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Preface

This book presents an integrated introduction to the basic theories of finite element
analysis (FEA) and the use of ANSYS® Workbench in the modeling and simulation of
engineering problems. It is intended for undergraduate students in engineering and
for engineers who have no previous experience with the FEA and wish to learn the
basic theory and software usage from a single volume. The book covers the basic con-
cepts in the FEA using simple mechanics problems as examples, and leads to discus-
sions and applications of the one-dimensional bar and beam elements, two-dimensional
plane stress and plane strain elements, plate and shell elements, and three-dimensional
solid elements in the analyses of structural stresses, vibrations and dynamics, thermal
responses, fluid flows, optimizations, and failures. In each of these application areas,
ANSYS Workbench is introduced through hands-on case studies. Clear understanding of
the FEA principles, element behaviors, solution procedures, and correct usage of the FEA
software is emphasized throughout the book.

The materials in this book are good for teaching undergraduate FEA courses in engineer-
ing to students who need a general background in the FEA so that they can apply FEA in
their design and analysis of structures using ANSYS Workbench or other FEA software.
Presentations of FEA theories and formulations in the book are kept to a minimum, aimed
solely for readers to understand the behaviors of the various elements and FEA solutions.
Emphases are placed on the techniques in FEA modeling and simulation, such as in build-
ing a quality FEA mesh, verifying the results, and employing the symmetry of a struc-
ture. The book includes 12 chapters and can be used for an undergraduate FEA course in
one semester (15 weeks with three 50-minute sessions each week) or in two quarters (10
weeks per quarter with three 50-minute sessions each week). It is recommended that com-
puter lab sessions on using ANSYS Workbench be arranged for each chapter. Case studies
included in the book provide step-by-step instructions on solving a variety of problems of
moderate size and level of sophistication in ANSYS Workbench, and can be covered in the
lab sessions. Modeling tips are available in the case studies wherever applicable to give
students an immediate opportunity to use the skills they learn in a problem-solving con-
text. Homework problems and projects using ANSYS Workbench software are provided at
the end of each chapter.

The Solutions Manual contains solutions to all end-of-chapter problems. The manual
features a compact presentation of solutions for over 100 problems. Each end-of-chapter
problem that requires the use of an FEA tool is solved in ANSYS Workbench. For such
a problem, the Workbench solution, which contains crucial properties such as geometry,
material, mesh, boundary conditions, and simulation results, is saved using a Workbench
project file (wbpj) as well as a project folder that contains the supporting files for the
Workbench project. The Solutions Manual, along with the Workbench solution files for
over 80 end-of-chapter simulation problems, is available to instructors from CRC Press.
Microsoft PowerPoint slides for each chapter are provided to instructors using this book.
In addition, Workbench files for the case studies are available to instructors for use in lec-
tures or computer lab sessions. The additional material is available from the CRC website:
http://www.crcpress.com/product/isbn/9781439873847.

The materials in the book have been developed by the authors for undergraduate
courses on FEA at the Washington State University Vancouver and at the University

xi



xii Preface

of Cincinnati for the last 10 years or so. The authors would like to thank many of their
current and former students for their help in developing these lecture materials and
their contributions to many of the examples used in the book, and in particular we thank
students Qikai Xie, Fan Yang, and Bin He for their help in developing the supplementary
materials for this book. We are grateful for the students we metin our classes at Vancouver
and Cincinnati. This book could never have been written without their collective inter-
est, feedback, and enthusiasm. Our special thanks go to the editorial staff at CRC Press,
Jonathan Plant, the Senior Editor, and Amber Donley, the Project Coordinator, for their
patience, cooperation, and professionalism in the production of this book. Much grati-
tude also goes to the reviewers for their valuable comments and suggestions. Of course,
we take full responsibility for any errors or mistakes in the book. We also welcome any
suggestions from readers that could help us improve the book in the future.

Xiaolin Chen
Vancouver, Washington
Yijun Liu

Cincinnati, Ohio
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1

Introduction

1.1 Some Basic Concepts

The finite element method (FEM), or finite element analysis (FEA), is based on the idea of
building a complicated object with simple blocks, or, dividing a complicated object into
smaller and manageable pieces. Application of this simple idea can be found everywhere
in everyday life (Figure 1.1), as well as in engineering. For example, children play with
LEGO® toys by using many small pieces, each of very simple geometry, to build vari-
ous objects such as trains, ships, or buildings. With more and more smaller pieces, these
objects will look more realistic.

In mathematical terms, this is simply the use of the limit concept, that is, to approach or
represent a smooth object with a finite number of simple pieces and increasing the number
of such pieces in order to improve the accuracy of this representation.

1.1.1 Why FEA?

Computers have revolutionized the practice of engineering. Design of a product that used
to be done by tedious hand drawings has been replaced by computer-aided design (CAD)
using computer graphics. Analysis of a design used to be done by hand calculations and
many of the testing have been replaced by computer simulations using computer-aided
engineering (CAE) software. Together, CAD, CAE, and computer-aided manufacturing
(CAM) have dramatically changed the landscape of engineering (Figure 1.2). For example,
a car, that used to take five to six years from design to product, can now be produced start-
ing from the concept design to the manufacturing within a year using the CAD/CAE/
CAM technologies.

Among all the computational tools for CAE, the FEM is the most widely applied method
or one of the most powerful modern “calculators” available for engineering students and
professionals. FEA provides a way of virtually testing a product design. It helps users
understand their designs and implement appropriate design changes early in the product
development process. The adoption of FEA in the design cycle is driven by market pres-
sure since it brings many benefits that will help companies make better products with
reduced development costs and time-to-market.

1.1.2 Finite Element Applications in Engineering

The FEM can be applied in solving the mathematical models of many engineering prob-
lems, from stress analysis of truss and frame structures or complicated machines, to
dynamic responses of automobiles, trains, or airplanes under different mechanical,
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FIGURE 1.1

Objects built with simple and small pieces: (a) a fire engine built with LEGO® (http://lego.wikia.com/
wiki/10020_Santa_Fe_Super_Chief); and (b) a house built with many elements—bricks, beams, columns, pan-
els, and so on.

CAD CAE
Design Design Design Design L
T concept modeling analysis optimization | :
e o~ T T
Ll I Y i
Customer Design
market evaluation

Packagin Quality Production Process
T sing control planning planning '
CAM

FIGURE 1.2
A sketch of the computer-aided product development process.

thermal, or electromagnetic loading. There are numerous finite element applications
in industries, ranging from automotive, aerospace, defense, consumer products, and
industrial equipment to energy, transportation and construction, as shown by some
examples in Table 1.1. The applications of the FEA have also been extended to materials
science, biomedical engineering, geophysics, and many other emerging fields in recent
years.

TABLE 1.1

Examples of Engineering Applications Using FEA

Field of Study Examples of Engineering Applications
Structural and solid mechanics Offshore structure reliability analysis, vehicle crash simulation,

nuclear reactor component integrity analysis, wind turbine blade
design optimization

Heat transfer Electronics cooling modeling, casting modeling, combustion engine
heat-transfer analysis

Fluid flow Aerodynamic analysis of race car designs, modeling of airflow
patterns in buildings, seepage analysis through porous media

Electrostatics/electromagnetics Field calculations in sensors and actuators, performance prediction of
antenna designs, electromagnetic interference suppression analysis
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FIGURE 1.3

Examples of FEA using ANSYS Workbench: (a) wind load simulation of an offshore platform (Courtesy of
ANSYS, Inc., http://www.ansys.com/Industries/Energy/Oil+&+Gas); (b) modal response of a steel frame
building with concrete slab floors (http://www.isvr.co.uk/modelling/); (c) underhood flow and thermal man-
agement (Courtesy of ANSYS, Inc., http://www.ansys.com/Industries/Automotive/Application+Highlights/
Underhood); and (d) electric field pattern of antenna mounted on helicopter (Courtesy of ANSYS, Inc., http://
www.ansys.com/Industries/Electronics+&-+Semiconductor/Defense+&-+Aerospace + Electronics).

1.1.3 FEA with ANSYS Workbench

Over the last few decades, many commercial programs have become available for con-
ducting the FEA. Among a comprehensive range of finite element simulation solutions
provided by leading CAE companies, ANSYS® Workbench is a user-friendly platform
designed to seamlessly integrate ANSYSS, Inc.’s suite of advanced engineering simulation
technology. It offers bidirectional connection to major CAD systems. The Workbench envi-
ronment is geared toward improving productivity and ease of use among engineering
teams. It has evolved as an indispensible tool for product development at a growing num-
ber of companies, finding applications in many diverse engineering fields (Figure 1.3).

1.1.4 A Brief History of FEA

An account of the historical development of FEM and the computational mechanics in
general was given by O. C. Zienkiewicz recently, which can be found in Reference [1]. The
foundation of the FEM was first developed by Courant in the early 1940s. The stiffness
method, a prelude of the FEM, was developed by Turner, Clough et al., in 1956. The name
“finite element” was coined by Clough in 1960. Computer implementation of FEM pro-
grams emerged during the early 1970s. To date, FEM has become one of the most widely
used and versatile analysis techniques. A few major milestones are as follows:

1943—Courant (Variational methods which laid the foundation for FEM)
1956—Turner, Clough, Martin, and Topp (Stiffness method)
1960—Clough (Coined “Finite Element,” solved plane problems)

1970s—Applications on “mainframe” computers
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(@) (b) [}

O
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175 53
s

FIGURE 1.4
(a) A plate with a hole (CAD model); and (b) A FEM discretization (mesh).

1980s—Microcomputers, development of pre- and postprocessors (GUI)
1990s—Analysis of large structural systems, nonlinear, and dynamic problems
2000s—Analysis of multiphysics and multiscale problems

1.1.5 A General Procedure for FEA
To conduct an FEA, the following procedure is required in general:
¢ Divide the CAD/geometric model into pieces to create a “mesh” (a collection of
elements with nodes, Figure 1.4).
e Describe the behavior of the physical quantities on each element.

¢ Connect (assemble) the elements at the nodes to form an approximate system of
equations for the entire model.

e Apply loads and boundary conditions (e.g., to prevent the model from moving).

® Solve the system of equations involving unknown quantities at the nodes (e.g., the
displacements).

e Calculate the desired quantities (e.g., strains and stresses) at elements or nodes.

In commercial FEA software, this procedure is typically rearranged into the following
phases:

e Preprocessing (build FEM models, define element properties, and apply loads and
constraints)

* FEA solver (assemble and solve the FEM system of equations, calculate element
results)

* Postprocessing (sort and display the results)

1.2 An Example in FEA: Spring System

A glimpse into the steps involved in an FEA is provided through a simple example in this
section. We will look at a spring element and a spring system to gain insight into the basic
concepts of the FEM.
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1.2.1 One Spring Element

For the single element shown in Figure 1.5, we have:

Two nodes i,]

Nodal displacements u;, u; (m, mm)
Nodal forces fi f; (Newton)
Spring constant (stiffness) k (N/m, N/mm)

Relationship between spring force F and elongation A is shown in Figure 1.6.
In the linear portion of the curve shown in Figure 1.6, we have

F=kA, withA=u;—u; (1.1)

where k = F/A(>0) is the stiffness of the spring (the force needed to produce a unit stretch).
Consider the equilibrium of forces for the spring. At node 7, we have

fi=-F =k(u; — w) = ku; — ku;

f; F

i
> @ =

and at node j

fi=F=k(w;—w) = ku; - ku,

ol
~.
| RSN

In matrix form,
kK —k||u fi
e 2

T X .
AW
VR k b

FIGURE 1.5
One spring element.

Linear

Nonlinear

FIGURE 1.6
Force—displacement relation in a spring.
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or,
ku=f (1.3)

where
k = element stiffness matrix
u = element nodal displacement vector
f = element nodal force vector

From the derivation, we see that the first equation in Equation 1.2 represents the equilib-
rium of forces at node i, while the second equation in Equation 1.2 represents the equilib-
rium of forces at node j. Note also that k is symmetric. Is k singular or nonsingular? That
is, can we solve the equation in Equation 1.2? If not, why?

1.2.2 A Spring System
For a system of multiple spring elements, we first write down the stiffness equation for

each spring and then “assemble” them together to form the stiffness equation for the whole
system. For example, for the two-spring system shown in Figure 1.7, we proceed as follows:

For element 1, we have
kol A 11 (1.4)
—k ki |12 f2

ka —ka | |u2 f12
|:—k2 ko :Hug} - {fzz} (1‘5)

where fi" is the (internal) force acting on local node i of element m (i =1, 2).

and for element 2,

1.2.2.1 Assembly of Element Equations: Direct Approach

Consider the equilibrium of forces at node 1,

1

E=fi

F 1 A
> @ <
x
ky ky
—_— —_—
1 2 3
uy, Fy uy F, us Fy

FIGURE 1.7
A system of two spring elements.
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atnode 2,
A2 1t
O ——
F2
F = le + fl2
and, at node 3,
E = f22
f22 3 F,
< . >

Using Equations 1.4 and 1.5, we obtain

F =k - ki,

E =~k + (ki + ka)up — kous

F3 = —k2M2 + k2u3

In matrix form, we have

k1 —k1 0 751
—kl kl + k2 —k2 Uy
0 —kz kz Us
or
Ku=F

7
3
=1F (1.6)
B
(1.7)

in which, K is the stiffness matrix (structure matrix) for the entire spring system.

1.2.2.1.1 An Alternative Way of Assembling the Whole Stiffness Matrix

“Enlarging” the stiffness matrices for elements 1 and 2, we have

|
e
RA
K
o
=
N

Il

and

0 0 0 [|lwm
0 k2 —kz Uy
0 —kz k2 Us

fi
f2
0

2
1

2
2
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Adding the two matrix equations (i.e., using superposition), we have

ky —k; 0 |[w fi
ki kit+ky,  —ky|[qupp= le + fl2
0 —k2 kz Us f22

This is the same equation we derived by using the concept of equilibrium of forces.

1.2.2.2 Assembly of Element Equations: Energy Approach

We can also obtain the result using an energy method, for example, the principle of mini-
mum potential energy. In fact, the energy approach is more general and considered the
foundation of the FEM. To proceed, we consider the strain energy U stored in the spring
system shown in Figure 1.5.

1 1 1 1
U = kA% + kA2 = =ATkA + = A TkA
211 222 2 1 AMAl 2 2 A2032

However,
U Uy
Ay =u, —uy =[-1 1]{ }/ Ay =us —u, =[-1 1]{ }
Uy Us
We have
1 Ky —ki || 1 k, —k> ||,
_ - = larging...
U 2[u1 uz]{_kl , :Huz}+ 2[u2 113][_k2 ks Hus} (enlarging...)
1 k] —k1 0 1250
= E[ul uy  wll-ki kitky ko |qus (1.8)
0 —k2 kz Us

The potential of the external forces is

F
Q=-FRu—bu, —Fus =~[uy  u, w]b (1.9)
E

Thus, the total potential energy of the system is

. ki —k; 0 [|w F
MmM=U+Q-= E[ul Uy Mg,] —k1 k1 + kz —k2 Uy o — [M] Up u3] Fz (].].0)
0 —kz kz Us F3
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which is a function of the three nodal displacements (u,,11,,15). According to the principle
of minimum potential energy, for a system to be in equilibrium, the total potential energy
must be minimum, that is, 41 = 0, or equivalently,

BHZO 81'[:0 BH:

BV 7N, 7N, 0/ .
aU1 auz au3 (1 11)

which yield the same three equations as in Equation 1.6.

1.2.3 Boundary and Load Conditions

Assuming that node 1 is fixed, and same force P is applied at node 2 and node 3, that is
;=0 and F,=F;=P

we have from Equation 1.6

kl _kl 0 0 F]
—k1 k1 + k2 —k2 Uy p = P
0 —k2 k2 Us P

which reduces to

and
Fy=~ku,

Unknowns are

and the reaction force F, (if desired).
Solving the equations, we obtain the displacements

Uy _ 2P/k1
Us B 2P/k1 + P/k2
and the reaction force

F,=-2P
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1.2.4 Solution Verification

It is very important in FEA to verify the results you obtained through either hand calcula-
tions or analytical solutions in the literature. The following is a list of items to check based
on common sense or intuition, or analytical solutions if they are available.

e Deformed shape of the structure

e Equilibrium of the external forces (Reaction forces should balance with the applied
loads.)

® Order of magnitudes of the obtained values
Notes about the Spring Elements:

® Spring elements are only suitable for stiffness analysis.
¢ They are not suitable for stress analysis of the spring itself.

e There are spring elements with stiffness in the lateral direction, spring elements
for torsion, and so on.

1.2.5 Example Problems

EXAMPLE 1.1
k, ky Pk
AN AT —= «
1 2 3 4

Given: For the spring system shown above,

k; =100 N/mm, k, = 200 N/mm, k; = 100 N/mm
PZSOON, M1:u4:0

Find:
a. The global stiffness matrix
b. Displacements of nodes 2 and 3
¢. The reaction forces at nodes 1 and 4
d. The force in the spring 2

Solution

a. The element stiffness matrices are (make sure to put proper unit after each
number)

[ 100  -100
1 =

-100 100 ] (N/mm)

200 200
kz =
-200 200

:| (N/mm)
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W [0 007
*=|l100 100 |/

Applying the superposition concept, we obtain the global stiffness matrix
for the spring system

u Up Uz Uy
100 -100 0 0
3 -100 100 + 200 —200 0
| o -200 200+100 -100
0 0 -100 100
or
100  -100 0 0

-100 300 -200 0
0 -200 300 -100
0 0 -100 100

which is symmetric and banded.
Equilibrium (FE) equation for the whole system is

100  -100 0 0 7 F
-100 300  -200 0 U, F
0 -200 300 100 ||u; E

0 0 =100 100 ||u4 F,

b. Applying the BCs u; =u,=0, F,=0, and F;=P, and “deleting” the first and
fourth rows and columns, we have

300 -200|fuz| O
-200 300 ||us| |P
Solving this equation, we obtain
Uy P/250 2
= = (mm)
U3 3P/500 3

c. From the first and fourth equations in the system of FE equations, we obtain
the reaction forces

F = —100u, = —200 (N)

Fy = —100u; = -300 (N)

11
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d. The FE equation for spring (element) 2 is

200 —2001[u| _|[fi
[—200 200Hu,}‘{fj}

Here i =2, j =3 for element 2. Thus we can calculate the spring force as

U

F=f =—fi =[-200 200]{ } = [-200 200]{;} =200 (N)

Us

Check the results:
Draw the free-body diagram (FBD) of the system and consider the equilib-
rium of the forces.

F, =-200N F,=-300N

Equilibrium of the forces is satisfied!

EXAMPLE 1.2

Problem

For the spring system with arbitrarily numbered nodes and elements, as shown above,
find the global stiffness matrix.

Solution

First, we construct the following element connectivity table:

Element Node i (1) Nodej (2)
1 4 2
2 2 3
3 3 5
4 2 1

This table specifies the global node numbers corresponding to the local node numbers
for each element.
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Then we write the element stiffness matrix for each element

Uy Uy
[ k1 _k1
ki = ,
T }
Uy Uz
- k K .
k2 _ 2 2 ,
__kz k2 .
Us Us
- k —k -
k3 _ 3 3 ,
__ks k3 .
Uy U
- k _k .
k4 — 4 4
__k4 k4 .

Finally, applying the superposition method, we obtain the global stiffness matrix as
follows:

U U Uz Uy Us

ky —ky 0 0 0

—ky ki +ky+ky ky —k 0
K=|0 —ky ky + ks 0 —k;
0 —k 0 kq 0

0 0 —ks 0 k3

The matrix is symmetric, banded, but singular, as it should be.
After introducing the basic concepts, the section below introduces you to one of the
general-purpose finite element software tools—ANSYS Workbench.

1.3 Overview of ANSYS Workbench

ANSYS Workbench is a simulation platform that enables users to model and solve a wide
range of engineering problems using the FEA. It provides access to the ANSYS family
of design and analysis modules in an integrated simulation environment. This section
gives a brief overview of the different elements in the ANSYS Workbench simulation envi-
ronment or the graphical-user interface (GUI). Readers are referred to ANSYS Workbench
user’s guide [2] for more detailed information.

1.3.1 The User Interface

The Workbench interface is composed primarily of a Toolbox region and a Project Schematic
region (Figure 1.8). The main use of the two regions is described next.
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FIGURE 1.8
ANSYS Workbench user interface.

1.3.2 The Toolbox

The Toolbox contains the following four groups of systems:

Analysis Systems: Predefined analysis templates to be used to build your project,
including static structural, steady-state thermal, transient thermal, fluid flow,
modal, shape optimization, linear buckling, and many others.

Component Systems: Component applications that can be used to build or expand an
analysis system, including geometry import, engineering data, mesh, postpro-
cessing, and others.

Custom Systems: Coupled-field analysis systems such as fluid solid interaction, pre-
stress modal, thermal-stress, and others.

Design Exploration: Parametric optimization studies such as response surface optimi-
zation, parameters correlation, six sigma analysis, and others.

1.3.3 The Project Schematic

A project schematic, that is, a graphical representation of the workflow, can be built by
dragging predefined analysis templates or other components from the Toolbox and drop-
ping them into the Project Schematic window. “Drag” here means to move the mouse while
holding down the left mouse button, and “drop” means to release the mouse button.

To build a project for static structural analysis, for instance, drag the Static Structural
template from the Toolbox and drop it into the rectangular box that appears in the Project
Schematic window. A standalone analysis system that contains the components needed for
static structural analysis is added to the project schematic as shown in Figure 1.9a. The
system consists of seven individual components called cells.

Alternatively, a standalone analysis can be created by double-clicking. For example,
double-click the Steady-State Thermal template from the Toolbox, and an independent
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FIGURE 1.9

Defining standalone analysis systems in the project schematic: (a) a standalone system; (b) two independent
standalone systems; (c) moving a system in a top-bottom configuration; and (d) moving a system in a side-by-
side configuration.

Steady-State Thermal system will be placed in the default location below the existing Static
Structural system, as shown in Figure 1.9b.

A system can be moved around another system in the project schematic. To move a sys-
tem, click on the header cell (i.e., the cell titled Steady-State Thermal for the thermal system)
and drag it to a new place. Once you drag the header cell, dashed rectangles appear for the
possible new locations to drop the system. This is illustrated in Figures 1.9c and d for two
systems with initial top—bottom and side-by-side configurations, respectively.

To delete a system, click on the down arrow button at the upper left corner of the system
from the Project Schematic window, and then choose Delete from the drop-down context
menu.

In some cases, a project may contain two or more analysis systems that share data. For
example, a downstream modal analysis may use the same material, geometry, and model
data from the preceding structural analysis. To build such a project, create a standalone
system for Static Structural analysis. Then, drag the Modal analysis template from the
Toolbox and drop it onto the Model cell of the Static Structural system. Immediately before
the subsequent system is dropped, bounding boxes will appear on the Engineering Data,
Geometry, and Model cells of the first system, as shown in Figure 1.10a. After the system
is released, a project including two linked systems is created, as shown in Figure 1.10b,
where the linked cells indicate data sharing at the Model and above levels.
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Defining linked analysis systems in the project schematic: (a) dropping the second (subsequent) system onto
the Model cell of the first system to share data at the model and above levels; (b) two systems that are linked.

1.3.4 Working with Cells

Cells are components that make up an analysis system. You may launch an application by
double-clicking a cell. To initiate an action other than the default action, right-click on a
cell to view its context menu options. The following list comprises the types of cells avail-
able in ANSYS Workbench and their intended functions:

Engineering Data: Define or edit material models to be used in an analysis.
Geometry: Create, import, or edit the geometry model used for analysis.

Model/Mesh: Assign material, define coordinate system, and generate mesh for the
model.

Setup: Apply loads, boundary conditions, and configure the analysis settings.

Solution: Access the model solution or share solution data with other downstream
systems.

Results: Indicate the results availability and status (also referred to as postprocessing).

As the data flows through a system, a cell’s state can quickly change. ANSYS Workbench
provides a state indicator icon placed on the right side of the cell. Table 1.2 describes the
indicator icons and the various cell states available in ANSYS Workbench. For more infor-
mation, please refer to ANSYS Workbench user’s guide [2].

1.3.5 The Menu Bar

The menu bar is the horizontal bar anchored at the top of the Workbench user interface. It
provides access to the following functions:

File Menu: Create a new project, open an existing project, save the current project,
and so on.

View Menu: Control the window/workspace layout, customize the toolbox, and so on.
Tools Menu: Update the project and set the license preferences and other user options.
Units Menu: Select the unit system and specify unit display options.

Help Menu: Get help for ANSYS Workbench.
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TABLE 1.2

Indicator Icons and Descriptions of the Various Cell States

Cell State Indicator Description
Unfulfilled Need upstream data to proceed

Refresh required A refresh action is needed as a result of changes made on

upstream data

Attention required User interaction with the cell is needed to proceed

@ N T

Update required An update action is needed as a result of changes made on
upstream data
Up to date Data are up to date and no attention is required
Input changes pending An update or refresh action is needed to recalculate based
on changes made to upstream cells
Interrupted TP Solution has been interrupted. A resume or update action
" will make the solver continue from the interrupted point
Pending Solution is in progress
L= §
. |

Source: Courtesy of ANSYS Workbench User’s Guide, Release 14.5, ANSYS, Inc., 2012.

In the chapters that follow, the use of ANSYS Workbench will be presented in a step-by-
step fashion in the context of real-world problem solving that may involve different mod-
eling concepts or different physics. It is worth noting that, although a commercial finite
element program enables you to deal with a wide range of engineering problems with
complex geometry, constraints, and material behaviors, it is your responsibility to under-
stand the underlying physics to be able to setup a problem correctly. Your FEA results, no
matter how pretty they may look, are only as good as the assumptions and decisions you
have made in building your model.

1.4 Summary

In this chapter, the basic concepts in the FEM are introduced. The spring system is used
as an example to show how to establish the element stiffness matrices, to assemble
the finite element equations for a system from element stiffness matrices, and to solve
the FE equations. Verifying the FE results is emphasized. ANSYS Workbench environ-
ment is briefly introduced. The concepts and procedures introduced in this chapter are
very simple and yet very important for studying the finite element analyses of other
problems.
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PROBLEMS

1.1 Answer the following questions briefly:

a. What is the physical meaning of the FE equations (for either an element or the
whole structure)?

b. What is the procedure in using the FEM?

1.2 Answer the following questions briefly:
a. What is a finite element discretization or a finite element mesh?
b. Define the terms: node and element.

1.3 Using ANSYS Workbench, solve the following problems:

a. Create a project schematic that includes structural analysis of two design
parts of the same vehicle.

b. Create a project schematic that allows sequential thermal-stress coupling
analysis.

