S2 : F : S1 = (F : S1) : S2.

1.5 POLAR DECOMPOSITION THEOREM

The polar decomposition theorem states that any square nonsingular matrix can be decom-
posed as the product of an orthogonal matrix and a symmetric matrix. According to this
theorem, the square matrix J can have one of the following two decompositions:

J = RU, J = VR (1.69)

where R is an orthogonal matrix and U and V are nonsingular symmetric matrices. Note that
if the decomposition in the first equation is proved, the proof of the decomposition of the
second equation follows because V= JRT =RURT. Therefore, it is sufficient to prove the first
decomposition.

Although the proof of the polar decomposition theorem is outlined in this section for 3× 3
matrices, the generalization to square matrices with higher dimensions is straightforward. In
order to prove the polar decomposition theorem, we define the following symmetric matrix:

C = JTJ (1.70)



�

� �

�

22 COMPUTATIONAL CONTINUUM MECHANICS

Because C is symmetric, its eigenvalues are real and its eigenvectors are orthogonal. Fur-
thermore, in addition to the symmetry property, the property of positive definiteness of C is
required. The matrix C is said to be positive definite if for all nonzero vectors a, aTCa is pos-
itive. It can be shown that the eigenvalues of a positive definite matrix are positive. Let 𝜆1, 𝜆2,
and 𝜆3 be the eigenvalues of the symmetric positive definite matrix C and let 𝚽 be the matrix
whose columns are the eigenvectors of C associated with the eigenvalues 𝜆1, 𝜆2, and 𝜆3. Using
the orthogonality property of the eigenvectors, one has

𝚽TC𝚽 =
⎡⎢⎢⎣
λ1 0 0

0 λ2 0

0 0 λ3

⎤⎥⎥⎦ (1.71)

One can define the following matrix:

U = 𝚽
⎡⎢⎢⎢⎣
√
λ1 0 0

0
√
λ2 0

0 0
√
λ3

⎤⎥⎥⎥⎦𝚽
T (1.72)

Again using the orthogonality of the eigenvectors, one can show that

U2 = 𝚽
⎡⎢⎢⎢⎣
λ1 0 0

0 λ2 0

0 0 λ3

⎤⎥⎥⎥⎦𝚽
T = C, U−1 = 𝚽

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1√
λ1

0 0

0
1√
λ2

0

0 0
1√
λ3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
𝚽T (1.73)

The matrix R that appears in the polar decomposition theorem can now be defined as

R = JU−1 (1.74)

One can show that this matrix is an orthogonal matrix. To this end, we write

RTR = U−1JTJU−1 = U−1CU−1 = U−1U2U−1 = I (1.75)

which shows that R is indeed an orthogonal matrix. Using the positive definiteness property,
one can show that the matrices R, U, and V that appear in the polar decomposition theorem
are unique.

The result of the polar decomposition theorem, which states that a matrix can be written
as the product of an orthogonal matrix and a symmetric matrix, can be used to explain some
of the fundamental problems associated with some finite element formulations. In continuum
mechanics, as will be discussed, the position field can be used to define the matrix of position
vector gradients. This matrix can be written as the product of an orthogonal matrix and a sym-
metric matrix. The orthogonal matrix defines the rotation of the material elements. That is, the
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rotation field can be defined using the matrix of position vector gradients, which is determined
from the displacement or position field. In some finite element formulations, the displacement
and rotation fields arc interpolated independently, and as a consequence, the geometry is not
uniquely defined (Ding et al., 2014). The result of the polar decomposition theorem shows
that the use of such independent interpolations for the displacements and rotations can lead
to a redundancy problem. In computational mechanics, such a redundancy can lead to seri-
ous fundamental and numerical problems. In Chapters 5 and 6, two nonlinear finite element
formulations are introduced. The two formulations define unique displacement and rotation
fields, and therefore, the problem of coordinate redundancy is not an issue when these two
nonlinear formulations are used.

Other Decompositions

There are several other techniques that can be used in the decomposition of matrices. One of
these techniques is the QR decomposition, which is based on the Householder transformation.
Using this technique, a square matrix A can be written as A=QR, where Q is an orthogonal
matrix and R is an upper triangular matrix. The Householder transformation operates on the
columns of the matrix A to produce a set of orthonormal vectors. For example, if A is a 3× 3
matrix, one can make the first column a unit vector and use this unit vector with the other
two columns to produce an orthogonal triad that consists of three orthonormal vectors. This
triad defines a coordinate system and the orthogonal matrix Q. One can show that the use
of this procedure leads to the upper triangular matrix R defined as R=QTA. The way the
orthogonal matrix Q is defined here gives a physical interpretation for the QR decomposi-
tion of 3× 3 matrices. In the next chapter, it will be shown that the matrix of position vector
gradients plays an important role in the formulation of the kinematic and strain equations.
One can show that the matrix Q, which results from the QR decomposition of the matrix of
position vector gradients, is associated with a coordinate system, called the tangent frame, fre-
quently used in computational mechanics (Sugiyama et al., 2006). Furthermore, the triangular
matrix R, whose diagonal elements define the principal values, provides an alternate upper
triangular form instead of the symmetric matrix U that results from the polar decomposition
theorem. The matrix U in continuum mechanics, when obtained from the decomposition of
the matrix of position vector gradients, describes the deformations of the continuum and can
be used to determine the strain components because such strain components are not affected
by the orthogonal matrix that results from the polar decomposition or the QR decomposition.
The QR decomposition and the Householder transformation have been used in other areas of
computational mechanics as reported in the literature (Kim and Vanderploeg, 1986; Shabana,
2001).

1.6 D’ALEMBERT’S PRINCIPLE

The virtual work method represents a powerful technique that can be used to formulate the
equations of motion of the continuum. This method is based on D’Alembert’s principle, which
is the foundation for the skillful approaches developed by Lagrange. In this section, we review
the particle and rigid-body mechanics to demonstrate the use of D’Alembert’s principle in
formulating the dynamic equations of motion.
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Particle Mechanics

A continuum consists of an infinite number of particles or material points that can move rel-
ative to each other if the rigid-body assumptions cannot be applied. The dynamic equations
of particles can be obtained using Newton’s second law of motion, which states that the force
acting on a particle is equal to the rate of change of momentum. Newton’s second law can be
written in vector form as F= ṗ. In this equation, F is the resultant of the forces acting on the
particle and p is the particle momentum defined as p=mv, where m and v are, respectively, the
mass and the absolute velocity vector of the particle. If the mass m is assumed to be constant,
the preceding two equations lead to

F = ṗ = m
dv
dt

= ma (1.76)

In this equation, a is the absolute acceleration vector of the particle. In general, three scalar
equations are required to describe the particle dynamics. This is mainly due to the fact that,
in the case of unconstrained motion, the particle has three degrees of freedom in the spatial
analysis because it is represented by a point that has no dimensions. In the case of planar
motion, only two equations are required because, in this case, the particle has only two degrees
of freedom.

Rigid-Body Kinematics

Rigid bodies are assumed to have dimensions, and therefore, they differ from particles.
Nonetheless, a rigid body can be assumed to consist of an infinite number of particles. In
this special case of continuum, the distances between the particles of the rigid body remain
constant. As a consequence, the displacements of the points on the rigid body are constrained
such that there is no relative motion between two points along the line joining them. Using this
condition of rigidity, the number of degrees of freedom of a continuum can be significantly
reduced. In the case of spatial analysis, a rigid body has six degrees of freedom that describe
three independent translations and three independent rotations. In the case of planar motion,
the rigid body has only three degrees of freedom: two describe the body translation and one
describes the rotation of the body. For instance, as shown in Figure 1, the configuration of
the rigid body in planar motion can be described using the vector rO and the angle 𝜃. The
vector rO defines the location of the reference point that represents the origin of a selected
body coordinate system, whereas the angle 𝜃 defines the body rotation. Using these three
coordinates, one can show that the global position vector of an arbitrary point on the body
can be written as

r = rO + u (1.77)

In this equation, u is the vector that defines the position of the point with respect to the reference
point Ō. Because the coordinates of the arbitrary point in the body coordinate system remain
constant by virtue of the rigidity assumption, the vector u can be expressed in terms of these
constant coordinates as

u =

[
x̄1 cos 𝜃 − x̄2 sin 𝜃

x̄1 sin 𝜃 + x̄2 cos 𝜃

]
(1.78)
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Figure 1.1 Rigid-body coordinates

where x̄1 and x̄2 are the constant coordinates of the arbitrary point defined in the body coordi-
nate system. The preceding equation can be written in matrix form as

u = Aū (1.79)

where

A =
[

cos 𝜃 − sin 𝜃

sin 𝜃 cos 𝜃

]
, ū=

[
x̄1

x̄2

]
(1.80)

Substituting Equation 79 into Equation 77 one obtains

r = rO + Aū (1.81)

In this equation, A represents the transformation matrix that defines the orientation of
the selected body coordinate system. This transformation matrix is orthogonal, that is,
AAT =ATA= I. Equation 81 shows that the position vector of an arbitrary point on the body
is a function of the three coordinates rO and 𝜃 that can change throughout the body motion.
Therefore, these coordinates depend on time. If these coordinates are determined, the global
position of any point on the body, or equivalently the body configuration, can be determined
using the preceding equation. An equation in the same form as Equation 81 can be obtained
in the case of spatial motion of rigid bodies, as will be demonstrated in Chapter 6. In the case
of spatial motion, three-dimensional vectors instead of two-dimensional vectors are used, and
the transformation matrix A is expressed in terms of three independent rotation parameters
instead of one parameter.

The absolute velocity of an arbitrary point on the rigid body can be obtained by differenti-
ating Equation 81 with respect to time. This leads to

ṙ = ṙO + 𝜃̇A𝜃ū (1.82)
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where A𝜃 = 𝜕A/𝜕𝜃 is the partial derivative of the transformation matrix A with respect to the
angle 𝜃. In deriving Equation 82, ̇̄u is assumed to be zero because the case of a rigid body is
considered. One can define the following angular velocity vector:

𝛚̄ =
[
0 0 𝜃̇

]T
(1.83)

Using this definition, the absolute velocity vector of Equation 82 can be written, after extending
the vectors to three-dimensional form by adding zeros, as

ṙ = ṙO + A(𝛚̄ × ū) (1.84)

The planar transformation matrix is defined when the preceding equation is used as

A =
⎡⎢⎢⎣
cos 𝜃 − sin 𝜃 0
sin 𝜃 cos 𝜃 0

0 0 1

⎤⎥⎥⎦ (1.85)

Equation 84 can also be rewritten using vectors defined in the global coordinate system as

ṙ = ṙO + 𝛚 × u (1.86)

In this equation, 𝛚 = A𝛚̄, and u = Aū. In the case of the simple planar motion, 𝛚 = 𝛚̄. In the
more general case of spatial rigid-body motion, the absolute velocity vector takes the same
form as Equations 84 and 86 except for the definition of the transformation matrix A and the
angular velocity vectors 𝛚 and 𝛚̄, which must be formulated using three rotation parameters
instead of one, as described in Chapter 6.

The absolute acceleration of an arbitrary point on a rigid body in a planar motion can be
obtained by differentiating Equation 82 with respect to time. This leads to

r̈ = r̈O + 𝜃̈A𝜃ū − 𝜃̇2Aū (1.87)

In deriving this equation, the fact that A𝜃𝜃 = 𝜕2A/𝜕𝜃2 =−A is utilized. This identity applies
only to planar transformation; it is a special case of a more general identity that applies to
spatial transformation matrices (Roberson and Schwertassek, 1988; Shabana, 2013). Using
three-dimensional vectors to represent this planar motion and introducing the following defi-
nition for the angular acceleration:

𝛂̄ =
[
0 0 𝜃̈

]T
, (1.88)

one can show that the absolute acceleration vector of Equation 87 can be written as

r̈ = r̈O + A(𝛂̄ × ū) + A{𝛚̄ × (𝛚̄ × ū)} (1.89)

Alternatively, this equation can be written using vectors defined in the global coordinate
system as

r̈ = r̈O + 𝛂 × u + 𝛚 × (𝛚 × u) (1.90)
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In this equation, 𝛂 = A𝛂̄, and other vectors are as defined previously in this section. Again,
Equations 89 and 90 are also applicable to the spatial rigid-body motion. The only difference is
in the definition of the transformation matrix and the angular velocity and angular acceleration
vectors, which depend on three rotation parameters instead of one as will be discussed in
Chapter 6.

Application of D’Alembert’s Principle

D’Alembert’s principle is the foundation for the skillful development of the principle of virtual
work made by Lagrange. D’Alembert’s principle states that the inertia forces can be treated
as the applied external forces. This principle can be used to conveniently derive the equations
of motion of rigid bodies by invoking Newton’s second law and assuming that the rigid body
consists of a large number of particles. To demonstrate the use of this principle, we consider
the planar motion of a rigid body. Assuming that the body consists of a large number of par-
ticles, the equations of motion of an infinitesimal material volume on the rigid body can be
written as

(𝜌dV)r̈ = dF (1.91)

In this equation, dm= 𝜌dV is the mass of the infinitesimal volume dV, 𝜌 is the mass density
of the body, r̈ is the absolute acceleration vector defined by Equation 87, and dF is the body
force per unit volume. In the Newton–Euler formulation of the equations of motion, the origin
of the body coordinate system (reference point) is assumed to be attached to the body center
of mass. In this case, the vector ū defines the position of the arbitrary point with respect to the
body center of mass. It follows that

∫V
𝜌ūdV = 𝟎 (1.92)

Using this identity and the fact that the angular velocity and angular acceleration do not
depend on the spatial coordinates, substitution of Equation 87 into Equation 91, and integration
leads to

mr̈O = F (1.93)

where m is the total mass of the body, and F is the vector of resultant forces acting on the body.
Both are defined as

m = ∫V
𝜌dV , F = ∫V

dF (1.94)

Equation 93 is the Newton equation for the rigid body. The vector of resultant forces F also
includes the effect of other concentrated forces. Equation 93 for the planar motion includes
two scalar equations. Because the unconstrained body in planar motion has three degrees of
freedom, an additional moment equation is needed. Because D’Alembert’s principle states that
the inertia forces can be treated as the external forces, one can equate the moment of the inertia
force 𝜌dV r̈ with the moment of the applied forces dF about any point, we select to be the center
of mass. Following this procedure and integrating, one obtains

∫V
u × (𝜌dV r̈) = ∫V

u × dF + M (1.95)
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In this equation, M is the external moment applied to the body. Using Equations 87 and 92,
one can show that the preceding equation reduces to one nontrivial equation associated with
the rotation about the X3-axis and is given by

IO𝜃̈ = MO (1.96)

In this equation, IO = ∫V𝜌(x̄
2
1 + x̄2

2)dV defines the mass moment of inertia of the body about
its center of mass, and MO is the third component of the vector ∫Vu × dF + M. Equation 96
is called Euler equation. Equations 93 and 96 are the two equations that govern the planar
motion of the rigid body.

A similar procedure based on D’Alembert’s principle can be used to obtain the equations
that govern the spatial motion of rigid bodies. These equations are called the Newton–Euler
equations and are given by[

mI 𝟎
𝟎 Ī𝜃𝜃

] [
r̈O

𝛂̄

]
=
[

F
M̄O − 𝛚̄ × (Ī𝜃𝜃𝛚̄)

]
(1.97)

In this equation, m is the total mass of the body, I is the identity matrix, F is the vector of
the resultant forces defined in the global coordinate system, M̄O is the vector of the resultant
moments defined in the body coordinate system, and Ī𝜃𝜃 is the constant symmetric inertia
tensor defined in the body coordinate system. The inertia tensor Ī𝜃𝜃 is defined as

Ī𝜃𝜃 =

⎡⎢⎢⎢⎢⎢⎢⎣

∫V
𝜌(x̄2

2 + x̄2
3)dV Symmetric

− ∫V
𝜌x̄1x̄2dV ∫V

𝜌(x̄2
1 + x̄2

3)dV

− ∫V
𝜌x̄1x̄3dV − ∫V

𝜌x̄2x̄3dV ∫V
𝜌(x̄2

1 + x̄2
2)dV

⎤⎥⎥⎥⎥⎥⎥⎦
(1.98)

where x̄1, x̄2, and x̄3 are the components of the vector ū that defines the position of the arbi-
trary point with respect to the origin of the body coordinate system. Equation 97 shows that
Newton–Euler equations do not include inertia coupling between the body translation and
rotation. This is mainly due to the use of the body center of mass as the reference point.

The analysis presented in this section shows that starting with Newton’s second law,
D’Alembert’s principle can be used to obtain Euler equations of motion of the rigid body
by equating the moments of the inertia forces to the moments of the applied forces. The
application of D’Alembert’s principle also allows for systematically eliminating the constraint
forces, thereby obtaining a minimum number of motion equations equal to the number of
degrees of freedom of the system. This subject is covered in more detail in books on
computational and analytical dynamics.

The analysis presented in this section also shows that in the special case of rigid-body
motion, precise description of the finite rotation of the body is important in the formulation
of the dynamic equations. This description of the finite rotation becomes even more important
when the body undergoes deformation coupled with a rigid-body motion. Therefore, in the
case of deformable bodies, it is important to select a set of coordinates that correctly describe
the rigid-body motion when computational methods are used to develop finite dimensional
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models. The coordinates selected must define a unique displacement and rotation field and
must lead to zero strain under an arbitrary rigid-body displacement. This subject will be dis-
cussed in more detail when large displacement finite element formulations are introduced in
later chapters.

Continuum Forces

In the case of rigid bodies, the mass density and volume remain constant. However, in the case
of a continuum subjected to arbitrary displacements, the mass density and volume change. For
this reason, in continuum mechanics, it is important to distinguish between the mass density
𝜌o and the volume V in the reference undeformed configuration and the mass density 𝜌 and
the volume v in the current deformed configuration. Nevertheless, the definitions and basic
principles used in rigid-body dynamics can be generalized to the case of a general continuum
by considering the continuum to consist of an infinite number of points that can move relative
to each other. For example, the inertia force of a material point of an infinitesimal mass 𝜌dv
on the continuum in the current configuration can be written as (𝜌dv)r̈, where r̈ is the abso-
lute acceleration vector of the material point. Using this expression for the inertia force of the
material point, the inertia force for the continuum can be defined as ∫v𝜌r̈dv. Using a similar
procedure, the kinetic energy of the continuum can be written as (1∕2) ∫v𝜌ṙTṙdv. In the next
chapter, the relationship between the mass density and volume in the reference configuration
and in the current configuration will be defined. This relationship will allow us to carry out
the integration using the known properties and dimensions in the undeformed reference con-
figuration. For instance, the use of the principle of conservation of mass obtained in the next
chapter allows one to write the inertia force as ∫V𝜌or̈dV , where 𝜌o and V are, respectively, the
mass density and volume in the undeformed reference configuration.

In a similar manner, one can define the body forces acting on the continuum. Let fb be
the distributed body force per unit volume acting on the continuum at the material points.
Examples of these forces are gravity and magnetic forces. The sum of the body forces acting on
the continuum can be defined as ∫vfbdv. The effect of the traction forces that include tangential
friction forces and normal reaction and pressure can be obtained by integration over the area.
If fs is the vector of distributed surface forces that act on a surface area s, the surface forces
acting on the continuum can be defined using the integral ∫sfsds.

Expressions for the internal elastic forces due to the continuum deformations will be devel-
oped in this book. These expressions will be written in terms of the strain and stress compo-
nents, which are introduced in Chapters 2 and 3, respectively. As will be shown, D’Alembert’s
principle and Lagrange’s techniques can still be used to obtain the equations of motion of the
continuum. Nonetheless, the internal elastic forces can be expressed using different deforma-
tion and stress measures. It is important, however, that the resulting work of the elastic forces
and the strain energy remain constant under an arbitrary rigid-body transformation. For this
reason, the important concept of the objectivity will be a subject of discussion in this book.

1.7 VIRTUAL WORK PRINCIPLE

As previously mentioned, D’Alembert’s principle represents the foundation for the skillful
virtual work method developed by Lagrange. The virtual work principle can be used to
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systematically derive the equations of motion of complex systems. In this principle, the
concept of the virtual displacement, which represents an infinitesimal change in coordinates
that is consistent with the constraints imposed on the motion of the system, is important.
During this virtual change, time is assumed to be frozen. For a vector r, the virtual change
is denoted as 𝛿r. Given a system that consists of np particles, the equations of motion of a
particle i in the system can be written using Newton’s second law as

mir̈i = Fi
e + Fi

c, i = 1, 2, … , np (1.99)

In this equation, mi is the mass of the particle, ri is the global position vector, Fi
e is the vector

of applied forces acting on the particle, and Fi
c is the vector of constraint forces. Multiply-

ing the preceding equation by the virtual change in the position vector of the particle, one
obtains

mir̈i ⋅ 𝛿ri = Fi
e ⋅ 𝛿ri + Fi

c ⋅ 𝛿ri, i = 1, 2, … , np (1.100)

This equation, which is called the Lagrange–D’Alembert equation, can be written as

𝛿Wi
i = 𝛿Wi

e + 𝛿Wi
c (1.101)

where 𝛿Wi
i is the virtual work of the inertia forces, 𝛿Wi

e is the virtual work of the applied forces,
and 𝛿Wi

c is the virtual work of the constraint forces. These expressions for the virtual work are
defined for particle i as

𝛿Wi
i = mir̈i ⋅ 𝛿ri, 𝛿Wi

e = Fi
e ⋅ 𝛿ri, 𝛿Wi

c = Fi
c ⋅ 𝛿ri (1.102)

Using Equation 101, one can write

np∑
i=1

𝛿Wi
i =

np∑
i=1

𝛿Wi
e +

np∑
i=1

𝛿Wi
c (1.103)

which can be written as
𝛿Wi = 𝛿We + 𝛿Wc (1.104)

where

𝛿Wi =
np∑
i=1

𝛿Wi
i , 𝛿We =

np∑
i=1

𝛿Wi
e, 𝛿Wc =

np∑
i=1

𝛿Wi
c (1.105)

represent, respectively, the virtual work of the system inertia forces, the virtual work of the
system applied forces, and the virtual work of the system constraint forces. Because the con-
straint forces acting on two particles are equal in magnitude and opposite in direction and
because the virtual change in a specified (prescribed) coordinate is equal to zero, one must
have 𝛿Wc = 0. This equation and Equation 104 lead to the principle of virtual work, which
can be stated mathematically as

𝛿Wi = 𝛿We (1.106)
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This principle states that the virtual work of the system inertia forces must be equal to the
virtual work of the system applied forces. Note that in Equation 106, the constraint forces
are systematically eliminated. Note also that although 𝛿Wc = 0, 𝛿Wi

c ≠ 0 if the particle i is
subjected to constraints.

Relationship with D’Alembert’s Principle

A simple example can be used to demonstrate the relationship between the principle of virtual
work and D’Alembert’s principle. To this end, we consider the derivation of the equations of
motion of a planar rigid body. The virtual work of the inertia forces of the rigid body can be
written as

𝛿Wi = ∫V
𝜌r̈ ⋅ 𝛿rdV (1.107)

where r and r̈ are given, respectively, by Equations 81 and 87. The virtual change 𝛿r can be
written as

𝛿r = 𝛿rO + A𝜃ū𝛿𝜃 (1.108)

This equation can be written using matrix notation as

𝛿r =
[
I A𝜃ū

] [𝛿rO

𝛿𝜃

]
(1.109)

where I is the 2× 2 identity matrix. The acceleration vector of Equation 87 can also be
written as

r̈ =
[
I A𝜃ū

] [r̈O

𝜃̈

]
− 𝜃̇2Aū (1.110)

Substituting Equations 109 and 110 into Equation 107 and using Equation 92, which is the
result of using the center of mass as the reference point, one obtains

𝛿Wi =
[
𝛿rT

O 𝛿𝜃
] [mI 𝟎

𝟎 IO

] [
r̈O

𝜃̈

]
(1.111)

where m is the mass of the rigid body and IO is the mass moment of inertia about the center of
mass that was used in Equation 96.

The virtual work of all the applied forces and moments acting on the body can be written
as

𝛿We = FT𝛿rO + MO𝛿𝜃 =
[
𝛿rT

O 𝛿𝜃
] [ F

MO

]
(1.112)

Substituting Equations 111 and 112 into the principle of virtual work of Equation 106, one
obtains [

𝛿rT
O 𝛿𝜃

]{[mI 𝟎
𝟎 IO

] [
r̈O

𝜃̈

]
−
[

F

MO

]}
= 0 (1.113)

In the case of unconstrained motion of the planar rigid body, rO and 𝜃 represent three inde-
pendent coordinates, and therefore, the coefficients of their virtual change in the preceding



�

� �

�

32 COMPUTATIONAL CONTINUUM MECHANICS

equation must be identically equal to zero. This leads to the following system of equations of
motion: [

mI 𝟎
𝟎 IO

] [
r̈O

𝜃̈

]
−
[

F

MO

]
=
[𝟎

0

]
(1.114)

This matrix equation has three scalar equations, which are the planar Newton–Euler equations
previously obtained in this chapter (see Equations 93 and 96) using D’Alembert’s principle.

Although D’Alembert’s principle and the virtual work principle lead to the same equations,
it is important to note that in the virtual work principle, scalar quantities are used and there is
no need to use cross products to define moments. The forces and moments are defined using
the scalar virtual work expressions. In the case of constrained motion, D’Alembert’s principle
and the virtual work principle also lead to the same results. Both principles can be used to
systematically eliminate the constraint forces and obtain a number of equations equal to the
number of degrees of freedom of the system. Nonetheless, the principle of virtual work is much
easier to use, particularly when complex systems are considered.

1.8 APPROXIMATION METHODS

Solids and fluids have an infinite number of degrees of freedom because their particles can
have arbitrary displacements with respect to each other. The dynamics of such systems is
described using partial differential equations that depend on time and the spatial coordinates.
These general partial differential equations, which are applicable to any solid or fluid material,
are derived in Chapter 3. Only for very simple problems, one can find a closed-form solution
for these partial differential equations. For most problems, however, one resorts to numerical
methods to obtain the solution of the partial differential equations. Approximation methods
such as the finite difference and finite element methods are often used to solve the partial dif-
ferential equations by transforming these equations into a finite set of ordinary differential or
algebraic equations that can be solved using computer and numerical methods. In some of the
numerical techniques based on the Rayleigh–Ritz method, physical variables such as position,
displacement, velocity, and/or acceleration are approximated using interpolation functions that
have finite order. The coefficients of the interpolating functions in the case of dynamics can be
expressed in terms of coordinates that depend on time. In order to demonstrate the use of this
procedure, the two-dimensional beam shown in Figure 2 is considered. It is assumed that the
position of the material points on the beam can be described using the following polynomials:

r =

[
r1

r2

]
=

[
a0 + a1x1 + a2x2 + a3x1x2 + a4(x1)2 + a5(x1)3

b0 + b1x1 + b2x2 + b3x1x2 + b4(x1)2 + b5(x1)3

]
(1.115)

where x1 and x2 are the beam local coordinates defined in the beam coordinate system shown
in Figure 2 and ai and bi, i= 0, 1, 2,… , 5, are the polynomial coefficients. The procedure
used in computational methods such as the finite element method is to replace the polynomial
coefficients with a set of coordinates that have physical meaning. This can be accomplished by
developing a set of algebraic equations that relate the polynomial coefficients to the new set of
coordinates. These algebraic equations can be solved to determine the polynomial coefficients
in terms of the new coordinates. In the beam example considered in this section, there are
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Figure 1.2 Two-dimensional beam

12 polynomial coefficients, and therefore, 12 coordinates can be used to replace the coefficients
ai and bi in Equation 115. To this end, the preceding equation can be written as

r =
[

r1

r2

]
=
[

1 x1 x2 x1x2 (x1)2 (x1)3 0 0 0 0 0 0
0 0 0 0 0 0 1 x1 x2 x1x2 (x1)2 (x1)3

]

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0

a1

a2

a3

a4

a5

b0

b1

b2

b3

b4

b5

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(1.116)

The coefficients ai and bi, i= 0, 1, 2,… , 5, can be replaced by coefficients that represent
position and gradient coordinates. To this end, we choose a set of coordinates associated with
the position and gradient coordinates of the two endpoints of the beam. For the first endpoint
at A, we use

r1 = r(0, 0) =
[

e1
e2

]
, r1

x1
= rx1

(0, 0) =
[

e3
e4

]
, r1

x2
= rx2

(0, 0) =
[

e5
e6

]
(1.117)

and for the second endpoint at B, we use

r2 = r(l, 0) =
[

e7
e8

]
, r2

x1
= rx1

(l, 0) =
[

e9
e10

]
, r2

x2
= rx2

(l, 0) =
[

e11
e12

]
(1.118)
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In this equation, l is the length of the beam and rxk
= 𝜕r∕𝜕xk, k= 1, 2. There are 12 coordinates

in Equations 117 and 118, and therefore, these coordinates, which have physical meaning,
can be used to replace the coefficients ai and bi, i= 0, 1, 2, … , 5, in Equation 116. Using
Equations 116–118, one can show that the position vector r can be written in terms of the
coordinates of Equations 117 and 118 as (Omar and Shabana, 2001):

r = S(x)e(t) (1.119)

where e= e(t)= [e1 e2 … e12]T is a vector of time-dependent coefficients or coordinates,
which consist of position and gradient coordinates, t is time, x= [x1 x2]T, and S=S(x) is a
matrix called the shape function matrix that depends on the local coordinates x1 and x2 and is
given by

S =
[

s1 0 s2 0 s3 0 s4 0 s5 0 s6 0
0 s1 0 s2 0 s3 0 s4 0 s5 0 s6

]
(1.120)

The elements si, i= 1, 2, … , 6, which appear in this equation, are given by

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3), s3 = l𝜂(1 − 𝜉)
s4 = 3𝜉2 − 2𝜉3, s5 = l(−𝜉2 + 𝜉3), s6 = l𝜉 𝜂

}
(1.121)

where 𝜉 = x1/l and 𝜂 = x2/l.
The procedure described in this section to approximate a field using polynomials and

replace the polynomial coefficients using coordinates that can have physical meaning is a
fundamental step in the finite element formulation. The choice of the coordinates to consist of
absolute position and gradient coordinates is the basis of a finite element formulation called
the absolute nodal coordinate formulation (ANCF). This formulation, which is discussed in
Chapter 5, can be used to correctly describe an arbitrary rigid-body displacement including
arbitrary rotations. Using the absolute position and gradient coordinates, ANCF does not
impose any restriction on the amount of rotation or deformation within the element, and there-
fore, it is suited for the large-deformation analysis. Efficient solution of small-deformation
problems, on the other hand, requires the use of a more elaborate procedure in order to
eliminate displacement modes, which have a negligible effect on the solution. In the literature,
small-deformation problems are often solved using the floating frame of reference (FFR)
formulation, which is discussed in Chapter 6. In the FFR formulation, which can be considered
a generalization of the Newton–Euler equations used in rigid-body dynamics, a different
set of coordinates is used to define a local linear deformation problem that allows reducing
systematically the number of degrees of freedom.

1.9 DISCRETE EQUATIONS

The principle of virtual work and approximation techniques can be used to determine a set
of discrete ordinary differential equations that govern the dynamics of the continuum. As
will be shown in Chapter 3, the motion of the continuum is governed by partial differential
equations that depend on the spatial coordinates x and time t. The principle of virtual work
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and the approximation techniques can be used to systematically convert the partial differen-
tial equations to a set of discrete ordinary differential equations. To demonstrate this standard
procedure, consider a deformable body that may undergo arbitrary displacements. The global
position vector of an arbitrary point on the body is defined by the vector r. The mass of an
infinitesimal volume dv of the body is 𝜌dv, where 𝜌 is the mass density in the current config-
uration. It follows that the inertia force of this infinitesimal volume is (𝜌dv)r̈, where r̈ is the
absolute acceleration vector. Therefore, the virtual work of the inertia forces of the body can
be written as follows:

𝛿Wi = ∫v
𝜌r̈T𝛿rdv (1.122)

Using the approximation techniques, the virtual displacement 𝛿r can be expressed in terms of
the virtual changes of a finite set of coordinates q, as previously demonstrated in the case of
rigid bodies. That is,

𝛿r = S𝛿q (1.123)

In this equation, S is an appropriate matrix that relates the virtual change of r(x, t) to the virtual
change in the coordinates q(t). Note that, whereas r(x, t) depends on both coordinates x and
time t, the coordinates q(t) depend only on time. As will be shown in this book, the matrix S
depends, in general, on both x and q, as in the case of the small-deformation FFR formulation
discussed in Chapter 6. That is, one can write S=S(x, q(t)). However, in other formulations,
such as ANCF discussed in Chapter 5, one can write S as a function of x only, as demonstrated
in the preceding section. Therefore, in large displacement formulations, one can in general
write the absolute velocity and acceleration vectors as

ṙ = Sq̇, r̈ = Sq̈ + γ (1.124)

In this equation, 𝛄 = Ṡq̇ is a vector, which is quadratic in the first derivatives of the coordinates.
If the matrix S is only a function of x, the vector 𝛄 is identically zero. Substituting Equations
and 123 and 124 into Equation 122, one obtains

𝛿Wi = ∫v
𝜌 (Sq̈ + 𝛄)T(S𝛿q)dv (1.125)

The terms in this equation can be rearranged. This leads to

𝛿Wi = ∫v
𝜌{q̈T(STS) + 𝛄TS}dv𝛿q (1.126)

This equation can be written as

𝛿Wi = (Mq̈ − Qv)T𝛿q (1.127)

where

M = ∫v
𝜌STSdv, Qv = − ∫v

𝜌ST𝛄dv (1.128)
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In this equation, M is the symmetric mass matrix, and Qv is the vector of Coriolis and cen-
trifugal forces. Depending on the set of coordinates selected, some nonlinear finite element
formulations, as will be discussed in this book, lead to a constant mass matrix and zero cen-
trifugal and Coriolis forces, while other formulations lead to a nonlinear mass matrix and
nonzero centrifugal and Coriolis forces. The use of Equation 128 to evaluate the inertia forces
leads to what is known in the literature as a consistent mass formulation. In some structural
finite element formulations, lumped mass techniques are used to formulate the inertia forces
by representing the inertia of the body using discrete bodies or masses instead of using the
distributed inertia representation of Equation 128. In the finite element formulations discussed
in this book, the mass matrix cannot, in general, be diagonal, even in the case in which lumped
mass techniques are used. Furthermore, in the large-deformation finite element formulation
presented in Chapter 5, one cannot use lumped masses, because the use of such a lumping
scheme does not lead to correct modeling of the rigid-body dynamics.

Similarly, by using Equation 123, the virtual work of the applied forces can be written as

𝛿We = QT
e 𝛿q (1.129)

Using Equations 127 and 129 and the principle of virtual work, which states that 𝛿Wi = 𝛿We,
one obtains the following equation:

(Mq̈ − Qe − Qv)T𝛿q = 0 (1.130)

If the elements of the vector q are independent, the preceding equation leads to the discrete
ordinary differential equations of the system given as

Mq̈ = Qe + Qv (1.131)

However, if the elements of the vector q are not totally independent because of kinematic
relationships between the coordinates, one can always write the coordinates q in terms of a
reduced set of independent coordinates qi. In this case, one can write the following relation-
ship between the virtual changes of the system coordinates and the virtual changes of the
independent coordinates:

𝛿q = B𝛿qi (1.132)

In this equation, B is a velocity transformation matrix that can be defined using the kinematic
relationship between the coordinates. Substituting the preceding equation into Equation 130
and using the argument that the elements of the vector qi are independent, one obtains the
following reduced system of ordinary differential equations:

BT(Mq̈ − Qe − Qv) = 𝟎 (1.133)

The vector of accelerations can also be expressed in terms of the independent accelerations,
leading to a number of equations equal to the number of independent coordinates (degrees of
freedom). To this end, one can use Equation 132 to write

q̇ = Bq̇i, q̈ = Bq̈i + Ḃq̇i (1.134)
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Substituting these equations into Equation 133, one obtains a set of equations solely expressed
in terms of the independent accelerations. These equations are given as

(BTMB)q̈i = BT(Qe + Qv − MḂq̇i) (1.135)

In this equation, (BTMB) is the generalized inertia matrix associated with the independent
coordinates and BT(Qe + Qv − MḂq̇i) is the vector of generalized forces that include applied,
centrifugal, and Coriolis forces.

The procedure described in this section for writing the dynamic equations in terms of the
independent coordinates or the degrees of freedom is called the embedding technique. The
dynamic equations can also be formulated in terms of redundant coordinates using the tech-
nique of Lagrange multipliers. The subject of constrained dynamics is discussed in more detail
in the multibody system dynamics literature (Roberson and Schwertassek, 1988; Shabana,
2013).

1.10 MOMENTUM, WORK, AND ENERGY

The study of the computational finite element method requires a sound understanding of
the basic analytical mechanics principles. If correctly derived, the equations of motion must
satisfy these principles. Violations of these mechanics principles are a clear indication of
inconsistencies in formulating the dynamic equations of motion. Among the principles
of mechanics that will be discussed in this section are the principle of linear and angular
momentum and the principle of work and energy. Correct and consistent formulations of
the finite element equations of motion must automatically satisfy these principles. When
these equations of motion are numerically solved, the violations in these principles must be
within the range of the error tolerance of the numerical integration method used. Nonetheless,
some finite element formulations lead to energy drift as a result of being inconsistent.
For example, the use of a nonunique rotation field can lead to violations of the principle
of work and energy as evident by many of the results presented in the finite element
literature.

Linear and Angular Momentum

The linear momentum of a body is defined as

Ml = ∫v
𝜌ṙdv (1.136)

where Ml is the vector of linear momentum, 𝜌 and v are, respectively, the mass density and
volume of the body in the current configuration, and r is the position vector of an arbitrary
point on the body. Newton’s second law states that the rate of change of the linear momentum
is equal to the resultant of the forces acting on the body, that is,

Ṁl =
d
dt

(
∫v
𝜌ṙdv

)
= F (1.137)
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where F is the resultant of the forces acting on the body. In the case of rigid bodies, the volume
is assumed to remain constant; as a result, the preceding equation, when a centroidal body
coordinate system is used, defines the Newton equation, mr̈O = F, where m is the total mass
of the body and r̈O is the acceleration of the body center of mass. If the resultant of the forces
acting on the body is equal to zero, one obtains the principle of conservation of the linear
momentum, which is written as

Ml = cl (1.138)

In this equation, cl is a constant vector.
The vector of the angular momentum of the body is defined as

Ma = ∫v
𝜌(r × ṙ) dv (1.139)

In the case of rigid bodies, the rate of change of the angular momentum is given by

Ṁa = d
dt

(
∫v
𝜌(r × ṙ) dv

)
= ∫v

𝜌(r × r̈) dv (1.140)

Using Newton’s equation and D’Alembert’s principle, one can show that, in the case of rigid
bodies, the rate of change of angular momentum is equal to the resultant of the moment applied
to the body. If the resultant of the moments is equal to zero, one obtains the principle of con-
servation of angular momentum, which is expressed mathematically as

Ma = ca (1.141)

where ca is a constant vector.

Work and Energy

According to D’Alembert’s principle, the work of the inertia forces is equal to the work of the
applied forces. This statement can be written mathematically in the following form:

∫v
𝜌(r̈ ⋅ dr) dv = F ⋅ dr (1.142)

Using the identity r̈k = ṙk(dṙk∕drk), k= 1, 2, 3, one can show that

r̈ ⋅ dr = ṙ ⋅ dṙ (1.143)

Substituting this equation into Equation 142 one obtains

∫v
𝜌(ṙ ⋅ dṙ)dv = F ⋅ dr (1.144)
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Integrating this equation from t0 to t and using the rigid-body assumption, one can show that

1
2 ∫v

𝜌(ṙ ⋅ ṙ)dv − T0 = ∫
t

t0

F ⋅ dr (1.145)

where T0 is the kinetic energy of the body at the initial configuration. The preceding equation
is a statement of the principle of work and energy. This equation shows that the change in
the body kinetic energy is equal to the work done by the applied forces. This principle is
derived using the equations of motion of the body. Therefore, any set of equations of motion, if
correctly and consistently derived, must satisfy the principle of work and energy. As previously
mentioned, some of the nonlinear finite element formulations proposed in the literature for
the large displacement analysis fail to automatically satisfy this principle. The nonlinear finite
element formulations presented in later chapters of this book automatically satisfy the principle
of work and energy, and their use does not require taking special measures when the equations
of motion are integrated numerically.

1.11 PARAMETER CHANGE AND COORDINATE TRANSFORMATION

In continuum mechanics, it is important to differentiate between two different transformations.
The first is the change of parameters and the second is the coordinate transformation of vectors.
Understanding the difference between these two transformations is crucial in understanding
the definitions of the strain components that will be introduced in the next chapter. This subject
is also important in the large-deformation finite element formulation discussed in this book.

Change of Parameters

In order to explain the difference between the change of parameters and the coordinate trans-
formation of vectors, we consider the vector r, which is expressed in terms of three coordinates
x1, x2, and x3. The vector r can then be written as

r =
[
r1 r2 r3

]T = r(x1, x2, x3) (1.146)

Assume that the components of this vector are defined in the coordinate system X1X2X3. The
matrix of gradients of this vector obtained by differentiation with respect to the parameters x1,
x2, and x3 is given by

J =
[
rx1

rx2
rx3

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜕r1

𝜕x1

𝜕r1

𝜕x2

𝜕r1

𝜕x3

𝜕r2

𝜕x1

𝜕r2

𝜕x2

𝜕r2

𝜕x3

𝜕r3

𝜕x1

𝜕r3

𝜕x2

𝜕r3

𝜕x3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(1.147)

It is important to realize that x1, x2, and x3 represent coordinate lines, and the vector rxi
, i= 1,

2, 3, which is a gradient vector defined by differentiation with respect to the coordinate xi,
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represents the change in the vector r as a result of a small change in the coordinate xi. The
vector rxi

is not necessarily a unit vector, and a measure of the deviation from a unit vector is
defined as (rT

xi
rxi

− 1). A measure of the angle between two gradient vectors can be obtained
using the dot product rT

xi
rxj

, i≠ j. Therefore, equations such as (rT
xi

rxi
− 1) and rT

xi
rxj

, i≠ j, can
be used to measure the deformation and shear effects at material points of the continuum.

The vector r defined in the same coordinate system X1X2X3 can be written in terms of
another set of parameters x̄1, x̄2, and x̄3, which are related to the parameters x1, x2, and x3 by
the relation

x = x̄(x1, x2, x3) (1.148)

where x= [x1 x2 x3]T and x̄ =
[
x̄1 x̄2 x̄3

]T
. Using differentiation with respect to the

parameters x̄1, x̄2, and x̄3, the matrix of gradients can be written as

J̄ =
[
rx̄1

rx̄2
rx̄3

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜕r1

𝜕x̄1

𝜕r1

𝜕x̄2

𝜕r1

𝜕x̄3

𝜕r2

𝜕x̄1

𝜕r2

𝜕x̄2

𝜕r2

𝜕x̄3

𝜕r3

𝜕x̄1

𝜕r3

𝜕x̄2

𝜕r3

𝜕x̄3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(1.149)

In this case, the vector rx̄ i
, i= 1, 2, 3, represents a gradient vector obtained by differentiation

with respect to the coordinate x̄i. Again, the vector rx̄ i
is not necessarily a unit vector, and a

measure of the deviation from a unit vector is given by (rT
x̄i

rT
x̄i
− 1). A measure of the angle

between two gradient vectors can be obtained using the dot product rT
x̄i

rT
x̄j

, i≠ j. Note that the

relationship between J and J̄ is given by

J̄ = 𝜕r
𝜕x̄

= 𝜕r
𝜕x
𝜕x
𝜕x̄

= J
𝜕x
𝜕x̄

(1.150)

Although we assume in this section that parameters are defined along the orthogonal axes
of coordinate systems, the relationship of Equation 150 is general and governs the definition of
the gradients when defined using different parameters, including the case of curvilinear coor-
dinates. It is important, however, to point out that the use of different sets of parameters leads
to the definition of different gradient vectors. Nonetheless, these gradient vectors, regardless
of what set of parameters is used, are defined in the same coordinate system in which the vec-
tor r is defined. That is, the differentiation of a vector does not change the coordinate system
in which this vector is defined.

As a special case, the curve shown in Figure 3 is considered. The position of points on
this curve can be defined in the coordinate system X1X2X3 and can be written in terms of one
parameter s as r= r(s). Because there is only one parameter, there is only one gradient vector,
defined as

rs =
𝜕r
𝜕s

(1.151)

This gradient vector defines the tangent vector, as shown in Figure 3, and if s is selected as the
arc length, rs is a unit vector. One may choose other parameters, such as 𝛼1 and 𝛼2, and define
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rsr

X2

X1

X1

X3

X2

X3

Figure 1.3 Space curve

the gradient vector by differentiation with respect to these new parameters. This leads to other
definitions of the gradient vector as

r𝛼1
= 𝜕r
𝜕𝛼1

, r𝛼2
= 𝜕r
𝜕𝛼2

(1.152)

Clearly, the three gradient vectors defined in Equations 151 and 152 are different expressions
for the tangent vector, for example,

r𝛼1
= 𝜕r
𝜕𝛼1

= 𝜕r
𝜕s

𝜕s
𝜕𝛼1

(1.153)

which shows that r𝛼1
and rs are two parallel vectors that differ by a scalar multiplier that

depends on the relationship between the two parameters 𝛼1 and s. This simple example shows
that the change of parameters does not lead to a change in the coordinate system because the
resulting gradient vectors are defined in the X1X2X3 coordinate system in which the vector r
is defined.

Although in the simple one-dimensional example the change of parameters does not change
the orientation of the gradient vector, when two or more parameters are used, the change
of parameters can lead to a change of the orientation of the gradient vectors but does not
change the coordinate system in which these gradient vectors are defined. This is clear from
Equation 150, which shows that the columns of the gradient matrix J̄ are linear combinations
of the columns of the gradient matrix J.

Coordinate Transformation

The analysis presented thus far in this section shows that the change of parameters does not
imply a change of the coordinate system in which the gradient vectors are defined. That is, if
x1, x2, and x3 are coordinates along the orthogonal axes of the coordinate system X1X2X3 and
x̄1, x̄2, and x̄3 are the coordinates along the axes of another coordinate system X̄1X̄2X̄3, then,
in general, rxi

= 𝜕r∕𝜕xi ≠ Rrx̄ i
, i= 1, 2, 3, where R is the matrix that defines the orientation
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of the coordinate system X̄1X̄2X̄3 with respect to the coordinate system X1X2X3. The gradient
vector rxi

can be written in terms of components defined in the coordinate system X̄1X̄2X̄3 as

r̄xi
= RTrxi

, i = 1, 2, 3 (1.154)

In the analysis presented in this book, it is important to understand the difference between
the change of parameters and the transformation between two coordinate systems, particularly
when the large-deformation ANCF finite elements presented in Chapter 5 are discussed.

Deformation and Strains

In continuum mechanics, strains are used as measure of the deformation. The strains at a point
on the continuum are defined using dot products of gradient vectors, and therefore, their values
in a certain direction are independent of the coordinate system used. As will be shown in the
following chapter, the strain components are used as measure of the stretch and shear. For
example, a stretch strain component is defined as (rxi

⋅ rxi
− 1)∕2, where rxi

= 𝜕r∕𝜕xi is the
gradient vector in the direction of the parameter xi. Clearly, the strain measure (rxi

⋅ rxi
− 1)∕2

is independent of the coordinate system as well as of a rigid-body coordinate transformation;
this is clear from the dot product definition. Furthermore, this definition of the strain is unique
since it measures the change at a point on the continuum in a specific direction defined by the
coordinate line xi, which can represent a straight or curved line.

The deformation on the other hand is not unique and depends on the choice of the coordinate
system. For this reason, deformations are not often used in the general continuum mechanics
developments. In order to provide an explanation, one can consider the slider crank mechanism
shown in Figure 4. This mechanism is widely used in many applications including engines. As
the crankshaft of the mechanism rotates and the piston moves, the connecting rod can be sub-
jected to excessive forces that will produce deformation. A magnification of the deformation
of the connecting is shown in Figure 4b. Regardless of the coordinate system used, the strains
at an arbitrary point on the connecting rod have unique values since they are defined in terms
of the dot product of gradient vectors. The deformation definition, however, is not unique. As
shown in Figure 5, different coordinate systems can be used to measure the deformation. The
figure shows the deformation 𝛿 of the mid-point defined in different coordinate systems. It
is clear that these deformation measures have very different values. In fact, the deformation
of some points, such as the end points of the connecting rod, can be zero in some coordinate

(a) (b)

Crankshaft

Connecting rod
Piston

Figure 1.4 Slider crank mechanism
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Figure 1.5 Deformation measurement.

systems and can assume a very large value in other coordinate systems. The strain measures,
on the other hand, are absolute and do not depend on the choice of the coordinate systems.

Position Vector Gradients and Rigid Body Kinematics

It can be shown that the rigid body kinematic equations can be written as a linear polynomial
in the spatial coordinates if the concept of the position vector gradients is used. That is, a
polynomial similar to Equation 115 with a lower order can be used to describe the rigid body
motion provided appropriate constraints are imposed on the position vector gradients. Using
Equations 81 and 85, one can show that Equation 81 can be written as

r = rO + Aū =
[

a0 + a1x1 + a2x2
b0 + b1x1 + b2x2

]
(1.155)

In this equation,

rO =
[

a0
b0

]
,

[
x̄1
x̄2

]
=
[

x1
x2

]
, rx1

=
[

a1
b1

]
=
[

cos 𝜃
sin 𝜃

]
, rx2

=
[

a2
b2

]
=
[
−sin 𝜃
cos 𝜃

]
(1.156)

This equation shows that the rigid body kinematic equations can be written in the form of the
linear polynomials of Equation 115. Since in the case of unconstrained planar motion the rigid
body has three degrees of freedom, the six coefficients a0, a1, a2, b0, b1, and b2 must be related
by three algebraic equations. It is clear from Equation 156 that these three algebraic constraint
equations imposed on the gradient vectors are

rT
x1

rx1
= 1, rT

x2
rx2

= 1, rT
x1

rx2
= 0 (1.157)

These constraint equations imply that in the case of rigid body motion, the position vector
gradients remain orthogonal unit vectors, and in this special case, the transformation matrix
that defines the orientation of the body coordinate system can be written as A =

[
rx1

rx2

]
.

A similar procedure can be used in the spatial analysis to show that the three-dimensional
rigid body kinematic equations can be written in the form of linear polynomials in the spatial
coordinates. It is important to note that the spatial coordinates x1 and x2 are defined with respect
to the body coordinate system and assume their constant initial values regardless of the amount
of displacement and rotation of the rigid body. That is, when the polynomial representation
is used, the spatial coordinates always assume constant values and the motion of the body
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or the finite element is defined by the time dependent coefficients of the polynomial used, or
alternatively, by the element nodal coordinates used to replace the polynomial coefficients. It is
also clear from Equations 155 and 156 that the rigid body kinematics can be expressed as linear
functions of the angles. Furthermore, the position vector gradients in Equation 156 are written
in terms of trigonometric functions which have infinite orders. Therefore, finite elements, in
which the element displacement field is written as linear functions of angles, cannot correctly
describe rigid body motion and such finite elements cannot be used with the nonincremental
solution procedures often used in multibody system dynamics.

PROBLEMS

1. Find the sum of the following two matrices:

A =
⎡⎢⎢⎣
−3 4 −1
2 0 5
−4 1 3

⎤⎥⎥⎦ , B =
⎡⎢⎢⎣

2 1 0
2 3 4
−4 −2 −3

⎤⎥⎥⎦
Find also the trace of these two matrices as well as the trace of their product.

2. Find the product of the following three matrices:

A1 =
⎡⎢⎢⎣
1 0 0

0 cos 𝜙 − sin 𝜙

0 sin 𝜙 cos 𝜙

⎤⎥⎥⎦ , A2 =
⎡⎢⎢⎣

cos 𝜃 0 sin 𝜃

0 1 0

− sin 𝜃 0 cos 𝜃

⎤⎥⎥⎦ ,
A3 =

⎡⎢⎢⎣
cos 𝜓 − sin 𝜓 0

sin 𝜓 cos 𝜓 0

0 0 1

⎤⎥⎥⎦
3. Find the determinant and the inverse of the following two matrices:

A =
⎡⎢⎢⎣
−3 4 −1
0 1 2
0 0 3

⎤⎥⎥⎦ , B =
⎡⎢⎢⎣
1 0 0
1 1 0
1 1 1

⎤⎥⎥⎦
4. Show that the following two matrices are orthogonal:

A1 =
⎡⎢⎢⎣

cos 𝜃 0 sin 𝜃

0 1 0
− sin 𝜃 0 cos 𝜃

⎤⎥⎥⎦ , A2 = I + ṽ sin 𝜃 + 2ṽ2sin2
(
𝜃

2

)
where 𝜃 is an angle, v is a three-dimensional unit vector, ṽ is the skew-symmetric matrix
associated with the unit vector v, and I is the identity matrix.

5. Show that the determinant of a 3× 3 matrix does not change if a row or a column is
subtracted or added to another.
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6. Show that the matrices in Problem 2 are orthogonal and that their product is an orthogonal
matrix.

7. Find the norm of the columns of the matrices of Problem 3.

8. Prove the identities given in Equations 28 and 29 for three-dimensional vectors.

9. Prove Equation 32 for three-dimensional vectors.

10. Show that if A is a symmetric tensor and B is a skew-symmetric tensor, then A : B= 0.

11. If A, B, and C are second-order tensors, show that the double product satisfies the identity
A : (BC)= (ACT): B= (BTA) : C.

12. If A and B are two symmetric tensors, show that

A ∶ B = A11B11 + A22B22 + A33B33 + 2(A12B12 + A13B13 + A23B23)

13. Find the invariants, eigenvalues, and eigenvectors of the following two matrices:

A =
⎡⎢⎢⎣
−3 4 −1

4 0 5
−1 5 3

⎤⎥⎥⎦ , B =
⎡⎢⎢⎣
2 1 0
1 3 −2
0 −2 −3

⎤⎥⎥⎦
Verify that the three invariants of each of these matrices can be written in terms of the
eigenvalues.

14. Find the projection matrices P and Pp associated with the unit vector

â =
[
1∕
√

3 1∕
√

3 1∕
√

3
]T

.

15. Show that the components of a third-order tensor T can be written as tijk = (ii ⊗ ij): Tik,
where ii, ij, and ik are base vectors.

16. Prove the properties of Equation 59.

17. Show that the component vk of any vector v can be written as vk = −(1∕2)Γijkṽij =
−(1∕2)Γkijṽij = (1∕2)Γikjṽij, where 𝚪= (Γijk) is the third-order alternating tensor and
ṽ = (ṽij) is the skew-symmetric matrix associated with the vector v.

18. Show that the cross product between the two vectors u and v can be written as
u × v =

∑3
i, j=1 uivj(ii × ij) =

∑3
i, j, k=1 Γijkuivjik, where ii, ij, and ik are base vectors and

𝚪= (Γijk) is the third-order alternating tensor.

19. Show that the components of a fourth-order tensor F can be written as fijkl = (ii ⊗ ij)∶ F ∶
(ik ⊗ il), where ii, ij, ik, and il are base vectors.

20. Find the polar decomposition of the matrix

A =
⎡⎢⎢⎣
2 1 3
0 1 −2
0 0 2

⎤⎥⎥⎦
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21. Derive Euler equation of motion using Equation 95.

22. Using D’Alembert’s principle, derive the equation of motion of a pendulum connected to
the ground at one of its ends by a pin joint. Assume that the pendulum rod has length l, mass
m, and mass moment of inertia about the center of mass IO. The pendulum is subjected to
an external moment M. Consider the effect of gravity. Explain how D’Alembert’s principle
can be used to systematically eliminate the reaction forces in this problem.

23. Solve Problem 22 using the principle of virtual work. Discuss the relationship between
D’Alembert’s principle and the principle of virtual work.

24. Verify the shape functions of Equation 121.
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CHAPTER 2

KINEMATICS

In this chapter, the general kinematic equations for the continuum are developed. The kine-
matic analysis presented in this chapter is purely geometric and does not involve any force
analysis. The continuum is assumed to undergo an arbitrary displacement and no simplifying
assumptions are made except when special cases are discussed. Recall that in the special
case of an unconstrained three-dimensional rigid-body motion, six independent coordinates
are required in order to describe arbitrary rigid-body translation and rotation displacements.
The general displacement of an infinitesimal material volume on a deformable body, on the
other hand, can be described in terms of 12 independent variables: 3 translation parameters, 3
rigid-body rotation parameters, and 6 deformation parameters. One can visualize these modes
of displacements by considering an infinitesimal cube that may undergo an arbitrary dis-
placement. The cube can be translated in three independent orthogonal directions (translation
degrees of freedom), rotated as a rigid body about three orthogonal axes, and subjected to six
independent modes of deformation. These deformation modes are elongations or contractions
in three different directions and three shear deformation modes.

It is shown in this chapter that the rotations and the deformations can be completely
described using the matrix of the position vector gradients, which in general has nine
independent elements. This fact can be mathematically proven using the polar decomposition
theorem discussed in the preceding chapter. The deformation at the material points on the body
can be described in terms of six independent strain components. These strain components can
be defined in the undeformed reference configuration leading to the Green–Lagrange strains
or can be defined using the current deformed configuration leading to the Eulerian or Almansi
strains. The velocity gradients and the rate of deformation tensor also play a fundamental

Computational Continuum Mechanics, Third Edition. Ahmed A. Shabana.
© 2018 John Wiley & Sons Ltd. Published 2018 by John Wiley & Sons Ltd.
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role in the theory of nonlinear continuum mechanics and for this reason they are discussed in
detail in this chapter.

The concept of objectivity or frame indifference, which is important in the analysis of large
deformations, particularly in formulations that involve the strain rates, is also introduced and
will be discussed in more detail in the following chapter. In order to correctly formulate the
dynamic equations of the continuum, one needs to develop the relationships between the
volume and area of the body in the reference configuration and its volume and area in
the current configuration. These relationships as well as the continuity equation derived from
the conservation of mass are presented in Sections 8 and 9. Reynolds’ transport theorem,
which is used in fluid mechanics, is discussed in Section 10. In Section 11, several examples
of simple deformations are presented.

Whereas a continuum has an infinite number of degrees of freedom, for simplicity, concepts
and definitions are explained in the examples throughout this book using models that have a
finite number of degrees of freedom. This provides the reader with a natural introduction to
the finite element formulations that will be discussed in later chapters.

2.1 MOTION DESCRIPTION

Figure 1 shows a body in the reference and current configurations. The position vector of an
arbitrary material point on the body in the reference configuration is defined by the vector
x= [x1 x2 x3]T, whereas the position vector of this arbitrary material point in the current
configuration after displacement is defined by the vector r= [r1 r2 r3]T. One can then write
the following relationship:

r = x + u (2.1)

where u= [u1 u2 u3]T is the displacement vector, and the three vectors r, x, and u are defined
in the same global coordinate system as shown in Figure 1. In the preceding equation, it
is assumed that both the position and displacement vectors r and u are functions of the
components of the position vector x in the reference configuration. That is, given a material
point defined by the position x in the reference configuration, one should be able to define the
position vector r of this point in the current configuration as well as the displacement vector
u. In general, the position vector r and the displacement vector u can be written as functions
of x and time t, that is

r = r(x, t), u = u(x, t) (2.2)

The coordinates x are called the material or Lagrangian coordinates, whereas the coordinates
r are called the spatial or Eulerian coordinates. Both sets of coordinates can be used in the
formulation of the kinematic and dynamic equations. If the Lagrangian coordinates are used
to formulate the dynamic equations, one obtains the Lagrangian description, which is often
used in solid mechanics. If the Eulerian coordinates are used, on the other hand, one obtains
the Eulerian description, which is often used in the study of the motion of the fluids. In
the case of a fluid, it is sometimes inconvenient to describe the motion with respect to the
reference configuration, as in the case of a flow around an airfoil. In the case of solids, on the
other hand, the history of the deformation is important, and for this reason, the Lagrangian
description is more suited.
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Figure 2.1 Reference and current configurations

Example 2.1

As shown in Chapter 1, the general motion of a two-dimensional beamlike structure, depicted in
Figure 2, can be described using the following position vector field (Omar and Shabana, 2001):

r = Se (2.3)

where e= e(t)= [e1 e2 … e12]T is a vector of time-dependent coefficients or coordinates, which
consist of absolute position and slope coordinates as described in Chapter 1, and S= S(x) is a

X2

X2
b

X1
b

O

Ob

X1 Figure 2.2 Planar beam
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matrix that depends on the Lagrangian coordinates and is given by

S =
[

s1 0 s2 0 s3 0 s4 0 s5 0 s6 0
0 s1 0 s2 0 s3 0 s4 0 s5 0 s6

]
(2.4)

The elements si that appear in this equation are given by

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3), s3 = l𝜂(1 − 𝜉)
s4 = 3𝜉2 − 2𝜉3, s5 = l(−𝜉2 + 𝜉3), s6 = l𝜉𝜂

}
(2.5)

where 𝜉 = x1/l and 𝜂 = x2/l; and l is the length of the beam in the reference configuration.
A reference configuration of the beam in which the beam axis is parallel to the global X1 axis
is given for the following values of the coefficients or coordinates:

e = e(0) =
[
0 0 1 0 0 1 l 0 1 0 0 1

]T

Using these values of the coordinates, one can verify that

r(x, 0) = S(x)e(0) =
[

x1
x2

]
= x

This equation defines the position of the material points on the beam in the undeformed
reference configuration. That is, the position vector field of Equation 3 correctly describes the
position of the beam material points in the undeformed reference configuration.

Line Elements

In the study of deformation, the change of the length of a line element is used to define
the basic strain variables used in continuum mechanics. It is clear that if the change of the
distance between two arbitrary points as the result of deformation is known, changes of areas
and volumes can be determined. A differential line element dr in the current configuration
can be written as

dr = 𝜕r
𝜕x

dx = Jdx (2.6)

where J is the matrix of position vector gradients, also called the Jacobian matrix. This
matrix is defined as follows:

J = 𝜕r
𝜕x

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜕r1

𝜕x1

𝜕r1

𝜕x2

𝜕r1

𝜕x3

𝜕r2

𝜕x1

𝜕r2

𝜕x2

𝜕r2

𝜕x3

𝜕r3

𝜕x1

𝜕r3

𝜕x2

𝜕r3

𝜕x3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

[
rx1

rx2
rx3

]
(2.7)

In this equation, rxi
= 𝜕r∕𝜕xi, i= 1, 2, 3. If there are no displacements of the particles of the

body, the vector dr is equal to the vector dx. In this case, J is the identity matrix and has a
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positive determinant that is equal to one. Because the Jacobian matrix J cannot be singular
and the displacement is assumed to be continuous function, the determinant of J must be
positive. Therefore, a necessary and sufficient condition for a continuous displacement to
be physically possible is that the determinant of J be greater than zero, that is, J is always
positive definite. This requirement of continuous displacement allows transformation from
the current configuration to the reference configuration and vice versa. It is therefore assumed
that the transformation is one-to-one and the function r= r(x, t) is single-valued, continuous,
and has the following unique inverse:

x = x(r, t) (2.8)

This property, when guaranteed for every material point on the body, allows for the
transformation between the Eulerian and Lagrangian descriptions.

Rigid-Body Motion

Recall that in the special case of rigid-body motion, the length of a line segment remains
constant. This implies that

drTdr = dxTdx (2.9)

In this special case of rigid-body motion, one has JTJ= JJT = I. That is, J is an orthogonal
matrix that describes the relationship between the line element dx before the displacement
and the line element dr after the displacement. Equation 9 shows that in the case of rigid-body
motion, the stretch of the line element defined as |dr|–|dx| is equal to zero everywhere.
Because the components of the line elements are not affected by the translation, the matrix
J in the case of rigid-body motion describes pure rotation, and it is the matrix that can be
used to define the orientation of the rigid body in space. In this special case of rigid-body
motion, the elements of the Jacobian matrix J are the direction cosines of unit vectors that
define the axes of a selected body coordinate system whose origin is attached to the rigid
body (Goldstein, 1950; Greenwood, 1988; Shabana, 2013).

In the case of a rigid-body motion, as shown in Figure 3, one can always select a body
coordinate system, Xb

1Xb
2Xb

3 , that moves with the body. Line segments or locations of the
material points can be measured with respect to the origin of the body coordinate system.
Without any loss of generality, one can assume that before displacement, the axes of the body
coordinate system Xb

1Xb
2Xb

3 coincide with the axes of the global coordinate system X1X2X3. In
this case, the location of an arbitrary material point on the rigid body can be defined after the
displacement using the following equation:

r = rO(t) + Jxb (2.10)

where rO is the vector that defines the location of the origin of the body coordinate system;
J, in this case of a rigid-body motion, is an orthogonal matrix that can be expressed in terms
of three independent orientation coordinates (Goldstein, 1950; Greenwood, 1988; Shabana,
2013); and xb is the vector that defines the position of the material points in the moving
coordinate system. Note that if an assumption is made that the moving reference coordinate
system coincides with the global coordinate system before displacement, one has x= xb.
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Figure 2.3 Rigid-body motion

Floating Frame of Reference (FFR)

In this book, two different, yet equivalent, motion descriptions are frequently used to define
the absolute position vector r. In the first motion description, the vector r is defined using
absolute coordinates based on a description similar to the one used in Equation 3. In the
second motion description, a coordinate system that follows the motion of the body is
introduced. The position vector r can be defined in terms of the motion of this reference plus
the motion of the body with respect to the reference. This description is referred to in this book
as the floating frame of reference (FFR) approach. It is important to recognize that these two
different descriptions are equivalent and are consistent with the general continuum mechanics
description. That is, the FFR approach does not lead to a separation between the rigid-body
motion and the elastic deformation. Whereas the reference motion is a rigid-body motion,
this motion is not the rigid-body motion of the continuum because different references can be
selected for the same continuum.

In the case of general displacement, the floating frame of reference follows the motion of the
body but does not have to be rigidly attached to a point on the body. Nonetheless, it is required
that there is no relative rigid-body displacement between the body and its coordinate system.
Using the FFR formulation kinematic description, the global position vector of an arbitrary
point, as shown in Fig. 4, can in general be written as r(x, t) = rO(t) + A(t)(x + ūf (x, t)), where
A is the transformation matrix that defines the orientation of the body coordinate system, and
ūf (x, t) measures the deformation of the body with respect to the selected body reference.
Since the choice of A is arbitrary; one can have infinite number of arrangements for the body
coordinate system, and consequently infinite ways for measuring the deformation. Because the
deformation is considered a relative measure, strains are used to describe the body kinematics
when developing a general continuum mechanics theory. While coordinate systems are imag-
inary, strains are defined using the gradients of position vectors, which have a clear physical



�

� �

�

KINEMATICS 53

X2

O

P

x

uf

r
ro

X1

X3

X2
b

X3
b

Ob

X1
b

Figure 2.4 Floating frame of reference

meaning. Nonetheless, the relationship r(x, t) = rO(t) + A(t)(x + ūf (x, t)) is general, does not
imply any approximation, and is the starting point in the development of the FFR formulation
discussed in Chapter 6. This formulation is widely used in the multibody system (MBS)
dynamics literature and allows for obtaining an efficient formulation for flexible bodies that
undergo large rigid-body displacements as well as deformations that can be described using
simple shapes. The FFR formulation was introduced many decades before the finite element
(FE) method was introduced. The corotational frame used in the FE literature is not in general
equivalent to the floating frame used in MBS dynamics. The configuration of the corotational
frame is defined by the FE nodal coordinates, while the configuration of the floating frame is
defined by a set of absolute Cartesian coordinates. If the FE nodal coordinates cannot correctly
describe finite rigid-body displacements, as in the case of conventional beam, plate and shell
elements that employ infinitesimal rotations as nodal coordinates; the corotational frame does
not lead to zero strains under an arbitrary rigid-body displacement. On the other hand, the FFR
formulation always leads to zero strains under an arbitrary rigid-body displacement regardless
of the finite element used to describe the deformation. Furthermore, using the FFR kinematic
description r(x, t) = rO(t) + A(t)(x + ūf (x, t)), one can show that the matrix of position
vector gradients J can always be written as J = A(I + (𝜕ūf∕𝜕x)), where I is the identity
matrix.

The basic kinematic description used in the FFR formulation is based on the general
kinematic equations used in the nonlinear continuum mechanics. Nonetheless, it is not
necessary in computational continuum mechanics to write the displacement as the sum of
reference motion plus the displacement with respect to the reference coordinate system. One
can always use the expression r= r(x) with a proper definition of r in terms of x to correctly
describe the general displacement of the continuum, as discussed in Chapter 5. This fact is
also demonstrated by the following simple example.



�

� �

�

54 COMPUTATIONAL CONTINUUM MECHANICS

Example 2.2

The displacement field of the two-dimensional beamlike structure, discussed in Example 1, can
describe an arbitrary rigid-body motion. Such a general rigid-body motion can be described if
the element time-dependent coordinates take the following form:

e = [e1 e2 cos 𝜃 sin 𝜃 −sin 𝜃 cos 𝜃

(e1 + l cos 𝜃) (e2 + l sin 𝜃) cos 𝜃 sin 𝜃 −sin 𝜃 cos 𝜃]T

Using these values of the coordinates, one can verify that

r(x, t) = S(x)e(t) =
[

e1
e2

]
+

[
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

] [
x1
x2

]
= rO + Jx

where rO, J, and x can be recognized in this case as

rO =
[

e1
e2

]
, J =

[
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

]
, x =

[
x1
x2

]
Note that, in this case of rigid-body motion, J is an orthogonal matrix.

Displacement Vector Gradients

As previously mentioned, in the case of general displacement, J is not an orthogonal matrix
because the lengths of the line segments do not remain constant. There are, however, motion
types in which the determinant of J remains constant, but J is not an orthogonal matrix. As
will be shown later in this book, the determinant of J remains constant if the volume does
not change as in the case of incompressible materials. This type of motion is called isochoric.
Rigid-body motion is a special case of isochoric motion.

In the case of general displacement, the matrix of position vector gradients can also be
written in terms of the displacement gradients by writing dr using Equation 1 as follows:

dr =
(

I + 𝜕u
𝜕x

)
dx = (I + Jd)dx (2.11)

where Jd = (J− I) is the matrix of the displacement vector gradients defined as

Jd = 𝜕u
𝜕x

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝜕u1

𝜕x1

𝜕u1

𝜕x2

𝜕u1

𝜕x3

𝜕u2

𝜕x1

𝜕u2

𝜕x2

𝜕u2

𝜕x3

𝜕u3

𝜕x1

𝜕u3

𝜕x2

𝜕u3

𝜕x3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(2.12)

In the analysis presented in this book, it is important to distinguish between the matrix of the
position vector gradients and the matrix of the displacement vector gradients.
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2.2 STRAIN COMPONENTS

The strain components defined in this section arise naturally when the equations of motion
are formulated as will be shown in later chapters of this book. The strain components can be
introduced by considering the elongation of a line element. The square of the length of the line
element in the reference configuration is defined as

(lo)2 = dxTdx (2.13)

The square of the length of the line element in the current configuration can be defined using
Equation 6 as

(ld)2 = drTdr = dxTJTJdx (2.14)

One measure of the elongation of the line element can be written using the preceding two
equations as

(ld)2 − (lo)2 = drTdr − dxTdx = dxT(JTJ − I)dx (2.15)

which can be written as
(ld)2 − (lo)2 = 2dxT𝛆dx (2.16)

where 𝛆 is the symmetric Green–Lagrange strain tensor defined as

𝛆 = 1
2
(JTJ − I) (2.17)

Using the definition of the matrix of position vector gradients, the Green–Lagrange strain
tensor 𝛆 can be written more explicitly as follows:

𝛆 = 1
2
(JTJ − I) = 1

2

⎡⎢⎢⎢⎢⎣

(
rT

x1
rx1

− 1
)

rT
x1

rx2
rT

x1
rx3

rT
x1

rx2

(
rT

x2
rx2

− 1
)

rT
x2

rx3

rT
x1

rx3
rT

x2
rx3

(
rT

x3
rx3

− 1
)
⎤⎥⎥⎥⎥⎦

(2.18)

One can also write the Green–Lagrange strain tensor 𝛆 in terms of the elements of the matrix
of the displacement vector gradients Jd. Recall that J= Jd + I and substituting in the definition
of 𝛆, one obtains the following definition of the elements of the strain tensor:

𝜀ij =
1
2

(
ui, j + uj,i +

3∑
k=1

uk,iuk, j

)
, i, j = 1, 2, 3 (2.19)

In this equation, 𝜀ij are the elements of the tensor 𝛆 and ui,j = 𝜕ui/𝜕xj; i, j= 1, 2, 3. It is clear
from the preceding two equations that the Green–Lagrange strains are nonlinear functions of
the position vector and displacement vector gradients.

Because the strain tensor is symmetric, one can identify six independent strain components
that can be used to define the following strain vector:

𝛆v =
[
𝜀11 𝜀22 𝜀33 𝜀12 𝜀13 𝜀23

]T
(2.20)
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In this vector, 𝜀ij for i= j are called normal strains and 𝜀ij for i≠ j are called the shear
strains.

In the case of rigid-body motion, J is an orthogonal matrix, and as a consequence, 𝛆= 0.
This demonstrates that 𝛆 can be used as a measure of the deformation, whereas J cannot be used
as deformation measure because it changes under an arbitrary rigid-body motion. In the case
of rigid-body motion, the strains are identically zero. It is left to the reader as an exercise to
show that if the nonlinear displacement gradient terms in Equation 19 are neglected, the
Green–Lagrange strain tensor will not lead to zero strains under an arbitrary rigid-body motion.

Geometric Interpretation of the Strains

The gradient vectors rxi
, i = 1, 2,3, define the rate of change of the position vector r with

respect to the coordinate xi. Therefore, the normal strains, (rT
xi

rxi
− 1), measure the change of

the length of the gradient vectors. On the other hand, the shear strains, rT
xi

rx
j
, i≠ j measure the

change of the relative orientation between the gradient vectors.
Another geometric interpretation of the strains can be provided for simple cases. To this

end, the extension of the line element per unit length can be defined as

𝜀 =
ld − lo

lo
(2.21)

This equation defines what is called engineering strain because the extension is divided by the
length in the reference configuration. Another measure that can be used is the logarithmic or

natural strain defined as ∫ ld
lo

dl∕l = ln(ld∕l0). Equation 21 leads to

ld = (1 + 𝜀)lo (2.22)

Using Equations 16 and 22, one can write the following quadratic equation for the strain 𝜀:

𝜀2 + 2𝜀 − 𝛼 = 0 (2.23)

where 𝛼 = 2tT𝛆t, and t= dx /l0. Equation 23, which is a quadratic equation, has two solutions,

𝜀 = −1 ± (1 + 𝛼)
1
2 . The second solution is not physically possible because it does not represent

a rigid-body motion. Therefore, the strain 𝜀 can be evaluated using the components of the
Green–Lagrange strain tensor as

𝜀 = −1 + (1 + 𝛼)
1
2 (2.24)

This equation can be used to provide a measure of the elongation of a line element.
Consider the special case in which dx= [dx1 0 0]T; one obtains in this special case from

the definition of the Green–Lagrange strain tensor, the following equation:

(ld)2 − (lo)2 = 2𝜀11(lo)2 (2.25)

Using this equation, one has 𝜀11 = 1
2

{
(1 + 𝜀)2 − 1

}
, or 𝜀 =

√
1 + 2𝜀11 − 1. In the case of

small strains, it can be shown that 𝜀 = 𝜀11. Because shear strains can be defined using the
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dot product of vectors, these strains can always be defined in terms of angles or rotations.
Therefore, a geometric interpretation of the shear strains can also be obtained.

Example 2.3

For the beam defined in Example 1, the displacement field is given by

r = s1

[
e1
e2

]
+ s2

[
e3
e4

]
+ s3

[
e5
e6

]
+ s4

[
e7
e8

]
+ s5

[
e9
e10

]
+ s6

[
e11
e12

]
where the shape functions si, i= 1, 2, … , 6, are defined in Example 1. Using the definitions of
these shape functions, the vectors of gradients are

rx1
= 𝜕r
𝜕x1

= s1,1

[
e1
e2

]
+ s2,1

[
e3
e4

]
+ s3,1

[
e5
e6

]
+ s4,1

[
e7
e8

]
+ s5,1

[
e9
e10

]
+ s6,1

[
e11
e12

]
and

rx2
= 𝜕r
𝜕x2

= s3,2

[
e5
e6

]
+ s6,2

[
e11
e12

]
where si,j = 𝜕si/𝜕xj, and i= 1, 2,… , 6, j= 1, 2. Using these notations and the definitions given
in Example 1, one has

s1,1 = 6
l
(−𝜉 + 𝜉2), s2,1 = (1 − 4𝜉 + 3𝜉2), s3,1 = −𝜂,

s4,1 = 6
l
(𝜉 − 𝜉2), s5,1 = (−2𝜉 + 3𝜉2), s6,1 = 𝜂,

s3,2 = (1 − 𝜉), s6,2 = 𝜉

It is clear from these equations that[
e1
e2

]
= r(𝜉 = 0),

[
e3
e4

]
= rx1

(𝜉 = 0),
[

e5
e6

]
= rx2

(𝜉 = 0)[
e7
e8

]
= r(𝜉 = 1),

[
e9
e10

]
= rx1

(𝜉 = 1),
[

e11
e12

]
= rx2

(𝜉 = 1)

Consider the case in which the vector of coordinates is defined as

e =
[
0 0 1 0 0 1 l + 𝛿 0 1 0 0 1

]T

Here, l is the initial length of the beam, and 𝛿 is the elongation at the end. Substituting this
vector in the displacement field r=Se, one obtains

r =
[

x1 + s4𝛿

l𝜂

]
=

[
x1 + 𝛿

(
3𝜉2 − 2𝜉3

)
x2

]
,

rx1
=

[
1 + 6𝛿

l

(
𝜉 − 𝜉2

)
0

]
, rx2

=
[

0
1

]
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These equations show that the maximum elongation occurs at 𝜉 = 1 and it is equal to 𝛿. The
maximum gradient is at 𝜉 = 0.5 and is equal to 1+ 1.5 (𝛿/l). The matrix of position vector
gradients is

J =

[
1 + 6𝛿

l
𝜉 (1 − 𝜉) 0

0 1

]
The Green–Lagrange strain tensor can then be defined as

𝛆 = 1
2
(JTJ − I) = 1

2

[
12𝛿

l
𝜉(1 − 𝜉)

{
1 + 3

(
𝛿

l

)
𝜉(1 − 𝜉)

}
0

0 0

]

This equation shows that the shear strains and the transverse normal strain are equal to zero,
and the maximum normal strain in the axial direction occurs at 𝜉 = 0.5 and is equal to

(𝜀11)max = 1.5
(
𝛿

l

) {
1 + 0.75

(
𝛿

l

)}
As will be discussed in later chapters of this book, elongation of a beam, as the one given
in this example, leads to a change of the dimensions of the beam cross section and results in
transverse normal stresses. This is due to the Poisson effect, which cannot be captured based
on purely kinematic considerations.

A different strain distribution can be obtained if the vector of coordinates takes the following
form:

e =
[
0 0

(
1 + 𝛿

l

)
0 0 1 l + 𝛿 0

(
1 + 𝛿

l

)
0 0 1

]T

In this case, one can show that

r =
[
(1 + 𝛿)𝜉

l𝜂

]
, rx1

=
[

1 + 𝛿

l
0

]
, rx2

=
[

0
1

]
Note that in this case the deformation at x1 = 0 is zero, and the deformation at x1 = l is maximum
and is equal to 𝛿. The Green–Lagrange strain tensor is defined in this case as

𝛆 = 1
2
(JTJ − I) =

[
𝛿

l

(
1 + 𝛿

2l

)
0

0 0

]

This equation shows that the strain is constant everywhere. If 𝛿 is small such that second-order
terms in 𝛿 can be neglected, the axial strain reduces to 𝛿/l, which defines the engineering strain.

Eulerian Strain Tensor

Because dx can be written as

dx = J−1dr = 𝜕x
𝜕r

dr, (2.26)

one can write

(ld)2 − (l0)2 = drTdr − dxTdx = drT(I − J−1T
J−1)dr (2.27)



�

� �

�

KINEMATICS 59

Using this equation, the Eulerian or Almansi strain tensor is defined as

𝛆e =
1
2
(I − J−1T

J−1) (2.28)

This tensor is also a symmetric tensor. It is important to note that the components of the
Eulerian (Almansi) strain tensor are defined using the current configuration, whereas the
components of the Green–Lagrange strain tensor are defined using the reference configuration.
Such definitions are important when the expressions of the elastic forces due to deformation
are developed. Clearly, the relationship between the Green–Lagrange strain tensor and the
Eulerian strain tensor can be written as

𝛆 = JT𝛆eJ (2.29)

This equation can be interpreted as 𝛆 is the pullback of 𝛆e by J, or 𝛆e is the push-forward, of
𝛆 in the equation 𝛆e = J−1T𝛆J−1. In the case of infinitesimal strains, the Eulerian strain tensor
is called Cauchy strain tensor. One can show that in the case of infinitesimal strains (small
displacement gradients), one has

𝛆e = 𝛆 = 1
2
(Jd + JT

d ) (2.30)

That is, the Eulerian and Lagrangian strain tensors are equal in the case of infinitesimal strains.

Example 2.4

Consider again the displacement field defined in Example 1. Assume that the position vector of
an arbitrary point on the beam is defined by the vector

r =

[
(l + 𝛿)𝜉 cos 𝜃 − l𝜂 sin 𝜃

(l + 𝛿)𝜉 sin 𝜃 + l𝜂 cos 𝜃

]
where 𝛿 is assumed to be the axial displacement of the beam at the end x1 = l and 𝜃 is an angle
that defines the orientation of the beam. One can show that the values of the coordinates that
lead to the position vector defined in the preceding equation are

e =
[
0 0

(
1 + 𝛿

l

)
cos 𝜃

(
1 + 𝛿

l

)
sin 𝜃 −sin 𝜃 cos 𝜃 (l + 𝛿) cos 𝜃

(l + 𝛿) sin 𝜃
(

1 + 𝛿

l

)
cos 𝜃

(
1 + 𝛿

l

)
sin 𝜃 −sin 𝜃 cos 𝜃

]T

The matrix of position vector gradients is given by

J =
⎡⎢⎢⎢⎣
(

1 + 𝛿

l

)
cos 𝜃 −sin 𝜃(

1 + 𝛿

l

)
sin 𝜃 cos 𝜃

⎤⎥⎥⎥⎦
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Note that this matrix of position vector gradients can be written as the product of two matrices as

J =
[

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

] ⎡⎢⎢⎣
(

1 + 𝛿

l

)
0

0 1

⎤⎥⎥⎦
The inverse of the matrix of the position vector gradients is given by

J−1 =
⎡⎢⎢⎣

l
l + 𝛿

0

0 1

⎤⎥⎥⎦ RT

where R is the orthogonal matrix

R =
[

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

]
The Green–Lagrange strain tensor is

𝛆 = 1
2
(JTJ − I) =

⎡⎢⎢⎣
𝛿

l

(
𝛿

2l
+ 1

)
0

0 0

⎤⎥⎥⎦
This equation shows that the Green–Lagrange strain tensor does not depend on the orthogonal
matrix R.

The Eulerian strain tensor is

𝛆e =
1
2
(I − J−1

T

J−1) = 1
2

R
⎡⎢⎢⎣
1 − 1(

1+ 𝛿

l

)2 0

0 0

⎤⎥⎥⎦ RT

It can be shown that when 𝛿 and 𝜃 are small, the Lagrangian and Eulerian strains are the same.
Let U be the matrix

U =
⎡⎢⎢⎣
(

1 + 𝛿

l

)
0

0 1

⎤⎥⎥⎦
With this definition, one can write dr= Jdx=RUdx. Using the definition J=RU and
Equation 29, one can derive the expression for Green–Lagrange strain tensor previously
obtained in this example from the Almansi strain tensor. Note that, in this simple example, the
two tensors are not related by orthogonal transformation because the matrix U enters into the
relationship between the two tensors.

2.3 OTHER DEFORMATION MEASURES

Other deformation measures that are invariant under an arbitrary rigid-body motion can be
used as alternatives to the Lagrangian and Eulerian strain tensors. In this section, some of
these deformation measures are defined.
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Right and Left Cauchy–Green Deformation Tensors

In order to introduce alternate strain measures, a unit vector t is defined as

t = dx
l0

= 1
l0
[dx1 dx2 dx3]

T (2.31)

Using this definition, one can write(
ld
lo

)2

= tTJTJt = tTCrt (2.32)

where Cr is a symmetric tensor called the right Cauchy–Green deformation tensor and is
defined as

Cr = JTJ (2.33)

This tensor can be used as a measure of the deformation because in the case of an arbitrary
rigid-body displacement Cr = I, and it remains constant throughout the rigid-body motion. The
Green–Lagrange strain tensor can be expressed in terms of Cr as

𝛆 = 1
2
(Cr − I) (2.34)

That is, the tensors Cr and 𝛆 have a linear relationship. It follows that the derivatives of one
tensor with respect to a set of coordinates can be used to define the derivatives of the other
tensor with respect to the same coordinates. This linear relationship can be conveniently used
when different constitutive models are used. Some of these constitutive models are expressed
in terms of 𝛆, whereas the others are expressed in terms of Cr.

Another deformation measure is the left Cauchy–Green deformation tensor Cl defined as

Cl = JJT (2.35)

This tensor also remains constant and is equal to the identity matrix in the case of rigid-body
motion. The Eulerian strain tensor can be written in terms of Cl as

𝛆e =
1
2
(I − C−1

l ) (2.36)

Infinitesimal Strain Tensor

It was previously mentioned that in the case of small strains, the Lagrangian and Eulerian strain
tensors are the same and both are defined by the equation 𝛆e = 𝛆 = (1∕2)(Jd + JT

d ). In this
equation, Jd is the matrix of displacement vector gradients. It is important, however, to point
out at this point that the infinitesimal strain tensor is not an exact measure of the deformation
because it does not remain constant in the case of an arbitrary rigid-body motion. Recall that
in the case of a rigid-body motion J = Jd + I is an orthogonal matrix. It follows that in the
case of infinitesimal strains,

𝛆e = 𝛆 = 1
2

(
Jd + JT

d

)
= 1

2

(
J + JT − 2I

)
(2.37)

This equation shows that the linear form of the strain tensors does not remain constant under
an arbitrary rigid-body motion because J changes, as previously discussed. In order to provide
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an estimate of the errors as the result of using the infinitesimal strain tensor in the case of
general rigid-body motion, we use the expression of the rotation matrix defined by Rodriguez
formula. In the case of a rigid-body motion, J is the rotation matrix that can be defined using
Rodriguez formula as follows:

J = I + ã sin 𝜃 + 2(ã)2sin2 𝜃

2
(2.38)

where ã is the skew-symmetric matrix associated with a unit vector a along the axis of rotation
and 𝜃 is the angle of rotation (Shabana, 2013). Substituting the preceding equation into the
expression of the infinitesimal strain tensor and considering the fact that ã is a skew-symmetric
matrix and (ã)2 is a symmetric matrix, one has

𝛆e = 𝛆 = 2(ã)2sin2 𝜃

2
(2.39)

Because the components of the unit vector a can be equal to or less than one, the preceding
equation shows that in the case of infinitesimal rotations, the error in the infinitesimal strain
tensor is of second order in the rotation 𝜃.

2.4 DECOMPOSITION OF DISPLACEMENT

Using the polar decomposition theorem discussed in Chapter 1, any nonsingular square
matrix can be written as the product of two matrices; one is an orthogonal matrix, whereas
the other is a symmetric matrix. Applying this decomposition to the matrix of position vector
gradients J, one obtains

J = AJJr = JlAJ (2.40)

where AJ is an orthogonal rotation matrix, and Jr and Jl are symmetric positive definite
matrices called, respectively, the right stretch and left stretch tensors. It follows from the
preceding equation that

Jr = AT
J JlAJ , Jl = AJJrA

T
J (2.41)

The right and left Cauchy–Green strain tensors Cr and Cl can be expressed, respectively, in
terms of Jr and Jl as follows:

Cr = JTJ = JrA
T
J AJJr = J2

r

Cl = JJT = JlAJAT
J Jl = J2

l

}
(2.42)

Therefore, Cr is equivalent to Jr, whereas Cl is equivalent to Jl. It is, however, easier and
more efficient to calculate Cr and Cl for a given J than to evaluate Jr and Jl from the polar
decomposition theorem.

Equation 42 shows that the deformation measures Cr and Cl do not depend on the
orthogonal matrix AJ. The expression of Cr in the preceding equation with Equation 34 also
shows that the Green–Lagrange strain tensor 𝛆 does not depend on the orthogonal matrix
AJ because it can be written as 𝛆 = (1∕2)(J2

r − I). Similarly, the Eulerian strain tensor of
Equation 36 can be written as 𝛆e = (1∕2)(I − (J−1

l )2).
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Homogeneous Motion

In the special case of homogeneous motion, the matrix of position vector gradients J is assumed
to be independent of the coordinates x. In this special case, one can write r= Jx. The motion
of the body from the initial configuration x to the final configuration r can be viewed as two
successive homogeneous motions. In the first motion, the coordinate vector x changes to xi,
and in the second motion, the coordinate vector xi changes to r. These two displacements can
be described using the two equations xi = Jrx, and r=AJxi. Clearly, these two equations lead
to r=AJxi =AJJrx= Jx. Therefore, any homogeneous displacement can be decomposed into
a deformation described by the tensor Jr followed by a rotation described by the orthogonal
tensor AJ. Similarly, if Jl is used instead of Jr, the displacement of the body can be considered
as a rotation described by the orthogonal tensor AJ followed by a deformation defined by the
tensor Jl.

Nonhomogeneous Motion

In the case of nonhomogeneous motion, the relationship between the coordinates can be written
as dr= Jdx. Although J in this case is a function of the reference coordinates x, the polar
decomposition theorem can still be applied. Different material points in this case have different
decompositions and different stretch and rotation tensors.

