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Preface

Kinematics is the study of motion without considering forces. In comparison to other
engineering design disciplines such as statics, where motion and governing loads are
considered according to Newton'’s first law and dynamics, where motion and governing
loads are considered according to Newton’s second law, kinematics is the most funda-
mental engineering design discipline. Courses pertaining to the kinematics of mechani-
cal systems are core requirements of university undergraduate mechanical engineering
curricula.

While a central understanding of classical kinematics will continue to remain rel-
evant in engineering and subsequently, a necessary focus in undergraduate engi-
neering education, it is becoming increasingly important that an undergraduate also
acquire a central understanding of static and dynamic mechanism analysis. Such an
understanding prepares an undergraduate student to conduct more thorough analy-
ses and produce more relevant solutions in mechanism design. In addition, a central
understanding of the design and analysis of robotic manipulators has become essential in
modern-day undergraduate engineering education due to the expanding use of robotic
systems today.

It has become very efficient and extremely practical to utilize mathematical analysis
software to conduct engineering analyses in recent years. Of all the mathematical analysis
software options available (which are numerous), the authors chose MATLAB®. MATLAB
is a high-level language and interactive environment for numerical computation, visu-
alization, simulation and programming. Using MATLAB, one can analyze data, develop
algorithms, and create models and applications without data type checking, compiling and
linking (tasks common in programming languages such as C++ and Java). SimMechanics®,
a MATLAB toolbox, provides a graphical multi-body simulation environment for 2D and
3D mechanical systems including linkages, robots, cam systems and gear systems. The
user models the multi-body system (using blocks representing bodies, joints, constraints,
and motion/force actuator elements) and then SimMechanics formulates and solves the
governing equations of motion and force for the complete mechanical system. An auto-
matically generated 3D animation lets you visualize the system dynamics. MATLAB and
SimMechanics can be used for a broad range of applications including the kinematics,
synthesis, statics and dynamics of mechanical systems. Both MATLAB and SimMechanics
are well-established (and often the de facto standard for mathematical analysis and simula-
tion) in colleges and universities.

There is currently a variety of textbooks available in mechanism kinematics-each
book differing from the others primarily in terms of the breadth and depth of kinemat-
ics topics presented and the software packages used to implement the concepts and
methods presented. In light of the need to go beyond classical kinematics in under-
graduate engineering education and fill the gap between theory and the application of
theory for real-world problems, this textbook was produced. This textbook introduces
the fundamental concepts of mechanism kinematics, synthesis, statics and dynamics
for planar and spatial linkages, cam systems, gear systems and robotic manipulators by
realistic illustrations and practical problems. Also, the commercial software MATLAB
and its mechanical simulation toolbox SimMechanics are thoroughly integrated in the
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textbook for ease of concept implementation (both during and after one’s undergradu-
ate years).

In order to improve both the practicality of the concepts covered as well as the clarity
in their presentation, the second edition of Kinematics and Dynamics of Mechanical Systems:
Implementation in MATLAB and SimMechanics includes the following updates:

¢ the inclusion of gravity in static and dynamic force analysis of planar linkages
The equation systems, MATLAB files and SimMechanics files for Chapters 6
and 7 have been updated to enable the user to specify gravitational constants in
planar linkage static and dynamic force analyses. With this improvement, the user
can conduct accurate static and dynamic force analyses of planar four-bar, slider-
crank, geared five-bar, Watt I and Stephenson III mechanisms of any scale.

¢ the inclusion of force and torque equations for bevel gears
Chapter 8 has been updated to include force and torque equations for straight-
toothed bevel gears. With this new content, the user can conduct bevel gear force,
torque, work and power analyses of as they have been able to do for spur, helical
and worm gears in the prior textbook version.

¢ the inclusion of MATLAB and SimMechanics file input in textbook examples
Chapters 4-11 have been updated to include the example problem data input
formulated as input in the corresponding MATLAB and SimMechanics files. This
new content improves the clarity for the reader regarding example problem inter-
pretation and preparation for use in the library of MATLAB and SimMechanics
files that accompany this textbook (these files are available for download at https://
www.crcpress.com/product/isbn /9781498724937 and click the Downloads tab).

This textbook was written to accommodate students with no working knowledge of
MATLAB. In terms of MATLAB knowledge, the ideal user should know how to launch
MATLAB and have access to the MATLAB software package itself. Any version of MATLAB
post 2013 is suitable to run the MATLAB and SimMechanics files associated with this text-
book (provided all of the required toolkits listed in Appendix A.1 are installed).

The intended uses for this textbook are the following:

* as a sole text for an undergraduate course in mechanical system kinematics

® as a sole text for an undergraduate mechanical design course (where mecha-
nisms are then analyzed using Statics/Dynamics, Stress Analysis, Machine Design,
CAE, etc.).

¢ as a reference text for mechanical engineering research

* as a reference text for the application of MATLAB and SimMechanics in mechani-
cal engineering

Because our goal is to produce a textbook with sufficient breadth, depth and implemen-
tation resources to be an effective resource for 21st century undergraduate engineering
education, we look forward to any feedback you may have. For e-mail correspondence, we
can be reached at kevin.russell@njit.edu. We hope you enjoy utilizing this work as much as
we have enjoyed producing it.

The authors would like to acknowledge the contributions of those who assisted in the
review and evaluation of this textbook. In particular we thank the students of ME-231
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1

Introduction to Kinematics

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Kinematics and its use in engineering design

2. Distinctions between kinematic chains and mechanisms

3. Planar and spatial mechanism mobility

4. Types of mechanism motion

5. Distinctions between kinematic analysis and kinematic synthesis

6. Categories of kinematic synthesis

1.1 Kinematics

Kinematics is the study of motion without considering forces. In a kinematic analysis, posi-
tions, displacements, velocities and accelerations are calculated for mechanical system
components without regard to the loads that actually govern them. In comparison to
other engineering design studies such as statics, where motion and governing loads are
considered according to Newton’s first law, and dynamics, where motion and governing
loads are considered according to Newton's second law, kinematics is the most fundamen-
tal engineering design study. It is often necessary in the design of a mechanical system to
not only consider the motion of its components, but also the following:

e Static or dynamic loads acting on the components (considered in statics and
dynamics)

¢ Component material stress and strain responses to the loads (considered in stress
analysis)

¢ Required component dimensions for the working stresses (considered in machine
design)

Because of this, static, dynamic, stress, and machine design analyses often follow a
kinematic analysis.

Figure 1.1 includes kinematics, statics and dynamics, stress analysis and machine design
in an ascending order of progression. This order follows the intended order of use of these
studies in mechanical design. After a mechanical system has first been determined to
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Machine design

(component dimensions
for working stresses)

Stress analysis
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deflections)

Statics and dynamics

(static and dynamicforces)

Kinematics
(motion without forces)

FIGURE 1.1
Kinematics in relation to other associated engineering design studies.

be kinematically feasible, the static or dynamic loads acting on the system components
are considered next. After static or dynamic feasibility has been achieved, the stresses
and strains produced in the mechanical system components are then considered. Lastly,
machine design principles and methodologies are employed to ensure the material and
dimensions of the mechanical system components (and subsequently the entire mechani-
cal system) are satisfactory for the known working stresses.*

Asillustrated in Figure 1.1, kinematics is the most fundamental of the engineering design
study listed. When a design is not kinematically sound, evidence of this will often appear
in the other engineering design studies. For example, a discontinuous displacement profile
calculated in a kinematic analysis would be revealed as excessive acceleration in a dynamic
analysis, which, in turn, could produce excessive dynamic forces. These excessive dynamic
forces would likely produce high stresses. These high stresses may require a material selec-
tion or component dimensions that make the overall component design impractical for
the intended design application. Kinematic feasibility, therefore, must be established first
before considering the follow-on engineering design studies in Figure 1.1.

1.2 Kinematic Chains and Mechanisms

This textbook focuses primarily on the kinematic analysis and kinematic synthesis of
mechanical systems or mechanisms, as they are commonly called." A kinematic chain, an
overarching classification that includes mechanisms, is an assembly of links intercon-
nected by joints where the motion of one link compels the motion of another link (which
compels the motion of another link, and so on depending on the number of mechanism
links).* Complex mechanical systems, such as an automobile engine, for example, can be
comprised of multiple kinematic chains, while a single kinematic chain can constitute an
entire mechanical system in the case of a simple tool. Figure 1.2 illustrates a commonly

* In addition to engineering design factors pertaining to kinematics, statics, dynamics, and machine design—
also called traditional engineering factors—nontraditional or modern engineering factors (including producibil-
ity, cost, environmental impact, disposal, aesthetics, ergonomics, and human factors) are often equally important.

* The distinctions between kinematic analysis and kinematic synthesis are first presented in Section 1.5.

 Because a mechanism is an assembly of links, it is also called a linkage. Links are generally assumed to be
nondeforming or rigid in kinematics.
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(a) : (b)

FIGURE 1.2
Pliers in (a) open and (b) closed positions.

used kinematic chain: a pair of pliers. Moving the lower handle (link L;) toward the upper
handle (link L;) or vice versa compels the motion of the remaining links, including the
lower grip (link L,), which produces a gripping action. Having links compel the motion of
each other link in a controlled manner is important because the fundamental objective in
the design of a mechanical system is to provide a controlled output motion in response to
a supplied input motion.

One characteristic that distinguishes mechanisms from other kinematic chains is that
the former has at least one “grounded” link [1]. A grounded link is one that is attached
to a particular frame of reference. Some mechanisms have links that are permanently
grounded through friction, gravity, or fastening members (e.g., bolts, screws, and welds),
whereas with our pliers example, the grounded link can be established according to one’s
own preferences.

1.3 Mobility, Planar, and Spatial Mechanisms

The mobility or the number of degrees of freedom of a mechanism is the number of indepen-
dent parameters required to uniquely define its position in space. Knowing the mobility of
a mechanism is particularly important when formulating equation systems for the kine-
matic analysis or synthesis of the mechanism. This is because the equation systems must
include enough parameters to fully define the motion of each mechanism component. To
fully define the position of a body in two-dimensional or planar space at an instant in time
requires three independent parameters. To demonstrate this principle, we will consider
the parking automobile example in Figure 1.3a where the X-Y coordinate frame is affixed to
the parking space. At any instant in time, the position of the automobile can be measured
with respect to the X-Y coordinate frame given three independent parameters. The X and
Y coordinates of any point on the automobile are two of the three parameters required to
define the planar position of a body. Because the parking automobile also rotates in the
coordinate frame, its angular position is also required to fully define its position in the X-Y
coordinate frame. Therefore, the three parameters required to define a planar position are
the X and Y coordinates of a location on the body and the orientation angle of the body.
Because three independent parameters are required to define the position of the body in the X-Y
plane, an individual mechanism link restricted to planar motion can have a mobility of up to three
or up to three degrees of freedom.
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(b)

FIGURE 1.3
(a) Parking automobile and (b) aircraft in flight.

To fully define the position of a body in three-dimensional space at an instant in time
requires six independent parameters. To demonstrate this principle, we will consider the
flying aircraft example in Figure 1.3b where the X-Y-Z coordinate frame is affixed in space.
At any instant in time, the position of the aircraft can be measured with respect to the
X-Y-Z coordinate frame given six independent parameters. The X, Y, and Z coordinates
of any point on the aircraft are three of the six parameters required to define the spatial
position of a body. Because the aircraft also rotates about each coordinate frame axis, these
three angular positions are also required to fully define its position in the X-Y-Z coordinate
frame* Therefore, the six parameters required to define a spatial position are the X, Y, and
Z coordinates of a location on the body and the orientation angles of the body about the
X, Y, and Z axes. Because six independent parameters are required to define the position
of the body in X-Y-Z space, an individual mechanism link restricted to spatial motion can
have a mobility of up to six, or up to six degrees of freedom.

Figure 14a illustrates a pair of pliers. As indicated by the overlapping plane, the motion
exhibited by this mechanism is restricted to 2D space. A pair of pliers is an example of
a commonly used planar mechanism. Each link in this particular mechanism has a sin-
gle degree of freedom—which is consistent with the previously stated condition that a
maximum mobility of three is possible with a body in planar motion.

In comparison to the pair of pliers, Figure 1.4b illustrates a particular type of robotic
manipulator— the RPP robotic manipulator (presented in Chapter 11). As indicated by the
overlapping cylindrical volume, this mechanism can exhibit motion in 3D space. Robotic
manipulators are examples of commonly used spatial mechanisms. Each link in this par-
ticular robotic manipulator has a single degree of freedom—which is also consistent with
the previously stated condition that a maximum mobility of six is possible with a body in
spatial motion.

* As shown in Figure 1.3b, the three aircraft rotation angles are called the roll, pitch, and yaw angles and are
about the X, Y, and Z axes, respectively.

* The space (2D or 3D) that encompasses all of the possible positions achieved by a mechanism is called its
workspace.
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(2) (b)

FIGURE 1.4
(a) Pliers in plane and (b) robotic manipulator in spatial workspace.

1.4 Types of Mechanism Motion

The motion exhibited by any mechanism link in 2D or 3D space can be classified as one
of four types of motion. These four types are illustrated in Figure 1.5. In pure rotation
(Figure 1.5a), a link rotates at a constant radius about a fixed axis. A link travels along a
linear path in pure translation (Figure 1.5b).* Complex motion is a type of planar motion that
includes both link rotations and translations simultaneously (Figure 1.5¢c). Any two spatial
link positions can be expressed as a rotation about and a translation along a spatial axis
(called a screw axis). This type of spatial motion is called screw motion (Figure 1.5d). Pure
rotation and translation can be exhibited by mechanisms in both 2D and 3D space while
only mechanisms in 2D space can exhibit complex motion and only mechanisms in 3D
space can exhibit screw motion.

Pure rotation and pure translation are commonly called circular motion and linear
motion, respectively. As the names imply, circular motion is exhibited about a circular
path and linear motion is exhibited along a linear path. The conversion of circular motion
to linear motion (and vice versa) is commonly required for the operation of mechanical
systems. Sometimes we are given a circular motion (e.g., from a hand crank, engine, or
electric motor) and we desire a linear output motion. On the other hand, we may be given a
linear motion and we desire a circular output motion. The circular and linear motion may
be constant, oscillatory, or even intermittent.

Several of the noted linear and circular input—output motion combinations appear in
the valve train assembly illustrated in Figure 1.6.f The valve train assembly is comprised of
four major components: the cam, rod, rocker, and valve (Figure 1.6a). Figure 1.6b includes the
motion produced by these four components. The initial input in this assembly is produced
by the cam.* The constantly rotating cam produces an oscillating translational rod motion.
The oscillating translational rod motion produces an oscillating rotational rocker motion
(as the name “rocker” implies). Lastly, the oscillating rotational rocker motion produces an

* Pure rotation at a radius of infinity becomes pure translation.
t The valve train assembly is an integral assembly in the internal combustion engine.
¥ The kinematics and design of radial cam systems are introduced in Chapter 9.
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FIGURE 1.5
Links in (a) pure rotation, (b) pure translation, (c) complex, and (d) screw motion.

oscillating translational valve motion. It is the oscillating valve motion that governs the
timing in which air and fuel are brought into an internal combustion engine and exhaust
products are removed from the engine.
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FIGURE 1.6
(a) Valve train assembly and (b) motion of assembly components.
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1.5 Kinematic Synthesis

In a kinematic analysis, the mechanism link dimensions are known and the motion char-
acteristics such as positions, displacements, velocities, and accelerations are calculated.
Understanding the kinematic behavior of a given mechanism is the scope of a kinematic
analysis. In comparison to kinematic analysis, in kinematic synthesis the problem is con-
sidered in reverse. Here, the mechanism required to fulfill a predetermined motion is
produced.

There are two categories in kinematic synthesis. One category involves the determi-
nation of the type of mechanism needed to accomplish a given purpose. This category
is called type synthesis [2]. Number synthesis falls into this category. In number synthesis
(presented in Section 3.3), mechanisms are produced that match a given mechanism
mobility.

The other category in kinematic synthesis involves the determination of the mechanism
dimensions needed to achieve a given motion sequence. This category is called dimen-
sional synthesis [3]. Motion generation and function generation fall into this category. In motion
generation, mechanism dimensions required to achieve coupler-link positions are deter-
mined, while the achievement of crank and follower-link displacement angles is the objec-
tive in function generation. Both motion generation and function generation are presented
in Chapter 5.

Example 1.1

Problem Statement: Figure E.1.1 illustrates two positions of a mechanism used to compact
trash bundles. By rotating the driving link from its initial position (Figure E.1.1a) to its
final position (Figure E.1.1b), the compacting ram is displaced from its initial position
to its final position. During compaction, a reaction force is applied to the compacting
ram. The mechanism is maintained in a state of static equilibrium by a torque applied
to the driving link and the compacting ram reaction force. Describe how the principles
of kinematics, statics, stress analysis, and machine design can be used to evaluate the
structural integrity of the coupling link (Figure E.1.1) during compaction.

Known Information: Figure E.1.1, background knowledge of kinematics, statics, stress
analysis, and machine design principles.

Solution Approach: The mechanism in Figure E.1.1 can be modeled as a slider-crank
mechanism.*

Kinematic Analysis: Given the dimensions of this particular slider-crank mechanism,
the driving link angular rotation required to achieve the final compacting position can
be calculated from the slider-crank mechanism displacement equations.

Static Analysis: A static equilibrium equation can be formulated to calculate the
columnar force that acts on the coupling link [4]." Equations for static equilibrium are
formulated according to Newton’s first law.

Stress Analysis: Given the columnar force on the coupling link, along with its cross-
section dimensions and material properties, the normal stress of this link can be calcu-
lated. Additionally, the buckling load for this link (which is essentially a column with
pinned ends) can also be calculated [5].

* Kinematic displacement, velocity, and acceleration equations for the slider-crank mechanism are introduced
in Chapter 4.
t Static force analysis for planar mechanisms is introduced in Chapter 6.
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Trash
(post compaction)

Coupling link
Driving link upine
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(driving link)

(b)

FIGURE E.1.1
(a) Initial and (b) final positions of compacting mechanism.

Machine Design: Based on the values calculated for the normal stress and buckling
load for the coupling link, it may be necessary to modify its cross-section dimensions
or its material type to achieve an acceptable degree of structural integrity for use in the
trash compacting mechanism.

1.6 Units and Conversions

Many of the example problems and end-of-chapter problems presented throughout this
textbook are unitless because specific dimension units are not required to calculate cor-
rect solutions. With such problems, the calculated result can, in fact, be scaled to match
the desired unit system. However, there are other problems here, particularly those where
force and mass are included, where a particular system of units is not only desired, but
required for calculating correct solutions. Among the problems throughout this textbook
were units are specified, both the International System of Units (SI) and United States System
of Units (US) are used. Table 1.1 includes common quantities used throughout this textbook
and their associated unit conversions between SI and US units.
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TABLE 1.1

Common Textbook Quantities and Unit Conversions (from US to SI Units)

Quantity US Unit Conversion SI Unit
Mass 1 pound-mass (lbm) =0.4536 kilograms (kg)

Force 1 pound-force (Ibf) =4.4482 newtons (N)

Length 1 foot (ft) =0.3048 meters (m)

Length 1 inch (in) =25.4001 millimeters (mm)
Work 1 horsepower (hp) =745.6999 watts (W)

Angular velocity 1 revolution/minute (rpm) =0.1047 radian/second (rad/s)
Angular velocity 1 degree/second (°/s) =0.0174 radian/second (rad/s)
Velocity 1 foot/second (ft/s) =0.3048 meters/second (m/s)
Velocity 1 inch/second (in/s) =25.4001 millimeters/second (mm/s)
Torque 1 pound-foot (Ib-ft) =1.3558 newton-meters (N-m)
|

1.7 Software Resources

The commercial mathematical software package MATLAB® (version 2013b) and its
mechanical modeling and simulation toolbox SimMechanics® are thoroughly integrated
in this textbook for applied kinematic analysis [6]. Both software resources are well
established (and often the de facto standard for mathematical analysis and simulation) in
many colleges and universities worldwide. A library of MATLAB and SimMechanics files
developed for this textbook is available for download at www. crcpress.com/product/
isbn/9781498724937. With these files, the user can calculate solutions for the equation
systems presented throughout this textbook and conduct mechanical simulations to inde-
pendently verify or evaluate equation system results.* The MATLAB and SimMechanics
resources that accompany this text provide a virtual test bed to utilize the equations sys-
tems and methodologies presented in Chapters 2 through 11. This textbook also includes
a variety of example problems where solutions are calculated directly through MATLAB'’s
command window (see Appendix A.3).

1.8 Summary

Kinematics—the study of motion without considering governing forces—is the most
fundamental engineering study in mechanical system design. In mechanical system
design, kinematic feasibility should be determined before considering other engineering
design studies such as statics, dynamics, stress analysis, and machine design.

Mechanical systems are comprised of kinematic chains—an assembly of interconnected
links where the motion of one link compels the motion of another link in a controlled
manner. Achieving controlled output motion in response to a supplied input motion is the
fundamental objective in mechanical system design. Kinematic chain is an overarching

* This textbook also includes example problems where solutions are calculated directly through MATLAB’s
command window (see Appendix A.2).
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classification that includes mechanisms (also called linkages). The presence of an estab-
lished ground link is a primary characteristic that distinguishes mechanisms from
kinematic chains.

The mobility or the number of degrees of freedom of a mechanism is the number of
independent parameters required to uniquely define its position in space. Knowing the
mobility of a mechanism is important when formulating equation systems for mecha-
nism kinematic or synthesis. This is because the equation systems must include enough
variables to fully define the motion of each mechanism component. An individual link
restricted to planar motion can have up to three degrees of freedom and an individual link
restricted to spatial motion can have up to six degrees of freedom.

A mechanism link in 2D or 3D space can exhibit pure rotation, pure translation, complex
motion, or screw motion. In pure rotation, a link rotates at a constant radius about a fixed
axis. A link travels along a linear path in pure translation. Complex motion is a type of
planar motion that includes simultaneous link rotations and translations. Screw motion is
a type of spatial motion that includes simultaneous link rotations about and translations
along a spatial axis called a screw axis.

Circular motion and linear motion are two types of motion often exhibited in mechani-
cal systems. Sometimes we are given a circular motion and desire an output linear motion.
On the other hand, we may be given a linear motion and desire a circular output motion.
In mechanical systems, the circular and linear motion may be constant, oscillatory, or even
intermittent.

In a kinematic analysis, the mechanism link dimensions are known and the motion char-
acteristics such as positions, displacements, velocities, and accelerations are calculated. In
comparison to kinematic analysis, the problem is considered in reverse in kinematic synthe-
sis. Here, the mechanism required to fulfill specific predetermined motions is produced.
One category in kinematic synthesis, called type synthesis, involves the determination of
the type of mechanism needed to accomplish a given purpose. Number synthesis (presented
in Chapter 3) falls into this category. In number synthesis, mechanisms are produced that
match a given mechanism mobility.

The other category in kinematic synthesis, called type synthesis, involves the determi-
nation of the mechanism dimensions needed to achieve a given motion sequence. Motion
generation and function generation (presented in Chapter 5) fall into this category. In
motion generation, mechanism dimensions required to achieve coupler-link positions are
determined while achieving crank and follower-link displacement angles is the objective
in function generation.

The mathematical software packages MATLAB and SimMechanics are fully integrated
throughout the remaining textbook chapters for applied kinematic analysis. The library
of MATLAB and SimMechanics files for this textbook is available for download at www.
crcpress.com/product/ isbn/9781498724937. Example problems are also solved in this
textbook through MATLAB’s command window.
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Mathematical Concepts in Kinematics

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Characteristics of vectors, complex vectors, and complex vector forms

2. The formulation of vector-loop displacement, velocity, and acceleration equations
using complex vectors

3. Characteristics of point-based vectors and their application in mechanism motion
equations

4. Characteristics of linear simultaneous equations and their representation in
matrix form

5. Fundamental matrix operations and the identity matrix
6. Matrix inversion and its application in solving linear simultaneous equations

7. Intermediate and total spatial motion and their application in mechanism
kinematics

8. The general transformation matrix and its application in the kinematic analysis of
robotic manipulators

2.1 Introduction

This chapter introduces the mathematical concepts and methodologies with which the
reader should become familiar to gain a solid understanding of the equation systems for-
mulated or presented in Chapters 4 through 11. These mathematical concepts relate to the
representation of complex numbers and complex number operations, intermediate and total
spatial motion, and the general transformation matrix.

L]
2.2 Complex Numbers and Operations
2.2.1 Complex Number Forms

Vectors are commonly used in the formulation of mechanism equation systems because,
being quantities that have both magnitude and direction, they can appropriately define

13
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FIGURE 2.1
A vector in two-dimensional complex space.

mechanism motion (specifically, the motion of linkage-based mechanisms). One way to
represent a two-dimensional vector (a vector that lies on a plane) is with a complex number.
A complex number is comprised of a real component and an imaginary component.

Figure 2.1 illustrates a vector V,; in two-dimensional complex space. The real and
imaginary components of this vector are V;, and V,,, respectively. Vector V; has the mag-
nitude V;, where V; = /V/; + V7, , and its direction angle is 6, where 6 = tan™" (Vly / le). The
real and imaginary components of V; can also be expressed as V; cos 6, and V; sin 6,,
respectively, due to the vector direction angle.* Vector V, can be expressed in the follow-
ing four forms:

Vi =Vy, +iVy, = Vi(cosb; +isin®;) = Vie™ 1)

where i=+/-1 and is called the imaginary unit! The second form in Equation 2.1 is the
rectangular form of the vector V,—the complex number. The third and last forms in
Equation 2.1 are the polar forms of V; (the last form being the polar exponential form)*

Example 2.1

Problem Statement: Calculate the magnitude and direction angle of vector V,, where
V,=15+i2.

Known Information: Vector V, and Section 2.2.1.

Solution Approach 1 (using MATLAB® functions): Figure E.2.1 includes the calculation
procedure in MATLAB’s command window. After specifying the given values for the
real and imaginary components of V,, this vector is then defined. The magnitude and
direction angle of V, are produced using MATLAB functions.

Solution Approach 2 (using manual calculations in MATLAB): Figure E.2.2 includes the
calculation procedure in MATLAB’s command window where the magnitude and
direction angle of V; were produced using manual calculations.

* Therefore, V;, = V; cos 6, and V;, = V; sin 6,.

t Therefore, i> = -1, i* = =i and i* = 1 (which are also 90° counterclockwise rotations each in the 2D complex
space).

 The vector polar forms are the result of Euler’s formula. In this formula, e'® = cos 8 + i sin 6.
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>> V1x 1.5;
>> Vly 2;
>> V1 = Vlix + i*Vly

vl =

1.5000 + 2.00001
>> Magnitude = abs (V1)
Magnitude =

2.5000
>> Direction = angle (V1) *1
Direction =

53.1301

>>

80/pi

FIGURE E.2.1

Example 2.1 calculation procedure (for Solution Approach 1) in MATLAB.

>> V1x 1.5;
>> Vly 2;
>> V1 = Vlix + i*Vly

vl =

1.5000 + 2.00001
>> Magnitude = sqrt (V1x"2
Magnitude =

2.5000
>> Direction = atan2(Vly,
Direction =

53.1301

>>

+ V1iy"2)

V1x) *180/pi

FIGURE E.2.2

Example 2.1 calculation procedure (for Solution Approach 2) in MATLAB.

15

MATLAB includes a library of functions covering a wide range of conventional calcu-
lation methods. A table of the MATLAB functions used in this textbook is included in
Appendix A.2. From here on, this textbook will primarily utilize MATLAB functions.
There will be occasional examples, however, where manual calculation methods will be
utilized to give the reader greater insight into the calculation method or to convey specific

techniques in MATLAB.

2.2.2 Complex Number Addition

Equation systems for mechanisms can be formulated by producing vector loops for the
mechanisms and taking the sum of the individual vectors in the loops [1]. Figure 2.2 illus-
trates a loop comprised of vectors V,, V,, V;, and V, in two-dimensional complex space.
Taking the sum of the vectors in a clockwise loop produces
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FIGURE 2.2
A vector loop in two-dimensional complex space.
Vl +V2+V3—V4=O (22)

If we conclude from Figure 2.2 that V; = Vie® 'V, = V,e™, V, = Voe™®  and V, = V,e™, each
vector in the loop can be expressed in polar form as

Vi (cos6; +isin®;)+ V,(cos6, +isi1192)+V3(c10593 +isine3)

(2.3)
—Vi(cos0y +isinB,) =0
and in rectangular form as
(Vie + Vi )+ (Vax +1Viy )+ (Vay +iV3y ) = (Viy +iViy ) = 0 (24)

After grouping and separating the real and imaginary terms in Equation 2.4, the two
equations in Equation 2.5 are produced. The imaginary unit in the second equation (being
common among all equation terms) can be removed if preferred.

Vie + Vor + Vo =V =0
, (2.5)
i(Viy +Vay + V3, = Vi, ) =0

Example 2.2

Problem Statement: Determine if the sum V, + V, + V; + V, of the following vectors forms
a closed loop: V; =1.5+1i2, V, =-i0.5, V; =-1.25 - i2.25, and V, = 0.25 - i0.25.

Known Information: Vectors V,, V,, V;, V,, and Section 2.2.2.

Solution Approach: Figure E.2.3 includes the calculation procedure in MATLAB’s com-
mand window. After specifying the given vectors and calculating the vector sum, it can
be seen that the vectors do not form a closed loop since the vector sum (called Sum in
Figure E.2.3) is not zero.

* It may be more convenient to use the rectangular form of complex numbers for vector addition.
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>> V1l = 1.5 + i*2

vl =

1.5000 + 2.00001

>> V2 = - 1*0.5
V2 =
-0.50001
>> V3 = -1.25 - i*2.25
V3 =

-1.2500 - 2.25001
>> V4 = 0.25 - i*0.25
V4 =
0.2500 - 0.25001
>> Sum = V1 + V2 + V3 + V4
Sum =

0.5000 - 1.00001

>>

FIGURE E.2.3
Example 2.2 solution calculation procedure in MATLAB.

2.2.3 Complex Number Multiplication and Differentiation

The product of two complex numbers (e.g., vectors V; = Vie® and V, = Vzeiez) in polar
exponential form is

V1V2 = ‘/]eiel Vzeiez = ‘/]Vzei(el 02) = %Vz [COS(el + 92 ) + lsm(91 + 92)]* (26)

The first derivative with respect to time of a complex number (vector V; = Vie®, for
example) is

dvi  .d6: ., 4
——=i—Vie"™ =i,V 2.7
e dt H @7)
where vector V, represents a rigid link (a link having a fixed length)* The second derivative
of Equation 2.7 is

(4
ds? dt

2 d2e , .
) Vie™ +iF;V1e"’l =V, (i6, - &) 2.8)

The multiplication and differentiation of complex numbers are used in the formulation of
vector-loop equations for higher-order mechanism motion quantities such as velocity and
acceleration [2].

* It may be more convenient to use the polar exponential form of complex numbers for vector multiplication (or
differentiation).

* If V, represented a link having a length that changes over time, its derivative would also include the vector
length derivative term dV,/dt or V;.
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Example 2.3

Problem Statement: Formulate an equation system for vector V for the vector loop illus-
trated in Figure E.2.4. In this vector loop, W = We* and X = Xe®. Also, formulate equation
systems for the first and second derivatives of V (V and V, respectively) manually and
symbolically in MATLAB. Assume all vectors represent rigid links.

Known Information: Figure E.2.4, Sections 2.2.2 and 2.2.3.

Solution Approach: Initial Formulation:

Taking a clockwise vector-loop sum for the vector loop in Figure E.2.4 and solving for
vector V produces

V=W+X=We™ + Xe® (2.9)

After expanding the polar exponential form of V, Equation 2.10 is produced, and
Equation 2.11 is produced after grouping and separating the real and imaginary terms.

V =W (cosa+isina)+ X (cosd+isind) =W, +iW, + X, +iX, (2.10)
V., =Wcosa+Xcosd=W, +X,
(2.11)
V, =Wsino+ Xsind=W, +X,
First Derivative Formulation:
Taking the first derivative of Equation 2.9 produces
V = icWe™ + i8Xe™ (2.12)

Figure E.2.5 includes this calculation procedure in MATLAB’s command window. On
observation, it can be seen that Equation 2.12 agrees perfectly with the first derivative
produced symbolically in MATLAB. In Figure E.2.5, the terms alpha(t) and diff(alpha(t),t)
represent the terms «, and @; respectively, in Equation 2.12 and the terms delta(t) and
diff(delta(t),t) represent the terms & and §, respectively.

After expanding the polar exponential form of V, Equation 2.13 is produced, and
Equation 2.14 is produced after grouping and separating the real and imaginary terms.

V = 6W (icoso—sin o) +8X (i cos 8 — sin 8) = iaW, — W, +idX, —8X, (2.13)

V=W +X=Wel® + xed

Imaginary axis
<

Real axis

FIGURE E.2.4
Vector loop in two-dimensional complex space.



Mathematical Concepts in Kinematics 19

>> syms W X t alpha(t) delta(t) real;
>> V = Wrexp(i*alpha(t)) + X*exp(i*delta(t)):
>> dv = diff (V)

av =

X*exp (delta (t)*i) *diff (delta(t), t)*i +
W*exp (alpha (t) *i) *diff (alpha(t), t)*i

>>

FIGUREE.2.5
Example 2.3 vector first-order differentiation procedure in MATLAB.

V, =-6Wsin o - X sind = ~aW, - X,

) ) ] (2.14)
V, = oW coso.+ 06X cos 8 = oW, — 68X,
Second Derivative Formulation:
Taking the second derivative of Equation 2.9 produces
V = —62We™ + iaWe™™ — §*Xe® +i8Xe™ (2.15)

Figure E.2.6 includes this calculation procedure in MATLAB’s command window. On
observation, it can be seen that Equation 2.15 agrees perfectly with the second deriva-
tive produced symbolically in MATLAB. In Figure E.2.6, the terms diff(alpha(t), t, t) and
diff(delta(t), t, t) represent the terms . and §, respectively, in Equation 2.15.

After expanding the polar exponential form of V, Equation 2.16 is produced, and
Equation 2.17 is produced after grouping and separating the real and imaginary terms.

V = —62W (cos oL+ isin o) + W (i cos o — i sin o) — 82X (cos & + i sin )
+6X (icosd—isin§) = —°W, — i6>W, + ielW, — W, — 82X, —i8*X,, +idX, —8X, (2.16)
V, =—6>W cos o, — W sin o, — 82X cos8—8Xsind = —62W, — oW, - SZXX - SXy

. ) . ) - (2.17)
V, = —6*W sino.— W cos oL — 8% X sin & — 8X cos & = -azwy + W, — Bsz +0X,

Example 2.4

Problem Statement: Calculate the vector product VW where V = V(cos 6, + i sin ;) and
W = W,(cos a, +i sin a;). Also formulate VW symbolically in MATLAB.

>> syms W X t alpha(t) delta(t) real;
>> V = Wrexp(i*alpha(t)) + X*exp(i*delta(t));
>> ddv = diff (v, 2)

ddv =

- W*exp (alpha(t) *i) *diff (alpha(t), t)"2 -
X*exp (delta (t) *i) *diff (delta(t), t)"2 +
W*exp (alpha(t) *i)*diff (alpha(t), t, t)*i +
X*exp (delta(t) *i) *diff (delta(t), t, t)*i

>>

FIGURE E.2.6
Example 2.3 vector second-order differentiation procedure in MATLAB.
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>> syms thetal alphal V1 W1l real;

>> V = V1*(cos(thetal) + i*sin(thetal));

>> W = W1* (cos(alphal) - i*sin(alphal));

>> Product = simplify (expand (V*W))

Product =

-V1*W1l* (sin(alphal - thetal)*i - cos(alphal - thetal))

>>

FIGUREE.2.7
Example 2.4 solution calculation procedure in MATLAB.

Known Information: Vectors V, W, and Section 2.2.3.

Solution Approach: Equation 2.18 includes the basic form of the product VW. Equation
2.19 includes the vector product with the trigonometric identities for cos (a;—6,) and sin
(0,—6,) included.

VW =V,W, (cos 01 coso; —icos O, sina; +isin6; coso, +sin6; sinol;) (2.18)
VW =V, Wi (cos (0w, — ;) —isin (o —6;)) (2.19)
Figure E.2.7 includes the calculation procedure for VW in MATLAB’s command
window.
—

2.3 Vector and Point Representation

Vectors as well as points can be used to formulate equation systems for mechanisms. Both
the magnitude and direction can be calculated for a vector, given the coordinates of its end-
points. Vector V and its endpoints p, and p, in two-dimensional and three-dimensional
space are illustrated in Figure 2.3. In terms of point coordinates, the vector magnitude V
can be expressed in 2D space as

(Pax, P2y, P22)
P2

P
P1x,P1y) \E

v

(a) (b) >

FIGURE 2.3
Point and vector representations in (a) 2D and (b) 3D space.
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V =lps—pi| = (P2 = 1) + (o=, (2.20)

where p; = [py,, p3,I" and p, = [p,,, p,,I"* The direction of this vector is expressed in the
x- and y-components p,, — p;, and p,, — p;,, respectively.
In 3D space, the vector magnitude can be expressed as

V=|p2-pi= \/(sz — o) (2 =)+ (e —pie)’ 2.21)

where p; = [py Py, P1.l" and p, = [poy, Pay, P22l" The direction of this vector is expressed in
the x-, y-, and z-components as p,,— p1,, Pa,— P1,, and p,.— py., respectively. Point-based vec-
tors are used in the spatial mechanism equation systems in Chapter 10 [3].

Example 2.5

Problem Statement: Calculate the magnitude and orientation angle of vector V where
this 2D vector is comprised of points p, = (1.25, =5) and p, = (-2, 9.65). Also calculate
the magnitude and orientation angle of vector V where this 3D vector is comprised of
points p, = (1.25, -5, 0) and p, = (-2, 9.65, 6).

Known Information: Planar and spatial points p; and p,, and Section 2.3.

Solution Approach: Figure E.2.8 includes the calculation procedure in MATLAB’s com-
mand window.

>> pl = [1.25, -51"';
>> p2 = [-2, 9.65]"';
>> V = p2 - pl
VvV =

-3.2500

14.6500

>> Magnitude = norm(V)
Magnitude =

15.0062
>> pl [1.25, -5, 0]::

>> p2 [-2, 9.65, 61"';
>> V = p2 - pl

VvV =
-3.2500
14.6500
6.0000
>> Magnitude = norm(V)
Magnitude =
16.1612

>>

FIGURE E.2.8
Example 2.5 solution calculation procedure in MATLAB.

* The length of a vector V is often called the norm of V and is denoted by ||V||.
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2.4 Linear Simultaneous Equations, Matrices, and Matrix Operations
2.4.1 Linear Simultaneous Equation Systems and Matrices

A linear equation is an equation that includes linear or first-order variables* A system of
linear equations (or a linear system) is collection of linear equations including the same
variables. If a common solution is sought among a system of linear equations, it is called a
set of simultaneous equations. An arbitrary set of linear simultaneous equations is given in
Equation 2.22. Variables x,, x,, x; and x, are included among the four linear equations and
true x,, x,, x5, and x, solutions for these simultaneous equations must satisfy each equation
in the set.

X1 - ZXZ + X3 - 3X4 = 1
2 + X + 2x - 2x = 2
X1 2 3 4 (2.22)
—X1 + 23(2 — 4.X3 + X4 = 1
3x1 - 3X4 = 3

A set of linear simultaneous equations can be expressed in matrix form. A matrix is a
rectangular array of numbers, symbols, or expressions arranged in rows and columns.
This form can be particularly convenient when solving for the variables in a simultaneous
equation set. When expressed in matrix form, Equation 2.20 becomes

1 -2 1 -3 X1 1
Vo2 =2 22 o [Alx=b (2.23)
-1 2 —4 1 X3 1
3 0 0 -3 ™ 3
where
1 -2 1 -3 X1 1
1 2 -2 % 5
[A] = [A]4><4 = 1 2 4 1 s X=Xgx1 = X and b= l')4><1 = 1
3 0 0 -3 o 3

Matrix [A] includes the variable coefficients and is subsequently called the coefficient
matrix. For simultaneous equation sets having n equations and # variables, the coefficient
matrix will always be square—having n rows and n columns ([A], ,.,)-

* A first-order variable is one that is of degree 1. Considering a first-order variable we will arbitrarily define as
x, examples of variables that are not first order include x" and x/* (where 1 > 1), cos (x), and log (x).
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Matrices x and b, which include the equation variables and remaining quantities, respec-
tively, are called column matrices or column vectors. For simultaneous equations sets having
n equations and n variables, the column matrices will always have n rows and one column
(xn x1 and bn x 1)'

Therefore, considering Equation 2.24, a general set of linear simultaneous equations hav-
ing n equations and # variables,

a11X1 + A12Xo + a13X3 + e + A1pXy = b1
anXi  +  apXs  + apxs  + o+ ayX, = b
asz1xX1 + A32X> + a33X3 + e + A3, Xy = b3 (224)
anXy + A% + An3X3 + T + AyunXy = bn

the matrix form expression of the this equation set becomes

an a2 a3 o i X1 b,
a1 a 3 o oy X2 b,
a1 azp as3 o A3y X3 =| bs (2.25)
Ay [£2%) A3 e Ay Xy bn
where
an A iz o iy X1 b,
Ay Ay Oy -+ Oy X2 b,
[A] = [A]ﬂxn =| 43 dxm  dzz o A3 |, X=Xpxaa =9 X3 and b=b,=| b;
(2%} (/%) anS Apn Xy bn

2.4.2 Matrix Transpose, Addition, Subtraction, and Multiplication

This section presents the most common matrix operations used in this textbook. One oper-
ation, which is used in this textbook for column matrices, is called the transpose. In this
matrix operation, the rows and columns of a matrix are interchanged. Considering the
column matrices in Equations 2.25, the transposes of x and b become

X' =X =[% % x5 - x,] and b =by, =[b by by b, ]

where the superscript T in xT and bT denotes the transpose operation. The transpose of a
column matrix produces a row matrix or row vector.
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When adding or subtracting column matrices, the cells in each matching row are added
or subtracted. Considering the column matrices in Equations 2.25, the sum x + b and dif-
ference x — b become

X1+ b] X1 — bl
X, + b2 Xp — bZ
X+b=Xu1+bua=[x+b] = x3+b; | and Xx—b=Xuq—bua=[x-b]  =| x3-b;
Xy + bn Xn — bn

When calculating the product of a matrix and a scalar quantity (e.g., k[A], where
k is a scalar quantity), the product of each cell in the matrix and the scalar quantity is
taken (distributing the constant throughout the matrix). For the product of a square
matrix and a column matrix, each row in the square matrix is multiplied by the column
matrix. Considering the square and column matrices in Equations 2.25, the product
[A]x becomes

B T T + x|
AnXi  +  ApXs  +  ApXs  + + dX,
[Alx=[A], Xwa =([Alx)  =| @avi + apx2 + apxs  + + 3X,
: +
AaXi  +  ApXy  + X+ + A,

For the product of two column matrices, the first matrix is transposed so that the prod-
uct of a row matrix and a column matrix is what is actually taken." Considering the column
matrices in Equations 2.25, the product of x and b becomes

(x)T (b) = (X151 ) (buxa ) = {(x)(b)}1+1 = x1b; + Xoby + X3b5 + -+ x,b,,

It can be observed that the product of a row vector and a column vector is a single scalar
quantity.

Example 2.6

Problem Statement: For the given matrices:

3 2 -1 1
5 3 2 1
v=[ 25 2 1 05 |w=[ -5 -1 075 3 ] and [A]= > 1 3 o
6 -4 2 -2

calculate vT, wT, vT + w7, [A]vT, and (v)(w)".

* The transpose of the first matrix is taken to make the number of columns in the first matrix equal to the num-
ber of rows in the second matrix—a requirement for the multiplication of any two matrices.
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Known Information: Given matrices and Section 2.4.2 equations.
Solution Approach: Figure E.2.9 includes the calculation procedure in MATLAB’s com-
mand window.

Considering the product of two general matrices [A] and [B] (as shown in Matrix (2.27))
where [A] = [A],, «, and [B] = [B], ., the entry in each cell in the product [A][B] (which is
labeled AB;; in Matrix (2.27)) is given by

ABjj = apbyj + ainhy; + aisbsj + - a;,by* (2.26)

>> v
>> w
>> A
5, 3,
3, 1, 2
-6, -4, 2,
> v T = v'

2.5,

-5,

3,
1

-2,
-1,
2, -1,

1, 0.5
0.75,
1

1
317

(
[
[

2
3
’ -21;

.5000
.0000
.0000
.5000

>> w T = w'

-5.
-1.

0.
-3.

0000
0000
7500
0000

>> v T + w T

ans =
-2.5000
-3.0000
1.7500
-2.5000
>> A*v T
ans =
3.0000
9.0000
9.5000
-6.0000
>> v*w_T
ans =
-11.2500
>>
FIGURE E.2.9

Example 2.6 solution calculation procedure in MATLAB.

* Equation (2.26) is the result of the product of a row in matrix [A] and the corresponding column in matrix [B].
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a1 (750 “en My
Ay Ap o Ay bu b by; by,
. b21 b22 b2] b20
Al|B|=
[Asl=| . :
bnl bnz b”] bno
Am1 A2 T Ayun
ABll ABlz cee AB1] ces ABlo (227)
AB21 ABzz (X AB2] e IqB20
= ABj AB;, ... ABI,], ... AB,
ABWII ABmZ e ABWI] een ABWIO

The subscript i in Equation (2.26) corresponds to the rows in matrix [A] and the sub-
script j in the same equation corresponds to the columns in matrix [B]. The subscript
pair ij in Equation (2.26) corresponds to the cells in the matrix product [A][B]. Matrix
(2.27) includes matrices [A], [B] and [A][B] with an arbitrary row 7, column j and cell §j
shaded.

When calculating the product of three or more matrices, the product is calculated from
right to left. Therefore to calculate the product of matrices [A], [B] and [C], for example,
the product [B][C] is first calculated and the result is multiplied by [A] (or [A][B]IC] = [A]
([BIIC])-

Example 2.7
Problem Statement: Calculate the matrix products [A][B] and [A][B][C] where

an 12 by b, C11 C12
Al= , |B]= and [C]=
[ ] [ a1 (5] :| [ ] |: by by :| [ ] |: C21 C2» ]

Known Information: Given matrices
Solution Approach: Figure E.2.10 includes the calculation procedure in MATLAB’s com-
mand window.

2.4.3 The Identity Matrix and Matrix Inversion

The unit matrix or identity matrix (denoted by I) is a square matrix having the number 1
along its main diagonal (with all other cells having the number 0).* The identity matrix
is the matrix equivalent of the number 1. The general form of the identity matrix can be
expressed as

* The main diagonal runs from the top-left matrix corner to the bottom-right matrix corner.
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>> syms all al2 a2l a22 real;
>> syms bll bl2 b2l b22 real;
>> syms cll cl2 c2l1 c22 real;

>> A = [all, al2; a2l, a22];
>> B = [bll, bl2; b2l, b22];
>> C = [cll, cl2; c21, c22];
>> A*B
ans =

[ all*bll + al2*b2l, all*bl2 + al2*b22]
[ a21*bll + a22*b21, a2l*bl2 + a22*b22]

>> A*B*C
ans =

cll*(all*bll + al2*b2l) c2l1*(all*bl2 + al2*b22), cl2*(all*bll

[ +
+ al2*b2l) + c22*(all*bl2 + al2*b22)]
[ cll*(a21*bll + a22*b2l) + c2l*(a2l*bl2 + a22*pb22), cl2*(a2l*bll
+ a22*b21) + c22*(a2l*bl2 + a22*b22)]
>>
FIGURE E.2.10

Example 2.7 solution calculation procedure in MATLAB.

1 0 0 0
0 1 0 0

I=f 0 0 1 - 0 (2.28)
0 0 0 1

As noted in Section 2.4.1, expressing a set of linear simultaneous equations in matrix
form may be particularly convenient when solving for the variables in the equation set.
Considering the matrix form [A]x = b, the column vector of variables x is the result of
the product [A]'b [A]''b or x = [A]'b where the superscript -1 in [A]" represents the
inverse of [A]. Assuming [A] is invertible, its inverse can be defined as

[A]" =

1 )
det[A] adj[ A] (2.29)

where det and adj are the determinant and adjoint (two matrix functions) of [A]. Equation
2.29 is used in Cramer’s rule—a formula for the solution of linear simultaneous equations
having n equations and n unknown variables.

This textbook does not include descriptions of the determinant and adjoint functions.
This is in part because the procedures for manually calculating the determinant and adjoint
of a matrix become increasingly involved for matrices having dimensions beyond 2 x 2.
Another reason is that matrix inversion is a simple procedure in the mathematical analysis
software MATLAB. For those interested in becoming more familiar with the determinant
and adjoint functions (as well as Cramer’s rule), we recommended that you refer either to
online resources or to textbooks that include the fundamentals of linear algebra*

* Linear algebra is the branch of mathematics concerning vector spaces and linear mappings between such
spaces.
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The order of operations used in computer programming and arithmetic operations
for scalar quantities also applies to matrix operations. If we recall, this order is as fol-
lows: (1) parentheses, (2) exponents, (3) multiplication, (4) division, (5) addition, and
(6) subtraction.

Example 2.8

Problem Statement: Calculate [A]"! where

an ai a3
[A] =| an A a3

azi az az3

Known Information: Given matrix.

Solution Approach: Figure E.2.11 includes the calculation procedure in MATLAB'’s com-
mand window. It can be observed from scale of [A]" in Figure E.2.11 that manually
producing the inverse of even this 3 x 3 matrix will be quite involved.

Example 2.9

Problem Statement: Calculate [A]™ and the unknown variables in Equation 2.22.

Known Information: Equation 2.22.

Solution Approach: Figure E.2.12 includes the calculation procedure in MATLAB’s
command window.

>> syms all al2 al3 a2l a22 a23 a3l a32 a33 real;
>> A = [all, al2, al3

az2l, a22, a2?23

a3l, a32, a33];

>> Inverse A = inv(A)

Inverse A =

[ (a22*a33 - a23*a32)/(all*a22*a33 - all*a23*a32 - al2*a21*a33 +
al2*a23*a3l + al3*a2l*a32 - al3*a22*a3l), -(al2*a33 -
al3*a32)/(all*a22*a33 - all*a23*a32 - al2*a2l*a33 + al2*a23*a3l +
al3*a2l*a32 - al3*a22*a3l), (al2*a23 - al3*a22)/(all*a22*a33 -
all*a23*a32 - al2*a2l1*a33 + al2*a23*a3l1l + al3*a2l*a32 -
al3*a22*a3l)]

[ - (a21*a33 - a23*a3l)/(all*a22*a33 - all*a23*a32 - al2*a2l*a33 +
al2*a23*a31 + al3*a2l*a32 - al3*a22*a3l), (all*a33 -
al3*a31)/(all*a22*a33 - all*a23*a32 - al2*a2l1*a33 + al2*a23*a31 +

al3*a2l1*a32 - al3*a22*a3l), - (all*a23 - al3*a2l)/(all*a22*a33 -
all*a23*a32 - al2*a2l1*a33 + al2*a23*a3l + al3*a2l*a32
al3*a22*a31)]

[ (a2l1*a32 - a22*a3l)/(all*a22*a33 - all*a23*a32 - al2*a2l1*a33 +
al2*a23*a31l + al3*a2l1*a32 - al3*a22*a3l), -(all*a32 -
al2*a3l)/(all*a23*a33 - all*a23*a32 - al2*a2l*a33 + al2*al23*a3l +
al3*a2l1*a32 - al3*a22*a3l), (all*a22 - al2*a2l)/(all*a22*a33 -
all*a23*a32 - al2*a2l1*a33 + al2*a23*a3l + al3*a2l*a32
al3*a22*a3l)]

>>

FIGURE E.2.11
Example 2.8 solution calculation procedure in MATLAB.
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> b = [1, -2, 1, 31"
b =

1

-2

1

3
>> A = [1, -2, 1, -3

A =
1 -2 1 -3
2 1 2 -2
-1 2 -4 1
3 0 0 -3
>> inv (A)
ans =
-0.5000 -0.3750 -0.3125 0.6458
0 0.5000 0.2500 -0.2500
0 0.2500 -0.1250 -0.2083
-0.5000 -0.3750 -0.3125 0.3125

>> x = A\b

1.8750
-1.5000
-1.2500

0.8750

>>

FIGURE E.2.12
Example 2.9 solution calculation procedure in MATLAB.

2.5 Intermediate and Total Spatial Motion

Matrix 2.30 is a general spatial angular displacement matrix. In this matrix, the rotation
angle is represented by the variable § and the rotation axis is represented by the vector u
(Figure 2.4)*

u;0(8) + cos(8) u,0(8)—u,sin(8)  w,0(8)+u, sin(3)
[Rou]=| wxtt,0(8)+ 1, sin(3) u;0(8)+ cos(8) u,u,0(8)—u,sin(8) | (2.30)
w1,0(8) —uy sin(8)  uy1,0(8)—u, sin(8) u20(8)+ cos(8)

In Matrix 2.30, v(8) = 1 —cos ().

* By specifying a rotation axis of u = (0,0,1), Matrix 2.30 is restricted to rotations in two-dimensional space (as
well as Matrices 2.35 and 2.39). In this condition, the z-components of the point coordinates could all be speci-
fied as zero.
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FIGURE 2.4
Spatial rotation of an arbitrary body.

Figure 2.5 illustrates two interconnected members in three-dimensional space. In this
system of interconnected members, point p, rotates about the axis u, by an angle 6 and
point q, rotates about the axis u, by an angle p.* Because both members are interconnected,
point q, and axis u, also rotate about the axis u,. Point p,, like axis u,, is fixed or grounded

in space. An equation for the rotation of p, about u,—or the fotal displacement of p; (which
will be labeled p)—can be expressed as

P= [Re,ug ](P1 —P0)+P0 (2.31)
and an equation for the rotation of u, about u,—or the total displacement of u, (which will
be labeled u)—can be expressed as

u={Rou, Jus (2.32)

Member 1

FIGURE 2.5

Spatial motion of a two-body system.

* Because Matrix 2.30 is a 3 X 3 matrix, points p,, p;, q; and axes uyand u, are 3 x 1 column matrices (wWhere vector
rows 1, 2, and 3 include the x-, y-, and z-components, respectively).
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An equation for the intermediate displacement of q, about u, (which will be labeled q’) can
be expressed as

q’ =[Ro.u |(q1=Po)+Po (2.33)

Equation 2.33 is included in Equation 2.34 to calculate the total displacement of q, about u,
(which will be labeled q).

q=[Rsu](@’—p)+P (2.34)

Matrix 2.35 is a general spatial angular velocity matrix. In this matrix, the angular veloc-
ity is represented by the variable §- and the rotation axis is represented by the vector u.

0 —1,0 u,0
[Viu]=| ud 0 -ubd (2.35)

~u,d o 0

The velocity of p, in reference to u,—or the total velocity of p, (which will be labeled p)—
can be expressed as

P ={Viu J(P1—Po) (2.36)

An equation for the intermediate velocity of q, in reference to u, (which will be labeled q")
can be expressed as

4" =[ Vo (a1 - P0) 2.37)

where the variable q is included from Equation 2.34. Equation 2.37 is included in
Equation 2.38 to calculate the total velocity of q, in reference to u, (which will be labeled q)

q=[Vpu](@a-p)+q’ (2.39)

where the variable p is included from Equation 2.31.

Matrix 2.39 is a general spatial angular acceleration matrix. In this matrix, the angu-
lar velocity and acceleration are represented by the variables & and §, respectively, and
the rotation axis is represented by the vector u from Equation 2.32. In Matrix 2.39, it is
assumed that u = 0, since u, typically has a fixed orientation with respect to its associated
links [4]*

* In the RRSS and 4R spherical mechanisms in Chapter 10, the condition u = 0 holds true.
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(u,zC - 1)82 uxuysz — S — 1  u S+ uyS + uyS
[AS,S,u] = w8 + 1.8+ 1.0 (u-1)8° U, 14,0% — 11,8 — 1, (2.39)
U 1,8 — L'tyS - uys W 1,8% — 1,8+ u,d (uf - 1)82

The acceleration of p, in reference to u;—or the total acceleration of p, (which will be
labeled p)—can be expressed as

P =[ 45,6 |(P—Po) (2.40)

where the variable p is included from Equation 2.31. An equation for the intermediate accel-
eration of q, in reference to u, (which will be labeled ") can be expressed as

q'=[ A5 (a-po) (2.41)

where the variable q is included from Equation 2.34. Equation 2.41 is included in Equation
242 to calculate the total acceleration of q; in reference to u, (which will be labeled
q). In Equation 2.42, the variables p and q are included from Equations 2.31 and 2.34,
respectively.

