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Preface
Machining is one of the most important manufacturing methods used for 
the production of mechanical components worldwide� Conventional and 
nonconventional machining processes are vital for the production of high-
quality components from many different material categories� Automotive, 
aerospace, and medical industries are only some of the sectors in which 
machined components of high-dimensional accuracy, exceptional proper-
ties, complex sizes, and usually from difficult-to-machine materials are 
employed� The research in the refinement of machining or the introduc-
tion of new features is ongoing and fast growing�

Modeling and simulation are powerful tools in many applications, 
including manufacturing and especially machining� Modeling can pro-
vide valuable information on the fundamental understanding of the mate-
rial removal process but more importantly it provides the means to predict 
many machining parameters in a reliable manner� The value of modeling 
in machining can be recognized by the number of publications appearing 
in the contemporary relevant literature, which can be described as vast�

As more sophisticated machining methods are used, more elaborate 
models need to be proposed� This includes the use of innovative techniques 
in well-known methods, the proposal of novel methods, and the introduc-
tion of modeling procedures that are used in other scientific sectors in 
machining modeling practice� Furthermore, advances in computers, with 
an increase in computational power and data storage, provide opportuni-
ties for more complicated and detailed simulations� This research book 
aims at providing all the related data that are needed to employ innova-
tive modeling techniques in advanced machining processes, with a thor-
ough presentation of methods and techniques completed by case studies 
from experts, who have contributed their work in this book�

Chapter 1 covers the topic of particle finite element modeling and 
its application in machining� Chapter 2 pertains to smoothed particle 
hydrodynamics method as applied in cutting processes� Chapter 3 pres-
ents the application of modeling in the case of machining of carbon fiber- 
reinforced polymer� Chapter 4 pertains to the numerical modeling of a 
nonconventional material removal process, that is, sinker electrodischarge 
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machining� Chapter 5 covers the modeling of interaction between pro-
cess and machine tool for precision machining� Chapter 6 is dedicated 
to large-scale molecular dynamics simulations for nanomachining� 
Chapter 7 presents the teaching learning-based optimization of electro-
discharge machining� Chapter 8 contains information on the analytical 
and numerical modeling of abrasive processes and grind- hardening pro-
cedure� Chapter 9 is dedicated to the finite element modeling of microma-
chining� The final chapter, Chapter 10, is dedicated to material modeling 
in finite element simulation of machining� Color versions of all figures 
will be hosted on a companion website� Visit the book’s CRC Press 
website for further details: www�crcpress�com/9781138033627�

This book is intended for both the academia and the industry� The 
former pertains to pre- and postgraduate students, PhD students, and 
researchers from universities and institutes who are involved in machin-
ing and modeling and interested in exploring more aspects of these 
subjects� The latter pertains to industries that have R&D departments 
interested in machining modeling for the improvement of their prod-
ucts, mainly in the sectors of automotive and aerospace industry, medical, 
medical tools, and devices developers, metalworking industry, machine 
tools and cutting tools manufacturers, and modeling software companies�

The editors acknowledge the aid from CRC Press and express their 
gratitude for this opportunity and for their professional support� The 
help of Alexandra Micha from National Technical University of Athens 
(NTUA) is also acknowledged and is greatly appreciated� The editors 
also express their gratitude to all the chapter authors for their availabil-
ity and for delivering the high-quality research material at hand� 

Angelos P. Markopoulos
National Technical University of Athens

J. Paulo Davim
University of Aveiro

MATLAB® is a registered trademark of The MathWorks, Inc� For product 
information, please contact:

The MathWorks, Inc�
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 508-647-7000
Fax: 508-647-7001
E-mail: info@mathworks�com
Web: www�mathworks�com
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A particle finite element 
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Metal cutting process is a nonlinear dynamic problem that includes 
 geometrical, material, and contact nonlinearities� In this work, a 
Lagrangian finite element approach for the simulation of metal cutting 
process is presented based on the so-called particle finite element method 
(PFEM)� The governing equations for the deformable bodies are dis-
cretized with the finite element method (FEM) via a mixed  formulation 
using simplicial elements with equal linear interpolation for displace-
ments, pressure, and temperature� The use of PFEM for modeling of 
metal cutting processes includes the use of a remeshing process, α-shape 
concepts for detecting domain boundaries, contact mechanics laws, and 
material constitutive models� In this chapter, a 2D PFEM-based  numerical 
modeling of metal cutting processes has been studied to investigate the 
effects of cutting velocity on tool forces, temperatures, and stresses in 
machining of Ti–6Al–4V� The Johnson–Cook plasticity model is used 
to  describe the work material behavior� Numerical simulations are in 
agreement with experimental results�

1.1 Introduction
Numerical modeling of machining processes is continuously attracting 
researchers for better understanding of chip formation mechanisms, heat 
generation in cutting zone, tool–chip interfacial frictional characteristics, 
and quality and integrity of the machined surfaces� In predictive process 
engineering for machining processes, prediction of physics-related pro-
cess field variables such as temperature and stress fields becomes highly 
important�

The numerical simulation of metal cutting processes is complicated 
mainly by two factors: First, the constitutive model of the piece material� 
It must adequately represent deformation behavior during high strain 
rate loading and low strain rate loading under a range of temperatures, 
and account for hardening and softening processes� The second challenge 
is concerned with the modeling and numerical realization of large con-
figuration changes� Numerical simulations of machining process involve 
large strains and angular distortions, multiple contacts and self-contact, 
generation of new boundaries, and fracture with multiple cracks and 

1�7�3 Mechanical problem ������������������������������������������������������������������� 16
1�7�4 Thermal problem ������������������������������������������������������������������������ 17

1�8 Example, result, and discussion ����������������������������������������������������������� 18
1�8�1 Cutting and feed forces �������������������������������������������������������������� 20
1�8�2 Material response������������������������������������������������������������������������ 21

1�9 Conclusion ����������������������������������������������������������������������������������������������� 22
References ���������������������������������������������������������������������������������������������������������� 23



3Chapter one: Modeling and simulation of machining processes with PFEM

defragmentation� All of them are difficult to handle with standard FEMs� 
Different numerical techniques have been developed to deal with the sec-
ond challenge in the numerical simulation of metal cutting processes, the 
material point method [1], the smooth particles hydrodynamics method 
[2], the constrained natural element method (C-NEM) [3], the discrete ele-
ment method (DEM) [4], and more recently the PFEM [5–7] are among 
them� The wide variety of numerical techniques developed till now to 
model machining process demonstrates not only that the modeling of 
machining has been a subject of intensive research, but also that this field 
still requires further attention� The aforementioned considerations consti-
tute solid and compelling reasons to continue the research in numerical 
techniques to model metal cutting processes�

The purpose of this work is to apply the PFEM [1–3] to solve the 
problems associated with the large configuration changes and to use the 
Johnson–Cook constitutive law to model the complex material behavior�

The remaining of the chapter is organized as follows: Section 1�2 is 
devoted to the description of PFEM and the modifications introduced 
here concerning insertion and removal of particles� In Section 1�3, the 
basic equations for conservation of linear momentum, mass conserva-
tion, and heat transfer for a continuum using a generalized Lagrangian 
framework are presented� Section 1�4 deals with the variational for-
mulation of the continuous problem that is presented in Section 1�3� 
Then, the mixed finite element discretization using simplicial element 
with equal order approximation for the displacement, the pressure, 
and the temperature is presented, and the relevant matrices and vec-
tors of the discretized problem are given in Section 1�5� Section 1�6 pres-
ents the J2 plasticity model at finite deformation and a description of 
the Johnson–Cook constitutive model� Details of the implicit solution 
of the Lagrangian FEM equations in time using an updated Lagrangian 
approach and a Newton–Raphson-type iterative scheme are presented 
in Section 1�7� Section 1�8 focuses on a set of representative numerical 
simulations of metal cutting processes using PFEM� Finally, some con-
cluding remarks are presented in Section 1�9�

1.2 The particle finite element method
The PFEM is a FEM-based particle method [8], initially proposed for the 
solution of the continuous fluid mechanics equations� The main objectives 
are, on the one hand, to develop a method to eliminate the convective 
terms in the governing equations� On the other hand, the introduction of a 
technology, based on the α-shape method used in other areas, that is able 
to deal with free boundary surfaces is the second objective� The interpre-
tation of the method has evolved from a meshless method, in which the 
nodes are supposed to be the particles that move according to simple rules 
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of motion, to a sort of updated Lagrangian approach in which the advan-
tages of the standard FEM formulation for the solution of the incremental 
problem are used�

1.2.1 The particle finite element method in solid mechanics

The PFEM is a set of numerical strategies that are combined for the solu-
tion of large deformation problems� The standard algorithm of the PFEM 
for the solution of solid mechanics problems contains the following steps: 

 1� Definition of the domain(s) Ωn  in the last converged configuration, 
t tn= , keeping existing spatial discretization Ωn �

 2� Transference of variables by a smoothing process from Gauss points 
to nodes�

 3� Discretization of the given domain(s) in a set of particles of infini-
tesimal size elimination of existing connectivities Ωn �

 4� Reconstruction of the mesh through a triangulation of the domain’s 
convex hull and the definition of the boundary applying the α-shape 
method [9,10], defining a new spatial discretization Ωn �

 5� A contact method to recognize the multibody interaction�
 6� Transference of information, interpolating nodal variables into the 

Gauss points�
 7� Solution of the system of equations for n nt t t+ = +1 ∆ �
 8� Go back to step 1 and repeat the solution process for the next time step�

1.2.2  The particle finite element method in the numerical 
simulation of metal cutting processes

The standard PFEM presents some weaknesses when applied in orthogo-
nal cutting simulation� For example, the external surface generated using 
α-shape may affect the mass conservation, the chip shape, absence of 
equilibrium on the boundary due to the introduction of artificial pertur-
bations, and generation of unphysical welding of the workpiece material 
and the chip�

To deal with this problem, in this work the use of a constrained 
Delaunay algorithm is proposed� Furthermore, addition and removal of 
particles are the principal tools, which are employed for sidestepping the 
difficulties that are associated with deformation-induced element distor-
tion and for resolving the different scales of the solution�

In the numerical simulation of metal cutting process, despite the 
continuous Delaunay triangulation, elements arise with unacceptable 
aspect ratios; for this reason, the mesh is also subjected to a Laplacian 
smoothing algorithm to smooth the mesh� For each node in a mesh, a new 
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position based on the position of neighbors is obtained� In the case that 
a mesh is topologically a rectangular grid, then this operation produces 
the Laplacian of the mesh� These procedures are applied locally and 
not in every time step� Specific size metrics control node insertion and 
removal, whereas the Laplacian smoothing algorithm drives the reposi-
tioning of nodes�

In summary, the enhancement of the PFEM takes place in three main 
areas: the dynamic process for the discretization of the domain into par-
ticles, varying the number of them depending on the deformation of the 
body; transference of the internal variables, from a nodal smoothing 
through a variable projection; and the boundary recognition, eliminat-
ing the geometric criterion of the α-shape method�

1.2.2.1 Data transfer of internal variables
The transference of internal variables or element information between 
evolving meshes within the field of PFEM is critical in the numerical sim-
ulation of process such as machining as shown in References 7 and 11� In 
this work, the authors show that the nodal scheme presented in Reference 
12 generates unphysical springback of the machined surface and subesti-
mation of the cutting and feed forces�

Due to the insertion, removal, and relocation of particles through 
Laplacian smoothing, the transference of Gauss point variables is set 
directly through a mesh projection instead of traditional nodal smoothing 
[5]� The projection is carried out by a direct search of the position of the 
integration point of the new connectivity, over the former mesh� The use 
of this transference scheme gives an improved computational efficiency� 
The use of the projector operator to transfer internal variables guarantees 
the preservation of the stress-free state for the portions of the domains 
that do not yield� In this zone, there is no insertion, removal, or relocation 
of particles; most of the finite elements of the stress-free region remain the 
same before and after the Delaunay triangulation, resulting in no diffu-
sion of the internal variables in the stress-free zone� More details about the 
data transfer of internal variables in the numerical simulations are found 
in References 5, 7, and 11�

A summary about the PFEM that is applied in metal cutting processes 
is shown in Figure 1�1�

1.3  Governing equations for a Lagrangian 
continuum

Consider a domain containing a deformable material that evolves in time 
due to the external and internal forces and prescribed displacements and 
thermal conditions from an initial configuration at time t = 0 to a current 
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configuration at time t = tn. The volume V and its boundaries Γ at the  initial 
and current configurations are denoted as ( , )0 0V Γ  and ( , )n nV Γ , respec-
tively� The aim is to find a spatial domain that the material occupies and 
at same time to obtain velocities, strain rates, stresses, and temperature in 
the updated configuration at time n nt t t+ = + ∆1 � In the following lines, a left 
super index denotes the configuration where the variable is computed�

1.3.1 Momentum equation

The equation of conservation of linear momentum for a deformable con-
tinuum is written in a Lagrangian description as 

 ρ
ν σD

Dt x
b i j n Vi

n
ij

n
j

n
i s

n−
∂
∂

− = =
+

+
+ +

1

1
1 10 1, , , ,  in  (1�1)

where:
n V+1  is the analysis domain in the updated configuration at time n t+1  

with boundary n+1Γ
νi and bi are the velocity and the body force components along the 

Cartesian axis
ρ is the density

Initial cloud C0 Initial mesh M0Initial volume V0

Cloud at time tn  Cn Mesh at time tn  MnVolume at time tn  Vn

Cn+1 Mn+1Vn+1

Figure 1.1 Remeshing steps in a standard PFEM machining numerical 
simulation�
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ns is the number of space dimensions
n

jx+1  is the position of the material point at time n t+1

n
ij

+1σ  is the Cauchy stress in n V+1

D Dtiν/  is the material derivative of the velocity field

The Cauchy stress is split into the deviatoric sij and pressure p
components as 

 σ δij ij ijs p= +  (1�2)

where δij is the Kronecker delta�
The pressure is assumed to be positive for a tension state�

1.3.2 Thermal balance

The thermal balance equation in the current configuration is written in a 
Lagrangian framework as 

 ρc
DT
Dt x

k
T

x
Q i j n Vn

i
n

i

n
s

n− ∂
∂

∂
∂









 + = =+ +

+ +
1 1

1 10 1, , , ,  in  (1�3)

where:
T is the temperature
c is the thermal capacity
k is the thermal conductivity
Q is the heat source

1.3.3 Mass balance

The mass conservation equation can be written for solids domain as 

 − + =1
0

k
Dp
Dt

Vε  (1�4)

where:
k is bulk elastic moduli of the solid material
Dp/Dt is the material derivative of the pressure field
εV is the volumetric strain rate defined as the trace of the rate of defor-

mation tensor, which is defined as

 dij
i

j

j

i
= ∂

∂
+

∂
∂











1
2

υ
χ

υ
χ

 (1�5)
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For a general time interval [ , ]n nt t+1 , Equation 1�4 is discretized as 

 − −( ) + =+1
01

k
p p tn n

Vε ∆  (1�6)

Equations 1�1, 1�3, and 1�4 are completed by the standard boundary 
conditions�

1.3.4 Boundary conditions

1.3.4.1 Mechanical problem
The boundary conditions at the Dirichlet Γυ and Neumann Γt boundaries 
with Γ Γ Γ= ∪υ t are 

 υ υ υi i
P− = 0 on Γ  (1�7)

 σij j i
P

t sn t i n− = =0 1 on , ,Γ  (1�8)

where υi
P and ti

P  are the prescribed velocities and the prescribed tractions, 
respectively�

1.3.4.2 Thermal problem

 n t n t p n tT T+ + +− = 0 on TΓ (1�9)

 k
T
n

qn
n
p n

q
∂
∂

+ =+ +1 10 on Γ  (1�10)

where:
T  p and qn

p are the prescribed temperature and the prescribed normal 
heat flux at the boundaries ΓT and Γq, respectively

n is a vector in the direction normal to the boundary

1.4 Variational formulation
1.4.1 Momentum equations

Multiplying Equation 1�1 by arbitrary test function wi with dimensions of 
velocity and integrating over the updated domain n V+1  gives the weighted 
residual form of the momentum equations as [13,14] 

 −
∂
∂

−








 =

+

+
+

+
∫

n
ij

n
j

n
i i

V
x

b w
n

1

1
1 0

1

σ
 (1�11)
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In Equation 1�11, the inertial term ρ( )Dv Dti  is neglected because in the 
problems of interest in this work, this term is much smaller than the other 
terms appearing in Equation 1�11�

Integrating by parts the terms involving σij and using the traction 
boundary conditions (1�8) yield the weak form of the momentum equation as 

 δε σij
n

V

ij i
n

i

V

n
i
n

i
p

n n n
t

dV w b dV w t dV+ + + +

+ + +
∫ ∫ ∫− − =1 1 1 1

1 1 1

0
Γ

(1�12)

where δεij i
n

j i
n

iw x w x= ∂ ∂ + ∂ ∂+ +( / )[( / ) ( / )]1 2 1 1  is a virtual strain rate field
Equation 1�12 is the standard form of the principle of virtual power 

[13,14]�
Using Equation 1�2, Equation 1�12 gives the following expression: 

 δε δε δij
n

V

ij ij
n

V

ij i
n

i

V

i
n

n n n

s dV p dV w b dV w t+ + + +

+ + +
∫ ∫ ∫+ − −1 1 1 1

1 1 1

ii
p

n
t

dV
+
∫ =
1

0
Γ

(1�13)

Introducing, w, s, and δε, the vectors of test function, deviatoric stresses, 
and virtual strain rates, respectively; b and tp, the body forces and traction 
vectors, respectively; and m, an auxiliary vector, in Equation 1�13 yields 

 δε δε δεTn

V

T

V

n Tn

V

T n p

n n n n

dV pdV dV+ + + +

+ + + +
∫ ∫ ∫+ − −1 1 1 1

1 1 1 1

s m w b w t
Γtt

∫ =dV 0 (1�14)

where the matrices introduced in Equation 1�14 are defined in References 
15 and 16�

1.4.2 Mass conservation equation

To obtain the mass conservation equation, Equation 1�6 is multiplied by 
an arbitrary test function q, defined over the analysis domain� Integrating 
over n V+1  yields

 − −( ) + =+

+ +
∫ ∫q

k
p p dV q tdVn n

V

V

Vn n

1

1 1

0ε ∆  (1�15)

1.4.3 Thermal balance equation

Application of the standard weighted residual methods to the thermal 
balance equations (1�3), (1�9), and (1�10) leads, after standard operations, 
to [14] 
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ˆ
ˆ

ˆw c
DT
Dt

dV
w

x
k

T
x

dV w
n n nV

n
i

V

n
i

n

V+ + +
∫ ∫ ∫+ ∂

∂
∂

∂








 ++ +

+

1 1 1

1 1
1ρ QQdV

w q dn

V

n
p

n

+ =+

+
∫ ˆ 1

1

0Γ

(1�16)

where ŵ is the space weighting function for the temperature�

1.5 Finite element discretization
The analysis domain is discretized into finite elements with n nodes in the 
standard manner, leading to a mesh with a total number of Ne elements 
and N nodes� In the present work, a simple three-noded linear triangle 
(n = 3) with local linear shape functions Ni

e defined for each node n of the 
element e is used� The displacement, the velocity, the pressure, and the 
temperature are interpolated over the mesh in terms of their nodal values 
in the same manner using the global linear shape function Nj that is span-
ning over the nodes sharing node j� In matrix format and 2D problems, 
we have 

u v p T= = = =N u N v N p N Tu v p T, , , (1�17)

where: 

u

u
u

u

u
u
u

v

v
v

vN

i
i

i
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
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





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
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
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




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1

2

 
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
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
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
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


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


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
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
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




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

 

 
N N N N N

N N N N N

u v N

p T N

= =

= =

[ ]

[ ]

1 2

1 2





(1�18)

with N Nj j= I2 where I2 is the 2 2×  identity matrix�
Substituting Equation 1�17 into Equations 1�13 and 1�16 while choosing 

a Galerkin formulation with w q w Ni i i= = =


 leads to the following system 
of algebraic equations: 

F F u p F

F F p F

u u

p p

res,mech ,ext

res,mass ,press ,vol

= ( ) − =

= ( ) −

,int , 0

uu F p F p

F F T F

p p n
n( ) + ( ) − ( ) =

= ( ) −

,stab ,press

res,therm ,dyn ,i

, 0

θ θ


nnt ,extT F T( ) + ( ) =θ 0

 (1�19)
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where: 

 F u p B dVu u
T n

Vn

,int ,( ) = +

+
∫ 1

1

σ  (1�20)

 F N bdV N t du
T n

V

T n p

n n
t

,ext = −+ +

+ +
∫ ∫1 1

1 1

Γ
Γ

(1�21)

 F p
k

N NpdVp
T

Vn

,press ( ) =
+
∫ 1

1

(1�22)

The term F n pp
n

, , ( )press  is exactly the same term as in Equation 1�22, but the 
nodal pressure is evaluated at time nt:

 F u up
Tn

,vol ( ) = +Q 1 (1�23)

where the element form of the Q matrix is given by 

 Q( ) ( ) ( )

( )

e
ui
e T

j
e

V

B mN dV
n e

=
+
∫
1

(1�24)

 F p A N N N N p dVp
e

N
e T e e T e e

V

e

n e

,
( ) ( ) ( ) ( ) ( )

( )

stab ( ) = −( )
=

+
∫1
1

α
µ

   (1�25)

 F T cNN TdVT
T

Vn

,dyn
 ( ) =

+
∫ ρ
1

 (1�26)

 F T kB B TdV N QdVq
T

V

T

Vn n

,int ( ) = −
+ +
∫ ∫θ θ

1 1

(1�27)

 F T N q dq
T

n
p

n
q

,ext ( ) =
+
∫ Γ

Γ1

(1�28)

In Equation 1�19, T denotes the material time derivative of the nodal 
temperature�

In finite element computations, the aforementioned force vectors are 
obtained as the assemblies of element vectors� Given a nodal point, each 
component of the global force associated with a particular global node is 
obtained as the sum of the corresponding contributions from the element 
force vectors of all elements that share the node� In this work, the element 
force vectors are evaluated using Gaussian quadrature�
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Note that Equation 1�19 involves the geometry at the updated con-
figuration ( )n V+1 � This geometry is unknown; hence the solution of 
Equation 1�19 has to be found iteratively� The iterative solution scheme 
proposed in this work is presented in the next section�

1.6 The constitutive model
1.6.1 Thermo-elastoplasticity model at finite strains

In metal forming processes such as machining, elastic strains are in the 
order of 10−4, whereas plastic strains can be in the order of 10−1 to 10 [17]� 
In case elastic strains are neglected, the model is not able to predict the 
residual stresses and the springback of the machined surface� For this rea-
son, the constitutive model is developed for small elastic and large plastic 
deformation, instead of a more complex model that uses large elastic and 
large plastic deformation [5,7,11]� An example of modeling of machining 
processes that uses a fluid mechanics approach is presented in Reference 18� 
A valuable implication of the small elastic strains is that the rate of deforma-
tion tensor d x xij i j j i= ∂ ∂ + ∂ ∂{( / )[( / ) ( / )]}1 2 υ υ  inherits the additive structure 
of classical small-strain elastoplasticity: 

 d d d= +e p (1�29)

where de and dp are the elastic and plastic parts of the rate of deformation 
tensor, respectively�

1.6.1.1 Elastic response
Let a material with a hypoelastic constitutive equation such as 

 L c d dp
υ τ( ) : ( )= −  (1�30)

where:
L υ( )•  denotes the Lie objective stress rate
τ denotes the Kirchhoff stress tensor

It can be assumed that the special elasticity c tensor is given by

 c I
1

1 1 1 1= − ⊗





 + ⊗2

3
µ κ (1�31)

where:
I and 1, with components Iabcd ac bd ad cd= +[( )/ ]δ δ δ δ 2  and 1ab ab= δ , are the 

fourth and second-order symmetric unit tensor, respectively
The parameters µ and κ represent the shear and the bulk elastic 

modulus�
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1.6.1.2 Yield condition
The yield condition used in this work is the von Misses–Huber yield cri-
terion� This criterion is formulated in terms of the second invariant of the 
Kirchhoff stress tensor J2 1 2= ( / ) :dev devτ τ� Hence, the von Mises yield 
criterion (henceforth simply called the Mises criterion) can be stated as 

 f J y y
p p( ) ,τ σ τ σ ε ε= − = − ( ) =2

2
3

2
3

02 dev   (1�32)

where:
σy denotes the flow stress
ε p is the hardening parameter or plastic strain

1.6.1.3 Flow rule
As is customary in the framework of incremental plasticity, the concept 
of flow rule is applied to obtain the plastic rate of deformation tensor dp 
in terms of the plastic flow direction tensor n = ( )dev devτ τ/  associated 
with the yield surface: 

 d np = = λ λ τ
τ

dev
dev

 (1�33)

and the evolution equation for the accumulated effective plastic strain ε p 
is governed by 

 
ε λp = 2

3
(1�34)

where λ is the consistency parameter or plastic multiplier subject to the 
standard Kuhn–Tucker loading/unloading conditions: 

  λ τ λ τ≥ ≤ =0 0 0, ( ) , ( )f f (1�35)

Along with the consistency condition [19], complete the formulation of the 
model: 

 

λ τf( ) = 0

1.6.1.4 The Johnson–Cook constitutive model
The titanium alloy Ti–6Al–4V used in this study is a commonly used 
material in aerospace and biomedical industries for its superior proper-
ties� The isotropic constitutive model proposed by Johnson and Cook 
has  provided a description of the material behavior when subjected to 
large strains, high-strain rates, and thermal softening� This model has 
been widely used in machining simulation [20–22]� 
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In the Johnson–Cook model, ε p is the plastic strain; ε p is the plastic 
strain rate; ε0 is the reference plastic strain rate (s−1); T is the temperature 
of the workpiece; Tm is the melting temperature of the workpiece mate-
rial; and T0 293 15= .  is the room temperature� Material constant A is the 
yield strength; B is the hardening modulus; C is the strain rate sensitivity; 
n is the strain-hardening exponent; and m is the thermal softening expo-
nent� Although a more realistic simulation model for the machining pro-
cess should also take the state of the work material into account due to a 
previous machining pass or manufacturing process, the material enters 
the workpiece without any strain or stress history in our model� Table 1�1 
gives the Johnson–Cook properties used in our numerical simulations�

1.7 Stress update algorithm
1.7.1 Thermo-elastoplasticity model at finite strains

An implicit integration of the constitutive model presented in Section 
1�6�1�4 is summarized in Box 1�1�

1.7.2 Transient solution of the discretized equations

Equations 1�19 are solved in time with an uncoupled (mechanical– thermal) 
implicit Newton–Raphson-type iterative scheme� The basic steps within 
a time increment [ . ]n n+1  are as follows: 

• Initialize variables

 
n n n n n n p n n n n n n px u p T x u p T+ + + + + +( ) ←1 1 1 1 1 1 1 1 1 1 1 1 1, , , , , , , , , ,τ ε τ ε(( ) 

• In the following lines, ( )⋅ i denotes a value computed at the ith iteration�
• Iteration loop: i N= 1, ..., iter for each iteration

Table 1.1 Material properties for 
the process simulations

A(MPa) 860

B(MPa) 612

n 0�78
C 0�08

m 0�66
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BOX 1.1 IMPLICIT INTEGRATION SCHEME 
OF THE THERMO-ELASTOPLASTICITY 

MODEL AT FINITE STRAINS
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1.7.3 Mechanical problem

Step 1: Compute the nodal displacement increments and the nodal pres-
sure from Equation 1�19
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The iteration matrix K is given by

 K =



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K K
K K

uu up

pu pp
(1�38)

where Kuu, Kup, Kpu, and Kpp are given by the following expressions:
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where CT
dev is the deviatoric part of the consistent algorithmic matrix 

emanating from the linearization of Equation 1�19 with respect to the 
nodal displacements [13]�
Step 2: Update the nodal displacements and nodal pressure
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Step 3: Update the nodal coordinates and the incremental deformation 
gradient
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Step 4: Compute the deviatoric Cauchy stresses from Box 1�1�
Step 5: Compute the stresses

 n
ij

n
ijp+ += ( ) +1 1σ τ δdev  (1�42)

Step 6: Check convergence
 Verify the following conditions:
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where eu and ep are the prescribed error norms� In the examples 
 presented in this chapter, the error norms are set to e eu p= = −10 3� If con-
ditions (1�43) are satisfied, the solution of the thermal problem in the 
updated configuration n+1x is accepted� Otherwise, make the iteration 
counter i i← + 1 and repeat Steps 1–6�

1.7.4 Thermal problem

• Iteration loop: i N= 1, ..., iter for each iteration

Step 7: Compute the nodal temperatures
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Step 8: Update the nodal temperatures

 n i n iT T T+ + += +1 1 1 ∆  (1�45)

Step 9: Check convergence

 n i n i
T

nT T e T+ + +− ≤1 1 1 (1�46)

where eT is the error norm in the balance of energy� In the exam-
ples  presented in this chapter, the error norm is set to eT = −10 5� If con-
dition (1�46) is satisfied, then make n n← + 1 and proceed to the next 
time  step� Otherwise, make the iteration counter i i← + 1 and repeat 
Steps 7–9�
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1.8 Example, result, and discussion
The ability of PFEM to adaptively insert and remove particles and to improve 
mesh quality is crucial in the problems presented from here on� Then, it is 
possible to maintain a reasonable shape of elements and also to capture gra-
dients of strain, strain rate, and temperature� The PFEM strategy does not 
require a criterion for modeling of the chip separation from the workpiece�

The friction condition is an important factor that influences chip for-
mation� Friction on the tool–chip interface is a nonconstant function that 
is dependent of normal and shear stress distribution� Normal stresses are 
largest in the sticking contact region near the tool tip� The stress in the 
sliding zone along the contact interface from the tool tip to the point where 
the chip separates from the tool rake face is controlled by frictional shear 
stress� A variety of complex friction models exist; however, the lack of input 
data to these models is a limiting factor� The model for tool–chip interface 
employed in this study is the Coulomb friction model� The friction coef-
ficient µ = 0�5 was selected following the value used in References 23–25�

The heat generated in metal cutting has a significant effect on the chip 
formation� The heat generation mechanisms are the plastic work done in 
the primary and secondary shear zones and the sliding friction in the 
tool–chip contact interface� Generated heat does not have sufficient time 
to diffuse away, and the rise in temperature in the work material is mainly 
due to localized adiabatic conditions� A standard practice in the numeri-
cal simulations of mechanical cutting is to assume the fraction of plastic 
work that is transformed into heat equal to 0�9 [23,25,26]�

An orthogonal cutting operation was employed to mimic 2D plain 
strain conditions� The depth of cut, used for all the test cases, was equal 
to 3 mm� The dimension of the workpiece was 8 × 1�6 mm� A horizontal 
velocity corresponding to the cutting speed was applied to the particles 
at the right side of the tool as given in Table 1�2� The particles along the 
bottom and the left sides of the workpiece were fixed� Material properties 
for the workpiece material are shown in Table 1�1� Material properties of 
the tool were assumed as thermoelastic�

The workpiece was discretized with 105 particles (Figure 1�2a)� The tool 
geometry was discretized by 2232  tree-node thermomechanical elements� 

Table 1.2 Cutting data in simulations

Test no Cutting speed νc (m/min) Feed (mm/rev) Cutting depth (mm)

1 30 0�05 3�0
2 30 0�15 3�0
3 60 0�05 3�0
4 60 0�15 3�0
5 120 0�05 3�0
6 120 0�15 3�0
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Due to adaptive insertion and removal of particles, the average number of 
particles increased up to 6329� The effect of insertion of particles near the 
tool tip is illustrated in Figures 1�2b and 1�3a, b for the test case no� 4� The 
insertion of particles was controlled by the equidistribution of plastic power�

(a)

(b)

Figure 1.2 2D plane strain PFEM model of orthogonal cutting: (a) initial set of 
particles and (b) initiation of the chip�

(a)

(b)

Figure 1.3 Intermediate stages of the chip formation: (a) time 8�04 × 10−4 s and 
(b) time 1�6 × 10−3 s�
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1.8.1 Cutting and feed forces

The loading histories of simulated forces for test no� 3 (Figure 1�4) were evalu-
ated at the chip–tool interface� Average values of the computed forces in the 
steady-state region are compared with the experimental results in Table 1�3� 
The error used for the evaluation of the computed results is computed as 

 Error
Computed measured

Measured
=

−
×100% (1�47)

Table 1�3 shows that the cutting force was overestimated in all tests (in 
average) in more than 46%� Meanwhile, the feed force was overestimated 
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Figure 1.4 Cutting force and feed force for test case no� 4�

Table 1.3 Measured and simulated cutting forces

Measured Simulated PFEM

F Nc ( ) F Nf ( ) F Nc ( ) Error ( )%% F Nf ( ) Error ( )%%

1 405 491 672�6 66�0 485 −1�22
2 922 735 1349 46�31 764 3�95
3 396 454 588�8 48�6 456 0�44
4 868 701 1264 45�6 771 9�99
5 424 478 551�3 30�02 449 −6�07
6 838 746 1194 42�4 744 −0�27
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by about 1%� The errors in Table 1�3 must be related to the context in 
which they will be used, namely the cutting tool manufacturing indus-
try� Literature overview [4] shows that in the industrial production of 
nominally identical cutting tool as well as variations in material proper-
ties of nominally the same material can cause variations around 10% in 
forces� As the average error we get in cutting forces is of the order of 46%, 
we recommend the use of better constitutive models to model the tita-
nium Ti–6Al–4V, for example, the dislocation density constitutive models 
that are developed and applied by the authors of the present chapter in 
References 6 and 23�

1.8.2 Material response

All figures presented in this section correspond to the steady-state condi-
tions� The results shown are for the cutting velocity of 60 m min−1 and 
feed of 0�15  mm� Figure 1�5 illustrates the distribution of plastic strain 
rates in the primary and the secondary shear zones� Figure 1�5 presents a 
maximum plastic strain rate value of 40,377 s−1�

Temperature fields are presented in Figure 1�6� Maximum tempera-
ture  was generated in the contact between the chip and rake face of 
the tool�

The von Mises stress fields are presented in Figure 1�7� The maximum 
value of the stress takes place in the tool in which it looses the contact 
with the machined surface�

0
4,486.4
8,972.7
13,459
17,945
22,432
26,918
31,405
35,891
40,377

Strain rate (1/s)

Figure 1.5 Effective plastic strain rate�
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1.9 Conclusion
A Lagrangian formulation for analysis of metal cutting processes that 
involve thermally coupled interactions between deformable continua 
is presented� The governing equations for the generalized continuum 
are discretized using elements with equal linear interpolation for the 

293
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Temperature (K)

Figure 1.6 Temperature distribution�

0
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2,117.1
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Figure 1.7 Von Mises stress field�
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displacement and the temperature� The merits of the formulation in terms 
of its general applicability have been demonstrated in the solution of three 
representative numerical simulations of orthogonal cutting using the 
PFEM�

Numerical results obtained using PFEM have been compared with 
experimental results� In addition, the numerical model developed within 
this work is in agreement with experimental results and can predict forces 
near the wanted precision�

In conclusion, PFEM is a suitable tool for machining processes 
simulation�
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chapter two

Smoothed particle hydrodynamics 
for modeling metal cutting
Mohamed N.A. Nasr

2.1 Overview
This chapter focuses on the use of smoothed particle hydrodynamics 
(SPH), as a mesh-free numerical technique, for simulating the cutting 
process, particularly metal cutting� The chapter is divided into six sec-
tions: Section 1�1 presents an overview of the chapter; Section 2�2 sheds  
some light on the basics of metal cutting; Section 2�3 covers finite ele-
ment method (FEM) of metal cutting; Section 2�4 presents the numeri-
cal  background of SPH; Section 2�5 covers the usage of SPH for modeling 
metal cutting, and Section 2�6 summarizes and concludes the chapter� In 
this chapter, the terms machining, metal cutting, and cutting process are used 
interchangeably�
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2.2 Metal cutting: Background
Machining is currently the most widely used manufacturing process [1], 
and the machined products find their way in almost all industrial sec-
tors� This includes, but not limited to, the aerospace, nuclear, automotive, 
and medical sectors� Accordingly, a massive body of literature has been 
dedicated to examine and understand different aspects of the machin-
ing process, with the utmost goal of understanding how different pro-
cess parameters, as well as workpiece and tool material properties, would 
affect part performance� In addition to experimental investigations, dif-
ferent modeling techniques have been used to provide explanations for 
experimental findings, and for better understanding of the physical pro-
cess [2]� The modeling efforts started by analytical modeling, which goes 
back to the work of Ernst and Merchant (1941) [3], followed by mechanistic 
modeling; later on, FEM has found its way as an effective tool for simulat-
ing the cutting process, which is capable of overcoming the limitations of 
analytical and mechanistic modeling [2]� In general, the majority of the 
modeling efforts has focused on orthogonal cutting, as a simple repre-
sentation of the cutting process that does not alter the understanding of 
process mechanics�

Metal cutting is a clear example of severe plastic deformation (SPD) 
in which the workpiece material is subjected to plastic strains that may 
have magnitudes of up to 10 [1,4]� In addition, the material is subjected to 
very high strain rates, which can be in the order of 105–106 s–1, and high 
temperatures, which can go up to 1000°C [1,2]� Experiencing such high 
values of plastic strain, strain rate, and temperature in a very confined 
region (chip generation region) makes the process one of the most com-
plex processes to understand and model [2,4]� During cutting, the work-
piece material experiences plastic deformation, and consequently heat 
generation, in three different zones: the primary deformation zone (PDZ), 
the secondary deformation zone (SDZ), and the tertiary deformation zone 
(TDZ), as schematically shown in Figure 2�1� As the tool progresses, the 
material is first deformed in the PDZ, where it is subjected to high shear 
stresses (along the shear plane, which makes an angle “φ” with the cutting 
direction) as it deforms forming the chip� In case of cutting with a sharp 
tool, the single-shear plane model applies in which plastic deformation is 
assumed to occur along one plane [5]� However, if a honed or chamfered 
tool is used (actual case), the single-shear plane model does not apply [6]� 
After the onset of chip formation, the material experiences further plastic 
deformation and heat generation as it moves along the tool rake face, due 
to friction, in the SDZ� Finally, as the machined surface is generated, fur-
ther deformation and heat generation take place in the TDZ, which mainly 
depend on the geometry of the cutting edge [7]� Unless using a sharp-
edged tool, ploughing takes place underneath the tool tip [6,7]� In addition 



27Chapter two: Smoothed particle hydrodynamics for modeling metal cutting

to plastic deformation, it is important to note that friction between the tool 
and workpiece material plays an important role in heat generation during 
cutting [2,8]� The magnitudes of plastic strain, strain rate, and temperature 
in the three deformation zones depend on the used cutting conditions 
(feed rate, cutting speed, tool edge preparation, tool geometry, and cooling 
conditions) and on the workpiece and tool material properties [2,5,8–10]�

The work of Ernst and Merchant [3] has paved the way to understand 
the mechanics of chip formation during metal cutting, and the Merchant’s 
shear plane model (Merchant’s circle) is still currently considered as a use-
ful tool for understanding the cutting action, and for relating different 
cutting force components� After that, Oxley [5] developed an analytical 
model for dry orthogonal cutting using sharp tools, which is capable of 
predicting cutting forces, average workpiece temperatures, and strains in 
the PDZ and SDZ, based on the single-shear plane model� Oxley applied 
his model to low carbon steels and predicted cutting forces and chip 
thickness that are in good agreement with experimental measurements� 
More recently, Manjunathaiah and Endres [6] developed an analytical 
force model for predicting cutting forces when dry orthogonal cutting 
using honed tools� Moufki et al� [11] presented an oblique cutting model, 
which accounts for the viscoplastic and thermomechanical material prop-
erties as well as inertia effects in the PDZ� When the model was applied to 
oblique cutting of steels, the predicted chip flow angle and cutting forces 
were found to be in good agreement with the experimental data� In addi-
tion to the aforementioned models, several other analytical models have 

Chip Tool

Cutting
direction

SDZ

Workpiece

PDZ

TDZ

φ

Figure 2.1 Deformation zones in metal cutting, with the shear plane angle (φ) 
shown�
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been developed, as can be found in the literature� However, as the focus of 
the current chapter is numerical modeling, particularly SPH, it is believed 
that the highlights presented earlier are enough�

Despite the analytical efforts made to model the cutting process, the 
assumptions and simplifications encountered in the developed  models 
limited their capabilities from closely predicting the complex phenomena 
that take place during machining� For example, none of the developed 
analytical models is capable of predicting surface integrity parameters� 
Accordingly, FEM was sought to overcome the short comes of analytical 
modeling, as highlighted in Section 2�3 [1,2]�

2.3 Finite element modeling
2.3.1 Background

In FEM, as shown in Figure 2�2, a finite number of elements (of predefined 
simple shapes) is used to discretize/mesh the part to be modeled, and 
these elements are interconnected using nodes� FEM was developed, as 
a numerical technique, in order to solve situations that encounter high 
degrees of complexity, which cannot be solved/addressed using analyti-
cal techniques� Such complexities could arise from geometrical, material, 
and/or boundary conditions� The advantage of discretization is that the 
governing equations (equilibrium, kinematic, and constitutive conditions) 
are solved for those simple elements, instead of the physical continuous 
part, taking into consideration the interconnection between elements� 
The nodes are used to apply known boundary conditions and to solve for 
unknown degrees of freedom (DOFs)� On the other hand, the elements 
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Figure 2.2 Concept of FEM� (a) Cantilever beam (physical case) and (b) finite ele-
ment of a cantilever beam�
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define how the nodes behave, where the derived quantities (stresses and 
strains) are calculated within each element at its integration points� Shape 
functions are used to define the shape of each element and its behavior; 
they are also used to interpolate different field variables within the ele-
ment [12–14]�

Based on how the elements and nodes (mesh) relate to the underly-
ing material (to be modeled), different finite element (FE) formulation 
techniques exist� Figure 2�3 shows the two basic/classical modeling tech-
niques: the Eulerian and Lagrangian techniques� This figure shows a 
material under shear loading during deformation, at different time (t)� As 
shown, in case of an Eulerian mesh, the elements and nodes are totally 
fixed in space, whereas the underlying material is deformed under the 
applied load� In other words, the material point at a given integration 
point changes with time� On the other hand, a Lagrangian mesh is fully 
attached to the underlying material; therefore, element integration points 
remain coincident with material points� Accordingly, Lagrangian model-
ing is more suitable for history-dependent analyses as the material points, 
whose history variables are required, are coincident with the nodes, which 
are used for calculations� Furthermore, boundary conditions are easier to 
apply when a Lagrangian mesh is used, because boundary nodes remain 
on the boundaries of the material throughout the analysis [2,14]�

The main disadvantage of Lagrangian formulation is mesh distortion, 
which takes place as the material deforms� Mesh distortion has a nega-
tive impact on the accuracy of results and becomes more evident as the 
analysis encounters nonlinearity [2,12]� It can even result in terminating 
the analysis in case if distortion exceeds the allowable limit during the 
analysis� Automatic remeshing can be used to overcome excessive mesh 
distortion, where a distorted mesh is replaced with a new one and the 
results are mapped between the two; however, the accuracy of results still 

Lagrangian mesh

Eulerian mesh

t = 0 (undeformed) t > 0 (deformed)

Figure 2.3 Lagrangian versus Eulerian meshes—material under shear loading� 
(From Nasr, M�N�A�, On modelling of machining-induced residual stresses, PhD 
thesis, McMaster University, Hamilton, Canada, 2008� With permission�)
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deteriorates during mapping [2,7]� On the other hand, the main disad-
vantage of Eulerian formulation is the need for a large enough mesh that 
covers the undeformed and deformed shapes at the same time, in order 
to simulate transient effects, as shown in Figure 2�3� Otherwise, it can be 
only used to simulate steady-state conditions, and in such a case, the final 
deformed shaped needs to be known a priori [2,12]� Furthermore, material 
elasticity cannot be taken into consideration; accordingly, some modeling 
capabilities are lost� For example, residual stresses cannot be predicted, 
which is a significant drawback when simulating different manufacturing 
processes [2,7,15,16]�

The arbitrary Lagrangian–Eulerian (ALE) technique, which is an arbi-
trary combination of the Lagrangian and Eulerian techniques, was devel-
oped in order to combine the advantages of the two classical techniques 
and to minimize their drawbacks [2,7]� In an ALE model, the mesh is nei-
ther attached to the underlying material nor it is fixed in space; that is, it 
is neither Lagrangian nor Eulerian and can be controlled independently� 
Accordingly, the word arbitrary refers to the fact that the user defines the 
combination of Lagrangian and Eulerian meshes by selecting the mesh 
motion in different parts of the model [2,14,16]�

2.3.2  Finite element modeling of metal cutting

As mentioned earlier, metal cutting is one of the most challenging pro-
cesses to model� This does not only apply to analytical modeling, but also 
applies to FEM� The main challenge with FEM is attributed to the high 
nonlinearity encountered in the process that arises from material, geo-
metric, and status nonlinearities� Furthermore, with all these phenomena 
taking place simultaneously and in a very confined region (chip genera-
tion region), it becomes even more challenging [2,12]�

FEM has played a significant role in simulating the cutting process 
and in understanding its different aspects� This applies to the classical 
approaches (Eulerian and Lagrangian), with a much wider use for the 
Lagrangian formulation, and ALE� In metal cutting, an Eulerian mesh is 
advantageous only around the tool tip, where severe material deformation 
takes place� This is because the Eulerian mesh can handle the material 
flow in that region without experiencing any mesh distortion� However, 
free surfaces and surface integrity cannot be predicted [2,7]� On the other 
hand, a Lagrangian mesh is suitable for predicting free surfaces (for exam-
ple, chip generation) and surface integrity; however, it experiences severe 
mesh distortion� Automatic remeshing can be used to limit element dis-
tortion; however, due to the high nonlinearity encountered in the process, 
frequent remeshing is required, which would—along with the potential 
significant difference between two consecutive meshes—lead to accuracy 
degradation [2,7]� Furthermore, a Lagrangian mesh requires the use of a 
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failure criterion in order to define chip generation and segmentation� In 
addition, cutting needs to be performed along a predefined path, typically 
referred to as parting line; accordingly, Lagrangian cutting models are more 
suitable for up-sharp tools [17,18]� As FEM is based on continuum mechan-
ics, elements cannot be broken; therefore, the whole elements along the 
parting line need to be deleted, which leads to an inaccurate representa-
tion of the chip generation path [19]� Figure 2�4 schematically shows an 
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Figure 2.4 Orthogonal (2D) cutting models, using different FE formulations� 
(a) Eulerian model, (b) Lagrangian model, and (c) ALE model�
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Eulerian and a Lagrangian cutting model for orthogonal cutting� It also 
shows how ALE can be used for modeling the cutting process� As shown 
in Figure 2�4c, an ALE workpiece is divided into different regions, where 
an Eulerian mesh is used around the tool tip, whereas a Lagrangian mesh 
is used elsewhere [7]� This is because, as mentioned earlier, an Eulerian 
mesh can handle the material flow around the tool tip, without experienc-
ing any distortion and without the need for a failure criterion� At the same 
time, a Lagrangian mesh is suitable for modeling free surfaces and for 
predicting residual stresses [2,7]�

FEM has been extensively used for modeling the cutting process, cov-
ering almost all its different aspects� This includes, for example, simulating 
the effects of tool edge geometry [7,15,17,18], tool wear [15,20,21], workpiece 
material properties [7,9,10,22,23] and tool–workpiece interaction [24,25] on 
the cutting process, and the generation of residual stresses� More recently, 
FEM has also been used to simulate relatively new machining techniques 
such as laser-assisted machining (LAM) [26–28] and cryogenic machining 
[18,29]�

2.4 Smoothed particle hydrodynamics
2.4.1 Introduction

SPH is a mesh-free (or element-free) Lagrangian-based numerical method, 
which was originally developed by Lucy, Gingold, and Monaghan in 1977 
for astrophysical problems� Since then, its use has been extended to simu-
late the dynamic response of solid materials and the dynamic fluid flows 
that experience large deformations [19,30]� Accordingly, in a general sense, 
the term hydrodynamics may be interpreted as mechanics� In SPH, each 
particle represents a specific material volume/mass, and accordingly SPH 
is a Lagrangian-based method [31]� In general, mesh-free methods were 
developed in order to numerically solve partial differential equations 
and/or integral equations, with all types of boundary conditions, using 
a set of arbitrarily distributed particles/nodes [30]� In other words, mesh-
free methods do not use elements to discretize the problem domain, as in 
the case of FEM; rather, they use a set of nodes/particles that are scattered 
over the problem domain, as shown in Figure 2�5 [19,30]� As elements do 
not exist, mesh distortion is not an issue; therefore, mesh-free methods can 
handle cases with severe material deformations� As shown in Figure 2�5, 
the domain boundary is better represented using SPH particles, as com-
pared to FEM� This is because, at any point between two boundary par-
ticles, one can interpolate using mesh-free shape functions, which are 
created using nodes/particles in a moving local domain� Accordingly, 
curved boundaries can be approximated very accurately even if linear 
polynomial shape functions are used [19]� On the other hand, with FEM, 
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the curved boundary is approximated as piecewise curves (straight lines) 
if linear elements are used, and higher order shape functions are required 
to accurately represent the boundary�

Furthermore, as the particles are not interconnected, no information 
on the relationship between them is required a priori, at least for field vari-
able interpolation [19]� For the same reason, adaptive schemes can be eas-
ily developed and implemented in which nodes can be added or deleted 
at any location and at any time during the analysis� For example, in frac-
ture mechanics problems, nodes can be simply added around the crack 
tip to capture stress concentration effects, and such refinement can move 
adaptively along with the crack as it propagates [19]� In addition to SPH, 
other examples of mesh-free methods include the element-free Galerkin 
(EFG) method, the meshless local Petrov–Galerkin (MLPG) method, and 
the point interpolation method (PIM) [19,30]�

2.4.2 Numerical discretization/particle approximation

SPH is a continuum numerical method, which is based on the use of 
local interpolations from surrounding discrete particles to construct 
continuous field approximations� In SPH, field variables (temperatures, 
displacements, strains, and stresses) and their derivatives/integrals are 
approximated at a given particle location by interpolation of the respec-
tive values from the neighboring particles, using smoothing functions� 
The neighborhood of a particle includes those particles that influence its 
performance and is defined by the so-called influence, support or smooth-
ing domain� The support domain is spherical or circular in shape in 3D 
and 2D simulations, respectively, and is defined by a smoothing length 
“h,” as schematically shown in Figure 2�6�

Approximations are performed using interpolation/shape/smoothing 
functions that represent the shape of a Gaussian function in which higher 

FEM SPH
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Figure 2.5 SPH versus FEM (linear elements)—geometrical representation�
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weights are given to particles at the center of the support domain, and 
the weight diminishes as we move away from the particle of interest till it 
reaches zero at the boundary� In other words, weighted-average approxi-
mations are used that result in a smoothed approximation over the sup-
port domain� Such smoothed approximation is the reason behind the first 
term in the name SPH� The interpolation/smoothing process is performed 
for all particles, and as a result continuum distributions of field variables 
are obtained [30,32]�

In SPH, the interpolated value of a field variable (function) “f(x)” at 
a particle “i,” at location “xi,” is obtained as the summation of its values 
at particles “j” that fall within the support domain (of radius kh), where k 
is a positive constant, as given by Equation 2�1� In Equation 2�1, mj and ρj 
are the mass and density of particle j, respectively, and W is the smooth-
ing (or kernel) function and is given by Equation 2�2, where D represents 
the space dimension (for example, D = 2 for two-dimensional analyses)� 
In order to define W, an auxiliary function “θ” is defined, as given by 
Equation 2�3 (as  an example), where C is a constant of normalization 
that depends on the value of D� The spatial derivative of f(x) is defined by 
applying the variance operator on the smoothing length “h,” as given by 
Equation 2�4� Using the aforementioned principle, the value of a continu-
ous function, and its derivative, can be estimated at any location “xi” based 
on known values at locations “xj” that belong to the smoothing domain [1]� 
It is worth noting that the accuracy of the solution highly depends on the 
choice of the smoothing function “W” and the smoothing length “h” [30]� 
Furthermore, as the material deforms, h needs to be dynamically changed 
in order to avoid negatively affecting the results; it  is increased as the 
material is stretched and is decreased as the material is compressed [31]� 
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Figure 2.6 Smoothing/support domain�
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2.4.3 Solution procedure

SPH is typically solved using explicit time integration methods, and the 
solution procedure is mainly similar to that of explicit FEM, except that 
the domain is represented using arbitrary distributed particles instead of 
elements� The solution procedure is as follows [30]: 

1� Problem domain representation using particles (discretization)�
2� Numerical discretization in which the derivatives or integrals in the 

governing equations (which are the same as those used in FEM) are 
represented using particle approximations�

3� Application of boundary conditions, and calculation of DOFs, 
strains, and then stresses at each material particle at time t�

4� Based on the calculated stresses, the acceleration at each particle is 
found�

5� The position of each particle is updated, based on the calculated 
accelerations, to find their new values after a time step Δt�

6� From the new positions, the new strains and stresses are calculated 
at time t + Δt�

2.4.4 Smoothed particle hydrodynamics advantages 
and limitations

The main advantage of SPH over FEM is its adaptive nature, which arises 
from using local-based smoothing functions based on arbitrary distrib-
uted particles, and the fact that it is a mesh-free method, which is also 
attributed to its adaptive formulation� Such adaptivity is achieved at the 
very early stage of field variable approximation and can naturally handle 
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problems with severe deformations [30]� However, special techniques 
are required to impose displacement boundary conditions, because the 
SPH shape functions do not satisfy the Kronecker delta conditions [19]� 
Furthermore, it is worth noting that standard SPH requires an equation 
of state (EOS) that governs the change in density based on pressure, 
which is essential only for solving compressible flows� This is because 
SPH was developed for fluid simulations in which particle motion is 
driven by the gradient of internal energy, which is function of pressure 
energy, density, and temperature� In general, an EOS is required in SPH 
simulations in order to accurately model the material hydrostatic behav-
ior under high strain rates and pressures� The need for an EOS represents 
an issue for incompressible simulations, incompressible flows, and solid 
mechanics in which an EOS for pressure does not exist� Although it is 
possible to define a constant density in SPH formulations, as a constraint, 
the corresponding equations will be cumbersome to be solved� Instead, 
the artificial compressibility approach is used, which is based on the 
fact that any incompressible fluid is theoretically compressible to some 
extent� Accordingly, a quasi-incompressible EOS is used to model solids/
incompressible fluid� The reason behind the need for an EOS, using arti-
ficial compressibility, is to generate a time derivative of pressure that is 
required in SPH simulations [19]�

2.5  Smoothed particle hydrodynamics modeling 
of metal cutting

As SPH is highly capable of modeling severe material deformations, due 
to its adaptive and mesh-free nature, it was sought as a strong  alternative 
to FEM for simulating the cutting process� In addition, the SPH contact 
control permits a natural and simple workpiece/chip separation, where 
the particles flow naturally around the tool tip� Another important 
advantage of SPH is that it avoids the need for remeshing [1]� The use 
of SPH in machining simulations goes back to 1997, when Heinstein and 
Segalman [33] examined the use of SPH for simulating orthogonal cutting� 
A close examination of the available literature shows that most of the 
work has been done using commercial FE software, where the majority of 
the work was performed using LS-DYNA, and very limited work could 
be found using Abaqus�

Umer et al� [34] used SPH to simulate chip morphology during high-
speed cutting of AISI H13 steel and compared the results to Lagrangian 
FE, with special focus on the transition between continuous and ser-
rated chips� The analysis was performed using the commercial soft-
ware LS-DYNA� Only the workpiece was modeled using SPH, using a 
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uniform particle spacing of 0�02 mm, whereas the tool was assumed to 
be rigid� The authors performed orthogonal high-speed cutting tests on 
AISI H13 tubes for model validation� Compared to traditional FEM, SPH 
was found to give a more realistic chip shape� This was attributed to 
the better capabilities of SPH in handling large deformations, and the 
natural separation of the chip without the need for a chip separation cri-
terion (the case of FE Lagrangian simulation)� Furthermore, the authors 
compared the default SPH, available in LS-DYNA, with the renormal-
ized SPH formulation� Renormalized SPH was developed in order to 
allow for better distribution of particles around the contact boundar-
ies, to result in better representation of domain boundaries, because the 
classical/default formulation struggles with particle distribution along 
the boundaries due to the lack of neighboring nodes� This is because the 
default SPH formulation treats all particles in the same way, without 
differentiating between internal and boundary particles� Normalized 
SPH was found to predict a more realistic chip shape and contact length� 
The  default SPH predicted a significantly higher tool–chip contact 
length, as it is not capable of accounting for frictional effects that result 
in an unrealistic chip flow�

Madaj and Piska [35] modeled dry orthogonal machining of 
A2024-T351 aluminum alloy with the aid of SPH, using the commercial 
software LS-DYNA� The authors examined the effects of Johnson–Cook 
damage model parameters (D1–D5) and SPH particle spacing on cutting 
forces, chip morphology, plastic strain, and strain rates� The developed 
model successfully predicted serrated chips, and the predicted results 
were in good agreement with experimental measurements� The density 
of SPH particles was found to affect chip segmentation, where higher 
density resulted in highly segmented chip� Moreover, the authors recom-
mended the use of Johnson–Cook failure parameters to improve the pre-
dictability of chip morphology�

Limido et al� [1] developed an SPH cutting model, using the commer-
cial software LS-DYNA, to simulate the process of dry orthogonal cut-
ting of Al 6061-T6 aluminum alloy and AISI 4340 steel� In addition, the 
SPH results were compared to those obtained using AdvantEdge, a com-
mercial FE code dedicated to machining� SPH was capable of predicting 
continuous chips as well as serrated chips, and cutting forces� It is worth 
noting that the frictional effects were not considered in the SPH model, 
and (by nature) no failure criterion was required for chip generation� The 
tool was assumed to be rigid, and a cutting speed that is 10 times higher 
than the actual speed was used in order to speed up the simulations� 
When cutting Al 6061-T6, continuous chips were generated, and the SPH 
model underestimated the chip thickness while the AdvantEdge model 
overestimated it, as reported in Table 2�1� With regard to the cutting force 
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component, AdvantEdge predicted better results as compared to SPH 
(Table 2�1)� The authors attributed the underestimation of the cutting force 
to the frictional effects that were missing in the SPH model, whereas they 
were considered in the AdvantEdge model (using the simple Coulomb 
friction model)� When cutting AISI 4340, serrated chips were generated, 
and a very good match was found between the SPH model and the experi-
mental results, in terms of sawtooth thickness, as shown in Table 2�2� An 
important difference between the AdvantEdge and SPH models is that 
AdvantEdge adapts a fracture mechanics model, which allows crack initi-
ation and propagation in order to simulate shear localization and serrated 
chips; however, the SPH model does not require the definition of a frac-
ture model, as the material naturally flows around the tool tip generating 
the chip� Finally, the SPH model was capable of predicting the cutting 
force component for AISI 4340 within 15% of the experimental values�

Chieragatti et al� [36] examined the capabilities of SPH in modeling dry 
orthogonal cutting of the aerospace Ti-6Al-4V alloy� Their main focus was 
to predict cutting forces and chip morphology, using new and worn tools� 
Under the simulated cutting conditions, serrated chips were generated that 
agreed with what was found experimentally� In addition, the thickness of 
the shear band was found to increase with tool wear, accompanied with a 
decrease in segmentation frequency� SPH was also successful in captur-
ing the dead metal zone around the tool tip, when worn tools were used� 
The feed force component was found to be significantly affected by tool 
wear as compared to the cutting component; this was predicted using the 
SPH model and confirmed experimentally� This phenomenon was mainly 
attributed to the formation of dead metal zone� Finally, friction between 
the tool and workpiece was not defined in the SPH model�

Table 2.1 Al 6061-T6 chip thickness and cutting force component

Experimental AdvantEdge SPH (LS-DYNA)

Chip thickness (µm) 400 490 295
Cutting force (N) 770 775 700

Source: Limido, J� et al�, Int. J. Mech. Sci., 49, 898–908, 2007�

Table 2.2 AISI 4340 serrated chip tooth thickness (µm)

Experimental AdvantEdge SPH (LS-DYNA)

Feed rate = 220 µm/rev 140 170 140
Feed rate = 400 µm/rev 250 235 220

Source: Limido, J� et al�, Int. J. Mech. Sci., 49, 898–908, 2007�
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Zahedi et al� [37,38] presented a hybrid SPH–FEM model to simulate 
orthogonal micromachining of a copper single crystal, using the com-
mercial FE software Abaqus/Explicit� The authors actually performed an 
indentation simulation rather than a cutting one� Their main focus was 
to evaluate the effects of crystallographic anisotropy on the machining 
response of FCC metals� The tool was considered as a rigid body, whereas 
the workpiece was modeled as a deformable body and was split into two 
regions: an SPH region around the tool tip and an FE region away from 
the cutting region� Even though the model was for orthogonal cutting, a 
3D geometry was built, as 2D SPH modeling is not supported by Abaqus, 
and was meshed using linear brick elements (C3D8R) with reduced inte-
gration for the FE region and PC3D elements for the SPH region� The 
simple Coulomb friction model was used, and a coefficient of friction of 
0�1 was assumed� The material subroutine VUMAT was used in order to 
implement crystal plasticity� The SPH particles (workpiece material) were 
found to rearrange themselves when the strain energy in the deformed 
lattice exceeded the binding energy�

Ghafarizadeh et  al� [39] presented a hybrid SPH–FEM Lagrangian 
model for ball-end milling, using the commercial software LS-DYNA� 
They modeled the milling process of Al6061-T6  aluminum alloy under 
dry conditions, and the workpiece–tool friction was simulated using the 
simple Coulomb friction law� The effects of SPH particle spacing and fric-
tion coefficient on cutting forces were examined� Similar to the work of 
Zahedi et al� [37], SPH was only used around the cutting tool, whereas 
FEM was used away from the tool tip� The Mie–Grüneisen EOS, which 
defines the material pressure as a linear function of internal energy, den-
sity, and temperature, was used� The authors examined the effect of SPH 
particle spacing on cutting forces by varying it between 5 and 15 µm, and 
the average error was about 15% compared to experimental measurements� 
This applies only to the forces in the feed and normal directions; however, 
the axial force component experienced a significantly large error� On the 
other hand, particle spacing had a significant effect on the computational 
time� Accordingly, the authors selected an optimum particle spacing that 
provided acceptable results and reasonable computational time�

Islam et al� [32] used SPH to model nanomachining of copper in order 
to better understand the mechanisms involved in nanoscale deformation, 
and postmachined surface generation� An SPH nanomachining analysis 
was performed to simulate nanoindentation, using a conical tool, and the 
predictions were validated against experiments performed on a nanoin-
denter� The tool was first indented into the workpiece up to the given 
depth of cut, and then, cutting was performed� After cutting, the tool 
was withdrawn from the surface leaving a nanomachined surface� The 
authors reported that the feed force was found to be larger than the cutting 
component� The developed model captured the cutting and ploughing 
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mechanisms, and it was consistent with the experimental observations� 
A larger negative rake angle was found to result in more ploughing and 
in higher residual stresses and strains� The ratio between the cutting and 
ploughing force components was found to be unaffected by the depth of 
cut� However, it was significantly affected by the rake angle�

Zhao et al� [40] developed an SPH model to study residual stresses 
after sequential cuts� The authors examined how chip formation, cutting 
forces, and residual stresses are altered by sequential cuts, when cutting 
OFHC copper� It was found that the first cut resulted in a work hardened 
subsurface that led to having thinner and more curled chips in the sec-
ond cut� In addition, the minimum chip thickness was found to drop for 
the second cut that was attributed to the residual stresses induced by the 
first cut�

Cao et al� [41] investigated the process of material removal using ultra-
sonic-assisted grinding (UAG), in an effort to contribute to better under-
stand the process� UAG is a promising machining technique, particularly 
for hard and brittle materials� In their study, the authors mainly focused 
on ultrasonic-assisted scratching (UAS) of SiC ceramics� They developed 
an SPH model to simulate the process and compared their findings to 
experimental measurements� The presented results demonstrated the 
ability of SPH to model UAS, and reported that the material deformation 
mechanism differs based on the scratching depth (depth of cut)� Plastic 
deformation was found to prevail in case of low depths of cut, whereas 
brittle fracture was found to prevail at high depths of cut�

Akarca et al� [42,43] examined the large-strain deformation behavior 
of Al 1100 aluminum alloy, during orthogonal cutting, using experimen-
tal and numerical techniques� Based on careful examination of metallo-
graphic sections taken from the material ahead of the tool tip, the changes 
in flow lines orientation and shear angles were used to find out the local 
plastic strain distribution in the PDZ and SDZ� In addition, microhardness 
measurements were used to experimentally estimate local flow stresses� 
The authors also determined the parameters of Johnson–Cook plasticity 
model based on their experimental measurements� Two types of numeri-
cal models were used: an Eulerian FE model and an SPH model, and the 
numerical coefficient of friction was determined based on running a para-
metric study and comparing the predicted chip morphology to that found 
experimentally� For the simulated conditions, the numerical coefficient of 
friction was found to be 0�27 for the Eulerian model and 0�63 for the SPH 
model� In other words, the friction coefficient for SPH was found to be 
significantly higher than that for Eulerian FE model� The predicted stress 
and strain distributions were compared to those that were found out 
experimentally, and a good correlation was found for both the models� 
However, the Eulerian model was found to be more expensive, as it 
required a CPU time that is almost 2�75 times that of the SPH model�
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Xi et  al� [44] used SPH for studying thermally assisted machining 
of Ti-6Al-4V both in 2D and 3D configurations� The authors focused on 
chip formation and cutting forces, and thermally assisted cutting tests 
were performed for model validation� A very good agreement was found 
between the predicted chip morphology and experimental results, where 
segmented chips were observed in all cases� The simulations showed that, 
during cutting, cracks initiate and propagate inside the PZD, which was 
considered to be the main cause of chip segmentation; however, no clear 
correlation (neither numerically or experimentally) was found between 
the segmentation pattern and the workpiece initial temperature� At the 
same time, the predicted cutting forces were in good agreement with 
the measured ones, where an increase in workpiece initial temperature 
resulted in reducing cutting forces� It was also shown that the cyclic fre-
quency of cutting forces was in direct correlation with the segmentation 
frequency� Higher forces were recorded when a sawtooth was fully gener-
ated, and the shear stress was localized in the PDZ, while the force started 
to drop at the incidence of crack propagation�

Geng et al� [45] used SPH to simulate dry orthogonal cutting of stain-
less steel AISI 316L, and investigated the effects of sequential cuts on 
residual stresses� The built model was able to capture shear banding and 
the correct chip morphology, similar to what was found experimentally� 
A slight drop was noticed in the cutting force component with sequential 
cuts; however, the thrust force component was increased� Surface residual 
stresses were found to increase with sequential cuts; however, no expla-
nation was provided� The same authors [46] employed SPH to simulate 
dry orthogonal cutting of OFHC copper, and examined the effects of fric-
tion coefficient along the tool–workpiece contact length on the predicted 
cutting forces and chip morphology� Surprisingly, the cutting force was 
found to drop with the increase of friction coefficient (from 0�1 to 0�3)� The 
predicted forces were compared to experimental results and were found 
to be in good agreement, where the maximum error was found to be about 
15%� Furthermore, the authors compared their SPH predictions to those 
obtained using the ALE FE technique, and a good agreement was found� 
In addition, the predicted average strain value in the chip was found to 
match well with the analytical value that was estimated using the classi-
cal theory of orthogonal cutting� Finally, the cutting force was found to 
increase in the cases with less chip curl�

Spreng and Eberhard [47] investigated the capabilities of SPH to simu-
late the machining process, with special focus on chip morphology, cutting 
forces, workpiece stresses, and temperatures� They built 2D and 3D mod-
els and compared the predicted results to experimental measurements 
when cutting steel C45E� The authors presented some improvements 
over the standard SPH formulation in order to better simulate the cutting 
process� They used the Johnson–Cook plasticity model, which is widely 
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used in metal cutting simulations, and implemented the Johnson–Cook 
damage fracture model in order to better simulate the cutting process� 
Furthermore, they developed and implemented a boundary force model 
to improve simulating the tool–workpiece interaction� Their model also 
considered heat generation due to plastic deformation and friction, which 
are the two main sources of heat generation in metal cutting� Finally, a 
local adaptive resolution strategy was introduced in order to improve the 
accuracy of spatial discretization, and to reduce the required computa-
tional time� Orthogonal and oblique cutting simulations were performed 
using the improved SPH formulation, and the predicted results showed 
a good agreement with experimental measurements, in terms of cutting 
forces and workpiece temperatures�

Calamaz et al� [48] studied the wear of tungsten carbide tools under 
dry conditions, when machining Ti-6Al-4V, using experimental test-
ing and numerical simulations� Dry orthogonal cutting tests were per-
formed, and cutting forces were recorded along with chip morphology 
and tool wear� SPH simulations were performed using new and worn 
tools� The predicted chip morphology and cutting forces, for both tools, 
showed a good agreement with the experimental trends� Cutting forces 
were found to increase with tool wear, especially the thrust compo-
nent� This was explained in terms of the formation of a dead metal zone 
ahead of the tool tip, which was evident in the SPH simulations�

Heisel et al� [49] used SPH to model the process of dry orthogonal cut-
ting of AISI 1045 steel, using the commercial FE software LS-DYNA� The 
authors examined the effects of different SPH parameters, including the 
initial smoothing length and particle density, on cutting forces, chip com-
pression ratio, and computational time� The optimum parameters were 
then selected and recommended as a starting point for future simulations�

Xi et  al� [50] used SPH to simulate the process of LAM of Ti-6Cr-
5Mo-5V-4Al titanium alloy� First, the laser heating effects were modeled, 
and after that the developed temperatures were used as initial condi-
tions for the SPH cutting model� The authors used two different mate-
rial constitutive equations: the Johnson–Cook and Zerilli–Armstrong 
models and obtained the parameters of both models, using experimental 
data that was obtained using the split-Hopkinson pressure bar (SHPB)� 
Both conventional machining (CM) and LAM were simulated, and cut-
ting forces were predicted using the two different material models and 
compared to experimental measurements� Furthermore, workpiece tem-
perature predictions were compared to experimental results� The laser 
model successfully predicted the workpiece temperatures, which were 
found to decrease with laser speed� Based on the obtained results, the 
Johnson–Cook material model was found to predict cutting forces more 
accurately than the Zerilli–Armstrong material model� Furthermore, the 
Zerilli–Armstrong model did not succeed in predicting the effect of laser 
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assistance on cutting forces, which dropped in case of LAM compared to 
CM� Finally, the cutting speed was found to have insignificant effect on 
cutting forces within the tested range�

Umer et al� [51] used the renormalized SPH formulation, available in 
Abaqus/Explicit, to predict chip morphology, which is a key factor in the 
assessment of any machining operation, during hard turning of steels� 
The renormalized formulation was used because, as reported by  the 
authors, it can account for frictional effects along the tool–chip interface; 
accordingly, it provides a better representation of the chip shape and 
material flow� The developed model successfully captured the phenom-
enon of shear localization� In addition, the SPH results were compared 
to those predicted using the traditional FE Lagrangian formulation, and 
SPH was found to provide better predictions without the need for a chip 
separation criteria� However, both techniques (SPH and FEM) successfully 
predicted the transition from continuous to serrated chips, as the cutting 
speed was increased� Cutting forces were found to be almost unaffected 
by the cutting speed; however, they were significantly affected by the feed 
rate� Finally, the SPH model predicted lower cutting forces and more chip 
curling compared to FEM, for the same material properties and friction 
parameters�

Shchurov et al� [52] presented the first attempt to model the machin-
ing process of unidirectional fiber-reinforced composites using SPH� 
The issue with fibrous composites is the significant difference in 
strength and stiffness between fibers and matrix, which mainly results 
in debonding during machining� Two different methodologies were pro-
posed that may reduce debonding during machining, and their appli-
cability was examined using SPH–FE modeling� Both methodologies 
depend on using a supporter, one in the form of a wedge and another in 
the form of a roller, to the workpiece ahead of the tool in order to sup-
press debonding� The two approaches were compared to free cutting in 
order to evaluate their effectiveness� The use of an advanced roller was 
found to be a more promising technique in limiting debonding during 
machining, particularly under oblique cutting conditions as compared 
to orthogonal cutting�

Mir et al� [53] built an SPH model in order to numerically investigate 
tool wear during single-point diamond turning (SPDT) of silicon� The 
main focus was to contribute to a better understanding of the ductile-to-
brittle transition (DBT) of the machining mode that results from tool wear� 
A set of experimental tests was performed, which included a series of fac-
ing and plunging cuts, and the profile of the machined surface was evalu-
ated along with the progression of tool wear� The transition from ductile 
to brittle machining mode was identified by analyzing the surface profiles 
using a scanning electron microscope (SEM), a 2D contact profilometer, 
and a white light interferometer� The SPH model was used to provide a 
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better understanding of the stress distribution along the cutting edge due 
to tool wear, and how it affects the DBT�

Zhao et al� [54] used SPH as an effective tool to simulate the effects of 
sequential cuts and tool edge radius during microcutting of OFHC cop-
per on residual stresses, chip formation, and cutting forces� The presented 
results showed that the second cut experienced a significant increase in 
chip curling, compared to the first cut, accompanied by a drop in the min-
imum chip thickness� Such results were attributed to the residual stresses 
remaining from the first cut� The cutting force component was also found 
to drop in the second cut; on the other hand, the thrust force component 
was almost unaffected� Furthermore, subsurface tensile residual stresses 
that were generated after the first cut were found to change to compres-
sive stresses after the second cut�

Nam et  al� [55] focused on the behavior of brittle materials during 
cutting, with the aid of SPH� SPH was used to investigate the mechanics 
involved during cutting brittle materials, as compared to ductile materials� 
The Johnson–Holmquist material model was implemented in the devel-
oped SPH model� The presented model was able to capture crack initia-
tion and propagation during cutting that resulted in discontinuous chips, 
a main characteristic of brittle materials during machining� Furthermore, 
the model was used to investigate surface roughness, and its dependence 
on different cutting parameters (cutting speed, cutting depth, and rake 
angle) was examined� Optimal cutting conditions were considered 
to be those that resulted in the best surface finish� Such conditions were 
found to be high cutting speed, low cutting depth, and a zero rake angle�

Balbaa and Nasr [56] examined how LAM would affect the residual 
stresses induced in the machined surface, after dry orthogonal cutting 
of Inconel 718� The authors built an SPH model, using the commercial 
FE software Abaqus/Explicit� Inconel 718 was selected as the workpiece 
material, as a representative for hard-to-cut materials� First, the laser pre-
heating effects were modeled using a transient thermal analysis, and a 
Lagrangian thermal FE model� After that, cutting was simulated using 
SPH; finally, an implicit Lagrangian model was used to predict residual 
stresses� The predicted cutting forces and residual stresses in the cut-
ting direction were compared to the experimental results of Shi et  al� 
[57], whose experimental cutting conditions were used for model valida-
tion� The predicted results were found to be in good agreement with the 
experimental ones, where LAM was found to induce surface compressive 
residual stresses, as compared to CM (resulted in surface tensile residual 
stresses)� This was explained in terms of the thermal softening effects 
of the laser beam ahead of the tool tip, which resulted in higher tensile 
plastic strains, and accordingly more compressive (or less tensile) residual 
stresses�
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Olleak et al� [58] developed an SPH model, using the commercial soft-
ware LS-DYNA, to examine the effects of the Johnson–Cook plasticity 
parameters on the cutting process� Cutting forces and residual stresses 
were predicted during dry orthogonal cutting of stainless steel AISI 316L 
at different cutting conditions� The predicted results were validated by 
comparing them to the experimental results of Outerio et  al� [59]� SPH 
was found to be capable of predicting cutting forces and residual stresses, 
and the presented results confirmed the significant role that the material 
model plays in metal cutting simulations� In addition, the authors high-
lighted the need for a detailed investigation on how frictional effects are 
modeled in SPH cutting simulations�

Parle et  al� [60] employed SPH to simulate orthogonal microcutting 
of steel AISI 1045, using the commercial software LS-DYNA� Orthogonal 
microcutting experimental tests were performed in which cutting forces 
were measured for model validation� The authors examined the stress and 
strain distributions as well as cutting forces and specific cutting energy� 
The predicted results were in good agreement with the experimental 
measurements, which demonstrated the capabilities of SPH to model 
micromachining� In addition, the results demonstrated the fundamental 
behavior of ductile materials during cutting� The cutting force increased 
with feed rate, whereas it decreased with an increase in rake angle and 
cutting speed� The specific cutting energy was found to increase as the 
feed rate and cutting speed decreased� Finally, the specific cutting energy 
was found to drop with an increase in rake angle, which was explained in 
terms of the decrease in cutting forces due to reduced ploughing effects at 
higher rake angles�

2.6 Summary and concluding remarks
This chapter has focused on the use of SPH for modeling metal cutting� 
It can be concluded that SPH is a promising numerical technique for 
simulating the cutting process, as it can simply handle high degrees of 
nonlinearity, which is typical in case of metal cutting� However, SPH still 
requires significant efforts in order to improve its boundary condition 
capabilities (including friction modeling)� Furthermore, currently, only 
3D SPH analyses are supported by the commercial FE software, ANSYS, 
and Abaqus/Explicit; accordingly, it is highly recommended to adapt SPH 
for 2D analyses, as this will have a significant effect on cutting down the 
computational cost associated with the use of SPH� Finally, it has been 
noticed that a minimal focus has been given for the use of SPH for pre-
dicting residual stresses, which is another important point that is worth 
of investigation�
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The machining process of the carbon fiber reinforced polymer (CFRP) 
 multilayer composite structures leads to four failure modes: matrix 
 cracking, fiber matrix debonding, fiber rupture, and interlaminar delami-
nation� The latter occurs at the interface between two adjacent layers and 
can generate the total failure of the composite structure� In the current 
work, cohesive-zone elements (CZE) are used to analyze the interlami-
nar delamination and simulate the machining of multilayer composites� 
The other failure modes mentioned earlier, and that appear within the 
composite layers, are analyzed through three-dimensional numerical 
simulations� A VUMAT subroutine, providing the capability for imple-
menting  combined elastoplastic-damage models, has been performed 
under Abaqus/Explicit code� Damage variables have been calculated 
for each type of damage that appears in the workpiece: fiber rupture, 
matrix cracking, and fiber–matrix debonding� The proposed approach is 
primarily focused on the understanding of interactions between the fiber 
orientation, machining parameters, and physical phenomena governing 
the behavior of CFRP composites materials under high mechanical load-
ing in machining�

3.1 Introduction
Generally, damage mechanisms induced by machining of CFRP com-
posites include four types of failure modes: transverse matrix cracking, 
fiber–matrix interface debonding, fiber  rupture, and interply delamina-
tion� Compared with metals,  relatively little research has been carried 
out on the failure analysis of composites� The current state of knowl-
edge in this area of research is mainly limited to experimental studies, 
and only few theoretical models have been developed from the last 
few years�

The experimental observations conducted by several authors such 
as Koplev [1] and Wang et al� [2] showed that the CFRP composite chips 
are formed during machining through a series of brittle fractures under 
high mechanical loading� These authors then considered that the brittle 
behavior of CFRP workpieces dominates during machining� The main 
conclusion of the work of Koplev [1] and Wang et al� [2] is that the fiber 
orientation plays a key role in the chip formation process� Other machin-
ing tests on edge trimming and orthogonal cutting of graphite/epoxy 
composites were conducted by Arola et al� [3], who observed the exis-
tence of a primary fracture and a secondary fracture� In all test cases, 
these authors showed that the orientation of fracture strongly depends 
on the fiber orientation� The secondary fracture occurs along the matrix−
fiber interface and follows the fiber orientation� Consequently, it has been 
 concluded from the work of Arola et al� [3] that the chip formation, the 
cutting forces, and the surface morphology were highly dependent on the 
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fiber orientation� However, the optimization of these parameters only by 
experimental approaches often requires long and very expensive trials� 
So, numerical simulation and modeling can be very helpful to character-
ize and validate optimal domains of cutting parameters�

Modeling of machining composites was first developed by Arola and 
Ramulu [4]� They presented a finite element (FE) model with a predefined 
fracture plane to simulate the chip formation in orthogonal cutting con-
figuration� They explained the mechanism of the chip formation, which 
is composed into primary and secondary ruptures� Other works have 
focused on the mechanisms of chip formation, cutting forces calculation, 
induced subsurface damage, and surface roughness [5–13]� These different 
research works show that numerical simulations and theoretical model-
ing can be interesting tools for the analysis of the physics that governs the 
cutting composites and for studying the most influential parameters� In 
addition, these approaches help us understand the physical mechanisms 
of failure and have a clear idea about the state of the induced subsurface 
damage in the machined part�

Different models have been proposed to analyze the failure of CFRP 
composites during machining� Micromechanical modelings of Gopala 
Rao et al� [7] proposed, for example, a quasi-static approach based on the 
Abaqus/Explicit software� Lasri et al� [8] and Soldani et al� [9] opted for a 
macroscopic model, where the workpiece is considered a homogeneous 
equivalent material (HEM)� Iliescu et al� [10] proposed another work based 
on discrete element method (DEM) to simulate the mechanisms of chip 
formation and calculate machining forces in orthogonal cutting of unidi-
rectional (UD)-CFRP composites�

In the current investigation, a complete model with different physical 
aspects of machining composites has been development� The proposed 
approach is based on a three-dimensional (3D) mesomechanic model, 
with a combination of the stiffness degradation effect in the response 
material behavior, plasticity using the effective stress concept, and evolu-
tion laws, to predict damage initiation and progression during the chip 
formation process� Besides, the delamination, which can occur at the 
interply interface, was taken into account, using the CZE procedure avail-
able in the Abaqus package [11]� The model proposes a dynamic approach 
based on Abaqus/Explicit software, and a damaged-mechanical behavior 
was implemented in 3D numerical models, using a VUMAT subroutine� 
In this work, the workpiece is modeled as an HEM� The model allows 
a better understanding of the physical phenomena observed during the 
cutting operation and gives an accurate numerical tool to simulate the 
real chip formation, cutting forces, and induced subsurface damage� The 
obtained numerical results were compared with the results of the experi-
ments performed by Iliescu et al� [10]� The comparison shows a good 
agreement�
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3.2 Numerical modeling
The machining FE model developed in this work consists of an HEM com-
posite for the workpiece with a damaged-elastoplastic behavior law and 
a rigid body law for the cutting tool and the twist drill� The numerical 
simulations were conducted using a CFRP composite with different fiber 
orientations (0°, 45°, 90°, and −45°) for the orthogonal cutting study and a 
multilayers composite (04

, 908
, 04

) for the drilling study�

3.2.1 Machining parameters and boundary conditions

The geometry of the part and boundary conditions are shown in 
Figure 3�1� As regards the orthogonal cutting operation (Figure 3�1a) nodes 
on the vertical surfaces, right and left sides are constrained to move along 
the horizontal direction (X)� Nodes on the horizontal bottom surface are 
restrained to move along the horizontal and vertical directions, (X), (Y), 
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55Chapter three: Failure analysis of CFRP multilayer composites

and (Z), respectively� The values of cutting parameters and tool dimen-
sions are the same to those defined and used in [10], in order to compare 
between predicted numerical results and experiments� The rake angle α is 
stated equal to 0°, the clearance angle γ is fixed at 11°, the tool edge radius 
rε is equal to 15 µm, and the depth of cut ap = 0�2 mm� The cutting speed 
Vc is about 60 m/min�

For the drilling operation, the tool geometry and the boundary condi-
tions are shown in Figure 3�1b� The workpiece is laid on a rigid support� 
The values of the machining parameters are selected from the work of 
Phadnis et al� [12], in order to validate the results obtained by simulation 
with the experimental work� The tool is a twist drill with a 3-mm diameter; 
the point angle is taken equal to 120°; and the clearance angle γ = 30°� The 
feed rate is equal to 150, 300, and 500 m/min, and the spindle speed is equal 
to 2500 rpm�

The cutting tool for the orthogonal operation and the twist drill for 
the drilling operation are modeled as a rigid body and controlled by a ref-
erence point, where the cutting speeds (cutting speed for the orthogonal 
cutting operation and the feed rate and the spindle speed for the drilling 
operation) are applied and the machining forces are measured as reaction 
forces in the output� The properties of a CFRP ply of the T300/914 compos-
ite are taken from the work of Iliescu et al� [10] and are listed in Table 3�1� 
The workpiece is considered as a HEM with a longitudinal modulus in the 
fiber direction more than 10 times higher than the transverse modulus�

Numerical simulations are conducted using Abaqus/Explicit code 
[11]� A 3D modeling was performed using eight-node linear brick ele-
ments with reduced integration, C3D8R, available within Abaqus�

The near zone of the tool tip where the chip would be formed was 
finely meshed� In a previous work, Zenia et al� [13] proved that when the 
element size is less than or equal to 7 µm, the differences in numerical 
results are negligible� For the orthogonal cutting operation, the size of 
 elements in this zone is taken about 5 µm, whereas the remaining part is 

Table 3.1 Mechanical properties of the 
aeronautical CFRP composite T300/914

Mechanical properties

E1
0 ( )MPa 136,600

E2
0 ( )MPa 9,600

G12
0 ( )MPa 5,200

ν12
0 0�29

ρ (Kg/m )3 1,578
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meshed coarsely with an element size in the range of 5 µm in the vicinity 
of the finely meshed area and 50 µm on the edges of the workpiece� In the 
case of drilling operation, the element size of the near zone is taken about 
150 µm and 1 mm on the edges�

A VUMAT subroutine, providing a very general capability for 
implementing elastoplastic damage models, was used in Abaqus/
Explicit� In addition, the element deletion approach is applied to 
 represent the process of chip formation, based on initiation and damage 
evolution in the workpiece� The set of the plastic-damage model param-
eters reported by Feld in [14] have been adopted for the simulations in 
this work (Table 3�2)�

The interaction between the node set of the workpiece surface and the 
tool surface is modeled using surface-to-nodes contact algorithm coupled 
to kinematic predictor/corrector contact algorithm with finite sliding for-
mulation, both of which are available in the Abaqus/Explicit package� The 
latter allows to have the chip formation�

The contact between the tool and the workpiece is done at two contact 
zones� The first is located between the cutting face and the produced chip� 
The second is located between the flank face and the machined surface� 
The interaction between the surfaces (tool/workpiece) is controlled by the 
Coulomb’s friction law, and the friction coefficient, µ, is assumed to be 
constant during the cutting operation, as in various numerical studies, 

Table 3.2 Plastic and damage parameters 
of UD-CFRP T300/914

Damage parameters

YC
12 ( )MPa 8

Y12
0 ( )MPa 0�03

b 0�5
′b 0�8

Yt
11 ( )MPa 15

Yc
11 ( )MPa 12

a 1
τ µc ( )s  6

Plastic parameters

α 0�54
β (MPa) 1000
c 0�7
R0 ( )MPa 64
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Nayak et al� [6], Gopala et al� [7], and Lasri et al� [8]� In the present study, a 
coefficient of friction equal to 0�4 was used�

The interply interface was modeled with cohesive elements of type 
COH3D8, with a thickness of 5 µm� According to the literature, different 
values were used� To simulate the interface degradation, Phadnis et al� [12] 
and Shin et al� [15] used a thickness of 10 µm and 5 µm, respectively� In 
our work, the thickness was chosen equal to that used by Shin et al� [15]� 
However, the use of cohesive elements with a thickness of 5 µm or 10 µm 
has no effect on the behavior of the interface�

These cohesive elements are controlled by damage criteria discussed 
later� The removal of the element is performed once the degradation 
parameters reach the limit value of 0�99, and the failed cohesive elements 
are removed from the FE model� Mechanical properties of cohesive zone 
are reported by Phadnis et al� [12] and Shin et al� [15] (see Table 3�3)�

3.2.2  Combined elastoplastic damage behavior 
law and interface delamination

3.2.2.1 Progressive damage analysis
In the proposed model, different degradation modes were considered: 
fiber breakage in traction, and in compression, matrix cracking and 
fiber-matrix debonding� The strain energy density of the damaged ply is 
defined as follow [16–19]: 
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Table 3.3 Material parameters used to model interface cohesive elements

Kn (N/mm3)
K Ks t==  

(N/mm3) Gn (N/mm)
G Gs t=  

(N/mm) tn
0 (MPa)

t tt s
0 0=

(MPa) η

4 × 106 4 × 106 0�2 1 60 90 1�8
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where E E G G v v G E v22
0
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0
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0
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0

232 1= = = = +, , , /( ( ))� For a 3D stress 
state, the symbols •

−
 and •  

+
 in Equation 3�1 mean the negative and 

positive part of • , respectively, introduced to model the unilateral effect 
for the effective transverse stress�

The formula shows which terms of the stiffness are influenced by the 
damage� From this formula, we derive the thermodynamic force vector Y
conjugated to damage, in order to describe the initiation and progression 
of degradation mechanisms: 

Y
D

D
=

∂ ( )
∂

  ED σσ,
 (3�2)

The symbol •   in Equation 3�2 means the average value of the quantity • 
within the thickness� In the present study, the strain energy density is com-
puted locally at each integration point across the ply thickness�

The activation of damage and its evolution are governed by the 
square root of a linear combination of the two thermodynamic forces 
Y22 and Y12: 
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where b is a coupling term between the transverse and shear damages
The variables Y22 and Y12 are defined according to relation (3�4): 
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The transverse and shear damage variables D22 and D12 are defined as: 
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where bʹ is a coupling term between the transverse and shear damages� 
Yc

22 and Y12
0  are the limit strength for damage and the threshold strength 

for the initiation of damage, respectively� These material parameters are 
identified experimentally�

In addition to the previous equations, the model is completed by a 
brittle failure criterion that takes into account failure of the fiber in tension 
and compression� This is governed by two critical damage thresholds Yt

11 
and Yc

11 for the variable Y11: 

 Y
e

D D E
v
E

v
E

d ij

i

ji

jj

11
11 11

2
11

2

11
0

0

0

0

0

1

2 1
=

∂

∂
=

−( )
( )

− +










>

σ

iii

ii jj

3

1

2

∑∑
=















σ σ  (3�6)

The damage fiber is introduced in the model, by considering the Young’s 
modulus E11 as a nonlinear, and it does depend on stresses σ11: 
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To limit the maximum damage rate and avoid numerical localization of 
damage, regularization parameters are introduced [18,19], and the dam-
age variables are corrected as follows: 
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The same material constants, τc and a, are taken for the three damage evo-
lution laws� For this model with delay effects, the variation of the forces 
Yi does not lead to instantaneous variations of the damage variables Di� 
There is a certain delay, defined by the characteristic time τc�

3.2.2.2 Plastic model
The elastoplastic-damage model is based on the effective stresses concept, 
as shown by Lemaitre and Chaboche [20]� In the current work, the yield 
function is written considering an isotropic hardening, and it is assumed 
that there is no plastic flow in the fiber direction� The layer is assumed to 
be in three dimensions� The elasticity domain is defined according to the 
following plastic activation function: 

 F f py
p

y σ σ σ σ, ( )( ) = ( ) − (3�9)
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where f p is the plastic potential, and σy is the current yield stress, which 
represents the isotropic hardening law and is defined in function of the 
cumulated plastic strain p: 

 σ β α
y p R R p R p( ) = + ( ) = +0 0 (3�10)

where R0  is the initial yield stress, and the quantities β and α are the 
hardening parameters�

The plastic potential function is defined considering a plane stress 
condition and does not depend on stresses σ11  in the fiber direction, 
because the fiber behavior is assumed to be elastic brittle under tension 
or compression: 
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where c is a coupling parameter, and the effective stresses are defined as 
follows: 

 
  σ σ σ

σ
σ

σ
12

12

12
23

23

12
13

13

121 1 1
=

−
=

−
=

−D D D
; ;

 

 
 σ

σ
σ σ

σ
σ22

22

22
22 33

33

22
33

1 1
=

−
+ =

−
++

−
+

−D D
;

 

where D12 and D22  denote the damage developed in the transverse 
direction and under shear stress condition, respectively� The transverse 
behavior in compression is indefinitely elastoplastic, due to the intro-
duced unilateral effect� So, transverse damage affects only the tensile 
behavior�

The effective inelastic part of the deformation is defined by the flow 
rule (or normality rule) as: 
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where dλ is a nonnegative plastic consistency parameter (plastic 
multiplier)�

The plastic strain increment is obtained from the equivalence prin-
ciple of the plastic work increment dWp, presented as follows: 

 dWp = = σσ εε σσ εε: :d dp p (3�13)
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In addition, the consistency condition (dF = 0) should be satisfied, which 
leads to compute the cumulated plastic increment: 

 dp =
∂ ∂( )
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An algorithm based on a radial returns predictor [21] is implemented in 
order to return the stresses to the yield surface� In fact, for an increment 
strain, an initial elastic prediction step is carried out� If the yield function 
is greater than zero, an iterative correction procedure uses the normal of 
the last yield surface, until the yield function vanishes�

3.2.3 Interface delamination modeling

In this section, a focus is put on the interply (or interlaminar) delamina-
tion, which can be generated during machining operations and causing 
the complete failure of the workpiece� Delamination mechanisms are 
often characterized by the separation between plies in the thickness of the 
composite� They are characterized by the formation of interlaminar cracks 
in the material� The delamination damage is particularly exhibited when 
the two adjacent plies are not oriented in the same direction�

To consider this damage mode, interply delamination was modeled 
using CZE available in the Abaqus/Explicit package� The damage is 
assumed initiated when a quadratic interaction of a function involving 
interaction nominal stress ratio reaches a value of one� This criterion can 
be represented as follows [11]: 
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where:
t is a nominal traction stress vector�
The subscripts n, s, and t represent the normal, first shear, and second 

shear direction, respectively�
The superscript 0 represents the peak value of nominal stress�
The symbol  is a Macaulay bracket and denotes the positive part�

The coupling between the stresses and damage is done as follows: 
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where d represents the damage variable and t  the stress components 
without damage� These stress components are predicted by the elastic 
traction-separation behavior, as shown in [22]� Here, the damage evolu-
tion is defined by Benzeggagh–Kenane criterion [23], which is based on 
the dissipated energy by the damage process�
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where:
G is the fracture energy
η is a material parameter [23]
C represents the critical fracture energy

3.3 Numerical results: Simulation 
of the orthogonal cutting

3.3.1 Chip formation process

As said earlier, the mechanical properties of the element degrade 
when one of the three damage variables increases, because the elastic 
modulus Ei and shearing modulus Gij are directly coupled to the dam-
age variables� Consequently, the element finds itself into loss of total 
rigidity when one of the three damage variables reaches the maximum 
value, Dmax, which causes loss of total rigidity of the module to which 
it has been coupled� The element with very low stiffness (in the vicin-
ity of zero) can then be removed� This procedure allows following 
the progression of the primary and secondary cracks up to the chip 
formation�

3.3.1.1 Orientation case of θ = 45°
Figure 3�2 shows the state of damage caused by the cutting tool edge in 
the workpiece oriented at 45° during the machining operation� The chip is 
produced by a succession of two failures� The first failure is called primary 
failure, (Figure 3�2a), and this is caused by compression-induced shear per-
pendicular to the fiber axis (Figure 3�2b)�

The second failure is called secondary fracture� This is produced 
along the fiber−matrix interface, which is caused by the fiber−matrix 
debonding (Figure 3�2b), until it reaches the free surface of the workpiece, 
then forming the complete chip� These results are in good agreement with 
the experimental results of Iliescu [10] (Figure 3�2c), Wang et al� [2], and 
Arola and Ramulu [3]�
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3.3.1.2 Orientation case of θ = 90°
For the 90° fiber orientation in Figure 3�3, the chip formation is also 
produced by a succession of two failures� Primary failure is produced 
by tearing of fibers under the tool advancement (Figure 3�3a), whereas 
the secondary failure (Figure 3�3b) that propagates perpendicularly to 
the cutting direction is caused by the fiber−matrix debonding under the 
effect of shear stress� The latter propagates toward the free surface of the 
workpiece, giving rise to the total chip formation (Figure 3�3b)� These 
results are in good agreement with the experimental results of Teti [24] 
(Figure 3�3c) and Iliescu et al� [10]�

3.3.1.3 Orientation case of θ = −45°
For a fiber orientation at −45°, the chip formation is produced by a pri-
mary rupture along the fiber−matrix interface toward the interior of the 
workpiece (Figure 3�4a)� The fibers, being negatively oriented, bend under 
the effect of the advancement of the cutting tool�

Therefore, a secondary rupture appears and takes the direction of the 
free surface (Figure 3�4b)�
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Figure 3.2 Progressive failure analysis of the chip formation with 3D model for 
45° fiber orientation� (a) Primary rupture� (b) Secondary rupture and complete 
chip formation� (c) Experimental result of Iliescu et al� [10]�
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The total chip formation occurs when the secondary rupture reaches 
the free surface of the part, as shown in Figure 3�4b� These results are 
in good agreement with the experimental results of Arola et al� [4] 
(Figure 3�4c)�

3.3.2 Prediction of cutting forces

Cutting forces are calculated at each increment of time during the dis-
placement of the cutting tool following the cutting direction� The cutting 
force is measured in the cutting direction (Figure 3�1)� The effect of the 
fiber orientation on cutting forces is shown in Figure 3�5� The conclusion 
that can be drawn from this graph is that the fiber orientation affects 
the cutting forces very significantly� The evolution of the cutting forces 
according to the fiber orientation found in this study correlates with the 
findings made in different studies such as Koplev et al� [1], Wang et al� [2], 
Arola et al� [3], and Iliescu et al� [10]�

The values of the cutting force Fc obtained by simulations using 3D 
model for different fiber orientations are in good agreement with those 
obtained experimentally by Iliescu [10] (Figure 3�5)�
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Figure 3.3 Progressive failure analysis of chip formation with 3D model for 90° 
fiber orientation� (a) Primary rupture� (b) Secondary rupture and complete chip for-
mation� (c) Schematization of the experimental chip formation process by Teti [24]�
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fiber orientation� (a) Primary rupture� (b) Secondary rupture and complete chip 
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We note that the cutting forces Fc are important for orientations at 90° 
and −45°� This is explained by the fact that the fibers tend to bend before 
they are cut by the tool; therefore, orientation at 90° requires cutting forces 
greater than those required for the orientation at 45°, where the chip for-
mation is mainly due to the fiber–matrix debonding phenomenon�

3.3.3 Prediction of the induced subsurface damage

The main objectives of the study are to predict the subsurface damage 
induced by the machining operation and to analyze its interaction with 
the fiber orientation� Experimental studies previously conducted by Wang 
and Zhang [25] showed that the 90° fiber orientation is a critical orienta-
tion that exhibits severe and deep subsurface damage� Other authors also 
showed that the fiber orientation plays an important role in the damage 
induced by the machining of FRP workpieces�

For all studied orientations (45°, 90°, and −45°), the damage is initiated 
at the contact zone between the cutting tool tip and the machined part� 
After the initiation stage, the damage propagates following perpendicular 
and parallel directions to the fibers’ orientation�

The damage tends to increase with the advancement of the tool in 
the machined material� Figure 3�6 shows the evolution of the damage 
depth dm inside the workpiece versus the fiber orientation� A deeper 
damage (large value of damage) can be observed in the part with fibers 
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Figure 3.6 Depth of damage dm obtained during FE simulation for different fiber 
orientations with unidirectional composite (Vc = 60 m/min, ap = 0�2 mm, α = 0°)�
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oriented at 90°� This orientation also generates the highest cutting force, 
as shown in the evolution of cutting forces in Figure 3�5�

3.3.4 Effect of tool rake angle

This part is devoted to the effect of tool rake angle on the machining forces 
and chip formation process� Simulations were carried out by varying the 
cutting angle� Studied tool rake angle are −5°, 0°, 10°, and 20°� This was 
motivated according to the chip formation mechanisms observed during 
the cutting operation [5,6,8,26]� Indeed, for a positive rake angle, the pre-
ponderant mechanism is shearing, whereas with a negative rake angle, 
the dominant mechanism is buckling�

The obtained cutting forces are reported in Figure 3�7� From these 
results, it can be concluded that the cutting force has a trend to decrease 
in a moderate way in passing of a negative rake angle to a positive rake 
angle� This tendency is also observed in the experimental works of Arola 
et al� [3] and numerical studies of Lasri et al� [8] and Zenia et al� [27]�

Furthermore, tool rake angle affects the chip formation process and 
its shape; this has been shown by several authors [2,6,28]� The latter high-
lights the existence of two cutting mechanisms, which are shear and 
buckling fibers, respectively� The shear of fibers is observed for positive 
tool rake angles (Figure 3�8a), whereas the buckling mechanism is present 
more in the case of negative tool rake angles (Figure 3�8b)� Indeed, in the 
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Figure 3.7 Effect of tool rake angle on machining forces, V  =  60  m/min, 
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latter case, the fracture is done in zigzag along the shear plane in the per-
pendicular direction to fibers’ axes�

Figure 3�8 shows the results obtained with the numerical simulation 
model� It shows the mechanisms of chip formation by shear (Figure 3�8a) 
and by buckling (Figure 3�8b)� Although the effect of tool rake angle on the 
chip-forming mode is minor, its effect on the topography of the surface 
and the quality of machining, in general, is clear [28]� The spread of the 
matrix on the machined surface decreases with an increase in tool rake 
angle [26]� An increase in tool rake angle also allowed to improve the over-
all quality of the machined surface, and this is because the fibers cutting 
and chip release are occurring easily�

The conclusion that can be drawn for this work part is that the tools 
with positive tool rake angles facilitate the chip formation and its release, 
unlike tools with negative rake angles� Furthermore, tools with positive 
rake angles generate cutting forces and tool wear [28] lower than those 
obtained with negative tools rake angles�

Finally, cutting operation perpendicular to fibers’ direction, made with 
tools having positive toll rake angle, forms the chip by cutting the fibers� 
Whereas, in the case where the tools have zero or negative rake angles, the 
chip is formed by macrocracking caused by the buckling of the fibers�

3.3.5 Effect of clearance angle

The clearance angle is generally solicited by the elastic return of fibers 
(bouncing-back phenomenon reported by Wang et al� [2] [Figure 3�9]), 
which bounce back after the passage of the cutting edge, as described by 
Wang et al� [2] and Jamel [28]�
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Figure 3.8 Effect of tool rake angle on the chip formation process during cutting 
of CFRP composites and for fiber orientation at 45°: (a) by shear α = 10°, and (b) by 
buckling α = −5°�
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Figure 3�10 shows the evolution of the machining forces according to 
the clearance angle� The latter almost does not affect the cutting forces, 
and this is in good agreement with what was reported by Arola et al� [3] 
and Wang et al� [2]� According to Jamal [28], the clearance angle affects the 
thrust forces because it controls the fibers’ bounce back on the clearance 
tool surface� Small clearance angles allow the brushing of the fibers on the 
clearance surface during cutting operation, and therefore, this increases 
the thrust forces�

Cutting toolNominal depth of cut Real depth of cut

Bouncing back

Figure 3.9 Illustration of the bouncing-back phenomenon�
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Figure 3.10 The effect of clearance angle on machining forces, V =  60 m/min, 
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On the other hand, the clearance angle does not appear to have any 
significant effect on the chip formation mode or on the topography of the 
machined surface, with the exception of a slight improvement in edge 
quality when a wide clearance angle is used [3]� This only confirms what 
has been reported by Jamal [28]�

3.3.6 Effect of tool edge radius

This point focuses on the role that can be played by the tool edge radius 
on the machining forces and the damage generated during the orthogo-
nal cutting operation� Indeed, the choice of materials to use in tools edge 
manufacture is very important� The CFRPs have the carbon fibers as 
reinforcement, which are natural abrasive and thus cause the tool edge 
wear during machining; this increases the machining forces and the dam-
age induced in the workpiece� However, this study focuses only on the 
influence of the radius of the tool on the machining forces, because the 
tool is modeled as a rigid body and it is not damaged during machining 
operation�

The investigation was carried out on the edge radius at 5, 15, 30, and 
50 µm� The results obtained are shown in Figure 3�11; these show that the 
cutting forces increase with increasing the tool edge radius� These results 
are in good agreement with the results obtained experimentally by Nayak 
et al� [6]�
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Figure 3.11 The effect of tool edge radius on machining forces, V = 60 m/min, 
ap = 200 µm, α = 10°, γ = 11°�
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3.3.7 Effect of the depth of cut ap

A study was conducted to show the effect of depth of cut ap on the machin-
ing forces� This study was also interested in the influence that the depth 
of cut can have on the chip size and the subsurface damage caused by the 
machining operation�

Indeed, series of simulation were made in orthogonal section under 
the same conditions as the study presented previously; that is, the bound-
ary conditions and the tool-piece geometry were the same as those 
reported in Figure 3�1� Only the depth of cut ap varied� A fiber orientation 
was chosen at 45° for all simulations� The cutting depths studied were 
50, 100, 150, 200, 250, and 300 µm� The results obtained for the cutting Fc 
and thrust Fh forces have been reported in Figure 3�12� The main observa-
tion was that the cutting forces increase with increasing depth of cut in a 
 constant manner�

These results are in good agreement with those obtained experimen-
tally by Wang et al� [2] and Nayak et al� [6] and numerically by Lasri [8] 
and Zenia et al� [27]� Indeed, one of the parameters that have an important 
effect on the value of the machining forces is the depth of cut, regardless of 
the machined material (organic or metal)� The machining forces increase 
with increasing depth of cut ap�

As regards the chip size, the numerical model allowed to measure the 
size of the latter for each test� Figure 3�13 shows the evolution of chip size 
versus the depth of cut ap� The conclusion that can be drawn from this graph 
is that the depth of cut affects the chip size very significantly� Those results 
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found in this study correlates with the findings made in the literature [2]� 
The manner how the chip is measured is shown in Figure 3�14�

During the results analysis, it was found that the subsurface dam-
age increases significantly with the increase in depth of cut, as shown in 
Figure 3�15� These results are consistent with those obtained by Nayak 
et al� [6] and Lasri [8]�
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3.3.8 Effect of the cutting speed on the machining forces

Figure 3�16 shows the influence of the cutting speed Vc on the cutting 
forces  Fc�  Three cutting speeds, 6, 30, 60  m/min, were examined, and 
the  results obtained showed that there is no significant influence of the 
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Figure 3.15 Cutting depth effect on the damage depth, V = 60 m/min, rε = 15 µm, 
α = 10°, γ = 11°�
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cutting speed Vc on the cutting forces Fc during orthogonal cutting of com-
posite materials� Iliescu [10] reached to the same conclusion during his 
experimental work� This is explained by the fact that the cutting speeds 
taken during the study are considered to be of the same speed range� 
Moreover, in the numerical model, the tool is considered as a rigid body that 
does not wear out� Therefore, it remains healthy throughout the simulation�

3.3.9 Effect of fiber orientations on the interlaminar delamination

To investigate the effect of fiber orientation on interlaminar delamina-
tion, four simulations were carried out, with two adjacent layers ori-
ented at 45°/0°, 45°/−45°, 90°/−45°, and 45°/45°, respectively� The aim of 
these orientation pairs is to see what are the directions of adjacent layers 
(Figure 3�17) that generate the largest delamination� The interface between 
two adjacent layers has a thickness of 5 µm� This was chosen according 
to various works found in the literature that treat the interface delamina-
tion� Phadnis et al� [12] used an interface with the thickness of 10 µm and 
Feito et al� [29] an interface of 5 µm� The latter is modeled using cohesive 
elements COH3D8 available in Abaqus� The two adjacent plies have the 
same geometric dimensions as shown in Figure 3�1a, with a thickness of 
125 µm and the same mesh� In addition, the boundary conditions are the 
same as given in Section 3�2�1�

Figure 3�18 shows the delamination scope for four pairs of pleats� It 
can be seen that the delamination does not spread to other counterparties 
when the two adjacent layers have the same fiber orientation as in the case 
of the 45°/45° pair� However, when one pair of adjacent layers has different 
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Figure 3.17 Two adjacent layers with interlaminar interface�
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fiber orientations, as in the case of the 90°/−45° pair, this generates a very 
broad delamination (Figure 3�18d)� These results are in good agreement 
with what has been reported in the literature� Ladevèze [18] reported an 
absence of interlaminar delamination between two plies having the same 
fiber orientation� Therefore, they can be considered as forming one and 
the same fold� Moreover, he found that delamination increased with an 
increase in the difference between fiber orientation angles of two adjacent 
plies forming the pair, leading to a greater delamination, and this was 
observed in the case of the configuration −45°/90°� This is explained by an 
increase in the shear stresses at the interlaminar interface exceeding the 
critical threshold of interface failure�

The study of the machining parameters’ effect can prove very costly 
in terms of time and money� Indeed, the large number of parameters 
makes these studies complex� To optimize and also to highlight the effect 
of the interactions between the parameters on the machining product, 
Zenia et al� decided to carry out a numerical study that would investi-
gate the effect of the machining parameters on the cutting forces and 
the induced damage� This, using experimental plans, more precisely 
the orthogonal design of experiments (DoE) L27(313) of Taguchi, has been 
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Figure 3.18 Damage of the interface between two adjacent layers, showing the 
delamination process for four configurations: (a) 45°/0°, (b) 45°/45°, (c) 45°/−45°, 
and (d) −45°/90°�
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applied to investigate the effect of the fiber orientation, the tool rake 
angle, the depth of cut, and the tool edge radius� Conclusions drawn 
from this work show that the major factors that control the cutting force 
and the induced damage are (1) the fiber orientation, (2) the depth of cut, 
and (3) the tool rake angle� These results are in good agreement with the 
results obtained in this work�

3.4 Simulation of the drilling operation
This section shows the numerical results obtained during a conventional 
drilling operation of CFRP composite laminates� The plates are produced 
from the stack of unidirectional layers [04, 908, 04], which give a total plate 
thickness of 2 mm� This work focuses on thrust forces Ft and the interlami-
nar delamination that occurs between two adjacent layers� The param-
eters of the used tool are previously mentioned in Section 3�2�1�

Figure 3�19 shows the different stages of a drilling operation with a 
conventional tool� It also shows the chip morphology obtained in this 
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Figure 3.19 Steps of hole drilling (a) contact between the tool and the workpiece, 
(b) material removal, and (c) hole completely drilled�
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cutting process� The latter is in the form of powder, and this is due to 
brittle behavior of this type of material�

Figure 3�20  shows the values of the thrust force Ft obtained using 
3D model for different drill feed rate� It can be noticed that the cutting 
forces increase when increasing the drill feed rate� The numerical results 
are in good agreement with those obtained experimentally by Phadnis 
et al� [12] (Figure 3�20)�

Figure 3�21  shows the delamination predicted numerically with 
the elastoplastic model and experimentally [12] in the input and out-
put of the drilled hole� The conclusion that can be made is that the 
delamination is more important at the last interface, which is located 
between the two latest layers� These results are in good agreement with 
those obtained by Phadnis et al� [12], as shown in Figure 3�21a and b� 
The appearance of this type of delamination is due to the vacuum that is 
there under the drilled workpiece and the so-called drilling operation, 
in the air�
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3.5 Conclusion
The main contribution of the current work concerns the development of 
a complete mechanical approach that integrates coupling between the 
damage and elastic−plastic behaviors to accurately simulate the cutting 
process of FRP composites� The original point of this work is the consid-
eration of the interply interface using CZE and the prediction of inter-
ply damage� The comparison of the obtained results with experiments 
shows an accurate and realistic prediction of the chip formation process, 
cutting forces, and induced cutting damage� The chip formation process 
can be clearly described and analyzed by the simulation of the physical 
mechanisms such as the primary and secondary ruptures� Moreover, the 
 proposed model allows to predict the accurate cutting forces, as shown by 
the validation with experimental results taken from the literature�

Finally, the model allows studying the effect of the drilling 
 parameters on the multilayers CFRP composites and defines the delam-
ination that can occur at the interply interface� Furthermore, we intend 
to include the temperature in the FE model, in order to investigate the 
thermal effect on the damage initiation and growth� That will be done 
in future work�
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Figure 3.21 Drill entry delamination: (a) simulation result and (a′) experimen-
tal result [12]� Drill exit delamination: (b) simulation result and (b′) experimental 
result [12]�
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4.1 Introduction
The electrodischarge machining (EDM) is widely used for manufacturing 
molds, dies, and other different products and tools� The detailed analysis 
of these nonconventional machining processes provides to the manufac-
turing engineers the knowledge required for decision making about the 
optimum technologies for each industrial application� This knowledge is 
also the basis to enhance these manufacturing processes, in accordance 
with the technical requirements related to design and fabricability of 
mechanical parts to be produced�

To deduce the optimum process conditions for these machining tech-
nologies, numerous experimental and computational studies have been 
carried out by different researchers� The advantage of works focused on 
the theoretical modeling of these material-removal processes consists 
of the reduced costs of computational techniques in comparison with 
experimental analysis� This chapter is dedicated to explain the funda-
mentals of numerical modeling and simulation of EDM processes and, 
more specifically, sinker EDM processes�

The EDM consists of a cutting technology based on the application 
of controlled electric discharges that occur between the cutting tool 
(electrode) and the workpiece to be machined� These electric discharges 
provoke some sparks that generate a strong temperature increase on the 
workpiece within the domain of the cutting zone, causing the fusion on a 
specific proportion of the workpiece material and thus the desired mate-
rial removal�

To control the electrical discharges and guarantee the formation of 
stable arcs, the entire process is carried out by immersing the workpiece 
and electrode in a dielectric fluid; this process is responsible for removing 
the molten material and keeping the workpiece surface clean�

Some references present a review about the advances produced 
in EDM during the last years [1,2]� It is crucial to focus the analysis of 
these machining processes on heat transfer, including the temperature 
increase caused by the electric discharges, as well as the cooling facili-
tated by the contact with the dielectric fluid and the conduction heat 
transfer to the rest of the workpiece�

Different studies were focused on exhaustive experimental tests, 
with the purpose of determining the influence of the main factors of 
this process on the final properties of machined part� For example, there 
are experimental works dedicated to study the surface finish that can be 

4�5�3 Limits in the precision of meshing ����������������������������������������� 104
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achieved in the EDM processes [3] and the energy distribution in elements 
of the system [4]�

The development of numerical models that allow the prediction of the 
expected results of this process began in the late 1980s, with studies such 
as those of DiBitonto et al� [5] and Patel et al� [6]� Since then, the theoretical 
modeling of these machining processes has evolved parallel to the power 
of computers and the reduction of computational times�

Among the numerous numerical works that were carried out in the 
last years, we can highlight, for example, some studies that propose com-
bined models for material removal and surface finish [7], the analysis of 
the transient temperature distribution, state material transformation and 
residual stresses [8], and theoretical approaches based on a simplified 
matrix calculation perspective [9]�

In this chapter, the main aspects of numerical models that can serve 
to predict the expected results of sinker EDM are described� These 
approaches will be based on the finite difference method; however, the 
principles and instructions provided in this chapter can also be easily 
extended to models based on finite element method and other possible 
methodologies�

In the next sections, the main objectives of the numerical modeling 
of EDM processes will be defined� The fundamental equations that must 
be implemented in these approaches will also be reviewed� After that, the 
most common difficulties in the simulation of these machining processes 
and possible solutions about these questions will be explained, followed 
by some conclusions about EDM modeling and simulation�

4.2  Objectives of electrodischarge 
machining numerical modeling

The numerical modeling of EDM processes pursues the objective of pre-
dicting the phenomena that occur in these machining processes and the 
expected properties of machined workpiece� More specifically, the aim 
of this numerical modeling is to determine the process parameters that 
allow optimization of the quality of final parts, manufacturing costs, and 
productivity level�

These three objectives are closely linked, since the increase in the part 
quality usually affects the production cost and/or the time required for 
these processes� The minimization of manufacturing costs can be carried 
out by reducing the total time for which the EDM machine is utilized or 
by preventing an excessive wear rate in the electrodes� The cost per unit 
will depend on the resources needed to produce the parts, which com-
prise the number of electrodes to be used�
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A schematic representation of the structure of EDM machines can 
be observed in Figure 4�1� To execute these nonconventional machining 
processes, EDM machines are composed of the following main elements:

• Power supply: With the aim of rectifying the input current to the 
machine and generating the desired voltage between the part and 
electrode, according to the voltage and intensity selected for each 
machining process�

• Servo control: Responsible for the movement of the electrode� It 
must provide the constant feed of the electrode, maintaining a gap 
between the workpiece and the cutting tool to ensure that the spark 
could be produced correctly� If the gap is too large, the electric dis-
charge will not occur, but if the part and electrodes come in con-
tact, a short circuit will befall, which would not produce machining 
in the part and would be detrimental for the surface finish of the 
workpiece�

• Tank: Whose function is to house the dielectric fluid, where the part 
and cutting tool will be submerged� The workpiece will be fixed on 
the working table located inside the tank�

• Dielectric fluid circuit: Will serve to recirculate the dielectric fluid, as 
well as to filter and remove the debris generated during this machin-
ing process�

As can be seen in Figure 4�2, when the spark is originated inside the 
 dielectric fluid, a plasma channel is produced, which transmits the energy 
provided by the electric discharges� After that, there will be an increase 

Tank

Workpiece
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�uid
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�uid circuit
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(tool)
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Power supply and control

Figure 4.1 Schematic representation of the sinker EDM process�
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in the temperature along the area of influence of the plasma channel, 
 provoking the partial melting of both the part and the cutting tool� This 
process is independent of the mechanical properties of workpiece mate-
rial, since it is only influenced by its thermal properties�

Figure 4�3 shows an example of the texture found in the surface of 
the part and electrode from certain process conditions� The typical 
 crater shape of the part surfaces subjected to EDM process is depicted in 
Figure  4�3a, whereas Figure 4�3b illustrates the progressive wear of the 
electrode and the protuberances that are originated on the electrode sur-
face due to melting of some material portions and their later solidification 
during the process�

The EDM is a machining process based on the material removal from 
the initial geometry of workpiece by means of electric discharges that 
 provoke the melting and even the evaporation of this material inside the 
cutting zone� It is indeed a thermal process, since the material removal 
is a consequence of the heat input provided by these electric discharges�

For this reason, the numerical modeling of EDM process is focused 
on the analysis of heat transfer from the plasma channel to the workpiece 
and the prediction of temperature distribution on the workpiece surface 

Plasma formation Melting Debris ejection

Workpiece Workpiece Workpiece

Electrode Electrode Electrode
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channel
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Figure 4.2 Different states of plasma channel during the EDM process�

(a)

E1.1
MAG: 70 x HV: 15.0 kV WD: 15.0 mm

400 μm D4_frontal
SE MAG: 100 x HV: 15.0 kV WD: 15.0 mm

200 μm

(b)

Figure 4.3 Examples of scanning electron microscope (SEM) images for work-
piece and electrode in the EDM  process: (a) Stainless steel workpiece and (b) cop-
per electrode�
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as a function of cutting time, which is the cause of the material removal 
and the instantaneous geometry of workpiece surface�

Other of the main objectives of the simulation of these nonconven-
tional machining processes should be the prediction of the final geometry 
and the surface finish of the manufactured part, not only at the end of this 
process but also at intermediate phases during the material removal� It is 
also interesting to include the prediction of progressive wear and material 
adhesion on the electrode surface�

The numerical models should be properly validated by experimental 
results to guarantee the accuracy of their predictions� In addition, it is 
convenient that the proposed models comprise agile routines, in order to 
minimize the computational costs associated with the simulation of this 
material-removal process�

4.3  Basic formulation for electrodischarge 
machining numerical modeling

The first step to develop a mathematical model for simulation of the EDM 
processes should be the appropriate definition of basic formulation to be 
applied� These equations must be implemented in the proposed model 
and will serve as the basic equations for process simulation�

In this sense, it is important to identify the physical and thermody-
namic principles that govern the EDM process� For this purpose, in this 
section, the different phases of the process will be described, along with 
the thermodynamic phenomena related to them� The impact of each 
phase of the process and the mathematical formulation required will also 
be explained�

The thermodynamic aspects involved in these machining processes 
can be divided into two major concepts: 

• Electrical discharges originated between the electrode and the part
• Heat transfer in the workpiece material

The material removal during the EDM processes will start from an initial 
state of thermal stability, in which the workpiece and dielectric fluid are 
found at the same temperature� This initial temperature will correspond 
to the environmental temperature at the beginning of the process, for 
which a reference value of about 24°C is usually adopted�

From the initial geometry of workpiece, the material processing will 
be executed, thanks to the electric discharges generated between the 
electrode and the workpiece� The expressions to be applied to describe 
the discharges provoked on the workpiece will be explained in a later 
section�
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Figure 4�4 illustrates the relative levels of voltage and current intensity 
for each one of the phases contained in the EDM process� Indeed, as can 
be seen in this figure, the machining process is divided into two major 
phases, the pulse phase and the pause phase�

The parameter Uo of this figure consists of the voltage during the ion-
ization phase, whereas Uf and If correspond to the voltage and current 
intensity, respectively, during the discharge phase� In addition, td is the 
ionization time, tf the discharge time, and t0 the pause time� The sum of 
the ionization time and discharge time is known as the pulse time, which 
when added to the pause time represents the cycle time tp�

4.3.1 Heat transfer produced by electrical discharges

The pulse phase is characterized by the application of a certain electrical 
voltage between the electrode and the workpiece� It is divided between 
the ionization phase and the discharge phase, the first of which is respon-
sible for generating the plasma channel, whereas the second one repre-
sents the stabilization of the plasma channel and therefore the transfer of 
thermal energy to the workpiece�

The discharge phase can be considered the main phase of the EDM 
process, as it is responsible for material removal� Conversely, during the 
pause phase, there is no transfer of thermal energy between the electrode 
and the workpiece, and so, this phase is characterized by the heat transfer 
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Figure 4.4 Different phases of the EDM processes: (a) Voltage diagram and (b) current 
intensity diagram�
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within the workpiece itself and also between the workpiece and dielectric 
fluid� The mathematical expressions to be applied with regard to each one 
of these phases will be described as follows�

Once the plasma channel becomes stable at the end of ionization 
phase, the material removal begins, thanks to the heat input provided to 
the workpiece material and the temperature increase caused by this ther-
mal energy� The supply of thermal energy to the part to be machined can 
be described by the following expression: 

 q r d a q b r d Rp, /( ) +( ) ( )



=    exp     0

2 2 2 (4�1)

where:
a and b are the heat input constants
q0 is the total thermal energy provoked by each spark
r is the radial distance to the plasma center for each point of the work-

piece material
d is the distance between the spark center and the two-dimensional 

(2D) simulation area in traverse direction (which will depend 
on the random position that could correspond to the succes-
sive sparks to be considered for each calculation step during the 
modeling of EDM)

Rp is the radius of plasma channel

The heat input constants a and b depend basically on the thermal proper-
ties of the workpiece material, and the values found in literature can be 
considered for this generalized expression�

Figure 4�5 illustrates the heat flux distribution on the workpiece 
 surface according to this mathematical expression� This figure is 

Plasma
channel

Heat input

Workpiece material

Figure 4.5 Heat input distribution on the workpiece surface during the EDM 
process�
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located on the 2D simulation area, and so, only the effect of the dis-
tance to  central   position  of plasma channel is represented� As can 
be seen in  this  figure, the greatest amount of thermal energy will be 
received at  the nodes closer to the plasma axis, whereas an exponen-
tial decay  will  be produced as the radial distance to the plasma axis 
is increased�

For computation of the thermal energy supply to the machining 
area, according to Equation 4�1, the overall heat input generated by each 
spark could be estimated using the following expression as a function 
of electrical parameters assumed for the EDM process: 

 q F U I t Rw i p0
2=    /π (4�2)

where:
Fw is the proportion of the heat input transmitted to the workpiece 

material
U and I are the burning voltage and current intensity, respectively, 

to be programmed in the numerical control (CNC) of the EDM 
machine

ti is the pulse time during which the electrical circuit will be active for 
each burning cycle

4.3.2 Heat transfer in the workpiece

One of the phases mentioned in the previous section is the pause phase� 
During this phase, the heat transfer within the workpiece and between 
the part and other elements of the EDM machine is performed� The heat 
transfer that takes place during the pause phase can be divided into fol-
lowing three concepts: 

• Heat transfer along the workpiece itself
• Heat transfer from the workpiece to the working table of the EDM 

machine
• Heat transfer from the workpiece to the dielectric fluid

The first two correspond to heat transfer by conduction, inside the own 
workpiece or through the contact surface between the part and the work-
ing table of the machine� On the other hand, the transmission of thermal 
energy between the part and dielectric fluid corresponds to heat transfer 
by convection�

This section is not dedicated to an exhaustive thermodynamic study 
about heat transfer by conduction and convection but to explain the math-
ematical formulation that should be applied for this purpose inside the 
EDM numerical model�
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4.3.2.1 Conduction heat transfer
The heat transfer by conduction could be defined as a thermal energy 
transmission process based on direct contact between different bodies 
and without exchange of matter, whereby the heat flows from a node at a 
higher temperature to another node at a lower temperature that is in con-
tact with the previous one� The physical property of materials that deter-
mines their ability to conduct heat is the thermal conductivity�

Figure 4�6 shows a basic diagram of conduction heat transfer, where 
the node on the left is at higher temperatures than the rest of the nodes, 
and therefore, the heat transfer takes place to nodes on the right� The tem-
perature level of the nodes of this simplified system will change as a func-
tion of time according to the second principle of thermodynamics, which 
determines that the thermal energy can only flow from a hot body to a 
cold one�

The adjacent nodes will transmit heat by conduction to the rest of the 
nodes in this chain, until the total extension of the workpiece is covered� 
Owing to the closed contact between the part and the working table of 
the EDM machine, the thermal energy will also be transmitted from the 
end nodes of the workpiece to the working table and finally to the rest of 
elements of the whole machine, which suppose the dissipation of a certain 
proportion of the total heat input throughout the system�

By transferring the principles of conduction heat transfer to the for-
mulation necessary for numerical modeling of the EDM, the following 
equation of temperature increase between two adjacent nodes can be 
applied: 

 ( ) /, , , , , ,∆ ∆ ∆ ∆ ∆T t k A T T m c si k s p q s i k s p= ( )− −    1 1− (4�3)

where:
(ΔT)i,k,s is the temperature increase by conduction at a node with coor-

dinates (i, k) in 2D for a simulation instant s
Δt is the time interval between instants s and s−1

Figure 4.6 Basic diagram of conduction heat transfer�
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k is the thermal conductivity of the workpiece material expressed in 
W/m K (e�g�, in the case of stainless steel AISI 316, a value of 
17 W/m K can be adopted)

Δm is the effective mass for the active node
cp is the specific heat capacity that corresponds to the phase transition 

of the workpiece material
Δs is the distance between the two adjacent nodes (which will be 

affected by the position step adopted for the calculation mesh)
ΔA is the heat transfer area between both nodes
Tp,q,s−1 is the temperature at the adjacent node with coordinates (p, q) 

for the simulation instant before the current instant in which the 
calculation of the heat transfer is carried out

Ti,k,s−1 is the temperature at the node of study at the previous instant

4.3.2.2 Convection heat transfer
The heat transfer by convection is produced by the movement of a fluid 
that transports the thermal energy between zones with different tem-
peratures� In the case of EDM, the heat transfer by convection occurs 
between the dielectric fluid and the workpiece surface� The fluid is in 
motion due to the feed pump of the EDM machine, which generates a tur-
bulent regime over the machining area, as can be observed in Figure 4�7�

The flow of dielectric fluid impacting the workpiece surface will pro-
voke a turbulent regime that will facilitate the heat transfer by convection� 
Figure 4�8 illustrates the convection heat transfer around the workpiece 
surface, thanks to the dielectric fluid, in addition to heat transfer pro-
duced by conduction along the different zones of the part to be machined�

Finally, the following mathematical expression could be assumed to 
estimate the temperature increment to be produced as a consequence of 
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Figure 4.7 Dielectric fluid turbulence around the workpiece surface�
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the heat transfer by convection between the machined surface and dielec-
tric fluid: 

 ( ) /, , , ,∆ ∆ ∆ ∆T t h A T T m ci k s d i k s p= ( )−   − 1 (4�4)

where:
h is the convection coefficient
∆A is the contact area for thermal energy convection between the 

computed nodes that correspond to the workpiece surface and 
the surrounding fluid dielectric

Td is the temperature achieved by the dielectric fluid during the EDM

The other parameters were described previously in the section dedi-
cated to conduction heat transfer� This equation will be implemented in 
the numerical model, together with the equations that have also been 
described for conduction heat transfer and heat input provided by the 
electric discharge�

4.4  General structure of electrodischarge 
machining numerical model

The computational modeling that will be presented in this section assumed 
a matrix calculation based on the finite different method� The objective of 
this model must be to predict the surface finish of the machined surface, 
the progressive wear of the electrode, and the production time required 
for this machining process�

Dielectric
�uid

Convection heat transfer

Conduction heat
transfer

Workpiece

Figure 4.8 Convection heat transfer throughout the dielectric fluid in EDM 
processes�
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In the following sections, a method for calculating the temperature 
matrix and the boundary conditions to be established will be explained, 
and after that, the procedure to define the simulation mesh will be also 
described�

4.4.1 Definition of simulation mesh

Although some of the properties of the mesh and solutions to reduce the 
processing times without affecting the mesh properties will be discussed 
later, before beginning with the definition of the temperature matrix, it 
is convenient to define some characteristics of the simulation mesh to 
be considered for an appropriate simulation of material removal on the 
workpiece�

Figure 4�9 shows the simulation mesh to be considered, in this case 
represented over a machined surface� The lines in dark gray color rep-
resent the outer edge of the mesh, whereas the white lines are utilized 
for the zone that corresponds to the cutting area and the light gray lines 
serve to identify the remaining material that is located outside the area 
to be machined�

The nodes in white color will be those that undergo the material removal 
and therefore are expected to disappear during the process� These nodes 
are the most important ones for simulation of the EDM, since they will 
define the resultant surface of the machined part� On the other hand, the 
light gray nodes are intrinsically necessary for computation of heat transfer 
by conduction with the rest of the workpiece and material removal on the 
zone composed of the cutting area� Finally, the dark gray nodes will serve 
to delimit the simulation zone and establish the boundary conditions to be 
assumed by the numerical model, as will be described in another section�

The simulation mesh must be sufficiently fine to ensure the required 
accuracy in the numerical predictions� Nevertheless, if an excessively 

y

x

z

Figure 4.9 Example of simulation mesh for an EDM process�
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fine meshing is considered, an unacceptable computational cost can be 
encountered, since the calculation times grow in a quadratic form� For this 
purpose, some solutions will be proposed in Section 4�5�3�

Once the definition of the simulation mesh is explained, the following 
section will be dedicated to describe the temperature matrix; each point 
of the matrix will correspond to a node of the mesh�

4.4.2  Temperature transfer equation and equivalent 
temperature concept

The formulation presented in this section is oriented to obtain the tem-
perature at each node of the mesh for each time step during the process� 
The phase change at each node should be analyzed in order to know the 
nodes that are melted or evaporated for each cutting time from the heat 
transfer matrix and therefore will disappear from the workpiece surface� 
Nevertheless, this computation is certainly complex and requires great 
processing times� To avoid this problem, the concept of equivalent tem-
perature is usually assumed�

The model works with the concept of equivalent temperature, in 
order to discard the heat input needed for the phase change from solid 
to liquid, and therefore, the temperature at which the material is in 
its liquid phase is extrapolated� In this way, it is not necessary to con-
sider the latent heat of fusion or evaporation but simply determine the 
cutting temperatures from the specific heat in the solid phase� From 
this assumption, a certain value of equivalent temperature is adopted 
when the material is instantaneously melted� According to the literature, 
this value oscillates between 1400°C and 1800°C for different types of 
stainless steels�

The concept of equivalent temperature is illustrated in Figure 4�10� 
The gray lines represent the relationship between the heat input and 
temperature for a stainless-steel workpiece, whereas the dotted gray line 
shows the concept of equivalent temperature, and the gray circle corre-
sponds to the temperature to which the material will be melted instantly�

The concept of equivalent temperature allows to operate using a temper-
ature matrix instead of a heat transfer matrix� Thus, a temperature transfer 
equation will be assumed, which will serve to evaluate the temperature of 
each node (i, k) of the workpiece for a process instant s as follows: 

 T T T T T Ti k s i k s L i k s R i k s T i k s B i k, , , , , , , , , , , ,( ) ( ) ( ) ( )= + + + +−1 ∆ ∆ ∆ ∆ ss (4�5)

where Ti,k,s and Ti,k,s−1 are the equivalent temperatures for node (i, k) for 
the current instants s and previous instant s−1, respectively� The terms 
(ΔTL)i,k,s, (ΔTR)i,k,s, (ΔTT)i,k,s, and (ΔTB)i,k,s represent the variation of cutting 
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temperature at the active node as a consequence of heat transfer, with the 
adjacent nodes situated on the left, right, top, and bottom, respectively�

The relationship between the node of study and these adjacent nodes 
is illustrated in Figure 4�11�

Depending on the situation of the node of study within the work-
piece, different types of circumstances can be found, which are described 
as follows:

• Type I: Nodes located inside the workpiece material and so are 
uniquely influenced by conduction heat transfer in the workpiece 
itself�
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Figure 4.10 Diagram with the concept of equivalent temperature�
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Figure 4.11 Variation of equivalent temperature at the node of study from heat 
transfer with adjacent nodes�
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• Type II: Nodes located at the workpiece surface, with heat transfer 
by convection with the dielectric fluid and by conduction with the 
adjacent nodes of the workpiece�

• Type III: Nodes on the workpiece surface that are affected by the 
plasma channel during the electrical discharge, which can also 
experience conduction heat transfer with other nodes of the work-
piece and convection with the dielectric fluid�

Figure 4�12 shows the different options that can be present in each node 
of the simulation mesh� Convention heat transfer will always be consid-
ered from the workpiece to the dielectric fluid, whereas the plasma chan-
nel will be assumed as a heat input resource to the nodes located inside 
the cutting zone� In the case of nodes of type I, it will be necessary to 
evaluate if a positive or negative variation will be produced according 
to each one of the adjacent nodes�

The theoretical model will proceed to the resolution of Equation 4�5 for 
each cutting time, using the equations explained in the previous section� 
An iterative process will be needed until the equivalent temperature for 
each node of the mesh for the current instant is achieved� At the end of each 
calculation cycle, the equivalent temperature matrix Ti, k,s−1 will be initial-
ized from the data of the matrix Ti,k,s, and so, the next cycle can be computed�

4.4.3 Boundary conditions

The definition of boundary conditions for a system to be simulated is 
always complex, and in fact, it will be a key factor for the results provided 
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Figure 4.12 Examples of heat transfer at different nodes of the simulation mesh�
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by the model� Thus, the boundary conditions to be adopted must be ana-
lyzed carefully, and they should be established from experimental infor-
mation� The instructions provided as follows will serve to determine 
preliminary values to be assumed for EDM simulation�

4.4.3.1 End points of the mesh
According to the equation for calculation of equivalent temperature, the 
variation of cutting temperature will depend on the temperature of adja-
cent nodes� When the node of study receives a temperature increase due 
to convection or electric discharge, there is no problem, since all the infor-
mation necessary to solve the formulation is available�

Meanwhile, in the case of nodes subjected to heat transfer by con-
duction, it is necessary to know the temperature of the adjacent nodes 
beforehand� The problem arises when there are no adjacent nodes in the 
meshing, because the active node is located at the extremity of the cal-
culation zone� If adjacent nodes do not exist in the calculation meshing, 
the boundary condition must be applied� These end points are illustrated 
using a thick line in pale white color in Figure 4�13�

To apply Equation 4�3 related to conduction heat transfer, it is also 
necessary to know the equivalent temperature at the adjacent node for 
the previous instant (Tp,q,s−1)� If this information is not available, a bound-
ary condition could be assumed� For conduction heat transfer calcula-
tions, the equivalent temperature for nodes external to the meshing at 
the previous instant shall be equal to the temperature of the two previous 
cycles at the nearest node in the mesh, which can be expressed by the fol-
lowing equation: 

 T Tp q s k i s, , , ,− −=1 2 (4�6)

x

y

z

Figure 4.13 Example of end points in the workpiece meshing�
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Therefore, for the end points of the mesh, the temperature variation 
according to thermal conduction can be expressed as: 

 ( ) /, , , , , ,∆ ∆ ∆ ∆ ∆T t k A T T m c si k s i k s i k s p= ( )− −    2 1− (4�7)

In the numerical model, it will be convenient to include a matrix contain-
ing the information of the equivalent temperatures at each node for a 
process instant s−2, previously to start the computation of a new study 
cycle� Consequently, a total of three temperature matrices, Ts, Ts−1, and Ts−2, 
will be needed�

4.4.3.2 Number of simultaneous sparks
It is practically impossible to predict the number of sparks that can be 
present in each pulse� According to the literature, it is known that the 
surface geometry of the workpiece and the electrode wear have repercus-
sions in this value, but they cannot be formulated�

Therefore, in this section, this criterion is proposed to be treated as a 
boundary condition, at the beginning of the simulation process�

The energy transmitted to the workpiece will be divided between 
the different sparks produced simultaneously� As a criterion, this heat 
input could be divided equally between all the sparks originated, and so, 
Equation 4�2 would be modified by dividing Fw between the number of 
simultaneous discharges nw: 

 q F n U I t Rw w i p0
2= ( )/ /    π  (4�8)

With regard to the number of discharges to evaluate, it is possible to 
choose between more simplified or complicated criteria for this pur-
pose� Of course, if a complex criterion is assumed, the calculation time 
will be increased� The options for this boundary condition can be the 
following ones: 

• Define an exact number of sparks for each discharge cycle, which 
can be usually between 1 and 5� The main advantage of choosing 
this approach is that it greatly reduces the difficulty of program-
ming, and besides, the results are very satisfactory�

• Generate a random variable with a uniform distribution between 1 
and 5 for each discharge cycle� This option complicates the calcula-
tion of each cycle but is a slightly better option in terms of physical 
meaning�

• Generate a random variable with a nonuniform distribution between 
1 and 5, giving a greater probability of a unique discharge and a 
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lower probability of five simultaneous discharges� Definitely, this is 
the smartest option, but the calculation becomes more complex, and 
therefore, the process time is increased�

4.4.3.3 Definition of discharge cycles and cooling cycles
In practice, the durations of the discharge cycles (ti) and the cooling 
cycles  (t0) are neither constant nor equal, as illustrated in Figure 4�14� 
For this reason, during the numerical simulation of EDM process, a time 
step tn must be defined for each calculation cycle, and it can be constant 
throughout the process simulation�

It is therefore necessary to include in the model a condition that states 
whether the current cycle corresponds to an electric discharge phase or a 
cooling phase�

In the case of a discharge phase, it is needed to compute the node 
(or nodes) in which the sparks will act and the heat transfer provoked by 
these sparks, according to the expression (4�2)� Nevertheless, in the cooling 
phase, no sparks will occur, and therefore, the entire surface of the work-
piece will be affected only by convection heat transfer with the dielectric 
fluid, according to the expression (4�4)�

To establish the phase that corresponds to each simulated cycle, one of 
the following criteria can be selected: 

• Define a series of one discharge cycle and one cooling cycle�
• Define a series of one discharge cycle and two cooling cycles�
• Define a series of a discharge cycle, a random discharge or a cooling 

cycle, and a cooling cycle�

The third option is the most realistic but also the most complicated in 
terms of programming� In general, it would be convenient to conduct 
experimental tests and thus to select the criterion that could be considered 
more adequate�

Voltage
Uo

Uf

≈ 200 V

≈ 26 V

tn
Time

Figure 4.14 Variable duration of the discharge and cooling cycles�
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4.4.3.4 Maximum discharge gap
It is well known that electric discharges will most likely occur in the zones 
with a minimum distance between the workpiece and the electrode, but 
it cannot be assured if two or more consecutive sparks will be produced 
at the same node (or nodes), even though it represents the nearest zone 
between the cutting tool and the part to be machined�

For this reason, it is necessary to establish a criterion about the maxi-
mum gap between the electrode and the workpiece for discharge to occur� 
This will prevent erroneous sparks in the central areas of the craters and 
excessively sharp peaks in the workpiece, two phenomena that are not 
produced in experimental tests and consequently must be avoided in the 
numerical model�

For this purpose, it is enough to include a criterion about the maxi-
mum gap that allows the electrical discharge� As a guideline, values 
between 50 µm and 200 µm could be adopted for this maximum gap�

4.4.4 Process parameters

For numerical simulation of the EDM process, one needs to know the main 
parameters that govern the material removal� In this sense, one should 
distinguish among the parameters to be introduced as a constant value, 
the parameters of a random character, and the parameters to be provided 
by the model as output results of the process simulation�

4.4.4.1 Constant parameters
These values could be divided into two large groups, the parameters that 
are specific for the material used in the workpiece and the electrode and 
the parameters that are intrinsic for the EDM process�

With regard to the material, there is certain information that must be 
known, which appears in the expressions described in the previous sec-
tions� Some of the most relevant physical and thermal properties of the 
material for EDM processes are listed in Table 4�1�

On the other hand, there are also some process parameters that must 
be properly identified to make the numerical simulation of the EDM 

Table 4.1 Material properties for EDM numerical modeling

Parameter Units

Equivalent temperature °C
Convection heat transfer coefficient W/m2 K
Density kg/m3

Specific heat J/K kg
Thermal conductivity W/m K
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process possible� Many of these parameters will have a constant value 
during the entire simulation, since they correspond to parameters to be 
selected in the EDM machine� Some of the most relevant process param-
eters are listed in Table 4�2�

Other variables to be defined in the model are the parameters related 
to process simulation� In general, they can be maintained constant during 
the numerical simulation of these machining processes� The most relevant 
parameters of this type are listed in Table 4�3�

4.4.4.2 Random parameters
There are some parameters of random character, such as the incidence 
point for each spark� The number of simultaneous discharges per cycle 
is also a random variable, and it was previously defined in the section of 
boundary conditions�

About the incidence point of the electric discharge, first, all the nodes 
that satisfy the boundary condition about the maximum discharge gap 

Table 4.2 Process parameters for EDM numerical modeling

Parameter Units

Workpiece geometry Mm
Voltage during the ionization V
Voltage during the discharge V
Intensity during the discharge A
Ionization time µs
Discharge time µs
Pulse time µs
Pause time µs
Room temperature °C
Gap µm
Radius of the plasma channel µm
Dielectric fluid temperature °C
Percent of pulse energy transferred to workpiece %

Table 4.3 Parameters for process simulation

Parameter Units

Mesh dimensions mm
Mesh size µm
Time step for process simulation µs
Maximum discharge gap µm
Number of cycles for output of results  
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should be identified by the theoretical model, and then, the specific 
 position in which the discharge is produced can be estimated by means 
of a uniform probability distribution, without discriminating any of 
these nodes�

4.4.4.3 Output parameters
The computational model must contain some parameters that will serve 
to express the results obtained for each simulation instant, including not 
only the final instant of process simulation but also the intermediate cut-
ting times of special interest�

The main variable to be provided by the model for each simulation 
cycle is the equivalent temperature at each node�

From the temperature distribution for each cutting time, the points 
that define the instantaneous surface of the workpiece are also considered 
as output parameters� These points are deduced by removing the nodes 
that exceed the reference limit previously established for the equivalent 
temperature�

Other output parameters of EDM simulation are the points that con-
stitute the electrode surface, caused by the electrode degradation dur-
ing this nonconventional machining process� The vertical position of the 
electrode is changing continuously during the process, as the workpiece 
is machined� A constant vertical speed can be assumed for the cutting 
tool; however, it can also go back if a short circuit is produced� If the gap 
between the part and the cutting tool is greater than the position of high-
est node at the workpiece, then the electrode can continue its move, pen-
etrating in the workpiece, but in the opposite case, it would go back in the 
next simulation cycle�

4.5  Main difficulties for electrodischarge 
machining numerical modeling

In the previous sections, the basis for numerical modeling of EDM has 
been introduced� The mathematical formulations to be implemented in 
the model were explained, and the main parameters that affect the results 
of these machining processes were described� Nevertheless, the devel-
opment of a numerical model to simulate the behavior of EDM process 
implies multiple difficulties, the main of which will be described in the 
following sections�

4.5.1 2D and 3D modeling

Before proceeding to modeling and simulation of these machining pro-
cesses, one must decide if the model should execute a 2D or 3D simulation� 
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Of course, 3D simulations are more complicated to perform and suppose 
higher computational costs; however, they provide valuable additional 
information�

Three-dimensional simulations will require to create a tempera-
ture matrix Ti,k for each plane, and the size of these matrix will depend 
on the mesh size and the extension of the cutting zone to be analyzed� 
Meanwhile, if 2D simulation is selected, the matrix of equivalent tempera-
tures will be calculated for a unique plane, and so, the processing times 
will be considerably reduced�

Another possible solution is to perform a 3D simulation for electric 
shocks and 2D simulation for meshing of the cutting zone; this combined 
solution provides a good accuracy in the numerical calculations� In this 
case, the model will use a central plane in the workpiece, with a mesh 
adequate for 2D simulation, and all the temperature calculations would 
be performed in that plane�

To choose the option of 3D simulation, it is necessary to assume two 
random variables in order to express the incidence point for the electric 
discharges� These two variables can be located in planes x and y, and then, 
the nodes in plane x can also be established for computation in any other 
possible plane y� Figure 4�15 illustrates the plane for 2D simulation in black 
color, whereas the rest of planes are depicted in white�

4.5.2 Modeling of large parts (utilization of progressive mesh)

When attempting to model pieces of a relevant size, the size of the calcula-
tion arrays may become too extensive and slow down the simulation� To 
maintain adequate execution times, there are some alternatives that can 
be adopted�

3D Simulation

2D Simulation

x

z

y

Figure 4.15 Planes defined for a 2D/3D simulation�
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One alternative to this problem can be the utilization of an adaptive 
mesh, and so, a higher mesh size can be selected for the initial meshing, 
while the mesh can be refined later� To facilitate the transition between the 
thick mesh and the fine mesh, it can be necessary to define transformation 
conditions with the purpose to extract the calculation of temperatures at 
the new nodes more easily�

Another alternative would be the application of a progressive mesh� 
In this case, the mesh could be moved together with the electrode, and, 
from the analysis of the results of temperature matrix at intermediate 
 calculation steps, it will be possible to determine the depth to which the 
temperature is practically constant, and so, these nodes can be deleted 
from the matrix in order to save computational costs�

Figure 4�16 illustrates an example of temperature matrix, at an inter-
mediate time during the machining process� As shown in this figure, 
from a certain depth, the workpiece is found at room temperature, and 
therefore, the computation of these nodes does not provide interesting 
information� Conversely, it would be interesting to delete these nodes to 
save the computing time�

4.5.3 Limits in the precision of meshing

To improve the accuracy of the numerical model, it could be convenient 
to decrease the time step Δt and mesh size Δx in the simulation mesh� 
Nevertheless, this is not exactly the solution, because a very small mesh 
size Δx can provoke mistakes in the calculations, based on the basic for-
mulations� The general equation of conduction (4�3) is oriented to relevant 
distances between the adjacent nodes, where the increment in the tem-
perature is a function of the thermal gradient, material properties, time 
step, and distance between the adjacent nodes�

Unchanged zone

Calculation zone

Progressive mesh
for the process

simulation

Figure 4.16 Example of equivalent temperature matrix to define the progressive 
mesh�
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It is recommended to use a mesh size (or distance between adjacent 
nodes) suitable to the part and conditions to be considered�

Likewise, one should avoid to reduce the mesh size without reduc-
ing the time between calculation cycles, since it would provide a worse 
prediction accuracy and computation time� Despite that, a certain bal-
ance between the mesh size and time step should be maintained, for each 
numerical simulation of the EDM�

4.6 Conclusions
The numerical modeling of EDM processes is a complex subject, due to 
the existence of multiple factors that must be properly evaluated� A good 
knowledge about the different parameters that are involved in this machin-
ing process is essential to define correctly the numerical model� The 
explanations contained in this chapter can help develop an EDM model 
with a favorable balance between the accuracy of results and the com-
putational costs associated with numerical simulations� In this  chapter, 
the mathematical fundamentals for numerical modeling of the EDM have 
been stated and the difficulties that can be faces during the development 
and execution of the model have been described� One must always verify 
the numerical model with experimental results and so check the validity 
of boundary conditions, mathematical equations, and process meshing to 
be applied�
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5.1 Introduction
In order to meet stringent tolerance and surface finish, a great deal of 
attention has been paid to the machining process and the machine tool 
(MPMT) itself [1–3]� Most of the improvement was made on the MPMT 
performance separately, while the interaction between them has been 
always overlooked� It has been recognized that the interaction between 
the machining process and the machine tool structures (IMPMTS) plays 
an essential role in the machining performance, which directly affects the 
material removal rate, and workpiece surface quality, as well as dimen-
sional and form accuracy [4–7]� A better understanding of the IMPMTS 
becomes increasingly important, not only for engaging in ultrapreci-
sion manufacturing, but also for the precision machine tool design and 
machining parameters optimization� Therefore, it is essential to study the 
IMPMTS systematically�

The machine tool dynamic performance analysis is the key step 
to study IMPMTS� There are two main methods for the machine tool 
dynamic performance analysis; one method is the numerical method, 
based on lumped mass models� It is suitable for single and simple com-
ponent analysis and has been applied to the design of spindles [8–10] and 
slides [11]� Eric et al� [12] simplified the machine tool to a single degree of 
freedom (DOF) system to study the waviness generation� Chen et al� [13] 
studied the multimode frequency vibration in fly cutting by the lumped 
mass models and pointed that the multi-mode vibration of the machine 
tool has an important influence on surface generation� Although this 
method is less time-consuming, the simulation accuracy is limited due 
to the finite dimension approximation� Another method is the finite ele-
ment (FE) method, which is widely employed as an effective approach 
to studying statics, dynamics, and thermal aspects of single components 
or whole complex machine tools [14–17] due to its high computational 
accuracy, convenience of result interpretation, and capture of time/
spatial details� Piendl et al� [18] simulated the chip formation by using 
the FE method� In their model, the structural−mechanical behavior of a 
machine and a workpiece was considered, but this approach is complex, 
time-consuming, and costly, which made it only suitable for the small-
sized simulation� However, an FE model of the machine tool usually has 
more than 10,000 DOFs� This causes the transient response calculation 
of the machine tool under the cutting force to be very time-consuming 
and hence affects the computational efficiency and the design cycle of 
the machine tool development� For studying the IMPMT, a more flexible, 
simple, but accurate simulation method is urgently needed, which can 
realize the IMPMT quickly and accurately�
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In this chapter, a novel method for machine tool dynamic response 
analysis under the cutting force is proposed by integrating the state space 
model with the FE method� The proposed integrated method has the 
advantages of both the lumped mass method and the FE method� In this 
method, a dynamic model of the machine tool in state space is established, 
based on the results of complex FE models representing the machine tool 
system, which reduces the amount of computational significantly but still 
provides correct responses for the forcing function input and desired out-
put points� The dynamic response of the machine tool is used to simulate 
the contour profile of the machined surface, and in order to realize the 
precise simulation in the whole size of the workpiece, the control system is 
also considered to generate the cutting trajectory in the whole machining 
process; the cutting force generated in the manufacturing process intro-
duces the IMPMT� Thus, the influence of IMPMT on the machined results 
is achieved rapidly and precisely�

5.2  Integrated method for machine tool 
dynamic performance analysis

By considering the interaction between process forces and machine struc-
tural dynamics, an integrated simulation method that integrates the 
advantages of the cutting force simulation, the machine tool dynamic per-
formance simulation, and the motion control system is proposed in this 
chapter� Then, the waviness and the profile simulation of workpiece can 
be realized�

The application flowchart of this method is illustrated in Figure 5�1� 
To begin with, the cutting simulation is carried out� The cutting force, 
cutting heat, and residual stresses are obtained� Next, the FE model of the 
machine tool is established, and a simple state space model of the machine 
tool is obtained from the FE model� After that, the cutting force is inputted 
to the state space model� Then, the response of the tool tip is outputted to 
couple with the machine tool control system, for generating the machined 
surface profile�

In this method, both the material property and the cutter shape are 
considered, which makes the cutting force forecasting more precise� 
Besides, the state space model of the machine tool is obtained from the FE 
model as a multidegree freedom system rather than a single-degree free-
dom system, which can get more accurate transfer function� The cutting 
force extracted from the FE simulation is used as the input force in the 
state space model� In addition, the cutting path generated by the control 
system is considered to achieve the surface simulation�
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5.2.1 Establishment of the state space model

The establishment of the state space model is the critical step in this 
method� As shown in Figure 5�2, it starts with the modal analysis of 
the FE model to obtain eigenvalues and eigenvectors (resonant frequen-
cies and mode shapes)� The block Lanczos method is used as eigenvalue 
extraction technique, which can calculate all the eigenvalues and eigen-
vectors in a specific frequency range� The sizes of the mass matrix M, 
the stiffness matrix K, and the damping matrix c are n × n, respectively, 
where n denotes the DOFs of the model� There are as many eigenvalues 
and eigenvectors as DOFs for the model� Although they provide con-
siderable insight into the system dynamics, the extraction of all these 
eigenvalues and eigenvectors would account for extremely high com-
putational resource in the simulation, and it is typically too large to be 
used in a mathematical model� To reduce computational resource and to 
obtain the solutions in an efficient manner, only the DOFs of the nodes 

Cutting model

Cutting process simulation Machine tool analysis

Cutting force

Tool wear

Cutting heat
Static

�ermal
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Figure 5.1 Flowchart of the integrated method�
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where forces are applied and outputs of interests are extracted� Then, 
these eigenvalue results obtained from the modal analysis are used to 
build the state space�

5.2.2 Theoretical basis

In the second step, the objective is to provide an efficient, small model 
representing the mechanical and servo system of the machining sys-
tem� It needs to reduce the size of the model and keep the accuracy of 
calculation, as well as maintain the desired input−output relationship� 
In order to reduce the number of DOFs of the model, only those DOFs 
are reserved in the new model where forces are applied and responses 
are desired�

The theoretical basis of establishing a small state space model by using 
limited eigenvalues and eigenvector information is explained as follows 
(eigenvector entries for all modes only for input and output DOFs)� For 
a given structure, an FE model can be established with mass matrix M, 
damping matrix C, and stiffness matrix K; the size of each matrix is n × n� 
Therefore, the fundamental equation describing the dynamic behavior of 
a structure discredited by FE can be written as: 

 M C K F x x x+ + =  (5�1)

where:
F denotes an n-dimensional vector, designating the force applied on 

each DOF
x denotes the displacement vector, caused by the force

In order to uncouple Equation 5�1, the damping matrix can be replaced by 
using the Lord Rayleigh’s hypothesis: 

 C M K= +αα ββ  (5�2)

where:
α is the constant mass matrix multiplier for alpha damping
β is the constant stiffness matrix multiplier for beta damping

Thus, Equation 5�1 can be rewritten as: 

 M M K K F x x x+ +( ) + =αα ββ  (5�3)
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After the coordinate decoupling transformation, Equation 5�3 is 
changed as: 

  xp p p p+ + + =( )αα ββΩΩ ΩΩI x x F (5�4)

which can also be written as: 

 �� � …x x i npi i pi i pi pi+ + = =2 1 22ε ω x F , , , , (5�5)

where:
ωi is the value of the ith natural frequency
ΩΩ  is the diagonal matrix, ΩΩ = diag( )ωi

2

εi is the percentage of critical damping for the ith mode,  ε α βω ωi i i= +( )/2 2

The state space method can be convenient to tackle the problem of fre-
quency domain response and time domain response� So, the dynamic 
equation described by state space is: 
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Differentiating Equation 5�7 gives: 
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Equation 5�8 can be written in the matrix form: 
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and its short form is: 

 x x u= +A B  (5�10)

where system matrix A is constituted by the natural frequency and the 
damping ratio; the ωi and xn are obtained from modal analysis� The input 
matrix B is formed by Fp� 
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For the space state Equation 5�9, by applying F1 on the DOFs of the nodes 
where forces applied, the other DOFs are set to be zero� So, when calculat-
ing Fp , only the first column is needed, as shown in Equation 5�11�

The x solved in Equation 5�9 are in principal coordinates; they should 
be transferred to physical coordinates, y x xn= � Rewriting this in the 
matrix form: 



115Chapter five: Modeling of IMPMT

 

y
y
y
y

y
y

x x x
x

n

n

n n n n1

2

3

4

2 1

2

11 12 10 0 0
0

�

�

−

































=

nn n n n

n n n n

n n n n

nn

x x
x x x

x x x

x

11 12 1

21 22 2

21 22 2

1

0 0
0 0 0

0 0 0

�
�
�

� � � � � � �
00 0 0

0 0 0
2

1 2

1

2

3

x x
x x x

x
x
x
x

nn nnn

nn nn nnn

�
�

































44

2 1

2

�
x
x

n

n

−

































(5�12)

which is: 

 y Cx D= +  (5�13)

In the response analysis, the DOFs where forces are applied and outputs 
of interests are assumed as the first m DOFs� For modal analysis, the 
modal vector of these m DOFs is then used to form the modal matrix Xm n× �

For the state space Equation 5�12, only the displacement response of 
the first m DOF is needed�

First m DOF: 
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Therefore, the size of the matrix is reduced significantly�
After this, the state space model is used for frequency and time 

domain analyses� This step realizes the transformation of the FE model to 
the state space model, which can reduce the time and cost in the following 
frequency and time domain analyses�

5.3  Case study—interaction between the 
machining process and the machine tool 
structure of fly-cutting machining

The proposed IMPMT model has been implemented in fly-cutting machin-
ing of potassium dihydrogen phosphate (KDP for short) crystals�

Ultraprecision fly cutting, as a single-point cutting process, is the 
main manufacturing method to generate optical quality surface finishes 
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on flat workpieces [19]� An excellent example of ultraprecision fly cut-
ting is the production of KDP crystals for the inertial confinement 
fusion (ICF) program [20–22]� The KDP crystals are widely used in the 
ICF program for frequency multiplication and Pockels cells [23–25]� The 
KDP crystal has extremely harsh requirements of the topography in 
the ICF program, not only for the root mean square (RMS) but also for 
the power spectral density (PSD)� The specific indexes for KDP crystal 
are shown in Figure 5�3� It requires roughness values less than 3  nm 
in 0�01 ∼ 0�12 mm, RMS of no more than 4�2 nm, and PSD2 better than 
15 nm2mm in 0�12 ∼ 2�5 mm, the RMS less than 6�4 nm and PSD1 bet-
ter than 15 nm2mm in 2�5 ∼ 33 mm, and gradient RMS gradient better 
than 11 nm/cm in the range over 33 mm� The size of this crystal is up to 
410 mm; therefore, the fly-cutting method with a large fly-cutting head 
is adopted for machining this crystal both in the United States and in 
China [26,27]� However, unreasonable defects are found after testing the 
machined surface morphology of the KDP crystal processed by the fly-
cutting method� These defects will cause the distortion and initiation 
of the changes of the incident angle and refractive index of the laser, 
inducing the phase mismatch and ultimately reducing the frequency 
conversion efficiency [28–30]� Therefore, studying the influence of the 
IMPMT on the defects of the KDP crystal optical and finding the main 
sources that lead to them can not only provide the theoretical basis for 
increasing the optical performance but also guide the KDP processing 
and machine structure improvement�

5.3.1 Modeling process of the integrated method

5.3.1.1 Modeling of potassium dihydrogen phosphate crystal
In order to model the KDP crystal in the cutting simulation method, its 
material property must be obtained� In this study, the nano-indentation 
experiment is used to obtain the material property of the KDP crystal� 
The KDP surface is machined by the fly-cutting machine tool to gener-
ate a smooth surface with roughness RMS less than 5  nm; then, the 

Figure
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60 mm
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Figure 5.3 The topography requirements of the KDP crystal�
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nano-indentation experiments are carried out on the machined surface 
by using Nano-Indenter XP� In this experiment, a Berkovich diamond tip 
is adopted, with the displacement resolution and force loading resolution 
of 0�01 nm and 50 nN, respectively� The maximal indentation depth and 
the impressing velocity in the experiment are set as 1000 nm and 10 nm/s, 
respectively� As a result, the indenting loads- displacement curve of KDP 
crystal is obtained as shown in Figure 5�4� It can be found that the nano- 
indentation is divided into two processes of loading and unloading, and 
there is a degree of residual indentation depth after unloading� In order 
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Figure 5.4 Nano-indentation experiment� (a) Nano-indentation experiment 
 system and (b) the curve of load-displacement sampled on the KDP crystal 
 surface� (Reproduced with permission from Chen, W� et al�, Int. J. Adv. Manuf. 
Technol., 1–8, 2016�)
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to guarantee the reliability of the experimental results, five points on the 
machined surface are selected to carry out the nano-indentation process, 
and the average value is used in the following FE model [31]�

The measured results of Young's modulus and microhardness of 
the KDP crystal are listed in Table 5�1; the tested Young's modulus is 
49�1022 GPa, and the microhardness is 2�295 GPa�

Considering that the Berkovich diamond tip is employed in the inden-
tation experiments, a given secondary function and an Oliver–Pharr 
power function are used to fit the loading and unloading curves [32]: 
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 (5�15)

where:
P is the applied load
h is the indentation depth
A is the fitting coefficient independent of the loading force
Pu is the unloading force
hf  is the residual indentation depth
B and m are the fitting coefficients