Example 2.5

For the model used in Example 4, the matrix of position vector gradients was defined as

J =
⎡⎢⎢⎢⎣
(

1 + 𝛿

l

)
cos 𝜃 −sin 𝜃(

1 + 𝛿

l

)
sin 𝜃 cos 𝜃

⎤⎥⎥⎥⎦
This matrix can be written as

J = AJJr =
[

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

] ⎡⎢⎢⎣
(

1 + 𝛿

l

)
0

0 1

⎤⎥⎥⎦
where

AJ =
[

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

]
, Jr =

⎡⎢⎢⎣
(

1 + 𝛿

l

)
0

0 1

⎤⎥⎥⎦
The matrix Jl is defined as

Jl = AJJrA
T
J =

⎡⎢⎢⎢⎣
(

1 + 𝛿

l
cos2𝜃

)
𝛿

2l
sin 2𝜃

𝛿

2l
sin 2𝜃

(
1 + 𝛿

l
sin2𝜃

)⎤⎥⎥⎥⎦



�

� �

�

64 COMPUTATIONAL CONTINUUM MECHANICS

It follows that the right Cauchy–Green strain tensor is

Cr = J2
r =

⎡⎢⎢⎣
(

1 + 𝛿

l

)2

0

0 1

⎤⎥⎥⎦
The left Cauchy–Green strain tensor is

Cl = J2
l =

⎡⎢⎢⎢⎣
(

1 + 𝛿

l

)2

cos2𝜃 + sin2𝜃
𝛿

2l

(
2 + 𝛿

l

)
sin 2𝜃

𝛿

2l

(
2 + 𝛿

l

)
sin 2𝜃

(
1 + 𝛿

l

)2

sin2𝜃 + cos2𝜃

⎤⎥⎥⎥⎦

2.5 VELOCITY AND ACCELERATION

The absolute velocity vector can be obtained by differentiation of r= r(x, t) with respect to
time. This leads to

v = ṙ = dr(x, t)
dt

= du(x, t)
dt

= u̇ (2.43)

In developing this equation for the velocity, the vector x is assumed to be independent of time
because it defines the position of the material points in the reference configuration. In fluid
mechanics, the curl of the velocity given by ∇ × v is called the vorticity. In this definition,
∇ = [𝜕/𝜕r1 𝜕/𝜕r2 𝜕/𝜕r3]T. In the case of irrotational flow, the vorticity is equal to zero
everywhere.

The absolute acceleration vector a(x, t) is the rate of change of the velocity of the material
points with respect to time. The acceleration vector can then be written as

a(x, t) = v̇ = dv(x, t)
dt

= d2u(x, t)
dt2

= ü (2.44)

In deriving this equation, it is assumed again that the vector x is not a function of time.
As previously mentioned in this chapter, one can, without any loss of generality, select a

coordinate system, the floating frame of reference, that follows the motion of the body. In this
case, the position of an arbitrary point on the body is described by the global position of the
origin of the floating frame plus the position of the arbitrary point with respect to the floating
frame. In this case, as previously explained, the global position of a point on the body can be
written as r= rO(t)+A(x+ ūf(x, t)), where rO(t) is the global position of the body reference,
A is the orthogonal transformation matrix that defines the orientation of the body coordinate
system in the global system, and ūf (x, t) is the vector of deformation with respect to the body
coordinate system. Differentiating the vector r once and twice with respect to time, one obtains,
respectively, the absolute velocity and acceleration vectors of the arbitrary point. Using this
motion description, the velocity and acceleration vectors include terms that represent the rate
of change of the motion of the arbitrary point with respect to the origin of the floating frame.
These terms include the Coriolis acceleration, as discussed in more detail in Chapter 6.
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Eulerian Description

The velocity vector can also be expressed in terms of the spatial (Eulerian) coordinates as
v= v(r, t). In this case, r is a function of time. The total derivative of this expression of the
velocity is given by

dv
dt

= 𝜕v
𝜕r

dr
dt

+ 𝜕v
𝜕t

= 𝜕v
𝜕r

v + 𝜕v
𝜕t

(2.45)

The term (𝜕v/𝜕r)v is called the convective or transport term, while 𝜕v/𝜕t is called the spatial
time derivative. The preceding equation can also be written as

dv
dt

= Lv + 𝜕v
𝜕t

(2.46)

where L is called the velocity gradient tensor and is defined as

L = 𝜕v
𝜕r

(2.47)

Note that the velocity gradient tensor is obtained by differentiation with respect to the spatial
coordinates.

Rate of Deformation and Spin Tensors

Another strain measure considered in this section is called the rate of deformation tensor.
The rate of deformation tensor D, which is also called the velocity strain and is used in the
formulation of some material constitutive laws, differs from Green–Lagrange strain tensor,
which is a measure of the deformation and not the rate of deformation. In order to define the
rate of deformation tensor, the velocity gradient tensor is written as the sum of a symmetric
tensor and a skew-symmetric tensor as follows:

L = 1
2

(
L + LT)

+ 1
2

(
L − LT)

(2.48)

The first matrix on the right-hand side of this equation is symmetric and is called the rate of
deformation tensor D, whereas the second matrix is a skew-symmetric matrix called the spin
tensor W. The preceding equation can then be written as

L = D + W (2.49)

where
D = 1

2

(
L + LT)

, W = 1
2

(
L − LT)

(2.50)

The rate of deformation tensor D can be used as a measure of the deformation because it
vanishes in the case of a rigid-body motion. In order to demonstrate this fact, the rate of change
of the square of the length of the line segment is considered. This change can be written as

d
dt

(
ld

)2 = d
dt

(
drTdr

)
= 2drTdv = 2drT 𝜕v

𝜕r
dr = 2drTLdr (2.51)
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Using the definition of the matrix of the velocity gradients in terms of the rate of deformation
and spin tensors, one obtains

d
dt

(
ld

)2 = 2drT(D + W)dr (2.52)

Because W is a skew-symmetric matrix, drTWdr= 0, and as a result, the preceding equation
reduces to

d
dt
(ld)2 = 2drTDdr (2.53)

Because dr is arbitrary, the preceding equation shows that in the case of rigid-body motion
the rate of deformation tensor D is identically zero and such a tensor can indeed be used as a
measure of the rate of deformation. The preceding equation also shows that(

l̇d∕ld
)
= tT

c Dtc (2.54)

where tc = dr/ld defines a unit vector.

Rate of Change of the Green–Lagrange Strain

A relationship between the rate of deformation tensor and the rate of change of the
Green–Lagrange strain tensor can be obtained. To obtain this relationship, the tensor of
velocity vector gradients is written as

L = 𝜕v
𝜕r

= 𝜕v
𝜕x
𝜕x
𝜕r

= J̇J−1 (2.55)

Using this equation, the rate of deformation tensor can be written as

D = 1
2

(
L + LT)

= 1
2

(
J̇J−1 + J−1T

J̇T
)

(2.56)

Differentiation of the Green–Lagrange strain tensor leads to

𝛆̇ = d
dt

{1
2

(
JTJ − I

)}
= 1

2

(
JTJ̇ − J̇TJ

)
(2.57)

The preceding two equations show that

𝛆̇ = JTDJ (2.58)

This equation is another example of a pullback operation in which a tensor associated with the
undeformed configuration is defined using a tensor associated with the deformed or current
configuration. The preceding equation also leads to D = J−1T 𝛆̇J−1, which is an example
of a push-forward operation in which a tensor in the deformed (current) configuration is
obtained using a tensor associated with the undeformed (reference) configuration. Here, the
push-forward operation is simply the result of pushing forward the Lagrangian vector dx
to the Eulerian vector dr using the Jacobian matrix J as shown in Equation 6. On the other
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hand, the pullback of the Eulerian vector dr to the reference configuration using J−1 defines
the Lagrangian vector dx as dx= J−1dr. The relationship between the rate of deformation
tensor and the Green–Lagrange strain tensor is an example of the push-forward and pullback
operations. Other examples are presented in the literature (Belytschko et al., 2000).

Another way of defining the relationship between the rate of deformation tensor and the
rate of change of the Green–Lagrange strain tensor is to use the function relationship between
r and x. To this end, we write

𝛆̇ = d
dt

{1
2

(
JTJ − I

)}
= 1

2

(
JTJ̇ + J̇TJ

)
= 1

2

(
JT 𝜕v
𝜕x

+
(
𝜕v
𝜕x

)T
J
)

(2.59)

Because
𝜕v
𝜕x

= 𝜕v
𝜕r
𝜕r
𝜕x

= LJ, (2.60)

one has

𝛆̇ = 1
2

(
JTLJ + (LJ)TJ

)
= 1

2

(
JTLJ + JTLTJ

)
= 1

2
JT (

L + LT)
J = JTDJ (2.61)

as previously obtained. Note that 𝛆̇ and D are not related by orthogonal tensor transformation
and, therefore, they do not represent the same physical variables. Furthermore, it is important
to point out that the time integral of 𝛆̇ is path independent, whereas the time integral of D is
path dependent. It is also important to keep in mind that the rate of deformation tensor is not
the time derivative of the Eulerian (Almansi) strain tensor.

Example 2.6

One can show that the position vector given in Example 4 can be written as

r = r(x, t) = RC1

[
x1
x2

]
= RC1x

where the diagonal matrix C1 = Jr and the orthogonal matrix R=AJ are given by

C1 =
⎡⎢⎢⎣
(

1 + 𝛿

l

)
0

0 1

⎤⎥⎥⎦ , R =
[

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

]

It is clear that the matrix of position vector gradients is given in this example as

J = RC1

Using these equations, one can write the material (Lagrangian) coordinates x in terms of the
spatial (Eulerian) coordinates as

x = x(r, t) = C−1
1 RT

[
r1
r2

]
= C−1

1 RTr
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Assuming that the deformation 𝛿 remains constant (constant strain), the velocity vector v is
given by

v = ṙ(x, t) = ṘC1x

The acceleration vector is
a = r̈(x, t) = R̈C1x

where
Ṙ = 𝜃̇

(
𝜕R
𝜕𝜃

)
= 𝜃̇R𝜃, R̈ = 𝜃̈R𝜃 − 𝜃̇2R

Clearly, the velocity vector can be written in terms of the Eulerian coordinate vector r as

v = ṙ(x, t) = ṘRTr

The tensor of velocity vector gradients L can then be defined as

L = ṘRT

The symmetric rate of deformation tensor and the skew-symmetric spin tensor are given by

D = 1
2

(
ṘRT + RṘT

)
, W = 1

2

(
ṘRT − ṘRT

)
Direct matrix multiplication shows that

ṘRT = 𝜃̇

[
0 −1
1 0

]
Because ṘRT is a skew-symmetric matrix, one has ṘRT = −

(
ṘRT

)T = −RṘT. It follows that

D = 𝟎, W = ṘRT = 𝜃̇

[
0 −1
1 0

]
The results that D= 0 is expected because the Green–Lagrange strain tensor is considered con-
stant in time as the result of the assumption made in this example that the elongation of the
beam remains constant during the beam rotation. Clearly, if the elongation is time dependent,
D will be different from zero. This more general case is left to the reader as an exercise.

2.6 COORDINATE TRANSFORMATION

As discussed in Chapter 1, the gradients defined by differentiation with respect to a set of
coordinates x1, x2, and x3 represent changes of the position vector along these coordinate lines.
The rate of change of the position vector with respect to one set of coordinates differs from the
rate of change of this vector with respect to another set of coordinates. Although the two sets
of coordinates can be related by a transformation, the change of the set of coordinates does not
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change the coordinate system in which the position vector or the gradient vectors are defined.
In fact, the gradient vectors obtained by differentiation of the vector r with respect to one
set of coordinates can be written as a linear combination of the gradient vectors obtained by
differentiation of r with respect to another set of coordinates, as discussed in Chapter 1. That
is, the two sets of gradient vectors are defined in the same coordinate system. Nonetheless, the
strain components defined by the two different sets of gradients give measures of deformations
along two different sets of directions.

In one-dimensional problems, as in the case of Euler–Bernoulli beams, there is one
gradient vector that defines the tangent to a space curve. Change of the scalar coordinate 𝛼
used to define the gradient vector r𝛼 does not change the orientation of this tangent vector
because any selected coordinate 𝛼 differs from another coordinate 𝛽 by a scalar multiplier.
It follows that r𝛼 = r𝛽(𝜕𝛽/𝜕𝛼) which implies that r𝛼 and r𝛽 are parallel vectors. In this case
of a one-dimensional problem, (rT

𝛼r𝛼 − 1) will always define the strain along the tangent
to the centerline of the beam regardless of what the coordinate 𝛼 represents. Furthermore,
this tangent remains defined in the same coordinate system in which the vector r is defined.
In two-dimensional problems, as in the case of plates, change of the coordinates can lead
to a change in the direction of the two resulting gradient vectors. Nonetheless, the two
gradient vectors remain tangent to the surface at the point they are evaluated regardless of the
coordinates used to define these gradient vectors. In the three-dimensional case, the change
of coordinates can lead to a more general change in the orientation of the gradient vectors, as
discussed in Chapter 1.

In continuum mechanics, it is important to understand the rules that govern the coordinate
(parameter) transformation because this transformation defines the coordinate lines along
which the strain components are measured. In order to develop this transformation, we
consider two sets of coordinates x= [x1 x2 x3]T and x̄ = [x̄1 x̄2 x̄3]T associated with
two coordinate systems X1X2X3 and X̄1X̄2X̄3, respectively. These two sets of coordinate lines
are used for the same configuration of the continuum. The relationship between these two sets
of coordinates can be written as x = Ax̄, where A is the transformation matrix that defines
the relationship between the two sets of coordinate lines. The absolute position vector r
can be written in terms of x or in terms of x̄. That is, r= r(x1 x2 x3)= r(x̄1x̄2x̄3). The matrix
of the position vector gradients (Jacobian matrix) can then be written by differentiation of
the vector r with respect to x or with respect to x̄. One can therefore write the following
equation:

J = 𝜕r
𝜕x

= 𝜕r
𝜕x̄
𝜕x̄
𝜕x

= 𝜕r
𝜕x̄

AT (2.62)

That is, the gradients of the vectors r defined by differentiation with respect to coordinate lines
along the axes of the coordinate system X̄1X̄2X̄3 are defined as

J̄ = 𝜕r
𝜕x̄

= JA = 𝜕r
𝜕x

A (2.63)

This rule of position vector gradient transformation is crucial in developing the finite element
formulation presented in Chapter 5. Note that in the preceding equation, r is still the vector
that defines the position vector of the material points, say in the X1X2X3 coordinate system.
It follows that the columns of the matrices rx = 𝜕r/𝜕x and rx̄ = 𝜕r∕𝜕x̄ are vectors defined
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in the X1X2X3 coordinate system. In Chapter 5, finite elements that do not have a complete
set of gradient vectors are considered. These finite elements are referred to as gradient
deficient.

Strain Transformation

Using the gradient transformation developed in this section and the definition of the strains
in terms of the gradients, one can show that the Green–Lagrange strains along the coordinate
lines x̄1, x̄2, and x̄3 can be written as

𝛆̄ = 1
2

(
J̄TJ̄ − I

)
= AT𝛆A (2.64)

where A is again the matrix that defines the relationship between the coordinates x̄1, x̄2, and x̄3
and x1, x2, and x3. The same results can be obtained by using the transformation for the line
element, dx = A dx̄. Substituting this equation into the equation that defines the square of the
length of the line element, one obtains the expressions for the transformed strains given by
Equation 64.

Gradients and Strains

By definition, rxi
= {r(xi + Δxi) − r(xi)}∕Δxi, i= 1, 2, 3. This equation shows again that rxi

,
which measures the change of the vector r along the coordinate line xi, is defined in the same
reference frame as the one used to define the vector r, as previously stated. Nonetheless, the
change of the coordinates from x to x̄ can lead to another set of gradient vectors rx̄ because
the vector {r(x̄i + Δx̄i) − r(x̄i)} can have different length and/or orientation from the vector
{r(xi +Δxi) – r(xi)}. It follows that the normal strain components 𝜀ii = (rT

xi
rxi

− 1)∕2, i= 1,
2, 3, measure the magnitude of the change of the vector r along the coordinate line xi, whereas
the normal strain components 𝜀̄ii = (rT

x̄i
rx̄i

− 1)∕2, i= 1, 2, 3, measure the magnitude of this
change along the coordinate line x̄i. These two measures are, in general, different because they
represent the variations of vectors in different directions. Similar comments apply to the shear
strain components.

Example 2.7

In Example 4, it was shown that the Green–Lagrange strain tensor for a beam whose axis is
parallel to the reference X1 axis and subjected to an elongation 𝛿 is given by

𝛆 = 1
2

(
JTJ − I

)
=

⎡⎢⎢⎣
𝛿

l

(
𝛿

2l
+ 1

)
0

0 0

⎤⎥⎥⎦
In this case, 𝜀11 represents the axial normal strain, and all other strain components including the
shear strains are equal to zero. The strain components in another coordinate system X̄1X̄2 that
is rotated by an angle 𝛽 with respect to the coordinate system X1X2 can be written as

𝛆̄ = AT𝛆A
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where A is the transformation matrix defined as

A =
[

cos 𝛽 −sin 𝛽
sin 𝛽 cos 𝛽

]
Using this transformation, it can be shown that

𝛆̄ = AT𝛆A =
[

𝜀11cos2𝛽 −𝜀11 sin 𝛽 cos 𝛽
−𝜀11 sin 𝛽 cos 𝛽 𝜀11sin2𝛽

]
where

𝜀11 = 𝛿

l

(
𝛿

2l
+ 1

)
For the special case in which 𝛽 =𝜋/2, one has

𝛆̄ =
[

0 0
0 𝜀11

]
This equation shows that 𝜀̄22 = 𝜀11, and all other strains, including shear strains, are equal to
zero. One can show by examining the general expression of 𝛆̄ in terms of the angle 𝛽 that a max-
imum value for a strain component in this example is obtained when sin 𝛽 = 0 or cos 𝛽 = 0. For
these values of 𝛽, the shear strains are equal to zero. One can show that there are always direc-
tions along which the shear strains are equal to zero. These directions are called the principal
directions and can be determined in a systematic manner as explained in this section.

Principal Strains

The principal directions of the strain tensor 𝛆 can be obtained by defining the following
eigenvalue problem:

(𝛆 − λI)Y = 𝟎 (2.65)

In this equation, λ is the eigenvalue and Y is the eigenvector of the matrix 𝛆. In order to have
a nontrivial solution, the determinant of the coefficient matrix in the preceding equation must
be equal to zero. This defines the following characteristic equation:

|𝛆 − λI| = 0 (2.66)

This equation, which is cubic in λ in the three-dimensional case, has three roots λ1, λ2, and λ3
called the eigenvalues or the principal values. Because 𝛆 is symmetric, the three roots λ1, λ2,
and λ3 are real. Associated with these three roots, one can define three eigenvectors Y1, Y2,
and Y3 to within an arbitrary constant using the following equation:

(𝛆 − λiI)Yi = 𝟎, i = 1, 2, 3 (2.67)

As discussed in Chapter 1, because the strain tensor is symmetric, one can show that the
eigenvectors Yi are orthogonal and if they are normalized such that they are orthonormal
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(orthogonal unit vectors), one can show that

YT
i 𝛆Yi = λi, i = 1, 2, 3 (2.68)

That is, the orthonormal eigenvectors can define an orthogonal matrix Ym = [Y1 Y2 Y3] such
that

YT
m𝛆Ym =

⎡⎢⎢⎣
λ1 0 0
0 λ2 0
0 0 λ3

⎤⎥⎥⎦ (2.69)

Because Ym is an orthogonal matrix, its columns define directions of three orthogonal axes
called the principal axes or principal directions. The roots 𝜆1, 𝜆2, and 𝜆3 are called the
principal normal strains. Note that in the principal directions, the shear strains are identically
equal to zero. Therefore, one can always select coordinate lines x̄ along which the shear
strains vanish by using the coordinate transformation dx = Ymdx̄. Equation 69 also shows that
the strain tensor 𝛆 can be written as 𝛆 = ∑3

i=1 λiYi ⊗ Yi, which is the spectral decomposition
of the strain tensor 𝛆.

Strain Invariants

The following quantities associated with the strain tensor 𝛆 are called the principal strain
invariants:

I1 = tr(𝛆), I2 = 1
2
{(tr(𝛆))2 − tr(𝛆2)}, I3 = det(𝛆) = |𝛆| (2.70)

For the symmetric strain tensor 𝛆, one can show that

I1 = λ1 + λ2 + λ3

I2 = λ1λ2 + λ1λ3 + λ2λ3

I3 = λ1λ2λ3

⎫⎪⎬⎪⎭ (2.71)

The first strain invariant I1 = 𝜀11 + 𝜀22 + 𝜀33 is called the dilatation or the volumetric strain.
Relationships between the principal values of different strain measures can be established.

For example, the relationship between the principal values of the Green–Lagrange strain tensor
and the principal values of the right Cauchy–Green deformation tensor can be developed using
Equation 34, which when substituted into Equation 65 yields ({(Cr – I)/2}− 𝜆I)Y= 0. This
equation shows that the principal values and principal directions of the deformation tensor Cr
can be determined using the equation (Cr − (2𝜆+ 1)I)Y= 0, which shows that 𝛆 and Cr have
the same principal directions and also shows the difference between the principal values of
the two deformation tensors. As will be shown in Chapter 4, there are material constitutive
models, which are expressed in terms of the principal values and invariants of the deformation
measures.

Example 2.8

In Example 7, it was shown that the strain tensor for the beam considered in this chapter can be
defined in an arbitrary coordinate system that differs from the reference coordinate system by
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an angle 𝛽 using the following equation:

𝛆̄ = AT𝛆A =
[

𝜀11cos2𝛽 −𝜀11 sin 𝛽 cos 𝛽
−𝜀11 sin 𝛽 cos 𝛽 𝜀11sin2𝛽

]
The strain invariants of this tensor are

I1 = tr(𝛆) = 𝜀11,

I2 = 1
2
{(tr(𝛆))2 − tr(𝛆2)} = 0,

I3 = det(𝛆) = |𝛆| = 0

Note that these invariants do not depend on the angle 𝛽 that defines the orientation of the coor-
dinate system.

The principal values or eigenvalues can be determined using the following characteristic
equation: (

𝜀11cos2𝛽 − 𝜆
) (
𝜀11sin2𝛽 − 𝜆

)
− 𝜀2

11sin2𝛽 cos2𝛽 = 0

This equation leads to the following quadratic equation in 𝜆:

λ2 − λ𝜀11 = 0

This characteristic equation defines the following eigenvalues or principal strains:

λ1 = 𝜀11, λ2 = 0

Using these principal values, the strain invariants can be recalculated as

I1 = λ1 + λ2 = 𝜀11,

I2 = λ1λ2 = 0,

I3 = λ1λ2 = 0

These results are consistent with the results previously obtained in this example. Using the
eigenvalues, one can show that the ratio between the elements of the eigenvectors or principal
directions can be written as follows:

yi2

yi1

=
(𝜀11 cos2𝛽 − λi)
𝜀11 sin 𝛽 cos 𝛽

=
𝜀11 sin 𝛽 cos 𝛽

(𝜀11 sin2𝛽 − λi)

That is, the principal directions determined to be within an arbitrary constant are given by

Y1 =
[

cos 𝛽
−sin 𝛽

]
, Y2 =

[
sin 𝛽
cos 𝛽

]
Using these vectors, one can show that YT

i 𝛆̄Yi = λi. The matrix of eigenvectors Ym can then be
defined as

Ym =
[
Y1 Y2

]
=

[
cos 𝛽 sin 𝛽
−sin 𝛽 cos 𝛽

]
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Using this matrix, one can show that

YT
m𝛆̄Ym =

[
𝜀11 0
0 0

]
=

⎡⎢⎢⎣
𝛿

l

(
𝛿

2l
+ 1

)
0

0 0

⎤⎥⎥⎦
This transformation defines the strain tensor in the original configuration. That is, the original
reference configuration is defined by the principal directions, and the normal strains along these
directions define the principal values. The shear strains are equal to zero.

2.7 OBJECTIVITY

The concept of objectivity is important in solid mechanics and is associated with the study of
the effect of the rigid-body motion. Quantities, such as strains, stresses, inertia, and distances
between points, should satisfy certain requirements when the continuum experiences a
rigid-body rotation, Stresses and deformation measures as well as their rate enter into the
formulation of the material constitutive equations. It is important to make sure that the
work of the resulting elastic forces and strain energy are not affected under pure rigid-body
coordinate transformation. In particular, the stress and deformation measures used to define
the elastic forces must be chosen such that the work of these forces and the strain energy
remain constant when the continuum experiences a rigid-body rotation. In this case, the
stresses and deformation measures are said to satisfy the objectivity requirement. In this book,
we will not speak of objective variables, vectors, or tensors; instead we will speak of sets of
variables that satisfy the objectivity requirement when used together in the formulation of
the elastic forces. This is an approach slightly different from the one used in most continuum
mechanics books to introduce the concept of objectivity.

In order to provide an introduction to the concept of objectivity, let A be the matrix that
describes an arbitrary rigid-body rotation, and let ao and a be three-dimensional vectors on
the continuous body before and after the rigid-body rotation, respectively. The relationship
between the components of the vectors ao and a can be written as a=Aao. Note that in this
case, despite the fact that ao and a have different components, they have the same length
because A is an orthogonal matrix, and as a consequence, aTa = aT

o ao. Examples of vectors
that satisfy this requirement are the vector dr that defines the line segment on the continuous
body. For example, consider the two-step motion of a continuum. The first step is a general
displacement defined by the reference coordinates x and current spatial coordinates ro. For this
step, one can write dro = Jodx, and as a result drT

o dro = dxTJT
o Jodx, where in this equation,

Jo is the matrix of position vector gradients. In the second step, the continuum undergoes a
rigid-body rotation defined by the orthogonal transformation matrix A. If the spatial coordi-
nates at the end of this step are defined by the vector r, one has dr=Adro =AJodx. Using the
fact that A is an orthogonal transformation matrix, one has drTdr = dxTJT

o Jodx = drT
o dro.

That is, the length of the line segment does not change under an arbitrary rigid-body rotation.
The analysis presented in this section shows that if a vector is defined on the continuum

at any configuration, and the continuum experiences a pure rigid-body rotation from this
configuration, the components of the vector defined in a selected global coordinate system
will change as the result of this rigid-body rotation. Nonetheless, the length of the vector
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will not change. As will be discussed in this book, the elastic and dissipative forces due to
the continuum displacements are expressed in terms of stress and deformation measures.
Whereas some of these measures can change as the result of a rigid-body motion, it is required
as previously stated that the work of the elastic forces and strain energy remain constant.
It is, therefore, important to understand how different measures change as the result of the
rigid-body rotation in order to be able to check the objectivity requirement.

In order to examine the change in the Green–Lagrange strain tensor as the result of the
rigid-body rotation, we consider again a continuum at a certain configuration defined by the
matrix of position vector gradients Jo. At this configuration, the Green–Lagrange strain tensor
is defined as

𝛆o = 1
2

(
JT

o Jo − I
)

(2.72)

Assume that the continuum experiences a rigid-body rotation from this configuration defined
by the transformation matrix A. The new matrix of the position vector gradients can be writ-
ten as J=AJo. It follows that the Green–Lagrange strain tensor for the final configuration is
defined as

𝛆 = 1
2

(
JTJ − I

)
= 1

2

(
JT

o ATAJo − I
)
= 1

2

(
JT

o Jo − I
)
= 𝛆o (2.73)

That is, Green–Lagrange strain tensor is not affected by the rigid-body rotation, an expected
result based on the analysis previously presented in this chapter. It will be shown in the
following chapter that the Green–Lagrange strain tensor is used with a stress tensor called
the second Piola–Kirchhoff stress tensor to formulate the elastic forces. Because the
Green–Lagrange strain tensor remains constant under an arbitrary rigid-body rotation, the
second Piola–Kirchhoff stress tensor is also expected to remain constant in order to satisfy
the objectivity requirement, and ensure that the work of the elastic forces and strain energy
are not influenced by an arbitrary rigid-body coordinate transformation.

Next, we examine the effect of the rigid-body rotation on the velocity gradient tensor
L = J̇J−1. Let again Jo and J be, respectively, the matrices of position vector gradients before
and after the rigid-body rotation defined by the matrix A. Both Jo and J are defined by
differentiation with respect to the same material coordinates x. As the result of the rigid-body
rotation, J can be written in terms of Jo, as previously shown in this section, as J=AJo.
Differentiating this equation with respect to time, one obtains

J̇ = AJ̇o + ȦJo (2.74)

The velocity gradient tensor L is then defined as

L = J̇J−1 =
(
AJ̇o + ȦJo

)
J−1

o AT = AJ̇oJ−1
o AT + ȦAT (2.75)

which can be written using the fact that Lo = J̇oJ−1
o as

L = ALoAT + ȦAT (2.76)

The second term on the right-hand side of this equation makes the velocity gradient tensor
L unsuitable for use with a Lagrangian stress measure in the definition of the elastic forces,
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because when it is used with such Lagrangian stress measures, the objectivity requirement is
not satisfied. Nonetheless, other stress measures, as discussed in Chapter 3, can be used with
the velocity gradient tensor to formulate the energy balance equations.

The rate of deformation tensor, on the other hand, is often used with known stress measures
to satisfy the objectivity requirement. In order to show the effect of the rigid-body rotation on
the rate of deformation tensor D, one can write

D = 1
2

(
L + LT)

= 1
2

A
(
Lo + LT

o

)
AT +

(
ȦAT + AȦT)

(2.77)

Because (d∕dt)(AAT) = 𝟎 = (ȦAT + AȦT), the preceding equation reduces to

D = ADoAT (2.78)

This equation shows that the rate of deformation tensor is affected by the rigid-body rotation
in a manner similar to some known stress measures. For this reason, D is used in several large
deformation and plasticity constitutive models to account for the energy dissipation and at the
same time to satisfy the objectivity requirement.

When studying the objectivity, it is important to distinguish between the change of the
coordinate lines (parameters) and the change of the current configuration due to a rigid-body
rotation. The change of the parameters does not lead to a change of the current configuration.
Consider the change of the parameters from x1x2x3 to a new set of parameters along the axis of
the coordinate system x̄1x̄2x̄3, as shown in Figure 5. Both coordinate systems are used with the
same current configuration. Let A be the transformation matrix that defines the relationship
between the two set of parameters. As previously discussed, the matrix of position vector
gradients J̄ associated with the coordinate system x̄1x̄2x̄3 can be written in terms of the matrix
of position vector gradients J associated with the coordinate system x1x2x3 using the equation
J̄ = JA. This gradient transformation does not change the vector r or the components of the
line segment dr; it changes the definition of the reference coordinates (parameters) from x to x̄.

Figure 2.5 One current configuration and two
reference coordinate systems (strain
transformation)

x3
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P

x

x2
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x2
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x3
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X2

X3

o
X1

First current
configuration

Second current
configuration

X3

X1

X3
X1

X2

X2

Figure 2.6 Two current configurations and one reference coordinate system (objectivity)

On the other hand, a rigid-body rotation of the continuum from a given current configuration
defines a new current configuration, as shown in Figure 6. If the rigid-body rotation is defined
by the transformation matrix A, then the relationship between the new matrix of position
vector gradients J̄ and the matrix of position vector gradients J associated with the previous
current configuration is defined as J̄ = AJ. Note that this change of the current configuration
changes the definition of the components of the vectors r and dr, whereas the coordinate lines
(parameters) remain the same.

2.8 CHANGE OF VOLUME AND AREA

The relationships between the areas and volumes in the reference and current configurations
are important in formulating the equations that define the effect of the inertia and elastic forces
of the continuum. These relationships, which will be used in later chapters of this book, are
obtained in this section. First, the relationship between the volumes is obtained and used to
define the relationship between the areas.

Volume

The volume of an element can be obtained using the scalar triple product. Consider an element
whose base is defined by the two vectors b and c, while another side is defined by the vector
a. The volume of the element is defined as V= a ⋅ (b× c). The term (b× c) defines a vector
whose magnitude is the area of the base and its direction is along a vector perpendicular to
both b and c. In fact, the volume can be written using any cyclic permutation of the vectors a,
b, and c, that is,

V = a ⋅ (b × c) = c ⋅ (a × b) = b ⋅ (c × a) (2.79)

Now consider a volume element that has sides of length dx1, dx2, and dx3 in the refer-
ence configuration. The lengths of these line elements in the current configuration are given
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by dr1, dr2, and dr3, where

drk =
𝜕rk

𝜕x1
dx1 +

𝜕rk

𝜕x2
dx2 +

𝜕rk

𝜕x3
dx3 =

3∑
i=1

𝜕rk

𝜕xi
dxi, k = 1, 2, 3 (2.80)

The length of the side of the volume element in the current configuration can then be defined
in the direction of the parameters x1, x2, and x3 using the following three vectors:

j1 = 𝜕r
𝜕x1

dx1, j2 = 𝜕r
𝜕x2

dx2, j3 = 𝜕r
𝜕x3

dx3 (2.81)

The current volume of the element can then be written as

dv = j1 ⋅
(
j2 × j3

)
= rx1

dx1 ⋅ (rx2
dx2 × rx3

dx3) = {rx1
⋅ (rx2

× rx3
)}dx1dx2dx3 (2.82)

Because |J| = rx1
⋅ (rx2

× rx3
), and x1, x2, and x3 are defined along the orthogonal axes of

a Cartesian coordinate system, that is, dx1dx2dx3 = dV is the volume of the element in the
reference configuration, one has from the preceding equation, the following relationship
between the volumes in the current and reference configurations:

dv = JdV (2.83)

where J= |J|. In the case of small deformation, the determinant of J remains approximately
equal to one, and the volume in the current configuration can be assumed to be equal to the
volume in the reference configuration. Furthermore, if the determinant of J remains constant,
the volume of the continuous body does not change. In this case, the displacement is called
isochoric. The deformation of an incompressible material is isochoric because the volume
does not change. Note also that if A is an orthogonal matrix, then |AJ|= |J|= J, which shows
that the volume does not change under an arbitrary rigid-body motion.

Area

The relationship between the volumes in the reference and current configurations can be used
to obtain the relationship between the areas. To this end, consider an area element defined in
the reference and current configurations, respectively, by

dS = NdS, ds = nds (2.84)

where N and n are unit vectors normal to the areas in the reference and current configurations,
respectively. Consider an arbitrary line element dx, which in the current configuration is
defined by dr, where dr= Jdx. The corresponding volumes in the reference and current
configurations are given by

dV = dx ⋅ dS = dx ⋅ NdS, dv = dr ⋅ ds = dr ⋅ nds (2.85)

Using Equation 83, it follows that

dr ⋅ nds = Jdx ⋅ NdS (2.86)
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which upon using the fact that dr= Jdx, one obtains

(Jdx) ⋅ nds = Jdx ⋅ NdS (2.87)

Because dx is arbitrary, one has

N = 1
J

JTn
ds
dS

(2.88)

In some references, this equation is called Nanson’s formula (Ogden, 1984). Because N is a
unit vector, it follows from Equation 88 that( ds

dS

)2
= J2

(nTJJTn)
(2.89)

or equivalently,

ds = J

(nTJJTn)
1
2

dS (2.90)

This equation defines the relationship between the area in the current configuration and the
area in the reference configuration. Recall that the left Cauchy–Green deformation tensor Cl

is defined as Cl = JJT. It follows that (ds∕dS) = J∕
√

nTCln.

Example 2.9

Consider the beam model of Example 3. Assume that the beam deformation defined by the
following equation:

r =
[
x1 x2 + 𝜉𝜂𝛿

]T

where 𝛿 is a constant, x1 and x2 are the beam local coordinates, and 𝜉 = x1/l and 𝜂 = x2/l, where
l is the length of the beam in the undeformed configuration. The displacement defined by the
preceding equation corresponds to the following vector of beam coordinates:

e =
[
0 0 1 0 0 1 l 0 1 0 0 1 + 𝛿

l

]T

This shows that the displacement considered in this example can be produced by a change of
the length of the gradient vector rx2

at 𝜉 = 1. The direction of this vector remains the same. The
matrix of position vector gradients is defined as

J =
⎡⎢⎢⎣

1 0

𝜂
(
𝛿

l

)
1 + 𝜉

(
𝛿

l

)⎤⎥⎥⎦
The determinant of this matrix is

J = 1 + 𝜉
(
𝛿

l

)
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Note that J is always positive at an arbitrary material point for a positive 𝛿, and the maximum
value of the determinant for a positive 𝛿 occurs at 𝜉 = 1. Also note that, for 𝜂 ≠ 0, the gradient
vector rx1

is no longer a unit vector, and its orientation depends on 𝜂. The relationship between
the volumes in the current and reference configurations at an arbitrary material point can then
be written as

dv = JdV =
{

1 + 𝜉
(
𝛿

l

)}
dV

That is, as the length of the gradient vector rx2
(𝜉 = 1) increases, the volume in the current

configuration increases according to the linear relationship in 𝜉 given by the preceding equation.
In order to evaluate the ratio between the areas in the current and reference configurations,

the left Cauchy–Green deformation tensor is evaluated as

Cl = JJT =
⎡⎢⎢⎢⎣

1 𝜂
(
𝛿

l

)
𝜂

(
𝛿

l

)
𝜂2

(
𝛿

l

)2

+
(

1 + 𝜉
(
𝛿

l

))2

⎤⎥⎥⎥⎦
Consider an area defined by the normal n= [1 0]T. Using this vector and the definition of Cl,
one can show that

nTCln = 1

The ratio between the areas in the current and reference configurations can then be written as

(ds∕dS) = J
/√

nTCln = J = 1 + 𝜉
(
𝛿

l

)
This equation shows that, in this example, the ratio between the areas is the same as the ratio
between the volumes because deformation along the x3 axis of the beam is not considered in
this planar case.

In order to demonstrate the use of Nanson’s formula to evaluate the area, consider the
same displacement field given in this example written as the three-dimensional vector
r =

[
x1 (x2 + 𝜉𝜂𝛿) x3

]T
. This displacement field defines the shape shown in Figure 7a,

which has the reference configuration shown in Figure 7b. In this reference configuration, the
beam has length l and height h. Using the displacement field, one can show that the height of
the beam at the second node is h(1 + 𝛿∕l). Therefore, the height above the beam centerline

(a) (b)

l

h

h
δ
2l

h
δ
2l

Figure 2.7 Nanson’s formula
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is increased by h𝛿∕2l and the height below the centerline is extended by h𝛿∕2l. Using the
three-dimensional displacement filed vector, the matrix of position vector gradients can be
written as

J =

⎡⎢⎢⎢⎢⎣
1 0 0

𝜂
(
𝛿

l

)
1 + 𝜉

(
𝛿

l

)
0

0 0 1

⎤⎥⎥⎥⎥⎦
Using the area whose normal is defined by the vector n =

[
0 0 1

]T
, one can show that

nJJTn = 1, therefore, ds = JdS = (1 + 𝜉(𝛿∕l))dS. It follows that

s = ∫S
(1 + 𝜉(𝛿∕l))dS = ∫

l

0 ∫
h∕2

−h∕2
(1 + 𝜉(𝛿∕l))dx1dx2 = hl + 1

2
h𝛿,

which gives the correct area that can be evaluated directly using Figure 7a. This result clearly
shows that a finite dimensional model based on the interpolation used in the examples pre-
sented in this chapter can correctly describe the geometry in case of structural elements such as
beams and plates. More detailed discussion of the nature of this interpolation will be discussed
in Chapter 5. One can also show that horizontal straight line segment dx at a distance b above
the element centerline will have two endpoints defined by the coordinates (x1 = 0, x2 = b) and
(x1 = l, x2 = b). In writing these definitions of the endpoints, one can make l arbitrarily small.
The equation of the straight line segment dx is then x2 = b. Using the assumed displacement
field, one can show that the line segment remains a straight line with endpoints defined by
(r1 = 0, r2 = b) and (r1 = l, r2 = b(1 + 𝛿∕l)). The equation that defines the straight line dr
can then be written as r2 = (b𝛿∕l2)r1 + b. One can show that in this case dx =

[
l 0

]T
and

dr =
[
l b𝛿∕l

]T
which show that dr = Jdx. In the case of an arbitrarily oriented line segment dx,

the equation of this segment can be function of 𝜉 and 𝜂. To better understand some of the kine-
matics concepts introduced in this chapter, the reader can take different line segments and use
the assumed displacement field presented in this example to obtain the definitions of dx and dr.

2.9 CONTINUITY EQUATION

If the mass is conserved, an element of mass dm can be written using the volumes and densities
in the initial and current configurations as

dm = 𝜌0dV = 𝜌dv (2.91)

In this equation, 𝜌0 and 𝜌 are, respectively, the mass density in the initial and current
configurations. Using the preceding equation and Equation 83, it is clear that

𝜌0 = 𝜌J (2.92)

This equation, which is obtained using the principle of conservation of mass, is called the
continuity equation. In the case of incompressible materials, the volume does not change and
J= 1. In this case, the mass density remains constant; that is, 𝜌0 = 𝜌.



�

� �

�

82 COMPUTATIONAL CONTINUUM MECHANICS

The continuity equation can be written in another form by considering the rates of the mass
flow. If the mass is conserved, the rate at which an element mass increases must be equal to
the rate at which the mass flows out of the element. Using the concept of a control volume, the
element volume dv and the element area ds can be used to write the following conservation of
mass equation:

∫v

𝜕𝜌

𝜕t
dv = − ∫s

𝜌v ⋅ nds (2.93)

In this equation, v is the velocity vector and n is the normal to the surface. Because n is used
here to denote the outward normal, the negative sign is used. Furthermore, the partial derivative
𝜕𝜌/𝜕t is used because the rate of change of the mass density 𝜌 is assumed to be evaluated at
a fixed point in the control volume. Using the divergence theorem, the surface integral can be
written in terms of volume integral leading to

∫v

{
𝜕𝜌

𝜕t
+ div(𝜌v)

}
dv = 0 (2.94)

Because this equation must be satisfied everywhere in the continuum, one has

𝜕𝜌

𝜕t
+ div(𝜌v) = 0 (2.95)

This is another form of the continuity equation, which can also be written as

𝜕𝜌

𝜕t
+ 𝜕𝜌

𝜕r
v + 𝜌

3∑
i=1

𝜕vi

𝜕ri
= 0 (2.96)

or equivalently

𝜕𝜌

𝜕t
+ 𝜌

3∑
i=1

𝜕vi

𝜕ri
= 0 (2.97)

In the case of incompressible materials, the mass density remains constant, that is, d𝜌/dt= 0. It
then follows from the preceding equation that

∑3
i=1 𝜕vi∕𝜕ri = 0 for incompressible materials.

This implies that the trace of the rate of deformation tensor must be equal to zero if the
incompressibility condition is imposed, that is, tr(D)= 0. This result will be used in Chapter
4 when the constitutive equations of the fluids are discussed.

From the identities presented in the preceding chapter, one can write J̇ = Jtr(D)= Jtr(L)=
Jdiv(v), where D and L are, respectively, the rate of deformation tensor and the velocity
gradient tensor, and v is the velocity vector. Because 𝜌0 = 𝜌J, one has 𝜌̇J + 𝜌J̇ = 0. It follows
that 𝜌̇ + 𝜌div(v) = 0. This provides another simple derivation of the continuity equation
(Ogden, 1984).

2.10 REYNOLDS’ TRANSPORT THEOREM

In the preceding chapter, it was shown that the time rate of the change of the determinant of
the Jacobian matrix J can be written as

dJ
dt

=
(
𝜕ṙ1

𝜕r1
+
𝜕ṙ2

𝜕r2
+
𝜕ṙ3

𝜕r3

)
J = (∇v)J (2.98)
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In this equation, ∇v = div(v). The preceding equation can also be written as

dJ
dt

= tr(L)J = tr(D)J (2.99)

This equation can be used to obtain Reynolds’ transport theorem, which defines the rate of
change of a volume integral. Let Ψ (r, t) be any function defined in terms of the current con-
figuration. The volume integral of this function is given as

Π(t) = ∫v
Ψ(r, t) dv (2.100)

Because the volume v is time varying, when evaluating the time rate of change of Π(t), one
cannot take the differentiation through the integral sign. Using Equation 83, which relates the
volumes in the current and reference configurations, Equation 100 can be written as

Π(t) = ∫V
Ψ(r, t)JdV (2.101)

It follows that
d
dt
Π(t) = d

dt ∫V
Ψ (r, t) JdV = ∫V

d
dt
{Ψ(r, t)J}dV (2.102)

This equation can be written as

d
dt
Π(t) = ∫V

{
dΨ(r, t)

dt
J + Ψ(r, t)dJ

dt

}
dV (2.103)

Substituting Equation 98 into Equation 103, one obtains

d
dt
Π(t) = ∫V

{
dΨ(r, t)

dt
+ Ψ(r, t)(∇v)

}
JdV (2.104)

This equation upon the use of Equation 83 can be written again in terms of the volume defined
in the current configuration as

d
dt
Π(t) = ∫v

{
dΨ(r, t)

dt
+ Ψ(r, t)(∇v)

}
dv (2.105)

Because d∕dt = (𝜕∕𝜕t) + v ⋅ ∇, the preceding equation can be rewritten as

d
dt
Π(t) = ∫v

{
𝜕Ψ(r, t)
𝜕t

+ ∇(Ψv)
}

dv (2.106)

This equation, upon the use of the divergence theorem, can be written as

d
dt
Π(t) = ∫v

𝜕Ψ(r, t)
𝜕t

dv + ∫s
Ψv ⋅ nds (2.107)
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In this equation, s is the surface area in the current configuration, and n is the outward normal.
The preceding equation, which is a statement of the Reynolds’ transport theorem, shows that
the rate of the change of the volume integral of the function Ψ(r, t) is the integral of the rate
of change at the material points plus the net flow of Ψ(r, t) over the surface. In Reynolds’
transport theorem, Ψ(r, t) can be a scalar, vector, or tensor function.

The principle of conservation of mass can be easily derived using the analysis presented in
this section. To this end, the mass m of any volume can be written as

m(t) = ∫v
𝜌(r, t)dv (2.108)

where 𝜌 is the mass density in the current configuration. Letting Π=m and Ψ= 𝜌 in
Equation 106, one obtains in the case of conservation of mass

dm
dt

= ∫v

{
𝜕𝜌(r, t)
𝜕t

+ ∇(𝜌v)
}

dv = 0 (2.109)

Because this equation is valid for an arbitrary volume, the integrand in this equation must be
equal to zero everywhere. This leads to

𝜕𝜌(r, t)
𝜕t

+ ∇(𝜌v) = 0 (2.110)

which is the equation of continuity previously obtained in this chapter.

2.11 EXAMPLES OF DEFORMATION

In this section, several deformation examples are presented in order to shed light on some
of the important concepts and definitions introduced in this chapter. Among these examples
are the special case of planar deformation, extension and dilatational deformations, and shear
deformation. The example of the two-dimensional beam used throughout this chapter will
be used to demonstrate several deformation modes. The assumed displacement field used
in this example is one of the displacement fields used in finite elements based on the abso-
lute nodal coordinate formulation discussed in Chapter 5. This finite element formulation
relaxes many of the assumptions used in classical beam and plate theories and, therefore,
it can be conveniently used to demonstrate some of the general concepts discussed in this
chapter.

Planar Displacement

In the case of planar displacement, the matrix of position vector gradients and its inverse take
the following form:

J =
⎡⎢⎢⎢⎣
J11 J12 0

J21 J22 0

0 0 1

⎤⎥⎥⎥⎦ , J−1 = 1
J

⎡⎢⎢⎢⎣
J22 −J12 0

−J21 J11 0

0 0 J

⎤⎥⎥⎥⎦ (2.111)
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In this equation, J= J11J22 − J12J21 In this special case, rx3
does not change because the dis-

placement is assumed to be planar. The Green–Lagrange strain tensor is defined as

𝛆 =
⎡⎢⎢⎢⎣
𝜀11 𝜀12 0

𝜀21 𝜀22 0

0 0 0

⎤⎥⎥⎥⎦ = 1
2

⎡⎢⎢⎢⎣
(J2

11 + J2
21) − 1 (J11J12 + J21J22) 0

(J11J12 + J21J22) (J2
12 + J2

22) − 1 0

0 0 0

⎤⎥⎥⎥⎦ (2.112)

This equation shows that 𝜀13, 𝜀23, and 𝜀33 are identically equal to zero. The velocity gradient
tensor is

L = J̇J−1 = 1
J

⎡⎢⎢⎢⎣
J̇11J22 − J̇12J21 J̇12J11 − J̇11J12 0

J̇21J22 − J̇22J21 J̇22J11 − J̇21J12 0

0 0 0

⎤⎥⎥⎥⎦ (2.113)

For such a planar motion, one can show that the rate of deformation and spin tensors are given,
respectively, by

D = 1
2

(
L + LT)

= 1
2J

⎡⎢⎢⎢⎣
2(J̇11J22 − J̇12J21) symmetric

(J̇21J22 − J̇22J21 + J̇12J11 − J̇11J12) 2(J̇22J11 − J̇21J12)
0 0 0

⎤⎥⎥⎥⎦
(2.114)

and

W = 1
2

(
L − LT)

= 1
2J

⎡⎢⎢⎢⎣
0 −𝜔 0

𝜔 0 0

0 0 0

⎤⎥⎥⎥⎦ (2.115)

In this equation, 𝜔 = (J̇21J22 − J̇22J21 − J̇12J11 + J̇11J12). Note that the skew-symmetric
spin tensor in the special case of planar rigid-body motion can be written as a function of
the rate of one variable only. In the case of rigid-body motion, J= 1, J11 = J22 = cos 𝜃, and
J21 =−J12 = sin 𝜃, where 𝜃 is the angle of the rigid-body rotation. It follows in this case that
the rate of deformation tensor D is identically zero, and the spin tensor W is

W =
⎡⎢⎢⎣
0 −𝜃̇ 0

𝜃̇ 0 0

0 0 0

⎤⎥⎥⎦ (2.116)

Extension and Stretch

If the gradient vectors change their lengths but remain orthogonal, one obtains pure extension
or stretch; the most general case of which is the dilatational deformation. In this case, the
matrix of position vector gradients can be written as J=RU, where R is an orthogonal matrix
and U is a diagonal stretch matrix given as

U =
⎡⎢⎢⎣
𝛼1 0 0

0 𝛼2 0

0 0 𝛼3

⎤⎥⎥⎦ (2.117)
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where 𝛼i is the stretch in the ith direction. That is, 𝛼i = |rxi
|. The Green–Lagrange strain tensor

can be written as

𝛆 =
⎡⎢⎢⎢⎣
𝜀11 0 0

0 𝜀22 0

0 0 𝜀33

⎤⎥⎥⎥⎦ = 1
2

⎡⎢⎢⎢⎣
(𝛼2

1 − 1) 0 0

0 (𝛼2
2 − 1) 0

0 0 (𝛼2
3 − 1)

⎤⎥⎥⎥⎦ (2.118)

This equation shows that all the shear strain components are identically equal to zero and the
motion is a dilatational deformation. Because U and U̇ are diagonal, one can show that the
rate of deformation tensor can be written as

D = RU̇U−1RT = U̇U−1 (2.119)

Because both U and U̇ are diagonal, the rate of deformation tensor D is also a diagonal tensor
with diagonal elements Dii = 𝛼̇i∕𝛼i.

For this mode of purely extension deformations, the diagonal elements of the
Green–Lagrange strains of Equation 118 are the principal values, and the coordinate
axes define the principal directions because the shear stresses are identically equal to zero.
Because the trace and determinant are among the invariants of a second-order tensor, one
can show that an orthogonal coordinate transformation does not change the values of these
diagonal elements. Extensions in only one or two directions can be obtained as special cases
of the model presented in this section.

Several classical formulations used in the small- and large-deformation analysis of beams
and plates do not capture some stretch modes. For example, classical beam theories assume
that the beam cross section remains rigid. That is, when the beam experiences bending,
for example, the dimensions of the beam cross section do not change. Although such an
assumption can be acceptable for small-deformation problems, the theories based on this
assumption cannot be used to correctly predict the behavior of beams when they are subjected
to large and inelastic deformations. Such simplified theories cannot also be used to fully
capture Poisson effect, which results in change of the cross-sectional dimensions when the
beam is subjected to elongation or bending. The material constitutive equations couple the
normal strains, leading to normal stresses (positive or negative) in the plane of the cross
section. With some of the existing nonlinear formulations, such a Poisson effect cannot
be captured. This represents a serious limitation when considering applications related to
mechanical, aerospace, biomedical, and biological systems in which the deformations of the
cross sections can have a significant effect. Modeling the structural stiffness of ligaments,
muscles, and DNA as well as many other engineering and biomedical applications are among
the examples that require a more general approach that allows implementing more general
constitutive models. In Chapter 5, a nonlinear formulation that captures the Poisson effect
and other coupled modes of deformation is discussed in more detail. The displacement field
used in the following example is one of the displacement fields used for the finite element
absolute nodal coordinate formulation discussed in Chapter 5.
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Example 2.10

Consider the beam model described in Example 3. The displacement field is given by

r = s1

[
e1
e2

]
+ s2

[
e3
e4

]
+ s3

[
e5
e6

]
+ s4

[
e7
e8

]
+ s5

[
e9
e10

]
+ s6

[
e11
e12

]
The vectors of gradients are

rx1
= 𝜕r
𝜕x1

= s1,1

[
e1
e2

]
+ s2,1

[
e3
e4

]
+ s3,1

[
e5
e6

]
+ s4,1

[
e7
e8

]
+ s5,1

[
e9
e10

]
+ s6,1

[
e11
e12

]
and

rx2
= 𝜕r
𝜕x2

= s3,2

[
e5
e6

]
+ s6,2

[
e11
e12

]
where si,j = 𝜕si/𝜕xj and i= 1, 2, … , 6, j= 1, 2. Using these notations and the definitions given
in Example 1, one has

s1,1 = 6
l
(−𝜉 + 𝜉2), s2,1 = (1 − 4𝜉 + 3𝜉2), s3,1 = −𝜂,

s4,1 = 6
l
(𝜉 − 𝜉2), s5,1 = (−2𝜉 + 3𝜉2), s6,1 = 𝜂,

s3,2 = (1 − 𝜉), s6,2 = 𝜉

The coordinates at the two ends of the beam are defined as[
e1
e2

]
= r(𝜉 = 0),

[
e3
e4

]
= rx1

(𝜉 = 0),
[

e5
e6

]
= rx2

(𝜉 = 0)[
e7
e8

]
= r(𝜉 = 1),

[
e9
e10

]
= rx1

(𝜉 = 1),
[

e11
e12

]
= rx2

(𝜉 = 1)

Consider the case in which the vector of coordinates is defined as

e =
[
0 0 1 0 0 1 l 0 𝛼1 0 0 1

]T

where l is the initial length of the beam and 𝛼1 is a stretch factor. Substituting this vector in the
displacement field r= Se and using the shape functions given in Example 1, one can show that
the position vector of an arbitrary point on the beam can be written as

r =
[
cx1 x2

]T

where
c = 1 + (1 − 𝛼1)𝜉(1 − 𝜉)
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The preceding two equations describe an interesting kinematic mode of displacement. These
equations show that if 𝛼1 > 1, all points on the beam will move toward the end 𝜉 = 0, while
the two ends of the beam remain fixed. The maximum displacement occurs at 𝜉 = 0.5. When the
Poisson effect is considered in formulating the stress–strain relationship, such a displacement
will lead, in general, to a change in the dimension of the beam cross section and changes
in the volume and density at the material points, an effect that cannot be captured using
only kinematic analysis based on the simple displacement mode presented in this example.
Nonetheless, because bending is not captured by this mode, the length of the beam centerline
does not change because a unit vector tangent to the beam centerline, is given by

t =
rx1|rx1

| =
[
1 0

]T

This equation shows that ∫ ld
0 |t|ds = ld, where s is the arc length. More discussion on the differ-

ential geometry relevant to the large deformation of beams and plates is presented in Chapter 5.
The matrix of position vector gradients can be defined for the beam discussed in this

example as

J =
[
𝛽 0
0 1

]
where

𝛽 = 1 + (1 − 𝛼1)𝜉(2 − 3𝜉)

Note that, in this example, the gradient vectors remain orthogonal and, therefore, the
deformation will be stretch with no shear strains. This can be confirmed by evaluating the
Green–Lagrange strain tensor as

𝛆 = 1
2

[
𝛽2 − 1 0

0 0

]
In this simple example, the rate of deformation tensor takes the following simple form:

D =
[
𝛽̇∕𝛽 0

0 0

]
The beam model used in this example, which is based on the large-deformation absolute

nodal coordinate formulation discussed in more detail in Chapter 5 allows for the stretch of the
beam cross section. This mode of deformation, as previously mentioned, cannot be captured
by many of the existing beam models that assume that the cross section of the beam remains
rigid. The reader can verify that the following vector of coordinates will lead to a stretch of the
beam cross section:

e = [0 0 1 0 0 1 l 0 1 0 0 𝛼2]T

where 𝛼2 is an assumed stretch coefficient. As in the case of elongation, when general
constitutive equations are used, the assumed beam displacement field used in this example
captures the Poisson effect as well as the coupling between the bending and deformation of
the cross section. More general three-dimensional beam and plate models are presented in
Chapter 5.
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Shear Deformation

If the lengths of all the gradient vectors remain constant, the normal strains in the defined
configuration will not change as is clear from the definition of the Green–Lagrange strain
tensor. If the motion is the result of only the change of the relative orientation between the
gradient vectors, one obtains the case of shear deformations. In this case, the Green–Lagrange
strain tensor can be written as

𝛆 = 1
2

(
JTJ − I

)
=

⎡⎢⎢⎢⎣
0 𝜀12 𝜀13

𝜀12 0 𝜀23

𝜀13 𝜀23 0

⎤⎥⎥⎥⎦ = 1
2

⎡⎢⎢⎢⎣
0 rT

x1
rx2

rT
x1

rx3

rT
x1

rx2
0 rT

x2
rx3

rT
x1

rx3
rT

x2
rx3

0

⎤⎥⎥⎥⎦ (2.120)

That is, the normal strains are zeros; however, the shear strains are functions of the angles
between the gradient vectors. It is left to the reader to examine the effect of the coordinate
transformation on the form of the Green–Lagrange strain tensor when the lengths of the
gradient vectors remain constant.

Example 2.11

Consider the beam model described in Example 10. Assume that the vector of coordinates is
defined as

e =
[
0 0 1 0 −sin 𝛾 cos 𝛾 l 0 1 0 −sin 𝛾 cos 𝛾

]T

where l is the initial length of the beam and 𝛾 is a constant that represents an angle. The vector
of coordinates shows that the gradient vectors at the endpoints of the beam are defined as

rx2
(𝜉 = 0) = rx2

(𝜉 = 1) =
[
−sin 𝛾 cos 𝛾

]T

That is, these two gradient vectors at the endpoints remain unit vectors. Substituting this vector
in the displacement field r= Se, one can show that the position vector of an arbitrary point on
the beam is given by

r = [x1 − x2 sin 𝛾 x2 cos 𝛾]T

This equation shows that points on the centerline of the beam are not displaced. One can then
define the matrix of position vector gradients as

J =

[
1 −sin 𝛾

0 cos 𝛾

]
In this example, the gradient vectors are no longer orthogonal, and this leads to shear strains.
This can be confirmed by evaluating the Green–Lagrange strain tensor as

𝛆 =
[

0 𝜀12

𝜀12 0

]
= 1

2

[
0 −sin 𝛾

−sin 𝛾 0

]
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This equation shows that 2𝜀12 =−sin 𝛾 = cos (𝛾 +𝜋/2), where (𝛾 +𝜋/2) is the angle between
the gradient vectors rx1

and rx2
at the two endpoints. If 𝛾 is a small angle, then 2𝜀12 ≈−𝛾 .

In this example, one can show

J−1 = 1
cos 𝛾

[
cos 𝛾 sin 𝛾

0 1

]
, J̇ = 𝛾̇

[
0 −cos 𝛾

0 −sin 𝛾

]
The velocity gradient tensor is then defined as

L = J̇J−1 = 𝛾̇

cos 𝛾

[
0 −cos 𝛾

0 −sin 𝛾

]
Note that there is a singularity encountered when 𝛾 =𝜋/2. At this singular configuration, the
matrix of position vector gradients has linearly dependent columns, and as a consequence, its
determinant is equal to zero. The rate of deformation tensor is defined as follows:

D = 1
2

(
L + LT

)
= 𝛾̇

2 cos 𝛾

[
0 −cos 𝛾

−cos 𝛾 −2 sin 𝛾

]
The skew-symmetric spin tensor is defined as

W = 1
2

(
L − LT

)
= 𝛾̇

2

[
0 −1

1 0

]
This equation shows that the spin tensor is function of 𝛾̇ only.

In this example, one can show that the principal values of the Green–Lagrange strain tensor
are

λ1 = 𝜀12 = − sin 𝛾
2
, λ2 = −𝜀12 = sin 𝛾

2

The associated orthonormal principal directions are

Y1 = 1√
2

[
1

1

]
, Y2 = 1√

2

[
1

−1

]
The matrix of eigenvectors Ym can then be written as

Ym = 1√
2

[
1 1

1 −1

]
This matrix defines a coordinate system that makes an angle 𝜋/4 with the original coordinate
system. It follows that

YT
m𝛆Ym =

[
𝜀12 0

0 −𝜀12

]
= 1

2

[
−sin 𝛾 0

0 sin 𝛾

]
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The reader can show that the strain components in the direction of the axes of a coordinate
system that makes an angle 𝜋/2 with the original coordinate system are defined by −𝛆. That is,
in the direction of the axes of this new coordinate system, the normal strains remain equal to
zero, and the shear strain changes its sign.

The preceding example sheds light on the strain transformation and the change of the strain
definitions in different planes and coordinate systems. Note that in the special planar case, the
general form of the symmetric strain tensor can be written as

𝛆 =
[
𝜀11 𝜀12

𝜀12 𝜀22

]
(2.121)

The definition of this strain tensor in another coordinate system whose orientation is defined
by the transformation matrix A is given as previously mentioned by the equation 𝛆̄ = AT𝛆A.
Let the matrix A be defined using the general planar transformation

A =

[
cos 𝜃 −sin 𝜃

sin 𝜃 cos 𝜃

]
(2.122)

Then the components of the symmetric strain tensor are defined as

𝜀̄11 = 𝜀11cos2𝜃 + 2𝜀12 sin 𝜃 cos 𝜃 + 𝜀22sin2𝜃

𝜀̄22 = 𝜀11sin2𝜃 − 2𝜀12 sin 𝜃 cos 𝜃 + 𝜀22cos2𝜃

𝜀̄12 = (𝜀22 − 𝜀11) sin 𝜃 cos 𝜃 + 𝜀12(cos2𝜃 − sin2𝜃)

⎫⎪⎬⎪⎭ (2.123)

This equation can also be written in the following form:

𝜀̄11 =
(𝜀11 + 𝜀22)

2
+

(𝜀11 − 𝜀22)
2

cos 2𝜃 + 𝜀12 sin 2𝜃

𝜀̄22 =
(𝜀11 + 𝜀22)

2
+

(𝜀22 − 𝜀11)
2

cos 2𝜃 − 𝜀12 sin 2𝜃

𝜀̄12 =
(𝜀22 − 𝜀11)

2
sin 2𝜃 + 𝜀12 cos 2𝜃

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(2.124)

This equation is the basis for a graphical representation known as Mohr’s circle (Ugural and
Fenster, 1979). The orientation of the coordinate system in which the maximum normal strains
are defined can be obtained by differentiating one of the first two equations in Equation 124
with respect to 𝜃. This defines the angle 𝜃 that can be substituted back into the first two
equations to determine the principal strains. This procedure for determining the principal
normal strains and principal directions is equivalent to the use of the eigenvalue analysis
previously discussed in this chapter.

If the coordinate system is selected such that the normal strains are zero, as in the case of
the preceding example, one has 𝜀11 = 𝜀22 = 0. In this case, Equation 124 leads to

𝜀̄11 = 𝜀12 sin 2𝜃, 𝜀̄22 = −𝜀12 sin 2𝜃, 𝜀̄12 = 𝜀12 cos 2𝜃 (2.125)
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The orientation of a coordinate system, which gives the maximum normal strains, can be deter-
mined using the preceding equation as

𝜕𝜀̄11

𝜕𝜃
= 𝜕

𝜕𝜃
(𝜀12 sin 2𝜃) = 0,

𝜕𝜀̄22

𝜕𝜃
= 𝜕

𝜕𝜃
(−𝜀12 sin 2𝜃) = 0 (2.126)

which have solution 𝜃 =𝜋/4, an angle that defines the coordinate system in which the normal
strains are maximum or minimum. Equation 125 shows that in this new coordinate system,
𝜀̄12 is identically equal to zero. This result was obtained in the preceding example using the
eigenvalue analysis.

Alternatively, if one starts with a coordinate system in which the shear strains are equal to
zero, Equation 124 yields

𝜀̄11 =
(𝜀11 + 𝜀22)

2
+

(𝜀11 − 𝜀22)
2

cos 2𝜃

𝜀̄22 =
(𝜀11 + 𝜀22)

2
+

(𝜀22 − 𝜀11)
2

cos 2𝜃

𝜀̄12 =
(𝜀22 − 𝜀11)

2
sin 2𝜃

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(2.127)

The orientation of the coordinate system in which the shear strain is maximum can be deter-
mined from the following equation:

𝜕𝜀̄12

𝜕𝜃
= 𝜕

𝜕𝜃

{
(𝜀22 − 𝜀11)

2
sin 2𝜃

}
= 0 (2.128)

This equation defines again 𝜃 =𝜋/4. Substituting this value of 𝜃 in the first two equations of
Equation 127, one does not obtain zero normal strains.

2.12 GEOMETRY CONCEPTS

In many applications, the position vector gradients in the undeformed reference configuration
are not orthogonal unit vectors because of the continuum initial geometry. Examples of these
applications, which include tires, belt drives, and tank cars, are shown in Figure 8. In these
cases, the strains evaluated using the matrix of position vector gradients in the initial config-
uration must be identically equal to zero. In order to explain how the strains are formulated
in these cases of initial curved geometry, the three different configurations shown in Figure 9
are considered in this section. Complex geometries can always be obtained by changing
the shape of simple objects; the first configuration in Figure 9 depicts the simple geometry,
which can represent straight metal sheets. In this simple geometry configuration, the location
of the material points is defined using the position vector x. The second configuration is the
reference configuration, which defines the initial undeformed geometry. In this undeformed
reference configuration, the position of the material points is defined by the vector X. One
can write dX = Jodx, where Jo = 𝜕X∕𝜕x. The third configuration shown in Figure 9 defines
the current deformed configuration. In this configuration, the position of the material points
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Figure 2.8 Initial geometry
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Figure 2.9 Geometry description

is defined by the vector r. One can then write dr = JdX, with J = 𝜕r∕𝜕X. It follows that
J = 𝜕r∕𝜕X = (𝜕r∕𝜕x)(𝜕x∕𝜕X) = JeJ−1

o , where Je = 𝜕r∕𝜕x.
The volume of the curved structure Vo is related to the volume of the straight structure V

(Figure 9) using the relationship dVo = JodV , where Jo = |Jo| is the determinant of the matrix
of position vector gradients Jo = 𝜕X∕𝜕x. Therefore, integration with respect to the domain Vo
can be converted to integration with respect to the straight domain V by using the transfor-
mation dVo = JodV . This allows for using the original dimensions of the simpler geometry
to carry out the integrations associated with the initially curved configuration. Note that the
matrix Jo = 𝜕X∕𝜕x is constant.



�

� �

�

94 COMPUTATIONAL CONTINUUM MECHANICS

The matrix of position vector gradients J = 𝜕r∕𝜕X is the matrix, used to determine the
Lagrangian strain tensor 𝛆 as 𝛆 = (JTJ − I)∕2. This matrix can be defined using the ANCF
description introduced in Chapter 5 as

J = 𝜕r
𝜕X

=
(
𝜕r
𝜕x

) (
𝜕x
𝜕X

)
= JeJ−1

o (2.129)

where, as previously defined, Je = 𝜕r∕𝜕x. Therefore, the Lagrangian strain tensor can be writ-
ten as

𝛆 = 1
2

(
JTJ − I

)
= 1

2

(
J−1T

o

(
JT

e Je

)
J−1

o − I
)

(2.130)

Recall that the relationship between the volume in the current deformed configuration
v and the volume in the curved reference configuration V can be written as dv = JdVo,
where J = |J| is the determinant of the matrix of position gradients J. It follows that
dv = JdVo = |Je||J−1

o |dVo. Using the relationship dVo = JodV , one has dv = |Je|dV .
The procedure described in this section to model the initial curvature, which is the same

as the one used in the literature for modeling the initially curved configuration of belt drives
and rubber chains (Dufva et al., 2007; and Maqueda et al., 2010), will lead to zero strains
for an arbitrary initially curved geometry. Using the ANCF finite elements discussed later in
this book, the constant matrix of position vector gradients Jo = 𝜕X∕𝜕x can be determined in
a straightforward manner.

PROBLEMS

1. The assumed displacement field of a two-dimensional beam is given by r= Se, where S
is a 2× 8 shape function matrix defined as

S = [s1I s2I s3I s4I]

In this equation, I is a 2× 2 identity matrix and

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l
(
𝜉 − 2𝜉2 + 𝜉3) ,

s3 = 3𝜉2 − 2𝜉3, s4 = l
(
−𝜉2 + 𝜉3) ,

where 𝜉 = x1/l and l is the length of the beam. The vector of time-dependent coordinates
e is defined as

e =
[
rT(x1 = 0) rT

x1
(x1 = 0) rT(x1 = l) rT

x1
(x1 = l)

]T

Show that this displacement field can describe an arbitrary planar rigid-body motion.

2. Show that the Green–Lagrange strain tensor does not lead to zero strains under an
arbitrary rigid-body motion if nonlinear terms of the displacement gradients that appear
in the definition of this strain tensor are neglected.
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3. Let 𝜀= (ld − lo)/lo (see Equation 21). For the problem in Example 3, determine 𝜀 using
Equation 24 at x1 = 0.5 l and x1 = l for the following two cases of nodal coordinates
assuming that t= [1 0]T:

e =
[
0 0 1 0 0 1 l + 𝛿 0 1 0 0 1

]T

e =
[
0 0

(
1 + 𝛿

l

)
0 0 1 l + 𝛿 0

(
1 + 𝛿

l

)
0 0 1

]T

4. Instead of the definition of 𝜀 given by Equation 21, define 𝜀= (ld − lo)/ld. Using this
definition, determine an expression of 𝜀 (similar to Equation 24) in terms of the Eulerian
strain tensor.

5. Using the definition of 𝜀 in the preceding problem, determine the Eulerian strain tensor
and 𝜀 at x1 = 0.5 l and x1 = l for the two cases of Problem 3.

6. For the problem in Example 3, discuss the differences between the Green–Lagrange and
Eulerian strain tensors in the case of arbitrary deflection 𝛿.

7. For the problem in Example 3, determine the right and left Cauchy–Green deformation
tensors for the two different sets of nodal coordinates.

8. For the problem in Example 4, show whether or not the right and left Cauchy–Green strain
tensors depend on the rotation angle 𝜃.

9. For the problem in Example 3, determine the polar decomposition of the matrix of position
vector gradients for (𝛿/l)= 0.1 at x1 = 0.5 l and x1 = l for the two different sets of nodal
coordinates. Determine both the right and left symmetric stretch matrices.

10. In the problem of Example 3, determine the rate of deformation tensor assuming that 𝛿̇ is
known.

11. Repeat Example 6, assuming that the elongation 𝛿 is not constant.

12. The Green–Lagrange strain tensor at a given point on the continuous body is defined as

𝛆 =
⎡⎢⎢⎣

0.1 −0.01 0.02
−0.01 0.15 0

0.02 0 0.1

⎤⎥⎥⎦
Determine the principal values, principal directions, and the strain invariants.

13. Discuss the difference between the change of the reference coordinate system and the
change of the current configuration.

14. Show that |J| = rx1
⋅ (rx2

× rx3
), where |J| is the determinant of the matrix of position

vector gradients.
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CHAPTER 3

FORCES AND STRESSES

In the theory of continuum mechanics, stresses are used as measures of the forces and
pressures. As in the case of strains, different definitions can be used for the stresses; some
of these definitions are associated with the reference configuration, whereas the others are
associated with the current deformed configuration. The effect of the forces on the body
dynamics can only be taken into consideration by using both stresses and strains. These
stress and strain components must be defined in the same coordinate system in order to
have a consistent formulation. In this chapter, several stress measures are introduced and the
relationship between them is discussed. The Cauchy stress formula is presented and used to
develop the partial differential equations of equilibrium of the continuous body. The equations
of equilibrium are used to develop an expression for the virtual work of the stress forces
expressed in terms of the stress and strain components. The objectivity of the stress rate and
the energy balance equations are also among the topics discussed in this chapter.

3.1 EQUILIBRIUM OF FORCES

In this section, the equilibrium of forces acting in the interior of a continuous body is
considered. Let P be a point on the surface of the body, n be a unit vector directed along
the outward normal to the surface at P, and ds be the area of an element of the surface that
contains P in the current configuration. It is assumed that on the surface element with area ds,
the material outside the region under consideration exerts, as shown in Figure 1, a force f on
the material in the region under consideration given by

f = 𝛔nds (3.1)

Computational Continuum Mechanics, Third Edition. Ahmed A. Shabana.
© 2018 John Wiley & Sons Ltd. Published 2018 by John Wiley & Sons Ltd.
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Figure 3.1 Surface traction

n

ds

f

The force vector f is called the surface force, and the vector 𝛔n is called the mean surface
traction transmitted across the element of area ds from the outside to the inside of the
region under consideration. All the variables that appear in Equation 1 are defined in the
current configuration. A surface traction equal in magnitude and opposite in direction to 𝛔n
is transmitted across the element with area ds from the inside to the outside of the part of the
body under consideration. It is assumed that as ds tends to zero, 𝛔n tends to a finite limit that
is independent of the shape of the element with area ds.

The mean surface traction 𝛔n has a component along the normal to the surface defined
by the dot product 𝛔n ⋅n and has components tangent to the surface defined by the vector
𝛔n − (𝛔n ⋅n)n. The tangent components introduce shear effect and define what are called shear
stresses, whereas the normal component 𝛔n ⋅n defines the normal stress.

The stress force on an arbitrary surface through point P can be written in terms of the stress
forces acting on three perpendicular surfaces of an infinitesimal volume containing P. In this
case, as shown in Figure 2, the application of Newton’s second law leads to

𝜌adv = fbdv + 𝛔nds −
(
𝛔1ds̄1 + 𝛔2ds̄2 + 𝛔3ds̄3

)
(3.2)

where 𝜌 and dv are, respectively, the mass density and volume in the current configuration;
a is the acceleration vector; fb is the vector of the body forces; and 𝛔1, 𝛔2, and 𝛔3 are the mean
surface tractions on the three perpendicular surfaces of the tetrahedral whose areas are ds̄1, ds̄2,
and ds̄3, respectively. Examples of the body forces are the gravitational and magnetic forces.
Note that the areas ds̄1, ds̄2, and ds̄3 can be written as

ds̄1 = n1ds, ds̄2 = n2ds, ds̄3 = n3ds (3.3)

where n1, n2, and n3 are the components of the normal vector n. Substituting the preceding
area identities of Equation 3 into Newton’s second law of Equation 2 and rearranging terms,
one obtains

(𝜌a − fb)dv = 𝛔nds − (𝛔1n1 + 𝛔2n2 + 𝛔3n3)ds (3.4)
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f3

f2
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–n1

–n2

–n3

O

n

f

X1

X2

X3 Figure 3.2 Tetrahedral surface forces

Rearranging terms again and dividing by ds, one has

𝛔n = (𝛔1n1 + 𝛔2n2 + 𝛔3n3) + (𝜌a − fb)
dv
ds

(3.5)

Because dv is proportional to the cube of the length and ds is proportional to the square of the
length, as the dimensions of the tetrahedral approach zero in the limit, one has dv/ds approach-
ing zero. Therefore, in the limit, the preceding equation leads to

𝛔n = 𝛔1n1 + 𝛔2n2 + 𝛔3n3 (3.6)

where 𝛔1, 𝛔2, and 𝛔3 are evaluated at point P. The preceding equation can be written using
matrix notation as

𝛔n =
[
𝛔1 𝛔2 𝛔3

] ⎡⎢⎢⎣
n1

n2

n3

⎤⎥⎥⎦ = 𝛔n (3.7)

Writing 𝛔1, 𝛔2, and 𝛔3 in terms of their Cartesian components, the matrix 𝛔 can be written as

𝛔 =
[
𝛔1 𝛔2 𝛔3

]
=
⎡⎢⎢⎣
𝜎11 𝜎21 𝜎31

𝜎12 𝜎22 𝜎32

𝜎13 𝜎23 𝜎33

⎤⎥⎥⎦ (3.8)

Equation 6 or 7 is called the Cauchy stress formula, and the elements 𝜎ij of the matrix 𝛔 are
called Cauchy stresses. The elements 𝜎ij for i= j are called the normal stresses, whereas 𝜎ij for
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i≠ j are called the shear stresses. Therefore, the vector of forces exerted on the region under
consideration can be written in terms of the Cauchy stresses as

f = 𝛔nds (3.9)

It is important to emphasize again that all the variables in this equation, unlike the definition
of the Green–Lagrange strains, are defined using the current configuration.

3.2 TRANSFORMATION OF STRESSES

In order to be able to develop the expressions for the components of the stress tensor 𝛔 in
different coordinate systems, consider a coordinate system X̄1X̄2X̄3 whose orientation with
respect to the coordinate system X1X2X3 is defined by the orthogonal transformation matrix A.
The vector 𝛔n =𝛔n can be defined in the X̄1X̄2X̄3 as

𝛔̄n = AT𝛔n = AT𝛔n = AT𝛔An̄ (3.10)

where n = An̄. The preceding equation can be written as 𝛔̄n = 𝛔̄ n̄ where

𝛔̄ = AT𝛔A (3.11)

This equation, which shows the rule of transformation of the stress tensor 𝛔, can be used
to define the stress components in different coordinate systems. As in the case of the strain
tensor, one can define directions, called principal directions, along which the normal stresses
take maximum or minimum values and the shear stresses vanish.

3.3 EQUATIONS OF EQUILIBRIUM

The equations of equilibrium of the continuous body can be obtained by summing the integrals
of all the forces acting on the body material points. The formulation of the body forces such as
gravitational, magnetic, and inertia forces can be obtained from integration over the volume,
whereas surface forces such as contact forces and hydrostatic pressure can be formulated in
terms of surface integrals. Thus, the condition for the dynamic equilibrium can be written as

∫s
𝛔nds + ∫v

fbdv = ∫v
𝜌adv (3.12)

where s and v are, respectively, the area and volume of the continuous body in the current
configuration, and 𝜌 is the mass density. The first integral in the preceding equation can be
written as a volume integral using the divergence theorem as follows:

∫s
𝛔nds = ∫s

𝛔nds = ∫v

(
∇𝛔T)T

dv (3.13)
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Because the integrals in this equation are defined with respect to the current configuration, the
divergence operator is defined as

∇ = 𝜕

𝜕r
=
[
𝜕

𝜕r1

𝜕

𝜕r2

𝜕

𝜕r3

]
(3.14)

Using the preceding relationships, the dynamic equations of equilibrium can be written as
follows:

∫v

{(
∇𝛔T)T + fb − 𝜌a

}
dv = 𝟎 (3.15)

This equation must hold in every region in the body and, therefore, the integrand must be equal
to zero. This leads to (

∇𝛔T)T + fb − 𝜌a = 𝟎 (3.16)

These equations are known as the equations of equilibrium. In some texts, Equation 16 is
called Cauchy’s first law of motion (Ogden, 1984). In a more explicit form, the equations of
equilibrium can be written as

𝜎11, 1 + 𝜎21, 2 + 𝜎31, 3 + fb1
= 𝜌a1

𝜎12, 1 + 𝜎22, 2 + 𝜎32, 3 + fb2
= 𝜌a2

𝜎13, 1 + 𝜎23, 2 + 𝜎33, 3 + fb3
= 𝜌a3

⎫⎪⎬⎪⎭ (3.17)

where subscript (,i) denotes differentiation with respect to ri; a1, a2, and a3 are the components
of the absolute acceleration vector; and fb1, fb2, and fb3 are the components of the vector of
the body forces. Note that the equations of equilibrium are partial differential equations that
are space- and time dependent. These equations are general and are applicable to any solid or
fluid materials because no assumptions are made in their derivation. Furthermore, the partial
differential equations of equilibrium impose no restrictions on the amount of deformation or
rotation at the material points of the continuum and, therefore, these equations can be used for
the linear as well as the nonlinear analyses. Nonetheless, special forms of motion can be sys-
tematically obtained from the partial differential equations of equilibrium by employing the
appropriate assumptions. For example, the Newton–Euler equations used in rigid-body dynam-
ics can be systematically obtained from Equation 17 by recognizing that the rigid body has a
finite number of degrees of freedom instead of an infinite number. In this case, as discussed in
the preceding chapters, the global position vector of an arbitrary point on the rigid body can be
written as r= rO +Ax, where rO is the global position vector of the origin of the selected body
coordinate system, A is the orthogonal transformation matrix that defines the orientation of the
body coordinate system with respect to the global coordinate system, and x is the position vec-
tor of the arbitrary point in the reference configuration, The transformation matrix A can be
expressed in terms of a set of orientation parameters 𝛉. Using this motion description, the accel-
eration vector a can be obtained as a = r̈. Multiplying Equation 17 by the virtual change 𝛿r,
assuming the stresses are zero due to the rigid-body assumption, integrating over the volume,
and grouping the coefficients of 𝛿rO and 𝛿𝛉; one can systematically obtain the ordinary differ-
ential equations that govern the motion of the rigid bodies (Roberson and Schwertassek, 1988;
Shabana, 2001). Applying this systematic procedure to derive the Newton–Euler equations of
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planar rigid bodies is left to the reader as an exercise. It is important, however, to realize
that when the Newton–Euler formulation is used, the origin of the body coordinate system
is assumed to be attached to the body center of mass. If this assumption is not considered,
the principle of virtual work leads to a more general form of the equations of motion, which
include dynamic coupling between the translation and rotation of the rigid body.

In the general case of a continuum, the stresses can be expressed in terms of the strains and
their derivatives using the constitutive equations, which distinguish one material from another
and will be discussed in the following chapter. The strain variables can be written in terms
of the displacements, as explained in Chapter 2. That is, one can always, for a given material,
write the stresses in terms of the displacements. When these relationships are substituted
into Equation 17, the partial differential equations of equilibrium can be expressed in terms
of the displacements and their spatial and time derivatives. The resulting partial differential
equations can have a closed-form solution only under strict simplifying assumptions and in
the case of simple structural elements such as rods and beams. These simplified formulations
that are the result of linearization assumptions lead to the linear wave equations, which can
be solved for given sets of initial and boundary conditions. The wave equations are covered in
texts on the subjects of vibration and wave propagation. For more general nonlinear systems,
the principle of virtual work and the finite element method can always be used to obtain a set
of ordinary differential equations that govern the motion of the continuum. These ordinary
differential equations can be solved numerically to determine the behavior of the continuum
in response to arbitrary loading conditions.

3.4 SYMMETRY OF THE CAUCHY STRESS TENSOR

In developing the partial differential equations of motion, the equilibrium of the forces was
considered. The condition that the resultant of the moments of all forces, including the inertia
forces, about the origin must be equal to zero can be used to prove the symmetry of the stress
tensor. This condition can be written as

∫s
r × 𝛔nds + ∫v

r × fbdv = ∫v
𝜌r × adv (3.18)

The first integral of this equation can be written as

∫s
r × 𝛔nds = ∫s

r × (𝛔n)ds = ∫s
(r̃𝛔)nds = ∫v

{
∇(r̃𝛔)T

}T
dv (3.19)

It can be shown that this equation can be written as

∫s
r × 𝛔nds = ∫v

{
∇(r̃𝛔)T

}T
dv = ∫v

{(
∇𝛔T) r̃T + bT

s

}T
dv (3.20)

where the vector bs is defined as

bs =
⎡⎢⎢⎣
𝜎23 − 𝜎32
𝜎31 − 𝜎13
𝜎12 − 𝜎21

⎤⎥⎥⎦ (3.21)
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Substituting Equation 20 into Equation 18 yields

∫v

{
r ×

((
∇𝛔T)T + fb − 𝜌a

)}
dv + ∫v

bsdv = 𝟎 (3.22)

It is clear that the first integral in this equation vanishes by the virtue of the equation of equi-
librium. Therefore, one has ∫v bsdv = 𝟎. Because this equation must hold in every region in
the body, the integrand must be equal to zero, that is,

bs =
⎡⎢⎢⎣
𝜎23 − 𝜎32
𝜎31 − 𝜎13
𝜎12 − 𝜎21

⎤⎥⎥⎦ = 𝟎 (3.23)

which shows that

𝜎23 = 𝜎32, 𝜎31 = 𝜎13, 𝜎12 = 𝜎21 (3.24)

that is, 𝜎ij = 𝜎ji for i≠ j. This proves that the Cauchy stress tensor is indeed a symmetric tensor.
Some authors refer to Equation 23, or equivalently Equation 24 as Cauchy’s second law of
motion (Ogden, 1984).

Principal Stresses

Because the Cauchy stress tensor 𝛔 is symmetric, it has three real principal values that can be
determined by solving the following eigenvalue problem:

(𝛔 − 𝜏I)c = 𝟎 (3.25)

where 𝜏 is the eigenvalue or principal value, and c is the eigenvector. As in the case of the strain
tensor, the preceding equation can be used to determine three principal values 𝜏1, 𝜏2, and 𝜏3
called the principal stresses. Associated with these three eigenvalues, there are three eigen-
vectors c1, c2, and c3, which define the principal directions. If the coordinate axes coincide
with the principal directions, shear stresses are identically equal to zeros.

The three principal values 𝜏1, 𝜏2, and 𝜏3 are invariants and do not depend on the choice of
the coordinate system. Clearly, any quantity that is expressed in terms of these invariants only
is also an invariant. Because of the symmetry of the Cauchy stress tensor 𝛔, one can define the
following three independent stress invariants:

J1 = 𝜏1 + 𝜏2 + 𝜏3 = tr(𝛔)
J2 = 𝜏1𝜏2 + 𝜏1𝜏3 + 𝜏2𝜏3 = 1

2

{
(tr(𝛔))2 − tr(𝛔2)

}
J3 = 𝜏1𝜏2𝜏3 = det(𝛔) = |𝛔|

⎫⎪⎬⎪⎭ (3.26)

Some of these definitions are used later in this chapter when the deviatoric stresses are intro-
duced.

3.5 VIRTUAL WORK OF THE FORCES

The definitions of the forces and stresses presented in the preceding sections are based on the
current configuration; areas and volumes in the current configuration instead of the reference
configuration are used. For this reason, Cauchy stress is called the physical or true stress.
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In the preceding chapter, on the other hand, the reference configuration is used to define the
Green–Lagrange strains. In the case of large deformations, the Cauchy stress tensor is not
associated with the Green–Lagrange strain tensor because Cauchy stress tensor is defined in
the current (deformed) configuration, whereas the Green–Lagrange strain tensor is defined in
the reference configuration.

In this section, the partial differential equations of equilibrium are used to derive the virtual
work of the forces. The principle of virtual work and the approximation of the displacement
field are the two main building blocks that form the foundation of the finite element method.
Approximation methods, as discussed in Chapter 1, lead to a finite dimensional model; whereas
the principle of virtual work, which has its roots in D’Alembert’s principle, can be used to
systematically eliminate the connection forces and obtain a set of discrete equations that govern
the motion of the continuum.

The analysis presented in this section shows that the stresses and strains arise naturally
in the formulation of the elastic forces of the continuum. It is important, however, to use
consistent stress and strain definitions, particularly in the analysis of large-deformation
problems. The development in this section will show that another symmetric stress tensor, the
second Piola–Kirchhoff stress tensor, is associated with the Green–Lagrange strain tensor 𝛆.
In order to simplify the derivation presented in this section, the tensor double product and the
change of the volume of a material element, which are used in the derivation presented in this
section, are first reviewed.

Tensor Double Product (Contraction)

As discussed in Chapter 1, if A and B are second-order tensors, the double product or double
contraction is defined as

A∶B = tr(ATB) (3.27)

where tr denotes the trace of the matrix (sum of the diagonal elements). Using the properties
of the trace, one can show that

A∶B = tr(ATB) = tr(BAT) = tr(BTA) = tr(ABT) =
3∑

i,j=1

AijBij

A∶(BC) = (ACT)∶B = (BTA)∶C

⎫⎪⎬⎪⎭ (3.28)

where Aij and Bij are, respectively, the elements of the tensors A and B, and C is a second-order
tensor.

Volume Change

It was shown in the preceding chapter that dV and dv, which represent the volumes of a material
element in the reference and current configurations, respectively, are related by

dv = JdV (3.29)

where J= |J| is the determinant of the matrix of position vector gradients J.
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Virtual Work

In this section, the principle of virtual work in dynamics is used to define the virtual work of
the elastic forces in terms of the stress and strain components. To this end, the equations of
equilibrium (Equation 16 or 17) are multiplied by 𝛿r and integrated over the current volume
to obtain

∫v
{(∇𝛔)T + fb − 𝜌a}T𝛿rdv = 0 (3.30)

In this equation, ∇ =
[
𝜕

𝜕r1

𝜕

𝜕r2

𝜕

𝜕r3

]
is considered as a row vector. The form of the equation

of motion defined by Equation 30 is called in the literature the weak form and is used with
approximation methods as the basis for computational techniques such as the finite element
method. One can show that

∇(𝛔𝛿r) = (∇𝛔)𝛿r + 𝛔∶ 𝜕
𝜕r

(𝛿r) (3.31)

where
𝜕

𝜕r
(𝛿r) = 𝜕(𝛿r)

𝜕x
𝜕x
𝜕r

= (𝛿J)J−1 (3.32)

Substituting the preceding two equations into the virtual work of the forces and using Gauss
theorem, one obtains

∫s
nT𝛔𝛿rds − ∫v

𝛔∶(𝛿J)J−1dv + ∫v
(fb − 𝜌a)T𝛿rdv = 0 (3.33)

where s is the current surface area, and n is a unit normal to the surface. The first integral in
the preceding equation represents the virtual work of the surface traction forces, the second
integral is the virtual work of the internal elastic forces, and the third integral is the virtual work
of the body and inertia forces. If the principle of conservation of mass or continuity condition
(𝜌dv= 𝜌odV) is assumed, the virtual work of the inertia forces can be written as

𝛿Wi = ∫v
𝜌aT𝛿rdv = ∫V

𝜌oaT𝛿rdV (3.34)

This equation is important in developing the inertia forces of the continuous bodies when
computational techniques such as the finite element method are used.

Other Stress Measures

The virtual work of the internal elastic forces defined by the second term of Equation 33 is

𝛿Ws = − ∫v
𝛔∶(𝛿J)J−1dv (3.35)

Using Equation 29, the integration can be performed using the volume at the reference
configuration. The preceding equation can then be written as

𝛿Ws = − ∫V
J𝛔∶(𝛿J)J−1dV (3.36)
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where as previously defined J= |J|. The tensor 𝛔K = J𝛔 is called the Kirchhoff stress tensor,
which is a symmetric tensor and differs from Cauchy stress tensor by a scalar multiplier
equal to the determinant of the matrix of the position vector gradients. In the case of
small deformations, this determinant remains approximately equal to one, and Cauchy and
Kirchhoff stress tensors do not differ significantly. Note also that (𝛿J)J−1 is the virtual change
in the deformation measure associated with Kirchhoff stress tensor 𝛔K.

First and Second Piola–Kirchhoff Stress Tensors

In deriving Nanson’s formula presented in the preceding chapter, it was shown that the
normal N to a surface dS in the reference configuration can be written in terms of the normal
n to a surface ds in the current deformed configuration as N = (1∕J)JTn(ds∕dS). Using
this equation, one can write nds = J(JT)−1NdS. As previously shown in this chapter, the
force acting on a surface with unit normal n is defined as f = 𝛔nds = 𝛔nds, where 𝛔n is
the pressure distribution on the surface and 𝛔 is the Cauchy stress tensor or the true stress
defined using the current deformed configuration. Substituting for nds, one can write the
force f = 𝛔nds in terms of the normal and area defined in the reference configuration as
f = (J𝛔(JT)−1)NdS, which defines another stress measure called the first Piola–Kirchhoff
stress, which is associated with the reference configuration and is given by

𝛔P1 = J𝛔(JT)−1 (3.37)

This equation shows that the first Piola–Kirchhoff stress tensor, which can be used to define
the force in terms of the normal and area in the reference configuration, is not a symmetric
tensor and it is not the tensor that is associated with the Green–Lagrange strain tensor in the
formulation of the elastic forces. Nonetheless, since the Cauchy stress tensor 𝛔 is symmetric,
the preceding equation can be used to show that the first Piola–Kirchhoff stress tensor satisfies
the identity 𝛔P1JT = J𝛔T

P1. Furthermore, it follows from Eq. 36 and the properties of the
double product that the virtual work of the elastic forces can be written in terms of the first
Piola–Kirchhoff stress tensor as 𝛿Ws = − ∫V 𝛔P1∶𝛿JdV , which shows that 𝛔P1 is associated
with the matrix of the position vector gradients J. Recall that the matrix of position vector
gradients J is not an appropriate measure of the deformation since this matrix does not remain
constant under an arbitrary rigid-body motion.

Using the definition of the Green–Lagrange strain tensor defined in the preceding chapter,
𝛆= (1/2)(JTJ− I), one can show that

𝛿𝛆 = 1
2
(JT𝛿J + (𝛿JT)J) (3.38)

Using this equation and the identities of Equation 28, the virtual work of the internal elastic
forces of Equation 36 can be written in terms of the virtual changes of the components of the
Green–Lagrange strain tensor as

𝛿Ws = − ∫V
J𝛔∶J−1T

𝛿𝛆J−1dV (3.39)
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This equation upon the use of the properties of the tensor double product (Equation 28) can
be written as

𝛿Ws = − ∫V
(JJ−1𝛔J−1T)∶𝛿𝛆dV (3.40)

which can be written as follows:

𝛿Ws = − ∫V
𝛔P2∶𝛿𝛆dV (3.41)

where 𝛔P2 is the second Piola–Kirchhoff stress tensor defined as

𝛔P2 = JJ−1𝛔J−1T
(3.42)

Clearly, the second Piola–Kirchhoff stress tensor is a symmetric tensor, and it is the stress
tensor associated with the Green–Lagrange strain tensor because both are defined with respect
to the reference configuration.

Another stress tensor that is used in continuum mechanics is the Biot stress tensor 𝛔B. This
stress tensor is defined in terms of the first Piola–Kirchhoff stress tensor as 𝛔B = (R𝛔P1)T,
where R is the orthogonal matrix that appears in the polar decomposition of the matrix of
position vector gradients. That is, J=RU, where U is the symmetric stretch matrix. It can also
be shown that the Biot stress tensor can be written in terms of the second Piola–Kirchhoff
stress tensor as 𝛔B =RTJ𝛔P2.

Example 3.1

Consider the beam model used in the examples of the preceding chapter. Assume that the beam
displacement is described by

r = [(l + 𝛿)𝜉 l𝜂]T

where 𝜉 = x1/l, 𝜂 = x2/l, l is the length of the beam, and 𝛿 is a constant that defines the beam
axial deformation. It was shown in Example 3 of the preceding chapter that this displacement
can be produced using the following vector of beam coordinates:

e =
[
0 0

(
1 + 𝛿

l

)
0 0 1 l + 𝛿 0

(
1 + 𝛿

l

)
0 0 1

]T

The matrix of position vector gradients and its inverse are defined as

J =
⎡⎢⎢⎣
1 + 𝛿

l
0

0 1

⎤⎥⎥⎦ , J−1 =
⎡⎢⎢⎣

l
l + 𝛿

0

0 1

⎤⎥⎥⎦
The determinant of the matrix of the position vector gradients

J = |J| = 1 + 𝛿

l
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Note that for large 𝛿, J can differ significantly from one. The Green–Lagrange strain tensor is
defined in this case as

𝛆 = 1
2
(JTJ − I) =

[
𝜀11 𝜀12
𝜀21 𝜀22

]
=
⎡⎢⎢⎣
𝛿

l

(
1 + 𝛿

2l

)
0

0 0

⎤⎥⎥⎦ = 𝜀11

[
1 0
0 0

]

where 𝜀11 = (𝛿/l) (1+ (𝛿/2 l)).
Assume that the second Piola–Kirchhoff stress tensor is given for this strain state by the

following linear relationship:

𝛔P2 =
[
𝜆1𝜀11 0

0 𝜆2𝜀11

]
= 𝜀11

[
𝜆1 0
0 𝜆2

]
where 𝜆1 and 𝜆2 are appropriate stiffness coefficients. The Cauchy stress tensor can be defined
for this simple example as

𝛔 = 1
J

J𝛔P2JT =
l𝜀11

l + 𝛿

⎡⎢⎢⎣𝜆1

( l + 𝛿
l

)2

0

0 𝜆2

⎤⎥⎥⎦
It is clear from this equation and from the definition of 𝜀11 that if 𝛿 is small, then 𝛔P2 ≈ 𝛔;
otherwise, there can be significant differences between the two stress measures.

Notation and Procedure

As previously pointed out, if the displacement is small, the matrix of the position vector
gradients (Jacobian) J does not differ significantly from the identity matrix, and as a
consequence, it is acceptable not to distinguish between Cauchy stress tensor, which is
defined using the deformed configuration and the second Piola–Kirchhoff stress tensor
associated with the reference undeformed configuration. In this book, unless stated otherwise,
we will always use the Green–Lagrange strains with the understanding that the associated
stress is the second Piola–Kirchhoff stress tensor. For the sake of simplicity of the notation in
some of the general developments presented in the following chapters, we will occasionally
use 𝛔 to denote the stress measure. That is, 𝛔 will be used to denote other stress measures
such as the second Piola–Kirchhoff stress tensor 𝛔P2 instead of Cauchy stress tensor because
whenever there is a difference between the two tensors (case of large deformation), it
is with the understanding that the second Piola–Kirchhoff stress tensor is the one to be
used with the Green–Lagrange strain tensor. Using the tensor double product, and the fact
that both 𝛔P2 and 𝛆 are symmetric tensors, one can show that Equation 41 can be written
as follows:

𝛿Ws = − ∫V
𝛔P2 ∶𝛿𝛆dV

= − ∫V
(𝜎11𝛿𝜀11 + 𝜎22𝛿𝜀22 + 𝜎33𝛿𝜀33 + 2𝜎12𝛿𝜀12 + 2𝜎13𝛿𝜀13 + 2𝜎23𝛿𝜀23)dV (3.43)
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where 𝜎ij and 𝜀ij are, respectively, the elements of the second Piola–Kirchhoff stress
tensor and the Green–Lagrange strain tensor. Using the preceding equation, one can
show that the virtual work of the elastic forces can be written in terms of the virtual
changes in the position vector gradients as 𝛿Ws = −∫V ((rx𝛔c1)T𝛿rx1

+ (rx𝛔c2)T𝛿rx2
+

(rx𝛔c3)T𝛿rx3
)dV , where rx = [rx1

rx2
rx3

] is the matrix of position vector gradi-

ents, x = [x1 x2 x3]T is the vector of spatial coordinates, and 𝛔c1 =
[
𝜎11 𝜎12 𝜎13

]T
,

𝛔c2 = [𝜎12 𝜎22 𝜎23]T, and 𝛔c3 = [𝜎13 𝜎23 𝜎33]T are the column of the stress tensor.
When a finite dimensional model based on the kinematic description r = S(x)q is used,
one has 𝛿rxi

= Sxi
𝛿q. It follows that the virtual work of the elastic forces can be writ-

ten as 𝛿Ws = −(∫V ((rx𝛔c1)TSx1
+ (rx𝛔c2)TSx2

+ (rx𝛔c3)TSx3
)dV)𝛿q, which can be written

as 𝛿Ws = QT
s 𝛿q, where Qs = −∫V ((S

T
x1

rx)𝛔c1 + (ST
x2

rx)𝛔c2 + (ST
x3

rx)𝛔c3)dV is the vector

of elastic generalized forces. This vector is, in general, a highly nonlinear function of the
coordinates and, therefore, numerical integration is often required to calculate this force vector.

In addition to the virtual work of the elastic forces, the principle of virtual work also defines
the virtual works of the inertia and applied forces. The virtual work of the inertia forces is
defined as 𝛿Wi = ∫v𝜌aT𝛿rdv, with a = r̈ as the acceleration vector. The virtual work of the body
forces is defined as 𝛿We = ∫vfT

b 𝛿rdv. If the forces are defined in the reference configuration,
the volume in the reference configuration should be used, instead of the volume in the current
configuration, in evaluating the integration resulting from the use of the virtual work principle.
If approximation methods are used to define r and 𝛿r, one can systematically obtain a finite
dimensional model. The following example demonstrates the use of this procedure for the
inertia forces. The same procedure can be applied for other forces, as will be discussed in
more detail in Chapters 5 and 6.

Example 3.2

As discussed previously in Chapter 1, in some of the nonlinear finite element formulations,
the global position vector of an arbitrary point on the body can be written as r = Sq, where
S=S(x) is the space-dependent shape function matrix, x= [x1 x2 x3]T is the vector of
reference coordinates, and q= q(t) is the vector of time-dependent coordinates. In this case, the
virtual change in the position vector and the acceleration vector can be written, respectively, as

𝛿r = S𝛿q, r̈ = Sq̈

The mass of an arbitrary infinitesimal volume is 𝜌dv and its acceleration is r̈. That is, the iner-
tia force of the infinitesimal volume is (𝜌dv) r̈. The virtual work of this force is (𝜌dv) r̈T 𝛿r.
Integrating over the volume, one obtains the virtual work of the inertia forces of the continuum,
previously obtained in this section from the partial differential equations of equilibrium, as

𝛿Wi = ∫v
𝜌r̈T𝛿rdv = ∫V

𝜌or̈T𝛿rdV

where 𝜌o and V are, respectively, the mass density and volume in the reference configuration.
The preceding equation can be written, upon the use of 𝛿r and r̈ as

𝛿Wi = q̈T

(
∫V
𝜌oSTSdV

)
𝛿q
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This equation can be written as
𝛿Wi = q̈TM𝛿q

where M is the symmetric mass matrix of the continuum defined as

M = ∫V
𝜌oSTSdV

This symmetric mass matrix has dimension equal to the dimension of the vector of coordinate
vector q. When the inertia forces are formulated using the shape function matrix and the
procedure described in this example, one has what is called a consistent mass formulation.
There is another technique that is used often in the finite element literature to approximate the
inertia forces by assuming that the continuum consists of a number of concentrated masses
or rigid bodies. This latter approach is called a lumped mass formulation. In the large rotation
finite element formulations, it is important to recognize the fundamental problems that may
arise as the result of using the lumped mass technique. This important topic is discussed in
more detail in subsequent chapters.

As discussed in Chapter 1, in some nonlinear finite element formulations, as in the case of
the floating frame of reference formulation discussed in Chapter 6. The simple description of
r as r=S(x)q(t) is not used. Nonetheless, the same coordinate reduction procedure described
in this example can still be used to obtain a finite dimensional model. In the floating frame of
reference formulation, however, the mass matrix is not constant because it must account for
the nonlinear dynamic coupling between the reference motion and the elastic deformation.

Surface Forces

Taking into consideration the effects of the body forces, inertia forces, and stress forces
requires integration over the volume. There are other forces that require integration over
areas. Examples are forces that result from pressure distributions as in the case of the tire
example shown in Figure 3. One approach to consider the effect of the air pressure in tire
applications is to write an expression for the tire pressure as pt = pt(q, t), where q is the vector
of coordinates that can be used to define the tire deformations. The pressure is assumed to
apply in a direction normal to the surface defined by the unit normal n. One can, therefore,
define the pressure vector pt = pt(q, t) = ptn. The position vector of the material points on
the surface can be written as r = r(𝛼1, 𝛼2), where 𝛼1 and 𝛼2 are the parameters that define the
surface. In the finite element formulation presented in Chapter 5, one can, without any loss of
generality, select 𝛼1 and 𝛼2 such that 𝛼1 = x1 and 𝛼2 = x2. A unit normal to the surface n can

be defined as n = r𝛼1
× r𝛼2

∕|r𝛼1
× r𝛼2

|. The virtual work of the pressure force can then be

written as 𝛿Wp = ∫sp
T
t 𝛿rds, where s is the area in the current configuration. Using Nanson’s

formula introduced in the preceding chapter, one can write ds in terms of the area defined in

the reference configuration as ds = (J∕
√

nTJJTn)dS, where J is the determinant of the matrix
of position vector gradients J and S is the area in the reference configuration. It follows that

𝛿Wp = ∫s(Jptn∕
√

nTJJTn)T𝛿rdS.
When approximation methods are used, the vector r can be written as r = S(x)q, where S is

an appropriate space-dependent shape function matrix, and q is the vector of time-dependent
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Tire Air pressure

Figure 3.3 Surface forces

generalized coordinates. One can then write the virtual work of the pressure force as

𝛿Wp = (∫s(Jptn∕
√

nTJJTn)TS(x)dS)𝛿q. This equation can be written as 𝛿Wp = QT
p𝛿q, where

the vector of generalized pressure forces is defined as Qp = ∫sS
T(Jptn∕

√
nTJJTn)dS. This

vector has dimension equal to the dimension of the vector of generalized coordinates q. Note

that in the case of small deformation, J∕
√

nTJJTn ≈ 1, and the expression of the vector

of generalized pressure force reduces to Qp = ∫sS
T(ptn)dS. In both the cases of small and

large deformations, it is difficult to obtain a closed form solution for the pressure forces and,
therefore, the methods of numerical integration are often used.

Total and Updated Lagrangian Formulations

The analysis presented in this section shows that the weak form of the equations of
motion can be expressed in terms of variables defined in the original undeformed reference
configuration or in terms of variables defined in the current deformed configuration. When
the equations are expressed in terms of variables defined in the reference configuration and
differentiations and integrations are carried out with respect to the Lagrangian coordinates x,
one has the total Lagrangian formulation. If the equations of motion, on the other hand, are
expressed in terms of variables defined in the current configuration and differentiations and
integrations are carried out with respect to the Eulerian coordinates r, one has the updated
Lagrangian formulation. It is important to realize that both formulations are equivalent and
one formulation can be obtained from the other by simply using a coordinate transformation;
this is despite the fact that different deformation and stress measures are used in these
formulations. For example, the traction forces can be formulated in terms of the Cauchy
stresses and the deformed geometry as ∫s𝛔nds. Using Nanson’s formula nds = JJ−1T

NdS,
which was derived in the preceding chapter, the traction forces can be written in terms of
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the first Piola–Kirchhoff stress tensor and the surface area in the reference configuration
as ∫SJJ−1𝛔NdS = ∫S𝛔

T
P1NdS. Similarly, using the continuity condition 𝜌odV= 𝜌dv, where

𝜌o and V are, respectively, the mass density and volume in the reference configuration,
the inertia forces, as previously mentioned, can be written using integrals defined in the
reference configuration as ∫V𝜌or̈dV . Similar comments apply to the body forces. Following
this procedure, recognizing that 𝜕/𝜕r= (𝜕/𝜕x)(𝜕x/𝜕r)= (𝜕/𝜕x)J−1, and using the divergence
theorem, one can show that the partial differential equations of equilibrium can be written
in terms of variables defined in the reference configuration as (∇𝛔P1)T + fbo = 𝜌or̈, where
fbo is the vector of body forces associated with the reference configuration. Therefore, the
equations of motion can be expressed in terms of variables defined in the current configuration
or alternatively in terms of variables defined in the reference configuration, and the total and
updated Lagrangian formulations are in principle the same.

Example 3.3

Assuming that the gravity forces act in the direction of the X2 global axis, the gravity forces
acting on an infinitesimal volume of mass 𝜌dv in the current configuration can be written
as [0 −g 0]T 𝜌dv. The sum of the inertia forces acting on the body can be written as

∫v𝜌[0 −g 0]Tdv, which upon using the continuity equation, can also be written in the
reference configuration as ∫V𝜌o[0 −g 0]TdV . The virtual work of the gravity forces can also
be written in the current and reference configuration, respectively, as

𝛿We = ∫v
𝜌
[
0 −g 0

]
𝛿rdv, 𝛿We = ∫V

𝜌o

[
0 −g 0

]
𝛿rdV

As previously mentioned, in the large deformation finite element formulation discussed in
Chapter 5, the position vector can be written as r= Se, where S is the space-dependent shape
function and e is the vector of time-dependent coordinates. Using this motion description, the
virtual work of the gravity forces in the current and reference configuration can be written as

𝛿We =
(
∫v
𝜌
[
0 −g 0

]
Sdv

)
𝛿e, 𝛿We =

(
∫V
𝜌o

[
0 −g 0

]
SdV

)
𝛿e

These equations can be used to define a finite dimensional vector of generalized gravity forces
associated with the time-dependent generalized coordinates e as Qg = ∫VST[0 −g 0]TdV .

In the total Lagrangian formulation, strain tensors such as the Green–Lagrange strain
tensor are often used with the second Piola–Kirchhoff stress tensor; however, in the updated
Lagrangian formulation, the rate of deformation tensor is often used with the Cauchy stress
tensor. Furthermore, in the total Lagrangian formulation, the virtual displacement 𝛿r is used
to define the virtual work principle, whereas in the updated Lagrangian formulation the virtual
velocity 𝛿v is used to define a virtual power principle.

The total and updated Lagrangian formulations are used more often in the solution of
solid mechanics problems and the motion description employed in both formulations is
different from the Eulerian formulation, which is used more often in fluid mechanics. In the
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Eulerian formulation, the material density, the Cauchy stress components, and the velocity
are treated as the dependent variables. In order to solve for these dependent variables, three
sets of equations are used: the continuity equation or conservation of mass in its differential
form defined in the preceding chapter, the constitutive equations, which are defined in the
following chapter, and the equations of motion that result from the use of the principle of
virtual work or virtual power. Using these three sets of equations, one obtains a number of
equations equal to the number of unknown dependent variables. In general, the continuity
equation is a first-order partial differential equation, the constitutive equations can be in an
algebraic, differential, or integral form depending on the type of problem solved as will be
discussed later in this book, and the equations of motion are second-order partial differential
equations. In the Eulerian formulation, these three sets of equations are solved simultaneously
to determine the density, stresses, and velocities. When the finite element approximation is
used with the Eulerian formulation, the finite element nodes are assumed to be fixed in space
and do not deform as in the case of the Lagrangian formulations. Furthermore, independent
interpolation functions are used for the density, stresses, and velocities.

Physical Interpretation

The analysis presented in this chapter and the preceding chapter shows that different measures
for the strains and stresses can be used. Some measures can be more suited for specific
problems. Nonetheless, understanding the physical interpretations of these measures is
important. For example, Cauchy stress is derived using forces and areas defined in the current
configuration. This is the reason that Cauchy stress is called the true stress. The trace of the
Cauchy stress tensor (1∕3)

∑3
i=1 𝜎ii = p defines the true pressure p that is commonly used in

fluid mechanics. On the other hand, it is difficult to give a physical meaning to the symmetric
second Piola–Kirchhoff stress tensor. The lack of a clear physical meaning for the second
Piola–Kirchhoff stress tensor makes its use difficult in some applications as in the case of
plasticity theory where the yield functions must be formulated in terms of stresses that have
physical meaning.

3.6 DEVIATORIC STRESSES

In some formulations based on the continuum mechanics theory, it is useful to write the Cauchy
stress tensor in the following form:

𝛔 = S + pI (3.44)

Here S is called the stress deviator tensor and p is called the hydrostatic pressure defined as

p = 1
3
(𝜎11 + 𝜎22 + 𝜎33) =

1
3

3∑
i=1

𝜎ii (3.45)

Note that tr(S)= 0. Therefore, if s1, s2, and s3 are the principal values of S, then

s1 + s2 + s3 = 0 (3.46)
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Furthermore, because (𝛔− 𝜏I)c= 0 can also be written as {S − (𝜏 − p)I}c= 0 and
p = 1

3
(𝜏1 + 𝜏2 + 𝜏3) where 𝜏1, 𝜏2, and 𝜏3 are the principal values of 𝛔; one can show

that the principal values of S can be written in terms of the principal values of 𝛔 as follows:

s1 = 1
3
(2𝜏1 − 𝜏2 − 𝜏3)

s2 = 1
3
(2𝜏2 − 𝜏1 − 𝜏3)

s3 = 1
3
(2𝜏3 − 𝜏1 − 𝜏2)

⎫⎪⎪⎬⎪⎪⎭
(3.47)

Because tr(S)= 0, the stress deviator tensor has only two independent invariants J′2 and J′3,
which can be written in terms of the principal values of S as follows:

J′2 = s1s2 + s1s3 + s2s3 = −1
2

tr(S2)

J′3 = s1s2s3 = det(S) = −1
3

tr(S3)

⎫⎪⎬⎪⎭ (3.48)

Using the preceding two equations, it is clear that the invariants J′2 and J′3 of the stress deviator
S can be expressed in terms of the invariants J1, J2, and J3 of the Cauchy stress tensor 𝛔. It is
sometimes convenient to use J1, J′2, and J′3 as the set of invariants of 𝛔. It is also important
to mention that the isolation of the hydrostatic pressure component p from the components of
the stress deviator S is advantageous in many formulations in the field of plasticity and soil
mechanics.

Similar decomposition can be developed for the first and second Piola–Kirchhoff stress
tensors by substituting 𝛔 in their expressions. For the first Piola–Kirchhoff stress tensor, one
has

𝛔P1 = J𝛔J−1
T

= J(S + pI)J−1
T

= SP1 + pJJ−1
T

(3.49)

where again J= |J|, and

SP1 = JSJ−1
T

(3.50)

Similarly, for the second Piola–Kirchhoff stress tensor, one has

𝛔P2 = JJ−1 𝛔J−1T = JJ−1(S + pI)J−1T = SP2 + pJJ−1J−1T
(3.51)

where
𝛔P2 = JJ−1SJ−1

T

(3.52)

The tensors SP1 and SP2 are known as the deviatoric components of the first and second
Piola–Kirchhoff stress tensors. Note that the traces of SP1 and SP2 are not necessarily equal to
zero despite the fact that the trace of S is equal to zero. It can, however, be shown that

tr(SP2JTJ) = SP2:Cr = 0 (3.53)
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where Cr = JTJ is the right Cauchy–Green deformation tensor. In order to prove the identity
of Equation 53, the properties of the trace and double product are used. This leads to

tr(SP2JTJ) = tr(JJ−1SJ−1T
JTJ) = tr(JJ−1SJ) = Jtr(S) = 0 (3.54)

This equation shows that indeed tr(SP2JTJ)= SP2:Cr = 0. Using this identity after postmul-
tiplying 𝛔P2 by Cr shows that the hydrostatic pressure p can be obtained using the second
Piola–Kirchhoff stress tensor as

p = 1
3J

tr(𝛔P2JTJ) = 1
3J

(𝛔P2∶Cr) (3.55)

Therefore, the deviator tensor associated with the second Piola–Kirchhoff stress tensor can be
written as

SP2 = 𝛔P2 −
1
3
(𝛔P2∶Cr)C−1

r (3.56)

Following a similar procedure, one can also show that the hydrostatic pressure p can be
obtained using the first Piola–Kirchhoff stress tensor as

p = 1
3J

tr(𝛔P1J) = 1
3J

(𝛔T
P1∶J) (3.57)

Using this equation, an expression for the deviatoric part of the first Piola–Kirchhoff stress
tensor can be obtained.

For the most part, particularly in the analysis of large deformation used in this book, the
second Piola–Kirchhoff stress tensor will be used because this is the tensor associated with the
Green–Lagrange strain tensor. In some plasticity and viscoelasticity formulations that require
the use of true stress measures, the Cauchy stress or the Kirchhoff stress tensors are used.
Furthermore, being able to identify the effect of the hydrostatic pressure is not only important
in many large-deformation formulations, but it is also important in improving the numerical
performance of the finite elements in some applications. Although in some nonlinear formula-
tions such as the J2 plasticity formulations, the constitutive equations are formulated in terms
of the deviatoric stresses because the hydrostatic pressure is of less significance; in some other
linear and nonlinear applications, the performance of the finite elements can significantly
deteriorate owing to locking problems associated with the volumetric changes, as in the case
of incompressible or nearly incompressible materials. By understanding the contributions
of the hydrostatic pressure to the elastic forces, one can propose solutions to these locking
problems. Some of these locking problems are discussed in more detail in Chapter 5.

3.7 STRESS OBJECTIVITY

The Cauchy stress tensor is a key element in the formulation of the partial differential equations
of equilibrium. It is, therefore, important to check whether or not this stress tensor satisfies the
objectivity requirement as defined in the preceding chapter. To this end, the transformations of
the normal and traction vectors as the result of a rigid-body motion are considered. The traction
is defined using the Cauchy stress formula as 𝛔n =𝛔n. If, from a given current configuration,
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the continuous body undergoes a rigid-body rotation defined by the transformation matrix
A and because the Cauchy stresses are defined in the current configuration, the traction and
normal vectors as the result of the rigid-body rotation can be defined as

𝛔̄n = A𝛔n, n̄ = An (3.58)

Using these two equations, one has

𝛔̄n = A𝛔n = A𝛔n = A𝛔ATn̄ (3.59)

which can be written as 𝛔̄n = 𝛔̄ n̄ where

𝛔̄ = A𝛔AT (3.60)

Note that this transformation is different from the transformation defined by Equation 11.
Equation 11 can be used to define the stresses in different directions for a given current config-
uration. Equation 60 can be used to show that the Cauchy stress tensor satisfies the objectivity
requirement as it is used in the principle of virtual work. For the Cauchy stress tensor to satisfy
the objectivity requirement, one needs to show that the virtual work of the elastic forces and the
strain energy are not affected by the rigid-body rotation. Recall that when the Cauchy stresses
are used, the virtual work of the elastic forces is written in terms of 𝛔: (𝛿J)J−1. In the case of a
rigid-body rotation defined by the transformation matrix A, one has J̄ = AJ, J̄−1 = J−1AT, and
𝛔̄ = A𝛔AT. Here J̄ remains the matrix of position vector gradients and not that of displacement
gradients. It follows that 𝛿J̄ = (𝛿A)J + A(𝛿J) and (𝛿J̄)J̄−1 = (𝛿A)AT + A(𝛿J)J−1AT. Note that
because (𝛿A)AT is a skew-symmetric matrix because (𝛿AAT)= (𝛿A)AT +A(𝛿AT)= 0 and
A𝛔AT is a symmetric tensor, then A𝛔AT: (𝛿A)AT = 0. It follows that 𝛔̄∶(𝛿J̄)J̄−1 = 𝛔∶(𝛿J)J−1,
which shows that the virtual work of the elastic forces remains the same and is not affected
by the rigid-body rotation. That is, Cauchy stress tensor is indeed objective when it is used
with (𝛿J)J−1 to evaluate the elastic forces. Furthermore, it is interesting to note the similarity
between the tensor (𝛿J)J−1 and the velocity gradient tensor L = J̇J−1, which is not in gen-
eral an exact differential. As shown in Chapter 2, L̄ = ALAT + ȦAT. Using this equation,
one can also show that 𝛔̄∶L̄ = 𝛔∶L, and 𝛔̄∶D̄ = 𝛔∶D, where D is the rate of deformation
tensor.

The second Piola–Kirchhoff stress tensor, on the other hand, is independent of the
superimposed rigid-body rotations. In order to demonstrate this fact, consider the rigid-body
rotation defined by the transformation matrix A. The matrix of position vector gradient J as
the result of this superimposed rigid-body rotation can be again written as J̄ = AJ, where
J is the matrix of position vector gradients before the rigid-body rotation. The matrix J is
premultiplied by A because the gradients in both configurations are defined by differentiation
with respect to the same parameters. It follows that

𝛔̄P2 = J̄ J̄−1 𝛔̄J̄−1T = JJ−1ATA𝛔AT AJ−1T = JJ−1𝛔J−1T = 𝛔P2 (3.61)

In this equation, J= |J|, and J̄ = |J̄| = |AJ| = |J| because A is an orthogonal matrix. Recall
that under the arbitrary rigid-body rotation defined by the matrix A, Green–Lagrange strain
tensor satisfies the identity 𝛆̄ = 𝛆, as was shown in the preceding chapter. It follows that
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𝛔̄P2∶𝛿𝛆̄ = 𝛔P2∶𝛿𝛆, which shows that the elastic forces and strain energy remain the same under
an arbitrary rigid-body rotation. As a consequence, the second Piola–Kirchhoff stress tensor
satisfies the objectivity requirement when it is used with the Green–Lagrange strain tensor.

Stress Rate

Although Cauchy stress tensor satisfies the objectivity requirement, when it is used with
(𝛿J)J−1 to formulate the elastic forces, it is important to define the rate of change of the Cauchy
stress tensor as the result of an arbitrary rigid-body rotation defined by the transformation
matrix A. To this end, Equation 60 is differentiated with respect to time. This leads to

̇̄𝛔 = A𝛔̇AT + Ȧ𝛔AT + A𝛔ȦT (3.62)

This equation clearly shows that ̇̄𝛔 ≠ A𝛔̇AT unless the rotation matrix A does not depend on
time. That is, the rate of Cauchy stress tensor 𝛔̇ does not follow the same rule of transforma-
tion as the Cauchy stress tensor 𝛔 when the continuum is subjected to a rigid-body motion.
Therefore, such a stress rate does not satisfy the objectivity requirement when used with the
deformation measures used with Cauchy stress tensor. It is, therefore, important to define
stress rate and deformation measures that satisfy the objectivity requirements. Among the
stress rate measures used in the literature are the Truesdell stress rate, the Oldroyd stress rate,
convective stress rate, the Green−Naghdi stress rate, and the Jaumann stress rate (Bonet
and Wood, 1997). These stress rate measures are discussed in the following paragraphs.

Truesdell Stress Rate 𝝈
o

The Truesdell stress rate is defined by applying a transformation, called Piola transformation,
to the time derivative of the second Piola−Kirchhoff stress tensor as follows:

𝛔o = 1
J

J𝛔̇P2JT = 1
J

J
{ d

dt

(
JJ−1𝛔J−1T

)}
JT (3.63)

In this equation, J= |J|. It was shown in the preceding chapter that (dJ/dt)= Jtr(D), where D
is the rate of deformation tensor. Because the tensor of velocity gradients L = J̇J−1 = D + W,
where W is the skew-symmetric spin tensor, that is |W|= 0; one has (dJ/dt)= J tr(L). The
Truesdell stress rate can then be written as

𝛔o = 𝛔̇ − L𝛔 − 𝛔LT + tr(L)𝛔 (3.64)

Note that because JJ−1 = I, one has J̇J−1 = −JJ̇−1, an identity that is utilized in deriving the
Truesdell stress rate measure presented in Equation 64.

In order to define the rule of transformation of Truesdell stress rate measure, a general
rigid-body rotation defined by the transformation matrix A is considered. As the result of this
rotation, one has the following relationships between the tensors before and after the rigid-body
rotation:

𝛔̄ = A𝛔AT

̇̄𝛔 = A𝛔̇AT + Ȧ𝛔AT + A𝛔ȦT

L̄ = ȦAT + ALAT

⎫⎪⎪⎬⎪⎪⎭
(3.65)
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The Truesdell stress rate measure can be written in the current configuration after the
rigid-body rotation as

𝛔̄o = ̇̄𝛔 − L̄𝛔̄ − 𝛔̄L̄T + tr(L̄)𝛔̄ (3.66)

Substituting Equation 65 into this equation, one can show that

𝛔̄o = A(𝛔̇ − L𝛔 − 𝛔LT + tr(L)𝛔)AT = A𝛔oAT (3.67)

which shows that Truesdell stress rate measure follows the rule of tensor transformation.
It is important to note that the Truesdell rate of the Kirchhoff stress 𝛔o

K = J𝛔o is the
push-forward of the rate of the second Piola–Kirchhoff stress tensor 𝛔̇P2. This observation
is important when the constitutive equations of some hyperelastic–plastic models are
formulated.

Oldroyd and Convective Stress Rates 𝛔∘ and 𝛔⋄

The time derivative of the Cauchy stress tensor can be used to define the Oldroyd stress rate
𝛔∘ as follows:

𝛔∘ = J
{ d

dt

(
J−1𝛔J−1

T)}
JT = 𝛔̇ − L𝛔 − 𝛔LT (3.68)

If before the differentiation a pullback operation is used with JT, and after the differentiation,
a push-forward operation is used with J−1T

, one obtains the convective stress rate 𝛔⋄ defined
as follows:

𝛔⋄ = J−1T
{ d

dt

(
JT𝛔J

)}
J−1 = 𝛔̇ + LT𝛔 + 𝛔L (3.69)

In order to prove that the Oldroyd and the convective stress rates follow the rule of transfor-
mation as the Cauchy stress tensor, the identities of Equation 65 can be used again. This is
left to the reader as an exercise.

Green–Naghdi Stress Rate 𝛔𝚫

The Green–Naghdi stress rate 𝛔Δ is defined using the rotation tensor R instead of the tensor
of the position vector gradients J. Therefore, the effect of the stretch tensor is not considered
in the pullback and push-forward operations. The Green–Naghdi stress rate is defined as

𝛔Δ = R
{ d

dt

(
RT𝛔R

)}
RT = 𝛔̇ + 𝛔ṘRT − ṘRT𝛔 (3.70)

In obtaining this expression for the Green–Naghdi stress rate, the fact that RṘT = −ṘRT is
utilized. Note that the Green–Naghdi stress rate has the same form as Oldroyd stress rate by
replacing J by R.
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Jaumann Stress Rate 𝛔𝛁

As discussed in Chapter 2, when the motion is not purely a rigid-body motion, ṘRT is not
the spin tensor W that accounts for the deformation. If in the expression of Green–Naghdi
stress tensor, ṘRT is approximated by the spin tensor W= (L−LT)/2, where L is the tensor
of velocity gradients, one obtains the Jaumann stress rate 𝛔∇ defined as

𝛔∇ = 𝛔̇ + 𝛔W − W𝛔 (3.71)

The proof that the Green–Naghdi and Jaumann stress rates follow a rule of transformation
similar to the Cauchy stress tensor in the case of a rigid-body motion is left to the reader as an
exercise.

3.8 ENERGY BALANCE

The partial differential equations of equilibrium can be used to define the rate of change of the
energy of the continuum. In order to demonstrate that, Equation 16 or alternatively Equation 17
is multiplied by the absolute velocity vector ṙ. This, upon the use of the symmetry of the
Cauchy stress tensor, yields

(∇𝛔)T ⋅ ṙ + fb ⋅ ṙ = 𝜌r̈ ⋅ ṙ (3.72)

Note that
∇(𝛔ṙ) = (∇𝛔)ṙ + 𝛔∶L (3.73)

where L=D+W is the velocity gradient tensor, and D and W are, respectively, the symmetric
rate of deformation and the skew-symmetric spin tensors. Using the preceding two equations,
one has

∇(𝛔ṙ) − tr(𝛔L) + fb ⋅ ṙ = 𝜌r̈ ⋅ ṙ (3.74)

Integrating over the current volume, using the identity tr(𝛔L)= tr(𝛔D), and using the diver-
gence theorem and the principle of conservation of mass, one obtains

∫v
fb ⋅ ṙdv + ∫s

(𝛔n) ⋅ ṙds = d
dt

(
1
2 ∫v

𝜌ṙ ⋅ ṙdv

)
+ ∫v

(𝛔∶D)dv (3.75)

This is the energy balance equation, which shows that the rate of change of the kinetic energy(
1
2
∫v𝜌ṙ ⋅ ṙdv

)
plus the elastic force power ∫v(𝛔∶D)dv is equal to the power of the body and

surface forces. The power of the elastic forces may include the effect of dissipative forces as
in the case of viscoelastic materials. In this case, Equation 75 governs the behavior of noncon-
servative systems.

One can also define the energy balance equation in the reference configuration. This can be
achieved by directly using Equation 16 or using Equation 75 and changing the variables used
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to the reference configuration. It is left to the reader as an exercise to show that the energy
balance equation can be defined in the reference configuration as

∫V
fbo ⋅ ṙdV + ∫S

(𝛔P1
TN) ⋅ ṙdS = d

dt

(
1
2 ∫V

𝜌oṙ ⋅ ṙdV

)
+ ∫V

(𝛔P1∶J̇)dV (3.76)

where all the variables that appear in this equation are the same as previously defined in this
chapter. Note the structural similarity between the principle of virtual work for the continuum
and the energy balance equations if 𝛿r is replaced by ṙ in the virtual work principle.

As in the case of the virtual work, the energy and power equations developed in this
section show that the Cauchy stress tensor 𝛔 is directly associated with the tensor of velocity
gradients or equivalently the rate of deformation tensor because 𝛔 : L=𝛔 : D. Because the
velocity gradient tensor is not an exact differential, the Cauchy stress tensor 𝛔 is not directly
associated with a strain measure in the virtual work or energy equations. One can show that
other stress and strain measures can also be used in the formulation of the energy equations.
For example, as shown by Equation 76, the stress power can be written, using an analogy
similar to the virtual work, in terms of the first Piola–Kirchhoff stress tensor 𝛔P1 and the rate
of the matrix of position gradients J using the double product 𝛔P1∶J̇. Similarly, the stress
power can be written in terms of the second Piola–Kirchhoff stress tensor 𝛔P2 and the rate
of the Green–Lagrange strain tensor 𝛆̇ using the double product 𝛔P2∶𝛆̇. Because J is not a
deformation measure, the analysis presented in this chapter shows that, among the stress
measures considered, only the second Piola–Kirchhoff stress tensor is directly related to a
deformation measure, which can be expressed in a nondifferential form. Nonetheless, it is
important to recognize that all the stress measures are related, as shown in this chapter and,
therefore, relationships between different stress and strain measures can always be obtained.

PROBLEMS

1. The Cauchy stress tensor at a point P is defined as

𝛔 =
⎡⎢⎢⎣
2 0 3
0 3 1
3 1 4

⎤⎥⎥⎦
Find the surface traction at P on planes whose normals are defined by the vectors
n = (1∕

√
5)
[
1 0 2

]T
and n = (1∕

√
3)
[
1 −1 1

]T
.

2. Verify the results of Equations 31 and 32.

3. Use the partial differential equations of equilibrium to derive the Newton–Euler equations
that govern the planar motion of rigid bodies.

4. Derive the partial differential equations of equilibrium in the reference configuration in
terms of the first Piola–Kirchhoff stress tensor.

5. Find the principal stresses and principal directions of the stress tensor given in
Problem 1. Define also the stress invariants.
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6. Using the virtual strains 𝛿𝛆= (1/2){JT𝛿J+ (𝛿JT)J} and the identities of the double
product, show that the virtual work of the elastic forces can be written as 𝛿Ws = −∫VJ𝛔∶
J−1

T
𝛿𝛆J−1dV , where 𝛔 is the Cauchy stress tensor.

7. Show that the virtual work of the stresses can be written in terms of the first
Piola–Kirchhoff stress tensor as 𝛿Ws = −∫V𝛔P1∶𝛿JdV .

8. Show that the principal values s1, s2, and s3 of the stress deviator tensor S can be written
in terms of the principal values 𝜏1, 𝜏2, and 𝜏3 of the Cauchy stress tensor 𝛔 as

s1 = 1
3
(2𝜏1 − 𝜏2 − 𝜏3), s2 = 1

3
(2𝜏2 − 𝜏1 − 𝜏3), s3 = 1

3
(2𝜏3 − 𝜏1 − 𝜏2)

9. Determine the deviator stress tensor S associated with the Cauchy stress tensor given
in Problem 1. Determine also the principal values of the deviator stress tensor and the
hydrostatic pressure.

10. Using Equations 47 and 48, show that the invariants J′2 and J′3 of the stress deviator S
can be expressed in terms of the invariants J1, J2, and J3 of the Cauchy stress tensor 𝛔.

11. Derive the expression for the hydrostatic pressure in terms of the first Piola–Kirchhoff
stress tensor.

12. Derive the expression for the deviatoric part associated with the first Piola–Kirchhoff stress
tensor.

13. Show that dJ/dt= Jtr(L), where J is the matrix of position vector gradients, J= |J| and L
is the matrix of velocity gradients.

14. Obtain the rule of transformation of the Oldroyd and the convective stress rates when the
continuum is subjected to a rigid-body motion.

15. Obtain the rule of transformation of the Green–Naghdi stress rate 𝛔Δ when the continuum
is subjected to a rigid-body motion.

16. Obtain the rule of transformation of the Jaumann stress rate 𝛔∇ when the continuum is
subjected to a rigid-body motion.

17. Derive the energy balance equation in the reference configuration.
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CHAPTER 4

CONSTITUTIVE EQUATIONS

The kinematic and force equations developed in the preceding two chapters are general
and applicable to all types of materials. The mechanics of solids and fluids is governed by
the same equations, which do not distinguish between different materials. The definitions
of the strain and stress tensors, however, are not sufficient for describing the behavior of
continuous bodies. The force–displacement relationship or equivalently the stress–strain
relationship is required in order to be able to distinguish between different materials and solve
the equilibrium equations. The continuum displacements depend on the applied forces, and
the force–displacement relationship depends on the material of the continuum. To complete
the specification of the mechanical properties of a material, one needs an additional set of
equations called the constitutive equations, which serve to distinguish one material from
another. The form of the constitutive equations of a material should not be altered in the case
of a pure rigid-body motion. These equations, therefore, must be objective, and should not
lead to change in the work and energy of the stresses under an arbitrary rigid-body motion.
Using the constitutive equations, the partial differential equations of equilibrium obtained in
the preceding chapter can be expressed in terms of the strains. Using the strain–displacement
relationships, these equilibrium equations can be expressed in terms of displacements or
position coordinates and their time and spatial derivatives. If the continuum density is
considered as an unknown variable, as it is the case in some fluid applications, the continuity
equations can be added to the resulting system of partial differential equations in order to
have a number of equations equal to the number of unknowns.

If the constitutive equations of a material depend only on the current state of defor-
mation, the behavior is said to be elastic. If the stresses can be derived from a stored energy
function, the material is termed hyperelastic or called Green elastic material. A more general
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class of materials, for which the stresses cannot be derived from a stored energy function, is
called Cauchy elastic material. For hyperelastic materials, the work done by the stresses dur-
ing a deformation process is path independent. That is, the work done depends only on the
initial and final states. For such systems, the continuum returns to its original configuration
after the load is released. For viscoelastic materials, on the other hand, the work done during a
deformation process is path dependent due to the dissipation of energy during the deformation
process. The constitutive equations of viscoelastic materials are formulated in terms of rate of
deformation measures in order to account for the energy dissipation.

In this chapter, the general constitutive equations of the materials are presented and sys-
tematically simplified in order to obtain the important special case of isotropic materials. It is
shown that for isotropic materials that satisfy certain homogeneity and symmetry properties,
the constitutive equations depend only on two constants called Lame’s constants. Materials
described by this model are called Hookean materials. The Hookean material model can
be used in the case of small deformations. Other models, which are more appropriate for
large deformations, such as the Neo–Hookean and the incompressible Mooney–Rivlin mate-
rial models, are discussed. These nonlinear material models can be more accurate and lead
to more efficient solutions in some applications, particularly when the assumption of linear-
ity can no longer be used. The constitutive equations for viscoelastic materials and fluids are
also discussed in this chapter. The behavior of elastic–plastic materials is discussed in a later
chapter of this book.

4.1 GENERALIZED HOOKE’S LAW

The analysis presented in the preceding chapter shows that the second Piola–Kirchhoff stress
tensor is the only tensor considered so far in this book that is directly associated in the virtual
work and energy equations to a strain measure that can be expressed in a nondifferential form.
Therefore, in this chapter, for the most part, the constitutive equations are assumed to relate the
second Piola–Kirchhoff stress tensor and the Green–Lagrange strain tensor. In many inelastic
formulations, however, constitutive equations in rate form are often expressed in terms of other
stress and strain measures.

In this section, the general linear relationship between the stress and strain components
is developed. As discussed in the preceding chapter, it is important to use consistent
stress and deformation measures in the definition of the elastic forces. In this section, the
Green–Lagrange strain tensor is used with the second Piola–Kirchhoff stress tensor to define
a linear constitutive model. Nonetheless, one can always develop constitutive relationship
between different stress and strain measures because these measures are related as previously
mentioned. In this section, unless stated otherwise, 𝛔 is used for simplicity to denote the
stress measure, which is assumed to be the second Piola–Kirchhoff stress measure, whereas
𝛆 is used to denote the Green–Lagrange strain measure. The goal is to develop the relationship
𝛔=𝛔 (𝛆). In developing this relationship, it is important to distinguish between homogeneous
and isotropic materials. A material is said to be homogeneous if it has the same properties
at every point. That is, the elastic properties are not function of the location of the material
points. In the case of isotropic materials, on the other hand, the elastic properties are assumed
to be the same in all directions. That is, a coordinate transformation does not affect the
definition of the elastic constants.
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It has been found experimentally that for most materials, the measured strains are functions
of the applied forces. For most solids, the strains are proportional to the applied forces, pro-
vided that the load does not exceed a given value known as the elastic limit. This experimental
observation can be stated as follows: the stress components at any point in the body are linear
functions of the strain components. This statement is a generalization of Hooke’s law and does
not apply to viscoelastic, plastic, or viscoplastic materials. The generalization of Hooke’s law
may thus be written, using vector and matrix notation instead of tensor notation, as

𝛔v = Em𝛆v (4.1)

where Em is the matrix of elastic coefficients, and 𝛔v and 𝛆v are, respectively, the stress and
strain components written in a vector form and defined as

𝛔v =
[
𝜎1 𝜎2 𝜎3 𝜎4 𝜎5 𝜎6

]
T =
[
𝜎11 𝜎22 𝜎33 𝜎12 𝜎13 𝜎23

]
T

𝛆v =
[
𝜀1 𝜀2 𝜀3 𝜀4 𝜀5 𝜀6

]
T =
[
𝜀11 𝜀22 𝜀33 𝜀12 𝜀13 𝜀23

]
T

⎫⎪⎬⎪⎭ (4.2)

One may also write Equation 1 using tensor notation as

𝛔=E∶𝛆 (4.3)

In this equation, 𝛔 and 𝛆 are, respectively, the second-order stress and strain tensors and
E is the fourth-order tensor of the elastic coefficients. When tensor notations are used, the
stresses are defined according to the rule of the double contraction as 𝜎ij =

∑3
k,l=1 Eijkl𝜀kl,

where in this equation Eijkl are the elements of the fourth-order tensor E, that is, E = (Eijkl).
In this chapter, the vector and matrix form of Equations 1 and 2 are sometimes used in order
to simplify the derivations and take advantage of the symmetry of the stress and strain tensors.
It is important, however, to recognize that Equations 1 and 3 are equivalent.

It was shown in the preceding two chapters that the Green–Lagrange strain tensor and the
second Piola–Kirchhoff stress tensor do not change under an arbitrary rigid-body motion and
the product 𝛔P2: 𝛆 satisfies the objectivity requirement. It is important, therefore, that the
constitutive law used satisfies the objectivity requirement, which is automatically satisfied
for linear isotropic elastic materials since the tensor of elastic coefficients E is constant, as
demonstrated in this chapter.

In the case of a general material, the matrix of elastic coefficients Em has 36 coefficients.
This matrix can be written in its general form as follows:

Em =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

e11 e12 e13 e14 e15 e16

e21 e22 e23 e24 e25 e26

e31 e32 e33 e34 e35 e36

e41 e42 e43 e44 e45 e46

e51 e52 e53 e54 e55 e56

e61 e62 e63 e64 e65 e66

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(4.4)

The coefficients eij, i, j= 1, 2,… , 6, define the material elastic properties when the behavior
is assumed to be linear. The number of independent coefficients can be reduced if the material
exhibits special characteristics as discussed in the following sections.
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4.2 ANISOTROPIC LINEARLY ELASTIC MATERIALS

Let U be the strain energy, per unit volume, that represents the work done by the internal
stresses. Using the definition of the work presented in the preceding chapter, one then has

dU = 𝛔∶d𝛆 (4.5)

which implies that

𝛔 =
(
𝜕U
𝜕𝛆

)T
(4.6)

This equation can be written more explicitly in terms of the stress and strain components as

𝜎ij =
𝜕U
𝜕𝜀ij

, i, j = 1, 2, 3 (4.7)

The preceding two equations when combined with the constitutive equations (Equation 3)
imply

𝛔=
(
𝜕U
𝜕𝛆

)T
= E∶𝛆 (4.8)

Note that this relationship is valid only for linearly elastic materials in which the elastic coef-
ficients are assumed to be independent of the strains. This equation shows that

𝜕2U
𝜕𝜀i𝜕𝜀j

= eij =
𝜕2U
𝜕𝜀j𝜕𝜀i

= eji (4.9)

Here, for simplicity, a single subscript is used for the strain components according to the def-
initions of Equation 2. Equation 9 implies that

eij = eji, i, j = 1, 2, 3 (4.10)

This equation shows that for linearly elastic materials, the matrix of elastic coefficients is
symmetric and there are only 21 distinct elastic coefficients for a general anisotropic linearly
elastic material. This result is obtained based on energy considerations using the basic def-
inition of the work of the elastic forces obtained in the preceding chapter and as defined by
Equation 5.

Example 4.1

For hyperelastic materials, the work of the stresses depends on the initial and final configurations
and is independent of the path. In order to prove this result, we consider Green–Lagrange strain
tensor and the second Piola–Kirchhoff stress tensor. Let t be time, and let the initial and final
configurations be defined at t1 and t2. Then, the work of the stresses can be written as

Ws =

t2

∫
t1

𝛔∶d𝛆=
t2

∫
t1

𝛔∶ 𝛆̇dt =

t2

∫
t1

𝜕U
𝜕𝛆

∶ 𝛆̇dt
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One can show that this equation can be written as

Ws =

t2

∫
t1

𝜕U
𝜕𝛆

∶ 𝛆̇dt =

t2

∫
t1

dU
dt

dt = U(t2) − U(t1)

This equation shows that for hyperelastic materials, in which the stresses can be obtained from
a potential function, the work of the stresses does not depend on the path but only on the initial
and final configurations. In the case of a closed cycle, the work is identically zero.

4.3 MATERIAL SYMMETRY

In some structural materials, special kinds of symmetry may exist. The elastic coefficients, for
example, may remain invariant under coordinate transformations. In this section, a reflection
transformation and a proper orthogonal transformation due to rotations are considered. The
obtained transformation results are used to reduce the number of unknown elastic coefficients.

Reflection

Consider the reflection with respect to the X1X2 plane given by the following transformation:

A =
⎡⎢⎢⎣
1 0 0

0 1 0

0 0 −1

⎤⎥⎥⎦ (4.11)

The transformed stress and strain tensors 𝜎̄ and 𝜀̄ are given, respectively, by

𝛔̄ =AT𝛔A
𝛆̄ =AT𝛆A

}
(4.12)

Using this transformation for the stresses and strains, one obtains

𝜎̄11 = 𝜎11, 𝜎̄22 = 𝜎22, 𝜎̄33 = 𝜎33

𝜎̄12 = 𝜎12, 𝜎̄13 = −𝜎13, 𝜎̄23 = −𝜎23

}
(4.13)

and
𝜀̄11 = 𝜀11, 𝜀̄22 = 𝜀22, 𝜀̄33 = 𝜀33

𝜀̄12 = 𝜀12, 𝜀̄13 = −𝜀13, 𝜀̄23 = −𝜀23

}
(4.14)

If the elastic coefficients are assumed to be invariant under the reflection transformation, that
is, the elastic properties at two material points on the opposite sides of the X1X2 plane are the
same, one can write, for example, 𝜎̄11 as

𝜎̄11 = e11𝜀̄11 + e12𝜀̄22 + e13𝜀̄33 + e14𝜀̄12 + e15𝜀̄13 + e16𝜀̄23 (4.15)
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Using the result of the reflection transformation, one can write

𝜎11 = 𝜎̄11 = e11𝜀11 + e12𝜀22 + e13𝜀33 + e14𝜀12 − e15𝜀̄13 − e16𝜀̄23 (4.16)

Comparing the preceding two equations, one obtains e15 = −e15, and e16 = −e16, or

e15 = e16 = 0 (4.17)

In a similar manner by considering other stress components, one can show that

e25 = e26 = e35 = e36 = e45 = e46 = 0 (4.18)

Therefore, the number of independent elastic coefficients for a material that possesses a plane
of elastic symmetry reduces to 13. If this plane of symmetry is the X1X2 plane, that is, the
elastic properties are invariant under a reflection with respect to the X1X2 plane, the matrix Em
of elastic coefficients can be written as

Em =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

e11

e21 e22 symmetric

e31 e32 e33

e41 e42 e43 e44

0 0 0 0 e55

0 0 0 0 e65 e66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.19)

If the material has two mutually orthogonal planes of symmetry, one can show that
e41 = e42 = e43 = e65 = 0 and the matrix of elastic coefficients reduces to

Em =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

e11

e21 e22 symmetric

e31 e32 e33

0 0 0 e44

0 0 0 0 e55

0 0 0 0 0 e66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.20)

That is, the number of elastic coefficients is reduced to nine.

Rotations

In some materials, the elastic coefficients eij remain invariant under a rotation through an angle
𝛼 about one of the axes, that is, the values of these coefficients are independent of the set of
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the rectangular axes chosen. For example, the transformation matrix A in the case of a rotation
about the X3 axis is given by

A =
⎡⎢⎢⎣
cos 𝛼 − sin 𝛼 0

sin 𝛼 cos 𝛼 0

0 0 1

⎤⎥⎥⎦ (4.21)

One may write expressions for the transformed stress and strain tensors for different values of
𝛼 and proceed as in the case of reflection to show that in the case of an isotropic solid there
are only two independent constants, denoted by 𝜆 and 𝜇. One can show that in this case

e12 = e13 = e21 = e23 = e31 = e32 = λ
e44 = e55 = e66 = 2𝜇

e11 = e22 = e33 = 𝜆 + 2𝜇

⎫⎪⎬⎪⎭ (4.22)

The two elastic constants 𝜆 and 𝜇 are known as Lame’s constants. These two constants do not
have to take the same values at every point on the continuum unless the material is assumed to
be homogeneous. The case of homogeneous isotropic materials is discussed in the following
section.

4.4 HOMOGENEOUS ISOTROPIC MATERIAL

If the material is homogeneous, 𝜆 and 𝜇 are constants at all points. The matrix Em of elastic
coefficients can be written in the case of an isotropic homogeneous material in terms of Lame’s
constants as

Em =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ + 2𝜇

λ λ + 2𝜇 symmetric

λ λ λ + 2𝜇

0 0 0 2𝜇

0 0 0 0 2𝜇

0 0 0 0 0 2𝜇

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.23)

In this case, the relationship between the stresses and strains can be written explicitly as

𝜎ii = λ𝜀t + 2𝜇𝜀ii, i = 1, 2, 3

𝜎ij = 2𝜇𝜀ij, i ≠ j

}
(4.24)

where
𝜀t = 𝜀11 + 𝜀22 + 𝜀33 (4.25)

is called the dilatation. The strains can be written in terms of the stresses (inverse relationship)
as follows:

𝜀ii =
1
E
{(1 + 𝛾)𝜎ii − 𝛾𝜎t}, i = 1, 2, 3

𝜀ij =
1

2𝜇
𝜎ij =

{(
1 + 𝛾

E

)
𝜎ij

}
, i ≠ j

⎫⎪⎬⎪⎭ (4.26)
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where
𝜎t = 𝜎11 + 𝜎22 + 𝜎33 (4.27)

and

E = (3λ + 2𝜇)𝜇
λ + 𝜇

, 𝛾 = λ
2(λ + 𝜇)

(4.28)

The constants 𝜇, E, and 𝛾 are, respectively, called the modulus of rigidity or shear modu-
lus, Young’s modulus or modulus of elasticity, and Poisson’s ratio. In terms of these elastic
coefficients, Equation 24 can be written as

𝜎ii =
E

(1 + 𝛾)(1 − 2𝛾)
{𝛾𝜀t + (1 − 2𝛾)𝜀ii}, i = 1, 2, 3

𝜎ij =
E

(1 + 𝛾)
𝜀ij, i ≠ j

⎫⎪⎬⎪⎭ (4.29)

Poisson Effect and Locking

Lame’s constants can also be written in terms of the modulus of elasticity and Poisson ratio as

λ = 𝛾E
(1 + 𝛾)(1 − 2𝛾)

, 𝜇 = E
2(1 + 𝛾)

(4.30)

Equations 26 and 29 show that the effect of the Poisson ratio is to produce stresses that couple
the stretch deformations in different directions. That is, if the Poisson ratio is equal to zero, the
normal stresses are related to the normal strains by the equation 𝜎ii =E𝜀ii, i= 1, 2, 3, which
shows that the normal stress in one direction is independent of the normal strains in the other
two directions. Furthermore, the value of the Poisson ratio cannot exceed 0.5. If the Poisson
ratio becomes close to 0.5, the elastic coefficient associated with the dilatation 𝜀t becomes very
large, producing high stiffness that tends to resist any volume change. When the continuum
equations are solved numerically, this high stiffness can be a source of problems and introduces
what is referred to as locking. In fact, there are several types of locking including volumetric,
shear, and membrane locking associated with different materials and structural elements. For
instance, the volumetric locking can be explained by using the first equation in Equation 24.
Using this equation, one can show that 𝜎11 + 𝜎22 + 𝜎33 = (3𝜆+ 2𝜇)𝜀t. This equation
shows that the hydrostatic pressure p, in the case of small deformation, can be written as
p= {(3𝜆+ 2𝜇)𝜀t }/3, which upon the use of Equation 30 can be written as p=K𝜀t, where K is
the Bulk modulus defined as K=E/{3(1− 2𝛾)}. The equation p=K𝜀t, defines the relationship
between the hydrostatic pressure and the dilatation. If the Poisson ratio approaches 0.5, the
bulk modulus becomes very large leading to a very large stiffness coefficient associated with
the volumetric change.

The locking problem will be revisited in Chapter 5 when large-deformation finite element
formulations are discussed. It is important, however, to point out that many of the existing
finite element formulations for structural elements such as beams do not take into consider-
ation Poisson effects. This is mainly due to the fact that the element cross sections in these
formulations are assumed rigid and are not allowed to deform. The large-deformation finite
element formulation discussed in Chapter 5 allows taking into consideration the Poisson effect
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because the element cross section is allowed to deform. Such a formulation allows for the use
of general constitutive models as the ones discussed in this chapter, and therefore, coupling
between different displacement modes such as the bending deformation and the stretch of the
cross section can be taken into account in the case of beam, plate, and shell problems.

Stress and Strain Invariants

Using Equation 24 and the definitions of the symmetric strain and stress tensor invariants
presented in the preceding two chapters, one can show that the stress invariants J1, J2, and
J3 are related to the strain invariants I1, I2, and I3 by the following equations (Boresi and
Chong, 2000):

J1 = (3λ + 2𝜇)I1

J2 = λ(3λ + 4𝜇)I2
1
+ 4𝜇2I2

J3 = λ2(λ + 2𝜇)I3
1
+ 4λ𝜇2I1I2 + 8𝜇3I3

⎫⎪⎬⎪⎭ (4.31)

Some material constitutive models are formulated in terms of the invariants of deformation
measures as discussed later in this chapter.

Using Equation 24, the strain energy density function can be written in terms of Lame’s
constants and the strain components as

Ud = 1
2
𝛔∶𝛆= 1

2
λ𝜀2

t + 𝜇(𝜀2
11 + 𝜀

2
22 + 𝜀

2
33) + 2𝜇(𝜀2

12 + 𝜀
2
13 + 𝜀

2
23) (4.32)

Recall that the invariants of the symmetric strain tensor are defined in terms of the strain com-
ponents as

I1 = 𝜀t = 𝜀11 + 𝜀22 + 𝜀33

I2 = 𝜀11𝜀22 + 𝜀11𝜀33 + 𝜀22𝜀33 − 𝜀2
12 − 𝜀

2
13 − 𝜀

2
23

I3 = det(𝛆)

⎫⎪⎬⎪⎭ (4.33)

This equation shows that I1 is a function of the normal strains, whereas I2 depends on the
normal and shear strain components. Using the preceding two equations, one can show that
the strain energy density function for linearly elastic and isotropic materials can be written in
terms of the invariants of the strain tensor as

Ud = 1
2
{(λ + 2𝜇)I2

1 − 4𝜇I2} =
(1

2
λ + 𝜇

)
I2
1 − 2𝜇I2 (4.34)

The coefficient of the square of the dilatation in this strain energy density expression can be
written as (1

2
λ + 𝜇

)
= E(1 − 𝛾)

2(1 + 𝛾)(1 − 2𝛾)
(4.35)

This equation demonstrates once again the numerical problems that can be encountered when
dealing with incompressible and nearly incompressible materials.

Invariants of the deformation measures can have a clear physical meaning that explains the
stiffness coefficients that enter into the formulation of the material constitutive equations. For
example, I3 is a measure of the change of volume, whereas the dilatation I1 can be a measure of
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the stretch. For isotropic materials, it is sometimes more convenient to use directly the invari-
ants of the deformation measure to develop the constitutive equations. For this reason, some
identities related to these invariants are discussed in detail in the following section, whereas the
use of these identities in developing constitutive models for other material types is discussed
in Section 5.

Plane-Stress and Plane-Strain Problems

If 𝜎13, 𝜎23, and 𝜎33 are equal to zero, that is, 𝜎13 = 𝜎23 = 𝜎33 = 0, one has the case of plane
stress. In this case, Equation 26 yields

𝜀11 = 1
E
(𝜎11 − 𝛾𝜎22), 𝜀22 = 1

E
(𝜎22 − 𝛾𝜎11)

𝜀33 =
−γ
E

(𝜎11 + 𝜎22), 𝜀12 = 1 + 𝛾
E

𝜎12

⎫⎪⎬⎪⎭ (4.36)

Using these equations, one can show that the constitutive equations for linearly elastic isotropic
materials can be written as

⎡⎢⎢⎢⎣
𝜎11

𝜎22

𝜎12

⎤⎥⎥⎥⎦ = E

⎡⎢⎢⎢⎢⎢⎢⎣

1
1 − 𝛾2

𝛾

1 − 𝛾2
0

𝛾

1 − 𝛾2

1
1 − 𝛾2

0

0 0
1

1 + 𝛾

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜀11

𝜀22

𝜀12

⎤⎥⎥⎥⎦ (4.37)

The assumptions of plane stress are made in several applications such as in the analysis of
thin plates. If the interest is focused on the deformation of the plate midsurface in response
to applied forces, the normal and shear stresses in the direction of the plate thickness can be
neglected.

In the case of plane strain, one has 𝜀13 = 𝜀23 = 𝜀33 = 0. Using Equation 24, one has

𝜎11 = (𝜆 + 2𝜇)𝜀11 + 𝜆𝜀22

𝜎22 = (𝜆 + 2𝜇)𝜀22 + 𝜆𝜀11

𝜎33 = 𝜆(𝜀11 + 𝜀22)
𝜎12 = 2𝜇𝜀12

⎫⎪⎪⎬⎪⎪⎭
(4.38)

The constitutive equations can be written in this case as

⎡⎢⎢⎣
𝜎11
𝜎22
𝜎12

⎤⎥⎥⎦ =
⎡⎢⎢⎣
(𝜆 + 2𝜇) 𝜆 0

𝜆 (𝜆 + 2𝜇) 0
0 0 2𝜇

⎤⎥⎥⎦
⎡⎢⎢⎣
𝜀11
𝜀22
𝜀12

⎤⎥⎥⎦ (4.39)

Recall that the stress–strain relationships presented in this section are based on the assump-
tion of linear behavior of the materials. These relationships, therefore, cannot be used directly
in the case of materials that do not exhibit linear behavior based on the assumptions described
in this chapter. Other constitutive relationships must be used for nonlinear materials, materials
that have directional properties, or plastic and viscoelastic materials.
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Example 4.2

Consider again the beam model used in several examples presented in the preceding chapters.
Assume that the beam displacement is described by

r =
[
(l + 𝛿)𝜉 l𝜂

]T
where 𝜉 = x1/l, 𝜂 = x2/l, l is the length of the beam, and 𝛿 is a constant that defines the beam axial
deformation. It was shown in Example 3 of Chapter 2 that this displacement can be produced
using the following vector of beam coordinates:

e =
[
0 0

(
1 + 𝛿

l

)
0 0 1 l + 𝛿 0

(
1 + 𝛿

l

)
0 0 1

]T

One can show that the matrix of position vector gradients is defined as

J =
⎡⎢⎢⎣
1 + 𝛿

l
0

0 1

⎤⎥⎥⎦
The determinant of the matrix of the position vector gradients is

J = |J| = 1 + 𝛿

l

The Green–Lagrange strain tensor is defined in this case as

𝛆 = 1
2
(JTJ − I) =

[
𝜀11 𝜀12
𝜀12 𝜀22

]
=
⎡⎢⎢⎣
𝛿

l

(
1 + 𝛿

2l

)
0

0 0

⎤⎥⎥⎦ = 𝜀11

[
1 0

0 0

]

where 𝜀11 = (𝛿∕l)(1 + (𝛿∕2l)).
If the case of plane strain is assumed, the relationship between the stresses and strains are

given as ⎡⎢⎢⎣
𝜎11
𝜎22
𝜎12

⎤⎥⎥⎦ =
⎡⎢⎢⎢⎣
(𝜆 + 2𝜇) 𝜆 0

𝜆 (𝜆 + 2𝜇) 0

0 0 2𝜇

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜀11

𝜀22

𝜀12

⎤⎥⎥⎥⎦
Assume that this constitutive equation governs the relationship between the second
Piola–Kirchhoff stress and Green–Lagrange strain tensors. The second Piola–Kirchhoff
stress tensor can then be written as

𝛔P2 =
[
𝛼1𝜀11 0

0 𝛼2𝜀11

]
= 𝜀11

[
𝛼1 0
0 𝛼2

]
where 𝛼1 and 𝛼2 are defined as

𝛼1 = 𝜆 + 2𝜇, 𝛼2 = 𝜆
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Lame’s constants 𝜆 and 𝜇, can be expressed in terms of the modulus of elasticity and Poisson
ratio as shown in Equation 30. In the case of incompressible or nearly incompressible materials,
some of the coefficients that appear in the stress–strain relationships of this simple example can
take high values leading to a stiff behavior of the continuum.

Finite Dimensional Model

As in the case of the inertia and body forces, one can systematically develop, using approx-
imation methods, an expression of the stress forces of the infinite-dimension continuum in
terms of a finite set of coordinates. To this end, the strain energy expression or the virtual work
of the elastic forces can be used. The strains can be expressed in terms of the position vector
gradients. The position vector gradients can be written in terms of the time-dependent coordi-
nates. Using the constitutive equations, the virtual work or the strain energy can be expressed
in terms of the coordinates used in the assumed displacement field. This systematic procedure
is described by the following example.

Example 4.3

It was shown in the preceding chapter that the virtual work of the elastic forces can be written
in terms of the Green–Lagrange strain tensor and the second Piola–Kirchhoff stress tensor as

𝛿Ws = − ∫
V

𝛔P2∶𝛿𝛆dV

In this equation, integration over the volume in the reference configuration is used
because the stress and strain tensors used are associated with the reference configura-
tion. The Green–Lagrange strain tensor and the virtual change in this tensor can be written,
respectively, as

𝛆 = 1
2
(JTJ − I), 𝛿𝛆 = 1

2
(JT𝛿J + (𝛿JT)J)

where J is the matrix of position vector gradients. Because the second Piola–Kirchhoff stress
tensor 𝛔P2 is symmetric, one has

𝛿Ws = − ∫
V

𝛔P2∶𝛿𝛆dV = − ∫
V

𝛔P2∶JT𝛿JdV

This equation, upon using the constitutive equations, can be expressed explicitly in terms of the
position vector gradients, which in turn can be expressed in terms of the coordinate q, which
are used in the assumed displacement field. Recall that

r = Sq, 𝛿r = S𝛿q

Using this assumed displacement field, one can write

rxi
= Sxi

q, 𝛿rxi
= Sxi

𝛿q, i = 1, 2, 3
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This equation shows that the virtual change of the position vector gradients can be expressed
in terms of the virtual change in the coordinates q. It follows that 𝛿J =

[
Sx1
𝛿q Sx2

𝛿q Sx3
𝛿q
]
.

Therefore,

JT𝛿J =
[
(JTSx1

)𝛿q (JTSx2
)𝛿q (JT Sx3

)𝛿q
]

Equivalently, one can write

𝛿Ws = − ∫
V

𝛔P2∶𝛿𝛆dV

= − ∫
V

(𝜎11𝛿𝜀11 + 𝜎22𝛿𝜀22 + 𝜎33𝛿𝜀33 + 2𝜎12𝛿𝜀12 + 2𝜎13𝛿𝜀13 + 2𝜎23𝛿𝜀23)dV

In this equation, 𝜎ij are the components of the second Piola–Kirchhoff stress tensor. The consti-
tutive equations and the expression for the position vector gradients can be directly substituted
into this equation to obtain an expression of the virtual work expressed in terms of the compo-
nents of the coordinate vector q and their virtual changes.

Generalized Elastic Forces

As explained in the preceding chapter, the last equation in the preceding example can be
used to write the virtual work of the elastic forces in terms of the virtual changes in the
position vector gradients as 𝛿Ws = −∫V ((rx𝛔c1)T𝛿rx1

+ (rx𝛔c2)T𝛿rx2
+ (rx𝛔c3)T𝛿rx3

)dV ,

where rx =
[
rx1

rx2
rx3

]
is the matrix of position vector gradients, x =

[
x1 x2 x3

]T
is the vector of spatial coordinates, and 𝛔c1 =

[
𝜎11 𝜎12 𝜎13

]T
, 𝛔c2 =

[
𝜎12 𝜎22 𝜎23

]T
,

and 𝛔c3 =
[
𝜎13 𝜎23 𝜎33

]T
are the columns of the stress tensor. When using the finite

dimensional model based on the kinematic description r = S(x)q used in the preceding
example, one has 𝛿rxi

= Sxi
𝛿q. It follows that the virtual work of the elastic forces can

be written as 𝛿Ws = −
(∫V ((rx𝛔c1)TSx1

+ (rx𝛔c2)TSx2
+ (rx𝛔c3)TSx3

)dV
)
𝛿q, which can

be written as 𝛿Ws = QT
s 𝛿q, where Qs = −∫V ((S

T
x1

rx)𝛔c1 + (ST
x2

rx)𝛔c2 + (ST
x3

rx)𝛔c3)dV
is the vector of elastic generalized forces. As mentioned in the preceding chapter, this
vector is, in general, a highly nonlinear function of the coordinates, and therefore, numerical
integration is often required to calculate this force vector.

Homogeneous Displacement

Some of the finite elements used in the literature yield constant strains. That is, the strain
components are the same at every material point. These elements, which are defined using
linear displacement field, are called constant-strain elements. As discussed in the preceding
chapter, in the case of homogeneous displacements, the matrix of position vector gradients
J is the same everywhere throughout the continuum. A special example of this motion is
the rigid-body motion, in which J represents an orthogonal matrix. Because in the case of
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homogeneous displacements, the strain components are the same at all material points, the
stress tensor is independent of the location at which this tensor is evaluated if the matrix of
the elastic coefficients is independent of the location, as in the case of isotropic materials.
One, therefore, has ∇𝛔 = 𝟎.

4.5 PRINCIPAL STRAIN INVARIANTS

In the case of isotropic materials, the constitutive behavior must be the same in any mate-
rial direction. This means that the relationship between the potential function U and the
Green–Lagrange strain tensor 𝛆, or equivalently the right Cauchy–Green deformation tensor
Cr, is independent of the chosen material axes. As a consequence, the potential function
U must depend only on the invariants of 𝛆, as demonstrated in the preceding section or
equivalently on the invariants of the right Cauchy–Green deformation tensor Cr. In this case,
one can write the potential function as

U = U(I1, I2, I3) (4.40)

where I1, I2, and I3 are considered here to be the invariants of Cr defined as

I1 = tr(Cr), I2 = 1
2
{(tr(Cr))2 − tr(C2

r )}, I3 = det(Cr) = |Cr| (4.41)

These invariants can be written in terms of the eigenvalues 𝜆1, 𝜆2, and 𝜆3 of Cr as

I1 = 𝜆1 + 𝜆2 + 𝜆3

I2 = 𝜆1𝜆2 + 𝜆1𝜆3 + 𝜆2𝜆3

I3 = 𝜆1𝜆2𝜆3

⎫⎪⎬⎪⎭ (4.42)

In the analysis of the large deformation, the second Piola–Kirchhoff stress tensor can be
obtained from the potential function U. Recall that the right Cauchy–Green deformation tensor
can be written in terms of the Green–Lagrange strain tensor as Cr = 2𝛆+ I. Because 𝛆 and 𝛔P2
are symmetric, the second Piola–Kirchhoff stress tensor can then be written as

𝛔P2 = 𝜕U
𝜕𝛆

= 2
𝜕U
𝜕Cr

= 2
𝜕U
𝜕I1

𝜕I1

𝜕Cr
+ 2

𝜕U
𝜕I2

𝜕I2

𝜕Cr
+ 2

𝜕U
𝜕I3

𝜕I3

𝜕Cr
(4.43)

The derivatives of the principal invariants of a second-order tensor with respect to the
tensor itself are known in a closed form. For the right Cauchy–Green deformation tensor,
one has

𝜕I1

𝜕Cr
= I,

𝜕I2

𝜕Cr
= I1I − Cr,

𝜕I3

𝜕Cr
= I3C−1

r (4.44)
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Using these results and the fact that Cr is symmetric, the second Piola–Kirchhoff stress tensor
can be written as

𝛔P2 = 2
𝜕U
𝜕Cr

= 2

(
𝜕U
𝜕I1

+ I1
𝜕U
𝜕I2

)
I − 2

𝜕U
𝜕I2

Cr + 2I3
𝜕U
𝜕I3

C−1
r (4.45)

The Kirchhoff stress tensor 𝛔K can also be written as

𝛔K = J𝛔P2JT = 2

(
𝜕U
𝜕I1

+ I1
𝜕U
𝜕I2

)
Cl − 2

𝜕U
𝜕I2

C2
l + 2I3

𝜕U
𝜕I3

I (4.46)

where J is the matrix of position vector gradients, and Cl = JJT is the left Cauchy–Green
deformation tensor. Recall that Cauchy stress tensor, which is of practical significance, differs
from Kirchhoff stress tensor 𝛔K by only a scalar multiplier that is equal to the determinant
of the matrix of the position vector gradients. Therefore, an expression of the Cauchy stress
tensor in terms of the invariants of the right Cauchy–Green deformation tensor can be easily
obtained using the preceding equation.

4.6 SPECIAL MATERIAL MODELS FOR LARGE DEFORMATIONS

Hooke’s law describes linear elastic materials in which the stresses are proportional to the
strains. In the case of one-dimensional problem, the stress–strain relationship can be described
by a straight line. Some materials such as metals behave in this manner up to a certain limit for
the applied stress called the proportional limit. After this point, the material remains elastic, but
it exhibits nonlinear behavior, up to a stress limit known as the elastic limit. The proportional
and elastic limits can be different for some materials such as steel. After the elastic limit, the
stress reaches a local maximum called the yield stress, after which the stress drops to a local
minimum and plastic deformation starts. In the plastic region, a small increase in the stress
can lead to significant increase in the strain.

Not all materials follow the deformation sequence described earlier. Some materials exhibit
nonlinear behavior from the start, and some other materials can be brittle and do not exhibit any
significant elastic deformation. In this section, other material models that can be used in the
analysis of large-deformation problems are discussed. The first is the Neo–Hookean material
model, which is an extension of Hooke’s law for isotropic linear material to large deformation.
The second model is the Modified Mooney–Rivlin material model, which can be used in the
large-deformation analysis of incompressible materials such as rubbers.

Compressible Neo–Hookean Material Models

The Neo–Hookean material model is developed for the large deformation analysis. The con-
stitutive equations are obtained using the following expression for the energy density function
(Bonet and Wood, 1997):

U = 𝜇

2
(I1 − 3) − 𝜇ln J + 𝜆

2
(ln J)2 (4.47)
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In this equation, 𝜇 and 𝜆 are Lame’s constants used in the linear theory, I1 is the first invariant
of the right Cauchy–Green deformation tensor Cr, and J= det(J) is the determinant of the
matrix of position vector gradients. It is clear from the preceding equation that if there is no
deformation, that is, Cr = I (rigid-body motion), I1 = 3, and J= 1; U is identically equal to zero
and there is no energy stored as expected.

The second Piola–Kirchhoff stress tensor can now be obtained using the results presented
in the preceding section as

𝛔P2 = 2

(
𝜕U
𝜕I1

+ I1
𝜕U
𝜕I2

)
I − 2

𝜕U
𝜕I2

Cr + 2I3
𝜕U
𝜕I3

C−1
r

= 𝜇(I − C−1
r ) + 𝜆(ln J)C−1

r

(4.48)

Similarly, the Kirchhoff stress tensor can be obtained for the Neo–Hookean material as

𝛔K = 2

{(
𝜕U
𝜕I1

+ I1
𝜕U
𝜕I2

)
Cl −

𝜕U
𝜕I2

C2
l + I3

𝜕U
𝜕I3

I
}

= 𝜇(Cl − I) + 𝜆(ln J)I
(4.49)

The fourth-order Lagrangian tensor of the elastic coefficients for the Neo–Hookean material
can be obtained by differentiating the expression for the second Piola–Kirchhoff stress tensor
with respect to the components of the Green–Lagrange strain tensor. That is,

eijkl =
𝜕(𝛔P2)ij
𝜕𝜀kl

=
𝜕{𝜇(I − C−1

r ) + 𝜆(ln J)C−1
r }ij

𝜕𝜀kl
(4.50)

Note that 𝜕(𝛔P2)ij/𝜕𝜀kl = (𝜕(𝛔P2)ij/𝜕ckl) (𝜕ckl/𝜕𝜀kl), and (𝜕ckl/𝜕𝜀kl)= 2, where ckl here is the kl
th element of the right Cauchy–Green deformation tensor Cr. The preceding equation can be
used to define the fourth-order tensor of elastic coefficients as

E = 𝜆hC−1
r ⊗ C−1

r − 2𝜇h
𝜕C−1

r

𝜕Cr
(4.51)

In this equation,

𝜆h = 𝜆, 𝜇h = 𝜇 − 𝜆 ln J (4.52)

are the effective coefficients for the Neo–Hookean material. It is clear from Equation 51 that
the elastic coefficients of the Neo-Hookean material model are not constants. These coeffi-
cients depend on the position vector gradients, which are functions of the continuum displace-
ments. While the material is still considered homogeneous because it has the same properties
(𝜆 and𝜇) in the reference configuration, the elastic coefficients eijkl will have values that depend
on the location of the material points as it is clear from Equation 51, which shows the depen-
dency on the right Cauchy–Green deformation tensor Cr.
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Alternatively, one can obtain the elastic coefficients eij used in the vector and matrix notation
instead of the tensor notation using the following equation:

eij =
𝜕2U
𝜕𝜀i𝜕𝜀j

=
𝜕2
{
𝜇

2
(I1 − 3) − 𝜇 ln J + 𝜆

2
(ln J)2

}
𝜕𝜀i𝜕𝜀j

(4.53)

The special case of nearly incompressible material can be obtained from the general
Neo–Hookean model by choosing Lame’s constants such that 𝜆 ≫ 𝜇. In this case, the third
term in the strain energy density function 𝜆 (ln J)2/2 can be considered as a penalty term,
which makes the deviation of J from 1 very small, and as a consequence, enforces the
incompressibility condition.

Example 4.4

In order to prove Equation 51, one can write

eijkl =
𝜕(𝛔P2)ij
𝜕(𝜀)kl

= 2
𝜕(𝛔P2)ij
𝜕(Cr)kl

= 2
𝜕{𝜇(I − C−1

r ) + 𝜆(ln J)C−1
r }ij

𝜕(Cr)kl

= 2

{
−𝜇

𝜕(C−1
r )ij

𝜕(Cr)kl

+ 𝜆(ln J)
𝜕(C−1

r )ij
𝜕(Cr)kl

+ 𝜆𝜕(ln J)
𝜕(Cr)kl

(C−1
r )ij

}
Note that

J = det(J) =
√

det(Cr) =
√

I3

Using this identity and Equation 44, one obtains

𝜕(ln J)
𝜕(Cr)kl

=
𝜕(ln
√

I3)
𝜕I3

𝜕I3

𝜕(Cr)kl

= 1

2
√

I3

√
I3

I3(C−1
r )kl =

1
2
(C−1

r )kl

Substituting this equation into the expression for eijkl, one obtains

eijkl = 𝜆(C−1
r )ij(C−1

r )kl − 2(𝜇 − 𝜆(ln J))
𝜕(C−1

r )ij
𝜕(Cr)kl

which can be written as

E = 𝜆hC−1
r ⊗ C−1

r − 2𝜇h

𝜕C−1
r

𝜕Cr

where 𝜆h and 𝜇h are defined by Equation 52.

Incompressible Mooney–Rivlin Materials

A general form of the strain energy function for incompressible rubber materials is based
on Mooney–Rivlin model. For incompressible materials, J= det(J)= 1, and therefore,
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the third invariant of Cr is equal to one because I3 = det(Cr)= J2 = 1, Therefore, the strain
energy function for such incompressible materials depends on I1 and I2 only and is given by
(Bonet and Wood, 1997)

U = U(I1, I2) =
∞∑

r=0

∞∑
s=0

𝜇rs(I1 − 3)r(I2 − 3)s, 𝜇00 = 0 (4.54)

In this equation, the coefficients 𝜇rs are constants. A special case of the preceding equation
that was shown to match experimental results by Mooney and Rivlin is when 𝜇01 and 𝜇10 only
are different from zero. In this particular case, one has

U = U(I1, I2) = 𝜇10(I1 − 3) + 𝜇01(I2 − 3) (4.55)

The incompressibility condition that J= 1, or equivalently I3 = 1, must be imposed. In order
to impose this constraint, one can use the technique of Lagrange multipliers or the penalty
method. The method of Lagrange multipliers introduces additional algebraic equations and
unknown constraint forces, which enter into the formulation of the dynamic equations (Rober-
son and Schwertassek, 1988; Shabana, 2013). If the dependent variables that result from intro-
ducing the algebraic equations are not systematically eliminated, one must solve a system of
differential and algebraic equations. The use of Lagrange multipliers requires a more sophis-
ticated numerical procedure in order to be able to accurately solve the resulting dynamic
equations.

On the other hand, if the penalty method is used, the preceding equation for the strain
energy density function can be modified to include the penalty terms. There are several forms
that can be used to introduce a penalty energy function Up. One example is to use an energy
function that produces a restoring force if the determinant of the matrix of position vector
gradients deviates from one. In this case, the penalty function takes the form Up = k(J− 1)2/2,
where k is a stiffness coefficient that must be selected high enough to enforce the incompress-
ibility condition. In this case, the modified strain energy density function can be written as
Ū=U+Up. Another example is to use the following modified strain energy density function
(Belytschko et al., 2000).

Ū = U + k1 ln I3 + k2(ln I3)2

= 𝜇10(I1 − 3) + 𝜇01(I2 − 3) + k1 ln I3 + k2(ln I3)2 (4.56)

In this equation, Up = k1 ln I3 + k2(ln I3)2 is the penalty energy term, and k1 and k2
are constants. The constant k1 is selected such that the components of the second
Piola–Kirchhoff stress tensor are zero in the initial configuration. This condition is satisfied if
k1 =− (𝜇10 + 2𝜇01) (Belytschko et al., 2000). The penalty constant k2 must be chosen large
enough such that the compressibility error is small. The value of such constant must not be
selected extremely large in order to avoid numerical problems associated with high-stiffness
coefficients. The value recommended by Belytschko et al. (2000) is k2 = 103 ×max(𝜇01, 𝜇10)
to k2 = 107 ×max(𝜇01, 𝜇10). The components of the second Piola–Kirchhoff stress tensor can
be obtained from the modified strain energy density function as

𝛔P2 = 2
𝜕Ū
𝜕Cr

= 2
𝜕U
𝜕Cr

+ 2
{

k1 + k2(ln I3)
}

C−1
r (4.57)
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The penalty method has two main drawbacks. First, it requires making assumptions
for the penalty coefficients because there is no standard formula for determining these
coefficients. Second, if the penalty coefficients required to satisfy the incompressibility
condition are very high, the system becomes very stiff and numerical problems can be
encountered as previously discussed. On the other hand, although the use of Lagrange
multipliers leads to a more sound analytical approach, one must develop a procedure
for solving the resulting differential and algebraic equations, as previously mentioned.
The algebraic constraint equations reduce the number of the system degrees of free-
dom and lead to a more robust, yet more complex numerical algorithm. The use of the
penalty method, on the other hand, does not require introducing algebraic constraint
equations.

Objectivity

In the literature, there are different constitutive models that are used to characterize the behav-
ior of different materials. These constitutive models, however, must satisfy the objectivity
requirement or the principle of material frame indifference. Any form of the constitutive
equations leads to a functional relationship that can be written in the form 𝛔=𝚽(J). Using
this functional relationship, one can, in a straightforward manner, obtain the conditions that
must be met in order to satisfy the objectivity requirement. For example, consider 𝛔 to be
the Cauchy stress tensor. If the continuum is subjected from its current configuration to
a rigid-body rotation defined by the transformation matrix A, the new matrix of position
vector gradients is defined as J̄ = AJ, whereas the new Cauchy stress tensor is defined
as 𝛔̄ = A𝛔AT. It follows that 𝛔̄ = 𝚽(AJ) = A𝛔AT = A𝚽(J)AT. That is, the constitutive
equations must satisfy the condition 𝚽(AJ)=A𝚽(J)AT in order to meet the objectivity
requirement.

Recall that the second Piola–Kirchhoff stress tensor does not change under an arbitrary
rigid-body rotation. If this stress tensor is used, the constitutive model can in general be written
in the form 𝛔P2 =𝚽P2 (J). In the case of a rigid-body rotation defined by the transformation
matrix A, one has J̄ = AJ and 𝛔̄P2 = 𝛔P2. It follows that 𝛔̄P2 = 𝚽P2(AJ) = 𝛔P2 = 𝚽P2(J),
which leads to the condition 𝚽P2(AJ)=𝚽P2(J).

4.7 LINEAR VISCOELASTICITY

In this section, viscoelastic materials that are dissipative in nature are considered. Such
materials, which are not hyperelastic, can have permanent deformation when the loads
are released. The constitutive equations for viscoelastic models are written in terms of
derivatives of strains or stresses. These constitutive equations, as will be demonstrated,
can be given in the form of differential or integral equations. For this reason, unlike the
case of purely elastic model, the full history of the strains and stresses is required. First,
the case of one-dimensional linear viscoelastic models is discussed. Generalization of the
one-dimensional theory to three-dimensional models is demonstrated next. In the case of
linear viscoelasticity, one does not need to distinguish between different stress and strain
measures because the linear theory is applicable, for the most part, to small-deformation
problems.
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Ep

Es
η

Figure 4.1 Standard model

One-Dimensional Model

Several models are used in the analysis of viscoelastic materials. First, the standard model
shown in Figure 1 is considered. This model consists of two springs and a dashpot that are
arranged as shown in the figure. The spring constants are Ep and Es and the dashpot constant
is 𝜂. The total strain can be written as the sum of the elastic strain due to the deformation of
the spring Es and the inelastic strain due to the motion of the dashpot (assumption of series
connection), that is,

𝜀 = 𝜀se + 𝜀v (4.58)

where 𝜀 is the total strain, 𝜀se is the elastic strain in the spring Es, and 𝜀v is the strain due to the
viscosity of the material. Equation 58 is an example of the strain additive decomposition which
can be assumed in the case of linear viscoelasticity. Differentiating the preceding equation with
respect to time, one obtains

𝜀̇ = 𝜀̇se + 𝜀̇v (4.59)

Using the arrangement of the standard model and small strain assumptions, the stresses in the
spring and the dashpot are assumed equal, that is

𝜎s = Es𝜀se = Es(𝜀 − 𝜀v) = 𝜂𝜀̇v (4.60)

The total stress can then be written as

𝜎 = Ep𝜀 + 𝜎s = Ep𝜀 + Es(𝜀 − 𝜀v) (4.61)

Equation 60 shows that

𝜀̇v +
Es

𝜂
𝜀v =

Es

𝜂
𝜀(t) (4.62)

or
𝜀̇v + 1

𝜏r
𝜀v =

1
𝜏r
𝜀(t) (4.63)

where 𝜏r = 𝜂/Es is called the relaxation time.
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Equation 63 can be considered as a first-order nonhomogeneous ordinary differential
equation in the strain 𝜀̇v. The solution of this equation can be obtained, as shown in Example 5,
using the convolution or the Duhamel integral as (Weaver et al., 1990; Shabana, 1996c)

𝜀v(t) =
1
𝜏r

t

∫
−∞

H(t − 𝜏)𝜀(𝜏)d𝜏 (4.64)

where H(t− 𝜏) is the impulse response function defined as

H(t − 𝜏) = e
− (t−𝜏)

𝜏r (4.65)

Integrating Equation 64 by parts and using the condition that 𝜀(t)→ 0 as t→− ∞,
one obtains

𝜀v(t) = 𝜀(t) −

t

∫
−∞

H(t − 𝜏)𝜀̇(𝜏)d𝜏 (4.66)

Substituting this equation into the expression for the stress of Equation 61 in order to
eliminate 𝜀v and writing 𝜀 in terms of the integral of 𝜀̇, one obtains

𝜎(t) =

t

∫
−∞

G(t − 𝜏)𝜀̇(𝜏)d𝜏 (4.67)

where the kernel G(t) is called the relaxation function associated with the standard model and
is defined as

G(t) = Ep + EsH(t) (4.68)

Equation 67 is the constitutive equation in the case of one-dimensional linear viscoelastic
material models. This equation is based on the assumptions of the standard model of
viscoelasticity.

Example 4.5

In order to provide a proof of some of the equations presented in this section, Equation 63 is
used as the starting point. This equation can be written as

𝜀̇v + 1
𝜏r

𝜀v =
1
𝜏r

𝜀(t)

The homogeneous form of this equation, which can be used to obtain the response due to initial
conditions, can be written as

𝜀̇v + 1
𝜏r

𝜀v = 0
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This equation can be written as
d𝜀v

dt
= − 1

𝜏r

𝜀v

That is,
d𝜀v

𝜀v

= − 1
𝜏r

dt

This equation, upon integration and using the assumption that 𝜀(t)→ 0 as t→− ∞, can be
written as

𝜀v = Eve−t∕𝜏r

where Ev is a constant that depends on the initial conditions. Using this equation, the impulse
response function can be defined as

H(t) = e−t∕𝜏r

Using the right-hand side of Equation 63, one can write

d𝜀v =
1
𝜏r

𝜀(𝜏)H(t − 𝜏)d𝜏

which leads to the convolution or the Duhamel integral

𝜀v =
1
𝜏r

t

∫
−∞

H(t − 𝜏)𝜀(𝜏)d𝜏

Integrating this equation by parts and using the definition of H(t) and the assumption that
𝜀(t)→ 0 as t→−∞, one obtains

𝜀v(t) =
1
𝜏r

t

∫
−∞

e
− (t−𝜏)

𝜏r 𝜀(𝜏)d𝜏 = 1
𝜏r

⎧⎪⎨⎪⎩
[
𝜀(𝜏)𝜏re

− (t−𝜏)
𝜏r

]𝜏=t

𝜏=−∞
−

t

∫
−∞

𝜏re
− (t−𝜏)

𝜏r 𝜀̇(𝜏)d𝜏
⎫⎪⎬⎪⎭

= 1
𝜏r

⎧⎪⎨⎪⎩𝜀(t)𝜏r −

t

∫
−∞

𝜏re
− (t−𝜏)

𝜏r 𝜀̇(𝜏)d𝜏
⎫⎪⎬⎪⎭ = 𝜀(t) −

t

∫
−∞

e
− (t−𝜏)

𝜏r 𝜀̇(𝜏)d𝜏

Substituting this result into Equation 61, one obtains

𝜎(t) = Ep𝜀(t) + Es

t

∫
−∞

e
− (t−𝜏)

𝜏r 𝜀̇(𝜏)d𝜏
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One can also write

𝜀(t) =

t

∫
−∞

𝜀̇(𝜏)d𝜏

where the condition that 𝜀(t)→ 0 when t→−∞ is utilized again. Using the preceding two
equations, one obtains

𝜎(t) =

t

∫
−∞

(
Ep + Ese

− (t−𝜏)
𝜏r

)
𝜀̇(𝜏)d𝜏

=

t

∫
−∞

(Ep + EsH(t − 𝜏))𝜀̇(𝜏)d𝜏 =

t

∫
−∞

G(t − 𝜏)𝜀̇(𝜏)d𝜏

where G(t) is defined by Equation 68.

For the standard model, the stress response can be inverted to obtain an expression for the
strain history in terms of the stress history using the following convolution integral:

𝜀(t) =

t

∫
−∞

K(t − 𝜏)d𝜎(𝜏)
d𝜏

d𝜏 (4.69)

where K is the creep function, which is defined for the standard model by the following
equation:

K(t) = 1
Ep

(
1 −

Es

Et
e
− EP
𝜏rEt

t
)

(4.70)

In this equation,
Et = Ep + Es (4.71)

It is important to point out that the use of the convolution integral as the solution of ordinary dif-
ferential equations implies the use of the principle of superposition. Therefore, the convolution
integral can only be used to obtain the solution of linear ordinary differential equations.

Example 4.6

As in the case of the relaxation function, a proof of the definition of the creep function of
Equation 70 can be provided. To this end, Equation 61 can be used to obtain the following
expression for the strain:

𝜀(t) =
𝜎(t) + Es𝜀v

Et
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where Et is defined by Equation 71. Substituting the preceding equation into Equation 60, one
obtains

𝜀̇v(t) +
1
𝜏r

(
1 −

Es

Et

)
𝜀v(t) =

1
𝜏rEt

𝜎(t)

This is a first-order nonhomogeneous ordinary differential equation, which can be solved again
using the convolution integral. Alternatively, one can try to find a function 𝛼(t) such that

𝛼(t)𝜀̇v(t) + 𝛼(t)
1
𝜏r

(
1 −

Es

Et

)
𝜀v(t) = 𝛼(t) 1

𝜏rEt

𝜎(t)

One may also write
d
dt
{𝛼(t)𝜀v(t)} = 𝛼(t) 1

𝜏rEt
𝜎(t)

This equation yields

𝛼(t)𝜀̇v(t) + 𝛼̇(t)𝜀v(t) = 𝛼(t) 1
𝜏rEt

𝜎(t)

Comparing the preceding three equations, one obtains

𝛼̇(t) = 𝛼(t) 1
𝜏r

(
1 −

Es

Et

)
= 𝛼(t) 1

𝜏r

Ep

Et

This equation shows that

𝛼(t) = e
(

Ep
Et

)
t
𝜏r

Substituting this equation into the equation d{𝛼(t)𝜀v(t)}/dt= 𝛼(t)𝜎(t)/𝜏rEt, previously obtained
in this example and integrating, one obtains

t

∫
−∞

d
d𝜏

{𝛼(𝜏)𝜀v(𝜏)}d𝜏 = 1
𝜏rEt

t

∫
−∞

𝛼(𝜏)𝜎(𝜏)d𝜏

Using the preceding two equations, one obtains

𝛼(t)𝜀v(t) =
1
𝜏rEt

t

∫
−∞

𝛼(𝜏)𝜎(𝜏)d𝜏

which can be written as

𝜀v(t) =
1
𝜏rEt

t

∫
−∞

e
−
(

Ep
Et

)
(t−𝜏)
𝜏r 𝜎(𝜏)d𝜏
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Integrating this equation by parts, one obtains

𝜀v(t) =
1
𝜏rEt

t

∫
−∞

e
−
(

Ep
Et

)
(t−𝜏)
𝜏r 𝜎(𝜏)d𝜏

= 1
𝜏rEt

⎧⎪⎨⎪⎩
𝜏rEt

Ep

[
𝜎(𝜏)e−

(
Ep
Et

)
(t−𝜏)
𝜏r

]𝜏 = t

𝜏=−∞
−
𝜏rEt

Ep

t

∫
−∞

e
−
(

Ep
Et

)
(t−𝜏)
𝜏r 𝜎̇(𝜏)d𝜏

⎫⎪⎬⎪⎭
= 1
𝜏rEt

⎧⎪⎨⎪⎩
𝜏rEt

Ep
𝜎(𝜏) −

𝜏rEt

Ep

t

∫
−∞

e
−
(

Ep
Et

)
(t−𝜏)
𝜏r 𝜎̇(𝜏)d𝜏

⎫⎪⎬⎪⎭
= 1

Ep

⎧⎪⎨⎪⎩𝜎(𝜏) −
t

∫
−∞

e
−
(

Ep
Et

)
(t−𝜏)
𝜏r 𝜎̇(𝜏)d𝜏

⎫⎪⎬⎪⎭
Substituting this equation into the expression 𝜀(t)= (𝜎(t)+Es𝜀v(t))/Et, one obtains

𝜀(t) =

𝜎(t) + Es

Ep

⎧⎪⎨⎪⎩𝜎(t) −
t

∫
−∞

e
−
(

Ep
Et

)(
t−𝜏
𝜏r

)
𝜎̇(𝜏)d𝜏

⎫⎪⎬⎪⎭
Et

= 1
Ep

𝜎(t) −

Es

Ep

t

∫
−∞

e
−
(

Ep
Et

)(
t−𝜏
𝜏r

)
𝜎̇(𝜏)d𝜏

Et

One can also write

𝜎(t) =

t

∫
−∞

𝜎̇(𝜏)d𝜏

where the condition that 𝜎 (t)→ 0 when t→−∞ is utilized. Using the preceding two equations,
one obtains

𝜀(t) = 1
Ep

t

∫
−∞

𝜎̇(𝜏)d𝜏 −
Es

EtEp

t

∫
−∞

e
−
(

Ep
Et

)(
t−𝜏
𝜏r

)
𝜎̇(𝜏)d𝜏

=

t

∫
−∞

1
Ep

(
1 −

Es

Et

e
−
(

Ep
Et

)(
t−𝜏
𝜏r

))
𝜎̇(𝜏)d𝜏 =

t

∫
−∞

K(t − 𝜏)𝜎̇(𝜏)d𝜏

where K(t) is defined by Equation 70.
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Other Viscoelastic Models

Although in this section, only the standard model is considered, it is important to mention that
two other models are often used in the analysis of the viscoelastic behavior of materials. These
are the Maxwell model and the Kelvin (Voigt) model (Fung, 1977). In the Maxwell model, only
series connection is used, whereas the Voigt model has elements that are connected in parallel.
Both models (Maxwell and Voigt) can be obtained as special cases of the standard model
previously discussed in this section. The Maxwell model is a special case in which Ep = 0.
It is important to note, however, that for the Maxwell model it is impossible to write the strain
in terms of the stress because the creep function is not defined as it is clear from Equation 70.
On the other hand, the Voigt model can be obtained from the standard model in case Es = 0.
In this case, one has

𝜎 = Ep(𝜀 + 𝜏r𝜀̇) = Ep𝜀 + 𝜂𝜀̇, 𝜏r =
𝜂

Ep
(4.72)

For the Voigt model, one can obtain a convolution integral in which the history of the strain is
written in terms of the history of the stress. The inverse representation in which the history of
the stress is written in terms of the history of the strain cannot be defined for the Voigt model.

Generalization

The standard model can be generalized to include an arbitrary number of series spring–dashpot
elements connected in parallel in addition to the spring Ep as shown in Figure 2. In this case,
Equation 61 can be generalized and written as (Simo and Hughes, 1998)

𝜎 = Ep𝜀 +
N∑

i=1

𝜎si = Ep𝜀 +
N∑

i=1

Esi(𝜀 − 𝜀vi) (4.73)

In this equation, N is the total number of spring-dashpot elements connected in parallel.
One can define

Et = Ep +
N∑

i=1

Esi (4.74)

Figure 4.2 Generalization

Ep

Es1

Es2

Es3

η2

η1

η3
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and use this equation to write Equation 73 as

𝜎 = Et𝜀 −
N∑

i=1

Esi𝜀vi (4.75)

For each series connection, an equation similar to Equation 60 can be obtained. Therefore, the
viscous strains 𝜀vi are governed by the following equations:

𝜀̇vi +
1
𝜏ri
𝜀vi =

1
𝜏ri
𝜀, i = 1, 2,… , N (4.76)

where 𝜏ri = 𝜂i/Esi. In this case, one can use a procedure similar to the one described previously
in this section to obtain the following convolution integral for the stress:

𝜎(t) =

t

∫
−∞

G(t − 𝜏)𝜀̇(𝜏)d𝜏 (4.77)

with the relaxation function G(t) defined as

G(t) = Ep +
N∑

i=1

Esie
− t
𝜏ri (4.78)

Note that Equation 77 is in the same form as Equation 67 with a different definition of the
relaxation function.

Elastic Energy and Dissipation

The stored strain energy density function in the springs of the generalized standard model can
be written as

U(𝜀, 𝜀vi) =
1
2

Ep𝜀
2 + 1

2

N∑
i=1

Esi(𝜀 − 𝜀vi)2 (4.79)

Differentiation of this equation with respect to the strain yields

𝜕U(𝜀, 𝜀vi)
𝜕𝜀

= Ep𝜀 +
N∑

i=1

Esi(𝜀 − 𝜀vi) (4.80)

This equation shows that

𝜎 = Ep𝜀 +
N∑

i=1

Esi(𝜀 − 𝜀vi) =
𝜕U(𝜀, 𝜀vi)

𝜕𝜀
(4.81)

Recall that
𝜎si = Esi(𝜀 − 𝜀vi) = 𝜂i𝜀̇vi, i = 1,2,… ,N (4.82)
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The energy dissipated, assuming a linear force–strain rate relationship, can be written as

D(𝜀, 𝜀vi, 𝜀̇vi) =
1
2

N∑
i=1

𝜎si𝜀̇vi =
1
2

N∑
i=1

E2
si

𝜂i
(𝜀 − 𝜀vi)2 = 1

2

N∑
i=1

𝜂i(𝜀̇vi)2 (4.83)

This dissipated energy is greater than zero for positive viscous damping coefficients. It is clear
that the viscous stress can be obtained from the energy dissipation function as

𝜎si =
𝜕D
𝜕𝜀̇vi

= 𝜂i𝜀̇vi = Esi(𝜀 − 𝜀vi) (4.84)

This equation bears a similarity to the equations used to define the elastic stresses in the case
of hyperelastic materials. Here the dissipation function replaces the strain energy function.

Another Form of the Viscoelastic Equations

The elementary model discussed in this section can be presented in a different form,
which can be extended in a straightforward manner to include nonlinear elastic response
(Simo and Hughes, 1998). To this end, one can introduce a new set of stress-like variables
called partial stresses:

qi = Esi𝜀vi, i = 1,2,… ,N (4.85)

It follows that

𝜎 = Et𝜀 −
N∑

i=1

qi, (4.86)

and

q̇i +
1
𝜏ri

qi =
Esi

𝜏ri
𝜀, i = 1,2,… ,N (4.87)

Let

𝛾p =
Ep

Et

𝛾i =
Esi

Et
, i = 1,2,… ,N

⎫⎪⎪⎬⎪⎪⎭
(4.88)

Using the definition of Et, of Equation 74, one can show that the coefficient in the preceding
equation must satisfy the following relationship:

𝛾p +
N∑

i=1

𝛾i = 1 (4.89)

Therefore, the first-order differential equations for the partial stresses can be written as

q̇i +
1
𝜏ri

qi =
𝛾iEt

𝜏ri
𝜀, i = 1,2,… ,N (4.90)
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The solution of this equation must satisfy lim
t→−∞

qi(t) = 0.
It is clear from Equation 86 that one can introduce an auxiliary strain energy density func-

tion Uv such that Uv =Et𝜀
2/2. Using this definition and Equation 86, the stress 𝜎 can be defined

as 𝜎 = (𝜕Uv∕𝜕𝜀) −
∑N

i=1 qi. This form of the stress can be generalized and used in the case of
the three-dimensional analysis.

Three-Dimensional Linear Viscoelasticity

The one-dimensional model discussed in this section can be further generalized to the case
of three-dimensional analysis. If Uv is the strain energy density function, one can write the
following model previously presented in this section (Simo and Hughes, 1998)

𝛔 =
𝜕Uv

𝜕𝛆
−

N∑
i=1

qi (4.91)

Viscoelastic constitutive models are often used for modeling the response of polymer mate-
rials. For these materials, the bulk response is elastic and appears to be much stiffer than the
deviatoric response. For this reason, the assumption of incompressibility is often used. Using
this assumption, the strain tensor can be written as

𝛆 = 𝛆d + 𝛆t (4.92)

where 𝛆d is the deviatoric strain tensor and 𝛆t is the volumetric strain tensor, defined as

𝛆d = 𝛆 − 𝛆t, 𝛆t =
1
3

tr(𝛆)I (4.93)

The stored strain energy density function can also be written as

Uv = Ud(𝛆d) + Ut(𝛆t) (4.94)

In this equation, Ud and Ut, are, respectively, the strain energy density functions due to the devi-
atoric and volumetric strains. It can be shown that 𝜕Uv/𝜕𝛆 in the definition of 𝛔 in Equation 91
can be written using chain rule of differentiation as

𝜕Uv

𝜕𝛆
= dev

(
𝜕Ud

𝜕𝛆d

)
+
𝜕Ut

𝜕𝛆
(4.95)

The evolution equations for the partial stresses can be written as

q̇i +
1
𝜏ri

qi =
𝛾i

𝜏ri
dev

(
𝜕Ud

𝜕𝛆d

)
, i = 1,2,… , N (4.96)

As in the one-dimensional theory, the material parameters must satisfy the following
condition:

𝛾p +
N∑

i=1

𝛾i = 1, (4.97)
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and the solutions for the partial stresses must satisfy lim
t→−∞

qi(t) = 0. Using the convolution
integrals, the solution for the partial stresses can be obtained as

qi =
𝛾i

𝜏ri

t

∫
−∞

e
− (t−𝜏)

𝜏ri dev

(
𝜕Ud

𝜕𝛆d

)
d𝜏, i = 1,2,… , N (4.98)

Substituting this equation into the expression for 𝛔, one obtains the constitutive equations in
the convolution integral form as

𝛔=
𝜕Ut

𝜕𝛆
+

t

∫
−∞

G(t − 𝜏) d
d𝜏

{
dev

(
𝜕Ud

𝜕𝛆d

)}
d𝜏 (4.99)

In this equation,

G(t) = 𝛾p +
N∑

i=1

𝛾ie
−
(

t
𝜏ri

)
(4.100)

The function G(t) is called the normalized relaxation function. Other forms of the relaxation
function G(t) can also be considered. One can also consider the bulk response to be viscoelas-
tic by simply making the following substitution in the convolution form of the constitutive
equation:

𝜕Ut

𝜕𝛆
=

t

∫
−∞

Gb(t − 𝜏)
d

d𝜏

{
dev

(
𝜕Ut

𝜕𝛆

)}
d𝜏 (4.101)

where Gb(t) is a suitable relaxation function associated with the bulk response (Simo and
Hughes, 1998). Note that if Ut is a linear function of 𝛆t, the term dev(𝜕Ut/𝜕𝛆) is the null
tensor.

A Kelvin–Voigt model that distinguishes between the bulk and deviatoric responses
can also be developed. For this model, one can write the following constitutive equations
(Garcia-Vallejo et al., 2005):

S = Ed∶𝛆d + Dd∶ 𝛆̇d

p = Etεt + Dtε̇t

}
(4.102)

In this equation, S and 𝛆d are, respectively, the deviatoric stress and strain tensors; Ed and Dd
are, respectively, the tensors of elastic and damping coefficients; p is the hydrostatic pressure;
𝛆t is the dilatational strain; and Et and Dt are elastic and damping coefficients. In the case of
linear elastic materials, Ed = 2𝜇I and Et = 3 K, where 𝜇 is the shear modulus or modulus of
rigidity, K=E/3(1− 2𝛾) is the bulk modulus, E is the modulus of elasticity, and 𝛾 is the Poisson
ratio. In the literature (Garcia-Vallejo et al., 2005), the damping coefficients are assumed to
be Dd = 2𝜇𝜉d, Dd = 3K𝜉t where 𝜉d and 𝜉t are the dissipation coefficients associated with the
deviatoric and volumetric strains. Using the preceding equation and the fact that 𝛔= pI+ S
and 𝛆= 𝛆tI+ 𝛆d, the constitutive equations based on the Kelvin–Voigt model can be written as

𝛔=E∶𝛆 + Dv∶ 𝛆̇ (4.103)

In this equation, Dv, is an appropriate damping matrix.
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Example 4.7

Equation 95 can be written in the following form:

𝜕Uv

𝜕𝛆
=
𝜕Ud

𝜕𝛆d
∶
𝜕𝛆d

𝜕𝛆
+
𝜕Ut

𝜕𝛆

In order to prove Equation 95, one needs to show that

𝜕Ud

𝜕𝛆
=
𝜕Ud

𝜕𝛆d

∶
𝜕𝛆d

𝜕𝛆
= dev

(
𝜕Ud

𝜕𝛆d

)
Using Equation 93, the deviatone strain tensor can be written as follows:

(𝛆d)ij = (𝛆)ij −
1
3
𝛿ij𝜀t

where 𝛿ij is the Kronecker delta and 𝜀t = 𝜀11 + 𝜀22 + 𝜀33. Note that(
𝜕𝛆d

𝜕𝛆

)
ijkl

=
𝜕(𝛆d)ij
𝜕(𝛆)kl

=
𝜕(𝛆)ij
𝜕(𝛆)kl

− 𝛿ij

𝜕𝜀t

𝜕(𝛆)kl

= 𝛿ik𝛿jl −
1
3
𝛿ij𝛿kl

It follows that(
𝜕Ud

𝜕𝛆

)
kl

=
𝜕Ud

𝜕(𝛆)kl

=
𝜕Ud

𝜕(𝛆d)ij

𝜕(𝛆d)ij
𝜕(𝛆)kl

=
𝜕Ud

𝜕(𝛆d)ij

(
𝛿ik𝛿jl −

1
3
𝛿ij𝛿kl

)
Note that

𝜕Ud

𝜕(𝛆d)ij
𝛿ik𝛿jl =

𝜕Ud

(𝜕𝛆d)kl

and

𝜕Ud

𝜕(𝛆d)ij

(1
3
𝛿ij𝛿kl

)
= 1

3

((
𝜕Ud

𝜕𝛆d

)
11

+
(
𝜕Ud

𝜕𝛆d

)
22

+
(
𝜕Ud

𝜕𝛆d

)
33

)
𝛿kl

The preceding three equations lead to(
𝜕Ud

𝜕𝛆

)
kl

=
𝜕Ud

𝜕(𝛆)kl

=
𝜕Ud

𝜕(𝛆d)kl

− 1
3

((
𝜕Ud

𝜕𝛆d

)
11

+
(
𝜕Ud

𝜕𝛆d

)
22

+
(
𝜕Ud

𝜕𝛆d

)
33

)
𝛿kl

=
𝜕Ud

𝜕(𝛆d)kl

− 1
3

tr

(
𝜕Ud

𝜕𝛆d

)
𝛿kl

or in a matrix form
𝜕Ud

𝜕𝛆
= dev

(
𝜕Ud

𝜕𝛆d

)
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Example 4.8

In order to prove Equation 99, one can integrate Equation 98 by parts. This leads to

qi =
𝛾i

𝜏ri

t

∫
−∞

e
− (t−𝜏)

𝜏ri dev

(
𝜕Ud

𝜕𝛆d

)
d𝜏

=
𝛾i

𝜏ri

⎧⎪⎨⎪⎩
[
𝜏rie

− (t−𝜏)
𝜏ri dev

(
𝜕Ud

𝜕𝛆d

)]𝜏=t

𝜏=−∞
−

t

∫
−∞

𝜏rie
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

⎫⎪⎬⎪⎭
This equation can be written as

qi =
𝛾i

𝜏ri

t

∫
−∞

e
− (t−𝜏)

𝜏ri dev

(
𝜕Ud

𝜕𝛆d

)
d𝜏

= 𝛾i

⎧⎪⎨⎪⎩dev

(
𝜕Ud

𝜕𝛆d

)
−

t

∫
−∞

e
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

⎫⎪⎬⎪⎭
Substituting this into Equation 91, one obtains

𝛔 =
𝜕Uv

𝜕𝛆
−

N∑
i=1

qi = dev

(
𝜕Ud

𝜕𝛆d

)
+
𝜕Ut

𝜕𝛆
−

N∑
i=1

qi

= dev

(
𝜕Ud

𝜕𝛆d

)
+
𝜕Ut

𝜕𝛆
− dev

(
𝜕Ud

𝜕𝛆d

) N∑
i=1

𝛾i +
N∑

i=1

𝛾i

t

∫
−∞

e
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

=
𝜕Ut

𝜕𝛆
+

(
1 −

N∑
i=1

𝛾i

)
dev

(
𝜕Ud

𝜕𝛆d

)
+

N∑
i=1

𝛾i

t

∫
−∞

e
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

which can be written as

𝛔 =
𝜕Uv

𝜕𝛆
−

N∑
i=1

qi

=
𝜕Ut

𝜕𝛆
+ 𝛾pdev

(
𝜕Ud

𝜕𝛆d

)
+

N∑
i=1

𝛾i

t

∫
−∞

e
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

One can write

dev

(
𝜕Ud

𝜕𝛆d

)
=

t

∫
−∞

d
d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏
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where the fact that dev(𝜕Ud/𝜕𝛆d)→ 0 as t→−∞ has been used. Combining the last two
equations one can writen

𝛔=
𝜕Ut

𝜕𝛆
+

t

∫
−∞

(
𝛾p +

N∑
i=1

𝛾ie
− (t−𝜏)

𝜏ri

)
d

d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

or

𝛔 =
𝜕Ut

𝜕𝛆
+

t

∫
−∞

G(t − 𝜏) d
d𝜏

(
dev

(
𝜕Ud

𝜕𝛆d

))
d𝜏

where G(t) is defined by Equation 100.

4.8 NONLINEAR VISCOELASTICITY

In the case of the nonlinear analysis, the principle of superposition employed in the preceding
section for the linear analysis does not apply. Furthermore, the infinitesimal strain tensor can
no longer be used, appropriate strain and stress measures must be used, and the constitutive
equations must be frame-indifferent in order to satisfy the objectivity requirement.

A straightforward generalization of the formulation presented in the preceding section to
the case of finite strains is to use a multiplicative decomposition of the matrix of position vector
gradients. To this end, one can define the following matrix:

J̄ = J−
1
3 J (4.104)

Using this definition, one has the following simple multiplicative decomposition of J:

J = J
1
3 J̄ (4.105)

Because on the right-hand side of Equation 104, every row of J is multiplied by J−
1
3 , it follows

that the determinant of J̄ is always equal to one, that is

det (J̄) = 1 (4.106)

One can then define the following right Cauchy–Green deformation tensors:

Cr = JTJ, C̄r = J̄TJ̄ (4.107)

As was previously shown
𝜕J
𝜕Cr

= 1
2

JC−1
r (4.108)

The stored elastic energy can be written as the sum of two parts as follows:

U = U1(J) + U2(C̄r) (4.109)
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In this equation, U1 is the strain energy due to the volumetric change, whereas U2 is the strain
energy due to volume-preserving deformations.

Motivated by the development presented in the preceding section, the second
Piola–Kirchhoff stress tensor can be defined for the viscoelastic model using the energy
density function and the partial stresses as

𝛔P2 = 𝜕U
𝜕𝛆

− J−
2
3

(
N∑

i=1

qi

)
= 2

𝜕U
𝜕Cr

− J−
2
3

(
N∑

i=1

qi

)
(4.110)

In this equation, qi, i= 1, 2,… , N, are the partial stresses. Because 𝛔P2 does not change under
an arbitrary rigid-body motion, as shown in the preceding chapter, the partial stresses qi must
remain unchanged under the arbitrary rigid-body motion in order to satisfy the objectivity
requirement for the stress. The evolution equations for the partial stresses can be written as

q̇i +
1
𝜏ri

qi =
𝛾i

𝜏ri
dev

(
2
𝜕U2

𝜕C̄r

)
, i = 1, 2,… , N (4.111)

In this equation, the trace of dev(2𝜕U2∕𝜕C̄r) is not in general equal to zero as in the case of
the second Piola–Kirchhoff stress tensor. The material parameters must satisfy the following
condition:

𝛾p +
N∑

i=1

𝛾i = 1 (4.112)

The solutions for the partial stresses must satisfy lim
t→−∞

qi(t) = 𝟎. Equation 111 represents a set
of N linear first-order differential equations, which can be solved for the partial stresses. Using
the convolution integrals, the solution for the partial stresses can be obtained as

qi =
𝛾i

𝜏ri

t

∫
−∞

e
− (t−𝜏)

𝜏ri dev

(
2
𝜕U2

𝜕C̄r

)
d𝜏, i = 1, 2,… ,N (4.113)

Substituting this equation into the expression for 𝛔P2, one obtains the constitutive equations
in the convolution integral form as (Simo and Hughes, 1998)

𝛔P2 = J
𝜕U1

𝜕J
C−1

r + J−
2
3

t

∫
−∞

G(t − 𝜏) d
d𝜏

{
dev

(
2
𝜕U2

𝜕C̄r

)}
d𝜏 (4.114)

In this equation,

G(t) = 𝛾p +
N∑

i=1

𝛾ie
−
(

t
𝜏ri

)
(4.115)

The function G(t) is the normalized relaxation function. As mentioned in the preceding section,
other forms of the relaxation function G(t) can also be considered.
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Example 4.9

In order to provide a proof of Equation 114, one can use Equation 107 to define the elements
of the second-order tensor C̄r, as

(C̄r)ij = J−
2
3 (Cr)ij

Therefore, one can write

𝜕(C̄r)kl

𝜕(Cr)ij
= J−

2
3
𝜕(Cr)kl

𝜕(Cr)ij
− 2

3
J−

5
3 (Cr)kl

𝜕J
𝜕(Cr)ij

Using Equation 108, this equation can be written as

𝜕(C̄r)kl

𝜕(Cr)ij
= J−

2
3
𝜕(C̄r)kl

𝜕(Cr)ij
− 1

3
J−

2
3 (Cr)kl(C−1

r )ij

= J−
2
3

(
𝛿ki𝛿lj −

1
3
(Cr)kl(C−1

r )ij
)

Because 𝜕U/𝜕𝛆= 2(𝜕U/𝜕Cr), the use of Equations 109 and 110 leads to

𝛔P2 = 2
𝜕U
𝜕Cr

− J−
2
3

N∑
i=1

qi = 2
𝜕U1

𝜕J
𝜕J
𝜕Cr

+ 2
𝜕U2

𝜕C̄r

∶
𝜕C̄r

𝜕Cr

− J−
2
3

N∑
i=1

qi

which, upon the use of Equation 108, can be written in indicial form as

(𝛔P2)ij = J
𝜕U1

𝜕J
(C−1

r )ij + 2
3∑

k,l=1

{
𝜕U2

𝜕(C̄r)kl

J−
2
3

(
𝛿ki𝛿lj −

1
3
(Cr)kl(C−1

r )ij
)}

− J−
2
3

(
N∑

i=1

qi

)
ij

= J
𝜕U1

𝜕J
(C−1

r )ij + J−
2
3

3∑
k,l=1

(
2
𝜕U2

𝜕(C̄r)ij
− 2

3

𝜕U2

𝜕(C̄r)kl

(Cr)kl(C−1
r )ij

)
− J−

2
3

(
N∑

i=1

qi

)
ij

Note that
(

2𝜕U2∕𝜕(C̄r)ij −
2
3
(𝜕U2∕𝜕(C̄r)kl)(Cr)kl(C−1

r )ij
)

gives the notion of “deviatoric”
stress tensor in the reference configuration, as SP2 defines the deviatoric part of the second

Piola–Kirchhoff stress tensor 𝛔P2. This can be demonstrated by writing

(
2
𝜕U2

𝜕C̄r

− 1
3

(
2
𝜕U2

𝜕C̄r

∶Cr

)
C−1

r

)
∶Cr = 2

𝜕U2

𝜕C̄r

∶Cr −
1
3

(
2
𝜕U2

𝜕C̄r

∶Cr

)
C−1

r ∶Cr

= 2
𝜕U2

𝜕C̄r

∶Cr −
1
3

(
2
𝜕U2

𝜕C̄r

∶Cr

)
(3) = 0
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where the fact that Cr and its inverse are symmetric is utilized. Therefore, one can assume that
the equation for 𝛔P2 can be written as

𝛔P2 = J
𝜕U1

𝜕J
C−1

r + J−
2
3 dev

(
2
𝜕U2

𝜕C̄r

)
− J−

2
3

N∑
i=1

qi

Integrating Equation 113 by parts, one obtains

qi = 𝛾i

⎛⎜⎜⎝dev

(
2
𝜕U2

𝜕C̄r

)
−

t

∫
−∞

e
− (t−𝜏)

𝜏ri
d
dτ

(
dev

(
2
𝜕U2

𝜕C̄r

))
d𝜏
⎞⎟⎟⎠

Substituting this into the equation for 𝛔P2, one obtains

𝛔P2 = J
𝜕U1

𝜕J
C−1

r + J−
2
3

(
1 −

N∑
i=1

𝛾i

)
dev

(
2
𝜕U2

𝜕C̄r

)

+ J−
2
3

N∑
i=1

t

∫
−∞

𝛾ie
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
2
𝜕U2

𝜕C̄r

))
d𝜏

= J
𝜕U1

𝜕J
C−1

r + J−
2
3

⎛⎜⎜⎝𝛾pdev

(
2
𝜕U2

𝜕C̄r

)
+

N∑
i=1

t

∫
−∞

𝛾ie
− (t−𝜏)

𝜏ri
d

d𝜏

(
dev

(
2
𝜕U2

𝜕C̄r

))
d𝜏
⎞⎟⎟⎠

One can also write

dev

(
2
𝜕U2

𝜕C̄r

)
=

t

∫
−∞

d
d𝜏

(
dev

(
2
𝜕U2

𝜕C̄r

))
d𝜏

Using the preceding two equations, one obtains

𝛔P2 = J
𝜕U1

𝜕J
C−1

r + J−
2
3

N∑
i=1

t

∫
−∞

(
𝛾P + 𝛾ie

− (t−𝜏)
𝜏ri

)
d

d𝜏

(
dev

(
2
𝜕U2

𝜕C̄r

))
d𝜏

which can be written as

𝛔P2 = J
𝜕U1

𝜕J
C−1

r + J−
2
3

t

∫
−∞

G(t − 𝜏) d
d𝜏

(
dev

(
2
𝜕U2

𝜕C̄r

))
d𝜏

where G(t− 𝜏) is defined by Equation 115.
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Another Model

Another formulation that is based on the Maxwell model and presented in Belytschko et al.
(2000) is discussed in the remainder of this section. In this model, it is assumed that the second
Piola–Kirchhoff stresses, in the case of the nonlinear viscoelastic model, are related to the
Green–Lagrange strains using the following constitutive model:

𝛔P2(t) =

t

∫
−∞

R(t, 𝜏, 𝛆)∶ d𝛆(𝜏)
d𝜏

d𝜏 (4.116)

where R is the tensor of relaxation functions. One form of the tensor R motivated by the model
presented in the preceding section and is considered as a specialization to the generalized
Maxwell model that consists of nv Maxwell elements connected in parallel is in terms of Prony
series given as

R(t, 𝜏, 𝛆) =
nv∑

k=1

GK(𝛆(𝜏))e−(t−𝜏)∕𝜏rk (4.117)

The hyperelastic model can be obtained using the constitutive model presented in this section
by setting 𝜏rk equal to infinity. Note also that by differentiating the constitutive equation pre-
sented in this section, one obtains

(𝛔̇P2)k +
(𝛔P2)k
𝜏rk

= Gk∶ 𝛆̇ (4.118)

where 𝛔P2 =
∑nv

k (𝛔P2)k and (𝛔P2)k are called the partial stresses. The preceding equation
shows that the model presented in this section for nonlinear viscoelasticity can be considered
as a series of parallel connections of Maxwell elements.

Example 4.10

In order to prove the constitutive relation of Equation 118, the following basic calculus identity
is used (Kaplan, 1991):

d
dt

t

∫
a

f (t, 𝜏)d𝜏 = 1
(t − a)

t

∫
a

[
(t − a) 𝜕

𝜕t
f (t, 𝜏) + (𝜏 − a) 𝜕

𝜕𝜏
f (t, 𝜏) + f (t, 𝜏)

]
d𝜏

where f(t, 𝜏) is an arbitrary function and a is a constant. Using Equations 116 and 117, one can
write, for each series of the Maxwell elements, which are connected in parallel, the following
stress equation:

(𝛔P2)k =

t

∫
−∞

e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏
d𝜏
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Therefore,

(𝛔̇P2)k =
d
dt

t

∫
−∞

e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏
d𝜏

Using the calculus identity presented at the beginning of the example, (𝛔̇P2)k can be written as

(𝛔̇P2)k =
1

(t − a)

t

∫
a

(t − a) 𝜕
𝜕t

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

+ 1
(t − a)

t

∫
a

(𝜏 − a) 𝜕
𝜕𝜏

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

+ 1
(t − a)

t

∫
a

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

where a→−∞. This equation can be written as

(𝛔̇P2)k = − 1
𝜏rk

t

∫
a

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

+ 1
(t − a)

t

∫
a

(𝜏 − a) 𝜕
𝜕𝜏

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

+ 1
(t − a)

t

∫
a

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

or equivalently

(𝛔̇P2)k = −
(𝛔P2)k
𝜏rk

+ 1
(t − a)

t

∫
a

(𝜏 − a) 𝜕
𝜕𝜏

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

+ 1
(t − a)

t

∫
a

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

Because a→−∞, the last term in the previous equation is equal to zero. Therefore, one can
write

(𝛔̇P2)k = −
(𝛔P2)k
𝜏rk

+ 1
(t − a)

t

∫
a

(𝜏 − a) 𝜕
𝜕𝜏

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏
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The limit of last term in this equation when a→−∞ is

1
(t − a)

t

∫
a

(𝜏 − a) 𝜕
𝜕𝜏

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏 =

t

∫
a

𝜕

𝜕𝜏

(
e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

)
d𝜏

=
[

e
− (t−𝜏)

𝜏rk Gk(𝛆(𝜏))∶
d𝛆(𝜏)

d𝜏

]𝜏=t

𝜏=−∞

= Gk(𝛆(t))∶
d𝛆(t)

dt
= Gk(𝛆(t))∶ 𝛆̇(t)

Combining the last two equations one can write

(𝛔̇P2)k +
(𝛔P2)k
𝜏rk

= Gk∶ 𝛆̇

which is the constitutive equation in the rate form given by Equation 118.

4.9 A SIMPLE VISCOELASTIC MODEL FOR ISOTROPIC MATERIALS

In this section, a simple viscoelastic model for isotropic materials is presented. In this model,
for simplicity, the viscoelastic response is restricted to the deviatoric stress and strains, whereas
the volume change is assumed to obey linearly elastic relationship. Recall the following form
of the Cauchy stress tensor developed in the preceding chapter:

𝛔 = S + pI (4.119)

where S is the stress deviator tensor and p is the hydrostatic pressure defined as

p = 1
3
(𝜎11 + 𝜎22 + 𝜎33) =

1
3

3∑
i=1

𝜎ii (4.120)

Note that tr(S)= 0, and because Cauchy stress tensor is used, the hydrostatic pressure p has
a physical interpretation. As discussed in the preceding chapter, the decomposition of the
Cauchy stress tensor to deviatoric and hydrostatic pressure parts can be used to obtain the
following decomposition for the second Piola–Kirchhoff stress tensor:

𝛔P2 = JJ−1𝛔J−1T = JJ−1(S + pI)J−1T = SP2 + pJJ−1J−1T
(4.121)

where
SP2 = JJ−1SJ−1T

(4.122)

The tensor SP2 is the deviatoric components of the second Piola–Kirchhoff stress tensor. Recall
that the trace of SP2 is not necessarily equal to zero despite the fact that the trace of S is equal
to zero.
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In a similar manner, the Green–Lagrange strain tensor can be written as follows:

𝛆 = 𝛆d +
1
3
𝜀tI (4.123)

where 𝛆d is the strain deviator tensor and 𝜀t is the dilatation. In the model presented in this
section, the pressure–volume relationship is assumed to be linear and is defined as

p = K𝜀t (4.124)

where K is the bulk modulus. A more general model than the one presented in this section can
be obtained by using, in the relationships developed in the remainder of this section, the com-
ponents of the Green–Lagrange strain and the second Piola–Kirchhoff stress tensors instead
of the deviatoric parts.

Constitutive equations that relate the stress and strain deviators and are based on the differ-
ential form and a generalized Maxwell model that consists of nv elements connected in series
can be written as (Zienkiewicz and Taylor, 2000)

SP2 = 2G

(
𝜇0𝜀d +

nv∑
k=1

𝜇kqk

)
(4.125)

In this equation, G is a relaxation modulus, qk, k= 1, 2,… , nv, are dimensionless devi-
atoric partial strains, and 𝜇k are dimensionless parameters that satisfy the following
condition:

nv∑
k=1

𝜇k = 1 (4.126)

The deviatoric partial strains are obtained by solving the following system of ordinary
first-order differential equations:

q̇k +
1
𝜏rk

qk = 𝛆̇d (4.127)

in which 𝜏rk, k= 1,2,… , nv, are the relaxation times. If the state of strains is known at a
given time, a simple single-step method can be used to solve the preceding equation for the
partial deviatoric strains qk. The partial strains can then be substituted into the constitutive
equations to determine the deviatoric stress tensor SP2. Because the hydrostatic pressure can
be determined using the linear elastic model of Equation 124, one can obtain the elements of
the second Piola–Kirchhoff stress tensor using Equation 121.

If the coefficients that appear in the equations presented in this section are nonlinear and
depend on the state of stress and strain, an iterative Newton–Raphson algorithm can be used
to solve for the stresses. In this case, the tangent moduli for the viscoelastic model must be
determined. The tangent moduli for the viscoelastic isotropic material model discussed in this
section can be found in the literature (Zienkiewicz and Taylor, 2000).

4.10 FLUID CONSTITUTIVE EQUATIONS

Unlike solids, fluids cannot resist shear stresses because any shear force applied to a fluid
produces motion. In the case of fluids, the stress components are expressed as functions of
the rate of strains. If the shear stresses are proportional to the rate of strains, one has the case
of Newtonian viscous fluid. The constant of proportionality is the viscosity coefficient. If the
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effect of viscosity is neglected, one has the case of inviscid flow in which the effect of shear
is neglected. In reality, no fluid has viscosity coefficient that is equal to zero. The viscosity
coefficient can be a function of the spatial coordinates, pressure, and/or temperature. A flow
is called incompressible if the density and volume are assumed to remain constant.

Linear constitutive equations of the fluid can be assumed in the following form
(Spencer, 1980):

𝛔 = −p(𝜌,T)I + E∶D (4.128)

In this equation, 𝜌 is the mass density, T is the temperature, D is the rate of deformation tensor,
p is the hydrostatic pressure, and E is the fourth-order tensor of viscosity coefficients. The
preceding equation states that in the case of fluid motion, all the stresses are linear functions
of the components of the rate of deformation tensor. The normal stresses in particular are equal
to the hydrostatic pressure plus terms that depend linearly on the components of the rate of
deformation tensor.

If the fluid is assumed to be isotropic, one can use an argument similar to the one made
in the case of solids to derive the fluid constitutive equations. In this case, one can write the
following fluid constitutive equations (Spencer, 1980):

𝛔 = {−p(𝜌,T) + λ(𝜌,T)tr(D)}I + 2𝜇(𝜌,T)D (4.129)

where 𝜆 and 𝜇 are viscosity coefficients that depend on the fluid density and temperature.
These viscosity coefficients are different from Lame’s constants previously introduced in this
chapter. It is clear from the preceding equation that if the velocity gradients are equal to zero,
the shear stresses are equal to zero, and the normal stress components reduce to the hydrostatic
pressure p. In the preceding equation, 𝜇 is the coefficient of shear viscosity and (𝜆+ (2𝜇/3))
is called the coefficient of bulk viscosity. If 𝜆+ (2𝜇/3)= 0, one has the Stokes’ relation.

The relationship between the stress components and the rate of strains must be invariant
under coordinate transformations. Recall that the rate of deformation tensor satisfies the objec-
tivity requirement when it is used with a proper stress measure, which in this case is the Cauchy
stress tensor 𝛔, because 𝛔 : L=𝛔 : D, as shown in the preceding chapter. Using this fact, one
can show that the fluid constitutive equations presented in this section are invariant under an
arbitrary rigid-body motion. It can be shown that isotropy follows from Equation 128 and the
requirement that the stresses must be selected to satisfy the objectivity requirement. Therefore,
one does not need to introduce the isotropy as a separate assumption (Spencer, 1980).

For incompressible fluids, tr(D)= 0. In this special case, the mass density 𝜌 is constant and
Equation 129 reduces to

𝛔 = −p(T)I + 2𝜇(T)D (4.130)

In principle, as previously discussed, the incompressibility condition must be introduced
using algebraic constraint equations imposed on the deformation in order to ensure that the vol-
ume remains unchanged throughout the fluid motion. The algebraic equations must be solved
simultaneously with the dynamic equations of motion of the fluid. Introducing an incompress-
ibility algebraic constraint equation, as previously mentioned, leads to a constraint force (stress
reaction) that can be used to determine the hydrostatic pressure, which enters into the formula-
tion of the constitutive equations. This constraint force can be expressed in terms of a Lagrange
multiplier. Note that in the preceding equation the hydrostatic pressure and the viscosity coef-
ficient depend only on the temperature T. A fluid that is incompressible and inviscid is called
an ideal fluid. In this special case, there are no constitutive equations required and the stresses
can be determined by simply using the equations 𝛔=−pI.
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4.11 NAVIER–STOKES EQUATIONS

In order to obtain the fluid equations of motion, the fluid constitutive equations can be used
to define the stresses, which in turn can be substituted into the partial differential equations
of equilibrium obtained in the preceding chapter. This leads to the well-known Navier–Stokes
equations (White, 2003). In the case of incompressible fluid, the incompressibility algebraic
equations must be added to the Navier–Stokes equations in order to ensure that the fluid volume
remains unchanged. In the preceding chapter, it was shown that the dynamic equations of
equilibrium in the case of a symmetric stress tensor are given by

(∇𝛔)T + fb − 𝜌a = 𝟎 (4.131)

where 𝛔 is the stress tensor, fb is the vector of the body forces, 𝜌 is the mass density, and a is the
vector of absolute acceleration of the material points. The variables in the preceding equation
are defined in the current configuration. Using the definition of the stress given for isotropic
materials by Equation 129, one can write

∇𝛔 = −∇(pI) + ∇(λtr(D)I) + ∇(2𝜇D) (4.132)

Substituting this equation into Equation 131, one obtains

𝜌a = fb + {−∇(pI) + ∇(λtr(D)I) + ∇(2𝜇D)}T (4.133)

If the fluid is assumed to be Newtonian, the preceding equation leads to

𝜌a = fb + {−∇(pI) + λ∇(tr(D)I) + 2𝜇∇D}T (4.134)

This equation is known as the Navier–Stokes equations.
For an incompressible fluid, tr(D)= 0, the preceding equation reduces to

𝜌a = fb + {−∇(pI) + ∇(2𝜇D)}T (4.135)

The ratio 𝛼1 =𝜇/𝜌 is known as the kinematic viscosity. If the Stokes’ relation is assumed, one
has 𝛼1 + 𝛼2 = 𝛼1/3, where 𝛼1 = 𝜆/𝜌.

In order to solve the Navier–Stokes equations, the boundary conditions must be defined.
In general, the viscous fluid is assumed to stick to the boundaries such that the fluid has the
boundary velocities in the regions of contact. If the boundary is stationary, the viscous fluid is
assumed to have zero velocity at the boundary. In the case of inviscid fluid, the fluid can have a
tangential velocity at the boundary, whereas the normal component of the velocity is assumed
to be zero.

PROBLEMS

1. Write explicitly all the conditions of the material symmetry that lead to Equation 22.

2. In the case of plane stress, 𝜎33 = 𝜎13 = 𝜎23 = 0. Derive the constitutive equation in
this plane stress case.

3. In the case of plane strains, 𝜀33 = 𝜀13 = 𝜀23 = 0. Derive the constitutive equation in this
case of plane strains.
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4. Let I1, I2, and I3 be the invariants of the right Cauchy–Green strain tensor Cr. Show that

𝜕I1/𝜕Cr = I, 𝜕I2∕𝜕Cr = I1I − CT
r , 𝜕I3∕𝜕Cr = I3C−1T

r .

5. For the Neo–Hookean material model presented in this chapter, show that the second
Piola–Kirchhoff stress tensor is given as 𝛔P2 = 𝜇(I − C−1

r ) + λ(ln J)C−1
r , where 𝜆 and 𝜇

are Lame’s constants and Cr is the right Cauchy–Green deformation tensor.

6. For the Neo–Hookean material model presented in this chapter, show that the Kirchhoff
stress tensor is given as 𝛔K = 𝜇(Cl − I) + λ(ln J)I, where 𝜆 and 𝜇 are Lame’s constants
and Cl is the left Cauchy–Green deformation tensor.

7. Show that the fourth-order tensor of the elastic coefficients for the Neo–Hookean material
model presented in this chapter is given as E = λhC−1

r ⊗ C−1
r − 2𝜇h(𝜕C−1

r ∕𝜕Cr), where
Cr is the right Cauchy–Green deformation tensor, and 𝜆h and 𝜇h are the coefficients
defined in this chapter.

8. Show that the creep function for the one-dimensional standard viscoelastic model is given
by K = (1∕Ep){1 − (Es∕Et)e−(Ep∕𝜏rEt)t}, where the coefficients that appear in this equation
are defined in Section 7.

9. Obtain the constitutive equations for the simple one-dimensional viscoelastic Maxwell
model.

10. Derive a more general viscoelastic model for isotropic materials than the one presented
in Section 9 by using, in the relationships developed in Section 9, the components of
the Green–Lagrange strain and the second Piola–Kirchhoff stress tensors instead of their
deviatoric parts.
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CHAPTER 5

FINITE ELEMENT FORMULATION:
LARGE-DEFORMATION, LARGE-ROTATION
PROBLEM

In the preceding chapters, the general nonlinear continuum mechanics theory was presented.
In order to make use of this theory in many practical applications, a finite dimensional model
must be developed. In this model, the partial differential equations of equilibrium are writ-
ten using approximation methods as a finite set of ordinary differential equations. One of the
most popular approximation methods that can be used to achieve this goal is the finite element
method. In this method, the spatial domain of the body is divided into small regions called
elements. Each element has a set of nodes, called nodal points, that are used to connect this
element with other elements used in the discretization of the body. The displacement of the
material points of an element is approximated using a set of shape functions and the displace-
ments of the nodes and possibly their derivatives with respect to the spatial coordinates. In this
case, the dimension of the problem depends on the number of nodes and number and type of
the nodal coordinates used.

Small- and Large-Deformation Problems

In the literature, there are many finite element formulations that are developed for the defor-
mation analysis of mechanical, aerospace, structural, and biological systems. Some of these
formulations are developed for small-deformation and small-rotation linear problems, some
for large-deformation and large-rotation nonlinear analysis, and the others for large-rotation
and small-deformation nonlinear problems. Several numerical solution procedures and com-
putational algorithms are also proposed for solving the resulting system of finite element
differential equations.

Computational Continuum Mechanics, Third Edition. Ahmed A. Shabana.
© 2018 John Wiley & Sons Ltd. Published 2018 by John Wiley & Sons Ltd.
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The following chapter is devoted to the important nonlinear problem of small deformation
and large rotation of flexible bodies, which is typical of multibody system (MBS) applications.
In the case of small deformations, one can use more efficient formulations that employ smaller
number of coordinates. These formulations, as will be discussed in the following chapter, allow
for filtering out complex deformation shapes associated with high-frequency modes of oscilla-
tions while ensuring correct description of arbitrary rigid-body displacements. To this end, the
concept of the intermediate element coordinate system will be introduced. The treatment of
the more general problem of large deformation and large rotation, on the other hand, does not
allow for such an efficient use of the techniques of coordinate reduction because the shape of
deformations can be very complex and higher-order models are required in order to be able to
capture the details of the deformation shapes. Nonetheless, in many large-deformation appli-
cations, one deals with softer materials that do not exhibit high-frequency oscillations, and for
this reason, large-deformation formulations can be efficiently used.

Absolute Nodal Coordinate Formulation (ANCF)

In this chapter, a more general large-rotation and large-deformation finite element formula-
tion is discussed. This formulation, which is called the absolute nodal coordinate formulation
(ANCF), imposes no restrictions on the amount of rotation or deformation within the finite
element. In addition to its simplicity and its consistency with the nonlinear theory of contin-
uum mechanics, the absolute nodal coordinate formulation has several advantages as compared
to other large-rotation and large-deformation finite element formulations that exist in the lit-
erature. This formulation leads to a constant mass matrix and zero centrifugal and Coriolis
forces; allows for the use of general constitutive models in case of beams, plates, and shells;
and accounts for the dynamic coupling between the rigid-body motion and the elastic defor-
mation.

There are three conditions that must be met in order to have the absolute nodal coordi-
nate formulation discussed in this chapter. First, the problem under investigation must be a
dynamic problem in order to address the formulation of the inertia forces. Second, consistent
mass formulation must be used because lumped mass formulations do not lead to a correct
representation of the rigid-body dynamics (Shabana, 2013). Third, global gradients or slopes
obtained by differentiation of absolute position vectors with respect to the spatial coordinates
are used as nodal coordinates in order to ensure continuity of rotation parameters. The latter
requirement is particularly important when finite elements are assembled. In the assembly pro-
cess, proper gradient transformation must be used instead of the vector transformation often
used in the finite element literature. Gradients are tangent to coordinate lines, and therefore,
for two gradient vectors to be equal they must be tangent to the same coordinate line. Under-
standing the concept of gradients is crucial in the ANCF implementation, particularly when
discontinuities or initially curved structures are considered. Using ANCF finite elements one
can develop a nonincremental solution procedure for solving large-deformation problems.

Chapter Organization

This chapter is organized as follows. In Section 1, the displacement field and coordinates of
the finite element are defined. In Section 2, the element connectivity conditions are introduced.
In Section 3, the finite element inertia and elastic forces are formulated, whereas in Section 4
the virtual work of the inertia and elastic forces of the element is used to formulate the virtual
work expression of the equations of motion of the finite element. This virtual work expression
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is used to obtain the equations of motion of the deformable body by assembling the equations
of its finite elements. Because ANCF finite elements leads to a nonlinear expression of the
elastic forces, one must resort in general to evaluate numerically the integrals of these elas-
tic forces, as discussed in Section 5. In Section 6, the basic differential geometry theories of
curves and surfaces are briefly reviewed in order to help the reader better understand the modes
of deformations of beams, plates, and shells. In Sections 7–13, several examples of two- and
three-dimensional finite element shape functions are presented, and the procedures for formu-
lating the elastic forces of these elements are outlined. In Section 14, the performance of the
finite elements is discussed, including topics such as the patch test; shear, membrane, and vol-
umetric locking; and reduced and selective integrations. In Section 15, other large-deformation
finite element formulations used in the literature are discussed and compared with the ANCF
presented in more detail in this chapter. The formulations of the dynamic equations obtained
using the updated Lagrangian and Eulerian approaches are compared in Section 16.

5.1 DISPLACEMENT FIELD

In the finite element method, as previously pointed out, the domain of the body is divided into
small regions called elements. Assuming that these elements are small, one can use low-order
polynomials to describe the displacement field of the element. For example, if the deformation
of the body is negligible or small, only six coordinates are sufficient to define the rigid-body
translation and rotation. In this special case, first-order polynomials can be used to describe
exactly the rigid-body motion. For a small finite element on a deformable body, on the other
hand, the deformation within the element can be in general much smaller than the overall
deformation of the body, and therefore, one can still justify using a lower-order polynomial
to describe the displacement of a small region on the body. After introducing the low-order
polynomials to define the equations of motion of the finite elements, the body equations of
motion can be obtained by assembling the equations of motion of its elements using the con-
nectivity conditions at the finite element boundaries. By using this procedure, one can develop
a powerful tool for the computer-aided analysis of structural components that have complex
geometric shapes.

Separation of Variables

Finite element approximations are based on the concept of the separation of variables briefly
introduced in Chapter 1 and used in the examples presented in several chapters of this book.
The displacement of the finite element can be written as the product of two sets of functions:
one set depends on the spatial coordinates, whereas the other set depends on time only. The
separation of variables can conveniently be achieved by assuming that the position vector of
arbitrary material points on the element can be written as polynomials of the spatial local
coordinates of the element. The coefficients of these polynomials in the case of dynamics
are the time-dependent variables. One can select points on the element, called nodes, and
assign variables such as displacements, rotations, and slopes as nodal coordinates. Knowing
the coordinates of these nodes in the reference configuration, one can write a set of algebraic
equations using the assumed polynomial displacement field and determine the polynomial
coefficients in terms of the nodal variables. In the formulation discussed in this section, all
the components of the position vector are interpolated using polynomials that have the same
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order. For example, for a given domain defined by the spatial coordinates x1, x2, and x3, the
kth component of the position vector can be written as

rk = a0k + a1kx1 + a2kx2 + a3kx3 + a4kx2
1 + a5kx2

2 + · · · , k = 1, 2, 3 (5.1)

The coefficients aik, i= 0, 1, 2, 3, … , in the case of dynamics, are assumed to depend only
on time. In this case, the above assumed displacement field can be written as the product
of functions that depend only on the spatial coordinates x= [x1 x2 x3]T and a vector of
time-dependent coordinates. To see this separation of variables, the preceding equation can be
written as

rk =
[
1 x1 x2 x3 x2

1 x2
2 …

]
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0k

a1k

a2k

a3k

a4k

a5k

⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, k = 1, 2, 3 (5.2)

Denoting the space-dependent row in this equation as Pk(x) and the time-dependent vector as
ak(t), the preceding equation can be written as

rk = Pk(x)ak(t), k = 1, 2, 3 (5.3)

where

Pk(x) =
[
1 x1 x2 x3 x2

1 x2
2 …

]
, ak(t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0k

a1k

a2k

a3k

a4k

a5k

⋮

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.4)

One can select, as discussed in Chapter 1 and demonstrated by the examples presented at the
end of this section, position coordinates and possibly spatial derivatives of the coordinates at
selected points and write the coefficients ak(t) in terms of these position coordinates and their
derivatives. The number of the selected position coordinates and their derivatives must be equal
to the number of the polynomial coefficients in order to have a number of algebraic equations,
which can be solved for these coefficients. Let e be the vector of coordinates that may include
position coordinates and their spatial derivatives at selected points at known local positions on
the element. Substituting the values of the spatial coordinates in the preceding equation, one
can write the following relationship between the selected coordinates and the coefficients of
the polynomial:

e(t) = Bpa(t) (5.5)

where Bp is a constant square nonsingular matrix and a is the total vector of the polynomial
coefficients. The preceding equation can be solved for the coefficients a in terms of the selected
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coordinates as a(t) = B−1
p e(t). Substituting this equation into the assumed displacement field

of Equation 3, one can write the displacement field in terms of the selected coordinates as

r(x, t) =
⎡⎢⎢⎣
r1
r2
r3

⎤⎥⎥⎦ =
⎡⎢⎢⎣
P1a1
P2a2
P3a3

⎤⎥⎥⎦ =
⎡⎢⎢⎣
P1 𝟎 𝟎
𝟎 P2 𝟎
𝟎 𝟎 P3

⎤⎥⎥⎦
⎡⎢⎢⎣
a1
a2
a3

⎤⎥⎥⎦
= P(x)a(t) = P(x)B−1

p e(t) (5.6)

In this equation,

P(x) =
⎡⎢⎢⎣
P1 𝟎 𝟎
𝟎 P2 𝟎
𝟎 𝟎 P3

⎤⎥⎥⎦ , a(t) =
⎡⎢⎢⎣
a1(t)
a2(t)
a3(t)

⎤⎥⎥⎦ (5.7)

One, therefore, can write the position vector r using Equation 6 as

r(x, t) = S(x)e(t) (5.8)

where S(x) = P(x)B−1
p . In this approach, S(x) is called the shape function matrix. The position

vector field can then be written as the product of the space-dependent matrix S(x) and the
vector of time-dependent coordinates e(t).

Using this approach of the separation of variables, and assuming that the continuum is
divided into a number of ne finite elements as shown in Figure 1, the displacement field of a
finite element j can be written as

rj(xj, t) = Sjej, j = 1, 2, …, ne (5.9)

where rj is the global position vector of an arbitrary point on the finite element j as shown in
Figure 1, Sj = Sj(xj) is a shape function matrix that depends on the element spatial coordinates

xj =
[
xj

1 xj
2 xj

3

]T
defined in the element reference configuration, and ej = ej (t) is the vector

of time-dependent nodal coordinates that define the displacements and possibly their spatial
derivatives at a set of nodal points selected for the finite element.

X1

X3

X2

O

 Element j

r j(x j, t)

Figure 5.1 Finite element discretization
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Modes of Displacement

The selection of the number of nodal points and the number of coordinates at each node is
one of the important factors that determine the accuracy of the finite element approximation.
The general theory of continuum mechanics discussed in this book shows that the matrix of
position vector gradients leads to nine independent modes of displacements for an infinites-
imal volume at a material point. The polar decomposition theorem shows that the matrix of
position vector gradients can be decomposed as the product of an orthogonal matrix and a
symmetric matrix. The orthogonal matrix is function of three independent parameters that
define the rotation of the infinitesimal volume, whereas the symmetric matrix is a function of
six independent deformation parameters that define the strain components. Therefore, if the
translation of the infinitesimal volume is considered, one has a total of 12 displacement modes
for the infinitesimal volume: 3 translations, 3 rotations, and 6 deformation modes. Motivated
by this simple and general continuum mechanics description of the motion of the infinitesimal
volume, the vector of nodal coordinates can be selected in the three-dimensional analysis to
consist of three translations and nine components of the position vector gradients. The nine
components of the position vector gradients account for three rotations and six deformation
modes. In this case, the vector of nodal coordinates ej of the finite element at a node k can be
written as

ejk =
[
rjkT

rjkT

x1
rjkT

x2
rjkT

x3

]T
(5.10)

where rjk is the absolute (global) position vector of the node k of the finite element j and
rjk

xl
is the vector of position gradients obtained by differentiation with respect to the spatial

coordinate xl, l= 1, 2, 3. Note that rjk
x = Jjk is the matrix of the position vector gradients at

node k, where xj =
[
xj

1 xj
2 xj

3

]T
. Note also that the last three vector elements of the vector of

nodal coordinates ejk in Equation 10 are the columns of the matrix of position vector gradients
Jjk = rjk

x that enters in the formulation of the strain tensors. It is important that the chosen
assumed displacement field and nodal coordinates correctly describe an arbitrary displacement
including rigid-body displacement. This is an essential requirement, particularly in problems
in the field of MBS dynamics in which the system components may undergo finite rotations.

Nodal Coordinates

In the finite element literature, one can find a large number of finite elements that have been
developed to suit varieties of applications. Some elements take the shape of trusses, some the
shape of beams, some the shape of rectangle, triangle or plate, solid (prism), tetrahedral, and
many other shapes. These elements employ different numbers and types of nodal coordinates.
For example, solid, triangle, rectangle, and tetrahedral elements employ, for the most part, only
displacement coordinates. Rotations, slopes, or gradients are not commonly used for these ele-
ments. Conventional beam, plate, and shell elements employ, in addition to the displacement
coordinates, infinitesimal rotation coordinates. Arbitrary rigid body motion, however, cannot
be defined as linear functions of infinitesimal rotations. Some newer beam, plate, and shell
elements use finite rotations as nodal coordinates and define a rotation field that is independent
from the displacement field. Because in the general theory of continuum mechanics, the
rotation field is defined from the displacement field using the matrix of position vector
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gradients, the use of an independent finite rotation field can lead to coordinate redundancy,
which can be a source of fundamental and numerical problem (Ding et al., 2014). Discussion
on other types of finite elements and finite element formulations is presented in a later section.

In the ANCF discussed in this chapter, no infinitesimal or finite rotations are used as nodal
coordinates. In this formulation, only absolute position vectors consistent with the general
continuum mechanics are interpolated, and the position vector gradient field is obtained by
differentiation of the position vector field with respect to the spatial coordinates of the finite
element. As will be shown in this chapter, in addition to having a description consistent with
the general continuum mechanics theory, the formulation discussed in this chapter has many
unique features that make it suited for the analysis of large deformation and large rotation of
very flexible structures.

Example 5.1

An example of a finite element that is based on the motion description presented in this section is
the three-dimensional, two-node beam element shown in Figure 2. Each node has 12 coordinates
that include the 3 components of the global position vector of the node and the 9 components
of the matrix of position vector gradients at the node. The element, therefore, has 24 degrees
of freedom (Shabana and Yakoub, 2001; Yakoub and Shabana, 2001). Let xj

1 be the spatial
coordinate along the beam element axis, and xj

2 and xj
3 be the other two spatial coordinates.

Because there are 24 coordinates and in the ANCF all the components of the position vector
must be interpolated using polynomials that have the same order, one can write the following
interpolating polynomial for the beam element:

rj =

⎡⎢⎢⎢⎢⎣
rj

1

rj
2

rj
3

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎣
a0 + a1xj

1 + a2xj
2 + a3xj

3 + a4xj
1xj

2 + a5xj
1xj

3 + a6(x
j
1)

2 + a7(x
j
1)

3

b0 + b1xj
1 + b2xj

2 + b3xj
3 + b4xj

1xj
2 + b5xj

1xj
3 + b6(x

j
1)

2 + b7(x
j
1)

3

c0 + c1xj
1 + c2xj

2 + c3xj
3 + c4xj

1xj
2 + c5xj

1xj
3 + c6(x

j
1)

2 + c7(x
j
1)

3

⎤⎥⎥⎥⎥⎦

X2

X1

X3

X3
j

X2
j X1

j

O

Oj
r j(x j, t)

Figure 5.2 Three-dimensional beam element
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In this equation, ai, bi, ci; i= 0, 1, 2, … , 7, are the coefficients of the interpolating polynomials.
Note that the interpolation in the preceding equation is cubic in xj

1 and linear in xj
2 and xj

3. As
described in this section, the 24 coefficients ai, bi, ci; i= 0, 1, 2, … , 7, can be determined by
applying the following conditions. At node 1, one has

rj1 = rj(0, 0, 0) =
⎡⎢⎢⎣
e1
e2
e3

⎤⎥⎥⎦ , rj1
x1
= rj

x1
(0, 0, 0) =

⎡⎢⎢⎣
e4
e5
e6

⎤⎥⎥⎦ ,
rj1

x2
= rj

x2
(0, 0, 0) =

⎡⎢⎢⎣
e7
e8
e9

⎤⎥⎥⎦ , rj1
x3
= rj

x3
(0, 0, 0) =

⎡⎢⎢⎣
e10
e11
e12

⎤⎥⎥⎦
and at node 2, one has

rj2 = rj(l, 0, 0) =
⎡⎢⎢⎣
e13
e14
e15

⎤⎥⎥⎦ , rj2
x1
= rj

x1
(l, 0, 0) =

⎡⎢⎢⎣
e16
e17
e18

⎤⎥⎥⎦ ,
rj2

x2
= rj

x2
(l, 0, 0) =

⎡⎢⎢⎣
e19
e20
e21

⎤⎥⎥⎦ , rj2
x3
= rj

x3
(l, 0, 0) =

⎡⎢⎢⎣
e22
e23
e24

⎤⎥⎥⎦
where l is the length of the element, and rj

xj
i

= 𝜕rj∕𝜕xj
i, i= 1, 2, 3. Using the conditions and the

procedure described in this section, one can show that the displacement field of the element can
be written as

rj(xj, t) = Sj
(
xj

)
ej(t)

In this equation, the vector ej = [e1 e2 · · · e24]T is the vector of nodal coordinates as defined
previously in this example, and Sj is the element shape function matrix, which can be
written as

Sj =
[
s1I s2I s3I s4I s5I s6I s7I s8I

]
where the shape functions si, i= 1, 2, … , 8, are defined as (Yakoub and Shabana, 2001)

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3),

s3 = l(𝜂 − 𝜉𝜂), s4 = l(𝜍 − 𝜉𝜍),

s5 = 3𝜉2 − 2𝜉3, s6 = l(−𝜉2 + 𝜉3),

s7 = l𝜉𝜂, s8 = l𝜉𝜍

where

𝜉 =
xj

1

l
, 𝜂 =

xj
2

l
, 𝜍 =

xj
3

l

It is left to the reader as an exercise to show that the displacement field used in this example
for the three-dimensional two-node beam element can describe an arbitrary rigid-body
motion.
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Example 5.2

A special case of the element presented in the preceding section is the two-dimensional,
two-node beam element. In this case, each node has six coordinates: two position coordinates
and four gradient components. The total number of element coordinates is then 12. Each
component of the position vector field can then be approximated with a polynomial, which has
six coefficients. For this planar element, the following interpolating polynomials are assumed
(Omar and Shabana, 2001):

r =
[

r1
r2

]
=

[
a0 + a1xj

1 + a2xj
2 + a3xj

1xj
2 + a4(x

j
1)

2 + a5(x
j
1)

3

b0 + b1xj
1 + b2xj

2 + b3xj
1xj

2 + b4(x
j
1)

2 + b5(x
j
1)

3

]
In order to replace the polynomial coefficients with nodal variables that have physical meaning,
we impose the following conditions at node 1:

rj1 = rj(0, 0) =
[

e1
e2

]
, rj1

x1
= rj

x1
(0, 0) =

[
e3
e4

]
, rj1

x2
= rj

x2
(0, 0) =

[
e5
e6

]
and the following conditions at node 2:

rj2 = rj(l, 0) =
[

e7
e8

]
, rj2

x1
= rj

x1
(l, 0) =

[
e9
e10

]
, rj2

x2
= rj

x2
(l, 0) =

[
e11
e12

]
where l is the length of the element, and rj

xi
= 𝜕rj∕𝜕xj

i, i= 1, 2. Using the conditions and the
procedure described in this section, one can show that the displacement field of the element can
be written as

rj(xj, t) = Sj(xj)ej(t)

In this equation, the vector ej = [e1 e2 … e12]T is the vector of nodal coordinates as defined
previously in this example, and Sj is the element shape function matrix, which can be written
as

Sj =
[
s1I s2I s3I s4I s5I s6I

]
where the shape functions si, i= 1, 2, … , 6 are defined as (Omar and Shabana, 2001)

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3),

s3 = l𝜂(1 − 𝜉), s4 = 3𝜉2 − 2𝜉3,

s5 = l(−𝜉2 + 𝜉3), s6 = l𝜉𝜂

where

𝜉 =
xj

1

l
, 𝜂 =

xj
2

l

It is also left to the reader to show that the shape function matrix and nodal coordinate vector
used for the planar beam element discussed in this example can be used to describe an arbitrary
rigid-body motion. Note that the displacement field used in this example is the same as the
displacement field used previously in several examples presented in the preceding chapters.
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5.2 ELEMENT CONNECTIVITY

In order to obtain the equations of motion of the continuum, the finite elements that form the
continuum domain must be properly connected at the nodal points. Let the vector of nodal
coordinates of all elements before connecting them be denoted as eb. This vector is then
given by

eb = [e1T
e2T … enT

e ]T (5.11)

where ej is the vector of nodal coordinates of the finite element j and ne is the total number of
finite elements. Let e be the vector of all nodal coordinates of the continuum after the elements
are connected. It is assumed that the finite element coordinates are defined in the same coor-
dinate system as the continuum coordinates. The case in which the element nodal coordinates
are defined in a coordinate system different from the continuum reference coordinate system
will be also discussed. The vector of the element j coordinates can be written in terms of the
nodal coordinates of the body as

ej = Bje (5.12)

where Bj is a Boolean matrix that includes zeros and ones and maps the element coordinates
to the body coordinates. If the finite elements have different orientations, which is the case of
slope discontinuity, a constant transformation can be defined and can be systematically intro-
duced into the preceding equation (Shabana and Mikkola, 2003; Shabana, 2011). In this case,
one can first define the element coordinates by the vector ēj and write this vector in terms
of element nodal coordinates defined in the same coordinate system as the continuum (body)
nodal coordinates, that is, ēj =Tjej, where Tj is an element transformation matrix (Shabana
and Mikkola, 2003; Shabana, 2011) and ej is a vector of nodal coordinates defined in the same
coordinate system as the body nodal coordinates. The Boolean matrix Bj can then be used to
write the vector of the element nodal coordinates in terms of the body nodal coordinates as
ēj =TjBje. In the case of using position vector gradients as nodal coordinates, a proper trans-
formation for the gradients must be used. In the remainder of this chapter, for simplicity, we
will assume that such a transformation is applied and use Equation 12 with the understand-
ing that the element and the body nodal coordinates ej and e are properly defined in the same
coordinate system.

Using Equation 12, one can then write⎡⎢⎢⎢⎣
e1

e2

⋮
ene

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣

B1

B2

⋮
Bne

⎤⎥⎥⎥⎦ e = Be (5.13)

where B is the Boolean matrix formed using the element Boolean matrices as

B =
⎡⎢⎢⎢⎣

B1

B2

⋮
Bne

⎤⎥⎥⎥⎦ (5.14)

This matrix has a number of rows equal to the dimension of the vector eb and a number of
columns equal to the dimension of the vector e. This procedure of assembling the finite ele-
ments is demonstrated by the following simple example.
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Example 5.3

Figure 3 shows two finite elements, each of which has two nodes and four nodal coordinates
per node. The nodal coordinates of the two elements can then be written as

e1 =
[
e1

1 e1
2 e1

3 e1
4 e1

5 e1
6 e1

7 e1
8

]T

e2 =
[
e2

1 e2
2 e2

3 e2
4 e2

5 e2
6 e2

7 e2
8

]T

1 1

1

2

2 3

2

e1, e2, e3, e4

e1
1, e2

1, e3
1, e4

1 e1
2, e2

2, e3
2, e4

2e5
1, e6

1, e7
1, e8

1 e5
2, e6

2, e7
2, e8

2

e5, e6, e7, e8 e9, e10, e11, e12

Figure 5.3 Element connectivity

The vector eb is defined as
eb =

[
e1T

e2T]T

When the two elements are assembled as shown in Figure 3, the vector of the body (continuum)
nodal coordinates e can be written as

e = [e1 e2 … e12]T

It is clear that the relationships between the element and the body coordinates that define the
element connectivity can be written as

e1 = B1e, e2 = B2e

where the two 8× 12 Boolean matrices B1 and B2 are defined as

B1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and

B2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
Note that the Boolean matrix of the finite element always has a number of rows equal to the
number of the finite clement nodal coordinates and a number of columns equal to the number
of the body nodal coordinates.

5.3 INERTIA AND ELASTIC FORCES

In this section, the formulation of the finite element inertia and elastic forces is discussed. It
will be shown that the finite element formulation discussed in this chapter leads to a simple
expression for the inertia forces and to a more complex expression for the elastic forces. This
is in contrast with the floating frame of reference (FFR) formulation discussed in the following
chapter and used mainly for the small-deformation, large-rotation analysis. The FFR formu-
lation leads to a complex expression for the inertia forces and to a simple expression for the
elastic forces.

Inertia Forces

In order to formulate the inertia forces of the finite element, one must obtain an expression for
the acceleration vector. Differentiating the global position vector of Equation 9 with respect
to time, the absolute velocity vector vj of an arbitrary material point on the element j can be
written as

vj = ṙj = Sjėj, j = 1, 2,…, ne (5.15)

Differentiating this equation with respect to time, the acceleration vector aj can be written in
the case of the ANCF as

aj = r̈j = Sjëj, j = 1, 2,…, ne (5.16)

The virtual work of the inertia forces of the finite element can then be defined as

𝛿Wj
i = ∫Vj

𝜌jajT𝛿rjdVj (5.17)

where 𝜌j and Vj are, respectively, the mass density and volume of the finite element. It is
important to point out that because of the principle of conservation of mass, 𝜌jdVj = constant,
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the mass density 𝜌j, and the volume Vj in the reference configuration can be used. For the
simplicity of the notation in this chapter, we use 𝜌j instead of 𝜌j

o to denote the density in the
reference configuration because in most of the developments presented in this chapter and
the following one, the inertia can be formulated using the reference configuration. A specific
mention will be made if 𝜌j is the mass density associated with the current configuration, as it
is the case when the equations that govern the fluid motion are discussed.

The virtual change in the position vector of the material point can be written as

𝛿rj = Sj𝛿ej (5.18)

Using the preceding two equations with the expression for the acceleration of Equation 16
and keeping in mind that the time-dependent nodal coordinates do not depend on the spatial
coordinates and can be factored out of the integration sign, one obtains the following equation
for the virtual work of the inertia forces:

𝛿Wj
i =

{
ëjT ∫Vj

𝜌jSjT SjdVj

}
𝛿ej (5.19)

This equation can be written as
𝛿Wj

i = {ëjT Mj}𝛿ej (5.20)

where Mj is the symmetric mass matrix of the finite element j defined as

Mj = ∫Vj
𝜌jSjT SjdVj (5.21)

This mass matrix is constant in both two- and three-dimensional cases. This is a unique fea-
ture of the ANCF because other known three-dimensional finite element formulations that
give complete information about the rotation at the nodes and use infinitesimal or finite rota-
tion parameters as nodal coordinates do not lead to a constant mass matrix in the case of
three-dimensional analysis. This important property of the formulation simplifies the govern-
ing equations significantly since it leads to zero centrifugal and Coriolis forces when the body
experiences an arbitrary large deformation and finite rotation.

By using the preceding equations, the virtual work of the inertia forces can be written as

𝛿Wj
i = QjT

i 𝛿ej (5.22)

where Qj
i is the vector of the inertia forces that takes the following simple form:

Qj
i = Mjëj (5.23)

One can show that, for many ANCF finite elements, the mass matrix remains the same under
an orthogonal coordinate transformation.
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Elastic Forces

An expression for the virtual work of the stresses of the continuum was obtained in Chapter
3 in terms of the Green–Lagrange strain tensor and the second Piola–Kirchhoff stress tensor.
For the finite element j, the virtual work of the stresses can be written as

𝛿Wj
s = − ∫Vj

𝛔j
P2 ∶ 𝛿𝛆jdVj (5.24)

In this equation, 𝛔j
P2 is the second Piola–Kirchhof stress tensor and 𝛆j is the Green–Lagrange

strain tensor at an arbitrary material point on the finite element j. The stress and strain tensors
used in Equation 24 are defined in the reference configuration. The virtual strain can be
expressed in terms of the virtual changes of the position vector gradients as

𝛿𝛆j = 1
2
{(𝛿JjT )Jj + JjT (𝛿Jj)} (5.25)

The second Piola–Kirchhoff stresses are related to the Green–Lagrange strains using the
constitutive equations

𝛔j
P2 = Ej ∶ 𝛆j (5.26)

where Ej is the fourth-order tensor of elastic coefficients. Substituting the preceding two
equations into the expression of the virtual work of the stresses, using the definition of the
matrix of position vector gradients, and using the expression of the gradients in terms of the
finite element nodal coordinates, one can show that the virtual work of the stresses of the
finite element j can be written as

𝛿Wj
s = −1

2 ∫Vj
(Ej ∶ 𝛆j) ∶ {(𝛿JjT )Jj + JjT (𝛿Jj)}dVj = −QjT

s 𝛿ej (5.27)

In this equation, Qj
s is the vector of the elastic forces associated with the nodal coordinates of

the finite element j. This vector, which is the result of the deformation of the continuum, takes
a more complex form as compared to the simple expression of the inertia forces obtained
previously in this section. Because the integrals for the stress forces are, in general, highly
nonlinear functions in the nodal and spatial coordinates, numerical integration methods are
often used for the evaluation of the nonlinear generalized stress forces.

5.4 EQUATIONS OF MOTION

The equations of motion of the finite elements that form the body can be developed using the
principle of virtual work in dynamics (Roberson and Schwertassek, 1988; Shabana, 2001).
In the case of unconstrained motion, the principle of virtual work for the continuum can be
written as

𝛿Wi = 𝛿Ws + 𝛿We (5.28)

In this equation, 𝛿Wi is the virtual work of the inertia forces of the body, 𝛿Ws is the virtual
work of the elastic forces due to the deformation, and 𝛿We is the virtual work of the applied
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forces such as gravity, magnetic, and other external forces. For instance, the virtual work of an
external force Fj acting at a point P defined by the coordinates xj

P on the finite element j can
be written as

𝛿Wj
e = FjT𝛿rj

P = FjT Sj(xj
P)𝛿ej = QjT

e 𝛿ej (5.29)

where Sj(xj
P) is a constant matrix that defines the element shape function at point xj

P and Qj
e is

the vector of generalized forces associated with the element nodal coordinates ej as the result
of the application of the force vector Fj. This vector of generalized forces is defined as

Qj
e = SjT (xj

P)F
j (5.30)

A similar expression can be obtained for all forces acting on the finite elements. One can then
write the virtual work of the applied forces acting on the continuum by summing up the virtual
work of the forces acting on its finite elements, that is,

𝛿We =
ne∑

j=1

𝛿Wj
e =

ne∑
j=1

QjT
e 𝛿ej (5.31)

The virtual work of the inertia forces of the body can be obtained by summing up the virtual
work of the inertia forces of its finite elements. Using the expression of the virtual work of the
finite element inertia forces obtained in the preceding section, one can write

𝛿Wi =
ne∑

j=1

𝛿Wj
i =

ne∑
j=1

(Mjëj)T𝛿ej (5.32)

Similarly, the virtual work of the stress forces of the body can be written as

𝛿Ws =
ne∑

j=1

𝛿Wj
s = −

ne∑
j=1

QjT
s 𝛿ej (5.33)

Substituting the preceding three equations into the principle of virtual work in dynamics of
Equation 28, one obtains

ne∑
j=1

(Mjëj + Qj
s − Qj

e)T𝛿ej = 0 (5.34)

This equation can also be written as

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎣
M1 𝟎 · · · 𝟎
𝟎 M2 · · · 𝟎
⋮ ⋮ ⋱ 𝟎
𝟎 𝟎 · · · Mne

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣

ë1

ë2

⋮

ëne

⎤⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎣
Q1

s

Q2
s

⋮

Qne
s

⎤⎥⎥⎥⎥⎦
−

⎡⎢⎢⎢⎢⎣
Q1

e

Q2
e

⋮

Qne
e

⎤⎥⎥⎥⎥⎦
⎫⎪⎪⎬⎪⎪⎭

T ⎡⎢⎢⎢⎢⎣
𝛿e1

𝛿e2

⋮

𝛿ene

⎤⎥⎥⎥⎥⎦
= 0 (5.35)
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Because 𝛿ej =Bj𝛿e and ëj =Bjë, where Bj is a Boolean matrix that defines the element con-
nectivity and e is the vector of the body nodal coordinates, Equation 34 can be written in terms
of the nodal coordinates of the body as{

ne∑
j=1

(MjBjë + Qj
s − Qj

e)TBj

}
𝛿e = 0 (5.36)

If the body motion is unconstrained, the elements of the vector 𝛿e are independent, and as a
consequence, their coefficients in the preceding equation must be equal to zero, that is,

ne∑
j=1

{
BjT MjBjë + BjT Qj

s − BjT Qj
e

}
= 𝟎 (5.37)

By performing the summation in this equation, one can show that the finite element equation
of motion of the body can be written as

Më + Qs − Qe = 𝟎 (5.38)

where M is the body symmetric mass matrix, Qs is the vector of body elastic forces, and Qe
is the vector of the body applied forces. The mass matrix and force vectors that appear in
the preceding equation are obtained from the mass matrices and force vectors of the finite
elements as

M =
ne∑

j=1

BjT MjBj, Qs =
ne∑

j=1

BjT Qj
s, Qe =

ne∑
j=1

BjT Qj
e (5.39)

In the finite element formulation discussed in this chapter, the body mass matrix is constant,
and therefore, the vectors of centrifugal and Coriolis forces are identically equal to zero in this
formulation. The vector of the body elastic forces due to the stresses, on the other hand, is a
nonlinear function of the nodal coordinates, as discussed in the preceding section. The fact
that the mass matrix is constant can be utilized in developing a computational algorithm for
solving the finite element equations. In this case, there is no need to iteratively perform the LU
factorization of this matrix. One can use a transformation based on Cholesky coordinates that
leads to an identity mass matrix (Shabana, 1998). Such a coordinate transformation leads to
an optimum sparse matrix structure when ANCF finite elements are used in MBS algorithms.

Example 5.4

The finite element in Example 2 is assumed to be subjected to a sinusoidal force defined by the
vector Fj = [F1 sin 𝜔t F2 sin 𝜔t]T, where 𝜔 is constant and t is time. The point of application
of the force is assumed to be at a point xj

P defined by the dimensionless parameters 𝜉 = 0.5 and
𝜂 = 0.5. Determine the generalized nodal forces due to the application of this force.

Solution: The assumed displacement field of the element is rj = Sjej. For this element,
ej = [e1 e2 … e12]T is the vector of nodal coordinates as defined in Example 2, and Sj is the
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element shape function matrix, which can be written as

Sj =
[
s1I s2I s3I s4I s5I s6I

]
where the shape functions si, i= 1, 2, … , 6, were obtained in Example 2 as (Omar and Shabana,
2001)

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3),

s3 = l𝜂(1 − 𝜉), s4 = 3𝜉2 − 2𝜉3,

s5 = l(−𝜉2 + 𝜉3), s6 = l𝜉𝜂

where 𝜉 = xj
1∕l, 𝜂 = xj

2∕l, and l is the length of the finite element. For 𝜉 = 0.5 and 𝜂 = 0.5, the
shape functions take the values

s1 = 0.5, s2 = 0.125l, s3 = 0.25l, s4 = 0.5, s5 = −0.125l, s6 = 0.25l

Therefore, the shape function defined at the point of application of the force xj
P is

Sj(xj
P) =

[
0.5I 0.125lI 0.25lI 0.5I −0.125lI 0.25lI

]
The virtual work of the force Fj can be written as

𝛿Wj
e = FjT𝛿rj

P = FjT Sj(xj
P)𝛿ej = QjT

e 𝛿ej

where

Qj
e = SjT(xj

P)F
j

= 0.125 sin𝜔t
[
4F1 4F2 F1l F2l 2F1l 2F2l 4F1 4F2 −F1l −F2l 2F1l 2F2l

]T

Curved Geometry

ANCF finite elements can be used to conveniently describe complex shapes. These shapes can
represent curved geometry in the undeformed reference configurations. In these cases, the posi-
tion vector gradients in the undeformed reference configuration are not orthogonal unit vectors
because of the continuum initial geometry. Examples of these applications, which were pre-
sented in Chapter 2 and include tires, belt drives, and tank cars, are shown in Figure 4. As
discussed in Chapter 2, in these cases, the strains evaluated using the matrix of position vector
gradients in the initial configuration must be identically equal to zero. In order to explain how
the strains are formulated in these cases of initial curved geometry, the three different config-
urations shown in Figure 5 were considered in Chapter 2. Because complex geometries can
always be obtained by changing the shape of simple objects, the first configuration in Figure 5
depicts the simple geometry, which can represent straight metal sheets described conveniently
using ANCF finite elements. In this simple geometry configuration, the location of the material
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Figure 5.4 Initial geometry

X

X,VX

Current deformed
configuration

Curved reference
configuration

Straight configuration

X

X, Vo

Y

Z

Jo

Je

J

r

r, v

Figure 5.5 ANCF description of curved geometry

points is defined using the position vector x of the ANCF element or an assembly of ANCF
finite elements. The second configuration is the reference configuration, which defines the
initial undeformed geometry. In this undeformed reference configuration, the position of the
material points is defined by the vector X. One can write dX = Jodx, where Jo = 𝜕X∕𝜕x, and
the superscript that indicates the finite element number is dropped for simplicity. The third con-
figuration shown in Figure 5 defines the current deformed configuration. In this configuration,
the position of the material points is defined by the vector r. As discussed in Chapter 2, one
can write dr = JdX, with J = 𝜕r∕𝜕X. It follows that J = 𝜕r∕𝜕X = (𝜕r∕𝜕x)(𝜕x∕𝜕X) = JeJ−1

o ,
where Je = 𝜕r∕𝜕x.
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The volume of the curved structure Vo is related to the volume of the straight structure
V (Figure 5) using the relationship dVo = JodV , where Jo = |Jo| is the determinant of the
matrix of position vector gradients Jo = 𝜕X∕𝜕x. Therefore, integration with respect to the
domain Vo can be converted to integration with respect to the straight domain V by using
the transformation dVo = JodV . This allows for using the original dimensions of the simpler
geometry to carry out the integrations associated with the initially curved configuration. Note
that the matrix Jo = 𝜕X∕𝜕x is constant.

The matrix of position vector gradients J = 𝜕r∕𝜕X is the matrix, which is used to determine
the Lagrangian strain tensor 𝛆 as 𝛆 = (JTJ − I)∕2. This matrix can be defined using the ANCF
description as

J = 𝜕r
𝜕X

=
(
𝜕r
𝜕x

) (
𝜕x
𝜕X

)
= JeJ−1

o (5.40)

where, as previously defined, Je = 𝜕r∕𝜕x. Therefore, the Lagrangian strain tensor can be
written as

𝛆 = 1
2

(
JTJ − I

)
= 1

2

(
J−1T

o (JT
e Je)J−1

o − I
)

(5.41)

Note that the relationship between the volume in the current deformed configuration v and the
volume in the curved reference configuration V can be written as dv = JdVo, where J = |J| is
the determinant of the matrix of position gradients J. It follows that dv = JdVo = |Je||J−1

o |dVo.
Using the relationship dVo = JodV , one has dv = |Je|dV .

As mentioned in Chapter 2, the procedure described in this section to model the initial cur-
vature, which is the same as the one used in the literature for modeling the initially curved
configuration of belt drives and rubber chains (Dufva et al., 2007; Maqueda et al., 2010), will
lead to zero strains for an arbitrary initially curved geometry. Using the ANCF finite elements
discussed later in this chapter, the constant matrix of position vector gradients Jo = 𝜕X∕𝜕x
can be determined in a straightforward manner. In the ANCF description, the assumed dis-
placement field can be written as r(x, t) = S (x, t) e(t), where r is the global position vector,
x =

[
x1 x2 x3

]T
is the vector of the element spatial coordinates, t is time, S is the element

shape function matrix, and e is the vector of the element nodal coordinates that include absolute
position and gradient coordinates. In the ANCF description, the vector of nodal coordinates
e can be written as e(t) = eo(t) + ed(t), where eo is the vector of nodal coordinates in the ref-
erence configuration and ed is the vector of nodal displacements. Using this partitioning, the
assumed displacement field can be written as r(x, t) = S(x, t)e(t) = S(x, t)(eo(t) + ed(t)). Using
the general continuum mechanics description r(X, t) = X + u(X, t), where X is the absolute
position vector of an arbitrary point in the reference configuration and u is the displacement
vector, one can write X = Seo and u = Sed. By appropriate choice of the elements of the vector
eo, initially curved structures can be defined in a straightforward manner using ANCF finite
elements.

As previously mentioned, integration with respect to the domain Vo can be converted
to integration with respect to the straight element domain V by using the transformation
dVo = JodV , where Jo = |Jo| is the determinant of the matrix of position vector gradients
Jo = 𝜕X∕𝜕x = 𝜕(Seo)∕𝜕x. In the ANCF description, the matrix Jo = 𝜕(Seo)∕𝜕x is constant,
while Je = 𝜕(Se)∕𝜕x. Table 1 explains how the basic continuum mechanics description is
implemented using ANCF finite elements.



�

� �

�

TA
B

L
E

5.
1

A
N

C
F

D
es

cr
ip

ti
on

of
C

ur
ve

d
G

eo
m

et
ry

Is
su

e
C

on
tin

uu
m

M
ec

ha
ni

cs
A

N
C

F
C

om
m

en
ts

K
in

em
at

ic
de

sc
ri

pt
io

n
r
=

X
+

u
r(

x,
t)
=

Se
o
+

Se
d
=

S(
e o

+
e d
)

X
=

S(
x)

e o
(t)
,

u
=

S(
x)

e d
(t)

X
is

th
e

bo
dy

pa
ra

m
et

er
s

in
th

e
in

iti
al

ly
st

ra
ig

ht
or

cu
rv

ed
co

nfi
gu

ra
tio

n,
an

d
x

is
th

e
A

N
C

F
fin

ite
el

em
en

tp
ar

am
et

er
s.

N
ot

e
th

at
X
=

X
(x
)

L
ag

ra
ng

ia
n

st
ra

in
s

J
=
𝜕

r
𝜕

X
=

r X

𝛆
=

1 2
(J

T
J
−

I)

J
=
𝜕

r
𝜕

X
=

( 𝜕r 𝜕
x

)( 𝜕
x
𝜕

X

) =
J eJ

−
1

o

J o
=
𝜕

X 𝜕
x

=
X

x
,

J e
=
𝜕

r
𝜕

x
=

r x

𝛆
=

1 2
(J

T
J
−

I)

T
he

L
ag

ra
ng

ia
n

st
ra

in
s

ar
e

ob
ta

in
ed

by
di

ff
er

en
tia

tio
n

w
ith

re
sp

ec
tt

o
X

.T
he

re
fo

re
,t

he
gr

ad
ie

nt
s

ar
e

ta
ng

en
tt

o
th

es
e

pa
ra

m
et

er
s

an
d

th
e

st
ra

in
s

ar
e

de
fin

ed
al

on
g

th
es

e
pa

ra
m

et
er

s
(fi

be
rs

or
co

or
di

na
te

lin
es

)

St
ra

in
in

th
e

el
em

en
t

co
or

di
na

te
s

D
oe

s
no

ta
pp

ly
J
=
𝜕

r
𝜕

X
=

( 𝜕r 𝜕
x

)( 𝜕
x
𝜕

X

) =
J eJ

−
1

o

𝛆
=

1 2
(J

T
J
−

I)

=
1 2
((J

eJ
−

1
o
)T

J eJ
−

1
o

−
I)

=
1 2

J−
1T

o
(J

T e
J e

−
JT o

J o
)J

−
1

o

=
J−

1T
o

𝛆 e
J−

1
o

𝛆 e
=

JT o
𝛆J

o

T
he

se
eq

ua
tio

ns
sh

ow
th

at
if

th
e

L
ag

ra
ng

ia
n

st
ra

in
s
𝛆a

lo
ng

th
e

bo
dy

co
or

di
na

te
lin

es
X

ar
e

gi
ve

n,
th

e
st

ra
in

s
𝛆 e

al
on

g
th

e
el

em
en

t
co

or
di

na
te

s
x

ca
n

be
ob

ta
in

ed
in

a
st

ra
ig

ht
fo

rw
ar

d
m

an
ne

r
us

in
g

th
e

m
at

ri
x

J o
.

N
ot

e
th

at
(𝛆

e)
11

in
th

e
ca

se
of

fu
lly

pa
ra

m
et

er
iz

ed
el

em
en

ts
ac

co
un

ts
fo

r
bo

th
ax

ia
l

an
d

be
nd

in
g

st
ra

in
s.

N
ot

e
al

so
th

at
by

us
in

g
th

e
ex

pr
es

si
on

fo
r

th
e

st
ra

in
𝛆,

th
e

in
iti

al
cu

rv
at

ur
e

in
un

de
fo

rm
ed

st
at

e
do

es
no

tc
on

tr
ib

ut
e

to
th

e
st

re
ss

fo
rc

es

186



�

� �

�

D
is

pl
ac

em
en

t
gr

ad
ie

nt
s

J
=
𝜕

r
𝜕

X
=

I
+
𝜕

u
𝜕

X

=
I
+

J d
,

J d
=
𝜕

u
𝜕

X

𝛆
=

1 2
(J

d
+

JT d
+

JT d
J d
)

u
=

Se
d

J d
=
𝜕

u
𝜕

X
=

( 𝜕u 𝜕
x

)( 𝜕
x
𝜕

X

)
=

J ed
J−

1
o

𝛆
=

1 2
(J

d
+

JT d
+

JT d
J d
)

𝛆
=

1 2
J−

1T
o

(J
T o
J ed

+
JT ed

J o
+

JT ed
J ed

)J
−

1
o

=
J−

1T
o

𝛆 e
J−

1
o

𝛆 e
=

JT o
𝛆J

o

T
he

di
sp

la
ce

m
en

tg
ra

di
en

ts
th

at
ar

e
fu

nc
tio

n
of

th
e

di
sp

la
ce

m
en

tc
oo

rd
in

at
es

an
d

do
no

td
ep

en
d

on
th

e
in

iti
al

co
nfi

gu
ra

tio
n

de
fin

ed
by

e o
ca

n
be

us
ed

to
fo

rm
ul

at
e

th
e

st
ra

in
s,

an
d

th
is

al
lo

w
s

fo
r

m
od

el
in

g
cu

rv
ed

st
ru

ct
ur

es

D
er

iv
at

iv
es

D
oe

s
no

ta
pp

ly
𝜕 𝜕
e

( 𝜕r 𝜕
X

) =
𝜕 𝜕
e

( 𝜕r 𝜕
x

)( 𝜕
x
𝜕

X

)
=
𝜕 𝜕
e

( 𝜕r 𝜕
x

) J−
1

o

=
𝜕 𝜕
e

([ r x
r y

r z] J−
1

o

)

T
he

se
eq

ua
tio

ns
sh

ow
ho

w
th

e
de

ri
va

tiv
es

ca
n

be
ob

ta
in

ed
fr

om
th

e
de

ri
va

tiv
es

w
ith

re
sp

ec
tt

o
th

e
el

em
en

tc
oo

rd
in

at
es

in
th

e
st

ra
ig

ht
co

nfi
gu

ra
tio

n

187



�

� �

�

188 COMPUTATIONAL CONTINUUM MECHANICS

5.5 NUMERICAL EVALUATION OF THE ELASTIC FORCES

As previously pointed out and shown in this chapter, the nonlinear large-deformation finite
element absolute nodal coordinate formulation leads to a simple expression for the inertia
forces and a nonlinear expression for the stress elastic forces. This is in contrast with the
small-deformation finite element FFR formulation presented in the following chapter. The
FFR formulation leads to a simple expression for the elastic forces and to a highly nonlinear
expression for the inertia forces. Nonetheless, as will be shown in the following chapter, the
nonlinear inertia forces obtained using the FFR formulation can be expressed in terms of a
unique set of inertia shape integrals. These shape integrals can be evaluated in advance of the
dynamic simulation using information from existing structural dynamics finite element codes.

Because closed-form expressions for the nonlinear ANCF elastic forces cannot be, in gen-
eral, obtained, the numerical evaluation of these forces is discussed in this section. The numer-
ical evaluation of integrals of functions is covered in detail in textbooks on numerical methods
(Carnahan et al., 1969; Atkinson, 1978). Therefore, in this section, a brief introduction to this
subject is presented. To this end, consider the following integral of a single function f(x) over
the interval [a, b]:

I = ∫
b

a
f (x)dx (5.42)

If the function f(x) is not simple or is given in a tabulated form, analytical evaluation of the pre-
ceding integral can be difficult, or even impossible. In these cases, one must resort to numerical
methods in order to evaluate the integral. Formulas used for numerical integration are called
quadratures. One approach is to try to find a polynomial Pn(x) of order n that can be a good
approximation of f(x). One can then obtain the integral of the polynomial in a closed form.
Because Pn(x) is not in general the same as f(x), one can define the following error function:

𝛿(x) = f (x) − Pn(x) (5.43)

In general, 𝛿(x) can take positive and negative values, and as a consequence, some of the pos-
itive errors cancel the effect of the negative errors when the integral ∫ b

a 𝛿(x)dx is evaluated
even in the case when Pn(x) is not a good approximation of f(x). For this reason, integration
is known as a smoothing process (Carnahan et al., 1969). Furthermore, if f(x) is a polynomial
or a function, which is described by data representing a polynomial, then one can always find
a polynomial Pn(x) such that the integral I is exact. If f(x) is not a polynomial, the numer-
ical integration will give an approximate evaluation of the integral of f(x). If the functions
used in the approximation of the integrals are evaluated at equally spaced base points, one
obtains the Newton–Cotes formulas, an example of which is the well-known Simpson’s rule
for numerical integration. If the functions used to approximate the integrals are evaluated using
unequally spaced base points, one obtains the Gauss quadrature formulas. In the Gauss quadra-
ture formulas, the locations of the base points are selected to achieve the best accuracy. In these
formulas, the properties of orthogonal polynomials are used. Examples of orthogonal polyno-
mials are the Legendre, Laquerre, Chebyshev, and Hermite polynomials. For example, the first
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few Legendre polynomials are defined as (Carnahan et al., 1969)

L0(x) = 1, L1(x) = x, L2(x) =
1
2
(3x2 − 1),

L3(x) =
1
2
(5x3 − 3x), L4(x) =

1
8
(35x4 − 30x2 + 3)

⎫⎪⎬⎪⎭ (5.44)

In general, the Legendre polynomials are defined by the following general recursion relation:

Ln(x) =
(2n − 1

n

)
xLn-1(x) −

(n − 1
n

)
Ln−2(x) (5.45)

One can show that these polynomials are orthogonal on the interval [−1, 1]. That is,

∫
1

−1
Ln(x)Lm(x)dx = 0, n ≠ m

∫
1

−1
[Ln(x)]2dx = cn

⎫⎪⎪⎬⎪⎪⎭
(5.46)

Because the Legendre polynomials are orthogonal, an arbitrary polynomial can be described
as a linear combination of the Legendre polynomials.

Gaussian Quadrature

In the Gaussian quadrature formulas, the integral is evaluated by approximating the function
f(x) by a polynomial Pn(x) defined at unequally spaced base points. This function approxi-
mation can lead to an error 𝛿(x), as previously mentioned. The locations of the base points
are determined by developing a set of algebraic equations that make the integral of the error
function equal to zero. The solution of these algebraic equations, which are obtained using
the properties of the orthogonal polynomials, defines the base points. One can then write the
integral I in the following form:

I = ∫
b

a
f (x)dx = ∫

b

a
Pn(x)dx + ∫

b

a
𝛿(x)dx (5.47)

The domain of integration can be changed from x ∈ [a, b] to 𝜉 ∈ [−1, 1] by using the substi-
tution

x = 1
2
{𝜉(b − a) + (a + b)} (5.48)

The steps used to determine the base points are first to employ the Lagrangian interpolating
polynomials to approximate Pn(x) and 𝛿(x). The Lagrangian interpolating polynomials do not
require equally spaced base points. The resulting polynomials are then expressed in terms
of the orthogonal Legendre polynomials. The Legendre polynomial orthogonality conditions
are used to define a set of algebraic equations that make the integral of the error function
equal to zero. This set of algebraic equations defines the base points for different orders of the
polynomial Pn(x). The integral can then be written in terms of the function evaluated at these
base points multiplied by weight factors or weight coefficients. This procedure for determining
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the base points is described in detail by Carnahan et al. (1969). The results are weight fac-
tors, which depend on the order of the polynomial or the number of base points selected to
approximate f(x). These weight factors are presented in tables in mathematics handbooks or in
textbooks on the subject of numerical analysis. In general, if the integral of the error function
becomes zero and the domain of integration is changed to [−1, 1], the integral I can be written
in terms of the function at the base points and the weight coefficients as

I = ∫
1

−1
g(𝜉)d𝜉 = w1g(𝜉1) + w2g(𝜉2) + · · · + wng(𝜉n) =

m∑
i=1

wig(𝜉i) (5.49)

where wi, i= 1, 2, … , m, are the weight factors. These weight factors are called
Gauss–Legendre coefficients. The weight factors are selected in order to achieve the
greatest accuracy. Symmetrically located base points have the same weight coefficients. Note
that if g(𝜉) is approximated by one quadrature point, there is only one base point 𝜉1 = 0.
In this case, the integral is given by I = ∫ 1

−1 g(𝜉)d𝜉 = w1g(𝜉1). If g(𝜉) is an arbitrary linear
function (n= 1), this integration result obtained using one quadrature point is exact. In this
case, w1 represents the length of the domain of integration, that is, w1 = 2, and g(𝜉1) is the
height used to determine the area under the curve. In this case, the function g(𝜉) is evaluated
at 𝜉1 = 0, which represents the center of the interval. If g(𝜉), on the other hand, represents a
higher-order function, the one-point quadrature integration is an approximation. In general,
a polynomial of degree n requires m= (n+ 1)/2 quadrature base points for exact integration,
where in this simple rule n is assumed an odd number.

Example 5.5

In order to explain the concept used in the Gaussian quadrature, one can write the error associ-
ated with the use of a polynomial of order n as

Δn = ∫
1

−1
g(𝜉)d𝜉 −

m∑
i=1

wig(𝜉i)

The goal here is to determine the weight coefficients wi and the base points 𝜉i, i= 1, 2, … , m,
where m= (n+ 1)/2. In the case of approximation based on a polynomial of order n, one can
write

g(𝜉) ≈ a0 + a1𝜉 + a2𝜉
2 + · · · + an𝜉

n

It follows that

Δn = ∫
1

−1
(a0 + a1𝜉 + a2𝜉

2 + · · · + an𝜉
n)d𝜉 −

m∑
i=1

wig(𝜉i)

This equation can be written as

Δn = ∫
1

−1

(
n∑

i=0

ai𝜉
i

)
d𝜉 −

m∑
i=1

wig(𝜉i)
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In the case n= 1 (m= 1), one has

Δ1 = ∫
1

−1
(a0 + a1𝜉)d𝜉 − w1(a0 + a1𝜉1)

This equation can be written as

Δ1 = a0

{
∫

1

−1
(1)d𝜉 − w1

}
+ a1

{
∫

1

−1
𝜉d𝜉 − w1𝜉1

}
For the error Δ1 to be zero, one must have the following two conditions satisfied:

∫
1

−1
(1)d𝜉 − w1 = 0, ∫

1

−1
𝜉d𝜉 − w1𝜉1 = 0

These two conditions can be used to define w1 and 𝜉1 as

w1 = 2, 𝜉1 = 0

The integral of the function g can then be approximated as

I =
m∑

i=1

wig(𝜉i) = w1g(𝜉1) = 2g(0),

which is the midpoint rule.
If n= 3 (m= 2), one has four unknowns, w1, w2, 𝜉1, and 𝜉2. In this case, one can write the

error as

Δ2 = ∫
1

−1

(
a0 + a1𝜉 + a2𝜉

2 + a3𝜉
3
)

d𝜉

− w1

(
a0 + a1𝜉1 + a2𝜉

2
1 + a3𝜉

3
1

)
− w2

(
a0 + a1𝜉2 + a2𝜉

2
2 + a3𝜉

3
2

)
This equation can be written as

Δ2 = a0

{
∫

1

−1
(1)d𝜉 − w1 − w2

}
+ a1

{
∫

1

−1
𝜉d𝜉 − w1𝜉1 − w2𝜉2

}
+ a2

{
∫

1

−1
𝜉2d𝜉 − w1𝜉

2
1 − w2𝜉

2
2

}
+ a3

{
∫

1

−1
𝜉3d𝜉 − w1𝜉

3
1 − w2𝜉

3
2

}
In order to make Δ2 = 0, one can impose the following four conditions:

∫
1

−1
(1)d𝜉 − w1 − w2 = 0, ∫

1

−1
𝜉d𝜉 − w1𝜉1 − w2𝜉2 = 0,

∫
1

−1
𝜉2d𝜉 − w1𝜉

2
1 − w2𝜉

2
2 = 0, ∫

1

−1
𝜉3d𝜉 − w1𝜉

3
1 − w2𝜉

3
2 = 0,



�

� �

�

192 COMPUTATIONAL CONTINUUM MECHANICS

These conditions lead to the following four algebraic equations:

w1 + w2 = 2, w1𝜉1 + w2𝜉2 = 0,

w1𝜉
2
1 + w2𝜉

2
2 = 2

3
, w1𝜉

3
1 + w2𝜉

3
2 = 0

The solution of these four algebraic equations defines w1, w2, 𝜉1, and 𝜉2 as

w1 = w2 = 1, 𝜉1 = −𝜉2 = −
√

3
3

These values can be used to approximate the integral as

I =
m∑

i=1

wig(𝜉i) = w1g(𝜉1) + w2g(𝜉2) = g

(
−

√
3

3

)
+ g

(√
3

3

)

Generalization

The procedure used for integrating a function that depends on one variable can be generalized
to the case in which the function depends on two or three variables, as it is the case in some
finite element assumed displacement fields. In the two-dimensional case, consider the function
g(𝜉, 𝜂). It is assumed that the domains of integration are changed as discussed before such that
𝜉 ∈ [−1, 1], and 𝜂 ∈ [−1, 1]. The integral of the function g(𝜉, 𝜂) can then be written as

∫
1

−1 ∫
1

−1
g(𝜉, 𝜂)d𝜉d𝜂 = ∫

1

−1

[∑
i

wig(𝜉i, 𝜂)

]
d𝜂 (5.50)

Performing the second integration with respect to 𝜂, one obtains

∫
1

−1 ∫
1

−1
g(𝜉, 𝜂)d𝜉d𝜂 =

∑
i

∑
j

wiwjg(𝜉i, 𝜂j) (5.51)

Following a similar procedure, one can show that in the case of a function that depends on
three variables, 𝜉, 𝜂, and 𝜁 , one has the following Gauss quadrature formula:

∫
1

−1 ∫
1

−1 ∫
1

−1
g(𝜉, 𝜂, 𝜁 )d𝜉d𝜂d𝜁 =

∑
i

∑
j

∑
k

wiwjwkg(𝜉i, 𝜂j, 𝜁k) (5.52)

If the original function is expressed in terms of the coordinates x1, x2, and x3, that is, f= f(x1,
x2, x3), the preceding formula requires using the relationship dx1dx2dx3 = Jd𝜉d𝜂d𝜁 , where J is
the determinant of the Jacobian of the coordinate transformation.

Using the Gauss quadrature formulas presented in this section, a systematic procedure for
the numerical evaluation of the nonlinear stress elastic forces of the finite elements can be
developed. The number of quadrature points used in the numerical integration defines the
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accuracy of the integration, and therefore, this number must be carefully selected in order
to avoid increasing the computational cost or obtaining inaccurate results. There is no advan-
tage gained from using a number of quadrature points larger than the number that gives exact
evaluation of the integral (full integration). In some applications, on the other hand, there is
an advantage in selecting a number of points that does not yield exact evaluation of the inte-
grals. This is the case of reduced integration, which is commonly adopted in the finite element
computational algorithms and will be discussed in a later section.

5.6 FINITE ELEMENTS AND GEOMETRY

In the following sections, examples of several finite elements that can be used to study the
large deformations in a wide range of applications are presented. These elements have been
developed over the last few years, and more details on the formulation of their shape functions,
the mass matrices, and the vectors of elastic forces can be found in the literature. Some of
these elements have been already used in this book in the examples presented in this chapter
and preceding chapters.

General Continuum Mechanics Approach and Classical Theories

It is important to point out that in all the finite elements that are discussed in this chapter,
classical theories can be used by introducing a local element frame. Therefore, for beam ele-
ments, one can still use Euler–Bernoulli and Timoshenko beam theories; and, for plate and
shell elements, one can still use Kirchhoff and Mindlin plate theories. This can always be
accomplished by using the element local frame, which serves the only purpose of measuring
the deformation (Shabana, 2013), and such a frame does not enter into the formulation of the
inertia forces. Therefore, it is important to distinguish between this local element frame and
the corotational frame used in the finite element literature. If the general continuum mechanics
approach is used instead of the classical theories, one obtains more general formulations that
relax the assumptions of Euler–Bernoulli, Timoshenko, Kirchhoff, and Mindlin theories. In
these general formulations, the element cross section is allowed to deform.

Gradient Vectors

Some of the elements presented in this chapter employ a complete set of gradient vectors as
nodal coordinates. These elements allow, in a straightforward manner, for the use of a gen-
eral continuum mechanics approach to formulate the elastic forces. The use of these elements
also allows for using more general constitutive relationships. Elements that do not employ a
complete set of parameters required to evaluate all the gradient vectors are called in this book,
gradient deficient. The use of a general continuum mechanics approach with these elements is
not as straightforward as compared to elements that have a complete set of parameters (spatial
coordinates). The latter elements are called fully parameterized elements.

Locking Problems

ANCF finite elements were introduced to deal with very flexible components. These finite
elements perform well in the case of very flexible bodies, and efficient solutions for large
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deformations of very flexible bodies can be obtained because a nonincremental solution pro-
cedure can be used with these ANCF elements. As the element stiffness decreases, ANCF
elements become more efficient. Some researchers, however, used ANCF finite elements in
the analysis of thin and stiff structures. In this case, some elements exhibit locking problems
when the general continuum mechanics approach is used to formulate the elastic forces. The
general continuum mechanics approach leads to what is called ANCF-coupled deformation
modes (Hussein et al., 2007). These modes, which couple the deformation of the cross section
and other deformations such as bending, can have high frequencies and can be a source of
numerical problems (Schwab and Meijaard, 2005). Several techniques were proposed in the
literature to solve the locking problems and improve the element performance.

In order to better understand the behavior of the finite elements introduced in the following
sections, an understanding of the geometry is necessary. Some basic results from the theories
of curves and surfaces, which are covered in the subject of differential geometry, can help
the reader better understand and solve the problems encountered when ANCF finite elements
are used.

Theory of Curves

The centerline of a beam element represents a space curve. A curve can be uniquely defined in
terms of one parameter. That is, the Cartesian coordinates that define the curve can be deter-
mined once this parameter is specified. Let 𝛼 be the parameter that defines the curve over the
interval a≤ 𝛼 ≤ b. The curve can then be represented by the following parametric form:

r(𝛼) = [r1(𝛼) r2(𝛼) r3(𝛼)]T (5.53)

The tangent vector to the curve at 𝛼 is given by

r𝛼 =
dr
d𝛼

=
[

dr1(𝛼)
d𝛼

dr2(𝛼)
d𝛼

dr3(𝛼)
d𝛼

]T

(5.54)

If at a given point 𝛼, |dr(𝛼)/d𝛼|= 0, the point is called a singular point. The parameter 𝛼 can
be selected to be the arc length s. If the arc length is used as a parameter, the tangent vector rs
is a unit vector. That is, ||||dr

ds

|||| = |rs(s)| = 1 (5.55)

In order to mathematically prove this important result, let r be the vector that defines the
position of the points on a space curve. One can write the following equation:

r(𝛼 + Δ𝛼) = r(𝛼) + Δr (5.56)

If Δ𝛼 is assumed small, Δr defines the tangent vector. In this case, if s is assumed to be the
arc length of the space curve that defines the centerline of the element, then one has

(ds)2 = ΔrTΔr (5.57)
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This equation shows that in the limit when Δs approaches zero, one has

1 =
(dr

ds

)T (dr
ds

)
(5.58)

That is, the tangent vector obtained by differentiation with respect to the arc length is indeed
a unit vector.

If a curve is parameterized by its arc length, the derivative of the unit tangent vector defines
the curvature vector. That is, the curvature vector is defined as

rss(s) =
d2r
ds2

=
drs

ds
(5.59)

The magnitude of the curvature vector at a given s is called the curvature and given as

𝜅(s) = |rss(s)| (5.60)

Because the tangent vector rs(s) is a unit vector, the curvature 𝜅(s) measures the rate of change
of orientation of the tangent vector, that is, it measures the amount of bending of the curve. The
preceding two equations show that linear displacement fields lead to zero curvature and, there-
fore, such fields are not appropriate for describing the displacement of components subjected
to bending. Although one can approximate a curve by a large number of straight segments,
in the finite element implementation the use of linear field will require the use of a very large
number of finite elements. This increases the dimensions of the problem and can lead to a very
inefficient solution procedure.

Because the tangent and curvature vectors are orthogonal, a unit vector along the curvature
vector defines the unit normal to the curve n given as

n(s) =
rss(s)
𝜅(s)

(5.61)

The unit tangent and normal vectors form a plane called the osculating plane. The radius of
curvature of the curve at s is defined as R= 1/𝜅(s). A vector normal to the osculating plane,
called the binomial vector at s, is given by

b(s) = rs(s) × n(s) (5.62)

The three orthogonal unit vectors rs, n, and b form a coordinate system called the Frenet frame.
Differentiating Equation 62 with respect to s and keeping in mind that the vectors rss(s) and

n(s) are parallel, one obtains

bs(s) = rss(s) × n(s) + rs(s) × ns(s) = rs(s) × ns(s) (5.63)

This equation shows that bs(s) is normal to rs. Furthermore, because b(s) is a unit vector, bs(s)
and b(s) are two orthogonal vectors, and bs(s) is parallel to n. Therefore, bs(s) can be written
in the following form:

bs(s) = −𝜏(s)n(s) (5.64)

where 𝜏 is called the torsion. The curvature and torsion uniquely define the space curve.
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Theory of Surfaces

Whereas a general space curve can be defined in terms of one parameter, a surface can be com-
pletely described in terms of two parameters s1 and s2. In general, a surface can be described
in the following parametric form (Goetz, 1970; Kreyszig, 1991):

r(s1, s2) =
[
r1(s1, s2) r2(s1, s2) r3(s1, s2)

]T
(5.65)

It is required that the mapping in this equation is one to one, and the Jacobian matrix

J =
[
𝜕r
𝜕s1

𝜕r
𝜕s2

]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜕r1

𝜕s1

𝜕r1

𝜕s2

𝜕r2

𝜕s1

𝜕r2

𝜕s2

𝜕r3

𝜕s1

𝜕r3

𝜕s2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.66)

has a rank equal to two. This condition is satisfied if (𝜕r/𝜕s1)× (𝜕r/𝜕s2)≠ 0, which implies that
the two columns of the Jacobian matrix in the preceding equation are linearly independent. The
two vectors rs1

= 𝜕r∕𝜕s1 and rs2
= 𝜕r∕𝜕s2 represent the two tangent vectors at the point of

intersection of the coordinate lines s1 and s2. The unit vector normal to the surface at this point
can then be defined as

n =
(rs1

× rs2
)|rs1

× rs2
| (5.67)

As in the case of curves, the surface can be defined uniquely using local geometric quantities
called the first and second fundamental forms. The first fundamental form of a surface is defined
as follows:

I = dr ⋅ dr = drTdr (5.68)

This equation shows that the first fundamental form I can be used as a measure of distance or
length. Using the fact that dr = rs1

ds1 + rs2
ds2, the first fundamental form of the preceding

equation can be written as

I = (rs1ds1 + rs2
ds2)T(rs1

ds1 + rs2
ds2)

= EI(ds1)2 + 2FIds1ds2 + GI(ds2)2 (5.69)

where
EI = rT

s1
rs1
, FI = rT

s1
rs2
, GI = rT

s2
rs2

(5.70)

These coefficients are called the coefficients of the first fundamental form. One can show that
distances, angles, and areas on the surface can be expressed in terms of the first fundamental
form (Goetz, 1970; Kreyszig, 1991).
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The second fundamental form of a surface is defined as

II = −dr ⋅ dn = −(rs1
ds1 + rs2

ds2)T(ns1
ds1 + ns2

ds2)

= LII(ds1)2 + 2MIIds1ds2 + NII(ds2)2 (5.71)

where n is the unit normal and the coefficients of the second fundamental form are defined as

LII = −rT
s1

ns1
, MII = −1

2
(rT

s1
ns2

+ rT
s2

ns1
), NII = −rT

s2
ns2

(5.72)

Because rs1
and rs2

are perpendicular to n for all values of the parameters s1 and s2, one has
the following identities:

rT
s1s1

n = −rT
s1

ns1
, rT

s1s2
n = −rT

s1
ns2
,

rT
s2s1

n = −rT
s2

ns1
, rT

s2s2
n = −rT

s2
ns2

}
(5.73)

Using these identities, the coefficients of the second fundamental form can be written in an
alternate form as follows:

LII = rT
s1s1

n, MII = rT
s1s2

n, NII = rT
s2s2

n (5.74)

where rsisj
= (𝜕2r∕𝜕si𝜕sj). Using the preceding equation, and the fact that

d2r = rs1s1
(ds1)2 + 2rs1s2

ds1ds2 + rs2s2
(ds2)2, (5.75)

one can show that the second fundamental form can be written in the following alternate form:

II = d2r ⋅ n (5.76)

This equation can be used to measure the rate of change of orientation of the tangent plane.
The coefficients of the second fundamental form can be used to determine the nature of the
surface in the neighborhood of an arbitrary point P. If LIINII − M2

II > 0, the surface is called
elliptic. If LIINII − M2

II < 0, the surface is called hyperbolic. If LIINII − M2
II = 0, the surface is

called parabolic. If LII =MII =NII = 0, the surface is called planar. Figure 6 shows examples
of such surface geometry

Surface Curvature

One can always define a curve on a surface if the parameters s1 and s2 are expressed in terms
of one parameter 𝛼. Let c= c(s1(𝛼), s2(𝛼)) be a regular curve defined on the surface r= r (s1,
s2). The normal curvature vector to the curve c at point P denoted by Kn is defined as the
projection of the curvature vector css of the curve onto the normal n to the surface at point P
and is given by

Kn = (css ⋅ n)n (5.77)
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(a) (b)

(c)

(d)

Figure 5.6 Surface geometry. (a) Elliptic surface, (b) hyperbolic surface, (c) parabolic surface,
and (d) planar surface

In this equation, s is the arc length of the curve. Note that the curve c can be defined as the
intersection of a plane that contains the tangent to c and the normal vector. The norm of the
normal curvature vector defined in the preceding equation is called the normal curvature and
is defined as

kn = css ⋅ n (5.78)

Recall that the curvature vector of the curve at a point P on the surface r is given by

css =
drs

ds
=

drs

d𝛼

(d𝛼
ds

)
= 1|dr∕d𝛼| drs

d𝛼
(5.79)

where rs is the tangent vector to the curve at P and s is the curve arc length. In deriving
the preceding equation, one utilized the fact that |dr/d𝛼|= |rs|(ds/d𝛼)= (ds/d𝛼), which is the
consequence of the fact that |rs|= 1. Because rs is orthogonal to n, one has (d∕d𝛼)(rT

s n) = 0,
which leads to (

drs

d𝛼

)T

n = −rT
s

dn
d𝛼

(5.80)

Substituting Equation 79 into Equation 78 and using Equation 80, one obtains

kn =
LII(ds1)2 + 2MIIds1ds2 + NII(ds2)2

EI(ds1)2 + 2FIds1ds2 + GI(ds2)2
= II

I
, (ds1)2 + (ds2)2 ≠ 0 (5.81)

Because the first fundamental form I is positive, the sign of kn depends on the sign of the second
fundamental form II. Using the preceding equation, one can show that kn = 0 in all directions
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for a planar point. For an elliptic point, kn ≠ 0 and has the same sign as the ratio ds1/ds2. In
the case of a hyperbolic point, kn can be positive, negative, or zero, depending on the sign and
value of ds1/ds2. For a parabolic point, kn maintains the same sign and it is zero if the second
fundamental form II is equal to zero.

The directions that define the maximum or minimum values of the normal curvature can be
obtained by differentiating Equation 81 with respect to the parameters s1 and s2, and setting
the results equal to zero. That is,

𝜕kn

𝜕(ds1)
=

𝜕kn

𝜕(ds2)
= 0 (5.82)

Substituting Equation 81 into these equations, one obtains[
LII − knEI MII − knFI
MII − knFI NII − knGI

] [
ds1
ds2

]
=

[
0
0

]
(5.83)

This equation has a nontrivial solution if and only if the determinant of the coefficient matrix
is equal to zero, that is,

(EIGI − F2
I )(kn)2 − (EINII + GILII − 2FIMII)kn + LIINII − M2

II = 0 (5.84)

The solution of this quadratic equation defines two roots k1 and k2. These two roots, which are
called the principal curvatures, can be substituted into Equation 83 to determine the principal
directions. The mean curvature Km and the Gaussian curvature kG at a point P on the surface
are defined in terms of the principal curvatures as

Km = 1
2
(k1 + k2), KG = k1k2 (5.85)

These surface definitions as well as the analysis of curve and surface geometry presented in
this section are important to understand the behavior of beams, plates, and shells. Some of the
obtained geometric results shed light on the order of approximation that must be used when
employing the finite element method to solve beam, plate, and shell problems. For example,
as previously discussed, the curvature is obtained from the second derivative of the position
vector. Therefore, finite elements that employ linear or bilinear approximation cannot be effec-
tively used in bending problems because the curvature will always be equal to zero. When these
linear and bilinear elements are employed, one must use a very fine mesh in order to be able to
represent a space curve or a shell by straight lines or flat sections, respectively. This approach
tends to be very inefficient and, therefore, the use of structural finite elements that are based
on higher-order interpolations is recommended. Some of these ANCF elements are discussed
in the following sections.

5.7 TWO-DIMENSIONAL EULER–BERNOULLI BEAM ELEMENT

The Euler–Bernoulli beam element presented in this section has two nodes. Each node k for an
element j has four coordinates; two translations rjk, and two gradient coordinates rjk

x1
. There-

fore, the vector of nodal coordinates has eight elements and is defined as

ej =
[
rjT

(
xj

1 = 0
)

rjT
x1

(
xj

1 = 0
)

rjT
(

xj
1 = l

)
rjT

x1

(
xj

1 = l
)]T

(5.86)
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The shape function matrix of the element can be defined by using the following interpolation
functions:

rj =

[
r1

r2

]
=

[
a0 + a1x1 + a2(x1)2 + a3(x1)3

b0 + b1x1 + b2(x1)2 + b3(x1)3

]j

(5.87)

where ai and bi, i= 0, 1, 2, 3, are the polynomial coefficients. Using this interpolation and
the nodal coordinates of Equation 86, one can follow the procedure previously described in
this chapter to define the element shape function matrix. For this element, the shape function
matrix Sj is a 2× 8 matrix and is defined as

Sj = [s1I s2I s3I s4I] (5.88)

In this equation, I is a 2× 2 identity matrix and

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l
(
𝜉 − 2𝜉2 + 𝜉3

)
,

s3 = 3𝜉2 − 2𝜉3, s4 = l
(
−𝜉2 + 𝜉3

) }
(5.89)

where 𝜉 = xj
1∕l. This beam element shape function matrix, which does not allow for shear

deformations, was also used by Milner (1981) to study static problems.

Kinematics of the Element

In order to understand the kinematics of the two-dimensional Euler–Bernoulli finite element
discussed in this section, some differential geometry results are required. For simplicity, the
superscript that indicates the element number is dropped in the following discussion.

The displacement field of the Euler–Bernoulli beam element is function of one spatial coor-
dinate x1 only. For a given, deformed shape of the element, the element centerline defines a
space curve. The unit tangent to this space curve is defined by the vector

rs =
𝜕r
𝜕s

= 𝜕r
𝜕x1

(
𝜕x1

𝜕s

)
(5.90)

In this equation, s is the arc length. Because rs is a unit vector, that is, rT
s rs = 1, it follows by

differentiating this equation that rT
s rss = 0. This implies that the derivative of the unit tangent

with respect to the arc length defines the curvature vector rss, which is perpendicular to rs.
The magnitude of the curvature vector 𝜅, called the curvature, measures the rate of change of
the tangent vector rs along the arc length. Therefore, the curvature, as previously defined in
this chapter, is

𝜅 = |rss| (5.91)

This curvature can be expressed in terms of derivatives with respect to the element spatial coor-
dinate x1(Goetz, 1970; Dmitrochenko and Pogorelov, 2003; Gerstmayr and Shabana, 2006).
To this end, recall that rs = rx1

(dx1∕ds). Because rx1
has the same direction as the unit tangent

rs, one can write rs = rx1
∕|rx1

| and dx1∕ds = 1∕|rx1
|. It follows that

rss =
d
ds

(
rx1|rx1

|
)

=
rx1x1|rx1

| dx1

ds
+ rx1

d
ds

(
1|rx1

|
)

=
rx1x1|rx1

|2
+ rx1

d
ds

(
1|rx1

|
)

(5.92)
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Because rs is a unit vector perpendicular to rss, the curvature can be written upon utilizing the
preceding equation as

𝜅 = |rs × rss| = ||||||
rx1|rx1

| ×
(

rx1x1|rx1
|2

+ rx1

d
ds

(
1|rx1

|
))|||||| =

|rx1
× rx1x1

||rx1
|3

(5.93)

This definition of the curvature does not imply any linearization or simplifications and can
be used to define the bending strain in the large-deformation analysis of the Euler–Bernoulli
beam element described in this section.

The discussion on the geometry presented in this section shows that if linear interpola-
tion instead of the cubic interpolation is used for this element, the curvature will be zero
everywhere inside the element, as previously pointed out. That is, one cannot bend this
element. Therefore, a finite element mesh that employs linear interpolation will require a very
large number of elements to achieve convergence in beam-bending problems. If quadratic
interpolation is used, one obtains, at most, constant curvature. Elements that employ quadratic
interpolations lead to zero shear forces as can be demonstrated using simple equilibrium
considerations. It is, therefore, recommended to use cubic interpolation to represent beam
bending.

Formulation of the Element Elastic Forces

In the case of the Euler–Bernoulli beam element, one can define one gradient vector only
because the element assumed displacement field is expressed in terms of one spatial coordi-
nate x1. That is, this element is gradient deficient. Therefore, for this element, the only nonzero
strain component is the axial strain, and the shear strain is assumed to be zero. When one
or more gradient vectors are missing, the formulation of the elastic forces using the general
continuum mechanics approach is not straightforward. Elements that are not gradient defi-
cient have two gradient vectors in the planar analysis and three gradient vectors in the spatial
analysis.

Because one spatial coordinate only is used for the Euler–Bernoulli beam element, rx2
can-

not be determined using the element assumed displacement field. In this case, the normal to
the centerline of the element remains normal, and as a consequence, the shear deformation is
assumed to be equal to zero and the cross section of the element is assumed to remain rigid and
perpendicular to the element centerline. For this shear nondeformable element, only the strain
component 𝜀11 can have nonzero value, and it measures only the extensional strain. The bend-
ing strain can be defined using the curvature. In the case of two-dimensional elements, which
are not gradient deficient, the component 𝜀11 is a function of the spatial coordinate x2, and such
a component contributes to the bending strain of the finite element, as will be demonstrated in
later sections. In this case of shear deformable elements, the use of the curvature definition to
define the bending strain energy is not necessary.

The elastic forces of the two-dimensional Euler–Bernoulli beam element can be obtained
by using the virtual work or the strain energy. The virtual work of the elastic forces can be
written as

𝛿Ws = ∫
l

0
EA𝜀11𝛿𝜀11dx1 + ∫

l

0
EI𝜅𝛿𝜅dx1 (5.94)
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In this equation, l is the length of the element, E is the modulus of elasticity, A is the
cross-sectional area, and I is the second moment of area. It is assumed in the preceding
equation that the curvature and strain are defined in terms of the reference spatial coordinate x1.
Therefore, one can use undeformed geometry data in the integrations of the preceding equation.

The strain energy for the Euler–Bernoulli beam element can be written as

U = 1
2 ∫

l

0
EA(𝜀11)2dx1 +

1
2 ∫

l

0
EI𝜅2dx1 (5.95)

The first integral in the preceding equation represents the strain energy due to the extension,
whereas the second integral is the strain energy due to bending. It is important to note that
because this element is gradient deficient, one must resort to the curvature definition in order
to account for the bending deformation. The curvature definition requires the evaluation of
the second derivatives, which is one of the disadvantages of this element. If the element has
a complete set of gradients, as it is the case of the shear deformable beam element discussed
in the following section, one can use the Green–Lagrange strain tensor to evaluate the elastic
forces. This tensor is a function of only first derivatives of the absolute position vector.

The expression of the total strain energy presented in the preceding equation can be used in
the large-deformation analysis because no assumptions are made regarding the amount of axial
and bending deformations. The strain and curvature can be expressed in terms of the element
nodal coordinates. The vector of the elastic forces can be determined using the virtual work as
previously described or by using the strain energy as Qs =−(𝜕U/𝜕e)T. Different elastic force
models can be developed for the Euler–Bernoulli beam element presented in this section, as
discussed in the literature (Berzeri and Shabana, 2000).

Special Case

As previously mentioned, the expression of the strain energy presented in this section imposes
no restrictions on the amount of the axial and bending deformations of the element. The result-
ing elastic forces are nonlinear functions of the element nodal coordinates. These nonlinear
forces include terms that couple the axial and bending deformations. This coupling has a sig-
nificant effect on the dynamics of rotating beams. The ANCF element automatically accounts
for this coupling when nonlinear strain displacement relationships as the ones employed in
this section are used (Berzeri and Shabana, 2002).

In many structural applications, Euler–Bernoulli beam theory has been used for
small-deformation analysis. In these structural applications, the rigid-body motion is elimi-
nated. In this special case, an assumption is made that s= x1. Using this assumption, one has|rx1

| ≈ 1. It follows that the curvature in this special case can be written as

𝜅 =
|||rx1

× rx1x1

||||||rx1

|||3
≈ |||rx1x1

||| (5.96)

Recall that the curvature vector can be written as

rx1x1
=

[
(r1)x1x1

(r2)x1x1

]T
(5.97)
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For structural systems in which the rigid-body motion is eliminated, r1 = u is the axial dis-
placement, and r2 = v is the bending displacement. In this case, the strain 𝜀11 is approximated
as 𝜀11 = ux1

. Furthermore, the effect of the derivatives of (r1)x1x1
on the curvature is neglected.

The curvature can then be approximated as 𝜅 = vx1x1
. Using these assumptions, the strain

energy that does not account for the coupling between the axial and bending displacements
can be written as

U = 1
2 ∫

l

0
EA(ux1

)2 dx1 + 1
2 ∫

l

0
EI(vx1x1

)2 dx1 (5.98)

This expression for the strain energy can only be used in the small-deformation analysis of
structural systems, and the use of such an expression in the case of rotating beams can lead to
significant errors as the result of the neglect of the effect of the coupling between bending and
axial deformations.

5.8 TWO-DIMENSIONAL SHEAR DEFORMABLE BEAM ELEMENT

The two-dimensional shear deformable beam element, which was used in several examples in
this book, has two nodes. Each node k of element j has six degrees of freedom: two translational
coordinates rjk and four gradient coordinates defined by the two vectors rjk

x1
and rjk

x2
. The vector

of nodal coordinates has 12 elements and is defined at 𝜂 = 0 as

ej =
[
rjT

(
xj

1 = 0
)

rjT
x1

(
xj

1 = 0
)

rjT
x2

(
xj

1 = 0
)

rjT
(

xj
1 = l

)
rjT

x1

(
xj

1 = l
)

rjT
x2

(
xj

1 = l
)]T

(5.99)

The shape function matrix for this element is given by

Sj =
[
s1I s2I s3I s4I s5I s6I

]
(5.100)

where I is a 2× 2 identity matrix and the shape functions si, i= 1, 2, … , 6, were obtained in
Example 2 as (Omar and Shabana, 2001)

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l
(
𝜉 − 2𝜉2 + 𝜉3

)
,

s3 = l (𝜂 − 𝜉𝜂) , s4 = 3𝜉2 − 2𝜉3,

s5 = l
(
−𝜉2 + 𝜉3

)
, s6 = l𝜉𝜂

⎫⎪⎬⎪⎭ (5.101)

where 𝜉 = xj
1∕l and 𝜂 = xj

2∕l. Note that this fully parameterized element has a complete set of
gradient vectors and allows for the deformation of the cross section. Therefore, the element
relaxes the assumptions of the Euler–Bernoulli beam theory. Because the cross section does
not remain rigid when this element is used, one also obtains a model that is more general than
the one based on Timoshenko beam theory.
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Formulation of the Elastic Forces

Because the shear deformable beam element used in this section is not gradient deficient, one
can use the general continuum mechanics approach to formulate the element elastic forces.
For simplicity, superscript j that indicates the element number will be again dropped in the
discussion presented in the remainder of this section. The matrix of position vector gradients
of the element can be written in this case as

J =
[
rx1

rx2

]
(5.102)

The Green–Lagrange strain tensor can then be evaluated to define two normal strain com-
ponents 𝜀11 and 𝜀22, and one shear strain component 𝜀12. The general procedure described
previously in this chapter can be employed to define the elastic forces by using the consti-
tutive equations that relate the second Piola–Kirchhoff stress tensor to the Green–Lagrange
strain tensor.

The interpolating polynomials used to develop the two-dimensional shear deformable ele-
ment shape function matrix were introduced in Chapter 1. These polynomials were defined
as

r =
[

r1

r2

]
=

[
a0 + a1x1 + a2x2 + a3x1x2 + a4

(
x1

)2 + a5

(
x1

)3

b0 + b1x1 + b2x2 + b3x1x2 + b4

(
x1

)2 + b5

(
x1

)3

]
(5.103)

where ai and bi, i= 0, 1, … , 5, are the polynomial coefficients. Note that using this represen-
tation, which is cubic in x1 and linear in x2, one can write the vector r as

r = r0 + x2rx2
(5.104)

where r0 = r(x2 = 0) defines the global position of the material points on the centerline of the
finite element and x2rx2

defines the location of the points on the cross section with respect to the
centerline. Note that if rx2

remains a unit vector perpendicular to the tangent to the centerline,
one obtains the Euler–Bernoulli beam model. If, on the other hand, rx2

remains a unit vector
that does not remain perpendicular to the tangent to the centerline, one obtains a model similar
to the Timoshenko beam model. Using the preceding equation, the strain components can be
written as (Sugiyama et al., 2006)

𝜀11 = 1
2

(
rT

x1
rx1

− 1
)
= 1

2

(
rT

0x1
r0x1

− 1
)
+ x2rT

0x1
rx1x2

+ 1
2

(
x2

)2
rT

x1x2
rx1x2

𝜀22 = 1
2

(
rT

x2
rx2

− 1
)
, 𝜀12 = 1

2

(
rT

x2
r0x1

+ x2rT
x2

rx1x2

)
⎫⎪⎬⎪⎭ (5.105)

In this equation, r0x1
is the tangent to the centerline of the element, and rx1x2

describes the rate
of change of the gradient vector rx2

with respect to the spatial coordinate x1. Because a linear
interpolation with respect to x2 is used, one can show for the finite element described in this
section that

rx1x2
= 1

l

(
r2

x2
− r1

x2

)
(5.106)

where rk
x2

is the gradient vector rx2
defined at node k, k= 1, 2. One can verify that in the

case of a rigid-body motion rx1x2
is identically equal to zero. In general, this vector is constant
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everywhere inside the element, that is, this vector does not depend on the spatial coordinate x1.
The fact that the gradient vector rx2

can vary only linearly with respect to x1 regardless of the
load applied can introduce excessive stiffness, leading to the locking problem. This problem
becomes more serious when thin and stiff structures are modeled. The use of different orders
of spatial coordinate interpolations leads to different orders of interpolations for deformations
and strain components. When some strain components are restricted to take certain values as
the result of a low-order interpolation, the element tends to have unreasonable high stiffness.
Different approaches for solving this problem can be used and these approaches, which are
well documented in the finite element literature, are briefly discussed in a later section.

5.9 THREE-DIMENSIONAL CABLE ELEMENT

The three-dimensional cable element is a simple element that can be efficiently used for cable
and belt applications. The element does not have the degree of freedom of the rigid-body
rotation about its own axis. Therefore, this element should not be used in applications subject to
arbitrary three-dimensional rigid-body rotations. This element, which does not allow for shear
deformation, has two nodes. Each node k of element j has six coordinates: three translational
coordinates rjk and three gradient coordinates defined by the vector rjk

x1
. Therefore, the vector

of nodal coordinates has 12 elements and is defined as

ej =
[
rjT

(
xj

1 = 0
)

rjT
x1

(
xj

1 = 0
)

rjT
(

xj
1 = l

)
rjT

x1

(
xj

1 = l
)]T

(5.107)

The interpolation used for the cable element is given by

r =
⎡⎢⎢⎢⎣
r1

r2

r3

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
a0 + a1x1 + a2

(
x1

)2 + a3

(
x1

)3

b0 + b1x1 + b2

(
x1

)2 + b3

(
x1

)3

c0 + c1x1 + c2

(
x1

)2 + c3

(
x1

)3

⎤⎥⎥⎥⎦ (5.108)

In this interpolation, only one spatial coordinate, x1, is used. The shape function matrix Sj is a
3× 12 matrix defined as (Gerstmayr and Shabana, 2006)

Sj =
[
s1I s2I s3I s4I

]
(5.109)

In this equation, I is a 3× 3 identity matrix, and

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l
(
𝜉 − 2𝜉2 + 𝜉3

)
,

s3 = 3𝜉2 − 2𝜉3, s4 = l
(
−𝜉2 + 𝜉3

) }
(5.110)

where 𝜉 = xj
1∕l and l is the length of the element.

The cable element is gradient deficient because only one gradient vector is used in the vector
of nodal coordinates. In this case, the elastic forces can be formulated using the virtual work
or the strain energy. The virtual work of the elastic forces is given as

𝛿Ws = ∫
l

0
EA𝜀11𝛿𝜀11dx1 + ∫

l

0
EI𝜅𝛿𝜅dx1 (5.111)
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where E is the modulus of elasticity, A is the element cross-sectional area, I is the second
moment of area, and 𝜅 is the curvature. The effect of the twist of the cable element can also
be accounted for by considering the virtual work or the strain energy due to the torsion of the
element space curve. Alternatively, the elastic forces of the cable element can be evaluated
using the following expression of the strain energy:

U = 1
2 ∫

l

0
EA

(
𝜀11

)2
dx1 + 1

2 ∫
l

0
EI𝜅2 dx1 (5.112)

Several investigations have shown that the simple cable element discussed in this section can
be very efficient in special applications; particularly, in cable and belt drive applications.

5.10 THREE-DIMENSIONAL BEAM ELEMENT

This is the fully parameterized element, which was used in Example 1. This element that
accounts for shear deformation and rotary inertia has two nodes. Each node k of element j
has 12 coordinates: 3 translational coordinates rjk and 9 gradient coordinates defined by the 3
vectors rjk

x1
, rjk

x2
, and rjk

x3
. Therefore, the element has 24 nodal coordinates, which can be written

in a vector form as
ej =

[
ej1T

ej2T
]T

(5.113)

In this equation,

ejk =
[
rjkT

rjkT

x1
rjkT

x2
rjkT

x3

]T
, k = 1, 2 (5.114)

For Node 1, the coordinates are defined at xj
1 = xj

2 = xj
3 = 0, and for Node 2, the coordinates

are defined at xj
1 = l and xj

2 = xj
3 = 0. The interpolation polynomials used for this element are

given in Example 1. Using these interpolating polynomials, the element shape function matrix
is defined as (Yakoub and Shabana, 2001)

Sj =
[
s1I s2I s3I s4I s5I s6I s7I s8I

]
(5.115)

where I is the 3× 3 identity matrix and the shape functions si, i= 1, 2, … , 8, are defined as

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l
(
𝜉 − 2𝜉2 + 𝜉3

)
,

s3 = l (𝜂 − 𝜉𝜂) , s4 = l (𝜍 − 𝜉𝜍) ,
s5 = 3𝜉2 − 2𝜉3, s6 = l

(
−𝜉2 + 𝜉3

)
,

s7 = l𝜉𝜂, s8 = l𝜉𝜍

⎫⎪⎪⎬⎪⎪⎭
(5.116)

where 𝜉 = xj
1∕l, 𝜂 = xj

2∕l, 𝜍 = xj
3∕l.

Two methods can be used to formulate the elastic forces of the three-dimensional beam
element presented in this section because such an element is not gradient deficient. The first
method is based on the general continuum mechanics approach, as previously described in
this chapter. In this case, the nonlinear strain displacement relationships are defined in terms
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of the matrix of the position vector gradients. It is recommended to use the general continuum
mechanics approach in the case of very flexible structures because the use of this approach
leads to coupled deformation modes that can be significant in the case of large-deformation
problems (Hussein et al., 2007). In the case of very thin and very stiff structures, the use of the
general continuum mechanics approach is not recommended because the coupled deformation
modes can have very high frequencies that lead to deterioration in the element performance.
In the case of very thin and stiff structures, one can use an alternate approach, called the elas-
tic line approach (Schwab and Meijaard, 2005). In the elastic line approach, the following
gradient vectors are defined at the element centerline:

r0x1
= rx1

(
x1, 0, 0

)
, rx2

= rx2

(
x1, 0, 0

)
, rx3

= rx3

(
x1, 0, 0

)
(5.117)

The following strain and curvature components can also be defined:

𝜀011 = 1
2

(
r0x1

⋅ r0x1
− 1

)
, 𝜀22 = 1

2

(
rx2

⋅ rx2
− 1

)
, 𝜀33 = 1

2

(
rx3

⋅ rx3
− 1

)
,

𝛾012 = r0x1
⋅ rx2

, 𝛾013 = r0x1
⋅ rx3

, 𝛾23 = rx2
⋅ rx3

,

𝜃 = 1
2

(
rx1x2

⋅ rx3
− rx2

⋅ rx1x3

)
, 𝜅̄0x2

=
rx3

⋅ r0x1x1|||rx3

||| |||r0x1x1

||| , 𝜅̄0x3
=

rx2
⋅ r0x1x1|||rx2

||| |||r0x1x1

||| ,

⎫⎪⎪⎬⎪⎪⎭
(5.118)

where 𝜀011, 𝜀22, and 𝜀33 are the normal strains; 𝛾012, 𝛾013, and 𝛾23 are the shear strains; 𝜃 is the
twist; and 𝜅̄0x2

and 𝜅̄0x3
are the expressions of the bending curvature. The strain energy for the

element based on the elastic line approach can be written as

U = 1
2 ∫V

𝛆T
0 E𝛆0dV + Ub + Ut (5.119)

In this equation, E is an appropriate matrix of elastic coefficients, and

𝛆0 =
[
𝜀011 𝜀22 𝜀33 𝛾012 𝛾013 𝛾23

]T (5.120)

The scalars Ub and Ut represent the strain energy due to bending and twist and are
defined as

Ub = 1
2 ∫

l

0

{
EIx2

(
𝜅̄0x2

)2 + EIx3

(
𝜅̄0x3

)2
}

dx1, Ut =
1
2 ∫

l

0
GIp(𝜃)2dx1 (5.121)

where E and G are, respectively, the modulus of elasticity and modulus of rigidity; Ix2
and Ix3

are the second moments of area about the element x2 and x3 axes, respectively; and Ip is the
polar second moment of area. The strain energy U can be used to evaluate the elastic forces,
as previously described.

Studies have shown that the use of the elastic line approach leads to natural frequencies
that are in a good agreement with the analytical solutions that are based on small-deformation
assumptions (Schwab and Meijaard, 2005). In the elastic line approach, the coupling between
the deformation of the cross section and bending is neglected, thereby leading to a model
that is more consistent with the assumptions of the linear theory. When the general continuum
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mechanics approach is used, the ANCF-coupled deformation modes, as previously mentioned,
can introduce high frequencies in the case of thin and stiff structures due to the cross-sectional
deformations.

5.11 THIN-PLATE ELEMENT

The three-dimensional thin-plate element is based on Kirchhoff’s plate theory. The element, as
shown in Figure 7, has four nodal points, and its midsurface is defined by the element spatial
coordinates xj

1 and xj
2. Each node has nine degrees of freedom: three translational coordinates

rjk, and six gradient coordinates defined by the two vectors rjk
x1

and rjk
x2

. The element, therefore,
has a total of 36 nodal coordinates, which can be written as

ej =
[
ej1T

ej2T
ej3T

ej4T
]T

(5.122)

In this equation,

ejk =
[
rjkT

rjkT

x1
rjkT

x2

]T
, j = 1, 2, 3, 4 (5.123)

For Node 1 at point A, the coordinates are defined at xj
1 = xj

2 = xj
3 = 0; for Node 2 at point B,

the coordinates are defined at xj
1 = a, and xj

2 = xj
3 = 0; for Node 3 at point C, the coordinates are

defined at xj
1 = a, xj

2 = b, and xj
3 = 0; and for Node 4 at point D, the coordinates are defined at

xj
1 = 0, xj

2 = b, and xj
3 = 0; where a and b are the length and width of the element. The element

shape function matrix is given by (Dufva and Shabana, 2005)

Sj =
[
s1I s2I s3I s4I s5I s6I s7I s8I s9I s10I s11I s12I

]
(5.124)
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Figure 5.7 Plate element
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where I is the 3× 3 identity matrix and the shape functions si, i= 1, 2, … , 12, are as follows:

s1 = − (𝜉 − 1) (𝜂 − 1)
(
2𝜂2 − 𝜂 + 2𝜉2 − 𝜉 − 1

)
, s2 = −a𝜉(𝜉 − 1)2 (𝜂 − 1) ,

s3 = −b𝜂(𝜂 − 1)2 (𝜉 − 1) , s4 = 𝜉
(
2𝜂2 − 𝜂 − 3𝜉 + 2𝜉2

)
(𝜂 − 1) ,

s5 = −a𝜉2 (𝜉 − 1) (𝜂 − 1) , s6 = b𝜉𝜂(𝜂 − 1)2,
s7 = −𝜉𝜂

(
1 − 3𝜉 − 3𝜂 + 2𝜂2 + 2𝜉2

)
, s8 = a𝜉2𝜂 (𝜉 − 1) ,

s9 = b𝜉𝜂2 (𝜂 − 1) , s10 = 𝜂 (𝜉 − 1)
(
2𝜉2 − 𝜉 − 3𝜂 + 2𝜂2

)
,

s11 = a𝜉𝜂(𝜉 − 1)2, s12 = −b𝜂2 (𝜉 − 1) (𝜂 − 1)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(5.125)

where 𝜉 = xj
1∕a, 𝜂 = xj

2∕b.
Because for the thin-plate element only the coordinate vector r and the gradient vectors rx1

and rx2
are used as nodal coordinates, the element is gradient deficient. The shape function

matrix does not depend on the x3 element coordinate, and therefore, the gradient vector rx3
cannot be used as a coordinate vector. Following Kirchhoff theory, the strain energy of a thin
plate can be written as the sum of two terms: one term is due to membrane and shear defor-
mations at the plate midsurface, whereas the other term is due to the plate bending and twist.
The strain energy can then be written for a thin plate as follows (Dmitrochenko and Pogorelov,
2003; Dufva and Shabana, 2005):

U = 1
2 ∫V

𝛆TE𝜀𝛆dV + 1
2 ∫V

𝛋TE𝜅𝛋dV (5.126)

where the curvature vector is 𝛋 =
[
𝜅̄1 𝜅̄2 𝜅̄12

]T
(subscript “0” is omitted here because the

shape function matrix does not depend on the element x3 coordinate), and in the case of
orthotropic plate, one has

𝛆 =
⎡⎢⎢⎣
𝜀11
𝜀22
𝜀12

⎤⎥⎥⎦ , E𝜅 =
⎡⎢⎢⎣
D11 D00 0
D00 D22 0
0 0 D12

⎤⎥⎥⎦ , E𝜀 =
6
h2

Ek (5.127)

In this equation, h is the plate thickness, Dij =Eijh
3/12(1− v12v21) when i= j, D12 =E12h3/6,

D00 = (1/2)(D11v21 +D22v12), Eij are the Young and shear moduli, and vij are the Poisson
ratios. The strain components 𝜀11, 𝜀22, and 𝜀12 can be evaluated using the expression for the
Green–Lagrange strain tensor, whereas the curvatures can be evaluated using the following
expressions.

𝜅̄1 = r0x1x1
⋅ n, 𝜅̄2 = r0x2x2

⋅ n, 𝜅̄12 = r0x1x2
⋅ n (5.128)

where the normal n is defined as

n =
(
r0x1

× r0x2

)
∕|r0x1

× r0x2
| (5.129)

Using the strain energy, the elastic forces of the thin-plate element can be calculated using
numerical integration methods (Dufva and Shabana, 2005).
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5.12 HIGHER-ORDER PLATE ELEMENT

The higher-dimensional plate element employs the full parameterization xj
1, xj

2, and xj
3. The

element has four nodes. Each node has 12 coordinates: 3 translational coordinates rjk, and 9
gradient coordinates defined by the three vectors rjk

x1
, rjk

x2
, and rjk

x3
. Therefore, the element has

48 nodal coordinates, which can be written in a vector form as

ej =
[
ej1T

ej2T
ej3T

ej4T
]T

(5.130)

In this equation,

ejk =
[
rjkT

rjkT

x1
rjkT

x2
rjkT

x3

]T
(5.131)

For Node 1, the coordinates are defined at xj
1 = xj

2 = xj
3 = 0; for Node 2, the coordinates are

defined at xj
1 = a and xj

2 = xj
3 = 0; for Node 3, the coordinates are defined at xj

1 = a, xj
2 = b,

and xj
3 = 0; and for Node 4, the coordinates are defined at xj

1 = 0, xj
2 = b, and xj

3 = 0; where
a and b are the length and width of the element. The element shape function matrix is defined
as (Mikkola and Shabana, 2003)

Sj =
[
s1I s2I s3I s4I s5I s6I s7I s8I
s9I s10I s11I s12I s13I s14I s15I s16I

] (5.132)

where I is the 3× 3 identity matrix and the shape functions si, i= 1, 2, … , 16, are as follows:

s1 = − (𝜉 − 1) (𝜂 − 1)
(
2𝜂2 − 𝜂 + 2𝜉2 − 𝜉 − 1

)
, s2 = −a𝜉(𝜉 − 1)2 (𝜂 − 1) ,

s3 = −b𝜂(𝜂 − 1)2 (𝜉 − 1) , s4 = t𝜍 (𝜉 − 1) (𝜂 − 1) ,
s5 = 𝜉

(
2𝜂2 − 𝜂 − 3𝜉 + 2𝜉2

)
(𝜂 − 1) , s6 = −a𝜉2 (𝜉 − 1) (𝜂 − 1) ,

s7 = b𝜉𝜂(𝜂 − 1)2, s8 = −t𝜉𝜍 (𝜂 − 1) ,
s9 = −𝜉𝜂

(
1 − 3𝜉 − 3𝜂 + 2𝜂2 + 2𝜉2

)
, s10 = a𝜉2𝜂 (𝜉 − 1) ,

s11 = b𝜉𝜂2 (𝜂 − 1) , s12 = t𝜉𝜂𝜍

s13 = 𝜂 (𝜉 − 1)
(
2𝜉2 − 𝜉 − 3𝜂 + 2𝜂2

)
, s14 = a𝜉𝜂(𝜉 − 1)2,

s15 = −b𝜂2 (𝜉 − 1) (𝜂 − 1) , s16 = −t𝜂𝜍 (𝜉 − 1)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(5.133)

where 𝜉 = xj
1∕a, 𝜂 = xj

2∕b, 𝜍 = xj
3∕t, and t is the element thickness. The mass matrix of the

element is constant, as it is the case in the elements previously discussed in this chapter. The
elastic forces can be formulated using the general continuum mechanics approach or the elastic
midsurface approach used for the thin-plate element discussed in the preceding section. In the
case of thin- and stiff-plate structures, as in the case of other elements, the use of the general
continuum mechanics approach introduces high-frequency modes that lead to deterioration of
the performance of the element. For such thin and stiff structures, it is recommended to use the
elastic midsurface approach, which does not include in the elastic forces coupling between the
membrane and bending effects. In the case of very flexible structures, on the other hand, the



�

� �

�

FINITE ELEMENT FORMULATION: LARGE-DEFORMATION, LARGE-ROTATION PROBLEM 211

use of the general continuum mechanics approach for formulating the elastic forces does not
lead to deterioration in the element performance, and the use of this approach captures coupled
deformation modes that can be significant in the case of large and/or plastic deformations, as
previously mentioned in this chapter.

5.13 BRICK ELEMENT

A three-dimensional ANCF brick element, with an incomplete polynomial representation,
can be developed. This element, shown in Figure 8, has eight nodes. The nodal coordinates ejk

at node k of the finite element j can be defined as ejk = [rjkT
rjkT

x1
rjkT

x2
rjkT

x3
]T , k = 1, · · · , 8,

where rjk is the absolute position vector at node k of the finite element j and rjk
x1

, rjk
x2

,

and rjk
x3

are the position vector gradients obtained by differentiation with respect to the
spatial coordinates x1, x2, and x3, respectively. The displacement field of each coordinate of
the brick element can be defined using an incomplete polynomial with 32 coefficients as
(Olshevskiy et al., 2013)

𝜑 (x, y, z) = 𝛼1 + 𝛼2x1 + 𝛼3x2 + 𝛼4x3 + 𝛼5x2
1 + 𝛼6x2

2 + 𝛼7x2
3 + 𝛼8x1x2 + 𝛼9x2x3 + 𝛼10x1x3

+ 𝛼11x3
1 + 𝛼12x3

2 + 𝛼13x3
3 + 𝛼14x2

1x2 + 𝛼15x2
1x3 + 𝛼16x2

2x3 + 𝛼17x1x2
2 + 𝛼18x1x2

3

+ 𝛼19x2x2
3 + 𝛼20x1x2x3 + 𝛼21x3

1x2 + 𝛼22x3
1x3 + 𝛼23x1x3

2 + 𝛼24x3
2x3 + 𝛼25x1x3

3

+ 𝛼26x2x3
3 + 𝛼27x2

1x2x3 + 𝛼28x1x2
2x3 + 𝛼29x1x2x2

3 + 𝛼30x3
1x2x3 + 𝛼31x1x3

2x3 + 𝛼32x1x2x3
3

(5.134)
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Figure 5.8 ANCF brick element
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In this equation, 𝛼k, k = 1, 2,…, 32, are the polynomial coefficients. Using this polynomial
description, the shape functions of the ANCF brick element can be derived as follows:

Sk,1 = (−1)1+𝜉k+𝜂k+𝜁k
(
𝜉 + 𝜉k − 1

) (
𝜂 + 𝜂k − 1

) (
𝜁 + 𝜁k − 1

)
⋅(

1 +
(
𝜉 − 𝜉k

)
(1 − 2𝜉) +

(
𝜂 − 𝜂k

)
(1 − 2𝜂) +

(
𝜁 − 𝜁k

)
(1 − 2𝜁 )

)
Sk,2 = (−1)𝜂k+𝜁k a𝜉𝜉k+1(𝜉 − 1)2−𝜉k𝜂𝜂k (𝜂 − 1)1−𝜂k𝜁𝜁k (𝜁 − 1)1−𝜁k

Sk,3 = (−1)𝜉k+𝜁k b𝜉𝜉k (𝜉 − 1)1−𝜉k𝜂𝜂k+1(𝜂 − 1)2−𝜂k𝜁𝜁k (𝜁 − 1)1−𝜁k

Sk,4 = (−1)𝜉k+𝜂k c𝜉𝜉k (𝜉 − 1)1−𝜉k𝜂𝜂k (𝜂 − 1)1−𝜂k𝜁𝜁k+1(𝜁 − 1)2−𝜁k

⎫⎪⎪⎪⎬⎪⎪⎪⎭
k = 1,…, 8

(5.135)
where a, b, and c are, respectively, the dimensions of the element along the x1, x2, and x3 direc-
tions, 𝜉 = x1∕a, 𝜂 = x2∕b, 𝜁 = x3∕c, 𝜉, 𝜂, 𝜁 ∈ [0, 1], and 𝜉k, 𝜂k, 𝜁k are the dimensionless
nodal locations for node k. The position vector of an arbitrary material point on element j can
be written as

rj =
8∑

k=1

[
Sk,1I Sk,2I Sk,3I Sk,4I

]
ejk = Sjej (5.136)

where I is the 3 × 3 identity matrix, Sj and ej are, respectively, the element shape function
matrix and the vector of nodal coordinates, which can be written as

Sj =
[
S1,1I S1,2I S1,3I S1,4I · · · S8,1I S8,2I S8,3I S8,4I

]
ej =

[
ej1T

ej2T
ej3T

ej4T
ej5T

ej6T
ej7T

ej8T
]T

⎫⎪⎬⎪⎭ (5.137)

The ANCF brick element described in this section has 96 degrees of freedom and can assume
very complex shapes as demonstrated by Wei et al. (2015) in their study of the fluid sloshing
problem. Wei et al. (2015) also presented a higher-order ANCF brick element based on a
complete polynomial representation.

5.14 ELEMENT PERFORMANCE

All the finite elements presented in this chapter lead to a constant mass matrix and can be
used in the large-rotation and large-deformation analysis because nonlinear theory is used with
an assumed displacement field that can correctly describe arbitrary large displacements. The
use of the two-dimensional Euler–Bernoulli beam and the three-dimensional cable element is
restricted to certain applications because they are less general as compared to other elements.
Nonetheless, most of the elements described in the preceding sections can be considered as
isoparametric elements if the centerlines or the midsurfaces are considered. A finite element
is said to be isoparametric if the element shape function can be used to describe both positions
(geometry) and displacements of the material points. One can verify that the beam and plate
elements presented in this chapter are isoparametric if the positions and displacements of the
material points on the centerline or the midsurface are considered. For isoparametric elements,
it is straightforward to develop curved elements such as curved beams and shells because
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one can always use the same displacement field to define stress-free configuration by giving
appropriate values for the nodal coordinates. A finite element is said to be subparametric if
the order of interpolation used for the positions is lower than the order of interpolation used
for the displacement. The element is said to be superparametric if the order of interpolation
used for the positions is higher than the order of interpolation used for the displacements.
Subparametric and superparametric elements will not be discussed further in this book.

In addition to the elements presented in this chapter, several other elements have been
proposed in the literature. Among these elements is the three-dimensional beam element pro-
posed by von Dombrowski (2002) who demonstrated the use of his element in interesting
large-deformation applications. In von Dombrowski’s element, rotation coordinates are used
as nodal coordinates in order to develop an Euler–Bernoulli beam element that accounts for
the effect of the rotary inertia. Von Dombrowski’s element, which is a more general element
as compared to the cable element, is obtained at the expense of not having a constant mass
matrix. Because the rotation in this element formulation is assumed to be infinitesimal and
only represents rotation about the tangent to the element centerline, the nonlinearity arising
from introducing this rotation is not severe and the mass matrix is nearly constant.

Other beam and plate elements were introduced by several authors; some of these elements
employ curvature vectors as nodal coordinates. The reader who is interested in this subject can
learn about these elements and the formulation of their mass and stiffness matrices from the
work of Takahashi and Shimizu (1999), Dmitrochenko and Pogorelov (2003), Garcia-Vallejo
et al. (2003), Sopanen and Mikkola (2003), Garcia-Vallejo et al. (2004), and Yoo
et al. (2004).

Patch Test

The patch tests are simple tests, which are used to check the convergence of the finite element
formulation as well as the computer implementation. These tests can also be used to evalu-
ate the element performance and stability by checking whether or not the element satisfies
basic equilibrium requirements. A successful patch test for an element is an indication that
if the element is used to model a structure, a refinement of the finite element mesh will pro-
duce solutions that converge to the exact solutions. To perform the patch test, one considers a
finite element mesh that consists of a small number of elements with at least one node inside
the patch. The patch can be subjected to forces or prescribed nodal displacements to develop
problems with known exact solutions. For example, boundary nodes can be constrained just
enough to eliminate the rigid-body motion of the structure. One can then apply, at the free
boundary nodes, loads that correspond to the state of a constant stress. The computed stresses
inside the elements are compared with the exact solution to check whether or not the two
solutions agree to within the numerical errors. The patch test is repeated to cover all cases of
constant stresses relevant to this element. If all the computed stress results agree with the exact
solution, the element passes the patch test, and a fine mesh of a structure using this element
will produce a solution that converges to the exact one.

One can also examine the strains and displacements to make sure that the computed values
are correct. One must also check that in the case of prescribed displacements of the boundary
nodes and in the absence of the body forces, the stress and strains must be constant in order
for the element to satisfy the partial differential equations of equilibrium. If these conditions
are not satisfied, then it is likely that the element assumed displacement field is not correct
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and/or there is a problem with the computer implementation. It is also recommended to
perform an eigenvalue analysis to check that the element has the correct number of rigid-body
modes for a given support condition. The eigenvalue analysis should not produce a zero
eigenvalue associated with a deformation mode; otherwise, the element will exhibit unstable
behavior.

Locking Problem

With regard to the finite element performance, one of the important issues that have been
discussed in the literature is the locking problem. Some finite elements exhibit in some appli-
cations overly stiff behavior due to two main reasons. First, the order of the polynomial inter-
polation used for the element is low such that some important modes of deformations cannot
be effectively captured. For example, if a linear interpolation is used for a finite element, the
curvature which is necessary to describe bending will be zero everywhere inside the element.
The use of such low-order finite elements for bending is therefore not recommended because
a very large number of elements will be required to solve a simple bending problem. The use
of such a fine finite element mesh can be very inefficient in solving beam and plate problems.
The second reason for the poor performance of an element is the existence of high-frequency
modes that have no significant effect on the solution but lead to a deterioration of the element
performance. Such modes can be consistently eliminated using approximation methods based
on coordinate reduction as described in the following chapter, or by using analytical meth-
ods by introducing kinematic algebraic constraints to prevent the motion in the direction of
such stiff modes. The algebraic constraint equations can be used to systematically eliminate
these stiff modes from the formulation or can be used to introduce constraint forces that can
be expressed in terms of Lagrange multipliers; a subject that has been extensively covered in
the MBS dynamics literature (Roberson and Schwertassek, 1988; Shabana, 2013).

As the result of low-order interpolations and the existence of high-frequency modes of
deformations, the element performance deteriorates and serious numerical problems can be
encountered. There are several types of locking, including volumetric, membrane, and shear
locking. For example, most structural materials are nearly incompressible. Changes of the
dilatation can be accompanied by large values of stresses that absorb a significant part of the
energy and make the element very stiff or lock. Theoretically, an ideal solution to deal with
incompressible or nearly incompressible materials is to impose the incompressibility condi-
tion as a constraint by assuming that the determinant of the matrix of position vector gradients
remains equal to one and does not change. This condition arises from the relationship between
the volumes in the current and reference configurations, dv= JdV, where J is the determinant
of the matrix of position vector gradients, and dv and dV are, respectively, the volumes in the
current and reference configurations. As previously mentioned, imposing the incompressibil-
ity condition can be accomplished using two approaches: in the first, a Lagrange multiplier
technique is used, whereas in the second, a penalty method is used. The penalty method is
easier to use because it is equivalent to adding a force to the equations of motion to guarantee
that the incompressibility condition is satisfied. On the other hand, when the Lagrange mul-
tiplier technique is used, one must augment the equations of motion with algebraic equations
that describe the constraint conditions. This leads to a system of differential and algebraic
equations that must be solved simultaneously, making the numerical procedure much more
complex as compared to using the penalty method.
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The use of the penalty method is equivalent to changing the strain energy of the system
by adding another term that enforces the incompressibility condition. Another method used
in the finite element literature to solve the locking problems is to use multifield variational
principles, which are also called mixed or hybrid principles. In these principles, the stress
and strain components that lead to overly stiff behavior are interpolated independently of the
displacements. The independent interpolation allows for using higher order for those compo-
nents that are the source of the locking behavior. Examples of these mixed principles are the
Hellinger–Reissner principle and the Hu–Washizu principle: the first is stress based, whereas
the second is strain based. The use of these principles allows using different fields for stresses
and strains to avoid the locking problem and improve the element behavior in some problems
such as beam and plate bending. For this reason, the resulting elements are also called assumed
strain or assumed stress elements depending on which variables are interpolated. The draw-
back of using the mixed principles is that the elements can exhibit instabilities in other fields
and, therefore, it is important to check the accuracy of the solution obtained for other field
variables.

Shear locking, which is also a source of numerical problems in beam and plate problems,
is the result of excessive shear stresses. For thin elements, the cross section is expected to
remain perpendicular to the element centerline or midsurface of the element. This is the basic
assumption used in Euler–Bernoulli beam theory. Elements that are based on this theory do not
allow for shear deformation, and therefore, such elements do not, in general, suffer from the
shear locking problem. Examples of these elements are the two-dimensional Euler–Bernoulli
beam element and the three-dimensional cable element discussed previously in this chapter.
These elements, as demonstrated in the literature, are efficient in thin-beam applications. Shear
deformable elements, on the other hand, can suffer from locking problems if they are used in
thin structure applications. When these elements are used, the cross section does not remain
perpendicular to the element centerline, leading to shear forces. For thin structures, the result-
ing shear stresses can be very high leading to numerical problems. This problem can be cir-
cumvented by using the elastic line or midsurface approaches, the mixed variational principles,
or reduced integration methods.

Similarly, some shell-element formulations produce coupling between membrane and
bending deformations. In these formulations, a bending of a plate leads to membrane
(extension) displacements. This kinematic coupling can lead to the problem of membrane
locking, which in turn leads to numerical difficulties when thin shell structures are analyzed.
In some applications such as papers and cloths, bending does not produce extension. For
these applications, it is recommended to use the thin-plate element formulation, which is
based on the elastic midsurface approach. In the formulation of the elastic forces of this
element, it is assumed that the bending and extension are not coupled. If, on the other hand,
the higher-order fully parameterized plate element is used in thin structural shell applications,
it is recommended to use the elastic midsurface approach, the mixed variational principles,
and reduced integration methods.

Reduced Integration

One must be careful when speaking of the order of the interpolation and the performance
of an element. Although low-order interpolation may necessitate the use of a larger number
of elements in order to be able to capture a certain deformation mode, higher-order terms
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in a polynomial introduce more complex shapes that are associated with high-frequency
modes of oscillations. These high-frequency modes can also lead to a deterioration of the
element performance. Elimination of these modes can enhance the element performance
in some applications. One method, which is recommended in the finite element literature,
is to use reduced integration instead of full integration. In the reduced integration, fewer
quadrature points are used in the numerical integration of the elastic forces. This is equivalent
to using lower-order polynomials to approximate the integrands that appear in the elastic force
expressions. Lower-order polynomials have simpler shapes, which are associated with lower
modes of oscillations. Elimination of the complex shapes is equivalent to eliminating high
frequencies and is equivalent to lowering the element stiffness. This can significantly enhance
the element performance. Underintegration, which can be used effectively to eliminate shear
locking in some applications, leads to additional computational advantage because it reduces
the number of calculations by using fewer quadrature points. Reduced integration, however,
should not be used if it leads to mesh instabilities or wrong solutions. It is, therefore, impor-
tant that the integration rule used is tested in order to make sure that an accurate solution is
obtained.

Another form of reduced integration is the selective reduced integration, which can be
used to enhance the element performance in some problems. In this integration method, some
terms that are the source of locking can be selected and underintegrated, whereas full integra-
tion is used for other terms that appear in the expression of the elastic forces. For example,
the terms that define the contribution to the elastic forces from the volumetric strains can be
underintegrated, whereas terms associated with the deviatoric strains can have a higher order
of integration. This method of selective reduced integration can be effective in dealing with
volumetric locking in some applications.

Reduced integration if not carefully performed can lead to instabilities. For example, if the
deformations at all the selected quadrature points happen to be zero, one obtains zero strain
energy for a nonrigid-body mode. In this case, the stiffness matrix is singular and the element
exhibits unstable behavior. These types of modes are called in the finite element literature
hourglass modes, zero energy modes, or spurious singular modes. These types of modes can
be detected using an eigenvalue analysis. In this case, the number of modes of the finite element
that have zero eigenvalue is higher than the number of rigid-body modes of the element because
the improper selection of the quadrature points leads to a zero eigenvalue associated with a
deformation mode.

5.15 OTHER FINITE ELEMENT FORMULATIONS

In this chapter, ANCF finite elements were introduced and discussed. The ANCF approach
is suited for the analysis of a general class of problems in which the bodies undergo large
rotations including rigid-body rotations. This is a problem that is typical in MBS applications.
ANCF finite elements employ absolute position vectors and their gradients as nodal coordi-
nates. There are several reasons, discussed in this section, which motivated introducing this
approach and presenting it in this continuum-mechanics-based book. In the finite element lit-
erature, there are other types of finite elements that employ different sets of coordinates. In the
remainder of this section, we discuss these element formulations in order to further explain
the motivation for introducing the formulation presented in this chapter.
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Isoparametric Finite Elements

Some elements such as the two-dimensional rectangular and triangular elements and the
three-dimensional solid and tetrahedral elements (Zienkiewicz, 1977) employ only position
coordinates. These elements can correctly describe rigid-body motion and they are of the
isoparametric type because the same shape function can be used to describe the displace-
ment and geometry of the element. Nonetheless, the nodal coordinates do not include rotation
variables, which make these elements unsuitable for beam, plate, and shell applications and
also unsuitable for many MBS applications where joint constraints between bodies are often
formulated in terms of rotation coordinates. Because the continuity of the rotation field at
the nodal points is not guaranteed when these isoparametric elements are used, imposing
MBS connectivity conditions that allow relative motion is not straightforward. Furthermore,
the limitations of these conventional isoparametric elements in the analysis of bending, as
the result of the low order of interpolation, are well known and have been discussed in the
literature.

Use of Infinitesimal Rotation Coordinates

Another type of finite elements includes elements that employ infinitesimal rotations in addi-
tion to translational coordinates as nodal variables. Examples of these conventional finite
elements are beam, plate, and shell elements. These elements, which were widely used in many
structural applications, cannot correctly describe large rigid-body rotation; they can describe
only infinitesimal rigid-body rotation. Because of the use of the infinitesimal rotations as nodal
coordinates, one can show that the kinematic equations of these elements employ lineariza-
tion (Shabana, 1996a). For this reason, these elements have been used in structural dynamics
applications in the framework of an incremental solution procedure. It is known, however, that
the incremental solutions based on linearized equations eventually diverge from the correct
solution of the nonlinear problem. Furthermore, most MBS algorithms that are designed to
solve large rigid-body rotation problems are based on nonincremental solution procedure. In
order to be able to use these finite elements in MBS algorithms, the finite element FFR for-
mulation was proposed in the early 1980s (Shabana and Wehage, 1981; Shabana, 1982). This
approach, which is discussed in detail in the following chapter, leads to correct description
of the rigid-body motion of the finite elements that employ infinitesimal rotations as nodal
coordinates. The FFR formulation has been primarily used for small-deformation problems
because the elements are assumed to undergo small displacements with respect to the floating
frame, which may experience an arbitrary rigid-body motion including finite rotations. The
FFR formulation remains an effective and efficient tool for modeling the small deformation of
flexible bodies because it allows reducing systematically the number of deformation degrees
of freedom. This formulation, which will be discussed in more detail in the following chapter,
is implemented in most general purpose flexible MBS computer programs.

Perhaps, it is also important to point out that, in MBS applications, one cannot use infinitesi-
mal or finite rotations as nodal coordinates in the interpolation of the rigid-body displacement
field. Recall, as shown in Chapter 1, that the rigid-body kinematic equations are defined in
terms of trigonometric functions and not in terms of angles. Trigonometric functions can be
approximated by angles only when these angles are infinitesimal.



�

� �

�

218 COMPUTATIONAL CONTINUUM MECHANICS

Use of Finite Rotation Coordinates

Another element formulation, which was introduced in the mid-1980s, is based on using two
independent fields with finite rotation coordinates as nodal coordinates (Simo and Vu-Quoc,
1986). The resulting elements are capable of correctly describing arbitrary rigid-body displace-
ments. In this formulation, the two independent fields are introduced for the position vector
and the finite rotations of the cross section of the finite element. That is, the position and
rotations are obtained from independent interpolations. As demonstrated in this book, using
the polar decomposition theorem, the rotation field can be defined using the matrix of posi-
tion vector gradients. That is, the position vector field is sufficient to determine the rotations
of infinitesimal volumes. The use of independent displacement and rotation fields, therefore,
can lead to a problem of coordinate redundancy and inconsistency in the definition of the
rotation variables (Ding et al., 2014). Formulations that suffer from this problem of coordinate
redundancy can lead to numerical problems in the analysis of large rotations, particularly large
rigid-body rotations. For instance, some of these formulations do not automatically satisfy the
principle of work and energy, and special measures must be taken in the numerical integra-
tion routines in order to satisfy this principle. On the other hand, because the ANCF position
vector field is used to determine the gradients that define the rotation field, such a problem
is not encountered, and ANCF finite elements automatically satisfy the principle of work and
energy without the need for special measures as demonstrated in the literature (Campanelli
et al., 2000).

5.16 UPDATED LAGRANGIAN AND EULERIAN FORMULATIONS

In this chapter, a total Lagrangian large-deformation finite element formulation was consid-
ered. Integrations and differentiations are defined with respect to the Lagrangian coordinates,
and stress and strain measures are defined with respect to the reference configuration. The
ANCF finite elements presented in this chapter can also be used with an updated Lagrangian
formulation. In this case, one uses stress and strain measures defined in the current configura-
tion. Furthermore, the differentiations are defined with respect to the coordinates r, whereas
the integrations are defined using the current volumes and areas. In principle, as discussed in
Chapter 3, the total and updated Lagrangian formulations are equivalent, and one formula-
tion can be obtained from the other using a coordinate transformation. Therefore, the choice
of a formulation is a matter of convenience or preference, and in some cases, some variables
defined in the current configuration are used with the total Lagrangian formulation and vice
versa. For this reason, the updated Lagrangian formulation will not be discussed further in this
book. The reader interested in the updated Lagrangian formulation can consult the literature
on the nonlinear finite element method.

Whereas in the Lagrangian formulations, the finite element nodal points move as the result
of the applied forces, in the Eulerian formulations with fixed mesh, the nodes are fixed since the
focus is on a region of the continuum that is defined by the vector r. One then does not follow
the motion of a material point that has coordinates x in the reference configuration; instead,
the focus is on a point through which the material flows, and the interest is to determine the
behavior of the continuum when the material passes by this point, which is fixed in space.
The Eulerian description is more convenient to use in the case of fluid dynamics, whereas the
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Lagrangian description is used more often in solid mechanics. In the Eulerian formulations,
three sets of variables are often used; the density 𝜌, the stresses 𝛔, and the velocities v. In order
to solve for these three sets of variables, three sets of equations are used. These equations are
the continuity or conservation of mass equation, the constitutive equations, and the equations
of motion. The constitutive equations are often expressed in the rate form. These three sets of
equations can be written in the following form:

𝜕𝜌

𝜕t
+ ∇ (𝜌v) = 0

𝛔̇ = 𝛔̇ (D)(
∇𝛔T

)T + fb − 𝜌a = 0

⎫⎪⎪⎬⎪⎪⎭
(5.138)

In this equation, 𝜌 is the density defined in the current configuration, v is the velocity vector, 𝛔
is the stress tensor, D is the rate of deformation tensor, fb is the vector of body forces, and a is
the acceleration vector. The continuity equation can also be written in the following alternate
form:

𝜕𝜌

𝜕t
+ 𝜕𝜌

𝜕r
v + 𝜌

3∑
i=1

𝜕vi

𝜕ri
= 0 (5.139)

In the Eulerian formulations, independent interpolations are used for the density, stresses, and
velocities. One can then write for element j the following finite element description:

rj = Sjej, 𝛔j = Sj
𝜎ej
𝜎, 𝛔j = Sj

𝜌e
j
𝜌 (5.140)

In this equation, Sj is the element shape function used for the displacement, ej is the vector of
element position nodal coordinates, Sj

𝜎 is the shape function used for the stresses, ej
𝜎 is the set

of stress nodal variables, Sj
𝜌 is the density shape function, and ej

𝜌 is the set of density nodal
variables. Because vj = ṙj = Sjėj, Equation 140 can be used to define the following virtual
changes:

𝛿vj = Sj𝛿ėj, 𝛿𝛔j = Sj
𝜎𝛿ej

𝜎, 𝛿𝜌j = Sj
𝜌𝛿ej

𝜌 (5.141)

As previously mentioned, in the Eulerian formulation with fixed mesh, the nodal points are
assumed to be fixed. On fixed boundaries in fluid applications, the velocities at the boundary
nodal points are assumed to be zero.

In order to obtain the discrete equations, one can multiply the first equation in Equation 138
by 𝛿𝜌j, the second equation by 𝛿𝛔j, and the third equation by 𝛿vj; integrating over the domain
of the element and using Equation 141, one can show that the finite element discrete equations
in the Eulerian formulation can be written as

Mj
𝜌ė

j
𝜌 = Qj

𝜌

Mj
𝜎 ėj
𝜎 = Qj

𝜎

Mjëj = Qj

⎫⎪⎬⎪⎭ (5.142)

where Mj
𝜌,M

j
𝜎 , and Mj are coefficient matrices; and Qj

𝜌,Q
j
𝜎 , and Qj are vectors that can depend

on the unknown variables. In obtaining Equation 142, the integration is carried out over a
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fixed element domain in the case of a fixed mesh. Note that in the ANCF Eulerian formulation
discussed in this chapter, the mass matrix Mj depends on the density, which is a function
of time in the case of compressible materials or fluid. Consequently, this mass matrix is not
constant as in the case of the Lagrangian formulations. If the material is incompressible, the
density is not a function of time, and the continuity equation is simplified. In this case, ANCF
finite elements lead to a constant mass matrix. In general, the three sets of equations given by
Equation 142 are solved simultaneously to determine the values of the coupled variables of the
continuum at the nodes. In the case of fluid dynamics, there are several simulation scenarios
that depend on the fluid conditions. In some of these scenarios, the governing equations given
in Equation 139 can be simplified.

It is important, however, to point out that a total Lagrangian formulation that employs ANCF
finite element can still be used in some fluid applications such as in the case of sloshing prob-
lems (Wei et al., 2015). In such applications, the effect of the fluid motion on vehicle dynamics
is the primary concern. When ANCF finite elements are used, the expression for the inertia
forces remains as previously discussed in this chapter. Regardless of the magnitude of the
fluid displacement, the mass matrix remains constant, and the centrifugal and Coriolis forces
are identically zero. The stress forces can be determined using the fluid constitutive equations
as discussed in Chapter 4. Figure 9 shows the fluid simulation results obtained by Wei et al.
(2015). These results are obtained using the ANCF solid element, which ensures the conti-
nuity of the displacement gradients at the nodal points (Olshevskiy et al., 2013). The total
Lagrangian nonincremental liquid sloshing solution procedure proposed by Wei et al. (2015)
can be used to avoid the difficulties of integrating most of fluid dynamics formulations, which
are based on the Eulerian approach, with MBS dynamics formulations, which are based on
a total Lagrangian approach. The proposed total Lagrangian FE fluid dynamics formulation,
which can be systematically integrated with computational MBS algorithms, differs signif-
icantly from the conventional FE or finite volume methods, which are based on an Eulerian
representation that employs the velocity field of a fixed control volume in the region of interest.
The ANCF fluid equations are expressed in terms of displacement and gradient coordinates of
material points, allowing for straightforward implementation of kinematic constraint equations
and for the systematic modeling of the interaction of the fluid with the external environment
or with rigid and flexible bodies. The fluid incompressibility conditions and surface traction
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Figure 5.9 ANCF total Lagrangian fluid simulation (Wei et al., 2015)
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forces are considered and derived directly from the Navier Stokes equations. Wei et al. (2015)
formulated the fluid problem using two ANCF brick elements, one is obtained using an incom-
plete polynomial representation and the other is obtained from a B-spline volume representa-
tion. The new approach, in addition to ensuring the continuity of the displacement gradients at
the nodal points, allows for imposing higher degree of continuity across the element interface
by applying algebraic constraint equations that can be used to eliminate dependent variables
and reduce the model dimensionality.

5.17 CONCLUDING REMARKS

In this chapter, an approach for the large displacement analysis of continuous systems is
described. In order to be able to use this approach to develop accurate models for engineering
and physics systems, it is necessary to understand some basic geometry and analysis concepts.

ANCF Finite Elements

The following characteristics define the ANCF solution framework:

1. The problem must be a dynamics problem that requires addressing the formulation of the
inertia forces, which are expressed in terms of a constant inertia matrix and, therefore,
the Coriolis and centrifugal forces are identically zero.

2. The elements must be of higher order in order to provide the option for imposing con-
tinuity on gradient vectors. The vector of nodal coordinates of ANCF finite elements
can consist of position and gradient coordinates and the gradients must be interpreted
correctly during the entire solution procedure. Conventional C0 finite elements do not
ensure continuity of the gradient or rotation fields. As it is known continuity of the
gradients ensures continuity of the rotations. The converse, however, is not, in general,
true.

3. The finite elements must correctly describe an arbitrary rigid body motion including
arbitrary finite rotations using the assumed displacement field r (x, t) = S (x) e (t), where
r is the global position vector of an arbitrary point on the element, S is the element shape
function matrix, e is the vector of nodal coordinates, x =

[
x1 x2 x3

]T
is the vector of

the element spatial coordinates, and t is time.

When using ANCF finite elements, the equations of motion can be solved nonincrementally
and, therefore, there is no need for the use of the corotational approach, which was introduced
to remedy the problems associated with finite elements that employ infinitesimal rotations.
In the FE literature, there has been frequent reference to gradients and slopes. Nonetheless,
all the above conditions are not often met as the result of improper treatment of the gradients,
the use of incremental procedures, and/or the focus on static procedures without addressing
the formulation of the element inertia when the element experiences arbitrary finite rotations
(Betsch and Stein, 1995; Milner, 1981).
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Figure 5.10 Tracked vehicles

Constrained Motion

As discussed in this chapter, ANCF finite elements can be used as the basis for a nonincre-
mental solution procedure that allows for developing new computer models with significant
details. One example of these models is the tracked vehicle shown in Figure 10. The links
of the track chains of this vehicle are modeled as flexible bodies connected by pin (revolute)
joints that allow relative rotation as well as relative deformations between the chain links. This
detailed vehicle model was successfully developed using ANCF finite elements and computa-
tional MBS algorithms (Hamed et al, 2015; Wallin et al., 2013). Using ANCF finite elements,
linear connectivity conditions, that define the pin (revolute) joints, were developed, allow-
ing eliminating the dependent variables at a preprocessing stage (Garcia-Vallejo et al, 2003;
Hamed et al., 2015). The two tracks of the vehicle can be treated as one ANCF finite element
mesh since ANCF finite elements allow for arbitrarily large displacements. The track chains
mass matrix remains constant and the centrifugal and Coriolis forces remain equal to zero. The
development of such a heavily constrained model, in which the algebraic connectivity condi-
tions are eliminated at a preprocessing stage, using ANCF finite elements is straightforward.

ANCF Reference Node

Another important concept that has been used effectively in modeling complex system is the
ANCF reference node (Shabana, 2015a,b). The ANCF reference node is a node that is not
associated with a particular ANCF finite element. This node can be used for assembling rigid
and structural components. Such a node can also be used to describe a rigid body by imposing
six rigidity constraints that eliminate the deformation modes of the reference node. The refer-
ence node can be used to develop new tire assembly models and can be used also to develop
an MBS submodel at a preprocessing stage as shown in Figure 11 (Shabana, 2015a,b).

Deformation Modes

As discussed in the literature, and also in this book, fully parameterized ANCF finite elements
may exhibit locking behavior, particularly in the case of thin and stiff structures. Nonetheless,
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Figure 5.11 Tire assembly

the use of such fully parameterized ANCF finite elements is necessary in order to be able to
capture correct physics in many applications. For example, excessive axial and bending forces
lead to change in the cross-sectional dimensions of beam-like structure. Formulations that
assume rigid cross section, from the outset, cannot be used to capture this physics behavior.
In the finite element literature, many solutions were proposed to solve the locking problem.
Some of the locking-solution techniques can be applied in the case of fully parameterized
ANCF finite elements, allowing for developing new models that correctly capture the physics
of the problem under consideration.

PROBLEMS

1. Verify the expressions of the shape functions presented in Example 1.

2. Show that the displacement field used in Example 1 can describe an arbitrary rigid-body
motion.

3. Verify the expressions of the shape functions presented in Example 2, and show that the
displacement field used in Example 2 can describe an arbitrary rigid-body motion.

4. Show that, by using the Cholesky factorization of the symmetric mass matrix, one can
define a new set of coordinates that lead to an identity mass matrix.

5. Show that the virtual changes in the Green–Lagrange strains can be written in terms of
the virtual changes of the position vector gradients. Show also that the virtual changes in
the position vector gradients can be written in terms of the virtual changes of the finite
element nodal coordinates.

6. A force vector F(t)= [F1(t) F2(t)]T applied at a point defined by 𝜉 = 0.5 of the
two-dimensional Euler–Bernoulli beam element defined in Section 7. Define the vector
of nodal forces due to the application of this force vector. Define also the vector of nodal
forces if this force vector is applied at a point defined by 𝜉 = 1. Discuss the nodal forces
associated with the gradient coordinates of this element. Repeat this problem using the
two-dimensional shear deformable element.

7. In the two-dimensional case, define the relationship between the virtual change in the rota-
tion and the virtual change of the gradient coordinates at the node for both Euler–Bernoulli
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and shear deformable beam elements. Use this relationship to define the relationship
between the Cartesian moment and the forces associated with the gradient coordinates
of these two elements.

8. Develop the mass matrix of the two-dimensional Euler–Bernoulli beam element discussed
in Section 7.

9. A force vector F(t)= [F1(t) F2(t) F3(t)]T is applied at a point defined by 𝜉 = 0.5 of the
cable element presented in Section 9. Define the vector of nodal forces due to the applica-
tion of this force vector. Define also the vector of nodal forces if this force vector is applied
at a point defined by 𝜉 = 1. Discuss the nodal forces associated with the gradient coordi-
nates of this element. Repeat this problem using the three-dimensional shear deformable
element.

10. Obtain the expression for the nodal forces due to gravity in the case of the following finite
elements: (1) two-dimensional Euler–Bernoulli beam element, (2) two-dimensional shear
deformable beam element, (3) cable element, (4) three-dimensional shear deformable ele-
ment, and (5) thin-plate element.

11. Obtain the mass matrix of the three-dimensional cable element.
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CHAPTER 6

FINITE ELEMENT FORMULATION:
SMALL-DEFORMATION, LARGE-ROTATION
PROBLEM

In the preceding chapter, a nonlinear finite element formulation for the large-deformation
analysis was presented. This formulation, which is consistent with the motion description
used in the theory of continuum mechanics and can be used to correctly describe an arbitrary
rigid-body motion, leads to a constant mass matrix and nonlinear vector of elastic forces. The
formulation imposes no restrictions on the amount of rotation or deformation within the ele-
ment, except for the restriction imposed by the order of the interpolating polynomials used. In
large-deformation problems, in general, the shape of deformation of the bodies can be complex
and this, in turn, necessitates the use of a large number of finite element nodal coordinates in
order to be able to correctly capture the geometry of deformation. Therefore, in the analysis of
the large-deformation problem using the absolute nodal coordinate formulation (ANCF) dis-
cussed in the preceding chapter, one simply selects an adequate number of finite elements and
formulates the equations of motion in terms of the element nodal coordinates. There is no need
to introduce another reference frame or be concerned with the use of coordinate reduction tech-
niques. The ANCF results published in the literature demonstrated that this formulation can
be used in modeling very large deformations with relatively small number of finite elements
compared to other existing nonlinear finite element formulations.

The use of a full finite element representation to study small-deformation problems is
not recommended because such a representation is not the most efficient approach to solve
for the small deformations. The geometry of the small deformation of the bodies takes sim-
ple forms, and one in this case can develop a lower-dimension model that can be efficiently
used to solve this class of problems. Furthermore, in the analysis of small deformations, with
a proper selection of the coordinate systems, one can use finite elements, which have smaller
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number of nodal coordinates. For example, conventional nonisoparametric beam, plate, and
shell finite elements, which cannot correctly describe arbitrary rigid-body motion using the
element nodal coordinates, can still be used in small-deformation large-displacement for-
mulations. By defining a local linear elasticity problem, linear modes can also be used to
further reduce the number of the model degrees of freedom and eliminate high-frequency
modes of vibration. The approach that is most widely used to solve the small-deformation,
large-rotation problem is called the floating frame of reference (FFR) formulation. The finite
element FFR formulation, which is discussed in this chapter, was introduced in the early 1980s
(Shabana and Wehage, 1981; Shabana, 1982) and was the basis for developing new computa-
tional algorithms that led to introducing new generation of codes that became known as flex-
ible multibody computer codes, which are widely used in industry, universities, and research
institutions.

In this chapter, a brief introduction to the FFR formulation is presented. A crucial step in
developing the finite element FFR formulation is the concept of the finite element intermediate
coordinate system. The use of this intermediate element coordinate system allows modeling
flexible bodies with complex geometry, using the finite element method. The concept of the
intermediate coordinate system resembles the concept of the parallel axis theorem used in
rigid-body mechanics. Although the FFR formulation leads to a highly nonlinear system of
equations of motion, it is shown that the nonlinear inertia terms developed using this formu-
lation can be expressed in terms of a set of constant shape integrals that can be evaluated in
advance for the dynamic simulation. More detailed discussion on the FFR formulation can be
found on texts on the subject of multibody system dynamics (Shabana, 2013).

6.1 BACKGROUND

As pointed out in the preceding chapter, until the mid-1980s, there were two types of finite
elements: isoparametric and nonisoparametric finite elements. Isoparametric finite elements
are elements in which the same shape function is used to describe the geometry and displace-
ments. These elements generally have only translational nodal coordinates and are capable of
correctly describing rigid-body motion. Examples of these elements are the two-dimensional
rectangular and triangular elements and the three-dimensional solid and tetrahedral elements
(Zienkiewicz, 1977). A dynamic formulation of these elements can lead to a constant mass
matrix. Nonetheless, these elements do not impose continuity on any rotation parameters at
the nodes and are not suitable for modeling many beam-, plate-, and shell-like structures, which
are common in engineering applications. The continuity of the rotation field at the nodal point
is required in the modeling of many applications such as in the case of multibody systems
where mechanical joints between different bodies are defined at the nodal points. Imposing
some of these joint constraints requires the continuity of rotation fields.

Other conventional finite elements such as beam, plate, and shell finite elements, which are
not of the isoparametric type, employ infinitesimal rotations as nodal coordinates. These finite
elements were extensively used in modeling beam-, plate-, and shell-like structures in many
engineering applications. Nonetheless, these elements cannot be used to correctly describe an
arbitrary rigid-body motion. An arbitrary rigid-body motion of these elements can produce
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Figure 6.1 Two-dimensional beam element

nonzero strains. An example of these elements is the beam element shown in Figure 1. This
element has two nodes, and each of its nodes has three degrees of freedom: two translational
coordinates and one infinitesimal rotation coordinate. Therefore, the vector of nodal coordi-
nates of the element can be written as

e =
[
e1 e2 e3 e4 e5 e6

]T =
[
r1

1 r1
2 𝜃1 r2

1 r2
2 𝜃2

]T
(6.1)

The shape function of this element is defined as

S =

[
1 − 𝜉 0 0 𝜉 0 0

0 1 − 3(𝜉)2 + 2(𝜉)3 l{𝜉 − 2(𝜉)2 + (𝜉)3} 0 3(𝜉)2 − 2(𝜉)3 l{(𝜉)3 − (𝜉)2}

]
(6.2)

where 𝜉 = x1/l and l is the length of the finite element. The element shape function presented in
the preceding equation uses different interpolations for the displacement components because
for this conventional element, the first displacement component is interpreted as the axial dis-
placement, whereas the second component is interpreted as the bending displacement. For this
reason, this element shape function cannot be used to define absolute position vectors; and as a
consequence, a reference frame that shares the rigid-body motion of the finite element must be
used. This motion description is fundamentally different from the ANCF description in which
the shape function matrix and the nodal coordinates define the global position vector of the
material points on the element, and therefore, the same polynomials are used in the interpola-
tion of the components of the position vector. The derivation of the shape function presented
in Equation 2 is outlined in the following example.
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Example 6.1

For the two-dimensional beam element defined by the nodal coordinates and shape function
matrix presented, respectively, in Equations 1 and 2, linear interpolation is used for the axial
displacement, whereas cubic interpolation is used for the transverse displacement. A local
displacement vector can then be interpolated as follows:

r =
[

r1
r2

]
=

[
a0 + a1x1

b0 + b1x1 + b2x2
1 + b3x3

1

]
This interpolation has six coefficients a0, a1, b0, b1, b2, and b3 that can be expressed in terms
of six nodal variables e1, e2,… , e6. The following conditions can be applied at the first node of
the element:

e1 = r1(x1 = 0), e2 = r2(x1 = 0), e3 =
𝜕r2

𝜕x1

||||x1=0

At the second node, one has the following three conditions:

e4 = r1(x1 = l), e5 = r2(x1 = l), e6 =
𝜕r2

𝜕x1

||||x1=l

where l is the length of the finite element. Substituting the conditions presented in the preceding
two equations into the assumed displacement field, one can write the polynomial coefficients a0,
a1, b0, b1, b2, and b3 in terms of the nodal coordinates e1, e2,… , e6. Using this procedure, one
can show that the vector r can be written as r= Se, where the vector of nodal coordinates e is
defined by Equation 1, and the shape function matrix S is defined by Equation 2. The resulting
finite element cannot be used to account for the shear deformation, and for this reason, it is
called an Euler–Bernoulli beam element.

Rigid-Body Motion

In the case of an arbitrary rigid-body displacement defined by the translation rO = [rO1 rO2]T

of the first node and the rotation 𝜃, the vector of nodal coordinates of Equation 1 is defined as

e =
[
rO1 rO2 𝜃 rO1 + l cos 𝜃 rO2 + l sin 𝜃 𝜃

]T
(6.3)

Using this vector of nodal coordinates and the element shape function matrix S, one can show
that the position of the material points on the element centerline in the case of rigid-body
motion is given by

r = Se =

[
rO1 + x1 cos 𝜃

rO2 + x1𝜃 + x1(sin 𝜃 − 𝜃)(3𝜉 − 2𝜉2)

]
≠

[
rO1 + x1 cos 𝜃

rO2 + x1 sin 𝜃

]
(6.4)

That is, an arbitrary rigid-body motion cannot be correctly described using this element and
such an element leads to nonzero strain under an arbitrary rigid-body displacement. It can



�

� �

�

FINITE ELEMENT FORMULATION: SMALL-DEFORMATION, LARGE-ROTATION PROBLEM 229

be shown, however, that if sin 𝜃 instead of the infinitesimal rotation 𝜃 is used as the nodal
coordinate, one obtains exact description of the rigid-body motion (Shabana, 1996a, 2013).
In this case, the third and sixth coordinates of the nodal variables should not be interpreted
as angles, and the use of different orders of interpolation for the displacement components
cannot be justified if the nodal coordinates are used to describe the large displacement of
the element. Therefore, for this element, sin 𝜃 must remain small, that is sin 𝜃 ≈ 𝜃, which
amounts to a linearization of the kinematic equations. These limitations become even more
severe when three-dimensional elements such as beams, plates, and shells are considered. In
the three-dimensional analysis, in addition to the linearization and the fact that finite rotations
are not commutative, some of the conventional finite elements do not correctly capture the
correct inertia in the case of rigid-body motion.

Translations

It is clear from Equation 4 that if the rotation angle 𝜃 is equal to zero, the assumed displacement
field of the beam element considered in this section correctly describes an arbitrary rigid-body
translation. That is, one can describe correctly the rigid-body translation of the element with
respect to any coordinate system that is parallel to the element coordinate system. This property
of the finite elements, which is crucial in the nonlinear finite element formulation discussed
in this chapter, allows for using a concept, similar to the elementary mechanics concept of the
parallel axis theorem, to develop a procedure for correctly accounting for the inertia of bodies
with complex geometry and slope discontinuities.

In order to be able to use nonisoparametric elements, such as the conventional beam element
discussed in this section, and be able to correctly describe an arbitrary rigid-body displacement,
the FFR formulation is used. In this formulation, the gross motion is described using a set of
absolute coordinates that define the location and orientation of the floating frame, whereas the
deformation of the body with respect to the floating frame is described using the finite element
nodal coordinates. The motion of the element, therefore, is not described by only the element
nodal coordinates; instead, a coupled set of body reference and elastic element nodal coor-
dinates is used. It is important, however, to point out that the use of such a description does
not imply a separation between the rigid-body motion and the elastic deformation. The refer-
ence motion, which is the motion of the rigid floating frame, should not be interpreted as the
rigid-body motion of the continuum because different floating frames of reference can be used.

6.2 ROTATION AND ANGULAR VELOCITY

In the FFR formulation discussed in this section, the kinematic equations are formulated in
terms of a set of rotation coordinates that define the orientation of the floating frame with
respect to the inertial frame. The concept of the angular velocity becomes important, and for
this reason, it is helpful to review and understand the definition of the angular velocity before
developing the kinematic equations used in the FFR formulation.

In this section, the general definition of the absolute angular velocity is presented. As will
be seen from the development presented in this section, the components of the angular velocity
vector are function of a selected set of orientation parameters and their derivatives. Regardless
of the set of orientation parameters used, the components of the angular velocity can be written
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as linear functions of the derivatives of the orientation coordinates. A sequence of Euler angles
is used in this section as an example to illustrate how the absolute angular velocity vector can
be expressed in terms of the derivatives of the orientation parameters.

Identities

First, some basic identities that will be used in the definition of the angular velocity are
developed. Recall that if A is an orthogonal matrix, one has

ATA = AAT = I (6.5)

Differentiating ATA with respect to time and using the preceding equation, one obtains

ȦTA + ATȦ = 𝟎 (6.6)

This equation shows that
ATȦ = −(ȦTA) = −(ATȦ)T (6.7)

A matrix that is equal to the negative of its transpose is a skew-symmetric matrix. Therefore,
ATȦ is a skew-symmetric matrix denoted as ̃̄𝛚, that is

ATȦ = ̃̄𝛚 =
⎡⎢⎢⎢⎣

0 −𝜔̄3 𝜔̄2

𝜔̄3 0 −𝜔̄1

−𝜔̄2 𝜔̄1 0

⎤⎥⎥⎥⎦ (6.8)

The bar over a vector or a matrix is used in this chapter to indicate a vector or a matrix whose
components are defined in a body or local coordinate system.

Similarly, one can differentiate the second part (AAT = I) of Equation 5 with respect to time
and follow a procedure similar to the one used to obtain the preceding equation to show that
ȦAT is a skew-symmetric matrix (Shabana, 2001), that is,

ȦAT = 𝛚̃ =
⎡⎢⎢⎣

0 −𝜔3 𝜔2
𝜔3 0 −𝜔1

−𝜔2 𝜔1 0

⎤⎥⎥⎦ (6.9)

Another important identity presented in Chapter 1 is associated with skew-symmetric matri-
ces and the cross product. Recall that the cross product of two vectors a= [a1 a2 a3]T and
b= [b1 b2 b3]T can always be written as a × b = ãb, where ã is a skew-symmetric matrix
defined

ã =
⎡⎢⎢⎣

0 −a3 a2
a3 0 −a1

−a2 a1 0

⎤⎥⎥⎦ (6.10)

The simple identities presented in this section will be used to develop the kinematic velocity
equations in the FFR formulation.
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General Displacement

In the case of a rigid-body motion, the position vector of an arbitrary point on the body can be
defined in the global coordinate system, as shown in Figure 2, as follows (Shabana, 2001):

r = rO + Aū (6.11)

where rO is the global position vector of the origin of the body coordinate system, A is the
orthogonal transformation matrix that defines the orientation of the body coordinate system,
and ū is the local position vector of the arbitrary point with respect to the body coordinate sys-
tem. Differentiating the preceding equation with respect to time, the absolute velocity vector
of the arbitrary point on the body can be written as

ṙ = ṙO + Ȧū (6.12)

Because the rotation matrix A is an orthogonal matrix, using Equations 8 and 9, the preceding
equation can be written in the following two equivalent forms:

ṙ = ṙO + A(𝛚̄ × ū)
ṙ = ṙO + 𝛚 × u

}
(6.13)

where 𝛚̄ and 𝛚 to are called the angular velocity vectors defined, respectively, in the body
and the global coordinate systems, and u = Aū. Using the FFR motion description, it is
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Figure 6.2 Floating frame of reference
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important to note the following:

1. The transformation matrix is, in general, a highly nonlinear function in the parameters
used to describe the orientations of the bodies in space. From Equations 8, 9, and 13, it is
clear that the angular velocity vector can be a highly nonlinear function of the orientation
coordinates in the case of an arbitrary large rotation.

2. Despite the fact that the angular velocity vectors are, in general, highly nonlinear func-
tions of the orientation coordinates, Equations 8 and 9 show that the angular velocity
vectors are linear functions of the time derivatives of the orientation coordinates. The
reader can demonstrate this fact because the definition of the angular velocity is obtained
from the first time derivative of the transformation matrix.

Using these two remarks, it is clear that the angular velocity vector defined in the body and
the global coordinate systems can be written, respectively, as

𝛚̄ = Ḡ𝛉̇, 𝛚 = G𝛉̇ (6.14)

where Ḡ and G are two matrices that can be nonlinear functions of the orientation
coordinates 𝛉.

Illustrative Example

The preceding equation shows that in the three-dimensional motion, the angular velocity vec-
tor is not, in general, equal to the derivatives of the orientation parameters. Nonetheless, the
form of the angular velocity vector depends on the orientation parameters used. There are
different sets of rotation parameters that can be used to define the body orientation in space.
Among these sets are the four Euler parameters, the three Euler angles, the three Rodriguez
parameters, and the nine direction cosines. If Euler angles are used, the expression of the
angular velocity depends on the sequence of rotations used to define the Euler angle trans-
formation matrix (Shabana, 2001, 2013). In vehicle applications, it is convenient to use the
following sequence: a rotation 𝜓 about the body Xb

3 axis, followed by a rotation 𝜙 about the
body Xb

1 axis, followed by a third rotation 𝜃 about the body Xb
2 axis. These three angles, in

the order given, are the yaw, roll, and pitch angles; this is with the assumption that Xb
1 is

the longitudinal axis. Note that by using this sequence, the singularity associated with Euler
angles can be avoided because in some vehicle applications, the yaw and the roll angles remain
small.

Using the sequence of rotations introduced in this section, the simple rotation matrices
associated with the three Euler angles are given by

A3 =
⎡⎢⎢⎣
cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 0

0 0 1

⎤⎥⎥⎦ , A1 =
⎡⎢⎢⎣
1 0 0
0 cos𝜙 − sin𝜙
0 sin𝜙 cos𝜙

⎤⎥⎥⎦ ,
A2 =

⎡⎢⎢⎣
cos 𝜃 0 sin 𝜃

0 1 0
− sin 𝜃 0 cos 𝜃

⎤⎥⎥⎦ (6.15)
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If another sequence of rotations is used, one obtains a different set of simple rotation matri-
ces. The product of the three matrices in the preceding equation defines the following body
transformation matrix in terms of the three Euler angles:

A = A3A1A2

=
⎡⎢⎢⎢⎣
cos𝜓 cos 𝜃 − sin𝜓 sin𝜙 sin 𝜃 − sin𝜓 cos𝜙 cos𝜓 sin 𝜃 + sin𝜓 sin𝜙 cos 𝜃

sin𝜓 cos 𝜃 + cos𝜓 sin𝜙 sin 𝜃 cos𝜓 cos𝜙 sin𝜓 sin 𝜃 − cos𝜓 sin𝜙 cos 𝜃

− cos𝜙 sin 𝜃 sin𝜙 cos𝜙 cos 𝜃

⎤⎥⎥⎥⎦ (6.16)

It is convenient to write the three Euler angles in the following vector form:

𝛉 =
[
𝜓 𝜙 𝜃

]T
(6.17)

The matrices Ḡ and G can be determined by differentiation of Equation 16 with respect to
time and substituting into Equations 8 and 9, respectively. This approach for determining
the matrices Ḡ and G requires manipulation of complex expressions of Euler angles and
their derivatives. A second simpler approach that can be used to determine the matrices
Ḡ and G is to recognize the columns of these matrices as unit vectors about which the
three Euler angle rotations are performed. The columns of the matrix Ḡ are unit vectors,
defined in the body coordinate system, about which the three Euler rotations are performed.
The columns of the matrix G are the same unit vectors defined in the global coordinate
system. This second approach for determining the matrices Ḡ and G is the one that is
used in this section because it clearly shows the dependence of the expressions of the
angular velocities on the sequence of rotations used in defining Euler angles. Nonetheless,
the final results obtained should be the same as the results that can be obtained using
Equations 8 and 9. Using this second approach, it can be shown that the matrices Ḡ and G are
given by

Ḡ =
⎡⎢⎢⎢⎣
− cos𝜙 sin 𝜃 cos 𝜃 0

sin𝜙 0 1

cos𝜙 cos 𝜃 sin 𝜃 0

⎤⎥⎥⎥⎦ , G =
⎡⎢⎢⎢⎣
0 cos𝜓 − sin𝜓 cos𝜙

0 sin𝜓 cos𝜓 cos𝜙

1 0 sin𝜙

⎤⎥⎥⎥⎦ (6.18)

Using these two matrices, one obtains the following expressions for the absolute angular veloc-
ity vector defined, respectively, in the body and the global coordinate systems:

𝛚̄ =
⎡⎢⎢⎢⎣
−𝜓̇ cos𝜙 sin 𝜃 + 𝜙̇ cos 𝜃

𝜓̇ sin𝜙 + 𝜃̇
𝜓̇ cos𝜙 cos 𝜃 + 𝜙̇ sin 𝜃

⎤⎥⎥⎥⎦ , 𝛚 =
⎡⎢⎢⎢⎣
𝜙̇ cos𝜓 − 𝜃̇ sin𝜓 cos𝜙

𝜙̇ sin𝜓 + 𝜃̇ cos𝜓 cos𝜙

𝜓̇ + 𝜃̇ sin𝜙

⎤⎥⎥⎥⎦ (6.19)

Note that the preceding equation shows, as previously mentioned, that the components of
the angular velocity vector are not, in general, the derivatives of Euler angles. Nonethe-
less, the components of the angular velocity are linear functions of the derivatives of
Euler angles.
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Example 6.2

In the case of infinitesimal rotations,

cos𝜓 = cos 𝜃 = cos𝜙 ≈ 1,

sin𝜓 ≈ 𝜓, sin 𝜃 ≈ 𝜃, sin𝜙 ≈ 𝜙

In this case, one can show, using Equation 16, that the transformation matrix expressed in terms
of Euler angles reduces to

A =
⎡⎢⎢⎣

1 −𝜓 𝜃

𝜓 1 −𝜙
−𝜃 𝜙 1

⎤⎥⎥⎦
The angular velocity vectors in the case of infinitesimal rotations reduce to

𝛚̄ =
⎡⎢⎢⎢⎣
𝜙̇

𝜃̇

𝜓̇

⎤⎥⎥⎥⎦ , 𝛚=
⎡⎢⎢⎢⎣
𝜙̇

𝜃̇

𝜓̇

⎤⎥⎥⎥⎦
In obtaining these simplified expressions for the angular velocity, quadratic terms are neglected.

Euler Angles Singularity

Euler angles suffer from the problem of singularity. For example, when cos 𝜙= 0, both matri-
ces G and Ḡ become singular, and one cannot solve for the time derivatives of Euler angles in
terms of the components of the angular velocity. This singularity problem is a characteristic
of any method that uses three parameters only to describe the orientation of the rigid body in
space. For this reason, the four Euler parameters are often used in computational dynamics in
order to avoid this singularity problem. Note that when four parameters are used to describe
the orientation of the moving frame of reference in space, a kinematic constraint equation must
be introduced because the four parameters are not totally independent (Shabana, 2013).

6.3 FLOATING FRAME OF REFERENCE (FFR)

The example of the conventional beam element discussed in Section 1 shows that correct
description of an arbitrary rigid-body motion cannot be obtained using the element nodal coor-
dinates that include infinitesimal rotations. Because the nodal coordinates used for this type
of elements imply linearization of the kinematic equations, an incremental solution proce-
dure must be used if these elements are used in the analysis of large rotation problems and
the element equations are formulated solely in terms of the nodal coordinates. Because the
incremental solution of linearized equations eventually diverges from the correct solution and
because most multibody system algorithms are based on nonincremental solution procedure
(Roberson and Schwertassek, 1988; Shabana, 2013), there was a need to develop a finite ele-
ment formulation that can utilize the many nonisoparametric elements and at the same time
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leads to a correct description of the rigid-body motion. For this reason, the FFR formulation,
which correctly describes the rigid-body motion and leads to zero strains under an arbitrary
rigid-body displacement, was introduced. It is important, however, to mention that the FFR
formulation for flexible bodies has been in existence long before the finite element was intro-
duced. On the other hand, the finite element FFR formulation, as presented in this chapter, was
introduced more recently.

It is crucial in the finite element FFR formulation that the element shape functions can
describe arbitrary rigid-body translations in all directions. Fortunately, this requirement is met
by most nonisoparametric finite elements that employ infinitesimal rotations as nodal coor-
dinates. Using this property, an intermediate element coordinate system is used in order to
obtain a correct expression for the inertia of bodies that have complex geometry characterized
by discontinuities. The concept employed is similar to the concept of the parallel axis theorem
used in elementary mechanics.

In the FFR formulation, a body coordinate system Xb
1Xb

2Xb
3 that shares the large overall

displacement of the body is introduced. The position vector of the origin of the body coor-
dinate system is defined by the three-dimensional vector rO, whereas the orientation of the
body coordinate system is defined using the orthogonal transformation matrix A. The uncon-
strained motion of the coordinate system of the body can then be described using six inde-
pendent coordinates: three translational coordinates defined by the components of the vector
rO = [rO1 rO2 rO3]T and three independent rotation parameters 𝛉 that enter into the definition of
the orthogonal matrix A (Roberson and Schwertassek, 1988; Shabana, 2013). Note that these
six coordinates are sufficient to describe an arbitrary rigid-body displacement. Using these
coordinates, the global position of an arbitrary point on the finite element j of the body as
shown in Figure 3 can be written as

r j = rO + Aūj, j = 1,2,…, ne (6.20)

X1

X3

X2

O

rO
r j

X3
b

Ob

X2
b

X1
b

P
u j

Figure 6.3 Body kinematics
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where ne is the total number of finite elements used in the body discretization and ūj is the loca-
tion of the arbitrary point on the finite element j with respect to the origin of the body coordinate
system. Note that in the preceding equation, rO and A are the same for all elements, and there-
fore, the body coordinate system represents a common reference for all elements and as such
can serve as the basis for defining the connectivity between the finite elements. The goal is to
develop linear conditions of connectivity between the finite elements of the body regardless
of the element orientations. This requires introducing the concept of the intermediate element
coordinate system discussed in the following section.

6.4 INTERMEDIATE ELEMENT COORDINATE SYSTEM

Modeling deformable bodies with complex geometries characterized by slope discon-
tinuities require the use of finite elements, which can have different orientations in the
undeformed reference configuration. In order to be able to describe the kinematics of
these elements, an intermediate element coordinate system X̄j

1X̄j
2X̄j

3 is introduced (Shabana,
1982, 2013). The intermediate element coordinate system has an origin, which is rigidly
attached to the origin of the body coordinate system and has axes that are initially parallel
to the axes of the element coordinate system Xj

1Xj
2Xj

3 as shown in Figure 4. Because it is
assumed that the element shape function matrix and the nodal coordinates can describe
an arbitrary rigid-body translation, the position vector of the arbitrary point on the finite
element j with respect to the intermediate element coordinate system X̄j

1X̄j
2X̄j

3 can be
written as

ū ji = S jē ji, j = 1,2,…, ne (6.21)

X1

Global coordinate
system

Body coordinate
system

Intermediate element
coordinate system

Element coordinate
system

X3

X2

O

X3
b

Ob

O j

X2
b

X1
b

X3
j

X3
j

X2
j

X2
j

X1
j

X1
j

Figure 6.4 Intermediate element coordinate system
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In this equation, Sj is the element shape function matrix, and ē ji is the vector of the
element nodal coordinates defined in the intermediate element coordinate system. Using
the assumption of small deformation and assuming that the elements are initially straight,
one can write

ē ji = ēji
o + ēji

f (6.22)

where ēji
o is the vector of nodal coordinates in the reference configuration, and ēji

f is the
vector of nodal coordinates that define the element small deformation with respect to the
intermediate element coordinate system. Because both of these nodal coordinate vectors are
defined in the intermediate element coordinate system that has axes initially parallel to the
axes of the element coordinate system, the components in the vector ēji

o that correspond to
infinitesimal rotations are identically equal to zero. The vector ēji

o , therefore, describes the
initial location (translation) of the element with respect to the intermediate element coordinate
system before displacement. The element nodal coordinates ēji defined in the intermediate
element coordinate system X̄j

1X̄j
2X̄j

3 can be expressed in terms of element coordinates ej

defined in the body coordinate system Xb
1Xb

2Xb
3 using the orthogonal transformation T̄ji

n
as (Shabana, 2013)

ēji = T̄ji
nej (6.23)

One can then write the vector ūji in terms of element nodal coordinates defined in the body
coordinate system as

ūji = SjT̄ji
nej, j = 1,2,…, ne (6.24)

In this equation, T̄ji
n is a constant transformation because the intermediate element coordinate

system X̄j
1X̄j

2X̄j
3 is assumed to have a constant orientation with respect to the body coordinate

system Xb
1Xb

2Xb
3 . The dimension of this constant transformation matrix is equal to the number

of the element nodal coordinates. Furthermore, because infinitesimal nodal rotations due to the
deformation with respect to the body coordinate system can be treated as elements of a vector,
the transformation T̄ji

n can be applied without any loss of generality to the nodal deformation
vector ēji

f . Note that the transformation of Equation 23 cannot be applied if the nodal rotations
due to the deformation with respect to the body coordinate system Xb

1Xb
2Xb

3 were assumed to
be finite.

Similarly, the components of the vector ūji can be defined in the body coordinate system as

ūj = T̄ji
u ūji = T̄ji

uSjT̄ji
nej, j = 1,2,…, ne (6.25)

where T̄ji
n is also a constant transformation matrix that has dimension equal to the dimension

of the vector ūji (2 for planar elements and 3 for spatial elements). The preceding equation
defines the position vector of an arbitrary material point on the element in the body coordinate
system. This equation can be written as

ūj = Sj
bej, j = 1,2,…, ne (6.26)
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where
Sj

b = T̄ji
uSjT̄ji

n (6.27)

is the element shape function defined in the body coordinate system.

Example 6.3

Consider the two-dimensional beam element discussed in Section 1. Assume that a body or a
structure is discretized using this finite element. Assume that element j on the body initially
makes an angle 𝛼j with the selected body coordinate system. In the intermediate element coor-
dinate system X̄j

1X̄j
2X̄j

3, the vector of initial nodal coordinates ēji
o is in general given by

ēji
o =

[
ēji

o1 ēji
o2 ēji

o3 ēji
o4 ēji

o5 ēji
o6

]T

=
[
ēji

o1 ēji
o2 0 ēji

o1 + lj ēji
o2 0

]T

where l j is the length of the finite element j, and
[
ēji

o1 ēji
o2

]T
is the vector that defines the position

of the first node with respect to the origin of the intermediate element coordinate system.
In this case of two-dimensional beam element, the constant transformation matrix T̄ji

n used
in Equation 23 to define the relationship between the element nodal coordinates in the body and
the intermediate element coordinate systems is a 6× 6 matrix and is given by

T̄ji
n =

[
T̄ji

n1 𝟎
𝟎 T̄ji

n1

]
where the matrix T̄ji

n is a 3× 3 constant transformation matrix which can be expressed in terms of
the constant angle 𝛼j that defines the orientation of the finite element in the initial configuration
with respect to the body coordinate system. This matrix can be written as

T̄ji
n =

⎡⎢⎢⎣
cos 𝛼j sin 𝛼j 0
− sin 𝛼j cos 𝛼j 0

0 0 1

⎤⎥⎥⎦
The 2× 2 constant transformation matrix T̄ji

u used in Equation 25 to define the position vector
of the material points on the finite element j with respect to the body coordinate system can be
written in terms of the constant angle 𝛼j as follows:

T̄ji
u =

[
cos 𝛼j − sin 𝛼j

sin 𝛼j cos 𝛼j

]

6.5 CONNECTIVITY AND REFERENCE CONDITIONS

In order to define a unique displacement field and develop the final form of the kinematic
equations that will be used to develop the equations of motion of the finite element, it is
necessary to impose two sets of conditions: the connectivity and the reference conditions.
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The connectivity conditions lead to the element assembly, whereas the reference conditions
eliminate the rigid-body modes of the element shape function matrix, define a unique dis-
placement field, and define the nature of the floating body coordinate system Xb

1Xb
2Xb

3 , which
does not have to be rigidly attached to a point on the body.

Connectivity Conditions

In the preceding section, the position vector of an arbitrary point on the finite element was
defined in terms of nodal coordinates defined in the body coordinate system Xb

1Xb
2Xb

3 , which
serves as a common standard for all the finite elements that form this body. Using the Boolean
matrix approach discussed in the preceding chapter, the element nodal coordinates can be
written in terms of the body nodal coordinates as

ej = Bj
ceb, j = 1,2,…, ne (6.28)

where eb is the vector of the body nodal coordinates, and Bj
c is the constant Boolean matrix

that defines the connectivity conditions for the finite element j. Therefore, the position vector
of the material points, after substituting Equation 28 into Equation 26, can be defined as

ūj = Sj
bBj

ceb, j = 1,2,…, ne (6.29)

Another set of conditions, reference conditions, must be imposed before this equation can
be used effectively in the motion description of the deformable body that undergoes large
reference displacement.

Reference Conditions

Although the shape functions of conventional beam, plate, and shell elements cannot describe
correctly arbitrary rigid-body displacements, these shape functions have rigid-body modes
that can describe arbitrary rigid-body translations and infinitesimal rigid-body rotations. In
the FFR formulation, however, the reference rigid-body motion is described using the abso-
lute Cartesian coordinates rO and the orientation coordinates 𝛉, as previously described. These
coordinates that define the location of the origin and the orientation of the body coordinate sys-
tem can describe an arbitrary rigid-body displacement. In order to define a unique displacement
field, the redundant rigid-body modes of the element shape functions must be eliminated. To
this end, a set of reference conditions imposed on the nodal deformation coordinates must be
used (Agrawal and Shabana, 1985; Shabana, 1996b, 2013). These reference conditions also
define the nature of the body coordinate system used and how the deformation is measured
with respect to the body coordinate system. As in the case of the individual elements, one can
write the vector of body nodal coordinates as the sum of two vectors as

eb = ebo + ebf (6.30)

where ebo is the vector of nodal coordinates in the initial undeformed configuration, and ebf
is the vector of deformation nodal coordinates. By imposing the reference conditions, one can
write ebf in terms of a new reduced set of body nodal coordinates ef as

ebf = Bref (6.31)

where Br is the matrix of reference conditions that eliminates nodal coordinates and defines
how the deformation is measured with respect to the body coordinate system. The number
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of reference conditions should not be less than the number of the rigid-body modes of the
finite element shape function matrix (Agrawal and Shabana, 1985; Shabana, 1996b, 2013).
The position vector ūj of the material point on the finite element can then be defined in the
body coordinate system as

ūj = Sj
bBj

c(ebo + Bref ), j = 1,2,…, ne (6.32)

This position vector can be written as the sum of the position vector in the undeformed state
plus the vector of deformation as

ūj = ūj
o + ūj

f , j = 1,2,…, ne (6.33)

where
ūj

o = Sj
bBj

cebo, ūj
f = Sj

bBj
cBref (6.34)

This equation shows that ūj
o does not depend on time, whereas ūj

f is time dependent. Note
that the nodal position vector ebo and the nodal deformation vector ef do not have the
same dimension because the reference conditions are imposed only on the deformation
vector ef.

Rigid-Body and Reference Motion

Before using the equations developed in this section in formulating the velocity and acceler-
ation equations, it is important to reiterate at this point that the application of the reference
conditions to eliminate the rigid-body motion may lead to a coordinate system whose origin is
not rigidly attached to a material point on the body. Nonetheless, there must be no rigid-body
motion of the body with respect to its reference. This is the reason that the moving frame used
in this formulation is called floating. It is important also to realize that the use of the floating
frame does not imply a separation between the rigid-body motion and the elastic deformation,
as previously mentioned. There is a separation between the motion of the rigid reference and
the elastic deformation. The reference motion cannot be in general interpreted as the rigid-body
motion of the body. Different choices of references can be made, and the use of these different
references leads to the same results as demonstrated in the literature (Agrawal and Shabana,
1985; Shabana, 1996b, 2013).

The choice of the floating frame and its relationship with the constraints imposed on the
boundary of the deformable bodies is one of the most fundamental problems in the analysis of
flexible bodies that experience large displacements. This fundamental problem is also impor-
tant in developing an efficient computational procedure that integrates existing finite element
and multibody system algorithms. Although the choice of the reference frame can be arbitrary,
it is important to recognize that some choices of the reference frame can lead to a more efficient
and accurate solution. The choice of the reference frame must lead to deformation measures
that are consistent with the linear elasticity theory used in some formulations. Recall that the
deformations are measured with respect to the floating frame. In one frame, the deformation
can be considered small, whereas in another frame, the deformation can be large. If linear
strain displacement relations are used, a choice of a reference frame may not be consistent
with the theory employed. This is demonstrated by the following example;
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Example 6.4

Consider the slider crank mechanism shown in Figure 5. The connecting road of this mechanism
is treated as a flexible body. To explain the concept of the reference conditions, we assume that
the connecting rod is modeled using one two-dimensional beam finite element only. The finite
element used is assumed to be the one presented in Section 1. This finite element has six degrees
of freedom, three of which describe the rigid-body motion. Because the reference conditions
must be imposed on the deformation coordinates only, the vector of nodal deformations of the
beam is defined as

ebf =
[
ebf 1 ebf 2 ebf 3 ebf 4 ebf 5 ebf 6

]T

=
[
r1

bf 1 r1
bf 2 𝜃

1
bf r2

bf 1 r2
bf 2 𝜃

2
bf

]T

where r1
bf 1, r1

bf 2, and 𝜃1
bf are the two translational coordinates of the first node and the

infinitesimal rotation at the first node, respectively; and r2
bf 1, r2

bf 2, and 𝜃2
bf are the two trans-

lational coordinates of the second node and the infinitesimal rotation at the second node,
respectively.

Deflected centerline
of the beam

B
O

A

X1
b

X1
b

X2
b X2

b

Figure 6.5 Slider crank mechanism

The connecting rod shown in the figure, when it deforms, assumes a simple shape similar
to the one shown in Figure 5. Several FFR choices can be made. In this example, two of these
choices are discussed.

Chord frame The chord frame Xb
1Xb

2 , shown in Figure 5, can be selected to measure the
deformation of the connecting rod. The origin of this frame is assumed to be attached to
point A; nonetheless, the material point at point A can experience infinitesimal rotation with
respect to the coordinate system Xb

1Xb
2 . Furthermore, it is assumed that the endpoint B is free

to deform in the axial direction, whereas no transverse deformation is allowed at this point.
One can then assume the following three reference conditions that can be used to eliminate the
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rigid-body motion of the beam with respect to its reference and define the nature of the chord
frame Xb

1Xb
2 :

ebf 1 = 0, ebf 2 = 0, ebf 5 = 0

By imposing these three conditions, one can write the total vector of the beam coordinates in
terms of the independent coordinates as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0 0 0

1 0 0

0 1 0

0 0 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎣
ebf 3

ebf 4

ebf 6

⎤⎥⎥⎥⎦
which can be written in the form of Equation 31 as

ebf = Bref

where

ebf =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Br =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0 0 0

1 0 0

0 1 0

0 0 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ef =

⎡⎢⎢⎢⎣
ebf 3

ebf 4

ebf 6

⎤⎥⎥⎥⎦
Note that in this case, the Xb

1 axis of the beam coordinate system must always be along the
line connecting points A and B as the results of the constraints imposed on the deformations
by the reference conditions. That is, the nature of the body coordinate system Xb

1Xb
2 is

defined by the reference conditions used to eliminate the rigid-body modes of the flexible
body.

The reference conditions used to define the coordinate system Xb
1Xb

2 are similar to those
boundary conditions used for the simply supported beams. It is important, however, to realize
that there is no relationship between the natural frequencies of the simply supported beam and
the solution of the nonlinear problem of the rotating constrained connecting rod, as discussed in
the literature. Different coordinate systems can be used for the connecting rod, and the solution
should not, in principle, depend on the choice of the coordinate system, provided this choice is
consistent with the formulation employed. One can also see from Figure 5 that if the midpoint
deflection of the connecting rod is small, the deformations of all points measured with respect
to the coordinate system Xb

1Xb
2 are small.
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Tangent frame In the case of the tangent frame X̄b
1X̄b

2, also shown in Figure 5, the ori-
gin of the body coordinate system is assumed to be rigidly attached to point A. In this case,
the deformations and slope measured with respect to the coordinate system are assumed to be
zero at point A. Therefore, the reference conditions that define the tangent frame X̄b

1X̄b
2 can

be written as follows:
ebf 1 = 0, ebf 2 = 0, ebf 3 = 0

Using these conditions, which also eliminate the rigid-body motion of the beam, one can write
the total vector of coordinates in terms of the remaining free coordinates as

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎣
ebf 4

ebf 5

ebf 6

⎤⎥⎥⎥⎦
which can also be written in the form

ebf = Bref

where in the case,

ebf =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ebf 1

ebf 2

ebf 3

ebf 4

ebf 5

ebf 6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Br =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, ef =

⎡⎢⎢⎢⎣
ebf 4

ebf 5

ebf 6

⎤⎥⎥⎥⎦
Note that the transverse deformation of point B with respect to the tangent frame X̄b

1X̄b
2 cannot

be considered small.
The same procedure described in this example can be applied to bodies discretized using

a large number of finite elements. The number of reference conditions should be equal or
greater than the number of the rigid-body modes of the flexible body in order to define a unique
displacement field.

6.6 KINEMATIC EQUATIONS

Using Equations 20 and 33, the global position vector of an arbitrary material point on element
j can be written as

rj = rO + A(ūj
o + ūj

f ), j = 1,2,…, ne (6.35)
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where ūj
o and ūj

f are defined by Equation 34. A virtual change in the position vector rj is
given by

𝛿rj = 𝛿rO − A ̃̄ujḠ𝛿𝛉 + ASj
bBj

cBr𝛿ef (6.36)

In this equation, ̃̄uj is the skew-symmetric matrix associated with the vector ūj and Ḡ is the
matrix that relates the angular velocity vector to the time derivatives of the orientation param-
eters as discussed in Section 2. The preceding equation can be written for the finite element j
as

𝛿rj =
[
I −A ̃̄ujḠ ASj

bBj
cBr

] ⎡⎢⎢⎣
𝛿rO
𝛿𝛉
𝛿ef

⎤⎥⎥⎦ (6.37)

which can also be written as

𝛿rj = Sj
f 𝛿q (6.38)

where

Sj
f =

[
I −A ̃̄uj Ḡ ASj

bBj
cBr

]
, q =

⎡⎢⎢⎣
rO
𝛉
ef

⎤⎥⎥⎦ (6.39)

The vector q that contains the reference and elastic nodal coordinates of the body can be written
as

q =
[

qr
qf

]
(6.40)

where

qr =
[
rT

O 𝛉T
]T
, qf = ef (6.41)

In this equation, qr is the vector of reference coordinates, and qf is the vector of elastic coor-
dinates.

It follows from the development presented in this section that the absolute velocity vector
can be written as

ṙj = Sj
f q̇ (6.42)

and the acceleration vector is

r̈j = Sj
f q̈ + Ṡj

f q̇ (6.43)

It can be shown that the velocity and acceleration vectors of Equations 42 and 43, respectively,
can be expressed in terms of the angular velocity and acceleration vectors of the body reference.

The kinematic equations presented in this section can be used with the principle of virtual
work to develop the equations of motion of the deformable body. Note that these kinematic
equations are expressed in terms of a coupled set of reference and elastic coordinates. This is
one of the fundamental differences between the motion description used in this chapter and the
one used in the preceding chapter. The motion description used in this chapter allows for the
use of a systematic procedure to reduce the number of elastic degrees of freedom in the case of
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small deformations, as discussed in later sections of this chapter. One of the interesting issues
that arise when the FFR formulation is used is the study of the dynamic coupling between the
reference motion and the elastic deformation. This subject is discussed in more detail after the
inertia forces are formulated.

6.7 FORMULATION OF THE INERTIA FORCES

Some of the shape functions of the conventional finite elements that employ infinitesimal rota-
tions as nodal coordinates can correctly capture the rigid-body inertia about the axes of their
coordinate system. For example, using the shape function matrix of the two-dimensional beam
element defined in Equation 2, one can show that this shape function matrix can be used to
correctly define the mass moment of inertia about the element Xj

3 axis, as demonstrated by the
following example. The FFR formulation can be used to correctly account for the change in
the rigid-body inertia of the finite element due to the deformations. In this formulation, each
of the inertia coefficients can be written as the sum of two terms: the first term represents the
rigid-body inertia, whereas the second term represents the change in the inertia due to defor-
mation (Shabana, 2013). Therefore, if a finite element does not correctly capture the rigid-body
inertia, one can always provide the correct inertia since in the FFR approach, the rigid-body
inertia terms explicitly appear in the dynamic equations of motion.

Example 6.5

Using the shape function matrix of Equation 2 and assuming a constant cross-sectional area,
one can write the mass moment of inertia of the finite element about its Xj

3 axis as

mj
𝜃𝜃

= ∫
lj

0
𝜌jAjrjT rjdxj

1

where lj is the length of the finite element, 𝜌j is the mass density, Aj is the cross-sectional area,
xj

1 is the axial coordinate, and

rj = Sjej,

In this equation, Sj is the element shape function matrix given by Equation 2, and ej is the vector
of nodal coordinates defined in this case as

ej =
[
0 0 0 lj 0 0

]T

Substituting the preceding two equations into the expression for mj
𝜃𝜃

, one obtains

mj
𝜃𝜃

= ∫
lj

0
𝜌jAjrjT rjdxj

1 = mj(lj)2

3

which is the correct rigid-body mass moment of inertia.
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In general, the virtual work of the inertia forces of the finite element j can be written as

𝛿W j
i = ∫V j

𝜌jr̈jT𝛿rjdV j (6.44)

In this equation, 𝜌j is the mass density of the material points of the element, and Vj is the
element volume. Both 𝜌j and Vj are defined in the reference configuration. For the most part,
the FFR formulation is used for small-deformation problems. As such, one can assume that
the determinant of the matrix of position vector gradients J is equal to one. That is, J= |J|≈ 1,
and as a consequence, the changes in density and volume are assumed to be small. Using the
definitions of 𝛿rj and r̈j in Equations 38 and 43 presented in the preceding section, the virtual
work of the inertia forces of the finite element can be written as

𝛿W j
i = ∫V j

𝜌j(Sj
f q̈ + Ṡj

f q̇)
TSj

f 𝛿qdV j (6.45)

In this equation, q is the vector of generalized coordinates of the body. Equation 45 can be
written as the sum of two terms: one linear in the accelerations and the other is quadratic in
the velocities, that is,

𝛿W j
i =

{
q̈T

(
∫Vi

𝜌jSjT

f Sj
f dV j

)
+ q̇T

(
∫V j

𝜌jṠjT

f Sj
f dV j

)}
𝛿q (6.46)

or
𝛿W j

i = {q̈TMj − QjT
v }𝛿q (6.47)

where Mj is the symmetric mass matrix of the finite element j, and Qj
v is the vector of Coriolis

and centrifugal forces. The mass matrix Mj and the vector Qj
v are defined as

Mj = ∫V j
𝜌jSjT

f Sj
f dV j, Qj

v = −
(
∫V j

𝜌jSjT

f Ṡj
f dV j

)
q̇ (6.48)

The definition of the matrix Sj
f shows that the element mass matrix and the vector of Coriolis

and centrifugal forces are highly nonlinear functions of the reference and elastic coordinates.
This is another fundamental difference between the FFR formulation and the large deformation
ANCF presented in the preceding chapter where the mass matrix is constant and the Corio-
lis and centrifugal force vector are identically zero. The complexity of the FFR formulation
appears in the inertia forces. Nonetheless, one can show that the nonlinear mass matrix and
the centrifugal and Coriolis forces can be expressed in terms of a unique set of finite element
inertia shape integrals. Assuming that the element shape function matrix can describe arbi-
trary translational motion in all directions, it is left to the reader to show that in the case of
three-dimensional analysis, the inertia forces of the finite element can be written in terms of
the following unique seven inertia shape integrals:

S̄j = ∫V j
𝜌jSj

bdV j

Sj
kl = ∫V j

𝜌jSjT

bkSj
bldV j, k, l = 1, 2, 3

⎫⎪⎪⎬⎪⎪⎭
(6.49)
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where Sj
bk is the kth row of the element shape function matrix Sj

b of Equation 27. Note that S̄j

has the same dimension as the element shape function matrix, whereas Sj
kl are square matrices

that have dimensions equal to the number of nodal coordinates of the finite element.
In the case of the two-dimensional analysis, one can show that the inertia shape integrals

reduce to three integrals only defined as

S̄j = ∫V j
𝜌jSj

bdV j, S̃j = ∫V j
𝜌jSjT

b ĨSj
bdV j, Sj

ff = ∫V j
𝜌jSjT

b Sj
bdV j (6.50)

where Ĩ is a skew-symmetric matrix defined as

Ĩ =
[

0 1
−1 0

]
(6.51)

The first inertia shape integral in Equation 50 has a dimension equal to the dimension of the
element shape function matrix, whereas the last two inertia shape integrals are square matrices
that have dimension equal to the number of element nodal coordinates, In particular, S̃j is a
skew-symmetric matrix, whereas Sj

ff is a symmetric matrix.

Body Inertia Shape Integrals

The virtual work of the inertia forces of the body can be obtained by summing up the expres-
sions of the virtual work of the inertia forces of its finite elements, that is,

𝛿Wi =
ne∑

j=1

𝛿W j
i =

(
ne∑

j=1

{q̈TMj − QjT
v }

)
𝛿q (6.52)

which can also be written as

𝛿Wi =

(
q̈T

ne∑
j=1

Mj −
ne∑

j=1

QjT
v

)
𝛿q = (q̈TM − QT

v )𝛿q (6.53)

where M is the body mass matrix, and Qv is the vector of body centrifugal and Coriolis forces.
The matrix M and the vector Qv are defined as

M =
ne∑

j=1

Mj, Qv =
ne∑

j=1

Qj
v (6.54)

Note that the body and the element mass matrices are symmetric. It was possible to use
summation in the preceding equation because of the use of the Boolean matrix Bj

c for the
finite element. Using this matrix makes the dimensions of all the element mass matrices
and the element vectors of Coriolis and centrifugal forces equal to the dimension of
the vector of the body nodal coordinates.

As in the case of a single finite element, one can also show that the inertia forces of the
body can be expressed in terms of a unique set of inertia shape integrals obtained by summing
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up the inertia shape integrals of its elements. In the case of the three-dimensional analysis, the
inertia shape integrals of the body are obtained using Equation 49 as

S̄ =

(
ne∑

j=1

S̄jBj
c

)
Br

Skl = BT
r

(
ne∑

j=1

BjT
c Sj

klB
j
c

)
Br, k, l = 1, 2, 3

⎫⎪⎪⎬⎪⎪⎭
(6.55)

Similarly, in the two-dimensional analysis, one has the following three body inertia shape
integrals obtained by summing up the inertia shape integrals of the finite elements presented
in Equation 50:

S̄ =

(
ne∑

j=1

S̄jBj
c

)
Br

S̃ = BT
r

(
ne∑

j=1

BjT
c S̃jBj

c

)
Br

Sff = BT
r

(
ne∑

j=1

BjT
c Sj

ff B
j
c

)
Br

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(6.56)

The inertia shape integrals play a fundamental role in the computational algorithms developed
for the deformation analysis of bodies that undergo large rotation and small deformation. They
play a central role in the successful integration of small-deformation finite element and multi-
body system algorithms. Change or reduction of the elastic coordinates can be achieved by
operating on these inertia shape integrals only. This automatically changes the equations of
motion to be expressed in terms of the new set of coordinates. Furthermore, understanding
the role of the inertia shape integrals allows one to develop an automated scheme for cou-
pling existing commercial general purpose finite element computer codes and general purpose
flexible multibody computer codes.

6.8 ELASTIC FORCES

The elastic forces can be formulated using the virtual work as described in Chapter 3.
The virtual work of the elastic forces can be written for the finite element j as

𝛿W j
s = − ∫V j

𝛔j
P2∶𝛿𝛆

jdV j (6.57)

where 𝛔j
P2 is the second Piola–Kirchhoff stress tensor and 𝛆j is the Green–Lagrange strain

tensor. In the case of small deformation, as is often assumed when the FFR formulation is
used in MBS applications, no distinction needs to be made between the second Piola–Kirchhoff
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stress tensor and Cauchy stress tensor. Using the constitutive equations, the preceding equation
can be written in terms of the strains as

𝛿W j
s = − ∫V j

(Ej∶𝛆j)∶𝛿𝛆jdV j (6.58)

where Ej is the fourth-order tensor of elastic coefficients. The strain components can be written
in terms of the displacement gradients, which can in turn be written in terms of the compo-
nents of the vector of elastic coordinates. In the FFR formulation, the deformation of the finite
element is defined with respect to the body coordinate system using the vector ūj

f . In this case,
one can use a linear strain–displacement relationship because the rigid-body displacement is
correctly described using the reference coordinates qr =

[
rT

O 𝛉T
]T

.
One can show by using the strain–displacement relationship that the virtual work of the

elastic forces can be written as
𝛿W j

s = QjT
s 𝛿ej

f (6.59)

where Qj
s is the vector of elastic forces associated with the element nodal coordinates. Because

the vector of element nodal deformation coordinates ej
f can be written in terms of the body

deformation nodal coordinates as

ej
f = Bj

cBref , (6.60)

one can write the virtual work of the element elastic forces as

𝛿W j
s = QjT

s Bj
cBr𝛿ef (6.61)

The virtual work of the elastic forces of the body can be obtained as

𝛿Ws =
ne∑

j=1

𝛿W j
s =

(
ne∑

j=1

QjT
s Bj

c

)
Br𝛿ef (6.62)

which can be written as
𝛿Ws = QT

sf 𝛿ef (6.63)

where

Qsf = BT
r

(
ne∑

j=1

BjT
c Qj

s

)
(6.64)

Because in the FFR formulation the rigid-body motion leads to zero strains, the virtual work
of the elastic forces can also be written as

𝛿Ws = QT
s 𝛿q (6.65)

where

Qs =
[

𝟎
(Qs)f

]
, q =

[
qr
qf

]
=

⎡⎢⎢⎢⎣
rO

𝛉
ef

⎤⎥⎥⎥⎦ (6.66)
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The vector of the elastic forces (Qs)f can also be written as the product of a body-stiffness
matrix K multiplied by the vector of body-nodal coordinates q. It can be shown that the
FFR formulation leads to a constant stiffness matrix when linear strain–displacement rela-
tionship is used in the analysis of small deformations. This cannot be achieved when the
large-deformation ANCF is used since the stiffness matrix is always a nonlinear function of the
nodal coordinates even in the case in which the deformations are assumed small with respect
to an element coordinate system. The use of the stiffness matrix expression is useful when
coordinate reduction techniques are used as discussed later in this chapter.

6.9 EQUATIONS OF MOTION

The equations of motion of the body can be obtained using the principle of virtual work in
dynamics, which can be written as

𝛿Wi = 𝛿Ws + 𝛿We (6.67)

where 𝛿Wi is the virtual work of the inertia forces, 𝛿Ws is the virtual work of the elastic forces,
and 𝛿We is the virtual work of the applied forces such as gravity, external forces, and magnetic
forces. It can be shown that the virtual work of the applied forces can be written as

𝛿We = QT
e 𝛿q (6.68)

Using this equation and the expressions for the virtual work of the inertia and elastic forces
obtained in the preceding two sections, the principle of virtual work in dynamics can be
written as

{q̈TM − QT
v }𝛿q = QT

s 𝛿q + QT
e 𝛿q (6.69)

In the case of unconstrained motion, the elements of the vector q are independent and the
preceding equation leads to the equations of motion of the body given by

Mq̈ = Qs + Qe + Qv (6.70)

Using the coordinate partitioning q =
[
qT

r qT
f

]T
, the preceding equation can be written as

[
Mrr Mrf

Mfr Mff

] [
q̈r

q̈f

]
=

[ 𝟎
(Qs)f

]
+

[
(Qe)r
(Qe)f

]
+

[
(Qv)r
(Qv)f

]
(6.71)

In this equation, subscripts r and f refer, respectively, to reference and elastic coordinates. The
details of the matrices and vectors that appear in the preceding equation can be found in the
literature (Shabana, 2013). The dynamic coupling between the reference motion and the elas-
tic deformation is represented by the two matrices Mrf and Mfr. The study of this dynamic
coupling is one of the interesting problems that have been the subject of several investiga-
tions in the multibody system dynamics literature. The dependence of the expressions of the
matrices Mrf and Mfr on the choice of the body coordinate system has been also investigated.
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It is important also to note that the submatrix Mff, which is the mass matrix that appears in
linear finite element formulations, is a constant symmetric matrix. The reader can prove this
fact by using the definition of the element mass matrix and the partitioning of the element
coordinates as reference and elastic. The fact that the matrix Mff is constant will be utilized
when component mode techniques are used to reduce the number of elastic coordinates.

It is clear from the structure of Equation 71 that the equations of motion that govern
the dynamics of rigid bodies (no deformation) and the equations of motion that govern
the dynamics of structural systems (no reference motion) can be obtained as special cases
from Equation 71. It is left to the reader as an exercise to prove this fact and show how the
well-known Newton–Euler equations used in rigid-body dynamics can be obtained from
the more general development presented in this chapter. In the case of the Newton–Euler
equations, a body coordinate system that has an origin rigidly attached to the body center
of mass must be used. A set of generalized Newton–Euler equations for flexible bodies is
presented in the literature (Shabana, 2013).

6.10 COORDINATE REDUCTION

The use of the FFR formulation in the analysis of the small deformation of multibody systems
has an important advantage because it leads to a local linear problem that can be exploited
in reducing systematically the number of elastic degrees of freedom. This number can be
very large compared to the number of reference coordinates. A body can have a large num-
ber of finite elements and its reference motion is described using only six reference coordi-
nates. Coordinate reduction techniques are not often used with large-deformation formulations
because of the complexity of the geometry of the deformation shape. In the small-deformation
problems, on the other hand, the bodies take simple shapes that can be described using few
simple functions. One can then start with a detailed finite element model for a body whose
elements can have arbitrary orientations and use the formulation presented in this chapter to
obtain the inertia, elastic, and applied forces. The vector of the body coordinates can then be
written in terms of another smaller set of coordinates, thereby significantly reducing the prob-
lem dimensionality and eliminating high-frequency modes that do not have significant effect
on the solution accuracy.

One way to define the reduced set of coordinates is to use component mode reduction tech-
niques. The use of this approach allows reducing systematically the number of coordinates and
at the same time eliminating high-frequency modes that can be a source of problems when the
equations of motion are integrated numerically. In order to demonstrate the application of the
component mode techniques, the vector of elastic forces Qs can be written as

Qs = −
[
𝟎 𝟎
𝟎 Kff

] [
qr
qf

]
(6.72)

where in this equation Kff is the stiffness matrix associated with the elastic coordinates of
the body. This stiffness matrix is positive definite as the result of imposing the reference
conditions. Note that in the preceding equation, as a result of using the mixed set of abso-
lute reference and local deformation coordinates, a rigid-body motion does not contribute
to the vector of elastic forces and the FFR formulation leads to zero strains under an arbi-
trary rigid-body motion. Substituting the preceding equation into the equations of motion of
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Equation 71, one obtains[
Mrr Mrf
Mfr Mff

] [
q̈r
q̈f

]
+

[
𝟎 𝟎
𝟎 Kff

] [
qr
qf

]
=

[
(Qe)r
(Qe)f

]
+

[
(Qv)r
(Qv)f

]
(6.73)

It is important to point out that by using a consistent mass formulation as described in this
chapter and by applying the reference conditions defined by the matrix Br that eliminates the
rigid-body modes, one can always obtain a positive definite mass and stiffness matrices Mff
and Kff, respectively. Furthermore, proper selection of the reference conditions is important in
order to have a good approximation of the deformation shape with a small number of coordi-
nates, and also in order to have strain measures that are consistent with the small deformation
assumption often used with the FFR formulation.

In order to use the component mode techniques, one first considers the case of free vibration
of the body with respect to its reference. This is the special case in which there is no reference
motion. In this special case, the preceding equation leads to

Mff q̈f + Kff qf = 𝟎 (6.74)

If one further assumes linear material behavior and linear strain–displacement relationship,
the stiffness matrix Kff is constant. Using the fact that the matrix Mff is also constant, one can
assume a solution for the preceding equation in the form

qf = aei𝛽t (6.75)

where i =
√
−1, a is the vector of amplitude, t is time, and 𝛽 is the frequency. Substituting

Equation 75 into Equation 74, one obtains the following generalized eigenvalue problem:

(Kff − 𝛽2Mff )a = 𝟎 (6.76)

This equation can be solved for a set of eigenvalues 𝛽2
k , k= 1, 2, … , nf, where nf is the number

of elastic nodal coordinates. The solution of the preceding equation also defines the eigenvec-
tors or mode shapes associated with the eigenvalues 𝛽2

k . The eigenvectors describe the possible
shape of deformation of the body with respect to its reference. In the case of small deformation,
the shape of the body deformation is simple and can be described using few eigenvectors called
the fundamental mode shapes. A reduced-order dynamic model can be obtained by using only
nm modes where nm can be much smaller than nf.

A constant coordinate transformation from the physical nodal coordinates qf to the new
modal elastic coordinates pf can then be written as follows:

qf = Bmpf (6.77)

where Bm is the modal transformation matrix whose columns are the low-frequency nm mode
shapes. The vector pf is the reduced vector of modal coordinates. One can then write the total
vector of the body coordinates in terms of the new reduced set of coordinates as

q =
[

qr
qf

]
=

[
I 𝟎
𝟎 Bm

] [
pr
pf

]
(6.78)
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Substituting this transformation into the equations of motion (Equation 73) and premultiplying
by the transpose of the coefficient matrix in the coordinate transformation of Equation 78 leads
to the following reduced set of the equations of motion expressed in terms of the coupled
reference and modal coordinates:[

Mrr M̄rf

M̄fr M̄ff

] [
p̈r
p̈f

]
+

[
𝟎 𝟎
𝟎 K̄ff

] [
pr
pf

]
=

[
(Qe)r
(Q̄e)f

]
+

[
(Qv)r
(Q̄v)f

]
(6.79)

In this equation,

M̄rf = M̄T
fr = Mrf Bm, M̄ff = BT

mMff Bm

K̄ff = BT
mKff Bm, (Q̄e)f = BT

m(Qe)f , (Q̄v)f = BT
m(Qv)f

⎫⎪⎬⎪⎭ (6.80)

The application of the modal transformation to reduce the number of coordinates can be made
at a preprocessing stage before the dynamic simulation starts. In this case, the array space
required during the dynamic simulation can be significantly reduced. This important subject
and the interface between the finite element and multibody system computer programs are
discussed in the following section.

6.11 INTEGRATION OF FINITE ELEMENT
AND MULTIBODY SYSTEM ALGORITHMS

In the FFR formulation presented in this chapter, the equations of motion of the continuous
body that undergoes finite rotations are formulated in terms of a unique set of finite element
inertia shape integrals. These inertia shape integrals play a fundamental role in an efficient
computational scheme that was developed for solving the dynamic equations of flexible multi-
body systems. This scheme, which is implemented in several widely used commercial codes,
requires the integration of small-deformation finite element and multibody system algorithms.
In this scheme, constant vectors and matrices that appear in the nonlinear dynamic equations
of motion are identified and evaluated at a preprocessing stage. For example, the constant iner-
tia shape integrals, the stiffness matrix if constant, and the mode shapes can be evaluated in
a preprocessor finite element computer program. The inertia shape integrals and the stiffness
matrix can be constructed for each finite element. The body inertia shape integrals and stiff-
ness matrix can be obtained by assembling the inertia shape integrals and stiffness matrices
of its elements. This means that finite element computer programs in the finite element FFR
formulation must be used as preprocessors for flexible multibody system computer programs.
This was not the sequence of computations that was in use before 1980s.

Linear Theory of Elastodynamics

Before introducing the finite element FFR formulation, rigid multibody system computer
codes, which were available at that time, were used first to determine the inertia and joint
forces. Finite element codes were used at a postprocessing stage in order to determine the
deformations and stresses. This procedure is known in the literature as the linear theory of
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elastodynamics (Shabana, 2013). The sequence of using the multibody systems and finite
element codes based on the linear theory of elastodynamics was reversed when the finite
element FFR formulation presented in this chapter was introduced. Based on this formulation,
one obtains a set of data from the finite element code that is considered as a part of the input
data to the flexible multibody system code, which is based on a formulation that employs a
mixed set of reference and elastic coordinates.

Nodal and Modal Coordinates

As previously mentioned, understanding the role of the inertia shape integrals is important in
developing a general and efficient computational algorithm for the dynamic analysis of flexible
bodies that undergo finite rotations. In fact, the main processor flexible multibody computer
program can be made independent of the use of physical nodal or modal coordinates. That
is, the main processor can be designed to be the same and works with or without coordinate
reduction. In the computer implementation, it is not required to consider Equation 79;
Equation 73 can work for the two cases of physical nodal and modal coordinates. One only
needs to express the inertia shape integrals in their appropriate form. If physical nodal coor-
dinates are used, the inertia shape integrals will have their original dimensions, which depend
on the number of nodal coordinates. On the other hand, if modal coordinates are used, the
inertia shape integrals are transformed to the modal space and the vector of elastic coordinates
has dimension equal to the number of modes used. One can show by using Equation 55
that the modal form of the inertia shape integrals in the three-dimensional analysis is
given by

(S̄)m = S̄Bm =

(
ne∑

j=1

S̄jBj
c

)
BrBm

(Skl)m = BT
mSklBm = BT

mBT
r

(
ne∑

j=1

BjT
c Sj

klB
j
c

)
BrBm, k, l = 1, 2, 3

⎫⎪⎪⎬⎪⎪⎭
(6.81)

Similarly, by using Equation 56 one can show that in the two-dimensional analysis, the modal
form of the body inertia shape integrals is given by

(S̄)m = S̄Bm =

(
ne∑

j=1

S̄jBj
c

)
BrBm

(S̃)m = BT
mS̃Bm = BT

mBT
r

(
ne∑

j=1

BjT
c S̃jBj

c

)
BrBm

(Sff )m = BT
mSff Bm = BT

mBT
r

(
ne∑

j=1

BjT
c Sj

ff B
j
c

)
BrBm

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(6.82)

where in the preceding two equations, subscript m refers to modal form.
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Numerical Evaluation of the Inertia Shape Integrals

Coupling commercial finite element codes with flexible multibody codes does not require
knowledge of the shape functions in the finite element computer programs in order to eval-
uate the inertia shape integrals. This was one of the main concerns when the finite element
FFR formulation was introduced. This problem, however, was successfully solved by using
numerical approximation to evaluate the inertia shape integrals instead of performing the inte-
grations analytically (Shabana, 1985, 2013). After determining the mode shapes in the finite
element preprocessor, these mode shapes can be used with numerical integration and a lumped
mass scheme to obtain the inertia shape integrals in their modal form. This procedure does not
require knowledge of the element shape function matrix used in the finite element computer
program. It is important, however, to recognize that the use of the numerical approximation
to evaluate the inertia shape integrals based on the mass lumping does not lead to a diagonal
body mass matrix. The resulting mass matrix remains nonlinear and nondiagonal.

Because finite element computer programs can solve for the mode shapes for the finite
elements that exist in their library, one can utilize the rich library of the finite element
computer codes in developing detailed multibody system models for many applications.
The finite element codes can produce a standard file that contains the inertia shape integrals
and constant-stiffness coefficients. This file can be used, as previously mentioned, as input
to general purpose flexible multibody computer programs. This process is now a standard
procedure that is implemented in several widely used commercial codes.

Scaling of the Modal Coordinates

In many MBS applications, the reference coordinates qr can have large absolute values, while
the elastic coordinates qf defined in the body coordinate system can have very small values.
An example is the tank car shown in Figure 6. A train can travel thousands of miles, while the
deformation of the tank car can be relatively small. Having two sets of coordinates that can
differ significantly in magnitude can lead to numerical problems, particularly when implement-
ing the FFR formulation. It is, therefore, important to scale the elastic coordinates to make all
coordinates have comparable magnitude.

In the case of metals, it is recommended to make the mode shapes orthonormal with respect
to the stiffness matrix. In this case, the modal stiffness matrix becomes the identity matrix. This
provides a natural scaling of the modal coordinates and can lead to a more efficient implemen-
tation of the FFR formulation. If the mode shapes are orthonormal with respect to the stiffness
matrix, one has K̄ff = BT

mKff Bm = I, where I is the identity matrix. Since the strain energy
expressed in terms the physical nodal coordinates qf or the modal coordinates pf must be the
same, one has

U = 1
2

qT
f Kff qf =

1
2

pT
f Ipf (6.83)

In the case of metals, the elements of the stiffness matrix Kff can be very large. Since the
stiffness matrix K̄ff = BT

mKff Bm associated with the modal coordinates is the identity matrix,
which has nonzero elements much smaller in magnitude than the elements of Kff , the mag-
nitude of the modal coordinates pf associated with modes that are orthonormal with respect
to the stiffness matrix will be larger than the magnitude of the physical nodal coordinates qf .
The experience with the implementation of the FFR formulation showed that such a scaling
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Figure 6.6 Scaling of the elastic coordinates

of coordinates may be necessary for robust implementation of this formulation that employs
two coupled sets of coordinates.

Limitations of the FFR Formulation

The FFR formulation is used, for the most part, to study small deformation problems. This
formulation allows creating a local linear problem that enables applying coordinate reduction
techniques. In some applications, however, the FFR formulation can be used to study large
deformation problems if the shape of deformation can be described using simple functions. In
this case, one can still use linear modes with nonlinear strain–displacement relationships. The
constant part of the stiffness matrix can be used to obtain the linear modes, or alternatively
other techniques can be used to obtain a set of assumed shapes. In the literature, one can find
applications, such as rotor blades, in which the FFR formulation was successfully used to study
the large deformation problem and capture the effect of geometric stiffening.

Nonetheless, ANCF finite elements are, in general, more suited for large defor-
mation problems. Figure 7 shows the ANCF results obtained, for a liquid sloshing
problem, using higher order ANCF brick elements for three different base excitations,
y = 0.1 sin 3t m, y = 0.1 sin 8t m, and y = 0.3 sin 8t m. These results are obtained using
only one ANCF brick element. Figure 8 shows the results obtained using the FFR formulation
for the same liquid sloshing problem in the case of the first base excitation y = 0.1 sin 3t m
(Wei et al., 2015; Wang et al., 2015). In the case of the FFR formulation, the conventional
brick element that has only translational nodal coordinates is used. This element does not
ensure the continuity of the gradients at the nodal points. The comparative numerical study
reported by Wei et al. (2015) showed that a larger number of finite elements is required when
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Figure 6.7 Liquid sloshing results using ANCF finite elements (Wei et al., 2015)
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Figure 6.8 Liquid sloshing results using the FFR formulation (Wei et al., 2015)

using the FFR formulation to study this liquid sloshing problem. In order to impose the fluid
incompressibility condition, Wang et al. (2015) formulated the matrix of position vector
gradients Jj = 𝜕rj∕𝜕x =

[
𝜕rj∕𝜕x1 𝜕rj∕𝜕x2 𝜕rj∕𝜕x3

]
for an element j using the FFR kinematic

description rj = rO + A(ūj
o + S̄j

bef ), where S̄j
b = Sj

bBj
cBr. Using this description and the vector

x =
[
x1 x2 x3

]T
, the matrix of position vector gradients for element j can be written as

Jj = 𝜕r j

𝜕x
= A

(
I +

[(
𝜕S̄j

b

𝜕x1

)
ef

(
𝜕S̄j

b

𝜕x2

)
ef

(
𝜕S̄j

b

𝜕x3

)
ef

])
(6.84)
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This equation can be written compactly as

Jj = 𝜕rj

𝜕x
= A

⎛⎜⎜⎝I +
𝜕ūj

f

𝜕x

⎞⎟⎟⎠ = A(I + J̄j
d) (6.85)

where

J̄j
d =

𝜕ūj
f

𝜕x
=

[(
𝜕S̄j

b

𝜕x1

)
ef

(
𝜕S̄j

b

𝜕x2

)
ef

(
𝜕S̄j

b

𝜕x3

)
ef

]
(6.86)

If the condition Jj = 1 is imposed, one has Jj = |Jj| = |Jj
rJ

j
d| = |A||I + J̄j

d| = |I + J̄j
d| = 1,

where Jj
r = A is the Jacobian matrix associated with the rigid body rotation and Jj

d = (I + J̄j
d)

is the Jacobian matrix associated with the body deformation. If the condition J̇
i = 0 is

imposed, the time derivative of J̇
i

can be evaluated as J̇
j = tr(Dj)Ji, where Dj is the rate of

deformation tensor. One can also write J̇
j = (J̇j∶(Jj−1)T)Jj, where in the FFR formulation,

J̇j = Ȧ[I + J̄j
d] + A ̇̄Jj

d, and Ȧ = A ̃̄𝛚.

PROBLEMS

1. Derive the Euler angle transformation matrix if the sequence of rotation used is Xb
1 , Xb

2 ,
and Xb

3 .

2. Derive the Euler angle transformation matrix if the sequence of rotation used is Xb
3 , Xb

1 ,
and Xb

3 .

3. In Problem 1, determine the expressions for the angular velocity vectors 𝛚̄ and 𝛚 in terms
of Euler angles. Determine also the singular configurations associated with this sequence
of Euler angles.

4. In Problem 2, determine the expressions for the angular velocity vectors 𝛚̄ and 𝛚 in terms
of Euler angles. Determine also the singular configurations associated with this sequence
of Euler angles.

5. Determine the G and Ḡ matrices of Equation 14 in the case of planar motion.

6. Consider the beam element whose nodal coordinates and shape function are defined by
Equations 1 and 2, respectively. Assume that the location and orientation of this element
with respect to the body coordinate system are defined, respectively, by the translation
a= [a1 a2]T of its first node and a rotation 𝛼. Using the concept of the intermediate element
coordinate system, define the vector ūj of Equation 25 before the deformation takes place.
Determine the numerical values of this vector if a= [2 1]T m, 𝛼 = 30∘, and the length of
the element l= 1 m.

7. Consider two beam elements that are rigidly connected. The nodal coordinates and shape
functions of the elements are as defined in Equations 1 and 2, respectively. The location
and orientation of the two elements with respect to the body coordinate system are defined,
respectively, by the translations aj = [aj

1 aj
2
]T of its first node and a rotation 𝛼j, j= 1, 2.
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It follows that in the reference undeformed configuration the location of the first node of
the second element must be [l1sin 𝛼1 l1cos 𝛼1]T, where lj is the length of the finite element
j. Using the concept of the intermediate element coordinate system, define the matrices
T̄ji

u , T̄ji
n and Bj

c for both elements.

8. Determine the position, velocity, and accelerations of the midpoint of the beam in Problem
6 assuming the following values for the coordinates, velocities, and accelerations:

q =
[
RT 𝜃 qT

f

]T
=

[
1 −1 45∘ 0 0 0 0.001 0 0

]T

q̇ =
[
ṘT 𝜃̇ q̇T

f

]T
=

[
10 0 0 0 0 0 50 0 0

]T

q̈ =
[
R̈T 𝜃̈ q̈T

f

]T
=

[
0 2 0 0 0 0 0 0 0

]T

where 𝜃 is the angle that defines the orientation of the body coordinate system.

9. Show that the inertia forces of the flexible body that undergoes finite rotation can be written
in terms of the inertia shape integrals of Equation 49 in the case of three-dimensional
analysis and in terms of the inertia shape integrals of Equation 50 in the case of planar
analysis.

10. Obtain the inertia shape integrals of the finite element that has nodal coordinates and shape
function matrix defined by Equations 1 and 2, respectively.

11. Using linear strain–displacement relationship, show that the vector of the elastic forces in
the FFR formulation is a linear function of the element nodal coordinates.

12. Based on the results of the preceding problem, explain why the FFR formulation
leads to a vector of elastic forces, which is linear in the nodal coordinates when linear
strain–displacement relationships are used, whereas the absolute nodal coordinate
formulation leads to a vector of elastic forces, which is nonlinear function of the element
nodal coordinates.
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CHAPTER 7

COMPUTATIONAL GEOMETRY AND FINITE
ELEMENT ANALYSIS

Computational geometry methods such as Bezier, B-spline, and Non-Uniform Rational
B-Splines (NURBS) are widely used in the design of engineering and physics systems
(Dierckx, 1993; Farin, 1999; Piegl and Tiller, 1997; Rogers, 2001). At the design stage,
the geometry of the systems is defined using computer-aided design (CAD) software. The
CAD models then are converted to a finite element (FE) mesh to perform the analysis to
determine deformations, stresses, and forces as the result of the applied loads. CAD systems
use computational geometry methods that accurately define complex shapes and allow for
efficient shape manipulation. These methods have many desirable features and share many
of the properties required for the development of accurate analysis methods. Nonetheless,
computational geometry methods are used primarily for the system geometric construction.

Because of the limitations of existing FE formulations and the fact that the geometric (i.e.,
kinematic) descriptions used in them are not equivalent to the geometric description used in
CAD systems, there is a recent trend to use computational geometry methods as analysis tools.
Although both FE and computational geometry methods are based on polynomial represen-
tations, many of the existing FE formulations distort the geometry because of the nature of
the nodal coordinates selected. As a result, the geometry of the FE mesh used in the analysis
can be different from the geometry defined in the CAD systems. This inconsistency makes
the conversion of the CAD model to an analysis model difficult and costly and leads to anal-
ysis models that are not consistent with the CAD-geometry models. The two FE formulations
discussed in Chapters 5 and 6 were developed to address and remedy this problem. The two
formulations can be used as the basis for a successful integration of computer-aided design
and analysis (I-CAD-A).

Computational Continuum Mechanics, Third Edition. Ahmed A. Shabana.
© 2018 John Wiley & Sons Ltd. Published 2018 by John Wiley & Sons Ltd.
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Both the FE floating frame of reference (FFR) formulation and the absolute nodal coordi-
nate formulation (ANCF) (see Chapters 5 and 6) use a kinematic description that leads to a
deformed shape that is invariant under an arbitrary rigid-body displacement. Because of this
important property, both formulations lead to zero strains when the finite elements experience
rigid-body displacements. Defining a geometry that is invariant under rigid body displacement
is an important requirement for an accurate large-displacement analysis method. The FFR for-
mulation, in particular, allows the use of finite elements that do not preserve the geometry to
form an FE mesh that correctly describes rigid-body rotations. Using the concept of the inter-
mediate element coordinate system, these finite elements can be assembled to form a mesh
with geometry that is invariant under arbitrary rigid-body displacements.

In this chapter, computational geometry methods and their relationship to the FE formula-
tions presented in this book are discussed. The limitations of using computational geometry
methods as analysis tools are highlighted for an understanding of the potential use of these
methods as alternatives to the FE formulations. As discussed herein, computational geome-
try methods – although they have many desirable features – have a rigid recurrence structure
that can lead to higher-dimensional models, to the loss of flexibility provided by FE formu-
lations in the selection of the basis functions, and to failure to capture certain types of geo-
metric discontinuities that characterize many mechanical and structural systems. Nonetheless,
a good grasp of computational geometry methods is important for understanding the limi-
tations of some existing large-displacement FE formulations that have been widely used for
decades.

7.1 GEOMETRY AND FINITE ELEMENT METHOD

As previously mentioned, computational geometry methods and FE formulations use polyno-
mial representations. Nonetheless, in many structural FE formulations –particularly for beams,
plates, and shells – the geometry is distorted because of the way the FE nodal coordinates are
selected. Although rigid-body motion can be described in terms of trigonometric functions, as
was shown in this book, the use of infinitesimal or finite rotations in the position field as nodal
coordinates can lead to shapes that are not invariant under arbitrary rigid-body displacements.
Similarly, finite rotations cannot be interpolated independently from the position field as is
the case in some large-displacement FE formulations. The matrix of position-vector gradients
uniquely defines the rotation and deformation fields. Therefore, independent interpolation of
the rotation field leads to coordinate redundancy, as previously discussed. The limitations of
existing FE formulations motivated researchers in the FE community to call for abandoning
them and adopting computational geometry methods as analysis tools. However, computa-
tional geometry methods, as discussed in this chapter, have limitations as analysis tools: they
can lead to higher-dimensional models, they do not provide the flexibility offered by the FE
approach, and their recurrence formula fails to automatically capture certain types of geometric
discontinuities, as previously mentioned.

ANCF description, on the other hand, is compatible with and has many of the desirable
features offered by computational geometry methods. ANCF provides the flexibility of choos-
ing the basis functions, does not have a rigid recurrence structure, and captures the geometric
discontinuities that cannot be captured by computational geometry methods. For these reasons,
ANCF finite elements allow for developing a simple interface between the CAD systems and
analysis software.
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Bezier Geometry

Computational geometry methods such as Bezier, B-spline, and NURBS used in CAD sys-
tems are based on polynomial representations (Dierckx, 1993; Farin, 1999; Piegl and Tiller,
1997; Rogers, 2001). The coefficients of the polynomials are replaced by coordinates of points,
called control points, that form what is called a control polygon. Not all of the control points
must lie on the curve or the surface; therefore, they are not necessarily material points as is the
case in the FE representation. The use of control points that are not necessarily material points
is a fundamental difference between computational geometry methods and FE formulations
that use nodal coordinates to represent material points. Computational geometry methods are
rooted in Bezier representation. Bezier representation, however, does not allow for domain
discretization and for the use of piecewise polynomials; more complex shapes can be repre-
sented in Bezier geometry by increasing the polynomial order. Therefore, Bezier description,
which does not allow for efficient shape manipulation, can be considered the counterpart of the
Raleigh–Ritz analysis method, which uses modes that describe the deformation of the entire
structure.

B-Spline Geometry

B-spline, in contrast, allows for domain discretization and the use of piecewise polynomi-
als that define shapes over domain intervals (subdomains). B-spline geometry, therefore, is
described by segments connected at points called breakpoints. For this reason, B-spline geome-
try description, which uses control points, can be considered the counterpart of the FE method.
Being able to describe independently the geometry of segments over subdomains allows for
efficient local shape manipulation because geometric changes can be made over small regions
without affecting the geometry away from those regions. B-spline also uses the concept of knot
vector and knot multiplicity, which allows for adjusting the degree of continuity at the break-
points at which B-spline segments are connected. As the knot multiplicity at a given breakpoint
decreases, the degree of continuity at that point increases. For example, a cubic B-spline curve
representation with knot multiplicity of four at a point makes the curve discontinuous (C−1) at
this point; knot multiplicity of three is associated with coordinate continuity (C0); knot multi-
plicity of two is associated with coordinate and gradient continuity (C1); and so on. B-spline
representation is based on a recurrence structure that allows for automatically adjusting the
degree of continuity by changing the knot multiplicity. Such a representation also allows for
knot insertion and for adding control points to locally manipulate the geometry.

NURBS Geometry

There are shapes such as circular and conic segments the geometry of which cannot be
described exactly using nonrational polynomials as those used in Bezier and B-splines; these
shapes can be described exactly by using only rational functions (Dierckx, 1993; Farin, 1999;
Piegl and Tiller, 1997; Rogers, 2001). NURBS geometry uses rational polynomials, allowing
for exact geometric representation of circular and conic sections. NURBS geometry is based
on a recurrence formula similar to that used in B-spline representation and it uses similar
knot-vector and knot-multiplicity concepts. In Bezier, B-spline, and NURBS geometries,
rigid-body displacement of a shape can be achieved by simply operating on the control points.
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A rigid-body transformation applied to the control points does not distort the geometry that
undergoes the same transformation. For this reason, Bezier, B-spline, and NURBS geometry
does not have the problems associated with some FE formulations in which the shape is not
preserved under arbitrary rigid-body displacements.

7.2 ANCF GEOMETRY

As discussed in Chapter 5, the displacement field of ANCF finite elements is expressed in
terms of position and gradient coordinates. This displacement field is invariant under arbitrary
rigid-body displacements. In this section, it is shown that the ANCF kinematic description can
be expressed in terms of the control points used in computational geometry methods. This alter-
nate description can be used to establish the relationship among the ANCF, Bezier, B-spline,
and NURBS descriptions. To this end, the three-dimensional ANCF two-node cable element
that employs cubic interpolation is used. At each node, the element has six degrees of freedom,
including three position coordinates and three components of one vector of position-vector gra-
dients that remains tangent to the element centerline. The procedure developed in this section
can be applied to other ANCF finite elements and generalized to the cases of surfaces and
solids that are described using more general ANCF fully parameterized finite elements.

ANCF Element Geometry

In the case of the ANCF Euler–Bernoulli cable element, the global position vector r of an
arbitrary point on the FE centerline can be defined using the element shape function matrix
and the nodal coordinate vector as follows:

r(x, t) = S(x)e(t) (7.1)

where S is the element shape function matrix expressed in terms of the element spatial coordi-
nate x; e is the vector of nodal coordinates that consist of absolute nodal position coordinates
and position coordinate gradients; and t is time. The element shape function matrix used in
Equation 1 for the three-dimensional cable elements can be written as

S =
[
s1I s2I s3I s4I

]
(7.2)

where I is the identity matrix and si, i= 1, 2, 3, 4, are appropriate shape functions that can be
introduced using polynomials or other geometric representations. The vector of the element
nodal coordinates can be written as follows:

e = [(eA)T (eB)T]T (7.3)

where superscripts A and B refer to the first and second nodes of the element, respectively; and
the element nodal coordinate vector at node N is defined as follows:

eN =

[
(rN)T

(
𝜕rN

𝜕x

)T
]T

, N = A,B (7.4)
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The displacement field of this element can be defined using polynomial representation
(described previously) as

r = (1 − 3𝜉2 + 2𝜉3)rA + l(𝜉 − 2𝜉2 + 𝜉3)rA
x + (3𝜉2 − 2𝜉3)rB + l(−𝜉2 + 𝜉3)rB

x (7.5)

In this equation, l is the length of the finite element, and 𝜉 = x/l.

Control-Point Representation

Whereas ANCF finite elements use gradients of absolute position vectors as nodal coordi-
nates, a gradient vector always can be expressed in terms of the position vectors of two points
divided by a scaling-length factor. Therefore, the ANCF geometric description presented in
this section in terms of gradient vectors always can be converted to an equivalent geometric
representation expressed solely in terms of position vectors of points that do not have to lie
on the beam space curve or the plate and shell midsurface. As the finite element deforms, the
location of these points will change with time. To demonstrate this coordinate transforma-
tion, the simple cable element defined previously is considered. For the cubic representation
of Equation 5, one can define four points whose position vectors are defined by the vectors P0,
P1, P2, and P3. Using these position vectors, the following coordinate transformation can be
defined:

⎡⎢⎢⎢⎢⎢⎣

rA

rA
x

rB

rB
x

⎤⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

P0

3
l
(P1 − P0)

P3

3
l
(P3 − P2)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(7.6)

Substituting the coordinate transformation of this equation into Equation 5, one can show
that the displacement field of the ANCF finite element can be written in terms of the point
coordinates instead of the gradient coordinates as

r = (1 − 𝜉)3P0 + 3𝜉(1 − 𝜉)2P1 + 3𝜉2(1 − 𝜉)P2 + 𝜉3P3 (7.7)

The two representations of Equations 5 and 7 are equivalent and each can be used in
the description of the geometry as well as the displacement, including deformations and
rigid-body motion. Figure 1 is a graphical representation demonstrating the relationship
between the gradient coordinates and point coordinates. In computational geometry, the
points P0, P1, P2, and P3 are called control points. These points, which form the control
polygon, do not have to represent material points. Equation 7, therefore, demonstrates how the
geometric description of the ANCF finite elements can be expressed in terms of control points.
The inverse relationship, in which the ANCF position and gradients coordinates are expressed
in terms of the control points, can be obtained as explained in the following section. Such a
relationship allows for converting CAD models to ANCF analysis meshes without geometry
distortion.
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P0

P3

P2

P1

Figure 7.1 Gradients and control points

7.3 BEZIER GEOMETRY

Different methods can be used to represent polynomials, including the power basis and Bezier
methods (Piegl and Tiller, 1997). Although the power basis and Bezier methods are equivalent,
the Bezier method is more suited for shape manipulations and geometric modeling. In this
section, it is shown that the Bezier geometry can be converted to ANCF geometry. This result
is used to demonstrate that B-spline geometry can be converted to ANCF geometry, which can
be proven because B-spline geometry is considered to consist of several Bezier segments.

A Bezier curve with m-degree is defined as (Piegl and Tiller, 1997)

r(𝜉) =
m∑

i=0

Si,m(𝜉)Pi, 0 ≤ 𝜉 ≤ 1 (7.8)

In this equation, Si,m(𝜉) are called the basis or blending functions, and the coefficients Pi are
called the control points. The basis functions Si,m(𝜉) are the m-degree Bernstein polynomials
defined as

Si,m(𝜉) =
m!

i!(m − i)!
𝜉i(1 − 𝜉)m−i (7.9)

For example, in the case of a cubic curve (m= 3), one needs to evaluate S0,3, S1,3, S2,3, and
S3,3. These four basis functions can be defined using Equation 9 as

S0,3 = (1 − 𝜉)3, S1,3 = 3𝜉(1 − 𝜉)2,

S2,3 = 3𝜉2(1 − 𝜉), S3,3 = 𝜉3

}
(7.10)

Using these blending cubic functions and Equation 8, one can show that the cubic Bezier curve
is defined by

r = (1 − 𝜉)3P0 + 3𝜉(1 − 𝜉)2P1 + 3𝜉2(1 − 𝜉)P2 + 𝜉3P3 (7.11)



�

� �

�

COMPUTATIONAL GEOMETRY AND FINITE ELEMENT ANALYSIS 267

This equation is the same as Equation 7 obtained using the ANCF geometry and the
transformation from the gradient coordinates to the point coordinates defined by Equation 6.
Equations 7 and 11 clearly demonstrate that the Bezier geometry can be converted to ANCF
geometry using a simple linear transformation.

One can show that the Bernstein polynomials of Equation 9 have the following property
(Piegl and Tiller, 1997):

𝜕Si,m

𝜕𝜉
= m(Si−1,m−1 − Si,m−1), (7.12)

with S−1,m−1 = Sm,m−1 = 0. Using this property, one can write

𝜕r
𝜕𝜉

= m
m−1∑
i=0

Si,m−1(Pi+1 − Pi) (7.13)

The Bernstein polynomials have many other interesting properties that are shared by the shape
functions of many of the commonly used finite elements. Some of these properties are

Si,m(𝜉) ≥ 0,
m∑

i=0

Si,m(𝜉) = 1, S0,m(0) = Sm,m(1) = 1 (7.14)

Using the properties of the Bernstein polynomials, one can develop efficient algorithms, such
as the deCasteljau algorithm, for the construction of Bezier curves (Piegl and Tiller, 1997).

The cubic Bezier function can also be expressed in terms of power-basis functions. This
provides the following alternate form of Equation 7 or 11:

r = P0 + 3𝜉(P1 − P0) + 3𝜉2(P0 − 2P1 + P2) + 𝜉3(3P1 − P0 − 3P2 + P3) (7.15)

In this equation, 1, 𝜉, 𝜉2, and 𝜉3 are the power-basis functions. Bezier geometry also can be
generalized to the case of surfaces, as discussed after introducing the B-spline geometry.

7.4 B-SPLINE CURVE REPRESENTATION

Bezier representation can be considered a special case of the more general B-spline represen-
tation. In the B-spline representation, several polynomial segments can be used, allowing for
efficient shape and geometry manipulations. The B-spline geometry method, therefore, can
be considered the counterpart of the FE analysis method, which allows geometric description
over subdomains. A B-spline curve with p-degree is defined as (Dierckx, 1993; Farin, 1999;
Piegl and Tiller, 1997; Rogers, 2001):

r(u) = N0,p(u)P0 + N1,p(u)P1 + · · · + Nn,p(u)Pn =
n∑

i=0

Ni,p(u)Pi (7.16)
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where Ni,p(u) are B-spline basis functions of degree p, Pi are the control points, and n is the
number of control points. The B-spline basis functions Ni,p(u) are defined as

Ni,0(u) =

{
1 if ui ≤ u < ui+1

0 otherwise

Ni,j(u) =
u − ui

ui+j − ui
Ni,j−1(u) +

ui+j+1 − u

ui+j+1 − ui+1
Ni+1, j−1(u)

⎫⎪⎪⎬⎪⎪⎭
(7.17)

where ui = 0,1, 2,… , n+ p+ 1 are called the knots, which represent a nondecreasing sequence;
that is, ui ≤ ui+1. The vector U= {u0 u1 … un+p+1} is called the knot vector. The knots do not
have to be distinct; distinct knots are called breakpoints and define segments with nonzero
length. Each nonzero knot span corresponds to a segment of the B-spline curve. The number
of the nondistinct knots at a point is referred to as the knot multiplicity.

Control Points and Degree of Continuity

For a given polynomial order p, one can always define at a breakpoint p+ 1 vectors. These
vectors represent the position vector and its derivatives up to the pth derivative. For example,
in the case of a cubic Bezier curve (p= 3), one can define r, 𝜕r/𝜕u, 𝜕2r/𝜕u2, and 𝜕3r/𝜕u3.
Higher derivatives will be equal to zero. Therefore, in the case of two cubic Bezier segments
i and j, one can have different conditions. If the two segments are not connected, the number
of control points totals eight because each Bezier segment is represented using four (p+ 1)
control points. This is the case of C−1 continuity. In this case, all of the vectors r, 𝜕r/𝜕u,
𝜕2r/𝜕u2, and 𝜕3r/𝜕u3 that correspond to the first segment at the breakpoint are not related to the
vectors r, 𝜕r/𝜕u, 𝜕2r/𝜕u2, and 𝜕3r/𝜕u3 that correspond to the second segment at this breakpoint.
This case of C−1 continuity corresponds to the case of knot multiplicity of four (p+ 1). If
continuity is to be imposed on the position at the breakpoint at which the two segments are
connected, one must have at the breakpoint the condition ri = rj, where i and j are the segment
numbers. This algebraic equation, which ensures C0 continuity, can be used to write a control
point of one segment in terms of the remaining control points. This leads to a reduction of the
number of control points by one. This case of C0 continuity corresponds to knot multiplicity
of three. Similarly, in the case of C1 continuity, two conditions are imposed at the breakpoint:
the positions must be the same, ri = rj; and the gradients must be the same, (𝜕r/𝜕u)i = (𝜕r/𝜕u)j.
These two vector algebraic equations allow for reducing the number of control points by two.
This case corresponds to knot multiplicity of two in the case of cubic polynomials. Using
a similar procedure, one can show that in the case of cubic polynomials, C2 continuity at
a breakpoint corresponds to knot multiplicity of one and C3 continuity corresponds to knot
multiplicity of zero. In the latter case of C3 continuity, the two segments blend together to form
one larger cubic segment; four control points are eliminated, thereby reducing the number of
control points for the newly created segment to four.

The concept of the knot multiplicity and the B-spline recurrence formula can be used to
achieve automatically a higher degree of continuity by reducing the number of independent
control points. Understanding the role of the knot multiplicity in B-spline representation is
important when relating geometry methods to FE analysis methods that use the concept of
nodes and degrees of freedom. If r+ 1 is the number of knots in U, then in the B-spline



�

� �

�

COMPUTATIONAL GEOMETRY AND FINITE ELEMENT ANALYSIS 269

geometry, one must have r= n+ p+ 1. This relationship can be verified easily starting with
one Bezier segment. It is clear from this relationship that for a given polynomial degree p,
reducing the knot multiplicity, to increase the degree of continuity, leads to a similar reduction
in the number of control points, and increasing the knot multiplicity leads to a similar increase
in the number of control points.

Illustrative Example

Figure 2 shows a cubic B-spline curve that has the six control points P0, P1, P2, P3, P4, and
P5 and the knot vector U= {0 0 0 0 1 2 3 3 3 3} (Lan and Shabana, 2010). The number of
segments in this example is s= 3 and the distinct breakpoints are ū0 = 0, ū1 = 1, ū2 = 2, and
ū3 = 3. Note that if the knot vector has the form U = { 0 · · · 0

⏟⏟⏟
p+1

1 · · · 1
⏟⏟⏟

p+1

}, the B-spline curve

reduces to a p-order Bezier curve; therefore, the Bezier curve can be considered a special case
of the B-spline curve representation, as previously mentioned. At ū0 = 0, the knot multiplicity
is four, which implies that there is no continuity condition imposed at this breakpoint, and r,
𝜕r/𝜕u, 𝜕2r/𝜕u2, and 𝜕3r/𝜕u3 are discontinuous. At the breakpoint ū1 = 1, the knot multiplicity
is one and the curve is C2 continuous at this point. In this case, r, 𝜕r/𝜕u, and 𝜕2r/𝜕u2 are
continuous, whereas the continuity of 𝜕3r/𝜕u3 is not ensured. The B-spline recurrence formula
with the knot vector defined previously can be used to demonstrate this fact. The breakpoint
ū2 = 2 has knot multiplicity of one; therefore, this point has continuity conditions similar to
the breakpoint ū1 = 1. The breakpoint ū3 = 3 has knot multiplicity of four; therefore, this point
has continuity conditions similar to ū0 = 0.

Knot Insertion

By inserting knots into a B-spline knot vector, one can increase the number of control points as
well as the knot multiplicity at selected points. For example, the S-shaped cubic B-spline curve

P1

Seg. 1

Seg. 2

Seg. 3

P2

L

P3

P4

P5

X1

X2

P0(u0)

u2

u1

u3

Figure 7.2 B-spline curve
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Figure 7.3 Knot insertion

shown in Figure 3, which has three segments, can be described by the knot vector U= {0 0 0 0 1
2 3 3 3 3} and the control points P0, P1, P2, P3, P4, and P5. Changing the knot vector to U= {0
0 0 0 1 1 1 2 2 2 3 3 3 3} by increasing the multiplicity at ū2 = 1 and ū2 = 2 to three reduces
the degree of continuity at these breakpoints. At these points, the B-spline curve has C0 conti-
nuity, which ensures the continuity of the position vector only. Because the knot multiplicity
is increased by two at two breakpoints, the number of control points increases by four. The
corresponding control points for the new B-spline curve P1

0, P1
1, P1

2, P1
3, P1

4, P1
5, P1

6, P1
7, P1

8,
and P1

9 also are shown in Figure 3. This B-spline curve, which ensures only C0 continu-
ity at the inner breakpoints, is formed from three cubic Bezier curves that have the control
points (P1

0, P1
1, P1

2, P1
3), (P

1
3, P1

4, P1
5, P1

6), and (P1
6, P1

7, P1
8, P1

9). In fact, one can verify that
any p-order C0 B-spline curve can be constructed using Bezier curves if the knot vector takes
the form U = {u0 · · · u0

⏟⏞⏟⏞⏟
p+1

· · · ui · · · ui
⏟⏟⏟

p

· · · us · · · us
⏟⏟⏟

p+1

}. Decreasing the knot multiplicity at the inner

breakpoints automatically increases the degree of continuity and eliminates the redundant con-
trol points. This process is built automatically in the powerful recurrence formula defined by
Equations 16 and 17. Using these equations, one can also show that when the multiplicity at
a breakpoint reduces to zero, two B-spline segments blend together to define one knot span
with a length equal to the sum of the lengths of the two original segments. In addition to this
powerful feature of the B-spline representation that provides the flexibility of easily changing
the degree of continuity, the B-spline basis functions have unique desirable features such as
the local support property, the nonnegativity, and the partition of unity (Dierckx, 1993; Farin,
1999; Piegl and Tiller, 1997; Rogers, 2001).

Comparison with FE Formulations

Because of the problems associated with the kinematic description of existing FE formula-
tions, computational geometry methods are being adopted as analysis tools. This led to a
new research field known as isogeometric analysis, which is based on using CAD systems for
both geometric modeling and analysis. As discussed in a subsequent section, computational
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geometry methods have serious limitations as analysis tools. These methods do not provide
the flexibility offered by FE analysis methods and fail to capture certain types of discontinu-
ities that define the geometric shapes of many mechanical and structural components. In the
remainder of this section, the focus is on basic differences between the descriptions used by
computational geometry and FE methods (Lan and Shabana, 2010).

The concept of nodes that represent material points on a curve or a surface is not used in
B-spline geometry and other computational geometry methods; instead, computational geom-
etry methods use control points that do not have to represent material points. The definition of
nodes, is fundamental in the FE analysis. Different coordinate types such as positions, angles,
gradients, curvatures, and stresses, among others, can be used as the nodal variables. The use
of some of these coordinate types can impose restrictions on the geometric shapes that can be
assumed by the finite elements. In fact, some of the conventional finite elements do not preserve
the shapes of the finite elements under an arbitrary rigid-body transformation, as previously
discussed. The kinematic description used for these elements, therefore, is not equivalent to
the descriptions used by computational geometry methods such as the B-spline representation.
For this reason, the geometry of the FE mesh used in the analysis in the reference configuration
is not always identical to the geometry created in CAD systems. B-spline geometry, however,
can always be converted to ANCF geometry using simple linear transformation. The converse
is not always true, as demonstrated later in this chapter.

Another fundamental difference between the geometric descriptions used in the FE and
computational geometry methods is the domain definition. Most FE formulations use the
domain in the reference configuration such as the undeformed-length or cross-sectional
dimensions of a beam to carry out the integrations required to formulate the FE inertia
and stiffness forces. The concept of reference configuration or element domain as used in
FE analysis is not used in computational geometry methods. Therefore, it is important to
address this issue to successfully convert the B-spline geometry to an FE mesh with the exact
geometric properties as that developed in a CAD system (Lan and Shabana, 2010).

7.5 CONVERSION OF B-SPLINE GEOMETRY TO ANCF GEOMETRY

One method for the integration of CAD and analysis is to establish an efficient interface that
can be used to convert the CAD model to an FE mesh that has geometry identical to the model
created in the CAD system. This was not possible in the past because conventional structural
finite elements such as beams, plates, and shells are based on a kinematic description that is
not consistent with the description used by computational geometry methods. This problem,
however, can be solved by using ANCF finite elements because B-spline geometry can always
be converted to an ANCF representation using simple linear transformation.

How to convert a Bezier curve representation to ANCF representation is shown in this
chapter (Sanborn and Shabana, 2009). Because a B-spline curve can be represented as a series
of connected Bezier curves, the curves can be converted to ANCF cable elements. This demon-
strates that ANCF cable elements can have geometry identical to that of the original B-spline
curve representation. In the case of the ANCF cable elements, the global position vector r
of an arbitrary point on the FE centerline can be defined using the element shape functions
and the nodal coordinate vector as r(x, t)= S(x)e(t), where S is the element shape function
matrix expressed in terms of the element spatial coordinate x; e =

[
(rA)T (rA

x )T (rB)T (rB
x )T

]T
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is the vector of nodal coordinates that consist of absolute position and gradient coordinates
of the first and second nodes of the element (denoted, respectively, as A and B); and t
is time. For the three-dimensional cable elements, the shape function matrix can be written as
S= [s1I s2I s3I s4I], where I is the identity matrix and si, i= 1, 2, 3, 4, are shape functions
defined as

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3),

s3 = 3𝜉2 − 2𝜉3, s4 = l(−𝜉2 + 𝜉3)

}
(7.18)

In this equation, l is the FE length, and 𝜉 = x/l.
The cubic Bezier curve control points P0, P1, P2, and P3 can be written in terms of the

ANCF nodal coordinates using the following equation (see also Equation 6):

⎡⎢⎢⎢⎢⎣
P0

P1

P2

P3

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎣

I 𝟎 𝟎 𝟎

I
l
3

I 𝟎 𝟎

𝟎 𝟎 I − l
3

I

𝟎 𝟎 I 𝟎

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎣
rA

rA
x

rB

rB
x

⎤⎥⎥⎥⎥⎦
(7.19)

Substituting this equation into the Bezier curve representation, one can obtain ANCF repre-
sentation that has identical geometry to that represented by the B-spline recurrence formula.
Alternatively, using Equation 6, one can show that the kinematics of the ANCF cable element
can be expressed in terms of the cubic Bezier curve control points as (Lan and Shabana, 2010):

r(𝜉) =
3∑

i=0

Si,3(𝜉)Pi, 0 ≤ 𝜉 ≤ 1 (7.20)

where the relationship between the ANCF shape functions and the Bernstein polynomials S0,3,
S1,3, S2,3, and S3,3 is defined as

s1 = S0,3 + S1,3, s2 = l
3

S1,3,

s3 = S2,3 + S3,3, s4 = − l
3

S2,3

⎫⎪⎬⎪⎭ (7.21)

To convert a B-spline curve into an ANCF cable element, an assumed element length l
should be defined first. In this case, the B-spline curve that is represented with a series of
ANCF cable elements also has a domain that is the sum of all of the assumed element lengths.
This domain is defined as L =

∑s
i=1 li, where L is the assumed domain of the B-spline curve,

s is the number of segments, and li is the length of the ith ANCF cable element in the refer-
ence undeformed configuration. As described by Lan and Shabana (2010), this domain can be
used to define consistently the gradients and derivatives when converting B-spline geometry
to ANCF FE representation.
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7.6 ANCF AND B-SPLINE SURFACES

Fully parameterized planar ANCF finite elements and all spatial ANCF finite elements, includ-
ing gradient-deficient elements, preserve the geometry under an arbitrary rigid-body displace-
ment. This important condition, which also is satisfied by computational geometry methods,
ensures that B-spline geometry can always be converted to ANCF FE mesh that has identi-
cal geometry. Nonetheless, ANCF geometry cannot always be converted to B-spline geometry
because of the structure of the B-spline recurrence formula. In this section, fundamental differ-
ences between the ANCF and B-spline geometric representations are discussed. To this end,
surface geometry in fully parameterized planar ANCF beam elements and gradient-deficient
spatial-plate elements is used.

B-Spline Surfaces

B-spline surfaces are defined using the product of B-spline base functions, two parameters,
and two knot vectors. B-spline surfaces can be defined in the following parametric form (Piegl
and Tiller, 1997):

r(u, v) =
n∑

i=0

m∑
j=0

Ni,p(u)Nj,q(v)Pi, j (7.22)

where u and v are the parameters; Ni,p(u) and Nj,q(v) are B-spline basis functions of degrees
p and q, respectively; and Pi,j are a set of bidirectional net of control points. The B-spline basis
functions Ni,p(u) are defined as

Ni,0(u) =

{
1 if ui ≤ u < ui+1

0 otherwise

Ni, j(u) =
u − ui

ui+j − ui
Ni, j−1(u) +

ui+j+1 − u

ui+j+1 − ui+1
Ni+1, j−1(u)

⎫⎪⎪⎬⎪⎪⎭
(7.23)

where ui,j = 0, 1, 2,… , n+ p+ 1 are called the knots and ui ≤ ui+1. The vector U= {u0,
u1 … un+p+1} is called the knot vector associated with the u parameter. Similar definitions
can be introduced for Nj,q(v) with another knot vector V= {v0 v1 ⋅ ⋅ ⋅ vm+q+1}. Note that the
orders of the polynomials in the u and v directions can be different; for example, a cubic
interpolation can be used along u, whereas a linear interpolation can be used along v. As in
the case of B-spline curves, the knots of B-spline surfaces do not have to be distinct; distinct
knots are called breakpoint and define surface segments with nonzero dimensions. The
number of the nondistinct knots in U and V at a point is referred to as the knot multiplicity
associated, respectively, with the parameters u and v at this point. At a given breakpoint,
the multiplicity associated with u can be different from the multiplicity associated with v,
allowing for different degrees of continuity for the derivatives with respect to u and v. For
cubic Ni,p (p= 3), C0, C1, or C2 conditions correspond, respectively, to knot multiplicity of
three, two, and one; whereas in the case of linear interpolation of Nj,q, the highest continuity
degree that can be demanded is continuity of the gradients. When zero multiplicity is used at
a breakpoint, the segments blend together at this point.
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In B-spline surface representation, there is a relationship among the polynomial degree, the
number of knots, and the number of control points. This relationship must be fully understood
if B-spline geometry is used as an analysis tool. If r+ 1 is the number of knots in U and s+ 1
is the number of knots in V, then in B-spline geometry, one must have

r = n + p + 1, s = m + q + 1 (7.24)

As in the case of B-spline curves, these formulas imply that for a given polynomial order, if the
number of knots decreases, the number of control points that defines the number of degrees of
freedom used in the analysis must also decrease. This also can be equivalent to increasing the
degree of continuity because eliminating a control point can be the result of imposing algebraic
equations that relate the derivatives at a certain breakpoint.

From the bidirectional structure used in Equation 22, a surface segment that has cubic
interpolation along u(p= 3, n= 3, r+ 1= 8) and a linear interpolation along v(q= 1, m= 1,
s+ 1= 4) should have (n+ 1)× (m+ 1)= 8 control points; this is true regardless of whether
the surface is two- or three-dimensional. Manipulation of the B-spline surface defined by
Equation 22 shows that these eight control points are the result of using the alternate basis
set 1, u, v, uv, (u)2, (u)2v, (u)3, (u)3v. That is, B-spline representation and the formulas of
Equation 24 do not allow for the use of the basis set 1, u, v, uv, (u)2, (u)3, which can be used
effectively to develop a shear deformable beam model. If a cubic interpolation is used for both
u and v (case of thin plate), the B-spline representation will require 16 control points because
the expansion must include all terms (u)k (v)l; k, l= 0, 1, 2, 3, regardless of whether the shape
of deformation of the plate is simple or complex; one must follow strictly the B-spline rigid
structure. This can be a disadvantage in the analysis because such a geometric representa-
tion can increase unnecessarily the dimensions of the model and lead to the loss of flexibility
offered by the FE method or modal analysis techniques. Another important and interesting
issue regarding the use of B-spline as an analysis tool is capturing discontinuities, which is
discussed later in this chapter.

ANCF Surfaces

Whereas B-spline geometry always can be converted to ANCF geometry, the converse is not
true. ANCF geometry does not impose restrictions on the basis functions that must be included
in the interpolating polynomials. This allows for developing finite elements that have a small
number of nodal coordinates as compared to those developed using the B-spline representa-
tion. Furthermore, ANCF geometry can be used to model both structural and nonstructural
discontinuities, whereas the rigid B-spline recurrence representation cannot be used to model
structural discontinuities in a straightforward manner, as discussed in the following section.

A basic difference between ANCF and B-spline geometries is demonstrated in this section
using a planar-beam example. The displacement field of the shear deformable beam used can
be written as r(x1, x2)= S(x1, x2) e(t), where x1 and x2 are the element spatial coordinates,
t is time, S is the element shape function matrix, and e is the vector of the element nodal
coordinates. The shape function matrix for the element considered in this section is defined as

Sj =
[
s1I s2I s3I s4I s5I s6I

]
(7.25)
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where the shape functions si, i= 1, 2, … , 6, are defined as (Omar and Shabana, 2001):

s1 = 1 − 3𝜉2 + 2𝜉3, s2 = l(𝜉 − 2𝜉2 + 𝜉3), s3 = l𝜂(1 − 𝜉),
s4 = 3𝜉2 − 2𝜉3, s5 = l(−𝜉2 + 𝜉3), s6 = l𝜉𝜂

}
(7.26)

In this equation, 𝜉 = x1/l, and 𝜂 = x2/l. ANCF finite elements use gradient vectors as nodal
coordinates. For the element used in this section, the vector of nodal coordinates is defined as

e =
[
(r1)T (𝜕r1∕𝜕x1)T (𝜕r1∕𝜕x2)T (r2)T (𝜕r2∕𝜕x1)T (𝜕r2∕𝜕x2)T

]T
(7.27)

where superscript k, k= 1, 2, indicates variables evaluated at node k of the element. The ele-
ment defined by the preceding equations is based on a cubic interpolation for x1 and a linear
interpolation for x2.

The finite element described in this section is an example of ANCF elements that cannot
be converted to B-spline representation. This element is based on a polynomial expansion that
does not have the two basis functions (x1)2 x2 and (x1)3 x2. These terms can be systemati-
cally included in ANCF geometry by adding nodal coordinates, which allows for converting
B-spline representation to ANCF representation. Similar comments apply to ANCF thin-plate
elements that do not require including all of the basis functions (x1)k (x2)l; k, l= 0, 1, 2, 3. This
flexibility offered by ANCF geometry allows for developing finite elements that have a smaller
number of nodal coordinates compared to those elements developed by B-spline geometry.

7.7 STRUCTURAL AND NONSTRUCTURAL DISCONTINUITIES

In this section, two types of discontinuities explain another fundamental difference between
ANCF and B-spline geometries: structural and nonstructural discontinuities. In the case of
structural discontinuity, there is no relative rigid-body motion at the discontinuity node; all of
the relative degrees of freedom are deformation degrees of freedom. An example of structural
discontinuity is at point C in Figure 4. At the structural-discontinuity node, in the case of the
planar system shown in Figure 4, there is only one state of strains. Nonstructural discontinuity,
conversely, allows for relative rigid-body rotation. At points O and B in Figure 4, there can be
two different states of strains because of the rigid-body mode. Although both structural and

B

O

C

Figure 7.4 Structural and nonstructural
discontinuities
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nonstructural discontinuities can be classified as C0, they are fundamentally different from
the analysis perspective because they lead to two completely different joint models that have
different degrees of freedom. Only one of these types of discontinuities can be captured by
the B-spline recurrence formula, whereas the other cannot be captured. Both, however, can be
captured by ANCF finite elements.

B-Spline Model

As previously mentioned, reducing the knot multiplicity by one at a curve breakpoint
leads to C0 continuity and to the elimination of one control point. This is equivalent to the
multibody system (MBS) pin-joint-constraint definition in planar analysis and to the MBS
spherical-joint definition in spatial analysis. This type of C0 continuity captured by B-spline
is of the nonstructural-discontinuity type that leads to a rigid-body mode and to a nonunique
state of the strain at the discontinuity node. The B-spline recurrence formula structure leads
automatically to this type of discontinuity. The structural discontinuity, although it is also
of the C0 type, requires additional algebraic equations to define a unique strain state by
eliminating the relative rotation at the joint definition point. These algebraic equations can
be used to eliminate other control points and such elimination is not embedded in the rigid
B-spline geometry representation. Only one type of C0 continuity can be described using
B-spline formula; reducing the knot multiplicity by one in B-spline representation does not
capture structural discontinuity. More fundamental problems are encountered when B-spline
surfaces are considered in MBS applications as explained in the literature (Yu and Shabana,
2015).

ANCF Model

One can show that ANCF finite elements describe both structural and nonstructural disconti-
nuities. Nonstructural discontinuities that allow for large rigid-body rotations can be described
using a C0 model obtained by imposing constraints only on the position coordinates. For
example, if two elements i and j are connected by a pin joint at a node, one can apply the
algebraic equations ri = rj at this node. These algebraic equations can be imposed at a pre-
processing stage to eliminate the dependent variables and to define an FE mesh that has a
constant mass matrix and zero Coriolis and centrifugal forces, despite the finite rotations
allowed between the finite elements of the mesh. As previously mentioned, nonstructural dis-
continuities also can be described using B-spline geometry by reducing the knot multiplicity
by one at the joint node. In the case of nonstructural discontinuities, no constraints are imposed
on the gradient vectors; therefore, the state of strain is not unique at the joint node. Each of the
Lagrangian strains 𝜀11 = (rT

x1
rx1

− 1)∕2, 𝜀22 = (rT
x2

rx2
− 1)∕2, and 𝜀12 = rT

x1
rx2

∕2 has two val-
ues at the joint node: one defined on element i and the other on element j. Here, rx1

= 𝜕r∕𝜕x1,
rx2

= 𝜕r∕𝜕x2.
The concept of degrees of freedom widely used in mechanics is not considered in devel-

oping the recurrence relationships on which B-spline and NURBS geometry are based. This
represents another serious limitation when these computational geometry methods are used as
analysis tools, which is evident by the fact that B-spline geometry cannot describe structural
discontinuities. As previously mentioned, this type, although it is of the C0 continuity type,
requires imposing additional gradients constraints, which cannot be captured by the B-spline
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recurrence formula because they require the elimination of additional vectors. In the case of
B-spline, C0 continuity is achieved by reducing the knot multiplicity by one, which eliminates
one control point leading to the definition of a pin joint (nonstructural discontinuity). ANCF
geometry, conversely, allows for imposing constraints on the gradients using the tensor trans-
formation (𝜕r/𝜕x)= (𝜕r/𝜕y)A, where x = [x1 x2]T and y = [y1 y2]T are two sets of coor-
dinate lines and A is the matrix of coordinate-line transformation. Using this tensor-gradient
transformation, the structural discontinuities can be modeled systematically using ANCF finite
elements, as described in the literature (Shabana and Mikkola, 2003; Shabana, 2011).

PROBLEMS

1. Explain the differences between Bezier and B-spline geometry representations.

2. Discuss the similarities and differences between the B-spline and NURBS representations.

3. Starting with a cubic polynomial, derive the cubic Bezier curve in terms of the control
points and define the basis functions of Equation 10.

4. Explain the basic differences between the B-spline and finite element representations.

5. For a cubic Bezier curve, derive the relationship between the control points and the nodal
coordinates of the ANCF cable element.

6. Explain how the degree of continuity can be adjusted when using the B-spline geometry.
In B-spline geometry, can continuity be imposed on the gradients without having position
continuity? Provide an explanation.

7. Explain the meaning of the knot multiplicity. In the case of cubic B-spline curve, explain
the meaning of knot multiplicity of 1, 2, 3, and 4. Give examples to show the relationship
between the knot multiplicity and the number of the B-spline control points.

8. Explain why B-spline geometry can always be converted to ANCF geometry, while the
converse is not true. Give an example to support the argument made.

9. Give an example of a cubic B-spline surface and explain how this surface can be converted
to an ANCF finite element.

10. Explain the differences between structural and nonstructural discontinuities. Give
examples to explain these differences.
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CHAPTER 8

PLASTICITY FORMULATIONS

The analysis of plastic deformation is important in many engineering applications including
crashworthiness, impact analysis, manufacturing problems, among many others. When
materials undergo plastic deformations, permanent strains are developed when the load is
removed. Many materials exhibit elastic–plastic behaviors, that is, the material exhibits
elastic behavior up to a certain stress limit called the yield strength after which plastic
deformation occurs. If the stress of elastic–plastic materials depends on the strain rate, one has
a rate-dependent material; otherwise, the material is called rate independent. In the classical
plasticity analysis of solids, a nonunique stress–strain relationship that is independent of the
rate of loading but does depend on the loading sequence is used (Zienkiewicz and Taylor,
2000). In rate-dependent plasticity, on the other hand, the stress–strain relationship depends
on the rate of the loading.

The yield strength of elastic–plastic materials can increase after the initial yield. This phe-
nomenon is known as strain hardening. In the theory of plasticity, there are two types of strain
hardening: isotropic and kinematic hardening. In the case of isotropic hardening, the yield
strength changes as the result of the plastic deformation. In the case of kinematic hardening,
on the other hand, the center of the yield surface experiences a motion in the direction of the
plastic flow. The kinematic hardening behavior is closely related to a phenomenon known as
the Bauschinger effect, which is the result of a reduction in the compressive yield strength
following an initial tensile yield. The kinematic hardening effect is important in the case of
cyclic loading.

Computational Continuum Mechanics, Third Edition. Ahmed A. Shabana.
© 2018 John Wiley & Sons Ltd. Published 2018 by John Wiley & Sons Ltd.
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The assumptions on which the theory of plasticity is based can be summarized as follows
(Belytschko et al., 2000):

1. The assumption of the strain additive decomposition by which the strain increment can
be decomposed as a reversible elastic part d𝜀e and irreversible plastic part d𝜀p is used.
The assumption of the additive decomposition is used in the case of small deformation.
In the case of large deformation, the multiplicative decomposition of the matrix of the
position vector gradients is used instead of the additive decomposition.

2. A yield function f that depends on some internal variables defined later in this chapter is
used to determine whether the behavior is elastic or plastic. This yield function can be
expressed in terms of the stresses or strains. If the plasticity equations are formulated
in terms of the stresses, one has a stress space formulation. If, on the other hand, the
equations are formulated in terms of the strains, one has a strain space formulation.
There are different yield functions that are used in the plasticity formulations; the most
common one is the von Mises yield function. The yield criterion based on the von Mises
function assumes that plastic yield occurs when the second invariant of the deviatoric
stress tensor reaches a critical value. Another yield criterion is based on the Tresca yield
function. When this criterion is used, it is assumed that plastic yield occurs when the
maximum shear stress reaches a certain critical value.

3. A flow rule that defines the plastic flow is used to determine the strain increment.
This flow rule, which defines the plastic strain rate, introduces additional differential
equations required to determine the unknown variables in the plasticity formulation.
Depending on the form of the flow rule, different plasticity models can be developed.

4. A set of evolution equations are introduced for the internal variables and strain-hardening
relation. The internal variables and hardening parameters enter into the definition of
the yield function. As in the case of the flow rule, additional first-order differential
equations are introduced in order to be able to determine the internal variables.

It is important to note that part of the work done during the plastic deformation is converted to
other forms of energy such as heat. Therefore, elastic–plastic behavior is path dependent, and
such a behavior leads to energy dissipation.

In this chapter, following the sequence of presentation adopted by Simo and Hughes (1998),
the one-dimensional small-strain plasticity problem is first considered in order to explain the
concepts and solution procedure of the plasticity equations without delving into the details of
the three-dimensional theory. The basic plasticity equations are first presented followed by the
loading and unloading conditions, which are introduced in Section 2. In Section 3, the solution
procedure for the plasticity equations is summarized including the return mapping algorithm.
In Section 4, the general three-dimensional theory that includes both isotropic and kinematic
hardening is summarized. This theory can be applied only in the case of small strains because
the additive decomposition of the strain is used. In this case of small strains, there is no need to
distinguish between different stress and strain measures. The concepts and solution procedures
introduced for the small-strain plasticity can be generalized and used in more general plasticity
formulations. In Section 5, the special case of the J2 flow theory, which is applicable to metal
plasticity, is discussed. Both isotropic and kinematic hardenings are considered in developing
this theory. In Section 6, a plasticity finite displacement formulation for hyperelastic mate-
rials based on the multiplicative decomposition of the matrix of position vector gradients is
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presented. This formulation is specialized in Section 7 to obtain the J2 flow theory that can be
used in the large displacement analysis of metals.

8.1 ONE-DIMENSIONAL PROBLEM

In order to develop the small deformation plasticity model, the following assumption of the
strain additive decomposition is used:

𝜀 = 𝜀e + 𝜀p (8.1)

In this equation, 𝜀 is the total strain, 𝜀e is the elastic strain, and 𝜀p is the plastic strain. The
stress 𝜎 can be written in terms of the total strain as

𝜎 = E𝜀e = E(𝜀 − 𝜀p) (8.2)

In this equation, E is the modulus of elasticity.
In the theory of plasticity, it is assumed that the plastic deformation occurs when the stress

(alternatively strain in the strain space formulation) exceeds a certain limit defined by the
yield criterion or the yield condition. In the case of isotropic and kinematic hardening, the
yield condition for the one-dimensional problem can be written as

f (𝜎, q, 𝛼) = |𝜎 − q| − (𝜎y + Hi𝛼) ≤ 0 (8.3)

In this equation, q is a parameter, called the back stress, that accounts for the kinematic hard-
ening, 𝜎y is the yield stress or flow stress, Hi is the isotropic plastic modulus that accounts for
the isotropic hardening, and 𝛼 is a nonnegative function of the amount of plastic flow (slip)
called internal isotropic hardening variable. If Hi < 0, one has the case of strain-softening.
The change in the yield strength as the result of the plastic deformation can be a function,
for example, in the rate of plastic work or in the accumulated plastic strain 𝜀p. In the case of
isotropic hardening only (no kinematic hardening), q= 0. If there is no hardening, then q= 0
and Hi = 0, and one has the case of perfect plasticity. Note also that in the preceding equation,
if Hi is constant, one has a linear isotropic hardening law because 𝜎y is replaced in the yield
condition by 𝜎y +Hi𝛼.

In order to be able to determine the new plasticity variables 𝜀p, q, and 𝛼, additional rela-
tionships must be introduced. The evolution of the back stress can be defined by Ziegler’s rule
as

q̇ = Hk𝜀̇
p (8.4)

In this equation, Hk is called the kinematic hardening modulus. The internal hardening variable
𝛼 is assumed to be a function of the plastic flow. One can write the evolutionary equation for
𝛼 in the following form:

𝛼̇ = 𝛾 (8.5)

where 𝛾 is called the slip rate or the consistency parameter. If 𝜀̇p can be written as

𝜀̇p = 𝛾
𝜕f

𝜕𝜎
, (8.6)
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one has the case of associative plasticity or associative flow rule. In this case, the back stress
q can be written as

q̇ = Hk𝜀̇
p = 𝛾Hksign(𝜎 − q) (8.7)

Note that in the case of associative plasticity, the plastic flow is in a direction normal to the
yield surface (see Equation 6).

The distinction between associative and nonassociative plasticity is important, particularly
when three-dimensional models are considered. In the case of nonassociative plasticity, the
restriction of defining the flow rule in terms of the yield function is relaxed by introducing a
plastic flow rule potential Q such that

Q = Q(𝜎, q, 𝛼) (8.8)

In this more general case of nonassociative plasticity, 𝜀̇p can be written as

𝜀̇p = 𝛾
𝜕Q
𝜕𝜎

(8.9)

Therefore, the plastic-strain-rate components in the case of nonassociative plasticity are not
required to be normal to the yield surface. The definitions of associative and nonassociative
plasticity are not limited to the one-dimensional theory but can also be generalized to include
three-dimensional plasticity problems.

The analysis presented in this section shows that, in addition to the constitutive equation
(Equation 2), several other relationships must be introduced in order to be able to determine
the new variables that enter into the formulation of the plasticity equations. In Section 3, the
procedure for determining the stress 𝜎, the back stress q, the plastic strain 𝜀p, and the isotropic
hardening internal variable 𝛼 will be discussed.

8.2 LOADING AND UNLOADING CONDITIONS

In this section, the conditions that can be used to define the state of deformation or the change
between the elastic and plastic states are discussed. In the plasticity theory, it is assumed that 𝛾
is greater than or equal to zero, and f(𝜎, q, 𝛼) is less than or equal to zero. That is, 𝛾 ≥ 0, and f(𝜎,
q, 𝛼)≤ 0. These conditions imply that a plastic deformation occurs only when f(𝜎, q, 𝛼)= 0.
If f(𝜎, q, 𝛼)< 0, the deformation is elastic. It follows that one has the following Kuhn–Tucker
complementarity condition:

𝛾 f (𝜎, q, 𝛼) = 0 (8.10)

This equation shows that if 𝛾 > 0 (plastic deformation), f(𝜎, q, 𝛼)= 0 and f(𝜎, q, 𝛼)≤ 0 in order
to avoid having f(𝜎, q, 𝛼)> 0. Therefore, one must also have the following consistency or
persistency condition (Simo and Hughes, 1998):

𝛾 ḟ (𝜎, q, 𝛼) = 0 (8.11)

This consistency condition can be used to determine the consistency parameter 𝛾 , as will be
demonstrated in the following section.
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In the case of plasticity, there are different loading and unloading mechanisms that depend
on the state of deformation, whether it is elastic or plastic. One can then summarize the possible
loading and unloading scenarios as follows:

1. Elastic Deformation: In this case, one has an elastic state. That is, f(𝜎, q, 𝛼)< 0, 𝛾 = 0.

2. Elastic Loading: This is the case in which the plastic state is changing to an elastic state.
In this case, one has f(𝜎, q, 𝛼)= 0, 𝛾 = 0, and ḟ (𝜎, q, 𝛼) < 0.

3. Plastic Loading: In this case, one has a plastic state. That is, f(𝜎, q, 𝛼)= 0, 𝛾 > 0, and
ḟ (𝜎, q, 𝛼) = 0.

4. Neutral Loading: In this case, f(𝜎, q, 𝛼)= 0, 𝛾 = 0, and ḟ (𝜎, q, 𝛼) = 0.

These loading and unloading scenarios must be considered in the computational algorithms
used to solve the plasticity equations. One must check the state of deformation, whether it is
elastic or plastic, in order to be able to use the appropriate constitutive model. Depending on
the loading conditions, the behavior of the material at a given point can change from elastic to
plastic or vice versa. Examples of the computational algorithms and solution procedures used
to solve the plasticity problems are presented in later sections of this chapter. It is important
also to point out that the loading and unloading scenarios discussed in this section can also be
applied to the more general case of three-dimensional plasticity problems.

8.3 SOLUTION OF THE PLASTICITY EQUATIONS

For a given material, it is assumed that 𝜎y, Hi, and Hk are known. It is also assumed that at a
given time-step, the total strain can be determined from the solution of the dynamic equilibrium
equations, that is, 𝜀 is known. The unknowns in the plasticity formulation are 𝜎, 𝜀p, q, and 𝛼.
One, however, has a number of equations that can be used to solve for these unknowns if the
material exhibits plastic deformation at a given point. These are Equations 2 and 4–6. The
consistency parameter 𝛾 can be determined from the consistency condition of Equation 11 as
will be demonstrated in this section. Note that if 𝛾 can be determined, 𝜀̇p, q̇, and 𝛼̇ can be
determined and integrated to determine 𝜀p, q, and 𝛼. In this case, one can evaluate the yield
function f(𝜎, q, 𝛼) and determine the state of deformation and the loading scenario.

The consistency parameter 𝛾 , as previously mentioned, can be determined from the
consistency condition of Equation 11. This procedure can be demonstrated using the
simple one-dimensional case of associative plasticity. Note that in the case of associative
plasticity, if the yield function of Equation 3 is used, one has (𝜕f/𝜕𝜎)= sign(𝜎 – q) and
(𝜕f/𝜕𝜎)=−sign(𝜎 – q). Based on the discussion presented in the preceding section, in the
case of plastic deformation, 𝛾 > 0 and ḟ (𝜎, q, 𝛼) = 0. These conditions lead to

ḟ =
𝜕f

𝜕𝜎
𝜎̇ +

𝜕f

𝜕q
q̇ +

𝜕f

𝜕𝛼
𝛼̇

= sign(𝜎 − q){E(𝜀̇ − 𝜀̇p) − q̇} − Hi𝛼̇

= sign(𝜎 − q)E𝜀̇ − 𝛾(E + (Hk + Hi)) = 0 (8.12)
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This equation can be used to define 𝛾 as

𝛾 =
sign(𝜎 − q)E𝜀̇
E + (Hk + Hi)

(8.13)

Because in the case of associative flow rule, 𝜀̇p = 𝛾 sign(𝜎 – q), the stress in this special case
can be written using Equation 2 as follows:

𝜎̇ = E(𝜀̇ − 𝜀̇p) = E𝜀̇ − E2𝜀̇

E + (Hk + Hi)

= E

(
1 − E

E + (Hk + Hi)

)
𝜀̇

=
E(Hk + Hi)

E + (Hk + Hi)
𝜀̇ = Eep𝜀̇ (8.14)

in which

Eep =
E(Hk + Hi)

E + (Hk + Hi)
(8.15)

is called the elastoplastic tangent modulus. This modulus defines the plasticity constitutive
equation in its rate form. Note that the simple constant elastoplastic tangent modulus could
be obtained in a closed form because of the use of the assumption of the associative flow
rule. Because 𝜀 and 𝜀̇ are assumed to be known, the preceding equations can be used to
determine 𝜎̇, and 𝜀̇p, which can be used to determine q̇ and 𝛼̇ using Equations 4 and 5,
respectively.

Numerical Solution

For the simple one-dimensional case of associative plasticity with constant hardening coeffi-
cients, one can obtain, as demonstrated in this section, a closed-form solution for the stress
rate. In a more general case of nonlinear coefficients, one must resort to numerical techniques.
The main idea underlying many of the solution procedures developed for the plasticity anal-
ysis is to use a simple numerical integration method to transform the differential equations to
a set of nonlinear algebraic equations that can be solved using iterative methods such as the
Newton–Raphson method. In this section, the use of the numerical procedure is demonstrated
using the simple one-dimensional model introduced in this chapter.

Recall that 𝛼̇ = 𝛾 , and if the strain 𝜀 and its rate 𝜀̇ are known, then one has the following
plasticity equations:

𝜎̇ + E𝜀̇p = E𝜀̇

q̇ − Hk𝜀̇
p = 0

𝜀̇p − 𝛼̇ f𝜎 = 0

ḟ = f𝜎𝜎̇ + fqq̇ + f𝛼𝛼̇ = 0

⎫⎪⎪⎬⎪⎪⎭
(8.16a)
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In this equation, a subscript a is used to indicate partial differentiation with respect to a. Given
𝜀̇, Equation 16a can be considered as a system of four first-order differential equations in the
four unknown 𝜎, 𝜀p, q, and 𝛼. This system can be written in the following matrix form:

⎡⎢⎢⎢⎢⎣
1 E 0 0
0 −Hk 1 0
0 1 0 f𝜎
f𝜎 0 fq f𝛼

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝜎̇

𝜀̇p

q̇
𝛼̇

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
E𝜀̇
0
0
0

⎤⎥⎥⎥⎦ (8.16b)

This system of differential equations can be solved using standard explicit or implicit numeri-
cal integration methods. In practical applications, it was found that explicit integration methods
do not always lead to an accurate solution. For this reason, implicit integration methods are
often used to solve the resulting plasticity first-order differential equations. When implicit
methods are used, one converts the first-order differential equations to a system of nonlinear
algebraic equations, which can be solved using an iterative Newton–Raphson algorithm. Sev-
eral integration methods such as the trapezoidal rule or the implicit Euler methods can be used
to obtain the nonlinear algebraic equations.

In order to demonstrate the procedure of converting the first-order differential equations
to a set of nonlinear algebraic equations, the backward implicit Euler method can be used
as an example. In the backward implicit Euler integration method, an unknown variable x is
approximated using the following recurrence formula:

xn+1 = xn + Δt g(xn+1) = xn + Δx, ẋ = g(x) (8.17)

In this equation, xn is the known value of x at the beginning of the integration step, xn+1 is
the unknown value of x at the end of the time-step, g = ẋ = dx∕dt, t is time, and Δt is the
time-step. The preceding formula is called implicit because xn+1 appears in the right-hand
side of the equation. If the function g is determined using xn instead of xn+1, one obtains an
explicit formula that leads to a linear system of algebraic equations. It can be shown that if
the implicit formula of Equation 17 is used to approximate the unknowns in Equation 16,
one obtains a nonlinear system of algebraic equations that can be solved iteratively using a
Newton–Raphson algorithm. This can be seen by evaluating ẋ using xn+1 and the govern-
ing plasticity equation. One can then substitute ẋ into Equation 17, leading to a nonlinear
equation in xn+1. This equation can be iteratively solved to determine xn+1 and advance the
integration. For example, Equation 16b can be written as Ccṗ = 𝛆R, where Cc is the coeffi-
cient matrix, p = [𝜎 𝜀p q 𝛼]T and 𝜀R = [E𝜀̇ 0 0 0]T. Using Equation 17, one can
then write pn+1 = pn + ṗ(pn+1)Δt or pn+1 = pn + (C−1

c 𝛆R)Δt. This procedure transforms the
first-order differential equations to a set of nonlinear algebraic equations. If the yield func-
tion f and/or the hardening coefficients are nonlinear functions of the unknown variables, the
equation pn+1 = pn + (C−1

c 𝛆R)Δt must be solved iteratively using a Newton–Raphson algo-
rithm in order to determine pn+1.

The integration procedure described in this section is general and can be applied to
three-dimensional plasticity problems. In the case of one-dimensional plasticity problems
or in the case of some special three-dimensional plasticity formulations, there are special
features that can be exploited in order to obtain an efficient solution of the plasticity equations.
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In the remainder of this section, it is demonstrated, using the one-dimensional problem, how
one can take advantage of the special structure of some of the plasticity formulations.

Plasticity Equations

There are special features of the plasticity equations that can be exploited in the process of the
numerical integration. In order to discuss these special features, which can be used to avoid
the iterative procedure and obtain an efficient solution, we use the backward implicit Euler
method as an example. Using the implicit formula of Equation 17, the first-order differential
equations associated with 𝜎, 𝜀p, 𝛼, and q can be written as follows:

𝜎n+1 = 𝜎n + EΔ(𝜀 − 𝜀p)
𝜀

p
n+1 = 𝜀

p
n + Δ𝛼f𝜎

𝛼n+1 = 𝛼n + Δ𝛼
qn+1 = qn + Δ𝛼Hkf𝜎

⎫⎪⎪⎬⎪⎪⎭
(8.18)

In this equation, it is assumed that Δ𝛼 = 𝛼̇nΔt = 𝛾nΔt and Δ𝜀p =Δ𝛼f𝜎 . As previously men-
tioned, the preceding algebraic equations in their most general form can be solved numerically
using an iterative Newton–Raphson algorithm. The solution of these equations defines 𝜎n+1,
𝜀

p
n+1, 𝛼n+1, and qn+1. Alternatively, by using the return mapping algorithm, one can obtain a

more efficient algorithm as compared to the algorithm based on the direct application of the
iterative Newton–Raphson method.

In order to demonstrate the use of the return mapping algorithm, the stress at time tn+1 can
also be written in a different form as

𝜎n+1 = E(𝜀n+1 − 𝜀
p
n+1) = E(𝜀n+1 − 𝜀

p
n) − E(𝜀p

n+1 − 𝜀
p
n)

= E(𝜀n+1 − 𝜀
p
n + 𝜀n − 𝜀n) − E(𝜀p

n+1 − 𝜀
p
n)

= E(𝜀n − 𝜀
p
n) + E(𝜀n+1 − 𝜀n − 𝜀

p
n+1 + 𝜀

p
n)

= 𝜎n + EΔ𝜀 − EΔ𝛼f𝜎 (8.19)

For the return mapping algorithm that will be discussed in this section, the preceding equation
can be written in the following form:

𝜎n+1 = 𝜎trial
n+1 − EΔ𝛼f𝜎 (8.20)

In this equation,
𝜎trial

n+1 = 𝜎n + EΔ𝜀 (8.21)

It is clear that 𝜎trial
n+1 is an elastic update of the stress, which does not take into account the change

in the strain due to the plastic deformation. Because 𝜀n+1 is assumed to be known, 𝜎trial
n+1 can be

evaluated. The elastic update 𝜎trial
n+1 represents a departure away from the yield surface and is

known as the elastic predictor. The term –EΔ𝛼f𝜎 , known as the plastic corrector, returns the
stress to the yield surface in the stress space formulations. The use of the implicit backward
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Euler method, as previously mentioned, leads to a system of algebraic equations that can be
solved for 𝜎n+1, qn+1, 𝜀p

n+1, and 𝛾n+1 For the one-dimensional simple system discussed in this
chapter, the use of this method can lead to a closed-form set of algebraic equations that can
be solved for the unknown parameters. To this end, two steps are used: in the first step, a trial
solution is assumed, whereas in the second step, the return mapping algorithm is used. These
two steps are discussed in the following paragraphs in more detail.

Trial Step

The interest is to advance the integration from time tn to tn+1 to determine the unknown plas-
ticity variables 𝜎n+1, qn+1, 𝜀p

n+1, and 𝛾n+1. It is assumed that all the parameters and variables
are known at time tn and 𝜀n+1 is also known at time tn+1. An iterative procedure for solving
the resulting nonlinear algebraic equations that define the unknown plasticity variables at time
tn+1 requires making an initial guess of the solution. In the return mapping algorithm, one can
make an initial guess that leads to a closed-form solution without the need for using an iterative
procedure as demonstrated by the analysis presented in this section. In some other cases, the
use of such an initial guess significantly simplifies the numerical plasticity problem in many
formulations.

In the return mapping algorithm, one can assume the following trial solution for the alge-
braic system of Equation 18:

𝜎trial
n+1 = E(𝜀n+1 − 𝜀

p
n) = 𝜎n + EΔ𝜀

𝜀
p trial
n+1 = 𝜀

p
n

𝛼trial
n+1 = 𝛼n

qtrial
n+1 = qn

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(8.22)

Associated with this trial solution, the yield function is defined as

f trial
n+1 = |𝜎trial

n+1 − qn| − (𝜎y + Hi𝛼n) (8.23)

The trial variables on the left-hand side of Equations 22 and 23 can be computed because
they are expressed in terms of known variables. In order to determine the state of deformation
whether it is elastic or plastic, the following condition can be used:

f trial
n+1

{≤ 0 elastic step, 𝛾 = 0

> 0 plastic step, 𝛾 > 0
(8.24)

If the step is plastic, one can apply the return mapping algorithm summarized as follows.

The Return Mapping Algorithm

As previously pointed out, the algebraic equations used in the return mapping algorithm can
be obtained from the continuum model by applying the implicit backward Euler difference
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scheme. Using Equations 18 and 20, the yield function of Equation 3, and the assumption of
associative plasticity of Equation 6, one obtains the following system of algebraic equations
(Simo and Hughes, 1998):

𝜎n+1 = 𝜎trial
n+1 − Δ𝛼Esign(𝜎n+1 − qn+1)

𝜀
p
n+1 = 𝜀

p
n + Δ𝛼sign(𝜎n+1 − qn+1)

𝛼n+1 = 𝛼n + Δ𝛼

qn+1 = qn + Δ𝛼Hksign(𝜎n+1 − qn+1)

fn+1 = |𝜎n+1 − qn+1| − (𝜎y + Hi𝛼n+1) = 0

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(8.25)

It is important to note, in this simple one-dimensional problem, that all the unknowns in
the preceding equation can be determined if Δ𝛼 and sign(𝜎n+1 − qn+1) are determined. The
procedure for determining Δ𝛼 and sign(𝜎n+1 − qn+1) is described as follows.

Note that by subtracting the fourth equation from the first equation in Equation 25, one
obtains

𝜉n+1 = 𝜎n+1 − qn+1 = (𝜎trial
n+1 − qn) − Δ𝛼(E + Hk) sign(𝜉n+1) (8.26)

By using the definitions 𝜉trial
n+1 = 𝜎trial

n+1 − qn, 𝜉n+1 = sign(𝜉n+1)|𝜉n+1|, 𝜉trial
n+1 = sign(𝜉trial

n+1 )|𝜉trial
n+1 |, and rearranging the terms in the preceding equation, one obtains

{|𝜉n+1| + Δ𝛼(E + Hk)}sign(𝜉n+1) = |𝜉trial
n+1 |sign(𝜉trial

n+1 ) (8.27)

Because Δ𝛼 = 𝛾 Δt> 0 and (Hk +E)> 0, one concludes from the preceding equation that

sign(𝜉n+1) = sign(𝜉trial
n+1 ) (8.28)

and |𝜉n+1| + Δ𝛼(E + Hk) = |𝜉trial
n+1 | (8.29)

Using the preceding equation and the third and fifth equations in Equation 25, the incremental
variable Δ𝛼 > 0 can be determined from the fifth equation of Equation 25 as follows:

fn+1 = |𝜉trial
n+1 | − (E + Hk)Δ𝛼 − (𝜎y + Hi𝛼n+1)

= |𝜉trial
n+1 | − (E + Hk)Δ𝛼 − (𝜎y + Hi𝛼n) − Hi(𝛼n+1 − 𝛼n)

= f trial
n+1 − Δ𝛼{E + (Hi + Hk)} = 0 (8.30)

In this equation, f trial
n+1 = |𝜉trial

n+1 | − (𝜎y + Hi𝛼n), which can be evaluated based on the information
known from the previous step. The preceding equation then yields

Δ𝛼 =
f trial
n+1

E + (Hi + Hk)
> 0 (8.31)
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Using Equations 29 and 31, all the unknowns in Equation 25, 𝜎n+1, 𝜀p
n+1, 𝛼n+1, and qn+1, can

be determined. That is, the use of the return mapping algorithm in this simple case allows
determining all the unknowns in a closed form.

For von Mises plasticity, the yield surface is circular, and as a result, the normal to the
yield surface is radial. In this special case, the general return mapping algorithm reduces to
the popular radial return mapping algorithm.

Example 8.1

In the case of isotropic hardening (no kinematic hardening), q= 0. It follows that qn+1 = qn = 0,
and Hk = 0. In this special case of isotropic hardening only, the yield function can be written as

f = |𝜎| − (𝜎y + Hi𝛼)

It is assumed that the material properties E, 𝜎y, and Hi are known, and the values of the variables
𝜀n, 𝜀̇n, 𝜎n, 𝜀p

n, and 𝛼n are known at time tn. Furthermore, the total strain 𝜀n+1 is assumed to be
known at time tn+1. One can then choose a time-step Δt= tn+1 − tn and write

Δ𝜀 = 𝜀n+1 − 𝜀n

The value of 𝜎trial
n+1 can be calculated as follows.

𝜎trial
n+1 = E(𝜀n − 𝜀

p
n) + EΔ𝜀

Furthermore, because qn = 0, one has

𝜉trial
n+1 = 𝜎trial

n+1 − qn = 𝜎trial
n+1

It follows that f trial
n+1 is obtained from the equation

f trial
n+1 = |𝜉trial

n+1 | − (𝜎y + Hi𝛼n) = |𝜎trial
n+1 | − (𝜎y + Hi𝛼n)

Substituting into Equation 31, one obtains

Δ𝛼 =
f trial
n+1

E + Hi

Because f trial
n+1 can be evaluated from the information available at time tn, the preceding equation

can be used to determine Δ𝛼. One can also show that

sign(𝜉n+1) = sign(𝜉trial
n+1 ) = sign(𝜎trial

n+1 )

The preceding equations and Equation 25 can be used to determine the solution at time tn+1,
where tn+1 = tn +Δt, as follows:

𝜎n+1 = 𝜎trial
n+1 − Δ𝛼E sign(𝜉trial

n+1 )
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𝜀
p
n+1 = 𝜀

p
n + Δ𝛼 sign(𝜉trial

n+1 )

𝛼n+1 = 𝛼n + Δ𝛼

Because sign(𝜉trial
n+1 ) is known since it can be evaluated based on the continuum state at time tn,

the preceding three equations can be used to determine 𝜎n+1, 𝜀p
n+1, and 𝛼n+1.

Example 8.2

In the case of perfect plasticity, there is no hardening. In this case, one can use the same pro-
cedure as the one used in Example 1 and set the value of Hi to be zero. In this case, the yield
function can be written as

f = |𝜎| − 𝜎y

In the case of perfect associative plasticity, one then has the following four equations:

𝜎̇ = E(𝜀̇ − 𝜀̇p), 𝜀̇p = 𝛾f𝜎,

𝛼̇ = 𝛾, f = |𝜎| − 𝜎y

Using the constitutive equation, one can write

𝜎̇ = E(𝜀̇ − 𝜀̇p) = E(𝜀̇ − 𝛾f𝜎) = E(𝜀̇ − 𝛾 sign(𝜎))

In this case, one has
𝜎trial

n+1 = 𝜎n + EΔ𝜀

Using the preceding two equations, one has

𝜎n+1 = 𝜎trial
n+1 − Δ𝛼E sign(𝜎n+1)

In this equation, Δ𝛼 = 𝛾 Δt. The preceding equation can be written as

(|𝜎n+1| + Δ𝛼E) sign(𝜎n+1) = |𝜎trial
n+1 |sign(𝜎trial

n+1 )

which leads to the following two identities

sign(𝜎n+1) = sign(𝜎trial
n+1 )|𝜎n+1| + Δ𝛼E = |𝜎trial
n+1 |

Using a procedure similar to the one used to obtain Equation 31, one can show that

Δ𝛼 =
f trial
n+1

E

where in this case
f trial
n+1 = |𝜎trial

n+1 | − 𝜎y = |𝜎n + EΔ𝜀| − 𝜎y
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The new state at time tn+1 can be obtained by using Equation 25 as follows:

𝜎n+1 = 𝜎trial
n+1 − Δ𝛼E sign(𝜉n+1)

𝜀
p
n+1 = 𝜀

p
n + Δ𝛼 sign(𝜉n+1)

𝛼n+1 = 𝛼n + Δ𝛼

8.4 GENERALIZATION OF THE PLASTICITY THEORY: SMALL STRAINS

The one-dimensional plasticity theory presented in the preceding sections can be generalized
and used in the three-dimensional analysis (Simo and Hughes, 1998). To this end, the same
notation previously used will be used in this section, except bold letters are used to denote
vectors, matrices, and tensors that replace the scalar variables used in the one-dimensional
theory. Because in this section, the additive decomposition of the strain rate is used, strains
are assumed small and there is no distinction made between different stress measures. For this
reason, Cauchy stress tensor is used in this section with the Green–Lagrange strain tensor.
Furthermore, the objectivity requirement is not an issue in the small-strain formulation. The
formulation presented in this section can be used with hypoelastic material models and does
not require that the stress–strain relationships are obtained from a potential function as in the
case of hyperelastic material models.

The stress–strain relationship can be written as

𝛔 = E ∶ 𝛆e = E ∶ (𝛆 − 𝛆p) (8.32)

In this equation, E is the fourth-order tensor of elastic coefficients, 𝛔 is the second-order stress
tensor, 𝛆 is the second-order total strain tensor, 𝛆e is the second-order tensor of elastic strains,
and 𝛆p is the second-order tensor of plastic strains. The elastic domain is defined by

f (𝛔,q) ≤ 0 (8.33)

where q is the vector of the internal variables that depend on the plastic strains and a set of
hardening parameters 𝛂. These internal variables account in this case for both the kinematic
and isotropic hardening. The general nonassociative model flow rule and hardening law are
defined as

𝛆̇p = 𝛾g(𝛔,q)
q̇ = −𝛾h(𝛔,q)

}
(8.34)

where g and h are prescribed second-order tensor functions of 𝛔 and q, and 𝛾 is the consistency
parameter.

Based on the analysis used in the case of the one-dimensional model, the Kuhn–Tucker
loading and unloading complementarity condition for the more general three-dimensional case
can be written as

𝛾 ≥ 0, f (𝛔,q) ≤ 0, 𝛾f (𝛔,q) = 0 (8.35)
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The consistency condition is
𝛾 ḟ (𝛔,q) = 0 (8.36)

This consistency condition, ḟ = 0, can be used to determine the consistency parameter. This
condition defines 𝛾 , as shown in the following example, as

𝛾 =
f𝛔∶E∶ 𝛆̇

f𝛔∶E∶g + fq∶h
(8.37)

In this equation, f𝛔 and fq are second-order tensors that result from the differentiation of the
yield function ḟ with respect to 𝛔 and q, respectively. It is assumed that the denominator in the
preceding equation is always greater than zero, an assumption that always holds for associative
plasticity.

Because of the assumption of small deformation, the stress rate can be written as

𝛔̇ = E∶(𝛆̇ − 𝛆̇p) = E∶(𝛆̇ − 𝛾g) (8.38)

Substituting Equation 37 into this equation, one obtains

𝛔̇ = Eep∶ 𝛆̇ (8.39)

where Eep is the tensor of tangent elastoplastic moduli given by

Eep =
⎧⎪⎨⎪⎩

E 𝛾 = 0

E −
(E∶g)⊗ (f𝛔∶E)
f𝛔∶E∶g + fq∶h

𝛾 > 0
(8.40)

Note the incremental nature of the plasticity formulation because of the rate form of
Equation 39. Note also that in the general case of nonassociative plasticity, the tangent
elastoplastic moduli tensor is not necessarily symmetric. In the actual implementation, if
there is no need to evaluate the tensor of Equation 40, one can simply determine the stress
rate by substituting the scalar 𝛾 of Equation 37 into Equation 38. In this case, the use of the
tensor multiplication given in Equation 40 can be avoided.

Example 8.3

In order to prove Equations 37 and 40, one can differentiate the yield function with respect to
time to obtain

̇f = f𝛔∶𝛔̇ + fq∶q̇ = 0

The constitutive equation is given by

𝛔 = E∶(𝛆 − 𝛆p)
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This equation can be written in the rate form as

𝛔̇ = E∶ 𝛆̇ − E∶ 𝛆̇p = E∶ 𝛆̇ − 𝛾E∶g

The differential equation for the hardening variables is given by

q̇ = −𝛾h

By substituting for 𝛔̇ and q̇ in ḟ , one obtains

f𝛔∶E∶ 𝛆̇ − 𝛾f𝛔∶E∶g − 𝛾fq∶h = 0

or
f𝛔∶E∶ 𝛆̇ = 𝛾(f𝛔∶E∶g + fq∶h)

This equation defines the consistency parameter of Equation 37 as

𝛾 =
f𝛔∶E∶ 𝛆̇

f𝛔∶E∶g + fq∶h

Substituting the expression for 𝛾 into the constitutive equation in its rate form
𝛔̇ = E∶ 𝛆̇ − 𝛾E∶g, one obtains 𝛔̇ = E∶ 𝛆̇ = Eep∶ 𝛆̇ if 𝛾 > 0. That is, Eep =E. If 𝛾 > 0, one
has

𝛔̇ = E∶ 𝛆̇ −
(

f𝛔∶E∶ 𝛆̇
f𝛔∶E∶g + fq∶h

)
E∶g

The components of this tensor can be written as

𝜎̇ij =
3∑

k,l=1

𝜀ijkl𝜀̇kl −
3∑

k,l,w,
x,u,v=1

(f𝛔)wxewxkl𝜀̇kl

f𝛔∶E∶g + fq∶h
eijuvguv

This equation can be written as

𝜎̇ij =
3∑

k,l=1

⎛⎜⎜⎜⎜⎜⎝
eijkl −

(
3∑

u,v=1

eijuvguv

)(
3∑

w,x=1

( f𝛔)wx ewxkl

)
f𝛔∶E∶g + fq∶h

⎞⎟⎟⎟⎟⎟⎠
𝜀̇kl

which defines 𝛔̇ as

𝛔̇ =
(

E −
(E∶g)⊗ ( f𝛔∶E)
f𝛔∶E∶g + fq∶h

)
𝛆̇ = Eep∶ 𝛆̇

where

Eep =
(

E −
(E∶g)⊗ ( f𝛔∶E)
f𝛔∶E∶g + fq∶h

)
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Associative Plasticity

In the special case of associative plasticity, one has the following assumptions:

𝛆̇p = 𝛾
𝜕f

𝜕𝛔
, q̇ = −𝛾Dp

𝜕f

𝜕q
(8.41)

where in this equation Dp is the matrix of generalized plastic moduli. The preceding equation
implies that g= 𝜕f/𝜕𝛔 and the plastic flow is in the direction of the normal to the yield surface.
Using the assumptions of associative plasticity, it can be shown that the denominator in the
right-hand side of Equation 37 that also appears in Equation 40 is greater than zero, as previ-
ously mentioned. It is also clear from Equation 40 that in the case of associative plasticity, the
tangent elastoplastic moduli tensor is symmetric.

Example 8.4

One can show that in the case of associative plasticity, the tensor of the tangent elastoplastic
moduli is symmetric. To this end, the following result obtained in the preceding example is
used:

Eep =
(

E −
(E∶g)⊗ ( f𝛔∶E)
f𝛔∶E∶g + fq∶h

)
In order to prove the symmetry of Eep in the case of associative plasticity, recall that in this
special case, g= f𝛔 and h=Dp fq. It follows upon substituting into Eep that

Eep =
(

E −
(E∶f𝛔)⊗ ( f𝛔∶E)

f𝛔∶E∶f𝛔 + fq∶(Dp fq)

)
The components of this fourth-order tensor can be written as

eep
ijkl =

⎛⎜⎜⎜⎜⎜⎝
eijkl −

(
3∑

u,v=1

eijuv( f𝛔)uv

) (
3∑

w,x=1

( f𝛔)wx ewxkl

)
f𝛔∶E∶f𝛔 + fq∶(Dp fq)

⎞⎟⎟⎟⎟⎟⎠
Because E is symmetric, one has eijkl = ejikl = eijlk, and as a consequence, one has

eep
jikl =

⎛⎜⎜⎜⎜⎜⎝
ejikl −

(
3∑

u,v=1

ejiuv( f𝛔)uv

) (
3∑

w,x=1

( f𝛔)wx ewxkl

)
f𝛔∶E∶f𝛔 + fq∶(Dp fq)

⎞⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎝
eijkl −

(
3∑

u,v=1

eijuv( f𝛔)uv

) (
3∑

w,x=1

( f𝛔)wx ewxkl

)
f𝛔∶E∶f𝛔 + fq∶(Dp fq)

⎞⎟⎟⎟⎟⎟⎠
= eep

ijkl
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A similar relationship can be obtained by interchanging k and l. From the symmetry properties
one also has eep

ijkl = eep
klij because

eep
klij =

⎛⎜⎜⎜⎜⎜⎝
eklij −

(
3∑

u,v=1

ekluv( f𝛔)uv

) (
3∑

w,x=1

( f𝛔)wx ewxij

)
f𝛔∶E∶f𝛔 + fq∶(Dpfq)

⎞⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎝
eijkl −

(
3∑

u,v=1

euvkl( f𝛔)uv

) (
3∑

w,x=1

( f𝛔)wx eijwx

)
f𝛔∶E∶f𝛔 + fq∶(Dp fq)

⎞⎟⎟⎟⎟⎟⎠
= eep

ijkl

Numerical Solution of the Plasticity Equations

In the remainder of this section, the procedure used to solve the nonassociative plasticity
equations presented in this section is described. The numerical procedure for integrating the
plasticity equations is called the constitutive integration algorithm or the stress update algo-
rithm. A class of solution algorithms that are widely used in the solution of the plasticity
equations is the return mapping algorithms that are discussed in this section. It is, however,
important to point out that in the case of the large-deformation plasticity formulations dis-
cussed in later sections of this chapter, the objectivity requirements need to be satisfied by the
rate constitutive equations.

For nonassociative plasticity, the equations for small-strain elastoplasticity can be summa-
rized as follows:

𝛔̇ = E∶ 𝛆̇e = E∶(𝛆̇ − 𝛆̇p)
𝛆̇p = 𝛾g(𝛔,q)
q̇ = −𝛾h(𝛔,q)
ḟ = f𝛔∶𝛔̇ + fq∶q̇ = 0

𝛾 ≥ 0, f (𝛔,q) ≤ 0, 𝛾f (𝛔,q) = 0

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(8.42)

Assume that at time tn, 𝛔n, 𝛆n, 𝛆p
n, and qn are known, where subscript n refers to the time-step.

The goal is to use the preceding equations to determine the states of stresses and strains at
time tn+1 that satisfy the loading and unloading conditions. From the solution of the dynamic
equations, 𝛆n+1 and Δ𝛆= 𝛆n+1 − 𝛆n are known.

Explicit Solution

Let the plasticity parameter 𝛾 = 𝛼̇, with Δ𝛼 = 𝛾Δt. It was shown previously that the use of the
consistency condition leads to (Equation 37)

𝛾 = 𝛼̇ =
f𝛔∶E∶ 𝛆̇

f𝛔∶E∶g + fq∶h
(8.43)
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One may consider, as it was the case in some of the early work on computational plasticity, to
use this value of the plasticity parameter to update the plastic strains, internal variables, and
stresses using a simple explicit one-step Euler method as follows:

𝛆p
n+1 = 𝛆p

n + Δ𝛼gn

qn+1 = qn − Δ𝛼hn

𝛔n+1 = E∶(𝛆n+1 − 𝛆p
n+1) = 𝛔n + Eep∶Δ𝛆

⎫⎪⎬⎪⎭ (8.44)

There is no guarantee, however, that this explicit updating scheme, sometimes referred to as
tangent modulus update scheme, will satisfy the yield condition. Therefore, the use of the
explicit scheme as defined by Equation 44 is not recommended. Instead, one can use the
implicit method described in the following paragraph to obtain a more accurate solution.

Implicit Solution

Using an implicit integration method, the first four equations in Equation 42 can be con-
verted to a set of nonlinear algebraic equations. These algebraic equations, in principle, can
be solved iteratively using a Newton–Raphson algorithm, as in the one-dimensional case,
to determine 𝛔, 𝛆p, q, and 𝛾 . Nonetheless, one can try to take advantage of the structure of
the plasticity equations in order to develop an effective and more efficient algorithm for the
three-dimensional plasticity problems. In order to ensure that the yield condition is satisfied,
the return mapping algorithms are used. In the return mapping algorithms, as in the case of the
one-dimensional model, an initial elastic predictor step that may give a solution away from
the yield surface is first used. A plastic corrector step is then used to bring the solution to
the updated yield surface. In the return mapping algorithms, as previously mentioned, a sim-
ple numerical integration method such as the trapezoidal rule, Runge–Kutta method, or the
midpoint method is first used to transform the plasticity differential equations into a set of
nonlinear algebraic equations that can be solved using a Newton–Raphson algorithm to deter-
mine the stresses, strains, and internal variables at time tn+1. For example, if the fully implicit
backward Euler method is used as the numerical integrator, the equations are written in terms
of variables defined at the end of the time-step. This leads to

𝛆p
n+1 = 𝛆p

n + Δ𝛼gn+1

qn+1 = qn − Δ𝛼hn+1

𝛔n+1 = E∶(𝛆n+1 − 𝛆p
n+1)

fn+1 = f (𝛔n+1,qn+1)

⎫⎪⎪⎬⎪⎪⎭
(8.45)

where again 𝛾 Δt=Δ𝛼. One may choose to work directly with these four sets of equations, or
eliminate some unknowns before starting the numerical procedure. For example, the plastic
strains can be eliminated by using the constitutive equations. In this case, one can write the
plastic strain tensor 𝛆p

n+1 in terms of the stress tensor 𝛔n+1 as

𝛆p
n+1 = −(E−1∶𝛔n+1 − 𝛆n+1) (8.46)
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This equation can be used to eliminate 𝛆p
n+1 from Equation 45 and obtain the following reduced

system of nonlinear algebraic equations

a1 = Ei∶𝛔n+1 − 𝛆n+1 + 𝛆p
n + Δ𝛼gn+1 = 𝟎

a2 = −qn+1 + qn − Δ𝛼hn+1 = 𝟎
fn+1 = f (𝛔n+1,qn+1) = 0

⎫⎪⎬⎪⎭ (8.47)

where Ei is the fourth-order tensor used to write the strain components in terms of the stress
components (inverse relationship). This system of nonlinear algebraic equations can be solved
using the iterative Newton–Raphson method in order to determine 𝛔n+1, qn+1, and Δ𝛼. This
requires constructing and iteratively solving the following system:

⎡⎢⎢⎢⎣
Ei + Δ𝛼(gn+1)𝛔 Δ𝛼(gn+1)q gn+1

−Δ𝛼(hn+1)𝛔 −I − Δ𝛼(hn+1)q −hn+1

f𝛔 fq 0

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
Δ̄𝛔n+1

Δ̄qn+1

Δ̄(Δ𝛼)

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
−a1

−a2

−fn+1

⎤⎥⎥⎥⎦ (8.48)

In this equation, Δ̄ is used to denote Newton differences. Note that the increment of the plastic
strains can be written as

Δ𝛆p = 𝛆p
n+1 − 𝛆p

n = Δ𝛼gn+1 (8.49)

which upon substituting into the stress equation yields

𝛔n+1 = E∶(𝛆n+1 − 𝛆p
n+1) = E∶(𝛆n+1 − 𝛆p

n − Δ𝛆p)

= E∶(𝛆n + Δ𝛆 − 𝛆p
n − Δ𝛆p) = E∶(𝛆n − 𝛆p

n) + E∶Δ𝛆 − E∶Δ𝛆p

= (𝛔n + E∶Δ𝛆) − E∶Δ𝛆p (8.50)

The trial stress of the elastic predictor step is defined as

𝛔trial
n+1 = 𝛔n + E∶Δ𝛆 (8.51)

which upon substituting into Equation 50, one obtains

𝛔n+1 = 𝛔trial
n+1 − E∶Δ𝛆p = 𝛔trial

n+1 − Δ𝛼E∶gn+1 (8.52)

In this equation
(Δ𝛔n+1)p = Δ𝛼E∶gn+1 = −E∶Δ𝛆p (8.53)

is the plastic corrector that brings the trial stress to the yield surface along a direction specified
by the plastic flow direction. During the elastic predictor step, the plastic strains and the inter-
nal variables remain fixed, whereas during the plastic corrector step, the total strain is fixed
(Belytschko et al., 2000). It follows from the preceding equation that

Δ𝛆p = −Ei∶(Δ𝛔)p (8.54)
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In the solution procedure described in this section, the total strain is assumed to be fixed
while the plasticity equations are solved for stresses, plastic strains, internal hardening
variables, and consistency parameter. Consequently, the values of the elastic strains will
depend on the values of the plastic strains obtained using the plasticity equations. The
elastic strains can be determined using the strain additive decomposition as 𝛆e = 𝛆− 𝛆p. In
the large deformation theory, this additive decomposition is not used. Before introducing
the large deformation theory, a J2 flow theory based on the small-strain assumptions is first
discussed.

8.5 J2 FLOW THEORY WITH ISOTROPIC/KINEMATIC HARDENING

A special case of the small-strain three-dimensional formulation presented in the preceding
sections is the J2 flow theory. This theory that is based on the von Mises yield surface is useful,
particularly in the plasticity analysis of metals. The main assumption used in this theory is that
the plastic flow is not affected by the hydrostatic pressure as was experimentally demonstrated
(Bridgman, 1949). Using this assumption, the yield condition and the plastic flow are formu-
lated in terms of the deviatoric stresses. The yield function in this case becomes a function of
only the second invariant of the deviatoric stresses J2.

In the J2 flow theory with isotropic and kinematic hardening, the set of internal vari-
ables (𝛼, q̄) is introduced (Simo and Hughes, 1998). Here, 𝛼 is the equivalent plastic strain
that defines the isotropic hardening of the von Mises yield surface and q̄ defines the kine-
matic hardening variables in the stress deviator space in the case of the von Mises yield
surface. Let

𝛈 = S − q̄, tr(q̄) = 0 (8.55)

In this equation, S is the stress deviator. Note that the trace of the tensor q̄ is assumed to be equal
to zero. The resulting J2 plasticity model is governed by the following equations (Zienkiewicz
and Taylor, 2000):

f (S, q̄, 𝛼) = ‖𝛈‖ −
√

2
3

Hi(𝛼)

𝛆̇p
d = 𝛾

𝛈‖𝛈‖
̇̄q = 2

3
𝛾Hk(𝛼)

𝛈‖𝛈‖
𝛼̇ =

√
2
3
𝛾

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(8.56)

where ‖𝛈‖ =
√

tr(𝛈T𝛈) =
√

tr(𝛈2). In this equation, 𝛾 is the consistency parameter; the func-
tions Hi(𝛼) and Hk(𝛼) are, respectively, the isotropic and kinematic hardening moduli; and 𝛆p

d is
the plastic strain tensor deviator. The yield function defined by the first equation in Equation 56
is called the Huber–von Mises yield function. In many applications, particularly in the case of
metals, the isotropic hardening modulus Hi(𝛼) is assumed to be the linear function of 𝛼. In this
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special case, Hi(𝛼) can be written as Hi(𝛼) = 𝜎y + H̄i𝛼, where 𝜎y is the yield stress and H̄i,
is a constant. On the other hand, if the kinematic hardening modulus Hk(𝛼) is assumed to be
constant, one has the Prager–Ziegler rule. The reader may also notice the similarity between
the third equation in Equations 56 and 7 in the simple case of the one-dimensional theory. The
factor

√
2∕3 is introduced in Equation 56 in order to match the behavior of the metals in the

case of uniaxial testing (Zienkiewicz and Taylor, 2000).
It is clear from the second equation in Equation 56 that |𝛆̇p

d| = 𝛾 . Using this fact, the last
equation in Equation 56 yields

𝛼(t) =
√

2
3 ∫

t

0
|𝛆̇p

d(𝜏)|d𝜏 (8.57)

This equation defines the relationship between 𝛼 and the norm of the plastic-strain-rate deviator
(Simo and Hughes, 1998).

As discussed in the general small deformation plasticity theory, the differential equations
associated with 𝛆̇p

d, ̇̄q, and 𝛼̇ can be augmented with a constitutive equation in a rate form. In
the case of the J2 plasticity, the constitutive equations for the stress deviator are used. The
elastic deviatoric stress–strain relation can be written as

S = 2𝜇𝛆e
d = 2𝜇

(
𝛆d − 𝛆p

d

)
(8.58)

where 𝜇 is the shear modulus (Lame’s constant), 𝛆d is the strain deviator, 𝛆e
d is the elastic strain

deviator, and 𝛆p
d is the plastic strain deviator. Note that the strain additive decomposition is

used in the preceding equation, and consequently, the development presented in this section
can be used for small-strain problems only. Differentiating the preceding equation, and using
Equation 56, one obtains

Ṡ = 2𝜇
(
𝛆̇d − 𝛆̇p

d

)
= 2𝜇

(
𝛆̇d − 𝛾n

)
(8.59)

and
n =

𝛈‖𝛈‖ (8.60)

Because the tr(n)= 0, one has n∶ 𝛆̇ = n∶ 𝛆̇d. In Equation 59, 𝛆̇d is assumed to be known because
the strain and strain rate are assumed to be known. On the other hand, the stress and plas-
tic strain deviators are unknowns, and they are to be determined by solving the plasticity
equations.

Equation 59 with the last three equations of Equation 56 defines four sets of first-order
differential equations that can be, in principle, solved for the unknowns S, 𝛆p

d, q̄, and 𝛼. In
the most general J2 plasticity formulations, an integration method can be used to transform
these differential equations into a set of nonlinear algebraic equations, which can be solved
simultaneously for the unknowns as previously discussed in this chapter. The first equation in
Equation 56 can be used to determine the consistency parameter 𝛾 , as will be discussed later
in this section.

It is important, however, before presenting the form of the consistency parameter to realize
that the J2 plasticity theory can be formulated also in terms of the stress tensor instead of the
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deviatoric stress tensor. Recall that 𝛔= S+ pI, where p is the hydrostatic pressure. Therefore,
if the deviatoric stress S and the hydrostatic pressure p are known, the stress tensor 𝛔 can be
determined. The hydrostatic pressure can be obtained using an elastic relationship between the
volumetric strain, which is assumed to be known, and bulk modulus. Furthermore, if the rate
of the stress deviator is known, one can obtain the rate of the stress tensor using the following
equation:

𝛔̇ = Ṡ + ṗI = 2𝜇
(
𝛆̇d − 𝛾n

)
+ ṗI (8.61)

The general form of the consistency parameter given by Equation 37 reduces the case of J2
plasticity, as demonstrated in the following example, to

𝛾 =
n∶ 𝛆̇d(

1 + Hk + (Hi)𝛼
3𝜇

) (8.62)

Finally, for 𝛾 ≥ 0, one can show that the elastoplastic tangent moduli in the case of plastic
loading can be obtained from the use of the preceding equation or alternatively by using
Equation 40 as

Eep = K(I2 ⊗ I2) + 2𝜇

⎛⎜⎜⎜⎝I4 − 1
3

I2 ⊗ I2 − n ⊗ n(
1 + Hk + (Hi)𝛼

3𝜇

)⎞⎟⎟⎟⎠ (8.63)

In this equation, K is bulk modulus, and Ik is the kth-order identity tensor. Equation 63 is
obtained assuming that the hydrostatic pressure p is related to the volumetric strain 𝜀t using
the linear elastic relation p=K𝜀t.