4=q+ [Aﬁ,ﬁ,u ](q —p)+2[ Vo uo ]{[VB,u ](q - P)} (242)

The intermediate and total spatial displacement velocity and acceleration equations
appear in the spatial mechanism equation systems in Chapter 10 [3].

Example 2.10

Problem Statement: For the two-body system in Figure 2.5, calculate the displaced values
of points p; and q, and axis u;. The dimensions and rotation angles in this system are
as follows: p,= (0, 0, 0), p; = (0, 1, 0), uy = (0, 0, 1), u; = (0.7071, 0, 0.7071), q, = (0.25, 1.3536,
—0.25), 8 =30° and p = -15°.

Known Information: Given dimensions, rotation angles, Matrix 2.30 and Equations 2.31
through 2.34.

Solution Approach: Figure E.2.13 includes the calculation procedure in MATLAB'’s
command window.
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0, 01';

>> p0 = [0,

>> pl = [0, 1, 0]"';

>> gl = [0.25, 1.3536, -0.25]1"';
>>u0 = [0, 0, 1];

>> ul0x = u0(l); uly = u0(2); ul0z = u0(3);
>> ul = [0.7071, O, 0.70711"';
>> theta = 30*pi/180;

>> beta = -15*pi/180;

>> C = cos(theta);

>> S = sin(theta);

>V =1 - C;

>> R theta u0 = [...

V*ulx”~2 + C, V*ulOx*ulOy - S*u0z, V*uOx*uOz + S*uly
V*ulx*uly + S*ulz, V*uly*2 + C, V*uOy*uOz - S*uOx
V*ulx*ulz - S*uly, V*uOy*uOz + S*uOx, Vv*u0z"2 + C];
>> u = R _theta ul*ul

u =
0.6124
0.3535
0.7071

>> p = R_theta ul0*(pl - p0) + pO

o=
-0.5000
0.8660
0
>> g prime = R theta u0* (gl - p0) + pO;
>> C = cos(beta);
>> S = sin(beta);
>> VvV =1 - C;
>> ux = u(l); uy = u(2); uz = u(3);

>> R beta u = [...

V*ux”*2 + C, V*ux*uy - S*uz, V*ux*uz + S*uy
V*ux*uy + S*uz, V*uy”2 + C, V*uy*uz - S*ux
V*ux*uz - S*uy, V*uy*uz + S*ux, V*uz”"2 + C];
>> q = R beta u* (g prime - p) + p

q =
-0.3599
1.2357
-0.3062
>>
FIGURE E.2.13

Example 2.10 solution calculation procedure in MATLAB.
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2.6 General Transformation Matrix

Matrices 2.43 through 2.45 are rotation matrices about the x-, y-, and z-axes of a global
coordinate frame, respectively. Given the rotation angle value, the product of any of these
matrices and coordinates of a point (in a 3 X 1 column matrix) are the coordinates of the

rotated point.

1 0 0
[Rsx ] = 0 cosd, -—sind,
0 sind, C0sd,

(2.43)
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c0sd, 0 sind,
(R ]=| 0 1 0 (244)
-sind, 0 cosd,

[ cos 0, -—sind, O
[Rs.]=| sind. cosd. 0 (2.45)
0 0 1

The product of the three matrices can be expressed as Matrix 2.46, which can accom-
modate simultaneous rotations about the x-, y-, and z-axes (by rotation angles 3,, 5, and
d,, respectively).

Ry Ry Rg
[R] = [R?Sz ][Rsy ][Rsx] =| Ru Rp Rz |=
Ry Rz Rs

cosd, cosd, (sin d,sind, cosd, — cosd, sin 82) (cos d,sind, cos 9. +sind, sin 52)
=| cosd,sind, (sin d,sind, sind, — cosd, cos SZ) (cos d,sind, sind, —sind, sin 82)

—sing, sin d, cosd, cosd, cosd,
(2.46)

Including the elements of Matrix 2.46 into a 4 X 4 matrix that also considers translations
along the x-, y-, and z-axes (in the fourth matrix column) produces

Riu Rp Ry A
Ry Rp Rxu A,
Ry Ry Ru A,

0 0 0 1

Tl= (2.47)

Matrix 2.47 is a general transformation matrix for calculating point coordinates given in
one coordinate frame (which we will call Frame j) in reference to another coordinate frame
(which we will call Frame i) or

{p}=[T1{p} (248)

In Equation 2.48, the coordinates in Frame j or /{p} are /{p} = [p, p, p. 1]". Matrix 2.47 is
general because it can accommodate all six possible degrees of freedom (x-y-z rotations
and x-y-z translations). The rotation angles 6,, 8, 5, and translation values A,, A, and A,
in Matrix 2.47 are the angular and linear displacement values required to align Frame i to
Frame .

As an example, Figure 2.6 illustrates a Coordinate Frame i (where i = 1) and an arbi-
trary Coordinate Frame j (where j = 2). Using rotation angles 6, = 20, §, = 40°, 6, = 60°
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Y
X5
Y,
/ X, Z,
//
o
e FIGURE 2.6
T Coordinate frames i and j (where i =1 and j = 2).
v, Y,
v ! | Xi
x”/ .
RS M o
3
S z
Z Z;l ¢ Z;l
(@ (b) ©
Yi X,
X, \\Y/
/7 Z2
—_A,
z
Z
(d)
FIGURE 2.7

(a—c) Coordinate frame rotations about and (d) translations along axes X;, Y, and Z,.

(Figures 2.7a, b, ¢, respectively) and translation values A, =2, A = A, =1 (Figure 2.7d),
Frame 1 is aligned with Frame 2. As a result, when these rotation and translation values
are used in Equation 2.48, any point coordinates given in reference to Frame 2 will be cal-
culated in reference to Frame 1. Transformation matrices are used in in Chapter 11 for the
kinematic analysis of robotic manipulators [5].

Example 2.11

Problem Statement: The coordinates of point p; in Reference Frame 2 of a robotic sys-
tem are 2{p,} = [2, 5, -1, 1]” (see Figure E.2.14). Calculate the coordinates of this point
in Reference Frame 1 of the system (1{p,}). The location of the origin of Frame 2 with
respect to Frame 1 is A = (5, 10, -2) and the orientation angles of Frame 2 with respect to
Frame 1 are 8, =0° 8, =15° and 8, =30°.

Known Information: Given frame rotation and displacement values and Equation 2.48.

Solution Approach: Figure E.2.15 includes the calculation procedure in MATLAB’s com-
mand window.
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o

Y, 2

Z,

Y,

FIGURE E.2.14
Robotic system with reference frames.

>> p2 = [2, 5, -1, 11"';
>> Dx = b5;
>> Dy = 10;
>> Dz = -2;
>> delta x 0*pi/180;

>> delta y = 15*pi/180;
>> delta z = 30*pi/180;
>> Sx = sin(delta_x); Cx
>> Sy = sin(delta y); Cy
>> Sz = sin(delta z); Cz
>> T12 = [...

Cy*Cz, Sx*Sy*Cz - Cx*Sz, Cx*Sy*Cz + Sx*Sz, Dx
Cy*Sz, Sx*Sy*Sz + Cx*Cz, Cx*Sy*Sz - Sx*Cz, Dy
-Sy, Sx*Cy, Cx*Cy, Dz

0, 0, 0, 117

>> pl = T12*p2

cos (delta x);
cos (delta y);
cos (delta z);

pl =
3.9489
15.1666
-3.4836
1.0000
>>
FIGURE E.2.15

Example 2.11 solution calculation procedure in MATLAB.

2.7 Summary

Vectors (quantities having both magnitude and direction) are commonly used in the formu-
lation of equation systems for mechanisms. One way to represent a two-dimensional vec-
tor is with a complex number. A complex number is comprised of both a real component
and an imaginary component. Equation systems for mechanisms can be formulated by
producing vector loops for the mechanisms and taking the sum of the individual vector
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terms in the loops. First and second derivatives of vector-loop equations are taken to cal-
culate mechanism velocities and accelerations.

In addition to vectors, points can also be used to formulate mechanism displacement,
velocity, and acceleration equations. In fact, a vector can be produced from the coordinates
of two points in 2D or 3D space. Point-based vectors appear in such spatial mechanism equa-
tion systems as intermediate and total displacement, velocity, and acceleration equations.

A linear equation is an equation that includes linear or first-order variables. A system
of linear equations (or a linear system) is collection of linear equations including the same
variables. If a common solution is sought among a system of linear equations, it is called a
set of simultaneous equations.

A set of linear simultaneous equations having n equations and # variables can be expressed
in matrix form. A matrix is a rectangular array of numbers, symbols, or expressions arranged
in rows and columns. This form can be particularly convenient when solving for the vari-
ables in a simultaneous equation set. Cramer’s rule is a popular matrix-based formula for
the solution of linear simultaneous equations having n equations and # unknown variables.

The transformation matrix, commonly used in the analysis of robotic systems, is used
to calculate point coordinates given in one reference frame (Frame j) in terms of another
reference frame (Frame 7). The general spatial transformation matrix can consider up to all
six possible degrees of freedom (x, y, and z rotations and translations).
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|
Problems

1. Formulate an equation for the vector loop illustrated in Figure P.2.1. Consider that
vector V; always lies along the real axis.
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FIGURE P.2.1

Vector loop (three vectors where V; changes length) in complex space.

2. Formulate an equation for the vector loop illustrated in Figure P.2.2. Consider that
vector V; always lies along the real axis and vector V; is always perpendicular to

the real axis.

~.

FIGURE P.2.2
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g
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<
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Vector loop (four vectors where V; changes length) in complex space.

3. Calculate the first derivative of the vector-loop equation solution from
Problem 2. Consider only angles o, o, and vector V; from Problem 2 to be

time-dependent.

4. Calculate the second derivative of the vector-loop equation solution from Problem
2. Consider only angles a., o, and vector V; from Problem 2 to be time-dependent.

5. Formulate an equation for the vector loop illustrated in Figure P2.3.

6. Calculate the first derivative of the vector-loop equation solution from Problem 5.
Consider only angles 0.4, 0., and o3 from Problem 5 to be time-dependent.

7. Calculate the second derivative of the vector-loop equation solution from Problem
5. Consider only angles o, o, and o3 from Problem 5 to be time-dependent.

8. Formulate an equation for the vector loop illustrated in Figure P.2.4.



Mathematical Concepts in Kinematics

V2 ei(a2+62)

~.

v, £i(@3+03)

7, oial+01)

VO ei(90)

imaginary axis

»
>

0 real axis

FIGURE P.2.3
Vector loop (four vectors) in complex space.
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FIGURE P.2.4
Vector loop (five vectors) in complex space.

9. Calculate the first derivative of the vector-loop equation solution from Problem 8.
Consider only angles o, o, 03, and o4 from Problem 8 to be time-dependent.

10. Calculate the second derivative of the vector-loop equation solution from Problem 8.
Consider only angles o, 0, 0.3, and o4 from Problem 8 to be time-dependent.
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Fundamental Concepts in Kinematics

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Kinematic and design distinctions among select planar and spatial mechanisms
2. Mechanism components and mechanism construction

3. Mechanism mobility, Gruebler’s equation and number synthesis

4. Grashof criteria and the circuit defect

5. The transmission angle and its relationship with follower-link forces

6. Mechanism inversion

7. The passive degree of freedom and paradoxes to Gruebler’s equation

3.1 Types of Planar and Spatial Mechanisms
3.1.1 Planar Four-Bar Mechanism

Figure 3.1a illustrates a planar four-bar mechanism. The four interconnected links in this
mechanism are the crank (the driving link), coupler, follower, and ground.* A supplied input
rotation to the crank link compels the motion of the coupler and follower links. Both the
crank and follower links are connected to the ground link (or are grounded) and undergo
pure rotation (as indicated by the arrows).! The planar four-bar mechanism is one of the
most widely utilized kinematic chains in everyday devices (Figure 3.1b, ¢, and d) including
locking pliers, folding chairs, and doorways.

3.1.2 Slider-Crank Mechanism

Figure 3.2a illustrates a slider-crank mechanism. The four interconnected links in this mecha-
nism are the crank (the driving link), coupler, slider, and ground. A supplied input rotation to
the crank link compels the motion of the coupler and slider links. In this mechanism, the
crank link undergoes pure rotation, the slider undergoes pure translation and the coupler
undergoes complex motion. The slider-crank mechanism can be theoretically described as
a planar four-bar mechanism having a follower link of infinite length (Figure 3.2b) [1]. The

* Because mechanisms are comprised of links, they are also called linkages.
* The coupler undergoes complex motion—a combination of simultaneous rotation and translation (see Section 1.4).

41
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Coupler
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FIGURE 3.1
(a) Planar four-bar mechanism as (b) lock pliers, (c) folding chair, and (d) doorway linkages.
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FIGURE 3.2
(a) Slider-crank mechanism and (b) four-bar mechanism as slider-crank mechanism.

slider-crank mechanism is also among the most widely utilized kinematic chains in every-

day applications. Among the many everyday applications for the slider-crank mechanism
is the crankshaft-connecting rod—piston linkage: a fundamental subsystem of the internal

combustion engine (Figure 3.3).

3.1.3 Geared Five-Bar Mechanism

Figure 3.4 illustrates a geared five-bar mechanism. This mechanism is comprised of five
interconnected links where the crank and output link are generally coupled to each
other through a gear pair or gear train* Because the crank and output links are

* Coupling the motion of the crank and output links reduces the resulting mechanism to a single degree of free-
dom. In addition to using gears for coupling the crank and output links, other options include using pulley-belt

systems, chain-sprocket systems or drive motors.
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FIGURE 3.3
Slider-crank mechanism as crankshaft-connecting rod—piston linkage.

Intermediate links

Output link

Ground

FIGURE 3.4
Geared five-bar mechanism.

indirectly interconnected, the supplied input motion to the crank compels the motion
of the output and intermediate links. Both the crank and output links of the geared
five-bar mechanism undergo pure rotation while the two intermediate links undergo
complex motion.

Though not as commonly utilized in everyday devices as the planar four-bar or slider-
crank mechanisms, one advantage the planar five-bar mechanism has over the four-bar
mechanism is that it can trace paths of higher orders than the latter. This means that the
intermediate links of the geared five-bar mechanism have the capacity to trace paths of
more complex curvature than the paths traced by the coupler link of the planar four-bar
linkage. Using Equation 3.1 (published by Wunderlich in 1963) to calculate the order (1)
of a coupler curve produced by a mechanism having 7 links connected by revolute joints,
we can determine that while a planar four-bar mechanism has a maximum curve order
of six, the planar five-bar mechanism has a maximum order of 10 (or 10.392 to be more
exact) [2].

m= 2[3(;_1)} 3.1)
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3.1.4 Planar Multiloop Six-Bar Mechanisms

Attaching a grounded link pair or a dyad (the link pair c-d-e in Figure 3.5) to the coupler of
the planar four-bar mechanism produces a planar multiloop six-bar mechanism. This particu-
lar type of multiloop planar six-bar mechanism is called a Stephenson type I1I mechanism
[3]. This mechanism includes three links that undergo pure rotation and two links that
undergo complex motion.

The five types of planar multiloop six-bar mechanisms are illustrated in Figure 3.6.
These types are grouped into two classifications: Watt and Stephenson. The supplied input
motion to the crank (e.g., Link 2 in Figure 3.6) compels the motion of the remaining links.
Though not as commonly utilized in everyday devices as the planar four-bar or slider-
crank mechanisms, Watt and Stephenson mechanisms include two to three intermediate
links that undergo complex motion. This property enables these mechanisms to deliver

FIGURE 3.5
Planar multiloop six-bar mechanism (Stephenson III six-bar mechanism).

Watt I Watt I1

Stephenson | Stephenson 11 Stephenson II1

FIGURE 3.6
Watt and Stephenson mechanism types.
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both dual and simultaneous motion and path generation capabilities* As shown in this
figure, both Stephenson and Watt mechanisms include two to three links that undergo
pure rotation (as indicated by the arrows in this figure) as well as two to three links that
undergo complex motion. The Watt II and Stephenson IlII mechanisms are the planar mul-
tiloop mechanisms of choice for analysis throughout this textbook.

3.1.5 Spatial Four-Bar Mechanisms

Planar mechanisms are restricted to motion in two-dimensional or planar space. Spatial
mechanisms can exhibit three-dimensional or spatial motion. Spatial mechanism motion
is predominantly determined by the degrees of freedom of the mechanism joints used and
the spatial orientation of the joints.

Because spatial mechanisms have the capability to exhibit spatial motion, they offer a
greater variety of possible motions and are structurally more general than planar mecha-
nisms. However, because the equations for spatial mechanism analysis and synthesis are
often much larger in scale and greater in complexity than those for planar mechanisms
(not to mention the actual design of spatial mechanisms vs. planar mechanisms), their real-
world applications are often limited. In practice, it is not uncommon to find complicated
planar mechanism solutions when, in fact, a simpler spatial mechanism solution is also
possible. It is, therefore, an ongoing task to devise simple methods of calculation, to produce
design aids with diagrams, and to set design standards for spatial mechanisms [4].

Like planar mechanisms, there are also many different types of spatial mechanisms.
This textbook considers three types of four-bar spatial mechanisms: the revolute-revolute-
spherical-spherical or RRSS, the revolute-revolute-revolute-revolute spherical or 4R spherical, and
the revolute-spherical-spherical-revolute or RSSR mechanisms (Figure 3.7a, b, and c, respec-
tively) [5,6]. The RRSS, 4R spherical, and RSSR are among the more basic four-bar spatial
mechanisms in terms of the types of joints used and the required linkage assembly condi-
tions for motion.

S \

b 4
“ Y
[ ;.
"= (c) =
FIGURE 3.7

Spatial (a) RRSS, (b) 4R spherical, and (c) RSSR mechanisms.

pr

* Motion and path generation (mechanism design for prescribed mechanism link positions and path points, respec-
tively) are introduced in Chapter 5.
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3.2 Links, Joints, and Mechanism Mobility

As explained in Chapter 1, a mechanism is an assembly of links and joints. The attach-
ment points to adjacent links are called nodes. A link that has two nodes is called a binary
link, and a ternary link has three nodes. The Stephenson III six-bar mechanism in Figure 3.8
includes a ternary link as ground and a movable intermediate ternary link. The remaining
links in this mechanism are all binary.

Adjacent mechanism links are interconnected at their nodes by joints. Joint types differ
by both the number and type of degree(s) of freedom (DOF). Six mechanism joint types
are illustrated in Figure 3.9. For planar mechanisms, the revolute joint is more commonly
used than any other joint. Although the revolute joint is by far the dominant joint type
used in practice, as well as in the mechanisms in this textbook, Figure 3.9 includes other
common joint types. The revolute joint (R) has one rotational DOEF, the prismatic joint (P)
has one translational DOF, the cylindrical joint (C) has 2 DOFs—one rotational and one
translational—and the spherical joint (S) has three rotational DOFs. The term lower pair
describes joints like the R, P, C, and S joints where surface contact occurs (e.g., a ball sur-
rounded by a socket for the S joint or a pin surrounded by a hole for the R joint). Lower
pairs are also called full joints [7].

Also illustrated in Figure 3.9 are the cam joint and the gear joint (G). Because the cam joint
includes rolling-sliding contact (between the cam and follower surfaces), it has two degrees
of freedom.* Because the gear joint includes rolling-sliding contact between the surfaces of
the gear teeth, it also has two degrees of freedom. The term higher pair describes joints like
the cam and the G joints where line contact occurs (e.g., a convex surface on a flat surface
for the cam joint or two curved convex surfaces in contact for the G joint).! Higher pairs are
also called half joints [7].

Gruebler’s equation (Equations 3.2 and 3.3) is used to determine the mobility (the DOF)
of a mechanism. Equation 3.2 calculates the mobility of a planar mechanism. Since any
individual planar mechanism link can have no more than three degrees of freedom, the

Binary

b >>Nodes

FIGURE 3.8
Link types in the Stephenson III mechanism.

* This joint pertains to the classical radial cam (or disk cam) and follower type presented in Chapter 9.
¥ The term “higher pair” also describes joints where point contact occurs (e.g., two spheres in contact or a sphere
on a flat surface).
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FIGURE 3.9
Six mechanism joint types.

maximum mobility of a planar mechanism with L links is 3L. Because the ground link is
fully constrained, its mobility is subtracted from the maximum mechanism mobility, giv-
ing 3(L-1). Each 1-DOF joint type removes two degrees of freedom, giving —2J;, and each
2-DOF joint type removes one degree of freedom, giving —J, (where |, and J, are the total
number of 1-and 2-DOF joints, respectively).

Equation 3.3 calculates the mobility of a spatial mechanism. Since any individual spatial
mechanism link can have no more than six degrees of freedom, the maximum mobility
of a spatial mechanism with L links is 6L. Because the ground link is fully constrained,
its mobility is subtracted from the maximum mobility, giving 6(L—1). Each 1-DOF joint
type removes five degrees of freedom, giving —5];. Likewise, each 2- and 3-DOF joint type
removes four and three degrees of freedom, respectively. In this textbook, |, = |5 = 0, since
4- and 5-DOF joints are not utilized.

DOFpranar :3(L—1)—2]1 —]2 (3~2)
DOFspariar =6(L~1)=5]1 =4],=3]3=2]4 = 5 3.3)

As explained in Section 1.2, the fundamental objective in mechanical system design is to
produce specific controlled output motions for supplied input motions. Output motion con-
trol is maximized when the mechanical system has a single degree of freedom. Knowing
the mobility of a mechanism enables the designer to determine if additional constraints
are needed to reach the desired mobility (and if so, how many constraints are needed).
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Example 3.1

Problem Statement: Determine the mobility of the planar and spatial mechanisms illus-
trated in Figure E.3.1.

Known Information: Figure E.3.1, Equations 3.2 and 3.3.

Solution Approach: The planar mechanism illustrated in Figure E.3.1 includes eight links,
eight revolute joints, and two prismatic joints (therefore, L = 8, J; = 10, and ], = 0). The
spatial linkage illustrated in Figure E.3.1 includes six links, three revolute joints, three
spherical joints, and one cylindrical joint (therefore, L=6,], =3,],=1, J;=3,and J,J; = 0).
Figure E.3.2 includes the calculation procedure in the MATLAB® command window
using Gruebler’s planar and spatial mechanism equations (Equations 3.2 and 3.3).

s

() (b)

FIGURE E.3.1
Planar (a) and spatial (b) mechanisms.

>> L = 8;

>> J1 = 10;

>> J2 = 0;

>> DOF Planar = 3*(L - 1) - 2*J1 - J2

DOF_Planar =

1
>> L = 6;
>> J1l = 3;
>> J2 = 1;
>> J3 = 3;
>> J4 = 0;
>> J5 = 0;
>> DOF Spatial = 6*(L - 1) - 5*J1 - 4*J2 - 3*J3 - 2*J4 - J5

DOF Spatial =
2

>>

FIGURE E.3.2
Example 3.1 solution calculation procedure in MATLAB.
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3.3 Number Synthesis

Given the number of mechanism links and the number and order of mechanism joints,
mechanism mobility is calculated from Gruebler’s equation. An inverse application of
Gruebler’s equation can also be considered. For example, Gruebler’s equation is useful in
determining mechanism link and joint combinations (which result in alternate mecha-
nism solutions) for a given mobility [8]. Number synthesis involves the determination of
alternate mechanism solutions for a given mobility. Expressing Gruebler’s equations for
planar and spatial mechanisms as functions of links and joints or as

f(L,J1,]2) = DOFpLanar (34
f(LJ1,J2,J3,Ja,J5) = DOFspaiar (3.5)

shows that, for a given mobility, an indefinite number of link and joint combinations—
alternate mechanisms—exist. Number synthesis offers not only a means to assist in the
creative design of mechanisms, but Equations 3.4 and 3.5 could also be implemented
systematically [9,10]. By progressively increasing or decreasing the link and joint vari-
ables in Gruebler’s equation for a given mobility, tables of concept mechanism solutions
are produced.

While the number of mechanism links and joints required to achieve a specified mobil-
ity are determined through number synthesis, the specific mechanism design is not deter-
mined. With number synthesis, the user determines the specific mechanism design that
incorporates the calculated links and joints.

Example 3.2

Problem Statement: Compile a table of single-DOF planar mechanisms having two, three,
and four links.

Known Information: Equation 3.2, DOFp; 4yar =1, L =2, 3, and 4.

Solution Approach: For each value of variable L, variable ], is incrementally increased,
and for each value of L and J,, the corresponding value for the remaining unknown J,
in Equation 3.2 is calculated. Using this systematic procedure, the resulting mechanism
solutions in Table E.3.1 are calculated.

TABLE E.3.1

Two-, Three-, and Four-Link Single-DOF Planar Mechanisms
Mechanism Solution L I I
1 2 0 2
2 2 1 0
3 3 0 5
4 3 1 3
5 3 2 1
6 4 0 8
7 4 1 6
8 4 2 4
9 4 3 2
10 4 4 0
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FIGURE E.3.3
Example two-, three-, and four-link single-DOF planar mechanism configurations.

Figure E.3.3 illustrates example mechanism configurations corresponding to mecha-
nism solutions 1, 2, 5, 9, and 10 in Table E.3.1. Each of the mechanism solutions in this
table does not necessarily represent a single mechanism configuration. For example,
for mechanism solution 9 in Table E.3.1, two mechanism configurations are provided
in Figure E.3.3.

3.4 Grashof’s Criteria and Transmission Angle

Grashof’s criteria are used to determine the link rotation behavior or link rotatability of
four-bar mechanisms. These criteria are based on the lengths of the crank, coupler, fol-
lower, and ground links. Table 3.1 includes all of the Grashof and non-Grashof mechanism
classifications. For the link length relationships in this table, the variables S and L are the
shortest and longest mechanism link lengths, respectively, and the remaining two link
lengths are the variables P and Q.

Figure 3.10 illustrates the link rotations for the crank-rocker, double-crank (also called
draglink), double-rocker, and triple-rocker mechanisms. As illustrated, only the crank link can
undergo a complete rotation in a crank-rocker mechanism while both the crank and fol-
lower links can undergo complete rotations in a double-crank mechanism. In the double-
rocker mechanism, the shortest link—the coupler link—is the driving link and undergoes
a complete rotation, while no link rotates completely in the triple-rocker* During the
motion of a change point mechanism (not illustrated), specifically, twice per revolution,
all of the links become simultaneously aligned. During this (theoretical) state, the output
behavior of the change point mechanism is unpredictable [11].

Unlike the crank-rocker and drag-link mechanisms, the driving link in the double-rocker
mechanism is not grounded. This characteristic can make the double-rocker mechanism
less practical for design applications. When considering the double-rocker mechanism, the

* Figure 3.10c illustrates the path achieved by the shortest link in the double-rocker when a driver is applied to
the labeled joint (of the shortest link).
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TABLE 3.1

Grashof and Non-Grashof Mechanisms

Grashof Type Link Length Relationship Shortest Link
Crank-rocker S+L<P+Q Crank
Double-crank (drag-link) S+L<P+Q Ground
Double-rocker S+L<P+Q Coupler
Change point S+L=P+Q Any
Non-Grashof Type Link Length Relationship

Triple-rocker S+L>P+Q Any

© C)

FIGURE 3.10 Link rotations of Grashof mechanisms: (a) crank-rocker, (b) drag-link (double-crank), (c) double-
rocker, and (d) non-Grashof triple-rocker.

designer must overcome the technical challenges of affixing a drive system to a movable
joint (and operating such a drive system).*

When force and torque transmission between the crank and follower links are of concern
in four-bar mechanism design, knowing the transmission angle is critical. The transmission
angle is the angle between the coupler and follower links. Figure 3.11a illustrates a planar
four-bar mechanism and the transmission angle t. When an input torque T;, is applied to
the crank link, this link transmits force to the coupler which subsequently transmits force
to the follower F, ), ... One component of this follower force (Fy,,e: 5in 7 in Figure 3.11b) is
normal to the follower link and results in the output torque T, The other force component
(Fioiiower €OS T) is a columnar load acting along the length of the follower. Both follower force
components are functions of the transmission angle. Attempts are often made to minimize
the columnar component of the follower force in four-bar mechanism design, particularly

* Affixing a drive system (such as a motor or manual crank) to a grounded link joint (and operating such a
system) can be more easily accomplished than to a nongrounded joint.
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FIGURE 3.11
Planar four-bar mechanism with transmission angle and crank and follower loads.

in applications where the forces and torques transmitted are substantial.* A transmission
angle of 90° is optimum because the resulting follower force has only a normal component
(Fioiiower €0 T when t = 90°). A transmission angle range of 90°+ 50° is generally preferred
by designers [12]. It can be observed from the equations in Figure 3.11b that as the trans-
mission angle decreases, the columnar load component increases and the normal load
component decreases.

Follower-link forces are not governed by the transmission angle in dynamic force analy-
ses (to be presented in Chapter 7). This is because body forces exist in the mechanism links
due to gravity and link acceleration. Follower-link forces are also not governed by the
transmission angle in static-force analyses (to be presented in Chapter 6) where link body
forces (due to gravity) are comparable to link external loads. The ideal condition where
transmission angles do govern follower-link forces is under static loading where the exter-
nal link loads far exceed the link body forces. As the external static loads exceed the static
body forces in a planar four-bar linkage, the transmission angle-based calculation of the
follower forces becomes more accurate.

Example 3.3

Problem Statement: The link lengths for three planar four-bar mechanisms are given in
Figure E.3.4 (all identical to the link dimensions given in Mechanism 1) and the driving
links are labeled with rotation arrows. Determine the Grashof type for each mechanism.

Known Information: Figure E.3.4 and Table 3.1.

Solution Approach: Because the shortest link in Mechanism 1 is the ground link and
the Grashof condition S + L < P + Q is true, this mechanism is a Grashof double-crank.
Because the shortest link in Mechanism 2 is the crank link and the Grashof condition
S+ L <P+ Qis true, this mechanism is a Grashof crank-rocker. Because the shortest link
in Mechanism 3 is the coupler link and the Grashof condition S + L < P + Q is true, this
mechanism is a Grashof double-rocker.

* Unlike follower normal loads (which links having revolute joints are designed to accommodate), follower
columnar loads (Fy,,e cOs T in Figure 3.11b) can result in follower buckling or excessive bearing forces in the
follower revolute joints.
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Mechanism 1 Mechanism 2 Mechanism 3

FIGURE E.3.4
Planar four-bar mechanism configurations (with dimensionless link lengths given for Mechanism 1).

3.5 Circuit Defect

While a Grashof mechanism is capable of producing full crank rotation, a non-Grashof mech-
anism is not. For the latter mechanism type, the crank can only rotate to the mechanism’s
binding position. When the binding position is reached, the mechanism “locks up” or is physi-
cally precluded from further movement (i.e,, further movement in the given crank direction).
Crank rotation beyond the binding position is only possible through mechanism disassembly.

Figure 3.12 illustrates a non-Grashof triple-rocker and one of its binding positions. The
binding position is reached when link a,—a, rotates by an angular displacement p. Because
the mechanism locks up at p, further mechanism motion in the counterclockwise direc-
tion is only possible when the mechanism is disassembled and reassembled beyond the
infeasible region shown in Figure 3.12.*

Disassembly
required

FIGURE 3.12
Planar four-bar mechanism (a non-Grashof triple-rocker) with circuit defect.

* For a given non-Grashof mechanism, the lock-up position can vary based on the designated crank link (e.g.,
link by—b, could be a crank link) as well as the crank rotation direction (clockwise instead of counterclockwise
rotation).
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If a mechanism is incapable of achieving a desired crank rotation (as, subsequently,
a desired mechanism position) due to a lock-up condition, it has what is called a circuit
defect* Circuit defects are considered to be fatal to linkage operation (due to mechanism
disassembly being required for full crank rotation).

3.6 Mechanism Inversion

The motion of a mechanism can vary, based on which joints are grounded. As illustrated
in Figure E.34, the planar four-bar mechanisms given are all identical in terms of link
length (and even identical in terms of initial link orientation), but vary only in terms of the
joints that are grounded. The mechanisms in Figure E.3.4 are all inversions of each other
because they are otherwise identical mechanisms that have different grounded joints.
Figure 3.13 illustrates all of the inversions of the planar four-bar, slider-crank, and 4R
spherical mechanisms. Because the motion of a mechanism can vary based on which joints

2 2
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2 2
1 1
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FIGURE 3.13
Planar four-bar, 4R spherical, and slider-crank mechanism inversions.

* A mechanism link loop (like loops in electrical and fluid flow systems) is also called a circuit.
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are grounded, producing mechanism inversions is a systematic method to produce mech-
anisms that have unique motions, but include the same general linkage hardware.

3.7 Passive Degree of Freedom and Paradoxes

There are cases where the mobility values calculated from Equations 3.2 and 3.3 are mis-
leading. For example, although Equation 3.3 produces a mobility value of 2 for the spatial
RRSS and RSSR mechanisms, the RRSS mechanism is capable of controlled coupler motion
and the RSSR is capable of controlled follower motion. The extra degree of freedom for
these mechanisms is the free rotation of the S-S links about their length axes (Figure 3.14)
and is called a passive degree of freedom. Because this degree of freedom is highly localized
(limited to a single link) for these mechanisms, they have no effect on the kinematics of
their links of interest (the coupler link for the RRSS and the follower link for the RSSR).
There are also cases where the mobility values calculated from Equations 3.2 and 3.3 are
incorrect. For example, Equation 3.3 produces a mobility of -2 for the 4R spherical mecha-
nism (which has a true mobility of 1) and Equation 3.2 produces a mobility of 0 for the
pair of rolling cylinders in Figure 3.15 (which has a true mobility of 1). Mechanisms hav-
ing true mobility values that violate Gruebler’s equation are called paradoxes or maverick
mechanisms [13,14]. Because Gruebler’s equation cannot guarantee true mobility results for

Passive DOF
. D

R ‘ S
r Passive DOF

(a) 4 4 - b PR

FIGURE 3.14
Passive DOF in spatial (a) RRSS and (b) RSSR mechanisms.

Rolling contact only (no sliding)

FIGURE 3.15
Rolling cylinder pair (with no sliding contact).
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all mechanisms, it may be necessary for the user to validate the mobility of a mechanism
(through kinematic analyses, for example).

3.8 Summary

The planar four-bar mechanism is one of the most widely utilized kinematic chains in
everyday devices. The four interconnected links in this mechanism are the crank, cou-
pler, follower, and ground links. The crank and follower links in the planar four-bar
mechanism undergo pure rotation while the coupler link undergoes complex motion. The
slider-crank mechanism is another commonly used kinematic chain, particularly in inter-
nal combustion engines. The four interconnected links in this mechanism are the crank,
coupler, slider, and ground links. The crank link in the slider-crank mechanism under-
goes pure rotation while the slider link undergoes pure translation. In the geared five-bar
mechanism, the crank link and output link are coupled by a gear pair. Though not as
commonly utilized in everyday devices as planar four-bar mechanisms, one advantage the
planar five-bar mechanism has over the four-bar mechanism is that its intermediate links
can trace paths of higher orders than the latter.

Attaching a dyad to the coupler of the planar four-bar mechanism produces the
Stephenson Il mechanism. Attaching the crank and follower of two planar four-bar mech-
anisms produces the Watt Il mechanism. Both mechanisms are particular types of multi-
loop planar six-bar mechanisms. There are two classifications for planar multiloop six-bar
mechanisms: Watt and Stephenson. Although these mechanisms are not as commonly uti-
lized as planar four-bar mechanisms in everyday devices, they include at least two links
that undergo complex motion—giving them greater capacities in kinematic synthesis than
planar four-bar mechanisms.

Planar mechanisms are restricted to motion in two-dimensional or planar space. Spatial
mechanisms can exhibit three-dimensional or spatial motion. Because spatial mechanisms
have the capacity to exhibit spatial motion, they offer a greater variety of possible motions
and are structurally more general than planar mechanisms. This textbook considers
three types of four-bar spatial mechanisms: the revolute-revolute-spherical-spherical or
RRSS, the revolute-revolute-revolute-revolute spherical or 4R spherical, and the revolute-
spherical-spherical-revolute or RSSR mechanisms. The RRSS, 4R spherical, and RSSR are
among the more basic four-bar spatial mechanisms in terms of the types of joints used and
the required linkage assembly conditions for motion.

Mechanism links are interconnected by joints. Both the planar four-bar, geared five-bar,
Watt, and Stephenson mechanisms include revolute joints: joints having a single rotational
degree of freedom. The prismatic joint has a single translational degree of freedom and is
used where 1-DOF sliding contact is needed. The cylindrical joint and spherical joint are
other joint types utilized in spatial mechanisms. The cylindrical joint has a rotational and
a translational degree of freedom, while the spherical joint has three rotational degrees of
freedom. Joints having two degrees of freedom include the cam joint and gear joint, which
both include rolling-sliding contact.

Gruebler’s equation is used to calculate mechanism mobility or degrees of freedom
(DOF). Determining the mobility of a mechanism enables the designer to determine if addi-
tional constraints are needed to reach the desired mobility, and if so, how many constraints
are needed. In number synthesis, Gruebler’s equations are implemented systematically to
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determine alternate mechanism solutions for a given mobility. Grashof’s criteria are used
to determine the link rotation behavior of four-bar mechanisms. Determining link rota-
tion behavior is important in design, particularly when coupling a drive system to the
crank link.

While a Grashof mechanism is capable of producing full crank rotation, a non-Grashof
mechanism cannot. For the latter mechanism type, the crank can only rotate to the mech-
anism’s binding position. Crank rotation beyond the binding position is only possible
through mechanism disassembly. This defect associated with non-Grashof mechanisms is
called a circuit defect. Circuit defects are considered to be fatal to linkage operation (due to
mechanism disassembly being required for full crank rotation).

Knowing the transmission angle (the angle between the coupler and follower links)
behavior is important when force and torque transmission between the crank and follower
links are of concern in four-bar mechanism design. As the transmission angle decreases,
the magnitude of the columnar load on the follower link increases and the magnitude of
the load normal to the follower decreases (and vice versa). A transmission angle range of
90° + 50° is generally preferred by designers.

The motion of a mechanism can vary, based on which joints are grounded. Mechanisms
of identical type and link dimensions, but different grounded links, are inversions of each
other. Because the motion of a mechanism can vary based on which joints are grounded,
producing mechanism inversions is a systematic method to produce mechanisms that
have unique motions, but include the same general linkage hardware.

There are cases where the mobility values calculated by Gruebler’s equation are mislead-
ing. The follower link of the spatial RRSS mechanism and the coupler link of the spatial
RSSR mechanism have a passive degree of freedom: the free rotation of these links about
their length axes. For example, although Gruebler’s equation produces a mobility value of
2 for both mechanisms, the RRSS mechanism is capable of controlled coupler motion and
the RSSR is capable of controlled follower motion.

There are also cases where the mobility values calculated by Gruebler’s equation are
incorrect. For example, Gruebler’s equation produces a mobility value of -2 for the 4R
spherical mechanism (which has a true mobility of 1). Mechanisms having true mobil-
ity values that violate Gruebler’s equation are called paradoxes or maverick mechanisms.
Because Gruebler’s equation cannot guarantee true mobility results for all mechanismes, it
may be necessary for the user to validate the mobility of a mechanism.

References

1. Sandor, G. N. and Erdman, A. G. 1984. Advanced Mechanism Design: Analysis and Synthesis.
Volume 2, p. 4. Englewood Cliffs, NJ: Prentice-Hall.

2. Wunderlich, W. 1963. Hohere Koppelkurven. Osterreichisches Ingenieur Archiv, 17: 162-165.

3. Sandor, G. N. and Erdman, A. G. 1984. Advanced Mechanism Design: Analysis and Synthesis.
Volume 2, pp. 10-11. Englewood Cliffs, NJ: Prentice-Hall.

4. Capellen, W. M. 1966. Kinematics: A survey in retrospect and prospect. Mechanism and Machine
Theory. 1: 211-228.

5. Russell, K., Shen, Q., and Sodhi, R. S. 2013. Mechanism Design: Visual and Programmable
Approaches. Chapter 7. Boca Raton: CRC Press.

6. Suh, C. H. and Radcliffe, C. W. 1978. Kinematics and Mechanisms Design. Chapter 4. New York:
John Wiley.



58 Kinematics and Dynamics of Mechanical Systems

7. Norton, R. L. 2008. Design of Machinery. 4th edn, pp. 32-36. New York: McGraw-Hill.
8. Sandor, G. N. and Erdman, A. G. 1984. Advanced Mechanism Design: Analysis and Synthesis.
Volume 2, p. 64. Englewood Cliffs, NJ: Prentice-Hall. 9. Ibid, pp. 64-75.
10. Norton, R. L. 2008. Design of Machinery. 4th edn, pp. 42-46. New York: McGraw-Hill.
11. Ibid, p. 58.
12. Wilson, C. E. and Sadler, J. P. 2003. Kinematics and Dynamics of Machinery. 3rd edn, p. 33. Saddle
River, NJ: Prentice-Hall.
13. Norton, R. L. 2008. Design of Machinery. 4th edn, pp. 46—47. New York: McGraw-Hill.
14. Suh, C. H. and Radcliffe, C. W. 1978. Kinematics and Mechanisms Design. pp. 109-110. New York:
John Wiley.

Problems

1. Planar four-bar linkages have many everyday applications (some are illustrated
Figure 3.1). Identify and describe four additional everyday applications for the pla-
nar four-bar linkage.

2. a. Why is it important to know if a mechanism has a single degree of freedom?
b. Whyisacrank-rocker mechanism more useful than a double-rocker mechanism?
c. Should the transmission angle for the planar four-bar linkage be close to 0°?
Explain?.
3. For the two linkages illustrated in Figure P.3.1, which (if any) of the links can
undergo a complete rotation relative to the other links? How do you know?

4. Repeat Problem 3 where one linkage has link lengths of 2.35 (ground), 3.25 (cou-
pler), 2.25 and 2.15cm and another linkage has link lengths of 2.75 (ground), 3.25
(coupler), 1.15 and 1.75cm.

5. Determine the number of links and the mobility of each of the three planar mech-
anisms in Figure P.3.2.

FIGURE P.3.1
Planar four-bar linkages with dimensionless link lengths.



Fundamental Concepts in Kinematics 59

=

cam join

mechanism #3 e

mechanism #2

FIGURE P.3.2
Planar mechanisms.
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FIGURE P.3.3
Planar four-bar linkage.

6. For the planar four-bar linkage illustrated in Figure P.3.3, L,/L, = 1.5 and L;/L, = 1.2.
Find the range of L,/L, required for a drag-link mechanism.

7. Repeat Problem 6 for a crank-rocker mechanism where L,/L, =2.75 and L;/L, = 2.95.

8. Compile a table of 1 DOF spatial mechanisms having two, three and four links (let
J. =J5 = 0in Equation 3.3). Illustrate some of these mechanism solutions.

9. Compile a table of 1 DOF spatial mechanisms having five links (let [, = Js =0 in
Equation (3.3)). Illustrate some of these mechanism solutions.
10. Figure P.3.4 illustrates nine spatial mechanisms that include revolute (R), pris-
matic (P), cylindrical (C), and spherical (S) joints. Calculate the mobility of these
mechanisms.

11. Figure P.3.5 illustrates five spatial robots that include revolute (R), prismatic (P),
and cylindrical (C) joints. Calculate the mobility of these robots.
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Spatial mechanisms comprised of R, P, C, and S joints.
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FIGURE P.3.5
Spatial robots comprised of R, P, and C joints.
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Material: Aluminum

FIGURE P.3.6
Planar four-bar mechanism with transmission angle and crank and follower loads.

12. Euler’s buckling load (F) for a columnar member with pinned ends is

2
re nLEI

where E, I, and L are the modulus of elasticity, moment of inertia, and length,
respectively, of the columnar member. Formulate an equation from Euler’s equa-
tion and Figure P.3.6 to calculate the transmission angle corresponding to the
follower-link buckling load. Calculate the transmission angle for a follower length
of 12 in (0.3048m), a % in (0.635cm) square follower cross section, a modulus of
elasticity (for aluminum) of 10,000,000 psi (68.05GPa), and a follower load (F;qj0uer)
of 250 Ibf (1112.05N).

13. Maverick Mechanisms are mechanisms that defy Grubler’s Equation (Grubler’s
Equation will produce misleading results for maverick mechanisms). Passive
Degrees of Freedom are localized DOFs that have no effect on the overall mechanism
kinematics. Determine which mechanisms in Figure P.3.4 are maverick mecha-
nisms and locate the passive DOFs from among the mechanisms in Figure P.3.4.

14. Compile a table of 2 DOF planar mechanisms having four and five links (consider-
ing cam or gear joints as [,). Illustrate one four-bar mechanism solution and one
five-bar mechanism solution.

15. Compile a table of 2 DOF planar mechanisms having six and seven links (consid-
ering cam or gear joints as J,). Illustrate one six-bar mechanism solution and one
seven-bar mechanism solution.
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Kinematic Analysis of Planar Mechanisms

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Link velocity and acceleration components in planar space
2. The Newton—Raphson method for a set of two simultaneous equations

3. Vector-loop-based displacement, velocity, and acceleration equation formulation
and solution

4. Kinematics of mechanism link locations of interest
5. Instant centers in relative planar motion
6. Instant center generation and application in velocity analysis
7. Centrode generation and application in coupler motion replication
8. Configurations of closed-loop mechanisms
9. Relationships between general angular velocity and time
10. Cognate construction and application

4.1 Introduction

In a kinematic analysis, positions, displacements, velocities, and accelerations of mech-
anism links are determined either qualitatively or quantitatively. In a quantitative kine-
matic analysis, equations that fully describe the motion of the mechanism links are used.
Qualitative methods include constructing and measuring mechanism schematics and
polygons to determine the positions, velocities, and accelerations of mechanism links. As
intended by the authors, the kinematic analysis methods presented in this textbook are
all quantitative. Kinematic equations for the planar four-bar, slider-crank, geared five-
bar, Watt II, and Stephenson III mechanisms are formulated in this chapter. Displacement
equations are formulated by taking the sum of the closed vector loop(s) in each mecha-
nism (as introduced in Section 2.2.2) [1]. Taking the first and second derivatives of the
vector-loop displacement equations introduces mechanism link velocity and acceleration
variables, respectively, and, ultimately, produces mechanism velocity and acceleration
equations, respectively.

As noted in Section 3.14, the Watt II and Stephenson III mechanisms (Figure 3.6) are
the planar multiloop mechanisms of choice for analysis in this textbook. Both mecha-
nisms have two links that exhibit complex motion. As illustrated in Figure 3.6, Watt II
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and Stephenson III mechanisms are comprised of a planar four-bar mechanism and an
additional dyad.*

Because the Watt II and Stephenson III mechanisms include the planar four-bar
mechanism, the displacement, velocity, and acceleration equations for these planar mul-
tiloop mechanisms will include some of the variables and output from the planar four-
bar mechanism equations. Displacement equations for the additional dyads in the Watt II
and Stephenson III mechanisms are produced by formulating vector-loop equations that
include these dyads. Taking the first and second derivatives of the resulting vector-loop
displacement equations produces velocity and acceleration equations.

4.2 Numerical Solution Method for Two Simultaneous Equations

The displacement equations presented in this chapter form sets of two nonlinear
simultaneous equations (where each set includes two unknown variables). Unlike
linear simultaneous equations, which can be solved algebraically (see Section 2.4), non-
linear simultaneous equations cannot be solved in this way. Using a root-finding method
(a method for calculating the unknown variables in a set of nonlinear equations), such
equation sets can be solved numerically [2]. The Newton— Raphson method is one of the most
common root-finding methods. A Newton—Raphson method flowchart for a set of two
simultaneous equations is illustrated in Figure 4.1f

Given a set of two simultaneous equations ( f; and f,) having two unknowns (V; and V,),
where f,(V,, V,) =0 and f,(V;, V,) =0, Figure 4.1 begins with initial values for the unknown
variables being specified. The unknown variable residuals 8V, and &V, are then calculated
(by computing the negative product of the inverted Jacobian and the column matrix of
f1(Vy, V,) and f,(V;, V,)). Updated values for the unknown variables are calculated by add-
ing the variable residuals to the unknown variables, and f; and f, are calculated using
the updated variables. As shown in Figure 4.1, the variables are updated repeatedly until
the values calculated from the two equations (with the latest variable values) are smaller
than a specified error term ¢. The Newton-Raphson method can be codified (or currently
exists) on a wide range of software platforms—including MATLAB—as a basic solver for
simultaneous equations.

4.3 Link Velocity and Acceleration Components in Planar Space

Figure 4.2aillustrates an arbitrary grounded rotating link with rotation angle p. Figures 4.2b
and c include the velocity and acceleration components at point p, of this link, respectively.
Given a link angular velocity (which we label B), the velocity vector (which we label Vy,) is
produced. This velocity is tangent to the length p,—p, and acts in the direction of f.

* The additional dyad is connected to the follower link in the Watt Il mechanism while the additional dyad is
connected to the coupler link in the Stephenson III mechanism.

* While the numerical Newton-Raphson method can be used to calculate solutions for linear and nonlinear simul-
taneous equations, linear simultaneous equations can be also solved analytically (see Section 2.4).
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FIGURE 4.1
Newton-Raphson method flowchart (for two equations with two unknowns).
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FIGURE 4.2
(a) Rotating link and its (a) velocity and (b) acceleration components.

Given a link angular velocity and an angular acceleration (which we label § and B,
respectively), the acceleration vectors (which we label Ay, and Ayp,,) are produced. The
acceleration component A,,, is tangent to the length p,—p, and acts in the direction of f.
The acceleration component Ap,, is along the length p,—p; and acts in the direction toward
the center of rotation (i.e.,, toward p,). The total acceleration at p, is the sum of acceleration

components Ap, and Ap,,.
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FIGURE 4.3
(@) Rotating-sliding link and its (a) velocity and (b) acceleration components.

Figure 4.3a illustrates an arbitrarily grounded rotating-sliding link with rotation angle
and sliding length V* Figures 4.3b and c include the velocity and acceleration components
at point p, of this link, respectively. Given a link angular velocity, the velocity vectors
(which we label V,, and V) are produced. The velocity component V,, is tangent to the
length pPo—p: and acts in the direction of B. The velocity component V (the sliding velocity)
is along the length p,—p, and acts in the direction away from the center of rotation (i.e,
away from p,). The total velocity at p, is the sum of velocity components Vp, and V.

Givenalink angular velocity and an angular acceleration, the acceleration vectors (which
we Label A, A,,., A,,., and V) are produced. The acceleration component A, is tangent
to the length p,—p; and acts in the direction of B. The acceleration component A, is along
the length acts in the p,—p; and acts in the direction toward the center of rotation (i.e.,
toward p).f The acceleration component A, , is also tangent to the length p,—p; but acts
in the direction of B. The acceleration component V (the sliding acceleration) is along the
length p,—p, and acts in the direction away from the center of rotation (i.e, away from py).
The total acceleration at p, is the sum of acceleration components A,,,, A, , A, and V.

4.4 Four-Bar Mechanism Analysis
4.4.1 Displacement Equations

The planar four-bar mechanism consists of four links interconnected by revolute joints. As
calculated from Gruebler’s equation for planar mechanisms (with L =4 and J; = 4), the pla-
nar four-bar mechanism has a single DOF. A single displacement equation is derived for
this mechanism by taking the sum of the displaced mechanism vector loop in Figure 4.4.
The equation produced from a clockwise sum of the displaced vector loop is

W1€i(e+ﬁj) + Vlei(pﬂxj) - ulei(’”yf) - Gl =0 (4‘1)

* This type of link is used in slider-crank inversions (see Section 3.6 and Example 4.7).
t This acceleration is also known as centripetal acceleration.
t This acceleration is also known as Coriolis acceleration.
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FIGURE 4.4
Planar four-bar mechanism displacement variables.

After expanding Equation 4.1 and grouping its real and imaginary terms as separate
equations, the resulting planar four-bar mechanism displacement equations become

fl(a]‘,'Yj): W1COS(9+B]')+WCOS(pﬁ'Oﬁj)—ulCOS(G+'Y]')—G1x =0
@2
fz(a/',’y]')z Wi sin(6+[’)j)+Vlsin(p+(xj)—U1 Sin(0+'Yj)—G1y =0

With the exception of the coupler displacement angle «; and follower displacement angle
Y, all other variables in the planar four-bar displacement equations are user prescribed.
Because fi(«;, v) and f,(«;, v) in Equation 4.2 both include the unknown displacement angles
o; and y; these equations form a set of nonlinear simultaneous equations from which the
angles are calculated.

4.4.2 Velocity Equations

A single planar four-bar velocity equation is derived by differentiating the planar four-bar
displacement equation. Differentiating Equation 4.1 with respect to time produces

ifs Wi ® 1) 1 ey v ) — iy e 7)< 0% %)

Equation 4.4 includes the individual velocity variables from Equation 4.3. The velocity
V,, is the global tangential velocity of the crank link vector—the tangential velocity of a,
with respect to a, (see Figure 4.5). The velocity Vy, is the global tangential velocity of the
follower-link vector—the tangential velocity of b; with respect to b,. Also, the velocity
Vb,-a; is the relative tangential velocity of the coupler link vector—the relative tangential
velocity of b; with respect to a;.

* Because the complex coefficient is fully distributed in Equation 4.3 (as well as in the velocity equations for the
forthcoming planar mechanisms), it can be cancelled from the equation if preferred.
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FIGURE 4.5
Planar four-bar mechanism velocity variables.

V, = Z'ij\]lei(9+l31)
Vo, = i Uz ") 4.4)

‘o ilp+oj
Vbl*al = Z(vale ( ]) = Vb1 — Val

After moving the term ip jI/\flei(M5 o the right-hand side of Equation 4.3, expanding this
equation, and grouping its real and imaginary terms as separate equations, the resulting
planar four-bar mechanism velocity equation in matrix form is

_vlsin(p+ocj) Ulsill(0+Yf) {di }z'j Wlsin(9+[3j) @.5)

Vlcos(p+oc]-) —U1COS(6+Y/) Vi —chos(6+[3,-)

After including the prescribed mechanism variables and the unknown variables calcu-
lated from the planar four-bar displacement equations, Equation 4.5 can be solved (using
Cramer’s rule, for example) to calculate the coupler angular velocity ¢; and the follower
angular velocity ;.

4.4.3 Acceleration Equations

A single planar four-bar acceleration equation is derived by differentiating the planar
four-bar velocity equation. Time differentiation of Equation 4.3 produces

Wi ) B e ) — 62V ) e e ) - (<2 ) i e ) =0 @e)

Equation 4.7 includes the individual acceleration variables from Equation 4.6. The accel-
erations A,,, and A,,, are the global normal and tangential accelerations, respectively, of
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the crank link vector—the normal and tangential accelerations of a, with respect to a, (see
Figure 4.6)." The total acceleration A,, is the sum of these normal and tangential accelera-
tions. The accelerations Ay, and Ay, are the global normal and tangential accelerations,
respectively, of the follower-link vector—the normal and tangential accelerations of b,
with respect to b,. The total acceleration Ay, is the sum of these normal and tangential
accelerations. Also, the accelerations A, ,,) and A, ,,) are the relative normal and
tangential accelerations, respectively, of b, with respect to a,—the relative normal and tan-
gential accelerations of the coupler link vector. The total relative acceleration Ay,_,, is the
sum of these normal and tangential accelerations.

A, =A,, +A,, = iﬁ/Wl o 0+8) _B]z_wlei(e+[ii)

Ab1 = Ablf + Abln = iyjulei(6+yj) - '.Y?ulei(c-wj) (47)

Abl—al = A(bl_al)f +A(b1—a1)ﬂ — idjvlei(pm/) _d;gvlei(pmf) — Ab1 _Aa1

After moving the terms B?V\’lel(e% ), iijlel(mB’ ), Y?UIJ(G”’ ), and dcjz-Vle’(p ) to the right-
hand side of Equation 4.6, expanding this equation, and grouping its real and imaginary
terms as separate equations, the resulting planar four-bar mechanism acceleration equa-
tion in matrix form is

FIGURE 4.6
Planar four-bar mechanism acceleration variables.