Substituting for all the sampled data plotted in Figure 5�2 into Equation 
5�15, the loading and unloading curves are fitted as: 
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Following, the load−displacement curve is converted to stress−strain 
curve based on dimensional analysis [33,34]� The elastic–plastic behavior 
is assumed to be: 

Table 5.1 Measured Young’s modulus E and 
micro-hardness H of type II KDP crystal

No E (GPa) H (GPa)

1 49�352 2�262
2 56�056 2�293
3 42�959 2�417
4 44�414 2�226
5 52�73 2�277
Average 49�1022 2�295
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σ ε εy y y
nE R= = (5�18)

where:
σ is the engineering stress in megapascal
E is Young's modulus, and E = 49�1022 Gpa
ε is the engineering strain
R is the strength coefficient
n is the strain hardening exponent
σy is the initial yield stress

Finally, fitted Equation 5�16 is used to calculate the unknown parameters 
R and n in Equations 5�17 and 5�18 through the dimensional analysis [35]�
The results are listed as follows: 
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εy = × −4 04387 10 3. (5�20)

The relationship between the true flow stress and plastic strain should 
be defined in the FE simulation accurately� According to Equations 5�19 
and 5�20: 

σ ε σ
σ σ ε

ε ε σ

= ≥( )
= +( )

= +( ) −

6 7371 181 724
1

1

0 63955. .

ln

. MPa

ture

ture
p

EE





















 

 (5�21)

where:
σture is the true flow stress
εp is the plastic strain

5.3.1.2 Modeling of cutting force
After obtaining the material parameters of the KDP crystal, the FE sim-
ulation method is used to predict the cutting force of KDP crystal� The 
cutting model is established, as shown in Figure 5�5� In this work, the 
commercially available FE software, that is, Abaqus, is employed to simu-
late the diamond fly-cutting procedure� Both diamond tool and the KDP 
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crystal are meshed with four-node tetrahedral elements� The  diamond 
tool rotates around the center of rotation O with a constant cutting veloc-
ity and has no displacement in direction z, as presented in Figure 5�5� 
When the current cutting simulation is finished, the workpiece moves 
once in direction x with a certain distance, which is identical to tool feed 
rate, and then, the next run cutting simulation initiates� In addition, the 
diamond tool is assumed to be a rigid body, whereas the KDP crystal is 
regarded as a deformable body� Before simulation, the nodes on the bot-
tom surface and the rightmost surface of KDP crystal are fixed in y and 
z directions; that is, only one freedom in the feeding direction x is left� 
The simulation is carried out with a diamond cutter tool, with −25° rake 
angle, 8° clearance angle, and 5-mm tool nose radius under the following 
processing parameters: a depth of cut of 15 µm, a feed rate of 60 µm/s, and 
a spindle rotational speed of 300 r/min� The cutting force is extracted and 
applied as the input force in the transfer function of machine tool system, 
which is obtained from the FE model containing all relations considered 
to be important to describe the mechanics phenomenon�

The cutting force over two revolutions is obtained from the cutting 
simulation model, as shown in Figure 5�6� The values of cutting force are 
around 0�8 and 1 in y and z directions, respectively� The cutting force in x 
direction is nearly to zero�

5.3.1.3 Cutting path generation
Many interference factors are involved in the machining process, among 
which cutting force is the most significant and unavoidable one� It has 
a critical impact on the machining results� Although it is well known 
that the relative vibration between the tool and the workpiece plays 

Diamond tool

KDP crystal

y

xz

Feed direction

Figure 5.5 The FE cutting simulation model�
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an important role in the surface generation in single-point diamond 
fly cutting [36], most of the prior works have been focused on study-
ing the relative tool-work vibration in a specific cutting path, while the 
changes of the cutting locus in the machining process is ignored, and 
the input force is always simplified as a constant force or a periodic one� 
However, in this study, to obtain the machining response in the whole 
surface of the workpiece, the cutting force changing with the cutting 
path is considered�

Figure 5�7a shows the schematic diagram of the fly-cutting machin-
ing process; the cutter rotates with a large fly-cutting head, and the 
KDP crystal is fed by a hydrostatic slide� Figure 5�7b shows the fly- 
cutting machining path on the workpiece� The variable δ is used to tog-
gle the intermittent contact of the workpiece and the tool and is defined 
as unity during contact and as zero the remainder of the time� The 
duty ratio means the fraction of the total time per revolution in which 
the tool is cutting [37]� It can be found that the arc-shaped path of the 
rotating tool generates different radii of the workpiece with the slide 
feeding, so that the loading on the tool is changing along the feeding 
direction� Therefore, the cutting force is varied within the cutting time� 
There are three typical parts along the feed direction: part A′, B′, and C′, 
as presented in Figure 5�7b�

In part A′, the arc length that the cutter tool generates on the work-
piece increases with the feeding� Therefore, the duty ratio is increasing 
in this part� In part B′, the arc length that the cutter tool generates on the 
workpiece is unchanged, and the period of cutting force is steady� In part 
C′, the arc length that the cutter tool generates on the workpiece decreases 
with the feeding� The duty ratio decreases until the cutter tool cuts out of 
the workpiece completely, while the tool cuts two times on the workpiece 
per revolution in this part�
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According to Figure 5�7b, the arc length of tool cutting locus on the 
workpiece can be described as three parts, which correspond to parts A′, 
B′, and C′, respectively, as expressed by Equation 5�22� 
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where:
Ĺ  notes the cutting length on the workpiece
R notes the radius of the cutter head
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Figure 5.7 Fly-cutting machining� (a) Schematic diagram of the fly-cutting 
machining process, (b) the fly-cutting machining path, and (c) cutting force 
 profile� (Reproduced with permission from Chen, W� et  al�, Chin. J. Mech. Eng., 
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f notes the feed rate
L notes the length of the workpiece
t notes the cutting time

The amplitude of the cutting force obtained from the FE simulation is 
combined with the cutting path, and then, the cutting force in the whole 
machining path is obtained� Figure 5�8 shows the cutting force of the three 
typical parts, Á, B,́ and C�́

5.3.2  Establishment of state space model based 
on finite element model

5.3.2.1 Configuration of the fly-cutting machine tool
In this study, the KDP crystals are machined by a homemade ultra-
precision fly-cutting machine tool [38,39]� Figure 5�9 shows the configu-
ration of this machine tool� It adopts a vertical architecture; a bridge 
supports a vertical-axis spindle and fly cutter over a horizontal-axis 
slide� Mounted to the horizontal slide is a vacuum chuck that fixes 
the workpiece by vacuum power� The main spindle is supported by 
externally pressurized ultraprecision cylindrical air bearings and is 
driven by a direct current (DC) motor, which can be rotated at 400 r/min� 
A large disk is fixed on the bottom of the principal axis, and the dia-
mond tool is fixed at the edge of the big disk� The worktable is sup-
ported by a hydrostatic slide, which is driven by a linear motor with 
excellent slow feeding performance�
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Figure 5.8 Cutting force of the three typical parts (a) Á, (b) B,́ and (c) C �́
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5.3.2.2 Finite element modeling and state space establishment
The FE model of the machine tool is built to establish the state space 
model of the machine tool� The joint characteristics of the machine tool, 
such as the bolt joint and the bearing connection, have great impact on 
the dynamic performance [16,40–41]� Therefore, the modeling approach 
of the junction directly determines the accuracy of the whole model of 
the machine tool� In order to make the FE model more accurately, both 
the fixed and unfixed joints are considered� A novel FE model of aero-
static bearing is proposed in [42], as shown in Figure 5�10, which links 
the theoretical study of the fluid film and the engineering analysis of the 
spindle shaft�

Based on the pressure distribution in the area of the gas film, the 
dynamic modeling approach proposed here is essentially different from 
the traditional modeling methods for aerostatic bearings� As outlined in 
Figure 5�11, the procedure for this approach can be described by the fol-
lowing key steps:

Step 1� Extract the aerostatic bearing structure parameters from the 
spindle structure, such as the bearing dimensions, clearance, and 
diameter of the orifice�

Step 2� Distribute the FEs of the aerostatic bearing, based on the struc-
tural dimensions�

Beam
Leveling

mechanism

Control
system

Spindle

X axis

Column

Figure 5.9 The configuration of the fly-cutting machine tool�
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Step 3� Calculate the pressure distribution in the bearing, based on the 
principle of flow equilibrium and the FE theory�

Step 4� Establish the equivalent spring element group, based on the 
pressure distribution of each element�

To accurately obtain the static and dynamic characteristics of the aero-
static bearing, it is necessary to calculate the theoretical pressure distribu-
tion of the gas film� Generally, air is used as the working medium in an 

Spindle dynamic analysis based
on the pressure distribution

Aerostatic spindle

Spindle dynamic analysis

Fluid film analysis

Figure 5.10 The FE model of air spindle�
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aerostatic spindle and can be considered a Newtonian fluid� The general 
form of the Reynolds equation can be written as follows [43]: 
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where:
u1 and u2 are the relative velocities of the two moving parts in the 

x-axis direction
v1 and v2 are the relative velocities of the two moving parts in the 

y-axis direction
h is the thickness of the gas film

To simplify the calculation, the nondimensional form of the parameters in 
Equation 5�23 is given as: 

 p p p h h h x lx y ly t
tl
V

m= = = = =0 , , , ,   (5�24)

where:
p0 is the gas supply pressure
hm is the thickness of gas film under the condition of flow equilibrium

Meshing of gas film

Air bearing Finite element model

Spring element group

Pressure distribution

Figure 5.11 Outline of the dynamic modeling approach for the aerostatic bearing�
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V is the linear velocity of the gas film near the shaft
l is the selected reference length, such as the bearing width, perimeter, 

and other parameters

Equation 5�23 can then be simplified as: 
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where:
δi is the Kronecker delta, taken as 1 at the orifice and 0 for other parts
Λx and Λy are dimensionless bearing numbers
Q is the flow rate factor for the gas mass flow into the orifice, referred 

to as the flow factor

For the bearings in steady-state operation, the first part on the right side of 
Equation 5�23 is equal to zero� Equation 5�25 can then be used to calculate 
the gas consumption and pressure distribution of the aerostatic bearing�

5.3.2.3  The stiffness equivalence principle based 
on the pressure distribution

A triangular element is generally used to divide the gas film in the bear-
ing� The shape of the element is shown in Figure 5�12, and the nodes in the 
elements are marked in a counter-clockwise order� The interpolation of 
the function f (z, x) must satisfy the following conditions: f (z, x) is continu-
ous in an element and between any adjacent elements; it can depict equal 
conditions of gas film pressure within an element; and the gradient of the 
gas film pressure is continuous in the field of every element�

X

Z
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m i

ξ

ξ ΔZ

ΔX

ζ

ζ

Figure 5.12 Triangular element�
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The simplest interpolation function satisfying the above-mentioned 
constraints is: 

 p A Bz Cx= + + (5�26)

In the case of each node, the function of pressure is written as: 
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where:
zi and xi are the coordinates of node i, zj

xj are the coordinates of node j
zm and xm are the coordinates of node m

The coefficients A, B, and C can be obtained using Equation 5�28: 
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where:
Δe is the area of the FE
ai  = zjxm−xmxj

bi  = xj−xm

ci  = zm−zj

aj  = zmxi−zizm

bj  = xm−xi

cj  = zi−zm

am  = zixj−zjzi

bm  = xi−xj

cm  = zj−zi

By substituting Equation 5�28 into Equation 5�26, the square of the pres-
sure function is obtained: 
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Suppose: 
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and: 
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Then: 

 p e e= N p  (5�33)

Equations 5�5 and 5�8 are necessary as interpolation functions� They depict 
the relationship between the air pressure at any point within the FE and 
those at the element’s nodes� The carrying capacity of the FE is: 
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The stiffness of the FE can be expressed as: 
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e
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As presented in Figure 5�13, node n belongs to elements 1, 2, 3, 4, 5, and 6, 
so the stiffness of the node n can be expressed as: 

 k
K

n

t
t= =∑ 1

6

6
 (5�36)

Taking the adjacent elements 4 and 7, for example, the stiffness for 
each  node  of the two elements can be obtained using Equation 5�36� 
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The stiffness of each node is assigned to the real constant K of the cor-
responding spring element� It will generate an equivalent spring element 
group according to the pressure distribution� With this equivalence, the 
pressure distribution of the bearing is copied to the spindle shaft; there-
fore, the direct corresponding relationship (DCR) between the fluid 
film and the spindle dynamic performance can be established by the FE 
method� To analyze and substitute the pressure distribution conveniently, 
a general program for pressure distribution was developed� Combined 
with the pressure conditions, the program bridges the gap between the 
fluid film analysis and the spindle dynamic performance prediction�

5.3.2.4 Finite element modeling of the air spindle
A triangular element is used to separate the aerostatic bearings� Figure 5�14 
shows the FE distribution of the bearings� The boundary conditions are as 
follows: the supply pressure in the orifices is 0�5 MPa, the atmospheric bound-
ary condition is 0�1 MPa, and the coupling boundaries in the axial and radial 
bearings have the same pressure� The pressure distribution of the gas film 
is calculated based on the principle of flow equilibrium and the FE theory�

2
3 7

4
5 k

ji

n

6
1

Figure 5.13 Meshing principle for the modeling method based on the pressure 
distribution�
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Figure 5.14 Finite element distribution of the bearing� (a) Finite element distribu-
tion of the axial bearing� (b) Finite element distribution of the radial bearing�
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The pressure on each element of the bearing is given in Figure 5�15a; 
it shows that the orifice elements have the highest pressure� The pressure 
of the elements decreases with increasing distance from the orifice ele-
ments, and we have atmospheric pressure at the atmospheric boundary� 
The spring element (Combin14) group automatically generated in accor-
dance with Equation 5�13 is shown in Figure 5�15b� It can be seen that the 
pressure of each node in the gas film is equivalent, and an alternative, to 
the spring element�

5.4 Finite element modeling of the machine tool
The modeling method of the junction in this article is used as follows 
[44]: a spring element group generated by codes is introduced to represent 
the aerostatic and hydrostatic bearing and the axial stiffness of the linear 
motors, instead of the four or six elements in traditional modeling methods, 

(a)

(b) Finite element equivalent

Pressure distribution

100

Z 
ax

is 
(m

m
)

Pressure (Pa)

Y axis (mm) X axis (mm)
100

240
240

125

0
62.5

−62.5
−125

0
0

1

1.5

2

3

´ 105

2.5

−100
−100−240−240

Figure 5.15 Generation of the spring element group� (a) The pressure distribu-
tions of the gas film� (b) The spring element group�
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to improve the accuracy of simulation� The Conta173 and targe170 ele-
ments are applied to the contact pairs of the adjustment pad and spherical 
pad, respectively� At the same time, the Prets179 element is used to simu-
late the bolt joint, which can exert the preload by node K� The finite ele-
ment analysis (FEA) model of the whole machine is shown in Figure 5�16� 
The 3D-integrated modeling aims to accurately evaluate and optimize the 
dynamic performance of the overall machine� There are 17,000 elements 
and approximately 100,000 DOFs in this model�

Modal analyses are carried out on the FE model� The results in 
Figure 5�17 show that the first mode of the machine tool is the column 
swing from side to side (230  Hz; Figure 5�17a), the second mode is the 
turning of the beam (240 Hz; Figure 5�17b), and the third mode is the spin-
dle swing (270 Hz; Figure 5�17d)� Higher-order vibration shapes from the 
fourth to the sixth modes in Figure 5�17e, f, and h are regarded as com-
bined shapes and are difficult to describe� It shows that the spindle and 
the slide have higher stiffness than the column, and the whole machine 
has good dynamic stiffness�

Then, a state space model is created to generate low-order models of 
complicated systems by defining the DOFs required for the desired fre-
quency response, according to the results of modal analysis� In this study, 
the cutting force applies only at the node located at the tool tip in the x, y, 
and z directions, and the output is the corresponding displacement of the 
tool tip, caused by the cutting force� Therefore, only the DOFs of one node 

Beam and column FEM of the
machine tool

Preload

Node K

Conta 173
Slide

Spindle

Spring element group

Targe 170

Node I

Node J

Figure 5.16 The FE model of the fly-cutting machine tool� (Reproduced with per-
mission from Liang et al�, Int. J. Adv. Manuf. Technol., 70, 1915–1921, 2014�)
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of the tool tip are required for the state space model� It makes the degree 
numbers required for the state space model to reduce from 100,000 to 3, 
which is approximately 33,000 times smaller than the original FE model�

For calculating the cutting force response by using with the MATLAB 
function “lsim,” a time vector “t” and input vector “u” are defined� The “t” 
and “u” are generated by the control system�

Figure 5�18 shows the results of the tool tip response calculated by the 
integrated method and the FE method, respectively� It can be found that 
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Figure 5.17 Dynamic modes of the machine tool: (a–h) 1st to 8th order modes 
vibration of the machine tool�
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the computational error is less than 2% between the two methods� The 
FE method takes 3 hours for the transient response under cutting force, 
whereas the integrated method takes only 1 second; all of the simulation 
are carried out with the same computer configuration (i5-2300@2�8GB)� It 
shows that the integrated method improves the computational efficiency 
significantly�

5.5  Simulation of interaction between the 
machining process and the machine 
tool structures

Figure 5�19 shows the flow chart of the IMPMTS of the KDP crystal fly-
cutting machining� The transfer function is obtained from the FE model� 
Then, the cutting force inputs to the transfer function of the machine tool, 
and the output is the tool tip vibration under the cutting force� The tool 
tip displacement is coupled with the cutting path generated by the motion 
control system, and the machined surface can be generated by this simu-
lation model�

Figure 5�20a–c shows the typical machining process corresponding 
to parts A, B, and C, respectively� It presents the cutting force over two 
revolutions of the fly cutter and the tool tip response with the cutting 
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Figure 5.19 Flow chart of the IMPMTS of the KDP crystal fly-cutting machining� 
(Reproduced with permission from Liang et  al�, Int. J. Adv. Manuf. Technol., 70, 
1915–1921, 2014�)
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Figure 5.20 Typical cutting force response of (a) part A, (b) part B, and (c) part C�
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force effect� It can be found that when the cutter comes into the cutting 
region, the cutter force changes from zero to 1 N suddenly� The impact 
effect will cause a large displacement of the tool tip first, leading to the 
high parts on the workpiece surface� Then, the tool tip will oscillate under 
the constant cutting force�

In part Á, the cutting path is so short that only the impact effect occurs; 
therefore, the tool tip has a larger displacement in this area, leading to a 
high part on this part� In part B,́ the cutting path is long; in the whole 
cutting path, the tool tip has large displacement first, leading to a high 
part on cutting into place� It will then oscillate under the constant cutting 
force, forming the waviness along the cutting path on the machined sur-
face� In part C,́ the cutter tool cuts the workpiece two times in one revo-
lution� Each time, the cutting path is so short that only the impact effect 
occurs, leading to the high parts on these parts�

In the surface generation model, the tool tip response of each revolu-
tion is coupled with the cutting path to generate the machined surface� 
The surface generated by the integrated dynamic simulation model is 
shown in Figure 5�21� It can be noted that the waviness and the profile of 
the machined surface are well simulated�

The experimental results are examined by a 3D rough surface tes-
ter, Wyko RST-Plus (Veeco Metrology Group, Santa Barbara, California, 
United States), which has a 500-mm vertical measurement range and 
3-nm vertical resolution� The measurement results with only tip, tilt, 
and piston removed are shown in Figure 5�22� It can be found that 
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Figure 5.21 The surface generation by the proposed simulation method�
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there are high parts in A, B, and C, and the waviness is also obtained 
in this simulation� The simulation results agree well with the experi-
ments, which validate the theoretical models and analysis very well 
and provide the evidence of the approach being effective to fly-cutting 
machining�

5.6 Concluding remarks
This chapter presents an integrated method that can realize the model-
ing and simulation of the interactions between manufacturing processes 
and machine tool structures rapidly, without sacrificing computational 
 accuracy� The main conclusions in this chapter are summarized as follows: 

 1� A simple machine tool dynamic analysis model is established by 
integrating the state space and FE methods� Based on this method, 
the dynamic response analysis of the machine tool is achieved 
rapidly, and hence, the computational efficiency is improved 
significantly�

 2� The contour profile simulation method of the machined surface was 
proposed by integrating the whole machining path generated by the 
control system and the dynamic responses of the machine tool at 
each machining path� Using this method, one can achieve the sur-
face simulation in short time and with high accuracy�

0
0

−15

15

25

35

45

53

−5

5

50

50

100

100

150

150

200

200

Cutting direction

A

C

B

C

250

250

300

300

350

350

415
mm

mm nm417
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 3� This method was used for an ultraprecision fly-cutting machine tool 
dynamic analysis; the result shows that it can reduce the compu-
tational time, with high accuracy� The bridge between the MPMT 
structure was established, which is useful for machining results pre-
diction and machine tool design�
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chapter six

Large-scale molecular dynamics 
simulations of nanomachining
Stefan J. Eder, Ulrike Cihak-Bayr, and Davide Bianchi

6.1 Introduction
Machining of workpieces can massively change the microstructure close 
to the surface, so that the material properties there differ significantly from 
bulk properties� The latter are usually well known and documented in 
data sheets, but details about the mechanical and physical properties close 
to the surface usually are not documented� Especially, their reactions to 
machining processes or the interactions between abrasives and the sub-
strate in a tribological contact are difficult to observe� On the other hand, 
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these phenomena in the vicinity of the surface can and often will deter-
mine the wear resistance and friction behavior or the effectiveness of the 
given sets of machining process parameters�

In science as well as in technology, atomistic modeling and simulation 
play an important role as tools for discovery [1]� The method of molecu-
lar dynamics (MD) simulations was first applied in the 1950s [2], but its 
introduction to the field of tribology and nanomachining did not come 
until the late 1980s [3–5]� It allows the modeling of the behavior of sol-
ids and lubricants in systems where the surfaces come in such proxim-
ity that the resulting gap is of the order of a nanometer� In this case, the 
molecular/atomistic nature of matter can no longer be ignored, and con-
tinuum mechanics fails to correctly reproduce how the systems behave� 
Contrary to other simulation methods, MD simulation does not depend or 
rely on any semi-empirical constitutive material laws, so all reactions of 
the atoms within the simulated system are purely based on their physical 
interactions� They are not controlled by assumptions, measured values of 
chemical/physical material properties (such as stacking fault energies), or 
interactions between individual grains (such as grain boundary mobili-
ties)� Nowadays, MD is a well-established tool for studying many pro-
cesses at nanoscale, be it friction and wear [6–8] or cutting, grinding, 
and machining [9,10]� With powerful and flexible MD codes abounding 
and often freely available over the internet [11–14], this basic numerical 
toolkit can be used by anyone with access to sufficient computing capac-
ity� However, the art of scientific computing often lies in sensible model 
preparation as well as in the subsequent data analysis and interpretation�

Notable efforts of simulating scratching, cutting, or polishing atomis-
tically are dedicated to the understanding of removal of a single nanoscale 
chip from a monocrystalline or amorphous flat surface [15–17] or from an 
isolated roughness feature [18–20] and to the study of some of the occur-
ring crystallographic processes�

Molecular dynamics is especially interesting for tribology, as it 
can show physical reactions of lubricant molecules with surface atoms 
of the two counterbodies in relative motion� It can also simulate direct 
asperity–asperity interactions and their effect on the microstructure 
beneath� Fundamental plasticity behavior in a complex contact situation, 
namely a rough surface in contact with multiple abrasives, resulting in 
a variety of rake angles and indentation depths, may thus be observed 
and identified, even taking into account intergranular interactions or 
 lattice orientations�

Machining is often blamed for causing work-hardened layers 
and phase transformations, especially when using blunt tools [21]� 
The impact of such layers on crack initiation and wear resistance is 
described in the literature, but their formation and an identification 
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or a quantification of the main factors that determine the microstruc-
tural changes is neither well understood nor characterized in detail� 
Analytical studies have shown that for mild abrasive wear, for example, 
in high-end finishing processes or high-gloss polishing, and for steady-
state wear regimes, the first nanometers beneath the surface change 
due to the tribological contact [22,23]� We therefore consider large-scale 
polycrystalline MD simulation as a promising candidate for studying 
the related phenomena� The crystal plasticity behavior of the substrate 
determines the wear rate, and the amount of energy is transformed into 
plastic deformation or other plasticity’s processes due to friction at the 
contact� As the lateral sizes of experimentally observed surface grains 
are in the nanometric range, a polycrystalline MD model is able to ade-
quately represent the uppermost workpiece layer close to the surface of 
a tribological contact�

The approach to atomistically treating machining processes dis-
cussed in this chapter deliberately sacrifices some of the physical detail 
found in other work, in order to explicitly simulate a system considerably 
more complex but closer to realistic nanotechnological workpieces� This 
added complexity includes, but is not limited to, polycrystalline work-
piece microstructures, rough workpiece surface topographies, advanced 
abrasive geometries, random abrasive orientation and lateral distribution 
of multiple abrasives, realistic thermal conductivities for metallic work-
pieces, build-up of removed matter between abrasives, and the formation 
of polycrystalline chips�

6.2 Classical molecular dynamics in a nutshell
In classical MD simulations, atoms are treated as discrete particles charac-
terized by properties such as their position, velocity, mass, and charge [24]� 
By integrating Newton’s equations of motion for a set of these particles, 
the time development of the system can be followed� The forces acting on 
the particles are calculated as the negative gradient of their total energy, 
which is determined by the potentials governing the particle interactions� 
In this section, we will briefly introduce some basic concepts required for 
understanding the MD simulations in this chapter� For further informa-
tion, the reader is referred to textbooks that address the subject matter in 
a more comprehensive manner [25–27]�

The physics of an MD simulation is described by the potentials that 
model how the particles interact� The right choice of potentials used for 
a particular MD simulation is therefore of crucial importance� Potentials 
come in many classes; each one specialized in its own field of applications� 
Metals, for example, need to be treated differently than organic molecules 
or noble gases� To understand how such an interaction potential works, 
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we will first discuss the Lennard−Jones (LJ) potential, shown in Figure 6�1, 
which is a simple but useful two-body (pairwise) potential that was intro-
duced in the early 1930s [28]: 
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The term with the exponent 6 represents the van der Waals potential and 
models the dispersive dipole−dipole interactions between the particles� 
The other term may be interpreted as one that mimics the Pauli repulsion 
of electrons; however, the choice of the exponent 12  is not based on any 
physical law but mainly on numerical simplicity, since the term can then be 
easily calculated as the negative square of the van der Waals contribution� 
The energy parameter ε stands for the depth of the potential well, so higher 
values cause tighter binding and harder materials� The other parameter, σ, 
denotes the zero-crossing of the LJ potential function and is proportional 
to the equilibrium distance 2 = 1.121/6σ σ between the two particles� The 
potential decreases toward zero rapidly� So, in order to save a considerable 
amount of computation time, it makes sense to introduce a cut-off radius 
rc , which is usually of the order of 3σ, beyond which all interactions are 
neglected� The small jump in the resulting potential, which causes a spike 
in the gradient of the potential, and therefore in the interparticle force, can 
be remedied by shifting the entire function by −V rc
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Figure 6.1 The Lennard−Jones potential for ε = 1 and σ = 1�
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The LJ potential cannot adequately reproduce the behavior of metals, 
since it does not use information about the electronic structure� However, 
explicitly considering electrons would require a quantum mechanical 
treatment of the system, which is much more complex and would reduce 
the maximum number of atoms to  1000� To overcome this difficulty, in 
the mid-1980s, several groups, most notably Daw and Baskes [29]; Finnis 
and Sinclair [30]; and Ercolessi, Parrinello, and Tosatti [31], developed 
potentials based on the general concept of density� As the local surround-
ing of an atom becomes denser, bonds become weaker; therefore, the rela-
tionship between cohesive energy and coordination should not be linear 
anymore, as is the case of pairwise potentials [32]� This changes the form 
of the attractive part of the potential, whereas the part modeling the repul-
sion between atomic cores may remain pairwise� In the approach by Daw 
and Baskes, the embedded atom method (EAM), an atom is viewed as an 
impurity embedded in a host of other atoms [29], and the total potential 
energy at the location R  reads: 
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where:
Fi  is the embedding energy as a function of the sum over the  electronic 

densities ρ j (at the position of, but excluding the contribution 
of, atom i)

φ is the repulsive pairwise potential

Although Fi  is a multibody contribution, since it depends on all atoms 
within atom i’s vicinity, the total energy is still a simple function of the 
positions of the atoms and therefore relatively straightforward to cal-
culate� The general functional form in Equation 6�2 also applies to the 
Finnis−Sinclair potential and the glue model by the other groups men-
tioned earlier� It is the method leading to the functions Fi , ρ j, and φ that 
vary greatly between the three approaches�

In order to calculate the trajectories of the interacting particles in 
an MD simulation, their equations of motion must be integrated using 
a time integration algorithm� Time is discretized into finite time steps 
∆t , and by knowing the configuration space of the system at a given 
time t, the algorithm calculates the configuration space at a time t t+ ∆ � 
The iteration of this scheme then yields the system’s time development� 
There exists an abundance of time integration algorithms, an overview 
of which can be found in References 25 and 27� The Verlet algorithm has 
come to be one of the most widely used time integrators in MD, since it 
was first applied on a computer to calculate the phase diagram of argon 
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in 1967 by Verlet [33]� In its velocity formulation, it explicitly  produces 
the position  Ri, the acceleration Ri, and the velocity Ri   of  particle i 
at the time t t+ ∆ , 
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while being numerically more stable than the basic formulation�

6.3 Atomistic simulation of nanomachining
In this section, we will go through the technical details of carrying out 
an atomistic simulation of a nanomachining process based on [34–38]� All 
MD simulations discussed in this chapter are carried out with the open-
source code LAMMPS [39]� We will start with the preparation of the poly-
crystalline workpiece with a rough surface, followed by the counterbody 
consisting of hard, abrasive particles� We will then discuss how to set the 
boundary conditions and the kinematic constraints in a physically mean-
ingful way� The matter of removing the heat introduced into the system by 
the machining process in a fashion consistent with the heat conductivity 
of a metal warrants a separate section� Finally, we will explain how sev-
eral quantities of interest, some of which are, in principle, measurable via 
experiments, can be extracted from the large amount of data produced in 
such a simulation�

6.3.1 Preparing the model

The polycrystalline ferritic workpiece model used for the nanomachining 
simulations is built, starting out from a Voronoi construction produced, 
using MATLAB® [40]� For the first steps, only the physical size of the cuboid 
simulation box, the desired number of grains, and the lattice constant of 
iron are necessary� Although the final system will be two- dimensional 
(2D) periodic in the lateral x and y dimensions, with a fixed lower z bound-
ary and a free surface at the upper z boundary, at this point, the entire 
system is assumed fully three-dimensional (3D) periodic for better ease 
of construction� To achieve this periodicity, the randomized locations of 
the Voronoi nodes defining the grains are replicated 26 times, so that the 
original system is padded in every direction (including diagonals) with 
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identical copies of itself� This 3 ×  3 ×  3  superbox serves as the basis for 
the Voronoi construction� All Voronoi cells whose nodes lie outside of the 
original box are removed afterward, resulting in a 3D periodic representa-
tion of a polycrystalline structure (see Figure 6�2a)� Note that the (purely 
mathematical) Voronoi construction will have features in its grain bound-
ary structure that would be thermodynamically impossible� These arti-
facts will disappear during the dynamic heat treatment, carried out later 
in the model construction� The smaller the number of grains in the system 
(and consequently the larger the average grain size), the higher the likeli-
hood of a Voronoi cell having an interface with itself across a periodic box 
boundary� This behavior is even more probable if the system box has an 
increased aspect ratio� In order to minimize the occurrence of the subse-
quent artifacts of artificial grain boundaries (with a grain boundary angle 
of zero), it makes sense to begin with a (near) cubic box shape and discard 
the parts of the system that are no longer required later� Each one of the 
resulting Voronoi cells is filled with a randomly oriented bcc Fe lattice, 
making sure that grains straddling a system box boundary are properly 
folded into the box to comply with the periodic boundary conditions� As a 
standard procedure, it should be checked if the misorientation angle dis-
tribution function reflects the theoretical curve calculated by MacKenzie 
[41] reasonably well and if the grain size distribution can be fitted to a 
one-parameter gamma distribution [42]�

(b)(a)

Figure 6.2 (a) The initial 3D Voronoi construction that serves as the basis for 
the isotropic polycrystalline MD model of the workpiece� (b) Top view of the 
random, fractal, Gaussian surface, with topographic shading (dark = low/high, 
light = mid)�
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There are several ways to provide our system with a surface to be 
machined in the simulation� We can either cleave the polycrystal normal 
to the z axis, leading to an atomically flat surface, or we can remove all 
grains intersecting a given plane normal to the z axis, so that the result-
ing surface consists of intact grains, which produce a very rough sur-
face with a non-Gaussian topographic distribution� As many naturally 
occurring surfaces feature fractal nature down to the nanoscale [43], we 
can also construct an isotropic, 2D-periodic, fractal workpiece surface 
topography, as was done in [37,44]� The power spectral density (PSD) of 
a fractal object possesses in a given frequency band a power law decay� 
We build the PSD by choosing a nominal fractal dimension, associated 
with the decay exponent, the desired root-mean-squared (RMS) rough-
ness, and the typical lateral size of the roughness features, which deter-
mines the lower frequency cut-off of the PSD of the topographic height 
z x ytopo( , ) [45–47]� The 2D periodicity is enforced via the inverse Fourier 
transform of the Fourier spectrum associated with that PSD; see [37] for 
details� The required parameters cannot be set arbitrarily� The fractal 
dimension of natural surfaces lies within the range of 2 2.3−  [48], and 
the RMS roughness and the typical lateral roughness feature size have 
to be chosen, so that the average topographical slopes do not exceed a 
reasonably chosen maximum value� This limits either the number of rel-
evant asperities that can be accommodated on the surface or the man-
ageable roughness� Once the topographic height has been expressed as 
a function of the lateral system dimensions x and y, all atoms of the 
polycrystal constructed earlier whose z coordinate fulfills the inequal-
ity z z x y> ( , )topo  are discarded from the system, which leaves us with a 
crude, initial version of our workpiece; see Figure 6�2b for a topographi-
cally shaded top view� When choosing the average workpiece thickness, 
onto which the roughness is superimposed, it should be made sure that 
no grain contributing to the surface should extend to the (rigid) lower 
edge of the box, as this would hinder possible grain rotations and thus 
lead to artifacts�

As the Voronoi cells are filled with iron atoms, all the way up to their 
boundaries, as long as the atomic centers lie within the cell, it is likely that 
the atoms near the grain boundaries come into such close proximity with 
those of the neighboring grain that the repulsive forces would disintegrate 
the entire system within a few time steps of MD simulation� This issue can 
easily be resolved with an energy minimization requiring only a dozen or 
so iterations� In order to relax the grain boundaries and remove any ther-
modynamically unstable configurations, a dynamical MD run simulating 
a heat treatment is carried out� To reduce strong surface oscillations due 
to sudden thermal expansion, it is usually best to ramp the temperature 
from 0 K to the desired annealing temperature, which should be chosen 
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with the melting temperature of the workpiece material and thermally 
activated recrystallization processes as well as possible phase transitions 
in mind� The thermostat controlling the temperature ramp should act on 
all atoms of the system to prevent steep temperature gradients and to 
ensure that the entire system is at the desired temperature at the end of 
the ramp� The annealing temperature is then held constant for a duration 
depending on the available computation power, but at least several hun-
dred picoseconds (ps)� During this period, it is advantageous to keep only 
the workpiece base coupled to the thermostat, so that the main part of 
the system can evolve without thermostat interference� Finally, the system 
temperature is ramped down to the desired simulation temperature and 
kept there for another several hundred ps, with the thermostat configured 
equivalently to before� At the end of the heat treatment, all thermodynam-
ically impossible artifacts in the grain structure introduced through the 
Voronoi construction and the the surface introduced at an arbitrary posi-
tion in the polycrystal without consideration of the local grain boundaries 
should have disappeared�

We now turn to designing the counterbody (or tool), consisting of 
numerous hard, abrasive particles that will machine the workpiece sur-
face� While it would be possible to build abrasives that correctly represent 
the crystal structure and the hardness of, for example, diamond or SiC, 
we will consider our abrasives rigid and consisting of a simple bcc lattice, 
so that their defining properties are their size, shape, and orientation� We 
first construct their general geometry by cleaving a cube-shaped crystal 
along the six {1 0 0} and the eight {1 1 1} families of crystallographic planes 
in a way that they resemble typical abrasive nanoparticles [49,50]� The 
large, plate-shaped, abrasive particle shown in Figure 6�3 will be used in 
the application example later, surrounded by other geometries that can be 
produced by cleaving along crystallographic planes�

Particles of a given geometry are produced in several sizes, so that 
they can be mixed according to a Gaussian size-distribution extrapolated 
from the experimental data [51,52]; see Figure 6�4a� Now that it is known 
how many particles of all sizes are required, these are randomly distrib-
uted over the lateral simulation box dimensions� Care has to be taken that 
particles cannot overlap, especially close to the periodic box boundaries� 
The abrasives are rotated to produce a set of random orientations, and 
then, all atoms that come to lie outside of the simulation box are periodi-
cally mapped back inside� Figure 6�4b shows the result of the randomized 
lateral placement and orientation of 60 plate-shaped abrasives superim-
posed on the workpiece topography produced earlier� The generated set 
of abrasives can now be placed several angstroms above the heat-treated 
workpiece to produce the initial state of the nanomachining simulation 
model; see Figure 6�5�
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Figure 6.3 Six examples of abrasive particle geometries obtained by cleaving bcc 
crystals along {1 0 0} and {1 1 1} planes� The large particle in the top left is the 
plate-shaped type used in the examples throughout this chapter� The other types 
(counterclockwise from left) are cubic, octahedral, rod-shaped, cubo-octahedral, 
and truncated octahedral�
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Figure 6.4 Gaussian size distribution (a) and random lateral placement and orien-
tation (b) of 60 plate-shaped, abrasive particles�
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6.3.2  External constraints, boundary conditions, 
and simulation procedure

In this section, we will explain how the model shown in Figure 6�5 will 
be handled numerically during the nanomachining simulations of 5 ns 
with a time step of 2 fs� A layer of 3Å thickness located at the lower base of 
the workpiece is kept rigid to act as a fixed anchor� As mentioned  earlier, 
grains that contribute to this rigid layer should not come in direct contact 
with the abrasives, as their ability to rotate is impeded� The interactions 
between the iron atoms are governed by a state-of-the-art Finnis−Sinclair 
potential [53]� The workpiece and the abrasive particles interact via 
an LJ  potential, with parameters similar to [16,54] (εLJ  eV= 0.125 , 
σLJ  nm= 0.2203 , and cut-off radius rc = 1 nm), leading to slight adhesion 
between the two� The abrasives themselves do not wear�

When simulating two-body contact sliding, which would correspond 
to nanogrinding or fixed-grain nanolapping, the relative positions of the 
abrasives do not change during the simulations; that is, all abrasives are 
treated as one counterbody� They are pushed down onto the workpiece at 
a constant normal force in −z direction that, divided by the cross-section 

Figure 6.5 Fully assembled system consisting of a rough, polycrystalline work-
piece about to be machined by 60 plate-shaped, hard, abrasive particles� Shading 
is according to a grayscale version of the hybrid scheme proposed in Eder et al� 
(Data from Eder et al�, Computer Physics Communications, 212, 100–112, 2017� With 
permission�), where the surface has  topographic (dark = low/high, light = mid) 
and the bulk  crystallographic (dark = grains and white = grain boundaries) 
shading� The  abrasives are shown in mid-gray�
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of the simulation box, yields the normal pressure σz� The particles are 
moved laterally across the workpiece at a machining speed of 80 m/s and 
a slight angle (several degrees) with the x-axis� This angle ensures that 
each abrasive leaving the periodic simulation box to the right re-enters 
it at a different y coordinate at every pass, so that the particles do not 
scratch in their own grooves� During the simulations, the shear stress σx

is calculated by summing up all the forces in x direction that are exerted 
on the lower rigid layer of atoms by all other atoms and then dividing by 
the lateral cross-section of the simulation box�

If desired, three-body contact sliding conditions may also be 
imposed without the necessity of an explicit counterbody� These condi-
tions would correspond to nanopolishing or loose-grain nanolapping 
and require additional degrees of freedom� Here, the abrasive particles 
can rotate freely, and the relative positions of the abrasives are no lon-
ger fixed, which have several implications� As the particles can now 
engage in direct contact, the respective particle–particle interactions 
must be set� These might be assumed purely repulsive, which can be 
accomplished by setting rc = 21/6σLJ  and shifting the potential by + εLJ

to ensure a continuous transition of the potential at rc � However, care 
should be taken that the repulsion is not too hard (εLJ too high and/or 
σLJ too small), since this can quickly destroy the numerical stability of 
the simulations� The possibility of direct particle–particle contact may 
lead to interlocking and clustering of abrasives, with subsequent two-
body contact sliding of the respective clusters� Another consequence of 
the additional degrees of freedom is that the y component of the par-
ticle movement is no longer explicitly controlled, which prohibits the 
velocity vector from being at a slight angle with the x axis, like in two-
body contact sliding� This means that it is much more likely that the 
abrasives progressively dig deeper and deeper in their own grooves, 
which may be considered an artifact of small system size, but could 
also be a feature reflecting agglomeration of abrasive particles or wear 
particles, which is known to occur in real systems�

6.3.3 Removing heat

The friction and deformation processes occurring in the interface between 
the workpiece and the abrasives can produce large amounts of heat, espe-
cially at the high relative velocities typical of MD simulations� This heat 
needs to be removed from the system in a physically meaningful way� At 
the lowest level, this implies that the thermostat to which the system is 
coupled should dissipate the energy locally introduced into the system 
according to a thermodynamic ensemble� In our simulations, we employ 
a Langevin thermostat [55,56], acting only in y direction, that is, the direc-
tion orthogonal to sliding and normal pressure� In order not to overly 
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interfere with the processes occurring in and near the interface, it would 
make sense to place the thermostatted region as far away from the inter-
face as possible, for example, right above the rigid base of the workpiece� 
However, classical MD simulations do not feature any explicit information 
about the electrons, and the Finnis−Sinclair interaction potential govern-
ing how the iron behaves can only reproduce the phononic contribution to 
metallic heat conductivity� If we would thermostat only the workpiece base, 
we would be neglecting the dominating electronic contribution to heat 
conductivity, leading to huge temperature gradients within the workpiece�

There exist only few methods to correctly handle heat conduction in 
metals� A quasi-static two-temperature method has been applied in the 
modeling of laser annealing of voids [57,58], whereas another one uses 
dynamic coarse graining [59], effectively implementing a multiscale 
approach� An ad hoc technique featuring a coupling scheme to continuum 
has been used to examine frictional heating during sliding by solving the 
heat equation and imposing a thermal conductivity [60]�

We have adopted an intelligent thermostatting approach put forward 
by [61,62], which assumes that the electrons of the metal can be seen as an 
implicit heat sink permeating the solid, so that coupling the thermostat 
to the entire workpiece is physically justified� What remains to be found, 
though, to put this approach into practice, is the time constant for the 
electron−phonon coupling in the modeled material� An estimation can 
be made via the Sommerfeld theory of metals [62], leading to a coupling 
time of approximately 0�5 ps for iron� However, such a strong coupling 
of the workpiece atoms to the Langevin thermostat effectively turns off 
heat conduction altogether, as all energy introduced into the system is 
removed almost instantaneously� In [38], we obtained the coupling time 
for the thermostat that best reproduces the macroscopic thermal conduc-
tivity of iron [63] in our particular system� This was done by equating the 
heat rate density from Fourier’s law with the product of average shear 
stress and sliding velocity and comparing that value with the product of 
the experimental heat conductivity and the equilibrium temperature gra-
dient in the workpiece for several coupling times� The best match was pro-
duced for an electron−phonon coupling time of 3�5 ps, which is in good 
agreement with other work featuring iron system components [58,64]� 
The electron− phonon coupling approach outlined previously also has the 
added benefit that the chips detached from the surface during the nano-
machining process are allowed to cool off, which would otherwise have 
to be accomplished by, for example, including an explicit cooling fluid�

6.3.4 Dynamically identifying removed matter

All atoms that are abraded from the workpiece by the abrasive parti-
cles remain stuck to them in some way or another until the end of the 
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simulation� As no atom is ever completely removed from the system, 
the question arises how to quantify the matter that has been removed 
from the workpiece� One relatively simple indicator for differentiating 
between workpiece and the abraded chips is the atomic advection veloc-
ity [34], that is, the nonthermal velocity component of each atom� Based 
on this quantity, each atom falls into one of three categories� All atoms 
moving at more than 90% of the imposed sliding velocity v(abr) can be 
safely considered removed matter stuck to an abrasive particle, and all 
atoms moving slower than 10% of the sliding velocity are considered 
stationary and therefore constitute the workpiece; the remaining atoms 
have velocities in between and are located within the shear zone� The 
simplified sketch in Figure 6�6 gives an overview of the discussed atomic 
categories� Although this approach may seem somewhat arbitrary, it is 
highly effective and can be justified from a crystallographic point of 
view� By calculating time-averaged radial distribution functions of iron 
for the  removed matter, the workpiece, and the shear zone, it can be 
shown that the lattices of the first two categories reflect the thermalized 
bcc structure very well, whereas the latter features a strongly disturbed 
lattice structure due to the occurring shear [34]�

For large systems with several million atoms, calculating each atom’s 
advection velocity at every time step in postprocessing is not feasible, 
but fortunately, the necessary filtering procedures can be implemented 
directly into LAMMPS, so that the abraded chips can be identified on the 
fly [37]� By averaging the x component of the momentary atomic velocity 

Substrate: |v| < 0.1 v(abr)

Removed material:
v > 0.9 v(abr) Shear zone:

|v| > 0.1 v(abr)
Abrasives:
v = v(abr)

v(abr)

Figure 6.6 How to determine which atoms are currently considered removed 
material (dark, attached to abrasives), substrate (dark, at bottom), or within the 
shear zone (light, in between), depending on the atomic advection velocity v� The 
abrasives move at a constant speed of v(abr)�
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over several thousand consecutive time steps, the thermal vibrations are 
sufficiently suppressed, so that only the advective component remains� 
Logical vectors with one entry per atom can then be defined to count the 
number of atoms for which the conditions discussed previously apply� 
As soon as the number of atoms contributing to the removed matter is 
known for a given time step, the corresponding wear volume can be eas-
ily calculated by multiplying with a constant per-atom volume (for the 
case of Fe, it is calculated simply by the lattice constant at a reasonable 
average temperature cubed, divided by the number of atoms per bcc cell, 
a TFe( ) /2 11.63〈 〉 ≈( )) Å3 � As the workpiece is laterally periodic, it may be 

more meaningful to specify the average wear depth hw, which is the wear 
volume divided by the (constant) lateral cross-section of the simulation 
box Anom�

In simulations of multibody abrasion, it may be of interest to know 
how much matter is removed by the individual abrasive particles, for 
example, for tailoring an optimized particle size distribution or selecting 
beneficial abrasive orientations based on this knowledge� This abrasive/
chip affiliation usually depends on the abrasive particle size, geometry, 
orientation, relative position, and initial point of contact with the work-
piece [36]� While it may be a rather simple task for a human to identify 
which chips of removed matter were caused by which abrasive particles, 
it is surprisingly difficult for a clustering algorithm that has no additional 
information about the data it is handling� We have therefore resorted 
to a partly knowledge-based iterative approach to affiliate the chips of 
removed matter with the respective abrasives� Since the abrasives them-
selves do not wear, the problem can be substantially simplified by once 
searching for all surface atoms of the abrasives and noting their atomic 
indices, thus greatly reducing the computational effort of handling the 
counterbody� We then iterate over all atoms previously identified as 
removed matter and check which ones lie closer than a distance crite-
rion that includes up to the third-next neighbors in the radial distribu-
tion function� Larger distance criteria certainly lead to faster convergence 
but have the downside of falsely affiliating atoms as soon as the chips of 
removed matter come closer to each other and nearby other abrasive par-
ticles� Once an atom fulfills the distance criterion for a given abrasive, it is 
affiliated with it, so that at the next iteration, it will be considered a part of 
the counterbody� This algorithm leads to an iterative growth of affiliation 
indexing� Since machining takes place predominantly in +x direction, it 
is much more likely that removed chips lie to the right of their causing 
abrasives� This knowledge about the process may be incorporated into the 
clustering procedure by searching only for unaffiliated chip atoms whose 
x coordinates are greater than those of the counterbody� This directional 
search hinders artificial backwards affiliation to preceding abrasives that 
have come in contact with a chip� Furthermore, care must be taken that the 
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periodic boundaries are properly handled, that is, the (up to four) parts of 
a chip straddling one or both boundaries are not falsely identified as mul-
tiple chips and therefore possibly also falsely affiliated; see the dark black 
particle in Figure 6�7a� At higher normal pressures or for certain abrasive 
particle configurations, chips of removed matter may start coalescing� At 
this point, even a human interpreter of the data may have trouble decid-
ing which atoms belong to which abrasive; see Figure 6�7b� To a degree, 
this might be resolved by no longer treating the time steps separately but 
rather by retaining the affiliation from the preceding time step� However, 
this would come at considerably higher computational cost, as postpro-
cessing may no longer be parallelized�

6.3.5 Determining the area of contact

As the contact area between the abrasives and the workpiece can be cor-
related with both the friction occurring due to the machining process and 
the volume of removed material, its exact knowledge allows one to opti-
mize machining and wear processes with respect to energy efficiency and 
material removal rate� Several groups have given a great deal of thought 
to the atomistic contact area between two bodies and attempted to calcu-
late it in a physically meaningful manner [65–72], as continuum methods 
fail at this length scale [73]� Yet, the issue of what constitutes the physical, 
mechanical, or chemical contact between counterbodies is still disputed� 
For simplicity, we adopt an approach based on the number of atoms in 
contact, determined by a contact distance criterion that includes nearest 

(b)(a)

Figure 6.7 Affiliating the chips of removed matter with the abrasives that caused 
them at normal pressures of 0�1 GPa (a) and 0�4 GPa (b) using a partly knowledge-
based clustering algorithm� Different shades represent different abrasives�
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and second-nearest neighbors of the bcc ion lattice [34,74]� We consider 
the counterbody as consisting of the abrasives plus the chips of removed 
matter and then identify all atoms of the substrate and the shear zone 
that fulfill the contact distance criterion� We then assume a constant per-
atom area of contact to convert the number of atoms in contact with an 
areal expression� If chip affiliation clustering has already been carried out, 
as described earlier, one can simultaneously determine which part of the 
contact area is caused by which abrasive�

6.3.6 Evaluating the workpiece topography

The basis for determining the workpiece topography was laid by the time-
resolved identification of the substrate atoms in Section 6�3�4� While the 
evaluation of the substrate surface could, in principle, be done on the fly, 
the necessary periodic redefinition of the static group of substrate atoms 
within LAMMPS is awkward and slows down the simulations consider-
ably� We therefore consider the postprocessing approach from [37], out-
lined later, which is computationally more efficient� The substrate atoms 
constituting the surface must be identified and mapped to a regular mesh, 
which then allows surface visualizations, quantitative operations (differ-
ence images, etc�), and the calculation of surface texture parameters�

Our approach to identifying the surface atoms is aided by the evalu-
ation of the time-averaged centrosymmetry (CS) parameter [75] for each 
atom� While this quantity may not be the first choice to distinguish 
between point defects and stacking faults in systems with temperatures 
beyond 500 K, it can safely distinguish between bulk and surface atoms� 
However, this only works where the substrate actually has a free sur-
face but not where it is in direct contact with an abrasive and/or a chip 
of removed matter� We therefore produce two subsets of all atoms of a 
given time step� All atoms that have been identified as substrate atoms 
and have a CS parameter greater than 18 can be safely considered surface 
atoms in a bcc lattice [37]� This subset consists of several thousand atoms� 
For the case where a surface atom cannot be automatically identified, we 
produce a reduced subset of substrate atoms that lie closer to the surface 
than the lowest point of the shear zone, which consists of up to several 
million atoms�

We now construct a regular mesh covering the lateral extent of the 
system with a resolution coarser than the lattice constant of Fe to reduce 
oversampling effects but fine enough to provide several thousand data 
points for smooth surface histograms� The meshed surface is then deter-
mined by scanning over all mesh elements and searching in each one for 
the atom from the smaller subset with the maximum topographic value 
or, if the latter is unavailable, from the much larger subset, noting the 
respective z x y t( , ; ) value for each element� From this height distribution, 
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we can then calculate the arithmetic mean height, the RMS roughness, the 
skewness [35], and other relevant texture quantities derived from Abbot−
Firestone bearing area curves such as the core, peak, and valley depth 
parameters [76]�

6.4 System visualization
In addition to some of the global quantities discussed earlier, which may 
be studied as functions of time and load, some quantities related to the 
microstructural development of the workpiece require space-resolved 
analysis and appropriate visualization� In this respect, it is beneficial to 
produce images in a style that experimentalists are accustomed to, that 
is, similar to electron microscopy and the related material imaging tech-
niques� Computer tomographs are highly informative visualizations of 
sections through the workpiece that can be colored according to various 
properties described in the following subsections�

6.4.1 Grain orientation

For a meaningful analysis of the microstructural development of the poly-
crystalline workpiece, it is critical to uniquely identify the orientation of 
every single grain during a machining simulation� The basic approach 
is to emulate the visualization style of electron backscatter diffraction 
(EBSD) used in conjunction with scanning electron microscopy for the 
estimation of the grain orientations� In EBSD, some of the accelerated 
electrons entering the sample may scatter back and be diffracted accord-
ing to the Bragg condition� The regular lattice planes of the sample will 
then produce the so-called Kikuchi patterns, which are parts of the two 
diffraction cones per lattice planes with given Miller indices� Based on 
these Kikuchi line distances and angles, the lattice structure and crystal 
orientation can be deduced� The latter can serve as a basis for coloring 
the individual scanning points, so clusters of points with identical colors 
constitute single grains�

The MD simulation provides the position of all the atoms; hence, we 
need a suitable method for determining the orientation� We use a polyhe-
dral template matching (PTM) [77] algorithm implemented in the open 
visualization tool (OVITO) [78] for determining the grain orientation� 
The OVITO is an open-source visualization and analysis software for 
atomistic simulation data� It has served in a growing number of compu-
tational simulation studies as a useful tool to analyze, understand, and 
illustrate simulation results� The PTM classifies structures according to 
the topology of the local atomic environment, without any ambiguity in 
the classification, and with greater reliability than, efor example, common 
neighbor analysis in the presence of thermal fluctuations� The PTM does 
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not rely exclusively on the closest neighbors for determining the crystal-
line structure, but also on the Voronoi cell generated by these atoms� Each 
crystalline pattern, that is, sc, bcc, fcc, and so on, produces a quasi-unique 
Voronoi cell� The PTM selects only those near neighbors whose Voronoi 
cell overlaps a given template� As the matching condition also includes 
the rotation of the template, the orientation of the lattice surrounding a 
given atom is an output of the PTM�

A time-dependent analysis of systems consisting of several millions 
of atoms is inconvenient by using the graphical user interface of OVITO, 
where one interactively calculates the orientations of the grains at each 
time frame� To perform this operation efficiently, it is beneficial to use the 
Python scripting mode of OVITO, making use of the NumPy library [79]� 
This approach allows automation and the possibility to distribute the ori-
entation analysis over a cluster by performing the calculations for indi-
vidual time steps in parallel�

Orientations are provided as misorientation with the sample frame 
and are defined as the transformation necessary for rotating an object 
from frame A to frame B� The minimum number of rotations necessary 
for such a transformation is three� Because of crystal symmetry, the num-
ber of possible combinations to reorient the crystal axes are multiple; for 
example, in Euler space, a cubic lattice has 24 representations of the same 
misorientation, which will make the rotated object indistinguishable� For 
this reason, the orientations are commonly given, so that they lie in the 
fundamental zone, which is defined as the minimum amount of orienta-
tion space required to describe all the orientations [80]� In practice, it is 
the smallest set of rotations necessary to move from frame A to frame B� 
In the fundamental zone, each orientation can be described as one unique 
point, commonly known as disorientation� We chose the standard stereo-
graphic triangle (SST) for representing the grain disorientation� For cubic 
structures, the SST is the area inside the stereographic projection of the 
(001), (111), and (011) axes on the orientation sphere� An orientation point 
in the SST represents the inclination of the (001) axis of the cubic lattice 
with respect to the delimiting axes�

Orientation can be calculated using several methods: as sequence 
of rotations of the object around an axis of a reference frame, for exam-
ple, Euler angles, or as rotation of an object around an axis, for example, 
Rodrigues vectors and quaternions� Euler angles have two main advan-
tages: they require minimum storage information, as only the minimum 
amounts of data, that is, three values, have to be saved, and direct coloring 
is possible, as each triad of angles can be associated with an RGB color� 
The major drawback is that the axes of rotation are usually codependent, 
which can generate the so-called Gimbal lock, where two axes of rotation 
degenerate into one, thus becoming indistinguishable and creating color-
ing artifacts� Both Rodrigues vectors and quaternions express the same 
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type of rotation mechanism� As Rodrigues vectors store the minimum 
information of three values, some of the symmetry operations can cause 
infinities� By contrast, quaternions are four-dimensional (4D) vectors that, 
despite providing redundant information, prevent the disadvantages of 
both other methods� The PTM employed here uses quaternions for the 
calculation of the orientations of the crystal lattice�

Once the grain orientations are available for each atom in the work-
piece, they are processed using MTEX [81,82], a free MATLAB toolbox for 
analyzing and modeling crystallographic textures by means of EBSD or 
pole figure data� Figure 6�8a shows 20 substrate tomographs of the work-
piece as an example� We use the inverse pole figure (IPF) coloring scheme 
in the fundamental zone of the associated symmetry group� The coloring 
scheme is the stereographic projection of the cylindrical hue–saturation–
value (HSV) scheme in the fundamental zone; see Figure 6�8b� As is com-
mon in this scheme, the hue (H) represents the angle between the (001) 
axis of crystals oriented parallel to the z axis of the sample substrate and 
the (001) axis of other crystals in the substrate, the saturation (S) is the 
length of such a projection, and the value (V) is chosen to be 1, so that the 
colors are always bright and easy to read�

6.4.2 Atomic displacement

When searching for phenomena such as grain rotation, it is practical to 
visualize the displacement of the individual workpiece atoms� A sta-
ble approach uses the information from three subsequent time steps by 

(b)
[001] [011]

[111]–

(a)

Figure 6.8 Substrate tomographs with EBSD-IPF grain orientation shading of the 
initial system configuration (a)� Abrasives are mid-gray� In the IPF triangle legend 
in (b), the individual grain orientations within the workpiece are superimposed 
as black clusters�
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calculating the displacement vector of a given atom between the first step 
and the third step and placing that vector at the position of the atom at 
the step in between� Of course, it would be possible to display the result-
ing vectors with their actual lengths, but as the advective displacements 
close to the machining interface are some orders of magnitude larger than 
the purely thermal displacements further into the workpiece, these images 
would not be readable� It is therefore beneficial to rescale all the vectors to 
a length that is the same for all atoms and appropriate for visualization 
purposes and to color them according to their original lengths� As the most 
interesting displacements for grain rotations in the workpiece correspond 
to velocities of the order of several meters per second (compared with the 
machining velocity of 80 m/s), it makes sense to define a maximum veloc-
ity of, say, 8 m/s, so that the velocity differences ranging from 0 to 8 m/s 
are well resolved� Any atom with an (advection) velocity beyond that value 
would, according to our definition from Section 6�3�4, not be considered 
part of the workpiece� As the tomographic slices are all normal to the y axis 
of the simulation box, it only makes sense to show the x and z components 
of each displacement vector, which are sufficient for  identifying sliding 
planes or vortices emerging within grains; see the example in Figure 6�9� 
For a better overview, the vectorial images are superimposed with the 
atoms that have a CS parameter [75] greater than 6, shown in black, so that 
the grain boundaries and surfaces are marked, which allow a comparison 
with the EBSD-IPF visualizations described earlier�

Figure 6.9 Exemplary atomic displacement tomograph with normalized vector 
lengths� The shading corresponds to atomic drift velocities ranging from 0 m/s to 
8 m/s to resolve the slow displacements within the workpiece (lightest shading = 
4 m/s)� Removed matter and shear zone have saturated to dark shading� Abrasives 
are mid-gray�
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6.4.3 Temperature

If one intends to interpret the microstructural changes in the workpiece 
occurring as a consequence of the machining process, thermal visual-
ization and analysis are necessary to put the observations into perspec-
tive� In principle, the workpiece temperature is a simple function of the 
momentary atomic velocities, which are readily available at each time step� 
However, as machining speeds may reach values of several tens of meters 
per second, where they cannot be neglected, compared with the thermal 
velocities of the atoms, care must be taken that these advective components 
do not contribute to the temperature� Furthermore, due to the possibly 
high thermal gradients occurring in the machining interface, it is desir-
able to obtain a space-resolved thermal analysis of the workpiece cross-
sections� Temperature cannot be defined for a single atom, but only for an 
ensemble of atoms, so the spatial resolution of such a thermal analysis is 
limited to clusters of atoms large enough to allow a meaningful defini-
tion of temperature� With these two aspects in mind, a simple but effec-
tive approach to visualizing the temperature distribution is to define a 
control volume around each atom of the system and calculate its aver-
age velocity� If this volume was chosen large enough, say, a sphere with 
a radius of 1 nm, the thermal velocity fluctuations within the control 
volume will average out, so only the average advection velocity 〈 〉v  of 
the atoms in the cluster remains� This advective component can be sub-
tracted from every atom in the volume, so that a corrected temperature 
Tj of the jth atom 
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can be defined� Here, N is the number of atoms in the control volume, m is 
the mass of an atom, and kB is the Boltzmann constant�

6.5 Example: Grinding polycrystalline ferrite
In this section, we give an example as to how the simulation, analysis, and 
visualization approach discussed previously can be put into practice� Two 
parameters that are often changed in machining—whether it is grinding, 
polishing, or lapping—are the normal pressure and the machining veloc-
ity� As machining velocities of the order of several meters per second and 
below require considerable amounts of computational power, this discus-
sion will focus on the variation of the normal pressure at constant veloc-
ity� Based on practical experience, higher normal loads are assumed to 
cause higher indentation depths of the abrasives and more wear, likely at 
the expense of surface smoothing� The relationship between the latter and 
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the normal pressure is usually not quantified and often compensated by 
long grinding times� The resulting effects on the microstructural evolu-
tion of the surface layer are either neglected or not well understood�

In the present machining example illustrated in Figures 6�10 and 6�11, 
a variation of the normal pressure with highly nonglobular abrasives was 
carried out, which evidently cut deeper into the substrate than the more 
globular abrasives employed in the previous studies [37,38] and lead to 
more pronounced grooves� Figure 6�11 shows cross-sections through the 
substrate ground, with three different normal pressures acting on the 
abrasives� The images reveal that the average substrate height is mark-
edly reduced for loads increasing from 0�1 GPa to 0�4 GPa and 0�7 GPa� 
So, the increase of normal load results in higher wear of the substrate, 
which is also obvious by the large chip-like wear particles for the high-
est load� Figure 6�12(a, c) depicts the evolution of the mean wear depth 
hw and the arithmetic mean height zsubst as a function of grinding time� 
It is evident that hardly any wear or workpiece height reduction occurs 
up to 0�3 GPa� For these small normal pressures, the wear particle vol-
ume, reflected by hw, increases in the first nanoseconds and stays rela-
tively constant for the rest of the simulation� In addition, the 0�4 GPa and 
0�5 GPa variants show nearly constant hw toward the end of the grinding 
process but are accompanied by a steady decrease in substrate height 
zsubst� For high loads, the wear particle volume becomes large, and the 
trend is rather unstable as parts of the wear particles do recrystallize 
back onto the substrate�

The atoms that are neither classified as wear particles nor as substrate 
constitute the shear zone, quantified as the mean shear zone thickness 
h V Ashear shear nom= / � Its evolution of time is given in Figure 6�12b, where the 
variants up to 0�4 GPa show constant shear zone thickness, but the high-
load cases exhibit steadily increasing shear zones, along with steadily 
decreasing zsubst values� A combined analysis of hw, hshear , and zsubst indi-
cates a change of the wear behavior at 0�5 GPa� At approximately 3 ns, 
the wear height stops increasing further and remains constant at the 
value that it has reached at that time, whereas the shear zone thickness 

(b) (c)(a)

Figure 6.10 After 1 ns of nanomachining: (a) σz = 0.1 GPa, (b) σz = 0.4 GPa, and 
(c) σz = 0.7 GPa� Shading scheme identical to Figure 6�5�
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is relatively constant and low up to 3 ns, and then, it starts to increase 
steadily� This leads to a combined effect, resulting in a steadily decreasing 
substrate height zsubst, without any kinks� Furthermore, the hshear  discloses 
the reason for sudden drops of hw� As parts of the previously generated 
wear particles recrystallize onto the substrate, their advection velocity 
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Figure 6.11 Substrate tomographs after 5 ns of grinding at 0�1 GPa (a and b), 0�4 GPa 
(c and d), and 0�7 GPa (e and f)� Abrasives are mid-gray� (a,c,e) Shading accord-
ing to grain orientation (EBSD-IPF standard, see legend below)� (b,d,f) Shading 
according to temperature (see bar below, the removed matter in (f) is the hottest)�
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decreases, and the respective volume section is exposed to high shear 
stresses and strains� Consequently, peaks in the hshear  curve correlate with 
minima in the hw curve and vice versa� The change in the initial behavior, 
that is, abrasion of material by formation of wear particles but hardly any 
shear zone up to approximately 0�5 GPa, to increasing shear zone forma-
tion is also supported by the final averaged values in Figure 6�13� The wear 
depth increases linearly up to 0�4 GPa, where the shear zone hshear  leaves 
the linear increase with  further increasing load and proceeds progres-
sively� zsubst and hw seem to follow the same parabolic (yet mirrored) trend 
up to 0�4  GPa, but for higher  pressures, the  amount of wear cannot be 
increased with the same rate any more�

Topographic analysis of the grinding simulations is exemplarily 
shown by the surface roughness Sq value in Figure 6�12d� For the sharp-
edged abrasives employed in this example, there is, in general, no smooth-
ing of the surface for high loads, and longer grinding times do not lead to 
improvement of the surface quality but rather reveal some erratic trends� 
For normal pressures between 0�3 GPa and 0�6 GPa, the surface becomes 
rougher with increasing normal pressure, and for the highest loads, the 
surface roughness does not seem to be determined by the chosen normal 
pressure� The final roughness values in Figure 6�13e show only a weak 
correlation with normal grinding pressures�

Apart from a slight reduction of zsubst, visible in Figure 6�11a, grinding 
at 0�1 GPa does not change the microstructure� Only some small grains 
situated directly at the surface are abraded completely, whereas the larger 
grains are unaffected and merely reduced in height� Grain boundary 
migration cannot be observed� Figure 6�12 reveals that the wear particles 
are created in the first 0�5 ns and travel with the abrasives they adhere to, 
throughout the rest of the simulation� Rarely, parts of the wear particles 
touch the substrate again and recrystallize onto the surface or transfer 
shear to an asperity, as can be seen in the last slice no� 20 in Figure 6�11a 
and b� In the temperature gradients in Figure 6�11b, d, and f, the friction 
zones are visible as temperatures greater than 300  K� Furthermore, the 
simulation reveals that at 0�1 GPa, the majority of the 60 abrasives do not 
take part in the removal of material� The possibility for an abrasive to 
effectively abrade matter is determined by its relative orientation to the 
asperities and its rake angle, not by its size�

When increasing the normal pressure, the microstructural changes 
become more numerous, and the size and shape of the wear particles 
change considerably� At 0�4  GPa, shown in Figure 6�11c, the wear par-
ticles are much larger, and even chip-like shapes are created, which 
can only be attributed to the plate shape of the abrasives, as the sys-
tem is simulated without any ambient medium covering the surface� 
Occasionally, wear particles become trapped between two abrasives, 
thus forming  substantially larger particles; see the tomographic slices 
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nos� 17 and 18  in Figure 6�11c� The corresponding temperature plot in 
panel (d) shows much more extended zones with elevated temperatures 
compared with the 0�1 GPa simulation in panel (b)� Yet, the temperature 
within the substrate is as low as that at 0�1 GPa, due to effective cool-
ing by using the thermostatting scheme described earlier� The same can 
be  observed within the wear particles themselves� Previously formed 
particles can be distinguished from the newly formed ones by the tem-
perature and its gradient�

At the highest applied pressure of 0�7 GPa, the wear particles form 
extremely long chips; see Figure 6�11e� As the plate-shaped abrasives’ 
surface planes effectively transport the wear particles away from the 
surface, the wear particles end up some distance above the surface and 
seem to be stable� Only small proportions recrystallize onto the substrate, 
which happens at the locations of asperities or rims of formerly created 
grooves� Owing to the large wear particles and their elongated shape, 
the contact area Ac becomes enormous and even exceeds the nominal 
contact area Anom by far� An A Ac/ nom ratio greater than 1 is a direct result 
of the fact that elongated wear particles cover rims of formerly formed 
grooves, which increase substantially in number and height with normal 
pressure; see Figure 6�13c and Figure 6�10  for the 3D rim structure� In 
addition, Ac is subjected to fluctuations in the steady-state regime of high 
load grinding; thus, the error becomes magnitudes larger than that for 
the low loads�

The contact area Ac is the zone where heat is generated due to the fric-
tion at the interface between the abrasives (as well as the wear particles 
traveling along with them) and the substrate� The effect of this friction 
energy on the microstructure depends significantly on the temperature 
gradients that evolve in the substrate and how stable they are as a function 
of time, which is effectively taken care of by applying electron− phonon 
coupling� This approach enables a cooling of the wear particles, so they 
can form multiple grains within, which is necessary for the formation of 
chip-shaped wear particles� Wear particles that remain hot are more likely 
to form a single lattice, where any new atoms will perfectly crystallize� 
Thanks to electron−phonon thermostatting, the frictional heat is quickly 
transported into the substrate as well as into the wear particles� In accor-
dance with Fourier’s law, higher friction energies at higher normal pres-
sures cause higher temperature gradients in the workpiece, which can be 
seen in the temperature cross-sections in Figure 6�11b, d, and f for the three 
load cases� This is a direct result of the chosen thermostatting scheme� 
Surprisingly, the average contact temperature Tc does not increase as the 
normal pressure is increased, as shown in Figure 6�12f� This discrepancy 
can be understood if the detailed structure of the wear particles is taken 
into consideration� As the load is increased, the wear particles grow sub-
stantially larger and also grow sideways� Slice no� 15 of the 0�4 GPa variant 
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shown in Figure 6�11c and d cuts through an edgewise end of a giant wear 
particle� This section of the wear particle has been formed in previous 
steps, so it has already had some time to cool down� Still traveling with 
the abrasive visible in slice no� 17, it creates a large contact area Ac, which 
heats up directly beneath the abrasive, where it exerts normal pressure 
and shear onto the substrate but not beneath the edgewise ends, like the 
one visible in slice no� 15� There, the already partially cooled section of the 
wear particle simply slides across the substrate, without producing much 
heat� Beneath such wear particles or sections of wear particles, the shear 
zone is thin� By contrast, it is thicker in slice no� 11, where the abrasive is 
plowing deeply into a rim and heat is generated locally as high normal 
stresses act together with shear� In slice no� 15 of the 0�4 GPa simulation, 
there are examples of both cases�

The microstructure in the substrate, although nearly unaffected when 
ground with 0�1 GPa, undergoes modifications at higher loads� At 0�5 GPa, 
slice no� 15 displays a highly fine-grained structure beneath the wear par-
ticle, and in slice no� 9,  even finer near-surface grains can be observed 
for the 0�5  GPa variant; see Figure 6�14� In these near-surface locations, 
it is difficult to judge where the interface between abrasives and substrate 
is actually located� Possibly, the grains are created during crystallization 
of the wear particles onto the surface, as the relative velocity decreases, 
or they are formed as a result of dislocation-dominated hardening pro-
cesses� Therefore, advection velocity and atomic displacement plots of slice 
no� 15 were produced for the 0�4 GPa, the 0�5 GPa, and the 0�6 GPa grinding 
processes; see the two central rows in Figure 6�15�

The detailed velocity plots not only reveal the location of the inter-
face but also the lattice rotations that are taking place during the grind-
ing process� At 0�5  GPa, for example, the substrate undergoes surface 
grain refinement, which is not caused by an increase in dislocation den-
sities� Grain formation is rather provoked by a partial lattice rotation, 

(b)(a)

Figure 6.14 Detail tomographs of slice no� 9 located at y = 28.5 nm  after 5 ns of 
machining at 0�5 GPa� Abrasives are mid-gray� (a) EBSD-IPF grain orientation 
shading (see SST legend in Figure 6�11), and (b) temperature shading (dark = 
300 K/450 K and light = 375 K)�
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which is a result of the local stress state that is a combination of a shear 
component and the normal pressure� Although the velocities within 
the substrate grains are small, and are thus shown as light gray arrows, 
the direction of the arrows is still distinctly different for the particular 
grains and shows the rotation direction that led to the formation of the 
grain boundary, shown in Figure 6�15h and i�

The plots in Figure 6�15 illustrate that the grain size structure at the 
surface is strongly dependent on the normal grinding pressure� Smaller 
grains are only generated at higher loads� Yet, the grain size appears to 
be unaffected, as long as no abrasive or wear particle is in contact with 
the  surface� Thus, grain rotation is provoked only by external shear 
produced by the passing wear particles but not by dislocation density 
increase� The latter was checked with the help of the OVITO software� 

(b) (c)(a)

(e) (f)(d)

(h) (i)(g)

(k) (l)(j)

Figure 6.15 Detail tomographs of slice no� 15  located at y = 46.5 nm  after 5  ns 
of machining� Abrasives are mid-gray� Left: 0�4 GPa, center: 0�5 GPa, and right: 
0�6 GPa� (a–c) EBSD-IPF grain orientation shading (see SST legend in Figure 6�11), 
(d–f) advection velocity shading (dark: 〈 〉vx = 0 m/s or 80 m/s, light: 〈 〉vx = 40 m/s), 
(g–i) atomic displacement vector plots (arrow shading according to equiva-
lent velocities ranging from 0 m/s to 8  m/s), and (j–l) temperature shading 
(dark = 300 K/450 K and light = 375 K)�
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The reason for no dislocation pile up can be found in the initial grain size, 
which is likely small enough to exhibit nanocrystalline plasticity behavior 
in parts of the workpiece� Temperature can be excluded as a main influ-
encing factor in the present example, as hardly any frictional heat is stored 
near the surface, and thus, no annealing effect occurs in the substrate� The 
decrease in the grain size proves to be stable for multiple passes of abra-
sives, as the grain structure in Figure 6�15c is persistent and not the result 
of the abrasives that just passed the particular location�

Figure 6�15d–f gives some insight into the formation of the wear par-
ticles� Some previously formed wear particles that are still traveling with 
the abrasive are cooled down, like the one in panels (d and j: 0�4 GPa) and 
in (e and k: 0�5 GPa), and a large one is about to cool down� At 0�6 GPa in 
panels (f and l), a grinding rim has formed and the wear particle is follow-
ing its shape, without incorporating new atoms, but forming a relatively 
thick shear zone (i)� Thus, the temperature is high only in the active zone 
at the leading edge of the abrasive but not at the other side of the rim�

The increased occurrence of fine-grained structures at higher grind-
ing pressures and with time changes the plastic response to the external 
loading of the abrasives� This is visible in the shear stress as a function 
of normal pressure in Figure 6�13a or as a function of normalized contact 
area in Figure 6�16a� Both curves initially increase linearly, but the increase 
saturates at high normal pressures� The average shear stress σx acting on 
the basal plane increases linearly with the normal pressure up to 0�6 GPa; 
see Figure 6�13a� At high normal pressures, the resistance against shear is 
reduced� As this cannot be attributed to high temperatures in the contact or 
the substrate due to the employed thermostatting scheme, the reason for this 
softening must be found in the microstructure evolving during grinding� 
A fine-grained structure can reduce the friction energy via grain bound-
ary sliding and thus result in lower resistance to deformation and sliding, 
which are reflected in lower shear stresses� As long as the shear stress is 
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linearly dependent on the contact area, it follows the Bowden−Tabor law of 
kinetic friction, describing adhesive contacts [83,84]�

The wear height hw correlates linearly with the normalized contact 
area A Ac/ nom, as long as the contact area does not exceed the nominal area 
of the simulation box; see Figure 6�16b� For an A Ac/ nom ratio greater than 1, 
the errors increase massively and the wear height increases less than the 
real contact area, which becomes more and more complex due to wear 
particles wrapping around abrasives�

Finally, the presented example shows that the wear particle size and 
shape as well as the resulting microstructure within the workpiece are dra-
matically influenced by the abrasives’ shape and the normal pressure� With 
increasing normal grinding pressure, the simulated microstructures fea-
ture more finer grains at the surface than in the initial condition� Locations 
where parts of large wear particles recrystallize onto the substrate are fine-
grained, as can be seen in some slices at 0�7 GPa in Figure 6�11e and in the 
detailed view of slice no� 15 at 0�5 GPa and 0�6 GPa in Figure 6�15b and c� 
For pressures less than 0�4 GPa, the microstructures merely exhibit different 
extents of abrasion of small grains from the surface� The smaller the initial 
grains, the more unstable they are during grinding� While machining, grain 
growth toward the surface can be observed as long as the normal pressure 
is high enough, in this case greater than 0�3  GPa, which is not accompa-
nied or assisted by higher temperatures� Thus, the microstructural changes 
such as grain boundary movement must be caused by thermomechanical 
driving forces� For even higher normal pressures, grain refinement beneath 
passing abrasives dominates� Again, the mechanical driving force for grain 
rotation determines the microstructural evolution and thus the shear stress� 
Neither the specific lattice orientation of the initial grains proved to be of 
major relevance, nor do the final microstructures show any preferred lattice 
orientations�

6.6 Summary
In this chapter, we gave an introduction on how to simulate a nanoma-
chining process of a polycrystalline workpiece with multiple abrasive par-
ticles, using classical MD simulations� Special emphasis was put on the 
model preparation and the thermostatting procedure, as we felt that these 
aspects are often treated cursorily in the pertinent literature, which makes 
it nontrivial to assess and reproduce published results� A second focus 
was the system visualization, using workpiece tomography, allowing an 
interpretation of the atomistic simulations similar to analytical electron 
microscopy, even going beyond the data depth that may be extracted from 
SEM micrographs� As an application example of the described simulation 
and analysis approach, we discussed the influence of normal pressure vari-
ation on the high-speed machining process of a rough, nanocrystalline, 
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ferritic workpiece ground by sharp-edged abrasives� Among the observ-
able phenomena are the abrasion of grains, grain growth, the formation 
of fine-grained structures, as well as changes in the plasticity behavior at 
high loads that might be falsely attributed to the temperature by using 
conventional approaches� The methodology outlined in this chapter may 
be used as a tool for understanding and optimizing material removal pro-
cesses, aiming at ultra-smooth surface topographies or strictly specified 
near-surface grain microstructures�
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Nomenclature
ASR Average surface roughness (µm)
b Bias
C Regularization parameter
cur Current setting (A)
d Training input space dimension
f(x) Target function
itermax Maximum number of iterations
K (xi, x) Kernel function
MATE1, MATE2 Mean absolute training error in MRR, ASR
MRR Material removal rate (mm3/min)
n Number of learners in class
N Number of training data
rand A pseudorandom number generated following standard 

uniform distribution within range (0,1)
rw1, rw2 Random weight factors
toff Pulse-off time (µs)
ton Pulse-on time (µs)
TFiter Teaching factor at iterth iteration
w Weight vector
x Training input vector
y Training output vector
y Mean of training output set
z Number of attributes
E Radius of loss insensitive hyper-tube
ηi, ηi*, αi, αi* Lagrange multipliers
ξi, ξi* Slack variables
σ Standard deviation of radial basis function (kernel 

function)
Φ(x) Feature space

7.1 Introduction
Mathematical modeling of any process would be a stepping stone for 
working in virtual environment� In virtual world, near-exact representa-
tion of process is necessary to freeze the procedure at the earliest in the 
preproduction stage� Representative model should be robust in nature� 
In case of inherent stochastic-type nontraditional manufacturing pro-
cess such as electric discharge machining (EDM), model development 
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and subsequent prediction of process outcomes with reasonable accuracy 
would become difficult� Advanced learning-based systems, being devoid 
of four problems—efficiency in training, efficiency in testing, overfitting 
and, algorithm parameter tuning—would be effective in such situation�

In the present study, experiments are carried out on EDM process 
in the semi-finishing and roughing zone, with different combinations of 
three significant process parameters—current (cur), pulse-on time (ton), 
and pulse-off time (toff)� Material removal rate (MRR) and average surface 
roughness (ASR) are considered as two performance measures� In case of 
machining, rate of material removal determines the productivity of the 
process; that is, higher MRR results in higher productivity� Besides, to meet 
the specific functional aspects of product, quality must be maintained� 
One of the major surface quality measurements is the ASR� Therefore, at 
the product design and manufacturing stage, both of these performance 
measures—MRR and ASR—are to be predicted simultaneously�

As the EDM process is itself stochastic in nature, the predictions of 
outcomes become more challenging� Aich and Banerjee [1] built two inde-
pendent explicit models of MRR and ASR in EDM through a supervised 
batch learning-based support vector machine (SVM) regression procedure� 
A meaningful physical significance of the insensitive zone of the learned 
system is to provide a space to allow the tolerances on uncontrollable 
variations in the EDM process� They outlined a way of setting all the 
internal structural parameters—regularization parameter (C), radius of 
loss insensitive hyper-tube (ε), and standard deviation of Gaussian radial 
basis function (σ) chosen as kernel function (K (xi, x))—for SVM learning, 
employing particle swarm optimization (PSO)� However, the behavior of 
the developed models near the boundary of the experimental domain 
appears as not very accurate, and selection of internal parameters of 
PSO itself is a critical job to ensure smooth convergence toward global 
optimum�

Performances of the swarm-based optimization techniques, rather evo-
lutionary algorithms, are affected by their own control parameter settings [2]� 
Unlike those probabilistic approaches, algorithm-specific parameter-less 
teaching-learning-based optimization (TLBO), introduced by Rao et al� [3], is 
proved to be more effective for complex-type multimodal high-dimensional 
nonlinear objective functions [3,4]�

With the aid of TLBO, internal structural parameters of SVM are tuned 
by Aich and Banerjee [5] for developing two independent learning systems, 
one for each of these two individual process outcomes—MRR and ASR in 
the EDM process� Compared with their earlier work [1], selection of inter-
nal parameters of optimization technique is now no longer required� Thus, 
methodology of independent learning systems becomes user-friendly [5]; yet, 
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multiple sets of optimum internal structural parameters of learning  system do 
not permit the use of the methodology for concurrent prediction of multiple 
responses—MRR and ASR for the same set of input parameters� Therefore, 
a compact learning system is to be developed that could estimate multiple 
responses from a single set of internal parameters�

In the present work, development of a unified structure of SVM 
regression for predicting multiple responses is attempted� Unified learn-
ing is performed by simultaneous minimization of errors in estimation 
of MRR and ASR by modified TLBO� This development is an advance-
ment of mathematical modeling toward the compact virtual data gen-
erator� In the proposed modified TLBO, combined rank method, an 
improvement in multiobjective optimization by TLBO, is suggested for 
simultaneous optimization of multiple objective functions and an opti-
mum unique set of C, ε, and σ is obtained� With the optimum unique 
set of SVM internal structural parameters, C, ε, and σ, two separate sets 
of Lagrange multipliers, one for each of the MRR and ASR, are calcu-
lated on feeding respective training vectors� Subsequently, MRR and 
ASR are estimated from the calculated corresponding sets of Lagrange 
multipliers� It is to be noted that Aich and Banerjee [5] in their previous 
work generated two sets of Lagrange multipliers (each for MRR and 
ASR) from two independent sets of C, ε, and σ� The novelty of the pres-
ent study lies in the development of such unification of SVM regres-
sion structures for concurrent prediction of conflicting-type multiple 
responses with the aid of modified TLBO� The basics of SVM and TLBO 
are introduced in Sections 7�3�1 and 7�3�2, respectively� This modification 
could be generalized for solving any such multiple objective functions 
in an efficient way� The proposed procedure may become a building 
block for expert system�

This chapter is comprised of three sections� A brief discussion on 
the EDM process, selection of machining and performance parameters, 
their levels and performance measurements are given in Section 7�2� In 
Section 7�3, detailed discussions on the steps involved in unified struc-
ture development, including SVM, TLBO, and the results obtained, are 
provided� Finally, conclusions for the present study are concisely listed 
in Section 7�4�

7.2 Experiment
One of the most sophisticated and precise nontraditional machining 
processes, EDM, is used in machining conductive material (resistivity 
should not exceed 100 ohm-cm), regardless of its hardness, toughness, and 
strength [6]� This process is generally employed for manufacturing com-
plex surface geometry and integral angles in mold, die, aerospace, surgi-
cal components, and so on [7]�
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In EDM, material is eroded by series of spatially discrete and chaotic 
high-frequency electric discharges (sparks) of high power density between 
the tool electrode and the workpiece separated by a fine gap of dielectric 
fluid [8]� The working zone is completely immersed into dielectric fluid 
medium for enhancing electron flow in the gap, cooling after each spark, 
and easy flushing of eroded particles� Basic scheme of the EDM is shown 
in Figure 7�1�

Experiment is carried out on Tool Craft A25  EDM machine under 
open circuit voltage of 66 V operating with commercially available kero-
sene oil as dielectric medium [5] and different combinations of four levels 
of each of the three most dominating process parameters, namely current 
(cur), pulse-on time (ton), and pulse-off time (toff)� Standard high-speed 
steel-cutting tool (C: 0�80%, W: 6%, Mo: 5%, Cr: 4%, and V: 2%) equiva-
lent to grade M2 is chosen as the workpiece material (measured density 
8006 kg/m3), and it is connected in reverse polarity� Electrolytic copper 
with density 8904 kg/m3 and cross-sectional diameter of 12 mm is used 
as tool material�

For working in the semi-finishing and roughing zone, based on the 
availability of the machine settings, levels of the input process parameters 
are chosen (Table 7�1)�

Tool

Servocontrol

Workpiece

Dielectric �uid

Electric spark
generating

source

+

−

Figure 7.1 Schematic of electrical discharge machining process�

Table 7.1 Process parameters and their levels

Level 1 Level 2 Level 3 Level 4

Current setting (A) 6 9 12 15
Pulse-on time (µs) 50 100 150 200
Pulse-off time (µs) 50 100 150 200
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Total 64 mutually exclusive combinations of four different levels of 
each of the three process parameters are set to the EDM machine, and cor-
responding process outcomes are noted� For determination of MRR, work 
sample weights are taken at standard measuring balance (AFCOSET—
ER182A) of least count 0�01 mg before and after machining� Weight loss 
is then divided by the measured density of workpiece material, in order 
to convert it into volumetric term, and is further divided by the actual 
machining time to obtain the MRR in terms of mm3/min� Centerline ASR 
values of the machined surface of workpiece along three mutually 120° 
apart directions are measured by the Taylor Hobson Precision Surtronis 
3+ Roughness Checker, with sample length of 4 mm and stylus tip radius 
of 5 µm� Mean of the three measured centerline ASR (Ra) values is con-
sidered as the representative ASR of the EDM machined surface� Fifteen 
 percent of the total 64 unique treatments, that is, 10 sets, is chosen ran-
domly and kept aside for testing purposes� Rest of the data sets are used 
for the training of SVM  learning system�

7.3 Unified learning system development
For building a unified structure of SVM regression learning system that 
provides concurrent prediction of multiple responses, randomly 54 data 
sets are taken for training� Different sets of randomly chosen 54 data are 
taken, and same results are obtained� Here, results of learning system 
development with a typical set of randomly chosen 54 data are reported� 
Fitted learning systems are tested through rest of the 10 sets of data�

As prerequisites for this proposed unified learning systems develop-
ment, brief discussions are given on SVM and TLBO� Modification of stan-
dard TLBO and steps for building unified learning system are presented 
in Section 7�3�2�1�

7.3.1 Support vector machine [5]

Different techniques such as multivariable regression analysis [9], response 
surface methodology [10], and artificial intelligence-based neural network 
[11] are rigorously used for modeling empirical data� Suffering from gen-
eralization of model estimation, overfitting might occur in artificial neural 
network (ANN)� Besides, random variations in process outcomes are obvi-
ous in stochastic-type machining process� These random fluctuations in 
experimental results are to be absorbed with specified tolerance value for 
efficient predictions� Structural risk minimization-based [12] SVM, which 
is one of the most advanced supervised batch learning system, could be a 
smart way of capturing these fluctuations�

Suppose, a representative model is to be developed for a disjoint, 
independent, and identical distributed data set {(x1, y1), (x2, y2), … (xN, yN)} 
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in d dimensional input space (i�e�, x Є Rd)� Target function may be repre-
sented in the form [13]: 

 f b( ) ,x w x= +  (7�1) 

where < , > indicates dot product in vector space�
Nonlinearity in the relation between input and output patterns 

(Figure 7�2 [14]) is handled through mapping the high-dimensional input 
space to a feature space Φ(x) via kernel functions� So, optimal choice of 
weight factor w and threshold b (bias term) is a prerequisite of accurate 
modeling� Flatness of the model is controlled by minimizing Euclidean 
norm ||w||� Besides, empirical risk of training error should also be 
 minimized [15]� So, regularized risk minimization problem for model 
developing can be written as follows: 

 R f C L y f xi N i ireg  ( ) ( ( )),= + = ( )
w

2

1 12
Σ  (7�2)

Weight vector w and the bias term b can be estimated by optimizing this 
function, Equation 7�2, which minimizes not only empirical risks, but also 
reduces generalization error; that is, overfitting of model simultaneously� 
A loss function is to be introduced to penalize overfitting of model with 
training points�

A number of loss functions, namely quadratic loss function, Huber 
loss function, ε-insensitive loss function, and so on, are already devel-
oped for handling different types of problems [16]� In general, these loss 
functions are some modified measurements of distances of the points 
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Estimated
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f

εi

ε

εi*

Figure 7.2 Nonlinear SVM regression model�
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and their corresponding estimated values� Square values of the distances 
between actual points and corresponding estimated values are consid-
ered for assigning loss in quadratic loss function� Quadratic loss function 
corresponds to the conventional least squares error criterion� Huber loss 
function is the combination of linear and quadratic loss functions� This 
robust loss function exhibits optimal properties when the underlying 
distribution of the data is unknown� Still, these two loss functions— 
quadratic and Huber—will produce no sparseness in the support vectors� 
To address these issues, Vapnik [12] proposed ε-insensitive loss function 
as a trade-off between the robust loss function of Huber and one that 
enables sparsity within the support vectors� ε-Insensitive loss function 
(refer Figure 7�3) may be defined as [14]: 

 
L y f x y f x yi i i i i( ( )) ( ), ,, , if experimental  experimental= − ε ––

,

( )

,

f x

y

i

i

≥

=

ε

                                 if  expe0 rrimental – ( )f xi < ε
 (7�3)

In most of the model-building techniques, data are fitted with least train-
ing error calculation to estimate the unknown coefficient or weight vec-
tors associated with training inputs� That is, all the data are tried to fit as 
close as possible to the deemed model� In SVM regression, an insensitive 
zone wrapped around the estimated function is defined� This insensitive 
zone is expected to capture the fluctuations within permissible tolerances 
specified by process outcomes� Thereby, radius of this hyper-tube directly 
controls the allowable complexity of the learning system� In nomencla-
ture, the outliers around this tube are named as support vectors� Here, 
ε-insensitive loss function, refer to Equation 7�3, is considered to penalize 
overfitting of the system with training points�

As this radius of insensitive hyper-tube increases, model would 
become more flat, being unable to reveal the unseen nature of variation in 
the outcomes, whereas lower radius might make the model more complex� 

Loss

Error

εi

ε

εi*

Figure 7.3  ε-Insensitive loss function�
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Thus, a trade-off between complexity and flatness of the estimated model 
is required� Two positive slack variables, ξi and ξi*, are introduced [12,13] 
to cope with infeasible constraints of the optimization problem� Hence, 
the constrained problem can be reformulated as: 
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This problem can be efficiently solved by standard dualization principle, 
utilizing Lagrange multiplier� A dual set of variables is introduced for 
developing Lagrange function� It is found that this function has a sad-
dle point with respect to both primal and dual variables at the solution� 
Lagrange function can be stated as: 
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where:
L is the Lagrangian and
ηi, ηi*, αi, αi* are Lagrange multipliers satisfying η η α αi i i i, *, , * ≥ 0

So, partial derivatives of L with respect to W, b, ξi, and ξi* will give the 
estimates of w and b�

Support vectors can be easily identified from the value of difference 
between Lagrange multipliers (αi, αi*)� Very small values (close to zero) 
indicate the points inside the insensitive hyper-tube, but nonzero values 
belong to support vector group [17]� The w can be calculated by [13]:

 w = −=Σ Φi N i i ix1 1( ) ( *) ( )α α  (7�6)

The idea of kernel function K (xi, x) gives a way of addressing the curse of 
dimensionality [16]� It helps to enable the operations to be performed in the 
feature space (Φ (x)) rather than potentially high-dimensional input space� 
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A number of kernel functions satisfying Mercer’s condition were sug-
gested by researchers [17,18]� Each of these functions has its own special-
ized applicability� Use of polynomial kernel function is a popular method 
for nonlinear modeling� The long-established multilayer perceptron with 
a single hidden layer has a valid kernel representation for certain values of 
the scale and offset parameters, whereas Fourier series kernel is probably 
not a good choice, because its regularization capability is poor, which is 
evident by consideration of its Fourier transform� Among different splines, 
specifically b-spline is also a popular choice for modeling because of its 
flexibility� Exponential radial basis function produces a piecewise linear 
solution, which can be attractive when discontinuities are acceptable� 
Apart from all these kernel function, Gaussian radial basis function has 
received significant attention, as this kernel is implicit with each support 
vector contributing one local Gaussian function centered at that data point�

Here, Gaussian radial basis function with σ standard deviation, 
Equation 7�7, is used for its better potentiality to handle higher-dimensional 
input space� 
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Thus, representative model of the learning system, with optimum choice 
of the most significant structural parameters, C, ε, and σ, may be pre-
sented as [13]: 
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To get the benefit of this exclusive feature of SVM regression over other 
model development techniques, a regularization parameter is required 
to penalize the support vectors, whereas the points that lie inside the 
insensitive zone are considered to be of zero loss� Thereby, to fit the data 
with reasonable accuracy, internal structural parameters of SVM, namely 
the regularization parameter (C), which controls the penalty associated 
with support vector; radius of insensitive tube (ε); and standard devia-
tion of Gaussian radial basis kernel function (σ), are to be properly tuned� 
Improper choice of SVM internal parameters may lead to underfitting or 
overfitting of the actual process [1,5]� Thus, for each set of input–output 
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combination, an optimum set of SVM internal structural parameters, C, 
ε and σ, is expected�

Structure of SVM learning system should vary for each of the differ-
ent input–output combinations� In case of multiple process outcomes of 
a manufacturing process with same settings in machine control param-
eters, there should be separate sets of optimum C, ε, and σ for each of 
the process outcomes� In the present study, a methodology is proposed 
to develop a unified structure of SVM regression learning system for 
concurrent prediction of multiple process outcomes of a manufactur-
ing process� That is, an optimum unique set of structural parameters, 
C, ε, and σ, is searched to exist, instead of multiple sets of optimum C, 
ε, and σ corresponding to multiple responses [5]� Robust optimization 
techniques could be employed to tune these internal structural param-
eters� In this regard, algorithm-specific parameter-less TLBO would be a 
justified choice�

7.3.2 Multiobjective teaching-learning-based optimization

Compared with traditional deterministic approaches for optimization of 
multimodal, high-dimensional nonlinear large-scale engineering prob-
lems, metaheuristic algorithms exhibit more promising performances 
[2]� Natural phenomena-inspired trajectory- and population-based differ-
ent algorithms are still suffering from the problem of tuning their own 
internal parameters [3,4]� Rao et al� [3] introduced an algorithm-specific 
parameter-less optimization technique that mimics the ideology of 
teaching-learning process, called teaching-learning-based optimization 
(TLBO)� A class of learners is considered as the population of the optimi-
zation algorithm� In TLBO, different control variables and scores of the 
learners are analogous to different subjects offered to the learners and 
objective function values, respectively� Marching steps of TLBO to reach 
global optimum are broadly divided into two phases: teacher phase and 
learner phase�

In teacher phase, teacher always tries to pull forward the batch of 
learners, aiming to his/her own level� Gaining more knowledge from 
teacher helps the learners score better marks� Therefore, teacher gradually 
increases the mean score of the learners according to his/her own capa-
bility� Still, the knowledge dissemination by the teacher and acquiring of 
knowledge by learners are not always same for all teacher–learner combi-
nations� Therefore, a teaching factor (TF) should play a typical role in this 
teacher phase� In the present study, adaptive TF [19], depending on the 
current performance level of the whole batch, is deployed instead of ran-
domly selected integer between 1 and 2 [3]� This adaptive TF, calculated as 
a ratio of mean of the learners’ value to teacher value of latest population 
[19], aids in converging the simulation with lesser time�
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Gaining of knowledge by the learners is further enhanced through 
different scheme of interactions among themselves, namely group dis-
cussions, presentations, formal communications, and so on� These intra-
learner interactions are performed in the second phase; that is, learner 
phase� In this learner phase, each of the learners is randomly selected 
and compared with another randomly selected different learner� If 
the other learner has more knowledge than him/her, then the former 
learner gains some knowledge from the other one� By this way, scores 
of the learners are increased� Main steps involved in TLBO are briefly 
listed as follows: 

Step 1: The learner having best score is identified and considered as 
teacher�

Step 2: Adaptive TF is calculated, and all learners are modified toward 
the teacher�

Step 3: All modified learners (two at a time) are randomly selected, and 
they upgrade themselves�

Step 4: Check the termination criterion� If satisfied, current teacher is 
declared as optimum setting; otherwise, repeat the steps with cur-
rent upgraded learners till termination criterion is satisfied�

However, exploitation of the search space is done in teacher phase, 
whereas learner phase does the exploration� In every iteration, objec-
tive function values, that is, current learners’ scores in each subject 
gradually move toward optimum zone� Still, no such guideline is found 
in the literature for simultaneous optimization of multiple objective 
functions�

In the present study, TLBO is modified by introducing a combined 
ranking method, with weight infected rank selection (wherever neces-
sary) for simultaneous optimization of multiple objective functions, and 
thus is employed for tuning the internal structural parameters of SVM� 
Further, different modifications of termination criterion, initial popula-
tion, and selection of teacher in case multiple learners achieve same score 
are suggested� These modifications and implementation of modified 
TLBO in searching of an optimum unique set of C, ε, and σ are expounded 
in the next section�

7.3.2.1 Modifications and marching procedure
Proper choice of searching ranges is a prerequisite for faster convergence 
of modified TLBO� In addition, objective function should be justifiably 
selected according to the proposed goal�

For better implementation of SVM methodology, it is suggested [18,20] 
to normalize the training input vectors within the range (0, 1)� Thus, the cho-
sen control parameters of the EDM process, that is, current, pulse-on time, 
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and pulse-off time, are normalized within their corresponding experimental 
ranges� 
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Searching of C, ε, and σ should be robust in nature� Wide range of search 
spaces of C, ε, and σ may be a good choice, but irrelevant movements 
would take a lot of time to converge� Hence, searching range of these three 
parameters should be logically chosen� Aich and Banerjee [1] reported 
some experimental data-based techniques to choose these three ranges� 
For setting a searching range of C, upper end of six sigma range [18,20] 
of response values was considered� Near the boundary, there are some 
duplication errors due to further selection of a range, considering normal 
distribution over the upper end value of six sigma range� This seems to be 
erroneous in physical significance� Actually, the regularization parameter 
C should lie within the limit obtained from experimental values of cor-
responding response variable [5]� Therefore, range of experimental values 
might be a robust reasonable choice for searching the range of C�

 
MRR C MRR
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 (7�10)

Besides, searching ranges of ε and σ are chosen as [18,20]: 

 ε σ= =  








y y z z

30 10
0 1 0 51 1, . , .; ( ) ( )/ / (7�11)

Here, z indicates the number of most influencing attributes in the pro-
cess� In EDM, these are three, namely current (cur), pulse-on time (ton), 
and pulse-off time (toff)�

Searching ranges of C, ε, and σ are decided based on the experimental 
values of the respective response parameter� In the present study, as an 
optimum unique set of C, ε, and σ for both MRR and ASR is to be looked, 
searching ranges of C, ε, and σ for both MRR and ASR should be the same� 
Experimental values of MRR and ASR lie in different ranges� Therefore, 
they are normalized using Equation 7�9� Limits of searching ranges are 
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revised based on these normalized response values� Combined search-
ing range is obtained by union operation between these two individual 
searching ranges of C, ε, and σ� For example, based on normalized MRR 
and ASR, searching ranges of ε are calculated first by using Equation 7�11� 
For MRR, it is (0�0123, 0�0369), and for ASR, it is (0�0167, 0�0501)� Performing 
union operation between these two ranges, combined search range is iden-
tified� Lower limit of combined search range of ε is estimated as maximum 
(0�0123, 0�0167) and upper limit as minimum (0�0369, 0�0501)� Finally, com-
bined search range of ε is decided as (0�0167, 0�0369)� Similarly, searching 
ranges of C and σ are also identified� Optimum unique values of C, ε, and 
σ are to be searched within these combined searching ranges (Table 7�2)�

Choice of different sets of internal structural parameters, C, ε, and σ, 
changes the values of Lagrange multipliers for each of MRR and ASR�

To build the best structure of the learning system for near-accurate pre-
dictions of responses, chance of generalization errors should be reduced 
in the learning process� Hence, internal parameters (C, ε, and σ) must be 
tuned in such a fashion so as to reduce the training errors in the learn-
ing process� Thereby, in this study, mean absolute training errors (MATE) 
in prediction of process responses, MRR (MATE1) and ASR (MATE2), are 
chosen as two objective functions� 
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Training by experimental results with proper internal structural param-
eters of SVM regression (C, ε, and σ) is necessary to get near-exact repre-
sentation of the process� The three internal structural parameters should 
be optimally tuned for each individual output–input combination� Thus, 
for multiple responses of a process with same input control parameters, 
separate sets of optimum C, ε, and σ for different responses are expected� 
In the present work, a methodology is proposed to build a unique struc-
ture of SVM regression for predicting multiple responses, that is, to search 
an optimum unique set of C, ε, and σ, instead of separate sets of C, ε, and 
σ for the responses� In the proposed steps, simultaneous minimization 
of MATE1 and MATE2 is carried out for selection of an optimum unique 

Table 7.2 Searching ranges of SVM internal structural parameters—C, ε, and σ

SVM internal 
parameters

Material 
removal rate

Average surface 
roughness Combined

C (0�0000, 1�0000) (0�0000, 1�0000) (0�0000, 1�0000)
ε (0�0123, 0�0369) (0�0167, 0�0501) (0�0167, 0�0369)
σ (0�4642, 0�7937) (0�4642, 0�7937) (0�4642, 0�7937)
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set of SVM’s internal structural parameters C, ε, and σ� The TLBO with 
 certain modifications is employed for this tuning operation� During simu-
lation process, different sets of C, ε, and σ reshape the learning system� 
With same training input vectors and a particular set of C, ε, and σ, two 
different sets of Lagrange multipliers for two responses are calculated 
using corresponding individual training output vectors� Subsequently, 
with these two sets of Lagrange multipliers, normalized MRR and nor-
malized ASR are  predicted� These predicted values are denormalized 
with the help of Equation 7�9, and corresponding MATEs are evaluated 
using Equation 7�12, based on denormalized MRR and ASR� Finally, two 
different sets of Lagrange multipliers are calculated from the simulated 
optimum unique set of C, ε, and σ� When training errors become stable 
at their achievable minimum value, with corresponding set of Lagrange 
multipliers, MRR and ASR are estimated separately using Equation 7�8� 
Here, this multiobjective optimization is performed by algorithm-spe-
cific parameter-less TLBO�

Within the estimated searching ranges (refer Table 7�2), modified 
TLBO is applied for simultaneous minimization of MATE1 and MATE2� 
Although TLBO is a parameter-less optimization technique, still, to get 
this benefit in optimizing any nonlinear high-dimensional objective 
functions, termination criteria should be logically defined� In most of the 
optimization techniques, a termination criterion is defined by the maxi-
mum number of iterations or change in objective function value below 
a predefined margin� When optimizing a new objective function, it is 
very difficult to know earlier the required number of iteration to meet a 
certain target� Even to attain certain accuracy, change in objective func-
tion values may vary due to their different scale ranges� In some cases, 
attainable optimum objective function value is difficult to predict ear-
lier� As such, a general termination criterion is required to propose for 
population-based searching techniques� A general meaningful criterion 
is suggested based on spread of population relative to searching range 
in different dimension; that is, spread-range (SR) ratio [5] is defined as 
a ratio of standard deviation of population to span of searching range 
expressed in %: 

 SR ratio 
standard deviation of population

span of
( )% = ×

( )
100

  searching range( )
 (7�13)

Thereby, simulation will be stopped when this SR ratio along each of the 
input parameters’ dimensions simultaneously goes down below a pre-
defined limit� Here, this limit is chosen as 1%; that is, searching operation 
would be flagged off when SR ratio along C, ε, and σ dimensions simulta-
neously drops below 1%�
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Metaheuristic techniques march to the global optimum with some 
randomly generated probabilistic logical movements� Whatever might be 
the termination criterion that is considered, if simulation is stopped by 
watching that the specific user-defined measurement just reaches below 
a certain value in any iteration, then it may be prematured� Simulation 
should be allowed for a few more iterations to finally freeze down below 
that specified limit� In the present work, SR ratio of latest population, that 
is, learner in each direction, C, ε, and σ, is used as termination criterion, 
and simulation is terminated when SR ratio values along all dimensions 
(C, ε, and σ) satisfy the termination criterion, that is, go below 1% in last 
consecutive five iterations�

In case of population-based optimization technique, a widely spread 
initial population must be ensured for better exploration in the whole 
range� As discussed earlier, a latest population-based termination crite-
rion, that is, SR ratio of the latest population along each dimension, is con-
sidered� Therefore, initial SR ratio of the population must have a high value 
along all dimensions to ensure proper exploration of the search space� In 
the present work, considering initial SR ratio as at least 40% along each 
of the three directions, a set of 20 learners is randomly generated within 
specified search space (Table 7�2)� For maintaining the repeatability of the 
simulation steps, initial learners are given in Table A1�

In each step of iteration, with different set of learners, that is, set 
of C, ε, and σ, shape of learning system changes� Teacher of any itera-
tion should be selected as that set of C, ε, and σ having lowest training 
error (MATE) value� When optimizing multiple objective functions, the 
same set of C, ε, and σ might not give minimum value for both the 
objective functions� To overcome this difficulty, here, a ranking method 
is proposed� In a typical iteration, at first, rank the learners separately 
according to the objective functions’ values, for example, that set of 
learners gets two sets of ranks, rank1 based on MATE1 and rank2 based 
on MATE2� These two rank matrices are element-wise multiplied to get 
a combined rank for all the current-set learners� Say, a learner that is 
a set of C, ε, and σ gets two ranks—4 and 17� These two rank values 
are multiplied, that is, 17 × 4 = 68� Similarly, combined ranks of other 
learners are calculated� These combined rank values always lie between 
1 and (number of learners)2� According to this combined rank matrix, 
the best learner is marked and set as teacher for subsequent teaching 
purpose� Here, objective function values are not multiplied at all; com-
bined rank values are obtained only by element-wise multiplication of 
rank1  and rank2 matrices�

In most of the published studies of optimization algorithms [21], 
it is reported that the best one of the latest population works as guide 
for next iteration� The best one is chosen with either minimum or 
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maximum objective function value� However, if multiple best settings 
in the population with same minimum or maximum objective function 
value are found, then confusion will come to choose only one among 
all those best settings� In case of selecting the current teacher, a com-
bined rank method is already proposed in the last paragraph� If mul-
tiple learners give same best combined rank value, it would become 
difficult to choose only one among those learners� Improper choice 
may guide the following iterations in a wrong way and finally might 
be trapped inside any local optimum� A weight-combining method is 
reported by Aich and Banerjee [5]� Although their method is applied on 
learners having same objective function value, here, similar approach 
is taken on learners who give same combined rank value� In the pres-
ent work, a weighted combination of all those learners is to be evoluted, 
such that new evoluted learner must give both MATE1 & MATE2 lower 
(higher for maximization) than either of the MATE1 & MATE2 corre-
sponding to the learner having second-best combined rank at current 
population, applicable only for the first iteration, or the minimum 
MATE1 & MATE2  gained at immediate last iteration� For example, in 
case of simultaneous minimization of bivariable two objective func-
tions within search space� ([0, 20], [0, 20]), at any iteration, one learner 
(9�7, 13�5) gets two ranks as 12 and 3 and another learner (18�2, 7�3) gets 
two ranks as 4 and 9� Therefore, two learners have same combined rank, 
12 × 3 = 4 × 9 = 36� At last iteration, minimum MATE1 and minimum 
MATE2 were 53�92  and 24�73,  respectively� Now, one must choose the 
teacher among these two learners for next iteration� No such clear guid-
ance is reported till now to choose the right one among these two� Here, 
a weighted combination of these two learners along their respective 
dimensions is calculated� Randomly, two weights (rw1, rw2) are gener-
ated between (0, 1), such that rw1 + rw2 = 1� A new learner is evoluted as 
(rw1 × 9�7 + rw2 × 18�2, rw1 × 13�5 + rw2 × 7�3)� For rw1 = 0�4 and rw2 = 0�6, 
new learner would be (14�80, 9�78), which gives MATE1 as 19�66  and 
MATE2 as 10�29� New evoluted learner gives both MATE1 and MATE2 
less than the minimum MATE1 (53�92) and MATE2 (24�73) gained at 
last iteration� In case of first iteration, comparison would be done, with 
MATE1 and MATE2 corresponding to the learner having second-best 
combined rank at current population� Thus, learner (14�80, 9�78) would 
be the teacher for next iteration; otherwise, the steps are repeated with 
another random set of weights (rw1, rw2), until the above said condi-
tion is fulfilled� However, there is no need to update current population 
with this evoluted teacher� This proposition is expected to be effective 
to avoid ambiguity to choose the right teacher at any iteration�

Adapting all the above said modifications, steps of modified TLBO 
algorithm used for searching an optimum unique set of C, ε, and σ by 
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simultaneously minimizing MATEs (Equation 7�12) in the estimation 
of both the responses MRR (MATE1) and ASR (MATE2) are discussed 
below� 

Step 1: Normalize the control parameters, cur, ton, and toff, and pro-
cess responses, MRR and ASR, using Equation 7�9� The MATEs 
(Equation 7�12) in the estimation of MRR (MATE1) and ASR (MATE2) 
are separately considered as two objective functions� Set n = 20 and 
itermax = 250�

Step 2: Calculate two searching ranges of C, ε, and σ, based on nor-
malized MRR and ASR separately� Do the union operation between 
these two searching ranges, and get the combined searching ranges 
of C, ε, and σ (refer Table 7�2)�

Step 3: Set iter = 1 and termination criterion as SR ratio along all three 
dimensions <1% in consecutive five iterations� Randomly (following 
uniform distribution), generate n set of learners (Table A1), with SR 
ratio along each dimension >40% within search space�

Step 4: With normalized training input and output vectors, for each 
of the current set of n learners, two different sets of Lagrange mul-
tipliers for normalized MRR and normalized ASR are calculated 
separately� With these Lagrange multipliers, normalized MRR and 
normalized ASR are estimated, corresponding to the current set of 
learners� These estimated normalized MRR and normalized ASR 
are denormalized with the help of Equation 7�9, and corresponding 
MATE1 and MATE2 are calculated�

Step 5: Rank all n learners with respect to their corresponding 
MATE1 and MATE2; store these two sets of ranks in rank1 and rank2 
matrices, respectively� Get combined rank by element-wise multipli-
cation of rank1 and rank2 matrices� If multiple learners have same 
best combined rank, go to step 6; otherwise, learner having the best 
combined rank is selected as current teacheriter; then, go to step 7�

Step 6: Learners having same best combined rank are identified� Make 
a weighted combination of those identified learners, such that the 
new evoluted learner must give both MATE1 and MATE2 lower than 
either the MATE1 and MATE2 corresponding to the learner having 
the second-best combined rank at current population (applicable 
only for first iteration) or the minimum MATE1 and MATE2 gained 
at immediate last iteration� The new evoluted learner is selected as 
current teacheriter�

Step 7: Find out mean of current all n learners and estimate the adapted 
TF as:

 TF
current mean

current teacher
iter

iter

iter
=  (7�14)
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Step 8: Calculate SR ratio along all three dimensions—C, ε, and σ� If 
termination criterion is satisfied, stop simulation and declare the lat-
est teacher as the optimum unique set of C, ε, and σ; otherwise, go 
to step 9�

Step 9: If iter = itermax, then go to step 3 and restart the simulation with 
higher itermax; otherwise, set t = 1 and go to step 10�

Step 10: Calculate the new tth learner taught by the current teacheriter 
following the relation 

 

new learner current learner rand

current teacher TFiter i

t t= +

× – tter itercurrent mean×( )
=t n1 1( )

 (7�15)

Step 11: If MATE1, new t  <  MATE1, t and MATE2, new t  <  MATE2, t, then 
replace tth learner of current population by new tth learner and go 
to step 12; otherwise, tth learner of current population is kept unal-
tered� Then, go to step 12�

Step 12: If t = n, then set k = 1 and go to step 13; otherwise, set t = t + 1 
and go to step 10�

Step 13: Select random integer r between 1 and n, except k�
Step 14: If MATE1, k < MATE1, r and MATE2, k < MATE2, r, then calculate 

new kth learner sharing knowledge with current rth learner, using 
Equation 7�16, and go to step 16; otherwise, go to step 15� 

 
new learner current learner rand

current learner curren

k k

k

= +

× – tt learnerr( )
 (7�16)

Step 15: If MATE1, k > MATE1, r and MATE2, k > MATE2, r then calculate 
new kth learner sharing knowledge with current rth learner, using 
Equation 7�17, and go to step 16� Otherwise, kth learner of current 
population is kept unaltered; then, go to step 16� 

 
new learner current learner rand

current learner curren

k k

r

= +

× − tt learnerk( )
(7�17)

Step 16: If k = n, replace the learners of current population by corre-
sponding new learners; set iter = iter + 1; and go to step 4� Otherwise, 
set k = k + 1 and go to step 13�

Therefore, latest teacher is selected as unique set of C, ε, and σ� With this 
set of C, ε, and σ, two separate sets of Lagrange multipliers are calculated 
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using the corresponding normalized training output vectors of MRR 
and ASR� The unified structure of SVM regression learning system of 
the EDM process could be represented by Equation 7�8� Prediction of nor-
malized MRR and normalized ASR could be done separately by pouring 
their respective set Lagrange multipliers into this Equation 7�8� Predicted 
normalized MRR and ASR are denormalized and subsequently finally 
achieved training errors—MATE1 and MATE2—are estimated�

Now, using the above said TLBO algorithm adapted with all dis-
cussed modifications, training errors in the prediction of MRR (MATE1) 
and ASR (MATE2) are minimized simultaneously for different settings 
of C, ε, and σ within combined searching ranges (refer to Table 7�2)� As 
the simulation marches, with different values of C, ε, and σ, the shape 
of the learning system gets modified and, consequently, training errors 
are changed� Finally, the optimum unique set of C, ε, and σ within the 
specified searching ranges (Table 7�2) with achievable minimum MATE—
MATE1 and MATE2—is found and reported in Table 7�3� Modified TLBO 
algorithm is coded in MATLAB R2012a and LibSVM command line func-
tions are used for the SVM learning process�

Optimum unique value of C is shifted toward the upper end of search 
space� This indicates the complexity of the model, which is in favor of the 
stochastic behavior of the EDM process� The random fluctuations could be 
controlled by proper choice of ε� Here, lower value of ε indicates that the 
learning system could be able to absorb the random variations adequately� 
Besides, small σ value claims that the unified learning system is stable 
and generalized by entrapping the oscillatory patterns in outputs outside 
the insensitive zones�

With this simulated optimum unique set of C, ε, and σ (listed in 
Table 7�3), two sets of Lagrange multipliers (αi, αi*) for normalized MRR 
and for ASR are calculated separately (Table A2)� Representative models 
of the developed unified structure of SVM regression learning system 
are given by Equation 7�18�

Table 7.3 Results of tuning internal structural parameters 
(C, ε, and σ) of SVM for unified learning

Response

Optimum unique SVM 
internal parameters for 
normalized responses

Simulation 
time (s)

No. of 
support 
vectors Bias

Performance

C ε σ
MATE 

(%) r2

MRR 1�0000 0�0167 0�4642 871�0905 37 0 6�50 0�9855
ASR 49 0 3�31 0�9527
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with j = 1 for normalized MRR, j = 2 for normalized ASR, and 
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Marching steps for searching an optimum unique set of C, ε, and σ in 
simultaneous estimation of MRR and ASR are given in the following flow-
chart (Figure 7�4)� Corresponding to current teacheriter, of each iteration, 
MATE1 and MATE2 are calculated, and their gradual decaying patterns 
are represented in Figures 7�5 and 7�6� Observing the components of SR 
ratio of current population at the end of each iteration, influence of three 
internal structural parameters—C, ε, and σ—on simultaneous minimiza-
tion could be understood (refer to Figure 7�7)�

In case of minimizing MATEs, MATE1 and MATE2, relative to C and ε, 
the effect of σ is marginally lower, as SR ratio for σ decreases at a faster rate 
relative to C and ε (Figure 7�8)� After a few iterations, absence of irregular 
fluctuations of SR ratios along all three dimensions indicates the conver-
gence of simulation procedure toward global optimum in a smooth way�

7.3.3 Testing of unified learning system

Unified learning system of MRR and ASR (Equation 7�18) is tested with 
10 disjoint data sets obtained from separate follow-up experimental runs� 
For testing purpose, testing input vectors are normalized using Equation 7�9� 
Sets of Lagrange multipliers of normalized MRR and normalized ASR 
(refer Table A2) are separately fed to the learning system (Equation 7�18), 
and testing output vectors—normalized MRR and normalized ASR—are 
estimated separately� These estimated normalized outputs are denor-
malized with the help of Equation 7�9� Steps for concurrent estimation of 
MRR and ASR in testing are shown in Figure 7�8� The absolute errors in 
prediction, with corresponding experimental values, are calculated and 
presented in Tables 7�4 and 7�5�

Mean absolute testing errors (Tables 7�4 and 7�5) for both MRR (3�51%) 
and ASR (3�37%) indicate the practical adequacy of the developed unified 
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structure of SVM regression learning system for prediction of MRR and 
ASR in the EDM process within their experimental ranges�

To depict the effects of different process parameters (current, pulse-on 
time, and pulse-off time) on responses, surface plots for MRR and ASR are 
generated using Equation 7�18 and subsequent denormalization (Figures 7�9 
through 7�14)�

For both MRR and ASR, current shows a strong positive influence, 
whereas the other two control parameters—pulse-on time and pulse-off 
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Figure 7.5 Changes in MATE in the estimation of MRR (MATE1)�
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Figure 7.7 Change of SR ratio along C, ε, and σ during simultaneous minimiza-
tion of MATE1 and MATE2�
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Figure 7.8 Steps for concurrent estimation of MRR and ASR from unified struc-
ture of SVM regression learning system�
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time—are found to be not so effective with their changes� At lower values 
of current, effects of both pulse-on time and pulse-off time on MRR and 
ASR are almost insignificant� In the higher zone of current values, higher 
MRR could be obtained by increasing pulse-on time or by lowering pulse-
off time� Although variation of pulse-off time does not show significant 
change in ASR, even at higher values of current, with increase of pulse-on 
time, ASR is found to be increased at upper zone of current space�

Table 7.4 Testing of estimated MRR

S. no.

Control parameters Material removal rate

Current 
(A)

Pulse-on 
time (µs)

Pulse-off 
time (µs)

Experimental 
(mm3/min)

Estimated 
(mm3/min)

Absolute 
error (%)

1 6 100 50 5�48126 5�51254 0�57
2 6 200 150 4�56557 4�79086 4�93
3 9 100 100 9�13364 8�60628 5�77
4 9 150 50 13�50951 12�70528 5�95
5 9 200 100 10�48887 10�45321 0�34
6 12 50 100 9�46479 9�93234 4�94
7 12 100 50 19�36570 18�94783 2�16
8 12 150 200 11�36906 11�43744 0�60
9 15 100 100 18�06487 16�80110 7�00

10 15 150 50 24�95816 25�65435 2�79
Mean absolute testing error (%) 3�51

Table 7.5 Testing of estimated ASR

S. no.

Control parameters Average surface roughness

Current 
(A)

Pulse-on 
time (µs)

Pulse-off 
time (µs)

Experimental 
(µm)

Estimated 
(µm)

Absolute 
error (%)

1 6 100 50 4�61 4�59 0�43
2 6 200 150 4�21 4�31 2�38
3 9 100 100 5�79 6�00 3�63
4 9 150 50 6�95 6�40 7�91
5 9 200 100 6�22 6�20 0�32
6 12 50 100 5�88 5�78 1�70
7 12 100 50 7�44 6�90 7�26
8 12 150 200 7�35 7�55 2�72
9 15 100 100 7�48 7�26 2�94

10 15 150 50 8�49 8�12 4�36
Mean absolute testing error (%) 3�37
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Figure 7.9 Effect of current and pulse-on time on MRR at pulse-off time 125 µs�
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Figure 7.10 Effect of current and pulse-off time on MRR at pulse-on time 125 µs�
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Figure 7.11 Effect of pulse-on time and pulse-off time on MRR at current 10�5 A�
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Figure 7.12 Effect of current and pulse-on time on ASR at pulse-off time 125 µs�
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Figure 7.13 Effect of current and pulse-off time on ASR at pulse-on time 125 µs�
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Figure 7.14 Effect of pulse-on time and pulse-off time on ASR at current 10�5 A�
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The higher coefficient of determinations (r2s) (refer to Table 7�3) 
indicates the strong correlations between experimental and estimated 
responses (denormalized)�

Although the proposed methodology is described with the aid of 
experimental results of MRR and ASR in the EDM process, the suggested 
steps could be easily adopted for other representative model development 
problems in a generalized way�

7.4 Conclusion
In the present work, a simple methodology is proposed to develop a 
 unified structure of SVM regression-based learning system of MRR and 
ASR in the EDM process, with internal structural parameters tuned by 
modified TLBO� 

• Modification over standard TLBO—combined rank method is intro-
duced for simultaneous minimization of MATEs in the estimation 
of MRR and ASR�

• In combined rank method, learners of current population are 
 combined with weight vectors instead of objective functions 
(MATE1 and MATE2) to reserve the independent impacts of objective 
functions�

• An optimum single set of SVM internal structural parameters—C, 
ε, and σ—for both the MRR and the ASR is obtained, instead of two 
separate sets of C, ε, and σ for two individual responses�

• Optimum unique set of C, ε, and σ, generates two sets of Lagrange 
multipliers on feeding the corresponding normalized process out-
comes separately to the developed unified learning system for esti-
mation of MRR and ASR, respectively�

The proposed way for developing unified structure of SVM regression 
learning system for concurrent prediction of multiple outcomes could 
be a guideline for building compact data generator in virtual world of 
any such process� Simultaneous handling of multiple objective functions, 
without affecting their individual influences, as suggested in the present 
study, would be a stepping stone to multiobjective optimization�
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Appendix

Table A.2 Difference of Lagrange multipliers (αi, αi*) 
for normalized MRR and normalized ASR

Sl. no.

Training 
input vector 
(cur, ton, toff)

Difference of 
Lagrange 

multipliers for 
normalized MRR

Difference of 
Lagrange 

multipliers for 
normalized ASR

1 (6, 50, 50) −0�000000002796 −0�764554207673b

2 (6, 50, 100) −0�000000009512 0�884361167229b

3 (6, 50, 150) 0�000000000122 0�510197961001b

4 (6, 50, 200) −0�000000016877 −0�999999994898b

5 (6, 100, 100) −0�432080569555a −0�999999998139b

6 (6, 100, 150) 0�000000032870 0�154408781906b

7 (6, 100, 200) −0�000000005594 0�710914971657b

(Continued)

Table A.1 Initial learner population for searching optimum 
unique set of C, ε, and σ by modified TLBO

Learner no. C ε σ

1 0�0562 0�0169 0�6413
2 0�9825 0�0168 0�4735
3 0�9739 0�0329 0�4921
4 0�3274 0�0168 0�7914
5 0�8495 0�0352 0�7303
6 0�2533 0�0182 0�4764
7 0�9156 0�0261 0�7927
8 0�8193 0�0365 0�4666
9 0�0469 0�0351 0�6027

10 0�0624 0�0234 0�7503
11 0�9999 0�0335 0�7616
12 0�0312 0�0187 0�4731
13 0�7384 0�0366 0�7820
14 0�1198 0�0369 0�7528
15 0�8958 0�0183 0�7443
16 0�0899 0�0232 0�7526
17 0�1775 0�0176 0�7766
18 0�0691 0�0175 0�5132
19 0�7849 0�0178 0�4744
20 0�9833 0�0262 0�6943
Initial SR ratio (%) 40�64 40�18 40�45
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Sl. no.

Training 
input vector 
(cur, ton, toff)

Difference of 
Lagrange 

multipliers for 
normalized MRR

Difference of 
Lagrange 

multipliers for 
normalized ASR

8 (6, 150, 50) 0�127462045052a 0�037989657879b

9 (6, 150, 100) 0�141377784440a 0�999999995288b

10 (6, 150, 150) 0�464622968706a −0�999999995293b

11 (6, 150, 200) −0�217389039837a −0�551957179210b

12 (6, 200, 50) −0�009938496912a 0�000000001114
13 (6, 200, 100) −0�000000004138 −0�135215960250b

14 (6, 200, 200) −0�430589900521a 0�077156773467b

15 (9, 50, 50) 0�355462431335a 0�999999994509b

16 (9, 50, 100) 0�273609069455a −0�295041059654b

17 (9, 50, 150) −0�000000002954 −0�999999996557b

18 (9, 50, 200) 0�000000002403 0�999999996087b

19 (9, 100, 50) −0�000000007705 −0�090219565910b

20 (9, 100, 150) 0�217241099393a 0�999999996909b

21 (9, 100, 200) −0�000000001207 −0�289849585477b

22 (9, 150, 100) −0�420062202030a 0�999999997362b

23 (9, 150, 150) 0�000000002994 −0�436752900699b

24 (9, 150, 200) −0�138829893909a 0�999999998078b

25 (9, 200, 50) −0�000000029292 −0�875041277073b

26 (9, 200, 150) −0�273962234136a 0�000000001502
27 (9, 200, 200) 0�999999998834a 0�321212248902b

28 (12, 50, 50) −0�332688993668a −0�301423445472b

29 (12, 50, 150) −0�725705107150a −0�000000010391
30 (12, 50, 200) 0�071476440548a 0�079249244142b

31 (12, 100, 100) −0�469673124348a −0�914066753160b

32 (12, 100, 150) 0�898274485156a 0�770128415857b

33 (12, 100, 200) 0�000000001649 −0�999999996900b

34 (12, 150, 50) −0�000000013432 0�999999998585b

35 (12, 150, 100) 0�999999995452a −0�917033628344b

36 (12, 150, 150) −0�999999992952a −0�999999996259b

37 (12, 200, 50) 0�538360015461a −0�086447265691b

38 (12, 200, 100) −0�999999998048a 0�999999998030b

39 (12, 200, 150) 0�999999993285a −0�000000009813
40 (12, 200, 200) −0�574857959601a −0�094448806725b

41 (15, 50, 50) 0�920212678063a 0�999999997745b

42 (15, 50, 100) −0�999999996271a −0�828828033849b

Table A.2 (Continued) Difference of Lagrange multipliers (αi, αi*) 
for normalized MRR and normalized ASR

(Continued)
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chapter eight

Modeling of grind-hardening
Angelos P. Markopoulos, Emmanouil L. Papazoglou, 
Nikolaos E. Karkalos, and Dimitrios E. Manolakos

8.1 Introduction
High-precision production of steel components usually includes a hard-
ening process, in order to alter the structure of the components’ surface� 
Conventional thermal processing methods are characterized by increased 
energy consumption, and they involve the use of pollutant solvents—salts� 
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At the same time, it is usual for the hardening process to be conducted 
away from industries and production lines, leading to additional energy, 
environmental, and financial cost for the fabrication of final products� 
Furthermore, the need for cleaning of products before the thermal process 
occurs requires large amounts of water�

Grind-hardening or grinding-hardening process is considered as a 
hybrid process, which can be employed for the simultaneous surface hard-
ening and grinding of metal components, thus reducing the number of steps 
of the total manufacturing procedure, along with the disadvantages, which 
are related to each of those steps� Specifically, this process can be conducted 
in the same machine tool, using the same setup� Grind-hardening process 
is based on the control of the amount of heat produced by the process itself, 
which leads to a localized heating of the workpiece and the subsequent 
increase of surface roughness through a martensitic transformation�

Before introducing the methodology followed in this study, it is 
 considered noteworthy to discuss some significant previous works on 
grind-hardening process, most of which were conducted during the past 
decade�

At first, a concise and global presentation of this manufacturing pro-
cess, leading to a sufficient level of understanding of grind- hardening, 
was given by Brockhoff and Brinksmeier [1]� Focusing primarily on the 
needs of industry for technoeconomic-efficient surface thermal process-
ing of workpieces, they proposed the utilization of heat amount produced 
during grinding for conducting a hardening process at the same time� 
Initially, they conducted studies on the heat produced during grinding 
and mainly the amount absorbed by the workpiece, with a view to avoid 
undesired thermomechanically induced phenomena such as surface 
cracks or regions with different hardness value� Required power during 
the process, the temperature field in the workpiece, and the partition of 
heat were able to be computed, in correlation with process parameters 
and material properties by conducting experiments and through analyti-
cal models� The next step proposed by the authors was the utilization of 
produced heat in the framework of a hybrid manufacturing process�

From the aforementioned work, valuable information concerning the 
effect of process conditions to the outcome of the hardening process can 
be extracted� In the first place, it is pointed out that an increase of depth 
of cut with constant feed speed can lead not only to larger forces and 
power but also to a reduction of specific power, due to an increase in the 
contact length� Specific energy, absorbed by the workpiece, is increased 
with an increase in depth of cut, reaching a maximum of ew = 150 J/mm2 
for a depth of cut ae  =  1  mm� By increasing feed speed, cutting forces 
and power are increased� However, due to the reduction of processing 
time, the amount of specific energy absorbed by the workpiece is reduced� 
More specifically, for an increase in feed speed from uw = 0�00167 m/s to 
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uw = 0�0833 m/s, a reduction of specific energy from ew = 1150 J/mm2 to 
ew = 25  J/mm2  is observed� Consequently, when using low feed speeds, 
a high heat partition ratio toward the workpiece and lower power are 
observed, whereas when using high feed speeds, the opposite situation 
may occur� Workpiece material is also an important process parameter, 
as maximum hardness value depends on carbon content and percentages 
of other alloying materials� Quenched steels can be processed to achieve 
larger hardness penetration depths (HPDs) in comparison with annealed 
steels, due to the more favorable distribution of carbides� Furthermore, 
the use of cutting fluid is not suggested, as a large amount of heat is dis-
sipated away, except for the case of workpieces with small volume, for 
which cooling is not sufficient�

In the work of Nguyen et al� [2], the use of liquid nitrogen as a cooling 
medium is proposed and its advantages are discussed� It is accentuated 
that grind-hardening process can induce several undesired effects to the 
workpiece, such as reduced surface quality, low dimensional accuracy, 
residual stresses, unfavorable workpiece material microstructure altera-
tions, and intense surface corrosion� Liquid nitrogen is already being used 
during welding to avoid corrosion and also as a cryogenic process, so that 
the remaining austenite from classical thermal process is transformed to 
martensite� Taking this into consideration, the authors proposed the use 
of liquid nitrogen as a cooling medium, given also its capability to lead 
to high rates of cooling� They used AISI 1045 steel as workpiece material 
(with an orthogonal parallelepiped geometry) and the following process 
parameters: us = 23 m/s, uw = 0�0067 m/s, and ae = 0�02 mm� It must be noted 
that these conditions are considered as rather low feed speed and depth 
of cut values, respectively� The authors observed an improved surface 
quality and almost barely noticeable oxidation marks in comparison with 
surfaces processed in air, which also have very rough surfaces� Moreover, 
they managed to achieve very high hardness, with a maximum value of 
HV(500gr) = 1100, whereas without the use of liquid nitrogen, the maximum 
hardness achieved by grinding-hardening was HV(500gr) = 750 and, when 
they employed a conventional cutting fluid, no increase in hardness was 
observed� On the other hand, using liquid nitrogen as a cooling medium, 
HPD is reduced significantly�

In another work, Nguyen and Zhang [3] used a 3D finite element 
method (FEM) computational model to compute the temperature field in 
the workpiece during grind-hardening and HPD; they investigated the 
possibility of using liquid nitrogen as a cooling medium� AISI 1045 steel 
workpieces of orthogonal parallelepiped geometry were again employed, 
and selected process parameters were us = 25 m/sec, uw = 0�01667 m/sec, 
and ae  =  0�05  mm and 0�1  mm� Investigations were conducted both for 
grinding-hardening in air and with the use of liquid nitrogen� As it was 
also observed in their earlier study, relatively low values of feed speed 
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and depth of cut were chosen� Their results indicate that a deviation of 
7�8%–12�9% in comparison with the experimental temperature values was 
noted for the FEM model, but it was able to predict HPD with a deviation 
of 4�2%–7�9%�

Han et  al� [4] stated that although in several cases of industrial 
practice such as the fabrication of crankshafts in automotive industries, 
nonquenched steel components are currently more preferable, the need 
of components with high surface hardness is still present in industrial 
applications, and, in this manner, alternative methods of surface hard-
ness, such as high- or medium-frequency induction hardening, are 
tested in industrial applications� In the current framework of demands 
from the industry for efficient surface hardness processes, grind-hardening 
process was studied for 400Cr steel workpieces of orthogonal parallel-
epiped geometry� The process parameters were us < 40 m/s, uw = 0�005–
0�025 m/s, and ae = 0�05–0�25 mm, and the process was conducted under 
dry conditions� The results indicated a reduction in HPD when feed 
speed was increased, whereas increasing depth of cut up to a point led 
to an increase of HPD, but after that, a decrease of HPD was observed� 
Maximum surface hardness value was measured to be 700 HV, 2�8 times 
higher than the initial hardness value� Finally, they also stated that 
greatest improvement in components’ hardness can be observed in 
 nonquenched steels�

Zhang et al� [5] conducted a computational study of grind-hardening 
process and compared their results with experimental ones� They chose 
AISI 1020  as work material; orthogonal parallelepiped workpieces and 
process parameters were selected as: us = 19�6 m/s, uw = 0�01–0�05 m/s, and 
ae = 0�1–0�3 mm, while the process was conducted under dry conditions� 
The computed maximum temperatures are similar to the experimental 
ones� Moreover, it was found that maximum surface hardness increased 
from 220 HV to 520–660 HV with increasing depth of cut; this effect can 
be justified by the uneven distribution of ferrite and perlite in the work-
piece� The HPD was calculated with a deviation of 7%, and based on these 
results, HPD’s correlation with depth of cut and feed speed was estab-
lished� More specifically, it was found that HPD’s correlation with feed 
speed can be considered nonlinear� For some of the process parameters’ 
combinations, no hardening was observed, due to the low temperatures�

Liu et al� [6] investigated the effect of various parameters on the devel-
opment of zones with different microstructure inside the machined work-
piece� More specifically, they conducted experiments on AISI 1060 steel 
workpieces with orthogonal parallelepiped geometry, and process 
parameters were: us = 26�3 m/sec, uw = 0�008 m/sec, and ae = 0�2–0�5 mm 
under dry conditions� They observed two distinct zones within the HPD: 
a fully hardened zone and a transitional zone� Hardness within the fully 
hardened zone was between 750 HV and 780 HV, 1�4 times higher than 
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that of common quenched steels and 2�4 times higher than that of com-
mon annealed steels� The HPD was found to increase almost linearly with 
respect to the cutting depth, and almost no difference was attributed 
to the initial condition of workpiece, as quenched steel workpieces had 
slightly higher HPD than annealed ones�

Apart from grind-hardening process for orthogonal parallelepiped 
workpieces, investigation for grinding-hardening of cylindrical work-
pieces was also conducted [7–10]� In the present study, it is intended 
that only orthogonal parallelepiped workpieces will be studied, and 
no further details on particularities of grinding-hardening process 
for cylindrical workpieces will be discussed� Other noteworthy works 
on grind-hardening are the work conducted by Alonso et  al� [11] and 
Salonitis [12], concerning residual stresses developed on workpieces 
during grind-hardening�

In this study, the focus is set on the study of the grind-hardening pro-
cess for relatively high feed speed and depths of cut� In the relevant litera-
ture, as aforementioned, the majority of researchers have used feed speeds 
less than 1 m/min� So, it is intended to study grind-hardening process 
for a different range of feed speeds with both numerical and analytical 
models, which will be developed with a view to investigate this previ-
ously not studied area� AISI O1 and AISI D2 steel types are employed for 
experimental work, as these materials have rarely been investigated in the 
relevant literature for grind-hardening process, and so, it is an excellent 
opportunity to conduct an intriguing research on the processing of these 
two materials� The experimental results are used for the analytical and 
numerical modeling of grind-hardening�

8.2  Modeling of grinding wheel, forces, 
and heat partition

8.2.1 Modeling of grinding wheel topology

The volumetric concentration of pores can be evaluated from an empirical 
formula, according to the grinding wheel type, proposed by Malkin and 
Guo [13], as: 
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Similarly, the volumetric concentration of grains can be also calculated 
from an empirical formula, as: 

 V Sg = −2
100

32( ) (8�2)
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Finally, the volumetric concentration of the bonding material can be cal-
culated from the values of volumetric concentration of the two other con-
stituent materials of the grinding wheel: 

 V V Vb g P= − −1  (8�3)

The ratio of static to active grains depends on factors such as elasticity of 
grinding wheel, wheel and workpiece deformation, and processing time� 
In the model proposed in this study, an expression correlating the volu-
metric concentration of bonding material and the ratio of static to active 
grains is employed� This expression was derived by the work conducted 
by Hou and Komanduri [14]� A normalization coefficient, which can relate 
a reference ratio Φref to the properties of each grinding wheel, is also 
calculated� 

 N.F. = ⋅ −20 535 0 217. .Vb  (8�4)

 Φ Φa = ref N.F.( ) (8�5)
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The equivalent grinding wheel diameter is obtained from the following 
relation: 
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where, for a flat workpiece, dw = ∞, and, consequently, de = ds�
The contact arc length between grinding wheel and workpiece is con-

sidered to be equal to the geometric contact length and is given by the 
geometry of the contact areas of the grinding wheel and workpiece, as: 

  c e ed a=  (8�8)

The average grain diameter is evaluated as a function of grain size through 
a correlation with the grit number M proposed by Malkin [13]: 

 d Mg = −15 2 1.  (8�9)

When all the above-mentioned quantities are known, the number of static 
grains may be estimated accordingly: 
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or finally 
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Consequently, the number of active grains is equal to: 

 n na a s= Φ  (8�11)

8.2.2 Process forces

In order to calculate the thermal flux toward the workpiece, the power 
produced by the process should first be calculated by the determination 
of process forces� The two components of grinding force are the tangential 
Ft and the normal Fn� As the grinding wheel diameter is several orders of 
magnitude larger than the depth of cut, the tangential force can be con-
sidered equal to the horizontal force� The total tangential process force 
can be calculated as a sum of slip force, chip-forming force, and plastic 
deformation forces� The last two forces are also denoted as cutting forces� 

 F F Ft t t,c= +,sl (8�12)

 F F Ft c t t, , ,= +ch pl (8�13)

8.2.2.1 Slip force calculation
Slip force calculation can be conducted by determining the average con-
tact pressure of grains on the workpiece surface, the area of contact, and 
the average friction coefficient� 

 F p At m a, sl = µ  (8�14)

According to experimental data [13], it can be stated that friction coef-
ficient is independent of the grinding wheel and workpiece topography 
and is affected only if thermal damage of the workpiece occurs due to 
process parameters� In the present study, no thermal damage is supposed 
to occur, and the friction coefficient value is proposed to be µ = 0�38�

The average contact pressure is a linear function of curvature dif-
ference Δ� The curvature difference is defined as the difference between 
grinding wheel radius and the radius of cutting trajectory� When grind-
ing wheel speed is significantly larger than the workpiece feed speed 
(uw << us), the difference in curvature can be obtained as: 

 ∆ = 4u
d u

w

e s
 (8�15)
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The linear regression coefficients for the correlation of pm and Δ are 
derived from the experiments conducted by Kannapan and Malkin [15]� 
The proposed values for the two empirical parameters are: 

 k1
62 58 10= ⋅ ( ). /N mm  (8�16)

 k2 35= ( / )N mm  (8�17)

Therefore, the average contact pressure can be calculated by the expression: 

 p k km = +1 2∆  (8�18)

The real contact area between grinding wheel and workpiece Aα depends 
on the number of active grains and the slip area of each grain� The average 
slip area per grain Αg is considered to be the area of a circle with a diam-
eter equal to the two-thirds of the average grain diameter: 

 Ag = 1
4

2πwf (8�19)

 wf =
2
3

dg (8�20)

Thus, 

 A n Aa a g=  (8�21)

The total tangential component of slip force can be obtained as follows: 
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8.2.2.2 Cutting force
Cutting forces can be determined from the special cutting force, which 
is defined as the energy being consumed for the removal of a unit vol-
ume of the workpiece material� The special cutting energy is the sum of 
the chip-forming energy and the workpiece deformation energy, without 
material removal� Malkin and Guo [13] found experimentally that the spe-
cial cutting energy asymptotically approaches the chip-forming energy 
when material removal rate increases� It has also been experimentally 
proven that chip-forming energy does not depend on process parameters, 
grinding wheel type, and workpiece material� In the majority of refer-
ences, a specific cutting energy value of uch = 13�8 J/mm3 is proposed�
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According to the aforementioned, the following equation is proposed 
for the estimation of specific cutting energy: 
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 MRR = u aw e (8�24)

When specific cutting energy is known, the cutting force, that is, the sum 
of tangential forces for chip forming and workpiece deformation, can be 
obtained by a formula proposed by Malkin and Joseph [16]: 
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 F F Ft c t ch t, , ,= + pl (8�26)

8.2.3 Production and partition of heat

In order to calculate the heat produced during the process, it is neces-
sary to analyze the mechanism that causes the production of this amount 
of heat� Thus, the heat produced during grinding is generated by the 
following: 

• Friction between grinding grains and workpiece
• Plastic deformation at slip plane during chip removal
• Plastic deformation of workpiece material without material removal

Based on experimental data, it is considered that heat amount, which 
is produced by plastic deformation not only at slip plane but also at the 
workpiece, is considered to be negligible in comparison with the heat 
amount produced by friction at the grain–workpiece interface� Thus, if the 
only heat source is attributed to friction, process power can be computed 
as follows: 

 P F u ut s w= ±( ) (8�27)

In the previous formula, the positive sign is used for a down-grinding pro-
cess, where peripheral wheel velocity and workpiece feed velocity vector 
are on the same direction, and the negative sign is used in the opposite case� 
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However, as the two velocities differ considerably in terms of magnitude, 
this expression could further be simplified, and it could be supposed that 
velocity is equal to the peripheral wheel velocity us; however, it is intended 
not to further simplify this formula�

The heat produced is partitioned to several components of the pro-
cess, as there is heat flux directed toward the workpiece, the grinding 
wheel, and chips� The heat amount produced can be calculated as the ratio 
of process power to the area of grinding zone� According to this, heat can 
be evaluated by the relation: 

 q
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q q qt

c
w s= = + +
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ch (8�28)

The heat amount that is transferred from chips is also derived from the 
specific energy, which is distributed in the grinding zone� Chip specific 
energy is defined as the heat amount required for the increase of chip 
temperature up to its melting point, a temperature that is often attained 
by chips, according to Malkin [13]� So, 

 e C T Tw T T w T T och mpmp mp= −= =ρ , , ( ) (8�29)

Then, thermal flux to the chip can be calculated as: 
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Partition ratio of heat carried away by chips is equal to: 

 R
q
qt

ch
ch=  (8�31)

In this process, the largest amount of heat is produced by friction at 
grain–workpiece interface� Furthermore, the contact surface is consid-
erably larger than the contact surface of other material-removal pro-
cesses� In the developed model from Rowe et al� [17], grinding wheel and 
workpiece are approximated as two sliding bodies� By using this model, 
heat partition coefficient between grinding wheel and workpiece can 
be obtained: 
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where β ρw w w wk C=  and β ρs s s sk C= are the average heat transfer coef-
ficients for workpiece and grinding wheel, respectively�

To calculate grinding wheel properties, it is supposed that grinding 
wheel is a material composed of voids and grain material� Average values 
for its properties can be derived from a mixing rule with respect to surface 
porosity φ: 

i i is g a= ⋅ + − ⋅ϕ ϕ( )1 (8�34)
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⋅
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c
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Then, heat flux and partition ratio toward the workpiece, as well as heat 
partition ratio toward the grinding wheel, can be estimated as follows: 

q R q qw t= −ws ch( ) (8�36)
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8.3 Analytical modeling
The analytical model used in the present work is derived from an 
 analytical model for the computation of 3D temperature profile, pro-
posed by Foeckerer et al� [18]� The following assumptions are made for the 
 derivation of this model: 

• Rectangular, semi-infinite workpiece� This geometry is similar 
to that studied in this paper, and the assumption of semi-infinite 
dimensions is valid, as depth of cut values are several orders of mag-
nitude smaller than the other dimensions�

• Constant feed speed�
• Heat source, which represents the heat produced by the process, has 

a triangular spatial distribution� This distribution is often employed 
in publications relevant to grinding process modeling� Latent heat is 
not taken into consideration�

• Two coordinate systems are being used: one related to the workpiece 
(x, y, z) and the other related to the source (x′, y′, z′)� The first one is 
immobile—constant, whereas the other is moving relatively to the 
center of workpiece—heat source contact area�
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Time-dependent, 3D heat transfer in the case of a moving workpiece can 
be described by the following differential equation [18]: 
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where T = T(x, y, z, t) is the temporal and spatial temperature distribution�
To solve this differential equation, the following data are applied:

Initial conditions: T x y z t Tt( , , , ) = ∞= = °0 0 C
Boundary conditions:

• Out of the region, affected by the heat source:
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• Inside the region, affected by the heat source: 
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Heat source is defined in terms of dimensionless coordinates and is calcu-
lated by the following relation: 
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or finally: 
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Furthermore, nondimensional variables are introduced according to Des 
Ruisseaux and Zerkle formulation [19,20]: 

 X =
u x

, Y =
u y

, Z =
u zw w w

2a 2a 2a
(8�43)
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τ = − ′u t t
a

w

2
(8�46)

Finally, the analytical solution of Equation 8�39, for the boundary condi-
tions imposed and using dimensionless quantities, yields: 
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This analytical solution is computed numerically by Gauss–Kronrod 
 algorithm, also proposed by Foeckerer et al� [18]�

8.4 Numerical solution using ANSYS
8.4.1 Description of general details of the model

The heat source is considered to have a triangular spatial distribution, 
as in the case of analytical solution, and its velocity is equivalent to the 
feed speed of the workpiece (uw)� Owing to the inability of the employed 
ANSYS component to explicitly model moving heat sources, the moving 
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heat source will be simulated implicitly� In the workpiece surface, spe-
cial surfaces are defined, in which time-dependent heat sources equiva-
lent to the total heat source are assigned� Each individual source, having 
a triangular distribution, is activated only when the real heat source, 
representing the heat produced by the process, passes over the surface 
at the point where the individual source surface starts, that is, governed 
by the distance between adjacent cells, feed speed, and contact length of 
the process�

For the system studied in the current work, the following quantities 
are defined: 

• Contact length:  c1

• Heat flux: qw

• Workpiece feed speed: uw

• Node I position: xi

• Distance between nodes I and (i +1): ∆x x xi i= −+1

An important note should be made concerning the input of heat source 
profile into ANSYS� As a triangular heat source is not directly supported 
and the value of heat source qw max is constant during each time step, 
a suitable correction ′qw max is required to simulate a heat source with a 
triangular distribution� Thus, in order to not add supplementary heat 
during each time and calculate an erroneously increased temperature 
distribution, the heat flux qw max is reduced by a certain amount, with 
respect to the contact length and spatial discretization of workpiece, 
as follows: 

 ′ = − ⋅
( )

= − ⋅q q
q

q
q

w w
w
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(8�48)

Additional details on the computational model developed in ANSYS are 
given as follows: 

• Time of activation of heat source at node i:

 t
x
u

t t
x

u
i

i

w
i i

w
= = ++or 1

∆  (8�49)

• Time duration of each heat source (constant and dependent only on 
process parameters):

 t
u

c

w
active =

 1  (8�50)
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• Temporal heat source distribution:
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• Thermal and mechanical materials properties: Material proper-
ties  for AISI O1  and AISI D2  materials were inserted in array 
form,  with respect to temperature [cp(T), ρ(Τ), k(T)], as denoted in 
Table 8�1�

• Definition of workpiece geometry: An orthogonal parallelepiped 
workpiece with dimensions of 50 × 10 × 4 mm was created, in accor-
dance with the validation experiments that were conducted� The 
length of 50 mm was considered sufficient, as the transient phases of 
the process (start and end) can be modeled accurately and a longer 
workpiece would only increase the computational cost� The height of 
4 mm was determined from preliminary tests, which indicated that, 
in any case, the heat affected zone depth did not exceed 2 mm� In the 
grinding surface, the individual surfaces on which the heat sources 
would be applied had a length of 0�25 mm each, and 100 such sur-
faces were defined, having a length more than two times larger than 
the contact length of the process�

• Computational mesh definition: A 3D computational mesh with cubic 
cells of 0�25 mm edge length was created� This dimension was chosen 
after preliminary tests with respect to the computational time�

• Definition of time step: In this work, time step is defined as the time 
duration required for a heat source to travel along an individual 
surface� Thus, 

 t
uw

step =
0 25.

 (8�52)

Table 8.1 Workpiece material properties

AISI O1 AISI D2

Temperature 
(°C)

Thermal 
conductivity 

(W/mK)
Density 
(kg/m3)

Temperature 
(°C)

Thermal 
conductivity 

(W/mK)
Density 
(kg/m3)

20 32 7800 20 20 7700
200 33 7750 200 21 7650
400 34 7700 400 23 7600
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8.4.2 Verification of the model

A rough estimation of maximum temperature in the workpiece surface 
can be obtained by a semi-empirical formula created by Heinzel et  al� 
[21], relating maximum temperature to process parameters and material 
properties: 

 T
q a a d

k u
m

w e s

w w
=

1 13 1 2 1 4 1 4

1 2

. / / /

/  (8�53)

where a k cp= ρ ( / )mm s2  is the thermal diffusion coefficient�
This expression was also given by Malkin and Guo [22] for a triangular 

heat source, as follows: 

 T
q a a d

k u
m

w e s

w w
=

1 06 1 2 1 4 1 4

1 2

. / / /

/  (8�54)

8.4.3 Thermomechanical material properties

According to the literature data, an effort was made to model temper-
ature-dependent properties of materials involved in the study, as it 
is anticipated that high temperatures will develop inside the workpiece 
during grind-hardening process� Material properties were derived as 
a function of temperature with a linear model� As can be observed 
in  curves of Figure 8�1, a high level of fit was attained (R2  >  0�97), 
which  makes an accurate calculation of these properties possible 
at high  temperatures� In the analytical model, an average value for 
temperatures observed in workpiece surface during the process was 
employed,  whereas in ANSYS environment, the data were inserted 
as arrays�

Heat capacity was defined as cp = 650 J/kg K, according to Figure 8�2� 
This figure is considered very important, as it portrays a highly nonlinear 
correlation of specific heat for temperatures in the range of 650°C–750°C, 
implicating that in this temperature range, a large amount of energy is 
absorbed, with no increase in the temperature�

In the calculations, the thermal properties of air and alundum are 
required to represent the thermal behavior of grinding wheel properly� 
These properties are presented in Table 8�2�

Finally, the process parameters used in the simulation are tabulated 
in Table 8�3�
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8.5 Results and discussion
8.5.1 Analytical model

Table 8�4 presents the results, that is, maximum temperatures, of the ana-
lytical model and Malkin’s empirical equation versus cutting parameters 
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Figure 8.2 Specific heat capacity of steel�

Table 8.2 Air and grinding wheel properties

Material
Melting 

temperature (°C)
Density 

(kg/mm3)
Heat capacity 

(J/kg K)

Thermal 
conductivity 

(W/mmC)

Alundum 1900 0�0000033 900 0�0027
Air — 3�53e−10 0�001411 0�00006754

Table 8.3 Process parameters

Process parameters

Grinding wheel 38Α36-Κ8VG 300Χ50Χ76
Grinding wheel speed (m/s) 43�98
Workpiece feed speed (m/s) 0�195/0�2815/0�3765
Depth of cut (mm) 0�3/0�4/0�5
Grinding method Up-/down-grinding
Cutting fluid No
Workpiece material AISI O1/AISI D2
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(depth of the cut and workpiece speed), length of the arc contact, grinding 
wheel spindle power, heat flux, and heat partition of the workpiece�

In Figure 8�3, the temperature contours within the workpiece at a spe-
cific time step are shown�

Comparing the earlier results, some conclusions may be drawn: 

• Practically, the same maximum temperatures are estimated by 
using the analytical model and Malkin’s equation� The deviation is 
between 0�36% and 0�37%�

• The heat flux depends on the depth of cut and the feed speed; 
higher heat flux, in most of the cases, leads to higher maximum 
temperatures�

• It is apparent that the differences between up- and down-grinding 
are insignificant (between 1% and 3%)� So, it can be said that the 
result of the process applied was not affected by this particular 
parameter�

• Workpieces from AISI D2  material showed higher maximum 
temperatures in comparison with those of AISI O1, for the same 
cutting parameters� The reason is the difference in thermal con-
ductivity� AISI O1 steel has a thermal conductivity k = 32 W/mK and 
AISI D2 steel has a thermal conductivity k = 20 W/mK� The 33% 
lower  thermal conductivity coefficient indicates a harder heat 
 conduct through the workpiece, causing higher topical tempera-
ture rise�

Workpiece temperature field of xz plane
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Figure 8.3 Workpiece temperature field of xz plane for cutting parameters 
uw = 0�195 m/sec and ae = 0�3 mm�
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8.5.2 Results obtained from ANSYS simulations

In Figure 8�4,  the workpiece geometry and the connected mesh used in 
ANSYS are shown�

In Figure 8�5 (a)–(c) and Figure 8�6 (a)–(c), a comparison of the 
ANSYS-calculated temperature field for different process parameters is 
portrayed�

In Table 8�5, the maximum temperature results calculated by the sim-
ulation with ANSYS are shown� In the same table, the results with empiri-
cal and analytical methods are tabulated for comparison�

The results verify the basic assumption that by increasing the feed 
speed, the workpiece temperature profile becomes more narrow, because 
of the decreased heat source (grinding wheel) effect time� The heat parti-
tion to the workpiece and the heat source effect time significantly affect 
the maximum HPD�

Figure 8�7  presents the temperature cycles on the workpiece 
 surface, during process, as these are calculated with both the analyti-
cal model and ANSYS for ue  =  0�195  m/s and ae  =  0�3  mm� A minor 
 deviation  between the two solutions is observed, as the analytical 
model  does not consider the generation of latent heat� No practical 
 diversifications in HPD are expected, as martensitic transformation 
temperatures are at least one order of magnitude greater than the 
difference�

50 mm

4 
m

m

10 mm

0,000 5,000

2,500 7,500

10,000 (mm) X
Y

Z

ANSYS
16.0

Figure 8.4 Workpiece with the adjusted mesh�
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Figure 8.5 Temperature field for AISI O1 workpiece, when the 20th node is acti-
vated for depth of cut ae = 0�3 mm and feed speed (a) 0�195 m/s, (b) 0�2815 m/s, and 
(c) 0�3765 m/s�
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Figure 8.6 Temperature field for AISI O1 workpiece, when the 90th node is acti-
vated for depth of cut ae = 0�3 mm and feed speed (a) 0�195 m/s, (b) 0�2815 m/s, and 
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8.5.3 Method’s accuracy test

In order to ensure the accuracy and correctness of the method, experi-
mental data of the research by Liu et al� [6] were used to compare them 
with the present calculation’s results� In the aforementioned work, the 
researchers have used square-edged workpieces of 1060 steel and grind-
ing conditions, as listed in Table 8�6, for their experiments�

Table 8�7 presents the results of the applied method, comparing them 
with the experimental ones from the above-mentioned publication� An 
acceptable deviation of less than 7% can be seen�
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Figure 8.7  Temperature time variation�

Table 8.6 Grinding conditions

Grinding wheel WA46L8V P350 × 40 × 127

Wheel speed (m/s) 26�3
Table speed (m/s) 0�008
Depth of cut (mm) 0�2/0�3/0�4/0�5
Grinding method Up-grinding
Cooling Dry-grinding
Workpiece material 1060 steel
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8.5.4 Effect of grinding fluid use

8.5.4.1 Grinding fluid model
Grinding fluids serve a number of purposes during process, such as 
mechanical lubrication, chemo-physical lubrication, cooling the contact 
area, bulk cooling outside the contact area, wheel cleaning, and entrap-
ment of abrasive dust and harmful vapors� In order to have an efficient 
and effective usage of grinding fluid, account must be taken of a set of 
parameters such as the fluid properties (water-based fluid or neat oils), 
the pumping system, the nozzle position, and the fluid speed� By using 
grinding fluids, great amounts of the grinding energy can be saved, 
achieving lower surface temperatures [23,24]� The main difficulty in the 
precise calculation of this amount of energy is the definition of the fluid 
convection factor hf� This factor depends on the grinding wheel speed; 
the fluid film thickness within the contact zone, which is determined by 
the  grinding wheel speed; porosity; grain size; fluid type; fluid rate; and 
nozzle size [23]�

The aim of grinding-hardening process is the temperature rise 
above a certain level, that is, the austenitization temperature, in order 
to have a hardened surface layer� Taking away great amount of heat 
by using grinding fluid seems to have a negative effect on the process� 
Nevertheless, there are some special cases where grinding fluid usage is 
indicated� In most of the cases, the generated heat is dissipated inside the 
workpiece, so as to raise the surface temperature and induce metallurgi-
cal transformations� For bulky materials, this heat dissipation provides 
the necessary quenching of the workpiece� However, for utilizing the 
process with thick or small-diameter cylindrical parts, the cooling rate 
achieved is not so significant as to allow the martensitic transformation� 

Table 8.7 Comparison of experimental and simulation results

Depth of a cut 
(mm)

Hardened layer 
thickness [6] (mm)

Hardened layer 
thickness via 

proposed method 
(mm) Deviation (%)

0�2 0�60 0�57 5�0
0�3 0�81 0�86 6�2
0�4 1�01 1�07 5�9
0�5 1�21 1�24 2�5
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Therefore, a coolant fluid is often applied, directly after the contact area, 
for achieving the quenching of these parts� The application of the cool-
ant fluid also reduces the grinding wheel temperature, thus prolonging 
its life [25]�

In order to have a safe estimation of the fluid convection factor, 
the laminar flow model (LFM) is employed, by assuming that the veloc-
ity of flow within the pores of the wheel is us� Simplification using us 
yields [24]: 

 h k C
u

f f f f f
s

c
= 









4
9

2 3 1 2 1 3 1 6
1 2

/ / / /
/

ρ η


 (8�55) 

and the rate of the heat flow to the fluid per unit area is calculated: 

 q h Tf f= ∆ max (8�56)

As a ΔΤ, that is, difference between the workpiece and the fluid tempera-
ture, is needed, an iterative solution is used� To simplify the model, it is 
assumed that the chip and grinding wheel heat ratio do not change and 
only the workpiece heat ratio splits into the workpiece and the grinding 
fluid� As a typical grinding fluid, water at 50°C is used, the properties of 
which are tabulated in Table 8�8�

8.5.4.2  Results of grinding fluid use 
in grinding-hardening experiments

In this subsection, results from cases with grinding fluid are presented 
and a comparison between these cases and cases without the use of 
cutting fluid is conducted� It is evident from the findings in Table 8�9, 
Figure 8�8,  and Figure 8�9  that a much smaller HPD is predicted, as 
expected, and in some cases, no hardening is predicted to take place� 

Table 8.8 Water properties

Water properties at 50°C

Thermal 
conductivity 
(W/mK) Density (kg/m3)