Example 8.5

In the case of the J2 plasticity theory discussed in this section, show that the consistency param-
eter 𝛾 can be determined using the equation

𝛾 =
n∶ 𝛆̇d(

1 + Hk + (Hi)𝛼
3𝜇

)
Also show that the elastoplastic tangent moduli can be obtained as

Eep = K(I2 ⊗ I2) + 2𝜇

⎛⎜⎜⎜⎝I4 −
1
3

I2 ⊗ I2 −
n⊗ n(

1 + Hk + (Hi)𝛼
3𝜇

)⎞⎟⎟⎟⎠
Solution: In the case of plastic deformation, one has

f = ‖𝛈‖ −
√

2
3

Hi(𝛼) = 0
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It follows that
fη ∶𝛈̇ + f𝛼𝛼̇ = 0

where
𝛈̇ = Ṡ − ̇̄q

Note that by using the identity ‖𝛈‖ =
√

tr(𝛈2), the yield function f can be written as

f =
√

tr(𝛈2) −
√

2
3

Hi(𝛼)

One can show that

𝜕(tr(𝛈2))
𝜕𝜂ij

=
3∑

k,l=1

𝜕(𝜂kl𝜂kl)
𝜕𝜂ij

=
3∑

k,l=1

(
𝜕(𝜂kl)
𝜕𝜂ij

𝜂kl + 𝜂kl

𝜕(𝜂kl)
𝜕𝜂ij

)
=

3∑
k,l=1

2𝜂kl𝛿ki𝛿lj = 2𝜂ij

which shows that
𝜕(tr(𝛈2))
𝜕𝛈

= 2𝛈

It follows that

𝜕f

𝜕𝛈
=
𝜕
√

tr(𝛈2)
𝜕𝛈

= n

From Equation 59, one can write

Ṡ = 2𝜇(𝛆̇d − 𝛾n)

From Equation 56, one has
̇̄q = 2

3
𝛾Hkn

Using the preceding two equations, one can write

𝛈̇ = 2𝜇(𝛆̇d − 𝛾n) − 2
3
𝛾Hkn = 2𝜇𝛆̇d − 2𝛾n

(
𝜇 + 1

3
Hk

)
One also has from Equation 56

𝛼̇ =
√

2
3
𝛾

If (Hi)𝛼 = 𝜕Hi/𝜕𝛼, one has

f𝛼 = −
√

2
3
(Hi)𝛼
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Using these definitions, one can write

f𝛈∶𝛈̇ + f𝛼𝛼̇ = n∶
(

2𝜇𝛆̇d − 2𝛾n
(
𝜇 + 1

3
Hk

))
−

√
2
3
(Hi)𝛼

(√
2
3
𝛾

)
= 0

Because n : n= 1, the preceding equation yields

2𝜇n∶ 𝛆̇d − 2𝛾
(
𝜇 + 1

3
Hk

)
− 2

3
𝛾(Hi)𝛼 = 0

This equation can be used to determine the consistency parameter 𝛾 as

𝛾 =
𝜇n∶ 𝛆̇d

𝜇 + 1
3
Hk +

1
3
(Hi)𝛼

=
n∶ 𝛆̇d

1 + Hk + (Hi)𝛼
3𝜇

In order to obtain the elastoplastic tangent moduli, one can differentiate 𝛔= S+ pI with
respect to time. This leads to

𝛔̇ = Ṡ + ṗI

Because Ṡ = 2𝜇(𝛆̇d − 𝛾n), the use of the expression of the consistency parameter 𝛾

leads to

Ṡ = 2𝜇(𝛆̇d − 𝛾n) = 2𝜇
⎛⎜⎜⎝𝛆̇d −

n∶ 𝛆̇d

1 + Hk+(Hi)𝛼
3𝜇

n
⎞⎟⎟⎠

Recall that in the case of linear elasticity, the stress components and the hydrostatic pressure
are, respectively, given by

𝜎ij = 2𝜇𝜀e
ij + 𝜆𝜀

e
t

p = 1
3

3∑
k=1

𝜎kk =
1
3
(2𝜇 + 3𝜆)𝜀e

t = K𝜀e
t

where

K = 𝜆 + 2
3
𝜇, 𝜀e

t =
3∑

k=1

𝜀e
kk

In this equation, 𝜆 and 𝜇 are Lame’s constants. It follows that

ṗ = K𝜀̇e
t

In the J2 flow theory, it is assumed that 𝜀p
t = 0, and as a consequence, 𝜀t = 𝜀e

t + 𝜀
p
t = 𝜀e

t . It
follows that

ṗ = K𝜀̇t



�

� �

�

PLASTICITY FORMULATIONS 303

and

𝛔̇ = 2𝜇
⎛⎜⎜⎝𝛆̇d −

n∶ 𝛆̇d

1 + Hk+(Hi)𝛼
3𝜇

n
⎞⎟⎟⎠ + K𝜀̇tI = Eep∶ 𝛆̇

where eep
ijkl are the elements of the fourth-order tensor Eep. The components of the second-order

tensor 𝛔̇ can then be written as

𝜎̇ij = 2𝜇

⎛⎜⎜⎜⎜⎜⎝
𝜀̇di j −

3∑
k, l=1

nkl𝜀̇dkl

1 + Hk+(Hi)𝛼
3𝜇

nij

⎞⎟⎟⎟⎟⎟⎠
+ K𝜀̇t𝛿ij =

3∑
k, l=1

eep
ijkl𝜀̇kl

From the definition of the deviatoric strain, one has

𝜀̇di j = 𝜀̇ij −
1
3
𝛿ij𝜀̇t

One can also write

𝜀̇ij =
3∑

k, l=1

𝛿ki𝛿lj𝜀̇kl, 𝛿ij𝜀̇t =
3∑

k, l=1

𝛿ij𝛿kl𝜀̇kl

Therefore,

𝜀̇dij =
3∑

k, l=1

(
𝛿ki𝛿lj𝜀̇kl −

1
3
𝛿ij𝛿kl𝜀̇kl

)
and

3∑
k, l=1

nkl𝜀̇dkl =
3∑

k, l=1

nkl

(
𝜀̇kl −

1
3
𝛿kl𝜀̇t

)
=

3∑
k, l=1

nkl𝜀̇kl −
1
3

3∑
k=1

nkk𝜀̇t

Because
∑3

k=1 nkk =
∑3

k=1 nkk∕‖𝛈‖ = 0, one has

3∑
k, l=1

nkl𝜀̇dkl =
3∑

k, l=1

nkl𝜀̇kl

By substituting into the stress-rate equation, one obtains

𝜎̇ij = 2𝜇
3∑

k, l=1

⎛⎜⎜⎝𝛿ki𝛿lj𝜀̇kl −
1
3
𝛿ij𝛿kl𝜀̇kl −

nkl𝜀̇kl

1 + Hk+(Hi)𝛼
3𝜇

nij

⎞⎟⎟⎠ +
3∑

k, l=1

K𝛿ij𝛿kl𝜀̇kl

=
3∑

k, l=1

⎛⎜⎜⎝2𝜇
⎛⎜⎜⎝𝛿ki𝛿lj −

1
3
𝛿ij𝛿kl −

nijnkl

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎠ + K𝛿ij𝛿kl

⎞⎟⎟⎠ 𝜀̇kl =
3∑

k, l=1

eep
ijkl𝜀̇kl
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where

eep
ijkl = 2𝜇

⎛⎜⎜⎝𝛿ki𝛿lj − 1
3
𝛿ij𝛿kl −

nijnkl

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎠ + K𝛿ij𝛿kl

which defines the fourth-order elastoplastic tangent moduli tensor as

Eep = 2𝜇
⎛⎜⎜⎝I4 − 1

3
I2 ⊗ I2 − n⊗ n

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎠ + K(I2 ⊗ I2)

Example 8.6

The J2 plane stress plasticity theory can be considered as a special case of the development
presented in this section. In the case of plane stress,

𝜎13 = 𝜎31 = 𝜎23 = 𝜎32 = 𝜎33 = 0

which leads to
𝜂13 = 𝜂31 = 𝜂23 = 𝜂32 = 0, 𝜂33 = −𝜂11 − 𝜂22

One can evaluate ||𝛈|| in the case of plane stress as follows:

‖𝛈‖ =
√
𝜂11𝜂11 + 𝜂12𝜂12 + 𝜂21𝜂21 + 𝜂22𝜂22 + 𝜂33𝜂33

=
√

2(𝜂2
11 + 𝜂

2
12 + 𝜂

2
22 + 𝜂11𝜂22)

The stress–strain relation in general case is defined by

𝜎̇ij =
3∑

k, l=1

⎛⎜⎜⎝2𝜇
⎛⎜⎜⎝𝛿ki𝛿lj −

1
3
𝛿ij𝛿kl −

nijnkl

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎠ + K𝛿ij𝛿kl

⎞⎟⎟⎠ 𝜀̇kl

Because K= 𝜆+ (2/3)𝜇, one has

𝜎̇ij =
3∑

k, l=1

⎛⎜⎜⎝2𝜇
⎛⎜⎜⎝𝛿ki𝛿lj −

1
3
𝛿ij𝛿kl −

nijnkl

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎠ +
(
𝜆 + 2

3
𝜇
)
𝛿ij𝛿kl

⎞⎟⎟⎠ 𝜀̇kl

=
3∑

k, l=1

⎛⎜⎜⎝2𝜇
⎛⎜⎜⎝𝛿ki𝛿lj −

nijnkl

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎠ + 𝜆𝛿ij𝛿kl

⎞⎟⎟⎠ 𝜀̇kl
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= 2𝜇

⎛⎜⎜⎜⎜⎝
𝜀̇ij −

nij

3∑
k, l = 1

nkl𝜀̇kl

1 + Hk+(Hi)𝛼
3𝜇

⎞⎟⎟⎟⎟⎠
+

3∑
k = 1

𝜆𝛿ij𝜀̇kk

Because in the case of plane stress, 𝜂13 = 𝜂31 = 𝜂23 = 𝜂32 = 0, one has n13 = n31 = n23 = n32 = 0.
It follows that

𝜎̇13 = 2𝜇𝜀̇13, 𝜎̇23 = 2𝜇𝜀̇23

which leads to
𝜀̇13 = 𝜀̇23 = 0

Therefore, one can write the plane stress constitutive relationships as follows:

⎡⎢⎢⎢⎢⎣
𝜎̇11

𝜎̇22

𝜎̇12

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎣

𝜆 + 2𝜇 − 2𝜇
n11n11

H
𝜆 − 2𝜇

n11n22

H
𝜆 − 2𝜇

n11n33

H
−2𝜇

n11n12

H

𝜆 − 2𝜇
n22n11

H
𝜆 + 2𝜇 − 2𝜇

n22n22

H
𝜆 − 2𝜇

n22n33

H
−2𝜇

n22n12

H

−2𝜇
n12n11

H
−2𝜇

n12n22

H
−2𝜇

n12n33

H
2𝜇 − 2𝜇

n12n12

H

⎤⎥⎥⎥⎥⎥⎥⎦

×

⎡⎢⎢⎢⎢⎢⎢⎣

𝜀̇11

𝜀̇22

𝜀̇33

𝜀̇12

⎤⎥⎥⎥⎥⎥⎥⎦
= E1

⎡⎢⎢⎢⎢⎢⎢⎣

𝜀̇11

𝜀̇22

𝜀̇33

𝜀̇12

⎤⎥⎥⎥⎥⎥⎥⎦
where

H = 1 +
Hk + (Hi)𝛼

3𝜇

and

E1 =

⎡⎢⎢⎢⎢⎢⎢⎣

𝜆 + 2𝜇 − 2𝜇
n11n11

H
𝜆 − 2𝜇

n11n22

H
𝜆 − 2𝜇

n11n33

H
−2𝜇

n11n12

H

𝜆 − 2𝜇
n22n11

H
𝜆 + 2𝜇 − 2𝜇

n22n22

H
𝜆 − 2𝜇

n22n33

H
−2𝜇

n22n12

H

−2𝜇
n12n11

H
−2𝜇

n12n22

H
−2𝜇

n12n33

H
2𝜇 − 2𝜇

n12n12

H

⎤⎥⎥⎥⎥⎥⎥⎦
Because 𝜎̇33 = 0, one has

2𝜇𝜀̇33 + 𝜆(𝜀̇11 + 𝜀̇22 + 𝜀̇33) − 2𝜇
n33

H
(n11𝜀̇11 + n22𝜀̇22 + n33𝜀̇33 + n12𝜀̇12) = 0
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Using this equation, one can write

⎡⎢⎢⎢⎢⎣
𝜀̇11

𝜀̇22

𝜀̇33

𝜀̇12

⎤⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎣

1 0 0

0 1 0
2𝜇n33n11 − 𝜆H

2𝜇H + 𝜆H − 2𝜇n33n33

2𝜇n33n22 − 𝜆H

2𝜇H + 𝜆H − 2𝜇n33n33

2𝜇n33n12

2𝜇H + 𝜆H − 2𝜇n33n33

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦
×
⎡⎢⎢⎢⎣
𝜀̇11

𝜀̇22

𝜀̇12

⎤⎥⎥⎥⎦ = E2

⎡⎢⎢⎢⎣
𝜀̇11

𝜀̇22

𝜀̇12

⎤⎥⎥⎥⎦
This equation can be substituted into the rate constitutive equations in the plane stress case to
obtain ⎡⎢⎢⎣

𝜎̇11
𝜎̇22
𝜎̇12

⎤⎥⎥⎦ = Eep
⎡⎢⎢⎣
𝜀̇11
𝜀̇22
𝜀̇12

⎤⎥⎥⎦
where Eep =E1 E2, and

E2 =

⎡⎢⎢⎢⎢⎢⎢⎣

1 0 0

0 1 0

2𝜇n33n11 − 𝜆H

2𝜇H + 𝜆H − 2𝜇n33n33

2𝜇n33n22 − 𝜆H

2𝜇H + 𝜆H − 2𝜇n33n33

2𝜇n33n12

2𝜇H + 𝜆H − 2𝜇n33n33

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦
Nonlinear Isotropic/Kinematic Hardening

The procedure used to solve the J2 plasticity equations in the general case of isotropic and kine-
matic hardening is first outlined. The special case of linear isotropic and kinematic hardening
is also discussed before concluding this section.

Using the J2 flow theory presented in this section, one can use the implicit backward Euler
method to transform the first-order differential equations to a set of algebraic equations that
are similar to Equations 47 and 48. It can be, however, shown that one only needs to solve one
scalar nonlinear equation in order to determine the state of stress and strains at time tn+1. To
this end, the implicit backward Euler method can be used with Equations 55 and 56 to obtain

Sn+1 = Sn + 2𝜇Δ𝛆d − 2𝜇Δ𝛾nn+1

(𝛆p
d)n+1 = (𝛆p

d)n + Δ𝛾nn+1

𝛼n+1 = 𝛼n + Δ𝛼 = 𝛼n +
√

2
3
Δ𝛾

q̄n+1 = q̄n +
2
3
Δ𝛾Hk(𝛼n+1)nn+1

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(8.64)
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where Δ𝛼 = (2∕3)
1
2 (Δt)𝛾 = (2∕3)

1
2 Δ𝛾 . In Equation 64, Δ𝛆d = (𝛆d)n+1 − (𝛆d)n is assumed to be

known because the total strain at time tn+1 is assumed to be known. Note also that the unknowns
on the left-hand side of Equation 64 can be determined if nn+1 and Δy are determined. To this
end, the trial stress state can be defined by the following equations:

Strial
n+1 = Sn + 2𝜇Δ𝛆d

𝛈trial
n+1 = Strial

n+1 − q̄n

}
(8.65)

These trial solutions are function of known variables defined at time tn.
In the following, it is shown that, if nn+1 can be determined, the solution of Equation 64

reduces to the solution of a nonlinear scalar equation for the consistency parameter Δ𝛾 .
Because Sn+1 = Strial

n+1 − 2𝜇(Δ𝛾 nn + 1), where 2𝜇(Δ𝛾 nn+1) is the plastic corrector, 𝛈n+1 can
be expressed in terms of 𝛈trial

n+1 using the following equation:

𝛈n+1 = Sn+1 − q̄n+1

= 𝛈trial
n+1 −

{
2𝜇Δ𝛾 + 2

3
Δ𝛾Hk(𝛼n+1)

}
nn+1 (8.66)

Substituting 𝛈n+1 = ||𝛈n+1|| 𝛈n+1 in the preceding equation shows that 𝛈trial
n+1 and nn+1 are in the

same direction and, therefore, nn+1 can be written in terms of the trial elastic stress 𝛈trial
n+1 as

nn + 1 =
𝛈trial

n+1‖‖‖𝛈trial
n+1

‖‖‖ (8.67)

This equation shows that nn+1 can be evaluated using information available at time tn.
Therefore, the only remaining unknown on the left-hand side of Equation 64 is Δ𝛾 . If Δ𝛾 is
determined, the state of stresses and strains at time tn+1 can be determined using Equation 64.
To this end, one can take the double contraction of Equation 66 with nn+1 and recall in the
plastic state that ‖𝛈n + 1‖ − (

√
2∕3)Hi(𝛼n + 1) = 0, which is the result of the yield condition

(see the first equation in Equation 56). One can then obtain the following scalar equation in Δ𝛾:

g(Δ𝛾) = −
√

2
3

Hi(𝛼n+1) +
‖‖‖𝛈trial

n+1

‖‖‖
−
{

2𝜇Δ𝛾 + 2
3
Δ𝛾Hk(𝛼n+1)

}
= 0 (8.68)

The first term on the right-hand side of this equation is the result of the fact that nn+1
and 𝛈n+1 are in the same direction and the following identity: nn+1∶𝛈n+1 = ‖𝛈n+1‖ =
(
√

2∕3)Hi(𝛼n + 1). The nonlinear equation of Equation 68 can be solved using a local
Newton–Raphson iterative procedure. The convergence is guaranteed because the function
is convex as the result of using the associative plasticity model (Simo and Hughes, 1998).
Knowing Δ𝛾 and using Equation 67, all the unknowns in Equation 64 as well as the stress at
time tn+1 can be determined.
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Example 8.7

Show that 𝛈trial
n+1 and nn+1 that appear in Equation 66 are in the same direction. Use this result to

derive Equation 68.

Solution: From Equation 66, one has

𝛈n + 1 = 𝛈trial
n+1 −

{
2𝜇Δ𝛾 + 2

3
Δ𝛾(Hk)n+1

}
nn + 1

The definition of n is
nn + 1 =

𝛈n+1‖𝛈n+1‖
which yields 𝛈n+1 = ||𝛈n+1||nn+1. It follows that

‖𝛈n + 1‖nn + 1 = 𝛈trial
n+1 −

{
2𝜇Δ𝛾 + 2

3
Δ𝛾(Hk)n+1

}
nn + 1

This equation can be rewritten as

𝛈trial
n+1 =

{
2𝜇Δ𝛾 + 2

3
Δ𝛾(Hk)n+1 + ‖𝛈n + 1‖}nn + 1

This equation indicates that 𝛈trial
n+1 and nn+1 are in the same direction. By taking the square

on both sides of the preceding equation and taking the trace of the resulting tensors,
one obtains

tr((𝛈trial
n+1)

2) =
{

2𝜇Δ𝛾 + 2
3
Δ𝛾(Hk)n+1 + ‖𝛈n + 1‖}2

tr((nn + 1)2)

Recall that

tr((𝛈trial
n+1)

2) = 𝛈trial
n+1 ∶𝛈

trial
n+1 = (‖𝛈trial

n+1‖)2,
tr((nn+1)2) = nn+1∶nn+1 = 1

Therefore, {
2𝜇Δ𝛾 + 2

3
Δ𝛾(Hk)n+1 + ‖𝛈n + 1‖} = ‖‖‖𝛈trial

n + 1
‖‖‖

In the plastic state at time tn+1, the yield function is

f = ‖𝛈n + 1‖ −
√

2
3

Hi(𝛼n + 1) = 0

Therefore, ‖‖‖𝛈trial
n+1

‖‖‖ −
{

2𝜇Δ𝛾 + 2
3
Δ𝛾(Hk)n+1

}
−
√

2
3

Hi(𝛼n + 1) = 0

which is the same as Equation 68.
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The relationship between the stresses and strains in the plasticity formulation discussed in
this section can be written as follows:

𝛔n+𝟏 = K(tr(𝛆n+1))I2 + 2𝜇{(𝛆d)n+1 − Δ𝛾nn + 1} (8.69)

The incremental form of this equation can be written as

d𝛔n+𝟏 = E∶d𝛆n+1 − 2𝜇(dΔ𝛾nn+1 + Δ𝛾dnn+1)

=
{

E − 2𝜇nn+1 ⊗
𝜕Δ𝛾
𝜕𝛆n+1

− 2𝜇Δ𝛾
𝜕nn+1

𝜕𝛆n+1

}
∶d𝛆n+1 (8.70)

where E = K(I2 ⊗ I2) + 2𝜇{I4 − (1∕3)I2 ⊗ I2} is the elasticity tensor. Note that

𝜕n
𝜕𝛈

= 1‖𝛈‖ (I4 − n⊗ n) (8.71)

In the general case, the term 𝜕(Δ𝛾)/𝜕𝛆n+1 in Equation 70 can be obtained from the differ-
entiation of Equation 68. The incremental form of Equation 70 can be used to determine the
consistent tangent moduli that define the relationship between the stresses and the total strains.

Return Mapping Algorithm for Nonlinear Isotropic/Kinematic Hardening

Based on the discussion presented in this section, the following algorithm can be summa-
rized in the case of the J2 plasticity theory that accounts for nonlinear isotropic and kinematic
hardening (Simo and Hughes, 1998):

1. Using the fact that the strain is known at time tn+1 and using the information at time
tn compute the deviatoric strain tensor and the trial elastic stresses using the following
equations:

(𝛆d)n+1 = 𝛆n+1 −
1
3
(tr(𝛆n+1))I2

Strial
n+1 = 2𝜇{(𝛆d)n+1 − (𝛆p

d)n}

𝛈trial
n+1 = Strial

n+1 − q̄n

⎫⎪⎪⎬⎪⎪⎭
(8.72)

2. Check the yield condition by evaluating the following Huber–von Mises function:

f trial
n+1 = ‖‖‖𝛈trial

n+1
‖‖‖ −

√
2
3

Hi(𝛼n) (8.73)

If f trial
n+1 ≤ 0, an elastic state is assumed. In this case, set the plasticity variables at tn+1

equal to the plasticity variables at tn, determine the stresses using the elastic relation-
ships, and exit.
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3. If f trial
n+1 > 0, solve the plasticity equations. Compute nn+1 and find Δ𝛾 from the solution

of Equation 68. In this case, one has

nn+1 =
𝛈trial

n+1‖‖‖𝛈trial
n+1

‖‖‖ (8.74)

and

𝛼n+1 = 𝛼n +
√

2
3
Δ𝛾 (8.75)

4. Update the back stress, plastic strain, and stress tensors using the following equations:

q̄n+1 = q̄n +
2
3
Δ𝛾Hk(𝛼n+1)nn+1

(𝛆p
d)n+1 = (𝛆p

d)n + Δ𝛾nn+1

𝛔n+1 = K tr(𝛆n+1)I2 + Strial
n+1 − 2𝜇Δ𝛾nn+1

⎫⎪⎬⎪⎭ (8.76)

5. The consistent elastoplastic tangent moduli can be computed using the formula (Simo
and Hughes, 1998)

En+1 = K(I2 ⊗ I2) + 2𝜇𝜃n+1

[
I4 −

1
3

I2 ⊗ I2

]
− 2𝜇𝜃̄n+1(nn+1 ⊗ nn+1) (8.77)

where
𝜃n+1 = 1 − 2𝜇Δ𝛾‖‖‖𝛈trial

n+1
‖‖‖ , 𝜃̄n+1 = 1(

1 + ((Hi)𝛼+Hk)n+1

3𝜇

) − (1 − 𝜃n+1) (8.78)

This algorithm requires the solution of one nonlinear algebraic equation (Equation 68). In
the finite element implementation, this equation needs to be solved at the integration points.

There are important considerations that must be taken into account when implementing the
algorithm presented in this section. The following important remarks can be made regarding
the proposed algorithm (Simo and Hughes, 1998):

1. In the analysis presented in this section, the backward Euler method was used as an
example to obtain the nonlinear plasticity algebraic equations. Nonetheless, other
implicit integration methods can be used to transform the first-order differential
equations into a set of nonlinear algebraic equations. In particular, the backward Euler
method can be replaced by the generalized midpoint rule in the derivation of the discrete
equations as proposed by Ortiz and Popov (1985) or Simo and Taylor (1986). For the
J2 flow theory, this results in the return map proposed by Rice and Tracey (1973).

2. Note that the values of the variables at step n+ 1 are calculated based solely on the
converged values at step n. Use of an iterative scheme based on intermediate noncon-
verged values is questionable for a problem that is physically path dependent.

3. In the computer implementation, the expression for the consistent tangent moduli should
be compared with the “continuum” elastoplastic tangent moduli in order to estimate the
errors. For large time-steps, the consistent tangent moduli may differ significantly from
the “continuum” elastoplastic tangent moduli.
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Linear Kinematic/Isotropic Hardening

In metal plasticity applications, it is often assumed that the isotropic hardening is linear of
the form Hi(𝛼) = 𝜎y + H̄i(𝛼) where H̄i, is a constant. Alternatively, one can use the following
form of combined kinematic/isotropic hardening laws (Hughes, 1984):

Hk(𝛼) = (1 − 𝛽)H̄k, Hi(𝛼) = (𝜎y + 𝛽H̄i𝛼), 𝛽 ∈ [0, 1] (8.79)

where H̄k is a constant. As previously mentioned, the assumption of a constant kinematic
hardening modulus is known as Prager–Ziegler rule. More general isotropic hardening models
can also be used (Hughes, 1984).

In the special case of linear kinematic/isotropic hardening, one has

f trial
n+1 = ‖‖‖𝛈trial

n+1
‖‖‖ −

√
2
3
(𝜎y + 𝛽H̄i𝛼n) (8.80)

where 𝛽 ∈ [0, 1] and H̄i > 0 is a given material hardening parameter. In this special case,
a closed-form solution for Δ𝛾 can be obtained by substituting the preceding equation into
Equation 68 and assuming that H̄k = H̄i. This leads to

2𝜇Δ𝛾 =
f trial
n+1(

1 + H̄i

3𝜇

) (8.81)

Using this result, the update procedure is completed by substituting Equation 81 into
Equation 64.

Example 8.8

In order to prove Equation 81, one can use Equation 68 to write

‖‖‖𝛈trial
n+1

‖‖‖ −
{

2𝜇Δ𝛾 + 2
3
Δ𝛾(Hk)n+1

}
−
√

2
3

Hi(𝛼n+1) = 0

Recall that

f trial
n+1 = ‖‖‖𝛈trial

n+1
‖‖‖ −

√
2
3

Hi(𝛼n)

Therefore,

f trial
n+1 +

√
2
3

Hi(𝛼n) −
{

2𝜇Δ𝛾 + 2
3
Δ𝛾(Hk)n+1

}
−
√

2
3

Hi(𝛼n+1) = 0

In the case of linear kinematic/isotropic hardening, one has from Equation 79

Hk = (1 − 𝛽)H̄k, Hi(𝛼n+1) = 𝜎y + 𝛽H̄i𝛼n+1
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In this equation, H̄k and H̄i are constants. Using Equation 64, one can write

𝛼n+1 = 𝛼n +
√

2
3
Δ𝛾

It follows that

Hi(𝛼n) − Hi(𝛼n+1) = 𝜎y + 𝛽H̄i𝛼n − 𝜎y − 𝛽H̄i𝛼n+1 = −𝛽H̄i

√
2
3
Δ𝛾

Therefore,

f trial
n+1 − Δ𝛾

{
2𝜇 + 2

3
𝛽H̄i +

2
3
(1 − 𝛽)H̄k

}
= 0

In the special case in which H̄i = H̄k the preceding equation leads to

2𝜇Δ𝛾 =
f trial
n+1(

1 + H̄i

3𝜇

)

8.6 NONLINEAR FORMULATION FOR HYPERELASTIC–PLASTIC MATERIALS

The elastic response of hyperelastic materials is derived from a potential function and,
therefore, the work done in a deformation process is path independent. This is not the
case when hypoelastic models are used. For hypoelastic materials, the elastic response is
not derived from a potential function and the work done in a deformation process is path
dependent. For all inelastic materials, the constitutive equations depend on the path followed
in a deformation process. It is, therefore, important to follow this path in order to be able to
accurately determine the current state of stresses. This is also clear from the mathematical fact
that the solution of algebraic equations does not require knowledge of the history, whereas
the solution of differential equations requires knowledge of variable history. Similarly, the
evaluation of an integral requires one to define the limits of integration. The numerical
evaluation of an integral, for example, requires information at several past points, and not
only information at the current point.

When hypoelastic–plastic models are used, the yield function is required to be an isotropic
function of the stress, and the objectivity requirements restrict the elastic moduli to be
isotropic if these moduli are assumed to be constant (Belytschko et al., 2000). Further-
more, the numerical solution of the plasticity equations based on the hypoelastic–plastic
formulations requires the use of incrementally objective integration schemes. There are in
the literature formulations of hypoelastic materials for large strains based on the additive
decomposition of the rate of deformation tensor (Belytschko et al., 2000). It is assumed in
these formulations, however, that the elastic strains are small compared to the plastic strains.
Furthermore, energy is not conserved in a closed deformation cycle. Such an energy violation,
however, can be insignificant if the assumption of small elastic strains is observed. The use
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of a hyperelastic–plastic formulation, on the other hand, relaxes these requirements. In this
section, the formulation of the constitutive equations for hyperelastic–plastic materials in the
case of large strains is presented.

Multiplicative Decomposition

The multiplicative decomposition of the matrix of the position vector gradients, instead of the
additive form assumed for small strains, is the basis for the theory developed in this section
for hyperelastic–plastic materials (Bonet and Wood, 1997). Recall that a line element dx in
the reference configuration corresponds to a line element dr in the current configuration. If the
material is elastic and the load is removed, dx and dr differ only by a rigid-body rotation. If the
material, on the other hand, experiences a plastic deformation, a certain amount of permanent
deformation remains upon the removal of the load, and dr will correspond to the vector drp’ in a
stress-free intermediate configuration called in this book the intermediate plastic configuration
as shown in Figure 1. The relationship between dx and dr is given by the matrix of the position
vector gradients J, whereas the relationship between dx and drp is given by the matrix of the
position vector gradients Jp. The relationship between drp and dr is given by the matrix of the
position vector gradients Je. These kinematic relationships are defined for an arbitrary element
dx as

dr = Jdx, dr = Jedrp, drp = Jpdx (8.82)

X2

Jp

rp

x

r

Je

J = JeJp

X3

X1

Current
configuration

Intermediate plastic
configuration

Reference
configuration

O

Figure 8.1 Intermediate plastic configuration
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From these equations, it is clear that
J = JeJp (8.83)

This equation is the multiplicative decomposition of the matrix of position vector gradients
into an elastic part Je and a plastic part Jp.

Using the multiplicative decomposition, strain measures that are independent of the
rigid-body displacements can be defined. For example, the following right Cauchy–Green
strain tensors for the total, elastic, and plastic deformations can be defined as

Cr = JTJ, Ce
r = JeT

Je, Cp
r = JpT

Jp (8.84)

These tensors are often used in the formulation of the constitutive equations of plastic materi-
als. Because Cr measures the total strains and Cp

r measures the plastic strains, both tensors are
required in order to completely describe the current state of the material. Using the preceding
equation, an elastic Green–Lagrange strain tensor that measures the elastic deformation from
the stress-free intermediate plastic configuration to the current configuration can be defined as

𝛆e = 1
2
(Ce

r − I) (8.85)

Under a superimposed rigid-body rotation from the current configuration, the final matrix
of the position vector gradients from the stress-free intermediate plastic configuration is
J̄e = AJe, where A is the rotation matrix. It follows that 𝛆e is invariant under and is not
affected by the rigid-body rotation, a property similar to that of the second Piola–Kirchhoff
stress tensor as discussed in Chapter 3.

For isotropic materials, it is sometimes simpler to develop the constitutive equations in the
current configuration using the elastic left Cauchy–Green tensor given as

Ce
l = JeJeT = J(Jp)−1(Jp)−1T

JT = J(Cp
r )−1JT (8.86)

It can be shown that the potential function used in a hyperelastic model can be written in terms
of the invariants of Ce

l .

Hyperelastic Potential

In the case of large deformations, it is important to distinguish between different stress
and strain measures. Associated with the elastic strain tensor 𝛆e, one can define the second
Piola–Kirchhoff stress tensor 𝛔e

P2 as the pullback of the Kirchhoff stress tensor 𝛔K as

𝛔e
P2 = Je−1𝛔KJe−1T

(8.87)

Kirchhoff stress is used here instead of Cauchy stress because Truesdell rate of Kirchhoff
stress is the push-forward of the rate of the second Piola−Kirchhoff stress as demonstrated
in Chapter 3. Recall that Kirchhoff stress tensor differs from Cauchy stress tensor by a scalar
multiplier, which is the determinant of the matrix of the position vector gradients.
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For the hyperelastic material plasticity model discussed in this section, it is assumed that the
stress–strain relationships can be obtained from a strain-energy function formulated relative
to the intermediate plastic configuration. Using this assumption, the second Piola−Kirchhoff
stress tensor can be derived from an energy potential function Ue as

𝛔e
P2 = 𝜕Ue(𝛆e)

𝜕𝛆e
= 2

𝜕Ue(Ce
r)

𝜕Ce
r

(8.88)

Taking the derivatives of this equation with respect to time, one obtains

𝛔̇e
P2 = 𝜕2Ue(𝛆e)

𝜕𝛆e𝜕𝛆e
∶ 𝛆̇e = Ee∶ 𝛆̇e (8.89)

where Ee is the matrix of elastic coefficients that relates the rate of the second Piola−Kirchhoff
stress tensor 𝛔e

P2 to the rate of the elastic Green–Lagrange strain tensor 𝛆e. Note that both
𝛔e

P2 and 𝛆e are invariant under a superimposed rigid-body motion. Therefore, using these
two tensors ensures that the elastic response is objective. The preceding equation also shows
that Ee does not change under a rigid-body rotation and, therefore, the elastic moduli can be
anisotropic, unlike the case of hypoelastic models.

Rate of Deformation Tensors

In the hyperelastic− plastic formulation discussed in this section, the plasticity equations are
expressed in terms of the rate of deformation tensors defined in the intermediate plastic config-
uration (Simo and Hughes, 1998; Belytschko et al., 2000). In order to determine expressions
for these tensors, the matrix of velocity gradients is written as

L = J̇J−1 =
{ d

dt
(JeJp)

}
(JeJp)−1 = J̇eJe−1 + JeJ̇pJp−1

Je−1
(8.90)

This equation can be written as the sum of elastic and plastic parts as

L = Le + Lp (8.91)

where
Le = J̇eJe−1

, Lp = JeJ̇pJp−1
Je−1

(8.92)

This equation shows that the elastic part Le has the usual form of the matrix of the velocity
gradients expressed in terms of Je instead of J, whereas the plastic part Lp is pushed forward
by Je. One can define the symmetric and the skew-symmetric parts of Le and 1 Lp as follows:

De = 1
2

(
Le + LeT

)
, We = 1

2

(
Le − LeT

)
Dp = 1

2

(
Lp + LpT

)
, Wp = 1

2

(
Lp − LpT

)⎫⎪⎬⎪⎭ (8.93)
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The velocity gradient L can be pulled back by Je to the intermediate plastic configuration
defining the velocity gradient L̄ as follows:

L̄ = Je−1
LJe = Je−1

J̇e + J̇pJp−1 = L̄e + L̄p (8.94)

In this equation,

L̄e = Je−1
J̇e, L̄p = J̇pJp−1

(8.95)

are the elastic and plastic parts of L̄. One can also obtain L̄p using the elementary definition
of Equation 82 as L̄p = 𝜕vp∕𝜕rp = (𝜕vp∕𝜕x)(𝜕x∕𝜕rp) = J̇pJp−1

, where vp = drp/dt.
Similarly, the following symmetric rate of deformation tensors can be defined

as the pullback of D, De, and Dp by Je to the intermediate plastic configuration
(Belytschko et al., 2000):

D̄ = JeT
DJe = 1

2

(
Ce

rL̄ + L̄TCe
r

)
D̄e = Je

T
DeJe = 1

2

(
Ce

rL̄e + L̄
eT

Ce
r

)
D̄p = Je

T
DpJe = 1

2

(
Ce

rL̄p + L̄
pT

Ce
r

)
⎫⎪⎪⎬⎪⎪⎭

(8.96)

Note that by using these definitions, one has D̄ = D̄e + D̄p. Because 𝛆e = (1∕2) (Ce
r − I), one

has

𝛆̇e = 1
2

Ċe
r =

1
2

(
J̇eT

Je + JeT
J̇e
)

(8.97)

This equation, upon using the previously given definitions of D̄e (Equation 96), Ce
r

(Equation 84), and L̄e (Equation 95), leads to

𝛆̇e = 1
2

Ċe
r = D̄e (8.98)

Therefore, the stress rate 𝛔̇e
P2 can be written using the relationship 𝛔̇e

P = Ee∶ 𝛆̇e presented
previously in this section for hyperelastic materials (Equation 89) as

𝛔̇e
P2 = Ee∶D̄e = Ee∶

(
D̄ − D̄p

)
(8.99)

This equation, which takes a simple form as the result of using the definitions of Equation 96,
will be used to define the elastic–plastic tangent moduli. It is important, however, to point
out that the use of the additive decomposition of rates of deformation measures does not
impose a restriction on the applicability of the formulation presented in this section to large
deformation problems. This argument is similar to the one used when dealing with rotations.
Although finite rotations cannot be added, the angular velocities can be added. Recall that the
angular velocities are not in general the time derivatives of orientation parameters. Similarly,
some of the rates of the deformation measures are also not in general exact differentials.
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Flow Rule and Hardening Law

In the case of the large deformations, the elastic domain can be defined in terms of the stresses
and the internal plasticity variables as

f (𝛔e
P2,q) ≤ 0 (8.100)

In this equation, q is a set of internal variables. Because 𝛔̇e
P2 is invariant under a superimposed

rigid-body rotation, objectivity imposes no restrictions on the yield function allowing for the
use of anisotropic plastic model.

The general nonassociative model flow rule and hardening law are defined as

L̄p = 𝛾g(𝛔e
P2,q)

q̇ = −𝛾h(𝛔e
P2,q)

}
(8.101)

where g and h are prescribed functions. Note that, because of the definition of L̄p, g is a tensor
defined in the intermediate plastic configuration. In the flow rule, L̄p is used instead of the
plastic part of the rate of deformation tensor Dp as it is the case in some hypoelastic–plastic
models.

The Kuhn–Tucker loading and unloading complementarity condition can be written as

𝛾 ≥ 0, f (𝛔e
P2,q) ≤ 0, 𝛾f (𝛔e

P2,q) = 0 (8.102)

The consistency condition is
𝛾 ḟ (𝛔e

P2,q) = 0 (8.103)

The consistency condition ḟ = 0 can be used to determine the consistency parameter as fol-
lows:

𝛾 =
f𝛔e

P2
∶Ee∶D̄

f𝛔e
P2
∶Ee∶gs + fq∶h

(8.104)

In this equation,

gs =
1
2
(Ce

rg + gTCe
r) (8.105)

is obtained from the definition of L̄p in the flow rule. Note also that

D̄P = 𝛾gs (8.106)

Substituting these results into the constitutive equations (Equation 99), one obtains

𝛔̇e
P2 = Ee∶

(
D̄ − D̄P

)
= Ee∶

(
D̄ − 𝛾gs

)
(8.107)

This equation can be written as
𝛔̇e

P2 = Eep∶D̄ (8.108)
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where Eep is the tensor of tangent elastoplastic moduli given by

Eep =
⎧⎪⎨⎪⎩

Ee 𝛾 = 0

Ee −
(Ee∶gs)⊗ (Ee∶f𝛔e

P2
)

f𝛔e
P2
∶Ee∶gs + fq∶h 𝛾 > 0

(8.109)

In the general case of nonassociative plasticity, the tangent elastic–plastic moduli tensor is not
necessarily symmetric. It is symmetric in the case of associative plasticity. It is important to
reiterate that the objectivity requirements are automatically satisfied for hyperelastic–plastic
formulations because the elastic strains and stresses used in this formulation are invariant
under a superimposed rigid-body motion. In order to demonstrate this fact, one follows
a procedure similar to the procedure used in the preceding chapter by assuming A to be
a time-dependent rigid-body rotation from the current configuration. Note that the refer-
ence and intermediate plastic configurations are not affected by this rotation. It follows
that the new matrix of position vector gradients is given by AJ, whereas the elastic part
will be AJe and the plastic part will remain Jp. Consequently, the elastic Lagrangian
strain 𝛆e will remain the same. Consequently, the stresses are not affected by the rotation
because they can be directly evaluated using Equation 88 and no integration of stress
rate is required.

Example 8.9

Show that the consistency parameter of Equation 14 can be written as

𝛾 =
f𝛔e

P2
∶Ee∶D̄

f𝛔e
P2
∶Ee∶gs + fq∶h

Solution: In the case of plastic deformation

f (𝛔e
P2,q) = 0

Differentiating this equation with respect to time, one obtains

f𝛔e
P2
∶𝛔̇e

P2 + fq∶q̇ = 0

From Equation 17, one has

𝛔̇e
P2 = Ee∶D̄ − 𝛾Ee∶gs

where gs is defined by Equation 105. Using Equation 101, one can write

q̇ = −𝛾h
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By substituting the values of 𝛔̇e
P2 and q̇ into the differentiated form of the yield function one

obtains

f𝛔e
P2
∶Ee∶D̄ − 𝛾f𝛔e

P2
∶Ee∶gs − 𝛾fq∶h = 0

This equation defines the consistency parameter as

𝛾 =
f𝛔e

P2
∶Ee∶D̄

f𝛔e
P2
∶Ee∶gs + fq∶h

Example 8.10

Show that the tensor of tangent elastoplastic moduli in the case of the plasticity formulation
discussed in this section can be written as

Eep =
⎧⎪⎨⎪⎩

Ee 𝛾 = 0

Ee −
(Ee∶gs)⊗ (Ee∶f𝛔e

P2
)

f𝛔e
P2
∶Ee∶gs + fq∶h 𝛾 > 0

Solution: From Equation 107, one has

𝛔̇e
P2 = Ee∶D̄ − 𝛾Ee∶gs

If 𝛾 = 0, one has the elastic stress–strain relationship, which can be written in the rate form as

𝛔̇e
P2 = Ee∶D̄

On the other hand, if 𝛾 > 0, one can use the value of 𝛾 calculated from Equation 104, which
leads to the following equation:

𝛔̇e
P2 = Ee∶D̄ −

(
f𝛔e

P2
∶Ee∶D̄

f𝛔e
P2
∶Ee∶gs + fq∶h

)
Ee∶gs

This defines the components of the second-order tensor 𝛔̇e
P2 as

(𝛔̇e
P2)ij =

3∑
k,l=1

ee
ijklD̄kl −

3∑
k,l,w,x,u,v=1

(
( f𝛔e

P2
)wx ee

wxklD̄kl

f𝛔e
P2
∶Ee∶gs + fq∶h

)
(ee

ijuv(gs)uv)
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This equation can be written as

(𝛔̇e
P2)ij =

3∑
k,l=1

⎛⎜⎜⎜⎜⎜⎝
ee

ijkl −

(
3∑

u,v=1
ee

ijuv(gs)uv

)(
3∑

w,x=1
( f𝛔e

P2
)wxee

wxkl

)
f𝛔e

P2
∶Ee∶gs + fq∶h

⎞⎟⎟⎟⎟⎟⎠
D̄kl

which defines the second-order tensor 𝛔̇e
P2 as

𝛔̇e
P2 =

(
Ee −

(Ee∶gs)⊗ ( f𝛔e
P2
∶Ee)

f𝛔e
P2
∶Ee∶gs + fq∶h

)
∶D̄ = Eep∶D̄

From this equation, one can define

Eep =

(
Ee −

(Ee∶gs)⊗ ( f𝛔e
P2
∶Ee)

f𝛔e
P2
∶Ee∶gs + fq∶h

)

Numerical Solution

It is assumed that the matrix of position vector gradients J and the Green–Lagrange strain
tensor 𝛆 are known. It follows then that the matrix Je can be expressed in terms of the matrix
Jp as Je = JJp−1

. Therefore, it can be shown that L̄p, D̄, and D̄P in Equations 99 and 101 can
be expressed in terms of Jp. As a result, Equations 99–101 represent a set of four systems
of equations that can be solved for the unknowns 𝛔e

P2, Jp, q, and 𝛾 . To this end, the implicit
backward Euler method can be used to convert the system of differential equations to a set of
nonlinear algebraic equations that can be solved using the iterative Newton–Raphson method
as described previously in this chapter. It is important to point out, however, that Jp is not
necessarily symmetric, and L̄p, D̄, and D̄P in the general theory presented in this section are not
simple functions of Jp. For this reason, the numerical solution of the general equations of the
hyperelastic–plastic model can be less efficient compared with cases in which a closed-form
solution can be obtained.

Example 8.11

Show that L̄p, D̄, and D̄P in Equations 99 and 101 can be expressed in terms of Jp.

Solution: From Equation 95, one can write L̄p in terms of Jp as follows:

L̄p = jpJp−1

This equation shows that L̄p can be written in terms of Jp.
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From Equation 96, one can write D̄ as follows:

D̄ = JeT
DJe

Note that one can write Je in terms of Jp as follows:

Je = JJp−1

It follows that
JeT = (Jp−1 )TJT

The rate of deformation tensor is given by the equation

D = 1
2
(L + LT)

From Equation 90, one has L = J̇J−1. It follows that

LT = (J−1)TjT

One can then write D̄ in terms of Jp as follows:

D̄ = JeT
DJe = 1

2
JeT (L + LT)Je = 1

2
(Jp−1 )TJT(J̇J−1 + (J−1)TJ̇T)JJp−1

This equation can be simplified and written as follows:

D̄ = 1
2
((Jp−1 )TJTJ̇Jp−1 + (Jp−1 )TJ̇TJJp−1 ) = 1

2
(Jp−1 )T(JTJ̇ + J̇TJ)Jp−1

This equation shows that D̄ can be expressed in terms of Jp.
From Equation 96, one has

D̄p = 1
2
(Ce

rL̄p + L̄pT
Ce

r)

Using the definition of Ce
r , one can write

Ce
r = JeT

Je = (Jp−1 )TJTJJp−1

From Equation 95, one also has

L̄pT = (J̇pJp−1 )T = (Jp−1 )TJ̇pT

Using the preceding three equations, one can then write D̄p in terms of Jp as follows:

D̄p = 1
2
((Jp−1 )TJTJJp−1

J̇pJp−1 + (Jp−1 )TJ̇pT (Jp−1 )TJTJJp−1 )
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Rate-Dependent Plasticity

In the case of rate-dependent plasticity, 𝛾 is defined as

𝛾 =
𝜙(𝛔e

P2,q)
𝜂

(8.110)

In this equation, 𝜂 is the viscosity and 𝜙 is an overstress function. The relationship between
the stress and rate of deformation tensor can be written as

𝛔̇e
P2 = Ee∶(D̄ − 𝛾gs) = Ee∶

(
D̄ − 𝜙

𝜂
gs

)
(8.111)

More discussion on the rate-dependent plasticity formulations can be found in the reference
by Simo and Hughes (1998).

8.7 HYPERELASTIC–PLASTIC J2 FLOW THEORY

In this section, the hyperelastic–plastic formulation based on the J2 flow theory is discussed.
The use of this theory leads to a simple integration algorithm, which can be considered as
an extension of the radial return mapping algorithm used for the infinitesimal J2 flow theory.
The development of the formulation is illustrated using a model based on the Neo-Hookean
material that is suited for the analysis of large deformation. The main assumptions used in the
J2 flow theory as compared to the general theory presented in the preceding section are that
plastic spin is zero and the yield condition is a function of the deviatoric part of the stress only
and does not depend on the hydrostatic pressure. Using these two assumptions, the formulation
presented in the preceding section can be systematically specialized to the case of the J2 flow
theory.

For the Neo-Hookean material, the energy potential function can be written in the interme-
diate plastic configuration as

Ue = 𝜇

2
(Ie

1 − 3) − 𝜇 ln Je + 𝜆e

2
(ln Je)2 (8.112)

where Ie
1 is the first principal invariant of the tensor Ce

r , Je = |Je|= det(Je), and 𝜆e and 𝜇 are
Lame’s constants. The second Piola–Kirchhoff stress tensor is obtained as described in Chapter
4 as

𝛔e
P2 = 𝜇(I − Ce−1

r ) + 𝜆e(ln Je)Ce−1

r (8.113)

This equation can be used to obtain the following rate form of hyperelasticity:

𝛔̇e
P2 = Ee∶D̄e = Ee∶(D̄ − D̄p) (8.114)

The deviatoric stress tensor associated with the intermediate plastic configuration can also be
defined as described in Chapter 4 as

Se
P2 = 𝛔e

P2 −
1
3
(𝛔e

P2∶Ce
r)Ce−1

r (8.115)
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The elastic domain is defined by the von Mises yield surface

f (Se
P2,q) ≤ 0 (8.116)

In the J2 flow theory presented in this section, it is assumed that the plastic spin W̄p is identi-
cally equal to zero. Therefore, the flow rule can be written in terms of the symmetric part D̄p,
instead of L̄p, using the assumptions of associative plasticity as (Belytschko et al., 2000)

D̄p = 𝛾gs = 𝛾

(
3

2𝜎e
Ce

rSe
P2Ce

r

)
(8.117)

In this equation, gs is obtained using Equation 105 where g is defined in the intermediate plastic
configuration, and 𝜎e is the von Mises effective stress defined as

𝜎e =
√

3
2
(Se

P2Ce
r)∶(Se

P2Ce
r)T (8.118)

Using the equations presented in this section, the elastoplastic tangent moduli can be obtained
by substituting in the form presented in the preceding section.

Example 8.12

Determine the tensor of the tangent elastoplastic moduli in the case of the J2 flow theory dis-
cussed in this section.

Solution: In the case of plastic deformation, one has

f (Se
P2,q) = 0

One can use Equation 115 to write Se
P2 in terms of 𝛔e

P2 and Ce
r . In this case, the yield function

can be written as
f (𝛔e

P2,C
e
r ,q) = 0

By differentiating this equation with respect to time, one obtains

f𝛔e
P2
∶𝛔̇e

P2 + fCe
r
∶Ċe

r + fq∶q̇ = 0

From Equations 114 and 106, one has

𝛔̇e
P2 = Ee∶D̄ − Ee∶D̄p = Ee∶D̄ − 𝛾Ee∶gs

Using Equations 98 and 106, one has

Ċe
r = 2D̄e = 2(D̄ − D̄p) = 2D̄ − 2𝛾gs

From Equation 101, one has
q̇ = −𝛾h
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Substituting the preceding three equations for 𝛔̇e
P2, Ċe

r , and q̇ into the differentiated form of the
yield function, one obtains

f𝛔e
P2
∶Ee∶D̄ − 𝛾f𝛔e

P2
∶Ee∶gs + 2fCe

r
∶D̄ − 2𝛾fCe

r
∶gs − 𝛾fq∶h = 0

One can then write

𝛾 =

(
f𝛔e

P2
∶Ee + 2fCe

r

)
D̄(

f𝛔e
P2
∶Ee + 2fCe

r

)
∶gs + fq∶h

If 𝛾 = 0, one has an elastic state and Equation 114 leads to

𝛔̇e
P2 = Ee∶D̄

On the other hand, if 𝛾 > 0, one has a plastic state. In this case, the stress–strain relationship
can be written as follows:

𝛔̇e
P2 = Ee∶D̄ −

⎧⎪⎨⎪⎩
(

f𝛔e
P2
∶Ee + 2fCe

r

)
∶D̄(

f𝛔e
P2
∶Ee + 2fCe

r

)
∶gs + fq∶h

⎫⎪⎬⎪⎭ (Ee∶gs)

The components of this tensor can be written as

(
𝛔̇e

P2

)
ij
=

3∑
k,l=1

ee
ijklD̄kl −

3∑
k,l=1

(
f𝛔e

P2
∶Ee + 2fCe

r

)
kl

D̄kl(
f𝛔e

P2
∶Ee + 2fCe

r

)
∶gs + fq∶h

3∑
w,x=1

ee
ijwx(gs)wx

By factoring out D̄kl, one obtains

(
𝛔̇e

P2

)
ij
=

3∑
k,l=1

⎛⎜⎜⎜⎜⎜⎝
ee

ijkl −

(
3∑

w,x=1
ee

ijwx

(
gs

)
wx

)(
f𝛔e

P2
∶Ee + 2fCe

r

)
kl(

f𝛔e
P2
∶Ee + 2fCe

r

)
∶gs + fq∶h

⎞⎟⎟⎟⎟⎟⎠
D̄kl

This equation leads to

𝛔̇e
P2 =

⎛⎜⎜⎜⎝Ee −

(
Ee∶gs

)
⊗

(
f𝛔e

P2
∶Ee + 2fCe

r

)
(

f𝛔e
P2
∶Ee + 2fCe

r

)
∶gs + fq∶h

⎞⎟⎟⎟⎠∶D̄ = Eep∶D̄

where

Eep =
⎛⎜⎜⎜⎝Ee −

(
Ee∶gs

)
⊗

(
f𝛔e

P2
∶Ee + 2fCe

r

)
(

f𝛔e
P2
∶Ee + 2fCe

r

)
∶gs + fq∶h

⎞⎟⎟⎟⎠
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Example 8.13

In this example, a proof of Equation 117 is provided. To this end, the von Mises yield function
can be written in the following form:

f =
√

3
2

tr(𝛈2) − Hi(𝛼)

In case of no kinematic hardening, one has

𝛈 = dev(𝛔K) = SK

where SK is the deviatoric part of the Kirchhoff stress tensor. The derivative of the yield function
with respect to the Kirchhoff stress can be calculated as follows:

fSK
= 1

2
√

3
2
tr(S2

K)

𝜕
(

3
2
tr(S2

K)
)

𝜕SK
=

3
2
SK√

3
2
tr(S2

K)

In order to write fSK
in terms of Se

P2, one can use the following relation:

SK = JeSe
P2JeT

Therefore, one can write√
3
2

tr(S2
K) =

√
3
2

tr((JeSe
P2JeT )(JeSe

P2JeT )T)

=
√

3
2

tr(JeSe
P2JeT JeSeT

P2JeT )

Recall that tr(AB)= tr(BA). It then follows that√
3
2

tr(S2
K) =

√
3
2

tr(Se
P2JeT JeSeT

P2JeT Je)

By using the definition Ce
r = JeT

Je in the preceding equation, one obtains√
3
2

tr(S2
K) =

√
3
2

tr(Se
P2Ce

rSeT

P2Ce
r)

The second-order tensor Se
P2 is symmetric because

SeT

P2 = (JeJe−1
SJeT−1

)T = JeJe−1
STJeT−1

= JeJe−1
SJeT−1

= Se
P2
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It follows that √
3
2

tr(S2
K) =

√
3
2

tr(Se
P2Ce

rSe
P2Ce

r) =
√

3
2
(Se

P2Ce
r)∶(Se

P2Ce
r)T

The second-order tensor fsk
can then be written as

fSK
=

3
2
JeSe

P2JeT√
3
2
(Se

P2Ce
r)∶(Se

P2Ce
r)T

= 3
2𝜎e

JeSe
P2JeT

where

𝜎e =
√

3
2
(Se

P2Ce
r)∶(Se

P2Ce
r)T

If the case of associative plasticity is assumed, one has

g = Je−1
fSK

Je

It follows that
g = 3

2𝜎e
Se

P2Ce
r

From the flow rule,

L̄p = 𝛾g

Using Equation 96, one can write

D̄p = 1
2
(Ce

rL̄p + L̄pT
Ce

r) = 𝛾
( 3

2𝜎e
Ce

rSe
P2Ce

r

)
which is the same as Equation 117.

PROBLEMS

1. Explain the Bauschinger Phenomenon.

2. Define the basic hypotheses on which the theory of plasticity is based.

3. Define the isotropic and kinematic hardening.

4. What is the difference between associative and nonassociative plasticity?

5. What is the difference between the return mapping algorithm and the radial return mapping
algorithm?

6. What are the drawbacks of using explicit integration instead of implicit integration to solve
the plasticity equations?
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7. Outline in detail the steps of a numerical solution of the plasticity equations of the hyper-
elastic material model discussed in Section 6.

8. Discuss the main assumptions used in the J2 flow theory for the hyperelastic model pre-
sented in Section 7 as compared to the more general model presented in Section 6.

9. Outline in detail the steps of a numerical solution that can be used for the J2 flow theory
for the hyperelastic model presented in Section 7.
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Absolute coordinates, 52, 229
Absolute nodal coordinate formulation, 34, 84,

86, 88, 168, 188, 225, 259, 262
coupled deformation modes, 194, 207, 208,

211
Acceleration, 24, 26, 27, 29, 31, 32, 35, 36, 37,

38, 64, 68, 98, 101, 109, 164, 178, 179,
219, 240, 244, 246

Air pressure, 110–111
Almansi strains, 47, 59, 60, 67
ANCF geometry, 264–266, 267, 271, 273,

274, 275, 277
ANCF surfaces, 274–275
ANCF-coupled deformation modes, 194, 207,

208, 211
Angular acceleration, 26, 27
Angular momentum, 37, 38
Angular velocity, 26, 27, 229–234, 244
Anisotropic linearly elastic material, 126–127
Approximation methods, 1, 32–34, 104, 105,

109, 110, 134, 167, 214
classical, finite–element method,

Rayleigh–Ritz method
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Finite element method see Finite element
method

Rayleigh–Ritz method see Rayleigh–Ritz
method

Arc length, 40, 88, 194, 195, 198, 200
Area change, 77–81
Associative flow rule see Associative plasticity
Associative plasticity, 282, 283, 284, 288, 290,

292, 294, 295, 307, 318, 323, 326
Assumed displacement field, 81, 84, 134, 170,

171, 172, 182, 185, 192, 201, 212, 213,
221, 228, 229

Assumed strain element, 215
Assumed stress element, 215
Axis of rotation, 62

Back stress, 281, 282, 310
Backward implicit Euler method, 285, 286
Basis functions, 262, 266, 267, 268, 270, 273,

274, 275, 277
Bauschinger effect, 279, 326
Beam elements

three-dimensional, 173–174, 206–208, 213
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Beam elements (Continued)
two-dimensional, 32, 49, 54, 175, 227, 228,

238, 241, 245
Beam theory, 202, 203, 215
Bernstein polynomials, 266, 267, 272
Bezier geometry, 263, 266–267
Bezier method, 266
Binomial vector, 195
Biot stress, 107
Blending functions see Basis functions
Body(s)

coordinate system, 24, 25, 27, 28, 38, 43, 51,
52, 64, 101, 102, 231, 233, 235–240,
242, 243, 249–251, 255

force, 27, 29, 98, 100, 101, 109, 110, 112,
134, 164, 213, 219

reference, 52, 64, 229, 244
rigid, 14, 23, 24–29, 31, 34, 35, 36, 38, 39,

42, 43–44, 47, 51–54, 56, 60–62, 65,
66, 74–78, 85, 94, 101, 102, 106, 110,
115–121, 123, 125, 135, 138, 141,
156, 163, 168–169, 172, 174–175,
202–205, 213, 214, 216–218,
221–223, 225–229, 231, 234–236,
239–243, 245, 249–252, 258,
262–265, 271, 273–276, 313–315,
317, 318

Boolean matrix, 176, 178, 182, 239, 247
Breakpoints, 263, 268–270
B-spline, 221, 261, 263, 264, 266, 267–271,

272, 276, 277
surfaces, 273–275

Bulk modulus, 130, 152, 162, 300
Bulk viscosity coefficient, 163

Cable element, 205–206, 212, 213, 215, 224,
264, 265, 271, 272, 277

CAD, 261, 262, 263, 265, 271
Cartesian tensor, 12–21
Cauchy

elastic material, 124
first law of motion, 101
second law of motion, 103
strain, 59
stress

97, 99, 100, 102–104, 106, 108, 111–121,
137, 141, 161, 163, 249, 291, 314

Cauchy stress formula, 97, 99, 115

Cauchy–Green deformation tensor, 61, 72
left, 61, 79, 80, 95, 137
right, 61, 115, 136, 138, 155, 165

Cayley-Hamilton theorem, 18
Center of mass, 27, 28, 31, 38, 46, 102, 251
Change of parameters, 2, 13, 39–44
Characteristic equation, 15, 18, 71, 73
Characteristic values see Eigenvalues
Chebyshev polynomials, 188
Cholesky coordinates, 182
Chord frame, 241, 242
Classical theories, 193
Component mode techniques, 251–252
Computational geometry, 261–277
Computer Aided Design see CAD
Connectivity conditions, 169, 217, 222, 239
Conservation of mass, 29, 48, 81, 82, 84, 105,

113, 119, 178, 219
Consistency condition see Persistency

condition
Consistency parameter, 281–283, 291–293,

298–300, 302, 307, 317–319
Consistent mass, 36, 110, 168, 252
Constitutive equations, 18, 21, 74, 82, 86, 88,

102, 113, 115, 118, 123–165, 180, 204,
219, 220, 249, 295, 296, 299, 306,
312–314, 317

Constitutive integration algorithm, 295
Continuity equation, 48, 81–82, 112, 113, 123,

219, 220
Continuum forces, 29
Control points, 263–266, 268–274, 276, 277
Control polygon, 263, 265
Control volume, 82, 220
Convective stress rate, 117, 118, 121
Convective term, 65
Convolution integral see Duhamel integral
Coordinate reduction, 110, 168, 214, 225, 250,

251–253, 254, 256
Coordinate transformation, 13, 15, 17, 39–44,

68–74, 75, 86, 89, 111, 124, 127, 163,
179, 182, 192, 218, 252, 253, 265

Co-rotational frame, 53, 193, 221
Coupled deformation modes see

ANCF-coupled deformation modes
Creep function, 145, 148, 165
Curvature, 94, 185, 186, 195, 199–203,

206–207, 209, 213, 214, 271
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Gaussian, 199
mean, 199
normal, 197, 198, 199
principal, 199
radius of, 195
surface, 197
vector, 195, 198, 200, 209, 213

Curved beams, 212
Curved configuration, 92–94
Curved geometry, 92–94, 183–187, 212
Curved structure, 92–94, 168
Curves, 40 –42, 69, 92–94, 169, 190, 194,

194–200, 206, 263, 265, 266–274, 276,
277

theory, 194–195

D’Alembert’s principle, 1, 23–29, 31, 32, 38,
46, 104

deCasteljau algorithm, 267
Decomposition of displacement, 62–64
Deformation examples, 84–92
Deformation measures, 69, 117, 124, 131, 240,

316
Deviatoric stresses, 103, 113–115, 298
Dilatation, 72, 84, 85, 86, 129, 130, 131, 152,

162, 214
Direction cosines, 51, 232
Discontinuities, 168, 176, 229, 235, 236, 262,

271, 274, 275–277
non-structural, 274, 275–277
structural, 274, 275–277

Discrete equations, 1, 34–37, 104, 219, 310
Displacement, 24, 29, 32, 35, 39, 43, 44, 47,

48, 50, 51, 53, 74–75
axial, 59, 203, 227, 228
bending, 203, 227
decomposition, 62–64
field, 23, 29, 54, 57, 59, 80–81, 84, 86, 87,

89, 134, 168, 169–175, 185
fluid, 220
general, 47, 52, 53, 54, 231–234
gradients, 54–56, 59, 61, 116, 220, 221, 249
homogeneous, 63, 135–136
isochoric, 54, 78
modes, 34, 47, 88, 131
nodal, 185, 213
planar, 84–85
reference, 239

rigid-body, 29, 34, 52, 53, 61, 168, 217, 218,
228, 229, 235, 239, 262–264, 273, 314

transverse, 228
228

virtual, 30, 35, 112
Dissipation, 76, 124, 149–150, 152, 280
Divergence operator, 101
Divergence theorem, 82, 83, 100, 112, 119
Double product, 13–14, 19, 21, 104, 106, 107,

108, 115, 120
Duhamel integral, 143, 144
Dummy index, 11–12
Dyadic product see Outer product
Dynamic coupling see Inertia coupling

Eigenvalue analysis, 91, 92, 214, 216
Eigenvalue problem, 15–18, 71, 103, 252
Eigenvalues, 15–18, 22, 71, 73, 103, 136, 252
Eigenvectors, 15–18, 22, 71, 72, 73, 90, 103,

252
Elastic coefficients, 125–130, 136, 138, 139,

180, 207, 249, 291, 315
Elastic coordinates, 244, 246, 248–252, 254,

255, 256
Elastic energy, 149–150, 155
Elastic force, 14, 29, 59, 74, 75, 77, 104–106,

109, 115–117, 124, 126, 134, 135, 168,
169, 178–180, 182, 188–194, 201–202,
204–207, 209, 210, 211, 215, 216, 225,
248–251

power, 119
Elastic limit, 125, 137
Elastic line approach, 207
Elastic loading, 283
Elastic mid-surface approach, 210, 215
Elastic predictor, 286, 296, 297
Elasto-plastic tangent modulus, 284, 300, 302,

304, 310, 323
Embedding technique, 37
Energy, 1, 3, 37–39, 120, 123, 124, 137–140,

214, 218, 280, 312, 315, 322
balance, 97, 119–120
elastic, 149–150, 155
kinetic, 29, 39, 119
strain, 29, 74–76, 116, 117, 126, 131, 134,

139, 140, 151, 156, 201–207, 209,
215, 216, 255, 315

Engineering strain, 56, 58
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Equations of equilibrium, 97, 100–102
Equations of motion, 1, 23, 30, 37, 39

for deformable bodies, 29, 102, 111–113,
168, 180–182, 214, 219, 221, 225,
250–251, 253

for fluids, 163–164
for particles, 30
for rigid bodies, 27–29, 31–32

Equilibrium
equations of, 97, 100–102
force, 97–100

Equivalent plastic strain, 298
Euler angles, 230, 232, 258

singularity, 234
transformation matrix in terms of, 233

Euler equation, 28, 32, 34, 46, 101, 120, 251
Euler parameters, 232, 234
Euler–Bernoulli beam, 69, 199–203, 204, 212,

213, 215, 223, 224, 228
Eulerian coordinates, 48, 65, 67, 111
Eulerian description, 48, 65, 218
Eulerian formulation, 112, 113, 218–221
Eulerian strain, 58–62, 95
Evolution equations, 151, 156, 280
Extension, 56–57, 84, 85–88, 201, 202, 215

Finite difference method, 32
Finite dimensional model, 1, 28–29, 81, 104,

109, 110, 134–135, 167
Finite element, 1, 22, 23, 29, 32, 34, 36, 37, 39,

42, 44, 48, 53, 69, 70, 84, 86, 94, 102,
104, 105, 109–110, 112, 115, 130, 135,
167–224, 188, 225–259, 246–248,
253–255, 259, 261–277

assumed displacement, 81, 84, 94, 134,
170–172, 182, 185, 192, 201, 212,
213, 221, 228, 229

assumed strain, 215
assumed stress, 215
beam, 173–175, 193, 194, 199–205,

206–208, 213, 215, 223, 224,
227–228, 229, 234, 238, 241, 245,
258, 273

Boolean matrix, 176, 178, 182, 239, 247
brick, 211–212
cable, 205–206, 212, 213, 215, 224, 264,

265, 271, 272, 277, 280
connectivity conditions, 169, 217, 222, 239

formulation, 22, 23, 29, 36, 37, 39, 48, 109,
110, 130, 167–169, 173, 179,
216–218, 225, 251

generalized forces, 109, 135, 181
gradient deficient, 70, 193, 201, 202, 204,

205, 206, 209, 273
inertia shape integrals, 188, 246, 247–248,

253, 254, 255, 259
intermediate coordinate system, 168, 226,

235–238, 258, 259, 262
isoparametric, 212, 217, 226, 229, 234, 235
large deformation, 42, 88, 111, 112, 130,

167–224, 225, 246, 250, 251, 256
mass matrix, 110, 168, 179, 182, 210, 212,

213, 220, 222, 223, 224, 225, 226,
246–247, 251, 255, 276

method, 1, 32, 37, 102, 104, 105, 167, 169,
199, 218, 226, 262–264

nodal coordinates, 44, 53, 95, 167–169,
171–177, 179–182, 185, 193, 199,
200, 202, 203, 205, 206, 208–213,
216, 217, 218, 219, 221, 223,
225–229, 234–239, 244, 245, 247,
249, 250, 252, 254–256, 258, 259,
261–265, 272, 274, 275, 277

performance, 194, 207, 211–216
plate, 208–211, 212, 213, 215, 224, 273, 275
rectangular, 217, 226
reference conditions, 238–243, 251, 252
shape function, 34, 46, 57, 87, 94, 109, 110,

112, 167, 169, 171, 174, 175, 181, 183,
185, 193, 200, 203–206, 208–210,
212, 217, 219, 221, 223, 226–228,
235–240, 245–247, 255, 258, 259,
264, 267, 271, 272, 274, 275

shear deformable, 201–205, 215, 223, 224,
274

solid, 172, 211–212, 217, 220, 226
stiffness matrix, 216, 250–253, 255, 256
subparametric, 213
superparametric, 213
tetrahedral, 172, 217, 226
triangular, 217, 226

Finite rotation, 28, 172, 173, 179, 217, 218,
221, 229–234, 253, 254, 259, 262, 276,
316

First fundamental form of surfaces, 196, 198
coefficients of, 196
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First Piola-Kirchhoff stress tensor, 106, 107,
112, 114, 115, 120, 121

Floating frame of reference, 34, 52–54, 64,
110, 178, 225–259, 262

Flow rule, 280, 282, 284, 291, 317–320, 323,
326

Flow stress, 281
Fluid, 32, 48, 64, 82, 101, 112, 113, 123,

124, 163, 164, 212, 218, 219, 220, 221,
257

constitutive equations, 162–164
ideal, 163
incompressible, 163, 164
inviscid, 163, 164
isotropic, 163, 164
Newtonian, 162, 164

Force, 29, 97–121
body, 27, 29, 98, 100, 101, 109, 110, 112,

134, 164, 213, 219
continuum, 29
elastic, 14, 29, 59, 74, 75, 77, 104–106, 109,

115–117, 119, 121, 124, 126, 134,
135, 168, 169, 178–180, 182,
188–193, 194, 201–207, 209–211,
215, 216, 225, 248–251, 259

gravitational, 98, 100
inertia, 27–31, 35, 36, 38, 100, 102, 105,

109, 110, 112, 168, 178–181, 188,
193, 220, 221, 245–248, 250, 259

magnetic, 98, 100
pressure, 110, 111
surface, 29, 98–100, 110–111, 119

Frame indifference, 48, 141
Free index, 11, 12
Frenet frame, 195
Fundamental forms

first, 196, 198
second, 196–199

Gauss quadrature, 188, 192
Gauss theorem, 105
Gaussian curvature, 199
Gauss-Legendre coefficients, 190
General displacement, 47, 52–54, 74, 231–232
Generalized forces, 37, 109, 135, 181
Generalized Newton–Euler equations, 251
Geometric interpretation of strains, 56–58
Geometry see Computational geometry

Gradient coordinates, 33, 34, 185, 199, 203,
205, 206, 208, 210, 220, 221, 223, 224,
264, 265, 267, 272

Gradient deficient finite element, 70, 193, 201,
202, 204–206, 209, 273

Gradient of the displacement vector, 54–55,
61

Gravitational force, 98, 100
Green elastic material, 123
Green-Lagrange strain tensor, 47, 55, 70, 86,

100, 104, 108, 159, 180, 223
Green–Naghdi stress rate, 117, 118, 121

Hardening, 279
isotropic, 279, 281, 282, 289, 291, 298–312
kinematic, 279, 280, 281, 289, 298–312
linear, 306
nonlinear, 306–312
strain, 279, 280

Hellinger-Reissner principle, 215
Hermite polynomials, 188
Homogeneous displacement, 63, 135, 136
Homogeneous material, 129–136
Homogeneous motion, 63, 135
Hookean material, 124
Hooke’s law, 124–125, 137
Hourglass modes, 216
Householder transformation, 23
Huber-von Mises yield function, 298, 309
Hu-Washizu principle, 215
Hybrid principles see Multifield variational

principles
Hydrostatic pressure, 100, 113–115, 121, 130,

152, 161–163, 298, 300, 302, 322
Hyperelastic material, 123, 124, 126, 127, 141,

150, 159, 280, 291, 312, 314, 315, 316,
322, 327

Hyperelastic potential, 314–315
Hyperelastic-plastic material, 118, 312–322,

322–326
Hypoelastic material, 291, 312, 315, 317

I-CAD-A, 261
Ideal fluid, 163
Impulse response function, 143, 144
Incompressibility, 82, 139–141, 151, 163, 164,

214, 215, 220, 257
Inelastic material, 86, 124, 142, 312
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Inertia
coupling, 28, 102, 110, 168, 245, 250
force, 27–31, 35, 36, 38, 100, 102, 105, 109,

110, 112, 168, 178–181, 188, 193,
220, 221, 245–248, 250, 259

mass moment of, 28, 31, 46, 245
shape integrals, 188, 226, 246–248,

253–255, 259
tensor, 28

Infinitesimal rotation, 53, 62, 172, 217, 221,
226, 227, 229, 234, 235, 237, 241, 245

Infinitesimal strains, 59, 61–62, 155
Intermediate element coordinate system, 168,

226, 235–238, 258, 259, 262
Intermediate plastic configuration, 313–318,

322, 323
Internal variables, 280, 291, 296–298, 317
Interpolating polynomial, 173–175, 189, 206,

225, 274
Invariants

strain, 72–74, 95, 131–132, 136–137
stress, 103, 120, 131–132
tensor, 14–18

Inviscid flow, 163, 164
Irrotational flow, 64
Isochoric displacement, 54, 78
Isoparametric property, 212, 217, 226, 229,

234, 235
Isotropic fluid, 163, 164
Isotropic hardening, 279, 281, 282, 289, 291,

298–312
Isotropic material, 124, 129–136, 161–162,

164, 165, 314
Isotropic plastic modulus, 281

J2 flow theory, 280, 298–312
isotropic/kinematic hardening, 298–312

Jacobian matrix, 50, 51, 66, 69, 82, 196,
258

Jaumann stress rate, 117, 119, 121

Kelvin viscoelastic model, 148, 152
Kinematic analysis, 47–95
Kinematic equations, 43, 47, 53, 217, 229, 234,

238, 243–245
Kinematic hardening, 279, 280, 281, 289,

298–312
modulus, 281, 298, 299, 311

Kinematic viscosity, 164
Kinematics, 47–95, 243–245

of deformable bodies, 47–95, 243–245
of rigid bodies, 24–27, 43–44, 217

Kirchhoff stress, 75, 106, 115, 118, 137, 138,
165, 314, 325

Knot insertion, 263, 269–270
Knot multiplicity, 263, 268–270, 273, 276, 277
Knot vector, 263, 268–270, 273
Kronecker delta, 7, 153
Kuhn-Tucker complementarity condition, 282,

291, 317

Lagrange multipliers, 37, 140, 141, 163, 214
Lagrange-D’Alembert equation, 30
Lagrangian coordinates, 48, 50, 67, 111, 218
Lagrangian description, 48, 51, 219
Lagrangian formulation

total, 111–113, 218, 220
updated, 111–113, 169, 218–221

Lagrangian strain tensor see Green-Lagrange
strain tensor

Lame’s constants, 124, 129, 130, 131, 134,
138, 139, 163, 165, 299, 302, 322

Laquerre polynomials, 188
Large deformation problem, 104, 137,

167–224, 225, 256, 316
Large rotation, 110, 167–224, 225–259
Leaf spring, (AU: Not found)
Left Cauchy-Green strain tensor, 61, 62, 64,

79, 80, 95, 137, 165, 314
Left stretch tensor, 62
Legendre

coefficients, 190
polynomials, 188, 189

Linear momentum, 37–38
Linear structural systems, 203, 251
Linear theory of elastodynamics, 253–254
Liquid sloshing, 212, 220, 256–257
Loading and unloading conditions, 280,

282–283, 295
Locking, 115, 130–131, 169, 193–194, 205,

214–216, 222, 223
membrane, 130, 169, 214, 215
shear, 130, 169, 214, 215, 216
volumetric, 130, 169, 214, 216

Logarithmic strain, 56
Lumped mass, 36, 110, 168, 255
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Magnetic force, 98, 100
Mass

center of, 27, 28, 31, 38, 46, 102, 251
conservation of, 29, 48, 81, 82, 84, 105, 113,

119, 178, 219
consistent, 36, 110, 168, 252
lumped, 36, 110, 168, 255
matrix, 36, 110, 168, 179, 182, 210, 212,

213, 220, 222, 223, 224, 225, 226, 246,
247, 251, 255, 276

moment of inertia, 28, 31, 46, 245
Material

anisotropic, 126–127
Cauchy elastic, 124
coordinates, 75
Green elastic, 123
homogeneous, 129–136
Hookean, 124
hyperelastic, 123, 124, 126, 127, 141, 150,

159, 280, 291, 312, 314, 315, 316, 322,
327

hypoelastic, 291, 312, 315, 317
incompressible, 82, 139–141, 151, 163, 164,

214, 215, 220, 257
inelastic, 86, 124, 142, 312
isotropic, 124, 129–136, 161–162, 164,

165, 314
Mooney-Rivlin, 124, 137, 139–141
Neo-Hookean, 124, 137–139, 165, 322
symmetry, 127–129, 164
viscoelastic, 115, 119, 124, 125, 132,

141–162, 165
Matrix, 2–6

addition, 6
adjoint, 5
associative law, 6
cofactor, 3
determinant, 3
diagonal, 2
displacement vector gradients, 61
elastic coefficients, 125, 126, 128, 207,

315
identity, 2
inverse, 5
mass, 36, 110, 168, 179, 182, 210, 212, 213,

220, 222, 223, 224, 225, 226, 246, 247,
251, 255, 276

minor, 3

multiplication, 6
null, 2
orthogonal, 5
position vector gradients, 3, 5, 22, 23, 50,

53, 54, 55, 58, 59, 60, 62, 63, 67, 74,
75, 76, 77, 79, 81, 84, 85, 88–95, 104,
106, 107, 109, 110, 116, 121, 133, 134,
135, 137, 138, 140, 141, 155, 172, 173,
180, 183, 185, 204, 214, 218, 246, 257,
262, 280, 314, 318, 320

product, 6
projection, 10
rectangular, 2
singular, 3
skew symmetric, 2
square, 2
stiffness, 216, 250–253, 255, 256
symmetric, 2
trace, 2
transpose, 2
unit, 2
zero, 2

Maxwell viscoelastic model, 148, 159, 162,
165

Mean curvature, 199
Mean surface traction, 98
Mechanics

particles, 24
rigid bodies, 24–27

Membrane locking, 130, 169, 214, 215
Mixed principles see Multi-field variational

principles
Modal coordinates, 252–254, 255–256
Modal transformation, 252, 253
Mode shapes, 252, 253, 255
Modulus of elasticity see Young’s modulus
Modulus of rigidity, 130, 152, 207
Mohr’s circle, 91
Moment of inertia, 28, 31, 46, 245
Momentum, 1, 24, 37–39
Mooney-Rivlin material, 124, 137, 139–141
Motion description, 48–54, 64, 101, 112, 173,

225, 227, 231, 239, 244
Multibody computer programs, 253

flexible, 226, 248, 253, 254, 255
Multibody system, 37, 44, 53, 168, 226, 234,

240, 248, 250, 251, 253–258, 276
Multi-field variational principles, 215
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Multiplicative decomposition, 155, 280,
313–314

Nanson’s formula, 79, 80, 106, 110, 111
Natural strain, 56
Navier-Stokes equations, 164
Neo-Hookean material, 124, 137–139, 165,

322
Neutral loading, 283
Newton equation, 27, 38
Newton-Cotes formulas, 188
Newton–Euler equations, 28, 32, 34, 101, 120,

251
Newton-Euler formulation, 27, 102
Newtonian fluid, 162, 164
Newtonian viscous fluid, 162–163
Newton’s second law, 24, 27, 28, 30, 37, 98
Nodal

coordinates, 44, 53, 95, 167–169, 171–182,
185, 193, 199, 200, 202, 203, 205, 206,
208–213, 216–219, 221, 223,
225–229, 234–239, 244, 245, 247,
249, 250, 252, 254, 255, 256, 258, 259,
261–265, 272, 274, 275, 277

points, 167, 171, 172, 176, 208, 217–221,
226, 256

Nonconservative system, 119
Nonhomogeneous motion, 63
Non-incremental solution, 44, 168, 194, 217,

220, 221, 222, 234
Nonstructural discontinuities, 274, 275–277
Normal curvature, 197–199
Normal strain, 56, 58, 70, 72, 74, 86, 89, 91,

92, 130, 131, 204, 207
Normal stress, 58, 86, 98, 99, 100, 130, 163
Numerical Solution, 167

plasticity equations, 284–286, 295–298,
312, 320–322, 327

NURBS, 261, 263, 264, 276, 277

Objectivity, 29, 48, 74–77, 97, 115–119, 125,
141, 155, 156, 163, 291, 295, 312, 317,
318

Oldroyd stress rate, 117, 118, 121
Orthogonal matrix, 5
Orthogonal transformation

improper, 6
proper, 6

Osculating plane, 195
Outer product, 7, 8
Overstress function, 322

Parallel axis theorem, 226, 229, 235
Partial differential equations of equilibrium,

97, 100–102, 104, 109, 112, 115, 119,
120, 123, 164, 167, 213

Partial stress, 150–152, 156, 159
Particle mechanics, 24
Patch test, 169, 213–214
Penalty method, 140, 141, 214, 215
Perfect plasticity, 281, 290
Persistency condition, 282
Physical stress see True stress
Piola transformation, 117
Piola-Kirchhoff stress, 75, 104, 106–109,

112–118, 120, 121, 124–126, 133–138,
140, 141, 156, 157, 159, 161, 162, 165,
180, 204, 248, 314, 315, 322

Pitch angle, 232
Planar analysis, 24, 201, 259, 276
Planar motion, 24, 26–28, 43, 85, 120, 258
Plane strain, 132, 133, 164
Plane stress, 132, 164, 304–306
Plastic corrector, 286, 296, 297, 307
Plastic flow rule, 282
Plastic loading, 283, 300
Plastic strain, 280–282, 291, 296–299, 310,

312, 314
Plasticity, 279–327

associative, 282–284, 288, 290, 292, 294,
307, 318, 323, 326

equations, 280, 282, 283–291, 295–296,
298, 299, 306, 310, 312, 315, 326, 327

explicit solution, 295–296
formulations, 115, 279–327
implicit solution, 296–298
nonassociative, 282, 291, 292, 295, 317,

318, 326
perfect, 281, 290
rate dependent, 279, 322
small strain, 280, 291–298, 299

Plate element, 208–210, 212, 213
thin, 208–209, 215, 224, 273, 275

Point coordinates, 265, 267
Poisson effect, 58, 86, 88, 130–131
Poisson’s ratio, 130, 134, 152, 209
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Polar decomposition theorem, 1, 21–23, 45,
47, 62, 63, 95, 107, 172, 218

Position vector gradients, 43–44, 92, 109, 134,
135, 138, 172, 176, 180, 183, 211, 223,
264 see also Matrix of position vector
gradients

Power basis, 266, 267
Prager-Ziegler rule, 299, 311
Principal axes, 72
Principal curvatures, 199
Principal directions, 71–74, 86, 90, 91, 95,

100, 103, 120, 199
Principal strain, 71–74, 91
Principal stress, 103, 120
Principal values, 23, 71–74, 86, 90, 95, 103,

113, 114, 121
Principle of conservation of mass, 29, 81, 84,

105, 119, 178
Principle of virtual work, 27, 30–32, 34, 36,

46, 102, 104, 105, 109, 113, 116, 120,
180, 181, 244, 250

Projection
Matrix, 10–11

Prony series, 159
Proportional limit, 137
Pullback, 59, 66, 67, 118, 314, 316
Push-forward, 59, 66, 67, 118, 314

QR decomposition, 23
Quadrature, 188–193, 216

Radius of curvature, 195
Rate independent material, 279
Rate of deformation, 47, 65–68, 76, 82, 85, 86,

88, 90, 95, 112, 116, 117, 119, 120, 124,
163, 219, 258, 312, 315–317, 321, 322

Rate-dependent
material, 279
plasticity, 279, 322

Rayleigh–Ritz method, 32
Rectangular element, 217, 226
Reduced integration, 169, 193, 215–216

selective, 169, 216
Redundant coordinates, 37
Reference conditions, 238–243, 251, 252
Reference coordinate system, 51, 53, 72, 76,

77, 95, 176
Reference coordinates, 63, 74, 76, 109, 244,

249, 251, 255

Reference motion, 52, 53, 110, 229, 240–243,
245, 250–252

Reflection, 6, 127–129
Relaxation function, 143, 145, 149, 152, 156,

159
Relaxation time, 142, 162
Return mapping algorithm, 280, 286, 287, 289,

295, 296, 309–312, 326
radial, 322

Reynolds’ transport theorem, 48, 82–84
Right Cauchy-Green strain tensor, 61, 115,

136, 138, 155, 165
Right stretch tensor, 62
Rigid body

dynamics, 24–32, 34, 36, 101, 168, 251
inertia, 28 , 245
kinematics, 24–27, 43–44, 51–52, 217
mass matrix, 28
motion, 51–52, 54, 56, 60–62, 65, 66, 74,

75, 78, 85, 94, 106, 115, 117, 119, 121,
123, 125, 135, 138, 156, 163, 168, 169,
172, 174, 175, 202, 203, 204, 213, 217,
221, 223, 225, 226, 227, 228–229,
231, 234, 235, 239, 240–243, 249,
251, 262, 265, 275, 315, 318

planar motion, 24–27
translation, 47, 169, 229, 235, 236, 239

Rodriguez formula, 62
Rodriguez parameters, 232
Roll angle, 232
Rotation, 128–129

field, 23, 29, 37, 172, 173, 217, 218, 221,
226, 262

finite, 28, 172, 173, 179, 217, 218, 221,
229–234, 253, 254, 259, 262, 276, 316

infinitesimal, 53, 62, 172, 217, 221, 226,
227, 229, 234, 235, 237, 241, 245

large, 110, 167–224, 225–259
matrix, 62, 117, 231, 314

Scalar triple product, 77
Second fundamental form of surfaces, 196, 197

coefficients of, 197
Second Piola-Kirchhoff stress tensor, 75, 104,

106–109, 112–118, 120, 124–126,
133–138, 140, 141, 156, 157, 159, 161,
162, 165, 180, 204, 248, 314, 315, 322

Selective reduced integration, 169, 216
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Separation of variables, 169–171
Shape function, 46, 57, 87, 167, 169, 193, 203,

204, 209, 210, 212, 217, 219, 223, 226,
227, 235, 239, 245, 255, 258, 264, 267,
271, 272, 275

matrix, 34, 94, 109, 110, 112, 171, 174, 175,
181, 183, 185, 200, 203, 205, 206, 208,
209, 210, 212, 221, 227, 228,
236–240, 245, 246, 247, 255, 258,
259, 264, 271, 272, 274

Shear
deformation, 47, 84, 89–92, 200, 201, 205,

206, 209, 215, 228
locking, 130, 169, 214, 215, 216
modulus, 130, 152, 299
strain, 56–58, 70–72, 74, 86, 88, 89, 91, 92,

131, 201, 204, 207
stress, 86, 98, 100, 103, 132, 162, 163, 215,

280
viscosity coefficient, 163

Shells, 53, 131, 168, 169, 172, 193, 199, 212,
215, 217, 226, 229, 239, 262, 265, 271

Simpson’s rule, 188
Singular point, 194
Slider crank mechanism, 42, 241
Slip rate, 281
Sloshing, 212, 220, 256, 257
Small deformation, 34, 35, 78, 86, 106, 111,

124, 130, 141, 167, 168, 178, 188, 202,
203, 207, 217, 225–259, 280, 281, 292,
299

Small strains see Infinitesimal strains
Solid element, 172, 211–212, 217, 220, 226
Spatial coordinates, 27, 32, 34, 43, 65, 74, 109,

135, 163, 167–171, 173, 179, 180, 185,
193, 208, 211, 221, 274

Spectral decomposition, 17, 72
Spin

tensor, 65–66, 68, 85, 90, 117, 119, 322,
323

Spurious singular modes, 216
Standard viscoelastic model, 165
Stiffness matrix, 216, 250–253, 255, 256
Stokes’ relation, 163, 164
Strain

Almansi, 47, 59, 60, 67
auxiliary strain energy density function, 151
Cauchy, 59

components, 2, 14, 23, 29, 39, 42, 47,
55–60, 69, 70, 86, 91, 97, 105, 124,
125, 126, 131, 135, 136, 172, 204, 205,
209, 215, 249, 297

energy, 29, 74–76, 116, 117, 126, 131, 134,
139, 140, 151, 156, 201–207, 209,
215, 216, 255, 315

engineering, 56, 58
Eulerian, 58–62, 95
Geometric interpretation, 56–58
Green–Lagrange, 47, 55, 70, 86, 100, 104,

108, 159, 180, 223
hardening, 279, 280
infinitesimal, 59, 61–62, 155
invariants, 72–74, 95, 131–132, 136–137
logarithmic, 56
natural, 56
normal, 56, 58, 70, 72, 74, 86, 89, 91, 92,

130, 131, 204, 207
plane, 132, 133, 164
principal, 71–74, 91
shear, 56–58, 70–72, 74, 86, 88, 89, 91, 92,

131, 201, 204, 207
small see Infinitesimal strains
space formulation, 280, 281
transformation, 70, 76, 91
vector, 14, 55, 125
volumetric, 72, 151, 152, 216, 300

Strain additive decomposition, 142, 280, 281,
298, 299

Strain-displacement relationships see
Constitutive equations

Stress, 97–121
back, 281, 282, 310
Biot, 107
Cauchy

97, 99, 100, 102–104, 106, 108, 111–121,
137, 141, 161, 163, 249, 291, 314

components, 14, 29, 100, 113, 125, 128,
162, 163, 297, 302

deviatoric, 103, 113–115, 298
invariants, 103, 120, 131–132
Kirchhoff, 75, 106, 115, 118, 137, 138, 165,

314, 325
measures, 29, 75, 76, 97, 105–106, 108,

111, 115, 120, 124, 155, 163, 291
normal, 58, 86, 98, 99, 100, 130, 163
physical interpretation, 113, 161
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Piola-Kirchhoff, 75, 104, 106–109,
112–118, 120, 121, 124–126,
133–138, 140, 141, 156, 157, 159, 161,
162, 165, 180, 204, 248, 314, 315, 322

plane, 132, 164, 304–306
principal, 103, 120
rate, 97, 117–119, 121, 284, 292, 303, 316,

318
shear, 86, 98, 100, 103, 132, 162, 163, 215,

280
space formulation, 280, 286
symmetry, 102–103
transformation, 100
true, 103, 106, 113, 115
update algorithm, 295
vector, 14, 125

Stress–strain relationships see Constitutive
equations

Stretch, 42, 51, 85–88, 95, 107, 130, 131, 132
Left, 62
Right, 62
tensor, 62, 63, 118

Structural applications, 202, 217
Structural discontinuities, 274, 275–277
Structural systems, 167, 203, 251, 262
Subparametric finite element, 213
Summation convention, 11–12
Superparametric finite element, 213
Surface

curvature, 197–199
elliptic, 197
hyperbolic, 197
parabolic, 197
planar, 197
theory, 196–199

Surface force, 29, 98–100, 110–111, 119
Surface traction, 98, 105, 120, 220
Symmetry of the stress tensor, 102–103

Tangent elastoplastic modulus, 292, 294, 318,
319, 323

Tangent frame, 23, 243
Tank car, 92, 183, 255
Tensor

Almansi strain, 47, 59, 60, 67
alternating, 20, 45
antisymmetric, 18
Cartesian, 12–21

Cauchy strain, 59
contraction, 13–14, 18–21, 104, 125, 307
double product, 13–14, 18–21, 104, 125,

307
Eulerian strain, 58–62, 95
Fourth-order, 18–21, 45, 125, 138, 163, 165,

180, 249, 291, 294, 297, 303, 304
Green-Lagrange strain, 47, 55, 70, 86, 100,

104, 108, 159, 180, 223
higher order, 18–21
identity, 12, 13, 300
infinitesimal strain, 59, 61–62, 155
invariants, 14–16
isotropic, 13
left Cauchy-Green strain, 61, 62, 64, 79, 80,

95, 137, 165, 314
rate of deformation, 47, 65–68, 76, 82, 85,

86, 88, 90, 95, 112, 116, 117, 119, 120,
124, 163, 219, 258, 312, 315–317,
321, 322

right Cauchy-Green strain, 61, 115, 136,
138, 155, 165

second order, 12
skew symmetric, 18
spherical, 13
spin, 65–66, 68, 85, 90, 117, 119, 322, 323
symmetric, 16–18
third order, 18–19
unit see Identity tensor
velocity gradient, 47, 65–66, 75, 76, 82, 85,

90, 116, 117, 119, 120, 121, 163, 315,
316

Theory of curves, 194–195
Theory of surfaces, 196–199
Thin plate element, 208–209, 215, 224, 273,

275
Tire, 92, 110, 111, 183, 222, 223
Torsion, 195, 206
Total Lagrangian formulation, 111–113, 218,

220
Trace of matrix, 2
Traction, 98, 105, 120, 220
Transformation matrix, 6, 17, 43, 52, 64, 69,

74–77, 100, 101, 116, 117, 141, 176,
231, 232, 235, 237, 238, 252

planar, 25–27, 43, 71, 91, 129
spatial, 232–233, 234
in terms of Euler angles, 232–233, 258
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Translation, 24, 28, 47, 51, 102, 169, 172, 199,
203, 205, 206, 208, 210, 217, 226, 227,
228, 229, 235–237, 239, 241, 246, 256,
258

Transport term, 65
Transpose of matrix, 2
Tresca yield function, 280
Triadic product, 12
Trial stress, 297, 307
Triangular element, 217, 226
Triple product, 77
True stress, 103, 106, 113, 115
Truesdell stress rate, 117–118

Unit dyads, 12
Updated Lagrangian formulation, 111–113,

169, 218–221

Vector, 6–11
cross product, 7–8
dot product, 7
dyadic product, 7, 8–9
inner product, 7
length of, 7
norm of, 7
orthogonal, 7
outer product, 7, 8–9
scalar product, 7
unit, 7

Velocity, 24–26, 32, 35, 64–68, 82, 113, 119,
164, 178, 219, 230, 231, 240, 244, 259

angular, 26–27, 229–234, 244, 258
field, 220
gradient, 47, 65–66, 75–76, 82, 85, 90,

116–117, 119–121, 163, 315, 316
strain, 65
transformation, 36
virtual, 112

Virtual displacement, 30, 35, 112
Virtual power principle, 112
Virtual velocity, 112
Virtual work

of applied forces, 36, 180–181, 183, 250
of elastic forces, 97, 103–113, 116, 121,

134, 135, 168, 180, 181, 201, 205,
248–250

of inertia forces, 35, 168, 178–181,
246–247, 250

principle, 1, 27, 29–32, 34, 36, 46, 102, 116,
120, 180, 181, 244, 250

Viscoelastic material, 115, 119, 124, 125, 132,
141–162, 165

Kelvin model, 148, 152
linear, 141–155
Maxwell model, 148, 159, 162, 165
nonlinear, 155–161
one-dimensional model, 141–155
standard model, 142, 143, 145, 148, 149, 165
strain additive decomposition, 142
Voigt model, 148, 152

Viscosity coefficient, 162, 163
Voigt viscoelastic model, 148, 152
Volume change, 29, 77–81, 104, 131
Volumetric locking, 130, 169, 214, 216
Volumetric strain, 72, 151, 152, 216, 300
von Mises effective stress, 323
von Mises yield function, 280, 289, 298, 309,

323, 325
Vorticity, 64

Weak form, 105
Weight

coefficients, 189, 190
factors, 189, 190

Work and energy, 1, 37–39, 123, 124
principle, 39, 218

Yaw angle, 232
Yield condition, 281, 296, 298, 307, 309, 322
Yield criterion, 280, 281
Yield function, 113, 280, 282, 283, 285,

287–290, 292, 298, 301, 308, 312, 317,
319, 323–325

Huber-von Mises, 298, 309
Tresca, 280
von Mises, 280, 289, 298, 309, 323, 325

Yield stress, 137, 281, 299
Young’s modulus, 130

Zero energy modes, 216
Ziegler’s rule, 281
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