1.4 Consider the spring system shown below. Find the global stiffness matrix for the
entire system.

k3
5 ks 6
—— AN~
k, F;
VYW

1.5 Consider the spring system shown below. Find the global stiffness matrix for the
entire system.

k, 3
AWM
D) ks
“WWWA 5 ke
FS
k2 Yk

Given: k; =80 N/mm, k, = 100 N/mm, k; = 160 N/mm, F; =200 N, F, =100 N, and
nodes 1 and 2 are fixed;

Find:
a. Global stiffness matrix
b. Displacements of nodes 3 and 4
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c. Reaction forces at nodes 1 and 2
d. Forces in springs 1 and 2
1.7 A spring system is shown below

Given: ky =k, =k;=k,=k;=k, F; =P, and nodes 1, 2, and 5 are fixed;
Find:

a. Global stiffness matrix

b. Displacements of nodes 3 and 4

c. Reaction forces at nodes 1,2, and 5

d. Forces in springs 2, 4, and 5
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2

Bars and Trusses

2.1 Introduction

This chapter introduces you to the simplest one-dimensional (1-D) structural element,
namely the bar element, and the FEA of truss structures using such element. Trusses
are commonly used in the design of buildings, bridges, and towers (Figure 2.1). They are
triangulated frameworks composed of slender bars whose ends are connected through
bolts, pins, rivets, and so on. Truss structures create large, open, and uninterrupted space,
and offer lightweight and economical solutions to many engineering situations. If a truss,
along with the applied load, lies in a single plane, it is called a planar truss. If it has mem-
bers and joints extending into the three-dimensional (3-D) space, it is then a space truss.

Most structural analysis problems such as stress and strain analysis can be treated as
linear static problems, based on the following assumptions:

1. Small deformations (loading pattern is not changed due to the deformed shape)
2. Elastic materials (no plasticity or failures)
3. Static loads (the load is applied to the structure in a slow or steady fashion)

Linear analysis can provide most of the information about the behavior of a structure,
and can be a good approximation for many analyses. It is also the basis of nonlinear FEA
in most of the cases. In Chapters 2 through 7, only linear static responses of structures are
considered.

2.2 Review of the 1-D Elasticity Theory

We begin by examining the problem of an axially loaded bar based on 1-D linear elasticity.
Consider a uniform prismatic bar shown in Figure 2.2. The parameters L, A, and E are the
length, cross-sectional area, and elastic modulus of the bar, respectively.

Let u, €, and © be the displacement, strain, and stress, respectively (all in the axial direc-
tion and functions of x only), we have the following basic relations:

Strain—displacement relation:

_ du(x)

e(x) I

2.)

21
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FIGURE 2.1
Truss examples: (a) Montreal Biosphere Museum (http://en.wikipedia.org/wiki/Montreal_Biosph%C3%A8re).
(b) Betsy Ross Bridge (http://en.wikipedia.org/wiki/Betsy_Ross_Bridge).

AE
X —
\
L |
FIGURE 2.2
An axially loaded elastic bar.
Stress—strain relation:
o(x) = Ee(x) (2.2
Equilibrium equation:
do(x)
——+ f(x)=0 2.3
PRI K

where f(x) is the body force (force per unit volume, such as gravitational and magnetic
forces) inside the bar. To obtain the displacement, strain, and stress field in a bar, Equations
2.1 through 2.3 need to be solved under given boundary conditions, which can be done
readily for a single bar, but can be tedious for a network of bars or a truss structure made
of many bars.

2.3 Modeling of Trusses

For the truss analysis, it is often assumed that: (1) the bar members are of uniform cross
sections and are joined together by frictionless pins, and (2) loads are applied to joints only
and not in between joints along the truss members. It is based on these assumptions that
the truss members are considered to carry only axial loads and have negligible bending
resistance.
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Purlin

(b)

FIGURE 2.3
Modeling of a planar roof truss: (a) Physical structure. (b) Discrete model.

Given the fact that a truss is an assembly of axial bars, it is generally satisfactory to treat
each truss member as a discrete element—bar element. A bar element is a 1-D finite ele-
ment to describe the deformation, strain, and stress in a slender structure member that
often has a uniform cross section and is loaded in tension or compression only along its
axis.

Let us take a planar roof structure as an example to illustrate the truss model idealiza-
tion process. In an actual structure pictured in Figure 2.3a, purlins are used to support
the roof and they further transmit the load to gusset plates that connect the members.
In the idealized model shown in Figure 2.3b, each truss member is simply replaced by a
two-node bar element. A joint condition is modeled by node sharing between elements
connected end-to-end, and loads are imposed only on nodes. Components such as purlins
and gussets are neglected to avoid construction details that do not contribute significantly
to the overall truss load-deflection behavior. Other factors such as the weight of the truss
members can be considered negligible, compared to the loads they carry. If it were to be
included, a member’s weight can always be applied to its two ends, half the weight at each
end node. Experience has shown that the deformation and stress calculations for such
idealized models are often sufficient for the overall design and analysis purposes of truss
structures [3].

2.4 Formulation of the Bar Element

In this section, we will formulate the equations for the bar element based on the 1-D elas-
ticity theory. The structural behavior of the element, or the element stiffness matrix, can be
established using two approaches: the direct approach and the energy approach. The two
methods are discussed in the following.

2.4.1 Stiffness Matrix: Direct Method

A bar element with two end nodes is presented in Figure 2.4.
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FIGURE 2.4
Notation for a bar element.

Assuming that the displacement u is varying linearly along the axis of the bar, that is, in
terms of the two nodal values u; and u;, we can write

X X
u(x) = (1 — L)M,‘ + Eu] (24)
We have
€= Y Z i % (A = elongation) (2.5
6=Ee=L2 (2.6)
L

We also have
F N 2 7
c = " (F = force in bar) 27)

Thus, Equations 2.6 and 2.7 lead to

F="AA-ka
L

where k = EA/L is the stiffness of the bar. That is, the bar behaves like a spring in this case
and we conclude that the element stiffness matrix is

EA EA

k -k B

K = _| L L
« k]T|_EA EA

L L

or

K= EA[ 1 ‘1} 2.8)
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This can be verified by considering the equilibrium of the forces at the two nodes.
The Element equilibrium equation is

EA| 1  -1{ju i
— = J 29
L|-1 1 uj f]
Degree of Freedom (DOF): Number of components of the displacement vector at a node.
For 1-D bar element along the x-axis, we have one DOF at each node.
Physical Meaning of the Coefficients in k: The jth column of k (here j =1 or 2) represents the

forces applied to the bar to maintain a deformed shape with unit displacement at node j
and zero displacement at the other node.

2.4.2 Stiffness Matrix: Energy Approach

We derive the same stiffness matrix for the bar using a formal approach which can be
applied to many other more complicated situations.
First, we define two linear shape functions as follows (Figure 2.5):

N:€®)=1-& N;i§=¢ (2.10)
where

, 0<sE<1 2.11)

From Equation 2.4, we can write the displacement as

u(x) = w(®) = Ni(©)u; + N;(E)u
or
U;
u=[N; N; { } = Nu 2.12)
Strain is given by Equations 2.1 and 2.12 as

T P

1 1
g:io §=jl : £=0 §=j1 :

_ [ d N]u = Bu 2.13)

i

FIGURE 2.5
The shape functions for a bar element.
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where B is the element strain—displacement matrix, which is
d d dg
B= NGO NOJ= NG NEOJ -

that is,
B=[-1/L 1/L] (2.14)
Stress can be written as
6 = Ee = EBu (2.15)

Consider the strain energy stored in the bar

U= % _[ oTedV = %j(uTBTEBu)dV
14

v

- %uT [ j (BTEB)delu (2.16)

where Equations 2.13 and 2.15 have been used.
The potential of the external forces is written as (this is by definition, and remember the
negative sign)
Q=—fu; — fu; = —u'f 2.17)
The total potential of the system is

Mm=U+Q

which yields by using Equations 2.16 and 2.17

= %uT [ -V[ (BTEB)dV]u —uf 2.18)

Setting dI1 = 0 by the principle of minimum potential energy, we obtain (verify this)
l:j(BTEB)dV}u - f
Vv

or

ku=f (2.19)
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where

k= @ EB)aY 2.20)

is the element stiffness matrix.

Equation 2.20 is a general result which can be used for the construction of other types
of elements.

Now, we evaluate Equation 2.20 for the bar element by using Equation 2.14

t[-1/L EA[1 -1
k=H1/L }E[-m /L] Adx= L[—l 1}

which is the same as we derived earlier using the direct method.
Note that from Equations 2.16 and 2.20, the strain energy in the element can be written as

U= %uTku (2.21)

In the future, once we obtain an expression like Equation 2.16, we can immediately rec-
ognize that the matrix in between the displacement vectors is the stiffness matrix. Recall
that for a spring, the strain energy can be written as

U= tka? = 2aTka
2 2
Thus, result (2.21) goes back to the simple spring case again.

2.4.3 Treatment of Distributed Load

Distributed axial load g (N/mm, N/m, Ib/in) (Figure 2.6) can be converted into two
equivalent nodal forces using the shape functions. Consider the work done by the distrib-
uted load g,

1 . 1 ([N
W, = j u(x)q(x)dx = 2!(Nu) oy = [ uf]! [Nj(x)}q(”d"
= %uTJ-NTq(x)dx @22
S
f— ]
|
5 5
» ®

FIGURE 2.6
Conversion of a distributed load on one element.
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q
c e} 0
1 2 3
qL/2 gL qL/2
@ ® °
1 2 3

FIGURE 2.7
Conversion of a distributed load with constant intensity 4 on two elements.

The work done by the equivalent nodal forces are
1 1 1 7
Wfq = E’flﬂui + Equu]v = Eu fq (223)

Setting W, = Wy, and using Equations 2.22 and 2.23, we obtain the equivalent nodal force

vector
L L
i T Ni(
fq:{ =JN q(x)dx:J‘
51 0 N
which is valid for any distributions of 4. For example, if q is a constant, we have

t[1-x/L qL/2
f, = qjo.[ L :|dx :{qL/Z} (2.25)

that is, equivalent nodal forces can be added to replace the distributed load as shown in
Figure 2.7.

X) p
%) q(x)dx (2.24)

2.4.4 Bar Element in 2-D and 3-D

To analyze the truss structures in 2-D or 3-D, we need to extend the 1-D bar element for-
mulation to 2-D or 3-D. In the following, we take a look at the formulation for the 2-D case.

2.4.4.1 2-D Case

Local Global

X,y XY

uf, vf Ui, 0

1 DOF at each node 2 DOFs at each node

Note that lateral displacement v/ does not contribute to the stretch of the bar within the
linear theory (Figure 2.8). Displacement vectors in the local and global coordinates are
related as follows:
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FIGURE 2.8
Local and global coordinates for a bar in 2-D space.

U, =1;co80 + v;sin O = [l m]{zl}

0 = —u;sin® + vicos O = [-m l]{zl}

where [ = cos 6, m = sin 0.
In matrix form,

il T &
v; -m 1 ||v

or,

where the transformation matrix
- l m
T = ] (2.27)

is orthogonal, that is, T'!'=T1".
For the two nodes of the bar element, we have

M; l m 0 0 Uu;
;i -m l 0 0 (|
L= (2.28)
Ll]' 0 0 l m M]'
v 0 0 -m Iy

or,

T 0
uw=Tu withT = . (2.29)
0 T
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The nodal forces are transformed in the same way,
f'=Tf

In the local coordinate system, we have

EAl 1 1u| _|f
LL Ju; A

Augmenting this equation, we write

10 -1 olfu] [f
EA[0 0 0 0l|o| Jo
L|-1 0o 1 of|ly[ |f
0 0 0 ofl] |o
or,
k/ul:fl

Using transformations given in Equations 2.29 and 2.30, we obtain
K Tu=Tf
Multiplying both sides by T” and noticing that T™T = I, we obtain
TTk' Tu=f

Thus, the element stiffness matrix k in the global coordinate system is

k=TTk’T
which is a 4 x 4 symmetric matrix.
Explicit form is
U; U; u]- U]'
I Im -  —Im
EA| Im m> —-lm —-m®
k=—o/\ 2
L |-l ~Im l Im
-lm -m* Im m?
Calculation of the directional cosines | and m:
X, - X; Y, -Y,

l=cos®=—"——, m=sinb =
L

(2.30)

(2.31)

(2.32)

2.33)
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The structure stiffness matrix is assembled by using the element stiffness matrices in the
usual way as in the 1-D case.

2.4.4.2 3-D Case

Local Global

XY,z XY, Z

uf, vf, w} u;, v;, W;

1 DOF at each node 3 DOFs at each node

Similar to the 2-D case, element stiffness matrices in the 3-D case are calculated in the
local coordinate systems first and then transformed into the global coordinate system (X,
Y, and Z) where they are assembled (Figure 2.9). The transformation relation is

Ui Ix Iy Iy U;
vip=|mx my mz|\0; (2.34)
w; nx ny nz || Wi

where (Iy 1)), (my,my,m,), and (nyny,n,) are the direction cosines of the local x, y, and z
coordinate axis in the global coordinate system, respectively. FEM software packages will
do this transformation automatically.
Therefore, the input data for bar elements are simply:
e Coordinates (X, Y, Z) for each node

e [ and A for each element (length L can be computed from the coordinates of the
two nodes)

2.4.5 Element Stress

Once the nodal displacement is obtained for an element, the stress within the element can
be calculated using the basic relations. For example, for 2-D cases, we proceed as follows:

U;

FIGURE 2.9
Local and global coordinates for a bar in 3-D space.
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That is,

c = %[—l —m

which is a general formula for 2-D bar elements.

Finite Element Modeling and Simulation with ANSYS Workbench

I m] (2.35)

2.5 Examples with Bar Elements

We now look at examples of using the bar element in the analysis of 1-D stress problems

and plane truss problems.

EXAMPLE 2.1
2A,E AE

P

L

1 2 P 3

L l L
| |

Problem

Find the stresses in the two-bar assembly which is loaded with force P, and constrained

at the two ends, as shown in the above figure.

Solution

Use two 1-D bar elements.
For element 1,

251
1
K, = 2EA
L |-1
For element 2,
28]
1
W _EA
L|-1

253

N

Us

N

Imagine a frictionless pin at node 2, which connects the two elements. We can assem-

ble the global FE equation as follows:
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2 2 0||lm R
—|2 3 -“ljkuap=1bk
0 -1 1||us E

Load and boundary conditions (BCs) are
U = Us = 0, Fz =P
FE equation becomes

" 2 =2 01]]0 R
E——z 3 “l|quap=4P

L
0 -1 1]f0 E

“Deleting” the first row and column, and the third row and column, we obtain

EAlsue) = {}

Thus,
PL
Uy = —
3EA
and
U 0
PL
Uy p = —— 1
3EA
Uus

Stress in element 1 is

U
o) = Eg; = EBjuy = E[-1/L 1/L]{u }
2

_Euz—u]_E PL P

L _L(aEA_):ﬁ

Similarly, stress in element 2 is

Uy
o, = Ee, = EBou, = E[-1/L 1/L]{u }
3

L L

3A

Eug—uz_EO_ PL _ P
3EA

which indicates that bar 2 is in compression.

33
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Check the results: Draw the FBD as follows and check the equilibrium of the
structures.

~Q

&
—2P/3 -P/3

Notes:
e In this case, the calculated stresses in elements 1 and 2 are exact. It will not
help if we further divide element 1 or 2 into smaller elements.
e For tapered bars, averaged values of the cross-sectional areas should be used
for the elements.
* We need to find the displacements first in order to find the stresses, and this
approach is called the displacement-based FEM.

EXAMPLE 2.2
C}
A E
O =0 .
1 2 P 3
| I
L ! L o
Problem
Determine the support reaction forces at the two ends of the bar shown above, given
the following;:
P=60x10*N, E=20x10*N/mm?,
A=250mm?’, L=150mm, A=12mm
Solution

We first check to see if contact of the bar with the wall on the right will occur or not. To
do this, we imagine the wall on the right is removed and calculate the displacement at
the right end

4
Lo PL_(60X10950) g
EA ~ (2.0 x 10*)(250)

Thus, contact occurs and the wall on the right should be accounted for in the analysis.
The global FE equation is found to be

EA 1 -1 0 u F]
—|-1 2 -1|quar=15

L
0 -1 1 Uz F3
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The load and boundary conditions are

FE=P=60x10*N
u; =0, u3 =A=12mm

The FE equation becomes

-1 0]f0 F
—|-1 2 1|quap=4P
0o -1 1]lA F

The second equation gives
EA Uy
-2 —1]{A}— {P}

that is,

EA EA

Solving this, we obtain

U, = l(&+ A) =1.5mm

- 2\EA
and
Uy 0
Uy ¢ =115 (mm)
Uz 1.2

To calculate the support reaction forces, we apply the first and third equations in the
global FE equation.
The first equation gives

Uy

F = %[1 -1 0juap= %(—uz) =-50x10*N
Us
and the third equation gives,
A "
F, = ET[O -1 1Ju = %(—u2 +1s3) = -1.0x10* N
Us

Check the results: Again, we can draw the free-body diagram to verify that the equilib-
rium of the forces is satisfied.
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EXAMPLE 2.3

A simple plane truss is made of two identical bars (with E, A, and L), and loaded as
shown in the above figure.
Find
a. displacement of node 2;
b. stressin each bar.

Solution

This simple structure is used here to demonstrate the FEA procedure using the bar ele-
ment in 2-D space. In local coordinate systems, we have

, 1 -1 ,
=4 -1
L|-1 1

These two matrices cannot be assembled together, because they are in different coor-
dinate systems. We need to convert them into global coordinate system OXY.
Element 1:

V2

0=45,l=m=—
2

Using Equation 2.32 or 2.33, we obtain the stiffness matrix in the global system

Uy (%] Uy (%)
1 1 -1 -
EA| 1 1 -1 -1

k; = T'K T, = ==
L YO0 o RS R |
-1 -1
Element 2:
2 2
Uy (%3 Us U3
1 -1 -1 1
, EAl-1 1 1 -1
k, = Tk, T, =
S VN I R | -1
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Assemble the structure FE equation,

U (4] U Uy Uz U3

1 1 -1 -1 0 O0][wm] [Ex]
1 1 -1 -1 0 0 ||lv Fy
EA|-1 -1 2 0 -1 1 ||u Fx
2L-1 -1 0 2 1 —1{|v, Ey
0 0o -1 1 1 -1||us Ex
0 0 1 -1 -1 1 105 | _F3y_

Load and boundary conditions (BCs):

wm=0=u=03=0, Fx=P1, Ky =P

el el

Solving this, we obtain the displacement of node 2,

fot-aatal

Using Equation 2.34, we calculate the stresses in the two bars,

Condensed FE equation,

0
E~2 L0 2
SEN2ry g B2 p
oi=151 EAln (=22 Bt P)
P,
P
E~2 L [P 2
SENZn g PRl N2 0 p
=151 Ealo[" 22 B P)
0

Check the results: Again, we need to check the equilibrium conditions, symmetry, anti-
symmetry, and so on, of the FEA results.

EXAMPLE 2.4: (MULTIPOINT CONSTRAINT)
)
| N
D 3 I
0 B M

Oy

’

45°
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For the plane truss shown above,
P =1000kN, L=1m, E=210GPa,
A = 6.0 x 10~*m? for elements 1 and 2,

A = 632 x 107 m? for element 3.
Determine the displacements and reaction forces.
Solution

We have an inclined roller at node 3, which needs special attention in the FE solution.
We first assemble the global FE equation for the truss.

Element 1:
0=90°1=0 m=1
Uy (%] Up (%)
o 0 0 o0
9 —4 O 1 O —
K, = (210 x 10°)(6.0 x 107%) (N/m)
1 o 0 0 O
0 -1 0 1
Element 2:
0=0° I=1 m=0
Uy Uy Us U3
1 0 -1 0
K -0 0 0 O
K = (210 x 107)(6.0 x 107%) (N/m)
1 -1 0 1 0
o 0 0 o0
Element 3:
1 1
0=45°,]l=—, m=—
V2 V2
23] (4] Us U3
0.5 05 05 -05
o 4y 0.5 05 05 -05
K, — (210x10 )(64/2 x 107) (N/m)

J2 -05 05 05 05
-05 -05 05 05



Bars and Trusses

The global FE equation is,

(05 05 0 0 -05 -05|[w] [Fx
15 0 -1 -05 -05||n Fy

1260 x 10° | L S L
1 0 0 Uy Ey
1.5 05 ||us Ex

»Sym 0.5 ] »U3A LF3y

Load and boundary conditions (BCs):
w=0v,=0,=0, and 05 =0,

FZX :P, F3x' :0.

From the transformation relation and the BCs, we have

ot 2o

=—(-us;+v3)=0,
2 2 1o, 5 (it +03)

that is,
U, —0v;=0

This is a multipoint constraint (MPC).
Similarly, we have a relation for the force at node 3,

o2 g

— =—(BEx+FEy)=0,
5 2 By 5 (Fsx + By)
that is,
Fiyx+F5 =0
Applying the load and BCs in the structure FE equation by “deleting” the first,
second, and fourth rows and columns, we have
1 -1 0 ||uy P
1260 x10°| -1 1.5 0.5 |{us p = 1 Fsx
0 05 05]||uvs Ey

Further, from the MPC and the force relation at node 3, the equation becomes,

1 -1 0 ||w P
1260 x10°( -1 1.5 0.5[{ust =1 Ex
0 0.5 0.5 Us —F3x
which is
1 -1 p
5 Uy
1260 x 10°| -1 2 {u }: Fix
o 1% By

The third equation yields,
Eix = —1260 x 10°u,
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Substituting this into the second equation and rearranging, we have

1 -1 P
1260 x 10° w2l
1 3 ||us 0

Solving this, we obtain the displacements,
Uy 1 3P 0.01191
= o p (= (m)
Us 2520 x10° | P 0.003968

From the global FE equation, we can calculate the reaction forces,

Fyx 0 -05 -05 =500
Fy 0 -05 -05||u -500
Fy p =1260x10°| 0 0 0 |qusp =1 0.0 ¢(kN)
Ex -1 15 0.5 ||vs =500
Ey 0 0.5 0.5 500
Check the results!

A general MPC can be described as,
ZA]L{] = 0
j

where A/s are constants and ;s are nodal displacement components. In FE software,
users only need to specify this relation to the software. The software will take care of
the solution process.

2.6 Case Study with ANSYS Workbench

Problem Description: Truss bridges can span long distances and support heavy weights
without intermediate supports. They are economical to construct and are available in a
wide variety of styles. Consider the following planar truss, constructed of wooden tim-
bers, which can be used in parallel to form bridges. Determine the deflections at each joint
of the truss under the given loading conditions.

—  Material: Douglas fir

E=13.1GPa
Im 029
! _Y___ Member cross section:
Im l Im I m l Im Height = 6 cm

30 kN 30 kN 30 kN Width = 6 cm

Solution
To solve the problem with ANSYS® Workbench, we employ the following steps:

Step 1: Start an ANSYS Workbench Project
Launch ANSYS Workbench and save the blank project as “Woodtruss.wbpj.”
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Step 2: Create a Static Structural (ANSYS) Analysis System
Drag the Static Structural (ANSYS) icon from the Analysis Systems Toolbox window
and drop it inside the highlighted green rectangle in the Project Schematic win-
dow to create a standalone static structural analysis system.

N\ Woodtruss - Workbench

Fie View Took Units Help
INew 5 open... [dl Save (B Save As..

v x

El Analysis Systems

Design Ascessment
[B) Electric
|| W ExplicitDynamics
B Fluid Flow (CFX)
B FluidFlow (FLUENT)
[ HarmonicRespanse
B3 LinearBuckling
Magnetostasc
® Modal
il Random vibraton
[} ResponseSpectnm
@ Rigid Dynamics
[~ Shape Optimizatica

Meany oan
| @Y Thermal-Electric
R Transient Structural
[ Trensient Thermal

&rma

| @ Static Structura

Static Structural

B C

Systems

B Custom Systems

@ Design Explaration

|

View All / Customize..,

II 8 Ready
i

. | dimport... | ¥ Reconnect @ RefreshProject # Update Project | (3 Project () Compact Mode

(1 Show Progress |[|,_ Show 16 Messages |!
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Step 3: Add a New Material
Double-click (or right-click and choose Edit) on the Engineering Data cell in the
above Project Schematic to edit or add a material. In the following Engineering
Data interface which replaces the Project Schematic, click the empty box high-
lighted below and type a name, for example, “Douglas Fir,” for the new material.

N\ Woedtruss - Werkbench

Tools  Units  Help

Fe et Vew
inew [Copen... [ save [l swess... | flmmport,
SRR Ctine of Schema

“Reconnect ;@ Refresh Project  # Update Project | (B Return to Project
x

. W Y

@ Compact Made .

[ESER==)

Table of Properties Row 2: Densty * ¥ x
@ Physical Propertes. 4 D A B
LE Linear Blastic 1  Content: 1 L =
] i C =
2 Orthotrepic Elasticty # - =
Y4 Anisotrepic Elagtc Structural = &= Fatigue Data at zero mean stress comes from 1598
mﬂ,‘ uedoplc ooy e 3 % Steel T1 |2 6. | ase gpv Code, secton 8, Div 2, Table 5-110.1
B Hyperelastc & |
& Plasticty
Bose Type ‘Douglas Fir’ in
Lif
Lt the empty box.
@ Strength
@ Gasket G i ] §
Chart of Proper fies Riow 2; Density
Properties of Outine How 3: Struchural Steel > B ‘E
11 DEnEty  ——
D |E = 1 ;
— - | _ o0®
1 ) R Vako Unit ATl | 5 os -
2 T4 Density 7850 ame3  sE[E|A | 2 07 |
Tsotropic Secant Coefhcent of 2 g5
4 a % Thermal Expansion ] E o4 4
6 |2 T3 rsotopcBasteity ] a8 4 a5 ] 05 1
Temperature [C]
Y View Al { Customize.... 7| Derive fram YoungsMo.., %] i

=

(i Show Progress || Shan 16 Messages |
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Select “Douglas Fir” from the Outline window, and double-click Isotropic Elasticity
under Linear Elastic in the leftmost Toolbox window. Enter “1.31E10” for Young’s
Modulus and “0.29” for Poisson’s Ratio in the bottom center Properties window.
Click the Return to Project button to go back to the Project Schematic.
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Step 4: Launch the DesignModeler Program

Ensure Line Bodies is checked in the Properties of Schematic A3: Geometry window.
Double-click the Geometry cell to launch DesignModeler, and select “Meter” as
length unit in the Units pop-up window.
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Step 5: Create Line Sketch

Click the Sketching tab and select Settings. Turn on Show in 2D and Snap under
Grid options. Use the default value of “5 m” for Major Grid Spacing and “5” for
Minor-Steps per Major.

Click a start point and then an end point in the Graphics window to draw a line.
Draw 13 lines as shown in the sketch below. After completion, click Generate to
create a line sketch.
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Step 6: Create Line Body from Sketch

Check off the Grid options under Settings of Sketching Toolboxes. Switch to the
Modeling tab. Note that a new item named Skefchl now appears underneath
XYPlane in the Tree Outline.

Select Lines from Sketches from the Concept drop-down menu.
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Select Sketchl from the Tree Outline and click Apply to confirm on the Base Objects
selection in the Details of Linel. Click Generate to complete the line body
creation.
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Step 7: Create a Cross Section
Select a Cross Section of Rectangular from the Concept drop-down menu. A new
item named Rect1 is now added underneath the Cross Section in the Tree Outline.
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In the Details of Rect] under Dimensions, enter “0.06 m” for both B and H.

Step 8: Assign Cross Section to Line Body

Select the Line Body underneath 1Part, 1 Body in the Tree Outline. In the Details of
Line Body, assign Rect1 to the Cross Section selection. Click Close DesignModeler
to exit the program.
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Step 9: Launch the Static Structural (ANSYS) Program

Double-click the Model cell to launch the Static Structural (ANSYS) program. Note
that in the Details of “Line Body” the material is assigned to Structural Steel by
default. Click to the right of the Assignment field and select Douglas Fir from the
drop-down context menu.
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Step 10: Generate Mesh

In the Details of “Mesh,” enter a fairly large number, say, “10 m,” for the Element
Size, to ensure each member is meshed with only one element. In the Outline of
Project, right-click on Mesh and select Generate Mesh.
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Step 11: Apply Boundary Conditions

In the Outline of Project, right-click on Static Structural (A5) and select Insert and
then Fixed Support. After completion, a Fixed Support item is added underneath
Static Structural (A5) in the project outline tree.
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Select the two points as shown below in the Graphics window. In the Details of
“Fixed Support,” click Apply to confirm on the Geometry selection. After comple-
tion, a Fixed Support boundary condition will be added to the selected two
points.

et e 1 @ Sea@ AmaoENE Or
showerices @eictiome | MEsgecoorg = A+ A~ A7 Av H
menmern 4 neval = %, Lowds = 98 Suppers + | [

| mec

Cudes | stessan |

e I ! IL, :

i a5k L0 ()
1250 aTse




48 Finite Element Modeling and Simulation with ANSYS Workbench

Step 12: Apply Loads
In the Outline of Project, right-click on Static Structural (A5) and select Insert and

then Force.
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Select the three points as shown below in the Graphics window. In the Details of
“Force,” click Apply to confirm on the Geometry selection. Also underneath
the Details, change the Define By selection to Components and enter “-90000N”
for the Y Component. A downward red arrow will appear on the selected three
points in the Graphics window.
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Alternatively, the load can be applied to each of the three points individually
by inserting Force three times under Static Structural (A5). In this case, enter
“-30000N” for the Y Component of each individual Force item.
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Step 13: Retrieve Solution
Insert a Total Deformation item by right-clicking on Solution (A6) in the Outline tree.
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Right-click on Solution (A6) in the Outline tree and select Solve. The program will start
to solve the model.

After completion, click Total Deformation in the Outline to review the total deformation
results.
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Modeling tips: To get the reaction force, a Force Reaction probe can be inserted by
right-clicking on Solution (A6) in the Outline tree as shown below.
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In the Details of “Force Reaction,” select the Fixed Support as the Boundary Condition.
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Right-click on Solution (A6) in the Outline tree and select Evaluate All Results.
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After completion, click Force Reaction in the Outline to review results.
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Note here that the reaction force is found to be 90,000 N in the positive Y-direction.
This is because a boundary condition has been applied earlier to the two fixed ends in
one step (see Step 11). To avoid summing of the force reaction, two fixed conditions can
be inserted instead in Step 11, one for each end. The reaction forces at an individual
support can then be displayed by selecting the support of interest from the drop-down
menu of Boundary Condition in the Details of “Force Reaction.”
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2.7 Summary

In this chapter, we studied the bar elements which can be used in truss analysis. The con-
cept of the shape functions is introduced and the derivations of the stiffness matrices using
the energy approach are introduced. Treatment of distributed loads is discussed and sev-
eral examples are studied. A planar truss structure is analyzed using ANSYS Workbench.
It provides basic modeling techniques and shows step-by-step how Workbench can be used
to determine the deformation and reaction forces in trusses.

2.8 Review of Learning Objectives

Now that you have finished this chapter you should be able to

1. Set up simplified finite element models for truss structures.

2. Derive the stiffness matrix for plane bar elements using direct and energy
approaches.

3. Explain the concept of shape functions and their characteristics for bar elements.
4. Find the equivalent nodal loads of distributed forces on bars.

5. Determine the displacement and stress of a truss using hand calculation to verify
the finite element solutions.

6. Apply the general bar element stiffness matrix to the analysis of simple trusses.
7. Create line sketches and new material definition in ANSYS Workbench.
8. Perform static structural analyses on trusses using ANSYS Workbench.

PROBLEMS
21 A bar assembly is loaded with force P at one end and constrained at the other
end, as shown in the figure below. Determine:
a. The displacement at node 2 and node 3
b. The stress in the bar assembly

E 24
E A E A
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E—
| | |
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2.2 A simple structure with the profile shown below is loaded with force P, and
constrained at one end. Young’s modulus E is the same for all the bars. The
cross-sectional areas are shown in the figure. Use 1-D bar elements to approxi-
mate the deformation and the stresses in the structure.

A 3A A 3A
| ‘ P
A A
SL 2L SL 2L

2.3 The plane truss is loaded with force P as shown below. Constants E and A for
each bar are as shown in the diagram. Determine:

a. The nodal displacements
b. The reaction forces

c. The stresses in bar elements

24 The plane truss is loaded with force P as shown below. Constants E and A for
each bar are as shown in the diagram. Determine:

a. The nodal displacements
b. The reaction forces

c. The stresses in bar elements
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2.5 The plane truss is loaded with force P as shown below. Constants E and A for
each bar are as shown in the diagram. Determine:

a. The nodal displacements

b. The stresses in bar elements

Yi
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P
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2.6 The plane truss is supported as shown below. Young’s modulus E is the same
for all the bars. The cross-sectional areas are shown in the figure. Suppose that
the node 2 settles by an amount of 8 as shown. Determine the stresses in each
bar element using the FEM.

2.7 The plane truss is loaded with force P as shown below. Young’s modulus E is
the same for all the bars. The cross-sectional areas are shown in the figure.
Determine:

a. The nodal displacements

b. The stresses in each bar element

3 A =
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2.8 The plane truss is loaded with force P as shown below. Young’s modulus E is
the same for all the bars. The cross-sectional areas are shown in the figure.
Determine the nodal displacements and the reaction forces.

29 The roof truss shown below is made of Douglas fir timbers of a 5 mm x 5 mm
cross section. Use ANSYS Workbench to determine the truss deformation and the
support reaction forces.
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1kN 0.25m

0.2m

0.2m 0.25 m 0.25m 0.25 m 025m  02m
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2.10 The truss tower crane shown below is made of structural steel rectangular bars
of a 3 mm x 3 mm cross section. Use ANSYS Workbench to determine the truss
deformation and the support reaction forces.
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2.11 The truss bridge shown below is made of Douglas fir timbers of a4 mm x 4 mm
cross section. Use ANSY'S Workbench to determine the truss deformation and the
support reactions.

0.15m
0.25 m

0.5 m

15kN 15kN 15kN 15kN 1.5kN

2.12 The truss transmission tower shown below is made of structural steel mem-
bers of a 2.5 mm x 2.5 mm cross section. Use ANSYS Workbench to determine
the truss deformation and the support reactions.
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Beams and Frames

3.1 Introduction

Beams and frames are frequently used in constructions, in engineering equipment, and in
everyday life, for example, in buildings, lifting equipment, vehicles, and exercise machines
(Figure 3.1).

Beams are slender structural members subjected primarily to transverse loads. A beam
is geometrically similar to a bar in that its longitudinal dimension is significantly larger
than the two transverse dimensions. Unlike bars, the deformation in a beam is predomi-
nantly bending in transverse directions. Such a bending-dominated deformation is the
primary mechanism for a beam to resist transverse loads. In this chapter, we will use
the term “general beam” for a beam that is subjected to both bending and axial forces, and
the term “simple beam” for a beam subjected to only bending forces. The term “frame” is
used for structures constructed of two or more rigidly connected beams.

3.2 Review of the Beam Theory

We start with a brief review of the simple beam theory. Essential features of the two well-
known beam models, the Euler—-Bernoulli beam and the Timoshenko beam, will be intro-
duced, followed by discussions on the stress, strain, and deflection relations in simple
beam theory.

3.2.1 Euler-Bernoulli Beam and Timoshenko Beam

Euler-Bernoulli beam and Timoshenko beam, as shown in Figure 3.2, are two common
models that are used in the structural analysis of beams and frames. Both models have at
their core the assumption of small deformation and linear elastic isotropic material behav-
ior. They are applicable to beams with uniform cross sections.

For a Euler-Bernoulli beam, it is assumed that the forces on a beam only cause the beam
to bend. There is no transverse shear deformation occurring in the beam bending. The
neutral axis, an axis that passes through the centroid of each beam cross section, does not
change in length after the deformation. A planar cross section perpendicular to the neu-
tral axis remains plane and perpendicular to the neutral axis after deformation. Due to its
neglect of shear strain effects, the Euler-Bernoulli model tends to slightly underestimate

57
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(a) (b}

FIGURE 3.1
Examples of beams and frames: (a) a car frame (http://www.carbasics-1950.com/); and (b) an exercise machine.
(From http://www.nibbledaily.com/body-by-jake-cardio-cruiser/.)

Reference: — - —-—-— - —-—- —- --- - +--
Deformed: Q ‘?;’
Euler—Bernoulli beam Timoshenko beam

FIGURE 3.2
Two common beam models.

the beam deformation. The model is considered suitable for describing the behavior of
thin or long beams.

The Timoshenko beam model accounts for both transverse shear deformation and bend-
ing deformation. In this model, a planar cross section remains plane, but does not remain
normal to the neutral axis after deformation. By taking into account shear strain effects,
the Timoshenko model is physically more realistic for describing the behavior of thick or
short beams.

To determine the deflection of a laterally loaded beam of the same material and uniform
cross section, we may view the beam as a 1-D model with the transverse load assigned to
its neutral axis. As illustrated in Figure 3.3, for a Euler-Bernoulli beam, we need only one
variable—the vertical displacement (v), to describe the beam deflection at any point along

v
dx

Euler—Bernoulli beam Timoshenko beam

FIGURE 3.3
Deflection of Euler-Bernoulli beam and Timoshenko beam.
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the neutral axis. For a Timoshenko beam, both the vertical displacement (v) and the rota-
tion angle of beam cross section (8) are needed for a complete description of its deformed
configuration.

3.2.2 Stress, Strain, Deflection, and Their Relations

Simple beam bending is often analyzed using the Euler—Bernoulli beam theory, which is
popular in engineering owing to its simplicity and is referred to as the engineering beam
theory by many. To understand the stress state in simple beam bending, imagine that the
beam is made of many infinitesimally thin layers deposited on top of each other, as shown
in Figure 34.

Under the assumption that the neutral axis does not change in length, the material layer
located along the axis will stay stress free. However, the beam will bend concave upward
to resist a downward transverse load. Bending makes layers above the neutral axis axially
compressed and the ones underneath axially stretched. The further away a material layer
is from the neutral axis, the more it is strained. The axial strain induced by bending is
called the bending strain, which is related to the deflected beam curvature k(x) based on
differential geometry as follows:

2,

£() = —yx(0) =y 5 )

where y is the vertical distance of a thin layer from the neutral axis and v the beam deflection.
The internal resisting bending moment M(x) is a function of the axial bending stress c(x)
from the theory of elasticity. Together with Equation 3.1, we have:

M(x) = J— yo(x)dA = jEyzK(x) dA = EIk(x) = EI % B2

where E is the material elastic modulus, I is the area moment of inertia of the beam cross-
section with respect to the z-axis, and the product of E and [ is called the bending stiffness.
Combining Equations 3.1 and 3.2, we arrive at the following flexure formula for the bend-
ing stress o(x):

(3.3)

The above simple beam theory is analogous to the uniaxial Hooke’s law. As shown in
Table 3.1, the bending moment is linearly proportional to the deflected beam curvature

Y

FIGURE 3.4
Bending produces axial stress 6(x) along thin material layers in a beam.
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TABLE 3.1
Analogy between the Constitutive Equations for Bars and Beams
Stress Measurement Strain Measurement Constitutive Equation
Bar Axial stress: 6(x) Axial strain: e(x) o(x) = Ee(x)
Beam Bending moment: M(x 2 2
8 ) Curvature: d—z M(x) = EI d—z
dx dx
_dv _de
0= dx K= dx
Deflection: v(x) ] Rotation: 0 (x) —>]  Curvature: k(x)
M = EIx

Distributed load: g(x) [€—]  Shear force: Q(x) [ |Bending moment: M(x)

-4 Q=—"

dx dx

FIGURE 3.5
The governing equations for a simple beam.

through a bending stiffness (EI) constant. This resembles the linear stress—strain relation-
ship described by Hooke’s law. The basic equations that govern the problems of simple
beam bending are summarized in Figure 3.5. The equations included here will later be
used in the formulation of finite element equations for beams.

3.3 Modeling of Beams and Frames

Modeling is an idealization process. Engineers seek to simplify problems and model real
physical structures at an adequate level of detail in design and analysis to strike a balance
between efficiency and accuracy. Some considerations on cross sections, support condi-
tions, and model simplification of beams and frames are discussed next.

3.3.1 Cross Sections and Strong/Weak Axis

Beams are available in various cross-sectional shapes. There are rectangular hollow tubes,
I-beams, C-beams, L-beams, T-beams, and W-beams, to name a few. Figure 3.6 illustrates
some common shapes for beam cross sections.

We have learned from Equation 3.2 that the bending stiffness (EI) measures a beam’s
ability to resist bending. The higher the bending stiffness, the less the beam is likely to
bend. Drawing on our everyday experience, it is more difficult to bend a flat ruler with its
flat (wide) surface facing forward rather than facing up, as shown in Figure 3.7. It is because
the moment of inertia (I) is a cross-sectional property sensitive to the distribution of mate-
rial with respect to an axis.
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=
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FIGURE 3.6
Common beam cross-section profiles.
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FIGURE 3.7
A beam loaded on its strong and weak axes.

To keep the deflection within acceptable limits, beams need to have sufficiently large
bending stiffness to withstand the applied load. It is important that we select beams of
efficient cross-section shapes and use beams on their strong-axes of bending, especially in
cases when switching to materials of high elastic modulus is deemed costly or infeasible
due to other constraints.

3.3.2 Support Conditions

There are many different ways of supporting beams. For example, a beam can be fixed
at both ends, or fixed at one end and pinned at the other end. Generally speaking, beams
have three types of end support conditions: fixed support, pinned support, and roller sup-
port. A fixed support is an anchor condition that has zero translation and zero rotation at
the supported end. A pinned support is a hinge condition that prevents any translation but
does not prevent rotation about the hinge axis. A roller support allows for both rotation
and translation along the surface on which the roller moves but prevents any translation
normal to that surface. Figure 3.8 illustrates various types of beams named based on their
support conditions. As shown, a simply supported beam is supported by a hinge at one
end and by a roller at the other end. A cantilever beam is fixed at one end and free at the
other end. A fixed-pinned beam is fixed at one end and pinned at the other end, while a
fixed end beam is one that is clamped at both ends.

In general, support conditions are important considerations in determining the math-
ematical solution of a physical problem, and inappropriate support is a common cause of
errors. When we model beams and frames, bear in mind that valid boundary conditions
need to reflect the underlying physical construction and be sufficient to prevent the struc-
ture from any rigid-body motion (both translation and rotation).
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ﬁ

Simply supported beam Cantilever beam
i T — I
= 2 EE =y
Fixed-pinned beam Fixed end beam

FIGURE 3.8
Beam supports and beam types.
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FIGURE 3.9
A swing set and its simplified line model.

3.3.3 Conversion of a Physical Model into a Line Model

Aside from the support idealization, conceptual models are widely adopted in the analyses
of beams and frames to achieve modeling efficiency. The idea of model conceptualization
stems from the uniform cross-section assumption. Under the assumption, it is apparent
that a beam needs only to be modeled at the center axis (neutral axis) of the actual 3-D
beam structure, as shown in Figure 3.9 through a swing set example.

For beams and frames, the conceptual model is also known as the line model, which
consists of only lines or curves in general. After a line model is created, cross-sectional
properties and other data such as material properties, boundary conditions, and loads can
be specified for the analysis. Once a problem is fully defined, solutions can be obtained
readily after the line model is discretized into a line mesh using beam elements. In con-
trast to the truss modeling, where each truss member is discretized into a single bar ele-
ment, many line segments (element divisions) are typically needed in a line mesh made
with beam elements in order to obtain more accurate results.

3.4 Formulation of the Beam Element

In this section, we discuss the finite element formulation based on the simple beam theory
(Euler—-Bernoulli beam). The beam element stiffness matrix will be established using both
direct and energy methods.
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FIGURE 3.10
Notion for a simple beam element in 2-D.

The setup of a simple beam element in 2-D space is shown in Figure 3.10, where the
variables are:

L, I, and E = Length, moment of inertia of the cross-sectional area, and elastic modu-
lus of the beam, respectively

length (L), moment of inertia of the cross-sectional area (I), and elastic modulus of the
beam (E), respectively

v =v(x) deflection (lateral displacement) of the neutral axis of the beam

0 = dv/dx rotation of the beam about the z-axis

Q = Q(x) (internal) shear force

M = M(x) (internal) bending moment about z-axis

F, M;, F, M; applied (external) lateral forces and moments at node i and j, respectively

For simplicity of presentation, we will restrict our attention to beam element formula-
tion in 2-D space in the following discussion. For a beam element in 3-D space, the element
stiffness equation can be formed in the local (2-D) coordinate system first and then trans-
formed into the global (3-D) coordinate system to be assembled.

3.4.1 Element Stiffness Equation: The Direct Approach

We first apply the direct method to establish the beam stiffness matrix using the results
from elementary beam theory. The FE equation for a beam takes the form

(34)
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Recall that each column in the stiffness matrix represents the forces needed to keep the
element in a special deformed shape. For example, the first column represents the forces/
moments to keep the shape with v;=1, §,=0v;=6;=0 as shown in Figure 3.11a. Thus, using
the results from strength of materials for a cantilever beam with a force k;; and moment k,,
applied at the free end, we have

- knl? _ kanI? =1 and 0 = knl? +k271L _

= = - 0
3EI  2EI 2EI EI
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FIGURE 3.11

Four configurations or shapes for the simple beam element.

Solving this system of equations, we obtain k;; and k,,. Using the equilibrium conditions
of the beam, we obtain k5, and k,;, and thus the first column of the stiffness matrix.

Using the same procedure in calculating columns 2, 3, and 4 of the matrix in Equation
3.4 (corresponding to shapes in Figures 3.11b through d), we obtain the element stiffness
equation as:

12 6L -12 6L\[w] [F
Er| 6L 42 —eL 202 ||6;| |M;
rl-12 —L 12 -6L|lo[ | F 5.5
6L 22 —6L 4 ||e;| |M;

3.4.2 Element Stiffness Equation: The Energy Approach

To derive the stiffness matrix in Equation 3.5 using the formal or energy approach, we
introduce four shape functions (as shown in Figure 3.11), which can be represented math-
ematically as

Ni(x) = 1-3x%/1? + 2x°/1°
No(x) = x = 2x*/L + x°/1*
Ns(x) = 3x%/1* - 2x°/13
Ny(x) = =x*/L + x°/1?

(3.6)
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Then, on each element, we can represent the deflection of the beam (v) using shape func-

tions and the corresponding nodal values as

0;
0
o(x) = Nu =[Ny(x) Na(x) Niz(x) Nau(x)] 0.
j
0;

which is a cubic function. Note that,
N] + N3 = 1
N2 + N3L + N4 =X

which implies that the rigid-body motion is represented correctly by the
shape of the beam.

(3.7)

assumed deformed

To derive the beam element stiffness matrix, we consider the curvature of the beam,

which is

v 4
i gy Nu = Bu

where the strain—displacement matrix B is given by

F%N:[wx) N#(x) Nix) Ni)]

_|: 6 12x 4 6x 6 12x 2 6x

B A - A C R

Strain energy stored in the beam element is

U= lJGTSdV
2

v

Applying the basic equations in the simple beam theory, we have
Fr( My) 1( M 1f, 71
U= 1”(—0 (—y)dAdx - fJ.MT L Max
2 I ) E\ I 2 EI
0A 0
L T L
1(( d* d*v 1
0 0
L

= ;uT(JBTEm deu
0

(3.8)

(3.9)

]
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We conclude that the stiffness matrix for the simple beam element is

L
k = IBTEIB dx (3.10)
0

Applying the result in Equation 3.10 and carrying out the integration, we arrive at the
same stiffness matrix as given in Equation 3.5.

3.4.3 Treatment of Distributed Loads

To convert a distributed load into nodal forces and moments (Figure 3.12), we consider
again the work done by the distributed load g

W, = [otaeods = [ (Nu) quodx = 2o [NTg(ayd

0

The work done by the equivalent nodal forces (and moments) is

Flﬂ
1 M1,
Wfq—E[v, 6 v 6] £ =—uf
]
Mﬁ

By equating W, = Wy,, we obtain the equivalent nodal force vector as

£, = _[NTq(x)dx (3.11)
0

which is valid for arbitrary distributions of g(x). For constant g, we have the results shown
in Figure 3.13. An example of this result is given in Figure 3.14.

FIGURE 3.12
Conversion of the distributed lateral load into nodal forces and moments.
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FIGURE 3.13

FIGURE 3.14
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>

Conversion of a constant distributed lateral load into nodal forces and moments.
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Conversion of a constant distributed lateral load on two beam elements.

3.4.4 Stiffness Matrix for a General Beam Element
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Combining the axial stiffness (from the bar element), we further arrive at the stiffness

matrix for a general 2-D beam element as

0;

12EI

-
6El
»

0;
0

6EI

T

4El
L

0
6EI
I
2E1
L

u; 0;
EA
L
0 12LI3EI
6EI
0 e
EA 0
L
0 12]351
L
6EI
0 -

6EL

2E1

_6EL

4El

(3.12)
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3.5 Examples with Beam Elements
EXAMPLE 3.1
@ /J\M @
- :
L 1
Given:

The beam shown above is clamped at the two ends and acted upon by the force P and
moment M in the midspan.

Find:
The deflection and rotation at the center node and the reaction forces and moments at
the two ends.

Solution

Element stiffness matrices are

(%1 61 (%) 92
(12 6L -12 6L
o 6L 412 6L 2I?
T2 6L 12 -6L
| 6L 217 6L 4L |
(%3 62 U3 63
[ 12 6L 12 6L ]
o = EI| 6L 41> —6L 2I?
T P|-12 6L 12 -6L
| 6L 2I' 6L 4L’ |
Global FE equation is
(4] 6, 2] 0, Us 03

[12 6L 12 6L 0 0 l[w] [Ey]
6L 41> —6L 2I* 0 0 |6 M,
EIl-12 -6L 24 0 -12 6L ||v, By
I’ 6L 217 0 81> -6L 2I%|]|e, M,
0 0 -12 -6L 12 —6L||vs Esy
0 0 6L 2L -6L 4L%|[6;] |Ms;]

Loads and constraints (BCs) are

Fzyz—P, MZZM, '01203:91=63=O
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Reduced FE equation

S M

Solving this, we obtain

v L |-P?
0, 24EI| 3M

From the global FE equation, we obtain the reaction forces and moments

Fiy 12 6L 2P +3M/L
M| EI|-6L 2L’ |[v;] 1| PL+M
Ey[ IP|-12 6L {ez} T 4)2P-3M/L
Ms 6L 2 ~PL+M

Stresses in the beam at the two ends can be calculated using the formula

Note that the FE solution is exact for this problem according to the simple beam
theory, since no distributed load is present between the nodes. Recall that

d4
LA

If g(x) =0, then exact solution for the deflection v is a cubic function of x, which is
exactly what described by the shape functions given in Equation 3.6.

EXAMPLE 3.2

L

1 E 1 2‘ x

b~

Given:
A cantilever beam with distributed lateral load p as shown above.

Find:
The deflection and rotation at the right end, the reaction force and moment at the left
end.

69
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Solution

The work-equivalent nodal loads are shown below,

4 f
Ay
1 E 1 2. x
| L |
where
f =pL/2, m = pI?/12

Applying the FE equation, we have

12 6L -12 6L (%1 Fly
EI| 6L 41> —6L 2I* ||6, M,

I*|-12 -6L 12 —6L||v, By
6L 2I*> —6L 4I* ||, M,

Load and constraints (BCs) are

Fzyz—f, M,
(%1 =91 =0

[
3

Reduced equation is

EIl 12 —6L || v, B -f
ﬁ[—eL 4L2H92}_{m}

Solving this, we obtain
v2| _ L |2L%f +3Lm| _ |-pL*/8EI @)
0|  6EI| -3Lf+6m | |-pI’/6El

These nodal values are the same as the exact solution. Note that the deflection v(x) (for
0 <x <L) in the beam by the FEM is, however, different from that by the exact solution.
The exact solution by the simple beam theory is a fourth-order polynomial of x, while
the FE solution of v is only a third-order polynomial of x.

If the equivalent moment m is ignored, we have

() L |-2*f —pL*/6EI
SR R R
2 -3Lf —pL’/4EI

The errors in (B) will decrease if more elements are used. The equivalent moment m is
often ignored in the FEM applications. The FE solutions still converge as more elements
are applied.
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From the FE equation, we can calculate the reaction force and moment as

Fv| _EI[-12 6L |for| | pL/2
M| IP|-6L 2r*||6,| |5p*/12

where the result in (A) has been used. This force vector gives the total effective nodal
forces, which include the equivalent nodal forces for the distributed lateral load p

given by
—pL/2
—pI2/12

The correct reaction forces can be obtained as follows:

Ry | | pL/2 B -pL/2 | | pL
M| |5prPn2|  |-pl?2|  |pl?/2

Check the results: Draw the FBD for the FE model (with the equivalent nodal force
vector) and check the equilibrium condition.

“KL/Z pL2 ‘B

Y

5pL2/12 pL?/12

EXAMPLE 3.3
Y
P
O 1 @
1 2 + Ségk x
L L z,
! [ |
Given:

P=50kN, k=200 kN/m, L=3m, E=210 GPa, I =2 x 10* m*.

Find:
Deflections, rotations, and reaction forces.

Solution

The beam has a roller (or hinge) support at node 2 and a spring support at node 3. We
use two beam elements and one spring element to solve this problem.
The spring stiffness matrix is given by
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Adding this stiffness matrix to the global FE equation (see Example 3.1), we have

n 0, v, 0, U3 03 Uy
(12 6L -12 6L 0 0 0 1{v1] [Fy]
41> 6L 217 0 0 0 ||6; M,
24 0 -12 6L 0 ||v, FEy
% 8> 6L 2I2 0 |{6,}=4M,

12+ Kk’ —6L -k’ U3 F3y
412 0 |65 M;
Symmetry k” [los]  |Fax |

in which

is used to simplify the notation.
We now apply the boundary conditions

'01261=Uz='04=0,
M2:M3:0, F3y:—P

“Deleting” the first three and seventh equations (rows and columns), we have the fol-
lowing reduced equation:

812 —6L 21% |[90, 0
—|-6L 12+k’ —6L|{vsp=<-P
212 —6L 417 []0, 0

Solving this equation, we obtain the deflection and rotations at nodes 2 and 3,

8, ) oz 3

Oyp=—— 7L
EI(12+7K) | g

3

The influence of the spring k is easily seen from this result. Plugging in the given
numbers, we can calculate

6, —0.002492 rad
vz p =1 —0.01744 m
0; —0.007475 rad
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From the global FE equation, we obtain the nodal reaction forces as,

o ~69.78 kKN
M| |-69.78kN-m
Ev[ ] 1162KkN
Fuy 3.488 kN

Checking the results: Draw free-body diagram of the beam

69).|78 kN 50 kN
G ?| |’
69.78 kN-m 116.2 kN 3.488 kN

Sum the forces and moments to verify that equilibrium of the beam is satisfied.
We use the following example to show how to model frames using the general beam
elements. This example can be used to verify the FEA results when using a software

package.
EXAMPLE 3.4
Y 500 Ib/ft
Nnnm
30001b § 1 @ 2
EnLa|® © Bi&
3 4 X
‘ 12 ft
Given: E =30x10%psi, I = 65in.*,A = 6.8in.
Find:

Displacements and rotations of the two joints 1 and 2.

Solution

This is a problem of analyzing a frame. Members in a frame are considered to be rigidly
connected (e.g., welded together). Both forces and moments can be transmitted through
their joints. We need the general beam element (combinations of bar and simple beam ele-
ments) to model frames.

For this example, we first convert the distributed load into its equivalent nodal loads
to obtain the following FE mode.
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3000 Ib 3000 Ib

/1 72,000 Ib-in. 72,000 lb—in.<>

30001b\ J1 ©) 9
&) ®

3 4
|

In local coordinate system, the stiffness matrix for a general 2-D beam element is

u; (4 0; U; v; 0,
EA 0 0 —E 0 0
L L
12EI 6EI 12EI 6EI
o v e Y 5
6EI 4E] 6EI 2EI
0 - = 0 -— =
K = L L L L
EA o EA 0
L L
12EI 6EI 12EI 6EI
e e YT T
6EI 2EI 6EI 4E]
0 = == 0 -— ==
L L L L L

Element Connectivity Table

Element Node i (1) Nodej (2)
1 1 2
2 3 1
3 4 2

For element 1, we have

Uy Uy 0, U U, 0,
[ 141.7 0 0 -141.7 0 0 |
0 0784 564 0 -0.784 56.4
. 0 56.4 5417 0 -56.4 2708
k1 = k,l = 10 X
-141.7 0 0 141.7 0 0
0 -0.784 -56.4 0 0.784 -564
| 0 56.4 2708 0 -56.4 5417 |
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For elements 2 and 3, the stiffness matrix in local system is

u; vl 0/ u} v} 9]’-
[ 2125 0 0 -212.5 0 0 ]
0 265 127 0 -2.65 127
. 0 127 8125 0 -127 4063
5 =kj =10* x
-212.5 0 0 212.5 0 0
0 -2.65 -127 0 265 -127
| 0 127 4063 0 -127 8125

where i =3, j =1 for element 2, and i =4, j = 2 for element 3.
The transformation matrix T is

I m 0 0 0 0
-m 1 0 0 0 0
0o 0 1 0 0 0
T=
0 0 0 I m 0
0 0 0 -m I 0
0o 0 0 0 o0 1]

We have [ =0, m =1 for both elements 2 and 3. Thus,

O 1 0 0 O0 O
-1 0 0 0 0 O
0 0 1 0 0 0
T =
0 0 0 0 1 0
0 o 0 -1 0 O
(10 0 0 0 0 1]
Using the transformation relation
k =T'k'T

we obtain the stiffness matrices in the global coordinate system for elements 2 and 3

Us U3 0; Uy 0 6,
[ 2.65 0 -127 -2.65 0 -1271
0 2125 0 0 -2125 0
. | -127 0 8125 127 0 4063
k2 = 10 X
-2.65 0 127  2.65 0 127
0 -2125 0 0 2125 0
| 127 0 4063 127 0 8125 |
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and

Uy (on 94 Uy (%) 62
[ 2.65 0 -127 -2.65 0 -1277
0 212.5 0 0 2125 0
.| -127 0 8125 127 0 4063
k3 = 10 X
-2.65 0 127 265 0 127
0 -212.5 0 0 212.5 0
| -127 0 4063 127 0 8125 |

Assembling the global FE equation and noticing the following boundary conditions

M3:U3293:M4:'U4:e4:0
le = 3000 lb, sz = O, Fly = Fzy = —3000 lb,
M; =-72,0001b-in., M, =72,0001b -in.

we obtain the condensed FE equation

[ 1443 0 127 -141.7 0 0 1[w] [ 3000 ]
0 213.3 56.4 0 -0.784 564 ||v -3000
10 127 56.4 13,542 0 564 2708 |]6:| _ |-72,000
-141.7 0 0 144.3 0 127 ||u, 0
0 -0.784 564 0 2133  -56.4 ||v, -3000
| 0 56.4 2708 127 -56.4  13,542|6.| | 72,000 |

Solving this, we obtain

(1,] [ 0.092in.
v ~0.00104 in.
6| | -0.00139rad
u | 0.0901 in.
o -0.0018 in.
6, |-3.88x107 rad |

To calculate the reaction forces and moments at the two ends, we employ the ele-
ment FE equations for elements 2 and 3 with known nodal displacement vectors. We
obtain

Ex —672.7 1b
FEy = 22101b
M, 60,364 1b - in.
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and

F4X
F4Y
M,

—23381b
38251b

77

112,6411b - in.

Check the results: Draw the free-body diagram of the frame as shown below. Equilibrium
is maintained with the calculated forces and moments. Recall that the problem we
solved is the one with the equivalent loads, not the one with the distributed load. Thus,
the corresponding FBD for the FE model should be applied for verifying the results.

3000 Ib

/>72,000 Ib-in.

3000 Ib

3000 Ib\|

2210 1b

60,364 lb-in.

672.7 b

38251b

72,000 Ib-in.

112,641 Ib-in.

<
_> 2338 b

3.6 Case Study with ANSYS Workbench

Problem Description: Steel framing systems provide cost-effective solutions for low-rise
buildings. They have high strength-to-weight ratios, and can be prefabricated and custom-
designed. Consider the following two-storey building constructed with structural steel
I-beams. Determine the deformations and the stresses in the frame when a uniform load
of 50 kN/m is applied on the second floor as shown below.

7/

=

Solution

TIJIWT] JTITIT T
6m
6 m 6m

1m

Material: Structural steel

Line pressure: 50 kKN/m

I-beam size: W356 x 171
Beam depth = 355.6 mm
Flange width = 171.5 mm
Web thickness = 11.5 mm

Flange thickness = 7.3 mm

To solve the problem with ANSYS® Workbench, we employ the following steps:

Step 1: Start an ANSYS Workbench Project
Launch ANSYS Workbench and save the blank project as “Steelframe.wbpj.”
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Step 2: Create a Static Structural (ANSYS) Analysis System

Drag the Static Structural (ANSYS) icon from the Analysis Systems Toolbox window
and drop it inside the highlighted green rectangle in the Project Schematic win-
dow to create a standalone static structural analysis system.

(= — R e W

Fle View Tools Units Help
_Inew 5 open.. ol save Gl save as... |.ﬂnwt... “pReconnect @ Refresh Project # Update Project |@Dm)ec1 & Compact Mode
L O ETEE—

E Analysis Systems |

[8) Electric (ANSYS)
¥ ExlictDynamics (ANSYS)
B Fluid Flow (CFX) E
B Fluid Flow (FLUENT) 2 | @ Enginesing Dot
@ Geometry

@ Model

¥ HarmonicResponse (ANSYS)
B Linear Buckling (ANSYS)
agnetostatic (ANSYS)

i) Modal (ansvs) 5 @ seup

il Randomvibration{ANSYS) Gl solstion

fifl ResponseSpectrum(ANSYS) B Resuts 9

Shape Optimization {ANSYS)
Static Structural {ANSYS)

ﬂ Steady-State Thermal [.m;)
@Y Thermal-Electric {(ANSYS)
[ Transient Structural (ANSYS)
(2 Transient Structural (MED)
™ Transient Thermal (ANSYS)
B Component Systams |
[ Custom Systems |
B Design Exploraian |

JY View Al / Customize..

& Resdy = Shaw Progress [ A show 15 messages | |

Step 3: Launch the DesignModeler Program

Double-click the Geometry cell to launch DesignModeler, and select “Meter” as
length unit in the Units pop-up window. Ensure Line Bodies is selected in the
Properties of Schematic A3: Geometry window.

A Steeirame - Worbench EL —— = W= N =)
Fle  Vew Toch Unis Hel
Oreen Fopen... bl save i seve s | gilimpere... | Spmmsonnc @ # | @ @
- [ETETTEE——— S

d

w4

8 Ewlic Dynamics (aNSvS}H = s
8 usronicn | ErTTrTT— z
B rwid Fow FLUBNT) 2 -
([ B8 rwmoni Respcesn (A5 = -
B Linear Buckling [ANSYS] - 3 Gaametry Fila Hama | |
[ Magnetastatic (ans AW Moddl E 5 CAD Plug-In | Desigamodeats |
Bl Modal (anisvs) 5 @ seno T . =
il Randomvibrabon(ANSYS} & G Sokitan T . S Salid Bodes i
il Resoonse Soectrum (SNSYS) 7 @ E T ‘Li £ = = =] |
[Ea) Shaps Optimzstion (ANSvS) urn on Line
[ R s o R Trn I —_— ) I
[ Seady-State Themal (ANS¥S) Bodies’ to
B Thermat-Elecric (ansvs) s Yo
8 Taesient Srecunl (n5vS) enable beam 2 1 -
= i Stractural (MBD) . P 1 E "
modeling. BT ET i
|
. CystomSyatar | U = v Gromatvoniees
| & Design Dapiormon | 17 analysis Type | ) -
18 Use 2ssacistiy [
3 Impart Coardinate Sysmms [} [
Impart WorkPoinbs. i}
2 Reader Mode Sees Upassd e =]
2 Impart Usisg bnstances [
23 Semait CAD Update O
Endiasure aad Symmetry
= Wased Impart Resoluton Nane -
i |_'f wiem & { Customize...
& Resdy

Step 4: Create Line Sketch

Click the Sketching tab and select Settings. Turn on Show in 2D and Snap under
Grid options. Use the default value of “5m” for Major Grid Spacing and “5” for
Minor-Steps per Major.



Beams and Frames 79

Click a start point and then an end point in the Graphics window to draw a line.
Draw 10 lines as shown in the sketch below. After completion, click Generate to
create a line sketch.

E [Sketshl
Sketon VisRiiy  Show Sketeh

ZEE

| v Mindel Visw |Frint Preview
& Line - Click, or Fress and Hold, for start of ine. [Hn Selection [Meter A E|

Step 5: Create Line Body from Sketch

Check off the Grid options under Settings of Sketching Toolboxes. Switch to the
Modeling tab. Note that a new item named Sketchl now appears underneath
XYPlane in the Tree Outline.

Select Lines from Sketches from the Concept drop-down menu. Click Zoom to Fit.

[S+afdaEaa®ise

L

o A 30 Curve
o ';JN el bdges
L | % Surlwces From Edges
"'"I o8 Surfeces From Shetches.
w3 | 4 Burfaces From Fac
~ M| Crom Section .

Bctowg Madeing §

Model view [ Pont remea |
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Select Sketchl from the Tree Outline and click Apply to confirm on the Base Objects
selection in the Details of Linel. Click Generate to complete the line body
creation.

T

Fle Creats Concept Tosk View Help

Step 6: Create Line Body through Translation
Select Body Operation from the Create drop-down menu. A new item named
BodyOpl1 is now added to the Tree Outline.

o Rpllend ~ % Cheie Pont [[E]Parsmeters

W Fieed Rachiue Shend
@ Varinbile Radius Blend
L Vertes Blend
% TRamfer
» e

=, Face Delete
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In the Details of BodyOpl, click anywhere on the Type cell and select Translate from
the drop-down menu.

Msel viww | Print Presiew |

Select the line body from the Graphics window and then click Apply to confirm
on the Bodies selection in the Details of BodyOpl. After completion, change the
Preserve Bodies? selection to Yes. This will help preserve a copy of the selected
line body at the current location while translating it to a new location.

File Crwstw Comcept Tooh View Help

vl L
- BodyOnl
- M 1 Pan, 1 Body

Modsi Vigw | Prot Froves
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In the Details of BodyOpl, change the Direction Definition to Coordinates, and enter
“—6" for the Z Offset. Click Generate. After completion, the line body will be
copied backward by 6 m.

:_FE.OM;. tu..uq,
qﬂu.gg|_9J--uu G |
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| Badyapl

Ol
Bady Operation

Step 7: Create Line Body from Points
Select Lines From Points from the Concept drop-down menu. After completion, a
new item named Line2 is added to the Tree Outline.

e | 1 Surtaces From Faces
B Coom Saction

il
- M 2 Parte, 2 Bockimy
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In the Graphics window, select a start point and Ctrl-select an end point to draw
a line. Draw six new lines connecting the two planar frames as shown below.
Click Apply to confirm on the Point Segments selection in the Details of Line2.
Click Generate to complete the line creation.

v &
1y ¥¥Plane
T Sk
oM THPLang
3 VZPlane
e Linel
v BoayOp
s Lina2
(5] 1 Parts, 2ok

ades View [ Primt Premen

R TS T e e S e S e e = F |

Note that the line bodies created in all previous steps now merge into a single line
body. Check off the Cross Section Alignments from the View drop-down menu
to switch-off the display of local coordinate systems.

Reche BpSweep @Skniich Bt GBlendw % i @hPont [EPanmeters
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Step 8: Create a Cross Section
Select a Cross Section of I Section from the Concept drop-down menu. A new item
named I is now added underneath the Cross Section in the Tree Outline.

In the Details of I1 under Dimensions, enter “0.1715” for W1 and W2, “0.3556” for
W3, “0.0073” for t1 and t2, and “0.0115” for t3.

:| Fla Cree Concept Tooh Veew Help
| QWM ] Ooree Gheso [[saee[y e [

| wrune - | s * 19 || 3 Generate

—
"

Medel View | Prnt Preview |
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Step 9: Assign Cross Section to Line Body
Select the Line Body underneath 1Part, 1 Body in the Tree Outline. In the Details of
Line Body, assign I1 to the Cross Section selection.

Turn on the Cross Section Solids from the View drop-down menu to view the frame
as a solid structure.

|2 ol Wl [ ] S0 : Sllo] I maoite

|| iPane
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Note that some I-beams in the above structure are used as H-beams. To fix the mis-
aligned cross sections, turn on the Edge Selection Filter and select the eight line
edges shown below from the Graphics window. In the Defuails of Line-Body Edges,
enter “90” for Rotate to turn the beams 90° about their neutral axes.

Gl |Jsee[%y B | .ﬁ@lu B SE-AaRKTA0E |+ el m
* 88 || iGenerste W W @ infiok W SpBlend v % oo b Point FE|Pacemeters
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to make
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selections.
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ent i i

]
o
iy

Moo view | Prine Prevew |

5 Select a ¥-fain dinection for applying cross section dete B Frges Length = 48331 m et B 4l

The adjusted frame shown below now has all the I-beams oriented in the strong-
axis configuration. This completes the geometry creation of a frame structure.
Click Close DesignModeler to exit the program.
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Step 10: Launch the Static Structural (ANSYS) Program

Double-click the Model cell to launch the Static Structural (ANSYS) program. From
its Units drop-down menu, select Metric (m, Kg, N, s, V, A). Note that in the
Details of “Line Body” the material is assigned to Structural Steel by default.

e B (@8- STAG REAQEME DO

Mhetrc fmm, kg, W, 5, Y, ma)
Mhetric {mm, L K, &, mil, m&]
Metric fmm, dat, W 5, mi. ma)
Matrie (s, kg, uM, 1, V, mA)
U5, Custormary (%, lbm, 16 °F, 5. ¥, A)
LS, Custmary (n, e Ibf, °F, .V, &)
Degrees

Rackany

L radfs
M
| Colsius For Matiic Symesns)

e e P
Thareal Stain EMcH | ves 0o 4500 5000 {m) ./I\,

2250 6750

] ]
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Step 11: Generate Mesh
In the Details of “Mesh,” enter “0.2 m” for the Element Size. In the Outline of Project,
right-click on Mesh and select Generate Mesh.
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After completion, the meshed structure appears in the Graphics window. You may
deselect the Ruler from the View drop-down menu to turn off the ruler display
in the Graphics window.
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Step 12: Apply Boundary Conditions

In the Outline of Project, right-click on Static Structural (A5) and select Insert and
then Fixed Support. After completion, a Fixed Support item is added underneath
Static Structural (A5) in the project outline tree.
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Select the six points as shown below in the Graphics window. In the Details of “Fixed
Support,” click Apply to confirm on the Geometry selection. After completion,
a Fixed Support boundary condition will be added to the selected six points.
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Step 13: Apply Loads
In the Outline of Project, right-click on Static Structural (A5) and select Insert and
then Line Pressure.
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Select the line as shown below in the Graphics window. In the Details of “Line
Pressure,” click Apply to confirm on the Geometry selection.

i ol it
| Fie Edt View Unin Tech Hep | @ | Jisohw = 1 of [ W
| Enviresenent B inertisl + S Loads » T Supperts » | [

Click a line to
make a
selection.

heomenn (e e ] 1

b T e T T T T e = = @

In the Details of “Line Pressure,” change the Define By selection to Components and
enter “-50000” for the Y Component. A downward red arrow will appear on the
selected line in the Graphics window.
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Repeat the steps of adding a line pressure, and insert the second Line Pressure item
underneath Static Structural (A5) in the Project Outline tree. Apply the same
exact load to the selected line highlighted in the following figure.
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Repeat the steps until the same load is applied to all seven edges highlighted in
the figure below.
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Alternative Procedure: Note that the Line Pressure item in the Outline can be cop-
ied and pasted under Static Structural (A5) for repeated use. To make a copy,
right-click on Line Pressure and select Copy from the menu. To paste, right-click
on the Static Structural (A5) and select Paste. Remember to apply each newly
pasted Line Pressure to a different line edge on the Geometry selection in the
Details of “Line Pressure” until the same load is applied to all seven edges.
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Step 14: Retrieve Solution
Insert a Total Deformation item by right-clicking on Solution (A6) in the Outline tree.
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Right-click on Solution (A6) in the Outline tree and select Solve. The program will
start to solve the model.
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After completion, click Total Deformation in the Outline to review the total defor-
mation results.
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Click Direct Stress under Beam Tool in the Outline to review the axial stress results
in beams.
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Click Minimum Combined Stress under Beam Tool to retrieve the linear combination
of the Direct Stress and the Minimum Bending Stress results in beams.
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Click Maximum Combined Stress under Beam Tool to retrieve the linear combination
of the Direct Stress and the Maximum Bending Stress results in beams.
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ydReg |

Close the Static Structural (ANSYS) program. Save project and exit Workbench.

Modeling tips: A group of points can be constructed in DesignModeler through a text
file that contains the following five columns: group number, point number, x-coordinate,
y-coordinate, and z-coordinate. The data columns can be separated by spaces or Tabs.

For example, to create five points with their coordinates given as x(i), y(i), and z(7), type
the data in the following form in Notepad or WordPad, and save as a text file, for example,
“points.txt,” in local disk:

1 1 x(1) y(1) z(1)
1 2 x(2) y(2) z(2)
1 3 x(3) y(3) z(3)
1 4 x(4) y(4) z(4)
1 5 x(5) y(5) z(5)

Then, follow the steps described in the following figure:
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3.7 Summary

This chapter is devoted to the beam element and frame analysis. We have studied the
beam element, which can be used in frame analysis. The concept of the shape functions is
further explored and the derivations of the stiffness matrix using the energy approach are
emphasized. Treatment of distributed loads is discussed and several examples are stud-
ied. A two-story building structure with I-beams is analyzed using ANSYS Workbench.
It provides useful modeling techniques in constructing concept line models, and shows
step-by-step how Workbench can be used to determine the deformation and stresses in
beams and frames.

3.8 Review of Learning Objectives

Now that you have finished this chapter, you should be able to

1. Set up simplified finite element models for beams and frames.

2. Derive the element stiffness matrix for plane beams using direct/energy approach.
3. Explain the concept of shape functions and their characteristics for beam elements.
4. Find the equivalent nodal forces of distributed loads on beams.

5. Determine the deflection and rotation at a point of a beam using hand calculation
to verify the finite element solutions.

6. Apply the general beam element stiffness matrix to the analysis of simple frames.

7. Create line models from concept points, sketches, or by body translation in
Workbench.

8. Perform static structural analyses on beams and frames using Workbench.

PROBLEMS

31 Using Equation 3.11, derive the results of the equivalent nodal forces and
moments for a beam element with uniformly distributed lateral load.

3.2 The cantilever beam is supported by a spring at the end as shown in the figure.
Using FEM, determine the deflection and rotation at the node 2.

E, 1

1 2 =k *
L 33
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3.3 Using FEM, determine the nodal displacement, rotations, and reaction forces

34

3.5

3.6

for the propped cantilever beam shown below. The beam is assumed to have
constant EI and length 2L. It is supported by a roller at mid length and is built

in at the right end.
P
@Q w1 O
! 2+ 3 X
L ‘ L |

The 2-D frame is supported as shown in the figure. Constants E, A, I of the beam
and the length L are given. Using FEM, determine the displacement and rota-
tion at node 2.

Y
M
N
1 L 2y x
L
3

The plane frame is subjected to the uniformly distributed load and is fixed
at the ends as shown in the figure. Assume E =30 x 10° psi, A =100 in.?, and
I=1000 in.* for both elements of the frame. Using FEM, find the displacement
and rotation of node 2.

1000 Ib/ft

Y

40 ft

Using ANSYS Workbench, solve the frame problem in Problem 3.5, and deter-
mine the reaction forces and moments at the two fixed ends.
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3.7 The physical construction of two representative beam connections is shown in
the figure below, where an I-beam is connected to a floor slab through a slotted
bolt hole in (a), and is connected to a column through an angle bracket in (b).
What simplified support conditions would you use to represent the physical
construction in the two cases and explain your reasons?

3.8 The bike frame shown in the figure below has hollow circular tubes (24 mm
outer diameter and 2 mm thick) and is made of aluminum alloy. Use ANSYS
Workbench to determine the deformation and stresses of the frame members.

Point coordinate (mm)

x y z
1 400 400 0
2 -150 350 0
3 450 300 0
4 0 0 0
5 600 50 50
6 600 50 -50
7 —450 50 50
8 —450 50 -50

39 The hoist frame shown in the following figure has 76 mm wide and 3 mm thick
square tubes and is made of structural steel. Use ANSYS Workbench to deter-
mine the deformation and the stresses in the frame.

10
14
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3.10 The frame structure is constructed with structural steel I-beams of given cross-
section dimensions and is used to support a uniform load of 6 kN/m as shown
below. Use ANSYS Workbench to determine the deformation and stresses in the
frame members.

| N Y A A A ¢

/ 6 kN/m / 0.3 m |_25 mm—I jinl
. O -
(AT T T 1T 1 14 |
4 80 mm
% 6 kN/m ?V
I 03m  5mm
| 2] _1
Lo m

0.5
1.2m

3.11 The following bridge structure is used to carry a uniform load of 50 kN/m on
the bridge surface. Use ANSYS Workbench to determine the deformation and
stresses in the bridge if structural steel I-beams of the given cross-section are
used.

50 kN/m ) R 4.061 i
l l l/ l l l“/’ l _lm .06 in. I().3751n.
/| /I/v —@m —r
AW /4 4.16 in.
W ANER7ARENZNN 028in. 4t
7 ] ] I

b 2m JR
— : : : —
02m 1m 1.5m 1.5m Im 02m
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Two-Dimensional Elasticity

4.1 Introduction

Many structures that are three-dimensional can be satisfactorily treated as two-dimen-
sional problems (Figure 4.1). This chapter introduces you to the use of the finite element
method for deformation and stress analyses of two-dimensional elasticity problems. First,
the basic equations in plane elasticity theory are reviewed. Then several types of 2-D finite
elements for plane elasticity analysis are presented. Applications of these elements are
demonstrated and their accuracies and efficiencies are discussed. This presentation is
followed by an example illustrating analysis of a 2-D elasticity problem using ANSYS®
Workbench.

4.2 Review of 2-D Elasticity Theory

In general, the stresses and strains at any point in a structure consist of six independent
components, that is (Figure 4.2),

Cxs Oy, Oz Tayy Tyzy Tax

for stresses, and

€y, gyr €2, nyl szr Y ax

for strains.

Under certain conditions, the state of stresses and strains can be simplified. A 3-D stress
analysis can, therefore, be reduced to a 2-D analysis. There are two general types of models
involved in this 2-D analysis: plane stress and plane strain.

4.2.1 Plane Stress

In the plane stress case, any stress component related to the z direction is zero, that is,

0,=T,=T,=0 (e, 20) 4.1)

101
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A rotating disk A reservoir dam

FIGURE 4.1
Examples of 2-D elasticity problems.

z

FIGURE 4.2
Stress components at a point in a structure.

A thin planar structure with constant thickness and loading within the plane of the
structure (xy-plane) can be regarded as a plane stress case (Figure 4.3).

4.2.2 Plane Strain

In the plane strain case, any strain component related to the z direction is zero, that is,
& =Yy =V = 0 (0. #0) 4.2

A long structure with a uniform cross section and transverse loading along its thickness
(z-direction), such as a tunnel or a dam, can be regarded a plane strain case (Figure 4.4).

As illustrated in the above figures, structures in plane stress or plane strain condi-
tions can be modeled as 2-D boundary value problems. At an arbitrary point, the in-
plane displacement field may be defined by two components (1 and v), the in-plane strain
field by three components (€, €,, Y+,), and the in-plane stress field by three components
(04, Oy, Ty). The following is a review of equations describing how the field variables are
related.
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(b)

FIGURE 4.3
Plane stress condition: (a) structure with in-plane loading; and (b) 2-D model.

(a) (b)

» X

FIGURE 4.4

Plane strain condition: (a) structure with uniform transverse load; and (b) 2-D model.

4.2.3 Stress—Strain (Constitutive) Equations

For linear elastic isotropic materials, we have the following strain-stress relation for the
plane stress case:

€, 1/E -Vv/E 0 ||oy €0
e, ¢=|-WE 1E 0 |30y ¢+19 &0 4.3)
ny 0 0 1/G Txy nyO

or,
e=FE'c+ g
where g, is the initial strain (e.g., due to a temperature change), E Young’s modulus, v

Poisson’s ratio, and G the shear modulus. Note that

E

for homogeneous and isotropic materials.
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We can also express stresses in terms of strains by solving the above equation

O, E 1 A% 0 €y €x0
Sy =7_ 7Y 1 0 € r—1 &0 4.5)
Txy 0 0 (1 - V)/2 ny nyO
or,
o = Ee + o
where 6, = — Eg, is the initial stress.

For plane strain case, we need to replace the material constants in the above equations in
the following fashion:

Es>-E . v Y, 6o 4.6)
1-v 1-v
For example, the stress is related to strain by
G, 1-v A% 0 €, €x0
Oy = S 1-v 0 € r—9E
T+ v - 2v) ! v
Tyy 0 0 1 =2v)/2|\ |Vxy Y0

in the plane strain case.
Initial strain due to a temperature change (thermal loading) is given by the following for
the plane stress case

€50 oAT
€0 ( = {0AT 4.7)
'nyO 0

where o is the coefficient of thermal expansion, AT the change of temperature. For the
plane strain case, o should be replaced by (1 + v)a. in Equation 4.7. Note that if the struc-
ture is free to deform under thermal loading, there will be no (elastic) stresses in the
structure.

4.2.4 Strain and Displacement Relations

For small strains and small rotations, we have,

_du _ 0y ou  Jv

€ = ar sy - @/ ny - ay ax
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In matrix form, we write

€x d/dx 0 y
g, r=| 0 0/dy {v}' ore =Du 4.8)
Yy 0/dy  d/dx

From this relation, we know that, if the displacements are represented by polynomials,
the strains (and thus stresses) will be polynomials of an order that is one order lower than
the displacements.

4.2.5 Equilibrium Equations

In plane elasticity, the stresses in the structure must satisfy the following equilibrium
equations:

90, | 0Ty
ox  Jdy

dTy,  JO,
—+ — =0
ox " oy L

+f.=0
4.9)

where f, and f, are body forces (forces per unit volume, such as gravity forces). In the FEM,
these equilibrium conditions are satisfied in an approximate sense.

4.2.6 Boundary Conditions

The boundary S of the 2-D region can be divided into two parts, S, and S, (Figure 4.5). The
boundary conditions (BCs) can be described as

V=7, on S,

u =
t (4.10)

u,
=t, t,=t, on S

in which £, and ¢, are tractions (stresses on the boundary) and the barred quantities are
those with known values.

4.2.7 Exact Elasticity Solution

The exact solution (displacements, strains, and stresses) of a given problem must satisfy
the constitutive relations, equilibrium equations, and compatibility conditions (structures

FIGURE 4.5
Boundary conditions for a structure.
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should deform in a continuous manner, with no cracks or overlaps in the obtained dis-
placement fields).

EXAMPLE 4.1

A plate is supported and loaded with distributed force p as shown in the figure. The
material constants E and v are known.
The exact solution for this simple problem is found to be as follows:

Displacement:

Strain:

€y =

M=
m
=
I
<

Stress:

6,=p, 6,=0, T4, =0

Exact (or analytical) solutions for simple problems are numbered (suppose there is a
hole in the plate or the roller supports are replaced by fixed ones). That is why we need
the FEM for solutions of 2-D elasticity problems in general.

4.3 Modeling of 2-D Elasticity Problems

For a plane stress or plane strain analysis, we model only a 2-D region, that is, a planar
surface or cross section of the original 3-D structure. The region then needs to be divided
into an element discretization made of triangles, quadrilaterals, or a mixture of both. The
element behaviors need to be specified to set up the problem type as either plane stress
or plane strain. The discretization can be structured (mapped mesh on a three-sided or
four-sided surface region with equal numbers of element divisions for the opposite sides)
or unstructured (free mesh), as shown in Figure 4.6. A structured surface mesh has regular
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FIGURE 4.6
Finite element discretization: (a) unstructured (free) mesh; and (b) structured (mapped) mesh.

(@ (b) (©)

FIGURE 4.7
Support conditions in 2-D: (a) and (b) ineffective constraints; (c) effective constraints.

connectivity that can be described as a 2-D array, and it generally has better solution reli-
ability compared to a free mesh.

Mesh properties such as the mesh density and the element shape quality are important
factors that affect the solution accuracy and efficiency. Finer mesh is usually needed in
areas where a high stress/strain is expected. The type of finite element employed also
plays a vital role in the analysis, as will be discussed in the next section.

After meshing is complete, the surface discretization is represented in terms of nodal
coordinates as well as element connectivity showing how different elements are connected
together through nodes. All types of loads (distributed forces, concentrated forces and
moments, and so on) are converted into point forces acting at individual nodes. Boundary
conditions are no exception, and will be converted into nodal DOF constraints. Remember
that support conditions need to suppress rigid-body motion, and the minimum conditions
in 2-D include restraining the body with displacement in x, i directions and rotation about
the z-axis. Figure 4.7 gives examples of effective and ineffective support conditions in 2-D.
Explain why a case is effective or not.

4.4 Formulation of the Plane Stress/Strain Element

In this section, we formulate the element equations based on the plane elasticity theory. A
general formula for the stiffness matrix is derived first, followed by presentation of several
common element types for 2-D elasticity problems.
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4.4.1 A General Formula for the Stiffness Matrix

Displacements (1, v) in a plane element can be interpolated from nodal displacements

(u;, v;) using shape functions N; as follows:

]
(4]
S e R Nd 4.11

= u = .

of o N 0o N )P " @10

(%}

where N is the shape function matrix, u the displacement vector, and d the nodal displace-
ment vector. Here, we have assumed that u depends on the nodal values of u only, and v
on nodal values of v only.

From strain—displacement relation (Equation 4.8), the strain vector is

¢ =Du=DNd, or £¢=Bd “4.12)

where B = DN is the strain—displacement matrix.
Consider the strain energy stored in an element,

1 1
U = EJGngV = EJ(GX € t+ Gy€y + TXyYXy)dV
v

Vv

= %J(Ee)%dv = %J.STESdV = %dTJ.BTEBdVd
\4 v v
= 1did
2
From this, we obtain the general formula for the element stiffness matrix

k = jBTEBdV (4.13)
Vv

Note that unlike the 1-D cases, E here is a matrix which is given by the stress—strain rela-
tion (e.g., Equation 4.5 for plane stress).

The stiffness matrix k defined by Equation 4.13 is symmetric since E is symmetric. Also
note that given the material property, the behavior of k depends on the B matrix only, which
in turn depends on the shape functions. Thus, the quality of finite elements in representing
the behavior of a structure is mainly determined by the choice of shape functions. Most
commonly employed 2-D elements are linear or quadratic triangles and quadrilaterals.

4.4.2 Constant Strain Triangle (CST or T3)

This is the simplest 2-D element (Figure 4.8), which is also called linear triangular element.
For this element, we have three nodes at the vertices of the triangle, which are numbered
around the element in the counterclockwise direction. Each node has two DOFs (can move
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FIGURE 4.8
Linear triangular element (T3).

in the x and y directions). The displacements # and v are assumed to be linear functions
within the element, that is

U="b+bx+by, v=>by+bsx+by 4.14)
where b; (i=1, 2, ..., 6) are constants. From these, the strains are found to be
€y = b2/ Ey = b()/ ny = b3 + b5 (415)

which are constant throughout the element. Thus, we have the name “constant strain tri-
angle” (CST).
Displacements given by Equation 4.14 should satisfy the following six equations:

u = bl + ble + b3]/1
U, = b] + bzXz + b3y2

U3 = b4 + b5X3 + b6y3

Solving these equations, we can find the coefficients b;, b,, ..., and b, in terms of nodal
displacements and coordinates. Substituting these coefficients into Equation 4.14 and rear-
ranging the terms, we obtain

,u1<
(4]
u N 0 N 0 N 0 [|lu
_| M 2 3 2 @.16)
0 0 N1 0 N2 0 N3 (%]

Us
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where the shape functions (linear functions in x and y) are

1
N; = g{(leh = x3¥2) + (V2 = Ya)x + (¥3 — xa)y |
1
N, = 24 (x3y1 — x1y3) + (Ys — y)x + (X1 — xs)y} 4.17)

1
N3 = ﬁ{(xlyz —Xoy1) + (1 — Y2)x + (x2 — xl)y}

and
1 1 X1 U4
A= Edet 1 X Y2 (418)
1 X3 Y3

is the area of the triangle.
Using the strain—displacement relation (4.8), results (4.16) and (4.17), we have

]
U1
€y 1 Yo3 0 Y31 0 Y12 0 u
2
g, r=Bd=-—]0 X 0 X 0 X 4.19
y oA 32 13 21 v 4.19)
Yy X3 Y3 X130 Y; X1 Y2
Us
LU3 J

where x;=x;—x;and y; =y, — y; (;, =1, 2, 3). Again, we see constant strains within the ele-
ment. From stress—strain relation (e.g., Equation 4.5), we see that stresses obtained using
the CST element are also constant.

Applying the formula in Equation 4.13, we obtain the element stiffness matrix for the
CST element

k = _[BTEB 4V = tA(B"EB) 4.20)
14

in which ¢ is the thickness of the element. Notice that k for CST is a 6 x 6 symmetric matrix.
Both the expressions of the shape functions in Equation 4.17 and their derivations are
lengthy and offer little insight into the behavior of the element.
We introduce the natural coordinates (€, 1) on the triangle where § = A;/A, 1 = Ay/A with
A, and A, being the areas of the smaller triangles indicated in Figure 4.9. Then the shape
functions can be represented simply by

N1=§, N2=T], N3=1—§—n (4:21)

Notice that,

N1+N2+N3 =1 (422)
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FIGURE 4.9
The natural coordinate system defined on the triangle.

which ensures that the rigid-body translation is represented by the chosen shape func-
tions. Also, as in the 1-D case,

1, atnode i;
N; = (4.23)

0, at other nodes

and varies linearly within the element. The plot for shape function N, is shown in Figure
4.10. N, and N, have similar features.

We have two coordinate systems for the element: the global coordinates (x, y) and the
natural (local) coordinates (§, 1). The relation between the two is given by

X = lel + NzXz + N3X3

4.24)
Yy = Niy1 + Nay» + Nays

or,

X = xlgé + X23MN + X3

(4.25)
Y =YyiuE+ ynn+ys

where x;=x;—x;and y; =y, - y; (;, j = 1, 2, 3) as defined earlier.

FIGURE 4.10
Plot of the shape function N, for T3 element.



112 Finite Element Modeling and Simulation with ANSYS Workbench

Displacement u or v on the element can be viewed as functions of (x, y) or (§, n). Using the
chain rule for derivatives, we have

au| [ox ayl[au] [ou
9§ 0 9& ||ox ox
= = 4.26
au("|ax ay (Jau[ " Tau 420
an on  an||dy oy
where J is called the Jacobian matrix of the transformation.
From Equation 4.25, we calculate
= X135 Y3 , J_l _ i Yo3 —VYi3 @27)
X23 Yo3 2A | —xp X13
where det] = x13y25 — X23113 = 2A has been used (A is the area of the triangle).
From Equations 4.26, 4.27, 4.16, and 4.21, we have
u u
0 - d - -
x _ 1| Y= Y13 € _ 1| Y Yi3 || U1 — Us .28)
al 2A| =3 X13 al 2A| =3 X13 ||U2 — U3
oy on
Similarly,
v
p) _ _
x _ i Ya3 Yi3 | |01 — U3 4.29)
@ 2A | —xx X13 ||U2 — U3
dy

Using the results in Equations 4.28 and 4.29, and the relations € = Du = DNd = Bd, we
obtain the strain—displacement matrix,

B=—1|0 X3 0 X13 0 X2 (430)

which is the same as we derived earlier in Equation 4.19.
We should note the following about the CST element:

e Use in areas where the strain gradient is small.
e Use in mesh transition areas (fine mesh to coarse mesh).

e Avoid using CST in stress concentration or other crucial areas in the structure,
such as edges of holes and corners.

¢ Recommended only for quick and preliminary FE analysis of 2-D problems.
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4.4.3 Quadratic Triangular Element (LST or T6)

This type of element (Figure 4.11) is also called quadratic triangular element. There are six
nodes on this element: three corner nodes and three midside nodes. Each node has two
DOFs as before. The displacements (1, v) are assumed to be quadratic functions of (x, v),

U = by + byx + byy + byx® + bsxy + bey” @)
U= b7 + ng + bgy + b10x2 + bnx]/ + blzyz ’

where b; (i=1, 2, ..., 12) are constants. From these, the strains are found to be

€y = bz + 2b4x + b5y
€, = by + bux + 2b,y 4.32)
'ny = (b3 + bg) + (b5 + 2b10)x + (2b6 + bll)y

which are linear functions. Thus, we have the “linear strain triangle” (LST), which pro-
vides better results than the CST.
In the natural coordinate system, the six shape functions for the LST element are

Ny = ‘Z}(ZE., - 1)

N, =n(2n-1)

N3 = C(ZC - 1)

N, = 4En 4.33)
N5 =4ng

Ng = 4‘;&

in which { =1 - & —n. Each of these six shape functions represents a quadratic form on the
element as shown in Figure 4.12.

FIGURE 4.11
Quadratic triangular element (T6).
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FIGURE 4.12
Plot of the shape function N, for T6 element.

Displacements can be written as

u= iNiui, V= iNivi (4.34)
i=1 i=1

The element stiffness matrix is still given by k = |, B'EB dV, but here B'EB is quadratic
in x and y. In general, the integral has to be computed numerically.

4.4.4 Linear Quadrilateral Element (Q4)

There are four nodes at the corners of the quadrilateral element (Figure 4.13). In the natural
coordinate system (&, 1), the four shape functions are

1
N = Z(l -9 -n)

N =1+ 81 -1)
(4.35)

N =0+ 81+ )

Ny = 11-90+n)

FIGURE 4.13
Linear quadrilateral element (Q4).
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The displacement field is given by

115
Note that X}, N; = 1 at any point inside the element, as expected.
y p P
4 4
"= ZNiui, v = zN,»v,» 4.36)
i=1 i=1

which are bilinear functions over the element. The stress and strain fields are constant on

this type of elements.

4.4.5 Quadratic Quadrilateral Element (Q8)

This is the most widely used element for 2-D problems due to its high accuracy in analysis

and flexibility in modeling.

There are eight nodes for this element (Figure 4.14), four corners nodes and four midside
nodes. In the natural coordinate system (&, 1), the eight shape functions are

le

N,

N

N;

Ng:

LA-HM-DE+ N+

La+OM - D=+

LA+ DA+ ME+ -1
LE-DM+DE-n+D)

! 4.37)
Sa-ma-g)

a8 -

S+ - 8)

1 2
Sa-9a-m)

FIGURE 4.14
Quadratic quadrilateral element (Q8).



116 Finite Element Modeling and Simulation with ANSYS Workbench

FIGURE 4.15
Analysis of composite materials (mesh and contour stress plots).

Again, we have YEN;=1at any point inside the element.
The displacement field is given by

u= iNiui, U= iNiv,» (4.38)
i=1 i=1

which are quadratic functions over the element. Strains and stresses over a quadratic
quadrilateral element are linear functions, which are better representations. A model of
fiber-reinforced composite materials using the Q8 elements is shown in Figure 4.15.

We need to note the following when applying the 2-D elements:

* Q4 and T3 are usually used together in a mesh with linear elements.
* (8 and T6 are usually applied in a mesh composed of quadratic elements.

¢ Linear elements are good for deformation analysis, that is, when global responses
need to be determined.

® Quadratic elements are preferred for stress analysis, because of their high accu-
racy and the flexibility in modeling complex geometry, such as curved boundaries.

4.4.6 Transformation of Loads

Concentrated load (point forces), surface traction (pressure loads), and body force (weight)
are the main types of loads applied to a structure. Both traction and body forces need to be
converted into nodal forces in the FE model, since they cannot be applied to the FE model
directly. The conversions of these loads are based on the same idea (the equivalent-work
concept), which we have used for the cases of bar and beam elements.

Suppose, for example, we have a linearly varying traction g on a Q4 element edge, as
shown in the Figure 4.16. The traction is normal to the boundary. Using the local (tangen-
tial) coordinate s, we can write the work done by the traction g as

W, ;j O(s)s
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FIGURE 4.16
Traction applied on the edge of a Q4 element.

where t is the thickness, L the side length, and u, the component of displacement normal
to the edge AB.
For the Q4 element (linear displacement field), we have

un(s) = (1 - S/L)unA + (S/L)unB

The traction ¢(s), which is also linear, is given in a similar way

q(s) = (1 = s/L)ga + (s/L)gqs

Thus, we have

W, = ;tj’([u,ﬁ ung][l ;/z/LD[ﬁ —s/L s/L][Z: Dds

0

= l [unA Uyp ] tJ.|: (1 y S/L)2 (S/L)(l _ZS/L):| ds |:qA ]
2 )| (s/L)(1~s/L) (s/L) qs

1 tL|2  1{/4a
= E[unA un3]6[1 2][%]
1 fa

- El:unA unB]{fB}

and hence the equivalent nodal force vector is

AR
L= 4

Note, for constant g, we have
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For quadratic elements (either triangular or quadrilateral), the traction is converted into
forces at three nodes along the edge, instead of two nodes. Traction tangent to the bound-
ary, as well as body forces, are converted into nodal forces in a similar way.

4.4.7 Stress Calculation

The stress in an element is determined by the following relation:

O, g,
o, =E{e, t = EBd (4.39)
Txy ’ny

where B is the strain-nodal displacement matrix and d is the nodal displacement vector,
which is known for each element once the global FE equation has been solved.

Stresses can be evaluated at any point inside the element (such as the center) or at the
nodes. Contour plots are usually used in FEA software packages (during postprocess) for
users to visually inspect the stress results.

4.4.7.1 The von Mises Stress

The von Mises stress is the effective or equivalent stress for 2-D and 3-D stress analysis. For
a ductile material, the stress level is considered to be safe, if

O, < Oy

where ¢, is the von Mises stress and oy the yield stress of the material. This is a generaliza-
tion of the 1-D (experimental) result to 2-D and 3-D situations.
The von Mises stress is defined by

O, = %\/(61 - 6,)* + (02, — 63)* + (05 — 61)° (4.40)

in which 6, 6, and ©; are the three principle stresses at the considered point in a structure.
For 2-D problems, the two principle stresses in the plane are determined by

2
G, +0 6, -0
6 = g et
2 2
o, +0 6, -0, )
6, =+ 1~ S
2 2

Thus, we can also express the von Mises stress in terms of the stress components in the
xy coordinate system. For plane stress conditions, we have

4.41)

o, = \/(Gx +0,) - 3(0:0, — 13,) 4.42)
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4.4.7.2 Averaged Stresses

Stresses are usually averaged at nodes in FEA software packages to provide more accurate
stress values. This option should be turned off at nodes between two materials or other
geometry discontinuity locations where stress discontinuity does exist.

EXAMPLE 4.2

A square plate with a hole at the center is under a tension load p in x direction as shown
in the figure.

FA RN
=\~

The dimension of the plate is 10 in. x 10 in., thickness is 0.1 in., and radius of the hole is
1in. Assume E =10 x 10° psi, v = 0.3, and p = 100 psi. Find the maximum stress in the plate.

FE Analysis

This is a plane stress case. From the knowledge of stress concentrations, we should
expect the maximum stresses occur at points A and B on the edge of the hole. Value of
this stress should be around 3p (=300 psi), which is the exact solution for an infinitely
large plate with a circular hole.

We use the ANSYS to do the modeling (meshing) and analysis, using quadratic tri-
angular (T6), linear quadrilateral (Q4), and quadratic quadrilateral (Q8) elements. The
FEM results by using the three different elements are compared and their accuracies and
efficiencies are discussed. One mesh plot and one stress contour plot are shown below.

| S S— |
An FE mesh (T6, 1518 elements) -8.006 64.925 137.856  210.787  283.719
28.46 101.391  174.322  247.253  320.184

FE stress plot and deformed shape
(T6, 1518 elements)



120 Finite Element Modeling and Simulation with ANSYS Workbench

TABLE 4.1

FEA Stress Results

Elem. Type No. of Elem. Total DOFs Max. c (psi)
Q4 506 1102 312.42
Q4 3352 7014 322.64
Q4 31,349 64,106 322.38
T6 1518 6254 320.18
T6 2562 10,494 321.23
T6 24,516 100,702 322.24
Q8 501 3188 320.58
Q8 2167 13,376 321.70
Q8 14,333 88,636 322.24

The stress calculations with several meshes are listed in Table 4.1, along with the
number of elements and DOFs used.

The converged results are obtained with all three types of elements with the differ-
ences in the maximum stress values less than 0.05%. However, Q8 and T6 elements are
more efficient and converge much faster than the Q4 elements which are a linear rep-
resentation and cannot model curved boundaries accurately. If the required accuracy
is set at 1%, then the mesh with 501 Q8 elements should be sufficient. Note also that
we need to check the deformed shape of the plate for each model to make sure the BCs
are applied correctly. Fewer elements should be enough to achieve the same accuracy
with a better or “smarter” mesh (mapped mesh). We will redo this example in the next
chapter employing the symmetry features of the problem.

4.4.8 General Comments on the 2-D Elements

a. Know the attributes of each type of elements:
T3 and Q4: Linear displacement, constant strain and stress
T6 and Q8: Quadratic displacement, linear strain and stress
b. Choose the right type of elements for a given problem:
When in doubt, use higher order elements (T6 or Q8) or a finer mesh.
c. Avoid elements with large aspect ratios and corner angles (Figure 4.17):

Aspectratio=L,, /L, whereL . and L
istic lengths of an element, respectively.

are the largest and smallest character-

min

d. Make sure the elements are connected properly:
Do not leave unintended gaps or free elements in FE models (Figure 4.18).
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//
\?

Elements with distorted shapes

/N [

Elements with normal shapes

FIGURE 4.17
Elements with distorted (irregular) and normal (regular) shapes.

A C

B D
Improper connections (gaps along AB and CD)

FIGURE 4.18
Unintended gaps in the FE mesh.

4.5 Case Study with ANSYS Workbench

Problem Description: A combination wrench is a convenient tool that is used to apply
torque to loosen or tighten a fastener. The wrench shown below is made of stainless steel
and has a thickness of 3 mm. Determine the maximum deformation and the distribution
of von Mises stresses under the given distributed load and boundary conditions.

b 10 Material: Stainless steel
W " E=193GPa
! V=027
1{ 2.Sj ) (<:> Boundary conditions:
T Z7\ Hexagon on the right end is
v fixed on all sides.
125  f— N Pressure p = 2 MPa
101 40 1 P

(All units are in millimeters.)

Solution
To solve the problem with ANSYS Workbench, we employ the following steps:

Step 1: Start an ANSYS Workbench Project
Launch ANSYS Workbench and save the blank project as “Wrench.wbpj.”
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Step 2: Create a Static Structural (ANSYS) Analysis System

Drag the Static Structural (ANSYS) icon from the Analysis Systems Toolbox window
and drop it inside the highlighted green rectangle in the Project Schematic win-
dow to create a standalone static structural analysis system.
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Step 3: Add a New Material

Double-click (or right-click and choose Edit) on the Engineering Data cell in the
above Project Schematic to edit or add a material. In the following Engineering
Data interface which replaces the Project Schematic, click the empty box high-
lighted below and type “Stainless Steel” as name for the new material.
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E] Anisotropie Elastety 3 % Stuchral Steel |2 6. .thréﬁm”ﬁw e
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- [ Shear Modiug TSIEHD Fa = Temperature |C]
X veu sl jostonse... | [“2 @ 14 Alterating Sress Memn Stress T Tebuler =
o feady (|5 showProgress ||| show 1Messages |

Select “Stainless Steel” from the Outline window, and double-click Isotropic
Elasticity under Linear Elastic in the leftmost Toolbox window. Enter “193E9”
for Young’s Modulus and “0.27” for Poisson’s Ratio in the bottom center
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Properties window. Click the Return to Project button to go back to the Project
Schematic.
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Step 4: Launch the DesignModeler Program

Ensure Surface Bodies is checked in the Properties of Schematic A3: Geometry win-
dow (select Properties from the View drop-down menu to enable display of this
window). Select 2D for Analysis Type in this Properties window. Double-click
the Geometry cell to launch DesignModeler, and select “Millimeter” in the Units
pop-up window.
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Step 5: Create Surface Sketch

Click on the Sketching tab. Select the Draw toolbox and then Rectangle. Draw a
rectangle in the XY-plane in the Graphics window by first clicking on the Y-axis
and then dragging anywhere to the right. This makes the left side of the rect-
angle coincide with the Y-axis. Select the Dimensions toolbox to specify one
horizontal (H1) and two vertical dimensions (V2 and V3) as shown below.

&0 A Static Structural - Des
||| File Create Concept Tosks View Help

(OHE @] D Gro s L @R TE 0[SO ARMACE Hee A

W e S A A A
. |

i
!;;
F

||1 @am 00 gl 4000 )
L e _ww:;_:nw:[
| |6 mm . i
= = - | sodet view [Prnt reve |
|| @ vertical -- Select first point or 20 Edge for Vertical dimension |Na Selection [Midlimeter 0 0 |

Select the Draw toolbox and then Circle. Draw a circle by first clicking on the X-axis

for the center of the circle and then at a corner of the rectangle for a point on
the circle, as shown below. The letter C indicates the center has a coincident

relation with X-axis, and the letter P indicates the cursor is on the corner point.
Select Dimensions and specify a radius of 10 mm for the circle.

@ &St Strsctunl
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(A @] Do Gro s L TR O [SEAAGEACE el @
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. Line

# Tangent Line

# Line by 2 Tangents
A\ Palyfine
(=Palyzan

JRectangle
T Rectanghe by 3 Paints

@ Circle — Click, or Rebease, to define radus
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Draw another circle on the left by first clicking on the X-axis and then at the
upper-left corner of the rectangle. Make sure letters C and P show up as you
draw. Specify a radius dimension of 12.5 mm.

mhEle-[[S+aaa@man e m

#Pont FEParameters

@ Circle — Click, or Rebease, to define radus

Select the Draw toolbox and then Polygon. Draw a six-sided polygon (set n = 6)
in the Graphics window by first clicking at the center of the right circle. Then,
drag the cursor anywhere inside the circle and click when there is a letter H
showing above the top edge of the polygon. The letter H indicates the edge is
a horizontal line. Select the Dimensions toolbox and specify the polygon side
length as 7 mm.

Wl Giicnd + R Tunie @Pont EEParameters

qtﬂizi
]

Tomn = | odetview [ Prict Preview
£ LTRSS IR . o Selection it W3 45
- =
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Select the Modify toolbox and then Trim. Click on unwanted line segments and
arcs (a total of four lines and four arcs) in the Graphics window to trim them
away. The trimmed sketch looks like the following.

mEEle-[S+aaa@manxite. m

v fPont FEParsmeters

Thetch [ Sketenl
| Shetch Visibaity | Show Sketch
}m

H1 40 mm
| HE 7 mm
L] 10 8m
B3 125 ma

a = e

@ Teim — Select 2D Eddge i segment 16 bim

e Selestion  [Mllimeter  E8.5 '[-'MJ

Select the Draw toolbox and then Rectangle. Draw a rectangle on the left as shown
below. Select the Dimensions toolbox and specify one horizontal dimension
(H7) and two vertical dimensions (V8 and V9) as given below.

mhEle-[[S+aaa@man e m

W dicnd = D @ Port EEParameters
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Select the Modify toolbox and then Trim. Trim away unwanted line segments
and arcs (a total of two lines and two arcs) by clicking on them. The trimmed
sketch looks like the following.

HE @ owe Gro [l - n@ Tl o |[S+RAa8@macE el m
A Am Am Am A
* A | st i)
covley | EEtude  @RRecive g Sweep  § SkinLaft BT e
2
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@ Trim - Select 2D Edge in segment 1o bim Mo Salection [Mlimeter  |-35.2 IEJ

Select the Modify toolbox and then Fillet. Set the radius of fillet as 2.5 mm. Click on
two intersecting edges to define a fillet. Create two fillets as shown below at
the corners of the rectangle.

Shetehl
Stateh Visibiley  Show Sketeh
Saw Canizraints? Ha
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Step 6: Create Surface Body
Switch to the Modeling tab and select Surfaces from Sketches from the drop-down

menu of Concept.

- BRER - ([SEARAMA0E t e M

#point FEParsmeters
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Select Sketchl from the Tree Outline and click Apply on the Base Objects selection in
the Details of SurfaceSK1. Then click Generate.
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A Surface Body is now created from the surface sketch. Set the Thickness to 3 mm in
the Details of Surface Body. Exit the DesignModeler.

| File Create Concept Tools View Hel
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Step 7: Launch the Static Structural Program

Double-click on the Model cell to launch the Static Structural program. Click on
Geometry in the Outline. In the Details of “Geometry,” the following options are
available for 2D Behavior: plane stress, axisymmetric, plane strain, generalized
plane strain (assuming a finite length in the z direction, as opposed to the infi-
nite value assumed for the standard plane stain option), and by body (allow-
ing you to set 2D behavior options for individual bodies that appear under
Geometry in the outline). Choose Plan Stress as the desired 2D Behavior.
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In the Details of “Surface Body,” click to the right of the Material Assignment field
and select Stainless Steel from the drop-down context menu.
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Step 8: Generate Mesh

Right click on Mesh in the Project Outline tree. Select Insert and then Method from
the context menu. Click on the surface body in the Graphics window, and apply
it to the Geometry selection in the Details of “Automatic Method.”
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Right click on Mesh in the Project Outline. Select Insert and then Sizing from the
context menu.
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In the Details of “Body Sizing,” enter “'1.5e-3 m” for the Element Size. Click on the
surface body in the Graphics window and apply it to the Geometry selection. In
the Outline of Project, right-click on the Mesh and select Generate Mesh.
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The following mesh plot will show up.
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Step 9: Apply Boundary Conditions
Right-click on Static Structural (A5) and select Insert and then Fixed Support from
the context menu.
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Ctrl-Click all six sides of the polygon as highlighted in the Graphics window. You
must turn on the Edge Selection filter to select a line. Click Apply on the Geometry
selection field in the Details of “Fixed Support.”
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Step 10: Apply Loads
In the Outline, right-click on Static Structural (A5). Choose Insert and then Pressure.
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In the Details of “Pressure”, click on the arc as shown below and apply it to the
Geometry selection. The Edge Selection filter must be turned on to allow this
selection. Choose Vector for the Define By field, and enter “2e6” for Magnitude.
Click on the vertical line as shown below and click Apply to confirm on the
Direction selection. Make sure the vector is pointing downward. If not, click the
left or right arrow at the bottom left corner to toggle direction.
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Step 11: Retrieve Solution
Insert a Total Deformation item by right-clicking on Solution (A6) in the Outline tree.
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Insert an Equivalent Stress item by right-clicking on Solution (A6) in the Outline
tree.
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Right-click on Solution (A6) in the Outline tree and select Solve. The program will
start to solve the model. After completion, click Total Deformation in the Outline
to review the total deformation results. As shown below, the maximum defor-
mation occurs at the two end tips on the left side of the wrench with a magni-
tude of 0.138 mm under the assigned pressure load.

il o 3 N _?

(@) A« Setic Sructaal - Mechanical [ANSYS Academic Teach I 1 .. T Y
TR&s+R@ M Ems| O

l;ﬁle Edit View Uy Took Help |ja:,£ . | .
| B ShowVorlces | @i Windrome | Moy Colosing = A= i Az Az M b onclatons
B-®-3F |2 = | Dk

| udwmg | | megengey |

Seoping Methoa | Geometry Sebectian
Gaometry | A1 Bodins
e
(T Tolul Deformation
L. S Tina 1
Py Tie i 1
Cabculate Time History | Yes |
.h'n“"'.’ iE :
Mansmum fom ] .
Masimum |13812e 004 m ] -
[ [Ty
i T o ]

 [Press FL foe Help | @1 Meszage o Selection [Metric {m, kg L5V, &) Degrees radis Celsus 4




136 Finite Element Modeling and Simulation with ANSYS Workbench

Select Equivalent Stress in the Outline to review the von Mises stress distribution.
The following figure shows that the maximum von Mises stress is located
at the two entrant corners on the right side of the wrench with a magnitude
of 165.68 MPa, which is below 207 MPa, the yield strength of stainless steel.
Decrease the element size in the Details of “Body Sizing” and solve again to see
if there is any increase in the solution accuracy:.
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Modeling tips: ANSYS Workbench can work with native geometric models created in
other CAD systems such as SolidWorks, CATIA, or Pro/E. It also allows geometry to be
imported in neutral file formats such as IGES, Parasolid, and SAT.

To import a part created in SolidWorks, for example, you can right-click on the Geometry
cell. Then choose Import Geometry and browse to select the SolidWorks part file.

Next, double-click the Geometry cell to launch DesignModeler. Click Generatein DesignModeler
to load the geometry. Then, choose Surfaces From Faces from the Concept menu.
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Click on the front wrench face and apply it to the Faces selection in the Details of
SurfFromFacel. Click Generate to complete the surface creation.
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In the Tree Outline, a new Wrench item is now added underneath 2 Parts, 2 Bodies. Right-
click on the first Wrench item in the Outline, and choose Suppress Body in the context menu.
This will hide the solid wrench and display only the new surface model. Click on the new
Wrench item, and enter a “3 mm” for the Thickness in the Details of Surface Body and exit
DesignModeler. Double-click on the Model cell in the Project Schematic to launch the Static.
Structural program. A concept wrench surface is now ready for downstream analysis.
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4.6 Summary

The 2-D elasticity equations are reviewed in this chapter and 2-D elements for analyzing
plane stress and plane strain problems are discussed. FE formulations for 2-D stress analy-
sis are introduced. It is emphasized that linear triangular (T3) and linear quadrilateral (Q4)
elements are good for deformation analysis and not accurate for stress analysis. For stress
analysis, quadratic triangular (T6) and quadratic quadrilateral (Q8) elements are recom-
mended. Bad-shaped elements with large aspect ratios and large or small angles should
be avoided in an FE mesh. A wrench model is built and the stress is analyzed in ANSYS

Workbench to show how to conduct a 2-D FEA.

4.7 Review of Learning Objectives

Now that you have finished this chapter you should be able to

1. Develop the FE formulations for 2-D stress analysis problems.

2. Create a mesh for a 2-D stress analysis problem and be able to judge the mesh quality.

3. Apply the load and constraints to the FE model correctly.
4. Conduct 2-D stress analysis of an FE model using ANSYS Workbench.

PROBLEMS
4.1 List the boundary conditions in Example 4.1.
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4.2

43

44

4.5

The plate shown below is constrained at the left end and loaded with a linearly
varying pressure load at the right end. Constants E, v, and thickness t are given.

Ay

Do

_ Po
u Ehxy,
—_Po 2 2
V= 2Eh(x + vy©)

Find:

a. strains in the plate;

b. stresses in the plate;

c. check if or not the equilibrium equations are satisfied by the stresses;

d. check if or not the boundary conditions are satisfied by the solution.

Optional:
Assume E =10 x 10° psi, v=0.3, p, =100 psi, L=12 in,, h =4 in., and thickness
t=0.1in. Use ANSYS Workbench to check your results.

Derive the shape functions in Equation 4.17 for T3 elements and prove
(Equation 4.18).

From Equation 4.27, prove det] = x13Y2 — X23Y13 = 2A and discuss why “bad-
shaped” elements can cause numerical errors in the FEM.

The torque arm shown below is a 5 mm thick automotive component made of
structural steel with a Young’s modulus of 200 GPa and a Poisson’s ratio of 0.3.
Using ANSYS Workbench, determine the deformation and von Mises stress dis-
tributions under the given load and boundary conditions.

Fy =400 N
A
1 36 cm The left bolt hole is fixed.

1.5cm iS cm 2 cm 4 cm
’ 4cm T dem F,=3000N

6 cm

Boundary condition:
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4.6 Abicycle wrench shown below is made of stainless steel with a Young’s modulus
of 193 GPa and a Poisson’s ratio of 0.27. The wrench is 2 mm thick. Using ANSYS
Workbench, determine the location and magnitude of the maximum deforma-

tion and the maximum von Mises stress under the given load and boundary
conditions.

F 50N

R=12mm =12 mm The side lengths of the hexagons

from left to right are 9, 7,

and 5 mm, respectively.
<Z> <Z> @ 24 mm Boundary and load condition:

The smallest hexagon is fixed on

all sides.

r A 50 N force is applied on the
6 mm 25 mm 20 mm 2 mm top edge of the wrench.

4.7 Consider a straight and long hexagonal pipe under internal pressure as shown
below. The pipe is made of stainless steel with a Young’s modulus of 193 GPa
and a Poisson’s ratio of 0.27. Using ANSYS Workbench, determine the maximum

in-plane deformation and the maximum von Mises stress under the given load
and boundary conditions.

30 mm

The radius of the internal
hole is 20 mm.

The internal pressure:
p =20 MPa.

Boundary condition:
The hexagonal pipe is
fixed on the bottom.

4.8 Consider a straight and deep tunnel under external pressure. The tunnel is
made of concrete with a Young’s modulus of 29 GPa and a Poisson’s ratio of 0.15.
Using ANSYS Workbench, determine the maximum in-plane deformation and
the maximum in-plane von Mises stress under the given load and boundary

conditions.
N A A R |
B le—
p p
-] «
"4 — 08 m — The external pressure:
4 m
) . p=1MPa
- 12 m [
—] = Boundary condition:
~ — The tunnel is fixed on
’L ’ ’4 =,' the bottom.
0.4 m 1.6m 0.4 m
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49 Using ANSYS Workbench, design a steel shelf bracket. Some dimensions of the
bracket are fixed as shown in the figure. The three holes have the same diam-
eter, which can be changed in increment of 0.2 cm in the design. The goal is
using as less material as possible for the bracket, while supporting the given
distributed load p.

a. For steel, use E =200 GPa, v = 0.3, and yield stress 6, =250 MPa.
b. Use a factor of safety = 2.5 for the design.
c. Report the configuration and dimensions of the bracket of your final design.

p =250 N/cm?
| \ \ \ i i
A -~ 2 cm “S 2cm
14 ! \ L
N N
£
Q
9 2c
1 Fillet radius: 5 cm
T /
% Bracket thickness:
//// t=0.2cm
L=20cm

4.10 Similar to the previous problem, design a steel bracket. Some dimensions of the
bracket are fixed as shown in the figure, while others can be changed. The shape
and topology of the bracket can also be changed. The goal of this design is using
least material for the bracket, while supporting the given loads.

a. For steel, use E =200 GPa, v = 0.32, and yield stress ¢, = 250 MPa.
b. Use a safety factor of 3 for the design.
c¢. Report the configuration and dimensions of the bracket of your final design.

Radius of all three holes: R = 10 mm;
/ ~ thickness: 3 mm.

- 60 mm
/O
/
/
/
/
/
/
/
/
/
/

\
E 600 N

L 7

60 mm

600 N
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Modeling and Solution Techniques

5.1 Introduction

In this chapter, we discuss several techniques in the modeling and solution options of
using the FEM. Applying these techniques can greatly improve the efficiencies and accura-
cies of the FEA.

5.2 Symmetry

Symmetry feature of a structure is the first thing one should look into and explore in
the FE modeling and analysis. The model size can be cut almost in half and the solu-
tion efficiencies can be improved by several times. A structure possesses symmetry if its
components are arranged in a periodic or reflective manner. Types of symmetries are
(Figure 5.1):

e Reflective (mirror, bilateral) symmetry
e Axisymmetry

¢ Rotational (cyclic) symmetry

® Translational symmetry

e Others (or combinations of the above)

In the FEM, symmetry properties can be applied to

e Reduce the size of the problems and thus save CPU time, disk space, postprocess-
ing efforts, and so on

¢ Simplify the modeling task

¢ Check the FEM results (make sure the results are symmetrical if the geometry and
loading of the structure are symmetrical)

Symmetry properties of a structure should be fully exploited and retained in the FE
model to ensure the efficiency and quality of FE solutions.

143
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(a) (b) (c) (d)

FIGURE 5.1

Some examples of symmetry: (a) reflective symmetry (From http://www.thinkingfountain.org/s/symmetry/
butterflypattern.gif);, (b) axisymmetry; (c) rotational symmetry (From http://csdt.rpi.edu/na/pnwb/
symmetry2a.html); and (d) translational symmetry (From http://library.thinkquest.org/16661/background/
symmetry.1.html).

5.2.1 An Example

For the problem of a plate with a center hole as discussed in Example 4.2 of the previous
chapter, we redo the FE mesh using the symmetry features of the plate. To do this, we first
model just one-quarter of the plate using mapped mesh, and then reflect the model (with
the mesh) twice to obtain the model and mesh for the entire plate, as shown in Figure 5.2.
Only 896 Q8 elements are used in this symmetrical model and the results are comparable
to those in Chapter 4 using more elements with the free mesh. The quarter model can also
be applied in the analysis, if the boundary conditions are also symmetrical about the xz
and yz planes.

In vibration or buckling analysis, however, the symmetry concept should not be used in
the FEA solutions (it is still applicable in the modeling stage), since symmetric structures
often have antisymmetric vibration or buckling modes.

-7.34 65.48 138.3 211.12 283.941
29.07 101.89 174.71 247.531 320.351

FIGURE 5.2
Results using symmetry features for Example 4.2 (mesh and stress contour plots).



Modeling and Solution Techniques 145

5.3 Substructures (Superelements)

Another very useful technique for analyzing very large FEA models of mechanical sys-
tems is to apply the concept of substructures or superelements (SEs). Substructuring is a
process of analyzing a large structure as a collection of (natural) components. The FEA
models for these components are called substructures or superelements (SEs). The physical
meaning of a substructure is simply a finite element model of a portion of the structure.
Mathematically, it presents a boundary matrix which is condensed by eliminating the inte-
rior points and keeping only the exterior or boundary points of the portion of the structure.
In other words, instead of solving the FEA system of equations once, one can use partitions
of the matrix so that larger models can be solved on relatively smaller computers. More
details of the theory and implementations of the substructures or SEs can be found in the
documentation of the FEA software packages.

Figure 5.3 shows an FEA model of a truck used to conduct the full vehicle static or
dynamic analysis. The entire model can have several millions of DOFs that can be beyond
the capabilities of some computers. Using the substructuring technique, one can build the
FEA model for each subsystem first (such as the cab, chassis, steering system, suspension
system, payload, and so on) and then condense the FEA equations to smaller ones relating
only to DOFs on the interfaces between the subsystems and residing on a residual struc-
ture (e.g., the chassis). The condensed system is much smaller than the original system and
can be solved readily.

The advantages of using the substructuring technique are

® Good for large problems (which will otherwise exceed your computer capabilities)

¢ Less CPU time per run once the SEs have been processed (i.e., matrices have been
condensed and saved)

e Components may be modeled by different groups
¢ Partial redesign requires only partial reanalysis (reduced cost)

e Efficient for problems with local nonlinearities (such as confined plastic deforma-
tions) which can be placed in one SE (residual structure)

e Exact for static deformation and stress analysis

FIGURE 5.3
An FEA model of a truck analyzed using substructures.
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The disadvantages of using the substructuring technique are

¢ Increased overhead for file management
e Increased initial time for setting up the system

® Matrix condensations for dynamic problems introduce new approximations

5.4 Equation Solving

There are two types of solvers used in the FEA for solving the linear systems of algebraic
equations, mainly, the direct methods and iterative methods.

5.4.1 Direct Methods (Gauss Elimination)

® Solution time proportional to NB? (with N being the dimension of the matrix and
B the bandwidth of the FEA systems)

e Suitable for small to medium problems (with DOFs in the 100,000 range), or slen-
der structures (small bandwidth)

¢ Easy to handle multiple load cases

5.4.2 Iterative Methods

e Solution time is unknown beforehand
® Reduced storage requirement

e Suitable for large problems, or bulky structures (large bandwidth, converge
faster)

* Need to solve the system again for different load cases

5.4.3 An Example: Gauss Elimination

Solve the following given system of equations:

8 -2 0f||x 2
-2 4 3l|qxpp=4-1y or Ax=Db (SN}
0 -3 3||x 3

Forward elimination:
Form

mfs =2 ol 2
ol 4 34 (5.2)
@0 3 3, 3
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(1) +4x(2) = )

Mm(s =2 ol 2
@lo 12 -12 2
@0 -3 3, 3

@+ =0

Mme =2 ol 2
olo 14 -2l 22
@o o 2, 12

Back substitutions (to obtain the solution):

X3 =12/2=6
1.5
X, =(-2+4+12x;3)/14 =5 or x=4 5
6

X =(2+2%,)/8=15

5.4.4 An Example: Iterative Method

The Gauss—Seidel method (as an example):
Ax=b (A issymmetric)

or

N
Zai]’xi =b, i=12,..,N

147

(5.3

(5.4)

(5.5)

(.6)

Start with an estimate x© of the solution vector and then iterate using the following:

1 i-1 N
x,-(k”) = — b,‘ — ainj(k+l) _ Zaijxj(k) , fori = 1,2,...,N

j=1 j=i+1
In vector form,

x(k+l) — AD—l[b _ ALx(k+l) _ ALTX(k)]

where
A, ={(g;) is the diagonal matrix of A,
A, is the lower triangular matrix of A,

(5.7)

(.89)
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such that

A = AD + AL + ALT (59)

Iterations continue until solution x converges, that is

[xn — x®]

Hx(k)H <e (5.10)

where ¢ is the tolerance for convergence control.

Iterative solvers with moderate selections of the tolerance are usually much faster than
direct solvers in solving large-scale models. However, for ill-conditioned systems, direct
solvers should be applied to ensure the accuracy of the solutions.

5.5 Nature of Finite Element Solutions
FEA model is a mathematical model of the real structure, based on many approximations.

An observation is made on the FEA models and solutions:

¢ Real structure—infinite number of nodes (physical points or particles), thus infi-
nite number of DOFs

¢ FEA model—finite number of nodes, thus finite number of DOFs
In particular, one can argue that the displacement field is controlled (or constrained) by
the values at a limited number of nodes (Figure 5.4).

Therefore, we have the so-called stiffening effect:

e FEA model is stiffer than the real structure.

¢ In general, displacement results are smaller in magnitudes than the exact values.

Hence, the FEM solution of displacement is a lower bound of the exact solution.

|

O O

4
Recall that on an element: u =% N, u,
a=1

FIGURE 5.4
Elements in an FEA model.
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A A (Displacement)

Exact solution

+* FEA solutions

»

No. of DOFs

FIGURE 5.5
Convergence of FEM solutions with exact solution.

That is, FEA displacement solutions approach the exact solution from below (Figure 5.5),
which can be used to monitor the FEA solutions. However, this is true only for the dis-
placement-based FEA (which is the FEA formulation discussed in this book).

5.6 Convergence of FEA Solutions

As the mesh in an FEA model is “refined” (with smaller and smaller elements) repeatedly,
the FEA solution will converge to the exact solution of the mathematical model of the prob-
lem (the model based on beam, plane stress/strain, plate, shell, or 3-D elasticity theories or
assumptions). Several types of refinements have been devised in the FEA, which include:

h-refinement: Reduce the size of the element (“/i” refers to the typical size of the
elements).

p-refinement: Increase the order of the polynomials on an element (linear to qua-
dratic, and so on; “p” refers to the highest order in a polynomial).
r-refinement: Rearrange the nodes in the mesh.

hp-refinement: Combination of the - and p-refinements (to achieve better results).

With any of the above type of refinements, the FEA solutions will converge to the ana-
lytical solutions of the mathematical models. Some FEA software can automate the process
of refinements in the FEA solutions to achieve the so-called adaptive solutions.

5.7 Adaptivity (h-, p-, and hp-Methods)

Adaptive FEA represents the future of the FEA applications. With proper error control,
automatic refinements of an FEA mesh can be generated by the program until the con-
verged FEA solutions are obtained. With the adaptive FEA capability, users’ interactions
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are reduced, in the sense that a user only needs to provide a good initial mesh for the
model (even this step can be done by the software automatically).

Error estimates are crucial in the adaptive FEA. Interested readers can refer to Reference
[5] for more details. In the following, we introduce one type of the error estimates.

We first define two stress fields:

o—element by element stress field (discontinuous across elements)

o' —averaged or smoothed stress field (continuous across elements)

Then, the error stress field can be defined as

0p=0-0 (5.11)
Compute strain energies,
< 1
U= ZUi, U; = J.EGTE‘lch (5.12)
i=1 Vi
< 1
U = ZUI, U = '[EG*TE-lo*dV (5.13)
i=1 Vi
< 1
UE = zUEi, UEi = J‘EGEEilcEdV (514:)
i=1 V;

where M is the total number of elements and V; is the volume of the element i.
One error indicator—the relative energy error is defined as

U 1/2
= E . (0<n<1 5.15
n [U+UE] 0<sn<]) (5.15)

The indicator 1 is computed after each FEA solution. Refinement of the FEA model con-
tinues until, say

n <0.05

When this condition is satisfied, we conclude that the converged FE solution is obtained.
Some examples of using different error estimates in the FEA solutions can be found in
Reference [5].

5.8 Case Study with ANSYS Workbench

Problem Description: Garden fountains are popular amenities that are often found at
theme parks and hotels. As a fountain structure is usually an axisymmetric geometry
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with axisymmetric loads and support, only a 2-D model, sliced through the 3-D geome-
try, is needed to correctly predict the deformation of or stress in the structure. The figure
below gives the cross section of an axisymmetric model of a two-tier garden fountain
made of concrete. Determine the maximum deformation and von Mises stress under the
given hydrostatic pressure. Use adaptive meshing to improve solution convergence.

0.06 Material: Concrete
o errreeeeee———— 012 v.. '—l E=29GPa
v=0.15
0.6 Boundary conditions:
0.66
0.5 Bottom edge: fixed.
0.1 0.06 Left edge: axis of t
. eft edge: axis of symmetry.
" 0.12_1_ .
Y mEsssEEEEEEEEEEEEEEEEEEEEEEREEEEES A 0.2 Hydro pressure on dotted edges‘
D 3
I 0.8 l
1 (All units are in meter)
Solution

To solve the problem with ANSYS® Workbench, we employ the following steps:

Step 1: Start an ANSYS Workbench Project

Launch ANSYS Workbench and save the blank project as “Fountain.wbp;j”

Step 2: Create a Static Structural (ANSYS) Analysis System

Drag the Static Structural (ANSYS) icon from the Analysis Systems Toolbox window
and drop it inside the highlighted green rectangle in the Project Schematic win-
dow to create a standalone static structural analysis system.
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Step 3: Add a New Material

Double-click on the Engineering Data cell to add a new material. In the following
Engineering Data interface which replaces the Project Schematic, type “Concrete”
as the name for the new material, and double-click Isotropic Elasticity under
Linear Elastic in the leftmost Toolbox window. Enter “29E9” for Young’s Modulus
and “0.15” for Poisson’s Ratio in the Properties window. Click the Return to

Project button to go back to Project Schematic.
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Step 4: Launch the DesignModeler Program

Ensure Surface Bodies is checked in the Properties of Schematic A3: Geometry win-
dow (select Properties from the View drop-down menu to enable display of this
window). Select 2D for Analysis Type in this Properties window. Double-click
the Geometry cell to launch DesignModeler, and select “Meter” in the Units pop-

up window.
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Step 5: Create Surface Sketch

Click on the Sketching tab. Select the Draw toolbox and then Line. Draw a closed-
loop line profile as dimensioned below. Make sure a horizontal constraint (H)
and a vertical constraint (V) appear when drawing a horizontal and a vertical
line, respectively. Use the Fillet tool in the Draw toolbox to create line fillets
with a radius of 0.1 m as shown below.
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Step 6: Create Surface Body

Switch to the Modeling tab and choose Surfaces from Sketches from the Concept
menu.

Select Sketchl from the Tree Outline shown below, and apply it to the Base Objects
selection in the Details of SurfaceSK1. Then click Generate.
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A Surface Body will be created from the surface sketch. Exit the DesignModeler.
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Step 7: Launch the Static Structural Program

Double-click on the Model cell to launch the Static Structural program. Click on
Geometry in the Outline. In the Details of “Geometry,” choose axisymmetric for
2D Behavior.
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In the Details of “Surface Body,” click to the right of the Material Assignment field
and select Concrete from the drop-down context menu.

Step 8: Generate Mesh

Right click on Mesh in the Outline. Select Insert and then Sizing from the context
menu. In the Details of “Body Sizing,” enter “0.05 m” for Element Size. Click on
the surface body in the Graphics window and apply it to the Geometry selection.

Right click on Mesh. Select Insert and then Method. In the Details of “Automatic
Method,” click on the surface body, and apply it to the Geometry. Select Triangles
for Method. This will make use of triangular elements for the mesh generation.
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In the Details of “Mesh,” choose Dropped for the Element Midside Nodes field. This
will specify the use of linear elements in the mesh. Note that linear triangular
elements are employed here to show the convergence of linear FEA approxi-
mate solutions; they are in general not recommended for stress analysis. Right-
click on Mesh and select Generate Mesh.
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Step 9: Apply Boundary Conditions

Right-click on Static Structural (A5). Choose Insert and then Fixed Support from the
context menu. Apply this support to the horizontal line at the bottom.

Right-click on Static Structural (A5). Choose Insert and then Frictionless Support
from the context menu. Apply this support to the leftmost vertical line (center
line of the fountain). The frictionless support prevents the line from moving
or deforming in the normal direction, and thus is equivalent to a symmetry
condition.

Step 10: Apply Loads

In the Project Outline, right-click on Static Structural (A5). Choose Insert and then
Hydrostatic Pressure. The hydrostatic load simulates pressure due to fluid
weight.

In the Details of “Hydrostatic Pressure,” ctrl-click the horizontal line and the adja-
cent line fillet shown below, and apply the two edges to the Geometry selec-
tion. Enter 1000 kg/m?3 for Fluid Density. Change the Define By selection to
Components, and enter 9.8 m/s? for the Y Component of Hydrostatic Acceleration.
Enter 0.68 m for the X Coordinate and 0.76 m for the Y Coordinate for the Free
Surface Location. The location corresponds to the upper endpoint of the line
fillet.
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Insert another Hydrostatic Pressure load, and apply the pressure to the line and its
two adjacent line fillets as shown below.
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Step 11: Retrieve Solution
Insert a Total Deformation item by right-clicking on Solution (A6) in the Outline tree.

Right-click on the Total Deformation in the Outline tree, and choose Insert then
Convergence.

[PoesiFLfon e [ ¥z B Mg i Selectam Wetre i, b P, Y, AL Degeees andls G
e sl S

In the Details of “Convergence,” enter 1% for the Allowable Change field.

In the Details of “Solution (A6),” set Max Refinement Loops as 10, and Refinement
Depth as 1. The refinement depth controls the aggressiveness of the mesh
refinement; it has a range from 0 to 3 with a larger number indicating more
aggressive refinement.

2 o
Max Refinement Loops |10,
Refinement Depth s &
[=|| Information
Last Change 0.% Status Done
Converged No
|Press F1 for Help |Press 1 for Help

Insert an Equivalent Stress item by right-clicking on Solution (A6) in the Outline
tree.
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Right-click on Solution (A6) in the Outline tree and choose Solve. The program
will start to iterate the solution until the difference between two consecutive
iterations is less than 1% or the maximum number of mesh refinement loops
reaches 10. After completion, click on Convergence in the Outline to review the
convergence curve. The resulting maximum deformations at different mesh
iterations are also recorded in the table below the curve.
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Click on Total Deformation in the Outline to review the converged deformation
results.
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Click on Equivalent Stress in the Outline to review the stress results.
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Modeling tips: A model may be subjected to body forces such as gravitational or radial
centrifugal/inertia forces, in addition to the hydrostatic pressure load. To consider such
forces, the density of the structure’s material needs to be given as an input, and the forces

are typically calculated as follows:

fr =pre?,
f:=-p8

Gravitational force

Equivalentradial centrifugal/inertial force

where p is the mass density and g the gravitational acceleration (=9.8 m/s?).

Take the following steps to add body forces to the fountain model. First, double-click on
Density in Physical Properties Toolbox. Enter 2.38e3 for Density in the Properties of Outline Row
3: Concrete. Click on the Return to Project button.

TupC Secant Lo
‘18 orthatropic Secant Coefficient of Thermal
Coefficient of Thi
8 Orthotrepic bstantaneous Coefficent of
4 Constast Damping Coufficent %
T4 camping Factor{B)

| Fatiue Dt at 2ero mean svess comes Som
.. | 1992 ASME BPV Code, Section 8, Dw 2, Tabie 5
-110.1

[ uinesr Bastic i e il

{8 orthotropic Elastaty




160 Finite Element Modeling and Simulation with ANSYS Workbench

Next, refresh the Model cell of Project Schematic after the above change is made on
the Engineering Data cell. Double-click on the Model cell to launch the Static Structural

Program.
In the Project Outline shown below, right-click on Static Structural (A5). Choose Insert and

then Standard Earth Gravity.
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Right-click on Static Structural (A5) and choose Insert then Rotational Velocity.
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In the Details of “Rotational Velocity,” change Define By to Components. Enter 5 rad/s for Y

Component.

@--mw-%mwmﬂ

i G Vem s Tk Hep | @ e - A MDA -HMEE @ RE &EQQN
A Shina Vit Weetuene | B EdgeCoboing = A= A= Ao Ao Lo M H T avctation
Emsnrrare Bt + B Loack = Bt < |

i

3

o

TENE.

O~

wing | | meg e |

sty e e} Pl

P i e 5 g

Wit (m, kg 5 VA Dwgrees andic Colvbar

Right-click on Solution (A6) in the Outline tree, and select Solve to update the model results.
The new deformation and stress results are shown below. Both the maximum deformation
and the maximum von Mises stress values are shown to be slightly increased, as compared

to the results considering only the hydrostatic pressure load.

5.9 Summary

In this chapter, we discussed a few modeling techniques and options related to FEA solu-
tions. For static analysis of symmetrical structures, the symmetry features should be

explored in both the modeling (meshing) stage and the solution

stage (if the BCs are sym-

metrical as well). Substructuring or using SEs is a useful technique for solving large-scale
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problems with constrained computing resources. Convergence of the FEA solutions is the
important goal in FEA and should be monitored by using the error estimates and employ-
ing the adaptive FEA capabilities in the software. The showcase using ANSYS Workbench is
introduced to show how to apply the various techniques introduced in this chapter.

5.10 Review of Learning Objectives

Now that you have finished this chapter you should be able to

1. Apply symmetry in meshing and analysis for a symmetrical structure.

2. Apply axisymmetric model and elements when the structure and loads are
axisymmetric.

. Select proper equation solvers (direct or iterative) for the FE model at hand.

. Understand the sources of errors in FEA and the error indicators.

. Know how to refine a mesh using h-refinement or p-refinement.

. Apply the various techniques in the FEA of a model using ANSYS Workbench.

N U1 B~ W

PROBLEMS

51 Consider the two plate structures shown below. The structures are symmetri-
cally loaded on the x—y plane. Use symmetry to construct appropriate finite
element models for the structures, indicating load and support conditions.
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5.2 For a tapered bar shown below, study the deformation and stresses in the bar
with a 2-D model using axisymmetric elements and a 1-D model using bar
elements in ANSYS Workbench. Assume R,=1m, R,=0.5m, L=5m, force
F=3000 N, Young’s modulus E =200 GPa, and Poisson’s ratio v = 0.3. The bar is
fixed at the left end. Compare the results from the 2-D and 1-D models.

7
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5.3 Anopencylinder shownbelow hasaninnerradiusa = 1 m, outerradiusb =11 m,
length L =6 m, and is applied with a pressure load p = 10 GPa on the inner sur-
face. The outer surface of the cylinder is prevented from radial deformation, and
the cylinder is free to deform along the length direction. Compute the stresses
in the cylinder using a 2-D axisymmetric model in ANSYS Workbench. Assume
Young’s modulus E =200 GPa and Poisson’s ratio v =0.3.

L

54 The rotating part sketched below is made of steel with Young’s modulus
E =200 GPa, Poisson’s ratio v = 0.3, and mass density p = 7850 kg/m3. Assume
that the part is rotating at a speed of 100 RPM about the z axis. Ignore the gravi-
tational force. Compute the stresses in the part using an axisymmetric model in
ANSYS Workbench.

N
N\

16 mm

5.5 Determine the deformation and stress distributions for a solid cylinder under
the influence of the gravity force and radial centrifugal force using ANSYS
Workbench. The cylinder is made of aluminum with Young’s modulus E = 73 GPa,
Poisson’s ratio v=0.3, and mass density p=2800kg/m3. Assume that the
part is rotating at a speed of 50 rad/s about its central axis. Radius =10 mm,
height = 20 mm, angular velocity around cylinder central axis = 50 rad/s.

P S
10 mm
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5.6 Suppose that we need to find out the in-plane effective modulus of a composite
reinforced with long fibers aligned in the z-direction and distributed uniformly.
A 2-D elasticity model shown below can be used for this study with ANSYS
Workbench. The effective modulus can be estimated by using the formula
Eg = Ox(ave)/€x(ae), Where the averaged stress and strain are evaluated along the
vertical edge on the right side of the model. Assume for the matrix E = 10 GPa,
v =0.35, and for the fibers E = 100 GPa, v = 0.3. The unit cell has a dimension of
1 x 1 um? and the radius of the fibers is 0.2 pm.

Start with 1 x 1 cell, 2 x 2 cells, 3 x 3 cells, ... and keep increasing the number
of the cells as you can. Report the value of the effective Young’s modulus of the
composite in the x direction. Employ symmetry features of the model in gener-
ating the meshes for your analysis.
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5.7 Suppose that a “meshed panel” will be used in a design in order to reduce the
weight. For this purpose, we need to find out the in-plane effective modulus of
this panel in the x- or y-direction. A sample piece of the panel similar to the one
shown below can be used for this study. Employ symmetry and study the effects
of the numbers of cells used in the model on the effective modulus of the panel
in the x-direction.
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One cell

Assume the panel is made of aluminum with E =70 GPa, v =0.35, 4 =10 mm,
b=5mm, c =15 mm, and thickness t =1 mm.
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Plate and Shell Analyses

6.1 Introduction

Many structure members can be categorized as plates and shells, which are extensions of
the 1-D straight beams and curved beams to 2-D cases, respectively. Examples of struc-
tures that can be modeled as plates are shear walls, floor panels, and shelves, while those
that can be modeled as shells include shell structures in nature (such as sea shells and egg
shells), various containers, pipes, tanks, roofs of buildings (such as the superdome), and
bodies of cars, boats, and aircrafts. Figure 6.1 shows an airplane (Boeing 787) that is con-
structed mainly using plate and shell structure members.

The advantages of using plate and shell structures are their light weight, superior load-
carrying capabilities, and sometimes, simply their artistic appeals.

6.2 Review of Plate Theory

Plates are flat surfaces applied with lateral loading, with bending behaviors dominating
the structural response. Shells are structures which span over curved surfaces; they carry
both membrane and bending forces under lateral loading. The thickness t of a plate or a
shell is much smaller than the other dimensions of the structure. Theories related to plates
and shells are briefly reviewed below.

6.2.1 Force and Stress Relations in Plates

Consider an infinitesimally small element in a plate under lateral loading. The internal
shear forces and bending moments acting on the element, and the induced stresses are
shown below in Figure 6.2 and Figure 6.3, respectively.

The induced stresses are related to the internal moments and forces in the following
manner:

Bending moments (per unit length):

t/2
szj G.zdz, (N-m/m) 6)

—t/2
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FIGURE 6.1
An airplane made of numerous plate and shell structures.

Mxy Mid-surface

FIGURE 6.2
Forces and moments acting on an infinitesimally small element in a plate.
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FIGURE 6.3
Stresses acting on the infinitesimally small element in the plate.
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12
M, =J 6,zdz, (N-m/m) 6.2
—t/2

Twisting moment (per unit length):

t/2
Mxyzj tyzdz, (N -m/m) ©63)
2

,t/

Shear Forces (per unit length):

t/2
Q= [ tedz, N/m) (6.4)
—t/2
t/2
Q=[ tedz, N/m 65)
—t/2
Maximum bending stresses:
6M
(Gx)max =t oM, ’ (Gy)max =t ! (66)

t2

Similar to the beam model, there is no bending stress at the mid-surface and the maxi-
mum/minimum stresses are always at z = +t/2.

6.2.2 Thin Plate Theory (Kirchhoff Plate Theory)

The thin plate theory is based on assumptions that a straight line normal to the mid-
surface remains straight and normal to the deflected mid-surface after loading (Figure
6.4); that is

Y. =%,.=0 (Negligible transverse shear deformations)

ow

FIGURE 6.4
Deflection and rotation after loading of a plate according to Kirchhoff plate theory.
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The displacement, strains, and stresses can be written in terms of the main variable—
deflection w = w(x, y), as follows:

Displacement:
w = w(x,y), (deflection)
U= —za—w
ox 6.7)
v= —za—w
dy
Strains:
e = _ o’ w
' ox*
e = _ o*w
y o 6.8)
’w
=2
T * dxady

Note that there is no stretch of the mid-surface caused by the deflection of the plate.

Stresses (plane stress state):

o, E Y 0 E
Syr=1-v2|" 1 0 g, 6.9
T 0 0 (1-v/2||vy
or,
Fw
2
(o £ \% 0 gf
Oyf=-zi_ v 10 a—;f (6.10)
Ty 0 0 (1d-v
! o’w
| 9x9y |
The following equation governs the equilibrium of the plate in the z-direction:
DV*w = gq(x,y) (6.11)

where

0! 0! o*
vi=| 4 10 O 9
(ax“ i 0x*9y’ i 8y4)
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E

D= 20— v (the bending rigidity of the plate) 6.12)

q = lateral distributed load (force per unit area).
Note that Equation 6.11 is of analogous form with the following 1-D equation for straight
beam:

d4
Eld—;f = q(x) 6.13)

The fourth-order partial differential equation, given in Equation 6.11 and in terms of
the deflection w(x,y), needs to be solved under certain given boundary conditions. Typical
boundary conditions for plate bending include:

Clamped: w =0, ow =0 6.14)

on
Simply supported: w =0, M, =0 (6.15)
Free: Q,=0, M, =0 6.16)

where 7 is the normal direction of the boundary (Figure 6.5). Note that the given values in
the boundary conditions shown above can be nonzero values as well.

6.2.2.1 Example: A Thin Plate

A square plate (Figure 6.6) with four edges clamped or hinged, and under a uniform load
g or a concentrated force P at the center C.

For this simple geometry, Equation 6.11 with the boundary condition of Equation 6.14 or
6.15 can be solved analytically. The maximum deflections are given in Table 6.1 for the four
different cases. These values can be used to verify the FEA solutions.

Boundary

FIGURE 6.5
The boundary of a plate.
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Given: E, t, and v = 0.3

s

y
FIGURE 6.6
A square plate.
TABLE 6.1
Deflection at the Center (with D = EB3/A12(1 — v?)))
Clamped Simply Supported
Under uniform load g 0.00126 qL*/D 0.00406 gqL*/D
Under concentrated force P 0.00560 PL?/D 0.0116 PL?/D

6.2.3 Thick Plate Theory (Mindlin Plate Theory)

If the thickness t of a plate is not small, for example, when ¢/L >1/10 (L = a characteristic
dimension of the plate main surface), then the thick plate theory by Mindlin should be
applied. The theory accounts for the angle changes within a cross section, that is

Y. #0, Yy # 0 (transverse shear deformations)

This means that a line which is normal to the mid-surface before the deformation will
not be so after the deformation (Figure 6.7).

The new independent variables 6, and 6, are rotation angles of a line, which is normal to
the mid-surface before the deformation, about x- and y-axis, respectively.

The following new relations hold:

u=1z0, v=-z0, 6.17)

—

J

FIGURE 6.7
Displacement and rotation based on the Mindlin thick plate theory.
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and

20, 29, (aey aexJ
8;(227 &, =—-—z—, ’nyzzi_il

ox’ 7 ) 0 ox
Y 4 6.18)
_9w L, _dw g
Yz ox yrs 'sz ay x
Note that if we impose the conditions (or assumptions) that
ow ow
xz:7+e :0/ 1227_93520 .
Y o y Ty 9y (6.19)

then we can recover the relations applied in the thin plate theory.

The governing equations and boundary conditions can be established for thick plates
based on the above assumptions, with the three main variables involved being w(x, y),
0.(x, y), and 6,(x, y).

6.2.4 Shell Theory

Unlike the plate models, where only bending forces exist, there are two types of forces in
shells, that is, membrane forces (in plane forces) and bending forces (out of plane forces)
(Figures 6.8 and 6.9).

6.2.4.1 Shell Example: A Cylindrical Container

Similar to the plate theories, there are two types of theories for modeling shells, namely
thin shell theory and thick shell theory. Shell theories are the most complicated ones to
formulate and analyze in mechanics. Many of the contributions were made by Russian
scientists in the 1940s and 1950s, due to the need to develop new aircrafts and other light-
weight structures. Interested readers can refer to Reference [6] for in-depth studies on this
subject. These theoretical works have laid the foundations for the development of various
finite elements for analyzing shell structures.

FIGURE 6.8
Forces and moments in a shell structure member.
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FIGURE 6.9
Internal forces acting in a cylinder under internal pressure load.

6.3 Modeling of Plates and Shells

Plates or shells can be modeled as flat or curved surfaces in space, with the thickness t
assigned as a parameter (Figure 6.10). Discretization of the surfaces will involve the use
of plate or shell elements, with the quality of the surface mesh improving with decreasing
element size.

Figure 6.11 gives an example of a stamping part analyzed using shell elements. The
bracket has a uniform thickness and is fixed at the four bolt hole positions. A load is
applied through a pin passing through the two holes in the lower part of the bracket. Note
that one layer of elements on the edge of each hole has been masked in the stress contour
plot (Figure 6.11b), due to inaccurate stress results near the constraint locations. To reduce
the true stress levels in the bracket, the thickness can be changed, the shape of the bracket
can be modified, and the model is remeshed and reanalyzed, all of which are very easy to
carry out with the shell elements.

In many cases, however, the plate and shell models may not be adequate for analyzing a
structure member, even if it is considered thin. For example, the structure component has
a nonuniform thickness (turbine blades, vessels with stiffeners, thin layered structures,
etc.), see Figure 6.12, or has a crack for which detailed stress analysis is needed. In such

n—
t
FIGURE 6.10

A shell structure member and its mathematical representation.
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FIGURE 6.11
Stress analysis of a bracket using shell elements: (a) the FEA model; (b) stress contour plot.

FIGURE 6.12
Cases in which shell elements are not adequate: (a) casting parts; (b) parts with nonuniform thickness. 3-D solid
elements should be applied in such cases.

cases, one should turn to 3-D elasticity theory and apply solid elements which will be dis-
cussed in the next chapter.

6.4 Formulation of the Plate and Shell Elements

Several types of finite elements suitable for the analyses of plates and shells are introduced
below.

6.4.1 Kirchhoff Plate Elements

The following four-node quadrilateral element has only bending capabilities. It has three
DOFs at each node, that is, w, dw/dy, and dw/dy (Figure 6.13).
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FIGURE 6.13

A four-node quadrilateral element with 3 DOFs at each node.

On each element, the deflection w(x, y) is represented by

w(x,y) = ZI:Niwi + in(gz;;) + Nyi(gz;/)) :l (6.20)

i=1

where N;, N;, and N, are shape functions. This is an incompatible element [7]. The stiffness

matrix is still of the form

k= IBTEB dv 6.21)
14

where B is the strain—displacement matrix and E Young’s modulus (stress—strain)
matrix.

6.4.2 Mindlin Plate Elements

The following two quadrilateral elements are Mindlin types with only bending capabili-
ties (Figure 6.14). There are three DOFs at each node, that is, w, 6,, and 0,.
On each element, the displacement and rotations are represented by

w(x,y) = zNiwi
i=1

0.(x,y) = ) N6, 6.22)
i=1

0,(x,y) = > N,
i=1

For these elements, there are three independent fields within each element. Deflection
w(x, y) is linear for Q4, and quadratic for Q8.
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FIGURE 6.14
Four- and eight-node quadrilateral plate elements.

6.4.3 Discrete Kirchhoff Elements

This is a triangular element with only bending capabilities. First, start with a six-node
triangular element (Figure 6.15). There are 5 DOFs at each corner node (w, dw/dx, dw/dy,
0., 0,) 2 DOFs (8., 0,) at each mid-node, and a total of 21 DOFs for the six-node element.

Then, impose conditions y,. =v,. =0, and so on, at selected nodes to reduce the DOFs
(using relations in Equation 6.18), to obtain the following discrete Kirchhoff triangular
(DKT) element (Figure 6.16).

For the three-node DKT element shown above, there are 3 DOFs at each node, that is,
w, Gx(z aw/ax), and ey(= aw/ay), and a total of 9 DOFs for the element. Note that w(x, v)
is incompatible for DKT elements [7]; however, its convergence is faster (w is cubic along
each edge) and it is efficient.

6.4.4 Flat Shell Elements

A flat shell element can be developed by superimposing a plane stress element to a plate
element (Figure 6.17).

FIGURE 6.15
A six-node triangular element with 5 DOFs at each corner node and 2 DOFs at each mid-node.

FIGURE 6.16
Discrete Kirchhoff triangular element with 3 DOFs at each node.
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FIGURE 6.17
Combination of plane stress and plate bending elements yields a flat shell element.

FIGURE 6.18
Q4 or Q8 shell elements.

This is analogous to the combination of a bar element and a simple beam element to
yield a general beam element for modeling curved beams. A flat shell element, with the
DOFs labeled at a typical node i, is shown in Figure 6.18.

6.4.5 Curved Shell Elements

Curved shell elements are based on the various shell theories. They are the most general
shell elements (flat shell and plate elements are subsets). An eight-node curved shell ele-
ment is illustrated in Figure 6.19, with the DOFs labeled at a typical node i. Formulations
of the shell elements are relatively complicated. They are not discussed here and detailed
derivations are available in References [7-9].

FIGURE 6.19
An eight-node curved shell element and the DOFs at a typical node i.
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6.5 Case Studies with ANSYS Workbench

Problem Description: Vases are decorative pieces that can be of any artistic shapes. The
figure below gives the dimensions of a flower vase made of glass. Assume that the vase
has a uniform thickness of 4 mm. The water level reaches 100 mm below the opening of
the vase. Determine the maximum deformation and von Mises stress in the vase under
the hydrostatic pressure.

[ Material: Glass
E =70 GPa
v =0.17

Boundary conditions:
Bottom surface: fixed.

Coordinates of construction points:
A: (50,0, and 0 mm)

(90, 40, and 0 mm)

(60, 120, and 0 mm)

(40, 180, and 0 mm)

(80, 280, and 0 mm)

280 mm

B:
C:
D:
E:

Solution
To solve the problem with ANSYS® Workbench, we employ the following steps:

Step 1: Start an ANSYS Workbench Project

Launch ANSYS Workbench and save the blank project as “Vase.wbpj.”

Step 2: Create a Static Structural (ANSYS) Analysis System

Drag the Static Structural (ANSYS) icon from the Analysis Systems Toolbox window
and drop it inside the highlighted green rectangle in the Project Schematic win-
dow to create a standalone static structural analysis system.
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Step 3: Add a New Material

Double-click on the Engineering Data cell to add a new material. In the following
Engineering Data interface which replaces the Project Schematic, type “Glass” as
the name for the new material, and double-click Isotropic Elasticity under Linear
Elastic in the leftmost Toolbox window. Enter “70E9” for Young’s Modulus and
“0.17” for Poisson’s Ratio in the Properties window. Click the Return to Project
button to go back to Project Schematic.
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Step 4: Launch the DesignModeler Program

Ensure Surface Bodies is checked in the Properties of Schematic A3: Geometry win-
dow (select Properties from the View drop-down menu to enable display of this
window). Choose 3D as the Analysis Type in this Properties window. Double-
click the Geometry cell to launch DesignModeler, and select “Millimeter” in the
Units pop-up window.
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Step 5: Create a Profile Sketch

Click on the Sketching tab. Select the Draw toolbox and then Construction Point.
Draw five construction points A, B, C, D, and E as shown below. Draw a hori-
zontal line from the origin to point A. Next, draw a spline passing through
points A, B, C, D, and E; right-click at the last construction point and choose
Open End from the context menu to finish the spline creation.
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Step 6: Create a Surface Body

Switch to the Modeling tab and click on the Revolve feature.

The default Base Object is set as Sketchl in the Details of Revolvel. Click on the y-axis
in the Graphics window and apply it to the Axis selection. Click Generate.
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A Surface Body will be created from revolving the profile sketch. Exit the
DesignModeler program.

Step 7: Launch the Static Structural Program

Double-click on the Model cell to launch the Static Structural program. Click on
Surface Body under Geometry in the Outline tree. In the Details of “Surface Body,”
set Thickness as 4e-3 m. Click to the right of the Material Assignment field and
select Glass from the drop-down menu.

1
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Step 8: Generate Mesh

Right click on Mesh in the Project Outline. Select Insert and then Sizing from the
context menu. In the Details of “Face Sizing,” enter “2e-3 m” for the Element Size.
Click on the side wall and the bottom surface of the vase in the Graphics win-
dow and apply the two faces to the Geometry selection.
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Right-click on Mesh and select Generate Mesh.
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Step 9: Apply Boundary Conditions
Right-click on Static Structural (A5). Choose Insert and then Fixed Support from the
context menu. Apply this support to the bottom surface of the vase.
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Step 10: Apply Loads

Right-click on Static Structural (A5). Choose Insert and then Hydrostatic Pressure.
In the Details of “Hydrostatic Pressure,” Ctrl-click the side wall and the bot-
tom surface of the vase, and apply the two faces to the Geometry selection.

181
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Change the Shell Face to Bottom, because the hydrostatic pressure is applied
to the inside of the shell surface. Enter 1000 kg/m? for Fluid Density. Change
the Define By selection to Components, and enter 9.8 m/s? for the Y Component
of Hydrostatic Acceleration. Enter 180e-3 m in the field of Y Coordinate of the Free
Surface Location.
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Step 11: Retrieve Solution

Insert a Total Deformation item by right-clicking on Solution (A6) in the Outline tree.

Insert an Equivalent Stress item by right-clicking on Solution (A6) in the Outline
tree.

Right-click on Solution (A6) in the Outline tree and select Solve.

Click on Total Deformation in the Outline to review the deformation results.
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Click on Equivalent Stress in the Outline to review the stress results.
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Modeling tips: Surface bodies can be created from planar 2D sketches, or by revolving,

extruding, or sweeping lines or curves. In many cases, they can also be created from solid
models, by using the Mid-Surface tool provided in Workbench.

For example, to create surface bodies from the solid model of a display shelf given below,
select Mid-Surface from the drop-down menu of Tools.
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In the “Details of MidSurf1,” change the Selection Method to Automatic. The shelf panel has
a thickness of 4 mm; set the Minimum Threshhold as 3 mm, and the Maximum Threshhold
as 5 mm. In the field of Find Face Pairs Now?, choose Yes from the drop-down menu. Click
Generate.
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Eight surface bodies will be generated based on automatic face pair detection, as shown
in the following figure. Exit DesignModeler, and the new model is now ready for subse-
quent simulation with plate or shell elements.
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6.6 Summary

In this chapter, the main aspects of the plate and shell theories and the plate and shell ele-
ments used for analyzing plate and shell structures are discussed. Plates and shells can
be regarded as the extensions of the beam elements from 1-D line elements to 2-D surface
elements. Plates are usually applied in modeling flat thin structure members, while the
shells are applied in modeling curved thin structure members. In applying the plate and
shell elements, one should keep in mind the assumptions used in the development of these
types of elements. In cases where these assumptions are no longer valid, one should turn
to general 3-D theories and solid elements. A showcase using shell elements in modeling a
vase is introduced using ANSYS Workbench.

6.7 Review of Learning Objectives

Now that you have finished this chapter you should be able to

1. Understand the assumptions used in the plate and shell theories.
2. Understand the behaviors of the plate and shell elements.

3. Know when not to use plate and shell elements in stress analysis (e.g., when plate
or shell structures have nonuniform thickness or small features).

4. Create FEA models using plate and shell elements for deformation and stress anal-
ysis using ANSYS Workbench.

PROBLEMS

6.1 The square plate shown below has the following dimensions and material con-
stants: L=1m, t =0.02m, E =30 x 10° N/m? and v = 0.3. Use plate elements to
determine the maximum displacement and von Mises stress in the slab in the
following cases: (a) The four edges are clamped and the slab is under a uniform
load g =1 N/m?. (b) The four edges are clamped and the slab is under a concen-
trated force P =1 N at the center C. (c) The four edges are hinged and the slab is
under a uniform load g =1 N/m?. (d) The four edges are hinged and the slab is
under a concentrated force P =1 N at the center C. Verify the FEA solutions with
the analytical solutions given in the Table 6.1.
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6.2 The roof structure shown below is loaded by its own weight with g =90 b/
in2. The dimensions and material constants are: R =25 in.,, L =50in., t =0.25in.,
E=432x10°psi, and v=0.0. The two straight edges are free, while the two
curved edges have a “diaphragm” support (meaning that x and yy DOFs are con-
strained, but z (along the length axis) and all rotational DOFs are unconstrained).
Use shell elements to find the maximum displacement and von Mises stress in
the structure. Verify your results (note that the value of the analytical solution
for the displacement at the mid-point A of the straight edge is 0.3024 in.).

6.3 The pinched cylinder shown below is loaded by a force F = 1 N. The dimensions
and material constants are: R =300 mm, L = 600 mm, t =3 mm, E =3 x 10° N/mm?,
and v = 0.3. Circular ends have diaphragm support (meaning that y and z DOFs
are constrained, but x (along the length axis) and all rotational DOFs are uncon-
strained). Use shell elements to find the maximum displacement and von Mises
stress in the structure. Verify your results (note that the value of the analytical
solution for the displacement at the mid-point A is 0.1825 x 10~ mm).

64 Thepinched hemisphere shownbelow hasradialloads F = 2 N at the equator. The
dimensions and material constantsare:R =10 m, = 0.04 m, E = 68.25 x 10° N/m?,
and v = 0.3. The hemisphere has a free edge, and is restrained only against rigid
body motion. Use shell elements to find the maximum displacement and von
Mises stress in the structure. Verify your results (note that the value of the ana-
lytical solution for the displacement at the point A is 0.0924 m).
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6.5

6.6

6.7

The twisted strip shown below has a load F=10%N. The dimensions and
material constants are: b=11m, L=12m, t =0.0032 m, E =29 x 10° N/m?2, and
v =0.22. The strip has a 90° twist over length L and is cantilevered. Use shell ele-
ments to find the maximum displacement and von Mises stress in the structure.

F

The twisted strip shown below has a load F =10 N. The dimensions and
material constants are: b=11m, L=12m, t=0.0032 m, E =29 x 10° N/m?,
and v =0.22. The strip has a 90° twist over length L and is cantilevered. Use
shell elements to find the maximum displacement and von Mises stress in the
structure.

L 7 E

Consider a glass cup placed on a table, as shown in the figure. Using shell ele-
ments, find the maximum displacement and von Mises stress in the cup when
the cup is applied with a pressure load of 10 N/mm? on the inner wall. Assume
that the cup has a uniform thickness of 4 mm, E =70 GPa, and v =0.17.
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6.8

6.9

6.10

Finite Element Modeling and Simulation with ANSYS Workbench

Consider a glass fish tank placed on a table, as shown in the figure. Using shell
elements, find the maximum displacement and von Mises stress in the tank
when the tank is full of water. Assume that the tank has a uniform thickness of
4 mm, E=70 GPa, and v=0.17.

A fuel tank, with a total length = 5 m, diameter = 1 m, and thickness = 0.01 m, is
shown below. Assume Young’s modulus E = 200 GPa and Poisson’s ratio v = 0.3.
Using shell elements, find the deformation and stresses when the tank is applied
with an internal pressure p = 1 MPa and placed on the ground.

A bookshelf shown below is placed on the ground. Assume Young’s modulus
E =13.1 GPa, Poisson’s ratio v=0.29, and the shelf thickness t =6 mm. Using
shell elements, find the deformation and stresses when the bookshelf is applied
with a downward uniform pressure p =500 N/m? on the entire surface of the

bookshelf middle layer.
/ 20 cm

20 cm

NN

30 cm 50 cm ‘ 30 cm 30 cm
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Three-Dimensional Elasticity

7.1 Introduction

Engineering designs involve 3-D structures that cannot be adequately represented using
1-D or 2-D models. Solid elements based on 3-D elasticity [10,11] are the most general ele-
ments for stress analysis when the simplified bar, beam, plane stress/strain, plate/shell
elements are no longer valid or accurate. In general, 3-D structural analysis is one of the
most important and powerful ways of providing insight into the behavior of an engi-
neering design. In this chapter, we will review the elasticity equations for 3-D and then
discuss a few types of finite elements commonly used for 3-D stress analysis. Several dif-
ferent types of supports, loads, and contact constraints will be introduced for 3-D struc-
tural modeling, followed by a case study on predicting the deformation and stresses in
an assembly structure using ANSYS® Workbench.

7.2 Review of Theory of Elasticity

The state of stress at a point in a 3-D elastic body is shown in Figure 7.1.
In vector form, the six independent stress components determining the state of stress
can be written as

V(Sx—

o={o}= z; , or [oj] (71)

LTZX J
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FIGURE 7.1
State of stress at a point in a 3-D elastic body.

Similarly, the six independent strain components in 3-D can be expressed as

— =~

€y

€y
€,

e=le)=< = b or [g] (7.2)

Yxy

Yyz

7.2.1 Stress—Strain Relation

The stress—strain relation in 3-D is given by
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Or in a matrix form:

7.2.2 Displacement

The displacement field can be described as

u(x,y,z) Uy
u=40(x,y,z)r=l (74)
w(x,y,z) Us

7.2.3 Strain-Displacement Relation

Strain field is related to the displacement field as given below

e 2O o _dvo o _dw
o Y oyt T oz
(7.5)
v  du Jow dv Jou oJw
Yoy = t S Yy = + Yz =

—5 ay' vz @ @/ xz g‘Fg

These six equations can be written in the following index or tensor form:

1 Ju; 8uj ..
i =~ : + 7 s ] = 1/2/3
8] 2(8x, 8xi) "

Or simply,

1 .
g = E(ui,]-+uj,,) (Tensor notation)

7.2.4 Equilibrium Equations

The stresses and body force vector f at each point satisfy the following three equilibrium
equations for elastostatic problems:

06, 0Ty 0Ty
+ =0,
ox " oy " 0z +f
0T, 06, 0Ty
:0,
ox " ady " 0z *hy
0T, 0T, 0J0,
=0
ox " oy " 0z *

(7.6)
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FIGURE 7.2
The boundary of a 3-D elastic domain.

Or in index or tensor notation:

G,'j,]' + ﬂ =0

7.2.5 Boundary Conditions

At each point on the boundary I' and in each direction, either displacement or traction
(stress on the boundary) should be given, that is

(7.7)

u; = u;, on ', (specified displacement);
ti=t, on T (specified traction)

in which the barred quantities denote given values, and the traction (stress on a surface) is
defined by t;=06;n; or in a matrix form:

tx G X Txy TXZ nx
ty Ty Oy Ty My
tZ ’c Xz Tyz G V4 nZ

with n being the normal (Figure 7.2).

7.2.6 Stress Analysis

For 3-D stress analysis, one needs to solve equations in Equations 7.3, 7.5, and 7.6 under
the BCs in Equation 7.7 in order to obtain the stress, strain, and displacement fields (15
equations for 15 unknowns for a 3-D problem). Analytical solutions are often difficult to
find and thus numerical methods such as the FEA are often applied in 3-D stress analysis.

7.3 Modeling of 3-D Elastic Structures

3-D stress analysis using solid elements is one of the most challenging tasks in FEA. In
the following, practical considerations in 3-D FEA modeling such as mesh and BCs are
discussed. The types of contact used in assembly analyses are presented.
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7.3.1 Mesh Discretization

Meshing structures with complicated geometries can be very tedious and time-
consuming. Great care should be taken to ensure that the FEA mesh is in good quality
(e.g., with no distorted elements). Computing cost is another factor. For structures with
stress concentrations, large FEA models are often needed, which can run hours or days. A
good CAE engineer should be able to decide where to apply a fine mesh and where not to,
in order to strike a balance between the computational cost and accuracy for an FEA task.

Figure 7.3 shows an example of an FEA model using solid elements of a drag link in a
car. Although the structure has a slender shape, it has a bended angle and holes. 3-D solid
elements are needed for the stress analysis in this case. Great care is taken in meshing this
part, where quadratic elements are used for better accuracy in the stress analysis. Buckling
analysis may also be conducted for slender structures when they are under compressions.
More information about buckling analysis using FEA can be found in Chapter 12.

Figure 74 shows a 3-D FEA of a gear coupling which is applied to transmit power
through two aligned rotating shafts. Contact stresses and failure modes are to be deter-
mined based on detailed 3-D FE models. This analysis requires the use of nonlinear FEA
options, which are readily available now in almost all FEA software packages.

7.3.2 Boundary Conditions: Supports

A number of support types are available for 3-D structural analysis. The following list
includes three common support conditions.

e Fixed support: Prevent the geometry entity from moving or deforming.

e Frictionless support: Prevent the face geometry from moving or deforming in the
normal direction relative to the face.

o Cylindrical support: Prevent the cylindrical face from moving or deforming in any
combination of radial, axial, or tangential directions relative to the cylinder.

(a) (b)

FIGURE 7.3
FEA for a drag link: (a) the model; (b) mesh for the right end; (c) stress distribution due to tension loads applied
at the two ends.
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FIGURE 7.4
Analysis of a gear coupling: (a) ring gear; (b) hub gear; (c) high-contact stresses in the gear teeth obtained using
nonlinear FEA.

Note that there are six rigid-body motions for 3-D bodies: three translations and three
rotations. These rigid-body motions (causes of singularity of the system of equations) must
be removed from the FEA model for stress analysis to ensure the accuracy of the analysis.
On the other hand, over constraints can also cause inaccurate or unwarranted results. For
more information on the support conditions, please refer to the Mechanical User Guide of
the ANSYS help documents [12].

7.3.3 Boundary Conditions: Loads

The types of structural loads that can be encountered in 3-D analyses include force, moment,
pressure, bearing load, and so on. Inertia loads such as acceleration, standard earth grav-
ity, or rotational velocity may have nontrivial effect on structures’ stress behaviors as well.
Other loading types such as thermal, electric, or magnetic loads can also be involved, but
are less common. For more information on the structural loads, please see Reference [12].

7.3.4 Assembly Analysis: Contacts

For assembly analysis, contact conditions are needed to describe how different contacting
bodies can move relative to one another.

The following types of contact are available for assembly analysis, as listed in Reference
[12]:

e Bonded: This is the default configuration. Bonded regions can be considered as
glued together, allowing no sliding or separation between the contacting regions.
For many applications, bonded contact is sufficient for stress calculations between
bolted or welded parts in assemblies.



Three-Dimensional Elasticity 195

® No separation: This contact type allows frictionless sliding along the contact faces,
but separation of faces in contact is not allowed.

e Frictionless: This contact model allows free sliding, assuming a zero coefficient of
friction. Gap can form in between regions in contact.

® Rough: This model assumes an infinite friction coefficient between the bodies in
contact. No sliding can occur.

e Frictional: This model allows bodies in contact to slide relative to each other, once
an equivalent shear stress up to a certain magnitude is exceeded.

In most cases, contact regions can be automatically detected and generated in the FEA
program. They can also be manually modified, if needed.

7.4 Formulation of Solid Elements

In this section, we will first summarize the FEA formulation for 3-D elasticity problems,
which are straightforward extensions of the FEA formulations for 1-D bar and 2-D elastic-
ity problems. We will then use an example of linear hexahedral (eight-node brick) element
to examine the element formulation in detail.

7.4.1 General Formulation

As in the FEA formulations for 1-D and 2-D problems, we first interpolate the displacement
fields within a 3-D element using shape functions N;:

N

u= ZNi u;,
i:]l

U= ;Nivi, (7.8)
N

in which u;, v, and w; are nodal values of the displacement on the element, and N is the
number of nodes on that element. In matrix form, we have:

U
(41
u N1 0 0 N2 0 0 wh
_ (79)
v = 0 N1 0 0 N7_ 0 < U, p
Gx1) 0 0 N1 0 0 N2 (3x3N) (%]
w»
L : J aNx
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Or in a matrix form:
u=Nd

Using relations given in Equations 7.5 and 7.8, we can derive the strain vector to obtain:
e=Bd

in which B is the matrix relating the nodal displacement vector d to the strain vector €.
Note that the dimensions of the B matrix are 6 x 3N.

Once the B matrix is found, one can apply the following familiar expression to deter-
mine the stiffness matrix for the element:

k= IBTEde (7.10)

The dimensions of the stiffness matrix k are 3N x 3N. A numerical quadrature is often
needed to evaluate the above integration, which can be expensive if the number of nodes
is large, such as for higher-order elements.

7.4.2 Typical Solid Element Types

We can classify the type of elements for 3-D problems as follows (Figure 7.5) according to
their shapes and the orders of the shape functions constructed on the elements:

Tetrahedron:
Linear (four nodes) Quadratic (10 nodes)

Hexahedron (brick):

+ —e

| L4

| [ ] [

) iy _:.'_ I
Linear (eight nodes) Quadratic (20 nodes)

Pentahedron:

N | De

Linear (six nodes) Quadratic (15 nodes)

FIGURE 7.5
Different types of 3-D solid elements.
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Whenever possible, one should try to apply higher-order (quadratic) elements, such as
10-node tetrahedron and 20-node brick elements for 3-D stress analysis. Avoid using the
linear, especially the four-node tetrahedron elements in 3-D stress analysis, because they
are inaccurate for such purposes. However, it is fine to use them for deformation analysis
or in vibration analysis (see Chapter 8).

7.4.3 Formulation of a Linear Hexahedral Element Type

Displacement Field in the Element:

u:iNiui, vziNivi, w:iNiwi (711)
i=1 i=1 i=1

Shape Functions:
NGO = (1 - 91 - (1 - O,
N0 = (1 +8)1 - (1 - D),

] (712)
N; (€m0 = g(l + &)1 + n)(1 -9,

1
NsEm.Q) =@ -8+ ml+7)
Note that we have the following relations for the shape functions:
Ni(éj/ T]]/ C/) = 5ij/ Z/] = 1/2/~--/ 8.
8

ZM(&, n¢) =1

Coordinate Transformation (Mapping):

X = ZSINixI-, y= iNiyi, zZ= iNz‘Zi (7.13)
i=1 i=1 i=1

That is, the same shape functions are used for the element geometry as for the displace-
ment field. This kind of element is called an isoparametric element. The transformation
between (§, 1, {) and (x, y, z) described by Equation 713 is called isoparametric mapping
(see Figure 7.6).

Jacobian Matrix:

ou] [or oy o) (au)
d&| | 9§ 9& 9L ||ox
ou Jx dy 0z ||du
on on  dn  adn| |9y (714)
ou ox dy 9z ||odu
0¢] [9¢ 9% 9g | loz]

= J Jacobian matrix
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Mapping (xyz<>Enk)
(-1=Enl=<1)

(-1,1,-1)4 3(1,1,-1)

(-1,1,1)8

(-1,-1,-1)1

(-1,-1,1)5

FIGURE 7.6
Mapping an element to the natural coordinate system.

Inverting this relation, we have:

[ou | ’ Jdu -
| | 8
g; =7 g:l'l ,  with gg = 2 aazzi u; and so on (7.15)
ou ou
3] |ag
and similarly for v and w. These relations lead to the following expression for the strain:
ou
E
v
e ] 3
€y dw
Ve ox dy
R I
dy oz
ou  ow
(32 " o |
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where d is the nodal displacement vector, that is:
e=Bd (7.16)

Strain energy is evaluated as

U= 1J‘GT8 av = 1J.(Es)Te av
2 2

1% v
= lJETE edV
2
14
- %dT UBTE B dv}d (717)
14

That is, the element stiffness matrix is
_ T
k—J.B EBdJdV (718)
1%

In Eng coordinates:
AV = (det])d&dndC (719)

Therefore,

B'EB(det])dEdnd(

— -
—

k=

J

It is easy to verify that the dimensions of this stiffness matrix is 24 x 24.

(7.20)

-
—_

Stresses:
To compute the stresses within an element, one uses the following relation once the
nodal displacement vector is known for that element:

oc=Ee=EBd

Stresses are evaluated at selected points (Gaussian points or nodes) on each element.
Stress values at the nodes are often discontinuous and less accurate. Averaging of the
stresses from surrounding elements around a node is often employed to smooth the stress
field results.

The von Mises stress for 3-D problems is given by

GE:GVM:%\/(Gl - 02)° + (62 — 63)° + (03 — 61)° (.21

where 6, 6,, and o, are the three principal stresses.
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ﬁ ‘ f PA/3 ? pA/12
v A

Y i

Surface area = A Nodal forces for 20-node

brick element

FIGURE 7.7
Equivalent nodal forces on a 20-node brick element for a pressure load p.

7.4.4 Treatment of Distributed Loads

Distributed loads need to be converted into nodal forces using the equivalent energy con-
cept as discussed in earlier chapters. Figure 7.7 shows the result of a pressure load con-
verted into nodal forces for a 20-node hexahedron element. Note the direction of the forces
at the four corner nodes, which is not intuitive at all.

7.5 Case Studies with ANSYS Workbench

Problem Description: A base stand assembly includes a base, a holder, and a pin, as
shown in the following figure. The stand assembly is made of structural steel. Assume a
no-separation condition for all contact regions. Determine the deformation and von Mises
stress distributions of the assembly under the given load and boundary conditions.

Material: Structural steel (E= 200 GPa, v = 0.3)

Boundary conditions:

The bottom faces of the leg base are fixed.

A downward force of 1 kN is applied to the holder’s top face.
Geometry construction:

The bottom of the hub base is 35 mm above the ground level.

The holder is 36 mm tall, 18 mm of which is in contact with
the hub base.

R3.000 5}~
R50.000

R10.000 \‘ e (\

B i -~
Sketch of the leg base (extrude  Sketch of the hub base (extrude Sketch of the pin (extrude
5 mm on both sides) 35 mm on one side) 15 mm on both sides)
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Solution
To solve the problem with ANSYS Workbench, we employ the following steps:

Step 1: Start an ANSYS Workbench Project

Launch ANSYS Workbench and save the blank project as “Assembly.wbpj.”

Step 2: Create a Static Structural (ANSYS) Analysis System

Drag the Static Structural (ANSYS) icon from the Analysis Systems Toolbox window
and drop it inside the highlighted green rectangle in the Project Schematic win-
dow to create a standalone static structural analysis system.

Fie vu..mt Units  Meip
LIMew (Gopen... i Swve [savess... | fiimpor.. |

%

B rucFow(FLUENT)
B rarmoncResponse
[ LinearBuekiing

8 Randam vibraten
i ResponseSpectam

Step 3: Launch the DesignModeler Program

Double-click the Geometry cell to launch DesignModeler, and select “Millimeter” in
the Units pop-up window.

Step 4: Create the Base Geometry

Click on the Sketching tab. Select the Draw toolbox and then Line and Arc by Center.
Draw a sketch with two lines and two arcs on the XY Plane, as shown below.
An entity named Sketchl will be shown underneath XY Plane of the model’s
Tree Outline.
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Extrude Sketchl to create a solid body. In Details of Extrudel, change Direction to
Both-Symmetric, and enter 5 mm for FD1, Depth. Click on Generate.
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In the Details of BodyOp1, change the Type to Rotate. Click on the solid body in the
Graphics window and apply it to the selection of Bodies. Change Preserve Bodies
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to Yes. Click on the Y-axis in the Graphics window and apply it to the Axis
Selection. Set the FD9, Angle to 120°. Click on Generate.

From the drop-down menu of Create, click on Body Operation. In the Details of
BodyOp2, change the Type to Rotate. Click on the original solid body in the
Graphics window and apply it to the selection of Bodies. Change Preserve Bodies
to Yes. Click on the Y-axis in the Graphics window and apply it to the Axis
Selection. Set the FD9, Angle to —=120°. Click on Generate.
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Click on New Plane to create the Plane4. In the Details of Plane4, Change the Base
Plane to ZXPlane, and Transform1 (RMB) to Offset Z. Enter 35 mm for FDI,
Valuel. Click on Generate.

Click on Look At Face/Plane/Sketch. Draw two concentric circles as shown below,
with a radius given as 6 mm and 10 mm, respectively. Click on Generate to finish
creation of Sketch2.

Click on Look At
Face/Plane/Sketch.

ent e [Pt Preme
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Extrude Sketch2 along the normal direction for an FD1, Depth of 35 mm, as shown
below. Click on Generate. The new Extrude2 will be combined with the other
three parts into a single solid body.

Fiavioh WTHa/Gurtece blend = &y Cramsles fPoiel  [RiPUnam

Step 5: Create the Holder Geometry

Click on New Plane to create the Planeb. In the Details of Planeb, change the Type to
From Face. Click on the annulus face from the Graphics window and apply it to
the selection of Base Face. Click on Generate.

New Plane
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Create a New Sketch on Plane5. Draw a circle, the same size as the smaller of the
two concentric circles. Click on Generate. A Sketch3 will be created underneath
Plane5 in the Tree Outline.
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Click on Extrude. In the Details of Extrude3, change the Direction to Both- Symmetric,
and set the FD1, Depth as 18 mm. Click on Generate.
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Create a New Sketch on the YZPlane. Draw a circle with a radius of 3 mm, centered
60 mm to the right of the origin, as shown below. Click on Generate to finish the
creation of Sketch4.

Extrude Sketch4. In the Details of Extrude4, change Operation to Cut Material, and
the Direction to Both- Symmetric. Use the default 30 mm for FD1, Depth. Click on
Generate.
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Click on Freeze from the drop-down menu of Tools. Freezing a body and then
using a Create Slice can help physically separate merged bodies to create a mul-
tipart assembly.
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Then click on Slice from the drop-down menu of Create.
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In the Detailed of Slicel, Change the Slice Type to Slice by Surface. Click on the cylin-
drical surface in the Graphics window and apply it to the selection of Target
Face. Click on Generate.
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A two-part assembly will be created, as shown below. Right-click on the solid
bodies from the Tree Outline to rename them as Holder and Base, respectively.
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Step 6: Create the Pin Geometry
Extrude Sketch4. In the Details of Extrude5, change Operation to Add Material, and
the Direction to Both- Symmetric. Set the FD1, Depth as 15 mm.

Right Click on Solid and rename it as Pin in the Tree Outline. A three-part assembly
is now created.

Step 7: Launch the Static Structural Program
Double-click on the Model cell to launch the Static Structural program. ANSYS
Workbench automatically detects contacts between parts of an assembly, whether
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itis created in DesignModeler or imported from neutral geometry files. Click on
Contacts under Connections in the Outline tree. In the Details of “Contact Regions,”
change the Type to No Separation for all three contact regions. No separation
contact prevents gap forming between the contact regions; a small amount of
frictionless sliding may occur along the contact faces.
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Step 8: Generate Mesh

Right click on Mesh in the Project Outline. Select Insert and then Sizing from the
context menu. In the Details of “Body Sizing,” enter “2.5e-3 m” for the Element
Size. Ctrl-click on the three parts in the Graphics window and apply the bodies
to the Geometry selection.
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Right-click on Mesh and select Generate Mesh.
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Step 9: Apply Boundary Conditions

Right-click on Static Structural (A5). Choose Insert and then Fixed Support from the
context menu. Ctrl-click on the three faces highlighted below and apply them
to the Geometry selection in the Details of “Fixed Support.”
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Step 10: Apply Loads

Right-click on Static Structural (A5). Choose Insert and then Force. In the Details
of “Force,” apply the circular face shown below to the Geometry selection.
Change the Define By selection to Components, and enter — 1000 N for the Y
Component.
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Step 11: Retrieve Solution

Insert a Total Deformation item by right-clicking on Solution (A6) in the Outline tree.
Insert an Equivalent Stress item by right-clicking on Solution (A6) in the Outline.
Right-click on Solution (A6) in the Outline and select Solve.

Click on Total Deformation in the Outline to review the deformation results.
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Click on Equivalent Stress in the Outline to review the stress results.

To view deformation of the pin, insert a Total Deformation item by right-clicking
on Solution (A6) in the Outline tree. Click on the pin body in the Graphics
window and apply it to the selection of Geometry in the Details of “Total
Deformation 2.”
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To view stress in the pin, insert an Equivalent Stress item by right-clicking on
Solution (A6) in the Outline tree. Click on the pin body in the Graphics window
and apply it to the selection of Geometry in the Details of “Equivalent Stress 2.”

Repeat the last two steps to add a Total Deformation 3 and an Equivalent Stress 3 to
the Outline. Select the holder body in the Graphics window for the Geometry in
both Details of “Total Deformation 3” and Details of “Equivalent Stress 3.”

Right-click