Specific heat 
capacity (J/kg K)

Dynamic viscosity 
(kg/ms)

0�644 988 4182 0�000532
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As  it is seen from Figure 8�8, process temperatures do not exceed 
1300°C, and from Figure 8�9, it is clear that HPDs are less than half the 
depths predicted for cases without grinding fluid�

Nomenclature
Aa Real contact surface (mm2)
Ag Average sliding surface per grain (mm2)
ae Depth of cut (mm)
b Grinding wheel width (mm)
cp Workpiece heat capacity (J/kg K)
cf Cutting fluid heat capacity (J/kg K)
de Equivalent grinding wheel diameter (mm)
dg Average grain dimension (mm)
ds Grinding wheel diameter (mm)
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Figure 8.8  Comparison of maximum temperature by using or not using grind-
ing fluid�
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Figure 8.9  Comparison of HPD by using or not using grinding fluid�



242 Advanced Machining Processes

dw Workpiece diameter (mm)
ech Specific energy carried away by grinding chips (J/mm3)
F Force (N)
Ft Total tangential component of cutting force (N)
Ft c, Tangential component of cutting force (N)
Ft ch, Tangential component of chip formation force (N)
Ft pl, Tangential component of plastic deformation force (N)
Ft sl, Tangential component of slip force (N)
hf Heat transfer coefficient (convection) (W/m2K)
k Thermal conductivity (W/mK)
kf Cutting fluid thermal conductivity (W/mK)
k1 Empirical parameter equal to 2�58 × 106 N/mm
k2 Empirical parameter equal to 35 N/mm2

c Length of contact arc between grinding tool and workpiece (mm)
wf Equivalent diameter of slip surface (mm)
M Grit number
na Active grinding wheel grains
ns Static grinding wheel grains
P Grinding wheel power (W)
pm Average contact pressure of grains on the workpiece surface 

(N/mm2)
S Grinding wheel structure number
qf Heat flux to the cutting fluid (W/m2)
qs Heat flux to the grinding wheel (W/mm2)
qt Produced heat flux (W/mm2)
qw Heat flux to the workpiece for an orthogonal thermal profile 

(W/mm2)
qw max Maximum heat flux value to the workpiece for a triangular 

thermal profile (W/mm2)
qch Heat flux to the chip (W/mm2)
Rch Heat partition ratio (to the chip)
Rws Heat partition ratio (between workpiece and grinding wheel)
To Environmental temperature (°C)
Tmp Workpiece material melting temperature (°C)
uc Special cutting energy (J/mm3)
us Grinding wheel speed (m/s2)
uw Workpiece feed speed (m/s)
uch Specific energy for chip formation (J/mm3)
upl Specific energy for plastic deformation (J/mm3)
Vb Volumetric concentration of grinding wheel bonding material
Vg Volumetric concentration of grinding wheel grains
Vp Volumetric concentration of grinding wheel pores
βs Grinding wheel average heat transfer coefficient (J/m2sK)
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βw Workpiece average heat transfer coefficient (J/m2sK)
∆ Curvature difference (mm−1)
∆Tmax Maximum temperature difference between workpiece and cutting 

fluid (K)
ηf Dynamic viscosity of cutting fluid (kg/ms)
µ Friction coefficient between grinding wheel grains and 

workpiece
ρ Workpiece material density (kg/m3)
ρf Cutting fluid density (kg/m3)
ϕ Surface porosity of a composite material
Φref Reference ratio equal to 3�8%
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chapter nine

Finite element modeling 
of mechanical micromachining
Samad Nadimi Bavil Oliaei and Murat Demiral

9.1 Introduction
Nowadays, there is an emerging global trend toward miniaturization of 
systems, equipment, and devices in almost every field of science, engi-
neering, and technology, where the increasing demand for miniaturized 
products to increase design flexibility, to dwindle energy consumption, 
and to achieve higher degree of accuracy has resulted in the creation 
of new concepts such as small equipment for small parts, microfactories for 
microscale products, and scaled down manufacturing systems [1–3]�

Today, this miniaturization trend is demanding the production of 
higher functionality structural and mechanical components with signifi-
cantly decreased manufactured features in the range of a few microns 
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to  a few hundred microns in several industrial sectors such as aero-
space,  automotive, smart communication systems, optics, microelectronics, 
microsensor systems, medicine, microelectromechanical systems, biotech-
nology, environmental sciences, defense, and avionics, to name a few [4–8]�

Generally, microfabrication techniques can be classified based on 
different criteria� The most comprehensive classification is based on the 
nature of the process� Based on this criterion, microfabrication techniques 
can be divided into two major groups [9]: microsystem technologies 
(MST), which are also known as mask-based, micro electro mechanical 
system (MEMS)-based, or integrated circuit (IC) fabrication techniques, 
and microengineering technologies (MET), in which tool-based microma-
chining techniques are a major part [1]�

Tool-based microfabrication techniques encompass a large variety 
of processes, in which some of them have been developed by scaling 
down of conventional machining processes such as microturning, micro-
milling, and microdrilling� These processes are known as mechanical 
micromachining processes� There are other processes, which are based 
on advanced machining technologies, such as microelectrical discharge 
machining (µ-EDM) and microelectrochemical machining (µ-ECM), or a 
combination of these processes known as hybrid processes, such as EDM/
ECM, ultrasonic-assisted EDM (US/EDM), and so on [10]�

Among aforementioned microfabrication techniques, micromechani-
cal machining has found an ever-increasing acceptance, especially in the 
production of discrete microcomponents, due to its unique advantages, 
such as its cost-effectiveness because of eliminating the need for expensive 
clean room facilities, the ability of producing complex three-dimensional 
microfeatures, the ability to process different engineering materials, and 
having small environmental footprint due to the elimination of chemical 
materials such as etching solutions [11]�

Mechanical micromachining is also considered an enabling technol-
ogy in bridging nanoscale to macroscale feature development� However, 
there are several challenges associated with mechanical micromachining 
processes that should be explored before they can be successfully imple-
mented in the industrial scale for the fabrication of miniature parts [11]� 
According to Silva et al� [12], since mechanical micromachining processes 
are capable of producing high-dimensional and geometrical accuracies 
with desired surface quality and subsurface integrity at reasonably low 
costs, they should be the first choice for microcomponent manufacturers 
among various micromanufacturing techniques�

Although micromechanical machining is considered the scaled-
down version of macro-scale machining, the mechanics of machining at 
microscale are quite different [13]� An in-depth understanding of various 
phenomena involved in the micromachining process, including mecha-
nism of material removal, burr formation, tool wear/deflection/failure, the 
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interaction between cutting tool microgeometry and workpiece  material 
at microscale, the nature of cutting forces, and the evolution of micropart 
surface topography, are key factors in improving productivity and reduc-
ing the cost [14]� In addition, the knowledge about all these phenomena 
is necessary to fabricate microparts, satisfying required dimensional and 
geometrical tolerances and surface quality requirements� Therefore, devel-
opment of predictive techniques to improve the quality of microparts has 
emerged as an important research area� Several approaches have been 
used to predict outputs of microcutting operations, including analyti-
cal modeling, numerical techniques, molecular dynamics (MD) simula-
tion, and experimental studies� Since experimental studies are costly and 
time-consuming and they are only valid for the conditions and range of 
machining parameters used in the experiments, numerical methods are 
used as an alternative method to predict machining process outputs�

Among various numerical methods, finite element (FE) method is the 
most widely accepted numerical method for the simulation of metal cut-
ting processes [15]� Therefore, this chapter is devoted to the application of 
FE method in the modeling of microcutting operations� After a general 
introduction of the challenges of microcutting, the FE method (FEM) of 
microcutting of Ti6Al4V titanium alloy will be discussed, where a mate-
rial model adopted for macroscale cutting operations is used in the simu-
lation to investigate the efficiency of the FE method for the simulation of 
orthogonal microcutting operations� Second, the effect of crystallographic 
anisotropy on the micromachining of crystalline material—fcc single-
crystal copper—is studied by using crystal plasticity (CP) theory�

9.2 Challenges of mechanical micromachining
Mechanical micromachining is defined as the machining of precision 
parts, with features in the range of 1–999 µm, made up of a wide range 
of engineering materials (metallic alloys, ceramics, polymers, etc�), using 
complex surfaces technologies [7,16]� It may also refer to the machining 
that cannot be realized by conventional technologies [16]� According 
to Camara et al� [7], micromachining can also be defined based on the 
dimensions of the cutting tools used in the material removal process, 
which should lie within the range of 1–1000 µm� There are several dis-
tinct features that make micromachining significantly different from 
conventional machining� The subsequent sections briefly discuss some 
of these features�

9.2.1 Size effect in mechanical micromachining

According to Vollertsen [17], a deviation from intensive or proportional 
extrapolated extensive values of process characteristics as a result of 
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scaling of geometrical dimensions is defined as size effect� In microma-
chining, the size effect can be related to two different aspects of the pro-
cess� The first one is when the edge radius of the cutting tool and uncut 
chip thickness are in the same order of magnitude� The second one is 
due to the effect of material microstructure, where isotropic and homoge-
neous material assumptions are not valid anymore [18,19] and polycrys-
talline material should be considered as heterogeneous and discrete [20]�

A large edge radius to uncut chip thickness ratio in micromachining 
results in large effective negative rake angles during cutting� This large 
negative rake angle promotes ploughing, rubbing, and burnishing [21,22]�

Specific cutting energy, which is defined as the total energy required 
for removing a unit volume of material, is an important measure of 
machinability [23]� One important size effect in micromachining is a 
nonlinear increase in the specific cutting energy with decreasing uncut 
chip thicknesses, which becomes noticeable for uncut chip thickness 
values less than the cutting edge radius [24,25]� This increase in the spe-
cific  cutting energy can be attributed to different phenomena involved 
in the cutting process� At larger edge radius to chip thickness ratios, the 
cutting tool acts like a blunt tool, where, according to Armarego et al� [26], 
in this case, the relative contribution of ploughing forces become signifi-
cant, which in turn will result in the increased specific cutting energies�

In a study of Lucca et al� [27], the increase in the specific cutting energy 
in micromachining is attributed to the energy dissipation of ploughing by 
the edge radius and rubbing of the flank face of the tool due to the elastic 
recovery of the workpiece material�

Material strengthening effect due to the reduction in the density of 
movable dislocations has been reported by Backer et al� [28] as another fac-
tor influencing specific cutting energy� Filiz et al� [29] showed that mate-
rial strengthening at small uncut chip thickness values occurs, because at 
small scales, the effect of strain hardening becomes more dominant than 
the effect of thermal softening of the material� The presence of short-range 
inhomogeneities in commercial metals has been reported by Shaw [30] 
as another origin of the size effect� Larsen and Oxley [31] used strain rate 
sensitivity of the flow stress to describe the size effect in machining� Their 
experimental results on plain carbon steel revealed an inverse proportion-
ality between maximum shear strain rate and undeformed chip thick-
ness� They came to a conclusion that as uncut chip thickness decreases, 
shear strain rate increases, and consequently, flow stress of the material 
increases, which in turn results in higher specific cutting energies�

9.2.2 Minimum uncut chip thickness

In microscale machining, the cutting tool edge radius and the amount of 
material being cut are in the same order of magnitude� There is a value of 
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uncut chip thickness after which continuous chip formation ceases� This 
critical value is defined as minimum uncut chip thickness (MUCT), which 
is known to be a function of the tool material, cutting edge radius, and 
workpiece material [32]�

Understanding MUCT for a given tool–workpiece combination is an 
essential part of any micromachining study, since it specifies the lower 
bound of mechanical micromachining, where beyond this thickness, 
material can be removed in a stable way under perfect performance of 
the machine tool [32]� In conventional machining processes, the uncut 
chip thickness is much larger than the cutting edge radius; therefore, the 
effect of cutting edge radius is negligibility small in the cutting process� 
However, in microcutting processes, the chip thickness is in the same 
order of magnitude as the cutting edge radius, which necessitates con-
sideration of the concept of MUCT in micromachining operations� The 
concept of MUCT can be used to distinguish between different cutting 
conditions in terms of chip formation [6,33]� Figure 9�1  illustrates three 
different scenarios�

When undeformed chip thickness is less than MUCT (Figure 9�1a), 
there is no chip formation; therefore, due to the rubbing action of the cut-
ting tool, workpiece material will deform elastically underneath the cutting 
tool, and elastic recovery will take place on the passing of the cutting tool� 
Theoretically, no chips will be formed in this case�

When undeformed chip thickness becomes same as MUCT 
(Figure 9�1b), chips will start to form in the presence of elastic recovery 
and ploughing� In this case, the actual thickness of the material being 
removed is less than the undeformed chip’s thickness� When unde-
formed chip’s thickness becomes greater than MUCT (Figure 9�1c), shear-
ing becomes the dominant material removal mechanism and  elastic 
recovery becomes negligible� It has been emphasized by Weule et al� [34] 
that edge sharpness and material properties have a strong contribution 
to MUCT�
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Figure 9.1 Different cutting scenarios based on undeformed chip thickness value 
(a) tu < hmin, (b) tu ≅ hmin, and (c) tu > hmin�
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Kim et al� [35] analyzed the periodicity of forces during micromilling 
and identified the transition between the noncutting and cutting regimes 
near the minimum chip thickness value� They concluded that the period-
icity of cutting forces is affected by the minimum chip thickness, feed per 
tooth, and cutting position angle�

For orthogonal cutting process, a MUCT model has been developed 
by Son et al� [36] by dividing the workpiece into perfectly plastic and per-
fectly elastic regions�

Using equilibrium of forces, they calculated the stagnation angle, and 
assuming that at MUCT, the shear angle is equal to the stagnation angle, 
they calculated MUCT as: 
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where:
re is the edge radius
β is the friction angle

Another analytical relation that has been developed by Yuan et al� [22] to 
calculate MUCT as a function of cutting edge radius (re), horizontal (Fx) 
and vertical (Fy) components of the machining forces, and coefficient of 
friction (µ) is as follows: 
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The influence of surface roughness on minimum uncut thickness has 
been confirmed by Oliaei and Karpat [37] in the presence of a built-up 
edge (BUE)� They calculated a ratio of uncut chip thickness to edge radius 
of about 10% during the orthogonal micromachining of Ti6Al4V�

In addition to analytical models, numerical techniques are also 
used to determine MUCT� In a study conducted by Shi and Liu [38], an 
Arbitrary Lagrangian Eulerian (ALE)-based numerical modeling is uti-
lized to determine the MUCT for copper, using cutting tools with differ-
ent nominal rake angles, without employing a chip separation criterion� 
The FE analysis of micromachining by using the ALE method has been 
carried out by Woon et al� [39] to determine the critical undeformed chip 
thickness to cutting edge ratio (a/r) in micromachining of AISI 4340 steel� 
They obtained a critical a/r value of 0�2625 for AISI 4340 steel� Woon et al� 
[40] also studied the interaction between uncut chip thickness and edge 
radius by using experimental and FE-based techniques when microma-
chining AISI 1045�



251Chapter nine: Finite element modeling of mechanical micromachining

9.3  Finite element modeling of microcutting 
of Ti6Al4V

Finite element modeling has been extensively used for the modeling 
of conventional machining processes� According to Lauro et  al� [41], 
one important advantage of the application of FEM in micromachining 
studies is to make it possible to have an insight into some events that 
are complicated to be observed because of their smaller dimensions� 
However, although the application of the FEM in the conventional 
machining is increasing, its application in micromachining studies is 
still modest�

In FEM, materials are modeled as a continuum, where chemistry, 
atomic scale effects, lattice structure, and grain size are not included in 
the model� Three different frameworks are used in the FEM approach, 
including Lagrangian formulation, where it is assumed that mesh is 
attached to the workpiece and that it moves with the material [42]; 
Eulerian formulation, where mesh is fixed in space to define a control 
volume and material flow occurs through the meshes [43]; and ALE for-
mulation, which combines the features of pure Lagrangian and Eulerian 
analyses [44]�

One important material that shows a high potential for micropart 
fabrication is Ti6Al4V titanium alloy� It is among the most commonly 
used materials for the biomedical and aerospace industry, which 
accounts for about 50%–60% of the total titanium alloy production 
[45,46]� In 1955, Siekmann [47] mentioned that machining of titanium 
alloys would always be a problem, independent of chip removal pro-
cess� Even with the many sophisticated developments in the cutting 
tool  industry, this fact still remains true, and titanium alloys remain 
as difficult-to-machine materials [48,49]� Therefore, modeling of cutting 
process of Ti6Al4V is of significant importance for both research and 
industrial purposes�

In FEM of machining processes, the effectiveness of the model to 
predict field variables such as stress, strain, temperature, and velocity is 
highly affected by the workpiece material behavior (constitutive material 
model), thermomechanical properties, and contact conditions at tool–chip 
and tool–workpiece interfaces (friction laws) [50], which are briefly dis-
cussed in the subsequent sections�

9.3.1 Material model

As mentioned earlier, the material constitutive model employed in 
the FE simulation of machining processes, together with friction defi-
nition, significantly affects the process output predictions� One of the 
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most  widely used material constitutive models in the modeling of 
machining operations is Johnson–Cook (JC) material model [51], which 
is defined as: 
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where:
ε is the equivalent plastic strain
ε is the strain rate
ε0 is the reference plastic strain rate
T is the instantaneous temperature
Tr is the room temperature
Tm is the melting temperature of workpiece material

In this model, the flow stress of the material (σ) is defined by three 
multiplicative, yet distinctive terms� The first term is used to define 
elastic–plastic behavior of the material and is used to define the strain 
hardening� The second term, which is called viscosity term, is used to 
account for the strain rate sensitivity� The last term is the temperature 
softening term, which shows the thermal softening behavior of the mate-
rial� In Equation 9�3, A, B, C, n, and m are material constants representing 
the yield strength, strain sensitivity, strain rate sensitivity, strain harden-
ing exponent, and thermal softening index, respectively�

The JC material model has been used by Afazov et al� [52] in the FE 
analyses of microcutting of AISI 4340 steel at different uncut chip thick-
nesses and cutting velocities� Jin and Altintas [53] also used JC material 
model to simulate microcutting of brass 260  with model parameters of 
A = 90 MPa, B = 404 MPa, C = 0�009, n = 0�42, m = 1�68, Tm = 916°C, and 
Tr = 25°C�

One major shortcoming of the JC material model is its inability to 
model strain-softening effect [54,55]� To overcome this shortcoming, a 
modified JC material model has been proposed by Calamaz et al� [54] in 
the form of: 
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with 
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The modified JC material model has been used by Thepsonthi and Özel 
[56] to simulate micromilling of Ti6Al4V� The values of A =  782�7 MPa, 
B = 498�4 MPa, n = 0�28, a = 2, C = 0�028, m = 1�0, d = 0�5, r = 2, b = 5, and 
s = 0�05 have been utilized in their model for Ti6Al4V�

In this study, a material model developed by Karpat [57] is adopted 
to simulate microscale machining of titanium alloy Ti6Al4V� This mate-
rial model has been successfully used in the simulation of macroscale 
machining forces under various machining conditions� This material 
model considers strain softening as a function of temperature, and it was 
developed such that the influence of strain softening decreases as tem-
perature decreases� The model also considers the relationship between 
strain rate and strain� The material model is shown in Equation 9�5, and 
the material model parameters are given in Table 9�1� 
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A flow softening function, which starts after a critical strain and tempera-
ture, is integrated into Equation 9�5, as shown in Equation 9�6� After a critical 

Table 9.1 The coefficients of the material model

a (MPa) n* b (MPa) c d

590 0�27 740 7�1903e-5 −0�0209

Q l p εε0 e

0�035 1�1 0�08 800 1�6356

Source: Oliaei, S�N�B� and Karpat, Y�, Int. J. Adv. Manuf. Technol., 1–11, 2016c�
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strain value, the proposed function controls the softening behavior of the 
material� For strain values less than the critical strain value, Equation 9�5 is 
valid [57]� 

 σ ε ε σ σ σ εsoft( , , ) ( ) tanh( )*
 T ks

r= − −   (9�6)

Temperature-dependent mechanical and thermophysical properties 
of  titanium alloy Ti6Al4V are used in the simulations, as shown in 
Table 9�2�

9.3.2 Friction modeling

Frictional conditions at the tool–chip and the tool–workpiece interfaces 
are important, since they affect the heat generation at the interfaces [58], 
and due to the existence of very severe friction conditions in machining 
operations, small changes in friction modeling can cause large changes in 
chip formation and can highly affect the accuracy of the machining per-
formance predictions [59,60]� The contact and frictional conditions at the 
tool–chip interface are influenced by several factors such as machining 
process parameters (cutting speed, feed rate, and depth of cut), material 
being machined, tool geometry parameters (rake angle, clearance angle, 
and edge radius), and so on [8]�

In the literature, different friction models have been used in the mod-
eling of machining operations, and their effect on the FE simulations 
have been investigated in detail [61,62]� Three friction models that are 
 extensively used in the modeling of machining processes are discussed 
in this section�

The first low, which is based on simple Coulomb’s law, relates the fric-
tional stress (τf) at the tool–workpiece interface to normal stress (σn) via a 
constant coefficient of friction (µ) as [59]: 

 τ µ σf n= ⋅ (9�7)

Table 9.2 The coefficients of the material model

Material property Expression Unit

Young’s modulus EY(T) = −57�7 × T + 111672 MPa
Thermal expansion αT(T) = 3�10−9 × T + 7�10−6 1/°C
Thermal conductivity λ(T) = 0�015 × T + 7�7 W/m�K
Heat capacity Cp(T) = 2�7e0�0002T N/mm2/°C

Source: Karpat, Y�, J. Mater. Process. Technol., 211, 737–749, 2011�
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In the second model, a constant frictional stress (τ) at the tool–chip inter-
face on the rake face; equal to a fixed percentage of the shear flow stress of 
the work material k, is considered [59]: 

 τ = ⋅m k (9�8)

The third model is based on the sticking–sliding model of Zorev [63]� 
Based on this model, the tool–chip interface on the rake face is divided 
into two regions: the sticking region, where the frictional stress is 
assumed to be equal to the shear flow stress of the material, and the 
sliding region, where Coulomb’s friction low holds [59]� This law can be 
expressed as follows: 

 τ
µ σ τ

τ
=

⋅ <
≥





n k
k k

when
   when

 (9�9)

Usually, in the studies of FE simulation of micromachining, a combi-
nation of these friction models is used� In the literature, different fric-
tional conditions are used, depending on the machining conditions and 
tool–workpiece pair� For instance, Lai et al� [8] assumed a coefficient of 
 friction of 0�3  for modeling of microcutting of oxygen-free high con-
ductivity copper (OFHC)� In a study conducted by Tajalli et al� [64], the 
mechanical interaction between the tool and the workpiece is modeled 
with a Coulomb’s friction coefficient of 0�1 during micromachining of 
fcc crystalline OFHC�

A hybrid friction model that combines sticking and Coulomb’s fric-
tion laws has been used by Thepsonti and Özel [65], considering a stick-
ing contact conditions (m = 0�9) around the cutting edge and Coulomb’s 
friction of µ = 0�7 on the rake face for tungsten carbide– titanium pair� 
For cubic boron nitride (CBN) cutting tools, the Coulomb’s friction is 
changed to µ  =  0�4  while  micromachining Ti6Al4V� In another study, 
Thepsonti and Özel [56] used FE simulation to model micromilling of 
Ti6Al4V� In their study, the contact between the chip and the workpiece 
was assigned as a  sliding contact, with the constant Coulomb’s friction 
coefficient of µ = 0�2�

The effect of frictional conditions on cutting and thrust force predic-
tions has been examined by Kim et al� [66] by considering three differ-
ent cases, that is, when ignoring friction effect and for two coefficient of 
friction of µ = 0�15 and µ = 0�3 during micromachining of OFHC� Their 
findings revealed that thrust forces are highly affected by the change 
in frictional conditions, where a discrepancy of 80% has been observed 
between the predictions and experimental results� Based on their investi-
gations, a coefficient of friction of µ = 0�3 is found as the most proper value 
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to represent the frictional conditions at the tool–chip interface� Jin and 
Altintas [53] used sticking and sliding contact conditions during FEM of 
micromilling of brass 260� They used a Coulomb’s friction µ = 0�15 in their 
modeling� Afazov et al� [52] also assumed a Coulomb’s friction coefficient 
of 0�4 to model micromilling of AISI 4340 steel by using a TiN-coated tung-
sten carbide tool� The coefficient of friction of µ = 0�5 is considered by Özel 
and Zeren [44] in the FEM of meso-scale machining of AISI 1045  steel, 
using uncoated carbide cutting tool�

9.3.3  Finite element modeling of the effect of edge 
radius in micromachining

In this section, SFTC DEFORM-2D software is used to simulate microcut-
ting of Ti6Al4V titanium alloy, using uncoated tungsten carbide  cutting 
tools� This software is based on the updated Lagrangian formulation 
and implements implicit integration method [59]� The heat transfer coef-
ficient at the tool–chip interface is taken as a constant, 5,000  W/m2 °C� 
The  workpiece and tool are meshed with 10,000 quadrilateral elements� 
The workpiece is modeled as elastic–plastic, whereas the cutting tool is 
modeled as rigid�

In order to analyze the effect of edge radius on micromachining forces, 
five edges with different edge radii in the range of 1–5 µm are considered� 
The simulations are conducted under the same depth of cut of 1 µm, with 
a Coulomb’s friction factor of µ = 0�2 at a cutting speed of 62 m/min [58]� 
Figure 9�2  illustrates the simulated cutting and thrust forces for cutting 
edges with different edge radii�

As it can be seen in Figure 9�2, the cutting edge radius has a significant 
influence on both cutting and thrust forces during micromachining� It can 
also be seen that at larger edge radii, thrust forces are more influenced by 
an increase in the edge radius compared with the cutting forces�

Another important difference that can be observed is the magni-
tude of the cutting and thrust forces� At an edge radius of 1 µm, the cut-
ting forces are larger than the thrust forces, whereas for an edge radius 
of 2  µm, the cutting and trust forces get closer to each other and they 
have almost the same values� As cutting edge radius increases further, the 
thrust forces become larger than the cutting forces� It can be seen that at 
an edge radius of 5 µm, thrust forces are 1�7 times larger than the cutting 
forces� Therefore, it can be said that larger thrust forces and smaller cut-
ting forces are characteristics of ploughing dominant material removal, 
which is mainly due to larger ratios of cutting edge radius to uncut chip 
thicknesses, commonly observed in microscale cutting operations� The 
chip morphology for each edge radius and its associated effective stress 
are shown in Figure 9�3� It can be seen that as the edge radius increases, 
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materials tend to pile up in front of the cutting tool, which affects the chip 
compression ratio, defined as the ratio between the uncut chip thickness 
and the deformed chip thickness�

The pile up of material in front of the cutting edge can be consid-
ered as an important characteristic of ploughing dominant cutting pro-
cess� Therefore, based on the ratio of uncut chip thickness to cutting edge 
radius, micromachining process can be divided into three zones� In zone I, 
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where the uncut chip thickness to cutting edge ratio is larger than one, the 
cutting forces are larger than the thrust forces; in this region, chips can be 
easily formed through a shearing dominant cutting process� In zone II, 
with chip thickness to edge radius ratios around 40%–50%, the cutting and 
thrust forces become equal, and chip formation occurs by a combination 
of shearing and ploughing� In zone III, thrust forces become significantly 
larger than the cutting forces, and material piles up in front of the cutting 
edge� In this zone, ploughing becomes the dominant  material removal 
mechanism�

Another important observation that needs to be addressed is the 
maximum effective stress zone� As it can be seen in Figure 9�3 that as 
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Figure 9.3 Effective stresses and chip morphology at different edge radii�
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the cutting edge radius increases, maximum effective stress zone moves 
from rake face toward the flank face of the tool, which means that, as the 
cutting edge radius increases, the cutting tool exerts more stresses to the 
machined surface�

The distribution of machining-induced stresses with respect to the depth 
beneath the machined surface are also obtained for different edge radii� For 
this purpose, a prescribed path is defined, starting from the machined sur-
face and ending at a depth of about 8 µm� The average value of five mea-
surements obtained from different locations is calculated� The profile of the 
effective stress distribution as a function of the depth beneath the machined 
surface is shown for different edge radii in Figure 9�4�

It can be seen in Figure 9�4 that the magnitude and distribution of 
machining-induced stresses are highly influenced by the cutting edge 
radius� As the cutting edge radius increases, the magnitude of machining-
induced stresses significantly increases and more material is affected by 
the machining process beneath the machined surface�

For comparison, the temperature distributions at two different edge 
radii of 1 µm and 5 µm are shown in Figure 9�5 for a machining time of 
30 µs� As can be seen in Figure 9�5, for an edge radius of 5 µm, the cut-
ting temperature, which is defined as the maximum temperature at the 
tool–chip interface, is significantly higher than that of an edge radius of 
1 µm� The higher temperatures at larger edge radii can be attributed to the 
larger negative rake angles and consequently sever plastic deformations� 
However, it can be seen that the temperatures generated during micro-
machining processes are substantially lower than that generated during 
macroscale cutting�
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9.3.4 Analysis of the effect of cutting speed

In order to analyze the effect of cutting speed on micromachining forces and 
chip morphology, micromachining of Ti6Al4V is simulated at three differ-
ent cutting speeds of 47, 62, and 124 m/min� The average cutting and thrust 
forces are shown for two different edge radii of 1 µm and 5 µm in Figure 9�6�

It can be seen in Figure 9�5 that both cutting and thrust forces show 
a decreasing trend by increasing the cutting speed; however, decrease 
in the cutting forces is significantly larger than that in the thrust forces� 
These results reveal that as far as increasing cutting speed does not affect 
the tool life, which can cause edge rounding, increasing cutting speed can 
result in smaller cutting forces� On the other hand, since the decrease in 
the cutting forces due to higher cutting speeds is lower than the effect of 
edge rounding on increasing cutting forces, smaller cutting speeds can be 
used if edge rounding exists�
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Figure 9.5 Temperature distributions at two different edge radii�
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Figure 9�7  illustrates the chip morphologies at two different cutting 
speeds of 47 m/min and 124 m/min for two different edge radii of 1 µm 
and 5  µm� It can be seen that increasing cutting speed can result in a 
reduced chip compression ratio� In addition, it can be seen that at lower 
cutting speeds, the chip tends to stay straight, which results in a larger 
chip–tool contact length; however, at higher cutting speeds, the contact 
length decreases, since the chip tends to curl away from the tool�

9.3.5 Analysis of the effect of friction conditions

As mentioned earlier, the friction at the tool–chip and tool–workpiece 
interfaces can be defined by using different friction laws� To further 
analyze the effect of friction conditions, simulations are conducted at 
three different frictional conditions: two coulomb frictions of µ = 0�1 and 
µ  =  0�3  and a shear factor of m  =  0�95� The results of FE simulations 
(Figure 9�8) are compared with the experimental data obtained by Oliaei 
and Karpat [37] at a cutting speed of 62 m/min�

As can be seen in Figure 9�8, with increasing Coulomb’s friction from 
0�1  to 0�3,  a significant increase in the cutting forces can be observed� 
Despite cutting forces, the thrust forces decrease by increasing Coulomb’s 
friction factor� It can also be seen that when using a shear friction of 
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Figure 9.7 Chip morphology at different cutting speeds and edge radii�
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m = 0�95, thrust forces lie between predictions using two Coulomb’s fric-
tion factors of µ = 0�1 and µ = 0�3; however, the use of shear friction of 
m  =  0�95  results in a very large overprediction of the cutting forces� It 
should be mentioned that in this simulation, a cutting edge radius of 4 µm 
is used, as reported by Oliaei and Karpat [37]�

It can also be seen in Figure 9�8  that, although in some uncut chip 
thickness values, the FE model is capable of producing good predictions, 
in some uncut chip thicknesses, it ceases to give accurate predictions� 
This discrepancies between predictions and experiments are attributed to 
the BUE formation in front of the cutting tool, which results in a change 
in cutting tool geometry, that is, cutting edge radius, rake and clearance 
angles, and contact and frictional conditions [58]�

In FE simulation of machining processes, the velocity field obtained at 
high shear factors (m) can be used to create sticking conditions at the tool–
chip interface to give some idea about the formation of dead-metal zone in 
front of the cutting tool� This low-velocity region, which resembles a dead-
metal zone, is assumed to behave like a BUE [67,68]� In this study, a high 
shear factor value of m = 0�95 is used in the FE simulations, in order to exam-
ine the low-velocity region in front of the cutting edge� The velocity fields for 
two different edge radii of 1 and 5 µm with m = 0�95 are shown in Figure 9�9�

Using velocity field information, there is also a possibility of deter-
mining a stagnation point on the cutting edge, where flow velocity of the 
materials becomes zero� An important distinction that can be observed 
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from velocity field predictions is the extension of the low-velocity region� 
As can be seen in Figure 9�9, at a large cutting edge radius, the low-velocity 
region extends well below the stagnation point and toward the flank face 
of the cutting tool, which further promotes BUE formation�

It should be mentioned that the lengths of the dead-metal zone 
obtained by simulations are quite smaller than the experimental values, 
according to Oliaei and Karpat [58]� Therefore, in the next section, an 
attempt has been made to include BUE effects in the FE simulations of 
micromachining of Ti6Al4V titanium alloy by modifying the cutting edge 
geometry based on the geometry of the BUE�

9.3.6  Finite element modeling of micromachining 
of Ti6Al4V in the presence of built-up edge

Built-up edge is an important phenomenon that has been observed in 
micromilling experiments on Ti6Al4V [37]� A BUE consists of material lay-
ers that are deposited onto the tool surface, changing the tool geometry 
and hence the mechanics of the process� A stable and thin BUE is known 
to protect the cutting edge [69]�

In conventional machining processes, BUE is known to be a commonly 
observed phenomenon, which appears during continuous chip formation, 
when machining ductile materials such as aluminum, steel, and titanium� 
It is known to affect surface roughness and tool wear� However, the effect 
of BUE on the process outputs of microscale cutting requires special atten-
tion, and its effects in microscale cutting needs to be carefully explored� 
Therefore, a solid understanding of the mechanics of cutting at microscale 
with the presence of BUE seems to be a crucial step in building predictive 
models and controlling the quality of microparts made of Ti6Al4V�

Childs [70] developed an FE model to predict BUE formation during 
machining of steel by integrating a damage model� He also reported some 
preliminary results on simulating BUE during microscale machining� In this 
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section, the influence of BUE on microscale machining of Ti6Al4V is investi-
gated� As mentioned in the previous section, the use of dead-metal zone to 
represent BUE formation significantly underestimates the BUE size, which 
highly affects the accuracy of the predictions� The edge modification based 
on the geometry of the BUE has been studied by Oliaei and Karpat [58]�

The geometry of the BUE obtained from laser scanning microscopy 
(Figure 9�10) is mapped into the FE model by defining BUE geometric param-
eters depicted in Figure 9�11� The FE model of the modified cutting edge is also 
shown in Figure 9�11� The dimensions of BUE are shown in Table 9�3.
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Figure 9.11 Modified geometry of the cutting edge including BUE� (Data from 
Oliaei, S�N�B� and Karpat, Y�, Int. J. Adv. Manuf. Technol., 1–11, 2016c� With permission�)
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In this section, a hybrid friction model is used, where different 
combinations of Coulomb’s friction (µ) and shear friction (m) values 
are considered� Shear friction is varied between 0�7 and 0�95, whereas 
Coulomb’s friction is varied between 0�1 and 0�3� Figure 9�12 illustrates 
the influence of hybrid friction on the chip formation at uncut chip 
thickness of 1 µm and cutting speed of 62 m/min� It can be seen that 
using high shear factors (sticking conditions), chips tend to slide over 
the rake face of the tool�

Table 9.3 BUE parameters obtained at a cutting speed of 62 m/min

Uncut chip 
thickness (µm) αBUE (°) γBUE (°) rBUE (µm) L1 (mm) L2 (mm)

0.4 2 22 3 11 18
0.6 3 18 3 13 20
0.8 3 18 4 16 26
1 3 20 4 19 35

Source: Oliaei, S�N�B� and Karpat, Y�, Int. J. Adv. Manuf. Technol., 1–11, 2016c�

μ = 0.1, m = 0.7 μ = 0.1, m = 0.8

μ = 0.1, m = 0.95 μ = 0.2, m = 0.7

Figure 9.12 Finite element simulations of chip morphology and effective stresses 
for different frictional conditions� (Continued)
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Figure 9�13  illustrates the FE force predictions at different combina-
tions of Coulomb’s friction and shear factor for uncut chip thickness of 
1 µm at a cutting speed of 62 m/min� A Coulomb’s friction of 0�2 and a 
shear factor of 0�8 resulted in the closest predictions compared with the 
experimental results of Oliaei and Karpat [58]� It can be seen that by modi-
fying the cutting edge radius based on the actual shape of the BUE and 
using hybrid friction models, it is possible to come up with acceptable 
predictions�

μ = 0.3, m = 0.7 μ = 0.3, m = 0.8

μ = 0.3, m = 0.95

μ = 0.2, m = 0.8 μ = 0.2, m = 0.95

Figure 9.12 (Continued) Finite element simulations of chip morphology and 
effective stresses for different frictional conditions�
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9.4  Finite element modeling of micromachining: 
Influence of crystallography

In the manufacturing and forming of single-crystal metals, which are 
increasingly used in the aerospace, biomedical, automotive, and optics 
industry, process zone is limited to a single or a few grains of machined 
material� Since they are known to be highly anisotropic in their physi-
cal properties, it is not astonishing that machining response relies on the 
crystallographic orientation�

Microscale material removal processes were investigated experi-
mentally from different points of view� Earlier studies suggested a 
strong dependence of process parameters, such as chip shape, cutting 
force, surface finish, shear angle, and so on, on the orientation of the 
crystal being cut [71–74]� In some turning experiments, coordination of the 
cutting plane crystal and cutting direction varied with workpiece rotation, 
but the zone axis remained unchanged [75,76]� The behavior of the machin-
ing forces was observed to be stable, reducing, monotonically increasing, 
and periodically varying for different cutting conditions [71–73,77–79]� 
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Crystallographic symmetries for the machining forces and shear angles 
of fcc metals were observed with changing cutting orientation [75,76]� 
The variation of dynamic shear stress (DSS)—the ratio of shear force 
to shear plane area—with grain orientation was also investigated [79]� 
In the in situ (inside a scanning electron microscope [SEM]) turning 
experiments of aluminum and copper samples, the DSS was found to 
vary with crystal orientation [72,75], whereas in a study on copper, not 
only the cutting plane but also the cutting direction was observed to 
affect DSS [71]�

In micromachining process, there occurs a subsurface damage, alter-
ing the mechanical properties of the material at the surface� It was dis-
covered that the surface and subsurface damage caused in the finished 
material can be reduced as the undeformed chip thickness is decreased 
[80,81], and process parameters such as depth of cut, feed rate [81,82], rake 
and clearance angle [83], and tilting of workpiece [84] were reported as 
parameters to achieve transition between ductile and brittle modes of 
material removal� Feng et al� [85] investigated femtosecond laser microma-
chining on a single-crystal superalloy, where material damage and laser-
induced microstructural change were characterized and compared with 
nanosecond laser machining� Kota et al� [86] demonstrated that the defor-
mation depth was approximately equal to the cutting depth for aluminum 
single crystal, using electron backscatter diffraction (EBSD)� Nahata et al� 
[87] machined a single-crystal sample at the microscale along multiple 
crystallographic orientations and compared the extent of damage caused 
by it to understand/predict the behavior of coarse-grained crystals�

In micromachining of various crystal materials under different cut-
ting conditions, the size effect, a nonlinear increase in the specific cutting 
energy as the uncut chip thickness is decreased, was observed [28,88–91]� 
This was linked mostly to material strengthening due to an increase in the 
strain rate in the primary shear zone at smaller uncut chip thickness [31], 
an increase in the shear strength of the material due to a decrease in the 
tool–chip interface temperature as the uncut chip thickness is decreased 
[88], dependence of flow stress of the metal on the strain gradient in the 
deformation zone, subsurface deformation of the workpiece material, tool 
edge radius effects, and energy required to create new surfaces through 
ductile fracture [31,91,92]�

Compared with experimental studies, a limited number of model-
ing studies for single-grain micromachining is reported in the literature, 
owing to an inherent difficulty in modeling large deformation processes 
at high strain rates numerically� Among the analytical models, Tsutiya 
[93] used a Schmid factor to characterize active slip systems during 
machining� Studies in [94,95] used a modified Taylor factor with a tex-
ture softening factor to predict the shear angle uniquely in single-crystal 
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cutting� Kota and Ozdoganlar [96] considered minimization of the total 
power, including rake-face friction power and the shearing in the pro-
cess zone, to determine the shear angle and specific cutting energy� 
Venkatachalam et al� [97] proposed a closed-form analytical model for 
ductile-regime machining process of single-crystal brittle materials to 
determine the transition undeformed chip thickness in reducing the 
production time and enhancing the productivity� Liu and Melkote [98] 
developed a strain-gradient plasticity-based FE model of orthogonal 
microcutting to examine the influence of tool edge radius on the size 
effect, without considering crystallographic effects� Pen et  al� [99] and 
Komanduri et al� [100] used quasi-continuum and molecular-dynamics 
simulation methods, respectively, in modelling of nano-cutting process 
to observe the influence of crystal orientation and cutting direction on 
the deformation mechanism� Zahedi et  al� [101] used hybrid FE and 
mesh-free methods to model single-grain cutting process� Tajalli et al� 
[64] studied the orthogonal microcutting of fcc materials based on CP� 
Demiral et al� [92,102] used a numerical implementation of an enhanced 
model of strain-gradient CP [103] to demonstrate the influence of strain 
gradients and their evolution in the micromachining process for differ-
ent cutting directions of fcc single-crystal copper and bcc single-crystal 
β-brass, respectively� Liu et al� [104] presented an FE modeling approach 
for the microcutting process of single-crystal metals, incorporating a 
new shear–strain-based criterion accounting for the partial and full acti-
vations of slip systems�

In this part, am FEM of orthogonal micromachining of fcc copper 
single crystal was developed� The CP theory was used in the simulations� 
The essential equations of CP are summarized as follows�

In the CP model, the stress rate ( σij) is related to the elastic strain 
rate (εij

e ) via    σ ε ε εij ijkl kl
e

ijkl ij kl
pC C= = −( ), where plastic strain rate εij

p equals 
to ∑ =α

α αµ γ1
N

ij  ; N  is the total number of available slip systems, µα
ij   is the 

Schmid tensor and is equal to a dyadic product of the slip direction 
sα  and the slip plane normal mα  in the initial unloaded configuration, 
and γα is the shearing rate on the slip system α� A power-law representa-
tion was chosen for γα: 

  γ γ τ τα α α
α

α= sgn( )
g

n

 (9�10)

where:
γα

0  is the reference strain rate
n is the macroscopic rate-sensitivity parameter
τα  is the resolved shear stress, and sgn (Ψ) is the signum function of Ψ



270 Advanced Machining Processes

The strength of the slip system α at the current time (gα), equal to a sum 
of the critical resolved shear stress (CRSS) (g t

α|=0) and the evolved slip resis-
tance due to strain hardening (∆gα), is as follows: 

g g g g ht

N
α α α α

αβ
β

β

γ= + ==

=
∑| ,0

1

∆ ∆ ∆ where (9�11)

Here, hαβ corresponding to the slip-hardening modulus is represented by 
the model proposed by Peirce et al� [105], as follows:

 h h h
h

g g
h h dt

t
αα α α αβ αα

α

α

γ α β γ γ=
−

= ≠ =
= ∫∑0

2 0

0
0

sec
| |

, ( ),
� � �

sat

t

q  (9�12)

where:
h0  is the initial hardening parameter
gα|sat  is the saturation stress of the slip system α
q is the latent hardening ratio
γ  is the Taylor cumulative shear strain on all slip systems

The CP theory was implemented in the FE code Abaqus/Explicit, using 
the user-defined material subroutine (VUMAT) [106]�

An FE model of orthogonal micromachining cutting was developed� 
Dimensions of the workpiece sample, discretized with 29,600  eight-
node linear brick elements, used in the FE model were 20 × 20 × 0�48 µm 
(Figure 9�15)� The cutting tool, modeled as a rigid body with rake and 
clearance angles of 0°, was displaced in the negative x-direction with 
velocity of 1300  mm/s (Figure 9�14)� The maximum cutting length of 
0�5 µm with 0�8 µm depth of cut (ap) was considered in the simulations� 
The modeling technique of element deletion was employed to simulate 
chip separation from the workpiece material� Material parameters used 
in the simulations are listed in Table 9�4� More details about the model 
can be found in Demiral et al� [92,102]�

Here, machining in a single-crystal of copper, which has an fcc crys-
talline structure, is studied� In such materials, slip may occur on 12 indi-
vidual slip systems, represented by the family {1 1 1} <1 1 0>� Five cutting 
directions, viz� 0°, 30°, 45°, 60°, and 90°, on (1 1 0) crystal plane were inves-
tigated� The corresponding values are listed in Table 9�5�

Evolution of the calculated cutting forces with an increasing cutting 
length for various cutting directions is shown in Figure 9�15� Fluctuations 
in the cutting force were observed due to, on the one hand, dynamic 
response associated with stress waves moving through the material 
and reflecting at boundaries, and on the other hand, reorientation of the 
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Cutting-plane
normal [1 1 0]

Single-crystal
fcc workpiece

Observation
direction

ap

Cutting direction
[d e f]

Cutting
tool20 μm

Rotation
angle (θ)w = 0.48 μm

20 μm

Figure 9.14 Dimensions and orientations for orthogonal machining of single-
crystal workpiece material�

Table 9.5 Cutting direction setup ([d e f ]) for (1 1 0) 
crystal plane (Figure 9�15)

Rotation angle (θ) Cutting directions [d e f ]

0° [1 −1 0]
30° [1 −1 −0�816]
45° [1 −1 −1�414]
60° [1 −1 2�449]
90° [0 0 −1]

Table 9.4 Material parameters of single-crystal copper

Elastic parameters Plastic parameters

C11 (GPa) 168�0 γα
0

1( )s− 0�001

C12 (GPa) 121�4 N 20

C44 (GPa) 75�4 h0( )MPa 180
gα| ( )t MPa=0 60�84

gα| ( )sat MPa 109�51

Source: Tajalli, S�A� et al�, Comput. Mater. Sci., 86, 79–87, 2014; Demiral, 
M� et al�, Mater. Sci. Eng. A, 608, 73–81, 2014; Huang, Y� et al�, 
J Mater. Res., 15, 1786–1796, 2000�
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local mesh during the process, leading to a variation in the shear angle 
[64,101]� The cutting force was found to vary with different crystallo-
graphic cutting directions� The measured value of the cutting force at the 
[1 –1 0] direction is the largest, whereas it reached a minimum value in 
the [0 0 –1] direction� Table 9�6 presents the averages of force magnitudes 
for the cutting lengths of 0�10 µm and 0�50 µm� A decreasing trend in the 
average cutting force value was observed when the rotation angle was 
changed from 0° to 90°� We compared our results with the experiments 
performed by Zhou and Ngoi [109] for cutting of single-crystal copper 
qualitatively, due to differences in the cutting conditions such as tool 
geometry and contact conditions between the tool and the workpiece� 
A similar tendency in the averages of force magnitudes with varying 

Table 9.6 Average cutting energies obtained with CP theory 
for different rotation angles of (1 1 0) plane

Rotation angle (θ) Average cutting force (mN)

0° 463�25
30° 430�05
45° 397�59
60° 335�07
90° 310�44

0°
45°

30°
60°

90°

0
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Figure 9.15 Evolution of cutting forces for different cutting directions of (1 1 0) 
plane�
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cutting direction was observed experimentally� For cutting in the (1 1 0) 
crystal orientation, the [0 0 –1] cutting direction is preferable to [1 –1 0], 
owing to a lower cutting force imposed on the cutting tool, which, in 
turn, leads to a longer tool life� Results here demonstrate that variation 
in the microcutting force can be predicted if the crystallographic texture 
of the material is known�

Figure 9�16 demonstrates the obtained chip morphologies for θ = 0°, 
30°, 45°, 60°, and 90° of (1 1 0) single-crystal copper� The chip shape was 
observed to be heavily influenced by crystallographic cutting direction� 
A larger shear angle with a smaller post-turning chip thickness was 
obtained when θ = 0°, and this became smaller for larger θ values� In ultra-
precision machining, continuous chip formation and good surface finish 
demand a large shear angle [110]� Therefore, among the cutting directions 
investigated here, [1 –1 0] is preferable for microcutting of (1 1 0) copper 
single crystals for a better surface finish�

It was thus concluded that an accurate prediction of micromachin-
ing in the presence of crystallographic anisotropy requires the develop-
ment of models that incorporate crystal plasticity in their constitutive 
description�

0°

0.00080
U, U2

−0.00000
0.00007
0.00013
0.00020

Z
X

Y

0.00027
0.00033
0.00040
0.00047
0.00053
0.00060
0.00067
0.00074

45°

30°

60° 90°

Figure 9.16 Chip morphologies at cutting length of 0�5 µm for different rotation 
angles of (1 1 0) plane�
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In metal cutting processes, the work materials undergo intense defor-
mation process, involving large strain (up to 10 and more), high strain 
rate (up to 106 s–1), high stress (ultimate stress), and elevated tempera-
ture (up to 90% the melting temperature)� However, there is no devoted 
experimental setup for describing the flow stress relevant to practi-
cal machining conditions� Hence, adequately selecting the constitu-
tive equation and its calibration method constitute a challenge� This 
chapter presents a critical review of the different approaches used for 
describing the material behavior modeling in the finite element simu-
lation of machining processes� Specifically, the authors emphasize the 
critical issues encountered in the selection of the constitutive equa-
tions and their calibration methods� Finally, a case study is presented 
to highlight the effects of material models and their calibration tech-
niques on  the  reliability of the finite element method (FEM) of near- 
micromachining process�

10.1 Introduction: Background and motivations
Over the last decades, analytical and FEM of machining processes have 
received increasing attention to model and simulate machining processes� 
So, adequate and reliable constitutive equations, describing the material 
behavior under extreme deformation process, are needed� To realize a 
successful process modeling, two critical issues need to be solved: first, 
the selection of the adequate constitutive equations for the material in use, 
and second, the fine tuning of material constants�

Earlier in the 1960s, researchers [1–4] attested that the flow stress 
data obtained on static tests were not adequate for machining modeling 
due to the low strain rates achieved as compared with those reached 
in  machining processes� In fact, material constants have to be deter-
mined at high strain rates (up to 106 S−1), elevated temperatures (up 
to 0�9  ×  Tm), and large strains (up to 10), commonly achieved during 
machining [5]� Hence, many techniques have been developed to cali-
brate constitutive equations for machining modeling and simulations� 
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Dynamic mechanical tests such as the Split-Hopkinson pressure bar 
(SHPB) test [6] and Taylor test [7] are the most used techniques for the 
identification of the strain rate-dependent material constants� However, 
the achieved strain and strain rate are still lower than those encoun-
tered in machining� So, the constitutive equations based on dynamic 
tests results were  often extrapolated well beyond their test range to 
cover the metal cutting range [8]�

More recently, inverse methods based on machining tests [9,10] have 
been developed to determine material constants representing machining 
processes� These methods are considered one of the most reliable tech-
niques, since these methods can provide material constants at high strain 
rates and temperatures, representing the actual material behavior during 
machining [11]� Although promising results have been obtained, all these 
techniques suffer from several shortcomings�

The challenge is not only in finding the adequate experimental tech-
nique used for the calibration of the material constitutive equations but 
also in the selection of the constitutive equation itself� In most of the cases, 
the metal cutting simulations were performed using the well-known 
Johnson–Cook (JC) material constitutive equation, thanks to its simplic-
ity� In addition, it is implemented in most of the commercial software� 
However, the JC equation may not always accurately describe the behav-
ior of all existing metallic materials [12,13], and other models can be more 
accurate [14]�

In this context, different approaches and techniques used in material 
behavior modeling for finite element simulation of machining processes 
will be discussed in this chapter� The authors will focus on the critical 
issues encountered in the selection of the constitutive equations and their 
calibrations� The chapter will end with a case study, emphasizing the 
effects of the identification techniques on the reliability of FEM in the case 
of near-micromachining of a superalloy Inconel 718�

10.2  Material constitutive equations used 
in machining modeling

Modeling work materials behavior during the cutting process depends on 
several parameters, mainly related to the work material characteristics, 
machining conditions to be simulated, and their interactions  (material/
machining conditions)� In particular, the chip formation  process is very 
sensitive to materials characteristics, including the chemical composi-
tion, grain size, and hardness, among others� On the other hand, for 
a given material, varying machining conditions can significantly affect 
the chip formation process, resulting in chip variation from continuous 
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to serrated/elemental chip� To simulate serrated/elemental chips, a dam-
age model should be applied in conjunction with the plasticity model� 
In the following sections, a brief description of materials plasticity and 
damage models used in machining modeling and simulation will be 
presented�

10.2.1 Plasticity constitutive equations

In machining, since the cutting tool action generates a complex thermo-
mechanical loading, most of the time, the materials behavior is described 
by a thermoviscoplastic constitutive equation� As discussed earlier, sev-
eral constitutive equations have been applied to the machining process 
modeling; here, the authors will focus on the most accepted and used 
ones, as they are implemented in most of the commercial codes such as 
DEFORMTM, AbaqusTM, and AdvantEdgeTM�

10.2.1.1 Phenomenological plasticity models
The phenomenological constitutive models are considered as empirical 
models, describing the flow stress evolution under specific experimental 
conditions�

10.2.1.1.1 Power-law models Earlier, in developing a predictive 
machining theory, Oxley and coworkers [15] have used a modified power-
law material model, as:

 σ σ ε= ( ) ( )
y

n TTmod
mod  (10�1)

where the material constants σy and n are assumed to be dependent on the 
velocity-modified temperature parameter Tmod, proposed by MacGregor 
and Fisher [16]: 
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where:
ϑ is a constant
σy and n are polynomial functions of Tmod