* Tangential acceleration (which points along or in the opposite direction to the velocity vector) is the result of
a change in the velocity vector magnitude, while normal acceleration or centripetal acceleration (which points
toward the center of path curvature) is the result of a change in the velocity vector direction.
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_V]sin(p+0cj) U1sin(0+yj) {d]- }_,2 chos(9+Bj)

Vicos(p+o) —Ujcos(o+7) ¥ Wisin(0+B;)

~Wisin(8+B;) | | Uicos(c+v)) o Vicos(p+a;)
—B; - j

| Wicos(6+;) v U;sin(c+7,) Visin(p+a;)

After including the prescribed mechanism variables and the unknowns calculated from
the planar four-bar displacement and velocity equations, Equation 4.8 can be solved (using
Cramer’s rule, for example) to calculate the coupler angular acceleration ¢.; and the fol-
lower angular acceleration ¥ ;.

Appendix B.1 includes the MATLAB file user instructions for planar four-bar displace-
ment, velocity, and acceleration analysis. In this MATLAB file (which is available for down-
load at www. crcpress.com/product/isbn/9781498724937), solutions for Equations 4.2, 4.5,
and 4.8 are calculated.

4.4.4 Kinematics of Coupler Locations of Interest

The solutions calculated from the planar four-bar displacement, velocity, and acceleration
equations can be used in additional equations to calculate the displacement, velocity, and
acceleration of any mechanism link location of interest. Like the planar four-bar kinematic
equations, the additional equations are the result of formulating vector-loop equations and
their derivatives.

For example, Figure 4.7 illustrates a planar four-bar mechanism with a coupler vector L,
that points to an arbitrary coupler location of interest p;. Equations 4.9 and 4.10 are pro-
duced from the loop aj—a;—p, in Figure 4.7 (where Equation 4.10 is the result of expanding
and separating Equation 4.9).

9+ﬁ/‘) + Llei(5+0(j) (49)

p1; = Wie {

FIGURE 4.7
Planar four-bar mechanism with coupler location p;.
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P =W cos(9+|3j)+L1 COS(5+OL]')
4.10)
Py =Wisin(0+B;)+Lysin(5+a;)

The velocities of the coupler location of interest can be calculated from Equation 4.12—
the expanded form of Equation 4.11 (which is the first derivative of Equation 4.9).

V), = i) 4 g L,e ) @11)

Vlﬂlxj :_B]’V\Il SiIl(e+[3j)—(5(jL1 Sl'Il(8+OL]')
; @12
Vi, =BiWh COS(9+B]')+(.X«]'L1 cos(8+oc]-)

The accelerations of the coupler location of interest can be calculated from Equation 4.14—
the expanded form of Equation 4.13 (which is the second derivative of Equation 4.9).

A, =—FWe ™) 4 i e ) _ a1, ) 1 g 1, ) (4.13)
Ay = —sz-Wl cos(e + B]‘)— ijl sin(6+ B/)_ dchl cos(8+ ocj)— 0Ly sin(6+ ocj)

. ) @.14)
Ay, =—BiWisin(0+B;)+B;Wicos(6+ ;) - &Ly sin(S + 0t )+ 6,11 cos(8 + OL]-)

The Appendix B.1 MATLARB file also includes Equations 4.10, 4.12, and 4.14, from which
displacement, velocity, and acceleration values are calculated for a coupler-link location of
interest.

Example 4.1

Problem Statement: Using the Appendix B.1 MATLAB file, calculate the displaced value
of coupler point p, for the planar four-bar mechanism configuration in Table E.4.1 for a
25° crank displacement angle.

Known Information: Table E.4.1 and Appendix B.1 MATLAB file.

Solution Approach: Figure E4.1 includes the input specified (in bold text) in the
Appendix B.1 MATLAB file. From the calculated output, it can be determined that the
displaced coupler point p, is p; = 0.2127 +i1.8912 at a 25° crank displacement angle.

Example 4.2

Problem Statement: Using the Appendix B.1 MATLARB file, plot the path traced by point
p: on the level-luffing crane (Figure E.4.2).* The mechanism assembly configuration is
given in Table E.4.2. The crank displacement angle range is p;=10°9° ..., =32°

Known Information: Table E.4.2 and Appendix B.1 MATLARB file.

TABLE E.4.1

Planar Four-Bar Mechanism Configuration

Wll e Vll P ull c Glxl Gly Lll 6

1.75, 90° 1.75, —22.4860° 1.75, 64.5895° 0.8660, -0.5 1, 6.4690°

* A level-luffing crane is a crane designed to trace a horizontal path for leveling applications.
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wl = 1.75%exp(i*90*pi/180);

vl = 1.75*%exp(-1%*22.4860%p1i/180);
Gl = 0.866 - 1*0.5;

Ul = 1.75%exp(i*64.5895%pi/180);
L1 = exp(i*6.469%pi/180);
start_ang = 0;

step_ang =1;

stop_ang = 25;

angular_vel = 0 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.4.1
Specified input (in bold text) in the Appendix B.1 MATLARB file for Example 4.1.

FIGURE E.4.2
Level-luffing crane mechanism.

TABLE E.4.2

Level-Luffing Crane Assembly Configuration

Wy, 0 Vip u,s G Gly L,d

1.96, 47.4041° 0.33,-51.6935°  2.09, 63.7721° 0.6075, -0.6909 1.19, -51.6935°

Solution Approach: Figure E4.3 includes the input specified (in bold text) in the
Appendix B.1 MATLAB file. In this particular mechanism, configuration the angles
for V; and L, are identical because both vectors are parallel* Figure E.4.4 illustrates
the path traced by the coupler point p, using the given crank displacement angle range
(with a crank rotation increment of —1°). Figure E4.5 illustrates the level-luffing crane

* The angles for V; and L, (angles p and 3 respectively) are identical in this example problem. Identical values
for these angles however are not required for four-bar linkages in general.
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wl = 1.96*exp(i*47.4041*pi/180);
vl = 0.33*exp(-1*51.6935%pi/180);
Gl = 0.6075 - 1*0.6909;

Ul = 2.09%exp(i*63.7721%*pi/180);
L1 = 1.19%exp(-1*51.6935%*pi/180);
start_ang = 10;

step_ang = -1;

stop_ang = -32;

angular_vel = 0 * ones(N+1l,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.4.3
Specified input (in bold text) in the Appendix B.1 MATLARB file for Example 4.2.

1.70
1.36
1.02

ply
0.68

0.34

0
1.13 155 197 239 281 3.23

Pix

FIGURE E.4.4
Path traced by point p, on the level-luffing crane mechanism.

Section of curve for/
leveling applications

FIGURE E.4.5
Level-luffing crane mechanism with calculated coupler curve.
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configuration with the calculated path. The lightly shaded section of curve in this figure
is useful for leveling applications because this section maintains a near-constant level.

Example 4.3

Problem Statement: Using the Appendix B.1 MATLAB file, determine if the two door-
linkage configurations in Table E.4.3 (Figure E.4.6a and b) will operate properly as the
door closes.

Known Information: Appendix B.1 MATLAB file, Table E.4.3, and displacement angle
range for crank link.

Solution Approach: One way to determine the operability of the door-linkage configura-
tions is to calculate their coupler link (or follower link) displacement angles throughout
the entire crank-link rotation range and check for circuit defects.* The data calculated
from the Appendix B.1 MATLAB file includes the coupler and follower-link displace-
ment angles o; and y;, respectively. The crank rotation range corresponding to Figure
E.4.6b is 0° (door fully open) to 90° (door fully closed).

Figure E4.7 includes the input specified (in bold text) in the Appendix B.1 MATLAB
file. Figure E.4.8 illustrates the calculated coupler link displacement angles with respect
to the door (or crank) rotation angle (B) as the door closes. With configuration 1, a dis-
continuity appears after the door (the crank link of the linkage) exceeds an 84° displace-
ment angle. This discontinuity corresponds to the mechanism exceeding its limiting
position and subsequently experiencing a circuit defect (see Section 3.5). Using configu-
ration 1, the door cannot close completely. In contrast, configuration 2 produces a cou-
pler displacement angle curve that is continuous throughout the entire 90° door rotation
range. Using configuration 2, the door closes completely.

TABLE E.4.3
Door-Linkage Assembly Configurations
Wl/ 9 Vll P ul/ c Glxl Gly

Config. 1 10, -90° 8, 8.9743° 9,-103.4799° 10,0
Config. 2 8, -90° 8, 1.4850° 9,-120.0198° 12.5,0

Header ]

— Header
w iy
g
Door Closer S
@)
‘g X
(=)
D
oor 90°
g
a
(@ (b)

FIGURE E.4.6
(@) Door linkage and (b) kinematic model of four-bar door linkage.

* During circuit defects, no coupler and follower displacement angles appear in the Appendix B.1 MATLAB file.
As aresult, circuit defects will appear as discontinuities in coupler and follower displacement angle plots.



Kinematic Analysis of Planar Mechanisms

wl = 10*exp(-1i*90*pi/180);

vl = 8*exp(i*8.9743*pi/180);

Gl = 10;

Ul = 9*exp(-1*103.4799*pi/180);
L1l = 0;

start_ang = 0;

step_ang =1;

stop_ang = 90;

angular_vel

0
0 * ones(N+1,1);
angular_acc 0

* ones(N+1,1);

(MATLAB File Input for Linkage Configuration 1)

wl = 8*exp(-i*90*pi/180);

vl = g*exp(1*1 .485%pi /180) ;
Gl =

ul = 9*exp( -i%*120.0198%*p1i/180);
L1l = 0;

start_ang = 0;

step_ang =1;

stop_ang = 90;

angular_vel

0;
0 * ones(N+1,1);
angular_acc 0

* ones(N+1,1);

(MATLAB File Input for Linkage Configuration 1)

FIGURE E.4.7
Specified input (in bold text) in the Appendix B.1 MATLAB file for Example 4.3.

0°
_9°
-18°
—27°
-36°

o —45°
—54°
—63°
—72°

—81°

0° 9° 18° 27° 36° 45° 54° 63° 72° 81° 90°

FIGURE E.4.8
Coupler displacement angles for Configurations 1 and 2.
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4.4.5 Instant Center, Centrodes, and Centrode Generation

An instant center (IC) of velocity is a common point among two links (or two bodies in
general) in planar motion which has the same instantaneous velocity in both bodies* For
a mechanical system of 7 links, the total number of ICs in the system, taking two links at
a time, can be calculated from the equation

n(n—1)

NIC: 2

(4.15)
From Equation 4.15 it can be determined that both the planar four-bar and slider-crank
mechanisms have a total number of six ICs each.

There is a systematic procedure to identify the locations of ICs for a given mechanism.
Such a procedure is necessary due to the number of ICs that can exist, especially as the
number of mechanism links increases. This procedure is based on the Aronhold—Kennedy
theorem This theorem states the following;:

For any three bodies in relative planar motion there will exist three instant centers and the three
instant centers are collinear.

Figure 4.8 illustrates a planar four-bar mechanism and each of its six ICs. Also illustrated
in this figure is a diagram (called a linear diagram or circle diagram) used to keep track of the
ICs that have been located. Numbers 1 through 4 marked around the circle in this diagram
correspond to the four links in the planar four-bar mechanism, and the lines connecting
the numbers (six lines in total) represent each IC.* The lines are drawn one by one as each
IC is established, and when every possible line connection has been drawn, the full num-
ber of ICs has been produced.

Using Figure 4.8 as an example, the procedure for finding ICs and completing the circle
diagram is as follows:

1. Using Equation 4.15, calculate the total number of ICs for the given mechanism.

2. Number the mechanism links (e.g., 1, 2, 3, ...) and mark these numbers on an arbi-
trary circle. The numbers should be equally spaced.

3. Determine as many ICs as possible by inspecting the mechanism. For example, since
an IC is a common point among two links in planar motion, the four revolute joints
in the planar four-bar mechanism are ICs. As each of these ICs is determined, a line
should be drawn in the circle diagram to connect the link numbers corresponding
to each IC. For example, the lines in the circle diagram that connect Numbers 1 and
2,2and 3,3 and 4, and 4 and 1 correspond to ICs I, ,, I, 5, I 4, and I,_; in Figure 4.8.

4. Lines can be drawn along a link length between any two ICs. In Figure 4.8, such
lines (the dashed lines) have been drawn along all four mechanism links. The
point of intersection of any two lines, in accordance with the Aronhold-Kennedy
theorem, is also an IC. These ICs correspond to the links that form a triangle with
the drawn lines. For example, in Figure 4.8, because Links 3 and 1 form a triangle
with the two lines associated with the top-most IC, this IC is labeled I,_;, and a line

* ICs are also called poles.

* This theorem (also called Kennedy’s rule) was discovered in 1872 by Aronhold (from Germany) and indepen-
dently in 1886 by Kennedy (from England).

# For example, I, , in Figure 4.8 (the IC common between Links 1 and 2) is the straight line connecting Numbers
1 and 2 in the diagram in Figure 4.8 (etc.).
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FIGURE 4.8
Planar four-bar mechanism, its ICs, and circle diagram.

v v

1,_4 (at infinity) I,_4 (at infinity)

FIGURE 4.9
Slider-crank mechanism, its ICs, and circle diagram.

(a dashed line) is drawn between Numbers 1 and 3 in the circle diagram. Also, in
Figure 4.8, because Links 2 and 4 form a triangle with the two lines associated
with the left-most IC, this IC is labeled I, ,, and a line (again, a dashed line) is
drawn between Numbers 2 and 4 in the circle diagram.

Figure 4.9 illustrates the ICs and completed circle diagram for the slider-crank mecha-
nism. If we recall, a planar four-bar mechanism having a follower link of infinite length
becomes a slider-crank mechanism (see Figure 3.2)." A line drawn along the infinite-length
follower link is perpendicular to the slider path and passes through the revolute joint

* One way to determine the ICs for cam follower systems and gear pairs is to produce an equivalent planar four-
bar mechanism for these systems and determine the ICs for the equivalent four-bar mechanism.
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attached to the slider (see Figure 4.9). The infinite-length follower link requires an infinite-
length ground link, which produces a line parallel to the follower-link line that passes
through the grounded revolute joint in Figure 4.9.

It is important to note that IC locations change with the position of a mechanism.
Therefore, if ICs are required for a given mechanism over a crank rotation range, the IC
location procedure must be repeated at each increment of the crank rotation range.

In addition to calculating velocities through vector-loop equations, velocities can also be
calculated using ICs. Figure 4.10 includes a planar four-bar mechanism, its IC I,_; and its
velocities V,,, Vy,, and Vp,. As illustrated in this figure, at an instant in time, the coupler link
of the planar four-bar mechanism rotates about I, ;. Given the angular velocity of the crank
link B, the magnitude of the velocity V,, (or V,,|) can be calculated directly, since it is simply
the product of the angular velocity and the link length. Once V,,| has been determined, the
angular velocity ¢; in Figure 4.10 can be directly calculated, since V,,| is also the product of
o.; and the distance between the ICs I, ; and I, ;. Once &; has been determined, the magni-
tudes of velocities Vp, and Vy, can be directly calculated, since Vp, | and Vj, ‘ are the products
of &; and the distances between I, ; and p,, and I,_, and b, (see Figure 4.10), respectively.

Another use for ICs for the planar four-bar mechanism (particularly I, ;) is to replicate
the motion of the coupler link. Because the locations of ICs vary with the position of the
mechanism, a locus of ICs can be produced over a crank rotation range. A locus of ICs
is called a centrode. Figure 4.11a illustrates the centrode produced for a given Grashof
triple-rocker mechanism. The centrode produced for a given mechanism is called a fixed
centrode because it is stationary. Figure 4.11b illustrates the centrode produced for the
inverted triple-rocker mechanism. In this particular inversion, the coupler becomes the
ground and the ground becomes the coupler (see Figure 3.13). The centrode produced
for an inverted mechanism is called a moving centrode because this centrode can exhibit
motion—specifically, rolling motion—over the fixed centrode.

vo I3

| Q,Pl

FIGURE 4.10
Planar four-bar velocity analysis using an IC.
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() Fixed centrode (b) Moving centrode
(original mechanism) (inverted mechanism)

Fixed centrode

-

Geometries with fixed

and moving centrodes included
(rolling the moving centrode over the fixed centrode
replicates the coupler motion of the original mechanism)

Fixed and moving centrodes
(C) (original mechanism) (d)

FIGURE 4.11
Fixed and moving centrode construction and use for a triple-rocker mechanism.

When illustrating the fixed and moving centrodes in the same illustration as shown in
Figure 4.11c, it can be seen more clearly that the concave curvature of the fixed centrode,
combined with the convex curvature of the moving centrode, enables the moving centrode
to roll over the fixed centrode. This rolling motion replicates the coupler motion produced
by the original mechanism itself. The fixed and moving centrodes can be incorporated
into geometry (Figure 4.11d) to ultimately produce alternate mechanisms to replicate the
coupler motion of their corresponding original planar four-bar mechanisms.

Appendix B.2 includes the MATLARB file user instructions for planar four-bar fixed and
moving centrode generation. In this MATLAB file (which is available for download at
www.crcpress.com/product/isbn/9781498724937), individual fixed and moving centrode
points are calculated for the complete rotation range of a planar four-bar mechanism at 1°
crank rotation increments. The Appendix B.2 MATLAB file can also be used to calculate
the fixed and moving centrodes for slider-crank mechanisms (defined as a planar four-bar
mechanism with a large follower length).* A slider-crank centrode generation example is
included in Section 4.5.4.

* When using the Appendix B.2 MATLAB file for the slider-crank mechanism, the follower length should be
long enough to produce an acceptable slider error. For example, using the follower fixed pivot coordinates
b, = (3, -100,000) for the four-bar mechanism coordinates a,= (0, 0), a; = (0.7071, 0.7071), b, = (3, 0) produces a
maximum sliding error (normal to the sliding direction) of 0.00001.
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a0=[0, 0]';
al=[0, 2]';
b0=[1, 0]';
b1=[1.8487, 1.2368]"';

FIGURE E.4.9
Specified input (in bold text) in the Appendix B.2 MATLAB file for Example 4.4.

moving
centrode

fixed centrode

FIGURE E.4.10
Planar four-bar mechanism and sections of its fixed and moving centrodes.

Example 4.4

Problem Statement: Using the Appendix B.2 MATLAB file, plot the fixed and moving
centrodes for a planar four-bar mechanism with the unitless dimensions a, = (0, 0),
a; =(0,2),b,=(1,0), and b, = (1.8487, 1.2368).

Known Information: Known mechanism dimensions and Appendix B.2 MATLAB file.

Solution Approach: Figure E.4.9 includes the input specified (in bold text) in the
Appendix B.2 MATLARB file. Figure E.4.10 illustrates the given planar four-bar mecha-
nism and sections of the fixed and moving centrodes calculated from the Appendix B.2
MATLAB file.

4.5 Slider-Crank Mechanism Analysis
4.5.1 Displacement Equations

The planar slider-crank mechanism consists of four links interconnected by revolute joints,
with the slider link connected to ground by a prismatic joint. As calculated from Gruebler’s
equation for planar mechanisms (with L =4 and J, = 4), the planar slider-crank mechanism
has a single DOF. A single displacement equation is derived for this mechanism by taking
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FIGURE 4.12
Slider-crank mechanism displacement variables.

the sum of the displaced mechanism vector loop in Figure 4.12. The equation produced
from a clockwise vector-loop sum of the displaced vector loop is

) Ly _y, G =0 (4.16)

As illustrated in Figure 4.12, vector U, only has an imaginary component (the slider
offset distance in the y-direction) and vector G; only has a real component (the sliding dis-
tance in the x-direction). Having a zero U, produces what is called an in-line slider-crank
(anonzero U, produces an offset slider-crank).

After expanding Equation 4.16 and grouping its real and imaginary terms as separate
equations, the resulting slider-crank mechanism displacement equations become

fl((Xj,G]')Zwl COS(9+B]')+V1COS(p+a]‘)—G]' =0
@17)
f2(0)=Wisin(6+p;)+ Visin(p+o;) - Uy, =0

With the exception of the coupler displacement angle a; and the slider displacement
magnitude G; all other variables in the slider-crank displacement equations are user pre-
scribed. Unlike Equation 4.2, which requires a numerical solution (at least in its given
form), an analytical solution can be produced for Equation 4.17. The imaginary equation
f>(a) can be rearranged so that

U,, —W;sin(0+;
OLj:sinl|: L f/m( Bf)]—p @18)
1

The coupler angle solutions from Equation 4.18 are used in f;(a;, G;) and the corresponding
sliding distances G; are calculated.

4.5.2 Velocity Equations

A single slider-crank velocity equation is derived by differentiating the slider-crank dis-
placement equation. Differentiating Equation 4.16 with respect to time produces

iBWie %) i Ve P - G = 0 419)



82 Kinematics and Dynamics of Mechanical Systems

FIGURE 4.13
Slider-crank mechanism velocity variables.

Equation 4.20 includes the individual velocity variables from Equation 4.19. The velocity
V,, is the global tangential velocity of the crank link vector—the velocity of a; with respect
to a, (see Figure 4.13). The velocity Vy, is the global sliding velocity of the slider link—the
sliding velocity of b; with respect to a,. Also, the velocity V,,_,, is the relative tangential
velocity of b; with respect to a,—the relative velocity of the coupler link.

Vi, = i e
Vi, =G; (4.20)

. i(p+o
Vi, = i Vie ™) = v, —V,

After moving the term ip ]-Wlei(mﬁf Jto the right-hand side of Equation 4.19, expanding this
equation and grouping its real and imaginary terms as separate equations, the resulting

slider-crank mechanism velocity equation in matrix form is

~Vysi ) -1 X | ~Wisin(0+5;
isin(p+ o) % _5, vsin(6+)) @.21)
Vlcos(p+0cj) 0 Gj W1C05(6+Bf)

After including the prescribed mechanism variables and the unknowns calculated from
the slider-crank displacement equations, Equation 4.21 can be solved (using Cramer’s rule,
for example) to calculate the coupler angular velocity &; and the slider velocity G;.

Example 4.5

Problem Statement: Using the Appendix B.3 MATLAB file, calculate the slider position
and velocity for the slider-bar mechanism configuration in Table E.4.4 for a 25° crank
displacement angle and a constant rotation speed of 7rad/s.

Known Information: Appendix B.3 MATLARB file, Table E.4.4, f and .

Solution Approach: Figure E.4.11 includes the input specified (in bold text) in the
Appendix B.3 MATLAB file. From the calculated output, it can be determined that the
slider position and velocity are G; =77.28mm and G; = -193.10mm/s, respectively.



Kinematic Analysis of Planar Mechanisms 83

TABLE E.4.4

Slider-Crank Mechanism Configuration (with Link Lengths in mm)

w, 6 Vi p U,

30, 90° 90, 0° 30

Lwl = 30;
theta = 90%*pi/180;

LUl = 30;
Lv1l = 90;

start_ang
step_ang
stop_ang

5
7 * ones(N+1,1);
0 * ones(N+1,1);

0
1
2

angular_vel
angular_acc

FIGURE E.4.11
Specified input (in bold text) in the Appendix B.3 MATLAB file for Example 4.5.

4.5.3 Acceleration Equations

A single slider-crank acceleration equation is derived by differentiating the slider-crank
velocity equation. Time differentiation of the Equation 4.19 produces

B2 ) B W P — 621 ) e e ) - G = 0 4.22)

Equation 4.23 includes the individual acceleration terms from Equation 4.22. The accel-
erations A,,, and A,,, are the global normal and tangential accelerations, respectively, of
the crank link vector—the normal and tangential accelerations of a, with respect to a, (see
Figure 4.14). The total acceleration A, is the sum of these normal and tangential accelera-
tions. The acceleration Ay, is the global sliding acceleration of the slider link—the slid-
ing acceleration of b, with respect to a,. Also, the accelerations A, ,,) and A, ) are
the relative normal and tangential accelerations, respectively, of b; with respect to a,—the

A(b]

7al)n

FIGURE 4.14

Slider-crank mechanism acceleration variables.
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relative normal and tangential accelerations of the coupler link. The total relative accelera-
tion Ay, _,, is the sum of these normal and tangential accelerations.

A, =A,, +A,, = ipWe ") g 0)
1&],1 = G] (423)

Ay, o= A(bral), +A(b1—a1)n — idjvlei(muj) _djz_vlef(moc/) =Ap, - A,

After moving the terms B%Wlei(mﬁ" ), 1[3 ,-Wlei(9+Bj ), and d]z\/lei(p+a7 ) to the right-hand side of
Equation 4.22, expanding this equation, and grouping its real and imaginary terms as sepa-
rate equations, the resulting slider-crank mechanism acceleration equation in matrix form is

_Vlsin(p+ocj) -1 o, ) chos(9+[3]-) . —Wlsin(6+[3j)
Vlcos(p+0c]-) 0 Gj s V\/lsitl(9+|3j) ! chos(9+B,-)
V. .
L6 1cos(p+oc]) @24
Vlsin(p+oc/-)

After including the prescribed mechanism variables and the unknowns calculated from
the slider-crank displacement and velocity equations, Equation 4.24 can be solved (using
Cramer’s rule, for example) to calculate the coupler angular acceleration &; and the slider
acceleration G;.

Appendix B.3 includes the MATLAB file user instructions for slider-crank displacement,
velocity, and acceleration analysis. In this MATLAB file (which is available for download
at www.crcpress. com/product/isbn/9781498724937), solutions for Equations 4.17, 4.21, and
4.24 are calculated.

Example 4.6

Problem Statement: Using the Appendix B.3 MATLARB file, plot the displacement, velocity,
and acceleration profiles for the piston in the crankshaft-connecting rod-piston linkage
(Figure E.4.12). The mechanism assembly configuration and driving link parameters are
given in Table E.4.5.

FIGURE E.4.12
Crankshaft-connecting rod-piston linkage.


http://www.crcpress.com/product/isbn/9781498724937
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TABLE E.4.5
Slider-Crank Mechanism Assembly Configuration (with Link Lengths in cm)

Wy 0 Vlr P BO B
1, 45° 1.5, -28.1255° 100rad/s Orad/s?

Lwl

=1:
theta =

"45%pi/180;
LUl = 0;

Lvl = 1.5;
start_ang

step_ang

0
1
stop_ang 7

0;

2
%00 * ones(N+1,1);

angular_vel
* ones(N+1,1);

angular_acc

FIGURE E.4.13
Specified input (in bold text) in the Appendix B.3 MATLAB file for Example 4.6.

Known Information: Table E.4.5 and Appendix B.3 MATLAB file.

Solution Approach: As illustrated in Figure E.4.12, the crankshaft-connecting rod-
piston linkage is an in-line slider crank mechanism (therefore U, = 0). Because variable
G, corresponds to piston displacement, the displacement, velocity, and acceleration
profiles of the piston can be produced by calculating and plotting G,, G, and G,,
respectively.

Figure E .4.13 includes the input specified (in bold text) in the Appendix B.3 MATLAB
file. Figure E .4.14 illustrates the piston displacement, velocity, and acceleration profiles
with respect to the crank rotation angle (f) over the prescribed 720° crank rotation
range.

Example 4.7

Problem Statement: Derive vector-loop displacement, velocity, and acceleration equations
for the slider-crank inversion illustrated in Figure E.4.15(a). The starting and displaced
mechanism variables are included in Figure E.4.15(b). Also verify the velocity and accel-
eration equations in MATLAB.

Known Information: Figure E.4.15 and vector-loop formulation procedure.

Solution Approach: The two unknowns in the inverted slider-crank mechanism are the
sliding distance V; and the follower displacement angle y; (which is the same displace-
ment angle for the sliding distance vector V))* The angle formed by U, and V; (angle p
in Figure E.4.15(b)) remains constant throughout mechanism motion.

DISPLACEMENT EQUATION
Taking a clockwise vector-loop sum for the vector loop in Figure E.4.15(b) produces

Wi o) _ X/,ei(°+yf+”) U, _G, =0 (4.25)

* The sliding distance is also the distance between points a, and b, in Figure E.4.11. Due to the sliding joint, the
distance between these two points (the scalar length of V) can change throughout mechanism motion.
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FIGURE E.4.14

Piston (a) displacement, (b) velocity, and (c) acceleration profiles.

VELOCITY EQUATION
Taking the derivative of Equation 4.25 produces

iBWie ) iy e ) e ) g et n) 2 (4.26)

Equation (4.27) includes the individual velocity variables from Equation (4.26). The
velocity V,, is the global tangential velocity of the crank link vector—the tangential
velocity of a; with respect to a, (see Figure E.4.16). The velocity Vj, is the global tangen-
tial velocity of the follower-link vector—the tangential velocity of b, with respect to
b,. The velocity Vy,_,, is the relative tangential velocity of the coupler link vector—the
relative tangential velocity of b, with respect to a,. The velocity V; is the relative sliding
velocity of a; with respect to b,—the velocity of the sliding distance vector V;.

Va] = Z'ijlei(eﬂi/)

Vb] = i’YjU]Ei(G+Yf}
4.27)
vj _ Vjei(0+y,+p)

i(c+y]+p)

Vb]—a1 = I'Y]‘/Je
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(b

FIGURE E.4.15
(a) Slider-crank inversion and (b) mechanism displacement variables.

ACCELERATION EQUATION
Taking the derivative of Equation (4.26) produces

_ 3 ZW ei(9+[3/') + l W ei(9+B/') + . ZvV'Ei(Gﬂ(ﬁp) _ 12 . 'V'Ei(cﬂ(ﬁp)
B/ 1 B/ 1 Y] j Y] ] (428)

_i’.Y.j‘/jei(G+Yj+p) _ Vjei(c+yj+p) + ’.Y?ulei(my,-) _ l.’.Y.julei(owj) -0

Equation (4.29) includes the individual acceleration variables from Equation (4.28). The
accelerations A,,, and A,,, are the global normal and tangential accelerations, respectively,
of the crank link vector—the normal and tangential accelerations of a; with respect
to a, (see Figure E.4.17). The total acceleration A, is the sum of these normal and
tangential accelerations. The accelerations Ay, and Ay, are the global normal and tan-
gential accelerations, respectively, of the follower link vector—the normal and tangen-
tial accelerations of b, with respect to b,,. The total acceleration Ay, is the sum of these
normal and tangential accelerations. The accelerations A, ,,) and A,_,,) are the rela-
tive normal and tangential accelerations, respectively, of b, with respect to a,—the rela-
tive normal and tangential accelerations of the coupler link vector. The acceleration V;
is the relative sliding acceleration of a, with respect to b,—the acceleration of the sliding
distance vector V;. Lastly, the acceleration Ay,_,,) is called the Coriolis acceleration [3].
This acceleration component is present whenever a link includes both sliding and angu-
lar velocities. While the Coriolis acceleration is tangent to the coupler link (like the rela-
tive tangential acceleration of b, with respect to a,), its direction matches the direction of

87
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FIGURE E.4.16
Inverted slider-crank mechanism velocity variables.

FIGURE E.4.17
Inverted slider-crank mechanism acceleration variables.

v¥; (while the direction of Api-ay), matches the direction of ¥)). The total relative accelera-
tion of point b, with respect to a, is the sum of A, _a,) , Ap,—ay), Vi, and A, _a)) -

A, =A,, +A,, = I'B'jwlei(em/) _B/gwlei(e+ﬁf)
Ay, = Ay, +Au, =7 i e )
G+y/-+p)

Apa), = WJ'VJ'EZ(

Ao = r'Y?‘/jef(GJrV/JrP)
V)‘ — Vl_ei(0+y}'+p)

A(bral) _ iz'\.{jvjez(cw/w)

c
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>> syms wl Ul Gl theta sigma rho t v(t) beta(t) gamma(t) real;
>> F = Wl* exp(1 (theta + beta(t)))

- v(t)* exp(1 “(sigma + gamma(t) + rho))

- Ul*exp(i*(sigma + gamma(t))) - G1;

>> dF = diff(F)

dF =

exp(rho*i + S‘igma*'i + gamma(t)*'i)*d'iff(V(t), t)
wl’*exp(theta i + beta(t)*i)*diff(beta(t), t)*i
Ul*exp(sigma*i + gamma(t) )% d1ff(gamma(t) t)*i

exp(rho*i + sigma*i + gamma(t)*i)*v(t)* d1ff(gamma(t) t)*1i
>> ddF = diff(F, 2)

ddF =

I+

- exp(rho*i + sigma*i + gamma(t)*i)*diff(v(t), t, t)

- exp(rho*i + s1gma*1 + gamma(t)*i)*diff(v(t), t)
*d1ff(gamma(t) t)*2%1

wl*exp(theta®i + beta(t)*i)*diff(beta(t), t)A2

Ul*exp(sigma*i + gamma(t) 1) d1ff(gamma(t), t)A2
wl*exp(theta*i + beta(t)*i)*diff(beta(t), t, t)“i
Ul*exp(sigma*i + gamma(t) ) d1ff(gamma(t) t)*i

exp(rho*i + sigma*i + gamma(t)*i)*v(t)* d1ff(gamma(t) t)A2
exp(rho*i + sigma*i + gamma(t)*i)*v(t)” d1ff(gamma(t), t, t)*i

L4+ 4+

FIGUREE.4.18
Example 4.7 calculation procedure in MATLAB.

A(bl—al) = A(bl—al), + A(b]—al)n + Vf + ‘A(b]—a])C (429)

EQUATION FORMULATION IN MATLAB

Figure E.4.18 includes the calculation procedure in MATLAB’s command window. In this
flgure, the terms diff(beta(t),t), diff(V(t),p) and diff(gamma(t),t) represent the terms ; ;,V;and
Y; Equation (4.26), respectively. The terms diff(beta(t) t,t), diff(V(t),t,t) and diff( gamma(t) tt)
in Figure E.4.18 represent the terms [3;, V; and ¥; Equation (4.26), respectively.

4.5.4 Centrode Generation

The procedure to calculate ICs for the slider-crank mechanism are presented in Section 4.4.5.
Like the planar four-bar mechanism, slider-crank mechanism ICs are useful for velocity
analysis, and slider-crank mechanism fixed and moving centrodes are useful for replicat-
ing coupler motion.

By specifying the coordinates of a slider-crank mechanism in the Appendix B.2 MATLAB
file, the fixed and moving centrodes for this mechanism are calculated.

Example 4.8

Problem Statement: Using the Appendix B.2 MATLAB file, plot the fixed and moving
centrodes for a planar slider-crank mechanism with the unitless dimensions a, = (0, 0),
a;=(0,1) and b, = (2, 0).
Known Information: Known mechanism dimensions and Appendix B.2 MATLAB file.
Solution Approach: Because the dimensions for a planar four-bar mechanism are
required for the Appendix B.2 MATLAB file, the coordinates of the fixed pivot b, are
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required. The coordinates b, = (2, —100,000) were used because with this value, the mov-
ing pivot b, (the slider) is accurate to five decimal places.*

Figure E.4.19 includes the input specified (in bold text) in the Appendix B.2 MATLAB
file. Figure E.4.20 illustrates the given slider-crank mechanism and sections of the fixed
and moving centrodes calculated from the Appendix B.2 MATLARB file.

a0=[0, 0]';

al=[0, 1]°';

b0=[2, -100000]"';

bl=[2, 0]';
FIGURE E.4.19

Specified input (in bold text) in the Appendix B.2 MATLAB file for Example 4.8.

fixed centrode

moving centrode

FIGURE E.4.20
Slider-crank mechanism and sections of its fixed and moving centrodes.

* Because the follower has an infinite length in a slider-crank mechanism, the accuracy of the slider increases
as the value of b, increases.
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4.6 Geared Five-Bar Mechanism Analysis
4.6.1 Displacement Equations

The geared five-bar mechanism consists of five links interconnected by revolute joints.
Also included in this mechanism is a gear pair or gear train that couples the input and out-
put links (see Figure 4.15). As calculated from Gruebler’s equation for planar mechanisms
(with L =5, J; =5, and ], = 1), the geared five-bar mechanism has a single DOF. A single
displacement equation is derived for this mechanism by taking the sum of the displaced
mechanism vector loop in Figure 4.15. The equation produced from a clockwise sum of the
displaced vector loop is

Wie @) v P) g o) o) _ g =0 (4.30)

The relationship between the displacement angles of the crank W, and the output link
U, can be expressed as

w=i% @.31)

where the variable r represents the gear ratio of the gear pair or train. The gear ratio can be
defined as the ratio of the driven gear radius to the driving gear radius (* = %iven / Tiriving )-
If W; and U; rotate in the same direction (which occurs when an odd number of gears
is used), the gear ratio is positive, and it is negative if they rotate in opposite directions
(which occurs when an even number of gears is used).

After expanding Equation 4.30 and grouping its real and imaginary terms as separate
equations, the resulting geared five-bar mechanism displacement equations become

FIGURE 4.15
Geared five-bar mechanism displacement equation variables.
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ﬁ(ocj,vj):V\/lcos(9+|3j)+Vl cos(p+oc]-)—51cos(\y+vj)—lll cos(0+yj)—G1x =0
4.32)
f2(ej,0;)=Wisin(0+B;)+ Visin(p+a;)-Sisin(y+0;)-Uysin(c+7,) - Gy, =0

With the exception of the intermediate link displacement angles «; and v, all other vari-
ables in the geared five-bar displacement equations are user prescribed. Because f;(o;, v) and
fo(a;, v) in Equation 4.32 both include the unknown displacement angles o; and v, these equa-

tions form a set of nonlinear simultaneous equations from which the angles are calculated.

4.6.2 Velocity Equations

A single-geared five-bar velocity equation is derived by differentiating the geared five-bar
displacement equation. Differentiating Equation 4.30 with respect to time produces

iBWie ) i vie ) — o6, ) iy e ) = 0 4.33)

The relationship between the angular velocities of the crank W; and the output link U,
(the time derivative of Equation 4.31) becomes

Yi= i% (4.34)

Equation 4.35 includes the individual velocity terms from Equation 4.33. The velocity V,,
is the global tangential velocity of the crank link vector—the tangential velocity of a; with
respect to a, (see Figure 4.16). The velocity V,, is the global tangential velocity of the output
link vector—the tangential velocity of b, with respect to b,. Also, the velocity V,,_,, is the
relative tangential velocity of ¢; with respect to a,—the relative tangential velocity of this
intermediate link. The global velocity of ¢, (V,,) can be calculated from the last equation
in Equation 4.35.

V,, = ifW, oH0+81)
Vi, = i U ) (4.35)
Voo =6,V = v, —V,

After moving the terms i jI/\/lei(e+Bf Jand iy ]Ulei(cwf to the right-hand side of Equation 4.33,

expanding this equation, and grouping its real and imaginary terms as separate equations,
the resulting geared five-bar mechanism velocity equation in matrix form is

—Vlsin(p+oc]-) Slsin(\|1+vj) (V¥
Vlcos(p+0Lj) -5 cos(\u+vj) 0j
Wisin(6+B;) | | —Ussin(c+y;)

. 4.36
_chos(9+Bj) B U1COS(G+'Y/-) 30

=Pj
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FIGURE 4.16
Geared five-bar mechanism velocity variables.

After including the prescribed mechanism variables and the unknowns calculated from
the geared five-bar displacement equations, Equation 4.36 can be solved (using Cramer’s
rule, for example) to calculate the intermediate link angular velocities &; and v;.

4.6.3 Acceleration Equations

A single planar four-bar acceleration equation is derived by differentiating the planar
four-bar velocity equation. Time differentiation of Equation 4.33 produces

B2 P 4 e ) — 62V ) i v ) - (28,6 ™) 1 g, v+
4.37)
(e ) 4 e = 0

The relationship between the angular accelerations of the crank W; and the output link
U (the time derivative of Equation 4.34) becomes

¥i= i% 4.38)

Equation 4.39 includes the individual acceleration terms from Equation 4.37. The accel-
erations A,,, and A,,, are the global normal and tangential accelerations, respectively, of



94 Kinematics and Dynamics of Mechanical Systems

L3
A(c ),

P

FIGURE 4.17
Geared five-bar mechanism acceleration variables.

the crank link vector—the normal and tangential accelerations of a;, with respect to a, (see
Figure 4.17). The total acceleration of A,, is the sum of these normal and tangential acceler-
ations. The accelerations Ay,, and Ay,, are the global normal and tangential accelerations,
respectively, of the output link vector— the normal and tangential accelerations of b,
with respect to b,. The total acceleration Ay, is the sum of these normal and tangential
accelerations. Also, the accelerations A, ) and A, ,,) are the relative normal and
tangential accelerations, respectively, of ¢; with respect to a,—the relative normal and tan-
gential accelerations of this intermediate link. The total relative acceleration A, _,, is the
sum of these normal and tangential accelerations. The global acceleration of ¢, (A.,) can be
calculated from the last equation in Equation 4.39.

A, =A,, +A,, = iijlei((%Bf) _B%Vvlei((ﬂﬁj)
Au, = g, +Au,, = iU ) 20,610 4.39)
ACl_al = A(Cl—a'l)[ +A(°1‘a1)n — iajvlei(muj) —OC?Vlei(pmj) — ACl _ Aa1
After moving the terms B?Wlei(e+ﬁf ),iﬁjV\flei(9+B’), Y?Ulei(c+yf), i'lellei(o”"), dc?Vlei(pm"), and
z'JfSle’(Wv’ ) to the right-hand side of Equation 4.37, expanding this equation, and grouping

its real and imaginary terms as separate equations, the resulting geared five-bar mecha-
nism acceleration equation in matrix form becomes
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—Vlsin(p+oc]-) Slsin(w+vj) 0; a2 chos(9+[3/-) . —Wlsin(6+[3]-)
Vi cos(p+0tj) —Slcos(w+vj) 0; Y Wlsin(9+|3j) ! chos(9+Bj)
U, cos(0+yj) | WU sin(<5+yj) i Vlcos(p+ocj) H SlCOS(Ilf-‘rU]')

Y] Ulsm((5+yl) +Y] U1COS(G+'Y]‘) ! %Sm(p'l'oﬂj) g 51 sin(\u+vj)

(4.40)

After including the prescribed mechanism variables and the unknowns calculated
from the geared five-bar displacement and velocity equations, Equation 4.40 can be solved
(using Cramer’s rule, for example) to calculate the intermediate link angular accelerations
0; and 9.

Appendices B4 and B.5 include the MATLAB file user instructions for geared five-bar
displacement, velocity, and acceleration analysis. The Appendix B.4 file considers a mech-
anism having two gears (or negative gear ratios) and the Appendix B.5 file considers a
mechanism having three gears (or positive gear ratios). In these MATLAB files (which are
available for download at www.crcpress. com/product/isbn/9781498724937), solutions for
Equations 4.32, 4.36, and 4.40 are calculated.

4.6.4 Kinematics of Intermediate Link Locations of Interest

Equations 4.10, 4.12, and 4.14 can be directly applied to calculate the displacements, veloci-
ties, and accelerations of an arbitrary intermediate link location of interest p, of a geared
five-bar mechanism (see Figure 4.18). The Appendix B4 and B.5 MATLAB files include

FIGURE 4.18
Geared five-bar mechanism with intermediate link location p;.
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TABLE E.4.6
Geared Five-Bar Mechanism Configuration (with Link Lengths in m)
W, 0 Vip u,oc Sy w Gy Gly L,d
0.35, 90° 0.525, 54.7643° 0.35, 60° 0.525, 115.0279° 0.35,0 0.35, —15.7645°
wl = 0.35*exp(i*90*pi/180);
vl = 0.525*exp(i*54.7643%pi/180);
L1 = 0.35%exp(-1*15.7645%*pi/180);
Gl = 0.35;
ul = 0.35*exp(1*60*p1/180)
S1 = 0.525%exp(i*115. 0279*p1/180),
ratio = 2;
start_ang = 0;
step_ang =1;
stop_ang = 45;
angular_vel = 1.5 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.4.21
Specified input (in bold text) in the Appendix B.5 MATLAB file for Example 4.9.

Equations 4.10, 4.12, and 4.14, from which displacement, velocity, and acceleration values
are calculated for p;.

Example 4.9

Problem Statement: Using the Appendix B.5 MATLAB file, calculate the displaced value
of link point p; and its velocity for the geared five-bar mechanism configuration in
Table E.4.6 for a 45° crank displacement angle and a constant rotation speed of 1.5rad/s.
The gear ratio is ¥ = +2.

Known Information: Appendix B.5 MATLARB file, Table E4.6, B, and B.

Solution Approach: Figure E4.21 includes the input specified (in bold text) in the
Appendix B.5 MATLAB file. From the calculated output, it can be determined
that the displaced coupler point p; is p;=(0.0972+i0.1865)m and its velocity is
V,, =(-0.3480-0.2398)m /s at a 45° crank displacement angle.

Example 4.10

Problem Statement: Using the Appendix B.5 MATLAB file, calculate the location, velocity

and acceleration values of p, at p = 0° 15° 30, ..., 90° given the geared five-bar mecha-

nism dimensions in Table E.4.7. The initial angular velocity and angular acceleration of

the driving link are §, = 1rad/s and B=0.1rad/s? respectively. The gear ratio is r = +2.
Known Information: Table E4.7 and Appendix B.5 MATLAB file.

TABLE E.4.7

Geared Five-Bar Mechanism Dimensions (with Lengths in m)

w,, 0 Vi, p u,oc S, ¥ Gy Gy, L,d

1, 90° 1.5, 32.7304° 1.5,45° 1.5,149.9837° 1.5,0 1, 74.1400°
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wl = 1.0*exp(i*90*pi/180);

vl = 1.5%exp(i*32.7304*p1i/180);
L% = %.g*exp(i*74.1400*p1/180);
Gl = 1.5;

Ul = 1.5*%exp(i*45*pi/180);

S1 = 1.5%exp(i*149.9847*pi1/180);
ratio = 2;

start_ang = 0;

step_ang =1;

stop_ang = 90;

angular_vel =1 * ones(N+1,1);
angular_acc = 0.1 * ones(N+1,1);

FIGURE E.4.22
Specified input (in bold text) in the Appendix B.5 MATLAB file for Example 4.10.

TABLE E.4.8

Calculated Geared Five-Bar Point Positions, Velocities, and Accelerations

i} py; (m) Vy,; (m/s) A,,; (m/s?)

0° 0.2733,1.9619 —-0.8980, —0.0290 —-0.2352, -0.9733
15° 0.0360, 1.9215 -0.9273, —0.2851 0.0102, —0.9959
30° —0.1949, 1.8184 —0.8956, —0.5302 0.2336, —0.9326
45° —0.4068, 1.6609 -0.8202, -0.7419 0.3516, —0.7683
60° —0.5944, 1.4624 —0.7440, —0.8976 0.2326, —0.5178
75° —0.7657, 1.2386 -0.7199, —0.9973 0.0079, —0.3769
90° —0.9304, 0.9976 —-0.6957, -1.0978 0.2980, —0.5166

Solution Approach: Figure E4.22 includes the input specified (in bold text) in the
Appendix B.5 MATLAB file. Table E.4.8 includes the values of p,;, V,,; and A, calcu-
lated from the Appendix B.5 MATLAB file over the given crank rotation range.

4.7 Watt II Mechanism Analysis

The Watt II mechanism consists of six links interconnected by revolute joints. As calcu-
lated from Gruebler’s equation for planar mechanisms (with L = 6 and ], =7), the Watt II
mechanism has a single DOF.

From Figure 4.19a, it can be seen that the Watt II mechanism is essentially two planar
four-bar mechanisms that share a common link—the follower link of one planar four-bar
mechanism being the crank link of the other mechanism.* Because of this particular con-
struction, the displacement, velocity, and acceleration equations presented in Section 4.4
for the planar four-bar mechanism can be used to analyze the Watt II mechanism.

Figure 4.19b includes the displacement variables for the Watt Il mechanism. Mechanism
loop W,-V,-U,—G;, is the planar four-bar mechanism loop presented in Section 4.4. For
this mechanism loop, the equations in Section 4.4 can be used directly. Mechanism loop

* The Watt Il mechanism can also be described as essentially a planar four-bar mechanism with a dyad attached
to its follower link.
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(2)

(b

FIGURE 4.19
(a) Watt IT mechanism and (b) mechanism displacement variables.

W, =V, —U; -G is the additional planar four-bar mechanism loop. Because vectors W;
(the crank of mechanism W; — V; — U} — G;) and U; (the follower of mechanism W,-V,-U,—
G,) share the same link, the follower angular displacement, velocity, and acceleration val-
ues calculated for the first planar four-bar mechanism are the crank angular displacement,
velocity, and acceleration values for the second planar four-bar mechanism (therefore
v =Bj 1, =Bj and ¥, = B)). o e e
The equations in Section 4.4 can also be used to analyze mechanism loop W; -V, -U; -G;.
When using the planar four-bar displacement equations for this mechanism loop, the results
must be offset by a value of G}, since the grounded pivot of W, (pivot a, in Figure 4.19b) is
offset from the coordinate system origin by this value. As a result, Equations 4.9 and 4.10,
when utilized to calculate the coordinates of p; would take on the form
(o4}

pi =Gy + w4 ) (4.41)
pry = Giy + W/ cos(e* + Bj)+ L cos(é’)* + oc}f)

4.42)
pry =Gy + Wy sin(e* + B;) +I1 sin(S* + (x’]‘»)

The velocity and acceleration equations in Section 4.4, on the other hand, can be used
directly for mechanism loop W; = V; —=U; — G..
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Appendix B.6 includes the MATLAB file user instructions for Watt II displacement,
velocity, and acceleration analysis. In this MATLAB file (which is available for download
at www.crcpress.com/product/isbn/9781498724937), solutions for both Watt II mechanism
loops are calculated using the planar four-bar displacement, velocity, and acceleration
equations in Section 4.4. This MATLAB file also includes Equation 4.42 and its derivatives
for the analysis coupler point p;.

Example 4.11

Problem Statement: Using the Appendix B.6 MATLAB file, calculate the displaced value
of coupler point P1 for the Watt II mechanism configuration in Tables E.4.1 and E.4.9 for
a —-55° crank displacement angle.

Known Information: Tables E.4.1, E.4.9, and Appendix B.6 MATLAB file.

Solution Approach: Figure E.4.23 includes the input specified (in bold text) in the
Appendix B.6 MATLAB file. From the calculated output, it can be determined that the
displaced coupler point p1 is p; = 0.7063 +10.2577 at a —55° crank displacement ang]le.

Example 4.12

Problem Statement: Using the Appendix B.6 MATLAB file, calculate the location and
acceleration values of p1 at # = 0°, -15° =30, ..., —90° given the Watt Il mechanism dimen-
sions in Table E.4.10. The initial angular veloc1ty and angular acceleration of W, are
By =—1.5rad/s and f = -0.25rad /s, respectively.

Known Information: Table E.4.10 and Appendix B.6 MATLAB file.

Solution Approach: Figure E.4.24 includes the input specified (in bold text) in the
Appendix B.6 MATLAB file. Table E.4.11 includes the values of pl i V ~and A calcu—
lated from the Appendix B.6 MATLARB file over the given crank rotation range

TABLE E.4.9
Watt II Mechanism Configuration

wlxr 0% Vl‘/ p* U;/ ¢* G;X/ G‘Iy L’i/ &%
1,45° 1.25, 16.6249° 1.25, 58.4069° 1.25,0 1.5, 34.8197°

wl = 1.75*exp(i*90*pi/180) ;

V1 = 1.75%exp(-1*22.4860*p1/180);

Gl = 0.866 - 1*0.5;

Ul = 1.75%exp(i*64.5895%pi/180);

L1l = exp(i*6. 469*p1/180),

wls = exp(i*45*pi/180);

vls = 1. 25*exp(1*16 6249*p1/180),

Gls = 1.25;

uls = 1. 25*exp(1*58 4069*pi /180) ;

Lls = 1.5%exp(i*34.8197%pi/180);

start_ang = 0;

step_ang = -1;

stop_ang = -55;

angular_vel = 0 * ones(N+1,1);

angular_acc = 0 * ones(N+1,1);

FIGURE E.4.23
Specified input (in bold text) in the Appendix B.6 MATLAB file for Example 4.11.
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TABLE E.4.10
Watt II Mechanism Dimensions (with Link Lengths in m)
W, 0 Vip U,oc Gy Gly L, 8
1,90° 1.5,19.3737° 1.5,93.2461° 15,0 1, 60.7834°
Wy, 6* Vi, p* ui, ¢* Gix, Gy, L, ¥
1, 45° 1.5,7.9416° 1.5, 60.2717° 1.4489, —0.3882 1,49.3512°

wl = exp(i*90*pi/180);

V% = % g*exp(1*19 3737*p1/180),

Gl = i

Ul = 1.5*exp(i*93.2461*pi/180);

L1 = exp(i*60.7834%pi/180);

wls = exp(i*45*pi/180);

Vls = 1.5%exp(i*7. 9416*p1/180),

Gls = 1.4489 - i*0.3882

Uls = 1.5*%exp(i*60. 2717*p1/180),

L1ls = exp(i*49.3512*pi/180);

start_ang = 0;

step_ang = ;

stop_ang = -90;

angular_vel = -1.5 * ones(N+1,1);

angular_acc = -0.25 * ones(N+1,1);

FIGURE E.4.24
Specified input (in bold text) in the Appendix B.6 MATLAB file for Example 4.12.

TABLE E.4.11
Calculated Watt II Point Positions, Velocities, and Accelerations
B pi; (m) Vi, (m/5) Ay (m/s°)
0° 2.8585, 1.4658 0.5291, -0.5525 —-1.1396, —0.3436
—15° 2.9309, 1.3677 0.3029, -0.5747 —1.4555,0.1176
-30° 2.9610, 1.2759 0.0591, -0.5039 —1.3376, 0.7658
—45° 2.9566, 1.2078 —-0.0796, —0.3041 —-0.1181, 1.7982
-60° 2.9509, 1.1899 0.0535, 0.1407 1.4468, 4.1631
—75° 2.9606, 1.2790 —-0.1487,1.1232 —7.2492, 8.3587
-90° 2.7922,1.5254 -2.2811, 1.7817 —13.9847, -4.4822
I

4.8 Stephenson III Mechanism Analysis
4.8.1 Displacement Equations

The Stephenson III mechanism consists of six links interconnected by revolute joints. As
calculated from Gruebler’s equation for planar mechanisms (with L = 6 and |, = 7), the
Stephenson III mechanism has a single DOF.



Kinematic Analysis of Planar Mechanisms 101

(®)

FIGURE 4.20
(a) Stephenson III mechanism and (b) mechanism displacement variables.

From Figure 4.20a, it can be seen that the Stephenson III mechanism is essentially a
planar four-bar mechanism with a dyad connected to the coupler link. Because of this par-
ticular construction, the displacement, velocity, and acceleration equations presented in
Section 4.4 for the planar four-bar mechanism can be used to analyze the planar four-bar
mechanism loop of the Stephenson III mechanism.

To analyze the U;-V; dyad (Figure 4.20b), a vector loop must be formed that
includes this dyad. The equation produced from the clockwise vector-loop sum
W;-L; - V; -U;-G; - Giis

o+

Wlei((%Bj) +Le j(8+ay) LV e"("’“*“?) _ U{ei( -Gj-G,;=0 (4.43)

After expanding Equation 4.43 and grouping its real and imaginary terms as separate
equations, the resulting Stephenson III mechanism displacement equations become
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fl(oc']*?,y}f)z Wi COS(9+B]')+L1 cos(8+(xj)+V1* Cos(p* +0c§)

—Ui‘cos(c* +yj3)—Gfx -G, =0
(444)
fo(0,v;)=Wisin(0+p;)+ Ly sin(8 + ;) + Vi sin(p* + ;)

_U'l*sin(c* +y§)—G'1*y -Gy, =0

With the exception of the U; — V; dyad displacement angles o,; and v}, all other variables
in the Stephenson III mechanism displacement equations are either user prescribed or
calculated from Equation 4.2. Because fi(a},v;) and fz(oc iV 7)in Equation 4.44 both include
the unknown U; - V; dyad displacement angles o; and y j these equations form a set of
nonlinear simultaneous equations from which the angles are calculated.

Example 4.13

Problem Statement: Using the Appendix B.7 MATLAB file, calculate the displacement
angle of vector V; for the Stephenson III mechanism configuration in Tables E.4.1 and
E.4.12 for a 50° crank displacement angle.

Known Information: Tables E.4.1, E4.12, and Appendix B.7 MATLAB file.

Solution Approach: Figure E.4.25 includes the input specified (in bold text) in the
Appendix B.7 MATLAB file. From the calculated output, it can be determined that the
displacement angle of vector V; is o.; =7.1215° at a 50° crank displacement angle.

TABLE E.4.12

Stephenson III Mechanism Configuration

Vi,p u;, ¢ Gix,Gyy
1.75,-8.8397° 1.75, 65.6031° 1.1340, 0.5

wl = 1.75*exp(i*90*pi/180) ;

vl = 1 75%exp(-1%22. 4860*p1/180),

Gl = 0.866 - 1*0.5;

Ul = 1.75*exp(i*64.5895*pi/180);

L1 = exp(i*6.469%*pi/180);

Vls = 1.75%exp(-i*8.8397%*pi/180);

Gls = 1.1340 + i*0.5;

Uls = 1.75%exp(i*65. 6031*p1/180),

Lls = 0;

start_ang = O0;

step_ang =1;

stop_ang = 50;

angular_vel = 0 * ones(N+1,1);

angular_acc = 0 * ones(N+1,1);

FIGURE E.4.25
Specified input (in bold text) in the Appendix B.7 MATLAB file for Example 4.13.
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4.8.2 Velocity Equations

Because the Stephenson III mechanism loop W,-V,—U,—G; is a planar four-bar mechanism,
a velocity analysis for this mechanism loop can be conducted using the planar four-bar
velocity equations in Section 4.4. In this section, velocity equations for the Stephenson III
mechanism dyad U; — V; (Figure 4.21) are presented.

A single Stephenson III velocity equation is derived by differentiating the Stephenson III
displacement equation. Differentiating Equation 4.43 with respect to time produces

iB,We @) e L ™) 4 ieevee ™) e 2 (4.45)

Equation 4.46 includes the individual Ve10c1ty terms from Equation 4.45. The velocity V,:
is the global tangential velocity of vector Uj—the tangential velocity of b) with respect to
b, (see Figure 4.21). The velocity V, _,. is the relative tangential velocity of p, with respect
to bi—the relative tangential Veloc1ty of vector V;. The global velocity of pl( ) can be
calculated from the last equation in Equation 4.46.

T i{o+7;)
Vi =fithe (4.46)

v, o iy,

pi-b P~ Vb;

After moving the terms i ]‘Wlei((ﬂB ) and ic. leei(Ma" ) to the right-hand side of Equation
445, expanding this equation, and grouping its real and imaginary terms as separate
equations, the resulting Stephenson III mechanism velocity equation in matrix form
becomes

"lVPFhT

FIGURE 4.21
Stephenson III mechanism velocity variables.
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~Visin(p'+aj)  Uisin(o'+v]) || o

A cos(p* + ocj) -U; cos(c* + y]) Yi

=B; +0; 4.47)
_W1C05(6+Bj) —Llcos(8+(xj)

After including the prescribed mechanism variables and the unknowns calculated from
the Stephenson III displacement equations, Equation 4.47 can be solved (using Cramer’s
rule, for example) to calculate the U; — V; dyad angular velocities ¢.; and ;.

4.8.3 Acceleration Equations

A single planar four-bar acceleration equation is derived by differentiating the planar
four-bar velocity equation. Time differentiation of Equation 4.45 produces

i 2.W1€i(e+ﬁj) N 1 -Wlei((%ﬁf) _ dz_Llei(Smc,') 46 'Llei(eraf) (& 2 Vl*ei(p*mc;)
] ] ] ] ]

. i e 4.48)
siggvie - (—(a e e o

Equation 449 includes the individual acceleration terms from Equation 4.48. The
accelerations A: and A. are the global normal and tangential accelerations, respec-
tively, of vector U; —the normal and tangential accelerations of b; with respect to b
(see Figure 4.22). The total acceleration of A is the sum of these normal and tangential

and A are the relative normal and tangential

accelerations. The accelerations A(
t

p1—b§) (Pl —b;)

,4 A(pl’blﬂ)r

FIGURE 4.22
Stephenson III mechanism acceleration variables.
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accelerations, respectively, of p; with respect to b;—the relative normal and tangential
accelerations of vector V;. The total relative acceleration Apl—b; is the sum of these normal

and tangential accelerations. The global acceleration of p1(Ap,) can be calculated from the
last equation in Equation 4.49.

Ay = Ay, Ay =" - (e
@.49)

i(p*+aj)

=A, -A

| =ioqvie™ (e P vie ) = a, -y

APl*b? - A(Pl—bi)t * A(pl—bi
After moving all the terms except id;-eri(p ) and iY;UIei(G “1) o the right-hand side
of Equation 4.48, expanding this equation, and grouping its real and imaginary terms

as separate equations, the resulting Stephenson III mechanism acceleration equation in
matrix form becomes

~Visin(p +0;)  Ujsin(c”™+7}) & i Wi cos(0+B;)
14 Cos(p* + 0(7) -u, COS(G* + 'y;) Vi N ow sin(6+ Bj)
-W; sin(9+|3j) s L COS(8+(X]') . -L; si11(5+0tj)
s chos(GJrBj) J Llsin(6+(xj) % L cos(6+0cj)
+(dc§ 2 1*Cf)s(p* +0c*]) —(ﬂ)z ic:f)s(cl +yi) 450
Vi Sm(P +0€j) u, sm(c’" +y}-)

After including the prescribed mechanism variables and the unknowns calculated
from the Stephenson III displacement and velocity equations, Equation 4.50 can be solved
(using Cramer’s rule, for example) to calculate the U,-V, dyad angular accelerations OL]
and ;.

Ap[;endix B.7 includes the MATLAB file user instructions for Stephenson III displace-
ment, velocity, and acceleration analysis. In this MATLAB file (which is available for down-
load at www.crcpress. com/product/isbn/9781498724937), solutions for Equations 4.44,
447, and 4.50 are calculated.

4.8.4 Kinematics of Intermediate Link Locations of Interest

The results calculated from the Stephenson III displacement, velocity, and acceleration
equations can be used in additional equations to calculate the displacement, velocity, and
acceleration of particular intermediate link locations of interest. These equations are the
result of formulating vector-loop equations and their derivatives.

Figure 4.18b illustrates a Stephenson III mechanism with an intermediate link vector
L; that points to an arbitrary intermediate link location of interest p;. Equations 4.51 and
4.52 are produced from the loop a, —a; — p; — p; in Figure 4.18b (where Equation 4.52 is the
result of expanding and separating Equation 4.51).
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6*+0c})

pi; = Wie ) 4 ) o Ll 4.51)
Py =W cos(e + B]-)+ L cos(5+ oc,-)+ L cos(ﬁ* + ocjf)

4.52)
piy =Wisin(0+B;)+Lysin(8+ ;) + Ly sin (8" + o} )

The velocities of the intermediate link location of interest can be calculated from
Equation 4.54—the expanded form of Equation 4.53 (which is the first derivative of
Equation 4.51).

5*+oc;)

g 4.53)

V. =i Wie®®) 1 icy Le ™) 1 g e
1j
v, = —B Wi sin (0 +B;) — &Ly sin (8 + ;) — 6Ly sin (8" + ot )
: (4.54)
v, =BW c0s(0+B; )+ c,L; cos(+0;)+ 6L cos (8" + o )

The accelerations of the intermediate link location of interest can be calculated from
Equation 4.56—the expanded form of Equation 4.55 (which is the second derivative of
Equation 4.51).

Ap*{j _ _B?Wlei((ﬂﬁf) + iijlei(6+Bj) _ a?Llei(Sﬂx]') " idleei(éJra/) _ ((X; )2 L*lei(au(x']i)

i) (4.55)
APT,«/‘ = _B?VVl COS(6+ B/) - B]'Wl sin(9+ B]‘)— (X?Ll COS(S + a/') - dle sm(S + (X]')
() L cos (8" + ) - 6Ly sin (8" +ax)) (4.56)

= —Ble sm(9+Bj)+ﬁjW1 cos(6+[3j)—d]2-L1 sin(8+ocj)+djL1 cos(8+ocj)

Py
_ (a‘j)z L sin(é‘)* + ocj) +aL cos(S* + ocjf)

The Appendix B.7 MATLARB file also includes Equations 4.52, 4.54, and 4.56, from which
displacement, velocity, and acceleration values are calculated for the intermediate link
locations of interest.

Example 4.14

Problem Statement: Using the Appendix B.7 MATLAB file, calculate the path traced by
point p; of the Stephenson III mechanism given in Table E.4.13 for a complete crank
rotation.

Known Information: Table E.4.13 and Appendix B.7 MATLAB file.

Solution Approach: Figure E.4.26 includes the input specified (in bold text) in the
Appendix B.7 MATLAB file. Figure E.4.27 includes the Stephenson III mechanism and
the p; path calculated from the Appendix B.7 MATLAB file.
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TABLE E.4.13

Stephenson III Mechanism Dimensions

W, 0 Vip U,c Gy Gly L,d
1,90° 1.5,19.3737° 1.5,93.2461° 15,0 1, 60.7834°
Lkll 6* V;I P‘ u;r G* G;xr G;y
1, 63.7091° 2,17.1417° 2,76.4844° 0.4318, 0.5176

wl = exp(i*90*pi/180);

v% = %.g*exp(i*19.3737*p1/180);

Gl = 1.5;

Ul = 1.5%exp(i*93.2461*pi/180);

L1l = exp(i*60.7834%pi/180);

vls = 2*exp(i*17.1417*pi/180);

Gls = 0.4318 + i*0.5176;

Uls = 2*exp(i1*76.4844*p1/180);

Lls = exp(i*63.7091*pi/180);

start_ang = 0;

step_ang =1;

stop_ang = 360;

angular_vel = 0 * ones(N+1,1);

angular_acc = 0 * ones(N+1,1);

FIGURE E.4.26
Specified input (in bold text) in the Appendix B.7 MATLAB file for Example 4.14.

point path

FIGURE E.4.27
Stephenson III mechanism and p; path.
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TABLE E.4.14
Geared Five-Bar Driver Velocities and Point Positions, Velocities, and Accelerations
p B (rad/s) ps; (m) V,,, (m/s) A, (m/s?)
0° 1 0.2733, 1.9619 —0.8980, —0.0290 —-0.2352,-0.9733
15° 1.0258 0.0360, 1.9215 -0.9273, -0.2851 0.0102, —0.9959
30° 1.0511 -0.1949, 1.8184 —0.8956, —0.5302 0.2336, —0.9326
45° 1.0757 —0.4068, 1.6609 -0.8202, —0.7419 0.3516, —0.7683
60° 1.0997 —0.5944, 1.4624 —0.7440, -0.8976 0.2326, -0.5178
75° 1.1233 -0.7657,1.2386 —-0.7199, -0.9973 0.0079, -0.3769
90° 1.1464 -0.9304, 0.9976 —-0.6957, -1.0978 0.2980, -0.5166
—

4.9 Time and Driver Angular Velocity

In the Chapter 4, 7, and 10 MATLARB files, the driving link angular velocity B is calculated
according to 3 = Bo + Bt, where By, B, and t are the initial angular velocity, angular accelera-
tion, and time, respectively.* Under a constant velocity condition (where =0 and subse-
quently B = B,), the time increment becomes f = B/p. Under a condition where both an initial
angular velocity and an angular acceleration are present, the time increment becomes

(B0 £33 + 25

t= - ,
p

where only the smallest positive value of the two solutions is valid.

Example 4.15

Problem Statement: For the problem in Example 4.10, include B in Table E.4.8.

Known Information: Example 4.10 and Appendix B.4 MATLARB file.

Solution Approach: Table E.4.14 includes the values of B calculated using B, and p from
Example 4.10, the t values from the Appendix B.5 MATLAB file and the angular velocity
equation f = B, + t presented in Section 4.9.

4.10 Mechanism Configurations

For a given crank link orientation of single-loop four- or five-bar mechanisms, there are
two ways to assemble the remaining links. These distinct assemblies are called assembly
configurations (also called open and crossed configurations) and can be easily determined
graphically for planar mechanisms. Figure 4.23 illustrates the assembly configurations of
the planar four-bar, geared five-bar, and slider-crank mechanisms. Reflecting b, in the pla-
nar four-bar mechanism about an axis that passes through a, and b, produces the alternate

* In Chapter 10, the crank rotation variables, Bo B, and B become éo, §,and 6, respectively.
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FIGURE 4.23
(a) Planar four-bar, (b) geared five-bar, and (c) slider-crank mechanism assembly configurations.

assembly configuration a, —a; — b; — by. Reflecting ¢, in the geared five-bar mechanism
about an axis that passes through a, and b, produces the alternate assembly configuration
ag—a; —c; —b; - b,. Reflecting b, in the slider-crank mechanism about an axis that passes
through a; and is perpendicular to the slider path produces the alternate assembly con-
figuration a; —a; — b;.

In the type of planar four-bar, geared five-bar, and slider-crank mechanism displace-
ment equations where mechanism motion is calculated algebraically, two sets of unknown
link displacement angles are calculated for each given crank link displacement angle [3].*
These two sets of displacement angle solutions correspond to the two mechanism assem-
bly configurations. This can be observed in the algebraic spatial mechanism equations that
appear in Chapter 10.

4.11 Constructing Cognates

For a given planar four-bar path mechanism, there are alternate four-bar mechanisms of
different dimensions that will trace coupler point curves identical to the given four-bar
mechanism. These alternate mechanisms are called cognates [4, 5]. A well-known sche-
matic to construct two cognates for a given four-bar mechanism is the Cayley diagram. The
construction of this schematic begins by repositioning the crank and follower links of
the given four-bar mechanism so that the crank, coupler, and follower links are collinear

* The kinematic equations presented in this chapter are solved numerically given the initial mechanism assembly
configuration. Therefore, kinematic analyses are performed on the particular mechanism assembly configura-
tion specified by the user.
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FIGURE 4.24
Cayley diagram construction.

(mechanism O,-A;-B,—O, in Figure 4.24). Next, lines are constructed that are parallel to
all sides of the links in the original linkage. In Figure 4.24, the two newly constructed
cognates are visible (mechanisms O,—A,— B,~O; and O,—A;—B;-0;).

After constructing the Cayley diagram, the fixed pivots of the original four-bar linkage
are returned to their original placements, making this linkage and the cognates movable
(as positioned in the Cayley diagram, mechanism O,-A;-B,—O, and cognates are immov-
able). When returning the fixed pivots of the original planar four-bar mechanism, the
crank, coupler, and follower lengths of the cognates should be maintained. The reposi-
tioned Cayley diagram is called a Roberts diagram Figure 4.25a). Figure 4.25b illustrates the
three separate cognates. All three cognates will trace the same curve at coupler point C.

FIGURE 4.25
(@) Roberts diagram and (b) separate cognates.
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Example 4.16

Problem Statement: Construct the cognates for the Grashof drag-link mechanism with
the unitless dimensions a, = (0, 0), a, = (0, 1.75), b, = (1, 0), b, = (14646, 1.4262), and
p: = (0.8751, 2.2340).

Known Information: Section 4.11 and the given mechanism dimensions.

Solution Approach: Figure E.4.28 includes the given planar four-bar mechanism and
its Cayley diagram. Figure E.4.29 includes the Roberts diagram and separate cognates.

&

(@ (®)

FIGURE E.4.28
(a) Planar four-bar mechanism and (b) Cayley diagram.

(@ (b)

FIGURE E.4.29
(@) Roberts diagram and (b) separate cognates.
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4.12 Planar Mechanism Kinematic Analysis and
Modeling in Simmechanics®

It has been noted throughout this chapter that Appendices B.1 and B.2 through B.6
include user instructions for the planar four-bar, slider-crank, geared five-bar, Watt II, and
Stephenson Il mechanisms in MATLARB files, respectively. In these files, the displacement,
velocity, and acceleration equations formulated in this chapter are solved. These MATLAB
files provide a means for the user to efficiently conduct planar four-bar, slider-crank,
geared five-bar, Watt II, and Stephenson III kinematic analyses by solving their displace-
ment, velocity, and acceleration equations.

This textbook also utilizes SimMechanics as an alternate approach for kinematic
analysis. SimMechanics is a MATLAB toolbox that provides a physical modeling envi-
ronment for the mechanical modeling and simulation of rigid, multibody systems. The
MATLAB and SimMechanics files that accompany this textbook use distinct approaches
for kinematic analysis. In the Appendix B MATLAB files, for example, solutions are
predominantly calculated analytically from closed-form kinematic equations. In
SimMechanics, however, Newtonian equations (produced by building mechanism links
and joints in a physical modeling environment) are solved using ordinary differential equa-
tion (ODE) solvers [6].

A library of SimMechanics files is available for download at www.crcpress.com/
product/isbn /9781498724937 to conduct displacement, velocity, and acceleration analy-
ses on the planar four-bar, slider-crank, geared five-bar, Watt II, and Stephenson III
mechanisms. With these files, the user specifies the mechanism link dimensions and
driving link parameters (e.g., crank displacements, velocities, or accelerations) and
the displacements, velocities or accelerations of the mechanism locations of inter-
est are measured. Additionally, the motion of the mechanism itself is simulated. The
SimMechanics file user instructions for the planar four-bar, slider-crank, geared five-
bar, Watt II, and Stephenson III mechanisms are given in Appendices H.1 through H.6,
respectively.

Example 4.17

Problem Statement: Using the Appendix H.1 SimMechanics files, plot the transmis-
sion angle versus crank displacement angle plot for the planar four-bar mechanism in
Table E.4.15 for a complete crank rotation.

Known Information: Table E.4.15 and Appendix H.1 SimMechanics files.

Solution Approach: Figure E.4.30 includes the input specified (in bold text) in the
Appendix H.1 SimMechanics file. Figure E.4.31 illustrates a plot of the transmission
angle data measured in the Appendix H.1 SimMechanics files.

TABLE E.4.15

Planar Four-Bar Mechanism Dimensions

er 0 Vlr P ulr c Glxr Gly

1, 90° 1.5,4.2451° 1.5, 88.2046° 1.4489, —-0.3882



http://www.crcpress.com/product/isbn/9781498724937
http://www.crcpress.com/product/isbn/9781498724937
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wl = 1*exp(i*90*pi/180);

vl = 1.5%exp(i*4. 2451*p1/180),
Gl = 1.4489 - i*0.3882

Ul = 1.5%exp(i*88. 2046*p1/180),
L1 = 0;

start_ang = 0;

step_ang =1;

stop_ang = 360;

angular_vel = 0;

angular_acc = 0;

FIGURE E.4.30
Specified input (in bold text) in the Appendix H.1 SimMechanics file for Example 4.17.

120
100 / B
80 ‘
60
40
20

transmission angle [deg.]

0 60 120 180 240 300 360
crank displacement angle [deg.]

FIGURE E.4.31
Transmission angle vs. crank displacement angle plot.

TABLE E.4.16

Slider-Crank Mechanism Dimensions (with Lengths in cm)

w,, 0 Vi u,
1,90° 3 -0.6583

Example 4.18

Problem Statement: Using the Appendix H.2 SimMechanics files, plot slider position,
velocity, and acceleration versus crank angular displacement plots for the slider-crank
mechanism in Table E.4.16 for a complete crank rotation. The initial angular velocity
and angular acceleration of the crank link are 1rad/s and 0.1rad/s? respectively.

Known Information: Table E.4.15, driving link parameters and Appendix H.2
SimMechanics files.

Solution Approach: Figure E.4.32 includes the input specified (in bold text) in the
Appendix H.2 SimMechanics file. Figure E.4.33 illustrates plots of the slider position,
velocity, and acceleration data measured in the Appendix H.2 SimMechanics files.

Example 4.19

Problem Statement: Repeat Example 4.10 using the Appendix H.3 SlmMechamcs files. In
this example, f = 0°, —15°, —30°, ..., —90° B, = -1 rad /s, and B = —1.0 rad /s respectively.
Known Information: Table E.4. 7 and Appendix H.3 SimMechanics files.
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Lwl = 1;

theta = 90%*pi/180;
LUl = -0.6583;

LVl = 3;

start_ang = 0;
step_ang =1;
stop_ang = 360;
angular_vel = 1;
angular_acc = 0.1;

FIGURE E.4.32
Specified input (in bold text) in the Appendix H.2 SimMechanics file for Example 4.18.
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— 35 2 0.68
E Mo
2, £
g 3.1 = 0.08
g 3.
= z
g 3
a 2.7 \ 3—0.52
5 E
1 L
=23 B-112
175}
1.9 172

0°  60° 120° 180° 240° 300° 360° 0°  60° 120° 180° 240° 300° 360°

p p
(@ (b)

— 140

NO

(5]

< 0.59/

g

2

g0

g

S_1.04

Q

Q

Q

<

5-1.85

=

2,66

0°  60° 120° 180° 240° 300° 360°
p
©
FIGURE E.4.33

Slider (a) position, (b) velocity, and (c) acceleration plots.

Solution Approach: Because the Appendix H.3 SimMechanics files consider geared
five-bar mechanisms where the crank and output links rotate in opposite directions, the
gear ratio for this problem is r = —2.* Figure E.4.34 includes the input specified (in bold
text) in the Appendix H.3 SimMechanics file. Table E.4.17 includes the values of pyj, V;,,.,

and A, measured from Appendix H.3 SimMechanics files.

* The Appendix H.4 SimMechanics file considers geared five-bar mechanism where the crank and output links
rotate in the same direction, while the Appendix H. 3 file considers links that rotate in the opposite direction.
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wl = 1.0*exp(i*90*pi/180);

vl = 1.5%exp(i*32.7304*pi/180);
L% = %.g*exp(1*74.1400*p1/180);
Gl = 1.5;

Ul = 1.5*exp(i*45*pi/180);

S1 = 1.5%exp(i*149. 9847*p1/180),
ratio = -2;

start_ang = 0;

step_ang = -15;

stop_ang = -90;

angular_vel = -1;

angular_acc = -0.1;

FIGURE E.4.34
Specified input (in bold text) in the Appendix H.3 SimMechanics file for Example 4.19.

TABLE E.4.17

Measured Geared Five-Bar Point Positions, Velocities, and Accelerations

B p,; (m) Vp,; (m/s) A,,; (m/s?)

0° 0.2733,1.9619 —0.1473, 0.326 0.4799, —2.5867
—14.999° 0.2391, 1.9657 —-0.1531, -0.288 —-0.376, —2.3558
—29.996° 0.1848, 1.8151 -0.2857, -0.9225 -0.5636, —2.7124
—44.995° 0.102, 1.5034 —0.3576, -1.6103 0.1527, -2.6826
-59.992° 0.0314, 1.0511 —-0.1897, -2.0727 1.0793, -0.8176
—74.999° 0.0135, 0.5637 0.0062, -1.9739 0.3128, 1.4234
-90.001° 0.0119, 0.1535 —0.0653, —1.5665 -0.8276, 1.8546

Example 4.20

Problem Statement: Using the Appendix H.5 SimMechanics files, plot the path traced by
point p; of the Watt Il mechanism given in Example 4.12 for a complete crank rotation.
Known Information: Table E.4.10 and Appendix H.5 SimMechanics files.
Solution Approach: Figure E.4.35 includes the input specified (in bold text) in the
Appendix H.5 SimMechanics file. Figure E.4.36 includes the Watt Il mechanism and the
p:1 path calculated from the Appendix H.5 SimMechanics files.

wl = exp(i*90*pi/180);

V% = %.E*exp(1*19 3737*p1/180),
Gl = 1.

ul = 1.5*exp(1*93.2461*p1/180);
L1l = exp(i*60.7834%pi/180);

wls = exp(1*45*p1/180)

Vls = 1.5%exp(i*7. 9416*p1/180),
Gls = 1.4489 - i*0.3882;

Uls = 1.5*%exp(i*60. 2717*p1/180),
Lls = exp(i*49.3512%pi/180);
start_ang = 0;

step_ang =1;

stop_ang = 360;

angular_vel = 0;

angular_acc = 0;

FIGURE E.4.35
Specified input (in bold text) in the Appendix H.5 SimMechanics file for Example 4.20.
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point path

FIGURE E.4.36
Watt I mechanism and p; path.

Example 4.21

Problem Statement: Using the Appendix H.6 SimMechanics files for the mechanism in
Example 4.14, measure the position of vector V; over a complete crank rotation (at 45°
rotation increments).

Known Information: Table E.4.13 and Appendix H.6 SimMechanics files.

Solution Approach: One way to define the position of vector V; of the Stephenson III
mechanism is by point p, and angle o*. Figure E.4.37 includes the input specified (in bold
text) in the Appendix H.6 SimMechanics file. Table E.4.18 includes the V; position data
measured from the Appendix H.6 SimMechanics files.

wl = exp(i*90*pi/180);

vl = %.5*exp(i*19.3737*pi/180);
Gl = 1.5;

Ul = 1.5%exp(i*93.2461*pi/180);
L1l = exp(i*60.7834%pi/180);

Vls = 2*exp(i*17.1417*pi/180);
Gls = 0.4318 + i*0.5176;

Uls = 2*exp(i*76.4844%p1/180);
Lls = exp(i*63.7091*pi/180);
start_ang = 0;

step_ang = 45;

stop_ang = 360;

angular_vel = 0;

angular_acc = 0;

FIGURE E.4.37
Specified input (in bold text) in the Appendix H.6 SimMechanics file for Example 4.21.
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TABLE E.4.18
Measured Position Data for Stephenson III Mechanism Dyad Vector V;

] P: o*
0° 0.4881, 1.8728 0°
45.014° —0.2543, 1.5985 8.9846°
89.996° —0.7406, 0.9658 20.694°
134.98° —0.8565, 0.282 33.297°
180.02° -0.6177, -0.2139 47.332°
225.01° -0.179, -0.2437 58.569°
269.99° 0.4725, 0.8493 38.084°
315° 1.0664, 1.6403 —0.2703°
I

4.13 Summary

The method of vector-loop closure is employed in this chapter to formulate kinematic
equations for the planar four-bar mechanism, slider-crank mechanism, geared five-bar
mechanism, Watt II, and Stephenson III mechanisms. With this method, a sum of the closed
loop of mechanism link vectors is taken, expanded, grouped into real and imaginary com-
ponents, and expressed as a system of two equations to calculate two unknown mechanism
variables. With this approach, equations that fully describe the position, displacement,
velocity, and acceleration of each mechanism link are formulated. Taking the first and
second derivatives of the mechanism displacement equations produces velocity and
acceleration equations, respectively. The unknown variables calculated from these kinematic
equations can be used in additional vector-loop equations to calculate the positions,
displacements, velocities, and accelerations of additional mechanism locations of interest.

The displacement equations presented in this chapter form sets of two nonlinear simul-
taneous equations. Unlike linear simultaneous equations, nonlinear simultaneous equa-
tions cannot be solved algebraically. Using a root-finding method, such equation sets can
be solved numerically. The Newton-Raphson method is one of the most common root-
finding methods. In the Appendix B.1 and B.3 through B.6 MATLAB files, the displace-
ment, velocity, and acceleration equations for the planar four-bar, slider-crank, geared
five-bar, Watt II, and Stephenson III mechanisms, respectively, are solved numerically.

An instant center (or IC) of velocity is a common point among two bodies in planar
motion which has the same instantaneous velocity in both bodies. A procedure (based
on the Aronhold-Kennedy theorem) has been developed to help locate the ICs for a given
mechanism. ICs can conduct velocity analyses as well as replicate coupler motion. A locus
of ICs is called a centrode. The centrode produced for a given mechanism is called a fixed
centrode because it is stationary. The centrode produced for the inverted mechanism is
called a moving centrode because it can exhibit motion—rolling motion over the fixed cen-
trode. The fixed and moving centrodes can be incorporated into geometry, to ultimately
produce alternate mechanisms to replicate the coupler motion of their corresponding four-
bar mechanisms. In the Appendix B.2 MATLAB file, individual fixed and moving centrode
points are calculated for the complete rotation range of a planar four-bar mechanism, as
well as slider-crank mechanisms defined as planar four-bar mechanisms.
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For a given crank link orientation of most single-loop four- or five-bar mechanisms,
there are two distinct assembly configurations (the open and crossed configurations).
These configurations can be easily determined graphically for planar mechanisms by
reflecting particular links about particular axes.

For a given planar four-bar mechanism, there are alternate four-bar mechanisms
(called cognates) that will trace coupler curves identical to the original mechanism. The
Cayley diagram is a well-known schematic to construct two cognates for a given four-bar
mechanism.

This textbook also utilizes SimMechanics as an alternate approach for simulation-based
kinematic analyses. Using the Appendix H.1 through H.6 SimMechanics files, the user can
conduct displacement, velocity, and acceleration analyses on the planar four-bar, slider-
crank, geared five- bar, Watt II, and Stephenson III mechanisms, respectively, as well as
simulate mechanism motion.
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Problems

1. Figure P4.1 illustrates a planar four-bar mechanism used to guide a hatch from the
closed-hatch position to the opened-hatch position. The dimensions for the illus-
trated mechanism are included in Table P4.1. Using a crank rotation increment
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FIGURE P.4.1
Hatch mechanism.
TABLE P.4.1
Hatch Mechanism Dimensions
W, 0 Vi, p u,oc Gy, Gly L,d
4.4127,118.7982° 1.0214, 101.2268° 2.2807,225.1319° —0.7156, 6.4851 4.1345, 139.4559°

of —1° determine the crank rotation range required to reach the opened-hatch

position as well as the value of point p, at the opened-hatch position (using the
Appendix B.1 or H.1 files).

. Figure P4.2 illustrates a planar four-bar mechanism used to guide a bucket from

the loading position to the unloading position. The dimensions for the illustrated
mechanism are included in Table P4.2. Considering a crank rotation increment of
—0.1° determine the crank rotation range required to reach the unloading position

as well as the value of point p; at the unloading position (using the Appendix B.1
or H.1 files).

. Using the Appendix B.1 or H.1 files, produce a velocity magnitude versus crank

angular displacement plot and an acceleration magnitude versus crank angular
displacement plot for point p, of the leveling crane illustrated in Figure P4.3 over a
—35° crank rotation range. The initial crank angular velocity and angular accelera-
tion are —1rad/s and —0.1rad/s? respectively.

. Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-

nism in Problem 1. Limit your minimum and maximum x- and y-axis plot ranges
to +10.
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FIGURE P.4.2
Loading—unloading mechanism.

TABLE P.4.2

Loading-Unloading Mechanism Dimensions

w,, 0 Vi, p u,c Gy Gy, L,d
2.9777,136.588° 0.4032, 70.2408° 2.513, 259.5885° —-1.5726, 4.8975 2.1995, 179.5331°

5. Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Problem 2. Limit your minimum and maximum x- and y-axis plot ranges
to 5.

6. Figure P44 illustrates a planar four-bar mechanism used to guide a compo-
nent from the initial position to the assembled position. The dimensions for the
illustrated mechanism are included in Table P4.3. Considering a crank rotation
increment of +0.025°, determine the crank rotation range required to reach the
assembled position as well as the value of point p, at the assembled position (using
the Appendix B.1 or H.1 files).

7. Figure P4.5 illustrates a planar four-bar mechanism used to guide a digging bucket
from the initial position to the final position. The dimensions for the illustrated
mechanism are included in Table P4.4. Considering a crank rotation increment
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Link Vectors (lengths in meters)
W, =8.75 at 57.4041°
V,=125at-71.9051°
L, =3.625at-71.9051°
U, =9.375 at 73.7351°
G, =3.75 at 48.6752°

FIGURE P.4.3
Leveling crane.

R 180°

P2

: fully assembled
| position

T
initial position | |
P

|
L 1

FIGURE P.4.4
Component-assembly mechanism.

TABLE P.4.3

Component-Assembly Mechanism Dimensions

er 0 Vl/ [y ull c Glx/ Gly Lll &

3.0645, 310.6493° 1.6039, 89.216° 1.1359, -112.147° 2.4465, 0.3309 4.8525, 0.7042°




122 Kinematics and Dynamics of Mechanical Systems
initial digging 3
position
final digging'
position
P
ground

FIGURE P.4.5
Digging mechanism.
TABLE P.4.4
Digging Mechanism Dimensions
Wll 9 Vlr p Ulr Y Glxl Gly Llr 6
41332, 207.829° 5.3857,187.8282° 6.0475, 233.487° -5.3924,2.1975 5.1839, 202.3921°
TABLE P.4.5
Planar Four-Bar Mechanism Configurations
W, Vo, p u,o G, L,d
2.1,90° 2.4,-16.0138° 2.4,58.1173° 1.0392, -0.6 2.4,12.9412°
0.7361, —0.425 1.7,58.1173° 1.7, -16.0138° 1.4875, 90° 1.7,12.9412°

of —0.2° determine the crank rotation range required to reach the final digging

position as well as the value of point p; at the final digging position (using the

Appendix B.1 or H.1 files).

8. For the two planar four-bar mechanism configurations given in Table P4.5, plot
the paths traced by point p over a complete crank rotation range (using the
Appendix B.1 or H.1 files).

9. Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Problem 6. Limit your minimum and maximum x- and y-axis plot ranges
to +10.

10. Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Problem 7. Limit your minimum and maximum x- and y-axis plot ranges
to £20.

11. Using the Appendix B.1 or H.1 files, calculate the rotation range of the designated

coupler link in the planar four-bar folding chair linkage from the fully opened
position to the fully closed position illustrated in Figure P4.6.
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Wl =1.215 ¢ i114.9258°

= i150.8005°
V,=2295¢ U,

U‘ =2.16 e i74.2502°

G, =3.105 ¢ 1177:3687°

fully-opened position

101.7001°
S —

fully-closed position

¢,

FIGURE P.4.6
Folding-chair linkage in (left) fully open and (right) fully closed position.

12. Using the Appendix B.1 or H1 files, determine if the two folding chair linkage
designs illustrated in Figure P4.7 will produce properly-folded chairs (a chair that
permits a crank rotation of —101.7°) and if not, why?

13. For the two planar four-bar mechanism configurations given in Problem 8, pro-
duce transmission angle versus crank displacement angle plots over a complete
crank rotation range (using the Appendix B.1 or H.1 files).

14. For the two planar four-bar mechanism configurations given in Problem 8 (with
link lengths in meters), produce tables of the velocity and acceleration vectors of
p; over a complete crank rotation range at 30° crank rotation increments (using the
Appendix B.1 or H.1 files). The initial crank angular velocity and angular accelera-
tion are 1rad/s and 0.25rad/s? respectively.

15. Figure P4.8 illustrates a planar four-bar mechanism used to guide a wiping blade.
For this mechanism, produce a table of the angular displacements, velocities, and
accelerations of the follower link over a 45° crank rotation range at 5° crank rota-
tion increments (using the Appendix B.1 or H.1 files). The crank angular velocity
and acceleration are 1.25rad/s and 0.15rad/s? respectively.

16. For the slider-crank mechanism configuration given in Table P4.6, produce slider
displacement, velocity, and acceleration (versus crank displacement angle) plots
over a complete crank rotation range (using the Appendix B.3 or H.2 files).

17. For the slider-crank mechanism configuration given in Table P4.6, produce a table
of the angular displacement, velocity, and acceleration of V; over a complete crank
rotation range at 30° crank rotation increments (using the Appendix B.3 or H.2 files).

18. Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Problem 16 (let b, = (b;,, —1,000,000)). Limit your minimum and maximum
x- and y-axis plot ranges to +20.
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design #1

W, = 1.8005 e /1149258°

V, =1.8165 ¢ 1161.9564°

U, =2.1347 ¢ 1742502°

G, =3.0687 ¢ i177:3687°

v, design #2

W, =2.0014 ¢ /1149258°

V, =4.189 ¢ i135614%°

\ U, =5.8144 ¢ 1742502

\/A G, =5.4819 ¢ /188.9315°

FIGURE P.4.7
Folding-chair linkage designs.

A7 iz

W, =1.4859-2.3708
G, =1.25+i0

U,=0.6206-i1.6203
V= 0.3849+i0.7505 Wiper Blade

FIGURE P.4.8
Wiper-blade mechanism.
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TABLE P.4.6
Slider-Crank Mechanism Configuration
w,, 0 \A u, [3 (rad/s) B (rad/s?)
3.175¢cm, 90° 9.525cm 0.7938 cm 1.5 0.15
TABLE P.4.7
Slider-Crank Mechanism Configuration (with Unitless Link Lengths)
W, 0 Vi u,
1.35, 90° 1.6875 0.3375

19. Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Table P4.7 (let b, = (b,,, —1,000,000)). Limit your minimum and maximum

x- and y-axis plot ranges to +10.

20. Using the Appendix B.3 or H.2 files, produce piston velocity versus crankshaft
rotation plots for the engine linkage illustrated in Figure P4.9 at crankshaft speeds
of 1250, 2187.5, and 3750 rpm (130.9, 229.07, and 392.7rad/s). The ratio of the coupler

length to the crank length is 3:1.

21. For the slider-crank mechanism configuration given in Table P.4.8, produce slider
displacement, velocity, and acceleration (versus crank displacement angle) plots

over a complete crank rotation range (using the Appendix B.3 or H.2 files).

FIGURE P.4.9
Slider-crank mechanism used in a crankshaft-connecting rod-piston mechanism.

TABLE P.4.8

Slider-Crank Mechanism Configuration

w,, 0 v, u, B (rad/s) B (rad/s?)
4.76 cm, 60° 6.35cm Ocm 1.5 0
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23.

24.

25.

26.
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Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Problem 20 (let b, = (b;,, —1,000,000)). Limit your minimum and maximum
x- and y-axis plot ranges to *10.

Using the Appendix B.2 file, plot the fixed and moving centrodes for the mecha-
nism in Problem 21 (let b, = (b;,, —1,000,000)). Limit your minimum and maximum
x- and y-axis plot ranges to +20.

Using the Appendix B.5 or H4 files, plot the path traced by point p, over a com-
plete crank rotation range for the geared five-bar mechanism configuration given
in Table P4.9. The gear ratio is +2.

For the geared five-bar mechanism configuration given in Table P4.9, plot
the angular displacements of V; and S, (versus crank displacement) over a
complete crank rotation range (using the Appendix B.5 or H/4 files). The gear
ratio is +2.

For the geared five-bar mechanism configuration given in Table P.4.10, produce
tables of the velocity and acceleration of point p, over a complete crank rotation
range at 30° crank rotation increments (using the Appendix B.4 or H.3 files).

27. For the geared five-bar mechanism configuration given in Table P4.10, produce

28.

29.

tables of the angular velocity and acceleration of V; and S; over a complete
crank rotation range at 30° crank rotation increments (using the Appendix B.4 or
H.3 files).

Figure P4.10 illustrates a Watt II mechanism used in a concept adjustable chair.
Using the Appendix B.6 or H.5 files, calculate the corresponding angular dis-
placements of the head-rest (V;) and leg-rest (V;) components for a given total
20° angular displacement range of the base-rest component (at 1° crank rotation
increments). The base rest includes vectors (U,) and (W;).

For the Watt Il mechanism configuration given in Table P4.11, plot the path traced
by points p, and p; over a complete crank rotation range (using the Appendix B.6
or H.5 files).

TABLE P.4.9

Geared Five-Bar Mechanism Configuration

w,, 0 V, p u, ¢ S, v Gy Gy L,d

1.3, 60° 9.1, 173.6421° 5.2,150° 11.7,182.2848° 78,0 7.8,203.6421°
TABLE P.4.10

Geared Five-Bar Mechanism Configuration

w,, 0 Vi p u,oc Suw G,
3.302cm, 90° 13.208 cm, 140.2031° 4.953cm, 75° 19.812cm, 154.0128° 6.604cm, —15°
L,d B (rad/s) [3 (rad/s?) Gear Ratio

9.906 cm, 180° 1 0.5 -2
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2

upright chair position reclined chair position

W, = 12.2449 ¢ 1106789° Wy * = 47774 ¢ 1558312°
V,=7.2012 ¢ 18228 V,* =6.2205 ¢ ~175.5803°
U, =4.7774 ¢ 1241688°  J|* = 4.9615 ¢ 703427°

kinematic model of chair © G| =0.6444 ¢ TOBI68 G,"=3.6515 ¢ #34161°

FIGURE P.4.10
Watt II mechanism used in an adjustable chair.

TABLE P.4.11

Watt Il Mechanism Dimensions

w,, 0 vV, p u,c Giy Gy L,&

0.85, 90° 1.275,19.3737° 1.275, 93.2461° 1.275,0 0.85, 60.7834°
Wy, Vvi,p u;,c Gix,Gyy L8
1.7,25° 1.7, -59.4144° 1.7, -10.8507° 0.7361, -0.425 1.275, —11.2247°

30. For the Watt II mechanism configuration given in Table P4.11, produce tables of
the angular velocity and acceleration of V; and V; over a complete crank rota-
tion range at —30° crank rotation increments (using the Appendix B.6 or H.5 files).
The initial crank angular velocity and angular acceleration are —0.75rad/s and
—0.25rad/s?, respectively.

31. For the Watt II mechanism configuration given in Table P4.11 (with link lengths
in meters), produce tables of the velocity and acceleration of points p; and p;
over a complete crank rotation range at 30° crank rotation increments (using the
Appendix B.6 or H.5 files). The initial crank angular velocity and angular accelera-
tion are 1rad/s and 0.5rad/s?, respectively.

32. Figure P4.11 illustrates a Stephenson III mechanism used to guide a gripping
tool. The dimensions for the illustrated mechanism are included in Table P4.12.
Considering a crank rotation increment of 1° determine the crank rotation range
required to simultaneously achieve a —75° upper jaw rotation and a ~15° lower jaw
rotation (using the Appendix B.7 or H.6 files).
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upper jaw

lower jaw

FIGURE P.4.11
Stephenson III gripper mechanism.

TABLE P.4.12
Stephenson III Gripper Mechanism Dimensions
w,, 0 Vi, p u,oc G Gy L,d
1.7995, 318.4178° 0.9091, 286.4362° 1.6482, 230.6143° 2.6491, -0.7924 1.2304, 189.1904°
Vi, p u;, o L, & Gix, Giy
9.2542,319.9647° 1.5166, 236.6216° 5.7298, 11.8113° 5.4021, -5.2847

33. Figure P4.12 illustrates a Stephenson III mechanism used to guide a digging

34.

35.

tool. The dimensions for the illustrated mechanism are included in Table P.4.13.
Considering a crank rotation increment of 1°, determine the crank rotation range
required to simultaneously achieve a 60° digging arm rotation and a 75° digging
bucket rotation (using the Appendix B.7 or H.6 files).

For the Stephenson III mechanism configuration given in Table P4.14, produce a table
of the location, velocity, and acceleration of p; over a complete crank rotation range at
30° crank rotation increments (using the Appendix B.7 or H.6 files). The initial crank
angular velocity and angular acceleration are 1.35rad/s and 0.6rad/s? respectively.

For the Stephenson III mechanism configuration given in Table P4.14, produce
a table of the angular position, velocity, and acceleration of V; over a complete
crank rotation range at —30° crank rotation increments (using the Appendix B.7
or H.6 files). The initial crank angular velocity and angular acceleration are
—0.35rad/s and —0.05rad/s?, respectively.
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digging bucket

FIGURE P.4.12
Stephenson III gripper mechanism.

TABLE P.4.13

Stephenson III Digging Mechanism Dimensions

129

W, 0 V., p u,s Gy Gy, L,s
42366, -25.6775° 2.0805, 120.3504° 25252, 229.6156° 4.4031,1.8831 5.1069, 189.0097°
Vi, p u;, ¢ L, & Gix, Gy

3.0994, 14.6953° 1.3340, 187.0724° 1.9944, 65° ~1.3069, -3.5681

TABLE P.4.14

Stephenson III Mechanism Dimensions

A Vip u,s G Gyy L,d
1.45m, 90° 2.175m, 19.3737° 2.175m, 93.2461° 2.175m,0m 4.35 m, -5.1593°
Vl”l p* uir G* G;xr G;y L;/ 8‘

2.9 m, —46.9725° 2.9 m, -6.6563° 1.2557 m, -0.725m

2.175 m, 1.2172°
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5

Dimensional Synthesis

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. The study of dimensional synthesis and the distinctions between kinematic analysis
and dimensional synthesis

2. Categories of dimensional synthesis

3. Types of mechanism defects and defect-elimination methods in dimensional
synthesis

4. The formulation of linear simultaneous equation sets for planar four-bar motion
generation

5. Distinctions between motion generation and path generation

6. The formulation of linear simultaneous equation sets for Stephenson III motion
generation

7. The formulation of linear simultaneous equation sets for planar four-bar function
generation

8. Distinctions between finitely separated positions (FSPs) and multiply separated posi-
tions (MSPs)

9. The formulation of linear simultaneous equation sets for planar four-bar function
generation with FSPs and MSPs

10. Preparation of results from planar four-bar and Stephenson III dimensional syn-

thesis for planar four-bar and Stephenson III kinematic analysis

5.1 Introduction

As noted in Section 1.5, dimensional synthesis is a category in kinematic synthesis where
the objective is to calculate the mechanism dimensions required to achieve a prescribed
mechanism motion sequence [1]* The calculated mechanism dimensions include link
lengths, link positions (also called “rigid-body” positions), and joint coordinates. The

* Another basic description of dimensional synthesis is the design of a mechanism to produce a desired output motion
for a given input motion.

* Mechanism links are also called “rigid bodies” because mechanism links are generally assumed to be rigid
(nondeforming) in kinematic synthesis.

131
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parameters pertaining to the prescribed mechanism motion sequence include link posi-
tions, path points,and displacement angles. In contrast to kinematic analysis—where
mechanism dimensions are known and the resulting mechanism motion sequence is
calculated—in dimensional synthesis, the mechanism motion sequence is known and the
mechanism dimensions are calculated (Figure 5.1) [2].

Dimensional synthesis includes three distinct subcategories: motion generation, path
generation, and function generation (Figure 5.2). In motion generation, mechanism dimen-
sions are calculated to achieve prescribed rigid-body positions, while prescribed rigid-
body path points are achieved in path generation.* In function generation, mechanism
dimensions are calculated to achieve prescribed crank and follower-link displacement
angles.t

An overview of published research in dimensional synthesis will reveal an assort-
ment of qualitative and quantitative methods for motion, path, and function generation [3].
Qualitative methods include graphical techniques, which can provide a wealth of informa-
tion with virtually no computational effort [4]. Quantitative methods include mathemati-
cal models that can be solved analytically or numerically by way of solution algorithms
and root-finding methods [5]. As intended by the authors, the dimensional synthesis meth-
ods presented in this chapter are all quantitative.

out
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Displacements,
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= > LR Pa.
& RE)
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£ N1
Displacements,
velocities, ;T—B Dimensional
accelerations, | 5 synthesis
etc. )
(b) T i R
FIGURE 5.1

(a) Kinematic analysis vs. (b) dimensional synthesis.

* In four-bar motion and path generation, the coupler link is the rigid body for which positions and path points
are prescribed.

* The crank and follower displacement angles are often prescribed in accordance to a mathematical function—
hence the name function generation.
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FIGURE 5.2
Subcategories of dimensional synthesis.

5.2 Branch and Order Defects

Although motion and path generation ensure that the synthesized mechanisms will achieve
prescribed rigid-body positions and path points, respectively, they do not guarantee

® The synthesized mechanism will achieve the prescribed rigid-body parameters
without a change in its original assembly configuration (thus requiring mecha-
nism disassembly).

* The synthesized mechanism will achieve the prescribed rigid-body parameters in
the intended order.

These two uncertainties are defects inherent in motion and path generation, mechanism
synthesis requiring rigid-body positions and rigid-body path points, respectively.

The first noted defect is commonly called a branch defect [6]. Figure 5.3a illustrates the
two assembly configurations of a planar four-bar mechanism: configurations a-b-c-d and
a-b-c*-d.* In kinematic synthesis, a branch represents the rigid-body positions or path

* The assembly configurations a-b-c-d and a-b-c*-d of the planar four-bar mechanism are called the open and
crossed configurations, respectively.
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FIGURE 5.3
(a) Four-bar assembly configurations and (b) branch defect.

points that are achieved by a single mechanism assembly configuration. When both mech-
anism assembly configurations are required to achieve all of the rigid-body positions or
path points, this can introduce a potential design problem, because the mechanism would
require disassembly and reassembly from one assembly configuration to the other during
operation to achieve all of the prescribed rigid-body output.* Figure 5.3b illustrates a pla-
nar four-bar branch defect. In this figure, rigid-body positions 1-2-3 are achieved by planar
four-bar configuration a-b-c-d, while position 1* is achieved by configuration a-b-c*-d. So,
if the design application requires that this mechanism achieves the positions in the order
1*-1-2-3 continuously, this would not be possible with a single mechanism assembly con-
figuration due to the given branch defect. Branch defects are inherent in analytical motion
generation [7].

The second noted defect is commonly called an order defect [8]. When rigid-body posi-
tions or path points are prescribed, it is typically desired that the synthesized mechanism
achieve the prescribed rigid-body output in the given order in which they were prescribed.
If, for example, the rigid-body path points are prescribed in the order 1-2-3-4-1 (Figure 5.4a)
but the synthesized mechanism achieves the points in the order 1-2-4-3-1 (Figure 5.4b) this
can present a potential problem—especially if the prescribed point order is required to
trace a particular coupler curve. As shown in Figure 54, the order in which the rigid-body
path points are achieved determines the profile of the path achieved.

Branch- and order-defect elimination by way of constraint equations, graphical meth-
ods, or particular prescribed values are often employed in motion and path generation

FIGURE 5.4
Order difference with four rigid-body path points (orders (a) 1-2-3-4 and (b) 1-2-4-3).

* The branch defect is distinct from the circuit defect (presented in Section 3.5) although the branch and circuit
defect both require mechanism disassembly. With the circuit defect, the mechanism is reassembled in another
position of the same assembly configuration (and not from one assembly configuration to another as with the
branch defect).
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equations to produce motion and path generator solutions that are branch-defect free and
order-defect free [9]. Several common branch- and order-defect elimination methods are
presented in Section 54.

5.3 Planar Four-Bar Motion Generation: Three Precision Positions

Figure 5.5(a) illustrates a planar four-bar mechanism and three coupler positions
achieved by the mechanism. The location and orientation or the position of the coupler
is defined by the coordinates of rigid-body point p; and rigid-body displacement angle
;. In motion generation (or quantitative motion generation, to be more exact), the mech-
anism dimensions required to achieve precision positions are calculated.* To further
convey motion generation, Figure 5.5b illustrates the operation sequence of an aircraft
landing gear. For effective operation, the aircraft landing gear should be guided from
within the airframe to a position where the wheels can properly contact the ground. The
planar four-bar motion generation equations presented in this section are useful for cal-
culating the four-bar mechanism dimensions required to achieve a set of three precision
positions.

Figure 5.6 illustrates both dyads of a planar four-bar mechanism in a starting position
(Position 1) and a displaced position (Position j). The left- and right-side dyads include the
vector chains W-Z and U-S, respectively. By taking the vector sum between the starting
and displaced positions for each dyad, vector-loop equations are derived [10, 11]. After
taking the counterclockwise vector sum for each dyad (starting with W, for the left-side
dyad and U, for the right-side dyad), the vector-loop equations for the four-bar mechanism
dyads become

Wie® + Z,e® + Ppe™ — 2,6 _y /P = o (6.1

Airffame Airframe

FIGURE 5.5
(a) Four-bar mechanism and coupler positions and (b) aircraft landing-gear example.

* In motion generation, the prescribed rigid-body positions are also called precision positions.
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FIGURE 5.6
Four-bar mechanism in starting and (dashed) displaced positions.

U1€i(T + 51€jw + leeiaj - Slei(wﬂxj) - ulei(cﬂj) =0 (5'2)

where leem’ =p;i— P
After factoring the terms for the starting dyad position (which are unknown terms), the
resulting standard-form vector-loop equations become

e[ 1) 2 1) 6

Expanding Equation 5.3 and grouping the real and imaginary terms as separate equa-
tions produces the equation set

chose(cosB]- —1)—Wlsin6sin[3]- +2Z, cosq)(cosoc/- —1)—Z1 sin¢sina; = Pj; cosd;
(5.5)
Wlsine(cosB,- —1)+W1 cosOsinfB; +Z; sinq)(cosoc]- —1)—Z1 cosfsino; = Pj; sind;

After specifying W, cos 0 =W,,, W; sin0=W,,, Z, cos ¢ = Z,,, and Z, sin ¢ = Z,,, Equation
5.5 becomes

Wlx(cosB]- —1)—le sinf; +Z1x(cosocj —1)—Z1y sino; = Py cosd;
(5.6)
le (COSB]‘ —1)—W1x sin[_’)]- +Z1y (COS(X]' —1)—Z1x Sin(X]' = Pj1 sin5]-
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Likewise, after separating the real and imaginary terms in the right-side dyad in
Equation 54 and specifying U, cos ¢ = U;,, U; sin 6 = U, S; cos y = S;,, and §; siny = S,
the equation becomes

le(cos y]-—l)—lllysin yj+S1x(cos oc]v—l)—Slysin o = Pj;cos §;
(5.7)
Uy, (cosy;—1)+ Ui, siny; + Sy, (coso; — 1)+ Sy, sin o = Py sin §;

When expressed in matrix form for three precision positions (therefore, j =2, 3), Equations
5.6 and 5.7 become Equations 5.8 and 5.9, respectively, when expressed in matrix form.

cosf, -1 —sinf3, coso, —1 —sino, — Wi, | Py cosd,
sin 3, cosf, —1 sino, coso, —1 Wi, _ Py sind, 5:9)
cosP;—1 —sinP; coso; — 1 —sinoi; Zix Ps; cos 65
sin B3 cosfP; —1 sino coso; —1 Zyy Py, sind;
[ cosy, —1 —siny, cosa, —1 —sina, | Uiy | [ Py, cosd, |
siny, cosy, —1 sin o, coso, —1 u, Py sin§,
. . = (9)
cosy;—1 —sinvy; cosoz —1 —sino; Siy P cos 03
sinys; cosys;—1 sinol; coso; —1 Sy P;; sin 65

Equations 5.8 and 5.9 can be solved using Cramer’s rule to calculate the scalar compo-
nents of dyads W,—Z, and U,-S,, respectively. In Equation 5.8, angles f, and B, are the two
“free choices” that are prescribed along with the precision positions. By the term “free
choice,” we mean that the variable value specified is entirely according to the user’s own
preferences. In Equation 5.9, angles v, and v; are the free choices that are prescribed along
with the precision positions. Because an infinite variety of unique combinations of f,, B,
¥, and y; can be specified, the number of possible dyad solutions from Equations 5.8 and
59 is also infinite.

The resulting mechanism calculated from Equations 5.8 and 5.9 not only achieves the
precision positions precisely, but does so according to the prescribed dyad displacement
angles f and y. By including the precision positions and prescribing the dyad displace-
ment angles, it is ensured that the calculated mechanism solutions are free of order
defects because both the precision positions and corresponding dyad displacements are
specified *

Example 5.1

Problem Statement: Synthesize a planar four-bar mechanism to guide the landing gear
through the three precision positions in Figure E.5.1.

* Motion generation with prescribed dyad displacement angles is called motion generation with prescribed
timing.
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Known Information: Equations 5.8 and 5.9, and Table E.5.1.

Solution Approach: From the prescribed coupler points p; vectors p;; and vec-
tor angles §; are calculated.* These variables, along with the prescribed dyad
displacement angles in Table E.5.1, are used in Equations 5.8 and 5.9 to calculate
(through Cramer’s rule) the dyad vectors for the planar four-bar mechanism (W;, Z,,
U,, and S,).

Figure E.5.2 includes the calculation procedure in the MATLAB command win-
dow and Figure E.5.3 illustrates the resulting planar four-bar mechanism. Being
an analytically calculated result, this mechanism achieves the precision positions

precisely.

FIGURE E.5.1
Three landing-gear precision positions.

TABLE E.5.1

Landing-Gear Precision Position Parameters and Dyad Displacement Angles

Precision Position p; a; (°) B; ) ¥ ()
1 0,0

2 0.292,0.734 -51.7124 18 —40
3 0.299, 1.461 —84.9734 38 -87

* P, =p;— py and §; is the angle vector P; makes with the positive x-axis.
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>> pl = [0, 0]"';

>> p2 = [0.292, 0.734]"';

>> p3 = [0.299, 1.461]"';

>> P21 = p2 - pl;

>> P31 = p3 - pl;

>> A2 = -51.7124*pi/180;

>> A3 = -84.9734*pi/180;

>> CA2 = cos(A2); SA2 = sin(A2);
>> CA3 = cos(A3); SA3 = sin(A3);
>> B2 = 18*pi/180;

>> B3 = 38*%pi/180;

>> CB2 = cos(B2); SB2 = sin(B2);
>> CB3 = cos(B3); SB3 = sin(B3);

>> WZ = inv([CB2 - 1, -SB2, CA2 - 1, -SA2
SB2, CB2 - 1, SA2, CA2 -1
CB3 - 1, -SB3, CA3 - 1, -SA3

SB3, CB3 - 1, SA3, CA3 - 1])*[P21(1), P21(2), P31(1l), P31(2)]"'
Wz =
2.0580
-0.8054
-0.1324
0.1191
>> G2 = -40*pi/180;
>> G3 = -87*pi/180;
>> CG2 = cos(G2); SG2 = sin(G2);
>> CG3 = cos(G3); SG3 = sin(G3);
>> US = inv([CG2 - 1, -SG2, CA2 - 1, -SA2
SG2, CG2 - 1, sA2, ca2 -1
CG3 - 1, -SG3, CcA3 - 1, -SA3
SG3, CG3 - 1, SA3, CA3 - 1])*[P21(1), P21(2), P31(1), P31(2)]"
Us =
0.5808
-1.8615
-1.5053
1.3400
>>
FIGURE E.5.2

Example 5.1 W,-Z, and U,-S, calculation procedure in MATLAB.

FIGUREE.5.3
Synthesized planar four-bar motion generator.
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5.4 Order- and Branch-Defect Elimination

Although branch and order defects are inherent in analytical motion generation, several
conventional practices and construction methods are used to produce motion and path
generators that are branch- and order-defect free. These practices and construction meth-
ods include prescribed timing, Filemon’s construction, and Waldron’s construction.

Motion generation with prescribed timing prevents order defects because, with this
practice, each coupler position and its corresponding dyad displacement angles are pre-
scribed. The planar four-bar motion generation equation sets in Section 5.3 (Equations 5.8
and 5.9) include displacement angle variables for both mechanism dyads (angles p and «
for dyad W-Z and angles y and a for dyad U-S). By specifying both the precision posi-
tions and the corresponding dyad displacement angles, the order in which the precision
positions are achieved is maintained. Motion generation with prescribed timing was dem-
onstrated in Example 5.1.

In the early 1970s, Filemon introduced a construction method to ensure that planar four-
bar crank motion generator solutions (specifically, Grashof crank-rocker and drag-link
solutions) were branch-defect free [12, 13]. Filemon’s work shows that as long as the moving
pivot (the nongrounded revolute joint) of the mechanism driving link is selected outside
the wedge-shaped region produced using her construction method, the resulting planar
four-bar motion generator will pass through all of the precision positions without disas-
sembly (therefore making it a nonbranching solution).*

In Filemon’s construction, the output link is synthesized first. The follower link mov-
ing pivot and fixed pivot will be defined as b, and b, respectively, where b, = -§, and
b, =—(S; + U)) ... Relative inverse displacements of the follower link are taken to sweep a
planar wedge-shaped region (with angles Zb,b,b,)." The positions that the follower fixed
pivot can take relative to the follower moving pivot are computed as

bo; =[ M; |bo (5.10)
where
-1
1 0 0 coso; —sina; Py,
[M;]=| 0 1 0 sino;;  cosa; Py, | j=2,3,... (5.11)
0 1 0 0 1

and b, = (by,, by, DT.

Given the precision position variables «; and P;;, Equation 5.10 calculates the ground
link displacements of the inverted four-bar mechanism. When synthesizing the input link
(having already constructed the wedge-shaped region), an input link having a moving
pivot that lies outside the region should be chosen. Filemon’s construction can be applied
in motion generation with three precision positions and beyond.

* In linkages, the grounded revolute joints are also known as fixed pivots and the nongrounded revolute joints
are also known as moving pivots.

* If the angle of the wedge-shaped region is 180° or greater, the region will fill the entire 2D space (and no solu-
tion will be available under Filemon'’s construction).
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>> pl = [0, O0]"';

>> p2 = [0.292, 0.734]1"';

>> p3 = [0.299, 1.461]1"';

>> P21 = p2 - pl;

>> P31 = p3 - pl;

>> A2 = -51.7124*pi/180;

>> A3 = -84.9734*pi/180;

>> CA2 cos (A2); SA2 = sin(A2);
>> CA3 cos (A3); SA3 = sin(A3);

>> Ul =[0.5808, -1.8615]";

>> 81 = [-1.5053, 1.3400]"';

>> S1Ul1 = -(S1 + Ul);

>> b0 = [S1U1(1,1), S1U1(2,1), 11';

>> b02 =([1 0 0;0 1 0;0 0 11*...

inv([CA2 -SA2 P21(1,1);SA2 CA2 P21(2,1);0 0 11))*bO

b02 =
.5587

.3648
.0000

R OO

>> pb03 =([1 0 0;0 1 0;0 O 11*...
inv ([CA3 -SA3 P31(1,1);SA3 CA3 P31(2,1);0 0 1]1))*boO

b03 =
.9907

.5408
.0000

e Ne]

>>

FIGURE E.5.4
Example 5.2 by, and by; calculation procedure in MATLAB.

Example 5.2

Problem Statement: Calculate a nonbranching landing-gear mechanism for Example 5.1

using Filemon’s construction.
Known Information: Example 5.1 and Equation 5.10.

Solution Approach: The synthesized follower (U,-S;) in Example 5.1 is the selected out-
put link in this example. From Table E.5.1 in Example 5.1, the coupler displacement
angles o; and the x and y-components of the coupler point vectors P;; are known*
Figure E.5.4 includes the calculation procedure in MATLAB'’s command window. The
lines passing through b, and by, and through bl and b03 form the borders for the planar
wedge-shaped region (Figure E.5.5).

The moving pivot for the driving link dyad (W,—Z,) must lie outside the wedge-shaped
region. Figure E.5.6 illustrates the (W,-Z,) solution from Equation 5.8 with §, = 10° and
B5 = 40°. Because the four-bar motion generator in this figure is a Grashof crank-rocker
and its driving link dyad lies outside the wedge-shaped region, it is branch-defect free.

141

In the mid-1970s, Waldron introduced a feasible region construction method for select-
ing non-branching planar four-bar motion generators for three precision positions [14, 15].
Waldron’s work shows that follower link moving pivots selected outside the three circles
produced using his construction method, as well as follower link moving pivots selected
in regions where any two circles overlap, result in nonbranching motion generator solu-
tions. Once a suitable follower-link dyad is calculated according to Waldron’s construction

* Because P;; = p; - py, if p; is specified as p; = (0, 0), then the x- and y-components of the precision point vectors

P, are identical to the x- and y-components of the precision points p;.
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FIGURE E.5.5
Wedge-shaped region borders formed by b, and by (form U,).

FIGUREE.5.6
Wedge-shaped region with calculated dyads W—Z, and U,-S,.
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method, a corresponding suitable crank link dyad is calculated according to Filemon's
construction.

Given three precision positions, three rotation centers or poles exist to rotate from Position
1 to 2 (pole p;,), Position 1 to 3 (pole p;;) and Position 2 to 3 (pole p,;) [16].” These poles form
a triangle (called a pole triangle) Ap,,p15P,3 [17]. The reflection of pole p,; about the triangle
side py,p;; produces a new pole (called an image pole) p%. In Waldron’s construction, each
side of the triangle Ap,,p 5p3; is equal to a diameter of each circle.

The rotation pole equation corresponding to the two rigid-body positions in Figure 4.6
is defined as

s, | Pae™ — e 512
pOle Pik = lee S — lm ( )
where P, =8, = o; = 0 [18]. Equation 5.12 is used to calculate pole p,,, pole py;, and pole p,;.

Example 5.3

Problem Statement: Calculate a nonbranching landing-gear mechanism for Example 5.1
using Waldron’s construction and Filemon’s construction.

Known Information: Example 5.1 and Equation 5.12.

Solution Approach: Figure E.5.7 includes the calculation procedure for p;,, p;3, and py
in MATLAB’s command window. Reflecting pole p,; about the triangle edge contain-
ing poles p, and p;; produces the image pole (pole P in Figure E.5.8a). Figure E.5.8b
includes the three-circle diagram resulting from Waldron’s construction. Suitable

>> pl = [0, O0]"';

>> p2 = [0.292, 0.734]1"';

>> p3 = [0.299, 1.461]1"';

>> P21 = norm(p2 - pl);

>> P31 = norm(p3 - pl);

>> A2 = -51.7124*pi/180;

>> A3 = -84.9734*pi/180;

>> D2 = atan2(p2(2,1), p2(1,1));
>> D3 = atan2(p3(2,1), p3(1,1));
>> pole_pl2 = -(P2l*exp(i*D2))/(exp(i*A2) - 1)
pole_pl2 =

0.9033 + 0.06571

>> pole_pl3 -(P31l*exp (i*D3) )/ (exp (i*A3) - 1)
pole_pl3 =

0.9471 + 0.56731

>> pole_p23 = P21l*exp(i*D2) - (P31l*exp(i*D3) - P2l*exp(i*D2))/...
(exp (i* (A3-A2)) - 1)
pole_p23 =

1.5125 + 1.08581i

>>

FIGURE E.5.7
Example 5.3 py,, p13 and py; calculation procedure in MATLAB.

* The center of rotation between two positions of a body in planar motion is called a pole.
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pole pysq pole py;3 pole P’z/%;___}_‘\
\ / \
N \
A [N

FIGUREE.5.8
(a) Calculated poles with image pole and (b) three-circle diagram with calculated dyad U,-S,.

follower link moving pivots lie either outside the three circles or in regions where any
two the three circles overlap.

It can be determined from Figure E.5.8 that the follower link dyad (the U,-S,; dyad)
solution from Example 5.1 is satisfactory, since its moving pivot lies outside the three
circles. The crank link dyad (the W,—Z, dyad) solution from Example 5.2 is also satisfac-
tory since its moving pivot lies outside the wedge-shaped region. The resulting four-bar
motion generator, a Grashof crank-rocker, is branch-defect free.

5.5 Path Generation versus Motion Generation

Figure 5.7a illustrates a planar four-bar mechanism and the curve traced by coupler point
p:- In path generation, the mechanism dimensions required to achieve prescribed coupler

(b)

FIGURE 5.7
Path generation concepts. (a) Four-bar mechanism and coupler path points. (b) Level-luffing crane mechanism.
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path points are calculated.* To further convey the concept of path generation, Figure
5.7b illustrates a level-luffing crane, a mechanism that remains at a constant level during
motion. For effective operation, the extremity of the level-luffing crane should follow a
horizontal path.

There is a distinct difference between path generation and motion generation. In
motion generation, precision positions are achieved, while precision points are achieved in
path generation. Because coupler path points rather than coupler positions are prescribed
in path generation, coupler displacement angles are not of particular concern. Equations
5.8 and 5.9 can be directly applied for path generation for three precision points, since the
mechanisms calculated from these equations achieve prescribed coupler points in addi-
tion to prescribed coupler displacement angles.” Because coupler displacement angles are
required in Equations 5.8 and 5.9, the user is free to specify the coupler displacement
angles arbitrarily.

5.6 Stephenson III Motion Generation: Three Precision Positions

It can be observed from Figure 5.8 (as well as the illustrations in Section 4.7) that the
Stephenson III mechanism is a planar four-bar mechanism with a dyad (U;-V; in
Figure 5.8) attached to its coupler point.

Because the U — V; dyad and the coupler it is attached to share a common point p;, this
point can be used when prescribing precision positions for the dyads W,-Z,, U,-S,, and

FIGURE 5.8
Stephenson Il mechanism in starting and (dashed) displaced positions.

* In path generation, the prescribed rigid-body path points are also called precision points.
t Although Equations 5.8 and 5.9 can be used for path generation, the user is limited to three precision points
(making them too limited and subsequently impractical for detailed paths).
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U; - V;. However, while the displacement angle ; is associated with dyads W,—Z, and
U,-S,, the dyad U] - V; has its own rigid-body displacement angle (see Figure 5.8).

After taking the counterclockwise vector sum for dyad U, -V, (starting with Uj) in
the same manner as illustrated in Figure 5.6, the vector-loop equation for this dyad

becomes
Ure'™ +Vie® + Ppe®™ -1 (i) _ Uiei(“w’ o (5.13)

where P]vleiaf =p;i—p
After factoring the terms for the starting dyad position, the resulting standard-form
vector-loop equation becomes

Expanding Equation 5.14 and grouping the real and imaginary terms as separate equa-
tions produces the equation set

U, cosc (cosyj—l)—lll sinc siny; +V; cosp (cosocj—l)—Vl sinp sino; = P;; cosd;

U; sinc’(cosyj—1)+U; coso siny;+ Vi sinp’(cosaj —1) - Vi cosp’ sino; = Py sing;

(5.15)
After specifying U;cosc =Uj, Ujsinc = Uiy, Vi cosp =Vi,,and V;sinp = ny,
Equation 5.15 becomes
U;, (cosy; —1)-Uj, siny; + Vi, (cosaj — 1) - Vi, sinaj = Py cosd;
(5.16)
U, (cosy; —1) Ui, siny; + Vi, (coso; — 1) Vi, sinor; = Py sind;

When expressed in matrix form for three precision positions (therefore, j =2, 3), Equation
5.16 becomes Equation 5.17 when expressed in matrix form.

cosy,—1 —sinYy, coso, —1 —sin o, U, Py cos S,
sinvys cosy, —1 sin ol coso, — 1 U, Py sind, 517)
cosys—1  —siny;  cosos—1 sinol; Viy Py cos 85

sinys cosys—1 sinoi; coso; —1 Vi, Py sin 8,
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Like Equations 5.8 and 5.9, Equation 5.17 can be solved using Cramer’s rule to calculate
the scalar components of dyad U; — V;. In Equation 5.17, angles v, and y; are the two “free
choices” that are prescribed along with the precision positions.

Example 5.4

Problem Statement: Synthesize a Stephenson III mechanism to guide the gripper through
the three precision positions in Figure E.59.

Known Information: Equations 5.8, 5.9, and 5.17, and Table E.5.2.

Solution Approach: Table E.5.2 includes the precision positions and dyad displacement
angles.

Figure E.5.10 includes the calculation procedure in MATLAB’s command win-
dow for dyads W,-Z, and U-S,. Figure E.5.11 includes the calculation procedure in
MATLAB'’s command window for the U; - V; dyad. Figure E.5.12 illustrates the result-
ing Stephenson III mechanism.

FIGURE E.5.9
Three gripper precision positions.

TABLE E.5.2

Landing-Gear Precision Position Parameters and Dyad Displacement Angles

Precision Position P 05 (°) ;) B; ) Y (©) ;)
1 0,0

2 0.1815, 0.4882 =30 15 15 -20 10

3 0.6647, 1.4078 -75 5 40 =35 30
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>> pl = [0, 0]"';
>> p2 = [0.1815, 0.4882]"';
>> p3 = [0.6647, 1.4078]"';
>> P21 = p2 - pl;
>> P31 = p3 - pl;
>> A2 = -30*pi/180;
>> A3 = -75*pi/180;
>> CA2 = cos(A2); SA2 = sin(A2);
>> CA3 = cos(A3); SA3 = sin(A3);
>> B2 = 15*pi/180;
>> B3 = 40*pi/180;
>> CB2 = cos(B2); SB2 = sin(B2);
>> CB3 = cos(B3); SB3 = sin(B3);
>> WZ = inv([CB2 - 1, -SB2, CA2 - 1, -SA2
SB2, CB2 - 1, SA2, CA2 -1
CB3 - 1, -SB3, CA3 - 1, -SA3
SB3, CB3 - 1, SA3, CA3 - 1])*[P21(1), P21(2), P31(1), P31(2)]"
Wz =
0.5854
-1.2248
-0.4926
-0.3631
>> G2 = -20*pi/180;
>> G3 = -35*pi/180;
>> CG2 = cos(G2); SG2 = sin(G2);
>> CG3 = cos(G3); SG3 = sin(G3);
>> US = inv([CG2 - 1, -SG2, CA2 - 1, -SA2
SG2, CG2 - 1, sA2, caA2 -1
CG3 - 1, -SG3, CcA3 - 1, -SA3
SG3, CG3 - 1, SA3, CA3 - 1])*[P21(1), P21(2), P31(1), P31(2)]"
Us =
0.1905
1.8923
-1.0184
-1.1813
>>
FIGURE E.5.10
Example 5.4 W—Z, and U,-S, calculation procedure in MATLAB.
>> pl = [0, 0]"';
>> p2 = [0.1815, 0.4882]';
>> p3 = [0.6647, 1.4078]1"';
>> P21 = p2 - pl;
>> P31 = p3 - pl;
>> A2s = 15*pi/180;
>> A3s = 5*pi/180;
>> CA2s = cos(A2s); SA2s = sin(A2s);
>> CA3s = cos(A3s); SA3s = sin(A3s);
>> G2s = 10*pi/180;
>> G3s = 30*pi/180;
>> CG2s = cos(G2s); SG2s = sin(G2s);
>> CG3s = cos(G3s); SG3s = sin(G3s);
>> UsVs = inv([CG2s - 1, -SG2s, CA2s - 1, -SA2s
SG2s, CG2s- 1, SA2s, CA2s - 1
CG3s - 1, -SG3s, CA3s - 1, -SA3s
SG3s, CG3s - 1, SA3s, CA3s - 1])*[P21(1), P21(2), P31(1l), P31(2)]"
UsVs =
2.2215
-2.0095
0.3400
0.4718
>>

FIGURE E.5.11
Example 5.4 U; — V; calculation procedure in MATLAB.
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FIGURE E.5.12
Synthesized Stephenson III motion generator.

5.7 Planar Four-Bar Function Generation: Three Precision Points

In function generation, the mechanism dimensions required to achieve prescribed link dis-
placement angles are calculated* The displacement angles are commonly defined accord-
ing to a mathematical function. In four-bar function generation, the angular displacements
of both the crank and follower links are typically where the angular displacement of the
follower link is a function of the crank link angular displacement (Figure 5.6a) To further
convey function generation, Figure 5.9b illustrates a four-bar lawn sprinkling mechanism
(where the sprinkler is affixed to the follower link). For effective operation, the sprinkler

w Sprinkler

Clamping screw

-~
- ~
/\
/

\\’

(a) Where v;= f(B)) (b) ~ ,

Input link

FIGURE 5.9
(a) Four-bar mechanism in starting and displaced positions and (b) lawn sprinkling mechanism.

* In addition to link angular displacements, derivative quantities such as angular velocities and angular accel-
erations are also among the prescribed parameters that are considered in function generation.
t Prescribed displacement angles are also called precision points in function generation.
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should oscillate within a particular range to avoid over-sprinkling or under-sprinkling
the lawn area. The planar four-bar function generation models presented in this section
are useful for calculating the planar four-bar mechanism dimensions required to achieve
prescribed link angular displacements.

As previously noted, the precision points in four-bar function generation are commonly
crank and follower displacement angles where the follower angles are defined as a func-
tion of the crank angles. In Figure 5.9a, the crank displacement angles f; correspond to the
independent function variable x and the follower displacement angles y; correspond to a
user-defined function f(x) [19, 20].

The curve in Figure 5.10 represents an example function to be achieved through func-
tion generation. From this function, precision points (p)) are selected. Because only a finite
number of precision points can be prescribed through analytical function generation, the
resulting function generator will achieve f(x) at p;, or simply f(x), as opposed to achieving
the function continuously.

The abscissa and ordinate ranges for the function are Ax and Ay, respectively, and the
corresponding crank and follower displacement angle ranges are Ap and Ay, respectively
(Figure 5.10). Linear relationships between the crank and follower precision points and the
specific function precision points can be expressed as

Bi—B:1 _AB
Xj— X  Ax
(5.18)
Yi—=v1_ Ay
Yi—y1 Ay

Angles B; and y, are zero because they are the displacement angles in the initial mecha-
nism position. Solving for f; and y, Equation 5.18 can be expressed as Equation 5.19 where
B; and v; are the crank and follower precision points corresponding to the coordinates x;
and y; of the function precision points p;. Crank and follower-link displacement angles are
among the precision points for the planar four-bar function generation equations in this
chapter.

Y

Yn+1

Yi
V3
| V2

LYI

Yo

XX *2 X3 XXy Xy X

FIGURE 5.10
Function curve with precision points.
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By =)
A (5.19)
Yi= A*;(J/j —yl)

The general vector-loop closure equation for the four-bar mechanism in Figure 5.11 in
the jth position is

Wlei(9+ﬁj) + Vlei(pﬂx/') - ulei(cﬂi) - Gl =0 (5'20)

Being always in-line with the x-axis, vector G, only has the real component G,,. Because
the mechanism link proportions affect its link rotation angles (which are of interest in func-
tion generation) and not the scale of the mechanism, a single mechanism link length vari-
able can be specified.* After specifying G, = 1 and moving it to the right-hand side of the
equation, Equation 5.20 becomes

Wie ) 4 vyelrer) _ et ) =1 (5:21)

Expanding Equation 5.21 and grouping the real and imaginary terms as separate equa-
tions produces

Wi cos@cosB; — Wi sinBsinB; + V; cospcosa; — V sinpsino; — Uy cosG cosy;

+ulsin($ S]II'Y] =1
(5.22)
Wi sin@cosf; — W, cosBsinf; + Vi sinpcosa; + V; cospsino;

—U;sinccosy;—U, coso siny; =0

FIGURE 5.11
Four-bar mechanism in starting and (dashed) displaced positions.

* This also means that scaled versions of a given function generator will produce identical results.
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After setting W, cos 0 = W,,, W, sin0=W,,, V; cos p=V,,, V; sinp="V,, U, cos ¢ = U,,, and
U, sin 6 = U,,, Equation 5.22 becomes

When expressed in matrix form for three precision points, Equation 5.23 becomes

1
0
cosf,

sin Bz
cos s

sin 33

Wiy cosB; — Wy, sinB; + Vi, cosarj — Vi, sino — Uy, cosy; + Uy, siny; =1

Wiy cosB; + Wy, sinf3; + V3, cosaij + Vi, sina; — Uy, cosy; —U;siny; = 0

0 1 0 -1

1 0 1 0
—-sinf, cosa, —sino,  —cosYa
cosf, sin o, COS 0Ly —sinvy,
—-sinff3 coso; —sino;  —cosYs;
cosf; sin ol COSOl3 —siny;

0
-1
sinvy,
—COSY>
siny;

—CosY3

Wi,
W,
Vix
Vi
Uy,
Uy,

O = O Rk O

(5.23)

(5.24)

The first two rows in Equation 5.24 are the result of displacement angles f,, a;, and v, (cor-
responding to the initial mechanism position) all being zero in Equation 5.23.

Therefore, with three precision points, Equation 5.23 forms Equation 5.24—a set of six
linear equations (that can be solved using Cramer’s rule) to calculate the scalar components
of link vectors W,, V;, and U,. In addition to prescribing the crank and follower displace-
ment angles, the coupler displacement angles «, and a5 are also prescribed in Equation
5.24. The coupler displacement angles are typically incidental in function generation, since
only the crank and follower displacement angles are typically of concern. Because an infi-
nite variety of unique a, and a; combinations can be specified, the number of possible
mechanism solutions from Equation 5.24 is also infinite.

Example 5.5

Problem Statement: Synthesize a planar four-bar sprinkler mechanism to achieve a fol-
lower rotation range of 60° for a corresponding crank rotation range of 180°.
Known Information: Crank and follower displacement angle ranges and Equation 5.24.
Solution Approach: The crank and follower rotation ranges have been equally divided
into the displacement angles given in Table E.5.3. This table also includes arbitrarily

specified coupler-link displacement angles.

Figure E.5.13 includes the calculation procedure in MATLAB'’s command window for
vectors Wy, V;, and U,. The synthesized function generator is illustrated in Figure E.5.14.
Because the function generator was calculated analytically, it achieves the precision

points precisely.

TABLE E.5.3

Four-Bar Sprinkler Mechanism Precision Points

Precision Point B; ) v; (°) o ()
1 0 0 0
2 90 30 -5
3 180 60 10
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>> B2 = 90*pi/180;

>> B3 = 180*pi/180;
>> CB2 = cos(B2); SB2
>> CB3 = cos(B3); SB3
>> G2 = 30*pi/180;

>> G3 = 60*pi/180;

>> CG2 = cos(G2); SG2
>> CG3 = cos(G3); SG3
>> A2 -5*pi/180;

>> A3 = 10*pi/180;

0, 1, 0, 1, 0, -1
CB2, -SB2, CA2, -SA2,

CB3, -SB3, CA3, -SA3,

WVU =

.2670
.0816
.0598
.4564
.3268
.5380

O OO oo

>>

>> CA2 = cos(A2); SA2
>> CA3 = cos (A3); SA3
>> WVU = inv([1, 0, 1,

sin (B2) ;
sin (B3);

sin (G2) ;
sin (G3) ;

sin (A2);
sin (A3);
0, -1, 0

-CG2, SG2

sB2, CB2, SA2, CA2, -SG2, -CG2

-CG3, SG3

SB3, CB3, SA3, CA3, -SG3, -CG3])*[1, 0, 1, 0, 1, 0]'

FIGURE E.5.13

Example 5.5 W,-Z,—U, calculation procedure in MATLAB.

FIGURE E.5.14

Clamping screw

Spray
area

Synthesized planar four-bar function generator.
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5.8 Planar Four-Bar Function Generation: FSPs and MSPs

In addition to link displacement angles, it is also possible to synthesize a function genera-
tor to achieve prescribed link angular velocities and accelerations.* Figure 5.12 includes
the function generator angular velocity and angular acceleration variables—the first and
second derivatives of angular displacements £, o, and y.

* Angular displacements (being discrete, finitely separated quantities) are called finitely separated positions (FSPs)
and derivative quantities such as angular velocities and accelerations are multiply separated positions (MSPs).
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Where v;= f(B))

FIGURE 5.12
Planar four-bar function generator with angular velocity and acceleration variables.

By differentiating, expanding, and separating vector-loop Equation 5.21, mechanism
velocity and acceleration constraint equations are derived for the planar four-bar function
generator. Differentiating Equation 5.21 and cancelling the complex coefficient produces

B e 1 6, Ve ) -y e o) = 0 (5.25)

Expanding Equation 5.25 and grouping the real and imaginary terms into separate
equations produces

Bj(Wu cosf; — W, sinBj)nL(icj(VM cosaj — Vi, sin(xj)—yj(ulx cosy; —Uy, sinyj)= 0
. (5.26)
Bj(Wlx sinf; + Wy, cosBj)Jr(kj(le sinoj + V7, cosozj)+\'(j(ll1x siny; U, cosyj)z 0

Equation 5.26 constitutes a planar four-bar function generator velocity constraint (intro-

ducing link velocity terms ¢, B, and y). Differentiating Equation 5.25 produces
iB.jI/Vlei(eJrBj) _ .%Wlei(ewf) + idleei(pmf) _ d]Z,Vlef(PW/) _ ﬁjulei(‘”w) + Y?Ulei(my") =0 (5.27)

Expanding Equation 5.27 and grouping the real and imaginary terms into separate equa-
tions produces

—Bj(Wu sinf3; + Wy, CosBj)—ﬁ?(Wlx cosP; - W, sinBj)—dj(le sino; + V7, COSOL]-)
—aﬁ(le coso; — V3, sinocj)+7j (lllx siny; + U, cosy]-)+\'(]2~(lllx cosy;—Uy, sinyj)z 0

Bj(wlx cosP; - Wy, sinB]»)—B%(W]x sinf3; + Wy, COSBj)+dj(V1x cosoj — Vi, sinocj)

—o'c?(le sino; + V, cosoaj)—Vj(le cosy;—Uy, sinyj)+ﬁ (le siny; + Uy, cosy]-)z 0
(5.28)

* Whenever the complex coefficient (or any other term) is distributed throughout an equation, it can be can-
celled if preferred.
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Equation 5.28 constitutes a planar four-bar function generator acceleration constraint—
introducing link angular acceleration terms ¢, 3, and ¥ in addition to the link angular
velocity terms introduced in Equation 5.26.

As observed in Equation 5.24, three precision points for planar four-bar function genera-
tion produce a set of six scalar equations to calculate mechanism variables W,, V;, and U;.
A set of six equations to calculate mechanism variables W;, V,, and U, can also be formed
from Equation 5.23 (with p = a =y =0) and any combination of Equations 5.23, 5.26, or 5.28.
With such an equation set, the user can specify not only link angular displacements (FSPs),
but also corresponding link angular velocities, or accelerations (MSPs). This equation set
can be solved using Cramer’s rule. Being an analytically calculated solution, the result-
ing mechanism will precisely achieve the prescribed angular displacements, velocities, or
accelerations.

Example 5.6

Problem Statement: Given a constant driving link angular velocity of 1rad/s and angu-
lar acceleration of zero, synthesize a planar four-bar mechanism to achieve a follower
angular velocity and acceleration of —0.75rad/s and —0.1rad/s? respectively.*

Known Information: Equations 5.23, 5.26, 5.28, B=1 rad/s, B =0 rad/s? 7¥=-0.75 rad/s,
and y=-0.1rad/s>

Solution Approach: A set of six equations to calculate mechanism variables W;, V,,
and U, is formed from Equation 5.23 (with = a = y = 0), Equation 5.23 (with ,c, and y)
and Equation 5.281 When expressed in matrix form, these equations become

1 0 1 0 -1 0 ( W, |
0 1 0 1 0 -1 ~ 1
. . . . . . 1y 0
Bep —Bsp 0, —0iS,, —YCy sy Vi, 0
Bsp Bep B, dic, s, e, Vi, []0
—BSB - Bzcﬁ —BCB + stﬁ —Osq —07cq —OCq +07sq Y8, +7°cy Yoy — sy Uy 0
.. . .. . 0
Bep —PB%sp  —Psp—BPcp  Gice — 078, —0Se —Ccq —Yo, +V7s, Y8y +TCy Uiy |
(5.29)

In Equation 5.29, c,,,, = cos(ang) and s,,, = sin(ang). The angular velocity and accelera-
tion of the coupler link were arbitrarily specified as & =-1.5 rad/s and 6. =-1 rad/s%
Figure E.5.15 includes the calculation procedure in MATLAB’s command window for
vectors W, V,, and U,. Plotting the follower angular velocity and acceleration profiles
(Figure E.5.16) of the planar four-bar function generator solution (Figure E.5.17) con-
firms that the prescribed MSPs are achieved precisely at p = 0.

Example 5.7

Problem Statement: Given a driving link angular displacement of 35° and a constant driv-

ing link angular velocity of 1rad/s, synthesize a planar four-bar mechanism to achieve

a follower angular displacement and velocity of —20° and —-0.75rad/s, respectively*
Known Information: Equations 5.23,5.26, 3 =35°% 8 =1rad/s, y =—20° and y =—0.75rad/s.

* The velocity and acceleration of V, are arbitrarily specified as & = -1.5rad/s and 0. = —1rad/s2.

* To ensure the function generator solution forms a closed loop, Equation 5.20 (with B = o = y = 0) must be
included in the solution equation set.

t The displacement and velocity of V; are arbitrarily specified as 0. = —10° and ¢ = —1.5rad/s.
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>> B = 0;

>> dB = 1;

>> ddB = 0;

>> CB = cos(B); SB
A= 0;

>> dA = -1.5;

>> ddA = -1;

>> CA = cos(A); SA = sin(A);

> G = 0;

>> dG = -0.75;

>> ddG = -0.1;

>> CG = cos(G); SG = sin(G);

>> ww = inv([1, O, 1, 0, -1, O

0, 1, 0, 1, 0, -1

dB*CB, -dB*SB, dA*CA, -dA*SA, -dG*CG, dG*SG

dB*SB, dB*CB, dA*SA, dA*CA, -dG*SG, -dG*CG

-ddB*SB - dBA2*CB, -ddB*CB + dBA2*SB, -ddA*SA - dAA2*CA,...

-ddA*CA + dAA2*SA, ddG*SG + dGA2*CG, ddG*CG - dGA2*SG

ddB*CB - dBA2*SB, -ddB*SB - dBA2*CB, ddA*CA - dAA2*SA,...

-ddA*SA - dAA2*CA, -ddG*CG + dGA2*SG, ddG*SG + dGA2*CG

sin(B);

b+, o, 0, 0, 0, 07"
WVU =

0.2818
0.0540
-0.3424
0.1260
-1.0605
0.1801

>>

FIGURE E.5.15
Example 5.6 W—Z,—U; calculation procedure in MATLAB.

0.3} v (rad/sec) ¥ (rad/sec?)
L5
0.2
¥ 1
0.1 0.5
0 0
50/ 100 150 200 250 300 SP 05
-0.1 B (degree) -
-1
-0.2
-1.5
-0.3 20
-0.4 25
-0.5 -3.0
0.6 =
-4.0
-0.7
-4.5
-0.8

FIGURE E.5.16

Follower angular velocity and acceleration profiles for synthesized function generator.
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FIGURE E.5.17
Synthesized planar four-bar function generator.

v =-0.75 rad/sec

¥ =-0.1 rad/sec?

Solution Approach: A set of six equations to calculate mechanism variables Wy, V;, and
U, is formed from Equation 5.23 (with B = o=y =0), Equation 5.23 (with 3, o, and ) and
Equation 5.26. When expressed in matrix form, these equations become

[ 0 1 0 -1

0 1 0 1 0
cosf —sinf cosol —sino —cosY
sin3 cosf sino oSO —siny
Becosp  —Bsinp cdcoso  —dsina —jcosy
Bsinp  Pcosp  Gsina  Gcoso  —ysiny

0
-1
siny
—cosy
ysiny
—Ycosy

O OOk O

(5.30)

Figure E.5.18 includes the calculation procedure in MATLAB’s command window for
vectors Wi, Vi, and U;. The synthesized planar four-bar function generator solution is

illustrated in Figure E.5.19.

>> B = 35%pi/180;

>> dB = 1;

>> CB = cos(B); SB = sin(B);
>> A = -10%pi/180;

>> dA = -1.5;

>> CA = cos(A); SA = sin(A);
>> G = -20%pi/180;

>> dG = -0.75;

>> CG = cos(G); SG = sin(G);

>> Wvwu = inv([1, O, 1, O, -1, O

0,1, 0, 1, 0, -1

CB, -SB, CA, -SA, -CG, SG

SB, CB, SA, CA, -SG, -CG

dB*CB, -dB*SB, dA*CA, -dA*SA, -dG*CG, dG*SG
dB*SB, dB*CB, dA*SA, dA*CA, -dG*SG, -dG*CG
D*[1, o, 1, 0, 0, 07"

WVU =

0.3675
-0.1534
-0.1252

0.1796
-0.7577

0.0261

>>

FIGURE E.5.18
Example 5.7 W; — V; — U; calculation procedure in MATLAB.
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y=-0.75 rad/sec

FIGURE E.5.19
Synthesized planar four-bar function generator.

5.9 Mechanism Dimensions: From Dimensional
Synthesis to Kinematic Analysis

After synthesizing a mechanism, it is commonly analyzed kinematically. This is usually
done to verify that the mechanism is free of defects. The vector solutions from the pla-
nar four-bar and Stephenson III dimensional synthesis equations can be incorporated in
their respective kinematic analysis equations. Figure 5.13 includes the dimensional syn-
thesis vectors and the kinematic analysis vectors for the planar four-bar and Stephenson
III mechanisms. Figures 5.13a and 5.13b are for planar four-bar and Stephenson III motion
generation and kinematic analysis respectively and Figure 5.13c is for planar four-bar
function generation and kinematic analysis. In four-bar and Stephenson III motion gen-
eration, it is not certain that the W; — Z, will be the true driving dyad. When a kinematic
analysis of a synthesized four-bar or Stephenson II mechanism yields incorrect results
(with respect to the prescribed values used for synthesis), one should also drive these
mechanisms using the U; — §; dyad along with its displacement angles to fully determine
if the synthesized mechanism has a defect.

Table 5.1 includes the vectors and vector expressions for planar four-bar and Stephenson
III motion generation and kinematic analysis.* The coupler displacement angles a; and
o; specified in planar four-bar and Stephenson III motion generation require no changes
for the kinematic analysis of these mechanisms. Adding the vector sum W, +Z, to the
precision points py, p,, and p; as shown in Table 5.1 expresses these precision points in the
reference frame used for kinematic analysis. One can also subtract the kinematic analysis-
calculated p; value from any remaining kinematic analysis-calculated p; values to express
them in the reference frame used for kinematic synthesis.

In planar four-bar function generation (Figure 5.13¢), the synthesis vectors W,, V,, U,
and G, can be directly incorporated in the analysis equations without any additional cal-
culations. From this, we can see that W, = W, +iW,,, V, = V,, +iV,, U, = U,, + ill;,, and
G, =Gy, +iG,, in the planar four-bar kinematic analysis equations.

* Although link dimensions mainly appear in polar exponential form in the Appendix B, C, D MATLAB files and
user instructions, they can be specified in any of the rectangular and complex forms given in Equation 2.1.
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FIGURE 5.13
Synthesis and analysis vectors for (a, ¢) four-bar and (b) Stephenson IIIl mechanisms.

TABLE 5.1
Vectors and Vector Expressions in Four-Bar and Stephenson III Synthesis and Analysis
Motion Generation Kinematic Analysis
Vector Vector Expression Vector Vector Expression
W, W, = Wy, +iW,, W, W, = Wy, +iW,,
Z, Z,=27,,+iZ,, L, Li=Z,+iZ,
U, U, = U, +ill, U, U, = U, +illy,
S, S, =S, +iS,, v, V,=Z-S,
G, G =W, +Z,-§5,-1,
U; U = U, +ill}, U; U = U, +ill;,
Vlw Vl* = V;x + i‘/l} Vl* Vl* = —V;
G G =Wi+Z +(-V)-U; =-G,
P: P1=Putipy, P: pi=p1+Wi+Z,
P2 P2=Pat+ipy P2 p:=p2+Wi+Z; or p,=p>—p:

P> Ps=Paxt Py ps ps=ps+Wi+Z, or p;=ps;—p1




160 Kinematics and Dynamics of Mechanical Systems

Example 5.8

Problem Statement: Using the Appendix B.1 MATLAB file, determine if the mechanism
solution in Example 5.1 achieves its precision positions.

Known Information: Example 5.1 and Appendix B.1 MATLAB file.

Solution Approach: Figure E.5.20 includes the input specified (in bold text) in the
Appendix B.1 MATLARB file. Table E.5.4 includes the coupler positions and follower dis-
placement angles achieved by the planar four-bar mechanism synthesized in Example
5.1. The values of p1, P2, and Ps (in the p; column in Table E.5.4) calculated from the
Appendix B.1 MATLAB file are actually offset by W, +Z;, since the coordinate system
origin for kinematic analysis is as shown in Figure 5.13a (right image). By subtracting p:
from p1, P2, and Ps (as shown in the p; — p; column in Table E.5.4), the coordinate system
origin matches the origin shown in Figure 5.13a (left image) and the resulting values in
this column can be compared directly to the p; column data in Table E.5.1.

Example 5.9

Problem Statement: Using the Appendix B.7 MATLARB file, determine if the mechanism
solution in Example 5.4 achieves its precision positions.

Known Information: Example 5.4 and Appendix B.7 MATLAB file.

Solution Approach: Figure E.5.21 includes the input specified (in bold text) in the
Appendix B.7 MATLAB file. Table E.5.5 includes the coupler positions and follower dis-
placement angles achieved by the planar four-bar mechanism synthesized in Example
54. The values of p1, P2, and Ps (in the p; column in Table E.5.5) calculated from the
Appendix B.7 MATLAB file are actually offset by W, +Z; since the coordinate system
origin for kinematic analysis is as shown in Figure 5.13b (right image). By subtracting p:
from p1, P2, and Ps3 (as shown in the p; — p; column in Table E.5.5), the coordinate system
origin matches the origin shown in Figure 5.13b (left image) and the resulting values in
this column can be compared directly to the p; column data in Table E.5.2.

wl = 2.058 - i*0.8054;

zZl = -0.1324 + i*0.1191;

ul = 0.5808 - i*1.8615;

S1 = -1.5053 + i*1.34;

vl = z1 - Ss1;

Gl =wl +2z1 - s1 - ul;

L1l = z1;

start_ang = 0;

step_ang =1;

stop_ang = 38;

angular_vel = 0 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.5.20
Specified input (in bold text) in the Appendix B.1 MATLARB file for Example 5.1.

TABLE E.5.4

Coupler Positions and Follower Angles Achieved by Example 5.1 Solution

B; () p; a; (%) Y ) pPi—p1
0 1.9256, —0.6863 0 0 0,0

18 2.2176,0.0477 -51.716 —40.002 0.292,0.734

38 2.2246,0.7747 —84.98 —87.004 0.299, 1.461
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wl = 0.5854 - i*1.2248;

Zl = -0.4926 - 1*0.3631;

Ul = 0.1905 + i*1.8923;

sl = -1.0184 - i*1.1813;

vl = z1 - s1;

GlL =wl + 21 - s1 - ul;

L1 = 21;

Uls = 2.2215 - i*2.0095;

Vls = -(0.3400 + i*0.4718);

Gls = Wl + Z1 + Vls - Uls - Gl;
Lls = 0;

start_ang = 0;

step_ang =1;

stop_ang = 40;

angular_vel = 0 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.5.21
Specified input (in bold text) in the Appendix B.7 MATLARB file for Example 5.4.

TABLE E.5.5
Coupler Positions and Follower Angles Achieved by Example 5.4 Solution

B; pj a; ) o () Y ) v; ©) pi—P

0 0.0928, —1.5879 0 0 0 0 0,0

15 0.2743, -1.0997 =30 14.999 =20 10 0.1815, 0.4882
40 0.7575, -0.1801 -75.001 5 -35 29.999 0.6647, 1.4078
Example 5.10

Problem Statement: Using the Appendix B.1 MATLAB file, determine if the mechanism
solution in Example 5.5 achieves its precision points.

Known Information: Example 5.5 and Appendix B.1 MATLAB file.

Solution Approach: Figure E.5.22 includes the input specified (in bold text) in the
Appendix B.1 MATLAB file. Table E.5.6 includes the link displacement angles achieved
by the planar four-bar mechanism synthesized in Example 5.5. The values in this
table match the precision points in Table E.5.3.

wl
vl
ul
Gl
L1l

start_ang
step_ang
stop_ang

angular_vel
angular_acc

0.2670 + 1*0.0816;
1.0598 + i*0.4564;
.3268 + 1*0.5380;

0
1
180;

8
0 * ones(N+1,1);
0 * ones(N+1,1);

FIGURE E.5.22
Specified input (in bold text) in the Appendix B.1 MATLAB file for Example 5.5.
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TABLE E.5.6

Precision Points Achieved by Example 5.5

Solution

B; ©) Y () a; ()

0 0 0

90 30.007 —4.999

180 60.008 10.004
Example 5.11

Problem Statement: Using the Appendix B.1 MATLAB file, determine if the mechanism
solution in Example 5.6 achieves its precision points.

Known Information: Example 5.6 and Appendix B.1 MATLAB file.

Solution Approach: Figure E.5.23 includes the input specified (in bold text) in the
Appendix B.1 MATLAB file. Table E.5.7 includes the link displacement angles achieved
by the planar four-bar mechanism synthesized in Example 5.6. The values in this table
match the precision points in Figure E.5.15.

Example 5.12

Problem Statement: Using the Appendix B.1 MATLAB file, determine if the mechanism
solution in Example 5.7 achieves its precision points.

Known Information: Example 5.7 and Appendix B.1 MATLAB file.

Solution Approach: Figure E.5.24 includes the input specified (in bold text) in the
Appendix B.1 MATLAB file. Table E.5.8 includes the link displacement angles achieved
by the planar four-bar mechanism synthesized in Example 5.7. The values in this table
match the precision points in Figure E.5.18.

wl = 0.2818 + i*0.0540;

vl = -0.3424 + i*0.1260;

Ul = -1.0605 + i*0.1801;

Gl =1;

L1l = 0;

start_ang = 0;

step_ang =1;

stop_ang =1;

angular_vel =1 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.5.23
Specified input (in bold text) in the Appendix B.1 MATLAB file for Example 5.6.

TABLE E.5.7

Precision Points Achieved by Example 5.6 Solution

B; ) o; (°) a; (rad/s) a; (rad/s?) Y (® Y; (rad/s) ¥; (rad/s?)

0 -0.0701 -1.495 -1.0388 -0.0172 —0.7482 -0.1116
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wl = 0.3675 - i*0.1534;

vl = -0.1252 + i*0.1796;

Ul = -0.7577 + i*0.0261;

Gl = 1;

L1 = 0;

start_ang = 0;

step_ang =1;

stop_ang = 35;

angular_vel = 1 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.5.24
Specified input (in bold text) in the Appendix B.1 MATLARB file for Example 5.7.

TABLE E.5.8

Precision Points Achieved by Example 5.7 Solution

B; ) a; (%) o, (rad/s) v; ©) Y; (rad/s)

35 -10.012 -1.4996 -20.007 -0.7497
I

5.10 Summary

In kinematic analysis, mechanism dimensions are known and the resulting mecha-
nism motion sequence is calculated. In dimensional synthesis (a category of kinematic
synthesis), a mechanism motion sequence is prescribed and the mechanism dimensions
required to achieve them are calculated. Dimensional synthesis includes three subcatego-
ries: motion generation, path generation, and function generation. In motion generation,
mechanism link positions are prescribed (specifically, coupler-link positions for the pla-
nar four-bar mechanism). In planar four-bar path generation, coupler-link path points are
prescribed while crank and follower displacement angles are prescribed in planar four-
bar function generation. Prescribed coupler positions are called precision positions, while
precision points are prescribed coupler points (this is the chief distinction between motion
and path generation).

Order defects and branch defects are two uncertainties inherent in motion and path gen-
eration. With the order defect, the synthesized mechanism will not achieve the precision
positions/points in the intended order. With the branch defect, the synthesized mecha-
nism will not achieve its precision positions/points in a single mechanism branch. A vari-
ety of methods have been developed to ensure order- and branch-defect-free solutions.
For example, motion generation with prescribed timing (where dyad rotation angles are
prescribed) ensures order-defect-free mechanism solutions.

Linear simultaneous equation sets for planar four-bar motion generation are formulated
using vector-loop closure for the starting and displaced position of a mechanism dyad.
These equations are applicable for three precision positions. By including an equation set
corresponding to an additional dyad connected to the coupler point of the planar four-bar
mechanism, Stephenson III motion generators are produced.

In planar four-bar function generation, displacement angles are typically specified for
the crank and follower links. Often the displacement angles correspond to a mathematical
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function (where the crank and follower displacement angles are particular input and out-
put function values, respectively). Simultaneous equation sets for planar four-bar function
generation are formulated by taking the vector-loop sum of the entire mechanism. The
resulting equations can be used to calculate the dimensions of a planar four-bar mecha-
nism to precisely achieve three prescribed crank and follower displacement angle pairs
(also called precision points).

In addition to link displacement angles (or FSPs), it is also possible to synthesize function
generators to achieve or approximate prescribed link angular velocities or accelerations (or
MSPs). Differentiating, expanding, and separating the planar four-bar vector-loop equa-
tion produces velocity and acceleration equations (after the first and second derivatives,
respectively). Any combination of the velocity equation or the acceleration equation and
the initial-position vector-loop equation produces an equation set to analytically calculate
the mechanism dimensions required to precisely achieve prescribed FSPs or MSPs.
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Problems

1. Synthesize a branch defect-free planar four-bar mechanism for the three hatch
positions in Figure P.5.1. Branch defect elimination can be verified through
Filemon’s Construction, Waldron’s Construction or a displacement analysis (using the
Appendix B.1 or H.1 files).

2. Synthesize a branch defect-free planar four-bar mechanism for the three load-
unload bucket positions in Figure P.5.2. Branch defect elimination can be verified
through Filemon’s Construction, Waldron’s Construction, or a displacement analysis
(using the Appendix B.1 or H.1 files).

3. Synthesize a branch defect-free planar four-bar mechanism for the three stamping
tool positions in Figure P.5.3. Branch defect elimination can be verified through
Filemon’s Construction, Waldron’s Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).

Y
i
2
P
= p,=(0,0)
El p, = (0.3683, —4.2406)
= p; = (3.1081,-6.1459)
=
)
<
=

R

S

N

P
/‘ hatch fully opened
90°

FIGURE P.5.1
Tree hatch positions.
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-70°
unloading bucket
position
Y|
X
P, p;=(0,0)
. P, =(3.7044, 4.7989)
fegii bt p; = (8.3451, 5.7750)
position

FIGURE P.5.2
Three load—unload bucket positions.

Y
Py X P =(0.0)
s ’j p, = (1.8708,-0.5358)
AN ps = (4.4129,-1.3272)

0
-90°

stamp fully applied
-

FIGURE P.5.3
Three stamping tool positions.

4. Synthesize a branch defect-free planar four-bar mechanism for the three folding
wing positions in Figure P.5.4. Branch defect elimination can be verified through
Filemon’s Construction, Waldron's Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).
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=
2
2
(=N
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[P}
=
i) -90°
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& p; =(0,0)
p, = (0.6524,-0.6913)
p; = (0.3954, -0.3357)
Y
P -
p;? |
°
| )

fully extended position

FIGURE P.5.4
Three folding wing positions.

5. Synthesize a branch defect-free planar four-bar mechanism for the three lower
blade positions in Figure P.5.5. Branch defect elimination can be verified through
Filemon’s Construction, Waldron’s Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).

6. Synthesize a branch defect-free planar four-bar mechanism for the three brake
pad positions in Figure P.5.6. Branch defect elimination can be verified through
Filemon’s Construction, Waldron's Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).

upper blade

lower blade
(tool closed)

50°

p; =(0,0)
p, = (0.9726, 0.4829)
p; = (1.4155, 0.9506)

lower blade
(tool open)

FIGURE P.5.5
Three lower blade positions.
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fully applied
brake pad

P3

20°
|

p; =(0,0)
p, = (-1.4811, 0.5920)
p; = (-3.0504, 0.7999)

fully released
brake pad

FIGURE P.5.6
Three brake pad positions.

7. Synthesize a branch defect-free planar four-bar mechanism for the three digger
bucket positions in Figure P.5.7. Branch defect elimination can be verified through
Filemon’s Construction, Waldron’s Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).

8. Synthesize a branch defect-free planar four-bar mechanism for the three latch
positions in Figure P.5.8. Branch defect elimination can be verified through
Filemon'’s Construction, Waldron’s Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).

9. Synthesize a branch defect-free planar four-bar mechanism for the three top grip-
per positions in Figure P.5.9. Branch defect elimination can be verified through
Filemon’s Construction, Waldron’s Construction, or a displacement analysis (using the
Appendix B.1 or H.1 files).

Y
p;=(0,0)
X p, = (1.2560, —2.8990)
" p; =(5.1106,—-1.2115)
P3

90°

P

FIGURE P.5.7
Three digger bucket positions.
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p1=(0,0)

p, = (3.5418, 1.4657) //\:300
p;=(34999,2.1775) ,/

7/

/
7 ~50°

latch fully applied

FIGURE P.5.8
Three latch positions.

p;=(0,0)
p, = (0.9333,-0.1294)
Py = (2.5234,-0.5363)

Ve
// 4450
e
v

gripper fully closed

L rriririririd
L Ny N g By By

FIGURE P.5.9
Three top gripper positions.

169

10. Synthesize a branch defect-free planar four-bar mechanism for the three assembly
component positions in Figure P.5.10. Branch defect elimination can be verified
through Filemon’s Construction, Waldron’s Construction, or a displacement analysis

(using the Appendix B.1 or H.1 files).

i } fully assembled

L osition
7 -

I

I

p; =(0,0)
P, = (-0.4845, 1.4335) D
p; = (-1.0524, 3.0043) X Lo

FIGURE P.5.10
Three assembly component positions.
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11. Repeat Problem 1 with p, =(0.785,-4.71) and p; = (1.57,-6.28).
12. Repeat Problem 2 with p, =(1.5,4.5) and p; = (3,6).

13. Repeat Problem 4 with p, =(1.45,-0.725) and p; =(0.725,-0.725).
14. Repeat Problem 6 with p, =(-1.47,1.47) and p; = (-2.205,2.94).
15. Repeat Problem 9 with p, =(0.35,-1.4) and p; =(1.4,-1.75).

16. Synthesize a Stephenson III mechanism for the three gripper positions in
Figure P.5.11. Verify that the gripper positions are achieved (and that the mecha-
nism is free of branch defects) through a displacement analysis using the Appendix
B.7 or H.6 files.

17. Synthesize a Stephenson III mechanism for the three seat positions in Figure P.5.12.
Verify that the seat positions are achieved (and that the mechanism is free of
branch defects) through a displacement analysis using the Appendix B.7 or H.6

files.
/ 0,0
/ = 5
{ =N zl—(o 6139, 1.4455)
/ / 2‘ o 9 o
[ ps = (10436, 2.2102)
I 750
/
/
, 0‘“‘1
Reol neh
i 2
Jioe
FIGURE P.5.11

Three gripper positions.

p;=0,0
p, = (0.8055,-0.1386)
p; =(1.3186,-0.2118)

FIGURE P.5.12
Three seat positions.
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18. Synthesize a Stephenson IIl mechanism for the three digger arm positions in
Figure P.5.13. Verify that the digger arm positions are achieved (and that the
mechanism is free of branch defects) through a displacement analysis using the
Appendix B.7 or H.6 files.

19. Synthesize a Stephenson III mechanism for the three cutting tool positions in
Figure P.5.14. Verify that the cutting tool positions are achieved (and that the
mechanism is free of branch defects) through a displacement analysis using the
Appendix B.7 or H.6 files.

20. Repeat Problem 16 with p, =(1.4,1.4) and p; =(2.1,1.75).

21. Repeat Problem 17 with p, =(0.735, - 0.735) and p; = (2.94, - 1.1025).
22. Repeat Problem 18 with p, = (2.9, ~ 1.45) and ps = (4.35, - 0.3625).

23. Repeat Problem 19 with p, =(1.5,1.5) and p; =(3,1.875).

60°
& w
=(0,0)
p2 (2.0515, -1.5448)
= (4.0614, -1.2579)
/’
FIGURE P.5.13

Three digger arm positions.

p;=(0,0)
p, = (0.7350,-0.3675)
p; = (1.1025,-0.3675)

FIGURE P.5.14
Three cutting tool positions.
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24. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), syn-
thesize a planar four-bar mechanism for a 75° total wiper blade rotation range
(Figure P.5.15) and a 45° total crank rotation range (where the wiper blade is affixed
to the follower link).

25. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), synthe-
size a planar four-bar mechanism for a 75° wheel rotation range (Figure P.5.16) and
a 50° crank rotation range (where the wheel is affixed to the follower link).

26. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), synthe-
size a planar four-bar mechanism for a 90° total valve rotation range (Figure P.5.17)
and a 40° total crank rotation range (where the valve is affixed to the follower link).

27. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), synthe-
size a planar four-bar mechanism for a 130° total hatch rotation range (Figure P.5.18)
and a 65° total crank rotation range (where the hatch is affixed to the follower

link).

75° wipe blade
rotation range

FIGURE P.5.15
Wiper blade rotation range.

75° wheel
rotation range

FIGURE P.5.16
Wheel rotation range.
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90° valve
rotation
range

FIGURE P.5.17
Pipe valve rotation range.

130° hatch
rotation range

FIGURE P.5.18
Hatch rotation range.

28. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), synthe-
size a planar four-bar mechanism for the function f(x)=cosx at precision points
X, = 30° and x; = 90° (where x; = 0°, AB = 60° and Ay = 135°).

29. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), synthe-
size a planar four-bar mechanism for the function f(x)=logx at precision points
X, =5 and x3 =10 (Where x; =1, AB = 45° and Ay =100°).

30. Using the MATLAB calculation procedure in Example 5.5 (Figure E.5.13), synthe-
size a planar four-bar mechanism for the function f(x)=tanx at precision points
X, =35° and x; = 45° (where x; = 0°, AB = 75° and Ay = 125°).

31. Using the MATLAB calculation procedure in Example 5.6 (Figure E.5.15), syn-
thesize a planar four-bar mechanism to achieve a follower angular velocity and
acceleration of ¥ = 1.25rad/s and ¥ = —0.25rad/s? respectively, for a crank angu-
lar velocity and acceleration of B = 2rad/s and B = 0.5rad/s? respectively, and a
coupler angular velocity and acceleration of & = 0.65rad/s and & = 0.10rad/s?,
respectively.
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32. Using the MATLAB calculation procedure in Example 5.6 (Figure E.5.15), syn-
thesize a planar four-bar mechanism to achieve a follower angular velocity and
acceleration of ¥ = —1.5rad/s and ¥ = 0.25rad/s? respectively, for a crank angu-
lar velocity and acceleration of p = 2rad/s and p = —0.5rad/s?, respectlvely, and a
coupler angular velocity and acceleration of ¢ = —0.65rad/s and & = —0.35rad/s?,
respectively.

33. Using the MATLAB calculation procedure in Example 5.7 (Figure E.5.18), synthe-
size a planar four-bar mechanism to achieve a follower angular displacement and
velocity of y =-35° and ¥ = —0.25rad /s, respectively, for a crank angular displace-
ment and velocity of B = 55° and 8 = 0.5rad/s, respectively, and a coupler angular
displacement and velocity of o. = —15° and ¢& = —0.35rad/s, respectively.

34. Using the MATLAB calculation procedure in Example 5.7 (Figure E.5.18), synthe-
size a planar four-bar mechanism to achieve a follower angular displacement and
velocity of y, =n /4rad and ¥, = 1.15rad/s and a coupler angular displacement and
velocity of o, = /18rad and ¢, = 0.25rad/s. The angular displacement and con-
stant angular velocity for the crank are 8, =n/6rad and § = 1rad/s.

35. Using the MATLAB calculation procedure in Example 5.7 (Figure E.5.18), synthe-
size a planar four-bar mechanism to achieve a follower angular displacement and
velocity of y =-75° and ¥ = -3.25rad/s, respectively, for a crank angular displace-
ment and velocity of B = 65° and B = 2.5rad/s, respectively, and a coupler angular
displacement and velocity of o= 35° and o = 1.95rad/s, respectively.
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Static Force Analysis of Planar Mechanisms

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Criteria for static force analysis and its applications
2. Link static loads in 2D space

3. Formulation and solution of linear simultaneous equation sets for static force
analysis

4. The effects of gear train inclusion in the static force analysis of five-bar mechanisms

6.1 Introduction

As explained in Chapter 1, additional analyses often follow a kinematic analysis. In terms
of structural force analyses for mechanical systems, a static force analysis (Figure 1.1) is the
most basic type of analysis to consider beyond kinematics. In this type of analysis, loads
such as forces and torques are considered for each mechanism link according to Newton’s
first law (OF = XM = 0) [1-3].

A static force analysis is the only type of force analysis required if the mechanism oper-
ates in a static state.” In Figure 6.1a, the lock pliers holding the solid object are an example
of a static state because, when holding the solid object, the pliers are not in motion. A static
force analysis may also be applicable when the mechanism operates in a quasi-static state.
An example of this state is given in the cutting tool illustrated in Figure 6.1b. Although
the mechanism is in motion while the blades of the cutting tool shear the material, the
dynamic forces produced during this motion can be so small (because the motion can be
so slow) that they can be neglected. Under a condition where dynamic forces are small
enough to be negligible in a mechanism, a quasi-static state exists and static force assump-
tions are suitable.

Even if the mechanism motion is truly dynamic, static force assumptions can be useful
as a preliminary force analysis. For example, static forces or stresses can be multiplied by
certain scale factors to account for dynamic events such as impact and fatigue [4].

Although it is possible for out-of-plane forces and moments to exist in a planar mech-
anism (due to mechanism mass and force imbalances in the z-direction), the equation

* When a mechanism is in a static state, it is said to be statically determinate.
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FIGURE 6.1
Applied forces in (a) lock pliers and (b) cutting tool.

systems presented in this chapter consider forces in the x-y plane only.* The equation sys-
tems presented in this chapter consider the reaction forces due to externally applied loads
as well as the additional forces produced by gravity on the link masses (link weights).
Although link weights are not neglected in the forthcoming equations, as the externally
applied loads exceed the link weights, the reaction force-producing effect of these weights
becomes increasingly negligible. The contribution of link weights generally becomes more
important as the scale of the mechanism increases. For example, it would be essential to
consider link weights in the static force analysis of a multistory level-luffing crane mecha-
nism (see Figure E.4.1), but not essential in the analysis of the hand tools in Figure 6.1.
Lastly, in this chapter, the mechanism links are considered to be rigid or nondeforming in
the mechanism static force equations

6.2 Static Loading in Planar Space

Figure 6.2 illustrates arbitrarily grounded rotating and translating planar links under
static loads. Loads, even distributed loads, can be represented as force vectors applied to
link points. For example, force vectors E,, E,,, and mg are applied to link points po, p; and
the link’s CG (center of gravity), respectively, in Figure 6.2a. Also, a torque T,, is applied
about point p, in Figure 6.2a.t Static forces and torques are either applied externally (like
force vector F in Figure 6.2b) or they are reactions to externally applied loads (like force
vectors F, and F in Figure 6.2b).

Link static equilibrium is achieved in accordance to Newton’s first law. With this law,
when the sum of all link forces is zero (or XF =0) and the sum of all link moments is zero (or
>M = 0), link static equilibrium is achieved.$$ Because the force vectors include both x- and
y-direction components, the forces’ sums are taken in both directions (XF, =0 and XF, =0).

The conditions from Newton’s first law must be satisfied for each mechanism link in
order to achieve static equilibrium in the entire mechanism.

* Whether out-of-plane mechanism forces and moments should be considered in an analysis depends in part on
the amount of mass and force imbalance preset in the mechanism as well as the overall mechanism scale.

t If springs are included in the mechanism design, their deflection should be considered since spring force is
proportional to spring deflection.

 The torque is actually applied about an axis, but in planar space, the axis can be represented by a point (since
the axis is normal to the plane).

§ The words torque and moment are used in this chapter since they are synonymous.
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B mlg - o
\ﬁ/:CG
P
(b)

FIGURE 6.2
Static loads on (a) grounded rotating and (b) translating planar links.

6.3 Four-Bar Mechanism Analysis

Figure 6.3a illustrates a planar four-bar mechanism where a force E,, is applied to the
coupler-link point p,. To maintain static equilibrium, a torque T,, is applied about the
crank link revolute joint a,. Vectors Ry, R,, and R; point from a,, a;, and b, respectively, to
the center of gravity of each link. The loads on the individual planar four-bar mechanism
links are illustrated in Figure 6.3b. Because the joints at a; and b, are shared among two
links, the forces at a; and b, must be equal but opposite (resulting in +F, and +F,, in Figure
6.3b). The remaining force and torque variables, however, remain positive for simplicity.*
This approach is repeated for the mechanisms in Sections 6.4 through 6.7.

Taking the sum of the forces and moments for each link, according to the static equilib-
rium conditions >F =0 and >M = 0, produces two static equilibrium equations for each link.
Expanding these two equations and separating the force equation into two equations, where
>F,=0and XF, =0, ultimately produces three static equilibrium equations for each link.

Using the first two static equilibrium conditions for the crank link (where the moment
sum is taken about a;) produces

F, +F, +mg=0
T,, + Wi xE,, +R; xmg=0* 6.1)

Expanding and separating Equation 6.1 produces

Fo. +F,. =0
Fy, + Foy, +mg =0 6.2)

T — F ., Wi sin(0+ ;) + F,,, W cos(0+ ;) + mlg(Rlx cosP; — Ry, Sian) =0

1y

* The signs of the calculated static force and torque variables are not determined by the signs prescribed to
them during equation formulation. They are determined by the mechanism position and the applied load
values.

* The expression A x B is the cross product of planar vectors A and B. When expanded, AxB =A,B,— A B,.
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(®)

FIGURE 6.3
(@) Planar four-bar mechanism and (b) link static forces and torque.

Since gravity is directed along the y-axis (which is identical to the imaginary axis), the
expansion of the cross product R; x 71,g in Equation 6.2 only includes the expansion of the
product of m; g and the real component of R; where R; = (Ry, + iRly)e’Bf .

Using the first two static equilibrium conditions for the coupler link (where the moment
sum is taken about a,) produces

_Fa1 - Fb1 + FPl + nmyg = 0

6.3)
—Vl XFbl +L1 XFp] +R2 XMpg = 0.
Expanding and separating Equation 6.3 produces
_Falx - Fblx + Fplx = O
—me - Fb].‘/ + Fply + myg = 0
(6.4)

E, Visin(p+a;) - F,, Vicos(p+a;) - F, Lisin(d+ ;) + F,, L cos(d + ;)

1y

+m2g(R2x coso; — Ry, sinoc]-) =0.

Since gravity is directed along the y-axis, the expansion of the cross product R, x m,g in
Equation 6.4 only includes the expansion of the product of m,g and the real component of
R, where R, = (R, + iRy, )e".
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Using the first two static equilibrium conditions for the follower link (where the moment
sum is taken about b,) produces

Fbg + Fb1 + msg = 0

(6.5)
U1 XFb1 +R3><m3g=0.
Expanding and separating Equation 6.5 produces
Fbo,« + Fblx =0
Fboy + Fbly + M8 = 0 (66)

—Fblxul Sil’l(G + 'Y]) + Fblylll COS(G + 'Y]) + Tl’l3g(R3x COsY; — R3y Sin'Y]') =0

Again, due to the y-axis direction of gravity, the expansion of the cross product R; x m;g
in Equation 6.6 only includes the expansion of the product of m;¢ and the real component
of R; where R; = (R, +iRs, ).

Expressing Equations 6.2, 6.4, and 6.6 in a combined matrix form produces

- — Tao
01 0 1 0 0 0 0 0 -
00 1 0 1 0 0 O 0
1 0 0 -W, W, 0 0 0 0 Fay,
o 00 -1 0 0 0 -1 0 Fu,
o 00 o0 -1 0 0 0 -1 F,,
00 0 0 o 0 0 VvV, -V E..
00 0 0 o 1 0 1 0 F,

0y
00 0 0 0o 0 1 0 1 r
00 0 0 o 0 0 -u, u, -
L J L Fbly
0
_mlg
—mlg(Rlx cosP; - Ry, sinBj)
_Fplx
= _me —mg (67)
meLy - Fr’ly L,
—ng(sz cosQ; — Rzy Sina]‘)
0
_mSg
—mag(R3x cosy;— Rs, sin'yj)
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where:

W, =W, cos(® + 8
W, =W, sin(© + f)
L,=L;cos(® + )
L,=L;sin(d + o)
V.=V, cos(p + o)
V,=V;sin(p + o))
U, =U, cos(c +7)
U, = U sin(c +y).

Equation 6.7 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown planar four-bar displacement angles a;and y; are the same angles cal-
culated from the planar four-bar displacement equations in Section 4.4.1. Given f;, a;, and v;
solutions, the corresponding static forces and torques can be calculated from Equation 6.7.

Appendix C.1 includes the MATLAB® file user instructions for planar four-bar static
force analysis. In this MATLAB file (which is available for download at www.crcpress.
com/product/ isbn/9781498724937), solutions for Equation 6.7 are calculated.

Example 6.1

Problem Statement: When vector W, of the planar four-bar stamping mechanism
(Figure E.6.la) is rotated B=60°, a reaction force of F,, =(0,4500)N is applied
(Figure E.6.1b) due to the stamping event. Tables E.6.1 and E.6.2 include the dimensions
and mass properties of the planar four-bar stamping mechanism in the initial position

iY|
Stamping tool Qg@&

|JL1
a pP1

b Vi !

U !

Blank

(@ (b)

FIGURE E.6.1
Stamping mechanism in (a) initial and (b) stamping positions.

* This method of calculating mechanism forces via matrix manipulation is called the matrix method. With this
method, link force equations are quickly derived.


http://www.crcpress.com/product/isbn/9781498724937
http://www.crcpress.com/product/isbn/9781498724937
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(Figure E.6.1a). Using the Appendix C.1 MATLAB file, calculate the static torque and
forces generated in the stamping mechanism in the stamping position (Figure E.6.1b).
Gravity is —9.81m/s2.

Known Information: Tables E.6.1, E.6.2, and Appendix C.1 MATLAB file.

Solution Approach: Figure E.6.2 includes the input specified (in bold text) in the
Appendix C.1 MATLARB file. Table E.6.3 includes the static torque and forces calculated
for the planar four-bar stamping mechanism using the Appendix C.1 MATLARB file.

TABLE E.6.1

Stamping Mechanism Dimensions in Initial Position (with Link Lengths in m)

W1/ 0 Vll P Ul’ o
0.2013, -157.8291° 0.1583, —150.1267° 0.3455, 133.0953°
Glx/ Gly Ll/ 8

—-0.0876, -0.40, 710 0.27,4.7572°

TABLE E.6.2

Planar Four-Bar Mechanism Dynamic Parameters (with Length in m and mass in kg)

R, —0.0932 —i0.038 m 8
R, 0.0955 +i0.0159 my 40
R; -0.118 +i0.1261 ms 12

wl = 0.2013*exp(-i*157.8291*pi/180);

vl = 0.1583*exp(-i*150.1267*pi/180);

Gl = -0.0876 -1*0.4071;

Ul = 0.3455*%exp(i*133.0953*pi/180);

L1 = 0.27*exp(i*4.7572*pi/180);

Fpl = [0, 4500];
g = -9.81;

R1 = -0.0932 -i*0.038;

R2 = 0.0955 + i*0.0159;

R3 = -0.118+ i*0.1261;

ml = 8;

m2 = 40;

m3 = 12;

start_ang = 0;

step_ang =1;

stop_ang = 60;
FIGURE E.6.2

Specified input (in bold text) in the Appendix C.1 MATLARB file for Example 6.1.

TABLE E.6.3
Calculated Stamping Mechanism Static Forces (in N) and Torque (in N-m)

Tao Fao Fal Fbo Fbl

162.51 74.14,-5347.8 —74.14, 5426.3 —74.14, 1436 .4 74.14,-1318.7
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6.4 Slider-Crank Mechanism Analysis

Figure 6.4a illustrates a slider-crank mechanism where a force F is applied to the slider link
revolute joint b;. To maintain static equilibrium, a torque T,, is applied about the crank
link revolute joint a,. Vectors R, and R, point from a, and a;, respectively, to the center of
gravity of each link. The loads on the individual slider-crank mechanism links are illus-
trated in Figure 6.4b. Taking the sum of the forces and moments for each link according
to the static equilibrium conditions >F = 0 and XM = 0 produces two static equilibrium
equations for each link. Expanding these two equations and separating the force equation
into two equations, where 2F, =0 and XF, = 0, ultimately produces three static equilibrium
equations for each link. Using these conditions for the crank link (where the moment sum
is taken about a;) produces Equation 6.2.

Using the first two static equilibrium conditions for the coupler link (where the moment
sum is taken about a,) produces

_Fal — Fb1 + ng = 0

6.8)
Vi xE, +Ryxmg=0
Expanding and separating Equation 6.8 produces
—Fy, =By, =0
~F,, — B, +mg =0 (6.9)

Fblx‘/l sin(p+0cj)—FblyV1 COS(p+O(.]')+ng(R2x COs 0L —Rzy sin(x,-)= 0

(b)

FIGURE 6.4
(a) Slider-crank mechanism and (b) link static forces and torque.
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Since gravity is directed along the y-axis, the expansion of the cross product R, x m,g in
Equation 6.9 only includes the expansion of the product of m,g and the real component of
R; where R, = (Ry, + 1Ry, )e'.

Using only the static equilibrium condition XF = 0 for the slider link produces

F+F, +F,=0* (6.10)

In Equation 6.10, the x- and y-components of vector F,are the friction force tpF, . and the
normal force F ..., respectively. Expanding and separating Equation 6.10 produces

Fx +Fb1x il‘u:‘lnormal =0

(6.11)
Fy +Fb1y +Fnorma1 =0
Expressing Equations 6.2, 6.9, and 6.11 in a combined matrix form produces
(0010 1 o0 0o o o || ™
o0 1 0 1 0 0 0 Fau,
1 00 -W, W, 0 0 0 Fa,
0o 0o 0 -1 0 -1 0 0 Fa,,
0 0 O 0 -1 0 -1 0 E,,
0 0 O 0 o Vv, -Vi 0 F,.
0 0 O 0 0 1 0 tu a
b1y
0 0 O 0 0 0 1 1 r
- - normal
- . -
_mlg
—mlg(Rlx cosPB; — Ry, sinB]-)
= 0 6.12
= g 612)

—ng(Rgx coso; — Rzy SinOC]‘)
_F,
-F, —-msg

where:
W, =W, cos(©® + )
W, =W, sin(0 + B)
V.=V, cos(p + a)
V,=V;sin(p + o)t

* Because the slider does not rotate, the static equilibrium condition ¥M = 0 is not included in Equation 6.10.
t Equation 6.12 should be solved using both signs for +u to determine the maximum static loads.
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Equation 6.12 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown slider-crank displacement angles ; are the same angles calculated
from the slider-crank displacement equations in Section 4.5.1. Given p; and «; solutions, the
corresponding static forces and torques can be calculated from Equation 6.12.

Appendix C.2 includes the MATLAB® file user instructions for slider-crank static force
analysis. In this MATLAB file (which is available for download at www.crcpress.com/
product/ isbn/9781498724937), solutions for Equation 6.12 are calculated.

Example 6.2

Problem Statement: Using the Appendix C.2 MATLAB file, calculate the static torque and
forces generated in the in-line slider-crank mechanism in Tables E.6.4 and E.6.5 where a
force of F=(-50,0)N is applied and gravity is —981 cm/s2.

Known Information: Tables E.6.4, E.6.5, and Appendix C.2 MATLARB file.

Solution Approach: Figure E.6.3 includes the input specified (in bold text) in the
Appendix C.2 MATLARB file. Table E.6.6 includes the static torque and forces calculated
for the slider-crank mechanism using the Appendix C.2 MATLAB file.

TABLE E.6.4

Slider-Crank Mechanism Dimensions (with Link Lengths in m)

Wl ’ 0 Vl U1 9
0.04, 45° 0.06 0 0.1
TABLE E.6.5
Slider-Crank Mechanism Dynamic Parameters (with Length in m and Mass in kg)
R, 0 m 0.05
R, 0.0265 —1i0.0141 my 0.025
ms 0.075

LWl = 0.04;

theta = 45%pi/180;

LUl = 0;

LvV1 = 0.06;

F = [-50, 0];

mu = 0.1;

g = -9.81;

R1 = 0;

R2 = 0.0265 - i*0.0141;

ml = 0.05;

m2 = 0.025;

m3 = 0.075;

start_ang = 0;

step_ang =1;

stop_ang = 0;
FIGURE E.6.3

Specified input (in bold text) in the Appendix C.2 MATLAB file for Example 6.2.
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TABLE E.6.6

Calculated Slider-Crank Mechanism Static Forces (in N) and Torque (in N-m)

Tﬂo Fﬂn Fa1 Fb1 Fnormal Ffrictiun

-2.053 47.381,-24.714 —47.381, 25.204 47.381, -25.449 26.815 2.6185
I

6.5 Geared Five-Bar Mechanism Analysis

We will begin the formulation of a static force equation system for the geared five-bar
mechanism by first formulating a static force equation system for a five-bar mechanism
without gears. Because such a system has two degrees of freedom, static equilibrium is
achieved by independently constraining the rotations of the links containing vectors W,
and U,.

Figure 6.5a illustrates a five-bar mechanism where a force E,, is applied to the interme-
diate link point p;. To maintain static equilibrium, torques T,, and T, are applied about
both grounded revolute joints a, and by, respectively. Vectors R; through R4 point from a,,
a;, by, and by, respectively, to the center of gravity of each link. The loads on the individual
five-bar mechanism links are illustrated in Figure 6.5b. Taking the sum of the forces and
moments for each link according to the static equilibrium conditions >F = 0 and >M =0
produces two static equilibrium equations for each link. Expanding these two equations
and separating the force equation into two equations, where XF, = 0, XF, = 0, ultimately
produces three static equilibrium equations for each link. Using these conditions for the
crank link a,— a; (Where the moment sum is taken about a;) produces Equation 6.2.

Using the first two static equilibrium conditions for the intermediate link a,— ¢; (where
the moment sum is taken about a,) produces

-F, -F, +E, +mg=0

(6.13)
—V1 XFq +L1 XFP1 +R2><m2g=0
Expanding and separating Equation 6.13 produces
_Falx - Ffl."( + Fpl."( = 0
-F,, —F,, +F,, +mg=0
(6.14)

F., Visin(p+a;)-F, Vicos(p+0,;)—F, L sin(d+a;)+ F, L cos(d + o))

1y 1y

+m2g(R2x COS(X]' - Rzy Sin(X]‘) =0

Since gravity is directed along the y-axis, the expansion of the cross product R, x m,g in
Equation 6.14 only includes the expansion of the product of m,g and the real component of
R2 where R2 = (sz + iRzy )elaj .

Using the first two static equilibrium conditions for the intermediate link b,— ¢, (where
the moment sum is taken about b;) produces

F., - F, +m;g=0
6.15)
Sl XFcl +R3><m3g=0
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FIGURE 6.5
(a) Five-bar mechanism and (b) link static forces and torques.

Expanding and separating Equation 6.15 produces

FClx _Fblx =O
F.

Cly

— By, +m3g=0 (6.16)
—F, Sisin(y+Vv;)+FE,, S cos(y+v;)+ m3g(R3x cosV;—Rs, sinvj) =0

Since gravity is directed along the y-axis, the expansion of the cross product R; x m;g in
Equation 6.16 only includes the expansion of the product of m;¢ and the real component of
R3 where R3 = (R3x + iR3y )elvi.

Using the first two static equilibrium conditions for the crank link b, — b; (where the
moment sum is taken about b,) produces



Static Force Analysis of Planar Mechanisms 187

Fbo + Fb1 + T’Yl4g =0

(6.17)
Tbo +U; XFbl +R4><m4g=0
Expanding and separating Equation 6.17 produces
Fbox + Fblx =0
FbOy +Fb1y +7’}’l4g=0 (618)

Ty, — By U Sin(6 + ;) + By, Uy cos(6 + ;) + 1y (Ryx cosy; — Ry, siny; ) = 0

Since gravity is directed along the y-axis, the expansion of the cross product Ry x m,g in
Equation 6.18 only includes the expansion of the product of m,¢ and the real component of
R; where Ry = (Ryy + iRy, e

Expressing Equations 6.2, 6.14, 6.16, and 6.18 in a combined matrix form produces

010 1 0o o o0 000 0 0 |
0 0 1 0 1 0 0 0O 0 O 0 0
1 0 O —Wy W, 0 0 0O 0 O 0 0
0 0 O -1 0 -1 0 0 0 O 0 0
0 0 O 0 -1 0 -1 0 0 O 0 0
0o 0 O 0 0 Vy -V. 0 0 O 0 0
0 0 O 0 0 1 0 0 0 O -1 0
0O 0 O 0 0 0 1 0 0 O 0 -1
0 0 O 0 0 =Sy S, 0O 0 O 0 0
0 0 O 0 0 0 0 0 1 o0 1 0
0 0 O 0 0 0 0 0 0 1 1
0 0 O 0 0 0 0 1 0 0 -U, U

Ta 0

Fu(lx _mlg

Fo, —mlg(Rlx cosPB; — Ry, sinBj)

Fal:( _Fplx

Puly _Flﬂly — L8
y ?h _ E.L,~F,, L.~ ng(sz cosa; — Ry, sin oc,-) 619)

Cly 0

Tbo _mSg

Fy, _m?,g(Rg,xCOSV/'_R?,ySian)

Fb()}/ 0

Fblx _m4g

Fbly ] —m4g(R4xCOS'Y]'—R4ySin'Y]')
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where:

W, =W, cos(® + 8
W, =W, sin(@ + f)
L,=L;cos(® + )
L,=L;sin(d + o)
V.=V, cos(p + o)
V,=V;sin(p + o)
S,=5; cos(y+v)
S,=S;sin(y +v)
U, =U, cos(c +7)
U, =U, sin(c +y)

Equation 6.19 can be solved using Cramer’s rule to determine the unknown forces and
torques. The unknown five-bar displacement angles o.; and v; are the same angles calcu-
lated from the geared five-bar displacement equations in Section 4.6.1. Given B;, o.;, and v;
solutions, the corresponding static forces and torques can be calculated from Equation 6.19.

As noted at the start of this section, Equation 6.19 calculates the static forces and torques
for a five-bar mechanism without gears. The inclusion of a gear pair or gear train, however,
will affect the calculated values of T, F,,, and F,,.

Including a gear pair or train in the five-bar mechanism reduces it to a single degree of
freedom. To achieve static equilibrium, a new torque is applied about a, (while the calcu-
lated torque Ty, is still applied about by). This new, gear-based torque (which we call T;))
includes T,, and T}, from Equation 6.19 and can be expressed as

Ta/o = Tao + ﬂTbo = Tao + 1Tbo (6.20)
10} r

where the gear ratio r is the ratio of the radius of the driven gear to the driving gear.

Therefore, with the inclusion of a gear pair or a gear train in the five-bar mechanism, the
static torque T, from Equation 6.20 replaces T,, from Equation 6.19, while the static torque
Ty, calculated from Equation 6.19 remains unchanged.

Figure 6.6a illustrates a gear pair used in the geared five-bar mechanism. By using a
gear pair, the links containing vectors W; and Uj rotate in opposite directions. The force
transmitted by Gear 2 (force F in Figure 6.6a) must be included among the components of
F,, and F,, calculated in Equation 6.19.

In Equations 6.21 and 6.22, the components of the transmitted gear pair force F (which is
calculated through the torque Ty, from Equation 6.19) are included in F,; and E,, respectively.

E, =F, T 5] =F, + T, 1”] (3 (6.21)
10} 1" 1‘

F,, = Fy, T 5] Foy — Ty | L1 ) 622)
16) ‘G1|

Figure 6.6b illustrates a three-gear train used in the geared five-bar mechanism.
By using a three-gear train, the links containing vectors W, and U, rotate in the same

* The radius of a gear is commonly referred to as the pitch radius (see Chapter 8).
¥ The gear train (Figure 6.6b) considered in this text for the geared five-bar mechanism is comprised of three
gears, where the middle gear and the gear affixed to a, have identical radii.
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FIGURE 6.6
(a) Gear pair and (b) three-gear train used in geared five-bar mechanism.

direction. The force transmitted by Gear 2 (force F in Figure 6.6b) must be included among
the components of F,; and F,, calculated in Equation 6.19.

In Equations 6.23 and 6.24, the components of the transmitted three-gear-train force F
(which is calculated through the torque T, from Equation 6.19) are included in F,; and F,,
respectively.

E,=F, + 5(31(5“@) =F,, + Ty, 3+/r el(rmg) (6.23)
1 r ‘Gl‘

Fl;[) = Fbo + hel(iﬂmg) = Fb[) + Tb() 3+ ‘r‘ EI(E-HMS) (624)
6] r ‘G1|

Therefore, with the inclusion of gears in the five-bar mechanism, the static forces Fa'0 and
Fﬁo from Equations 6.21 and 6.22 replace F,, and F,, calculated from Equation 6.19, when

a gear pair is included, while F,, and F,, from Equation 6.23 and 6.24 replace F,; and Fy,,
when a three-gear train is included.

Appendices C.3 and C.4 include the MATLARB file user instructions for geared five-bar
static force analysis (for two and three gears, respectively). In this MATLAB file (which is
available for download at www.crcpress.com/product/isbn/9781498724937), solutions for
Equation 6.19 and Equations 6.20 through 6.24 are calculated.

Example 6.3

Problem Statement: Using the Appendix C.4 MATLAB file, calculate the static forces
and driver torque generated in the geared five-bar mechanism in Tables E.6.7 and E.6.8
where a force of F,, =(—2500,-3000)N is applied at § =60°. The gear ratio is r =+2, and
the gravity is —9.81m/s?.

Known Information: Tables E.6.7, E.6.8, and Appendix C.4 MATLARB file.

Solution Approach: Figure E.6.4 includes the input specified (in bold text) in the
Appendix C.4 MATLAB file. Table E.6.9 includes the static forces and torques calculated
for the geared five-bar mechanism using the Appendix C.4 MATLAB file.
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TABLE E.6.7

Geared Five-Bar Mechanism Dimensions (with Link Lengths in m)

Wll 9 Vlr p ull Y SI/ c Glxl Gly Ll/ 8
0.5, 90° 0.75, 32.7304° 0.75, 45° 0.75, 149.9837° 0.75,0 0.5, 74.1400°
TABLE E.6.8
Geared Five-Bar Mechanism Dynamic Parameters (with Length in m and mass in kg)
R, 10.0831 m 22.54
R, 0.2558 +10.2955 my 29.785
R, -0.3247 +i0.1876 s 12.075
R, 0.0356 +i0.0356 "y 75.67

wl = 0.5*exp(i*90*pi/180);

V1 = 0.75%exp(i¥32. 7304*p1/180);

Gl = 0.75

ul = 0.7 5*exp(1*45* i/180);

L1l = 0.5*exp(i*74. 1400* pi/180);

sl = 0.75*exp(i*149.9847*p1/180);

ratio =

Fpl = [- 2500 -3000];

g =-9.81;

R1 = i*0.0831;

R2 = 0.2558 + i*0.2955;

R3 = -0.3247 + 1*0.1876;

R4 = 0.0356 + i*0.0356;

ml = 22.54;

m2 = 29.785;

m3 = 12.075;

m4 = 75.67;

start_ang = 0;

step_ang =1;

stop_ang = 60;
FIGURE E.6.4

Specified input (in bold text) in the Appendix C.4 MATLAB file for Example 6.3.

TABLE E.6.9

Calculated Geared Five-Bar Mechanism Static Forces (in N) and Torques (in N-m)

T, E, E, E, F,,
—2207 543.23,-1144.8 -543.23,-3173.8 -1956.8, -118.43 -1956.8, —236.88

T, Fs,
-1361.9 1956.8, -3560.5

6.6 Watt II Mechanism Analysis

Figure 6.7a illustrates a Watt III mechanism where forces F,, and E are apphed to the
intermediate link points p; and p1 Vectors R; through Rs pomt from ay, a3, by, a3, and by,
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FIGURE 6.7
(@) Watt IT mechanism and (b) link static forces and torque.

respectively, to the center of gravity of each link. To maintain static equilibrium, a torque
T,, is applied about the crank link revolute joint a,. Vectors R1 through R5 point from
ay a;, by, a;" and by respectively to the center of gravity of each link. The loads on the
individual Watt II mechanism link are illustrated in Figure 6.7b. Taking the sum of the
forces and moments for each link according to the static equilibrium conditions >F = 0
and >M = 0 produces two static equilibrium equations for each link. Expanding these two
equations and separating the force equation into two equations, where 2F, = 0 and XF, =
0, ultimately produces three static equilibrium equations for each link. Because the Watt
II mechanism includes the planar four-bar mechanism, the static equilibrium equations
given in Equations 6.2 and 6.4 are used for the crank and coupler links, respectively, of the
planar four-bar mechanism loop a,—a,—b,—b, in the Watt II mechanism.

Using the first two static equilibrium conditions for the follower link of the planar four-
bar mechanism loop a,— a,— b;— b, (where the moment sum is taken about b,) produces

Fbo + Fb1 + Fa} + m3g = 0
* 6.25)
UIXFbl +W1 Xth; +R3><m3g=0
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Expanding and separating Equation 6.25 produces

FbOx +F1,,h, +Fa;x =0

Fb(]y +Fb1y +Fa1y +7’1’l3g: 0

. oo . . e (6.26)
—th_lll Sil’l(G‘l"Yj)'FFblyul COS(G+’Yj)_Fa1XW1 sm(9 +[3j)+Fa1le COS(G +B])

+m3g(R3x cosy;—Rj, Sill'Y]'): 0

Since gravity is directed along the y-axis, the expansion of the cross product R; x m;g in
Equation 6.26 only includes the expansion of the product of m;¢ and the real component of
R3 where R3 = (R3x + iR3y )ewj.

Using the first two static equilibrium conditions for the coupler link of the planar four-
bar mechanism loop by —a; — b} — by (where the moment sum is taken about a,) produces

_Fai — Fb; + FP; + m4g = 0

. . (6.27)
—V1 XFb; +L1XFp; +R4><m4g=0
Expanding and separating Equation 6.27 produces
_Fﬂ;x - Pbix + FP;\' = 0
_Pa;., - Fbiy + Fp;./ T8 = 0
(6.28)

gwdmmﬁ+ab—%ﬂﬁmaﬁ+ab—5hmmm8+ab+5uﬁma$+ap
+m4g(R4x cosa; — Ry, sinoc;-) =0

Since gravity is directed along the y-axis, the expansion of the cross product Ry x m,g in
Equation 6.28 only includes the expansion of the product of m,¢ and the real component of
R4 where R4 = (R4X + iR4y )eiuj .

Using the first two static equilibrium conditions for the follower of the planar four-bar
mechanism loop by —a; — b; — b, (where the moment sum is taken about b,) produces

Fba + Fb1 + msg = 0

. (6.29)
U, xFE; +Rs xmsg=0
Expanding and separating Equation 6.29 produces
Fbax + Fbi; =0
Fy, + Fy, +1msg =0 (6.30)

—F; Upsin(c” +7))+ Pb;yui cos(c” +v;)+ m5g(R5X cosy; — Rs, sin y]) =0
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Since gravity is directed along the y-axis, the expansion of the cross product Rs x msg in
Equation 6.30 only includes the expansion of the product of msg and the real component
of R5; where R; = (Rs, + iR5y)eiY’.

Expressing Equations 6.2, 6.4, 6.26, 6.28, and 6.30 in a combined matrix form produces

0 1 0 1 0 0 o0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 -W, W, 0 0 0 0 0 0 0 O 0 0
0 0 O -1 0o 0 o0 -1 0 0 0 0 0 0 0
0 0 0 0 -1 0 O 0 -1 0 0 0 O 0 0
0 0 O 0 o 0 0 V -V 0 0 0 0 0 0
0 0 O 0 0 1 0 1 0 1 0 0 0 0 0
0 0 O 0 0 0 1 0 1 0 1 0 0 0 0
0 0 O 0 o o o0 -u u -w, W, 0 0 0 0
0 0 O 0 0O 0 O 0 0 -1 0 o 0 -1 0
0 0 O 0 0 0 O 0 0 0 -1 0 0 0 -1
0 0 0 0 0 0 o0 0 0 0 0 0 0 V; -V
0 0 0 0 0O 0 O 0 0 0 0 1 0 1 0
0 0 O 0 0O 0 O 0 0 0 0 0 1 0 1
0 0 0 0 0 0 O 0 0 0 0 o 0 -u, Uu

T, 0

E,. g

Fu, —mlg(R“ cosP; - Ry, sin[Sj)

Fulx _me

F’“}/ _Fply Mg

Fy, F,.L, —F,, L. —mg(Ra, cosa; — Ry, sina)

Fbﬂy 0
xX9q By, = —Mmsg

Fy, —m3g(R3X cosy;—Rs, sinyj)

F. T pix

Es, —F; —mg

B, E; L, ~E; L~ myg(Ry, cosct; — Ry, sinc)

E;, 0

qux —Msg

Fb;y —m5g(R5x cosy; — Rs, sin y])

(6.31)
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where:
variables W,, w,L,L,V,V,U, and U, are identical to those used in Equation 6.7 and

W; =W cos(0" +B;)
W, =W, sin(6" +B;)
L, =L cos(d +a;)

L, =Lisin(8" +a;)

Vi =V cos(p’ +a))
V, =Visin(p +aj)
U, =U; cos(c” +7;)
U, =Ujsin(c” +7;)

Equation 6.31 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown Watt II displacement angles ;, v, o, and y; are the same angles
calc*ulated from the planar four-bar displacement equations in Section 4.4.1. Given f;, o,
Y, oj, and 7; solutions, the corresponding static forces and torques can be calculated from
Equation 6.31.

Appendix C.5 includes the MATLAB® file user instructions for Watt II static force analy-
sis. In this MATLARB file (which is available for download at www.crcpress.com/product/

isbn/9781498724937), solutions for Equation 6.31 are calculated.

Example 6.4

Problem Statement: Using the Appendix C.5 MATLARB file, calculate the static forces and
torque generated in the Watt II mechanism in Tables E.6.10 and E.6.11 where forces of
F,, =(2500,3000)N and F;; = (~1500,2000)N are applied at B=100° and the gravity is
-9.81m/s2.

Known Information: Tables E.6.10, E.6.11, and Appendix C.5 MATLARB file.

Solution Approach: Figure E.6.5 includes the input specified (in bold text) in the
Appendix C.5 MATLAB file. Table E.6.12 includes the static forces and torque calculated
for the Watt II mechanism using the Appendix C.5 MATLAB file.

TABLE E.6.10

Watt II Mechanism Dimensions (with Link Lengths in m)

w,, 0 Vi, p u,o G Gy L,d
0.5, 90° 0.75,19.3737° 0.75,93.2461° 0.75,0 0.5, 60.7834°
Wy, 0% Vi, p¥ u;, o* Gix,Gyy Ly, 8%

0.5, 45° 0.75, 7.9416° 0.75, 60.2717° 0.7244, -0.1941 0.5, 49.3512°
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TABLE E.6.11
Watt II Mechanism Dynamic Parameters (with Length in m and Mass in kg)
R, i0.25 m 8.05
R, 0.3172 +i0.2284 My 29.785
R; 0.1037 +i0.3675 "y 33.81
R, 0.3562 +i0.161 un 29.785
Rs 0.186 +i0.3257 s 12.075

wl = 0.5*exp(i*90*pi/180);

vl = 0.75%exp(i*19.3737*p1/180);

Gl = 0.75;

ul = 0. 75*exp(1*93 2461*pi/180);

L1 = 0.5*exp(i*60.7834*p1/180);

wls = 0.5%exp(i*45*pi/180);

Vls = 0.75*exp(i*7. 9416%pi/180);

Gls = 0.7244 - i*0.1941;

Uls = 0.75*exp(i*60. 2717*p1 /180);

Lls = 0.5*exp(i*49.3512%*pi/180);

Fpl = [2500, 3000];
Fpls = [-1500, 2000];

g = -9.81;

R1 = i*0.25;

R2 = 0.3172 + i*0.2284;

R3 = 0.1037 + i*0.3675;

R4 = 0.3562 + i*0.161;

R5 = 0.1860 + i*0.3257;

ml = 8.05;

m2 = 29.785;

m3 = 33.81;

m4 = 29.785;

m5 = 12.075;

start_ang = 0;

step_ang =1;

stop_ang = 100;
FIGURE E.6.5

Specified input (in bold text) in the Appendix C.5 MATLAB file for Example 6.4.

TABLE E.6.12

Calculated Watt II Mechanism Static Forces (in N) and Torque (in N-m)

Tao Fan an
13235 —412.06, -2721 —741.83,211.14
F, W s

2087.9,-92.193

-1346.1,212.73

153.89, -1376.6

-153.89, 1495.1
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6.7 Stephenson III Mechanism Analysis

Figure 6.8a illustrates a Stephenson Il mechanism where a force E;; is applied to the inter-
mediate link point. p; To maintain static equilibrium, a torque Ta[) is applied about the
crank link revolute joint a,. Vectors R, through Rs point from ay, a;, by, p1, and by, respec-
tively, to the center of gravity of each link. The loads on the individual Stephenson III
mechanism link are illustrated in Figure 6.8b. Taking the sum of the forces and moments
for each link according to the static equilibrium conditions 2F =0 and XM =0 produces two
static equilibrium equations for each link. Expanding these two equations and separating
the force equation into two equations, where >F, =0, ZFy = 0, ultimately produces three

FIGURE 6.8
(a) Stephenson III mechanism and (b) link static forces and torque.
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static equilibrium equations for each link. Because the Stephenson III mechanism includes
the planar four-bar mechanism, the static equilibrium equations given in Equations 6.2,
6.4, and 6.6 are used for the crank and coupler links, respectively, of the planar four-bar
mechanism loop a,— a,— b,— b, in the Stephenson III mechanism.

Using the first two static equilibrium conditions for the dyad link containing vector R,
(where the moment sum is taken about p;) produces

_Fpl — Fb; + FPE +myg = 0

. . (6.32)
-V XFbi +L; XFp’i +R4><m4g=0
Expanding and separating Equation 6.32 produces
_F,le - th + Fpix = 0
_F,Uly — Fbiy + Frﬁy + myg = 0
(6.33)

F. Visin(p +0})- E; Vi cos(p'+aj)— F; Lysin(8" +as)+ E. L cos(8" +a))

+m4g(R4X cosa; — Ry, sinoc;) =0

Since gravity is directed along the y-axis, the expansion of the cross product Ry x m,g in
Equation 6.33 only includes the expansion of the product of m,¢ and the real component of
R, where R, = (R4X + iR4y)eia7.

Using the first two static equilibrium conditions for the dyad link containing vector Rs
(where the moment sum is taken about b, produces

Fba +Fb1 +m5g =0

. (6.34)
Ul XFb; +R5><m5g=0.
Expanding and separating Equation 6.34 produces
Fng + th =0
Fy, +F;, +msg=0 (6.35)

~F; Uisin(c™ +7;)+ E; Ui cos(c” +7v})+ msg(Rs, cos ¥; — Rs, siny; ) = 0.

Since gravity is directed along the y-axis, the expansion of the cross product Rs x msg in
Equation 6.35 only includes the expansion of the product of ;¢ and the real component of

R; where R; = (R5x + iR5y)eiY}.
Expressing Equations 6.2, 6.4, 6.6, 6.33, and 6.35 in a combined matrix form produces
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where:
variables W,, W,

w

L. =L, COS(S* + OL;-)

bl)x
E,
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0 0 O 0 0 0 0
1 0 O 0 0 0 0
W, 0 O 0 0 0 0
0 0 O -1 0 1 0
-1 0 O 0 -1 0 1
0 0 O V, -V. -L, L
0 1 0 1 0 0 0
0 0 1 0 1 0 0
0 o o0 -u, Uu 0 0
0 0 O 0 0 -1 0
0 0 O 0 0 0 -1
0 0 O 0 0 0 0
0 0 O 0 0 0 0
0 0 O 0 0 0 0
0 0 O 0 0 0 0
0
_mlg
—mlg(Rlx COs B] - Rly sin B])
0
_ng

—ng(sz COS(X]' - RZy Sm(xl)
0
_m3g

—msg(Rgx cosY;—Rs, Si-an)

Pylrx
—Pp;y —Myg

Ly~ F,;, Lo —myg Ry, cosrj — Ryy sin o))

0
_msg

—m5g(R5x cosy; — Rs, sin y])

SO OBk O OO0 OO0 oo oo o

O PO O OO0 OO O OO o oo o

O OO OO O O oo

O OO O OO o O oo

(6.36)

L,L,v,Vv,u, and U, are identical to those used in Equation 6.7
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L, =L;sin(8 +o)

Ve=V, cos(p* +0L})
V, =Visin(p’+0;)
U, =U; cos(c” +7;)
U, =Ujsin(c” +7j)

Equation 6.36 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown Stephenson III displacement angles o, v, (x;, and y; are the same
angles calculated from the Stephenson III displacement equations in Sections 4.4.1 and
4.8.1. Given §, o, v, oc}, and y; solutions, the corresponding static forces and torques can be
calculated from Equation 6.36.

Appendix C.6 includes the MATLAB file user instructions for Stephenson III static force
analysis. In this MATLAB file (which is available for download at www.crcpress.com/
product/ isbn/9781498724937), solutions for Equation 6.36 are calculated.

Example 6.5

Problem Statement: When vector W; of the Stephenson III gripper mechanism is rotated
by B =40°, a reaction force of FP»1 = (0,— 40)N is applied. Tables E.6.13 and E.6.14 include
the dimensions and mass properties of Stephenson III gripper mechanism in the initial
position (Figure E.6.6). Gravity is —9.81m/s?. Using the Appendix C.6 MATLARB file, cal-
culate the static torque and forces generated in the gripper mechanism.

Known Information: Tables E.6.13, E.6.14, and Appendix C.6 MATLARB file.

Solution Approach: Figure E.6.7 includes the input specified (in bold text) in the
Appendix C.5 MATLAB file. Table E.6.15 includes the static torque and forces calculated
for the Stephenson III gripper mechanism using the Appendix C.6 MATLARB file.

TABLE E.6.13

Gripping Mechanism Dimensions in Initial Position (with Link Lengths in m)

Wi, 0 Vi, p u,,oc G1x,Gyy Ly,d
0.0136, —64.4543° 0.0097, 57.2740° 0.0190, 84.2513°  0.0092, -0.023 0.0061, —143.6057°
Lklr 6* Vl*rp’r U;IG* G;er;y

0.0222, -5° 0.0058, -125.7782°  0.03, —42.1315° —-0.0339, 0.0225

TABLE E.6.14

Stephenson III Mechanism Dynamic Parameters (with Length in m and Mass in kg)

R, 0.0029 - i0.0061 m 8
R, —0.0058 +i0.0103 n, 45
R; 0.001 + #0.0095 ;3 8
R, 0.0128 - i0.0055 My 45

Rs 0.0111 - i0.01 s 18
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FIGURE E.6.6
Specified input (in bold text) in the Appendix C.5 MATLAB file for Example 6.5.

TABLE E.6.15
Calculated Gripping Mechanism Static Forces (in N) and Torque (in N-m)

T, E, E, Ey,

3.2998 —1489.3, 983.37 1489.3, -904.89 338.3, 430.88

Fy, E,, E,. F

bo b

-338.3, -352.4 1151, -815.83 1151, -157.8 —-1151, 334.38

0.0136%exp(i*-64.4543%pi/180);
0.0097*exp(i*57.2740%p1/180);
0.0092 - 1*0.023;
0.019*exp(i*84. 2513* pi/180);
0.0061*exp(-i1*143. 6057*p1/180),

0.0058*exp(-i*125. 7782*p1/180),
-0.0339 + 1*0.0225
0.03*exp(-i*42. 1315*p1/180),

0. 0222*exp( i*5%pi/180);

Fpls = [0, -40];
g = -9.81;

(9]
[uiy
I n

Vls

(9}

=

%
I

R1 = 0.0029 - i*0.0061;

R2 = -0.0058 + i*0.0103;

R3 = 0.001 + i*0.0095;

R4 = 0.0128 - i*0.0055;

R5 = 0.0111 - i*0.01;

ml = 8;

m2 = 45;

m3 = 8;

m4 = 45;

m5 = 18;

start_ang = 0;

step_ang =1;

stop_ang = 40;
FIGURE E.6.7

Specified input (in bold text) in the Appendix C.5 MATLAB file for Example 6.5.
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6.8 Planar Mechanism Static Force Analysis
and Modeling in SimMechanics®

As has been noted throughout this chapter, Appendices C.1 through C.6 include user
instructions for the planar four-bar, slider-crank, geared five-bar, Watt II, and Stephenson
III mechanism MATLAB files, respectively. In these files, the static force and torque equa-
tions formulated in this chapter are solved. These MATLAB files provide a means for
the user to efficiently conduct planar four-bar, slider-crank, geared five-bar, Watt II, and
Stephenson 1II static force analyses by solving their displacement equations along with
their static force and torque equations.

This textbook also utilizes SimMechanics as an alternate approach for simulation-based
static force analysis. A library of SimMechanics files is available for download at www.
crcpress.com/product/isbn/9781498724937 to conduct static force analyses on the planar
four-bar, slider-crank, geared five-bar, Watt II, and Stephenson III mechanisms. With these
files, the user specifies the mechanism link dimensions, mass properties, applied loads,
driving link parameters, and the static forces and torques at the mechanism locations
of interest are measured. The SimMechanics file user instructions for the planar four-
bar, slider-crank, geared five-bar, Watt II, and Stephenson III mechanisms are given in
Appendices 1.1 through 1.6, respectively.

While the user can specify input according to any unit type for length, force, and torque
in the Appendix C MATLARB files, only two groups of dimensions are available in the
Appendix I MATLARB files. The user can specify length, mass, and force quantities in
either inch, pound-mass, and pound-force, respectively (the U.S. system), or meter, kilogram,
and Newton, respectively (the S.I. system). The user also has the option in the Appendix |
files to convert U.S. system input to S.I. system output and vice versa.

Example 6.6

Problem Statement: Repeat Example 6.1 using the Appendix 1.1 SimMechanics files.
Known Information: Example 6.1 and Appendix 1.1 SimMechanics files.
Solution Approach: Figure E.6.8 includes the input specified (in bold text) in the
Appendix 1.1 SimMechanics file. Table E.6.16 includes the static torque and forces

unit_select = 'SI';

wl = 0.2013*exp(-i*157.8291*pi/180);
vl = 0.1583*exp(-i*150. 1267*p1/180),
Gl = -0.0876 - 1*0.4071

Ul = 0.3455*exp(i*133. 0953*p1/180),
L1 = 0.27*exp(i%*4.7572%pi1/180);

Fpl = [0, 4500];
g =-9.81

R1 = -0.0932 - i*0.038;
R2 = 0.0955 + i*0.0159;
R3 = -0.118 + i*0.1261;
ml = §;

m2 = 40;

m3 = 12;

start_ang = 0;
step_ang =1;
stop_ang = 60;

FIGURE E.6.8

Specified input (in bold text) in the Appendix .1 SimMechanics file for Example 6.6.
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TABLE E.6.16

Calculated Stamping Mechanism Static Forces (in N) and Torque (in N-m) (Appendix L.1)
T, E,, E, Fo, Fy,

162.19 73.51, -5341 —74.51, 5419.5 —73.51,1429.6 73.51,-1311.9

calculated for the planar four-bar stamping mechanism using the Appendix 11
SimMechanics files.

Example 6.7

Problem Statement: Repeat Example 6.2 using the Appendix 1.2 SimMechanics files.
Known Information: Example 6.2 and Appendix 1.2 SimMechanics files.
Solution Approach: Figure E.6.9 includes the input specified (in bold text) in the
Appendix 1.2 SimMechanics file. Table E.6.17 includes the static torque and forces
calculated for the slider-crank mechanism using the Appendix 1.2 SimMechanics files.

Example 6.8

Problem Statement: Repeat Example 6.3 using the Appendix 1.4 SimMechanics files.
Known Information: Example 6.3 and Appendix 1.4 SimMechanics files.
Solution Approach: Figure E.6.10 includes the input specified (in bold text) in the
Appendix 1.4 SimMechanics file. Table E.6.18 includes the static torque and forces cal-
culated for the geared five-bar mechanism using the Appendix 1.4 SimMechanics files.

unit_select = ' SI';
Lwl = 0.04;

theta = 45%pi/180;
LUl = 0;

Lvl = 0.06;

F = [_505 0]!

mu = 0.1;

g = -9.81;

R1 = 0;

R2 = 0.0265 - i*0.0141;
ml = 0.05;

m2 = 0.025;

m3 = 0.075;
start_ang = 0;
step_ang = 1;
stop_ang = 0;
FIGURE E.6.9

Specified input (in bold text) in the Appendix 1.2 SimMechanics file for Example 6.7.

TABLE E.6.17

Calculated Slider-Crank Mechanism Static Forces (in N) and Torque (in N-m)
(Appendix 1.2)

Tag Fag Fal Fbl E normal Ffriclion

—2.053 47.381, -24.714 —47.381, 25.204 47.381, —25.449 26.815 2.6185
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unit_select = ' SI';

wl 0.5*%exp(i*90*pi/180);

V1 = 0.75%exp(i*32.7304*pi/180);
Gl = 0.75;

Ul = 0.75%exp(i*45*pi/180);

L1 = 0.5%*exp(i*74.1400%*p1i/180);
S1 = 0.75%exp(i*149.9847%*pi/180);
ratio = 2;

Fpl = [-2500,-3000];

g = -9.81;

R1 = i*0.0831;

R2 = 0.2558 + i*0.2955;

R3 = -0.3247 + i*0.1876;

R4 = 0.0356 + i*0.0356;

ml = 22.54;

m2 = 29.785;

m3 = 12.075;

m4 = 75.67;

start_ang = 0;

step_ang = 1;

stop_ang = 60;

FIGURE E.6.10

Specified input (in bold text) in the Appendix I.4 SimMechanics file for Example 6.8.

TABLE E.6.18

Calculated Geared Five-Bar Mechanism Static Forces (in N) and Torques (in N-m)
(Appendix 1.4)

Ta/o Fa’o Fal FC1 Fbl

-2206.9 543.08, -1145.2 —543.08, -3173.7 -1956.9, —-118.51 -1956.9, -236.97
Tbn Fl;n

-1362 1956.9, —-3560.7

Example 6.9

Problem Statement: Repeat Example 6.4 using the Appendix 1.5 SimMechanics files.
Known Information: Example 6.4 and Appendix 1.5 SimMechanics files.
Solution Approach: Figure E.6.11 includes the input specified (in bold text) in the
Appendix 15 SimMechanics file. Table E.6.19 includes the static torque and forces
calculated for the Watt I mechanism using the Appendix 1.5 SimMechanics files.

Example 6.10

Problem Statement: Repeat Example 6.5 using the Appendix 1.6 SimMechanics files.

Known Information: Example 6.5 and Appendix 1.6 SimMechanics files.

Solution Approach: Figure E.6.12 includes the input specified (in bold text) in the
Appendix 1.6 SimMechanics file. Table E.6.20 includes the static torque and forces
calculated for the Stephenson III mechanism using the Appendix 1.6 SimMechanics
files.

203
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unit_select = 'SI';

wl = 0.5*exp(i*90*pi/180);

vl = 0 75*exp(i*19. 3737*p1/180),
Gl = 0.75;

ul = 0. 75*exp(1*93 2461*pi/180);
L1 = 0.5*exp(i*60. 7834*p1/180),
wls = 0. 5*exp(1*45*p1/180)

Vls = 0.75%exp(i*7. 9416*p1/180),
Gls = 0.7244 - i%*0.1941

Uls = 0.75*exp(i*60. 2717*p1/180),
Lls = 0.5%exp(i*49.3512*pi/180);

Fpl = [2500, 3000];
Fpls = [- 1500 20007 ;

= -9.81;
R1 = i*0.25;
R2 = 0.3172 + i*0.2284;
R3 = 0.1037 + i*0.3675;
R4 = 0.3562 + i*0.161;
R5 = 0.1860 + i*0.3257;
ml = 8.05;
m2 = 29.785;
m3 = 33.81;
m4 = 29.785;
m5 = 12.075;
start_ang = 0;
step_ang =1;
stop_ang = 100;

FIGURE E.6.11

Specified input (in bold text) in the Appendix 1.5 SimMechanics file for Example 6.9.

TABLE E.6.19

Calculated Watt I Mechanism Static Forces (in N) and Torque (in N-m) (Appendix 1.5)

T, E, F, Fy,

1323.5 —-412.12,-2721.1 412.12, 2800 —741.85, 211.25

Fy, E; E, F;

2087.9,-92.227 —1346, 212.65 153.97, -1376.7 -153.97,1495.2
——

6.9 Summary

In terms of structural force analyses for mechanical systems, a static force analysis is the
most basic type of force analysis to consider beyond kinematics. In this type of analysis,
loads are considered for each mechanism link according to Newton’s first law (3F = >M =0).
In this chapter, static force and moment equations are formulated for the planar four-bar,
slider-crank, geared five-bar, Watt II, and Stephenson Il mechanisms. These equations
form sets of linear simultaneous equations that are solved to determine the static forces
and torques present at each mechanism joint. The Appendix C.1 through C.6 MATLAB files
provide a means for the user to efficiently conduct planar four-bar, slider-crank, geared five-
bar, Watt II, and Stephenson III static force analyses by solving their displacement equations
(from Chapter 4) along with their linear simultaneous equation sets.
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unit_select = 'SI';

wl = 0.0136*exp(i*-64.4543*pi/180);
vl = 0.0097*exp(i*57.2740%pi/180);

Gl = 0.0092 - 1*0.023;

UL = 0.019%exp(i*84. 2513+% pi/180);

L1 = 0.0061*exp(-i*143. 6057*p1/180),
Vls = 0.0058*%exp(-i*125.7782*%pi/180);
Gls = -0.0339 + i*0.0225;

Uls = 0.03*exp(-i*42. 1315*p1/180),
Lls = 0.0222*exp(-i*5%pi/180);

Fpls = [0, -40];
9.81;

g = -

R1 = 0.0029 - i*0.0061;

R2 = -0.0058 + i*0.0103;

R3 = 0.001 + i*0.0095;

R4 = 0.0128 - i*0.0055;

R5 = 0.0111 - i*0.01;

ml = 8;

m2 = 45;

m3 = 8;

m4 = 45;

m5 = 18;

start_ang = 0;

step_ang =1;

stop_ang = 40;
FIGURE E.6.12

Specified input (in bold text) in the Appendix 1.6 SimMechanics file for Example 6.10.

TABLE E.6.20

Calculated Gripping Mechanism Static Forces (in N) and Torque (in N-m) (Appendix 1.6)
T, E, E, By,

3.3492 —1481.1, 983.65 1481.1, -905.17 337.68, 429.88
Fy, E, E; Ey;
—337.68, —351.4 1143.5, -815.12 1143.5, -157.09 -1143.5, 333.67

This textbook also utilizes SimMechanics as an alternate approach for simulation-based
static load analyses. Using the Appendix 1.1 through 1.6 SimMechanics files, the user can
conduct static load analyses on the planar four-bar, slider-crank, geared five-bar, Watt II,
and Stephenson III mechanisms, respectively, as well as simulating mechanism motion.
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Problems

1. Figure P.6.1 illustrates a planar four-bar mechanism used to guide a hatch from the
closed-hatch position to the opened-hatch position. When the opened-hatch position
is reached, a static force of E,, =(0,4500)N is applied at the displaced p; (labeled
p2 in Figure P6.1). The dimensions for the illustrated mechanism are included in
Table P.6.1. The masses of the crank, coupler, and follower links are m; =5, m, =63,
and m; =7 kg, respectively, and the link center of mass vectors are R, = -1.0629 +

P
\
3 \
3 Ui
N L |
= v, !
& :
S 1G
= 1
= \
Wy v hatch fully opened
1
AV
P2 .
|
l
90°
sz ‘ X

FIGURE P.6.1
Hatch mechanism.
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TABLE P.6.1

Hatch Mechanism Dimensions (with Link Lengths in m)

W4, 0 Vi,p u,,o G1x,Gyy L,
4.4127,118.7982° 1.0214,101.2268° 2.2807, 225.1319° —0.7156, 6.4851 4.1345,139.4559°

i1.9335, R, = -2.6808 +i0.5954, and R; =—0.8045-0.8082m. Gravity is —9.81m/s
Considering a crank rotation of —30° determine the crank static torque and joint
forces produced at the opened-hatch position (using the Appendix C.1 or 1.1 file).

2. Figure P.6.2 illustrates a planar four-bar mechanism used to guide a bucket from
the loading bucket position to the unloading position. When the unloading
position is reached, a static force of E,, =(0,-2250) N is applied at the displaced
p: (labeled p, in Figure P6.2). The dimensions for the illustrated mechanism
are included in Table P.6.2. The masses of the crank, coupler, and follower links
are my = 8.75, my, =58, and m; =10 kg, respectively, and the link center of mass

unloading bucket
position

L

[’1=

loading bucket
position

FIGURE P.6.2
Loading—unloading mechanism.

TABLE P.6.2

Loading-Unloading Mechanism Dimensions (with Link Lengths in m)

W, 0 Vi,p u,,o Gix,Gyy Ly,d
4.4109, 136.588° 0.5973, 70.2408° 3.7227,259.5885° —2.3295,7.2548 3.2581, 179.5331°
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vectorsareR; = -1.6021+i1.5157,R, =-1.7147 — i1.0699, and R; = —0.3364 — i1.8307
. Gravity is —9.81m/s?. Considering a crank rotation of —30° determine the crank
static torque and joint forces produced at the unloading bucket position (using the
Appendix C.1 or 11 file).

. Figure P.6.3 illustrates a planar four-bar mechanism used to guide a digging

bucket from the initial position to the final position. When the final digging posi-
tion is reached, a static force of F,, =(-3500,—4500)N is applied at the displaced
p: (labeled p, in Figure P6.3). The dimensions for the illustrated mechanism
are included in Table P.6.3. The masses of the crank, coupler, and follower links
are my; = 8, m, =45, and m; =10 kg, respectively, and the link center of mass vec-
tors are R; =-1.4003-10.7392, R, =—4.7688+i0.7191, and R; =-1.3785-11.8621.
Gravity is —9.81 m/s% Considering a crank rotation of —57.4°, determine the crank
static torque and joint forces produced at the opened-hatch position (using the
Appendix C.1 or L1 file).

. Figure P.6.4 illustrates a planar four-bar mechanism used to guide a compo-

nent from the initial position to the assembled position. When the assembled
position is reached, a static force of F,, =(5500,0)N is applied at the displaced
p: (labeled p, in Figure P.6.4). The dimensions for the illustrated mechanism
are included in Table P.6.4. The masses of the crank, coupler, and follower links
are my =40, m, =145, and m; =20 kg, respectively, and the link center of mass
vectors are R;=0.853-1i0.9935, R, =2.3858+i0.3974, and Rj;=-0.183-1i0.4496.
Gravity is —9.81m/s?. Considering a crank rotation of 66.375° determine the crank
static torque and joint forces produced at the assembled position (using the
Appendix C.1 or 11 file).

initial digging
position

final digging | P2
position
90°

ground

FIGURE P.6.3
Digging mechanism.

TABLE P.6.3

Digging Mechanism Dimensions (with Link Lengths in m)

Wi, 0

Vi,p u,,o Gix, Gy L,,d

3.1669, 207.829° 4.1266, 187.8282° 4.6337,233.487° —4.1317, 1.6837 3.9721, 202.3921°
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FIGURE P.6.4
Component-assembly mechanism.
TABLE P.6.4
Component Assembly Mechanism Dimensions (with Link Lengths in m)
]/\]lre Ver ulIG GlerIy Llr6
2.619, 310.6493° 1.3708, 89.216° 0.9708, -112.147° 2.0908, 0.2827 4.1467,0.7042°
TABLE P.6.5
Planar Four-Bar Mechanism Configuration (with Link Lengths in m)
ere Vllp ullc Glxlcly L116
0.2153, 90° 0.246, -16.0138° 0.246, 58.1173° 0.1066, —0.0615 0.246,12.9412°
E,, (N) R; ~R; my ~ ms
-150, -150 0 0

5. As presented in Section 3.4, the total force on the follower link of a planar four-bar

mechanism is Fijower = \/be,x +F;, = \/Fbi +F;,, and the transverse and columnar

forces on the follower are Fyjower SIN(T) and Fopower COS(T), respectively. Knowing
this, calculate the minimum and maximum transmission angles (use a 1° crank
rotation increment) and the corresponding follower transverse and columnar
loads for the planar four-bar mechanism configuration in Table P.6.5 (using the
Appendix C.1 or 11 file). Gravity is to be neglected in this problem.

. Figure P.6.5 illustrates a planar four-bar mechanism used to guide a wing from
the folded position to the extended position. When the extended position is
reached, a static force of F,, =(0,~1600)N is applied at the displaced p; (labeled
p: in Figure P.6.5). The dimensions for the illustrated mechanism are included
in Table P.6.6. The masses of the crank, coupler, and follower links are
my =35, my =100, and m; = 25kg, respectively, and the link center of mass vectors
are R, =0.2398 +12.1116, R, = 0.8673 +i0.8333, and R; =0.1929 —i1.7563. Gravity
is —-9.81m/s?. Considering a crank rotation of —35° determine the crank static
torque and joint forces produced at the extended position (using the Appendix C.1
or L1 file).
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fully folded position

L

P2
W
fi

ully extended position

FIGURE P.6.5
Folding-wing mechanism.

TABLE P.6.6

Folding Wing Mechanism Dimensions (with Link Lengths in m)

W, Vi U, G, L,

0.4795 +14.2231 —0.7524 —i1.143 0.3857 —i3.5125 -0.6586 +6.5927 0.5555 +10.8439

7. Figure P.6.6 illustrates a planar four-bar mechanism used to guide a latch from
the released position to the applied position. When the applied position is
reached, a static force of Fy,, =(5000,0)N is applied at the displaced p; (labeled
p2 in Figure P.6.6). The dimensions for the illustrated mechanism are included
in Table P6.7. The masses of the crank, coupler, and follower links are
my =8, my, =17, and m; = 5kg, respectively, and the link center of mass vectors
are Ry =1.3729-11.0192, R, =2.2199+3.7677, and R, = 1.152 - i0.3437. Gravity is
—9.81m/s% Considering a crank rotation of 70° determine the crank static torque
and joint forces produced at the applied position (using the Appendix C.1 or L1 file).

8. Figure P6.7 illustrates a planar four-bar mechanism used to guide a lower
cutting blade from the open position to the close position. When the close
position is reached, a static force of F,, =(0,—22)N is applied at the displaced
p: (labeled p, in Figure P.6.7). The dimensions for the illustrated mechanism
are included in Table P.6.8. The masses of the crank, coupler, and follower links are
my =15,m, =75 and m; = 30 kg, respectively, and the link center of mass vectors are
R; =-0.0498 +10.7196, R, =1.8244 —i1.4446, and R; =1.1707 +i0.5269. Gravity is
—9.81m/s2 Considering a crank rotation of —45°, determine the crank static torque
and joint forces produced at the close position (using the Appendix C.1 or 1.1 file).
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Fi
/
latch fully applied ~ i 5%

latch fully released

F,
P
. )
U,
FIGURE P.6.6
Latch mechanism.
TABLE P.6.7
Latch Mechanism Dimensions (with Link Lengths in m)
Wi Vi U, G, L,
2.7459 —i2.0384 1.8305 —i0.8899 2.3039 —i0.6875 2.2725 —i2.2408 4.1783 +i5.334
upper blade
sz
p ] /
lower blade

(close position)

lower blade
(open position)

FIGURE P.6.7
Cutting-blade mechanism.

TABLE P.6.8
Cutting Blade Mechanism Dimensions (with Link Lengths in m)

W Vi U, G: L,

—0.0997 +i1.4392 —0.6134 +i1.3743 2.3413 +11.0538 —-3.0544 +i1.7597 2222 -11.111
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fully applied
brake pad

20°
—— |

P, P2

fully released

brake pad
FIGURE P.6.8
Brake-pad mechanism.
TABLE P.6.9
Brake Pad Mechanism Dimensions (with Link Lengths in m)
W, A\ U, G, L,
0.5322 +i0.9695 -1.6049 —11.2391 —0.4555 +i0.5396 -0.6171 —i0.8093 0.899 +i1.2002

9. Figure P.6.8 illustrates a planar four-bar mechanism used to guide a brake
pad from the released position to the applied position. When the applied posi-
tion is reached, a static force of E,, =(222,0)N is applied at the displaced p;
(labeled p, in Figure P.6.8). The dimensions for the illustrated mechanism are
included in Table P.6.9. The masses of the crank, coupler, and follower links are
my =8, my =12, and m; =5 kg, respectively, and the link center of mass vectors
are R; =0.2661+i0.4847, R, =1.1785+11.0948, and R; = -0.2278 +i0.2698. Gravity
is —9.81m/s?>. Considering a crank rotation of 40° determine the crank static
torque and joint forces produced at the applied position (using the Appendix C.1
or L1 file).

10. Calculate the static forces and torque for the planar four-bar mechanism in
Example 6.1 where E,, = (—1500, 4500)N (using the Appendix C.1 or 1.1 file).
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gripper fully closed

FIGURE P.6.9
Gripper mechanism.

TABLE P.6.10

Gripper Mechanism Dimensions (with Link Lengths in m)

W, Vi U G, L,

—0.405 —i0.801 1.3998 —i0.4425 0.7481 +i0.4728 0.2466 —i1.7163 3.375+1i4.25

11. Figure P.6.9 illustrates a planar four-bar mechanism used to guide a gripper from
the open position to the close position. When the close position is reached, a static
force of E,, = (O,900)N is applied at the displaced p; (labeled p, in Figure P.6.9). The
dimensions for the illustrated mechanism are included in Table P.6.10. The masses
of the crank, coupler, and follower links are m; =12, m, =30, and m; =10 kg,
respectively, and the link center of mass vectors are R;=-0.2025-10.4005,
R, =1.7259 +i3.1249, and R; = 0.3741+i0.2364. Gravity is —9.81 m/s% Considering
a crank rotation of 50°, determine the crank static torque and joint forces produced
at the close position (using the Appendix C.1 or L1 file).

12. Figure P.6.10 illustrates a planar four-bar mechanism used to guide a stamping
tool from the released position to the applied position. When the close position
is reached, a static force of E,, = (0,9000 N is applied at the displaced p, (labeled
p: in Figure P.6.10). The dimensions for the illustrated mechanism are included
in Table P6.11. The masses of the crank, coupler, and follower links are
my = 25,m, =120,andm; = 25kg, respectively, and thelink center of mass vectorsare
R, =-0.9319-10.3798, R, =0.955+i0.1593, and R;=-1.1589+i0.4722. Gravity
is —9.81m/s%. Considering a crank rotation of 60° determine the crank static
torque and joint forces produced at the applied position (using the Appendix C.1
or L1 file).

13. Repeat Problem 3 where F,, = (O,— 5700)N.
14. Repeat Problem 4 where F,, = (5500,2000)N.
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stamping tool
released

stamping tool
applied

blank

FIGURE P.6.10
Stamping mechanism.

TABLE P.6.11

Stamping Mechanism Dimensions (with Link Lengths in m)

W, Vi U, G, L,
—-1.8638 —i0.7595 —-1.8068 —i0.9841 —2.3177 +0.9444 -1.3529 —i2.688 2.6903 +i0.2239

15. Repeat Problem 7 where F,, = (5000,2500)N.

16. Calculate the static forces and torque for the slider-crank mechanism configura-
tion in Table P.6.12 when the crank is rotated 45° (using the Appendix C.2 or 1.2
file). The masses of the crank, coupler, and slider links are m, =2.5, m, =7.5 and
my =5.5 kg, respectively, and the link center of mass vectors are R; =i0.15 and
R, =0.477 —10.15. Gravity is —9.81 m/s%

17. Calculate the minimum and maximum crank link static torque magnitude T,|
and the corresponding crank displacement angles for the slider-crank mechanism
configuration in Table P.6.13 (using the Appendix C.2 or 1.2 file). Consider a com-
plete crank rotation cycle at 1° crank rotation increments. The masses of the crank,
coupler, and slider links are m, = 0.025 , m, = 0.015, and m; = 0.015 kg, respectively,

TABLE P.6.12
Slider-Crank Mechanism Configuration (with Link Lengths in m)

Wi, 0 Vi u, U F(N)
0.3, 90° 1 0 0.45 300, 100
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TABLE P.6.13

Slider-Crank Mechanism Configuration (with Link Lengths in m)

Wi, 6 Vi u, p F (N)
0.03,90° 0.09 0 0.35 —-60, —20
TABLE P.6.14

Slider-Crank Mechanism Configuration (with Link Lengths in m)

Wi, 0 v u, m F (N)
0.0635, 45° 0.2 -0.035 0.5 400, 0

18.

19.

20.

21.

and the link center of mass vectors are R; =i0.015 and R, = 0.0424 —i0.015. Gravity
is —9.81 m/s?.

Calculate the static forces and torque for the initial position of the slider-crank mech-
anism configuration in Table P.6.14 (using the Appendix C.2 or 1.2 file). The masses
of the crank, coupler, and slider links are m; = 0.025, m, = 0.035, and m; = 0.025kg,
respectively, and the link center of mass vectors are Ry =0.0225+70.0225 and
R, =0.0917 —i0.04. Gravity is —9.81 m/s%

Calculate the minimum and maximum crank link static torque magnitude T,,
and the corresponding displacement angles for the slider-crank mechanism con-
figuration in Table P.6.15 (using the Appendix C.2 or 1.2 file). Consider a complete
crank rotation cycle at 1° crank rotation increments. The masses of the crank, cou-
pler, and slider links are m; = 0.012, m, = 0.01, and m; = 0.012 kg, respectively, and
the link center of mass vectors are R, =i0.015 and R, = 0.045. Gravity is —9.81m/s2.
Consider a complete crank rotation cycle at 1° crank rotation increments.

Calculate the static forces and torque for the slider-crank mechanism in
Example 6.2 (using the Appendix C.2 or 1.2 file) where F = (—100,— 25)N.

Calculate the static forces and torques for the initial position of the geared five-bar
mechanism configuration in Table P.6.16 (using the Appendix C.3 or 1.3 file). The

TABLE P.6.15

Slider-Crank Mechanism Configuration (with Link Lengths in m)

Wi, 6 i u, u F (N)
0.03, 90° 0.09 0.03 0.25 -111,0
TABLE P.6.16

Geared Five-Bar Mechanism Configuration (with Link Lengths in m)

ere ‘/llp ul/G Slr‘l’ Glxlcly L’lr8
0.35, 90° 0.525, 54.7643° 0.35, 60° 0.525, 115.0279° 0.35,0 0.35, -15.7645°
F, Gear Ratio

P

0, -1000 -2
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23.

24.

25.

26.
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link masses are m; =12, m, =17, m3 = 10, and my = 11 kg, respectively, and the link
center of mass vectors are R, =10.175, R, = 0.2132+i0.1112, R3 =-0.1111+1:0.2379,
and R, = 0.0875 +10.1516. Gravity is —9.81m/s2.

Repeat Problem 21 using a gear ratio of +2.

Using the geared five-bar mechanism configuration given in Table P.6.17,
determine the driving link static torque values corresponding to crank dis-
placement of 120° (using the Appendix C.3 or L3 file). The link masses are
my =0.012, m, =0.17, m3 = 0.05, and m, = 0.015 kg, respectively, and the link center
of mass vectors are R; =i0.0127, R, = -0.0514+i0.0217, R3 = —-0.0685 + i0.0334, and
R, =0.0049 +10.0184. Gravity is —9.81m/s?.

Using the geared five-bar mechanism configuration given in Table P.6.18, deter-
mine the driving link static torque values corresponding to crank displacement
of —120° (using the Appendix C4 or 14 file). The link masses are m; =0.012,
my =0.17, mz = 0.025, and m, = 0.015 kg, respectively, and the link center of mass
vectors are R; = 0.0064 +10.011, R, =-0.1054 -10.0138, R; =—0.1142 —i0.0046, and
R, =-0.044 +70.0254. Gravity is —9.81 m/s.

Calculate the static forces and torque for the geared five-bar mechanism in
Example 6.3 where F,, =(1500,—2000)N (using the Appendix C.4 or 14 file).

Using the Watt II mechanism configuration given in Table P.6.19, determine
the driving link static torque values corresponding to crank displacement
of 60° (using the Appendix C.5 or L5 file). The link masses are m; =4, m, =8,
ms =8, my =8, and ms = 6 kg, respectively, and the link center of mass vectors are
R, =i0.5, R, =0.6344+1i0.4568, R;=0.2074+1i0.7349, R,=0.7124+i0.322, and
R;5 =0.37194+i0.6513. Gravity is —9.81 m/s.

27. Using the Watt II mechanism configuration given in Table P.6.19, determine the

driving link static torque values corresponding to crank displacements of —90°,
-180° and -270° (using the Appendix C.5 or L5 file).

TABLE P.6.17

Geared Five-Bar Mechanism Configuration (with Link Lengths in m)

W;,0 Vi,p u,, o S, ¥ G;,angle
0.0254, 90° 0.1016, 140.2031° 0.0381, 75° 0.1524, 154.0128° 0.0508, —15°
L,,8 F,, (\N) Gear Ratio

0.0762, 180° 0,-40 -1.5

TABLE P.6.18

Geared Five-Bar Mechanism Configuration (with Link Lengths in m)

W;,0 Vi,p u,,oc Si,v Gix,Gyy
0.0254, 60° 0.1778, 173.6421° 0.1016, 150° 0.2286, 182.2848° 0.1524, 0
L,d E,, (N) Gear Ratio

0.1524, 203.6421° 20, —40 3
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TABLE P.6.19
Watt I Mechanism Configuration (with all Link Lengths in m)
Wi, 0 Vi, p u,,o G1.,Gyy L,$
1,90° 1.5,19.3737° 1.5,93.2461° 15,0 1, 60.7834°
Wl*/ e* V;r Pt U; 7 6* G;x ’ G;y LZ 7 ak
1, 45° 1.5,7.9416° 1.5, 60.2717° 1.4489, -0.3882 1,49.3512°
F,, (N) E; (N)
0,-1500 —-2500, —1000

28.

Figure P.6.11 includes a Watt II mechanism used in an adjustable chair. The
dimensions for the chair in the initial upright position are also included in this
figure. A crank rotation of 25° is required to achieve the reclined chair posi-
tion. At the reclined position, the forces illustrated in Figure P.6.11 are applied
at vectors L, and L; (the midpoints of vectors V; and \'A respectively). Calculate
the static forces and torques at the reclined chair position (using the Appendix
C.5 or L5 file). The link masses are m; =3, my =7, m;=12, my=7, and ms =2
kg, respectively, and the link center of mass vectors are R, =-0.2201+:0.7295,

R, =0.0602 - i0.4441, R; =10.3279, Ry = 0.0964 - i0.3749, and Rs = 0.1039 —i0.2908.
Gravity is —9.81m/s>

(0,-225)N

2

2 (0, —450)N
[
P,

upright chair position reclined chair position

W, =1.524e¢ 106.789° w*l‘ =(0.5946 ¢ i55.8312°
V,=0.8963 ¢ —8228° V] =0.7742 ¢ ~75.5803°

U, = 0.5946 ¢ i124.1688° UT =0.6175 e —i70.3427°

- 79.8468° *_ 45.4161°
kinematic model of chair ® G, =0.0802 ¢’ G =04545e!

(with link lengths in meters) . . ‘ .
L, =0.4482 ¢ ~i82.28 L =0.3871 ¢ 753803

FIGURE P.6.11
Adjustable-chair mechanism.
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Repeat Problem 28 using head rest and leg rest forces of (-150, —450) and (25, -225)
N, respectively.

Calculate the static forces and torque for the Watt II mechanism in Example 6.4
where F,, =(~1500,-2000)N and F,; =(2000,~1000)N (using the Appendix C.5 or
L5 file).

Figure P.6.12 illustrates a Stephenson III mechanism used to guide a seat from the
reclined position to the upright position. When the upright position is reached, a
staticforceof F,; = (0,-900)Nisapplied atthedisplaced p; (labeled p;in FigureP6.12).
The dimensions for the illustrated mechanism are included in Table P.6.20.
Considering a crank rotation of —16° determine the crank static torque and joint
forces produced at the upright position (using the Appendix C.6 or L6 file). The
link masses are my = 3.75, m, =12, m3 = 2.5, my = 10, and m5 = 2.25 kg, respectively,
and the link center of mass vectors are R; = -0.3716 +10.2364, R, = 0.3832 +10.4702,
R; =-0.0902-i0.2348, R4 = 0.3758 —11.0047, and Rs = —-0.1043 - i0.1201. Gravity is
—9.81m/s>

upright
reclined position

position

—20.981°

FIGURE P.6.12
Seat mechanism.

TABLE P.6.20

Seat Mechanism Dimensions (with Link Lengths in m)

W; Vi U, G, L,
—0.7432 +i0.4727 0.5825 +10.1724 —0.1804 - 10.4696 0.0197 +11.1147 0.5671 +11.2383
L \'A U; G

1+1i0.25 0.0552 - 12.3906 —0.2086 — i0.2401 0.068 —11.5542
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32. Figure P.6.13 illustrates a Stephenson III mechanism used to guide a digging
tool from the initial position to the final position. When the final position is
reached, a static force of F; =(0,-9000)N is applied at the displaced p: (labeled
p2 in Figure P.6.13). The dimensions for the illustrated mechanism are included in
Table P.6.21. Considering a crank rotation of 40° determine the crank static torque
and joint forces produced at the final position (using the Appendix C.6 or L6 file).
The link masses are m; =5, m, =10, m3 = 4, my = 15, and m5 = 3.75 kg, respectively,
and the link center of mass vectors are R; = 1.5273 -10.7343, R, = —1.6254 + i0.2655,
R; =-0.6545-i0.7694, Ry =1.056 —10.4951, and R; =-0.5295-i0.0657. Gravity is
—9.81m/s2.

initial digging

position
75°

final digging 5

position \
FIGURE P.6.13
Digging mechanism.
TABLE P.6.21
Digging Mechanism Dimensions (with Link Lengths in m)
wlle Ver uer GlleIy Lll6
3.3893, —25.6775° 1.6644, 120.3504° 2.0202, 229.6156° 3.5225,1.5065 4.0855, 189.0097°

Vi,p u;,c’ L% Gi.,Gyy

2.4795, 14.6953° 1.0672, 187.0724° 2.25,-70° -1.0455, —2.8545
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TABLE P.6.22
Stephenson III Mechanism Configuration (with all Link Lengths in m)
Wi, 0 Vi, p u,,o G1x,Gyy L,d
1,90° 1.5,19.3737° 1.5, 93.2461° 15,0 1, 60.7834°
L8 Vi,p u,c G1.,Gyy E. (N)
1, 63.7091° 2,17.1417° 2,76.4844° 0.4318, 0.5176 0,0
/
/
/
/
I =75°
gripper fully closed
i e
FIGURE P.6.14
Gripping-tool mechanism.
TABLE P.6.23
Gripper Mechanism Dimensions (with Link Lengths in cm)
Wi, 0 Vi,p u,,c G1.,Gyy L,,%
1.0283, 318.4178° 0.5195, 286.4362° 0.9418, 230.6143° 1.5138,-0.4529 0.7031, 189.1904°
Vi,p u,c L, & Gix,Gyy

5.2881, 319.9647° 0.8666, 236.6216° 3.2742,11.8113° 3.0869, -3.0198
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33. Calculate the static forces and torques for the Stephenson Il mechanism configura-
tion in Table P.6.22 at a crank displacement angle of -90° (using the Appendix C.6 or
Lé6file). Thelink masses arem, = 4,m, = 8,m; = 4,m, = 8, and ms = 7 kg, respectively,
and the link center of mass vectors are R; =i0.5, R, = 0.6344 +i0.4568, R, = 0.2074
+i07349, Ry = 0.7847 +i0.4953, and R;s = 0.2337 +10.9723. Gravity is —9.81 m/s?.

34. Figure P6.14 illustrates a Stephenson III mechanism used to guide a gripping
tool from the open position to the closed position. When the closed position is
reached, a static force of F; = (0,-50)N is applied at the displaced p; (labeled p,
in Figure P.6.14). The dimensions for the illustrated mechanism are included in
Table P.6.23. Considering a crank rotation of 40°, determine the crank static torque
and joint forces produced at the closed position (using the Appendix C.6 or 1.6
file). The link masses are m; = 4, m, =8, m; = 4, my =12, and ms = 4 kg, respectively,
and the link center of mass vectors are R; = 0.3846 —i0.3412, R, = —0.6343 +i1.0364,
R; =-0.2988-1i0.3639, R, = 1.1487 +10.0597, and R5 = -0.2384 - i0.3618. Gravity is

—-9.81m/s?.

35. Calculate the static forces and torque for the Stephenson III mechanism in
Example 6.5 where F,; =(0,0)N.
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Dynamic Force Analysis of Planar Mechanisms

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Criteria for dynamic force analysis and its applications
2. Link dynamic loads in 2D space

3. Formulation and solution of linear simultaneous equation sets for dynamic force
analysis

4. The effects of gear train inclusion in the dynamic force analysis of five-bar
mechanisms

5. The mass moment of inertia, its application in dynamic force analysis, and its
calculation in computer-aided design (CAD) software

7.1 Introduction

As explained in Chapter 1, a dynamic force analysis (Figure 1.1) is the next type of force
analysis to consider beyond a static force analysis when determining the structural forces
in mechanical systems. Such an analysis should always be considered when angular
velocities and accelerations are substantial (when mechanism motion is truly dynamic).
Dynamic force analyses are also more general than static force analyses when mechanism
motion is quasi-static. This is because, with a dynamic force analysis, acceleration-based
forces and torques (however small in a quasi-static condition) are included.* In a dynamic
force analysis, loads such as forces and torques are considered for each mechanism link
according to Newton’s second law (XF = ma, >M = Ia) [1-5]

Unlike the static force equations in Chapter 6, the equation systems presented in this
chapter consider the inertia, velocity, and acceleration of each link.f Like the Chapter 6
equations, the equation systems presented in this chapter consider in-plane forces and
torques, and mechanism links are considered to be rigid. Although link weights are not
neglected in the forthcoming equations, as the acceleration of the links exceeds gravitational

* In a static force analysis, acceleration-based loads are not included due to Newton’s first law.

t In Newton’s second law, the variables m and I represent the link mass and mass moment of inertia, respectively.

+ While the equations in this chapter do not explicitly consider time (only angular displacement, velocity, and
acceleration), time can be inversely determined from these quantities (see Section 4.9).

223
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mg /
I -

m
p,=CG

(b)

FIGURE 7.1
Dynamic loads on (a) grounded rotating and (b) translating planar links.

acceleration, the effect of gravity (and subsequently the link weights) becomes increasingly
negligible. This condition is common in high-speed machinery.

7.2 Dynamic Loading in Planar Space

Figure 7.1 illustrates arbitrarily grounded rotating and translating planar links under load-
ing. Like static loads, dynamic loads can be represented as force vectors applied to link
points. For example, force vectors E,,, F,,, and mg are applied to link points p,, p1, and the
link’s CG (center of gravity), respectively, in Figure 7.1(a). Also, a torque T,, is applied about
point p, in Figure 7.1(a). Like static loads, dynamic forces and torques are either applied
externally (like force vectors F and mg in Figure 7.1(b)) or they are reactions to externally
applied loads (like force vectors F, and F; in Figure 7.1(b)).

Link dynamic loads are governed according to Newton’s second law. In this law, the sum
of all link forces is equal to the product of link mass and linear acceleration (or XF = ma),
and the sum of all moments is equal to the product of the link mass moment of inertia and
rotational acceleration (or XM = Ia). Like static loading, under dynamic loading force sums
are taken in both directions (XF, = ma, and XF, = ma,). The gravitational load or the weight
of each moving link (denoted by the product mg in Figure 71) is oriented in the negative
y-axis direction.

The conditions of Newton’s second law must be satisfied for each mechanism link in
order for the entire mechanism to be dynamically sound.

7.3 Four-Bar Mechanism Analysis

Figure 7.2a illustrates a planar four-bar mechanism where a force E,, is applied to the
coupler link point p,. To drive the mechanism, a torque T,, is applied about the crank
link revolute joint a;. The user also has the option of specifying a torque Ty, about the
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follower-link revolute joint b,* The loads on the individual planar four-bar mechanism
links are illustrated in Figure 7.2b. Because the joints at a, and b, are shared among two
links, the forces at a; and b, must be equal but opposite (resulting in *F, and %F, in
Figure 7.2b). The remaining force and torque variables, however, remain positive for sim-
plicity This approach is repeated for the mechanisms in Sections 7.4-7.7.

Taking the sum of the forces and moments for each link according to the conditions
2F =ma and M = Jo produces two dynamic equations for each link. Expanding these two
equations and separating the force equation into two equations, where 3. F, = macg, and
X F, = macg,, ultimately produces three dynamic equations for each link.

Because, in a dynamic condition, moments are taken with respect to each link’s center
of gravity (also called the center of mass), Figure 7.2b includes vectors between the cen-
ter of gravity and the load points (which are the mechanism nodes and the points where
external forces are applied) of each mechanism link. Equation 7.1 includes the center
of gravity-load point vectors used for the planar four-bar mechanism. To eliminate the

(®)

FIGURE 7.2
(a) Planar four-bar mechanism and (b) link dynamic forces and torques.

* If the user prefers not to consider the coupler link applied force F; or the follower link applied torque T,,
these quantities can be specified as zero in the dynamic load equations.

t The signs of the calculated dynamic force and torque variables are not determined by the signs prescribed
to them during equation formulation. They are determined by the mechanism position and the applied load
values.
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need to define unique direction angles for vectors R, through R, they are expressed in
rectangular form.

R; =R, +iR;, j=12,.,7 (71)
As illustrated in Figure 7.2, vectors R, through R, are defined with respect to the link
center of gravity (therefore pointing away from the center of gravity).*

Because the x- and y-components of the total acceleration of the center of gravity of each
link are required in the dynamic load equations, Equation 7.2 includes the acceleration
equations for acg, through acg, ' These acceleration equations are identical in form to the
planar four-bar acceleration equations in Section 4.4.3.

acg, = iBj (—Rl)ei(ﬁf) - [3? (—Rl)ei(ﬁf)
acc, = A +i0;(-R; )ei(af) ~62(-R; )e’(“f)
| | | | 72)
= iBjW1€1(9+Bj) - B?V\Gez(mﬁ’) - ide3el(°‘f) + Q%Rﬁ,l(“]‘)

ace, = i¥;(~Ry )™ — 3 (<R, )¢

Using the first two dynamic load conditions for the crank link (where the moment sum is
taken about the center of gravity CG,) produces

Fag + Fa1 + mlg = mlaccl

) (7.3)
Tag +R1 X Fag +R2 X Fa1 = IlB]
Expanding and separating Equation 7.3 produces
‘FﬂOx + Fﬂlx = mlacclx
Fﬂ()y + me + mg = mlacc;ly (74:)
Toy — Fao Riy + Fap, Riy = Fyy Roy + Fyy Ro, = I

Using the first two dynamic load conditions for the coupler link (where the moment sum
is taken about CG,) produces

_Fa1 — Fb1 + FPl + ﬂ’lzg = T}’IQaCGZ
(7.5)
—R3 X Fa1 —R4 X Fb1 +R5 X FPl = 120(]

Expanding and separating Equation 7.5 produces

* The vectors were established this way for use in the forthcoming moment summation equations.
t To correctly calculate acg, through acg,, the signs of R, R;, and R; are reversed.
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_Fau _Fbu +Pp1x = MLAcG,,

-F,

Illy

_Fbly +F

py T8 = 1hice,, (7.6)

F..Rs, —F.

uly

Ra. + Fyy, Ray = Fyy, Ryx = Fpy Rsy +F,

P1y Rsy = Izdf

Using the first two dynamic load conditions for the follower link (where the moment
sum is taken about CG;) produces

Fbo + Fb1 + Mg = Mzacg,

) 77)
Tbu + R6 X Fb1 +R7 X Fbo = I3'Y]
Expanding and separating Equation 7.7 produces
Fy, + By, = msces,
FbOy + Fb]!/ +mzg = MmM3acgs, (78)
Ty, — Fy Rey + th/ Rex — Fy Roy + Fboy Ry, = I3y,
Expressing Equations 74, 7.6, and 7.8 in a combined matrix form produces
0 1 0 1 0 0 0 0 0 Tay
0 0 1 0 1 0 0 0 0 Fao,
1 Rl]/B] R] “Cﬁj —Rzyﬁ/ szﬁ 0 O O 0 Flloy
0 0 0 -1 0 0 0 -1 0 Far,
0 0 0 0 -1 0 0 0 -1 Ey,
0 0 0 Rsy,;  —Ray, 0 0 Ry, —Rux, F,.
0 0 0 0 0 1 0 1 0 Fy,
0 0 0 0 0 0 1 0 1 K, ’
0 0 0 0 0 Rsy,  Roy,  —Rey,  Rey, N
L . Fhw
MacG,,
mMdcg,, =&
LB
—Fpu + mMhacg,,
= _Fplg/ + mzﬂCGzy — ng (79)
L0+ Fy\ Rsy,, = By, Rsy,;
M3ACGs,
MslcG;, —M3&
Iy; =Ty,
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where the x- and y-components of vectors R; through R, are R =Ry cos(anglej)—

NXangle j
Ry, sin(angle j) and R,,xm,gh, i = R,, sin(anglej) +R,y cos(angle f ).* It can be seen in Equations 74,
7.6, 7.8, and ultimately in Equation 79 that the mass and mass moment of inertia of each
link are also required.

Equation 79 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown planar four-bar displacement angles o; and v; angular velocities
o and y;, and angular accelerations &; and ¥; are the same quantities calculated from the
planar four-bar equations in Sections 4.4.1-4.4.4. Given such solutions, the corresponding
dynamic forces and torques can be calculated from Equation 79.

Appendix D.1 includes the MATLAB® file user instructions for planar four-bar dynamic
force analysis. In this MATLAB file (which is available for download at www.crcpress.

com/product/isbn/9781498724937), solutions for Equation 7.9 are calculated.

Example 7.1

Problem Statement: Using the Appendix D.1 MATLARB file, calculate the reaction forces
Fiowr Faoyr Foper and Fy, over a complete crank rotation range for the planar four-bar
mechanism in Tables E.71 and E.7.2. For this mechanism F,, = (0,0)N, Bo =1rad/s, and
B=0rad/s* Also, Ty, =0 and gravity is —-9.81m/s2.

Known Information: Tables E.71, E.7.2, and Appendix D.1 MATLAB file.

Solution Approach: Figure E.71 includes the input specified (in bold text) in the
Appendix D.1 MATLAB file. Vectors R, Ry, Rs, and R are calculated in the MATLAB
file using vector-loop equations (see Appendix D.1). Figure E.7.2 includes the reaction
force profiles calculated for the planar four-bar mechanism using the Appendix D.1
MATLARB file.

TABLE E.7.1

Planar Four-Bar Mechanism Dimensions (with Link Lengths in m)

w,, 0 Vi, p u,oc Gy Gy L,d
0.5,90° 0.75,19.3737° 0.75, 93.2461° 0.75,0 0.5, 60.7834°
TABLE E.7.2

Planar Four-Bar Mechanism Dynamic Parameters (with Length in m, Mass in kg, and
Inertia in kg-m?)

R, 0-i0.25 ", 8.05

R, ~0.3172 - 0.2284 I 0.805

R, 0.0212 — 0.3744 "y 29.785
L 5.635
iy 12.075
I 2415

* This method of calculating mechanism forces via matrix manipulation is called the matrix method. With this
method, link force equations are quickly derived.
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wl = 0.5%exp(i*90*pi/180);

V% = 8 75*exp(1*19 3737*p1/180),
Gl =

ul = 0. 75*exp(1*93 2461*pi/180);
L1 = 0.5%exp(i*60.7834%pi/180);
Fpl = [0, O];

ThO = 0;

g = -9. 81

Rl = -i1*0.25

R3 = -0. 3172 - i%0.2284;

R7 = 0.0212 - i*0.3744;

ml = 8.05;

I1 = 0.805;

m2 = 29.785;

I2 = 5.635;

m3 = 12.075;

I3 = 2.415;

start_ang = 0;

step_ang =1;

stop_ang = 360;

angular_vel =1 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.7.1
Specified input (in bold text) in the Appendix D.1 MATLAB file for Example 7.1.

1000
860

0 30 60 90 120 150 180 210 240 270 300 330 360
Crank Rotation [deg]

FIGURE E.7.2
Fuo.r Fag,s Fw, and Fy, reaction force profiles for planar four-bar mechanism.

In a mechanism where the crank link rotates continuously, nonconstant force profiles in
the mechanism joints (like those illustrated in Figure E.7.1 for the planar four-bar mecha-
nism) will cause the mechanism to oscillate or vibrate. Excessive vibration is an undesired
effect because it can compromise the design life of a mechanical system as well as its
performance. Vibration analysis (a study associated with dynamics) is concerned with the
oscillatory motions of bodies and the forces associated with them [6].
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7.4 Slider-Crank Mechanism Analysis

Figure 73a illustrates a slider-crank mechanism where a force F is applied to the slider
link revolute joint b; (which is coincident with the slider’s center of gravity CG;). To drive
the mechanism, a torque T,, is applied about the crank link revolute joint a,. The loads
on the individual slider-crank mechanism links are illustrated in Figure 7.3b. Taking the
sum of the forces and moments for each link according to the conditions XF = ma and
2M = la produces two dynamic equations for each link. Expanding these two equations
and separating the force equation into two equations, where X F, = macg, and 2 F, = macg, ,
ultimately produces three dynamic equations for each link.

Equation 7.10 includes the center of gravity-load point vectors used for the slider-crank
mechanism.

Rj=ij+iRjy,j=1,2,...,4 (710)

Because the x- and y-components of the total acceleration of the center of gravity of each
link are required in the dynamic load equations, Equation 7.11 includes the acceleration
equations for acg, through acg,. The acceleration equations are identical in form to the
slider-crank acceleration equations in Section 4.5.3.

acc, = iBi(—Rl)ei(B’) _ Bf (—Rl)ei(ﬁf)
ace, = Aw +i6 (-Ry)e™) — 62 (-R;)e™) 711)

= ifs Whe ) — B2 ) i Roe™) + 2R e

acg; =Ap1 = Gj

Using the first two dynamic load conditions for the crank link (where the moment sum
is taken about the center of gravity CG,) produces Equation 7.3. Expanding and separating
the resulting equations produces Equation 74.

'—Fbl
b, "|’3g
w
F i _IF
A%<,
F, 0

(b)

FIGURE 7.3
(a) Slider-crank mechanism and (b) link dynamic forces and torque.
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Using the first two dynamic load conditions for the coupler link (where the moment sum
is taken about CG,) produces

_Fa1 - Fb1 + Mg = Moacg,

(712)
-R; xE,, =Ry xFy, = [,
Expanding and separating Equation 7.12 produces

=F,, — F,, = myacg,,

—Faly - Pbly M8 = Myaca,, (713)

Fu . Rsy = By, Rax + By Ray — Fpy Ryy = L4

Using only the dynamic load condition >.F = ma for the slider link produces

F+F, +F; +m;g=msacc, (7.14)

In Equation 7.14, the x- and y-components of vector F; are the friction force tpF,,, and the
normal force F, ..., respectively. Expanding and separating Equation 7.14 produces

Fx + Fhlx t l-LPnormal = m3aCG3X

(715)
F, +F,, + Foomma +m3g =0
Expressing Equations 74, 713, and 7.15 in a combined matrix form produces
(0 10 1 0 0 o o || M
0 0 1 0 1 0 0 0 Fa,
1 —Riy  Riy,  —Roy, Roy; 0 0 0 Fy,
0 0 0 -1 0 -1 0 0 Fu.,
0 0 0 0 -1 0 -1 0 E,
0 0 0 Rsy,, Rss,, 4o Ry, 0 E,.
0 0 0 0 0 1 0 u F,,
| 0 0 0 0 0 0 1 L | .
MacG,,
Macg,, — Mg
LB
MyAcc,,
_ 208Gy, (7.16)
Malcg,, — Mg
L@,
—Fx + M3lcGs,,
—-F, —msg
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where the x- and y-components of vectors R, through R, are R, = Rix cos(anglej)—

Ry, sin(angle j) and Ry, = Rix sin(anglej) +R,y cos(angle f ).* It can be seen in Equations 74,
713,715, and ultimately in Equation 7.16 that the mass and mass moment of inertia of each
link are also required.

Equation 7.16 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown slider-crank displacement angles oy, angular velocities ¢;, and angu-
lar accelerations @; are the same quantities calculated from the slider-crank equations
in Sections 4.5.1-4.5.3 (along with the slider accelerations G;). Given such solutions, the
corresponding dynamic forces and torques can be calculated from Equation 7.16.

Appendix D.2 includes the MATLAB file user instructions for slider-crank dynamic
force analysis. In this MATLAB file (which is available for download at www.crcpress.

com/product/isbn/9781498724937), solutions for Equation 7.16 are calculated.

Example 7.2

Problem Statement: Using the Appendix D.2 MATLAB file, calculate the driver torque
over a complete crank rotation range for the in-line slider-crank mechanism in Tables
E.7.3 and E.74. For this mechanism, E, = (0,0)N, Bo=10rad/s, and B = Orad/sz. Gravity
is —9.81m/s%.

Known Information: Tables E.7.3, E.74, and Appendix D.2 MATLAB file.

Solution Approach: Figure E.7.3 includes the input specified (in bold text) in the
Appendix D.2 MATLAB file. Vectors R, and R, are calculated in the MATLAB file using
vector-loop equations (see Appendix D.2). Figure E.74 includes the driver torque profile
calculated for the slider-crank mechanism using the Appendix D.2 MATLAB file. After
running the Appendix D.2 file twice (once with u=+0.5 and again with p =-0.5), only
the driver torque where the friction force opposes the slider velocity is retained and
assembled to produce Figure E.74.

TABLE E.7.3

Slider—Crank Mechanism Dimensions (with Link Lengths in m)

Wl’ 0 Vlr P u
0.5,90° 0.9014, -33.6901° +0.5
TABLE E.7.4

Slider—Crank Mechanism Dynamic Parameters (with Length in m, Mass in kg, and
Inertia in kg-m?)

R, 0-1i0.25 m 8.05

R, —0.3750 +i0.2500 I 0.805
"y 14.49
L 4,025
1My 30

* The correct sign for +j1in Equation 7.16 will be the sign that produces a friction force that opposes the direction
of the slider velocity.
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Lwl = 0.5;

theta = 90*pi/180;

LUl = 0;

Lvl = 0.9014;

F = [ol 0];

mu = 0.5; (NOTE: the file must be run with mu=0.5 and mu=-0.5)
g = -9.81;

Rl = -i1%*0.25;

R3 = -0.3750 + i*0.25;

ml = 8.05;

I1 = 0.805;

m2 = 14.49;

I2 = 4.025;

m3 = 30;

start_ang = 0;

step_ang =1;

stop_ang = 360;

angular_vel = 10 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.7.3

Specified input (in bold text) in the Appendix D.2 MATLAB file for Example 7.2.

950

790
630
470
310
150 Y

-10 - \

-+ 1
-170 s Y

Driver Torque [N-m]

-330 A
—490 \

—650

0 30 60 90 120 150 180 210 240

Crank Rotation [deg]

FIGURE E.7.4
T,, profile for slider-crank mechanism.

270

300 330 360

7.5 Geared Five-Bar Mechanism Analysis

We will begin the formulation of a dynamic force equation system for the geared five-bar
mechanism by first formulating a dynamic force equation system for a five-bar mechanism
without gears. Because such a system has two degrees of freedom, controlled mechanism
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FIGURE 7.4
(a) Geared five-bar mechanism and (b) link dynamic forces and torques.

motion is achieved by independently controlling the rotations of the links containing vec-
tors W; and U,.

Figure 74a illustrates a geared five-bar mechanism where a force F,, is applied to the
intermediate link point p;. To drive the mechanism, torques T,, and T, are applied about
the grounded revolute joints a, and b, respectively. The loads on the individual geared
five-bar mechanism links are illustrated in Figure 74b. Taking the sum of the forces and
moments for each link according to the conditions >F = ma and >M = Ia produces two
dynamic equations for each link. Expanding these two equations and separating the force
equation into two equations, where X F, = macg, and XF, = macg,, ultimately produces
three dynamic equations for each link.

Equation 717 includes the center of gravity-load point vectors used for the geared
five-bar mechanism.

R; =Ry +iRy, j=1,2,..,9 (717)

Because the x- and y-components of the total acceleration of the center of gravity of each
link are required in the dynamic load equations, Equation 7.18 includes the acceleration
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equations for acg, through acg,. The acceleration equations are identical in form to the
geared five-bar acceleration equations in Section 4.6.3.

acg, = iﬁj (—Rl)ei(ﬁf) - Bf (-Ry )ei(Bf)
ace, = Ay, +i6;(~Ry )¢ - 62 (-R;)e™)

= iB]-VVlei(%Bf) — B/z_wlei(eﬂi/‘) - ide3€i(aj) + (.X?Rg,ei(aj)
(718)

acc, = Ay, + iV, (—R; )™ —v2(-R;)e'")
= Z"y]'l/hei((s“{j) - Y?Ulei(mm - iVjR7€{(vj) + \./JZ'R7€i(vj)
acc, = i¥;(~Ry)e' ™) = 73 (~Ry) e

Using the first two dynamic load conditions for the crank link (Where the moment sum
is taken about the center of gravity CG,) produces Equation 7.3. Expanding and separating
the resulting equations produces Equation 74.

Using the first two dynamic load conditions for the intermediate link a;—c; (where the
moment sum is taken about CG,) produces

-FE, —E, + E, +myg=msacg,

(719)
-R3 xE, —Ry xXE, +Rs xE,, =1,0,
Expanding and separating Equation 719 produces
-F,.. —FE,, +F,, =mcc,,
-F,, - F,, +E,, +myg =myacc,, (7.20)

Fy Rsy — Fyy Rax + F Ry — F,

1y

R4x _FP1XR5y +Fp1yR5x = IzOC]

Using the first two dynamic load conditions for the intermediate link b,—c; (where the
moment sum is taken about CG;) produces

Fq — Fb1 + mzg = Mzacg,

(7.21)
R xF, —R; xF,, = I3V;
Expanding and separating Equation 7.21 produces
F, = By, = maacg;,
E,, = B, + msg =msacc,, (7.22)

_FclxR6y + FCWRGX + FblxR7y - Fblth’ = I3V]

Using the first two dynamic load conditions for the crank link b;-b, (Where the moment
sum is taken about CG,) produces
Fbo + Fb1 + myg = Myacg,

) (7.23)
Tbo +Rg X Fb1 +Ry XFbo = I4'Y]
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Expanding and separating Equation 7.23 produces

By, + By, =mydce,,

FbOy + Fbly + myg = m4ﬂcc;4y

Ty, — Fy Ry + Fbly Rgy — Fy, Roy + FbOyR% =LYy,

Expressing Equations 7.4, 7.20, 7.22, and 7.24 in a combined matrix form produces

where the x- and y-components of vectors R; through R, are R

-R,, sin(anglej) and R

[0 1 0 1 0 0
0 0 1 0 1 0
1 _Rlyl;] Rle _R2y37 RZX[}]' 0
0 0 0 -1 0 -1
0 0 0 0 -1 0
0 0 0 Ry, Ry, R,
0 0 0 0 0 1
0 0 0 0 0 0
o 0 0 0 0 R,
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Tao MiacG, ,

F,. mMacg, — Mg

F, aoy I 1ﬁf

F”lx mZaCGZx - Fplx

Faly —pr +1Mdcg,, —M2§
FClx _ Iza] +FP1XR5ya/ _FPl}/R5xocj
Fﬂly M3acG,,

T, Malce,, — Mag

FbOx 13\/]

FbOV MyacG,,

Fblx m4IZCG4y —myg

Fbly 14’Y]

NYangle j

o O O O

—_ OO OO O OO o O oo

O = OO O OO o O oo

O OO O OO o O oo

NXangle j

(7.24)
0 o |
0 0
0 0
0 0
0 0
0 0
-1 0
0 -1
R7yV] _R7xvj
1 0
0 1
ngw RSXY[
(7.25)

=R, COS((JT’ngEj)

=R, sin(angle]-) +R,y cos(anglej ) It can be seen in Equations 74,

7.20, 722,724, and ultimately in Equation 7.25 that the mass and mass moment of inertia of
each link are also required.
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Equation 7.25 can be solved using Cramer’s rule to determine the unknown forces and
torques. The unknown geared five-bar displacement angles a; and v;, angular velocities
o; and v;, and angular accelerations ¢; and V; are the same quantities calculated from the
geared five-bar equations in Sections 4.6.1-4.6.4. Given such solutions, the corresponding
dynamic forces and torques can be calculated from Equation 7.25. Because this equation
(like Equation 6.19 in static force analysis) considers a five-bar mechanism without gears,
values for T}, , E;,, and E;; must be calculated in place of T,,, E,,, and F,, in Equation 7.25.

Equations 6.20-6.24 (see Section 6.5) are used to calculate the gear-based driver torque
T., and gear-based forces F,, and F;, from the Equation 7.25 solutions. Because the mass
and inertia of the idler gear are not included in Equation 7.25, the results calculated from
this equation for a five-bar mechanism having three gears are approximate solutions.*

Appendices D.3 and D.4 include the MATLARB file user instructions for geared five-bar
dynamic force analysis (for two and three gears, respectively). In these MATLAB files
(which are available for download at www.crcpress.com/product/isbn/9781498724937),
solutions for Equation 7.25 and 6.20-6.24 are calculated.

Example 7.3

Problem Statement: Using the Appendix D.4 MATLARB file, calculate the driver torque
over a complete crank rotation range for the geared five-bar mechanism in Tables E.7.5
and E.7.6. The gear ratio is » = +2. For this mechanism, E, = (0, - 1000)N, Bo =1rad/s,and
B =0.25rad/s>. Gravity is —9.81m/s2

Known Information: Tables E.7.5, E.7.6, and Appendix D.4 MATLARB file.

Solution Approach: Figure E.75 includes the input specified (in bold text) in the
Appendix D4 MATLAB file. Vectors R,, R4, R5, Rg, and Rg are calculated in the MATLAB
file using vector-loop equations (see Appendix D.4). Figure E.7.6 includes the driver
torque profiles calculated for the geared five-bar mechanism using the Appendix D.4
MATLARB file.

TABLE E.7.5

Geared Five—Bar Mechanism Dimensions (with Link Lengths in m)

w,, 0 Vi, p u,o Sy w Gy Gy L,&
0.5, 90° 0.75, 32.7304° 0.75, 45° 0.75, 149.9837° 0.75,0 0.5,74.14°
TABLE E.7.6

Geared Five—Bar Mechanism Dynamic Parameters (with Length in m, Mass in kg, and
Inertia in kg-m?)

R, 0 - i0.0831 " 22.54
R, —0.2558 — 0.2955 I 0.505
R, 0.3247 — i0.1876 1y 29.785
R, —0.0356 — i0.0356 I, 5.635
iy 12.075
I 2415
"y 75.67
I 5.635

* While only approximate solutions are calculated using Equation 7.25 for five-bar mechanisms having three
gears, the solutions are most accurate if the mass and inertia of the idler gear are equal to or less than those of
the driving gear.
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wl = 0.5%exp(i*90*pi/180);

vl = 0.75*exp(i*32.7304*p1/180);
Gl = 0.75*exp(1*0*pi/180§;

Ul = 0.75*exp(i*45*pi/180);

L1 = 0.5%exp(i*74.14%pi/180);

S1 = 0.75%exp(i*149.9847*pi/180);
Fpl = [0, -1000];

ratio = 2;

g = -9.81;

R1 = -1*0.0831;

R3 = -0.2558 - i*0.2955;

R7 = 0.3247 - i*0.1876;

R9 = -0.0356 - i1*0.0356;

ml = 22.54;

I1 = 0.505;

m2 = 29.785;

I2 = 5.635;

m3 = 12.075;

I3 = 2.415;

m4 = 75.67;

I4 = 5.635;

start_ang = 0;

step_ang =1;

stop_ang = 360;

angular_vel = 10 * ones(N+1,1);
angular_acc = 0 * ones(N+1,1);

FIGURE E.7.5

Specified input (in bold text) in the Appendix D.4 MATLAB file for Example 7.3.

3000

2500
2000
1500
1000

500

Driver Torque [N-m]

0

-500

—-1000

—-1500

0 30 60 90 120

FIGURE E.7.6
T, profile for geared five-bar mechanism.
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Crank Rotation [deg]

240 270 300 330 360

7.6 Watt II Mechanism Analysis

Figure 7.5a illustrates a Watt Il mechanism where forces F,; and F; are applied to the inter-
mediate link points p, and pj, respectively. To drive the mechanism, a torque T,, is applied
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FIGURE 7.5
(a) Watt Il mechanism and (b) link dynamic forces and torques.

about the crank link revolute joint. The user also has the option of specifying torques
Ty, and T, about the revolute joints by and by, respectively* The loads on the individual
Watt 11 mechamsm links are illustrated in Figure 7.5b. Taking the sum of the forces and
moments for each link according to the conditions ¥F = ma and XM = I« produces two
dynamic equations for each link. Expanding these two equations and separating the force
equation into two equations, where X F, = macg, and X F, = macg,, ultimately produces
three dynamic equations for each link.

Equation 7.26 includes the center of gravity-load point vectors used for the Watt II
mechanism.

RjZR]‘x‘i‘l.Rjy, j= 12,..,13 (726)

* If the user prefers not to consider the applied force F,, or the applied torques Ty, or T,;, these quantities can be
specified as zero in the dynamic load equations.
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Because the x- and y-components of the total acceleration of the center of gravity of
each link are required in the dynamic load equations, Equation 7.27 includes the accelera-
tion equations for acg, and acg,. These acceleration equations are identical in form to the
planar four-bar acceleration equations in Section 4.4.3. The acceleration equations for acg,
through acg, are identical to Equation 7.2, since the corresponding links produce a planar
four-bar mechanism.

ace, = Ay +id;‘(—R9)ei(a;) _(d;’)z(—R‘a)ei(“;)
= ¥, (-R; +Rg)e™) -3 (<R, + Ry e + id}(—Rg)ei(a}) ~(o5) (—R,)e ) (727)
ace; =7} (-Ru)e' " (1) (-Ros)e)

Because the Watt II mechanism includes planar four-bar mechanisms, the dynamic load
equations given in Equations 7.4 and 7.6 are used for the crank and coupler links, respec-
tively, of the planar four-bar mechanism loop a,—a,—b,-b, in the Watt II mechanism.
Using the first two dynamic load conditions for the follower link of the planar four-bar
mechanism loop a;—a,—b,-b, (Where the moment sum is taken about CG;) produces

Fbo + Fb1 + Fa; + M3g = Mszacg,

.. (7.28)
Tbo + R¢ X Fb1 + Ry X Fbo + Ry X Fa; = I3B]
Expanding and separating Equation 7.28 produces
FbOx + Fblx + Flﬂx = M3AcGs,
Fboy + Fbly + Fa;./ + m3g = m311CG3y (729)

Tbo — FblxR(,y + th/Réx — Fbl)xR7y + FboyR7x — FaixRSy + FuIyRBX = I3Bj

Using the first two dynamic load conditions for the coupler link of the planar four-bar
mechanism loop b, —aj — b; — by (where the moment sum is taken about CG,) produces

_Fa; — Fb; + FP} + m4g = Mmyacg,

o (7.30)
—-Ryg x Fa*l —Ryp X Fb] +Ry X Fpi = I4a]'
Expanding and separating Equation 7.30 produces
—Li, — B, T 5y, = Madca,,
—F;, —F;, +F; g =macq,, (7.31)

E; Ry, — Faingx +F; Ry — Fb;leox - Fpilely + Fpilelx = 1,0,

Using the first two dynamic load conditions for the follower link of the planar four-bar
mechanism loop b, — aj — b; — by (where the moment sum is taken about CG5) produces

Fb6 + Fb; + Ms@ = Msacg;
(732)
be) + R X Fbi + R13 X FbB = ISY/'
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Expanding and separating Equation 7.32 produces

o o o OO O OO O OO o = oo

be)x + Fbix = M5ACGs,

Pb(*)y + Fbiy + msg = T}’l5ﬂcc;5y

Ty, — F; Ry + Fb;y Rizx — Fy Rusy + Fbg)y Rizy = I5Y;

241

(7.33)

Expressing Equations 74, 7.6, 7.29, 7.31 and 7.33 in a combined matrix form produces

1 0 1 0 0 0 0
0 1 0 1 0 0 0

Rlyﬁ’ Rlxﬁ/ -R, " RZxrs/ 0 0 0
0 0 -1 0 0 0 -1
0 0 0 -1 0 0 0
0 0  Rsyy —Rs, O 0 Ry,
0 0 0 0 1 0 1
0 0 0 0 0 1 0
0 0 0 0 —R7yy]. R7:c\,/ _R6y~/j
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
T myacg,,

E, Mdcg,, —M&

E,, 1B,

P,m, MaAcGy, — Fplx

Fﬂl}/ mzaCGZy — Mg = Fl’ly

By, Izd/ +FE,, R5yuf - Fr’ly R5-"ﬂ/

Fbu,/ M3ACG;,

x4 By, Mm3lcG,, —M38

Fhw I3'Y] il Tbo

Fui, MyAcG,, — Fpix

E;, Mylce,, —Mag —F,;

Fio | 140+ Ej Ruy,; —E; Ru

F by, Ms5AcGs,

Fb;x MsAcGs, —Ms§

E;, Isyj - Ty

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
-1 0 0 0 0
—R, o 0 0 0 0
0 1 0 0 0
1 0 1 0 0
Rﬁx” _RS»‘W/ Rgx// 0 0
0 -1 0 0 0
0 0 -1 0 0
0 Roy —Ro, . 0 0
aj aj
0 0 0 1 0
0 0 0 0 1
0 0 0 —R13y . Ry
Vi

0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
-1 0
0 -1
R] Oyu; Rl 0. Y(X}
1 0
0 1

_R12y - Rlzx *
vj Vi

(7.34)



242 Kinematics and Dynamics of Mechanical Systems

where the x- and y-components of vectors R; through R;; are Ry, = Rix cos(anglej)—
R,y sin(anglej) and Ry, ..; = Rux sin(anglej)+ R,y cos(anglej). It can be seen in Equations 74,
7.6,7.29,7.31,7.33, and ultimately in Equation 7.34 that the mass and mass moment of inertia
of each link are also required.

Equation 7.34 can be solved using Cramer’s rule to determine the unknown forces and
torque. The unknown Watt II displacement angles (c;, v, o; and v;), angular velocities
(&), ¥, &; and 7)), and angular accelerations (¢;,7;,d; and ;) are calculated from the pla-
nar four-bar equations in Sections 4.4.1-4.4.4. Given such solutions, the corresponding
dynamic forces and torques can be calculated from Equation 7.34.

Appendix D.5 includes the MATLAB file user instructions for Watt II dynamic force
analysis. In this MATLAB file (which is available for download at www.crcpress.com/
product/isbn/9781498724937), solutions for Equation 7.34 are calculated.

Example 7.4

Problem Statement: Using the Appendix D.5 MATLARB file, calculate the forces at joints
a,, by, aj, and b; over a complete crank rotation range (at —60° increments) for the
Watt II mechanism in Tables E.7.7 and E.7.8. For this mechanism, E,, = (—500,— SOO)N,
Fp; = (—1000,0) N, Bo =-1.5rad/s, and B=-0.25 rad/sz. Also Ty, = Tba =0 and gravity is
—9.81m/s2.

Known Information: Tables E.7.7, E.7.8, and Appendix D.5 MATLAB file

Solution Approach: Figure E.77 includes the input specified (in bold text) in the
Appendix D.5 MATLARB file. Vectors R,, R4, Rs, Rg, Rg, Ryp, Ry, and Ry, are calculated in
the MATLAB file using vector-loop equations (see Appendix D.5). Table E.79 includes
the forces calculated for the Watt I mechanism using the Appendix D.5 MATLAB file.

TABLE E.7.7
Watt II Mechanism Dimensions (with Link Lengths in m)

W, 0 Vip U,oc G Gyy L,8
0.5, 90° 0.75,19.3737° 0.75, 93.2461° 0.75,0 0.5, 60.7834°
wl#r e* V;r P* u;r G” G;xl G;y L;r 6”
0.5, 45° 0.75, 7.9416° 0.75, 60.2717° 0.7244, -0.1941 0.5, 49.3512°
TABLE E.7.8
Watt II Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in
kg-m?)
R, 0-i0.25 " 8.05
R; —0.3172 - i0.2284 I 0.805
R, ~0.1037 - i0.3675 "y 29.785
R, —-0.3562 - i0.161 I 5.635
R, —0.1860 — i0.3257 s 33.81
L 5.635
", 29.785
I 5.635
s 12.075

I 2415
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wl = 0.5*exp(i*90*pi/180);

vl = 0.75*exp(i*19.3737*pi/180);
Gl = 0.75;

Ul = 0.75%exp(i*93.2461*pi/180);
L1 = 0.5*exp(i*60.7834*pi/180);
wls = 0.5*exp(i*45*pi/180);

Vls = 0.75%exp(i*7.9416%pi/180);
Gls = 0.7244 - i*0.1941;

Uls = 0.75*exp(i*60.2717*pi/180);
Lls = 0.5*exp(i*49.3512%pi/180);
Fpl = [-500, -500]; Fpls = [-1000, O];
ThO = 0; ThsO = 0; g = -9.81;

R1 = -1%*0.25;

R3 = -0.3172 - 1*0.2284;

R7 = -0.1037 - i*0.3675;

R9 = -0.3562 - i*0.161;
R13 = -0.1860 - i*0.3257;

ml = 8.05; I1 = 0.805;
m2 = 29.785; 12 = 5.635;
m3 = 33.81; I3 = 5.635;
m4 = 29.785; 14 = 5.635;
m5 = 12.075; 15 = 2.415;
start_ang = 0;
step_ang = -1;
stop_ang = -360;

-1 * ones(N+1,1);
-0.25 * ones(N+1,1);

angular_vel
angular_acc

FIGURE E.7.7
Specified input (in bold text) in the Appendix D.5 MATLAB file for Example 74.

TABLE E.7.9

Watt II mechanism forces (N)

B E, Fy, E. F,;

0 —689, —855 187,75 —1186, —685 191, 396

—60 164, -488 -610, -304 —1434, -943 436, 621

-120 1087, -3122 -1603, 2282 -1063, 634 4,353

-180 -54,-1917 —450, 1098 -946, -639 —63, 344

—240 —-885, -1616 359, 805 -970, -637 —45, 343

-300 -1189, 1140 651, 364 -1047, -621 34, 345

-360 -669, —820 173, 80 —1153, —672 180, 387
——

7.7 Stephenson III Mechanism Analysis

Figure 76 a illustrates a Stephenson III mechanism where a force F,. is applied to the
intermediate link point p;. To drive the mechanism, a torque T,, is appfied about the crank
link revolute joint. The user also has the option of specifying torques Ty, and T, about
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FIGURE 7.6
(a) Stephenson III mechanism and (b) link dynamic forces and torques.

the revolute joints b, and by, respectively* The forces on the individual Stephenson III
mechanism links are illustrated in Figure 7.6b. Taking the sum of the forces and moments
for each link according to the conditions >F = ma and >M = I produces two dynamic
equations for each link. Expanding these two equations and separating the force equa-
tion into two equations, where X F, = macg, and X F, = macg,, ultimately produces three
dynamic equations for each link.

Equation 7.35 includes the center of gravity-load point vectors used for the Stephenson
III mechanism.

* If the user prefers not to consider the applied force F;; or the applied torques Ty, or T,;, these quantities can be
specified as zero in the dynamic load equations.
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R, =R, +iR;, j=1,2,..,12 (7.35)
Because the x- and y-components of the total acceleration of the center of gravity of each
link are required in the dynamic load equations, Equation 7.36 includes the accelera-
tion equations for acg, and acg,. These acceleration equations are identical in form to the
Stephenson 1III acceleration equations in Section 4.8.3. The acceleration equations for acg,
through acg, are identical to Equation 7.2, since the corresponding links produce a planar
four-bar mechanism.

ace, = Apn +ici (—Ry )T - (6] (—Ry)e ) = i wieO7P) — 2 08

vioLae ™) — (6, Le® )~ icRye ™)+ (6 Rye ™) (7.36)

ace, = ) (-Re)e!" = (1)) (R )"

Because the Stephenson III mechanism includes the planar four-bar mechanism, the
dynamic load equations given in Equations 74, 7.6, and 7.8 are used for the crank, cou-
pler, and follower links, respectively, of the planar four-bar mechanism included in the
Stephenson III mechanism.

Using the first two dynamic load conditions for the intermediate link p, — b] (where the
moment sum is taken about CG,) produces

_Fpl — Fb; + FPE + myg = Myacg,

. (7.37)
—Rs X Fp, —Ro X E; + Ry X Fp; = 1,0
Expanding and separating Equation 7.37 produces
-F,, - Fbix + Fpix = M4AcG,,
-F,, - Fbiy + Fp;y +1My8 = Mylcg,, (7.38)
Fy\ Ry = Fpy Rsx + Fy; Roy —F; Rox—F: Rigy +F; Riox = L

Using the first two dynamic load conditions for the grounded link by —bj (where the
moment sum is taken about CG;) produces

sz) + Fb; + Ms@ = Msa s

, (7.39)
T,; + Ru X F; + Ry XE; =I5,
Expanding and separating Equation 7.39 produces
Fbéx + Fbix = M5acGs,
Fy, + By, +1ms8 = Msaces, (740)

Ty, — Fh;any + Fb;y Rypx — b Rz, + Fbgy Rz = I5Y;

x
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Expressing Equations 7.4, 7.6, 7.8, 7.38, and 740 in a combined matrix form produces

where the x- and y-components of vectors R, through R;, are R
Ry, sin(angle]v) and R

OO O OO0 OO0 OO O m oo
|

1 0 1 0 0 0
0 1 0 1 0 0
Rl}/ﬁ, Ry xBj _RZW, RZXDJ 0 0
0 0 -1 0 0 0
0 0 0 -1 0 0
0 0 R3ya, —R3xa/ 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 —Ryyn RM;
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
Ta MacG,,
E,, Mlcg,, — Mg
E aoy I 1[3 j
Eux Mylcc,,
Fy, Maylcc,, — M8
Fbﬂx Izd]
F boy M3AcGs,
Fhlx M3lcG,;, —M3&
k biy 13;Y. i~ Tbo
. Madce,, — Fj;,
By, MylcG,, — Mg — Fpiv
F.- .
o ||t iR = B, Ruowy
boy M5ACGs,
Fblx MsAccs, —Msg
Fb;y IS’Y; - Tb(‘)

NYangle j

0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

0 1 0 0
_RSya i RSxa i 0 0
0 0 0 0

0 0 0 0

0 0 0 0
-1 0 0 0
0 -1 0 0
Ry, ~Re, 0 0
0 0 1 0

0 0 0 1

0 0 —Roy, Ro

NXangle j

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 0

-1 0

0 -1
nga _R‘)x(x*/

1 0

0 1
. _Rﬂy N R]]X *
¥j Yj vj

(741)

=R, cos(angle j) -
=R,, sin(angle j) +R,,y cos(angle f ) It can be seen in Equations 74,

7.6,7.8,738, 740, and ultimately in Equation 741 that the mass and mass moment of inertia
of each link are also required.

Equation 741 can be solved using Cramer’s rule to determine the unknown forces and
torques. The unknown Stephenson III displacement angles o; and y;, angular velocities
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¢; and ¥}, and angular accelerations @; and ¥} are the same quantities calculated from the
Stephenson III equations in Sections 4.8.1-4.8.4. Given such solutions (along with the solu-
tions for the planar four-bar mechanism), the corresponding dynamic forces and torques
can be calculated from Equation 7.41.

Appendix D.6 includes the MATLAB file user instructions for Stephenson III dynamic
force analysis. In this MATLAB file (which is available for download at www.crcpress.
com/product/isbn/9781498724937), solutions for Equation 7.41 are calculated.

Example 7.5

Problem Statement: Using the Appendix D.6 MATLARB file, calculate the forces at joints a;,
by, p1, and b over a complete crank rotation range (at —60° increments) for the Stephenson
III mechanism in Tables E.710 and E.711. In this mechanism, F (O,— 1000)N,
Bo =—1rad/s, and p = -0.25rad/s?. Also Ty, = T,; =0 and gravity is —9.81 m/sz.

Known Information: Tables E.7.10, E.711, and Appendix D.6 MATLARB file.

Solution Approach: Figure E.7.8 includes the input specified (in bold text) in the
Appendix D.6 MATLAB file. Vectors R,, Ry, Rs5, R¢, Ro, Ryg, and Ry; are calculated in
the MATLARB file using vector-loop equations (see Appendix D.6). Table E.712 includes
the forces calculated for the Stephenson III mechanism using the Appendix D.6

MATLAB file.

TABLE E.7.10

Stephenson III Mechanism Dimensions (with Link Lengths in m)

w,, 0 Vi, p u,o G Gy L,d
0.5, 90° 0.75,19.3737° 0.75, 93.2461° 0.75,0 0.5, 60.7834°
vy, p* L, 6% u, o* Gix,Giy

1,17.1417° 0.5, 63.7091° 1, 76.4844° 0.2159, 0.2588

TABLE E.7.11

Stephenson III Mechanism Dynamic Parameters (with Length in m, Mass in kg, and
Inertia in kg-m?)

R, 0-i0.25 m, 8.05
R, -0.3172 - i0.2284 I 0.805
R, 0.0212 — i0.3744 m, 29.785
R, -0.3923 - i0.2477 I, 5.635
R, - 0.1169 — i0.4862 m, 12.075
I, 2.415
m, 4347
I 16.1
s 15.925

I 5.635
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wl
vl
Gl
ul
L1

Vls
Gls
Uls
Lls

O(D <DI—l

R1
R3
R7
R8

29.7

43.4
15.2

=
w
I nn

start_ang
step_ang
stop_ang

angular_v

*e
.2
Xp
5

8.05;

angular_acc

0.5*exp(i*90*pi/180);
0. 75*exp(1*19 3737*p1/180),

0.7
0. 75*exp(1*93 2461*pi/180);
0.5*exp(i*60.7834*pi/180);

xp(i*17. 1417*p1/180),

159 + i*0.2588
(i*76. 4844*p1/180)
.5*exp(i*63. 7091*p1/180);

Fpls = [O,
Th0 = 0; ThsO = 0; g = -9.81;

-i%0.25;
-0.3172 - i*0.2284;
0.0212 - i*0.3744;

-0.3923 - i*0.2477;
R12 = -0.1169 - i*0.4862;

I1 = 0.805;
85; 12 = 5.635;
12.075; 13 = 2.415;
7; 14 = 16.1;
95; 15 = 5. 635

-1000] ;

0;

el

-1;
-360;

-1 * ones(N+1,1);
-0.25 * ones(N+1,1);

FIGURE E.7.8

Specified input (in bold text) in the Appendix D.5 MATLAB file for Example 7.4.

TABLE E.7.12

Stephenson III Mechanism Forces (N)

B

E,

Fb]

F,

pP1

3

b

90, 722
1219, 135
2160, -3768
725,-2221
-177,-1802
—466, -1217
123, -645

34, -527
-551,-1208
-1977,1528
—-650, 291
30,52

280, —245
31,-517

126, -968
613, -781
200, -1900
79,-1611
-121,-1439
-148, -1185
151, -922

—124, -442
—-469, 661
—262, 360
-99, 147
83,0

104, -211
—-127,-438

7.8 Mass Moment of Inertia and Computer-Aided Design Software

The mass moment of inertia is a measure of a solid object’s resistance to change in rotational
speed about a particular axis of rotation. This is the quantity used in the dynamic
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load condition XM = Ja. The mass moment of inertia of a rotating body is generally
defined as

I= j P dm (742)

or more specifically as

L= |(y*+2")dm

3

(z2 +x2 )dm (743)

—~
<
Il
§'~—.

I, = (x2 +y2)dm

3

where dm is the mass of an infinitesimally small part of the body and 7, x, v, and z are the
distances between dm and the axis of rotation (see Figure 7.7)*

Mass moment of inertia equations are available for a range of primitive solid shapes
and a variety of rotation conditions [6]. Although such equations provide the user with a
convenient means to calculate mass moments of inertia, the user is limited to the geometry
and rotation condition considered in the equations.

With the development of computer-aided design (or CAD) software, specifically in the
area of solid modeling (creating virtual representations of solid geometry), the user can

i<t
v X

FIGURE 7.7
Arbitrary body with mass moment of inertia variables.

* Because only planar mechanisms are considered in this chapter, only link rotations about the z-axis and the
subsequent moment of inertia about the z-axis (I, in Equation 7.43) are considered.
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now readily calculate the mass moment of inertia of any solid shape produced and under
any rotation condition established.* With more accurate CAD-produced inertia values
for mechanism components, the accuracy of calculated quantities such as mechanism
dynamic forces and torques will also be improved. Mass moment of inertia calculation
using CAD software is the preferred approach among engineers today—particularly
when the mechanism geometry considered cannot be accurately represented by primi-
tive geometry.

7.9 Planar Mechanism Dynamic Force Analysis
and Modeling in Simmechanics®

As noted throughout this chapter, Appendices D.1-D.6 include user instructions for the
planar four-bar, slider-crank, geared five-bar, Watt II, and Stephenson III mechanism
MATLAB files, respectively. In these files, the dynamic force and torque equations formu-
lated in this chapter are solved. These MATLAB files provide means for the user to effi-
ciently conduct planar four-bar, slider- crank, geared five-bar, Watt II, and Stephenson III
dynamic force analyses by solving their displacement, velocity, and acceleration equations
along with their dynamic force and torque equations.

This textbook also utilizes SimMechanics as an alternate approach for simulation-based
dynamic force analysis. A library of SimMechanics files is available for download at www.
crcpress.com/ product/isbn/9781498724937 to conduct dynamic force analyses on the pla-
nar four-bar, slider-crank, geared five-bar, Watt II, and Stephenson III mechanisms. With
these files, the user specifies the mechanism link dimensions, mass properties, applied
loads, and driving link parameters, and the dynamic forces and torques at the mechanism
locations of interest are measured. Additionally, the motion of the mechanism itself is
simulated. The SimMechanics file user instructions for the planar four-bar, slider-crank,
geared five-bar, Watt II, and Stephenson III mechanisms are given in Appendices J.1-].6,
respectively.

While the user can specify input according to any unit type for length, force, and torque
in the Appendix D MATLAB files, only two groups of dimensions are available in the
Appendix ] MATLAB files. The user can specify length, mass, and force quantities in
either inch, pound-mass, and pound-force respectively (the U.S. system), or meter, kilogram,
and Newton respectively (the S.I. system). The user also has the option in the Appendix |
files to convert U.S. system input to S.I. system output and vice versa.

Example 7.6

Problem Statement: Figure E.7.2 (in Example 7.1) includes plots for mechanism forces F,,,
Fayy s Frgyr and Fy,- Using the Appendix J.1 SimMechanics files, measure the maximum
and minimum values (considering value magnitudes and not directions) for the planar
four-bar mechanism forces in Example 7.1. Consider 1° crank rotation increments.

* Commercial CAD software producers include (but are by no means limited to) Autodesk, PTC, Dassault
Systemes, and Siemens PLM Software.
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Known Information: Example 7.1 and Appendix ].1 SimMechanics files.

Solution Approach: Figure E.79 includes the input specified (in bold text) in the
Appendix J.1 MATLARB file. Table E.7.13 includes the maximum and minimum force val-
ues calculated using the Appendix D.1 MATLAB file and the AppendixJ.1 SimMechanics

files.
unit_select = "STI';
wl = 0.5*exp(i*90*pi/180);
vl = 0.75%exp(i*19.3737*p1/180);
Gl = 0.75;
Ul = 0.75%exp(i*93.2461*pi/180);
L1 = 0.5*exp(i*60.7834%*pi/180);
Fpl = [0, 0];
ThO = 0;
g = -9.81;
R1 = -i1%0.25;
R3 = -0.3172 - i*0.2284;
R7 = 0.0212 - i*0.3744;
ml = 8.05;
I1 = 0.805;
m2 = 29.785;
I2 = 5.635;
m3 = 12.075;
I3 = 2.415;
start_ang = 0;
step_ang =1;
stop_ang = 360;
angular_vel = 1;
angular_acc = 0;
FIGURE E.7.9

Specified input (in bold text) in the Appendix J.1 MATLARB file for Example 7.6.

TABLE E.7.13

Minimum and Maximum Planar Four-Bar Mechanism Forces (N)

g Appendix D.1 MATLAB File g Appendix J.1 SimMechanics Files
Fuo o max 247 —245.22 246.97 —245.23
Fromin 168 -0.14 167.99 -0.11
Fogy max 257 806.31 256.98 806.31
Fayy min 284 10.19 283.98 10.19
Fi e max 250 279.36 250 279.36
Fyy. min 166 -0.07 165.97 -0.13
Fip max 286 463.81 286 463.81
Fy, min 214 -0.61 214 -0.60

251
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Example 7.7

Problem Statement: The minimum and maximum torque values in Figure E.72 (in
Example 7.2) appear at crank displacement angles of 239° and 304°, respectively. Using
the Appendix J.2 SimMechanics files, measure the maximum and minimum torque
values for the slider-crank mechanism in Example 7.2.

Known Information: Example 7.2 and Appendix J.2 SimMechanics files.

Solution Approach: Figure E.710 includes the input specified (in bold text) in the
Appendix J.1 MATLAB file. Table E.714 includes the maximum and minimum
torque values calculated using the Appendix D.2 MATLAB file and the Appendix J.2
SimMechanics files. While the Appendix D.2 file requires the user to run it twice (once
using +j and again using —p) and then to filter the results (only keeping data rows
where the sliding friction direction and the slider velocity direction are opposite), only
a single run required for the Appendix J.2 files. This is because the latter includes filter
(a decision operator that considers the sliding friction direction and the slider velocity
direction) to exclude all invalid result data.

Lwl = 0.5;

theta = 90*pi/180;
LUl = 0;

Lvl = 0.9014;

F = [01 0];

mu = 0.5;

g = -9.81;

R1 = -1%0.25;

R3 = -0.3750 + i*0.25;
ml = 8.05;

I1 = 0.805;

m2 = 14.49;

I2 = 4.025;

m3 = 30;

start_ang = 0;
step_ang =1;
stop_ang = 360;
angular_vel = 10;
angular_acc = 0;

FIGURE E.7.10
Specified input (in bold text) in the Appendix J.2 MATLAB file for Example 7.7.

TABLE E.7.14

Slider-Crank Mechanism Torque (in N-m)

Appendix D.2 MATLAB file Appendix J.2 SimMechanics Files
Toymin = —612.53 at f = 239° Toymin =—612.51 at § = 239°

Taymax = 940.87 at p = 304° Ty max = 940.83 at B = 304°
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Example 7.8

Problem Statement: Figure E.7.6 (in Example 7.3) includes plots for the driver torque
T,,- Using the Appendix ].4 SimMechanics files, measure the maximum and minimum
values (considering value directions) for this torque in Example 7.1. Consider 1° crank
rotation increments.

Known Information: Example 7.3 and Appendix ].4 SimMechanics files.

Solution Approach: Figure E.711 includes the input specified (in bold text) in the
Appendix J4 MATLAB file. Table E.715 includes the maximum and minimum
torque values calculated using the Appendix D.4 MATLAB file and the Appendix J.4
SimMechanics files. Unlike the Appendix D4 file, the mass (im5) and inertia (I5) of the
idler gear are used in the Appendix J.4 files (see Appendix J.4). This makes the results
from the latter more accurate.

unit_select = 'SI';

wl = 0.5*exp(i*90*pi/180);

vl = 0.75%exp(i*32.7304*pi/180);
Gl = 0.75*exp(i*0*pi/180);

Ul = 0.75*%exp(i*45*pi/180);

L1 = 0.5*exp(i*74.14*pi/180);

S1 = 0.75*%exp(i*149.9847*pi/180);
Fpl = [0, -1000];

ratio = 2;

g = -9.81;

R1 = -1*0.0831;

R3 = -0.2558 - 1*0.2955;

R7 = 0.3247 - i*0.1876;
R9 = -0.0356 - i*0.0356;
ml = 22.54; 11 = 0.505;

m2 = 29.785; I2 = 5.635;
m3 = 12.075; I3 = 2.415;
m4 = 75.67; I4 = 5.635;
m5 = 22.54; 15 = 0.505;

start_ang = 0;
step_ang =1;
stop_ang = 360;
angular_vel = 10;
angular_acc = 0;

FIGURE E.7.11
Specified input (in bold text) in the Appendix ].4 MATLAB file for Example 7.8.

TABLE E.7.15

Geared Five-Bar (with 3 Gears) Mechanism Driver Torque (in N-m)

Appendix D.4 MATLAB File  Appendix J.4 SimMechanics Files (Where ms = m; and I5 = I,)

T/ max = 26184 at p = 252° Tfmax = 2618.4 at p = 251.99°
Tmin = —1386.5 at p = 290° Tfmn = —1386.5 at p = 290.01°
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e79

Problem Statement: Repeat Example 7.4 using the Appendix ].5 SimMechanics files.

Known Information: Example 7.4 and Appendix J.5 SimMechanics files.

Solution Approach: Figure E.712 includes the input specified (in bold text) in the
Appendix J.5 MATLARB file. Table E.716 includes the forces calculated for the Watt II

mechanism using the Appendix J.5 SimMechanics files.

unit_select = 'SI';

wl = 0. 5*exp(1*90* i/180);

vl = 8 5*exp(1*19 3737*p1/180),
Gl =

ul = 0. 75*exp(1*93 2461*pi/180);
L1 = 0.5%*exp(i*60.7834%*p1i/180);
wls = 0.5*exp(i*45*pi/180);

Vls = 0.75*exp(i*7. 9416*p1/180),
Gls = 0.7244 - i*0.1941

Uls = 0.75%exp(i*60. 2717*p1/180),
Lls = 0.5%*exp(i*49.3512%*pi/180);
Fpl = [-500, -500]; Fpls = [-1000, O]1;
ThO = 0; ThsO = 0; g = -9.81;

R1 = -1%0.25;

R3 = -0.3172 - i*0.2284;

R7 = -0.1037 - i*0.3675;

R9 = -0.3562 - i*0.161;

R13 = -0.1860 - i*0.3257;

ml = 8.05; I1 = 0.805;

m2 = 29.785; I2 = 5.635;

m3 = 33.81; I3 = 5.635;

m4 = 29.785; 14 = 5.635;

m5 = 12.075; 15 = 2.415;
start_ang = 0;

step_ang = -60;

stop_ang = -360;

angular_vel = -1;

angular_acc = -0.25;

FIGURE E.7.12

Specified input (in bold text) in the Appendix J.5 MATLAB file for Example 7.9.

TABLE E.7.16

Watt II Mechanism Forces (N)

BC) Ey F, Fai Fbi

0 —688.85, —854.54 186.89, 74.82 —-1185.5, —-685.08 190.79, 395.58
-60.03 164.28, —488 —-610.03, -303.93 —-1433.4, -943.03 436.41, 621.4
-119.98 1087, -3123 -1603.6, 2283 -1063.3, —633.55 4.4,353.01
—-180.01 -54.46,-1916.7 —449.73,1097.5 —945.63, —638.55 —63.3, 343.6
-239.99 —884.78, -1616.4 358.55, 805.15 —970.38, —636.66 —44.95, 342.65
—200.01 -1189.4, -1140.2 650.49, 363.57 -1047,-621.43 34.28, 345.36

-359.94 —670.23, -820.15

173.52,79.92 -1153.1, -671.78

179.86, 386.55




Dynamic Force Analysis of Planar Mechanisms

Example 7.10

Problem Statement: Repeat Example 7.5 using the Appendix J.6 SimMechanics files.
Known Information: Example 7.5 and Appendix J.6 SimMechanics files.
Solution Approach: Figure E.713 includes the input specified (in bold text) in the
Appendix ].6 MATLARB file. Table E.717 includes the forces calculated for the Stephenson
III mechanism using the Appendix J.6 SimMechanics files.

unit_select = 'SI';

0.5*exp(i*90*pi/180);
. 7g*exp('i *19.3737%p1/180) ;

0

0.75;
0.75%exp(i*93.2461*pi/180);
0.5*exp(i*60.7834*p1/180);

*exp(i*17.1417*%pi/180);
.2159 + i*0.2588;
Xp(i*76.4844* 1/180)

Lls .5*exp(i*63. 7091*p1/180),

Fpls = [0, -1000];
Tb0 = 0; ThOs = 0

-1*0.25;

-0.3172 - i%*0.2284;
0.0212 - i*0.3744;
20.3923 - *0,2477;
-0.1169 - i*0.4862;

8.05; 11 = 0. 805
29.785; 12
12.075; 13
43.47; 14 =
15.295; 15 =

wl
vl
Gl
ul
L1l

Vls
Gls
Uls

O(D C)I—l

g = -9.81;

R1
R3
R7

R8
R12 =

E]
w
TR
I
N
IS
R
wvi

start_ang =
step_ang = -60;
stop_ang = ;

angular_vel
angular_acc

I
1
[

FIGURE E.7.13
Specified input (in bold text) in the Appendix ].6 MATLAB file for Example 7.10.

TABLE E.7.17

Stephenson III Mechanism Forces (N)

B E, Fy, B, s

0 90.14, -721.61 33.53, -526.57 125.62, —968.46 —124.04, -441.54
-59.99 1218.3, 135.01 -550.79, -1207.7 613.34, -780.76 —468.53, —-660.51
-119.99 2160.3, -3768.2 -1976.8, 1528.7 200.02, —-1899.6 —262.28, 359.84
—180.02 724.37,-2221 -649.45, 291.22 79.12,-1610.6 -98.84, 146.98
—240.01 -177.29,-1802.3 29.73,51.89 -121.33,-1439.2 83.41,-0.14
-300.03 —466.26, -1216.6 279.81, —245.28 —147.58, -1185.3 104.4, -210.7
-359.94 122.58, —645.1 31.49,-516.87 150.76, —921.74 —126.66, —438.17

255
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710 Summary

In terms of structural force analyses for mechanical systems, a dynamic force analysis is
the next type of force analysis to consider beyond a static force analysis. In this type of
analysis, loads are considered for each mechanism link according to Newton’s second law
(XF = ma, XM = la). In this chapter, a system of dynamic force and moment equations are
formulated for the planar four-bar, slider-crank, geared five-bar, Watt II, and Stephenson
III mechanisms. These equations form sets of linear simultaneous equations that are
solved to determine the dynamic forces and torques present at each mechanism joint. The
Appendix D.1-D.6 MATLAB files provide a means for the user to efficiently conduct planar
four-bar, slider-crank, geared five-bar, Watt II, and Stephenson III dynamic force analyses
by solving their displacement, velocity, and acceleration from Chapter 4 along with their
linear simultaneous equation sets.

This textbook also utilizes SimMechanics as an alternate approach for simulation-based
dynamic load analyses. Using the Appendix J.1-].6 SimMechanics files, the user can con-
duct dynamic load analyses on the planar four-bar, slider-crank, geared five-bar, Watt II,
and Stephenson III mechanisms, respectively, as well as simulate mechanism motion.

References

1. Beer, E. P. and Johnston, E. R. 1988. Vector Mechanics for Engineers: Statics and Dynamics. 5th edn,
Chapter 16. New York: McGraw-Hill

2. Myszka, D. H. 2005. Machines and Mechanisms: Applied Kinematic Analysis. 3rd edn, Chapter 14.
Saddle River, NJ: Prentice-Hall.

3. Norton, R. L. 2008. Design of Machinery. 4th edn, Chapter 11. New York: McGraw-Hill.

4. Wilson, C. E. and Sadler, J. P. 2003. Kinematics and Dynamics of Machinery. 3rd edn, Chapter 10.
Saddle River, NJ: Prentice-Hall.

5. Waldron, K. J. and Kinzel, G. L. 2004. Kinematics, Dynamics and Design of Machinery. 2nd edn,
Chapter 14. Saddle River, NJ: Prentice-Hall.

6. Lindeburg, M. R. 2001. Mechanical Engineering Reference Manual for the PE Exam. 11th edn,
Chapter 58. Belmont, CA: Professional Publications.

Additional Reading

Hibbeler, R. C. 1998. Engineering Mechanics: Dynamics. 8th edn, Chapter 17. Upper Saddle River, NJ:
Prentice-Hall.

McGill, D. J. and King, W. W. 1995. Engineering Mechanics: An Introduction to Dynamics. Chapter 2.
Boston: PWS Publishing.

.|
Problems

1. Figure P71 illustrates a planar four-bar mechanism used to guide a hatch from the
opened position to the closed position over a crank rotation of 31.7°. The dimensions
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hatch closed

W,

i

hatch opened

FIGURE P.7.1
Hatch mechanism.

TABLE P.7.1

Hatch Mechanism Dimensions (with Link Lengths in m)

W, v, U, G, L,

0.1658 +13.2649 —0.7423 - i0.1494 —0.0462 —11.6889 —0.5302 + i4.8044 —0.3024 - i1.9839

TABLE P.7.2

Hatch Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R, ~0.0829 — i1.6324 " 2.8811
R, 0.3024 +i1.9839 I 10.8216
R, 0.0231 +i0.8445 1, 56.0143
L 281.0267
s 1.6092
I 1.7066

for the mechanism at the opened-hatch position are included in Table P.7.1 and the
link dynamic parameters are included in Table P.7.2. Gravity is —9.81 m/s2. Plot the
driver torque over a crank rotation range of 31.7° with an initial crank angular

velocity of Orad/s and an angular acceleration of 0.175rad/s? (using the Appendix
D.1 or].1 files).

2. Repeat Problem 1 where a constant follower-link torque of T;, = 10,000 N-m is also
applied.

3. Figure P72 illustrates a planar four-bar mechanism used to guide a cutting blade
from the opened position to the closed position over a crank rotation of —45°.
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The dimensions for the mechanism at the opened-blade position are included in
Table P.7.3 and the link dynamic parameters are included in Table P.74. Gravity
is —9.81m/s?. Plot the force components at the grounded crank revolute joint
(FEOX, Fy, ) over a crank rotation range of —45° with an initial crank angular velocity

of Orad/s and an angular acceleration of —0.55rad/s? (using the Appendix D.1 or
J1 files).

upper blade

</

lower blade
(tool closed)

lower blade
(tool open)

FIGURE P.7.2
Cutting mechanism.

TABLE P.7.3

Cutting Mechanism Dimensions (with Link Lengths in m)

wl Vl Ul Gl Ll

—0.0899 +i1.2955 —0.5523 +i1.237 2.1075 +i0.9489 —2.7497 +i1.5836 1.8547 —i2.0853

TABLE P.7.4

Cutting Mechanism Dynamic Parameters (with Length in m, Mass in kg and Inertia in kg-m?)

R, 0.045 - 0.6478 my 1.2985

R; —1.8547 +i2.0853 L 0.8477

R, —1.0538 —i0.4744 M, 4.6682
L 409753
s 2.1139

I 4.0685
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4. Repeat Problem 3 where a constant follower-link torque of T, = 250 N-m is also
applied.

5. Figure P73 illustrates a planar four-bar mechanism used to guide a brake pad
from the released position to the applied position over a crank rotation of 40°.
The dimensions for the mechanism at the released-hatch position are included
in Table P.7.5 and the link dynamic parameters are included in Table P.7.6. A force
of E,, =(400,0)N is constantly applied and gravity is ~9.81m/s>. Plot the driver
torque over a crank rotation range of 40° with an initial crank angular velocity of
Orad/s and an angular acceleration of 1rad/s? (using the Appendix D.1 or ].1 files).

6. For Problem 5, plot the force components at the grounded follower-revolute joint

(B Fio, )
brake pad brake pad
applied released
Y
vy W,
X
Vi
// G]
/ T
U, CG,
L, my
FIGURE P.7.3

Brake mechanism.

TABLE P.7.5

Brake Mechanism Dimensions (with Link Lengths in m)

w, v, U, G, L,

0.5967 +11.0893 -1.801 —i1.3932 —0.5121 +i0.6055 —0.6922 —i0.9094 1.0539 +i1.3509

TABLE P.7.6

Brake Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg-m?)

R, ~0.2983 — i0.5446 ", 1.2526

R; -1.3766 — i1.2335 I 0.7543

R, 0.256 —i0.3028 n, 24.2732
I, 106.9483
My 0.8911

I 0.2439
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7. Figure P74 illustrates a planar four-bar mechanism used to guide a latch from
the released position to the applied position over a crank rotation of 70°. The
dimensions for the mechanism at the released-latch position are included in
Table P.7.7 and the link dynamic parameters are included in Table P.7.8. Gravity is
—-9.81m/s% Plot the driver torque over a crank rotation range of 70° with an initial
crank angular velocity of Orad/s and an angular acceleration of 0.25rad/s? (using
the Appendix D.1 or ] 1 files).

latch released

latch applied

FIGURE P.7.4
Latch mechanism.

TABLE P.7.7

Latch Mechanism Dimensions (with Link Lengths in m)

wl Vl Ul Gl Ll

3.0887 —i2.2929 2.0591 - i1.001 2.5916 —10.7733 2.5562 —i2.5206 3.7416 +i5.3422

TABLE P.7.8

Latch Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R, ~1.5444 +i1.1465 m, 3.3504

R; —3.7416 — i5.3422 I 17.2769

R, —1.2958 +i0.3867 M, 12.8341
L 566.2676
s 2.4303

I 6.3265
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8 Repeat Problem 7 where a constant follower-link torque of T;, = —-100 N-m is also
applied.

9 Figure P75 illustrates a planar four-bar mechanism used to guide a wiper blade.
The dimensions for the mechanism are included in Table P79 and the link dynamic
parameters are included in Table P.7.10. Gravity is —9.81 m/s2. Plot the force compo-
nents at the grounded crank revolute joint (F,, , F,,,) over a complete crank rotation

range at a constant crank angular velocity of 5.25rad/s (using the Appendix D.1 or
J.1 files).

10. Plot the force components at the grounded follower-revolute joint (F,, , F,,) for
Problem 9 at a constant crank angular velocity of 6.25rad/s.

11. Figure P7.6 illustrates a planar four-bar mechanism used to guide a gripper com-
ponent from the open position to the closed position over a crank rotation of 50°.
The dimensions for the mechanism at the open gripper position are included in
Table P711 and the link dynamic parameters are included in Table P.7.12. A force

wiper blade

FIGURE P.7.5
Wiper-blade mechanism.

TABLE P.7.9

Wiper Mechanism Dimensions (with Link Lengths in m)

w, \£! U, G, L,

-0.0626 - i0.2727 0.6258 —i0.2874 0.0632 - i0.5601 0.5+i0 0.3129 - i0.1437

TABLE P.7.10

Wiper Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R, 0.0313 +1i0.1364 m, 0.0177

R, -0.3129 +i0.1437 I 0.0081

R, ~0.1023 +10.9063 n, 0.0386
L 0.0064
s 0.0499

I, 0.252
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gripper closed

FIGURE P.7.6
Gripper mechanism.

TABLE P.7.11

Gripper Mechanism Dimensions (with Link Lengths in m)

w, v, U, G, L,

—0.324 - i0.6408 1.1198 - i0.354 0.5985 +i0.3782 0.1973 - i1.373 2.7357 +13.415

TABLE P.7.12

Gripper Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R, 0.162 +10.3204 m 0.8308

R; -1.2711 —i2.4568 I 0.1924

R, ~0.2993 — i0.1891 "y 8.8936
I 76.9644
ms 0.8227
L 0.1868

of E,, =(0,500)N is constantly applied. Gravity is —9.81m/s2. Determine the maxi-
mum driver torque magnitude ‘Tao‘ produced given a crank rotation increment
of 1° an initial crank angular velocity of Orad/s and an angular acceleration of
0.1rad/s? (using the Appendix D.1 or ] 1 files).

12. Repeat Problem 11 where a force of F,, = (—150, 400)N is constantly applied.

13. Figure P77 illustrates a planar four-bar mechanism used to guide a component
from its initial position to its assembled position over a crank rotation of 66°. The
dimensions for the mechanism at the initial component position are included in
Table P.713 and the link dynamic parameters are included in Table P.7.14. Gravity
is =9.81m/s?. Determine the maximum driver torque magnitude ‘Tao‘ produced
given a crank rotation increment of 0.1° an initial crank angular velocity of Orad/s
and an angular acceleration of 0.55rad/s? (using the Appendix D.1 or ].1 files).
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assembled
position

FIGURE P.7.7
Assembly mechanism.

TABLE P.7.13

|
Al
VA /Y ) .
[ /
L 7 G, _

263

T
initial position }

Assembly Mechanism Dimensions (with Link Lengths in m)

w,

v,

G, L,

1.5356 —i1.7885

0.0169 +11.2337

—0.3294 - i0.8093

1.8819 +i0.2545

1.7054 +i0.8903

TABLE P.7.14

Assembly Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R,
R,
R,

—0.7678 +i0.8943
—1.7054 - i0.8903
0.1647 +i0.4047

", 21510
I 4.2995
", 9.3356
I, 43.7912
s 0.9563
I 0.3091

14. Repeat Problem 13 where the minimum and maximum values of |F,,| are deter-
mined (instead of the maximum driver torque magnitude).

15. Figure P7.8 illustrates a planar four-bar mechanism used to guide a digging
bucket from its initial position to its final position over a crank rotation of —58°.
The dimensions for the mechanism at the initial component position are included
in Table P.715 and the link dynamic parameters are included in Table P.7.16. A force
of F,, =(-3182,-3182)N is constantly applied. Gravity is ~9.81m/s?. Determine
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initial position |

FIGURE P.7.8
Digging mechanism.

TABLE P.7.15
Digging Mechanism Dimensions (with Link Lengths in m)

W, v, U, G, L,
—2.5208 — i1.3307 —3.6797 — i0.5059 —2.4816 - i3.3521 -3.7189 +i1.5155 —3.3055 — i1.3619
TABLE P.7.16

Digging Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg-m?)

R, 1.2604 + i0.6654 " 2.5478

R, 4.1869 — i0.3915 I 7.3408

R, 1.2408 +i1.676 "y 36.419
L 677.1258
iy 3.6112
I 21.8099

the maximum force magnitude |F,,| produced given a crank rotation increment
of —0.1° an initial crank angular velocity of Orad/s and an angular acceleration of
—0.35rad/s? (using the Appendix D.1 or ].1 files).

16. Repeat Problem 15 where the minimum and maximum values of |F,,| are deter-
mined (instead of the maximum force magnitude |Fal ‘).
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17. Figure P.79 illustrates a planar four-bar mechanism used to guide a bucket from
its loading position to its unloading position over a crank rotation of —30°. The
dimensions for the mechanism at the initial component position are included in
Table P.717 and the link dynamic parameters are included in Table P.7.18. Gravity
is —9.81m/s2. Determine the maximum driver torque magnitude |T,,| produced
given a crank rotation increment of —1° an initial crank angular velocity of Orad/s
and an angular acceleration of —0.025rad/s? (using the Appendix D.1 or ] .1 files).

18. Repeat Problem 17 where the maximum force magnitude |Fy,| is determined
(instead of the maximum driver torque magnitude).

19. Plot the driving link torque for the planar four-bar mechanism in Example 7.1 over
a complete crank rotation range.

20. Repeat Example 7.1 using E,, = (—1500, 4500)N, an initial crank angular velocity of
1.25rad/s, and an angular acceleration of 0.2rad /s

unloading
position

loading
position

FIGURE P.7.9
Load—unload mechanism.

TABLE P.7.17

Load-Unload Mechanism Dimensions (with Link Lengths in m)

wl Vl Ul Gl Ll
—2.8841 +i2.7285 0.1817 +i0.5059 —0.6055 —i3.2954 —2.0968 +i6.5299 -1.7775 - i0.8574
TABLE P.7.18
Load-Unload Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg-m?)
R, 1.442 —i1.3642 ™ 3.4494
R; 1.7775 +i0.8574 I 18.9215
R, 0.3028 + i1.6477 "y 36.419
L 174.9659
s 2.9503

L 11.6282




266 Kinematics and Dynamics of Mechanical Systems

21. Plot F,,, and F,,, (vs. the crank angular displacement) for the slider-crank mecha-
nism in Example 7.2 over a complete crank rotation range. For this problem, let
p==201.

22. Plot F,,, and F,,, (vs. the crank angular displacement) for the slider-crank mecha-

nism in Example 7.2 over a complete crank rotation range, using a material with
half the density of the original material. For this problem, let p = + 0.1.

23. Repeat Example 7.2 using F = (<100, -25) N, an initial crank angular velocity of
10rad/s, and an angular acceleration of 2.5rad/s?. For this problem, let p =+ 0.1.

24. Table P.719 includes the dimensions for an offset slider-crank mechanism and
Table P.7.20 includes dynamic parameters for this mechanism. For this problem,
F =(0,—-100)N, the initial crank angular velocity is 0rad/s and the angular acceler-
ation is —5rad/s% Gravity is —9.81 m/s2. Calculate the driver torque over a complete
crank rotation range (using the Appendix D.2 or ].2 files).

25. Plot F,,, (vs. the crank angular displacement) for the slider-crank mechanism in

Problem 24 over a complete crank rotation range, using m; = 25kg and m; = 10kg.

26. Repeat Problem 24 using F = (—150,—50)N, an initial crank angular velocity of
—15rad/s and an angular acceleration of Orad/s?.

27. Table P.7.21 includes the dimensions for a geared five-bar mechanism and P.7.22
includes dynamic parameters for this mechanism. The initial crank angular veloc-
ity is 1.25rad/s and the angular acceleration is 0.15rad/s?. Plot the driving and
driven link torque over a complete crank rotation range (using the Appendix D.3
or J.3 files).

TABLE P.7.19

Slider—Crank Mechanism Dimensions (with Link Lengths in m)

W, 0 Vi u, u
0.5,90° 0.9014 0.25 +0.15
TABLE P.7.20

Slider—Crank Mechanism Dynamic Parameters (with Length in m, Mass in
kg, and Inertia in kg—-m?)

R, 0-i0.25 ", 8.05
R, —0.433 +10.125 I, 0.805
m? 14.49
L 4025
ms 50
TABLE P.7.21
Geared Five-Bar Mechanism Configuration (with Link Lengths in m)
ere ‘/llp ullc Sl/‘l’ Gllely Llr8
0.35, 90° 0.525, 54.7643° 0.35, 60° 0.525, 115.0279° 0.35,0 0.35, -15.7645°
E,, (N) Gravity Gear Ratio

0, -1000 -9.81m/s? -2
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TABLE P.7.22

Geared Five—Bar Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in
kg-m?)

R, 0 - i0.0666 ", 22.54
R, -0.2132 - i0.1112 I 0.505
R, 0.1111 — i0.2379 1y 29.785
R, ~0.0074 — i0.0128 I, 5.635
1y 12.075
L 2415
", 75.67
I, 5.635

28. Plot the force magnitudes ‘Fa’o‘ and ‘Fﬁo‘ (versus the crank angular displacement)
for the geared five-bar mechanism in Problem 27 over a complete crank rotation
range,

29. Repeat Example 7.3 using F,, =(—1000,—750)N, an initial crank angular velocity of
1.25rad/s, and an angular acceleration of 0.1rad/s2.

30. Plot F,, and F,, (vs. the crank angular displacement) for the geared five-bar mech-
anism in Problem 29 over a complete crank rotation range.

31. Calculate the forces F,,, F,, and F,. for the Watt Il mechanism configuration in
Table P.7.23 over a —90° crank rotatlon range at—15° increments (using the Appendix
D.5 or ].5 files). Table P.7.24 includes the dynamic parameters for this mechanism.
The initial crank angular velocity and acceleration are —1.25rad/s and —0.1rad/s?,
respectively.

32. Repeat Example 74 using F (0 750)N E. (0 1500)N and T, =T, =
350N-m. The initial crank angular velocity ancl1 acceleration are —2.5rad/s and
Orad/s? respectively.

33. Figure P710 illustrates a Stephenson III mechanism used to guide a digging
bucket from its initial position to its final position over a crank rotation of 40°.
The dimensions for the mechanism at the open gripper position are included in
Table P.7.25 and the link dynamic parameters are included in Table P.7.26. A force
of E. (—2500 O)N is constantly applied. Gravity is —9.81m/s?. Determine the
maximum driver torque magnitude |T,,| produced given a crank rotation incre-
ment of 1° an initial crank angular velocity of Orad/s and an angular acceleration
of 0.25rad/s? (using the Appendix D.6 or J.6 files).

TABLE P.7.23

Watt II Mechanism Configuration (with Link Lengths in m)

W, 0 Vi, p u,c G Gy L,d

1, 90° 1.5,19.3737° 1.5,93.2461° 15,0 1, 60.7834°
Wy, 0% Vi, p* u;, 6* Gix,Giy L, 6%

1, 45° 1.5,7.9416° 1.5, 60.2717° 1.4489, -0.3882 1, 49.3512°
E,, (N) Fp; (N) Ty, (N-m) T,; (N-m) Gravity

0, -1500 —2500, —=1000 0 0 -9.81 m/s?
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8.05
0.805
29.785
5.635
33.81
5.635
29.785
5.635
12.075

TABLE P.7.24
Watt I Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg-m?)
R, 0-10.5 m,
R, —0.6344 - i0.4568 I
R, —0.2074 - i0.7349 m,
Ry —0.7123 - i0.322 I,
R;; —0.3719 - i0.6513 1My
13
My
Iy
s
15

2415

initial
position position

FIGURE P.7.10
Stephenson III digging mechanism.

TABLE P.7.25
Stephenson III Digging Mechanism Dimensions (with Link Lengths in m)

wl Vl Ul Gl I"1
3.0546 — i1.4686 -0.841 +i1.4363 -1.3089 - i1.5388 3.5225 +i1.5065 —4.0351 - i0.6398
A\ L U; G T, , T,; (N-m)

2.3984 +i0.629 0.4974 — i1.3665 -1.0591 —-i0.1314 —1.0455 — i2.8545

0
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TABLE P.7.26
Stephenson III Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg-m?)
R, —-1.5273 +i0.7343 m, 2.9817
R, 3.7288 —i0.0171 I 12.0162
R, 0.6545 +i0.7694 m, 2.5865
Ry 0.2166 +i0.6934 I, 36.6452
R12 0.5295 +i0.0657 m; 1.8797
I 2.799
", 9.1046
I, 80.2505
s 1.1125
I 0.5096
f~]
i3
=
5}
[}
§ gripper closed
v B
X N/
W=
O
C/?JI
FIGURE P.7.11
Stephenson III gripper mechanism.
TABLE P.7.27
Stephenson III Gripper Mechanism Dimensions (with Link Lengths in m)
W, 0 Vup u,oc G Gy L,d
1.0283, 318.4178° 0.5195, 286.4362° 0.9418, 230.6143° 1.5138, — 0.4529 0.7031, 189.1904°
Vl*l P* U;, G* L;, 8* G;x I3 G{y Tbﬂ ’ Tba (N_m)
5.2881, 319.9647° 0.8666, 236.6216° 3.2742,11.8113° 3.0869, -3.0198 25,75

34. Figure P711 illustrates a Stephenson III mechanism used to guide a gripping
tool from its open position to its closed position over a crank rotation of 40°.
The dimensions for the mechanism at the open gripper position are included
in Table P7.27 and the link dynamic parameters are included in Table P.7.28. A
force of F . = (0,—2500)N is constantly applied. Gravity is —9.81m/s?. Calculate
the forces F, , F,,, F,, and F for the Stephenson III mechanism configuration over
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a 40° crank rotation range at 5° increments (using the Appendix D.6 or ].6 files).
The initial crank angular velocity and acceleration are Orad/s and 0.025rad/s?,

respectively.
35. Calculate the forces F,,, F

1, Fy, and Ey: for the Stephenson III mechanism configu-

ration in Table P7.29 over a 360° crank rotation range at 60° increments (using the
Appendix D.6 or ].6 files). Table P.7.30 includes the dynamic parameters for this
mechanism. The initial crank angular velocity and acceleration are Orad/s and

0.125rad/s? respectively. Also F. = (0,0)N and gravity is -9.81m/s>.

TABLE P.7.28

Stephenson III Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R, —0.3846 +i0.3412 m 1.0811
R, 0.8113 —i1.4891 I 0.4637
R, 0.2988 +10.3640 m, 9.1255
Ry -1.6013 +i0.1172 I 35.7589
R12 0.2384 +i0.3618 My 1.0111
I 0.3719
", 9.1255
I 64.0933
s 0.9507
I 0.3027
TABLE P.7.29
Stephenson III Mechanism Dimensions (with Link Lengths in m)
W, 0 Vi p U,s G Gy L,d
1,90° 15,19.3737° 1.5,93.2461° 15,0 1,60.7834°
Vl*/ p* Lill & u;l ¢ G;xr G;y Tbu ’ TbB (N-m)
2,17.1417° 1, 63.7091° 2,76.4844° 0.4318, 0.5176 -150
TABLE P.7.30

Stephenson III Mechanism Dynamic Parameters (with Length in m, Mass in kg, and Inertia in kg—m?)

R, 0-10.5 m,
R, —0.6344 - i0.4568 L
R, 0.0425 —i0.7488 m,
Ry —0.7847 —10.4953 I
R, —-0.2337 —10.9723 My
L
my
I
s

Is

16.1
1.61
59.57
11.27
24.15
4.83
86.94
32.2
30.59
11.27
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Design and Kinematic Analysis of Gears

CONCEPT OVERVIEW

In this chapter, the reader will gain a central understanding regarding

1. Purposes, designs, and functions of sput, planetary, rack and pinion, helical, bevel, and
worm gears

2. Criteria for optimal gear operation and its relationship with gear design variables
and design equations

3. Equations and solution methods for the kinematics of spur, planetary, rack and pin-
ion, helical, bevel, and worm gears

8.1 Introduction

Gears are mechanical components used to transmit motion from one shaft to another. In
Chapters 3 and 4, gears have been introduced in the planar five-bar mechanism. By includ-
ing a gear pair, as illustrated in Figure 3.4, or a gear train (three or more gears), as illustrated
in Figure 4.13, to interconnect the driving links of this mechanism, the rotation of link
a,—a, is transmitted to link b—b,.

A simple design to transmit motion between shafts can include cylinders, where friction
maintains the rolling contact between the cylinders (Figure 8.1a). With this design, as long
as the contact between the cylinders is pure rolling (e.g., no slip), the velocity relationships
given in Equation 8.1 hold true. As a result of the friction force being the limiting factor for
the torque capacity of rolling cylinders, motion transmission through rolling cylinders is
limited to low-torque applications in practice.

Replacing the rolling cylinders with gears (Figure 8.1b) maintains the velocity relation-
ships in Equation 8.1 while substantially increasing torque capacity, since the teeth in the
driving gear (also called the pinion) interface or mesh with the teeth of the driven gear.*
With gears, torque capacity is limited to the bending strength of the gear teeth (as opposed
to contact friction in rolling cylinders) [1]. The ratio of the driving and driven gear angular
velocities (in Equation 8.1) is called the velocity ratio (VR).

Although rotation can be transmitted through other mechanical components (e.g.,
belt-pulley systems and chain-sprocket systems), gears are commonly used, appear-
ing in mechanical systems of all sizes. The advantages of gears over belt-pulley, chain-
sprocket, and even linkage systems include higher torque, speed and power capacities,
no slip, greater durability, efficiency, and suitability for confined spaces. As you will see

* In Figure 8.1b, variables r,, and r,, are the pitch circle radii (the pitch circle diameter is presented in Section 8.3.1) of
the driving and driven gears, respectively, and are analogous to 7, and r, of the rolling cylinders in Figure 8.1a.
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driving wheel driven wheel

(@)
FIGURE 8.1
(@) Rolling cy