High-order polynomials are used for better accuracy, and they can vary 
for different range of Tmod�

Marusich and Ortiz [17] proposed a modified power-law model for 
high-speed machining of materials experiencing a transition from low to 
high strain rate sensitivity, such as aluminum alloys [18] and structural 
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steel [17]� This material model is implemented in Third Wave Systems’ 
AdvantEdgeTM software� However, the users cannot access the material 
constants database, making the software less flexible for exploring new 
material models� This model [17] involves a stepwise variation of the rate 
sensitivity exponents (m1 and m2), while maintaining the continuity of the 
flow stress as follows: 

 

1
0

1

+







 =















ε
ε

σ
ε

p

p

m

g( )
                          if  









ε ε

ε
ε

ε
ε

σ
ε

p t

p t
m m

p

m

g

<

+







 +







 =











−

1 1
0 0

12 1( )

( )

22

  if  ε εp t≥














(10�3)

They also have used a function capable of capturing both hardening and 
softening effects, following Lemonds and Needleman [19]: 
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More recently, a piecewise strain-hardening function was also used by 
[20,21]: 
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where:
nNL denotes the strain hardening exponent
m1 and m2 are the low and high strain rate sensitivity exponents
αNL is the thermal softening coefficient
Θ( )T  is the thermal softening parameter
εt is the threshold strain rate, separating the low- and high-strain 

regimes
εc is the cut-off strain rate regime

Different forms of the thermal softening parameter Θ( )T  have been uti-
lized in the literature� Marusich and Ortiz [17] have adopted a linear ther-
mal softening parameter Θ( )T , that is: 

 Θ( ) ( )T T TNL= − −[ ]1 0α  (10�6)
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While other research studies [21–23] proposed a five-order polynomial 
function for the thermal softening parameter Θ( )T : 
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where:
C0 to C5 are material constants
Tcut is the critical temperature, which is often taken as the recrystal-

lization temperature of the work material

10.2.1.1.2 Johnson–Cook’s constitutive equation and modified ver-
sions The JC’s material model [24] is given by:
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where:
A denotes the yield strength coefficient
B is the hardening modulus
C is the strain rate sensitivity coefficient
n is the hardening coefficient
m is the thermal softening coefficient

The main drawback of the JC’s model is that no interaction between work 
hardening, strain sensitivity, and thermal softening effects can be con-
sidered� This allow the various coefficients to be calibrated separately� 
Nevertheless, this is physically not true, especially when it comes to 
machining conditions� Thus, the JC’s constitutive equation has been modi-
fied/improved to capture these effects�

Wang et  al� [25] proposed a modified JC’s constitutive equation for 
high strain rates and temperatures representative of those encountered 
during machining of Inconel 718� They found that the strain rate softening 
parameter C is dependent on strain rate and temperature, that is: 
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Where a1 to a3 are additional material constants, which are calibrated 
using dynamic mechanical tests�
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Similarly, Chen et al� [26] proposed a modified JC’s constitutive equa-
tion, where both the work hardening and thermal softening terms are 
dependent on strain rate and temperature, as follows: 
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where p1 to p3 and q are additional material constants�
In another context, Calamaz et  al� [27] developed a material model 

based on a modified JC’s constitutive equation, in order to simulate seg-
mented chip formation, without the need for a material damage model� 
The proposed model is given as: 

 

σ ε
ε

ε
ε

= + ( ) −

( )


























+ 

















A B Cp

n

p
a

p1
1

0exp
ln







− −
−























+ −( )
+( )










      1 1

10

0

T T
T T

D D
Sm

m

ctanh
ε
















 (10�11)

with 
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where a, b, c, and d are additional material constants�
This model was used in several research works dealing with FEM 

simulations of machining titanium and nickel-based alloys [28–32]�

10.2.1.1.3 Zerilli−Armstrong model and modified versions Zerilli 
and Armstrong (ZA) [33] developed a constitutive model with more phys-
ical meaning compared with the power-law and JC’s models, by intro-
ducing the microstructure characteristics based on dislocation-mechanics 
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theory (fcc and bcc)� Further, their model accounts for the coupling effects 
of strain rate and temperature, as follows:
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=
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where C0 to C5 and n are material constants�
The original ZA’s model (Equation 10�15) suffers from some serious 

issues, especially when it comes to the machining modeling� The original 
ZA’s model is valid at temperatures below 0�6Tm� However, the tempera-
tures greater than 0�6Tm are often achieved during machining, especially 
at the tool–chip interface� In addition, the model assumes that C0, which 
represents the yield stress, only depends on the grain size of the work 
material, while it is known to vary with temperature for many engineer-
ing materials [34]� In addition, the determination of the coefficients C0 and n 
in Equation 10�15 needs flow stress data at 0 K, which are not straightfor-
ward available for most used materials�

Few attempts have been made to modify the ZA’s model, in order to 
overcome the above-mentioned issues and to predict the material behav-
ior at elevated temperatures, exceeding 0�6Tm�

In particular, Samantaray et al� [34] proposed the following modified 
ZA’s model for an fcc material: 

 σ ε ε ε= +( ) − +( ) + +( )



C C C C T C C Tp

n
p p1 2 3 4 5 6exp ln* *

  (10�15)

The constants C4 and C6  define the coupled effect of temperature/strain 
and temperature/strain rate, respectively� Here, the yield stress is no 
 longer constant, but it is sensitive to the work hardening through the 
 constants C2 and n� In this way, there is no longer a need for extrapolating 
the flow stress to 0 K for determining the constant C2, as proposed in the 
original ZA’s model’s Equation 10�15�

10.2.1.1.4 Maekawa’s model It is worth highlighting that all the ear-
lier models do not take into account the load history� Maekawa et al� [35] 
developed an empirical material model that includes the coupling effect 
of strain rate and temperature as well as the history effects (strain path), 
as follows:
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where A, M, N, a, and m are five temperature-dependent material constants�
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10.2.1.2 Physical-based models
In contrast to phenomenological models, physical-based models are devel-
oped based on physical processes causing the deformation rather than a 
curve fitting of empirical data� However, it is worth noticing that some 
relations of the physical phenomena may end up being phenomenological 
due to the need for averaging and limited knowledge about the phenom-
ena to be described [36]�

The physical-based models can be classified into two groups: the first 
explicitly includes the physical model as an evolution equation in the 
constitutive model, and the second is based on describing the constitu-
tive equation by using knowledge about the physical process causing the 
deformation� The validity domain of both modeling approaches is signifi-
cantly larger than that of the phenomenological models, as they are based 
on processes description and not only on a curve fitting of the domain�

10.2.1.2.1 Mechanical threshold stress model The mechanical thresh-
old stress (MTS) model, originally proposed by Kocks [37] and later modi-
fied for various materials by many other researchers, is basically developed 
using dislocation concepts, assuming that material behavior is dictated by its 
microstructure evolution�

For simplicity, the MTS model developed by Follansbee and Kocks [38] 
for copper alloys will be presented here, as it was later used in machining 
modeling [39]� This model is expressed as follows: 
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where:
σ̂ denotes the threshold stress
K is the Boltzmann constant
g0 is the activation energy
µ  is the shear modulus
b is the magnitude of the Burgers vector
p and q are material constants
θ0 and σ̂s are strain rate-dependent material constants

10.2.1.2.2 BCJ material model Bammann and coworkers [40] devel-
oped a dislocation mechanics-based internal state variable (ISV) model, 
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named Bammann-Chiesa-Johnson’s (BCJ) model, which is able to describe 
the strain rate and temperature histories� The BCJ model involves a yield 
surface, which follow a hardening-minus-recovery format, where deforma-
tion gradients are associated with both thermal expansion and damage� The 
relevant constitutive relationships of the BCJ model are given as follows [40]:

 σ λ µ= +tr D I De e( ) 2  (10�18)
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where:
De and Din denote the elastic and inelastic rates of deformation, 

respectively
α is the kinematic hardening ISV
R is the isotropic hardening ISV
λ and µ are the elastic Lame constants

And 
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where:
The parameters V(T), Y(T), and f(T), define the yield strength
h(T) and H(T) are the hardening moduli
rd(T) and Rd(T) are the dynamic recovery functions
rs(T) and Rs(T) are the static recovery functions

For simplicity, in some research works [41], these temperature-dependent 
model parameters were considered as constants� The parameters C1–C20 
are material constants�

10.2.1.2.3 Lindgren and coworkers’ model Lindgren et al� [36] devel-
oped a flow stress model based on a coupled set of evolution equations for 
dislocation density (DD) and vacancy concentration� This model also takes 
account for dynamic strain ageing through diffusing solutes parameter�

Kalhori et  al� [42] improved the Lindgren and coworkers’ model 
[36] by extending its applicability to high strain rates (up to 104  s–1), in 
order to simulate orthogonal machining of SANMAC 316L stainless steel� 
Similarly, Wedberg et al� [43] further improved this model by introducing 
the contribution of viscous drag (phonon contribution) on flow stress to 
account for high strain rate� For simplicity, the reader can refer to [36,42,43] 
for more details about these models�

10.2.1.3 Microstructure-based models
Earlier in the 1960s, experimental research studies on surface integrity car-
ried out by the pioneers Field and Kahles [44,45] revealed that machining 
processes may induce microstructural changes/alterations at the surface 
layers of the machined parts� The most studied feature of microstruc-
ture alteration is the well-known white layer, commonly observed when 
machining hard-to-cut material such as hardened steels, superalloys, and 
titanium alloys� It was only at the end of the 1990s that researchers started 
to model and predict the white layer formation by using empirical and 
analytical modeling [46]� Later, FEM of microstructural alterations during 
machining were developed, thanks to the development of robust compu-
tational techniques and advanced computers�

Various microstructure-based material models have been imple-
mented into FEM software, in order to predict phase transformations 
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(changes) during machining� These material models can be classified into 
three groups: empirical, semi-empirical, and physical-based models�

10.2.1.3.1 Empirical models Umbrello and Filice [47] were the first 
to introduce an empirical material model to predict the white layer forma-
tion during machining, using a FEM� They used a hardness-based consti-
tutive equation previously developed in [48], as follows:
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where:
A, C, n, and m are material constants
B(T) is a polynomial function of temperature
J and K are hardness-dependent coefficients

To predict the white and dark layer formations commonly observed in 
hard machining of steels, Umbrello and Filice [47] have used the following 
empirical equations to describe the hardness variations associated with 
the quenching (∆HRCquenching) and tempering (∆HRCtempering) processes: 
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where:
HRCINITIAL and HRCTWL are the initial and fully tempered hardness, 

respectively�
TWLSTART and TDLSTART  are the austenite-start and tempering-start 

temperatures�
F and G are constants, which are numerically calibrated using finite 

element simulation�

10.2.1.3.2 Semi-empirical models Rotella et al� [49] proposed a semi-
empirical material model to predict the microstructural changes during the 
machining of an aluminum alloy� The authors developed a routine based 
on Zener−Hollomon and Hall−Petch equations to describe the dynamic 
recrystallization process and the hardness modification,  respectively�

The constitutive Zener−Hollomon parameter is given as  follows [50]: 

 Z A n= ( )sinh ασ  (10�34)

where α and n are material constants�
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The Zener−Hollomon parameter Z is related to the recrystallized 
grain size d by the following equation [51]: 

 d d bZm= 0  (10�35)

where:
d0 is the initial grain size
b and m are material constants

The Hall–Petch equation has been used to relate the recrystallized grain 
size and the hardness, as follows [52]: 

 HV H k du= + −
0

0 5. (10�36)

where H0 and ku are material constants�
In addition, the authors have used the critical strain εcrit as a criterion 

for the onset of the dynamic recrystallization process, following Quan 
et al� [53], as: 
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where k1 to k3 are material constants�
Later, the previous approach has been adopted by several researchers 

[54,55]� However, some of these equations have been modified to adapt the 
model to the work materials studied�

More recently, Arizoy and Özel [31] have used the Avrami equation 
to predict the dynamic recrystallization kinetics induced by machining of 
a titanium alloy� The Avrami model allows to calculate the recrystallized 
volume fraction XDRX as a function of temperature, strain, and strain rate, 
using an Arrhenius-type equation, as: 
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where ε0 5.  denotes the strain level for XDRX = 0 5.  and is defined as follows: 
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and εpeak is the peak strain given by: 
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The recrystallized grain size dDRX is calculated using the following 
equation: 
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Then, the average grain size can be estimated as follows: 

 d d X d Xavg DRX DRX DRX= −( ) +0 1 (10�42)

where:
βd, kd, a1, a2, a5, a8, a10, c1, c5, c8, h1, h5, h8, m1, m5, m8, n5, and n8 are mate-

rial constants, which can be determined experimentally and/or 
calibrated using FEM

Q denotes the apparent activation energy

10.2.1.3.3 Physical-based models Ramesh and Melkote [56] developed 
a physical-based model, taking account of the effect of stress, strain, transfor-
mation plasticity, and volume expansion accompanying phase transforma-
tion on the transformation temperature� The model is capable of predicting 
white layer depth in hard turning� The authors assumed that the white lay-
ers in hard machining are formed under thermally dominant machining 
conditions, favoring the occurrence of phase transformation� Hence, the 
model basically describes the quenching process�

To estimate the effect of pressure on the phase transformation tem-
perature on heating stage (austenitization), the authors have used the 
Clausius–Clapeyron equation as: 
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tr
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 (10�43)

where:
∆Htr  is the heat of transformation involved in the ferrite/martensite−

austenite transformation
∆Vtr  is the volume change per mole due to transformation

The variation of the nominal temperature ∆Ms  for martensite formation 
starts Ms was modeled as follows: 

 ∆M A Bs kk= +σ σ (10�44)

where:
σkk and σ are the hydrostatic and effective stresses, respectively
A and B are material constants
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Once the material temperature exceeds the austenitization temperature 
As, the fraction of martensite formed on cooling Fm is calculated using the 
following equation [57]: 

 F M Tm s= − − −( )( ) 1 exp λ  (10�45)

where λ is a material constant�
The model also considers some transformation plasticity as an addi-

tional source of strain, and its evolution is given by [58]: 

 d K F dFTP
TP m mε σ= −( )2 1  (10�46)

where KTP  is a material constant�
The component-wise transformation plasticity strain is then deter-

mined as follows [58]: 
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where Sij denotes the components of the stress tensor�
The volume change effect on the strain due to martensite formation is 

taken into account as: 

 d dFij
TF

m ijε δ= ( )3
2

0 044.  (10�48)

where:
d ij

TFε  is the volumetric strain
δij is the Kronecker delta

Finally, the strain summation equation, involving the strains induced by 
transformation plasticity and phase changes, is given as: 

 ε ε ε ε ε εij
el

ij
el

ij ij
pl

ij
TP

ij
TFold d d d d= + − − − (10�49)

The above-mentioned equations were implemented as a user-defined 
subroutine (VUMAT) linked to AbaqusTM, where a full coupling between 
phase transformation effects and thermoelastoplastic material behavior is 
considered [56]�

More recently, other microstructure-based models have been devel-
oped using transformation plasticity with DD-based grain refinement 
model [59–61], visco-plastic asymmetry with phase transformation model 
[62], and ISV model with microstructure evolution equation [63]�
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10.2.2 Damage modeling

The machining of metallic materials often generates serrated chips, also 
known as segmented/saw-toothed chips, especially when machining 
hard-to-cut materials such as hardened steels, superalloys, and tita-
nium alloys [1], and when machining ductile materials such as alu-
minum alloys under cutting speeds higher than a critical value [2]� 
To model serrate chip formation, in addition to the plasticity model, a 
damage model should be considered to describe the material behavior 
when damage occurs�

There exist several ways to model the damage in machining simula-
tion� In the present chapter, we will focus on the most used ones, named 
the JC damage model and Cockcroft−Latham model�

The JC fracture model [64] is one of the most used models in machin-
ing simulation� It uses the equivalent plastic strain at failure εf as a crite-
rion for damage initiation� εf is defined as follows: 
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where:
σp denotes the pressure stress
σ is the von Mises stress
D1 to D5 are the damage constants

The damage initiation threshold is modeled in Abaqus/Explicit v6�13 [21] 
software according to a cumulative damage law: 

 D
f

= ∑ ∆ε
ε

 (10�51)

where ∆ε is the increment of the equivalent plastic strain�
In FEM involving damage phenomenon, once the damage initiates 

(D = 1), the flow stress will no longer be solely governed by the constitu-
tive equation but will be affected by the damage evolution, and a strong 
mesh dependency of the state variables occurs due to severe strain local-
ization [3]� In practice, there are different ways to describe the evolution 
of the flow stress after the damage takes place� The damage evolution cri-
terion is defined by a scalar variable denoted here as d (varying between 
0 and 1), which can be described by either a linear or exponential function 
of the equivalent plastic strain�
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Another damage model also widely used in manufacturing process 
modeling is the Cockroft−Latham model [65]� This model is developed 
based on the plastic energy dissipated during the process, as: 

 D d= ∫σ ε
ε

1

0

(10�52)

where:
ε is the effective strain
σ1 is the maximum principal stress

When a critical value is reached, that is, D = Dcrit, the flow stress is reduced 
to a lower value σl, which is expressed as a percentage of the original flow 
stress�

This criterion is easy to use because only one material constant has to 
be determined, while two or more material constants have to be identified 
for the other damage criteria, such as the JC damage model� It is should be 
noticed that Dcrit and σ1 were most of the time calibrated numerically by 
using finite element simulation [66,67]�

10.3 Identification techniques
In this section, the authors focused on the experimental, analytical, and 
computational techniques used in the determination of material constants 
utilized in machining modeling�

10.3.1 Dynamic tests

In developing a machining theory, Oxley and Hastings [68] were the first 
to introduce a constitutive equation involving strain, strain rate, and tem-
perature effects� They used high-speed compression tests on plain car-
bon steels, covering a strain rate of up to 450 s–1 and a temperature range 
of 0°C–1100°C� Although the extrapolation of the material constants to 
machining resulted in acceptable predictions, this was not considered 
accurate enough to model the machining processes�

Later, advanced methods such as the SHPB [69] have been used in study-
ing the material behavior at high strain rate (up to 104  s–1) and temperature 
(up to 0�9 × Tm) [6]� However, the strain reached was still too low (up to 0�5) 
to be compared with cutting conditions� Furthermore, the SHPB technique 
experiences some technical difficulties, which may affect the accuracy of 
the final results; thus, the testing data need to be carefully interpreted [70]�

Taylor tests were also used [7], allowing the strain rates raised up to 
105 s–1 for the identification of the JC constitutive equation [7]� As for the 
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SHPB technique, the strains recorded were less than 1� Moreover, this 
technique is costly, complex, and difficult to run and interpret [71]�

Although the high strain rates and elevated temperature are achieved 
during dynamic tests, they are still far from representing the real ther-
momechanical loading encountered in machining� Thus, in the last two 
decades, researchers have focused on developing advanced techniques to 
overcome the aforementioned issues�

10.3.2 Machining-based inverse methods

The absence of any devoted mechanical test method for describing the 
flow stress relevant to machining and the lack of high strain rate data have 
prompted many researchers to use machining tests themselves to deter-
mine the material behavior� This method, known as the inverse method, 
is simple and fast, and it provides better prediction than dynamic tests 
methodology� It is well known that the interaction of the cutting tool 
with the work materials results in three shearing zones, namely primary, 
secondary, and tertiary shear zones� As actually there is no reliable ana-
lytical model that can predict state variables accurately at the secondary 
and tertiary shear zones, due to the complexity in describing friction at 
these zones, the original formulation of the inverse method is only based 
on the primary shear zone� It consists of extracting machining data such 
as cutting forces and chip thickness from simple orthogonal machin-
ing tests and using them as an input of an analytical machining theory 
[9,72] to determine the flow stress, strain, strain rate, and temperature in 
the  primary shear zone� The material constants are then identified using 
least-squares approximation [9,10]�

However, previous studies pointed out some critical issues in the 
application of the inverse method, impairing the accuracy of the results� 
These critics can be summarized as follows: 

• When assessing all constitutive parameters at the same time, opti-
mization algorithms may converge to local solutions, resulting in 
the non-uniqueness of material parameter sets [73]� This is primarily 
due to the high nonlinearity of the constitutive equations�

• The low variation of state variables calculated in the primary shear 
zone during conventional orthogonal cutting also provides critical 
issues during the optimization�

• The initial values used to determine a large number of constants at 
the same time [74] influence the solution found by the optimization 
algorithms based on least-squares approximation�

• The accuracy of the solution depends on the analytical machin-
ing  model used in the calculation of state variables from 
machining tests�
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• The applicability of the determined constitutive equation may be 
restricted to the range of strains, strain rates, and temperatures of 
the primary shear zone, limiting the extrapolation of such equations 
to the secondary and tertiary shear zones�

To overcome the foregoing issues, the inverse technique has undergone 
several enhancements� In fact, robust algorithms such as nonlinear regres-
sion solution based on the Gauss−Newton algorithm with Levenberg−
Marquardt modifications [10], Levenberg–Marquardt search algorithm 
[75], genetic algorithm [76], evolutionary computational algorithms [77], 
and neural networks algorithm [78] have been used to get better global 
convergence� However, the enhancements were found to be limited by the 
weak variability of the state variables calculated within the primary shear 
zone, reducing the experimental domain on which the material constants 
can be optimized�

On the other hand, researchers [74] have further revised the inverse 
method by considering the secondary shear zone to enlarge the range of 
strain, strain rate, and temperature� Besides, they have used a regularly 
distributed function, combined with an FEM simulations of machining, 
to reach the absolute minimum of the objective function and improve 
the ability of searching unique solutions of material constants� More 
recently, Daoud et  al� [79] have used the response surface methodol-
ogy (RSM) as a technique, reducing the error induced by the optimi-
zation procedure� In addition, they have found that material constants 
obtained by inverse method are very sensitive to the tool rake angle used 
in orthogonal machining tests and that the 0 rake angle gives the better 
results� The RSM approach has been recently adopted by Malakizadi 
et al� [80]�

The authors believe that the major revision that has revolutionized the 
inverse method is that developed by Shi and coworkers [81]� Their main 
contribution is the use of the distribution of the state variables (strain, 
strain rate, temperature, and stress) at the primary shear zone [82], rather 
than their average values (original formulation of the inverse method), to 
determine the flow stress data� By doing this, the authors generated larger 
range of state variables across the primary shear zone, allowing better 
estimation of the material constants�

10.3.3 Hybrid/advanced methods

In order to further improve the determination of material constants repre-
senting machining conditions, some nonconventional method have been 
developed, involving hybrid and advanced computation methods� The 
former is a combination of experimental methods and/or computational 
methods�
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Surprisingly, the first versions of the hybrid method involved quasi-
static mechanical tests and orthogonal machining tests� In fact, Stevenson 
and Stephenson [83] and Stevenson [4] have shown that under soft 
machining conditions (low cutting speed), the strain rate is slow and the 
cutting temperature is approximated as room temperature� In these con-
ditions, the flow stresses obtained in quasi-static tests were found in close 
agreement with those obtained in machining tests� This approach cannot 
be longer used when practical machining conditions are used, where the 
strain rate hardening and softening effects are not negligible� For this rea-
son, in later studies [67,70,76,81,82,84], quasi-static tests have been utilized 
only in determining the strain hardening parameters, while the strain 
rate and softening parameters were extracted from machining tests� In 
addition, in some studies [81], machining tests were performed under hot 
conditions to extend the working temperature, leading to better estima-
tion of the material softening parameter� Other researchers [8,18,77,85] 
have used dynamic tests such as SHPB technique rather than quasi-static 
tests, together with the inverse method�

Advanced computational techniques based on FEM in conjunction 
with orthogonal cutting tests or mechanical tests have been also proposed 
in the literature [67,73,75,84,86,87]� In these methods, the material con-
stants were partly or totally identified by fitting the numerical prediction 
of machining data (cutting forces, chip thickness, contact length, and so on) 
obtained by FEM with those measured during cutting tests� Moreover, 
these techniques have been criticized and considered time-consuming� 
Some researchers [87] highlighted critical issues related to the uniqueness 
of the solution when FEM-based inverse method is applied for material 
constants’ identification�

10.4  Case study: Effect of material 
modeling on finite element analysis 
of near-micromachining of Inconel 718

In this section, the authors propose a sensitivity analysis based on an FEM 
simulation of near-micromachining of age-hardened Inconel 718� This 
case study aims to emphasize the effect of material constitutive equations 
and calibration methods on the performance of finite element analysis 
(FEA) of cutting process�

10.4.1 Machining tests

The experimental data used in this chapter are adopted from machin-
ing tests obtained in [67]� In these experiments, the authors have 
used an uncoated cemented carbide insert (WC-6CO) with 0° rake angle, 
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7° clearance angle, and flat rake face (no chip breakers)� The cutting tool 
edge radius was around 30  µm� For the cutting conditions, the present 
work will be limited to one cutting condition used in [67], which is defined 
as follows: cutting speed of 20 m/min and uncut chip thickness of 50 µm� 
This results in uncut chip thickness/edge radius ratio, known as the rela-
tive tool sharpness (RTS), equal to 1�66, satisfying near-micromachining 
conditions [88]�

The work material is an age-hardened Ni-based superalloy Inconel 
718 widely used in the manufacturing of heat-resistant components of aircraft 
engines� The work piece geometry is a disc machined with 3-mm thickness�

10.4.2 Finite element modeling of near-micromachining

10.4.2.1 Finite element formulation and boundary conditions
Finite element simulations of orthogonal near-micromachining were 
performed using an implicit updated Lagrangian formulation under a 
plane−strain coupled thermomechanical analysis� This model is devel-
oped under the commercial FE software DEFORM-2DTM version 10� The 
workpiece deformation behavior is modeled as viscoplastic, and the tool 
is considered to be rigid�

The workpiece and cutting tool were meshed with about 7,500 and 
1,500 isoparametric quadrilateral elements, respectively� Using the mesh 
window option in DEFORM-2DTM, fine mesh with average element size 
of 5–7 µm has been applied in the uncut chip region in the vicinity of the 
cutting tool (Figure 10�1)� The typical workpiece dimensions used in the 
simulations are 6 mm × 1 mm� As seen in Figure 10�1, the bottom and left 
sides of the workpiece are fully constrained, whereas the top and right 
sides of the tool are fixed in the Y direction� A velocity load is applied to 
the tool in the X direction to simulate the cutting speed� For the thermal 
boundary conditions, the bottom and right sides of the workpiece and 
the top and left sides of the cutting tool are constrained by room tem-
perature (20°C), whereas heat transfer with environment is allowed for 
the remaining part of the tool and the workpiece (hconv = 0�0512 W/m2K)� 
The coefficient of heat transfer at the chip–tool interface hint was set to 
55,000 kW/m2K [49]�

10.4.2.2 Contact modeling
The friction at the chip–tool interface is modeled using a hybrid model, 
already implemented in DEFORM-2DTM, combining sliding and shearing 
friction phenomena, as: 

 τ
µ µ

µ
=

<
≥



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p p mk
mk p mk

,
,
 if 
 if 

 (10�53)
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where:
τ is the shear frictional stress
p is the normal stress at the tool–chip interface
k denotes the shear flow stress of the work material
The frictional shear factor m is set equal to 1
The apparent friction coefficient µ is set equal to 0�32 based on [67]

10.4.2.3 Material modeling
As mentioned earlier, the work material studied is the aged superalloy 
Inconel 718� The main goal of this study is to investigate the effect of flow 
stress modeling and identification techniques on the chip formation pro-
cess and the performance of the FEM� To this end, the authors propose the 
original and the modified versions of the Johnson–Cook plasticity (JCP) 
models as material constitutive equations for Inconel 718  obtained from 
previous works [25,67,81]� The material constants of these models have been 
identified using different techniques, involving quasi-static tests, dynamic 
tests, FEM-based inverse method, and analytical-based inverse method� 
As seen in Table 10�1, the domains of validity vary with the applied identi-
fication techniques� The obtained material constants of the JCP equations 
are  displayed in Table 10�2� The JCP1 model is a modified JCP equation 
(Equation 10�10), where the strain rate sensitivity is considered dependent 
on strain rate and temperature� In addition, the JCP4  model is another 
modified JCP equation (Equation 10�12), originally developed by Calamaz 
[27] and later adopted by Özel and coworkers [29]� The latter combined the 
JCP constants from Lorentzon [89] with their own flow softening param-
eters for Inconel 718 alloy, which are depicted in Table 10�3�

As experimental analysis of the chips has led to the formation of 
serrated chips [67], a damage model is therefore needed in the FEM� In 
the present study, the Cockroft–Latham’s criterion (Equation 10�53) is 

Mesh
windows

X 6.00001

Y 1.5619

Y 1 Y

X

Y
X

X 1.006

Figure 10.1  Finite element model: geometry and mesh�
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employed to predict the effect of stress on the chip segmentation� For the 
JCP1, JCP2, and JCP3  models, the values of critical damage coefficients 
Dcrit and P were set equal to 97�8% and 43�13%, respectively, following 
Klocke and coworkers [67]� In order to assess the effect of damage model 
on the chip serration phenomenon, three configurations of damage mod-
eling were tested with the modified JCP4 model, as follows: For JCP4-1: 
Dcrit = 97�8, P = 43�13%, as in [67]; for JCP4-2: Dcrit = 510, P = 43�13%, as in [89], 
and for JCP4-3: Dcrit = 0, no damage, as in [29]�

Table 10.1 Identification techniques and validity domains of selected 
JCP models for aged Inconel 718 alloy

Model Material condition
Identification 

technique
Applicability 

domain

JCP1 [25] Aged quasi-static (QS) and 
SHPB tests

0 001 11 103 1. ≤ ≤ × −
εp s

20 800≤ ≤ °T C

0 0 35≤ ≤εp .

JCP2 [81] Aged (35 HRC) QS and analytical-
based inverse 
method

QS p≤ ≤ × −
ε 6 103 1s

RT T≤ ≤ °800 C
0 1 5≤ ≤εp .

JCP3 [67] Aged (46�1 HRC) QS and FEM-based 
inverse method

Machining conditions 
in [67]

Table 10.2 JCP parameters for aged Inconel 718 alloy

Model A (MPa) B (MPa) n C m εε0(s–1) T0 (°C)

JCP1 [25] 963 937 0�333 C f Tp= ( , )ε a 1�3 0�001 20

JCP2 [81] 789 700 0�22 0�0074 2�31 0�001 20
JCP3 [67] 1485 904 0�777 0�015 1�689 1 20

a
 C

Tp= − +
− −





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







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Table 10.3 JCP4 parameters for aged Inconel 718 alloy

A (MPa) B (MPa) n C m εε0(s–1) T0 (°C)

JCP [89] 1241 622 0�6522 0�0134 1�3 1 20
Flow softening 
parameters [29]

D S s r

0�6 0 5 1

Source: Ozel, T� et al�, Mach. Sci. Tech�, 15, 2011, 21–46�
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All input parameters relative to the physical properties of the work 
material and cutting tool are presented in Tables 10�4� It is worth noting 
that critical properties such as the thermal conductivity and heat capacity 
are considered temperature-dependent�

10.4.3 Results and discussion

10.4.3.1 Chip morphology
The chip morphology defined by the type and shape of the chip is an impor-
tant parameter that should be considered in any validation of FEM simula-
tion of machining� However, this is not the case for many research works 
where this criterion is often neglected� In the present work, the authors 
consider both macroscopic and microscopic geometries of the  chips� 
Figure 10�2 displays the macroscopic feature of the chip, known as the chip 
up-curling� As seen in Figure 10�2, the results can be classified into two 
groups� The first group includes chips predicted by JCP1–JCP3  models 
(Figures 10�2a–c), where the chips experience similar chip up-curling radii, 
with some degree of segmentation� The second group includes chips pre-
dicted with JCP4-1–JCP4-3 models, where the chips are continuous, with 
high degree of curling, particularly for JCP4-2 and JCP4-3� The predicted 
chip curling of the first group is roughly similar to the experimental chip 
curling (Figure 10�2g)� As the machining time at which the experimental 
photo was captured is unknown, the foregoing statement should be taken 
as preliminary observation�

Another important parameter to consider is the microgeometry of the 
chip� Figure 10�3 compares the predicted and experimental results in terms 
of the maximum chip height (hmax) and the minimum chip height (hmin) 
with the maximum chip height ratio (hmin/hmax)� The latter represents the 

Table 10.4 Physical properties of the superalloy Inconel 718a and cutting insertb

Parameter
Work material

Uncoated 
carbide insert

(Inconel 718) (WC)

Density, ρρ(kgm–3) 8470 11900
Elastic modulus, E(GPa) 206 612
Poisson’s coefficient, νν 0�3 0�22
Specific heat, Cp (JKg–1 K–1) 0�2 T + 421�7 0�12 T + 334�01
Thermal conductivity, λλ (Wm–1 K–1) 0�015 T + 11�002 0�042 T + 35�95
Thermal expansion, αα (μmm–1 K–1) 11�5 4�9
Melting temperature, Tm (K) 1550 –
a Malakizadi, A� et al�, Simul. Model. Pract. Theor�, 60, 40–53, 2016; Kitagawa, T� et al�, Wear, 

202, 142–148, 1997; Anderson, M� et al�, Int. J. Mach. Tool Manufac�, 46, 1879–1891, 2006�
b Jomaa, M� et al�, J. Manufac. Proc�, 26, 446–458, 2017�
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200 μm

(a)

(d)
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(g)

(c)

(f )
200 μm

Figure 10.2 Predicted chip curling for material models: (a) JCP1, (b) JCP2, (c) JCP3, 
(d) JCP4-1, (e) JCP4-2, and (f) JCP4-3 after 0�012 s machining time, and (g) experimen-
tal result� (From Klocke, F� et al�, Procedia CIRP, 8, 212–217, 20,13� With permission�)
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chip segmentation intensity and varies between 0 and 1� Continuous chips 
will result in hmin/hmax equal to 1� It is clear that the chips predicted with the 
first group of material models are thicker than those predicted with the sec-
ond group of material models� The latter results in chip thickness closer to the 
experimental ones; however, they are of continuous chip type� Conversely, 
reasonable agreement is obtained between experimental and chip segmen-
tation intensities predicted with the first group of material models�

10.4.3.2 Machining forces
Figures 10�4  and 10�5  display predicted cutting and thrust force signals 
versus machining time� As expected, the cutting force signals (Figure 10�4) 
generated by the first group of material models experience significant fluc-
tuations (oscillations)� The amplitude of oscillations is a bit higher in the case 
of JCP1 and JCP3 models than in JCP3 model� However, smooth cutting force 
signals are predicted with the second group of material models� The same 
observations can be drawn for the thrust force (Figure 10�5)� These trends are 
expected regarding the difference in the chip formation process observed, 
which varies from serrated to continuous process, depending on the mate-
rial model applied� Figure 10�6 quantitatively compares the predicted and 
experimental average cutting and thrust forces� Good agreement is obtained 
between the experimental and cutting forces predicted with JCP1  and 
JCP3 models, whereas the remaining models underestimate it� However, the 
predicted thrust force is underestimated for all tested material models� This 
trend was reported in several research studies [84,93], where it was stated 
that this discrepancy is independent of the material modeling used, and 
error related to finite element discretization is the main cause�
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Figure 10.4 Comparison of cutting force signals�
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10.4.3.3 Cutting temperature distribution
In machining process, the prediction of the cutting temperature is of great 
importance, as the cutting tool life significantly depends on its maximum 
value� Figure 10�7 displays the predicted temperature distributions at the 
cutting zone� Again, the highest temperatures at the tool–chip interface 
(501°C–570°C) are recorded with JCP1 and JCP3 models, whereas the maxi-
mum temperature values obtained with the remaining models are between 
364°C and 433°C� The same trend is observed about the chip temperature�
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10.4.3.4 Machined surface alteration: State variables evolution
In this section, the authors discuss the effect of material models on the 
thermomechanical state of the machined surface� Figure 10�8 depicts the 
effect of material models on the evolution of temperature at 10 µm below 
the machined surface� Obviously, the highest temperature values reached 
were 413°C and 383°C when using JCP1  and JCP3,  whereas they were 
around 320°C for the remaining models� This can be explained by the 
mechanical loading described by the stress–strain curves in Figure 10�9� 
In fact, JCP1 and JCP3 models produce the highest stress levels compared 
with the other models, resulting in higher amount of plastic energy dis-
sipated, and consequently, high amount of heat is generated�

Based on the earlier results, it is clear that constitutive equations and 
their calibration techniques affect the FEM performance significantly� 

(a) (b) (c)

(d) (e) (f)

200 μm

Tem
perature (C)

570
501
433
364
295
226
158
88.8
20.0

Figure 10.7 Predicted temperature distribution for material models: (a) JCP1, 
(b) JCP2, (c) JCP3, (d) JCP4-1, (e) JCP4-2, and (f) JCP4-3 after 0�012 s machining time�
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In order to understand the phenomena observed, first, it is worth high-
lighting how the material models tested behave under similar thermo-
mechanical tests� Figure 10�10  compares the material models under 
quasi-static and dynamic testing conditions� Under quasi-static conditions, 
flow stresses predicted with JCP1  and JCP3  models are in good agree-
ment with experiments, whereas under dynamic conditions, JCP2 model 
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Figure 10.9 Comparison of predicted stress−strain curves at 10 µm beneath the 
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performs better than the other models� Specifically, JCP4 underestimate 
the flow stress under both quasi-static and dynamic testing conditions�

So, as a first answer to the trends observed in the predicted machining 
data, the authors can argue that the material strength described by JCP1, 
JCP2, and JCP3 is higher than that predicted by JCP4 model, favoring the 
formation of serrated chips and higher cutting forces� The lower cutting 
force and temperature generated by JCP2 model as compared with JCP1 and 
JCP3 model can be explained by the fact that this model is developed for 
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Figure 10.10 Comparison of predicted and experimental stress−strain curves 
under (a) quasi-static and (b) dynamic conditions� (Adopted from Wang, X� et al�, 
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an aged Inconel 718 but with hardness of 35 HRC (see Table 10�1), which is 
lower than the studied Inconel 718 hardness (46�1 HRC)�

Although JCP1 model was calibrated using quasi-static and dynamic 
tests, it performed better than JCP2  and was comparable with the 
JCP3,  which were calibrated under machining conditions� The authors 
rely on these results to perform successful modification of the JC model by 
implementing a strain rate- and temperature-dependent strain rate con-
stant C in JCP1 model (see Table 10�2)� These results confirm previous find-
ings that the JC model can further be enhanced by taking account of the 
interaction between the thermal, strain, and strain rate hardening effects 
during calibration, particularly when it comes to the machining modeling�

From machining modeling point of view, JCP4 model failed to accu-
rately predict the machining data, and none of the damage conditions 
applied was reliable� The authors suggest that the hyperbolic function 
representing the material flow softening factor is not adequate, as no 
experimental date available in the open literature have clearly shown such 
behavior of the Inconel 718 alloy under dynamic tests� In addition, this 
modification (flow softening parameter) of the JC model was developed 
to predict the chip serration phenomenon, without the need for damage 
model� However, this was not the case, as all machining simulations with 
JCP4  model have shown continuous chip formation, even when using 
additional damage criterion (Cockcroft–Latham)� Furthermore, similar 
predictions of machining data have been obtained when using critical 
value Dcrit = 510 and 0� This can be explained by the fact that there is a 
 critical damage value, beyond which the material will no longer be dam-
aged, as a very high density of energy is needed (Cockcroft–Latham, 
Equation 10�53)� Hence, this case is equivalent to Dcrit set equal to 0 (no 
damage criterion is used)� It is worth recalling that the value Dcrit = 510 was 
adopted based on experimental results from a previous study [89]�

10.5 Conclusions and recommendations
In the present case study, FEM of near-micromachining of the superal-
loy Inconel 718 was carried out� The main goal was to study the effect of 
material constitutive equation and corresponding calibration methods on 
the performance of finite element predictions of machining outputs, such 
as chip morphology, cutting forces, cutting temperature, and machined 
surface layer alterations� The material models were selected based on the 
identification techniques used in their calibration� The material models 
used included the original and modified JC models� The identification 
techniques involved quasi-static tests, dynamic test (SHPB), analytical-
based inverse method, and FEM-based inverse method�

Considering the forgoing results and discussions, it is evident that 
the material modeling not only affects the chip formation process but also 
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alters the machined surface layer differently� The latter is a critical param-
eter, particularly when surface integrity characteristics such as residual 
stresses and microstructural changes need to be predicted�

The results showed that to achieve a successful machining modeling, 
it is imperatively suggested to carefully select the constitutive equation 
and the method used to identify its coefficients� The constitutive equa-
tions should be mathematically and physically coherent and should faith-
fully describe as much as possible the material behavior under machining 
conditions� Although, actually, there is no devoted experimental setup for 
describing the flow stress relevant to machining, there are some relevant 
precautions that can be taken to reduce material model-induced errors� 
Some of them can be summarized as follows: 

• Work material heat treatment: When material models are adopted 
from the literature, it is imperatively requested to check the hard-
ness of the work material modeled�

• The material model should be validated using experimental data 
(quasi-static and dynamic tests) before it is implemented in the FEM�

• The strain hardening parameters can be calibrated using quasi-static 
tests�

• Thermal softening and strain rate parameters can be identified by 
either dynamic tests or inverse method� If the former is the choice, 
it is suggested to define the strain rate and thermal softening coef-
ficients as dependent on strain rate and/or temperature�
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144–145, 144f

Lindgren and coworkers’ model, 291
Liquid nitrogen, 213
LJ (the Lennard–Jones) potential, 

144–145, 144f
LS-DYNA software, 36–37, 39, 45
Lumped mass models, 108–109

M

Machined surface alteration, 308–311, 
309f, 310f

Machining-based inverse methods, 
298–299

Machining forces, 306–307, 307f
Machining modeling, material constitutive 

equations
damage modeling, 296–297
plasticity model

microstructure-based models, 
291–295

phenomenological, 284–288
physical-based models, 289–291

Machining parameters and boundary 
conditions, 54–57, 56t

model interface cohesive 
elements, 57t

tool–workpiece couple, 54, 54f
Machining process and the machine tool 

(MPMT), 108–137
dynamic performance analysis, 

integrated method
state space model, establishment, 

110–112, 111f
theoretical basis, 112–115

FEM, 131–134, 133f
overview, 108–109

Maekawa’s model, 288
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Material removal rate (MRR), 181–182
current and pulse-off time on, 204f
current and pulse-on time on, 204f
estimation

concurrent, 202f
MATE in, 201f
testing, 203t

normalized, 196, 198
pulse-on time and pulse-off time on, 204f

MD simulation� See Molecular dynamics 
(MD) simulation

Mean absolute training errors (MATE), 
192, 201f

Mechanical micromachining processes, 246
challenges, 247–250

MUCT, 248–250
FEM, 245–273

microcutting of Ti6Al4V, 251–267
overview, 245–247

size effect in, 247–248
Mechanical problem

boundary conditions, 8
stress update algorithm, 16–17

Mechanical threshold stress (MTS) 
model, 289

Mechanistic modeling, 26
MEMS (micro electro mechanical 

system), 246
Merchant’s shear plane model, 27
Mesh-free methods, 32
Meshless local Petrov–Galerkin (MLPG) 

method, 33
MET (microengineering technologies), 246
Metaheuristic techniques, 194
Metal cutting, 26–28

deformation zones, 26, 27f
FEM, 30–32
process, 2
SPH, 36–45

Micro electro mechanical system 
(MEMS), 246

Microengineering technologies (MET), 246
Microfabrication techniques, 246
Micromachining process, 268
Microstructure-based models, 291–292

empirical model, 292
physical-based model, 294–295
semi-empirical model, 292–294

Microsystem technologies (MST), 246
Mie–Grüneisen EOS, 39
Minimum uncut chip thickness (MUCT), 

248–250

MLPG (meshless local Petrov–Galerkin) 
method, 33

Molecular dynamics (MD) simulation, 142
classical, 143–146
nanomachining, 141–172
potentials of, 143

MPMT� See Machining process and the 
machine tool (MPMT)

MRR� See Material removal rate (MRR)
MST (microsystem technologies), 246
MTS (mechanical threshold stress) 

model, 289
MUCT (minimum uncut chip thickness), 

248–250

N

Nano-Indenter XP, 117
Nanomachining, large-scale MD 

simulations, 141–172
atomistic simulation, 146–158

contact area determination, 
156–157

dynamically identifying removed 
matter, 153–156, 156f

external constraints, boundary 
conditions, and simulation 
procedure, 151–152

preparing model, 146–151, 151f
removing heat, 152–153
topography, evaluating workpiece, 

157–158
classical MD simulations, 143–146
grinding polycrystalline ferrite, 

162–172, 163f, 165f, 167f
overview, 141–143
system visualization, 158–162, 160f

atomic displacement, 160–161, 161f
grain orientation, 158–160
temperature, 162

Nonlinear SVM regression model, 185f
Normalization coefficient, 216
Numerical discretization/particle 

approximation, 33–35

O

OFHC (oxygen-free high conductivity 
copper), 255

Open visualization tool (OVITO), 158–159
Orientation analysis, 159
Orthogonal (2D) cutting models, 31–32, 31f
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Orthogonal cutting, simulation
chip formation process, 62–64
clearance angle effect, 68–70, 69f
cutting forces, prediction, 64–66, 65f
cutting speed effect, 73–74, 73f
depth of cut ap effect, 71–73, 72f
fiber orientations effect, interlaminar 

delamination, 74–76, 74f, 75f
subsurface damage induced, prediction, 

65f, 66–67, 66f
tool edge radius effect, 70, 70f
tool rake angle effect, 67–68, 67f, 68f

Orthogonal parallelepiped workpieces, 
215, 225

OVITO (open visualization tool), 158–159
Oxygen-free high conductivity copper 

(OFHC), 255

P

Particle finite element method (PFEM), 
1–22

chip formation, 19f
constitutive model, 12–14
cutting and feed forces, 20–21, 20f, 20t
finite element discretization, 10–12
Lagrangian continuum, 5–8

boundary conditions, 8
mass balance, 7–8
momentum equation, 6–7
thermal balance, 7

material response, 21–22
metal cutting processes, numerical 

simulation, 4–5
internal variables, data transfer, 5

orthogonal cutting, 2D plane strain, 19f
remeshing steps, 6f
in solid mechanics, 4
stress update algorithm, 14–17
variational formulation, 8–10

mass conservation equation, 9
momentum equations, 8–9
thermal balance equation, 9–10

Particle swarm optimization (PSO), 181
Parting line, 31
Pause phase, 87, 89
PDZ (primary deformation zone), 26
PFEM� See Particle finite element method 

(PFEM)
Phenomenological plasticity models, 284

JC’s constitutive equation, 286–287
Maekawa’s model, 288

power-law models, 284–286
ZA model and modified versions, 

287–288
Physical-based models, 289, 294–295

BCJ material model, 289–291
Lindgren and coworkers’ model, 291
MTS model, 289

PIM (point interpolation method), 33
Plasma channel, 84–85, 85f
Plasticity model, 284–295

microstructure-based models, 
291–292

empirical model, 292
physical-based model, 294–295
semi-empirical model, 292–294

phenomenological plasticity 
models, 284

JC’s constitutive equation, 286–287
Maekawa’s model, 288
power-law models, 284–286
ZA model and modified versions, 

287–288
physical-based models, 289

BCJ material model, 289–291
Lindgren and coworkers’ model, 291
MTS model, 289

Point interpolation method (PIM), 33
Polycrystalline ferritic workpiece 

model, 146
Polyhedral template matching (PTM) 

algorithm, 158–159
Potassium dihydrogen phosphate (KDP) 

crystal, modeling, 116–119
nano-indentation experiment, 

116–117, 117f
topography requirements, 116f
Young’s modulus and micro-hardness, 

118, 118t
Power-law models, 284–286
Power spectral density (PSD), 148
Primary deformation zone (PDZ), 26
Primary failure, 62
Process parameters, EDM, 100, 101t

constant parameters, 100–101
output parameters, 102
random parameters, 101–102

Progressive mesh, 104, 104f
PSD (power spectral density), 148
PSO (particle swarm optimization), 181
PTM (polyhedral template matching) 

algorithm, 158–159
Pulse phase, 87
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Q

Quadratic loss function, 186
Quasi-static approach, 53
Quasi-static conditions, 309–310, 310f
Quasi-static two-temperature method, 153
Quenched steels, 213

R

Response surface methodology (RSM), 299
Robust loss function, 186

S

Scanning electron microscope (SEM) 
images, 43, 85, 85f

Secondary deformation zone (SDZ), 26
Secondary fracture, 62
Semi-empirical model, 292–294
SEM (scanning electron microscope) 

images, 43
Severe plastic deformation (SPD), 26
SFTC DEFORM-2D software, 256
Shape functions, 29
Shear stress, 152, 171
SHPB (Split-Hopkinson pressure bar) 

test, 42
Simulation mesh, 93–94, 93f
Single-shear plane model, 26–27
Slip force calculation, 217–218
Smoothed particle hydrodynamics 

(SPH), 25
advantages and limitations, 35–36
versus FEM, 32, 33f
metal cutting, 36–45
numerical discretization/particle 

approximation, 33–35
overview, 32–33
solution procedure, 35

Smoothing/support domain, 33, 34f
SPD (severe plastic deformation), 26
Special cutting energy, 218
Specific cutting energy, 248
SPH� See Smoothed particle 

hydrodynamics (SPH)
Split-Hopkinson pressure bar (SHPB) test, 

42, 283, 297–298
Spread-range (SR) ratio, 193–194, 202f
Spring element group, 131, 131f
Standard stereographic triangle (SST), 159
State space model, 110–112, 111f

based on FEM, 123–131

air spindle, 125f, 130–131
fly-cutting machine tool 

configuration, 123–124, 124f
stiffness equivalence principle, 

127–130, 130f
Sticking–sliding model, 255
Stress update algorithm

discretized equations, transient 
solution, 14

mechanical problem, 16–17
thermal problem, 17
thermo-elastoplasticity model, 14

Support vector machine (SVM), 181, 
184–189

internal parameters, 192t
unified learning, 198t

nonlinear regression model, 185f
System visualization, tomographs, 158, 160f

atomic displacement, 160–161, 161f
grain orientation, 158–160
temperature, 162

T

Taylor test, 283, 297
TDZ (tertiary deformation zone), 26
Teaching factor (TF), 189
Teaching-learning-based optimization 

(TLBO), 181, 189
EDM, 180–206
modified, 200t
multiobjective, 189–199

Temperature distribution, 21, 22f
Temperature transfer equation and 

equivalent temperature concept, 
94–96, 95f, 96f

Termination criterion, 193
Tertiary deformation zone (TDZ), 26
TF (teaching factor), 189
Thermal problem

boundary conditions, 8
stress update algorithm, 17

Thermo-elastoplasticity model, 12–14
elastic response, 12
flow rule, 13
implicit integration scheme, 15
JC constitutive model, 13–14, 14t
yield condition, 13

Thermomechanical material properties, 
226–228, 228f, 228t

Thermostatting approach, 153
Three-dimensional (3D) mesomechanic 

model, 53
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Thrust force signals, 306, 307f
Time-dependent analysis, 159
Time integration algorithm, 145
Time step, 225
Titanium alloy Ti–6Al–4V, 13
TLBO� See Teaching-learning-based 

optimization (TLBO)
Tomographs

exemplary atomic displacement, 161f
substrate, 160f, 164f
system visualization, 158–162, 160f

Tool Craft A25 EDM machine, 183
Tool edge radius effect, 70, 70f
Tool rake angle effect, 67–68, 67f, 68f
Topography, evaluating workpiece, 

157–158
Triangular element, 127, 127f
Two-dimensional (2D) periodicity, 146, 148

U

Ultrasonic-assisted grinding (UAG), 40
Ultrasonic-assisted scratching (UAS), 40
Undeformed chip thickness, scenarios, 

249, 249f
Unified learning system development, 

EDM, 184

multiobjective TLBO, 189–199
modifications and marching 

procedure, 190–199
SVM, 184–189
testing, 199–206

V

Verlet algorithm, 145–146
von Mises stress field, 21, 22f
von Misses–Huber yield criterion, 13
Voronoi cells, 147–148
Voronoi construction, 146–147, 147f
VUMAT subroutine, 52–53, 56

W

Wear particles, 166, 168–169
Weight-combining method, 195
Workpiece geometry, 225
Workpiece material, 213, 225t

Z

Zener–Hollomon parameter, 292–293
Zerilli–Armstrong (ZA) model and 

modified versions, 287–288



http://taylorandfrancis.com

	Cover������������
	Half Title�����������������
	Title Page�����������������
	Copyright Page���������������������
	Table of Contents������������������������
	List of figures����������������������
	List of tables���������������������
	Preface��������������
	Editors��������������
	Contributors�������������������
	Chapter 1: A particle finite element method applied to modeling and simulation of machining processes������������������������������������������������������������������������������������������������������������
	Chapter 2: Smoothed particle hydrodynamics for modeling metal cutting����������������������������������������������������������������������������
	Chapter 3: Failure analysis of carbon fiber reinforced polymer multilayer composites during machining process��������������������������������������������������������������������������������������������������������������������
	Chapter 4: Numerical modeling of sinker electrodischarge machining processes�����������������������������������������������������������������������������������
	Chapter 5: Modeling of interaction between precision machining process and machine tools�����������������������������������������������������������������������������������������������
	Chapter 6: Large-scale molecular dynamics simulations of nanomachining�����������������������������������������������������������������������������
	Chapter 7: Multiobjective optimization of support vector regression parameters by teaching-learning-based optimization for modeling of electric discharge machining responses������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
	Chapter 8: Modeling of grind-hardening���������������������������������������������
	Chapter 9: Finite element modeling of mechanical micromachining����������������������������������������������������������������������
	Chapter 10: Modeling of materials behavior in finite element analysis and simulation of machining processes: Identification techniques and challenges������������������������������������������������������������������������������������������������������������������������������������������������������������
	Index������������

