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Preface 

The progress in vibration analysis in the previous period has been made as a 
consequence of the global advances in technology. The development of powerful 
and fast computers which can be used for computational techniques has brought 
about a numerical revolution in validation of complex mathematical models and 
analytically obtained results. A significant progress has been made in linear large-
order systems. Indeed, one of the most significant advances in recent years has 
been the finite element method, a method developed originally for the analysis of 
complex structures. Proper knowledge of these two areas (the knowledge of 
analytical theory of vibrations and the knowledge of numerical techniques with 
FEM implementation) prepares researches for investigating new phenomena in 
vibrations, some of which are presented here. 

This book contains the obtained results within the author’s research during the 
preparation of the doctoral dissertation, and as such it is primarily intended for 
postgraduate students in the field of theory of vibrations. Detailed theoretical 
investigations have yielded original results in linear vibrations of elastically 
connected beams and geometrically nonlinear vibrations of damaged beams, 
which together may represent a group of complex beam systems. 

The co-author of the book (the first author’s supervisor) Dr. Predrag Kozić, full 
professor of the Faculty of Mechanical Engineering, University of Niš, provided 
meaningful assistance in the research within the field of linear vibrations. During 
the author’s specialization at the Faculty of Mechanical Engineering, University of 
Engenharia in Porto, the author conducted research in the field of geometrically 
nonlinear vibrations with Dr. Pedro Ribeiro, and as a result the chapter which 
describes the vibrations of damaged beams is presented here. 

The authors would like to express their sincere acknowledgements to Dr. Ratko 
Pavlović, Dr. Goran Janevski, Dr. Zoran Golubović, Dr. Stanislav Stoykov and 
Dr. Marko D. Petković for cooperation during the theoretical investigation. This 
research was supported by the research grant of the Serbian Ministry of Science 
and Environmental Protection under the number ON 174011. 

The presented work consists of seven parts which are separately formed by 
chapters. The first chapter relates to the introductory discussion and review of 
previous research in the theory of elastic and related damaged structures. It is one 
of the ways to perform partial differential equations of motion of mechanical 
systems and provides a basic overview of the methods used. Chapters 2-6 are 
devoted to the analysis of linear elastic oscillations. The seventh chapter is 



VI Preface
 

devoted to geometric nonlinear oscillations of damaged beams using the new 
finite element method. 

Free oscillations and static stability of two elastically connected beams are 
considered in Chapter 2. Through various examples analytically obtained results 
are shown and impacts of some mechanical parameters of the system on the 
natural frequency and amplitudes are presented. The verification of the obtained 
analytical results is shown by comparison with the results of the existing classical 
models. A new scientific contribution in this chapter is the formulation of the new 
double-beam model described with new derived equations of motion with 
rotational inertia effects and with inertia of rotation with transverse shear 
(Timoshenko’s model, Reddy-Bickford’s model). The static stability conditions of 
two elastically connected beams of different types are formulated with analytical 
expressions for the values of critical forces. Numerical experiments confirmed the 
validity of the analytical results obtained by comparing the results of the models 
existing in the literature. From chapter 2 it can be concluded that the effects of 
rotational inertia and transverse shear must be taken into account in the model of 
thick beams because errors that occur by ignoring them increase with the mode of 
vibration. 

Chapter 3 presents the solution for forced vibrations of two elastically 
connected beams of Rayleigh, Timoshenko and Reddy-Bickford type under the 
influence of axial forces. The scientific contribution lies in the presented analytical 
solutions for the forms of three types of forced vibration: harmonic arbitrarily 
continuous excitation, continuous uniform harmonic excitation, and harmonic 
concentrated excitation. Analytical solutions were obtained by using the modal 
analysis method. The chapter also presents the analytical solutions of forced 
vibration for the case when harmonic excitation effects are concentrated on one of 
the beams under the effect of compressive axial forces. Based on the results 
derived in this chapter, it can be concluded that the differences in the 
approximations of the solutions depending on the used model provided good 
solutions only in the case of Timoshenko and Reddy-Bickford theory for thick 
beams in higher modes. Classical theories did not yield good results. 

Chapter 4 considers the static and stochastic stability of two and three 
elastically connected beams and a single beam on elastic foundation. A new set of 
partial differential equations is derived for static analysis of deflections and 
critical buckling force of the complex mechanical systems. The critical buckling 
force is analytically determined for each system individually. It is concluded that 
the system is most stable in the case of one beam on elastic foundation. 

Chapters 5 and 6 analyze free vibrations of more elastically connected beams of 
Timoshenko and Reddy-Bickford type on elastic foundation under the influence of 
axial forces. Analytical solutions for the natural frequencies and the critical force 
are determined by the trigonometric method and verified numerically. 

Chapter 7 presents geometrically nonlinear forced vibrations of damaged 
Timoshenko beams. The study develops a new p-version of the finite element 
method for damaged beams. The advantage of the new method is compared with 
the traditional method, showing that it provides better approximations of solutions 
with a small number of degrees of freedom used in numerical analysis. The 
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scientific contribution can be found in two topics-computational mechanics and 
non-linear vibrations of beams. It is concluded that the traditional method cannot 
provide good approximations of solutions in the case of a very small width of 
damage. This benefit is also shown in the comparison with the obtained results in 
the commercial software Ansys. A new p-version finite element is suggested to 
deal with geometrically non-linear vibrations of damaged Timoshenko beams. The 
novelty of the p-element comes from the use of new displacement shape functions, 
which are the functions of the damage location, therefore, providing more efficient 
models, where accuracy is improved at lower computational cost. In numerical 
tests in the linear regime, coupling between cross-sectional rotation and 
longitudinal vibrations is discovered, with longitudinal displacements suddenly 
changing direction at the damage location and with a peculiar change in the cross-
section rotation at the same place. Geometrically nonlinear, forced vibrations are 
then investigated in the time domain using Newmark’s method and further 
couplings between displacement components are found. 

 

       Dr. Vladimir Stojanović 
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Chapter 1   

Introductory Remarks 

1.1   Introduction 

A great number of mechanical systems are complex structures composed of two or 
more basic mechanical systems whose dynamic behavior is conditioned by their 
interaction.  The systems connected by an elastic layer constitute one group of 
such mechanical structures which are commonly encountered in mechanical, 
construction and aeronautical industry. Mechanical systems formed by elastic 
connection of their members, due to the nature of the dynamic interaction 
conditioned by elastic connections are characterized by complex vibration and a 
higher number of natural frequencies. Since the number of natural frequencies 
depends on the number of basic elements joint together, such mechanical systems 
are exposed to an increased likelihood of creating resonance conditions which can 
cause breakage and damage. With the view to putting theoretical research into 
engineering practice, a great number of linear dynamic models describing the 
motion of a system were created.  Such models are important as they give the 
initial approximation of the solution and a general insight into a dynamic behavior 
of the system at slight motion. If technical practice requires further investigation 
of system behavior, these dynamic models provide solid ground for the 
continuation of research with non-linearity effects. 

The parts of mechanical structures performing a great number of cyclical 
operations exposed to loads often sustain damage. As soon as the damage occurs, 
the dynamic behavior of the system changes requiring good knowledge thereof in 
order to prevent resonance conditions and the resulting consequences. In already 
damaged structures, the displacement of deformable elements is greater; hence the 
effect of geometric non-linearity is more common. Such dynamic behaviors are 
different in non-damaged structures, and it is essential to determine the conditions 
leading to resonance as the consequence of interaction between vibration modes.   

The effects of rotary inertia and transverse shear have been taken into 
consideration in creating mathematical models for both elastically connected 
beams and damaged beams. Vibrations and the stability of such systems have been 
the subject of scientific, academic and practical research by many authors for 
decades. Increased interest by the scientific public in the problem of vibrations 
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and the stability of such systems is motivated by breakage prevention and the 
prevention of permanent damage to real mechanical, construction and other 
systems. This led to the development of analytical and numerical methods used for 
analyzing the vibrations of both linear and non-linear mechanical systems. 

The problem concerning the vibrations of beams joint by a Winkler elastic 
layer has attracted the interest of a large group of scientists. The problem of two 
elastically connected beams joint by the Winkler elastic layer emerged in order to 
determine the conditions for the behavior of the system acting as a dynamic 
absorber in technical practice. A mathematical model was developed by Seelig 
and Hoppman [1]. They investigated the problem of an impulse load effect on a 
beam and produced a system of partial differential equations describing its 
vibration.  The obtained theoretical and experimental results confirmed a sound 
approximation of an analytical solution obtained for slender beams at small 
transverse motions using the Euler-Bernoulli theory.   

Oniszczuk [2, 3] analyzed the problem of free and forced vibration of two 
elastically connected Euler-Bernoulli beams.  He determined analytical solutions 
for eigenfrequencies, amplitudinous functions and vibration modes. He discussed 
the effect of stiffness which the elastic interlayer had on the frequencies and 
amplitudes of the system. He determined the conditions for the occurrence of 
resonance and the behavior of the system as a dynamic absorber. 

The analysis of the system composed of two connected beams was carried on 
by Zhang et al. [4, 5] in their investigation of free and forced vibrations by two 
elastically connected Euler-Bernoulli beams affected by axial compression forces. 
They presented analytical solutions for natural frequencies of the system in the 
function of axial compression force impact and their effect on the vibration 
amplitude. They determined the co-dependency between the system’s critical 
force and the Euler critical load in the function of an axial force of the other beam. 

Vu et al. [6] studied the problem of forced and damped vibrations of the system 
composed of two elastically connected Euler-Bernoulli beams. They provided 
analytical solutions to partial differential equations with a damping factor. They 
determined the influence of system damping on vibration and amplitudes under 
harmonic forcing. Their analytical results showed close correspondence to 
experimental results obtained by Seelig and Hoppmann [1] for dynamic absorbers. 

Li and Hua [7], using the spectral finite element method arrived at numerical 
solutions for natural frequencies of the two elastically connected Timoshenko 
beams with different supports. They determined vibration modes and amplitude-
frequency dependence for forced vibration of the system.  

The investigation of system vibration in complex structures which are 
encountered in technical practice as physical models of reinforcement, coupled 
support structures in mechanical engineering and multistory buildings in civil 
engineering, has made its way into the study fields of many researchers. These  
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structures made up of three or more elastically connected elementary member 
beams were the subject of recent investigations. The development of computer 
resources and the application of numerical mathematics on such models led to the 
increased interest in the matter by a group of scientists in the 20th century. 

Li et al. [8] addressed the problem of three elastically connected Timoshenko 
beams in their paper. They numerically determined natural frequencies for 
different types of support, mode shapes and the effect the stiffness of elastic inter-
layers had on vibration of the system. Kelly and Srinivas [9] discussed the 
problem of multiple elastically connected Euler beams. They determined natural 
frequencies and mode shapes for the beams with identical characteristics using the 
Rayleigh-Ritz numerical method. Ariaei et al. [10] studied the problem of a 
movable body according to the system of multiple elastically connected 
Timoshenko beams on an elastic foundation using the Transfer-matrix method. 
They concluded that the maximum deflection of the beam system decreases in 
case of a body moving on the beams closer to the surface. Mao [11] determined 
mode shapes for the first ten system modes of multiple elastically connected Euler 
beams on an elastic foundation using the Adomian decomposition method. 

Stojanović et al. [12] analyzed free vibration and static stability of two 
elastically connected beams taking into account the effects of rotary inertia and 
transverse shear which leads to the rotation of the cross-section. They used an 
example to show the analytical solutions for natural frequencies and determined 
the critical force for the coupled beam system.   

Stojanović and Kozić [13] discussed the case of forced vibration of two 
elastically connected beams and the effect of axial compression force on 
amplitude ratio of system vibration for three types of external forcing - arbitrarily 
continuous harmonic excitation, uniformly  continuous harmonic excitation and 
concentrated harmonic excitation. They determined general conditions of 
resonance and dynamic vibration absorption. In the paper [14], Stojanović et al. 
discussed the analytic analysis of static stability of a system consisting of three 
elastically connected Timoshenko beams on an elastic foundation. They provided 
expressions for critical force of the system under the influence of elastic Winkler 
layers. Stojanović et al. [15] using the example of multiple elastically connected 
Timoshenko and Reddy-Bickford beams, determined the analytical forms of 
natural frequencies, their change under the effect of axial compression forces and 
the conditions for static stability for a different number of connected beams.   

The issues of the vibration in damaged beams have a significant place in 
theoretical and experimental research into the behavior of dynamic systems. The 
occurrence of various types of damage in constructions leads to their permanent 
modification and increased risk of breakage. Considerable engineering practice in 
the field prompted a great number of researchers to examine the vibration of 
damaged dynamic system. Christides and Barr [16] experimentally determined the  
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impact factor on natural frequencies of a simply supported beam with closed 
damage. The obtained results showed that the occurrence of damage decreases the 
natural frequencies of the system. Several studies in the field of damaged beam 
analysis have been carried out on a beam model with altered stiffness as a 
consequence of damage occurrence and its impact on natural frequencies, 
vibration modes and the damping factor in linear mode. Thus Sinha et al. [17] 
developed a model of the apparent change in the beam geometry at the place of 
damage. Using the experimentally determined impact factor on natural frequencies 
of damaged beams published by Christides and Barr [16] for a closed crack, they 
determined the required change in the beam geometry at the place of damage 
using the triangle model type of an open crack. They examined the vibration of a 
thus formulated mathematical model using the finite element method and 
confirmed the results by experimental verification thereof. Pandey et al. [18] 
investigated the effect of damage on natural mode shapes in their paper. A group 
of researchers focused dynamic analysis on damage detection and localization.  
They used the occurrence of greatest deviation from the mode shapes as a method 
of detecting the damage on the beam. Panteliou et al. [19] used the change in the 
damping factor to localize the damage.  A great number of papers in non-linear 
vibration of damaged beams confirmed the interest of scholars in the field. Thus 
Bikri et al. [20] considered geometrically non-linear vibration of a doubly-
clamped beam with a crack and showed the difference in mode shapes between 
the linear and non-linear model. Andreaus et al. [21] investigated geometrically 
non-linear vibration of a bracket under the influence of harmonic excitation. They 
formed the model as a bilinear oscillator which implied the opening and closing of 
the damage at vibration. Based on earlier research on non-linear vibration of 
damaged beams, Stojanović et al. [22, 23, 50] developed a new p-version of a 
finite element method for geometrically non-linear vibration of damaged 
Timoshenko beams. Unlike its previous versions, they formed the damage model 
so as to take into account the change in the weight of the system in addition to the 
change in the stiffness thereof. The advantage of the new method is the ability to 
determine natural frequencies of the system using a smaller number of functions 
of motion, i.e. lower vibration freedom degree. The paper shows the occurrence of 
longitudinal vibration of the doubly clamped beam which occurs solely as the 
consequence of damage.  

Numerical experiments were performed on the Timoshenko beam model taking 
into account the effects of rotary inertia and transverse shear as in the case of 
elastically connected beams. It was shown that the coupling between transverse 
vibration and component vibration of cross-sections caused asymmetry in a non-
linear vibration time mode. For the non-linear vibration region the Newmark 
method of direct integration was used to solve non-linear partial differential 
equations for forced vibration of the damaged Timoshenko beam. Continuation  
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method was applied to the free non-linear vibration model to determine 
bifurcation points, Stojanović and Ribeiro [23]. The new p-version of the finite 
element method was developed within the mathematical model of Timoshenko 
beams, determining the effects of the cross-section rotation (rotary inertia and 
transverse shear) on geometrically non-linear vibration of beams with different 
thickness. 

1.2   Vibrations of Euler, Rayleigh, Timoshenko and Reddy-
Bickford Beams 

This part of the chapter relates to the basic review of the beam theories. It is 
shown the different aspect and perform of partial differential equations of motion 
which are used in further theoretical investigation of the complex beam systems. 
The Euler–Bernoulli theory for a beam originated in the 18th century. The effect 
of rotary inertia was introduced by Rayleigh in 1894. In 1921, Timoshenko 
proposed his theory where shear is also taken into account. Since shear and rotary 
inertia are ignored in the Euler–Bernoulli theory is reasonable to assume that the 
Timoshenko theory is an improvement. Reddy-Bickford theory ensures a more 
exact stress-deformation mathematical interpretation in the analysis and provide a 
approximations which are more accurate and important in vibrations of thick 
beams. 

Euler-Bernoulli theory on homogeneous elastic slender prismatic beams 
(Figure 1.2.1a,b) implies that the vibration takes place so that the beams' cross-
sections are always normal to the neutral axis at deformation ignoring the effects 
of rotary inertia and transverse shear, [2, 3]. The theory gives a good 
approximation of solutions at small transverse motions for slender beams. 

 

 

(a) 

Fig. 1.2.1 (a) A simply supported beam under the influence of axial compression forces ܨ and continuous loads ݍଵ(ݖ, ,ݖ)ଶݍ and (ݐ  Deformation in various beam theories (b) (ݐ
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(b) 

Fig. 1.2.1 (continued) 
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Fig. 1.2.2 An elementary part of a Euler beam 

If we label the functions of longitudinal and transverse motions as ݕ)ݑ, ,ݖ  (ݐ
andݕ)ݓ, ,ݖ  then the following relations apply to the angles shown in Figure ,(ݐ
1.2.2 of the elementary beam part shown in Figure 1.2.1a ݑா(ݕ, ,ݖ (ݐ = ,ݖ)ா଴ݑ (ݐ − ݕ ,ݖ)ா଴ݓ߲ ݖ߲(ݐ ,ݕ)ாݓ     , ,ݖ (ݐ = ,ݖ)ா଴ݓ  (1.2.1)         ,(ݐ

where ݑ଴(ݖ, (ݐ  and ݕ)ݓ, ,ݖ (ݐ  represent longitudinal and transverse motions of 
the beam’s point (0, ,ݖ  axis. The deformation taking place-ݖ belonging to the (ݐ
in the ݖ  direction in the function of motion and the stress-deformation ratio 
according to the Hooke’s law are given by ߝ௭(ݕ, ,ݖ (ݐ = ,ݕ)ாݑ߲ ,ݖ ݖ߲(ݐ = ,ݖ)ா଴ݑ߲ ݖ߲(ݐ − ݕ ߲ଶݓா଴(ݖ, ଶݖ߲(ݐ ,ݕ)௭ߪ (1.2.2)                   , ,ݖ (ݐ = ,ݕ)௭ߝܧ ,ݖ  (1.2.3)                                        ,(ݐ

where ܧ is Young’s modulus. The equations are derived based on the principle of 
virtual work to which the following applies  ߜ ௜ܹ௡ + ߜ ௏ܹ + ߜ ௘ܹ௫ = 0,                                        (1.2.4) 

where ߜ ௜ܹ௡, ߜ ௏ܹ  and ߜ ௘ܹ௫  represent virtual work of inertial, internal and 
external forces respectively. Virtual work of inertial forces is  
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ߜ ௜ܹ௡ = ܾߩ− න න ቈ߲ଶݓா(ݕ, ,ݖ ଶݐ߲(ݐ δݓா(ݕ, ,ݖ (ݐ + ߲ଶݑா(ݕ, ,ݖ ଶݐ߲(ݐ δݑா(ݕ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀
௟

଴ .  (1.2.5)
Having regard to the relation of longitudinal motion,ݑா(ݕ, ,ݖ (ݐ = ,ݖ)ா଴ݑ (ݐ ݕ− డ௪ಶబ(௭,௧)డ௭ , a member in an integrand 

డమ௨ಶ(௬,௭,௧)డ௧మ δݑா(ݕ, ,ݖ  represents the effect of (ݐ

rotary inertia. Mathematical model of Euler beam does not take the effect of rotary 
inertia into account, therefore it can be disregarded in deriving the wave equation 
of the Euler beam. Virtual work of internal forces is expressed as 

ߜ ௏ܹ = −ܾ න න ,ݖ)௭ߪ ,ݖ)௭ߝδ(ݐ ೓మି೓మݖ݀ݕ݀(ݐ
௟

଴ .                      (1.2.6) 

Virtual work of external forces acting transversally is given by ߜ ௘ܹ௫ = න ቈݖ)ݍ, ,ݖ)ா଴ݓδ(ݐ (ݐ + ܨ ,ݖ)ா଴ݓ߲ ݖ߲(ݐ ߲δݓா଴(ݖ, ݖ߲(ݐ ቉ ௟ݖ݀
଴ ,ݖ)ݍ   , (ݐ = ,ݖ)ଵݍ  (ݐ − ,ݖ)ଶݍ  (1.2.7)                                       ,(ݐ

where δ stands for variation operator. By substituting the equations (1.2.5-1.2.7) 
into the equation (1.2.4), we get 

−ܾ න න ,ݖ)௭ߪ ,ݖ)௭ߝδ(ݐ ೓మି೓మݖ݀ݕ݀(ݐ − ܾߩ න න ߲ଶݓா(ݕ, ,ݖ ଶݐ߲(ݐ δݓா(ݕ, ,ݖ ೓మି೓మݖ݀ݕ݀(ݐ
௟

଴
௟

଴  

+ න ቈݖ)ݍ, ,ݖ)ா଴ݓδ(ݐ (ݐ + ܨ ,ݖ)ா଴ݓ߲ ݖ߲(ݐ ߲δݓா଴(ݖ, ݖ߲(ݐ ቉ ௟ݖ݀
଴ = 0.                 (1.2.8) 

By successive application of Green’s theorem on the equation (1.2.8), the 
partial equation for transverse vibration of the Euler beam is obtained  ܣߩ ߲ଶݓா଴(ݖ, ଶݐ߲(ݐ + ߲ଶ߲ݖଶ ቆܫܧ௫ ߲ଶݓா଴(ݖ, ଶݖ߲(ݐ ቇ + ܨ ߲ଶݓா଴(ݖ, ଶݖ߲(ݐ = ,ݖ)ݍ  (1.2.9)      .(ݐ

Rayleigh theory of homogeneous elastic slender prismatic beams implies the 
motion of beam points takes place so that the beams’ cross-sections, as in the case 
of the Euler mathematical model, are always normal to its neutral axis at 
deformation having the effect of rotary inertia in regard. Constitutive relations are 
identical to those in the case of a Euler beam although the dynamic equation 

changes and takes the member 
డమ௨ಶ(௬,௭,௧)డ௧మ δݑா(ݕ, ,ݖ (ݐ  into account in the 

expression for virtual work of inertial forces. If we label the functions of 
longitudinal and transverse motions as ݑோ(ݕ, ,ݖ (ݐ  and ,ݕ)ோݓ ,ݖ (ݐ , then the 
following relations of longitudinal and transverse motions of the Euler beam apply 
based on the position of the beam’s point ݑோ(ݕ, ,ݖ  (ݐ
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,ݕ)ோݑ ,ݖ (ݐ = ,ݖ)ோ଴ݑ (ݐ − ݕ ,ݖ)ோ଴ݓ߲ ݖ߲(ݐ ,ݕ)ோݓ     , ,ݖ (ݐ = ,ݖ)ோ଴ݓ  (1.2.10)            ,(ݐ

where ݑோ଴(ݖ, ,ݖ)ோ଴ݓ and (ݐ (ݐ  denote longitudinal and transverse motion of the 
beam point (0, ,ݖ (ݐ  belonging to ݖ –axis. The deformation taking place in ݖ 
direction in the function of motion and the relation between stress and deformation 
according to the Hooke’s law have the following form ߝ௭(ݕ, ,ݖ (ݐ = ,ݖ)ோ଴ݑ߲ ݖ߲(ݐ − ݕ ߲ଶݓோ଴(ݖ, ଶݖ߲(ݐ ,                              (1.2.11) 

,ݕ)௭ߪ ,ݖ (ݐ = ,ݕ)௭ߝܧ ,ݖ  (1.2.12)                                          .(ݐ

Hence, virtual work of inertial forces is given by 

ߜ ௜ܹ௡ = ܾߩ− න න ቈ߲ଶݓோ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ(ݕ, ,ݖ (ݐ + ߲ଶݑோ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ(ݕ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀
௟

଴ .  (1.2.13) 
Virtual work of internal forces is 

ߜ ௏ܹ = −ܾ න න ,ݖ)௭ߪ ,ݖ)௭ߝδ(ݐ ೓మି೓మݖ݀ݕ݀(ݐ
௟

଴ .                       (1.2.14) 

Virtual work of external forces is expressed as ߜ ௘ܹ௫ = න ቈݖ)ݍ, ,ݖ)ோ଴ݓδ(ݐ (ݐ + ܨ ,ݖ)ோ଴ݓ߲ ݖ߲(ݐ ߲δݓோ଴(ݖ, ݖ߲(ݐ ቉ ௟ݖ݀
଴ ,ݖ)ݍ   , (ݐ = ,ݖ)ଵݍ  (ݐ − ,ݖ)ଶݍ  (1.2.15)                                ,(ݐ

Substituting the equations (1.2.13-1.2.15) into the equation (1.2.4), yields  

                          −ܾ න න ,ݖ)௭ߪ ,ݖ)௭ߝδ(ݐ ೓మି೓మݖ݀ݕ݀(ݐ
௟

଴
− ܾߩ න න ቈ߲ଶݓோ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ(ݕ, ,ݖ (ݐ + ߲ଶݑோ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ(ݕ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀

௟
଴  

            + න ቈݖ)ݍ, ,ݖ)ோ଴ݓδ(ݐ (ݐ + ܨ ,ݖ)ோ଴ݓ߲ ݖ߲(ݐ ߲δݓோ଴(ݖ, ݖ߲(ݐ ቉ ݖ݀ = 0.௟
଴  (1.2.16) 

By applying Green’s theorem to the equation (1.2.16), we get the equation of 
transverse vibration of the Rayleigh beam in the following form 

ܣߩ  ߲ଶݓோ଴(ݖ, ଶݐ߲(ݐ − ௫ܫߩ ߲ସݓோ଴(ݖ, ଶݐ߲ ଶݖ߲(ݐ + ߲ଶ߲ݖଶ ቆܫܧ௫ ߲ଶݓோ଴(ݖ, ଶݖ߲(ݐ ቇ + ܨ ߲ଶݓோ଴(ݖ, ଶݖ߲(ݐ = ,ݖ)ݍ  (1.2.17) ,(ݐ
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where ρ denotes mass density, A the area of the cross-section, ܧ  Young’s 
modulus, ܫ௫ moment of inertia of the cross-section area for x –axis and F the axial 
compression force. 

The theory of homogeneous elastic prismatic Timoshenko beams constitutes a 
mathematical model which, in addition to the effects of rotary inertia, implies 
taking into account the shear forces causing the rotation of the beams' cross-
sections. Based on this assumption, the function of the cross-section rotation is 
introduced. Based on the elementary deformed beam part shown in Figure 1.2.3., 
the following functions of motion are given 

,ݕ)்ݑ  ,ݖ (ݐ = ଴்ݑ ,ݖ) (ݐ + ଴்߰ݕ ,ݖ) ,ݕ)்ݓ       ,(ݐ ,ݖ (ݐ = ,ݖ)଴்ݓ  (1.2.18)           ,(ݐ

 

Fig. 1.2.3 An elementary part of a Timoshenko beam 

where ݑ଴் ,ݖ) ,ݖ)଴்ݓ,(ݐ ,ݖ)and ߰଴்(ݐ  denote longitudinal and transverse motion (ݐ
of the beam point (0, ,ݖ  axis and the angle between the cross-section–ݖ on the (ݐ
of the deformed beam and y–axis, Figure 1.2.3. The deformations taking place in ݖ direction and ߝ௭ tangentially due to shear forces ߛ௭௬ have the following form 

,ݕ)௭ߝ ,ݖ (ݐ = ଴்ݑ߲   ,ݖ) ݖ߲(ݐ + ݕ ߲߰଴்(ݖ, ݖ߲(ݐ ,                                 (1.2.19) 

,ݕ)௭௬ߛ ,ݖ (ݐ = ,ݖ)଴்ݓ߲ ݖ߲(ݐ + ߰଴் ,ݖ)  (1.2.20)                                   .(ݐ



1.2   Vibrations of Euler, Rayleigh, Timoshenko and Reddy-Bickford Beams 11 

 

Assuming the material is isotropic and elastic, the Hooke’s law on the relation 
between stress and deformation applies ቄ ௭߬௭௬ቅߪ = ቂܧ 00 ቃܩ݇ ቄ  ௭௬ቅ,                                     (1.2.21)ߛ௭ߝ

where G is the shear modulus and ݇ is the shear factor. The equations of motion 
are derived based on the principle of virtual work for which the following applies ߜ ௜ܹ௡ + ߜ ௏ܹ + ߜ ௘ܹ௫ = 0,                                    (1.2.22) 

where ߜ ௜ܹ௡, ߜ ௏ܹ  and ߜ ௘ܹ௫  represent virtual work of inertial, internal and 
external forces respectively. Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ = ܾߩ− න න ቈ߲ଶݕ)்ݓ, ,ݖ ଶݐ߲(ݐ δݕ)்ݓ, ,ݖ (ݐ + ߲ଶݕ)்ݑ, ,ݖ ଶݐ߲(ݐ δݕ)்ݑ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀
௟

଴ . (1.2.23) 
Virtual work of internal forces is  

ߜ ௏ܹ = −ܾ න න ,ݖ)௭ߪൣ ,ݖ)௭ߝδ(ݐ (ݐ + ߬௭௬(ݖ, ,ݖ)௭௬ߛδ(ݐ ೓మି೓మݖ݀ݕ൧݀(ݐ
௟

଴ .         (1.2.24) 

Virtual work of external forces is expressed as ߜ ௘ܹ௫ = න ቈݖ)ݍ, ,ݖ)଴்ݓδ(ݐ (ݐ + ܨ ,ݖ)଴்ݓ߲ ݖ߲(ݐ ߲δݓ଴்(ݖ, ݖ߲(ݐ ቉ ௟ݖ݀
଴ ,ݖ)ݍ   , (ݐ = ,ݖ)ଵݍ  (ݐ − ,ݖ)ଶݍ  (1.2.25)                                 .(ݐ

Substituting the equations (1.2.23-1.2.25) into an equation (1.2.22) yields 

−ܾ න න ,ݖ)௭ߪൣ ,ݖ)௭ߝδ(ݐ (ݐ + ߬௭௬(ݖ, ,ݖ)௭௬ߛδ(ݐ ೓మି೓మݖ݀ݕ൧݀(ݐ
௟

଴  

ܾߩ− න න ቈ߲ଶݕ)்ݓ, ,ݖ ଶݐ߲(ݐ δݕ)்ݓ, ,ݖ (ݐ + ߲ଶݕ)்ݑ, ,ݖ ଶݐ߲(ݐ δݕ)்ݑ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀
௟

଴  

+ න ቈݖ)ݍ, ,ݖ)଴்ݓδ(ݐ (ݐ + ܨ ,ݖ)଴்ݓ߲ ݖ߲(ݐ ߲δݓ଴்(ݖ, ݖ߲(ݐ ቉ ௟ݖ݀
଴ = 0.        (1.2.26) 
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By applying Green’s theorem on the equation (1.2.26), we get the equations of 
vibration for Timoshenko beam in the following form 

ܣߩ ߲ଶݓ଴்(ݖ, ଶݐ߲(ݐ − ݇ܣܩ ቆ߲ଶݓ଴்(ݖ, ଶݖ߲(ݐ + ߲߰଴்(ݖ, ݔ߲(ݐ ቇ + ܨ ߲ଶݓ଴்(ݖ, ଶݖ߲(ݐ = ,ݖ)ݍ  (1.2.27)        ,(ݐ
௫ܫߩ ߲ଶ߰଴்(ݖ, ଶݐ߲(ݐ − ௫ܫܧ ߲ଶ߰଴்(ݖ, ଶݖ߲(ݐ + ܣܩ݇ ൭߲ݓ଴்(ݖ, ݖ߲(ݐ + ߰଴்(ݖ, ൱(ݐ = 0.            (1.2.28) 

Through the application of Timoshenko theory [27], the equations of transverse 
vibration of beams were derived taking into account the rotation of cross-sections 
caused by shear forces.  

Based on the knowledge of shear stress distribution, Timoshenko theory does 
not take into account the fact that the stress at the cross-sections’ end points equals 
zero, instead the shear factor k is applied. The application of Reddy-Bickford 
beam mathematical model shown in references to Reddy [29, 30] and Wang et al. 
[31] implies approximating the deformation of the beam’s cross-section in yz 
plane along the line of shear stress value points. This ensures a more exact stress-
deformation mathematical interpretation in the analysis of beam point motion 
without the necessity to apply the shear factor k. The functions of stress and 
deformation, according to reference [31] have the following form ݑோ஻(ݕ, ,ݖ (ݐ = ோ஻଴ݑ ,ݖ) (ݐ + ோ஻଴߰ݕ ,ݖ) (ݐ − ଷݕߙ ቆ߰ோ஻଴ ,ݖ) (ݐ + ோ஻଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,             ݓோ஻(ݕ, ,ݖ (ݐ = ோ஻଴ݓ ,ݖ)  (1.2.29)                                 ,(ݐ

,ݖ)௭ߝ (ݐ = ோ஻଴ݑ߲   ,ݖ) ݖ߲(ݐ + ݕ ߲߰ோ஻଴ ,ݖ) ݖ߲(ݐ − ଷݕߙ ቆ߲߰ோ஻଴ ,ݖ) ݖ߲(ݐ + ߲ଶݓோ஻଴ ,ݖ) ଶݖ߲(ݐ ቇ,      (1.2.30) 
,ݖ)௭௬ߛ (ݐ = ߰ோ஻଴ ,ݖ) (ݐ + ோ஻଴ݓ߲ ,ݖ) ݖ߲(ݐ − ଶݕߚ ቆ߰ோ஻଴ ,ݖ) (ݐ + ோ஻଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,          (1.2.31) 

where ߙ = 4/3ℎଶ ߚ, = ோ஻଴ݑ,ߙ3 ,ݖ)  denote longitudinal movement of the beam (ݐ
point (0, ,ݖ ோ஻଴ݓ ,axis–ݖ belonging to (ݐ ,ݖ)  transversal movement of the beam (ݐ
point (0, ,ݖ axis, and ߰ோ஻଴–ݖ belonging to (ݐ ,ݖ) -the angle of the beam’s cross (ݐ
section at the place of its intersection with the neutral line in relation to y–axis as 
shown in Figure 1.2.4. Assuming the material is isotropic and elastic, Hooke’s law 
applies ቄ ௭߬௭௬ቅߪ = ቂܧ 00 ቃܩ ቄ  ௭௬ቅ,                                        (1.2.32)ߛ௭ߝ
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where G stands for shear modulus. The equations of motion are derived based on 
virtual work principle like in the previous examples for which the following 
applies ߜ ௜ܹ௡ + ߜ ௏ܹ + ߜ ௘ܹ௫ = 0,                                     (1.2.33) 

where ߜ ௜ܹ௡, ߜ ௏ܹ  and ߜ ௘ܹ௫  represent virtual work of inertial, internal and 
external forces respectively. Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ = ܾߩ− න න ቈ߲ଶݓோ஻(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻(ݕ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀
௟

଴ .      (1.2.34) 

 

Fig. 1.2.4 An elementary part of a Reddy-Bickford beam 

Virtual work of internal forces is expressed as 

ߜ ௏ܹ = −ܾ න න ,ݖ)௭ߪൣ ,ݖ)௭ߝδ(ݐ (ݐ + ߬௭௬(ݖ, ,ݖ)௭௬ߛδ(ݐ ೓మି೓మݖ݀ݕ൧݀(ݐ
௟

଴ .        (1.2.35) 

Virtual work of external forces is  ߜ ௘ܹ௫ = න ቈݖ)ݍ, ோ஻଴ݓδ(ݐ ,ݖ) (ݐ + ܨ ோ஻଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻଴ ,ݖ) ݖ߲(ݐ ቉ ௟ݖ݀
଴ ,ݖ)ݍ   , (ݐ = ,ݖ)ଵݍ  (ݐ − ,ݖ)ଶݍ  (1.2.36)                                 .(ݐ
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where δ stands for variation operator. By substituting the equations (1.2.34-
1.2.36) into the equation (1.2.33), we have 

−ܾ න න ,ݖ)௭ߪൣ ,ݖ)௭ߝδ(ݐ (ݐ + ߬௭௬(ݖ, ,ݖ)௭௬ߛδ(ݐ ೓మି೓మݖ݀ݕ൧݀(ݐ
௟

଴  

ܾߩ− න න ቈ߲ଶݓோ஻(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻(ݕ, ,ݖ ቉(ݐ ೓మି೓మݖ݀ݕ݀
௟

଴  

+ න ቈݖ)ݍ, ோ஻଴ݓδ(ݐ ,ݖ) (ݐ + ܨ ோ஻଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻଴ ,ݖ) ݖ߲(ݐ ቉ ௟ݖ݀
଴ = 0.            (1.2.37) 

By applying the Green’s theorem on the equation (1.2.37), we get the equation 
of vibration for Reddy-Bickford beam in the following form 

௪ସ,଴ܥ ߲ସݓோ஻଴ ,ݖ) ସݖ߲(ݐ + ௪ଶ,ଶܥ ߲ସݓோ஻଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௪ଶ,଴ܥ ߲ଶݓோ஻଴ ,ݖ) ଶݖ߲(ݐ + ௪଴,ଶܥ ߲ଶݓோ஻଴ ,ݖ) ଶݐ߲(ݐ + టଵ,ଶܥ ߲ଷ߰ோ஻଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ  

టଵ,଴ܥ+ ߲߰ோ஻଴ ,ݖ) ݖ߲(ݐ + టଷ,଴ܥ ߲ଷ߰ோ஻଴ ,ݖ) ଷݖ߲(ݐ = ,ݖ)ݍ ,(ݐ  (1.2.38) 

௪ଷ,଴ܥ ߲ଷݓோ஻଴ ,ݖ) ଷݖ߲(ݐ + ௪ଵ,ଶܥ ߲ଷݓோ஻଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ + ௪ଵ,଴ܥ ோ஻଴ݓ߲ ,ݖ) ݖ߲(ݐ + టଶ,଴ܥ ߲ଶ߰ோ஻଴ ,ݖ) ଶݖ߲(ݐ  

ట଴,ଶܥ+ ߲ଶ߰ோ஻଴ ,ݖ) ଶݐ߲(ݐ + ట଴,଴ܥ ߰ோ஻଴ ,ݖ) (ݐ = 0,                        (1.2.39) 

where 

௪ସ,଴ܥ = 1448 ܾℎ଻ߙଶܥ   ,ܧ௪ଶ,ଶ = − 1448 ܾℎ଻ߙଶߩ, ௪ଶ,଴ܥ = − 180 ଶℎହߚܩܾ + 16 ℎଷߚܩܾ − ℎܩܾ +   ,ܨ
௪଴,ଶܥ = ܾℎߩ, టଵ,ଶܥ = 180 ܾℎହߩߙ − 1448 ܾℎ଻ߙଶߩ, టଵ,଴ܥ = − 180 ଶℎହߚܩܾ + 16 ℎଷߚܩܾ − టଷ,଴ܥ ,ℎܩܾ = 1448 ܾℎ଻ߙଶܧ − 180 ܾℎହܧߙ, ௪ଷ,଴ܥ = 180 ܾℎହܧߙ − 1448 ܾℎ଻ߙଶܧ, ௪ଵ,ଶܥ = 1448 ܾℎ଻ߙଶߩ − 180 ܾℎହܥ ,ߩߙ௪ଵ,଴ = 180 ଶℎହߚܩܾ − 16 ℎଷߚܩܾ + ,ℎܩܾ టଶ,଴ܥ = − 1448 ℎ଻ܧଶߙܾ + 140 ℎହܧߙܾ − 112  ,ℎଷܧܾ

ట଴,ଶܥ  = 1448 ℎ଻ߩଶߙܾ − 140 ℎହߩߙܾ + 112 .ℎଷߩܾ ట଴,଴ܥ = 180 ℎହܩଶߚܾ − 16 ℎଷܩߚܾ + .ℎܩܾ   (1.2.40) 

 
The application of the theory taking into account the effects of rotary inertia 

and transverse shear (Timoshenko and Reddy-Bickford model) gives a better 
approximation of solutions which is convenient in the analysis of thick beams in 
which the rotation of cross-sections takes place. 
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Fig. 1.2.5 An elementary part of a cross-sectioned Euler, Rayleigh, Timoshenko and 
Reddy-Bickford beam 

The mathematical model for Euler and Rayleigh beams are based on the 
assumption that the beams’ cross section are always perpendicular to the neutral 
axis, which is not the case with thick beams. In addition to rotary inertia, the 
Timoshenko and Reddy-Bickford models take into account the effects of shear 
forces affecting the rotation of the beams’ cross-sections. Unlike the Timoshenko 
model, the Reddy-Bickford model meets the criteria of shear stress in boundary 
regions. Figure 1.2.5 shows the deformation of fibers in the beams’ cross-section 
according to the type of theory applied. 
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Chapter 2  

Free Vibrations and Stability of an Elastically 
Connected Double-Beam System 

Free oscillations and static stability of two elastically connected beams are 
considered in Chapter 2. At various examples it is shown analytically obtained 
results and impacts of some mechanical parameters of the system on the natural 
frequencies and amplitudes. Verification of obtained results is shown by 
comparison with results of the existed classical models. New scientific 
contribution in this chapter is formulation of the new double-beam model 
described with new derived equations of motion with rotational inertia effects and 
with inertia of rotation with transverse shear (Rayleigh’s model, Timoshenko’s 
model, Reddy - Bickford's model). It is formulized the static stability condition of 
the two elastically connected beams of different types with analytical expressions 
for the various values of critical forces. Numerical experiments confirmed the 
validity of the analytical results obtained by comparing the results of the models 
existing in the literature. From chapter 2 it can be concluded that the effects of 
rotational inertia and transverse shear must be taken into account in the model of 
thick beams because errors that occur by ignoring them are increasing with the 
increasing the mode of vibration. 

2.1   Free Vibration of Two Elastically Connected Rayleigh 
Beams 

Let us analyze the influence of rotary inertia on free transverse vibration of an 
elastically connected double-beam system joined by a Winkler layer, Stojanović et 
al. [12]. Let the two beams be of the same length ݈, and connected by an elastic 
layer with the stiffness modulus ܭ. At its ends, the beams are exposed to axial 
compression forces ܨଵ and ܨଶ as illustrated in Figure 2.1.1. 
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Fig. 2.1.1 An elastically connected double-beam system 

Let the functions of longitudinal and transverse motion of the Rayleigh-beam 
system be as followsݑோଵ(ݕ, ,ݖ ,ݕ)ோଵݓ ,(ݐ ,ݖ ,(ݐ ,ݕ)ோଶݑ  ,ݖ ,ݕ)ோଶݓand (ݐ ,ݖ  .(ݐ
Analogous to the relation (1.2.10), the following applies to the double-beam 
system ݑோଵ(ݕ, ,ݖ (ݐ = ோଵ଴ݑ ,ݖ) (ݐ − ݕ ோଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ,ݕ)ோଵݓ     , ,ݖ (ݐ = ோଵ଴ݓ ,ݖ)  (2.1.1)      ,(ݐ

,ݕ)ோଶݑ ,ݖ (ݐ = ோଶ଴ݑ ,ݖ) (ݐ − ݕ ோଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ,ݕ)ோଶݓ     , ,ݖ (ݐ = ோଶ଴ݓ ,ݖ)  (2.1.2)      .(ݐ

Deformation in the ݖ- direction in the function of motion and the stress-
deformation relation according to the Hooke’s law are as follows ߝ௭ଵ(ݕ, ,ݖ (ݐ = ோଵ଴ݑ߲ ,ݖ) ݖ߲(ݐ − ݕ ߲ଶݓோଵ଴ ,ݖ) ଶݖ߲(ݐ , ,ݕ)௭ଶߝ ,ݖ (ݐ = ோଶ଴ݑ߲ ,ݖ) ݖ߲(ݐ − ݕ ߲ଶݓோଶ଴ ,ݖ) ଶݖ߲(ݐ ,  (2.1.3)

,ݕ)௭ଵߪ ,ݖ (ݐ = ,ݕ)௭ଵߝܧ ,ݖ ,ݕ)௭ଶߪ         ,(ݐ ,ݖ (ݐ = ,ݕ)௭ଶߝܧ ,ݖ  (2.1.4)           .(ݐ

Virtual work of inertial forces is expressed as 

ߜ ௜ܹ௡ଵ = ଵܾߩ− න න ቈ߲ଶݓோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଵ(ݕ, ,ݖ ቉(ݐ ೓భమି ೓భమ,ݖ݀ݕ݀
௟

଴       (2.1.5)
ߜ ௜ܹ௡ଶ = ଶܾߩ− න න ቈ߲ଶݓோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀ .௟

଴    (2.1.6)
Virtual work of internal forces is  

ߜ ௏ܹଵ = −ܾଵ න න ,ݖ)௭ଵߪ ,ݖ)௭ଵߝδ(ݐ ೓భమି ೓భమݖ݀ݕ݀(ݐ ,௟
଴ ߜ ௏ܹଶ = −ܾଶ න න ,ݖ)௭ଶߪ ,ݖ)௭ଶߝδ(ݐ ೓మమିݖ݀ݕ݀(ݐ ೓మమ .௟

଴  (2.1.7)
Virtual work of external forces is given by 

ߜ ௘ܹ௫ଵ = න ቈδݓோଵ଴ ,ݖ) ோଶ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோଵ଴ݓ ,ݖ) ൯(ݐ + ଵܨ ோଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଵ଴ ,ݖ) ݖ߲(ݐ ቉ ,ݖ݀   ௟
଴  (2.1.8) 
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ߜ ௘ܹ௫ଶ = න ቈδݓோଶ଴ ,ݖ) ோଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோଶ଴ݓ ,ݖ) ൯(ݐ + ଶܨ ோଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଶ଴ ,ݖ) ݖ߲(ݐ ቉ ,ݖ݀   ௟
଴  (2.1.9) 

Based on the principle of virtual work ߜ ௜ܹ௡௜ + ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0, ݅ =1,2 and the equations (2.1.5-2.1.9), we have 

                                                               −ܾ1 න න ,ݖ)௭ଵߪ ,ݖ)௭ଵߝδ(ݐ ℎ12ି ℎ12ݖ݀ݕ݀(ݐ −                  ௟
଴  

1ܾߩ−        න න ቈ߲ଶݓோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଵ(ݕ, ,ݖ ቉(ݐ ℎ12ିℎ12        ݖ݀ݕ݀
௟

଴     
+ න ቈδݓோଵ଴ ,ݖ) ோଶ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோଵ଴ݓ ,ݖ) ൯(ݐ + ଵܨ ோଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଵ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,   ௟

଴  (2.1.10)
                                                −ܾ2 න න ,ݖ)௭ଶߪ ,ݖ)௭ଶߝδ(ݐ ℎ22ି ℎ22ݖ݀ݕ݀(ݐ −             ௟

଴       
2ܾߩ−                       න න ቈ߲ଶݓோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଶ(ݕ, ,ݖ ቉(ݐ ℎ22ି ℎ22ݖ݀ݕ݀

௟
଴  

 + න ቈδݓோଶ଴ ,ݖ) ோଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோଶ଴ݓ ,ݖ) ൯(ݐ + ଶܨ ோଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଶ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0.    ௟
଴  (2.1.11)

By successive application of Green’s theorem on the expressions (2.1.10-2.1.11), 
we obtain the equations of transverse vibration for elastically connected Rayleigh-
beam system in the following form ܣߩଵ ߲ଶݓோଵ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଵܫߩ ߲ସݓோଵ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௫ଵܫܧ ߲ସݓோଵ଴ ,ݖ) ସݖ߲(ݐ + ଵܨ ߲ଶݓோଵ଴ ,ݖ) ଶݖ߲(ݐ      

 
ோଵ଴ݓ൫ܭ+  ,ݖ) (ݐ − ோଶ଴ݓ ,ݖ) ൯(ݐ = 0,                                           (2.1.12) 
ଶܣߩ  ߲ଶݓோଶ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଶܫߩ ߲ସݓோଶ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௫ଶܫܧ ߲ସݓோଶ଴ ,ݖ) ସݖ߲(ݐ + ଶܨ ߲ଶݓோଶ଴ ,ݖ) ଶݖ߲(ݐ      

ோଶ଴ݓ൫ܭ+  ,ݖ) (ݐ − ோଵ଴ݓ ,ݖ) ൯(ݐ = 0,                                           (2.1.13) 
 

where ρ is mass density, A the area of a cross-section, ܧ Young’s modulus, ܫ௫ the 
second moment of inertia for the cross-sectional area of the beam for the x-axis. 
The initial and boundary conditions for the elastically connected double-beam 
system composed of simply supported Rayleigh beams are ݓோ௜଴ ,ݖ) 0) = ோଵ଴ݓ݀       ,(ݖ)0݅ݓ ,ݖ) ݐ݀(0 =  (2.1.14)                         ,(ݖ)0݅ݒ
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ோ௜଴ݓ (0, (ݐ = ݀ଶݓோଵ଴ (0, ଶݖ݀(ݐ = ݀ଶݓோଵ଴ (݈, ଶݖ݀(ݐ = ோ௜଴ݓ (݈, (ݐ = 0,    ݅ = 1,2.     (2.1.15) 

Considering the harmonic motion of beams’ points, we assume the solutions to the 
equations (2.1.12) and (2.1.13) as the product of functions 

ோ௜଴ݓ ,ݖ) (ݐ =  ෍ ݅          ,(ݐ)݊݅ܶ(ݖ)ܼ݊ = 1,2,∞
݊=1                         (2.1.16) 

where Tin(t)  is the unknown time function and Zn(z) is the mode shape function ܼ௡(ݖ) = sin(݇௡ݖ),          ݇௡ = ߨ݊ ݈,         ݊ = 1,2,3, …             (2.1.17)⁄  

By substituting the assumed solutions (2.1.16) into the equations for transverse 
vibration of the elastically connected Rayleigh double-beam system (2.1.12) and 
(2.1.13), we get the set of two differential equations in the form 

෍ ቊܬଵ ݀ଶ ଵܶ௡݀ݐଶ + ( ଵܰ − (ଵߟଵܨ ଵܶ௡ − ଵܪ ଶܶ௡ቋ ܼ௡ = 0ஶ
௡ୀଵ ,                (2.1.18) 

෍ ቊܬଶ ݀ଶ ଶܶ௡݀ݐଶ + ( ଶܰ − (ଶߟଶܨ ଶܶ௡ − ଶܪ ଵܶ௡ቋ ܼ௡ = 0ஶ
௡ୀଵ ,               (2.1.19) 

where the following substitutions ݅ = 1,2 have been introduced 

௜ܬ = 1 + ௥௜ଶܥ ݇௡ଶ,   ௜ܰ = ௕௜ଶܥ ݇௡ସ + ,௜ܪ ௜ܪ = ௜ܣߩܭ ௜ߟ   , = ݇௡ଶܣߩ௜ ௥௜ܥ   , = ඨ ௜ܣ௜ܫ , ௕௜ܥ = ඨ  .௜ܣߩ௜ܫܧ
The solutions to differential equations (2.1.18) and (2.1.19) can be assumed in the 
following form  

ଵܶ௡ = ௡݁௝ఠ೙௧,        ଶܶ௡ܥ = ݆        ,௡݁௝ఠ೙௧ܦ = √−1,                     (2.1.20) 

where ߱௡ denotes the natural frequency of the system. If we substitute the 
expression (2.1.20) into equations (2.1.18) and (2.1.19), we get the set of 
homogeneous algebraic equations ( ଵܰ − ଵߟଵܨ − ௡ܥ(ଵ߱௡ଶܬ − ௡ܦଵܪ = 0,                               (2.1.21) ( ଶܰ − ଶߟଶܨ − ௡ܦ(ଶ߱௡ଶܬ − ௡ܥଶܪ = 0.                               (2.1.22) 
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The system of algebraic equations (2.1.21) and (2.1.22) has non-trivial solutions 
when the matrix determinant equals zero. From this condition, the characteristic 
system equation in the form of a fourth-degree polynomial is obtained ܬଵܬଶ߱௡ସ − ( ଵܰܬଶ + ଶܰܬଵ − ଶܬଵߟଵܨ − ଵ)߱௡ଶܬଶߟଶܨ + ( ଵܰ − )(ଵߟଵܨ ଶܰ − (ଶߟଶܨ − ଶܪଵܪ = 0.    (2.1.23) 
The characteristic equation (2.1.23) has two different positive real roots ߱௡ଵଶ = )ଶܬ ଵܰ − (ଵߟଵܨ + )ଵܬ ଶܰ − ଶܬଵܬଶ)2ߟଶܨ           

− ଶܬଵܬ12 ඥ[ܬଶ( ଵܰ − (ଵߟଵܨ − )ଵܬ ଶܰ − ଶ)]ଶߟଶܨ +  ଶ,            (2.1.24)ܪଵܪଶܬଵܬ4

 ߱௡ଶଶ = )ଶܬ ଵܰ − (ଵߟଵܨ + )ଵܬ ଶܰ − ଶܬଵܬଶ)2ߟଶܨ        
+ ଶܬଵܬ12 ඥ[ܬଶ( ଵܰ − (ଵߟଵܨ − )ଵܬ ଶܰ − ଶ)]ଶߟଶܨ +  ଶ .         (2.1.25)ܪଵܪଶܬଵܬ4

The amplitude ratio of vibration mode for each frequency ߱௡ଵ, ߱௡ଶ is given by ߙ௡௜ = ௡ܦ௡ܥ = ଵଵܰܪ − ଵߟଵܨ − ଵ߱௡௜ଶܬ = ଶܰ − ଶߟଶܨ − ଶܪଶ߱௡௜ଶܬ ,   ݅ = 1,2.        (2.1.26) 

The general solution to the system of differential equations (2.1.18) and (2.1.19) is 
in the form of 

ଵܶ௡(ݐ) = ଵ௡݁௝ఠ೙భ௧ܥ + ଶ௡݁ି௝ఠ೙భ௧ܥ + ଷ௡݁௝ఠ೙మ௧ܥ +  ସ௡݁ି௝ఠ೙మ௧,          (2.1.27)ܥ

ଶܶ௡(ݐ) = ଵ௡݁௝ఠ೙భ௧ܦ + ଶ௡݁ି௝ఠ೙భ௧ܦ + ଷ௡݁௝ఠ೙మ௧ܦ +  ସ௡݁ି௝ఠ೙మ௧,         (2.1.28)ܦ

i.e. 

ଵܶ௡(ݐ) = ෍[ܣ௡௜sin(߱௡௜ݐ) + ଶ[(ݐ௡௜߱)௡௜cosܤ
௜ୀଵ ,                      (2.1.29) 

ଶܶ௡(ݐ) = ෍ (ݐ௡௜߱)௡௜sinܣ]௡௜ߙ + ଶ[(ݐ௡௜߱)௡௜cosܤ
௜ୀଵ ,                   (2.1.30) 

where ܣ௡௜ and ܤ௡௜  (i = 1, 2) denote unknown constants. The solutions to the 
system of partial differential equations (2.1.12) and (2.1.13) of free transverse 
vibration of the system made up of two elastically connected simply supported 
beams subjected to rotary inertia are in the following form 
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ோଵ଴ݓ ,ݖ) (ݐ = ෍ (ݐ)1݊ܶ(ݖ)ܼ݊ = ෍ sin(݇݊ݖ) ෍[݅݊ܣsin(߱݊݅ݐ) + 2[(ݐ݅݊߱)cos݅݊ܤ
݅=1 ,∞

݊=1
∞

݊=1  (2.1.31) 
ோଶ଴ݓ ,ݖ) (ݐ = ෍ (ݐ)2݊ܶ(ݖ)ܼ݊ = ෍ sin(݇݊ݖ) ෍ (ݐ݅݊߱)sin݅݊ܣ]݅݊ߙ + 2[(ݐ݅݊߱)cos݅݊ܤ

݅=1
∞

݊=1
∞

݊=1 . (2.1.32) 
Unknown constants ܣ௡௜ and ܤ௡௜  (i = 1, 2) are determined from initial conditions (2.1.14) by using the orthogonality condition of functions expressed by න ܼ௡ܼ௠݀ݔ = න sin(݇௡ݖ)௟

଴
௟

଴ sin(݇௠ݖ)dݖ =  ௡௠ ,              (2.1.33)ߜܿ

ܿ = න ܼ௡ଶ݀ݔ = න [sin(݇௡ݖ)]ଶdݖ = 2݈௟
଴

௟
଴ , 

where ߜ௡௠ is the Kronecker delta function. If we enter the initial conditions 
(2.1.14) into expressions (2.1.31) and (2.1.32), we obtain 

ோଵ଴ݓ ,ݖ) 0) = (ݖ)10ݓ = ෍ sin(݇݊ݖ) ෍ 2݅݊ܤ
ܫ=݅ ,                                             ∞

݊=1  

ோଶ଴ݓ ,ݖ) 0) = (ݖ)20ݓ = ෍ sin(݇݊ݖ) ෍ ݅݊ܤ݅݊ߙ
2

ܫ=݅ ,                       (2.1.34)∞
݊=1  

10ܴݓ݀ ,ݖ) ݐ݀(0 = (ݖ)ଵ଴ݒ = ෍ sin(݇௡ݖ) ෍ ߱௡௜ܣ௡௜ଶ
௜ୀூ ,           ஶ

௡ୀଵ  

20ܴݓ݀ ,ݖ) ݐ݀(0 = (ݖ)ଶ଴ݒ = ෍ sin(݇௡ݖ) ෍ ௡௜ଶܣ௡௜߱௡௜ߙ
௜ୀூ .ஶ

௡ୀଵ               (2.1.35) 

By multiplying the expressions (2.1.34) and (2.1.35) by the eigenfunction ܼ௡, then 
integrating them with respect to z from 0 to l  and using the orthogonality 
condition (2.1.33), we have 2݈ න ଵ଴௟ݓ

଴ sin(݇௡ݖ) ݖ݀ = ෍ ௡௜ଶܤ
௜ୀூ ,                2݈ න ଶ଴௟ݓ

଴ sin(݇௡ݖ) ݖ݀ = ෍ ௡௜,         ଶܤ௡௜ߙ
௜ୀூ (2.1.36) 

2݈ න ଵ଴௟ݒ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ߱௡௜ܣ௡௜ଶ

௜ୀூ ,           2݈ න ଶ଴௟ݒ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ௡௜.ଶܣ௡௜߱௡௜ߙ

௜ୀூ   (2.1.37) 
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After solving the system of equations (2.1.36) and (2.1.37), we determine the 
unknown constants in the following form ܣ௡ଵ = 2߱௡ଵ(ߙ௡ଶ − ݈(௡ଵߙ න ௡ଶߙଵ଴ݒ) − (ଶ଴ݒ sin(݇௡ݖ) dݖ,௟

଴                 (2.1.38) 

௡ଶܣ = 2߱௡ଶ(ߙ௡ଵ − ݈(௡ଶߙ න ௡ଵߙଶ଴ݒ) − (ଵ଴ݒ sin(݇௡ݖ) d(2.1.39)                 ,ݖ௟
଴  

௡ଵܤ = ௡ଶߙ)2 − ݈(௡ଵߙ න ௡ଶߙଵ଴ݓ) − (ଶ଴ݓ sin(݇௡ݖ) dݖ,௟
଴                     (2.1.40) 

௡ଶܤ = ௡ଵߙ)2 − ݈(௡ଶߙ න ௡ଵߙଵ଴ݓ) − (ଶ଴ݓ sin(݇௡ݖ) d(2.1.41)                    .ݖ௟
଴  

2.2   Free Vibrations of Two Elastically Connected Timoshenko 
Beams 

Let us consider the influences of rotary inertia and transverse shear on free 
transverse vibration of the double-beam system elastically connected by a Winkler 
layer, Stojanović et al. [12]. Let, as in the case of the Rayleigh model, the beams 
be of the same length l and connected by an elastic layer of the stiffness modulus 
K. At its ends, the beams are exposed to the action of axial compression forces  ܨଵ and ܨଶ, Figure 2.1.1. Let the functions of longitudinal and transversal  
motion as well as the angle of the cross-section rotation be ்ݑଵ(ݕ, ,ݖ ,ݕ)ଵ்ݓ ,(ݐ ,ݖ ,(ݐ ்߰ଵ଴ ,ݖ) ,(ݐ ,ݕ)ଶ்ݑ ,ݖ ,ݕ)ଶ்ݓ,(ݐ ,ݖ and ்߰ଶ଴ (ݐ ,ݖ)  .respectively (ݐ
Analogous to the relation (1.2.18), the following equations of motion now apply to 
the double-beam system  ்ݑଵ(ݕ, ,ݖ (ݐ = ଵ଴்ݑ ,ݖ) (ݐ + ଵ଴்߰ݕ ,ݖ) ,ݕ)ଵ்ݓ       ,(ݐ ,ݖ (ݐ = ଵ଴்ݓ ,ݖ) ,ݕ)ଶ்ݑ (2.2.1)         ,(ݐ ,ݖ (ݐ = ଶ଴்ݑ ,ݖ) (ݐ + ଶ଴்߰ݕ ,ݖ) ,ݕ)ଶ்ݓ       ,(ݐ ,ݖ (ݐ = ଶ଴்ݓ ,ݖ)  (2.2.2)         .(ݐ

Deformation in the function of motion and the stress-strain ratio according to the 
Hooke’s law are  ߝ௭ଵ(ݖ, (ݐ = ଵ଴்ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ்߲߰ଵ଴ ,ݖ) ݖ߲(ݐ , ,ݖ)௭௬ଵߛ (ݐ = ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ + ்߰ଵ଴ ,ݖ)  (2.2.3) ,(ݐ

,ݖ)௭ଶߝ (ݐ = ଶ଴்ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ்߲߰ଶ଴ ,ݖ) ݖ߲(ݐ , ,ݖ)௭௬ଶߛ (ݐ = ଶ଴்ݓ߲ ,ݖ) ݖ߲(ݐ + ்߰ଶ଴ ,ݖ)  (2.2.4) ,(ݐ
ቄ ௭ଵ߬௭௬ଵቅߪ = ቂܧ 00 ቃܩ݇ ቄ ௭௬ଵቅߛ௭ଵߝ , ቄ ௭ଶ߬௭௬ଶቅߪ = ቂܧ 00 ቃܩ݇ ቄ ௭௬ଶቅߛ௭ଶߝ .         (2.2.5) 
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Virtual work of inertial forces is  

ߜ ௜ܹ௡ଵ = ଵܾߩ− න න ቈ߲ଶ்ݓଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଵ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଵ(ݕ, ,ݖ ቉(ݐ ೓భమି ೓భమ,ݖ݀ݕ݀
௟

଴  (2.2.6)
ߜ ௜ܹ௡ଶ = ଶܾߩ− න න ቈ߲ଶ்ݓଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଶ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀ .௟

଴  (2.2.7)
Virtual work of internal forces is  

ߜ ௏ܹଵ = −ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ೓భమି ೓భమ,ݖ݀ݕ൧݀(ݐ
௟

଴  (2.2.8) 
ߜ ௏ܹଶ = −ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଶߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ೓మమି ೓మమ.ݖ݀ݕ൧݀(ݐ

௟
଴  (2.2.9) 

Virtual work of external forces is given by ߜ ௘ܹ௫ଵ = න ቈδ்ݓଵ଴ ,ݖ) ܭ(ݐ ቀ்ݓଶ଴ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ቁ(ݐ + ଵܨ ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଵ଴ ,ݖ) ݖ߲(ݐ ቉ ௟,ݖ݀
଴ ߜ (2.2.10)   ௘ܹ௫ଶ = න ቈδ்ݓଶ଴ ,ݖ) ܭ(ݐ ቀ்ݓଵ଴ ,ݖ) (ݐ − ଶ଴்ݓ ,ݖ) ቁ(ݐ + ଶܨ ଶ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଶ଴ ,ݖ) ݖ߲(ݐ ቉ ௟,ݖ݀
଴  (2.2.11) 

Substituting the equations (2.2.6-2.2.11) into a general equation of virtual work 
principle ߜ ௜ܹ௡௜ + ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0, ݅ = 1,2 , yields 

−ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ݖ݀ݕ൧݀(ݐ −೓భమି ೓భమ            ௟
଴  

ଵܾߩ− න න ቈ߲ଶ்ݓଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଵ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଵ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +೓భమି ೓భమ
௟

଴               
        + න ቈδ்ݓଵ଴ ,ݖ) ଶ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯(ݐ + ଵܨ ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଵ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,௟

଴  (2.2.12) 
 

   −ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ݖ݀ݕ൧݀(ݐ −೓మమି ೓మమ
௟

଴         
ଶܾߩ− න න ቈ߲ଶ்ݓଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଶ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଶ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +೓మమି ೓మమ

௟
଴        

            + න ቈδ்ݓଶ଴ ,ݖ) ଵ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଶ଴்ݓ ,ݖ) ൯(ݐ + ଶܨ ଶ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଶ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0.௟
଴  (2.2.13) 
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By successive application of Green’s theorem on the expressions (2.2.12-2.2.13), 
we get the equations of the vibration for the system consisting of two elastically 
connected Timoshenko beams in the following form 

ଵܣߩ ߲ଶ்ݓଵ଴ ,ݖ) ଶݐ߲(ݐ − ଵ݇ܣܩ ቆ߲ଶ்ݓଵ଴ ,ݖ) ଶݖ߲(ݐ + ்߲߰ଵ଴ ,ݖ) ݔ߲(ݐ ቇ + ଵܨ ߲ଶ்ݓଵ଴ ,ݖ) ଶݖ߲(ݐ ଵ଴்ݓ൫ܭ+  ,ݖ) (ݐ − ଶ଴்ݓ ,ݖ) ൯(ݐ = 0,                           (2.2.14) 

௫ଵܫߩ ߲ଶ்߰ଵ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଵܫܧ ߲ଶ்߰ଵ଴ ,ݖ) ଶݖ߲(ݐ + ଵ݇ܣܩ ൭்߲ݓଵ଴ ,ݖ) ݖ߲(ݐ + ்߰ଵ଴ ,ݖ) ൱(ݐ = 0,  (2.2.15) 
ଶܣߩ ߲ଶ்ݓଵ଴ ,ݖ) ଶݐ߲(ݐ − ଶ݇ܣܩ ቆ߲ଶ்ݓଶ଴ ,ݖ) ଶݖ߲(ݐ + ்߲߰ଶ଴ ,ݖ) ݔ߲(ݐ ቇ + ଶܨ ߲ଶ்ݓଶ଴ ,ݖ) ଶݖ߲(ݐ ଶ଴்ݓ൫ܭ+  ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯(ݐ = 0,                           (2.2.16) 

௫ଶܫߩ ߲ଶ்߰ଶ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଶܫܧ ߲ଶ்߰ଶ଴ ,ݖ) ଶݖ߲(ݐ + ଶ݇ܣܩ ൭்߲ݓଶ଴ ,ݖ) ݖ߲(ݐ + ்߰ଶ଴ ,ݖ) ൱(ݐ = 0, (2.2.17) 
where ρ is mass density, A the area of a cross-section, ܧ Young’s modulus, ܩ 
shear modulus, ݇ shear factor, ܫ௫ the moment of inertia for the cross-sectional area 
of the beam for the x-axis. The initial and boundary conditions for the two 
elastically connected simply supported Timoshenko beams are ்ݓ௜଴ ,ݖ) 0) = ௜଴்ݓ݀   ,(ݖ)෥݅0ݓ ,ݖ) ݐ݀(0 = ,(ݖ)෤݅0ݒ ߰ܶ݅0 ,ݖ) 0) = ෥߰i0(ݖ) , ݀߰ܶ݅0 ,ݖ) ݐ݀(0 = Θ෥݅0(ݖ),   (2.2.18) 

0݅ܶݓ   (0, (ݐ = 0݅ܶݓ2݀ (0, 2ݖ݀(ݐ = 0݅ܶݓ2݀ (݈, 2ݖ݀(ݐ = 0݅ܶݓ (݈, (ݐ = 0,    ݅ = 1,2,              (2.2.19) 

்݀߰௜଴ (0, ݖ݀(ݐ = ்݀߰௜଴ (݈, ݖ݀(ݐ = 0,    ݅ = 1,2.                        (2.2.20) 

Considering the harmonic motion of beams’ points, we assume the solutions to the 
equations (2.2.14-2.2.17) as the product of functions 
௜଴்ݓ  ,ݖ) (ݐ = ෍ ෤ܶ(ݖ)ܼ݊ 0݅ܶ߰      ,(ݐ)݊݅ ,ݖ) (ݐ = ෍ ෤ܶ(ݖ)݊ߖ ∞,(ݐ)(ݎ)݊݅

݊=1 ݅ = 1,2,∞
݊=1    (2.2.21) 
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where ෨ܶ௜௡(ݐ) and ෨ܶ௜௡(௥)(ݐ) are the unknown time functions, while ܼ௡(ݖ) and ߖ௡(ݖ) are the mode shapes functions  ܼ௡(ݖ) = sin(݇௡ݖ) (ݖ)௡ߖ    , = cos(݇௡ݖ), ݇௡ = ߨ݊ ݈,         ݊ = 1,2,3, …   (2.2.22)⁄  

By substituting the assumed solutions (2.2.21) into the equations of transverse 
vibration of the system composed of two elastically connected Timoshenko beams 
(2.2.14-2.2.17), we get a system of four differential equations of the second degree 
in the form 

൦ܣଵߩ 0 0 00 ߩଶܣ 0 00 0 ߩଵܫ 00 0 0 ൪ߩଶܫ ۔ۖەۖ
ۓ ෨ܶሷଵ௡(ݐ)෨ܶሷଶ௡(ݐ)෨ܶሷଵ௡(௥)(ݐ)෨ܶሷଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ +   
+ ێێێۏ

௡ଶ݇݇ܩଵܣۍ − ଵ݇௡ଶܨ + ܭ ܭ− ௡݇݇ܩଵܣ ܭ−0 ௡ଶ݇݇ܩଶܣ − ଶ݇௡ଶܨ + ܭ 0 ௡݇݇ܩଵܣ௡݇݇ܩଶܣ 0 ݇ܩଵܣ + ଵ݇௡ଶܫܧ 00 ௡݇݇ܩଶܣ 0 ݇ܩଶܣ + ۑۑۑےଶ݇௡ଶܫܧ
ې

۔ۖەۖ
ۓ ෨ܶଵ௡(ݐ)෨ܶଶ௡(ݐ)෨ܶଵ௡(௥)(ݐ)෨ܶଶ௡(௥)(ݐ)ۙۘۖ

ۖۗ = ቐ0000ቑ. 
(2.2.23) 

We assume the solutions of the equation system (2.2.23) in the following form ෨ܶଵ௡ = ሚ௡݁௝ఠ෥ܥ ೙௧,   ෨ܶଶ௡ = ෩௡݁௝ఠ෥ܦ ೙௧,   ෨ܶଵ௡(௥)(ݐ) = ሚ௡(௥)݁௝ఠ෥ܥ ೙௧,      ෨ܶଶ௡(௥)(ݐ) = ෩௡(௥)݁௝ఠ෥ܦ ೙௧, ݆ = √−1.                                                     (2.2.24) 

If we substitute the assumed solutions (2.2.24) into the system of equations (2.2.23), we get a homogeneous set of algebraic equations which has non-trivial 
solutions when the system determinant equals zero 

ێێۏ
௡ଶ݇݇ܩଵܣۍێ − ߩଵܣ ෥߱௡ଶ − ଵ݇௡ଶܨ + ܭ ܭ− ௡݇݇ܩଵܣ ܭ−0 ௡ଶ݇݇ܩଶܣ − ߩଶܣ ෥߱௡ଶ − ଶ݇௡ଶܨ + ܭ 0 ௡݇݇ܩଵܣ௡݇݇ܩଶܣ 0 ݇ܩଵܣ + ଵ݇௡ଶܫܧ − ߩଵܫ ෥߱௡ଶ 00 ௡݇݇ܩଶܣ 0 ݇ܩଶܣ + ଶ݇௡ଶܫܧ − ߩଶܫ ෥߱௡ଶۑۑے

ېۑ
۔ۖەۖ
ۓ ۖۘۙ෩௡(௥)ܦሚ௡(௥)ܥ෩௡ܦሚ௡ܥ

ۖۗ = ൞0000ൢ. (2.2.25) 

Characteristic system equation (2.2.25) is obtained from the conditions for the 
existence of non-trivial solutions in the form of an eighth-degree polynomial. If 
we introduce a substitution  ߣሚ = ෥߱௡ଶ, the frequency equation is  ߣሚସ + ܿ̃ଵߣሚଷ + ܿ̃ଶߣሚଶ + ܿ̃ଷߣሚ + ܿ̃ସ = 0.                                  (2.2.26) 

Constants ܿ̃ଵ, ܿ̃ଶ, ܿ̃ଷ and ܿ̃ସ are given in the Appendix 2.2.1. The polynomial of the 
fourth degree may be factored in the following form  



2.2   Free Vibrations of Two Elastically Connected Timoshenko Beams 27 ൫ߣሚଶ + ሚߣ෤ଵ݌ + ଶߣ෤ଵ൯൫ݍ + ሚߣ෤ଶ݌ + ෤ଶ൯ݍ = 0,                               (2.2.27) 

where ൜݌෤ଵ݌෤ଶൠ = ଵଶ ቈܿ̃ଵ ± ටܿ̃ଵଶ − 4ܿ̃ଶ + 4 ෤߯ଵ቉, 
൜ݍ෤ଵݍ෤ଶൠ = ଵଶ ቈ ෤߯ଵ ± ܿ̃ଵ ෤߯ଵ − 2ܿ̃ଷඥܿ̃ଵଶ − 4ܿ̃ଶ + 4 ෤߯ଵ቉. 

In the expressions ෤߯ଵ  presents one of the roots of the third-degree equation ෤߯ଷ − ܿ̃ଶ ෤߯ଶ + (ܿ̃ଵܿ̃ଷ − 4ܿ̃ସ) ෤߯ + (4ܿ̃ଶܿ̃ସ − ܿ̃ଷଶ − ܿ̃ଵଶܿ̃ସ) = 0.                (2.2.28) 

After factoring the equation (2.2.26), the solutions may be written as a square of 
natural frequencies 

෥߱௡ଵଶ = ሚଵߣ = − ෤ଵ2݌  − ඨ݌෤ଵଶ4 − ,෤ଵݍ ෥߱௡ଶଶ = ሚଶߣ = − ෤ଶ2݌ − ඨ݌෤ଶଶ4 −              , ෤ଶݍ
෥߱௡ଷଶ = ሚଷߣ = − ෤ଶ2݌ + ඨ݌෤ଶଶ4 − ෤ଶ,           ෥߱௡ସଶݍ = ሚସߣ = − ෤ଵ2݌ + ඨ݌෤ଵଶ4 −  ෤ଵ .    (2.2.29)ݍ

The three roots of the equation (2.2.28) are  ෤߯ଵ = ܿ̃ଶ 3⁄ + 2ට− ෨ܳcos൫ߠ෨ 3⁄ ൯,  
෤߯ଶ = ܿ̃ଶ 3⁄ + 2ට− ෨ܳcosൣ൫ߠ෨ + ൯ߨ2 3⁄ ൧,                        (2.2.30) 

෤߯ଷ = ܿ̃ଶ 3⁄ + 2ට− ෨ܳcosൣ൫ߠ෨ + ൯ߨ4 3⁄ ൧, 
where ߠ෨ = ଵିݏ݋ܿ ቆ ሚܵ ට− ෨ܳଷൗ ቇ,      ෨ܳ = −ଵଽ(ܿ̃ଶଶ − 3ܿ̃ଵܿ̃ଷ + 12ܿ̃ସ),                       ሚܵ = ଵହସ(2ܿ̃ଶଷ − 9ܿ̃ଵܿ̃ଶܿ̃ଷ + 27ܿ̃ଷଶ + 27ܿ̃ଵଶܿ̃ସ − 72ܿ̃ଶܿ̃ସ). 
By choosing one of the three roots in the expression (2.2.30), we get unique 
solutions to the equation (2.2.26) where four natural frequencies of a system are 

real positive roots ෥߱௡ଵ = ඥߣሚଵ,   ෥߱௡ଶ = ඥߣሚଶ,   ෥߱௡ଷ = ඥߣሚଷ,   ෥߱௡ସ = ඥߣሚସ . The 
amplitude ratio is determined from the equation (2.2.25) for each frequency,  
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Appendix 2.2.2. General solution to the system of differential equations (2.2.23) is 
of the following form ෨ܶଵ௡(ݐ) = ሚଵ௡݁௝ఠ෥ܥ ೙భ௧ + ሚଶ௡݁ି௝ఠ෥ܥ ೙భ௧ + ሚଷ௡݁௝ఠ෥ܥ ೙మ௧ + ሚସ௡݁ି௝ఠ෥ܥ ೙మ௧,          (2.2.31) ෨ܶଶ௡(ݐ) = ෩ଵ௡݁௝ఠ෥ܦ ೙భ௧ + ෩ଶ௡݁ି௝ఠ෥ܦ ೙భ௧ + ෩ଷ௡݁௝ఠ෥ܦ ೙మ௧ + ෩ସ௡݁ି௝ఠ෥ܦ ೙మ௧,         (2.2.32) 

෨ܶଵ௡(௥)(ݐ) = ሚଵ௡(௥)݁௝ఠ෥ܥ ೙య௧ + ሚଶ௡(௥)݁ି௝ఠ෥ܥ ೙య௧ + ሚଷ௡(௥)݁௝ఠ෥ܥ ೙ర௧ + ሚସ௡(௥)݁ି௝ఠ෥ܥ ೙ర௧,  (2.2.33) ෨ܶଶ௡(௥)(ݐ) = ෩ଵ௡(௥)݁௝ఠ෥ܦ ೙య௧ + ෩ଶ௡(௥)݁ି௝ఠ෥ܦ ೙య௧ + ෩ଷ௡(௥)݁௝ఠ෥ܦ ೙ర௧ + ෩ସ௡(௥)݁ି௝ఠ෥ܦ ೙ర௧, (2.2.34) 
    i.e. 

෨ܶଵ௡(ݐ) = ෍ൣܣሚ௡௜sin( ෥߱௡௜ݐ) + )෨௡௜cosܤ ෥߱௡௜ݐ)൧ଶ
௜ୀI ,                       (2.2.35) 

෨ܶଶ௡(ݐ) = ෍ )ሚ௡௜sinܣ෤௡௜ൣߙ ෥߱௡௜ݐ) + )෨௡௜cosܤ ෥߱௡௜ݐ)൧ଶ
௜ୀI ,                   (2.2.36) 

෨ܶଵ௡(௥)(ݐ) = ෍ൣܣሚ௡௚sin൫ ෥߱௡௚ݐ൯ + ෨௡௚cos൫ܤ ෥߱௡௚ݐ൯൧ସ
௚ୀଷ ,                  (2.2.37) 

෨ܶଶ௡(௥)(ݐ) = ෍ ሚ௡௚sin൫ܣ෤௡௚ൣߙ ෥߱௡௚ݐ൯ + ෨௡௚cos൫ܤ ෥߱௡௚ݐ൯൧,ସ
௚ୀଷ              (2.2.38) 

where ܣሚ௡௜,ܤ෨௡௜,ܣሚ௡௚ and ܤ෨௡௚ (i = 1, 2; g=3, 4;) are unknown constants. The 
solutions to the set of partial differential equations of free transverse vibrations for 
the system composed of two elastically connected simply supported beams 
considering the effects of rotary inertia and transverse shear are  

ଵ଴்ݓ ,ݖ) (ݐ = ෍ (ݐ)෤ܶ1݊(ݖ)ܼ݊ = ෍ sin(݇݊ݖ) ෍[ܣ෤݊݅sin(෥߱݊݅ݐ) + 2[(ݐ෥߱݊݅)෥݊݅cosܤ
݅=1 ,∞

݊=1
∞

݊=1  (2.2.39) 
ଶ଴்ݓ ,ݖ) (ݐ = ෍ (ݐ)෤ܶ2݊(ݖ)ܼ݊ = ෍ sin(݇݊ݖ) ෍ (ݐ෥߱݊݅)෤݊݅sinܣ]෤݊݅ߙ + 2[(ݐ෥߱݊݅)෥݊݅cosܤ

݅=1
∞

݊=1
∞

݊=1 .    (2.2.40) 
்߰ଵ଴ ,ݖ) (ݐ = ෍ (ݖ)௡ߖ ෨ܶଵ௡(௥)(ݐ) = ෍ cos(݇௡ݖ) ෍ൣܣሚ௡௚sin൫ ෥߱௡௚ݐ൯ + ෨௡௚cos൫ܤ ෥߱௡௚ݐ൯൧ସ

௚ୀଷ ,ஶ
௡ୀଵ

ஶ
௡ୀଵ   (2.2.41) 

்߰ଶ଴ ,ݖ) (ݐ =  ෍ (ݖ)௡ߖ ෨ܶଶ௡(௥)(ݐ) = ෍ cos(݇௡ݖ) ෍ ሚ௡௚sin൫ܣ෤௡௚ൣߙ ෥߱௡௚ݐ൯ + ෨௡௚cos൫ܤ ෥߱௡௚ݐ൯൧ସ
௚ୀଷ

ஶ
௡ୀଵ

ஶ
௡ୀଵ . (2.2.42) 
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The unknown constants ܣሚ௡௜,ܤ෨௡௜,ܣሚ௡௚ and ܤ෨௡௚ (i = 1, 2; g=3, 4) are determined 
based on initial conditions (2.2.18) using the orthogonality condition for 
trigonometric functions න ܼ௡ܼ௠݀ݔ = න sin(݇௡ݖ)௟

଴
௟

଴ sin(݇௠ݖ)dݖ =                                  , ௡௠ߜܿ
ܿ = න ܼ௡ଶ݀ݔ = න [sin(݇௡ݖ)]ଶdݖ = 2݈௟

଴
௟

଴ , ܿ = න ݖ௡ଶ݀ߖ = න [cos(݇௡ݖ)]ଶdݖ = 2݈௟
଴

௟
଴ .  (2.2.43) 

where ߜ௡௠ is the Knocker delta function. If we substitute the initial conditions 
(2.2.18) into the expressions (2.2.39 − 2.2.42), we obtain ்ݓଵ଴ ,ݖ) 0) = (ݖ)෥10ݓ = ෍ sin(݇݊ݖ) ෍ ෥݊݅2ܤ

݅=1 , ଶ଴்ݓ ,ݖ) 0) = (ݖ)෥20ݓ = ෍ sin(݇݊ݖ) ෍ ෥݊݅ܤ෤݊݅ߙ
2

݅=1
∞

݊=1  ,      ∞
݊=1  

ሶݓ ்ଵ଴ ,ݖ) 0) = (ݖ)෤ଵ଴ݒ = ෍ sin(݇௡ݖ) ෍ ෥߱௡௜ܣሚ௡௜ଶ
௜ୀଵ , ሶݓ ்ଶ଴ ,ݖ) 0) = (ݖ)෤ଶ଴ݒ = ෍ sin(݇௡ݖ) ෍ ෤௡௜ߙ ෥߱௡௜ܣሚ௡௜ଶ

௜ୀଵ
ஶ

௡ୀଵ ,    ஶ
௡ୀଵ  

்߰ଵ଴ ,ݖ) 0) = ෨߰ଵ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෨௡௚ସܤ
௚ୀଷ , ்߰ଶ଴ ,ݖ) 0) = ෨߰ଶ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෨௡௚,ସܤ෤௡௚ߙ

௚ୀଷ
ஶ

௡ୀଵ
ஶ

௡ୀଵ  

ሶ߰ ்ଵ଴ ,ݖ) 0) = Θ෩ଵ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෥߱௡௚ܣሚ௡௚ସ
௚ୀଷ , ሶ߰ ்ଶ଴ ,ݖ) 0) = Θ෩ଶ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෤௡௚ߙ ෥߱௡௚ܣሚ௡௚ସ

௚ୀଷ .ஶ
௡ୀଵ

ஶ
௡ୀଵ  (2.2.44) 

By multiplying the expression (2.2.44) by appropriate eigenfunctions ܼ௡, i.e. ߖ௡ 
then integrating it with respect to z from 0 to l  and using the orthogonality 
condition (2.2.43), we have 

2݈ න ෥ଵ଴௟ݓ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ෨௡௜ଶܤ

௜ୀଵ ,    2݈ න ෥ଶ଴௟ݓ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ෨௡௜,ଶܤ෤௡௜ߙ

௜ୀଵ    (2.2.45) 
2݈ න ෤ଵ଴௟ݒ

଴ sin(݇௡ݖ) ݖ݀ = ෍ ෥߱௡௜ܣሚ௡௜ଶ
௜ୀଵ , 2݈ න ෤ଶ଴௟ݒ

଴ sin(݇௡ݖ) ݖ݀ = ෍ ෤௡௜ߙ ෥߱௡௜ܣሚ௡௜,    ଶ
௜ୀଵ  (2.2.46) 

2݈ න ෨߰ଵ଴௟
଴ cos(݇௡ݖ) ݖ݀ = ෍ ෨௡௚ସܤ

௚ୀଷ , 2݈ න ෨߰ଶ଴௟
଴ cos(݇௡ݖ) ݖ݀ = ෍ ෨௡௚,ସܤ෤௡௚ߙ

௚ୀଷ   (2.2.47) 
2݈ න Θ෩ଵ଴௟

଴ cos(݇௡ݖ) ݖ݀ = ෍ ෥߱௡௚ܣሚ௡௚ସ
௚ୀଷ , 2݈ න Θ෩ଶ଴௟

଴ cos(݇௡ݖ) ݖ݀ = ෍ ෤௡௚ߙ ෥߱௡௚ܣሚ௡௚.ସ
௚ୀଷ    (2.2.48) 
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After solving the system of equations (2.2.45-2.2.48), the unknown constants 
are obtained in the following form ܣሚ௡ଵ = 2෥߱௡ଵ(ߙ෤௡ଶ − ݈(෤௡ଵߙ න ෤௡ଶߙ෤ଵ଴ݒ) − (෤ଶ଴ݒ sin(݇௡ݖ) dݖ,௟

଴  

ሚ௡ଶܣ = 2෥߱௡ଶ(ߙ෤௡ଵ − ݈(෤௡ଶߙ න ෤௡ଵߙ෤ଶ଴ݒ) − (෤ଵ଴ݒ sin(݇௡ݖ) dݖ,௟
଴  

෨௡ଵܤ = ෤௡ଶߙ)2 − ݈(෤௡ଵߙ න ෤௡ଶߙ෥ଵ଴ݓ) − (෥ଶ଴ݓ sin(݇௡ݖ) dݖ,    ௟
଴  

෨௡ଶܤ = ෤௡ଵߙ)2 − ݈(෤௡ଶߙ න ෤௡ଵߙ෥ଵ଴ݓ) − (෥ଶ଴ݓ sin(݇௡ݖ) dݖ,௟
଴  

ሚ௡ଷܣ = 2෥߱௡ଷ(ߙ෤௡ସ − ݈(෤௡ଷߙ න ൫Θ෩ଵ଴ߙ෤௡ସ − Θ෩ଶ଴൯ cos(݇௡ݖ) dݖ,௟
଴  

ሚ௡ସܣ = 2෥߱௡ସ(ߙ෤௡ଷ − ݈(෤௡ସߙ න ൫Θ෩ଶ଴ߙ෤௡ଷ − Θ෩ଵ଴൯ cos(݇௡ݖ) dݖ,     ௟
଴  

෨௡ଷܤ = ෤௡ସߙ)2 − ݈(෤௡ଷߙ න ൫Θ෩ଵ଴ߙ෤௡ସ − Θ෩ଶ଴൯ cos(݇௡ݖ) dݖ,   ௟
଴  

෨௡ସܤ = ෤௡ଷߙ)2 − ݈(෤௡ସߙ න ൫Θ෩ଵ଴ߙ෤௡ଷ − Θ෩ଶ଴൯ cos(݇௡ݖ) dݖ.௟
଴            (2.2.49) 

2.3   Free Vibrations of Two Elastically Connected  
Reddy-Bickford Beams 

2.3   Free Vibrations of Two Elastical ly Connected Reddy-Bic kford Beams 

Let, as in the case of the Timoshenko model, the beams be of the same length ݈  
and connected by an elastic layer with the stiffness modulus K. At its ends, the 
beams are exposed to the action of axial compression forces ܨଵ and ܨଶ, Figure 
2.1.1. Let us label the functions of longitudinal and transverse motion as well as 
the rotation angle of the beam’s cross-section on a neutral line as ݑோ஻ଵ(ݕ, ,ݖ ,ݕ)ோ஻ଵݓ ,(ݐ ,ݖ ,(ݐ  ߰ோ஻ଵ଴ ,ݖ) ,(ݐ ,ݕ)ோ஻ଶݑ  ,ݖ ,ݕ)ோ஻ଶݓ ,(ݐ ,ݖ and ߰ோ஻ଶ଴ (ݐ ,ݖ)  .respectively (ݐ
Analogous to the relation(1.2.29), the following equations of motion apply to the 
double-beam system 

,ݕ)ோ஻ଵݑ ,ݖ (ݐ = ோ஻ଵ଴ݑ ,ݖ) (ݐ + ோ஻ଵ଴߰ݕ ,ݖ) (ݐ − ଷݕߙ ቆ߰ோ஻ଵ଴ ,ݖ) (ݐ + ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,             ݓோ஻ଵ(ݕ, ,ݖ (ݐ = ோ஻ଵ଴ݓ ,ݖ)  (2.3.1)                                         ,(ݐ

,ݕ)ோ஻ଶݑ ,ݖ (ݐ = ோ஻ଶ଴ݑ ,ݖ) (ݐ + ோ஻ଶ଴߰ݕ ,ݖ) (ݐ − ଷݕߙ ቆ߰ோ஻ଶ଴ ,ݖ) (ݐ + ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,            ݓோ஻ଶ(ݕ, ,ݖ (ݐ = ோ஻ଶ଴ݓ ,ݖ)  (2.3.2)                                         .(ݐ
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Deformation in the function of motion and the stress-strain ratio according to the 
Hooke’s law are  ߝ௭ଵ(ݖ, (ݐ = ோ஻ଵ଴ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ߲߰ோ஻ଵ଴ ,ݖ) ݖ߲(ݐ − ଷݕߙ ቆ߲߰ோ஻ଵ଴ ,ݖ) ݖ߲(ݐ + ߲ଶݓோ஻ଵ଴ ,ݖ) ଶݖ߲(ݐ ቇ,  (2.3.3) 

,ݖ)௭௬ଵߛ (ݐ = ߰ோ஻ଵ଴ ,ݖ) (ݐ + ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ − ଶݕߚ ቆ߰ோ஻ଵ଴ ,ݖ) (ݐ + ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,  (2.3.4) 
,ݖ)௭ଶߝ (ݐ = ோ஻ଶ଴ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ߲߰ோ஻ଶ଴ ,ݖ) ݖ߲(ݐ − ଷݕߙ ቆ߲߰ோ஻ଶ଴ ,ݖ) ݖ߲(ݐ + ߲ଶݓோ஻ଶ଴ ,ݖ) ଶݖ߲(ݐ ቇ, (2.3.5) 

,ݖ)௭௬ଶߛ (ݐ = ߰ோ஻ଶ଴ ,ݖ) (ݐ + ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ − ଶݕߚ ቆ߰ோ஻ଶ଴ ,ݖ) (ݐ + ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,  (2.3.6) 
ቄ ௭ଵ߬௭௬ଵቅߪ = ቂܧ 00 ቃܩ ቄ ௭௬ଵቅߛ௭ଵߝ , ቄ ௭ଶ߬௭௬ଶቅߪ = ቂܧ 00 ቃܩ ቄ  ௭௬ଶቅ.               (2.3.7)ߛ௭ଶߝ

Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ଵ = ଵܾߩ− න න ቈ߲ଶݓோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଵ(ݕ, ,ݖ ቉(ݐ ೓భమି ೓భమ,ݖ݀ݕ݀
௟

଴  (2.3.8)
ߜ ௜ܹ௡ଶ = ଶܾߩ− න න ቈ߲ଶݓோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀ .௟

଴  (2.3.9)
Virtual work of internal forces is  ߜ ௏ܹଵ = −ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ೓భమି ೓భమݖ݀ݕ൧݀(ݐ

௟
଴ ,  (2.3.10)

ߜ ௏ܹଶ = −ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଶߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ೓మమି ೓మమ.ݖ݀ݕ൧݀(ݐ
௟

଴  (2.3.11)
irtual work of external forces is expressed as ߜ ௘ܹ௫ଵ = න ቈδݓோ஻ଵ଴ ,ݖ) ଶ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯(ݐ + ଵܨ ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଵ଴ ,ݖ) ݖ߲(ݐ ቉ ,ݖ݀   ௟

଴  (2.3.12) 
ߜ ௘ܹ௫ଶ = න ቈδݓோ஻ଶ଴ ,ݖ) ோ஻ଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோ஻ଶ଴ݓ ,ݖ) ൯(ݐ + ଶܨ ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଶ଴ ,ݖ) ݖ߲(ݐ ቉ ,ݖ݀     ௟

଴  (2.3.13) 
By substituting the equations (2.3.8-2.3.11) into a general equation based on the 
virtual work principle ߜ ௜ܹ௡௜ + ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0, ݅ = 1,2 , we get  

−ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ݖ݀ݕ൧݀(ݐ −            ೓భమି ೓భమ
௟

଴  

ଵܾߩ− න න ቈ߲ଶݓோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻ଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻ଵ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +೓భమି ೓భమ
௟

଴               
+ න ቈδݓோ஻ଵ଴ ,ݖ) ோ஻ଶ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோ஻ଵ଴ݓ ,ݖ) ൯(ݐ + ଵܨ ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଵ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,௟

଴  (2.3.14) 
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−ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ݖ݀ݕ൧݀(ݐ −೓మమି ೓మమ
௟

଴         
ଶܾߩ− න න ቈ߲ଶݓோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻ଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻ଶ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +೓మమି ೓మమ

௟
଴           

+ න ቈδݓோ஻ଶ଴ ,ݖ) ோ஻ଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோ஻ଶ଴ݓ ,ݖ) ൯(ݐ + ଶܨ ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଶ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0.௟
଴  (2.3.15) 

By successive application of Green’s theorem on the expressions (2.3.14-2.3.15), 
we get the equations of vibration for the system composed of elastically connected 
Reddy-Bickford beams in the following form 

௪ସ,଴ܥ ߲ସݓோ஻ଵ଴ ,ݖ) ସݖ߲(ݐ + ௪ଶ,ଶܥ ߲ସݓோ஻ଵ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௪ଶ,଴ܥ ߲ଶݓோ஻଴ ,ݖ) ଶݖ߲(ݐ + ௪଴,ଶܥ ߲ଶݓோ஻ଵ଴ ,ݖ) ଶݐ߲(ݐ + టଵ,ଶܥ ߲ଷ߰ோ஻ଵ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ       
టଵ,଴ܥ+ ߲߰ோ஻ଵ଴ ,ݖ) ݖ߲(ݐ + టଷ,଴ܥ ߲ଷ߰ோ஻ଵ଴ ,ݖ) ଷݖ߲(ݐ + ܭ ቀ10ܤܴݓ ,ݖ) (ݐ − 20ܤܴݓ ,ݖ) ቁ(ݐ = 0,  (2.3.16) 

3,0ݓܥ       10ܤܴݓ3߲ ,ݖ)  3ݖ߲(ݐ + 1,2ݓܥ 10ܤܴݓ3߲ ,ݖ) 2ݐ߲ ݖ߲(ݐ + 1,0ݓܥ 10ܤܴݓ߲ ,ݖ) ݖ߲(ݐ + 2߰,0ܥ 10ܤ2ܴ߲߰ ,ݖ) 2ݖ߲(ݐ  

ట଴,ଶܥ+ ߲ଶ߰ோ஻ଵ଴ ,ݖ)  ଶݐ߲(ݐ + ట଴,଴ܥ ߰ோ஻ଵ଴ ,ݖ) (ݐ = 0, (2.3.17) 

௪ସ,଴ܦ ߲ସݓோ஻ଶ଴ ,ݖ) ସݖ߲(ݐ + ௪ଶ,ଶܦ ߲ସݓோ஻ଶ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௪ଶ,଴ܦ ߲ଶݓோ஻ଶ଴ ,ݖ) ଶݖ߲(ݐ + ௪଴,ଶܦ ߲ଶݓோ஻ଶ଴ ,ݖ) ଶݐ߲(ݐ + టଵ,ଶܦ ߲ଷ߰ோ஻ଶ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ  

టଵ,଴ܦ+ ߲߰ோ஻ଶ଴ ,ݖ) ݖ߲(ݐ + టଷ,଴ܦ ߲ଷ߰ோ஻ଶ଴ ,ݖ) ଷݖ߲(ݐ + ܭ ቀ20ܤܴݓ ,ݖ) (ݐ − 10ܤܴݓ ,ݖ) ቁ(ݐ = 0,  (2.3.18) 

௪ଷ,଴ܦ ߲ଷݓோ஻ଶ଴ ,ݖ) ଷݖ߲(ݐ + ௪ଵ,ଶܦ ߲ଷݓோ஻ଶ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ + ௪ଵ,଴ܦ ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ + టଶ,଴ܦ ߲ଶ߰ோ஻ଶ଴ ,ݖ) ଶݖ߲(ݐ ట଴,ଶܦ+  ߲ଶ߰ோ஻ଶ଴ ,ݖ) ଶݐ߲(ݐ + ట଴,଴ܦ ߰ோ஻ଶ଴ ,ݖ) (ݐ = 0,  (2.3.19) 

where ܥ௪ସ,଴ = 1448 ܾଵℎଵ଻ߙଶܥ   ,ܧ௪ଶ,ଶ = − 1448 ܾଵℎଵ଻ߙଶߩ, ௪ଶ,଴ܥ  = − 180 ܾଵߚܩଶℎଵହ + 16 ℎଵଷߚܩܾ − ܾଵܩℎଵ +   ,ଵܨ
௪଴,ଶܥ = ܾଵℎଵߩ, టଵ,ଶܥ = 180 ܾଵℎଵହߩߙ − 1448 ܾଵℎଵ଻ߙଶߩ, టଵ,଴ܥ = − 180 ܾଵߚܩଶℎଵହ + 16 ܾଵߚܩℎଵଷ − ܾଵܩℎଵ, ܥటଷ,଴ = 1448 ܾଵℎଵ଻ߙଶܧ − 180 ܾଵℎଵହܧߙ, ௪ଷ,଴ܥ = 180 ܾଵℎଵହܧߙ − 1448 ܾଵℎଵ଻ߙଶܥ ,ܧ௪ଵ,ଶ = 1448 ܾଵℎଵ଻ߙଶߩ − 180 ܾଵℎଵହߩߙ, ௪ଵ,଴ܥ = 180 ܾଵߚܩଶℎଵହ − 16 ܾଵߚܩℎଵଷ + ܾଵܩℎଵ,  ܥటଶ,଴ = − 1448 ܾଵߙଶܧℎଵ଻ + 140 ܾଵܧߙℎଵହ − 112 ܾଵܧℎଵଷ, ܥట଴,ଶ = 1448 ܾଵߙଶߩℎଵ଻ − 140 ܾଵߩߙℎଵହ + 112 ܾଵߩℎଵଷ, 

ట଴,଴ܥ                 = 180 ܾଵߚଶܩℎଵହ − 16 ܾଵܩߚℎଵଷ + ܾଵܩℎଵ,  (2.3.20) 
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௪ସ,଴ܦ = 1448 ܾଶℎଶ଻ߙଶܦ   ,ܧ௪ଶ,ଶ = − 1448 ܾଶℎଶ଻ߙଶߩ, ௪ଶ,଴ܦ  = − 180 ܾଶߚܩଶℎଶହ + 16 ℎଶଷߚܩܾ − ܾଶܩℎଶ +   ,ଶܨ
௪଴,ଶܦ = ܾଶℎଶߩ, టଵ,ଶܦ = 180 ܾଶℎଶହߩߙ − 1448 ܾଶℎଶ଻ߙଶߩ, టଵ,଴ܦ = − 180 ܾଶߚܩଶℎଶହ + 16 ܾଶߚܩℎଶଷ − ܾଶܩℎଶ, ܦటଷ,଴ = 1448 ܾଶℎଶ଻ߙଶܧ − 180 ܾଶℎଶହܧߙ, ௪ଷ,଴ܦ = 180 ܾଶℎଶହܧߙ − 1448 ܾଶℎଶ଻ߙଶܦ  ,ܧ௪ଵ,ଶ = 1448 ܾଶℎଶ଻ߙଶߩ − 180 ܾଶℎଶହߩߙ, ௪ଵ,଴ܦ = 180 ܾଶߚܩଶℎଶହ − 16 ܾଶߚܩℎଶଷ + ܾଶܩℎଶ,  ܦటଶ,଴ = − 1448 ܾଶߙଶܧℎଶ଻ + 140 ܾଶܧߙℎଶହ − 112 ܾଶܧℎଶଷ, ܦట଴,ଶ = 1448 ܾଶߙଶߩℎଶ଻ − 140 ܾଶߩߙℎଶହ + 112 ܾଶߩℎଶଷ, 

ట଴,଴ܦ             = 180 ܾଶߚଶܩℎଶହ − 16 ܾଶܩߚℎଶଷ + ܾଶܩℎଶ,  (2.3.21)
In the expressions (2.3.20-2.3.21), ρ denotes mass density, A the area of the 
cross-section, ܧ Young’s modulus, and ܩ is the shear modulus.  

Unlike the Euler and the Timoshenko beam theory, which belong to the 
theories of the fourth order, Reddy-Bickford’s is a theory of the sixth order and it 
takes 6 boundary conditions (three for each end of the beam). If we apply the 
variation to constitutive relations (2.3.10-2.3.11) with the virtual work of internal 
forces, we get        − ݖ௭௜݀ܯ݀ + (ܳ௭௜ − (௭௜ܴߚ = 0,         

ߙ− ݀ଶ ௭ܲ௜݀ݖଶ − ݖ݀݀ (ܳ௭௜ − (௭௜ܴߚ = 0,    ݅ = 1,2.                  (2.3.22) 
where   ݅ݖܯ = න ܣ݀݅ݖߪݕ − ,݅ݖܲߙ ݅ݖܳ = න .ܣ݀݅ݕݖ߬

݅ܣ
.

݅ܣ , ݅ݖܲ = න ,ܣ݀݅ݖߪ3ݕ ݅ݖܴ = න .,ܣ݀݅ݕݖ2߬ݕ
݅ܣ

.
݅ܣ  (2.3.23) 

are the bending moment, shear force, resulting stress in normal direction and the 
resulting tangent stress respectively. By substituting the relations (2.3.3-2.3.7) into 
(2.3.23), we get 
௭௜ܯ  = − 180 ℎ݅5ܧܾ݅ߙ 2ݖ߲݅ܤܴݓ2߲ − 1240 ℎ݅2ߙℎ݅3൫3ܧܾ݅ − 20൯ ݖ߲݅ܤܴ߲߰ − ߙ ௭ܲ௜, 

ܳ௭௜ = − 112 ℎ2ߚℎ݅൫ܩܾ݅ − 12൯ ൬߲ݖ߲݅ܤܴݓ +  ,൰݅ܤܴ߰
௭ܲ௜ = − 1448 ℎ݅7ܧܾ݅ߙ 2ݖ߲݅ܤܴݓ2߲ − ℎ݅2ߙℎ݅5൫5ܧܾ݅ − 28൯2240 ݖ߲݅ܤܴ߲߰ ,   

ܴ௭௜ = − 1240 ℎ݅2ߚℎ݅3൫3ܩܾ݅ − 20൯ ൬߲ݖ߲݅ܤܴݓ +  ൰.            (2.3.24)݅ܤܴ߰
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In case of simply supported beams, the moment and the deflection at beam ends 
must equal zero, hence based on the relations (2.3.24) the three conditions follow 
for each beam end: ݅ܤܴݓ = ௭௜ܯ   ,0 = 0, (in order for the moment ܯ௭௜ to equal 
zero, the third condition must be fulfilled given as ௭ܲ௜ = 0). Based on the 
relations (2.3.24), boundary conditions are reduced to the same conditions as 
applied in the case of Timoshenko beam and have the following form ݓோ஻௜଴ (0, (ݐ = ோ஻௜଴ݓ2݀ (0, ଶݖ݀(ݐ = ோ஻௜଴ݓ2݀ (݈, ଶݖ݀(ݐ = ோ஻௜଴ݓ (݈, (ݐ = 0,    ݅ = 1,2,    (2.3.25) 

଴݅ܤܴ߰݀ (0, ݖ݀(ݐ = ଴݅ܤܴ߰݀ (݈, ݖ݀(ݐ = 0, ݅ = 1,2.                    (2.3.26) 

We define initial conditions as 

ோ஻௜଴ݓ ,ݖ) 0) = (ݖ)෥෩௜଴ݓ ோ஻௜଴ݓ݀   , ,ݖ) ݐ݀(0 = ,(ݖ)෤෨௜଴ݒ ߰ோ஻௜଴ ,ݖ) 0) = ෨߰෨୧଴(ݖ), ݀߰ோ஻௜଴ ,ݖ) ݐ݀(0 = Θ෩෩௜଴(ݖ),  (2.3.27) 
Considering the harmonic motion of the beams’ points, we assume the solutions to 
the equations (2.3.16-2.3.19) as the product of functions 

ோ஻௜଴ݓ ,ݖ) (ݐ = ෍ ோ஻௜0߰     ,(ݐ)෤ܶ෨݅݊(ݖ)ܼ݊ ,ݖ) (ݐ = ෍ ∞,(ݐ)(ݎ)෤ܶ෨݅݊(ݖ)݊ߖ
݊=1 ݅ = 1,2,∞

݊=1  (2.3.28)
where ෨ܶ෨ in(t) and ෨ܶ෨௜௡(௥) are unknown time functions whereas Zn(z) and ߖ௡(ݖ) are 
mode shape functions 

ܼ௡(ݖ) = sin(݇௡ݖ),    ߖ௡(ݖ) = cos(݇௡ݖ), ݇௡ = ߨ݊ ݈, ݊ = 1,2,3, …⁄  (2.3.29)
By substituting the assumed solutions (2.3.28) into equations (2.3.16-2.3.19), we 
get a system of four differential equations of the second degree as follows 

൦ݑଵଵ 0 ଵଷݑ 00 ଶଶݑ 0 ଷଵݑଶସݑ 0 ଷଷݑ 00 ସଶݑ 0 ସସݑ
൪

۔ۖەۖ
ۓ ෨ܶ෨ሷଵ௡(ݐ)෨ܶ෨ሷଶ௡(ݐ)෨ܶ෨ሷଵ௡(௥)(ݐ)෨ܶ෨ሷଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ + ൦ݒଵଵ ܭ− ଵଷݒ ܭ−0 ଶଶݒ 0 ଷଵݒଶସݒ 0 ଷଷݒ 00 ସଶݒ 0 ସସݒ
൪ ۔ۖەۖ

ۓ ෨ܶ෨ଵ௡(ݐ)෨ܶ෨ଶ௡(ݐ)෨ܶ෨ଵ௡(௥)(ݐ)෨ܶ෨ଶ௡(௥)(ݐ)ۙۖۘ
ۖۗ = ቐ0000ቑ,    (2.3.30)

where ݑଵଵ = 1448 ଶℎଵ଺݇௡ଶߙଵℎଵ൫ܾߩ + 448൯, ଵଷݑ = ଷଵݑ = ℎଵଶߙଵℎଵହ݇௡(5ܾߩߙ − 28)2240 , 
ଷଷݑ = ℎଵଶߙℎଵଶ(5ߙଵℎଵଷ[3ܾߩ − 56) + 560]6720 , ଶଶݑ = 1448 ଶℎଶ଺݇௡ଶߙଶℎଶ൫ܾߩ + 448൯, 

ଶସݑ = ସଶݑ = ℎଶଶߙଶℎଶହ݇௡൫5ܾߩߙ − 28൯2240 , ସସݑ = ℎଶଶߙℎଶଶ(5ߙଶℎଶଷ(3ܾߩ − 56) + 560)6720 , 
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ଵଵݒ = ܾଵℎଵ݇௡ଶ{15ߙଶܧℎଵ଺݇௡ଶ + ℎଵଶߚℎଵଶ(3ߚ]ܩ28 − 40) + 240]}6720 − ଵ݇௡ଶܨ +  ,ܭ
ଷଵݒ = ଵଷݒ = ܾଵℎଵ݇௡{3ܧߙℎଵସ݇௡ଶ(5ߙℎଵଶ − 28) + ℎଵଶߚℎଵଶ(3ߚ]ܩ28 − 40) + 240]}6720 , 

ଶଶݒ = ܾଶℎଶ݇௡ଶ{15ߙଶܧℎଶ଺݇௡ଶ + ℎଶଶߚℎଶଶ(3ߚ]ܩ28 − 40) + 240]}6720 − ଶ݇௡ଶܨ +  ,ܭ
ସଶݒ = ଶସݒ = ܾଶℎଶ݇௡{3ܧߙℎଶସ݇௡ଶ(5ߙℎଶଶ − 28) + ℎଶଶߚℎଶଶ(3ߚ]ܩ28 − 40) + 240]}6720 , 

ସସݒ = ܾଶℎଶ{ܧℎଶଶ݇௡ଶ[3ߙℎଶଶ(5ߙℎଶଶ − 56) + 560] + ℎଶଶߚℎଶଶ(3ߚ]ܩ28 − 40) + 240]}6720 . 
We assume the solutions to the system of equations (2.3.30) in the following form 

෨ܶ෨ଵ௡ = ሚሚ௡݁௝ఠ෥෩ܥ ೙௧,   ෨ܶ෨ଶ௡ = ෩෩௡݁௝ఠ෥෩ܦ ೙௧,   ෨ܶ෨ଵ௡(௥)(ݐ) = ሚሚ௡(௥)݁௝ఠ෥ܥ ೙௧,     ෨ܶ෨ଶ௡(௥)(ݐ) = ෩෩௡(௥)݁௝ఠ෥෩ܦ ೙௧, ݆ = √−1.  (2.3.31) 

If we substitute the assumed solutions (2.3.28) into the system of equations (2.3.16 − 2.3.19), we get a homogeneous system of algebraic equations which 
has non-trivial solutions when system determinant equals zero 

{ࢉ࡯}൧࢖ࡼൣ = {૙} <=> ێێێۏ
ۍێ ଵଵ݌ ܭ− ଵଷ݌ ܭ−0 ଶଶ݌  0 ଷଵ݌ ଶସ݌ 0 ଷଷ݌  00 ସଶ݌ 0 ۑۑۑےସସ݌

ېۑ
۔ۖەۖ
ۓ ۖۘۙ෩෩௡(௥)ܦሚሚ௡(௥)ܥ෩෩௡ܦሚሚ௡ܥ

ۖۗ = ൞0000ൢ,       (2.3.32) 

where 

ଵଵ݌ = ܾଵℎଵ{݇௡ଶ[15ߙଶℎଵ଺(݇ܧ௡ଶ − ߩ ෥߱෩௡ଶ) + ℎଵଶߚℎଵଶ(3ߚ]ܩ28 − 40) + 240)] − ௡ଶ}6720߱ߩ6720 ଵ݇௡ଶܨ−         +  ,ܭ
ଷଵ݌ = ଵଷ݌ = ܾଵℎଵ݇௡{3ߙℎଵସ(5ߙℎଵଶ − ௡ଶ݇ܧ)(28 − ߩ ෥߱෩௡ଶ) + ℎଵଶߚℎଵଶ(3ߚ]ܩ28 − 40) + 240]}6720 , 

ଶଶ݌  = ܾଶℎଶ{݇௡ଶ[15ߙଶℎଶ଺(݇ܧ௡ଶ − ߩ ෥߱෩௡ଶ) + ℎଶଶߚℎଶଶ(3ߚ]ܩ28 − 40) + 240)] − ߩ6720 ෥߱෩௡ଶ}6720 ଶ݇௡ଶܨ−          +  ,ܭ
ସଶ݌ = ଶସ݌ = ܾଶℎଶ݇௡{3ߙℎଶସ(5ߙℎଶଶ − ௡ଶ݇ܧ)(28 − ߩ ෥߱෩௡ଶ) + ℎଶଶߚℎଶଶ(3ߚ]ܩ28 − 40) + 240]}6720 , 
ସସ݌  = ܾଶℎଶ{ℎଶଶ[3ߙℎଶଶ(5ߙℎଶଶ − 56) + ௡ଶ݇ܧ)[560 − ߩ ෥߱෩௡ଶ) + ℎଶଶߚℎଶଶ(3ߚ]ܩ28 − 40) + 240]}6720 . 
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Frequency system equation (2.3.32) is obtained from the condition for the 
existence of non-trivial solutions Detൣ࢖ࡼ൧ = 0, in the form of an eighth degree 

polynomial. If we introduce a substitution ߣሚሚ = ෥߱෩௡ଶ,  the polynomial may be 
reduced to the following form ߣሚሚସ + ܿ̃ሚଵߣሚሚଷ + ܿ̃ሚଶߣሚሚଶ + ܿ̃ሚଷߣሚሚ + ܿ̃ሚସ = 0.                              (2.3.33) 

Constants ܿ̃ሚଵ, ܿ̃ሚଶ, ܿ̃ሚଷ and ܿ̃ሚସ are given in the Appendix 2.3.1. The fourth degree 
polynomial can be factored as ቀߣሚሚଶ + ሚሚߣ෤෨ଵ݌ + ෤෨ଵቁݍ ቀߣሚሚଶ + ሚሚߣ෤෨ଶ݌ + ෤෨ଶቁݍ = 0,                          (2.3.34) 

where ቊ݌෤෨ଵ݌෤෨ଶቋ = ଵଶ ቈܿ̃ሚଵ ± ටܿ̃ሚଵଶ − 4ܿ̃ሚଶ + 4 ෤߯෨ଵ቉, 
ቊݍ෤෨ଵݍ෤෨ଶቋ = ଵଶ ێێۏ

ۍ ෤߯෨ଵ ± ܿ̃ሚଵ߯ଵ − 2ܿ̃ሚଷටܿ̃ሚଵଶ − 4ܿ̃ሚଶ + 4 ෤߯෨ଵۑۑے
 .ې

In the expressions ෤߯෨ଵ presents one of the roots of a third degree equation ෤߯෨ଷ − ܿଶ ෤߯෨ଶ + (ܿ̃ሚଵܿ̃ሚଷ − 4ܿ̃ሚସ) ෤߯෨ + (4ܿ̃ሚଶܿ̃ሚସ − ܿ̃ሚଷଶ − ܿ̃ሚଵଶܿ̃ሚସ) = 0.              (2.3.35) 

After factoring the equation (2.3.33), the solutions may be written as the square of 
natural frequencies 

෥߱෩௡ଵଶ = ሚሚଵߣ = − ෤෨ଵ2݌  − ඨ݌෤෨ଵଶ4 − ,෤෨ଵݍ ෥߱෩௡ଶଶ = ሚሚଶߣ = − ෤෨ଶ2݌ − ඨ݌෤෨ଶଶ4 −                , ෤෨ଶݍ
෥߱෩௡ଷଶ = ሚሚଷߣ = − ෤෨ଶ2݌ + ඨ݌෤෨ଶଶ4 − ෤෨ଶ,           ෥߱෩௡ସଶݍ = ሚሚସߣ = − ෤෨ଵ2݌ + ඨ݌෤෨ଵଶ4 −  ෤෨ଵ .            (2.3.36)ݍ

The three roots of the equation (2.3.35) are 

෤߯෨ଵ = ܿ̃ሚଶ 3⁄ + 2ට− ෨ܳ෨cos ቀߠ෨෨ 3⁄ ቁ,  
෤߯෨ଶ = ܿ̃ሚଶ 3⁄ + 2ට− ෨ܳ෨cos ቂቀߠ෨෨ + ቁߨ2 3⁄ ቃ,                       (2.3.37) 

෤߯෨ଷ = ܿ̃ሚଶ 3⁄ + 2ට− ෨ܳ෨cos ቂቀߠ෨෨ + ቁߨ4 3⁄ ቃ, 
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where ߠ෨෨ = ଵିݏ݋ܿ ቆ ሚܵሚ ට− ෨ܳ෨ଷൗ ቇ ,      ܳ = −ଵଽ(ܿ̃ሚଶଶ − 3ܿ̃ሚଵܿ̃ሚଷ + 12ܿ̃ሚସ),                        ܵ = ଵହସ(2ܿ̃ሚଶଷ − 9ܿ̃ሚଵܿ̃ሚଶܿ̃ሚଷ + 27ܿ̃ሚଷଶ + 27ܿ̃ሚଵଶܿ̃ሚସ − 72ܿ̃ሚଶܿ̃ሚସ). 
By choosing one of the three roots in the expression (2.3.37), we get unique 
solutions to the equation (2.3.33) where four natural frequencies of the system are 

real positive roots ෥߱෩௡ଵ = ටߣሚሚଵ,   ෥߱෩௡ଶ = ටߣሚሚଶ,   ෥߱෩௡ଷ = ටߣሚሚଷ,   ෥߱෩௡ସ = ටߣሚሚସ .  
Amplitude ratios are determined from the equation (2.3.31) for each frequency, 
Appendix 2.3.2. The general solution to differential equations (2.3.30) is given as ෨ܶ෨ଵ௡(ݐ) = ሚሚଵ௡݁௝ఠ෥෩ܥ ೙భ௧ + ሚሚଶ௡݁ି௝ఠ෥෩ܥ ೙భ௧ + ሚሚଷ௡݁௝ఠ෥෩ܥ ೙మ௧ + ሚሚସ௡݁ି௝ఠ෥෩ܥ ೙మ௧,          (2.3.38) ෨ܶ෨ଶ௡(ݐ) = ෩෩ଵ௡݁௝ఠ෥෩ܦ ೙భ௧ + ෩෩ଶ௡݁ି௝ఠ෥෩ܦ ೙భ௧ + ෩෩ଷ௡݁௝ఠ෥෩ܦ ೙మ௧ + ෩෩ସ௡݁ି௝ఠ෥෩ܦ ೙మ௧,          (2.3.39) 

෨ܶ෨ଵ௡(௥)(ݐ) = ሚሚଵ௡(௥)݁௝ఠ෥෩ܥ ೙య௧ + ሚሚଶ௡(௥)݁ି௝ఠ෥෩ܥ ೙య௧ + ሚሚଷ௡(௥)݁௝ఠ෥෩ܥ ೙ర௧ + ሚሚସ௡(௥)݁ି௝ఠ෥෩ܥ ೙ర௧,  (2.3.40)
෨ܶ෨ଶ௡(௥)(ݐ) = ෩෩ଵ௡(௥)݁௝ఠ෥෩ܦ ೙య௧ + ෩෩ଶ௡(௥)݁ି௝ఠ෥෩ܦ ೙య௧ + ෩෩ଷ௡(௥)݁௝ఠ෥෩ܦ ೙ర௧ + ෩෩ସ௡(௥)݁ି௝ఠ෥෩ܦ ೙ర௧,  (2.3.41)

i.e. 

෨ܶ෨ଵ௡(ݐ) = ෍ ቂܣሚሚ௡௜sin൫ ෥߱෩௡௜ݐ൯ + ෨෨௡௜cos൫ܤ ෥߱෩௡௜ݐ൯ቃଶ
௜ୀI ,                    (2.3.42) 

෨ܶ෨ଶ௡(ݐ) = ෍ ෤෨௡௜ߙ ቂܣሚሚ௡௜sin൫ ෥߱෩௡௜ݐ൯ + ෨෨௡௜cos൫ܤ ෥߱෩௡௜ݐ൯ቃଶ
௜ୀI ,                (2.3.43) 

෨ܶ෨ଵ௡(௥)(ݐ) = ෍ ቂܣሚሚ௡௚sin൫ ෥߱෩௡௚ݐ൯ + ෨෨௡௚cos൫ܤ ෥߱෩௡௚ݐ൯ቃସ
௚ୀଷ ,                (2.3.44) 

෨ܶ෨ଶ௡(௥)(ݐ) = ෍ ෤෨௡௚ߙ ቂܣሚሚ௡௚sin൫ ෥߱෩௡௚ݐ൯ + ෨෨௡௚cos൫ܤ ෥߱෩௡௚ݐ൯ቃ ,ସ
௚ୀଷ            (2.3.45) 

where ܣሚሚ௡௜,ܤ෨෨௡௜,ܣሚሚ௡௚ and ܤ෨෨௡௚ (i = 1, 2; g=3, 4;) are unknown constants. The solutions 
to the partial differential equations for free transverse vibration for the system of two 
elastically connected simply supported beams considering the influences of rotary 
inertia and transverse shear are given as 
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ோ஻ଵ଴ݓ ,ݖ) (ݐ = ෍ ܼ௡(ݖ) ෨ܶ෨ଵ௡(ݐ) = ෍ sin(݇௡ݖ) ෍ ቂܣሚሚ௡௜sin൫ ෥߱෩௡௜ݐ൯ + ෨෨௡௜cos൫ܤ ෥߱෩௡௜ݐ൯ቃଶ
௜ୀଵ ,ஶ

௡ୀଵ
ஶ

௡ୀଵ  (2.3.46)
ோ஻ଶ଴ݓ ,ݖ) (ݐ = ෍ ܼ௡(ݖ) ෨ܶ෨ଶ௡(ݐ) = ෍ sin(݇௡ݖ) ෍ ෤෨௡௜ߙ ቂܣሚሚ௡௜sin൫ ෥߱෩௡௜ݐ൯ + ෨෨௡௜cos൫ܤ ෥߱෩௡௜ݐ൯ቃଶ

௜ୀଵ
ஶ

௡ୀଵ
ஶ

௡ୀଵ . (2.3.47)
߰ோ஻ଵ଴ ,ݖ) (ݐ = ෍ (ݖ)௡ߖ ෨ܶ෨ଵ௡(௥)(ݐ) = ෍ cos(݇௡ݖ) ෍ ቂܣሚሚ௡௚sin൫ ෥߱෩௡௚ݐ൯ + ෨෨௡௚cos൫ܤ ෥߱෩௡௚ݐ൯ቃସ

௚ୀଷ ,ஶ
௡ୀଵ

ஶ
௡ୀଵ  (2.3.48)

߰ோ஻ଶ଴ ,ݖ) (ݐ = ෍ (ݖ)௡ߖ ෨ܶ෨ଶ௡(௥)(ݐ) = ෍ cos(݇௡ݖ) ෍ ෤෨௡௚ߙ ቂܣሚሚ௡௚sin൫ ෥߱෩௡௚ݐ൯ + ෨෨௡௚cos൫ܤ ෥߱෩௡௚ݐ൯ቃସ
௚ୀଷ

ஶ
௡ୀଵ

ஶ
௡ୀଵ .  (2.3.49)

Unknown constants ܣሚሚ௡௜,ܤ෨෨௡௜,ܣሚሚ௡௚ and ܤ෨෨௡௚ (i = 1, 2; g=3,4)  are determined based 
on initial conditions (2.3.27) using the orthogonality condition for trigonometric 
functions න ܼ௡ܼ௠݀ݔ = න sin(݇௡ݖ)௟

଴
௟

଴ sin(݇௠ݖ)dݖ =                                  , ௡௠ߜܿ
ܿ = න ܼ௡ଶ݀ݔ = න [sin(݇௡ݖ)]ଶdݖ = 2݈௟

଴
௟

଴ , ܿ = න ݖ௡ଶ݀ߖ = න [cos(݇௡ݖ)]ଶdݖ = 2݈௟
଴

௟
଴ .  (2.3.50)

where ߜ௡௠ is the Kronecker delta function. If we substitute initial conditions 
(2.3.27) and include them in the expressions (2.3.46 − 2.3.49), we get  

ோ஻ଵ଴ݓ ,ݖ) 0) = (ݖ)෥෩10ݓ = ෍ sin(݇݊ݖ) ෍ ෥෩݊݅2ܤ
݅=1 , ோ஻ଶ଴ݓ ,ݖ) 0) = (ݖ)෥෩20ݓ = ෍ sin(݇݊ݖ) ෍ ෥෩݊݅ܤ෤෨݊݅ߙ

2
݅=1

∞
݊=1  ,                   ∞

݊=1  

ሶݓ ோ஻ଵ଴ ,ݖ) 0) = (ݖ)෤෨10ݒ = ෍ sin(݇݊ݖ) ෍ ෥߱෩݊݅ܣ෤෨݊݅2
݅=1 , ሶݓ ோ஻ଶ଴ ,ݖ) 0) = (ݖ)෤෨20ݒ = ෍ sin(݇݊ݖ) ෍ ෤෨݊݅2ܣ෤෨݊݅෥߱෩݊݅ߙ

݅=1
∞

݊=1 ,             ∞
݊=1  

߰ோ஻ଵ଴ ,ݖ) 0) = ෨߰෨ଵ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෨௡௚ସܤ
௚ୀଷ , ்߰ଶ଴ ,ݖ) 0) = ෨߰෨ଶ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෨෨௡௚,ସܤ෤෨௡௚ߙ

௚ୀଷ
ஶ

௡ୀଵ
ஶ

௡ୀଵ  

ሶ߰ ோ஻ଵ଴ ,ݖ) 0) = Θ෩෩ଵ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෥߱෩௡௚ܣሚሚ௡௚ସ
௚ୀଷ , ሶ߰ோ஻ଵ଴ ,ݖ) 0) = Θ෩෩ଶ଴(ݖ) = ෍ cos(݇௡ݖ) ෍ ෤෨௡௚ߙ ෥߱෩௡௚ܣሚሚ௡௚ସ

௚ୀଷ   .ஶ
௡ୀଵ

ஶ
௡ୀଵ  (2.3.51) 

By multiplying the expression (2.3.51) by appropriate eigenfunctions ܼ௡, i.e. ߖ௡ 
then integrating it with respect to z from 0 to l  and using the orthogonality 
condition (2.3.50), we have 
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      2݈ න ෥෩ଵ଴௟ݓ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ෨෨௡௜ଶܤ

௜ୀூ , 2݈ න ෥෩ଶ଴௟ݓ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ෨෨௡௜,ଶܤ෤෨௡௜ߙ

௜ୀI  (2.3.52) 

   2݈ න ෤෨ଵ଴௟ݒ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ෥߱෩௡௜ܣሚሚ௡௜ଶ

௜ୀI , 2݈ න ෤෨ଶ଴௟ݒ
଴ sin(݇௡ݖ) ݖ݀ = ෍ ෤෨௡௜ߙ ෥߱෩௡௜ܣሚሚ௡௜,ଶ

௜ୀI  (2.3.53) 

    2݈ න ෨߰෨ଵ଴௟
଴ cos(݇௡ݖ) ݖ݀ = ෍ ෨෨௡௚ସܤ

௚ୀIII ,  2݈ න ෨߰෨ଶ଴௟
଴ cos(݇௡ݖ) ݖ݀ = ෍ ෨෨௡௚,ସܤ෤෨௡௚ߙ

௚ୀIII  (2.3.54) 

2݈ න Θ෩෩ଵ଴௟
଴ cos(݇௡ݖ) ݖ݀ = ෍ ෥߱෩௡௚ܣሚሚ௡௚ସ

௚ୀIII , 2݈ න Θ෩෩ଶ଴௟
଴ cos(݇௡ݖ) ݖ݀ = ෍ ෤෨௡௚ߙ ෥߱෩௡௚ܣሚሚ௡௚.ସ

௚ୀIII  (2.3.55) 

After solving the system of equations (2.3.52-2.3.55), we get the unknown 
constants in the following form ܣሚሚ௡ଵ = 2෥߱෩௡ଵ൫ߙ෤෨௡ଶ − ෤෨௡ଵ൯݈ߙ න ൫ݒ෤෨ଵ଴ߙ෤෨௡ଶ − ෤෨ଶ଴൯ݒ sin(݇௡ݖ) dݖ,௟

଴  

ሚሚ௡ଶܣ = 2෥߱෩௡ଶ൫ߙ෤෨௡ଵ − ෤෨௡ଶ൯݈ߙ න ൫ݒ෤෨ଶ଴ߙ෤෨௡ଵ − ෤෨ଵ଴൯ݒ sin(݇௡ݖ) dݖ,௟
଴  

෨෨௡ଵܤ = 2൫ߙ෤෨௡ଶ − ෤෨௡ଵ൯݈ߙ න ൫ݓ෥෩ଵ଴ߙ෤෨௡ଶ − ෥෩ଶ଴൯ݓ sin(݇௡ݖ) dݖ,    ௟
଴  

෨෨௡ଶܤ = 2൫ߙ෤෨௡ଵ − ෤෨௡ଶ൯݈ߙ න ൫ݓ෥෩ଵ଴ߙ෤෨௡ଵ − ෥෩ଶ଴൯ݓ sin(݇௡ݖ) dݖ,௟
଴  

ሚሚ௡ଷܣ = 2෥߱෩௡ଷ൫ߙ෤෨௡ସ − ෤෨௡ଷ൯݈ߙ න ቀΘ෩෩ଵ଴ߙ෤෨௡ସ − Θ෩෩ଶ଴ቁ cos(݇௡ݖ) dݖ,௟
଴  

ሚሚ௡ସܣ = 2෥߱෩௡ସ൫ߙ෤෨௡ଷ − ෤෨௡ସ൯݈ߙ න ቀΘ෩෩ଶ଴ߙ෤෨௡ଷ − Θ෩෩ଵ଴ቁ cos(݇௡ݖ) dݖ,    ௟
଴  

෨෨௡ଷܤ = 2൫ߙ෤෨௡ସ − ෤෨௡ଷ൯݈ߙ න ቀΘ෩෩ଵ଴ߙ෤෨௡ସ − Θ෩෩ଶ଴ቁ cos(݇௡ݖ) dݖ,      ௟
଴  

෨෨௡ସܤ = 2൫ߙ෤෨௡ଷ − ෤෨௡ସ൯݈ߙ න ቀΘ෩෩ଵ଴ߙ෤෨௡ଷ − Θ෩෩ଶ଴ቁ cos(݇௡ݖ) dݖ.௟
଴  
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2.4   Critical Buckling Force of the Two Elastically Connected 
Beams with Numerical Analysis 

2.4   Critical Buc kling Force of the Tw o Elastically Connected Beams  

The conditions for static stability of the system composed of two elastically 
connected beams (of Timoshenko’s or Reddy-Bickford’s type) shall be 
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determined for the case in which the beams’ material properties and transverse 
shear are identical. ܣଵ = ଶܣ = ଵܫ     ,ܣ = ଶܫ = ,ܫ ℎଵ = ℎଶ = ℎ, ܾଵ = ܾଶ = ܾ.           (2.4.1) 

As the compression forces rise, the natural frequency of vibration declines. When 
compression forces equal critical value, the vibration frequency equals zero and 
the beam system is in the state of indifferent equilibrium. If we introduce a new 
label ζ  as the ratio of axial compression force on the second beam and the 
compression force on the first beam (ܨଶ = ζܨଵ , 0 ≤ ζ ≤ 1.), by solving the 
frequency equations (2.2.26) and (2.3.33) under conditions ෥߱௡ = 0, ෥߱෩௡ = 0, we 
get two solutions, the lower of which represents the critical buckling force of the 
system, ref. [12]. 

்[௕௞௥ܨ] = (1 + ζ)(ܥ௕ଶ݇௡ସ + (ܴܪ − ඥ(1 + ζ)ଶ(ܥ௕ଶ݇௡ସ + ଶ(ܴܪ − 4ζܥ௕ଶ݇௡ସ(ܥ௕ଶ݇௡ସ + ܴߟ2ζ(ܴܪ2 .  (2.4.2) 

Critical buckling force of the system composed of two elastically connected 
Reddy-Bickford beams is given in Appendix 2.4.1. Let us analyze the effects of 
rotary inertia and transverse shear for system parameters in references [2- 5]. ܧ = 1 × 10ଵ଴Nmିଶ, ߥ = 0.34, ଴ܭ = 2 × 10ହNmିଶ, ߩ = 2 × 10ଷkgmିଷ,   ܣ = 5 × 10ିଶmଶ, ܫ = 4 × 10ିସmସ,   

 ݈ = 10 m, ܾ = 18 ඨ53 m, ℎଵ = 25 ඨ35 m,                               (2.4.3) 

The values of natural frequencies taking into account the effects of rotary 
inertia and transverse shear of the system composed of two elastically connected 
beams are shown in Tables 2.4.1-2.4.3. In the numerical experiment two set of 
values were used for shear modulus and shear factor, ref. Kaneko [24] in the form ܩ =  ாଶ(ଵାఔ) , ݇ = ହାହఔ଺ାହఔ, which best corresponds to experimental results, and based on 

the beams’ material properties for the example used in reference [12]ܩ = 0.417 ∗10ଵ଴Nmିଶ, ݇ = ହ଺.  Differences in approximate solutions are shown by model in 

Tables 2.4.1-2.4.3 and in set of Figures 2.4.1-2.4.7 where the values for shear 
factor, shear modulus and the stiffness modulus of the Winkler’s layer were taken 
from the Table 2.4.1.  
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Table 2.4.1 The effects of rotary inertia and transverse shear on natural frequencies ω௡୧ 
 of the system composed of two elastically connected beams [ଵିݏ]

 

Table 2.4.2 Differences in approximate solutions for the system of beams with the 
thickness of h=5h1  on natural frequencies of the system ω௡௜[ିݏଵ]   

 
 
In Table 2.4.1 a small difference can be seen in the approximations of solutions 

for natural frequencies for different values of shear factor in Timoshenko and 
Reddy-Bickford models. A more significant difference is noticeable in thicker 
beams (Table 2.4.2) where the Euler and Rayleigh model fail to give satisfactory 
approximations. 
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Table 2.4.3 Differences in approximate solutions of the second natural frequency of the 
system ω௡ଶ [ିݏଵ]  for the beam system joined by a Winkler layer with different stiffness 
modulus K  

 



2.4   Critical Buckling Force of the Two Elastically Connected Beams 43 

 

               (a) 

 

             (b) 

Fig. 2.4.1 a) The influence of beam thickness  ߦ on natural frequencies of the system ω௡௜ 
 on natural frequencies of the ߦ for the first mode b) The influence of beam thickness [ଵିݏ]
system ω௡௜ [ିݏଵ]  for the first mode 
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                (a) 

 
               (b) 

Fig. 2.4.2 a) The influence of beam’s thickness factor ߦ on natural frequencies  ω௡௜ [ିݏଵ] 
of the system for the third mode b) The influence of beam’s thickness factor ߦ on natural 
frequencies ω௡௜ [ିݏଵ]  of the system for the third mode 
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              (a) 

 

 
              (b) 

Fig. 2.4.3 a) The influence of beam thickness ߦ on natural frequencies ω௡௜ [ିݏଵ] of the 
system for the fifth mode b) The influence of beam thickness ߦ on natural frequencies ω௡௜ 
 of the system for the fifth mode [ଵିݏ]
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The considered models offer almost the same approximate solutions in lower 
modes, although the difference significantly increases in thicker beams. In a set of 
figures 2.4.1-2.4.3 the changes in natural frequencies were shown depending on 
beam thickness factor ߦ = ℎ/݈ in different modes. It can be concluded that with 
the ߦ values higher than 0.2, a significant difference occurs between the results 
obtained for Euler and Rayleigh model on the one hand, and quite better 
approximations obtained for Timoshenko and Reddy-Bickford model on the other.  

 

 

Fig. 2.4.4 Transverse motion of beam’s centre lines for the sum of the first seven members 
of the order with the given initial conditions  ݐ = ,ݏ10 ଵ଴ݓ = 0.1݉, ଶ଴ݓ = 0.2݉, ଵ଴ݒ  =1 ݉ ⁄ݏ , ଶ଴ݒ = 2 ݉ ⁄.ݏ  

 
Fig. 2.4.5 Transverse motion of beam’s centre lines for the sum of the first seven members 
of the order with the given initial conditions  ݐ = ,ݏ15 ଵ଴ݓ = 0.1݉, ଶ଴ݓ = 0.2݉, ଵ଴ݒ  =1 ݉ ⁄ݏ , ଶ଴ݒ = 2 ݉ ⁄.ݏ   

 
Fig. 2.4.6 Transverse motion of beam’s centre lines for the sum of the first seven members 
of the order with the given initial conditions  ݐ = ,ݏ20 ଵ଴ݓ = 0.1݉, ଶ଴ݓ = 0.2݉, ଵ଴ݒ  =1 ݉ ⁄ݏ , ଶ଴ݒ = 2 ݉ ⁄.ݏ   
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Fig. 2.4.7 Transverse motion of beam’s centre lines for the sum of the first seven members 
of the order with the given initial conditions ݐ = ,ݏ25 ଵ଴ݓ = 0.1݉, ଶ଴ݓ = 0.2݉, ଵ଴ݒ  =1 ݉ ⁄ݏ , ଶ଴ݒ = 2 ݉ ⁄.ݏ   

The set of Figures 2.4.1-2.4.3 show changes in the frequency up to the value ߦ = 1 as in such cases it is possible to analyze the frequencies of elastic bodies 
whose all three spatial dimensions are close. This dimension ratio can be seen in 
multi-span beams [27] when the distances between the supports are small 
compared to beam thickness or at the vibration of hulls on small wave-lengths. 
Figures 2.4.4-2.4.6 show transverse motion of the beams’ centre lines for different 
models at different times determined for the first 7 members of the order in the 
sum under set initial conditions. It can be concluded that with different model 
types there is a difference between transverse motions of the beam’s centre lines 
which increases if the greater number of members are taken in the sum.  

 
Fig. 2.4.8 The influence of axial compression forces ζ  on the critical force ratio ܨ௕௖௥ ௡ܲ⁄  in 
modes 1, 2 and 3 (ℎ = ℎଵ, Timoshenko model)  
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Fig. 2.4.9 The influence of axial compression forces ζ  on the critical force ratio ܨ௕௞௥ ௡ܲ⁄  in 
modes 1, 2 and 3 (ℎ = ℎଵ, Reddy-Bickford model)   

 

Fig. 2.4.10 The influence of axial compression forces ζ  on the critical force ratio ܨ௕௞௥ ௡ܲ⁄  
in modes 1, 2 and 3 (ℎ = 3ℎଵ,Timoshenko model)  
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Fig. 2.4.11 The influence of axial compression forces ζ  on the critical force ratio ܨ௕௞௥ ௡ܲ⁄  
in modes 1, 2 and 3 (ℎ = 3ℎଵ, Reddy-Bickford model)  

 

Fig. 2.4.12 The influence of axial compression forces ζ  on the critical force ratio ܨ௕௞௥ ௡ܲ⁄  
for different beam thickness (Timoshenko model)  
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Fig. 2.4.13 The influence of axial compression forces ζ  on the critical force ratio ܨ௕௞௥ ௡ܲ⁄  
for different beam thickness (Reddy-Bickford model)  

Set of Figures 2.4.8-2.4.13 show the critical force ratio depending on the axial 
compression force on the second beam ζ. It can be concluded that in the critical 
force ratio there is a minor difference between the Timoshenko and Reddy-
Bickford model, and that regardless of beam thickness and the mode in which the 
critical force is considered, both theories can be applied with equal success. The 
general conclusion based on the shown results may be that only the Timoshenko 
and the Reddy-Bickford theory can apply to thicker beams. The advantage of the 
latter is in determining the shear stress for which we do not need the shear factor. 
With the increase of the vibration mode, the best approximate solutions are 
provided by the Reddy-Bickford beam theory. Based on certain differences in 
approximate solutions between the applied theories, the presented results can be 
used in deciding which mathematical model to apply for dynamic consideration of 
the two elastically connected beams.  
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Chapter 3  

Effects of Axial Compression Forces, Rotary 
Inertia and Shear on Forced Vibrations of the 
System of Two Elastically Connected Beams 
Effects of Axial Compress ion Forces, Rotary Inertia and Shear on F orced Vibrations  

 

This chapter covers the solution for forced vibrations of two elastically connected 
beams of Rayleigh’s, Timoshenko’s and Reddy–Bickford’s type under the 
influence of axial forces. Scientific contribution is presented through the analytical 
solutions in forms of three cases of forced vibrations - Harmonic arbitrarily 
continuous excitation, the continuous uniform harmonic excitation and harmonic 
concentrated excitation. Analytical solutions were obtained by using the modal 
analysis method. Based on the results derived in this chapter, it can be made a 
conclusion that the differences in the approximations of the solutions depending of 
the used model gave a good solutions just in cases of Timoshenko’s and Reddy-
Bickford’s theory for thick beams in higher modes also in forced vibrations 
regime and must be taken into account. 

3.1   Forced Vibrations of Two Elastically Connected Rayleigh 
Beams 

Let us analyze the effects of axial compression forces and rotary inertia on forced 
transverse vibration of the system composed of two elastically connected Rayleigh 
beams, Stojanović and Kozić [13]. Let the beams be of the same length l and 
connected by an elastic layer with stiffness modulus K. The beams are exposed to 
forced loads ଵ݂(ݖ, ,ݖ)and ଶ݂ (ݐ  and axial compression forces at their ends as (ݐ
shown in Figure 3.1.1. 

Let the functions of longitudinal and transverse motion of the system composed 
of Rayleigh beams ݑோଵ(ݕ, ,ݖ ,ݕ)ோଵݓ ,(ݐ ,ݖ ,(ݐ ,ݕ)ோଶݑ  ,ݖ ,ݕ)ோଶݓ and (ݐ ,ݖ ,ݕ)ோଵݑ be (ݐ ,ݖ (ݐ = ோଵ଴ݑ ,ݖ) (ݐ − ݕ ோଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ,ݕ)ோଵݓ     , ,ݖ (ݐ = ோଵ଴ݓ ,ݖ)  (3.1.1)        ,(ݐ

,ݕ)ோଶݑ ,ݖ (ݐ = ோଶ଴ݑ ,ݖ) (ݐ − ݕ ோଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ,ݕ)ோଶݓ     , ,ݖ (ݐ = ோଶ଴ݓ ,ݖ)  (3.1.2)        .(ݐ
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Fig. 3.1.1 The system of two elastically connected beams under the influence of forced loads 

Deformation in ݖ direction in the function of motion and the relation between 
stress and deformation according to Hooke’s law are  ߝ௭ଵ(ݕ, ,ݖ (ݐ = ோଵ଴ݑ߲ ,ݖ) ݖ߲(ݐ − ݕ ߲ଶݓோଵ଴ ,ݖ) ଶݖ߲(ݐ , ,ݕ)௭ଶߝ ,ݖ (ݐ = ோଶ଴ݑ߲ ,ݖ) ݖ߲(ݐ − ݕ ߲ଶݓோଶ଴ ,ݖ) ଶݖ߲(ݐ .  (3.1.3) 

,ݕ)௭ଵߪ ,ݖ (ݐ = ,ݕ)௭ଵߝܧ ,ݖ ,ݕ)௭ଶߪ         ,(ݐ ,ݖ (ݐ = ,ݕ)௭ଶߝܧ ,ݖ  (3.1.4)              ,(ݐ

Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ଵ = ଵܾߩ− න න ቈ߲ଶݓோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଵ(ݕ, ,ݖ ቉(ݐ ೓భమି ೓భమ,ݖ݀ݕ݀
௟

଴  (3.1.5)
ߜ ௜ܹ௡ଶ = ଶܾߩ− න න ቈ߲ଶݓோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀ .௟

଴     (3.1.6)
Virtual work of internal forces is expressed as  

ߜ ௏ܹଵ = −ܾଵ න න ,ݖ)௭ଵߪ ,ݖ)௭ଵߝδ(ݐ ೓భమି ೓భమݖ݀ݕ݀(ݐ ,௟
଴ ߜ ௏ܹଶ = −ܾଶ න න ,ݖ)௭ଶߪ ,ݖ)௭ଶߝδ(ݐ ೓మమିݖ݀ݕ݀(ݐ ೓మమ .௟

଴  (3.1.7)
Virtual work of external forces is  ߜ ௘ܹ௫ଵ = න ቂ ଵ݂(ݖ, ோଵ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோଵ଴ ,ݖ) ோଶ଴ݓቀܭ(ݐ ,ݖ) (ݐ − ோଵ଴ݓ ,ݖ) ቁ௟(ݐ

଴  

ଵܨ+  ோଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଵ଴ ,ݖ) ݖ߲(ݐ ቉  (3.1.8)                                                  ,ݖ݀
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ߜ ௘ܹ௫ଶ = න ቂ ଶ݂(ݖ, ோଶ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோଶ଴ ,ݖ) ோଵ଴ݓቀܭ(ݐ ,ݖ) (ݐ − ோଶ଴ݓ ,ݖ) ቁ௟(ݐ
଴  

ଶܨ+ ோଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଶ଴ ,ݖ) ݖ߲(ݐ ቉  (3.1.9)                                                  ,ݖ݀

Based on the principle of virtual work ߜ ௜ܹ௡௜ + ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0, ݅ = 1,2 and 
the equations (3.1.5-3.1.9), we have 

−ܾଵ න න ,ݖ)௭ଵߪ ,ݖ)௭ଵߝδ(ݐ ೓భమି ೓భమݖ݀ݕ݀(ݐ
௟

଴
− ଵܾߩ න න ቈ߲ଶݓோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଵ(ݕ, ,ݖ ቉(ݐ ೓భమି೓భమ      ݖ݀ݕ݀       ௟

଴  

+ න ቈ ଵ݂(ݖ, ோଵ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோଵ଴ ,ݖ) ோଶ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோଵ଴ݓ ,ݖ) ൯(ݐ + ଵܨ ோଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଵ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,௟
଴     (3.1.10) 

−ܾଶ න න ,ݖ)௭ଶߪ ,ݖ)௭ଶߝδ(ݐ ೓మమି ೓మమݖ݀ݕ݀(ݐ
௟

଴
− ଶܾߩ න න ቈ߲ଶݓோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀

௟
଴     

+ න ቈ ଶ݂(ݖ, ோଶ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோଶ଴ ,ݖ) ோଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோଶ଴ݓ ,ݖ) ൯(ݐ + ଶܨ ோଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோଶ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,௟
଴  (3.1.11) 

By successive application of Green’s theorem on expressions (3.1.10-3.1.11) we 
get the equations of transverse vibration for the system of elastically connected 
Rayleigh beams in the form ܣߩଵ ߲ଶݓோଵ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଵܫߩ ߲ସݓோଵ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௫ଵܫܧ ߲ସݓோଵ଴ ,ݖ) ସݖ߲(ݐ + ଵܨ ߲ଶݓோଵ଴ ,ݖ) ଶݖ߲(ݐ  

 
ோଵ଴ݓቀܭ+  ,ݖ) (ݐ − ோଶ଴ݓ ,ݖ) ቁ(ݐ = ,ݖ)1݂  (3.1.12)                          ,(ݐ

ଶܣߩ  ߲ଶݓோଶ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଶܫߩ ߲ସݓோଶ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௫ଶܫܧ ߲ସݓோଶ଴ ,ݖ) ସݖ߲(ݐ + ଶܨ ߲ଶݓோଶ଴ ,ݖ) ଶݖ߲(ݐ  
 
ோଶ଴ݓቀܭ+  ,ݖ) (ݐ − ோଵ଴ݓ ,ݖ) ቁ(ݐ = ,ݖ)2݂  (3.1.13)                        ,(ݐ

where ρ represents mass density, A the area of the cross-section, ܧ Young’s 
modulus, ܫ௫ moment of inertia of the beam’s cross-section area for x-axis. The 
initial and boundary conditions for the system of two elastically connected simply 
supported Rayleigh beams are given by 
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ோ௜଴ݓ ,ݖ) 0) = ோଵ଴ݓ݀       ,0 ,ݖ) ݐ݀(0 = 0,                             (3.1.14) 

ோ௜଴ݓ (0, (ݐ = ݀ଶݓோଵ଴ (0, ଶݖ݀(ݐ = ݀ଶݓோଵ଴ (݈, ଶݖ݀(ݐ = ோ௜଴ݓ (݈, (ݐ = 0,    ݅ = 1,2.     (3.1.15) 

Considering the harmonic motion of beams’ points, the solutions to the equations 
(3.1.12) and (3.1.13) are assumed in the following form 

ோଵ଴ݓ ,ݖ) (ݐ =  ෍ ܼ௡(ݖ) ෍ ௜ܵ௡(ݐ)ଶ
௜ୀூ ,ஶ

௡ୀଵ                                   (3.1.16) 

ோଶ଴ݓ  ,ݖ) (ݐ =  ෍ ܼ௡(ݖ) ෍ ௡௜ߙ ௜ܵ௡(ݐ)ଶ
௜ୀூ ,ஶ

௡ୀଵ                                (3.1.17) 

 
where ௜ܵ௡(ݐ) (݅ = 1,2)  are the unknown time functions with corresponding 
frequencies ߱௡௜  of the Rayleigh model. If we substitute the assumed solutions 
(3.1.16) and (3.1.17) into the non-homogeneous system of partially differential 
equations (3.1.12) and (3.1.13), we get 

෍ ܼ௡(ݖ) ෍ൣܬଵ ሷܵ௜௡ + ( ଵܰ − ଵߟଵܨ − (௡௜ߙଵܪ ௜ܵ௡൧ = ݉ଵ ଵ݂(ݖ, ଶ(ݐ
௜ୀூ ,          (3.1.18)ஶ

௡ୀଵ  

෍ ܼ௡(ݖ) ෍ൣܬଶ ሷܵ௜௡ + ( ଶܰ − ଶߟଶܨ − (௡௜ିଵߙଶܪ ௜ܵ௡൧ߙ௡௜ = ݉ଶ ଶ݂(ݖ, ଶ(ݐ
௜ୀூ ,      (3.1.19)ஶ

௡ୀଵ  

where ݉ଵ = ଵܣߩ1 ,          ݉ଶ = ଶܣߩ1 ଵܪ          , = ଵܣߩܭ ଶܪ         , =  ,  ଶܣߩܭ
ଵܬ  = 1 + ௥ଵଶܥ ݇௡ଶ,          ܬଶ = 1 + ௥ଶଶܥ ݇௡ଶ,         ଵܰ = ௕ଵଶܥ ݇௡ସ + ,ଵܪ ଶܰ = ௕ଶଶܥ ݇௡ସ +   .ଶܪ
௕௜ܥ  = ඨ ௜ܣߩ௜ܫܧ ௥௜ܥ          , = ඨ ௜ܣ௜ܫ ,          ݅ = 1,2. 
 

Multiplying the equations (3.1.18) and (3.1.19) by eigenfunction ܼ௡, then 
integrating them with respect to z from 0 to ݈  and using the orthogonality 
condition, we have 

෍ൣܬଵ ሷܵ௜௡ + ( ଵܰ − ଵߟଵܨ − (௡௜ߙଵܪ ௜ܵ௡൧ = 2 ݉ଵ݈ න ܼ௡௟
଴ ଵ݂(ݖ, ଶݖ݀(ݐ

௜ୀଵ .          (3.1.20) 
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෍ൣܬଶ ሷܵ௜௡ + ( ଶܰ − ଶߟଶܨ − (௡௜ିଵߙଶܪ ௜ܵ௡൧ߙ௡௜ = 2 ݉ଶ݈ න ܼ௡௟
଴ ଶ݂(ݖ, ଶݖ݀(ݐ

௜ୀଵ .       (3.1.21) 

Using the amplitude ratios determined in the previous chapter (2.1.26) and the 
equations (3.1.20) and (3.1.21), we get 

෍ൣ ሷܵ௜௡ + ߱௡௜ଶ ௜ܵ௡൧ = 2 ݉ଵܬଵ݈ න ܼ௡௟
଴ ଵ݂(ݖ, ଶ(ݐ

௜ୀଵ  (3.1.22)                       ,ݖ݀

෍ൣ ሷܵ௜௡ + ߱௡௜ଶ ௜ܵ௡൧ߙ௡௜ = 2 ݉ଶܬଶ݈ න ܼ௡௟
଴ ଶ݂(ݖ, ଶ(ݐ

௜ୀଵ  (3.1.23)                    .ݖ݀

i.e. ሷܵ௜௡ + ߱௡௜ଶ ௜ܵ௡ = ௜ܻ௡(ݐ),      ݅ = 1,2,                             (3.1.24) 

where 

௡ܻଵ(ݐ) = ௡ଶߙ2 − ௡ଵߙ න ௡ଶߙଵܯ] ଵ݂(ݖ, (ݐ − ଶܯ ଶ݂(ݖ, [(ݐ sin(݇௡ݖ) ௟ݖ݀
଴ ,     (3.1.25) 

௡ܻଶ(ݐ) = ௡ଵߙ2 − ௡ଶߙ න ௡ଵߙଵܯ] ଵ݂(ݖ, (ݐ − ଶܯ ଶ݂(ݖ, [(ݐ sin(݇௡ݖ) ௟ݖ݀
଴ ଵܯ (3.1.26)     , = ݉ଵܬଵ݈ , ଶܯ               = ݉ଶܬଶ݈ .                                            

From the equations (3.1.16), (3.1.17), (3.1.25) and (3.1.26) and the solution to the 
equation (3.1.24), ref. [5], the analytical forms of forced vibration of two 
elastically connected Rayleigh beams follow 

ோଵ଴ݓ ,ݖ) (ݐ =  ෍ sin(݇௡ݖ) ෍ 1߱௡௜ න ௡ܻ௜(ݏ)௧
଴

ଶ
௜ୀଵ sin[߱௡௜(ݐ − ஶ,ݏ݀[(ݏ

௡ୀଵ       (3.1.27) 

ோଶ଴ݓ ,ݖ) (ݐ =  ෍ sin(݇௡ݖ) ෍ ௡௜߱௡௜ߙ න ௡ܻ௜(ݏ)௧
଴

ଶ
௜ୀଵ sin[߱௡௜(ݐ − ஶ.ݏ݀[(ݏ

௡ୀଵ        (3.1.28) 

General solutions for forced vibration (3.1.27) and (3.1.28) may be applied in 
analyzing the system under the influence of different types of forced loads. 

3.2   Forced Vibrations of Two Elastically Connected 
Timoshenko Beams 

Let us analyze the effects of axial compression forces, rotary inertia and transverse 
shear on forced transverse vibration of the system of two elastically connected 
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Timoshenko beams, Stojanović and Kozić [13]. Let us introduce the functions of 
longitudinal and transverse motion of the beam’s points as well as the angle of 
rotation for Timoshenko beam’s cross-section ்ݑଵ(ݕ, ,ݖ ,ݕ)ଵ்ݓ ,(ݐ ,ݖ ,(ݐ ்߰ଵ଴ ,ݖ) ,(ݐ ,ݕ)ଶ்ݑ  ,ݖ ,ݕ)ଶ்ݓ ,(ݐ ,ݖ and ்߰ଶ଴ (ݐ ,ݖ)  Equations of .(ݐ
motion are given by  ்ݑଵ(ݕ, ,ݖ (ݐ = ଵ଴்ݑ ,ݖ) (ݐ + ଵ଴்߰ݕ ,ݖ) ,ݕ)ଵ்ݓ       ,(ݐ ,ݖ (ݐ = ଵ଴்ݓ ,ݖ) ,ݕ)ଶ்ݑ (3.2.1)         ,(ݐ ,ݖ (ݐ = ଶ଴்ݑ ,ݖ) (ݐ + ଶ଴்߰ݕ ,ݖ) ,ݕ)ଶ்ݓ       ,(ݐ ,ݖ (ݐ = ଶ଴்ݓ ,ݖ)  (3.2.2)         ,(ݐ

Deformation in the function of motion and the relation between stress and 
deformation according to the Hooke’s law are  ߝ௭ଵ(ݖ, (ݐ = ଵ଴்ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ்߲߰ଵ଴ ,ݖ) ݖ߲(ݐ , ,ݖ)௭௬ଵߛ (ݐ = ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ + ்߰ଵ଴ ,ݖ) (3.2.3)    ,(ݐ

,ݖ)௭ଶߝ (ݐ = ଶ଴்ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ்߲߰ଶ଴ ,ݖ) ݖ߲(ݐ , ,ݖ)௭௬ଶߛ (ݐ = ଶ଴்ݓ߲ ,ݖ) ݖ߲(ݐ + ்߰ଶ଴ ,ݖ) ,(ݐ  (3.2.4)
ቄ ௭ଵ߬௭௬ଵቅߪ = ቂܧ 00 ቃܩ݇ ቄ ௭௬ଵቅߛ௭ଵߝ , ቄ ௭ଶ߬௭௬ଶቅߪ = ቂܧ 00 ቃܩ݇ ቄ  ௭௬ଶቅ.                  (3.2.5)ߛ௭ଶߝ

Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ଵ = ଵܾߩ− න න ቈ߲ଶ்ݓଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଵ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଵ(ݕ, ,ݖ ቉(ݐ ೓భమି ೓భమ,ݖ݀ݕ݀
௟

଴  (3.2.6)
ߜ ௜ܹ௡ଶ = ଶܾߩ− න න ቈ߲ଶ்ݓଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଶ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀ .௟

଴  (3.2.7)
Virtual work of internal forces is expressed as 

ߜ ௏ܹଵ = −ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ೓భమି ೓భమݖ݀ݕ൧݀(ݐ
௟

଴ ,   (3.2.8) 

ߜ ௏ܹଶ = −ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଶߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ೓మమି ೓మమ.ݖ݀ݕ൧݀(ݐ
௟

଴    (3.2.9) 

Virtual work of external forces is  ߜ ௘ܹ௫ଵ = න ൣ ଵ݂(ݖ, ଵ଴்ݓδ(ݐ ,ݖ) (ݐ + δ்ݓଵ଴ ,ݖ) ଶ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯௟(ݐ
଴ ଵܨ+     ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଵ଴ ,ݖ) ݖ߲(ݐ ቉  (3.2.10)                             ,ݖ݀
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ߜ    ௘ܹ௫ଶ = න ൣ ଶ݂(ݖ, ଶ଴்ݓδ(ݐ ,ݖ) (ݐ + δ்ݓଶ଴ ,ݖ) ଵ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଶ଴்ݓ ,ݖ) ൯௟(ݐ
଴  

ଶܨ+ ଶ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଶ଴ ,ݖ) ݖ߲(ݐ ቉  (3.2.11)                        ,ݖ݀

where δ represents variation operator. Substituting the equations (3.2.6-3.2.11) 
into a general equation of the virtual work principle ߜ ௜ܹ௡௜ + ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0,݅ = 1,2 , yields 

−ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ݖ݀ݕ൧݀(ݐ −೓భమି ೓భమ
௟

଴  

ଵܾߩ− න න ቈ߲ଶ்ݓଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଵ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଵ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +            ೓భమି ೓భమ
௟

଴  

+ න ቈ ଵ݂(ݖ, ଵ଴்ݓδ(ݐ ,ݖ) (ݐ + δ்ݓଵ଴ ,ݖ) ଶ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯(ݐ + ଵܨ ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଵ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,௟
଴  (3.2.12) 

−ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ݖ݀ݕ൧݀(ݐ −          ೓మమି ೓మమ
௟

଴  

ଶܾߩ− න න ቈ߲ଶ்ݓଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଶ(ݕ, ,ݖ (ݐ + ߲ଶ்ݑଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଶ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +      ೓మమି ೓మమ
௟

଴  

+ න ൣ ଶ݂(ݖ, ଶ଴்ݓδ(ݐ ,ݖ) (ݐ + δ்ݓଶ଴ ,ݖ) ଵ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଶ଴்ݓ ,ݖ) ൯௟(ݐ
଴ + ଶܨ ଶ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଶ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0. (3.2.13) 

By successive application of Green’s theorem on the expressions (3.2.12-3.2.13), 
we get the equations of forced vibration for the system of elastically connected 
Timoshenko beams as   ܣߩଵ ߲ଶ்ݓଵ଴ ,ݖ) ଶݐ߲(ݐ − ଵ݇ܣܩ ቆ߲ଶ்ݓଵ଴ ,ݖ) ଶݖ߲(ݐ + ்߲߰ଵ଴ ,ݖ) ݔ߲(ݐ ቇ + ଵܨ ߲ଶ்ݓଵ଴ ,ݖ) ଶݖ߲(ݐ ଵ଴்ݓቀܭ+     + ,ݖ) (ݐ − ଶ଴்ݓ ,ݖ) ቁ(ݐ = ,ݖ)1݂  (3.2.14)              ,(ݐ

௫ଵܫߩ ߲ଶ்߰ଵ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଵܫܧ ߲ଶ்߰ଵ଴ ,ݖ) ଶݖ߲(ݐ + ଵ݇ܣܩ ൭்߲ݓଵ଴ ,ݖ) ݖ߲(ݐ + ்߰ଵ଴ ,ݖ) ൱(ݐ = 0,   (3.2.15) 
ଶܣߩ    ߲ଶ்ݓଵ଴ ,ݖ) ଶݐ߲(ݐ − ଶ݇ܣܩ ቆ߲ଶ்ݓଶ଴ ,ݖ) ଶݖ߲(ݐ + ்߲߰ଶ଴ ,ݖ) ݔ߲(ݐ ቇ + ଶܨ ߲ଶ்ݓଶ଴ ,ݖ) ଶݖ߲(ݐ ଶ଴்ݓ൫ܭ+  ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯(ݐ = ଶ݂(ݖ,  (3.2.16)                ,(ݐ
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௫ଶܫߩ ߲ଶ்߰ଶ଴ ,ݖ) ଶݐ߲(ݐ − ௫ଶܫܧ ߲ଶ்߰ଶ଴ ,ݖ) ଶݖ߲(ݐ + ଶ݇ܣܩ ൭்߲ݓଶ଴ ,ݖ) ݖ߲(ݐ + ்߰ଶ଴ ,ݖ) ൱(ݐ = 0.    (3.2.17) 
where material and geometrical properties of the beams have the same labels as in 
the previous chapter. Initial conditions for the system of two elastically connected 
beams are given by main coordinates hereinafter, while the boundary conditions 
for the system are as follows ்ݓ௜଴ (0, (ݐ = ௜଴்ݓ (݈, (ݐ = 0, ݅ = 1,2,                        (3.2.18) ݀ଶ0݅ܶݓ (0, 2ݖ݀(ݐ = ݀ଶ0݅ܶݓ (݈, 2ݖ݀(ݐ = 0,    ݅ = 1,2,                      (3.2.19) 

்݀߰ଵ଴ (0, ݖ݀(ݐ = ்݀߰ଵ଴ (݈, ݖ݀(ݐ = 0,   ݅ = 1,2.                        (3.2.20) 

Considering the harmonic motion of beam’s points, the solutions to the equations 
(3.2.14-3.2.17) are assumed as the product of the following functions ்ݓ௜଴ ,ݖ) (ݐ =  ෍ 0݅ܶ߰      ,(ݐ)෤ܵ݅݊(ݖ)ܼ݊ ,ݖ) (ݐ =  ෍ ∞   ,(ݐ)(ݎ)෤ܵ݅݊(ݖ)݊ߖ

݊=1   ݅ = 1,2,∞
݊=1     (3.2.21) 

where ሚܵ௜௡(ݐ) and ሚܵ௜௡(௥)(ݐ) are unknown time functions, while Zn(z) and ߖ௡(ݖ) are 
mode shape functions  ܼ௡(ݖ) = sin(݇௡ݖ),    ߖ௡(ݖ) = cos(݇௡ݖ), ݇௡ = ߨ݊ ݈,         ݊ = 1,2,3, …  (3.2.22)⁄  

By substituting the assumed solutions (3.2.21) into the equations of system’s 
transverse vibration (3.2.14-3.2.17), multiplying them by eigenfunctions, then 
integrating them from 0 to l  along the beam and using the orthogonality 
condition, we have 

൦ܣଵߩ 0 0 00 ߩଶܣ 0 00 0 ߩଵܫ 00 0 0 ൪ߩଶܫ ۔ۖەۖ
ۓ ሚܵሷଵ௡(ݐ)ሚܵሷଶ௡(ݐ)ሚܵሷଵ௡(௥)(ݐ)ሚܵሷଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ +    
+ ێێۏ

ଵ݇௡ଶܣ݇ܩۍێ − ଵ݇௡ଶܨ + ܭ ܭ− ଵ݇௡ܣ݇ܩ ܭ−0 ଶ݇௡ଶܣ݇ܩ − ଶ݇௡ଶܨ + ܭ 0 ଵ݇௡ܣ݇ܩ−ଶ݇௡ܣ݇ܩ 0 ଵ݇௡ଶܫܧ− − ଵܣ݇ܩ 00 ଶ݇௡ܣ݇ܩ− 0 ଶ݇௡ଶܫܧ− − ۑۑےଶܣ݇ܩ
ېۑ

۔ۖەۖ
ۓ ሚܵଵ௡(ݐ)ሚܵଶ௡(ݐ)ሚܵଵ௡(௥)(ݐ)ሚܵଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ
 

    =
۔ۖۖەۖۖ
2݈ۓ න ܼ௡௟

଴ ଵ݂(ݖ, 2݈ݖ݀(ݐ න ܼ௡௟
଴ ଶ݂(ݖ, 00ݖ݀(ݐ ۙۖۘۖ

ۖۗۖ. (3.2.23) 
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The solutions to the non-homogeneous system of differential equations are 
determined by way of modal analysis described in reference to Kelly [25]. The 
system of equations (3.2.23) may be written in matrix form ൣۻ෩ ൧ ቄ܁෨ሷቅ + ൣ۹෩ ෨ൟ܁൧൛ܛ = {۴},                                    (3.2.24) 

where 

ቄ܁෨ሷ ቅ = ۔ۖەۖ
ۓ ሚܵሷଵ௡(ݐ)ሚܵሷଶ௡(ݐ)ሚܵሷଵ௡(௥)(ݐ)ሚܵሷଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ , ൛܁෨ൟ = ۔ۖەۖ
ۓ ሚܵଵ௡(ݐ)ሚܵଶ௡(ݐ)ሚܵଵ௡(௥)(ݐ)ሚܵଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ , {۴} =
۔ۖۖەۖۖ
2݈ۓ න ܼ௡௟

଴ ଵ݂(ݖ, 2݈ݖ݀(ݐ න ܼ௡௟
଴ ଶ݂(ݖ, 00ݖ݀(ݐ ۙۘۖۖ

ۖۗۖ , ෩ۻൣ ൧ = ൦ܣଵߩ 0 0 00 ߩଶܣ 0 00 0 ߩଵܫ 00 0 0   ,൪ߩଶܫ

ൣ۹෩ ൧ܛ = ێێۏ
ଵ݇௡ଶܣ݇ܩۍێ − ଵ݇௡ଶܨ + ܭ ܭ− ଵ݇௡ܣ݇ܩ ܭ−0 ଶ݇௡ଶܣ݇ܩ − ଶ݇௡ଶܨ + ܭ 0 ଵ݇௡ܣ݇ܩ−ଶ݇௡ܣ݇ܩ 0 ଵ݇௡ଶܫܧ− − ଵܣ݇ܩ 00 ଶ݇௡ܣ݇ܩ− 0 ଶ݇௡ଶܫܧ− − ۑۑےଶܣ݇ܩ

 . ېۑ
The squares of the system’s natural frequencies ෥߱ଵ௡, ෥߱ଶ௡, ෥߱ଷ௡ and ෥߱ସ௡ represent 

eigenvalues in the matrix ൣۻ෩ ൧ି૚ൣ۹෩  ൧ . Non-homogeneous system of differentialܛ
equations with corresponding generalized coordinates ൛܁෨ൟ may be translated into 
the system of main coordinates ݌෤௝௡(ݐ), ݆ = 1,2,3,4, by introducing modal 
matrixes of the system ൣ۾෩൧ =  ෩ସ൧ the columns of which represent܆෩ଷ܆෩ଶ܆෩ଵ܆ൣ
normalized mode shapes. ൛܁෨(ݐ)ൟ = ෍ ෩௝ൟ.                                    (3.2.25)ସ܆൛(ݐ)෤௝௡݌

௝ୀଵ  

Transformation (3.2.25) is equivalent to linear transformation between generalized 
and main coordinates of the system ൛܁෨(ݐ)ൟ =  (3.2.26)                                        .{(ݐ)෥ܘ}෩൧۾ൣ

By substituting the equation (3.2.26) into the system (3.2.24), we get 

෍ ෩ۻൣ(ݐ)෤ሷ௝௡݌ ൧൛܆෩௝ൟ + ෍ ۹෩ൣ(ݐ)෤௝௡݌ ෩௝ൟ܆൧൛ࡿ = {۴}ସ
௝ୀଵ .                       (3.2.27)ସ

௝ୀଵ  

If we multiply both sides of the expression by a scalar {܆௥}for arbitrary r=1,2,3,4, 
we get: 

෍ ,෩௥ൟ܆൫൛(ݐ)෤ሷ௝௡݌ ෩ۻൣ ൧൛܆෩௝ൟ൯ + ෍ ,෩௥ൟ܆൫൛(ݐ)෤௝௡݌ ൣ۹෩ ෩௝ൟ൯܆൧൛ࡿ = ൫൛܆෩௥ൟ, {۴}൯ସ
௝ୀଵ .ସ

௝ୀଵ  (3.2.28) 
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By applying mode-shape orthogonality condition, we get a single member in each 
of the sums which is different from zero, namely for r=j. As mode shapes are 
normalized, the equation (3.2.28) has the following form ݌෤ሷ௥௡(ݐ) + ෥߱௡௥ଶ (ݐ)෤௥௡݌ = ෤݃௥௡(ݐ), ݎ = 1,2,3,4. ,                (3.2.29) 

where ෤݃௥௡(ݐ) = ൫൛܆෩௥ൟ, {۴}൯. If the initial conditions are defined by main 
coordinates ݌෤௥௡(0) = 0, ෤ሶ௥௡(0)݌ = 0,  the solutions may be written in the form of 
convolution integral ݌෤௥௡(ݐ) = 1߱෥௡௥ න ෤݃௥௡(ݏ)௧

଴ sin[ ෥߱௡௥(ݐ − ,ݏ݀[(ݏ ݎ = 1,2,3,4,         (3.2.30) 

By substituting the obtained solutions (3.2.30) into the equation of coordinate 
transformation (3.2.25), we get 

൛܁෨ൟ = ۔ۖەۖ
ۓ ሚܵଵ௡(ݐ)ሚܵଶ௡(ݐ)ሚܵଵ௡(௥)(ݐ)ሚܵଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ = ۔ۖەۖ
ۓ ෨ܺଵଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺଵଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ) + ෨ܺଵଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ) + ෨ܺଵସ( ෥߱௡ସ)݌෤ସ௡(ݐ)෨ܺଶଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺଶଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ) + ෨ܺଶଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ) + ෨ܺଶସ( ෥߱௡ସ)݌෤ସ௡(ݐ)෨ܺଷଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺଷଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ) + ෨ܺଷଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ) + ෨ܺଷସ( ෥߱௡ସ)݌෤ସ௡(ݐ)෨ܺସଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺସଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ) + ෨ܺସଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ) + ෨ܺସସ( ෥߱௡ସ)݌෤ସ௡(ݐ)ۙۘۖ

ۖۗ.   
(3.2.31) 

The time functions thus obtained may now be substituted into assumed solutions 
(3.2.21) from where general solutions for forced transverse vibration of two 
elastically connected Timoshenko beams follow 

ଵ଴்ݓ  ,ݖ) (ݐ =  ෍ sin(݇௡ݖ) [ ෨ܺଵଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺଵଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ)ஶ
௡ୀଵ + ෨ܺଵଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ)+ ෨ܺଵସ( ෥߱௡ସ)݌෤ସ௡(ݐ)]  (3.2.32) ்ݓଶ଴ ,ݖ) (ݐ =  ෍ sin(݇௡ݖ) [ ෨ܺଶଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺଶଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ) + ෨ܺଶଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ)ஶ
௡ୀଵ + ෨ܺଶସ( ෥߱௡ସ)݌෤ସ௡(ݐ)], (3.2.33) ்߰ଵ଴ ,ݖ) (ݐ =  ෍ cos(݇௡ݖ) [ ෨ܺଷଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺଷଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ)ஶ
௡ୀଵ + ෨ܺଷଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ) + ෨ܺଷସ( ෥߱௡ସ)݌෤ସ௡(ݐ)], (3.2.34) ்߰ଶ଴ ,ݖ) (ݐ =  ෍ cos(݇௡ݖ) [ ෨ܺସଵ( ෥߱௡ଵ)݌෤ଵ௡(ݐ) + ෨ܺସଶ( ෥߱௡ଶ)݌෤ଶ௡(ݐ)ஶ
௡ୀଵ + ෨ܺସଷ( ෥߱௡ଷ)݌෤ଷ௡(ݐ) + ෨ܺସସ( ෥߱௡ସ)݌෤ସ௡(ݐ)]. (3.2.35) 

 



3.3   Forced Vibrations of Two Elastically Connected Reddy-Bickford Beams 61 

 

General solutions of forced vibration are necessary for determining the conditions 
of resonance dynamic vibration absorption, examining the amplitudes of the 
system under the influence of axial compression forces with different types of 
forcing. Modal matrix of the system ൣ۾෩൧ is given in Appendix 3.2.1. 

3.3   Forced Vibrations of Two Elastically Connected Reddy-
Bickford Beams 

Let, as in the case of Timoshenko model, the beams be of the same length l, and 
connected by the same elastic layer with the stiffness modulus K. The beams are 
exposed to the action of axial forces ܨଵ and ܨଶ at their ends and to forced  
variable continuous loads ଵ݂(ݖ, ,ݖ)and ଶ݂ (ݐ  Let us mark the functions of .(ݐ
longitudinal and transverse motions as well as the angle of tangent of  
the deformed beam’s cross-section on a neutral line as ݑோ஻ଵ(ݕ, ,ݖ ,ݕ)ோ஻ଵݓ ,(ݐ ,ݖ ,(ݐ  ߰ோ஻ଵ଴ ,ݖ) ,(ݐ ,ݕ)ோ஻ଶݑ  ,ݖ ,ݕ)ோ஻ଶݓ ,(ݐ ,ݖ and ߰ோ஻ଶ଴ (ݐ ,ݖ)  .respectively (ݐ
The following functions of motion hold for the double-beam system ݑோ஻ଵ(ݕ, ,ݖ (ݐ = ோ஻ଵ଴ݑ ,ݖ) (ݐ + ோ஻ଵ଴߰ݕ ,ݖ) (ݐ − ଷݕߙ ቆ߰ோ஻ଵ଴ ,ݖ) (ݐ + ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,        ݓோ஻ଵ(ݕ, ,ݖ (ݐ = ோ஻ଵ଴ݓ ,ݖ)  (3.3.1)                                    ,(ݐ

,ݕ)ோ஻ଶݑ ,ݖ (ݐ = ோ஻ଶ଴ݑ ,ݖ) (ݐ + ோ஻ଶ଴߰ݕ ,ݖ) (ݐ − ଷݕߙ ቆ߰ோ஻ଶ଴ ,ݖ) (ݐ + ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,      ݓோ஻ଶ(ݕ, ,ݖ (ݐ = ோ஻ଶ଴ݓ ,ݖ)  (3.3.2)                                   ,(ݐ

Deformation in the motion function and the relations between stress and 
deformation according to the Hooke’s law are  

,ݕ)௭ଵߝ ,ݖ (ݐ = ோ஻ଵ଴ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ߲߰ோ஻ଵ଴ ,ݖ) ݖ߲(ݐ − ଷݕߙ ቆ߲߰ோ஻ଵ଴ ,ݖ) ݖ߲(ݐ + ߲ଶݓோ஻ଵ଴ ,ݖ) ଶݖ߲(ݐ ቇ,   (3.3.3)
,ݕ)௭௬ଵߛ ,ݖ (ݐ = ߰ோ஻ଵ଴ ,ݖ) (ݐ + ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ − ଶݕߚ ቆ߰ோ஻ଵ଴ ,ݖ) (ݐ + ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,   (3.3.4)

,ݕ)௭ଶߝ ,ݖ (ݐ = ோ஻ଶ଴ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ߲߰ோ஻ଶ଴ ,ݖ) ݖ߲(ݐ − ଷݕߙ ቆ߲߰ோ஻ଶ଴ ,ݖ) ݖ߲(ݐ + ߲ଶݓோ஻ଶ଴ ,ݖ) ଶݖ߲(ݐ ቇ,  (3.3.5)
,ݕ)௭௬ଶߛ ,ݖ (ݐ = ߰ோ஻ଶ଴ ,ݖ) (ݐ + ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ − ଶݕߚ ቆ߰ோ஻ଶ଴ ,ݖ) (ݐ + ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ.     (3.3.6)

       ൜ 1ൠݕݖ1߬ݖߪ = ൤ܧ 00 ൨ܩ ൜ 1ൠݕݖߛ1ݖߝ , ൜ 2ൠݕݖ2߬ݖߪ = ൤ܧ 00 ൨ܩ ൜  2ൠ.                        (3.3.7)ݕݖߛ2ݖߝ
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Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ଵ = ଵܾߩ− න න ቈ߲ଶݓோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଵ(ݕ, ,ݖ ቉(ݐ ೓భమି ೓భమ,ݖ݀ݕ݀
௟

଴  (3.3.8)
ߜ ௜ܹ௡ଶ = ଶܾߩ− න න ቈ߲ଶݓோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑଶ(ݕ, ,ݖ ቉(ݐ ೓మమି ೓మమݖ݀ݕ݀ .௟

଴  (3.3.9)
Virtual work of internal forces is expressed as 

ߜ ௏ܹଵ = −ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵδߛ௭௬ଵ൧݀ݖ݀ݕ೓భమି ೓భమ
௟

଴ ,            (3.3.10) 

ߜ    ௏ܹଶ = −ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଶߝδ(ݐ (ݐ + ߬௭௬ଶδߛ௭௬ଶ൧݀ݖ݀ݕ.೓మమି ೓మమ
௟

଴             (3.3.11) 

Virtual work of external forces is  ߜ ௘ܹ௫ଵ = න ൣ ଵ݂(ݖ, ோ஻ଵ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோ஻ଵ଴ ,ݖ) ଶ଴்ݓ൫ܭ(ݐ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ൯ ௟(ݐ
଴  

ଵܨ+ ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଵ଴ ,ݖ) ݖ߲(ݐ ቉  (3.3.12)                   ,ݖ݀

ߜ ௘ܹ௫ଶ = න ൣ ଶ݂(ݖ, ோ஻ଶ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோ஻ଶ଴ ,ݖ) ோ஻ଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோ஻ଶ଴ݓ ,ݖ) ൯௟(ݐ
଴  

ଶܨ+ ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଶ଴ ,ݖ) ݖ߲(ݐ ቉  (3.3.13)                    ,ݖ݀

where δ is the variation operator. By substituting the equations (3.3.10-3.3.13) 
into a general equation of virtual work principle ߜ ௜ܹ௡௜ + ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0, ݅ =1,2, we get 

−ܾଵ න න ,ݖ)௭ଵߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଵ(ݖ, ,ݖ)௭௬ଵߛδ(ݐ ݖ݀ݕ൧݀(ݐ −    ೓భమି ೓భమ
௟

଴  

ଵܾߩ− න න ቈ߲ଶݓோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻ଵ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଵ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻ଵ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +೓భమି ೓భమ
௟

଴  

+ න ൣ ଵ݂(ݖ, ோ஻ଵ଴ݓδ(ݐ ,ݖ) ᇱ(ݐ + δݓோ஻ଵ଴ ,ݖ) ோ஻ଶ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோ஻ଵ଴ݓ ,ݖ) ൯௟(ݐ
଴ + ଵܨ ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଵ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0,    (3.3.14) 
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−ܾଶ න න ,ݖ)௭ଶߪൣ ,ݖ)௭ଵߝδ(ݐ (ݐ + ߬௭௬ଶ(ݖ, ,ݖ)௭௬ଶߛδ(ݐ ݖ݀ݕ൧݀(ݐ −೓మమି ೓మమ
௟

଴  

ଶܾߩ− න න ቈ߲ଶݓோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻ଶ(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ଶ(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻ଶ(ݕ, ,ݖ ቉(ݐ ݖ݀ݕ݀ +೓మమି ೓మమ
௟

଴  

+ න ൣ ଶ݂(ݖ, ோ஻ଶ଴ݓδ(ݐ ,ݖ) (ݐ + δݓோ஻ଶ଴ ,ݖ) ோ஻ଵ଴ݓ൫ܭ(ݐ ,ݖ) (ݐ − ோ஻ଶ଴ݓ ,ݖ) ൯௟(ݐ
଴  + ଶܨ ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଶ଴ ,ݖ) ݖ߲(ݐ ቉ ݖ݀ = 0. (3.3.15) 

By successive application of Green’s theorem to the expressions (3.2.14-3.2.15), 
we get the equations of vibration for the system of two elastically connected 
Reddy-Bickford beams in the following form ܥ௪ସ,଴ ߲ସݓோ஻ଵ଴ ,ݖ) ସݖ߲(ݐ + ௪ଶ,ଶܥ ߲ସݓோ஻ଵ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௪ଶ,଴ܥ ߲ଶݓோ஻ଵ଴ ,ݖ) ଶݖ߲(ݐ + ௪଴,ଶܥ ߲ଶݓோ஻ଵ଴ ,ݖ) ଶݐ߲(ݐ + టଵ,ଶܥ ߲ଷ߰ோ஻ଵ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ  

టଵ,଴ܥ+ ߲߰ோ஻ଵ଴ ,ݖ) ݖ߲(ݐ + టଷ,଴ܥ ߲ଷ߰ோ஻ଵ଴ ,ݖ)  ଷݖ߲(ݐ + ܭ ቀ10ܤܴݓ ,ݖ) (ݐ − 20ܤܴݓ ,ݖ) ቁ(ݐ = ଵ݂(ݖ, ,(ݐ      (3.3.16) 
௪ଷ,଴ܥ ߲ଷݓோ஻ଵ଴ ,ݖ) ଷݖ߲(ݐ + ௪ଵ,ଶܥ ߲ଷݓோ஻ଵ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ + ௪ଵ,଴ܥ ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ + టଶ,଴ܥ ߲ଶ߰ோ஻ଵ଴ ,ݖ) ଶݖ߲(ݐ  

ట଴,ଶܥ+                                  ߲ଶ߰ோ஻ଵ଴ ,ݖ) ଶݐ߲(ݐ + ట଴,଴ܥ ߰ோ஻ଵ଴ ,ݖ) (ݐ = 0,     (3.3.17) 
௪ସ,଴ܦ  ߲ସݓோ஻ଶ଴ ,ݖ) ସݖ߲(ݐ + ௪ଶ,ଶܦ ߲ସݓோ஻ଶ଴ ,ݖ) ଶݐ߲ ଶݖ߲(ݐ + ௪ଶ,଴ܦ ߲ଶݓோ஻ଶ଴ ,ݖ) ଶݖ߲(ݐ + ௪଴,ଶܦ ߲ଶݓோ஻ଶ଴ ,ݖ) ଶݐ߲(ݐ  

టଵ,ଶܦ+ ߲ଷ߰ோ஻ଶ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ + టଵ,଴ܦ ߲߰ோ஻ଶ଴ ,ݖ) ݖ߲(ݐ + టଷ,଴ܦ ߲ଷ߰ோ஻ଶ଴ ,ݖ) ଷݖ߲(ݐ + ோ஻ଶ଴ݓ൫ܭ ,ݖ) (ݐ − ோ஻ଵ଴ݓ ,ݖ) ൯(ݐ = ଶ݂(ݖ, ௪ଷ,଴ܦ (3.3.18)   ,(ݐ ߲ଷݓோ஻ଶ଴ ,ݖ) ଷݖ߲(ݐ + ௪ଵ,ଶܦ ߲ଷݓோ஻ଶ଴ ,ݖ) ଶݐ߲ ݖ߲(ݐ + ௪ଵ,଴ܦ ோ஻ଶ଴ݓ߲ ,ݖ) ݖ߲(ݐ + టଶ,଴ܦ ߲ଶ߰ோ஻ଶ଴ ,ݖ) ଶݖ߲(ݐ ట଴,ଶܦ+   ߲ଶ߰ோ஻ଶ଴ ,ݖ) ଶݐ߲(ݐ + ట଴,଴ܦ ߰ோ஻ଶ଴ ,ݖ) (ݐ = 0,                   (3.3.19) 

where 

௪ସ,଴ܥ   = 1448 ܾଵℎଵ଻ߙଶܥ   ,ܧ௪ଶ,ଶ = − 1448 ܾଵℎଵ଻ߙଶߩ, ௪ଶ,଴ܥ  = − 180 ܾଵߚܩଶℎଵହ + 16 ℎଵଷߚܩܾ − ܾଵܩℎଵ +   ,ଵܨ
௪଴,ଶܥ    = ܾଵℎଵߩ, టଵ,ଶܥ = 180 ܾଵℎଵହߩߙ − 1448 ܾଵℎଵ଻ߙଶߩ, టଵ,଴ܥ = − 180 ܾଵߚܩଶℎଵହ + 16 ܾଵߚܩℎଵଷ − ܾଵܩℎଵ, ܥటଷ,଴ = 1448 ܾଵℎଵ଻ߙଶܧ − 180 ܾଵℎଵହܧߙ, ௪ଷ,଴ܥ = 180 ܾଵℎଵହܧߙ − 1448 ܾଵℎଵ଻ߙଶܥ  ,ܧ௪ଵ,ଶ = 1448 ܾଵℎଵ଻ߙଶߩ − 180 ܾଵℎଵହߩߙ, ௪ଵ,଴ܥ = 180 ܾଵߚܩଶℎଵହ − 16 ܾଵߚܩℎଵଷ + ܾଵܩℎଵ,  ܥటଶ,଴ = − 1448 ܾଵߙଶܧℎଵ଻ + 140 ܾଵܧߙℎଵହ − 112 ܾଵܧℎଵଷ, ܥట଴,ଶ = 1448 ܾଵߙଶߩℎଵ଻ − 140 ܾଵߩߙℎଵହ + 112 ܾଵߩℎଵଷ, ట଴,଴ܥ = 180 ܾଵߚଶܩℎଵହ − 16 ܾଵܩߚℎଵଷ + ܾଵܩℎଵ,      (3.3.20) 
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௪ସ,଴ܦ = 1448 ܾଶℎଶ଻ߙଶܦ   ,ܧ௪ଶ,ଶ = − 1448 ܾଶℎଶ଻ߙଶߩ, ௪ଶ,଴ܦ  = − 180 ܾଶߚܩଶℎଶହ + 16 ℎଶଷߚܩܾ − ܾଶܩℎଶ +   ,ଶܨ
௪଴,ଶܦ   = ܾଶℎଶߩ, టଵ,ଶܦ = 180 ܾଶℎଶହߩߙ − 1448 ܾଶℎଶ଻ߙଶߩ, టଵ,଴ܦ = − 180 ܾଶߚܩଶℎଶହ + 16 ܾଶߚܩℎଶଷ − ܾଶܩℎଶ, ܦటଷ,଴ = 1448 ܾଶℎଶ଻ߙଶܧ − 180 ܾଶℎଶହܧߙ, ௪ଷ,଴ܦ = 180 ܾଶℎଶହܧߙ − 1448 ܾଶℎଶ଻ߙଶܦ ,ܧ௪ଵ,ଶ = 1448 ܾଶℎଶ଻ߙଶߩ − 180 ܾଶℎଶହߩߙ, ௪ଵ,଴ܦ = 180 ܾଶߚܩଶℎଶହ − 16 ܾଶߚܩℎଶଷ + ܾଶܩℎଶ,  ܦటଶ,଴ = − 1448 ܾଶߙଶܧℎଶ଻ + 140 ܾଶܧߙℎଶହ − 112 ܾଶܧℎଶଷ, ܦట଴,ଶ = 1448 ܾଶߙଶߩℎଶ଻ − 140 ܾଶߩߙℎଶହ + 112 ܾଶߩℎଶଷ, ట଴,଴ܦ = 180 ܾଶߚଶܩℎଶହ − 16 ܾଶܩߚℎଶଷ + ܾଶܩℎଶ.    (3.3.21) 

Boundary conditions for the system of two elastically connected simply supported 
Reddy-Bickford beams based on (2.3.22 − 2.3.24) are given by   ݓோ஻௜଴ (0, (ݐ = 0, ோ஻௜଴ݓ (݈, (ݐ = 0,          ݅ = 1,2,                    (3.3.22) ݀ଶ0݅ܤܴݓ (0, 2ݖ݀(ݐ = ݀ଶ0݅ܤܴݓ (݈, 2ݖ݀(ݐ = 0,          ݅ = ଴݅ܤܴ߰݀ (3.3.23)                       ,1,2 (0, ݖ݀(ݐ = ଴݅ܤܴ߰݀ (݈, ݖ݀(ݐ = 0,           ݅ = 1,2.                        (3.3.24) 

Considering the harmonic motion of beam’s points, we assume the solutions to the 
equations (3.3.16-3.3.19) as the product of functions 

ோ஻௜଴ݓ ,ݖ) (ݐ = ෍ 0݅ܤܴ߰     ,(ݐ)෤ܵ෨݅݊(ݖ)ܼ݊ ,ݖ) (ݐ = ෍ ∞,(ݐ)(ݎ)෤ܵ෨݅݊(ݖ)݊ߖ
݊=1 ݅ = 1,2,∞

݊=1    (3.3.25) 
where ሚܵሚ௜௡(ݐ) and ሚܵሚ௜௡(௥)(ݐ) are the unknown time functions, whereas Zn(z) and ߖ௡(ݖ) are mode shape functions ܼ௡(ݖ) = sin(݇௡ݖ),    ߖ௡(ݖ) = cos(݇௡ݖ), ݇௡ = ߨ݊ ݈, ݊ = 1,2,3, …⁄  (3.3.26) 
By substituting the assumed solutions (3.3.25) into equations of transverse system 
vibration (3.3.16-3.3.19), multiplying them by eigenfunctions, then integrating 
them from 0 to l along the beam and using the orthogonality condition, we have ቂۻ෩෩ ቃ ቄ܁෨෨ሷቅ + ቂ۹෩෩ ቃܛ ቄ܁෨෨ቅ = {۴},                              (3.3.27) 

where 

ቄ܁෨෨ሷቅ =
۔ۖەۖ
ۓ ሚܵሚሷଵ௡(ݐ)ሚܵሚሷଶ௡(ݐ)ሚܵሚሷଵ௡(௥)(ݐ)ሚܵሚሷଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ , ቄ܁෨෨ቅ = ۔ۖەۖ
ۓ ሚܵሚଵ௡(ݐ)ሚܵሚଶ௡(ݐ)ሚܵሚଵ௡(௥)(ݐ)ሚܵሚଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ , {۴} =
۔ۖۖەۖۖ
2݈ۓ න ܼ௡௟

଴ ଵ݂(ݖ, 2݈ݖ݀(ݐ න ܼ௡௟
଴ ଶ݂(ݖ, 00ݖ݀(ݐ ۙۖۘۖ

ۖۗۖ. 
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Matrixes ቂۻ෩෩ ቃ and ቂ۹෩෩  ቃ are given in the Appendix 3.3.1. The squares of system’sܛ

natural frequencies ෥߱෩ଵ௡, ෥߱෩ଶ௡, ෥߱෩ଷ௡ and ෥߱෩ସ௡ represent eigenvalues of the matrix ቂۻ෩෩ ቃି૚ ቂ۹෩෩  ቃ . Non-homogeneous system of differential equations withܛ

corresponding generalized coordinates ቄ܁෨෨ቅ may be translated into the system of 

main coordinates ݌෤௝௡(ݐ), ݆ = 1,2,3,4, by introducing modal matrixes of the 

system ቂ۾෩෩ቃ = ቂ܆෩෩ଵ܆෩෩ଶ܆෩෩ଷ܆෩෩ସቃ, the columns of which represent normalized mode 

shapes. 

ቄ܁෨෨(ݐ)ቅ = ෍ (ݐ)෤෨௝௡݌ ቄ܆෩෩௝ቅ.                                      (3.3.28)ସ
௝ୀଵ  

Transformation (3.3.28) is equivalent to linear transformation between generalized 
and main system coordinates ቄ܁෨෨(ݐ)ቅ = ቂ۾෩෩ቃ ൛ܘ෥෩(ݐ)ൟ.                                           (3.3.29) 

By substituting the equations (3.3.28) into the system (3.3.27), we get 

෍ (ݐ)෤෨ሷ௝௡݌ ቂۻ෩෩ ቃ ൛܆෩௝ൟ + ෍ (ݐ)෤෨௝௡݌ ቂ۹෩෩ ቃࡿ ቄ܆෩෩௝ቅ = {۴}ସ
௝ୀଵ .                      (3.3.30)ସ

௝ୀଵ  

If both sides of the expression are multiplied by a scalar {܆௥} for arbitrary 
r=1,2,3,4, we get 

෍ (ݐ)෤෨ሷ௝௡݌ ቀቄ܆෩෩௥ቅ , ቂۻ෩෩ ቃ ቄ܆෩෩௝ቅቁ + ෍ (ݐ)෤෨௝௡݌ ቀቄ܆෩෩௥ቅ , ቂ۹෩෩ ቃࡿ ቄ܆෩෩௝ቅቁ = ቀቄ܆෩෩௥ቅ , {۴}ቁସ
௝ୀଵ .ସ

௝ୀଵ  (3.3.31) 
By applying the mode-shape orthogonality condition we get a single member in 
each sum that is different from zero, namely for r=j. As mode shapes are 
normalized, the equation (3.3.31) becomes ݌෤෨ሷ௥௡(ݐ) + ෥߱෩௡௥ଶ (ݐ)෤෨௥௡݌ = ෤݃෨௥௡(ݐ), ݎ = 1,2,3,4. ,                   (3.3.32) 

where ෤݃෨௥௡(ݐ) = ቀቄ܆෩෩௥ቅ , {۴෨}ቁ. If initial conditions are defined by main coordinates ݌෤෨௥௡(0) = 0, ෤෨ሶ௥௡(0)݌ = 0,  the solutions can be written in the form of convolution 
integral ݌෤෨௥௡(ݐ) = 1߱෥෩௥௡ න ෤݃෨௥௡(ݏ)௧

଴ sinൣ ෥߱෩௥௡(ݐ −  (3.3.33)                        .ݏ൧݀(ݏ

By substituting the obtained solutions (3.3.33) into the equation of coordinate 
transformation (3.3.29), we get 
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ቄ܁෨෨ቅ = ۔ۖەۖ
ۓ ሚܵሚଵ௡(ݐ)ሚܵሚଶ௡(ݐ)ሚܵሚଵ௡(௥)(ݐ)ሚܵሚଶ௡(௥)(ݐ)ۙۖۘ

ۖۗ = ۔ۖەۖ
ۓ ෨ܺ෨ଵଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ଵଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ଵଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ଵସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)෨ܺ෨ଶଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ଶଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ଶଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ଶସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)෨ܺ෨ଷଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ଷଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ଷଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ଷସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)෨ܺ෨ସଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ସଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ସଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ସସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)ۙۖۘ

ۖۗ. 
  (3.3.34) 

The time functions thus obtained can now be substituted into assumed solutions 
(3.3.25) from where general solutions for forced transverse vibration of two 
elastically connected Timoshenko beams follow 

ோ஻ଵ଴ݓ  ,ݖ) (ݐ =  ∑ sin(݇௡ݖ) ቂ ෨ܺ෨ଵଵ൫ ෥߱෩௡ଵ൯݌෤෨ଵ௡(ݐ) + ෨ܺ෨ଵଶ൫ ෥߱෩௡ଶ൯݌෤෨ଶ௡(ݐ) + ෨ܺ෨ଵଷ൫ ෥߱෩௡ଷ൯݌෤෨ଷ௡(ݐ) + ෨ܺ෨ଵସ൫ ෥߱෩௡ସ൯݌෤෨ସ௡(ݐ)ቃ ,ஶ௡ୀଵ                                                             (3.3.35) 
ோ஻ଶ଴ݓ             ,ݖ) (ݐ =  ෍ sin(݇௡ݖ) ቂ ෨ܺ෨ଶଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ଶଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ଶଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ଶସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)ቃ ,ஶ

௡ୀଵ  (3.3.36) ߰ோ஻ଵ଴ ,ݖ) (ݐ =  ෍ cos(݇௡ݖ) ቂ ෨ܺ෨ଷଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ଷଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ଷଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ଷସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)ቃ ,ஶ
௡ୀଵ  (3.3.37) ߰ோ஻ଶ଴ ,ݖ) (ݐ =  ෍ cos(݇௡ݖ) ቂ ෨ܺ෨ସଵ( ෥߱෩௡ଵ)݌෤෨ଵ௡(ݐ) + ෨ܺ෨ସଶ( ෥߱෩௡ଶ)݌෤෨ଶ௡(ݐ) + ෨ܺ෨ସଷ( ෥߱෩௡ଷ)݌෤෨ଷ௡(ݐ) + ෨ܺ෨ସସ( ෥߱෩௡ସ)݌෤෨ସ௡(ݐ)ቃ .ஶ
௡ୀଵ  (3.3.38) 

General solutions for forced vibration are necessary for determining the conditions 
for the behavior of the system as a dynamic absorber and examining the system’s 
amplitudes under the influence of axial compression forces and different types of 

forcing. Modal matrix of the system ቂ۾෩෩ቃ  is shown in analytical form in Appendix 

3.3.1. 

3.4   Particular Solutions for Special Cases of Forced Vibrations 
for the System of Two Elastically Connected Beams 

3.4   Particular Solutions for Special  Cases of Forced Vibrations for the Syste m  

 
The established general solutions for forced vibration of two elastically connected 
beams can be used to determine particular solutions for forced vibrations of the 
system subjected to continuous harmonic (Figure 3.4.1),  uniform harmonic 
(Figure 3.4.2) and concentrated harmonic (Figure 3.4.3) loads. 
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Fig. 3.4.1 The system of beams under the influence of arbitrarily continuous harmonic 
excitation  

 

Fig. 3.4.2 The system of beams under the influence of uniform harmonic excitation 

 

Fig. 3.4.3 The system of beams under the influence of concentrated harmonic excitation 
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The physical cases of harmonic excitation shown in Figures 3.4.1-3.4.3 have 
the following form 1) Arbitrarily continuous harmonic  excitation 

ଵ݂(ݖ, (ݐ = (ݖ)ݍ sin(ݐߗ) , ଶ݂(ݖ, (ݐ =  0,                             (3.4.1) 2) Uniformly  continuous harmonic excitation   
ଵ݂(ݖ, (ݐ = ݍ sin(ݐߗ) , ଶ݂(ݖ, (ݐ =  0,                                   (3.4.2) 3)  Concentrated harmonic excitation                  

ଵ݂(ݖ, (ݐ = ܨ sin(ݐߗ)ݖ)ߜ − 0.5݈) , ଶ݂(ݖ, (ݐ =  0,                    (3.4.3) 

where (ݖ)ݍ,q, ߗ ,ܨ and ߜ(z) represent arbitrary function of spatial coordinate ݖ, 
the amplitude of uniform action, the frequency of harmonic concentrated force and 
Dirac delta function respectively. By substituting the equations (3.4.1), (3.4.2) and 
(3.4.3) into general solutions for forced vibration of Rayleigh, Timoshenko and 
Reddy-Bickford systems, we get particular solutions.  

3.4.1   Particular Solutions for Forced Vibration of the System of 
Two Elastically Connected Rayleigh Beams 

By substituting the equations (3.4.1), (3.4.2) and (3.4.3) into general solutions 
(3.1.25-3.1.26), we get 

௡ܻଵ(ݐ) = ௡ଶߙ)௡ଶߙ − (௡ଵߙ ݇ோ sin(ݐߗ) ,   ݊ = 1,2,3, . . . ,                  (3.4.4) 

௡ܻଶ(ݐ) = ௡ଵߙ)௡ଵߙ − (௡ଶߙ ݇ோ sin(ݐߗ) ,   ݊ = 1,2,3, . . . ,                 (3.4.5) 

Substituting the equations (3.4.4) and (3.4.5) into general solutions to the 
equations (3.1.27) and (3.1.28), yields 

ோଵ଴ݓ ,ݖ) (ݐ = ෍ sin(݇௡ݖ) ൥ܣ௡ଵ sin(ݐߗ) + ෍ ௡௜ܤ sin(߱௡௜ݐ)ଶ
௜ୀଵ ൩ ,ஶ

௡ୀଵ ݊ = 1,2,3, . . .,     (3.4.6)
ோଶ଴ݓ ,ݖ) (ݐ = ෍ sin(݇௡ݖ) ൥ܣ௡ଶ sin(ݐߗ) + ෍ ௡௜ܤ௡௜ߙ sin(߱௡௜ݐ)ଶ

௜ୀଵ ൩ ,ஶ
௡ୀଵ ݊ = 1,2,3, . . .,   (3.4.7)

where   ܣ௡ଵ = ݇ோߙ௡ଶ − ௡ଵߙ ቈ ௡ଶ߱௡ଵଶߙ − ଶߗ − ௡ଵ߱௡ଶଶߙ − ௡ଶܣ    ,ଶ቉ߗ = ݇ோߙ௡ଶ − ௡ଵߙ ቈ ௡ଶ߱௡ଵଶߙ௡ଵߙ − ଶߗ − ௡ଶ߱௡ଶଶߙ௡ଵߙ −  ,ଶ቉ߗ
௡ଵܤ  = ݇ோ ௡ଶߙ௡ଶߙ − ௡ଵߙ ቈ ଶߗ)௡ଵ߱ߗ − ߱௡ଵଶ )቉,          ܤ௡ଶ = ݇ோ ௡ଶߙ௡ଵߙ − ௡ଵߙ ቈ ௡ଶ(߱௡ଶଶ߱ߗ −           . ଶ)቉ߗ
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Depending on the type of forcing in the general solutions, only the parameter ݇ோ 
for which the following applies, changes 

 case 1) ݇ோ = ଵܯ2 න (ݖ)ݍ sin(݇௡ݖ) ௟ݖ݀
଴ ,    ݊ = 1,2,3, . .. 

 case 2) ݇ோ = ଵܯ ߨ݊ݍ4݈ , ݊ = 1,2,3, . .. 
 case 3) ݇ோ = ଵܯܨ2 sin ቀ݊2ߨ ቁ ,    ݊ = 1,2,3, . .. 
 

Hence, the forced vibration of the mechanical system is of the following form 

ோଵ଴ݓ ,ݖ) (ݐ =  sin(ݐߗ) ෍ ௡ଵܣ sin(݇௡ݖ) ,ஶ
௡ୀଵ    ݊ = 1,2,3, . . . ,                 (3.4.8) 

ோଶ଴ݓ ,ݖ) (ݐ = sin(ݐߗ) ෍ (ݖ௡݇)௡ଶsinܣ ,ஶ
௡ୀଵ    ݊ = 1,2,3, . . . , .                 (3.4.9) 

where ܣ௡ଵ,  ௡ଶ represent the amplitudes of the normal vibration mode. Theܣ
conditions of resonance and dynamic vibration absorption are as follows 

 ܽ) Resonance:   ߗ = ߱௡௜, ݊ = 1,3,5, . ..                                                               
 ܾ) Dynamic vibration absorption: ଶߗ = ௡ଶ߱௡ଶଶߙ − ௡ଶߙ௡ଵ߱௡ଵଶߙ − ௡ଵߙ , ௡ଵܣ     = 0, 
௡ଶܣ   = ݇ோ ௡ଵߙ − ௡ଶ߱௡ଵଶߙ − ߱௡ଶଶ , ݊ = 1,2,3, … 

3.4.2   Particular Solutions for Forced Vibration for the System of 
Two Elastically Connected Timoshenko Beams  

Let us find particular solutions for forced vibration of the coupled Timoshenko 
beam system under the influence of different types of excitation. By substituting 
the equations (3.4.1), (3.4.2) and (3.4.3) into general equations of forced vibration 
(3.2.32) and (3.2.35), we get 

ଵ଴்ݓ ,ݖ) (ݐ = ෍ sin(݇݊ݖ) ൥ܣ෥݊1 sin(ݐߗ) + ෍ ݎ෥݊ܤ sin(෥߱݊ݐݎ)4
1=ݎ ൩ ,∞

݊=1 ݊ = 1,2,3, . . ., (3.4.10) 
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ଶ଴்ݓ ,ݖ) (ݐ = ෍ sin(݇݊ݖ) ൥ܣ෥݊2 sin(ݐߗ) + ෍ ݎ෤݊ܥ sin(෥߱݊ݐݎ)4
1=ݎ ൩ ,∞

݊=1 ݊ = 1,2,3, . . .,   (3.4.11) 
்߰ଵ଴ ,ݖ) (ݐ = ෍ cos(݇݊ݖ) ൥ܣ෥݊3 sin(ݐߗ) + ෍ ݎ෥݊ܦ sin(෥߱݊ݐݎ)4

1=ݎ ൩ ,∞
݊=1 ݊ = 1,2,3, . . ., (3.4.12) 

்߰ଶ଴ ,ݖ) (ݐ = ෍ cos(݇௡ݖ) ൥ܣሚ௡ସ sin(ݐߗ) + ෍ ෨௡௥ܧ sin( ෥߱௡௥ݐ)ସ
௥ୀଵ ൩ ,ஶ

௡ୀଵ ݊ = 1,2,3, . . ., (3.4.13) 
where ܣሚ௡ଵ = ்݇ ቆ ෨ܺଵଵଶ෥߱ଵ௡ଶ − ଶߗ + ෨ܺଵଶଶ෥߱ଶ௡ଶ − ଶߗ + ෨ܺଵଷଶ෥߱ଷ௡ଶ − ଶߗ + ෨ܺଵସଶ෥߱ସ௡ଶ −    ,ଶቇߗ

ሚ௡ଶܣ  = ்݇ ቆ ෨ܺଵଵ ෨ܺଶଵ෥߱ଵ௡ଶ − ଶߗ + ෨ܺଵଶ ෨ܺଶଶ෥߱ଶ௡ଶ − ଶߗ + ෨ܺଵଷ ෨ܺଶଷ෥߱ଷ௡ଶ − ଶߗ + ෨ܺଵସ ෨ܺଶସ෥߱ସ௡ଶ −    ,ଶቇߗ
ሚ௡ଷܣ  = ்݇ ቆ ෨ܺଵଵ ෨ܺଷଵ෥߱ଵ௡ଶ − ଶߗ + ෨ܺଵଶ ෨ܺଷଶ෥߱ଶ௡ଶ − ଶߗ + ෨ܺଵଷ ෨ܺଷଷ෥߱ଷ௡ଶ − ଶߗ + ෨ܺଵସ ෨ܺଷସ෥߱ସ௡ଶ −    ,ଶቇߗ
ሚ௡ସܣ  = ்݇ ቆ ෨ܺଵଵ ෨ܺସଵ෥߱ଵ௡ଶ − ଶߗ + ෨ܺଵଶ ෨ܺସଶ෥߱ଶ௡ଶ − ଶߗ + ෨ܺଵଷ ෨ܺସଷ෥߱ଷ௡ଶ − ଶߗ + ෨ܺଵସ ෨ܺସସ෥߱ସ௡ଶ −    ,ଶቇߗ
෨ଵ௡ܤ  = ்݇ ෨ܺଵଵଶ ቈ ଶߗ)෥߱ଵ௡ߗ − ෥߱ଵ௡ଶ )቉ , ෨ଶ௡ܤ = ்݇ ෨ܺଵଶଶ ቈ ଶߗ)෥߱ଶ௡ߗ − ෥߱ଶ௡ଶ )቉ ,  

෨ଷ௡ܤ  = ்݇ ෨ܺଵଷଶ ቈ ଶߗ)෥߱ଷ௡ߗ − ෥߱ଷ௡ଶ )቉ , ෨ସ௡ܤ = ்݇ ෨ܺଵସଶ ቈ ଶߗ)෥߱ସ௡ߗ − ෥߱ସ௡ଶ )቉ , 
ሚଵ௡ܥ  = ்݇ ෨ܺଵଵ ෨ܺଶଵ ቈ ଶߗ)෥߱ଵ௡ߗ − ෥߱ଵ௡ଶ )቉ , ሚଶ௡ܥ = ்݇ ෨ܺଵଶ ෨ܺଶଶ ቈ ଶߗ)෥߱ଶ௡ߗ − ෥߱ଶ௡ଶ )቉ , 
ሚଷ௡ܥ  = ்݇ ෨ܺଵଷ ෨ܺଶଷ ቈ ଶߗ)෥߱ଷ௡ߗ − ෥߱ଷ௡ଶ )቉ , ሚସ௡ܥ = ்݇ ෨ܺଵସ ෨ܺଶସ ቈ ଶߗ)෥߱ସ௡ߗ − ෥߱ସ௡ଶ )቉ , ܦ෩ଵ௡ = ்݇ ෨ܺଵଵ ෨ܺଷଵ ቈ ଶߗ)෥߱ଵ௡ߗ − ෥߱ଵ௡ଶ )቉ , ෩ଶ௡ܦ = ்݇ ෨ܺଵଶ ෨ܺଷଶ ቈ ଶߗ)෥߱ଶ௡ߗ − ෥߱ଶ௡ଶ )቉ ,  
෩ଷ௡ܦ  = ்݇ ෨ܺଵଷ ෨ܺଷଷ ቈ ଶߗ)෥߱ଷ௡ߗ − ෥߱ଷ௡ଶ )቉ , ෩ସ௡ܦ = ்݇ ෨ܺଵସ ෨ܺଷସ ቈ ଶߗ)෥߱ସ௡ߗ − ෥߱ସ௡ଶ )቉ , 
ෘଵ௡ܧ  = ்݇ ෨ܺଵଵ ෨ܺସଵ ቈ ଶߗ)෥߱ଵ௡ߗ − ෥߱ଵ௡ଶ )቉ , ෨ଶ௡ܧ = ்݇ ෨ܺଵଶ ෨ܺସଶ ቈ ଶߗ)෥߱ଶ௡ߗ − ෥߱ଶ௡ଶ )቉ , 
෨ଷ௡ܧ  = ்݇ ෨ܺଵଷ ෨ܺସଷ ቈ ଶߗ)෥߱ଷ௡ߗ − ෥߱ଷ௡ଶ )቉ , ෨ସ௡ܧ = ்݇ ෨ܺଵସ ෨ܺସସ ቈ ଶߗ)෥߱ସ௡ߗ − ෥߱ସ௡ଶ )቉ , 
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case 1) ்݇ = 2݈ න (ݖ)ݍ sin(݇௡ݖ) ௟ݖ݀
଴ ,    ݊ = 1,2,3, . .. 

 case 2) ்݇ = ߨ݊ݍ4 , ݊ = 1,2,3, . .. 
 case 3) ்݇ = 2݈ ܨ sin ቀ݊2ߨ ቁ ,    ݊ = 1,2,3, . .. 
 

Particular solutions for forced vibration of mechanical system are given as ்ݓଵ଴ ,ݖ) (ݐ =  sin(ݐߗ) ෍ ෩݊1ܣ sin(݇݊ݖ) ,∞
݊=1    ݊ = 1,3,5, . . . ,               (3.4.14) 

ଶ଴்ݓ ,ݖ) (ݐ = sin(ݐߗ) ෍ (ݖ݊݇)෩݊2sinܣ ,∞
݊=1    ݊ = 1,3,5, . . . , .               (3.4.15) 

்߰ଵ଴ ,ݖ) (ݐ =  sin(ݐߗ) ෍ ෩݊3ܣ cos(݇݊ݖ) ,∞
݊=1    ݊ = 1,3,5, . . . ,               (3.4.16) 

்߰ଶ଴ ,ݖ) (ݐ = sin(ݐߗ) ෍ (ݖ݊݇)෩݊4cosܣ ,∞
݊=1    ݊ = 1,3,5, . . . , .               (3.4.17) 

where ܣሚ௡௥ represents the amplitudes of the normal vibration mode. The conditions 
of resonance and dynamic vibration absorption are as follows ܽ) Resonance:   ߗ = ෥߱௥௡, ݊ = 1,2,3, . .. ܾ) Dynamic vibration absorption 

Forced frequency ߗ at which the system acts as a dynamic absorber is obtained 

from the condition that ܣሚ௡ଵ = 0.  After factorizing the equation ்݇ ቀ ௑෨భభమఠ෥ భ೙మ ିఆమ +௑෨భమమఠ෥ మ೙మ ିఆమ + ௑෨భయమఠ෥ య೙మ ିఆమ + ௑෨భరమఠ෥ ర೙మ ିఆమቁ = 0,  we get a bicubic polynomial equation for 

unknown forced frequencies ߗ଺ + ܽଵߗସ + ܽଶߗଶ + ܽଷ = 0,                                    (3.4.18) 

where ܽଵ = − ෨ܺଵଵଶ( ෥߱௡ଶଶ + ෥߱௡ଷଶ + ෥߱௡ସଶ) + ෨ܺଵଶଶ( ෥߱௡ଵଶ + ෥߱௡ଷଶ + ෥߱௡ସଶ)෨ܺଵଵଶ + ෨ܺଵଶଶ + ෨ܺଵଷଶ + ෨ܺଵସଶ −    
− ෨ܺଵଷଶ( ෥߱௡ଵଶ + ෥߱௡ଶଶ + ෥߱௡ସଶ) + ෨ܺଵସଶ( ෥߱௡ଵଶ + ෥߱௡ଶଶ + ෥߱௡ଷଶ)෨ܺଵଵଶ + ෨ܺଵଶଶ + ෨ܺଵଷଶ + ෨ܺଵସଶ , 
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     ܽଶ = ෥߱௡ସଶ[ ෨ܺଵଵଶ൫ ෥߱௡ଶଶ + ෥߱௡ଷଶ൯ + ෨ܺଵଶଶ൫ ෥߱௡ଵଶ + ෥߱௡ଷଶ൯] + ෥߱௡ଷଶ( ෨ܺଵଵଶ ෥߱௡ଶଶ + ෨ܺଵଶଶ ෥߱௡ଵଶ)෨ܺଵଵଶ + ෨ܺଵଶଶ + ෨ܺଵଷଶ + ෨ܺଵସଶ + 

         + ෨ܺଵଷଶ[ ෥߱௡ଵଶ( ෥߱௡ଶଶ + ෥߱௡ସଶ) + ෥߱௡ଶଶ ෥߱௡ସଶ] + ෨ܺଵସଶ[ ෥߱௡ଷଶ( ෥߱௡ଵଶ + ෥߱௡ଶଶ) + ෥߱௡ଵଶ ෥߱௡ଶଶ]෨ܺଵଵଶ + ෨ܺଵଶଶ + ෨ܺଵଷଶ + ෨ܺଵସଶ , 
      ܽଷ = − ෥߱௡ସଶ[ ෥߱௡ଷଶ( ෨ܺଵଵଶ ෥߱௡ଶଶ + ෨ܺଵଶଶ ෥߱௡ଵଶ) + ෨ܺଵଷଶ ෥߱௡ଵଶ ෥߱௡ଶଶ] + ෨ܺଵସଶ ෥߱௡ଵଶ ෥߱௡ଶଶ ෥߱௡ଷଶ෨ܺଵଵଶ + ෨ܺଵଶଶ + ෨ܺଵଷଶ + ෨ܺଵସଶ . 

from where three solutions for forcing frequencies for which the amplitude of the 
first beam equals zero, follow. 

ቐߗ෨ଵଶߗ෨ଶଶߗ෨ଷଶቑ = − ෤ܽଵ3 + 2ඨ− ෤3݌
ەۖۖ
۔ۖ
ۓۖ cos ቆθ෨3ቇ

cos ቆθ෨ + 2π3 ቇ
cos ቆθ෨ + 4π3 ቇۙۖۖ

ۘۖ
ۖۗ,                          (3.4.19) 

on condition that  ܦ = ௤෤మସ + ௣෤యଶ଻ < 0 and where 

෤݌ = ෤ܽଶ − ෤ܽଵଶ3 ෤෨ݍ    , = ෤ܽ෨ଷ − ෤ܽଵ ෤ܽଶ3 + 2 ෤ܽଵଷ27 ,   θ෨ = cosିଵ ൥− ෤2ݍ ൬−   .෤3൰ିయమ൩݌
3.4.3   Particular Solutions for Forced Vibration for the System  

of Two Elastically Connected Reddy-Bickford Beams 

Particular solutions for forced vibrations for the system of coupled Reddy-
Bickford beams under the influence of different types of forcing are determined by 
substituting the equations (3.4.1), (3.4.2) and (3.4.3)  into general equations for 
forced vibration (3.3.35-3.3.38) which yields 

ோ஻ଵ଴ݓ ,ݖ) (ݐ = ෍ sin(݇௡ݖ) ൥ܣሚሚ௡ଵ sin(ݐߗ) + ෍ ෨෨௡௥ܤ sin൫ ෥߱෩௡௥ݐ൯ସ
௥ୀଵ ൩ ,ஶ

௡ୀଵ ݊ = 1,2,3, . . ., (3.4.20) 
ோ஻ଶ଴ݓ ,ݖ) (ݐ = ෍ sin(݇௡ݖ) ൥ܣሚሚ௡ଶ sin(ݐߗ) + ෍ ሚሚ௡௥ܥ sin൫ ෥߱෩௡௥ݐ൯ସ

௥ୀଵ ൩ ,ஶ
௡ୀଵ ݊ = 1,2,3, . . .,  (3.4.21) 

߰ோ஻଴ ,ݖ) (ݐ = ෍ cos(݇௡ݖ) ൥ܣሚሚ௡ଷ sin(ݐߗ) + ෍ ෩෩௡௥ܦ sin൫ ෥߱෩௡௥ݐ൯ସ
௥ୀଵ ൩ ,ஶ

௡ୀଵ ݊ = 1,2,3, . . ., (3.4.22) 
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߰ோ஻଴ ,ݖ) (ݐ = ෍ cos(݇௡ݖ) ൥ܣሚሚ௡ସ sin(ݐߗ) + ෍ ෨෨௡௥ܧ sin൫ ෥߱෩௡௥ݐ൯ସ
௥ୀଵ ൩ ,ஶ

௡ୀଵ ݊ = 1,2,3, . . .,  (3.4.23) 
where ܣሚሚ௡ଵ = ݇ோ஻ ൭ ෨ܺ෨ଵଵଶ෥߱෩ଵ௡ଶ − ଶߗ + ෨ܺ෨ଵଶଶ෥߱෩ଶ௡ଶ − ଶߗ + ෨ܺ෨ଵଷଶ෥߱෩ଷ௡ଶ − ଶߗ + ෨ܺ෨ଵସଶ෥߱෩ସ௡ଶ −    ,ଶ൱ߗ

ሚሚ௡ଶܣ  = ݇ோ஻ ൭ ෨ܺ෨ଵଵ ෨ܺ෨ଶଵ෥߱෩ଵ௡ଶ − ଶߗ + ෨ܺ෨ଵଶ ෨ܺ෨ଶଶ෥߱෩ଶ௡ଶ − ଶߗ + ෨ܺ෨ଵଷ ෨ܺ෨ଶଷ෥߱෩ଷ௡ଶ − ଶߗ + ෨ܺ෨ଵସ ෨ܺ෨ଶସ෥߱෩ସ௡ଶ −    ,ଶ൱ߗ
ሚሚ௡ଷܣ  = ݇ோ஻ ൭ ෨ܺ෨ଵଵ ෨ܺଷଵ෥߱෩ଵ௡ଶ − ଶߗ + ෨ܺଵଶ ෨ܺଷଶ෥߱෩ଶ௡ଶ − ଶߗ + ෨ܺଵଷ ෨ܺଷଷ෥߱෩ଷ௡ଶ − ଶߗ + ෨ܺଵସ ෨ܺଷସ෥߱෩ସ௡ଶ −    ,ଶ൱ߗ
ሚሚ௡ସܣ  = ݇ோ஻ ቆ ෨ܺଵଵ ෨ܺସଵ෥߱෩ଵ௡ଶ − ଶߗ + ෨ܺଵଶ ෨ܺସଶ෥߱෩ଶ௡ଶ − ଶߗ + ෨ܺଵଷ ෨ܺସଷ෥߱෩ଷ௡ଶ − ଶߗ + ෨ܺଵସ ෨ܺସସ෥߱෩ସ௡ଶ −    ,ଶቇߗ
෨෨ଵ௡ܤ  = ்݇ ෨ܺଵଵଶ ቈ ଶߗ)෥߱෩ଵ௡ߗ − ෥߱෩ଵ௡ଶ )቉ , ෨෨ଶ௡ܤ = ݇ோ஻ ෨ܺଵଶଶ ቈ ଶߗ)෥߱෩ଶ௡ߗ − ෥߱෩ଶ௡ଶ )቉ ,  

෨෨ଷ௡ܤ  = ݇ோ஻ ෨ܺଵଷଶ ቈ ଶߗ)෥߱ଷ௡ߗ − ෥߱෩ଷ௡ଶ )቉ , ෨෨ସ௡ܤ = ݇ோ஻ ෨ܺଵସଶ ቈ ଶߗ)෥߱෩ସ௡ߗ − ෥߱෩ସ௡ଶ )቉ , 
ሚሚଵ௡ܥ  = ݇ோ஻ ෨ܺ෨ଵଵ ෨ܺ෨ଶଵ ቈ ଶߗ)෥߱෩ଵ௡ߗ − ෥߱෩ଵ௡ଶ )቉ , ሚሚଶ௡ܥ = ݇ோ஻ ෨ܺଵଶ ෨ܺଶଶ ቈ ଶߗ)෥߱෩ଶ௡ߗ − ෥߱෩ଶ௡ଶ )቉ , 
ሚሚଷ௡ܥ  = ݇ோ஻ ෨ܺ෨ଵଷ ෨ܺ෨ଶଷ ቈ ଶߗ)෥߱෩ଷ௡ߗ − ෥߱෩ଷ௡ଶ )቉ , ሚሚସ௡ܥ = ݇ோ஻ ෨ܺ෨ଵସ ෨ܺ෨ଶସ ቈ ଶߗ)෥߱෩ସ௡ߗ − ෥߱෩ସ௡ଶ )቉ , ܦ෩෩ଵ௡ = ݇ோ஻ ෨ܺ෨ଵଵ ෨ܺ෨ଷଵ ቈ ଶߗ)෥߱෩ଵ௡ߗ − ෥߱෩ଵ௡ଶ )቉ , ෩෩ଶ௡ܦ = ݇ோ஻ ෨ܺ෨ଵଶ ෨ܺ෨ଷଶ ቈ ଶߗ)෥߱෩ଶ௡ߗ − ෥߱෩ଶ௡ଶ )቉ ,  
෩෩ଷ௡ܦ  = ݇ோ஻ ෨ܺ෨ଵଷ ෨ܺ෨ଷଷ ቈ ଶߗ)෥߱෩ଷ௡ߗ − ෥߱෩ଷ௡ଶ )቉ , ෩෩ସ௡ܦ = ݇ோ஻ ෨ܺ෨ଵସ ෨ܺ෨ଷସ ቈ ଶߗ)෥߱෩ସ௡ߗ − ෥߱෩ସ௡ଶ )቉ , 
෨෨ଵ௡ܧ  = ݇ோ஻ ෨ܺଵଵ ෨ܺସଵ ቈ ଶߗ)෥߱෩ଵ௡ߗ − ෥߱෩ଵ௡ଶ )቉ , ෨෨ଶ௡ܧ = ݇ோ஻ ෨ܺ෨ଵଶ ෨ܺ෨ସଶ ቈ ଶߗ)෥߱෩ଶ௡ߗ − ෥߱෩ଶ௡ଶ )቉ , 
෨෨ଷ௡ܧ  = ݇ோ஻ ෨ܺ෨ଵଷ ෨ܺ෨ସଷ ቈ ଶߗ)෥߱෩ଷ௡ߗ − ෥߱෩ଷ௡ଶ )቉ , ෨෨ସ௡ܧ = ݇ோ஻ ෨ܺ෨ଵସ ෨ܺ෨ସସ ቈ ଶߗ)෥߱෩ସ௡ߗ − ෥߱෩ସ௡ଶ )቉ , 
  case 1) ݇ோ஻ = ்݇ = 2݈ න (ݖ)ݍ sin(݇௡ݖ) ௟ݖ݀

଴ ,    ݊ = 1,2,3, . .. case 2)݇ோ஻ = ்݇ = ߨ݊ݍ4 , ݊ = 1,2,3, . .. case 3) ݇ோ஻ =  ்݇ = 2݈ ܨ sin ቀ݊2ߨ ቁ ,    ݊ = 1,2,3, . .. 
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Particular solutions for forced vibration of mechanical system are expressed as 

ோ஻ଵ଴ݓ ,ݖ) (ݐ =  sin(ݐߗ) ෍ ෩෩݊1ܣ sin(݇݊ݖ) ,∞
݊=1    ݊ = 1,2,3, . . . ,               (3.4.24) 

ோ஻ଶ଴ݓ ,ݖ) (ݐ = sin(ݐߗ) ෍ (ݖ݊݇)෩෩݊2sinܣ ,∞
݊=1    ݊ = 1,2,3, . . . , .               (3.4.25) 

߰ோ஻ଵ଴ ,ݖ) (ݐ =  sin(ݐߗ) ෍ ෩෩݊3ܣ cos(݇݊ݖ) ,∞
݊=1    ݊ = 1,2,3, . . . ,               (3.4.26) 

߰ோ஻ଶ଴ ,ݖ) (ݐ = sin(ݐߗ) ෍ (ݖ݊݇)෩෩݊4cosܣ ,∞
݊=1    ݊ = 1,2,3, . . . , .                (3.4.27) 

where ܣሚሚ௡௥ are the amplitudes of the normal vibration mode. The conditions of 
resonance and dynamic vibration absorption are ܽ) Resonance ∶ ߗ    = ෥߱෩௥௡, ݊ = 1,2,3, . .. ܾ) Dynamic vibration absorption 

The forcing frequency ߗ on which the system acts as a dynamic absorber is 
obtained as in the case of the Timoshenko beam system, from where three 
solutions for forcing frequencies follow 

൞ߗ෨෨ଵଶߗ෨෨ଶଶߗ෨෨ଷଶൢ = − ෤ܽ෨ଵ3 + 2ඨ− ෤෨3݌
ەۖۖۖ
۔ۖ
ۓۖۖ cos ൭θ෨෨3൱

cos ൭θ෨෨ + 2π3 ൱
cos ൭θ෨෨ + 4π3 ൱ۙۖۖۖ

ۘۖ
ۖۗۖ ,                       (3.4.28) 

where ෤ܽ෨ଵ = − ෨ܺ෨ଵଵଶ( ෥߱෩௡ଶଶ + ෥߱෩௡ଷଶ + ෥߱෩௡ସଶ) + ෨ܺଵଶଶ( ෥߱෩௡ଵଶ + ෥߱෩௡ଷଶ + ෥߱෩௡ସଶ)෨ܺ෨ଵଵଶ + ෨ܺ෨ଵଶଶ + ෨ܺ෨ଵଷଶ + ෨ܺ෨ଵସଶ −    
− ෨ܺ෨ଵଷଶ( ෥߱෩௡ଵଶ + ෥߱෩௡ଶଶ + ෥߱෩௡ସଶ) + ෨ܺ෨ଵସଶ( ෥߱෩௡ଵଶ + ෥߱෩௡ଶଶ + ෥߱෩௡ଷଶ)෨ܺ෨ଵଵଶ + ෨ܺ෨ଵଶଶ + ෨ܺ෨ଵଷଶ + ෨ܺ෨ଵସଶ , 
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෤ܽ෨ଶ = ෥߱෩௡ସଶ[ ෨ܺ෨ଵଵଶ ቀ ෥߱෩௡ଶଶ + ෥߱෩௡ଷଶቁ + ෨ܺ෨ଵଶଶ ቀ ෥߱෩௡ଵଶ + ෥߱෩௡ଷଶቁ] + ෥߱෩௡ଷଶ( ෨ܺ෨ଵଵଶ ෥߱෩௡ଶଶ + ෨ܺ෨ଵଶଶ ෥߱෩௡ଵଶ)෨ܺ෨ଵଵଶ + ෨ܺ෨ଵଶଶ + ෨ܺ෨ଵଷଶ + ෨ܺ෨ଵସଶ + 

+ ෨ܺ෨ଵଷଶ[ ෥߱෩௡ଵଶ( ෥߱෩௡ଶଶ + ෥߱෩௡ସଶ) + ෥߱෩௡ଶଶ ෥߱෩௡ସଶ] + ෨ܺ෨ଵସଶ[ ෥߱෩௡ଷଶ( ෥߱෩௡ଵଶ + ෥߱෩௡ଶଶ) + ෥߱෩௡ଵଶ ෥߱෩௡ଶଶ]෨ܺ෨ଵଵଶ + ෨ܺ෨ଵଶଶ + ෨ܺ෨ଵଷଶ + ෨ܺ෨ଵସଶ , 
෤ܽ෨ଷ = − ෥߱෩௡ସଶ[ ෥߱෩௡ଷଶ( ෨ܺ෨ଵଵଶ ෥߱෩௡ଶଶ + ෨ܺ෨ଵଶଶ ෥߱෩௡ଵଶ) + ෨ܺ෨ଵଷଶ ෥߱෩௡ଵଶ ෥߱෩௡ଶଶ] + ෨ܺ෨ଵସଶ ෥߱෩௡ଵଶ ෥߱෩௡ଶଶ ෥߱෩௡ଷଶ෨ܺ෨ଵଵଶ + ෨ܺ෨ଵଶଶ + ෨ܺ෨ଵଷଶ + ෨ܺ෨ଵସଶ . 

෤෨݌ = ෤ܽ෨ଶ − ෤ܽ෨ଵଶ3 ෤෨ݍ    , = ෤ܽ෨ଷ − ෤ܽ෨ଵ ෤ܽ෨ଶ3 + 2 ෤ܽ෨ଵଷ27 ,   θ෨෨ = cosିଵ ቎− ෤෨2ݍ ቆ−   .෤෨3ቇିయమ቏݌
3.5   Numerical Analysis 

The purpose of taking into account the effects of rotary inertia and transverse 
shear is to show the differences in the amplitudes occurring at the action of axial 
forces on thicker beams. These influences increase the differences in the 
approximation of solutions and must be considered when the rotation of the 
beams’ cross-sections occurs due to shear forces. The numerical experiment used 
the two-beam model with identical material and geometric properties. 

ܧ = 1 × 10ଵ଴Nmିଶ, ߥ = 0.34, ܩ =  0.417 ∗ 10ଵ଴Nmିଶ, ݇ = 56 ܭ    , = 2 × 10ହNmିଶ ߩ = 2 × 10ଷkgmିଷ, ܣ = 5 × 10ିଶmଶ, ܫ = ܾℎଷ12 = 4 × 10ିସmସ,       
݈ = 10 m,    ܾ = 18 ඨ53 m, ℎ = ℎଵ = 25 ඨ35 m.     (3.5.1) 

Let us introduce the quantity  ߯ – axial force factor on the first beam in the 
function of its critical value,  ζ- axial force factor on the second beam in the 
function of axial force on the first beam and amplitude ratios with and without the 
action of axial forces ߮ଵ, ߮ଶ in the following form  ܨଵ = ,௞௥ܨ߯ 0 ≤ ߯ ≤ 1, ଶܨ = ζܨଵ, 0 ≤ ζ ≤ 1,    ߮ଵ = ଴,௡ଵܣ ௡ଵܣ  ,    ߮ଶ =     ,଴,௡ଶܣ ௡ଶܣ 
  ref. [51] Euler, Rayleigh:  ܨ௖௥ = ଶ݈ଶߨܫܧ ,            ref. [52]  Timoshenko: ௖௥ܨ = ாூగమ௟మ1 + ாூగమீ஺௞௟మ  ,      

ref. [31] Reddy − Bickford: ௖௥ܨ = πଶܫܧ ቀ840ܩ + ா௛మπమ௟మ ቁ݈ଶ ቀ840ܩ + ଼ହா௛మπమ௟మ ቁ .     (3.5.2) 



76 3   Effects of Axial Compression Forces, Rotary Inertia and Shear on Forced Vibrations 

 

In case of uniformly continuous harmonic excitation, the amplitudes of 
normal forced vibration of the beam system can be established for system 
parameters based on determined analytical expressions. The amplitude ratios ߮ଵand ߮ଶ at an excitation with following characteristics ߗ = 0.6߱௡ூூ, ݍ = 1 are 
shown in Figures 3.5.1 - 3.5.16. The obtained results were compared to the 
results for forced vibration of the system of elastically connected Euler beams, 
ref. Zhang et al. [5]. It can be noted in all Figures that the amplitude ratio for the 
second beam is higher compared to that of the first. By comparing the obtained 
results in the same vibration mode for different values of axial compression 
(ζ = 0.1, ζ = 0.9 ), it may be concluded that the influence of axial force on the 
second beam slightly affects the difference in vibration amplitude ratios of both 
beams.  

In case of doubly thicker beams (3.5.9-3.5.16), we see that with the increase of 
the vibration mode, the difference in the amplitude ratio increases at a faster rate 
between the used models, with the Timoshenko and Reddy-Bickford’s model 
providing a much better approximation. Therefore, it is appropriate to use 
analytically determined results given in this chapter for such model of the two 
elastically connected thicker beams. The figures 3.5.17-3.5.18 show amplitude-
frequency characteristics of the vibration of two elastically connected beams 
joined by a Winkler layer. It can be clearly seen from the Figures when the 
resonance occurs and when the system acts as a dynamic absorber. The 
differences in the obtained solutions show the importance of applying the theories 
that take into account the rotary inertia and transverse shear, the effects of which 
increase with the rise of the forced vibration mode of the system.   

 
Case for ℎ = ℎଵ 

  

 
 
 

Fig.3.5.1 ߮ଵ; (݊ = 3, ߞ = 0.1) Fig. 3.5.2  ߮ଶ; (݊ = 3, ߞ = 0.1) 
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Fig. 3.5.3 ߮ଵ; (݊ = 5, ߞ = 0.1) Fig. 3.5.4  ߮ଶ; (݊ = 5, ߞ = 0.1) 

Fig. 3.5.5  ߮ଵ; ( ݊ = 3, ߞ = 0.9) Fig. 3.5.6 ߮ଶ; ( ݊ = 3, ߞ = 0.9) 

Fig. 3.5.7 ߮ଵ; ( ݊ = 5, ߞ = 0.9) Fig. 3.5.8 ߮ଶ; ( ݊ = 5, ߞ = 0.9) 
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Case ℎ = 2ℎଵ 

  

 

  

  

 

Fig. 3.5.9 ߮ଵ; ( ݊ = 3, ߞ = 0.1) Fig. 3.5.10 ߮ଶ; ( ݊ = 3, ߞ = 0.1) 

Fig. 3.5.11  ߮ଵ; ( ݊ = 5, ߞ = 0.1) Fig. 3.5.12 ߮ଶ; ( ݊ = 5, ߞ = 0.1) 

Fig. 3.5.13 ߮ଵ; ( ݊ = 3, ߞ = 0.9) Fig. 3.5.14 ߮ଶ; ( ݊ = 3, ߞ = 0.9) 
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Fig. 3.5.17 h=h1, n=3 

 

Fig. 3.5.18 h=h1, n=5 

.܏۴ܑ ૜. ૞. ૚૞ ߮ଵ; ( ݊ = 5, ߞ = 0.9) Fig. 3.5.16 ߮ଶ; ( ݊ = 5, ߞ = 0.9) 



  
© Springer International Publishing Switzerland 2015 
V. Stojanović and P. Kozić, Vibrations and Stability of Complex Beam Systems, 

81 

Springer Tracts in Mechanical Engineering, DOI: 10.1007/978-3-319-13767-4_4  

Chapter 4 

Static and Stochastic Stability of an Elastically 
Connected Beam System on an Elastic 
Foundation  

Chapter 4 considers the static and stochastic stability of the elastically connected 
three beams on an elastic foundation. It is derived a new set of partial differential 
equations for static analysis of deflections and critical buckling force of the 
complex mechanical system and it is presented comparison study of the static 
stability between mechanical systems with one, two and three beams on an elastic 
foundation. It is analytically determined critical buckling force for each system 
individually. It is concluded that the system is the most stable in the case of the 
one beam on elastic foundation.  

In the case of the stochastic stability of the three elastically connected beams on 
an elastic foundation, the model is given as a system of the three coupled 
oscillators. Stochastic stability conditions are expressed by the Lyapunov 
exponent and moment Lyapunov exponents. It is determined the new set of 
transformation for getting Itoො differential equations which can be applied for any 
system of three coupled oscillators.  The method of regular perturbation is used to 
determine the asymptotic expressions for these exponents in the presence of small 
intensity noises. Analytical results are presented for the almost sure and moment 
stability of a stochastic dynamical system. The results are applied to study the 
moment stability of the complex structure with the influence of the white noise 
excitation due to the axial compressive stochastic load. 

4.1 Critical Buckling Force of Three Elastically Connected 
Timoshenko Beams on an Elastic Foundation 

4.1 Critical Buc kling Force of Three Elastically C onnected Timoshe nko  Beams  

Let us analyze the case of three elastically connected Timoshenko beams of the 
same length l, on an elastic Winkler-type foundation with the stiffness modulus K 
and the influence of identical axial loads F, Stojanović et al. [14]. Partial 
differential equations of motion for points of the system shown in Figure 4.1.1 are 
derived by applying the principle of virtual work for beams with identical 
geometric and material properties. 
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                                       (a)                                                           (b) 

Fig. 4.1.1 a) Three-beam system on an elastic foundation b) An elementary deformed beam 
part 

Let us mark the functions of longitudinal and transverse motions and the angle 
between the beam’s cross-section and ݕ–axis as ்ݑଵ(ݕ, ,ݖ ,(ݐ ,ݕ)ଵ்ݓ ଵ଴்߰,(ݖ ,(ݖ) ,ݕ)ଶ்ݑ  ,ݕ)ଶ்ݓ ,(ݖ ଶ଴்߰  ,(ݖ ,(ݖ) ,ݕ)ଷ்ݑ  ,ݕ)ଷ்ݓ,(ݖ and ்߰ଷ଴ (ݖ   (ݖ)
respectively. For a clockwise angle of the cross-section ߰଴்  ref. [14, 26], the 
motion of beam points is expressed as ்ݑ௜(ݕ, (ݖ = ௜଴்ݑ (ݖ) − ௜଴்߰ݕ ,(ݖ) ,ݕ)௜்ݓ (ݖ = ௜଴்ݓ ,(ݖ) ݅ = 1,2,3.  (4.1.1)

Deformation in the function of motion and the relation between stress and 
deformation according to the Hooke’s law are  ߝ௭௜(ݕ, (ݖ = ௜଴்ݑ߲ ݖ߲(ݖ) − ݕ ்߲߰௜଴ ݖ߲(ݖ) , (ݖ)௭௬௜ߛ = ௜଴்ݓ߲ ݖ߲(ݖ) − ்߰௜଴ ,(ݖ)  (4.1.2)ቄ ௭௜߬௭௬௜ቅߪ = ቂܧ 00 ቃܩ݇ ቄ ௭௬௜ቅߛ௭௜ߝ , ݅ = 1,2,3.                               (4.1.3) 

Virtual work of internal and external forces is given by ߜ ௏ܹ௜ = −ܾ න න (ݖ)௭௜ߝδ(ݖ)௭௜ߪൣ + ߬௭௬௜δߛ௭௬௜(ݖ)൧݀ݖ݀ݕ೓మି ೓మ
௟

଴ , ݅ = 1,2,3. (4.1.4)
ߜ ௘ܹ௫ଵ = න ቈδ்ݓଵ଴ ଶ଴்ݓ൫ܭ(ݖ) (ݖ) − ଵ଴்ݓ2 ൯(ݖ) + ܨ ଵ଴்ݓ߲ ݖ߲(ݖ) ߲δ்ݓଵ଴ ݖ߲(ݖ) ቉ ௟,ݖ݀

଴  (4.1.5)
ߜ ௘ܹ௫ଶ = න ቈδ்ݓଶ଴ ଵ଴்ݓ൫ܭ(ݖ) (ݖ) − ଶ଴்ݓ2 (ݖ) + ଷ଴்ݓ ൯(ݖ) + ܨ ଶ଴்ݓ߲ ݖ߲(ݖ) ߲δ்ݓଶ଴ ݖ߲(ݖ) ቉ ,ݖ݀  ௟

଴  (4.1.6)
ߜ ௘ܹ௫ଷ = න ቈδ்ݓଷ଴ ܭ(ݖ) ቀ்ݓଶ଴ (ݖ) − ଷ଴்ݓ ቁ(ݖ) + ܨ ଷ଴்ݓ߲ ݖ߲(ݖ) ߲δ்ݓଷ଴ ݖ߲(ݖ) ቉ ,ݖ݀  ௟

଴  (4.1.7)
By substituting the equations (4.1.4-4.1.7) into a general equation of virtual 

work principle without the action of inertial forces ߜ ௏ܹ௜ + ߜ ௘ܹ௫௜ = 0, ݅ =1,2,3 and applying the Green’s theorem, partial differential equations of beam 
point motion in the static region are obtained 

ܣܩ݇− ቆ߲ଶݓଵ߲ݖଶ − ߲߰ଵ߲ݖ ቇ + ܨ ߲ଶݓଵ߲ݖଶ + ଵݓܭ2 − ଶݓܭ = 0, − ௫ܫܧ ߲ଶ߰ଵ߲ݖଶ − ܣܩ݇ ൬߲ݓଵ߲ݖ − ߰ଵ൰ = 0, (4.1.8) 
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ܣܩ݇− ቆ߲ଶݓଶ߲ݖଶ − ߲߰ଶ߲ݖ ቇ + ܨ ߲ଶݓଶ߲ݖଶ − ଵݓܭ + ଶݓܭ2 − ଷݓܭ = 0, − ௫ܫܧ ߲ଶ߰ଶ߲ݖଶ − ܣܩ݇ ൬߲ݓଶ߲ݖ − ߰ଶ൰ = 0, (4.1.9) 
ܣܩ݇− ቆ߲ଶݓଷ߲ݖଶ − ߲߰ଷ߲ݖ ቇ + ܨ ߲ଶݓଷ߲ݖଶ − ଶݓܭ + ଷݓܭ = 0, ௫ܫܧ ߲ଶ߰ଷ߲ݖଶ − ܣܩ݇ ൬߲ݓଷ߲ݖ − ߰ଷ൰ = 0,   (4.1.10) 

By eliminating ߰௜  from the equations (4.1.8 - 4.1.10), we get the system of 
three partial differential equations of the fourth degree ܫܧ ൬1 − ൰ܩܣ݇ܨ ߲ସݓଵ߲ݖସ + ൬ܨ − 2 ൰ܩܣ݇ܫܧܭ ߲ଶݓଵ߲ݖଶ + ܩܣ݇ܫܧܭ ߲ଶݓଶ߲ݖଶ + ଵݓܭ2 − ଶݓܭ = 0,  (4.1.11) 
ܫܧ ൬1 − ൰ܩܣ݇ܨ ߲ସݓଶ߲ݖସ + ܩܣ݇ܫܧܭ ߲ଶݓଵ߲ݖଶ + ൬ܨ − ൰ܩܣ݇ܫܧܭ ߲ଶݓଶ߲ݖଶ + ܩܣ݇ܫܧܭ ߲ଶݓଷ߲ݖଶ − ଵݓܭ + ଶݓܭ2 − ଷݓܭ = 0, (4.1.12) 

ܫܧ ൬1 − ൰ܩܣ݇ܨ ߲ସݓଷ߲ݖସ + ܩܣ݇ܫܧܭ ߲ଶݓଶ߲ݖଶ + ൬ܨ − ൰ܩܣ݇ܫܧܭ ߲ଶݓଷ߲ݖଶ − ଶݓܭ + ଷݓܭ = 0.  (4.1.13) 
As the beams are simply supported, we apply the boundary conditions for 

which the following applies ݓ௜(0) = ݀ଶݓ௜(0)݀ݖଶ = ݀ଶݓ௜(݈)݀ݖଶ = (݈)௜ݓ = 0.  (4.1.14) 
We can assume the deflection of the beam as the order ݓ௜(ݖ) =  ෍ ݅        ,(ݖ)ܼ݊݅݊ܣ = 1,2.∞

݊=1                               (4.1.15) 

where the function Zn(z) is given by ܼ௡(ݖ) = sin(݇௡ݖ),         ݇௡ = ߨ݊ ݈,         ݊ = 1,2,3, …                  (4.1.16)⁄  

By substituting the assumed solutions (4.1.15) into equations (4.1.11-4.1.13), 
we obtain a homogeneous system of algebraic equations that can be written in the 
matrix form  

൥ݔ + ܭ2ܴ ܴܭ− ܴܭ−0 ݔ + ܭ2ܴ 0ܴܭ− ܴܭ− ݔ + ൩ܭܴ ൝ܣ௡ଵܣ௡ଶܣ௡ଷൡ = ൝000ൡ,                        (4.1.17) 

where ܴ = 1 + ݇ܣܩܫܧ ݇௡ଶ ,     ݔ = ݇௡ଶ(݇ܫܧ௡ଶ −  (4.1.18)                          . (ܴܨ

The existence of non-trivial solutions requires that the matrix determinant in the 
equation (4.1.17) equals zero, which yields a characteristic third degree equation 
expressed as ݔଷ + ଶݔܭ5ܴ + ݔଶ(ܭܴ)6 + ଷ(ܭܴ) = 0,                          (4.1.19) 

where ܽ଴ = 1,     ܽଵ = ଶܽ    ,ܭ5ܴ = ଶ,    ܽଷ(ܭܴ)6 =  .ଷ(ܭܴ)
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The solutions of the third degree polynomial equation (4.1.19) are ݔଵ = − 53 ܭܴ + 2ට− 3݌ ݏ݋ܿ ൬θ3൰ = ଶݔ ,ܭ0,198062ܴ− = − 53 ܭܴ + 2ට− 3݌ ݏ݋ܿ ൬θ + 2π3 ൰ = ଷݔ                       ,ܭ1,55496ܴ− = − 53 ܭܴ + 2ට− 3݌ ݏ݋ܿ ൬θ + 4π3 ൰ =  (4.1.20)            ,ܭ3,24698ܴ−

where  

݌ = ܽଶܽ௢ − ܽଵଶ3ܽ଴ଶ ݍ    , = ܽଷܽ௢ − ܽଵܽଶ3ܽ଴ଶ + 2ܽଵଷ27ܽ଴ଷ ܦ     , = ଶ4ݍ + ଷ27݌ < 0,     θ = ଵିݏ݋ܿ ൥− 2ݍ ቀ−           . 3ቁିయమ൩݌
If we substitute possible solutions (4.1.20) into the expression (4.1.18), we will 

obtain three values for force ܨ , the lowest of which represents the critical 
buckling force and has the following form ܨ௕௖௥ = ଶ݈ܭ 0.198062

πଶ݊ଶ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ.                              (4.1.21) 

For ܭ = 0 in the equation (4.1.21), we have 

௡ܲ = πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ,                                              (4.1.22) 

which represents the critical buckling force of the n-th mode for the Timoshenko 
beam [27]. For = 1 , the equation (4.1.22) is reduced to  ܲ = πଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௟మቁ.                                               (4.1.23) 

which is the lowest value of the force affecting the beam in the stability region. 
We will verify the solutions to the equation (4.1.19) using the trigonometric 
method [28]. Let us assume the solutions to the system of homogeneous algebraic 
equations (4.1.17) are non-trivial  ܣ௡௞ = ,ϕ݇݊݅ݏܰ ܰ ≠ 0, ≠ϕ݇݊݅ݏ 0, ݇ = 1,2,3.  (4.1.24) 

By substituting the assumed solutions (4.1.24) into the equation system 
(4.1.17), we get −݊݅ݏܰ⋅ܴܭϕ + ݔ) + 2ϕ݊݅ݏܰ⋅(ܭ2ܴ − 3ϕ݊݅ݏܰ⋅ܴܭ = 0.             (4.1.25) 

By solving the equation (4.1.25) for variable x, we have ݔ = ϕݏ݋ܿ)ܴܭ2 − 1).                                                     (4.1.26) 

By substituting the assumed solution (4.1.24) and  x in the expression (4.1.26) 
into the first equation of the system (4.1.17), we get the following identity (ݔ + ௡ଵܣ⋅(ܭ2ܴ − ≡ ௡ଶܣ⋅ܴܭ  0,    ⇒ ϕݏ݋ܴܿܭ2)    − ܴܭ2 + ϕ݊݅ݏܰ⋅(ܴܭ2 − 2ϕ݊݅ݏܴܰܭ = 0,   (4.1.27) 
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whereas from the third equation of the system (4.1.17),  we get −ܣ⋅ܴܭ௡ଶ + ݔ) + ௡ଷܣ⋅(ܭܴ = 0    ⇒ +2ϕ݊݅ݏܰ⋅ܴܭ−    −ϕݏ݋ܴܿܭ2) 3ϕ݊݅ݏܰ⋅(ܴܭ = 0.     (4.1.28) 
Expansion and transformation of the equation (4.1.28) yields 4݊݅ݏϕ − 3ϕ݊݅ݏ = 0,   .֞    2 ݊݅ݏ ൬4ϕ − 3ϕ2 ൰ ݏ݋ܿ ൬4ϕ + 3ϕ2 ൰ = 0.  (4.1.29) 
The solutions to the trigonometric equation (4.1.29)  are           ݊݅ݏ ቀϕ2ቁ = 0 ∨ ݏ݋ܿ  ൬7ϕ2 ൰ = 0 ⇒  ϕ = 2݊π ∨  7ϕ2 = πݏ − π2   ⇒  ϕ௦ = ݏ2 − 17 π,   ݏ 

         = 1,2,3,…݊.           (4.1.30) 
The equation (4.1.17) may be rewritten in the following form for different 

values of ϕ௦ ݔ௦ = ϕ௦ݏ݋൫ܴܿܭ2 − 1൯ = ݇௡ଶ(݇ܫܧ௡ଶ − ,(ܴܨ ݏ = 1,2,3,…݊.  (4.1.31) 
Buckling forces in the equation (4.1.32) are determined as 

௦ܨ = 2 ଶ݈ܭ
πଶ݊ଶ ൫1 − ϕ௦൯ݏ݋ܿ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ , ݏ = 1,2,3,…݊,  (4.1.32) 

from where by substituting ϕ௦ = ଶ௦ିଵ଻ π for ݏ = 1,2,3 into the expression 

(4.1.33) for ܨ௦ respective buckling forces follow 

ଵܨ = 2 ଶ݈ܭ 
πଶ݊ଶ ቀ1 − ݏ݋ܿ π7ቁ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ = 0.1980622 ଶ݈ܭ 

πଶ݊ଶ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ ≈   ,௕ூܨ
ଶܨ = 2 ଶ݈ܭ 

πଶ݊ଶ ൬1 − ݏ݋ܿ 3π7 ൰ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ = 1.554958 ଶ݈ܭ 
πଶ݊ଶ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ ≈     ,௕ூூܨ

ଷܨ = 2 ଶ݈ܭ 
πଶ݊ଶ ൬1 − ݏ݋ܿ 5π7 ൰ = 3.2469796 ଶ݈ܭ

πଶ݊ଶ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ ≈ .௕ூூூܨ  (4.1.33) 
 

4.2 Critical Buc kling Force of Two Elastical ly Connected Timoshenko Beams 

4.2 Critical Buckling Force of Two Elastically Connected 
Timoshenko Beams on an Elastic Foundation 

Let us analyze the case of two elastically connected Timoshenko beams on the 
elastic foundation. Both beams are under the influence of equal axial compression 
forces, reference [14]. 
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Fig. 4.2.1 Two-beam system on an elastic Winkler layer 

The equation (4.1.17) in the matrix form is now reduced to the following  ቂݔ + ܭ2ܴ ܴܭ−ܴܭ− ݔ + ቃܭܴ ൜ܣ௡ଵܣ௡ଶൠ = 0.                                                     (4.2.1) 

By expanding the determinant (4.2.1), we get the equation ݔଶ + ݔܭ3ܴ + ଶ(ܭܴ) = 0,                                                            (4.2.2) 

with following solutions ݔଵ ଶ⁄ = ܭ3ܴ− ± 52√ܭܴ    ⇒ ଵݔ    = ܭ3ܴ− + 52√ܭܴ = ଶݔ    ,ܭ0.382ܴ− = ܭ3ܴ− − 52√ܭܴ =  .ܭ2.618ܴ−
The lower value represents the critical buckling force for the n-th mode of 

system vibration and is given by ܨ௕௖௥ = ଶ݈ܭ 0.382
πଶ݊ଶ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ .                                   (4.2.3) 

4.3 Critical Buckling Force of Timoshenko Beams on an Elastic 
Surface 

In case of a single beam on an elastic surface, the equation (4.1.17) in the matrix 
form is reduced to the following 

 

Fig. 4.3.1 The beam on an elastic Winkler-type foundation 



4.4 Numerical Analysis 87 (ݔ + ௡ଵܣ(ܭܴ = 0.                                                   (4.3.1) 

By solving the equation (4.3.1) for the n-th vibration mode, we obtain the 
expression for critical buckling load in the form ܨ௕௞௥ = ଶ݈ܭ 

πଶ݊ଶ + πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ.                                   (4.3.2) 

4.4 Numerical Analysis 

The values of the physical parameters for the system used in the numerical 
experiment ܧ = 1 × 10ଵ଴ ܰ݉ିଶ,   ܩ =  0.417 × 10ଵ଴ܰ݉ିଶ, ݇ = 5 6⁄ , ଴ܭ = 2 × 10ହ ܰ݉ିଶ, (4.4.1)            ݈ = ܣ   ,݉ 10 = 5 × 10ିଶ݉ଶ,     ܫ = 4 × 10ିସ݉ସ, ߩ = 2 × 10ଷ ݇݃݉ିଷ. 

After introducing the non-dimensional parameter as the ratio of cross-section 
thickness to beam length ξ = ℎ ݈⁄ , the area of the cross-section and the moment of 
inertia may be written as  ܣ = ℎଶ = ,ଶ(݈ߦ) ܫ = ௫ܫ = ℎସ12 = ସ12(݈ߦ) . (4.4.2) 

Figure 4.4.1 illustrates the change in the relative ratio of critical forces to 
critical force in the function of non-dimensional parameter ξ for a different 
number of beams and different stiffness. From Figure 4.4.1 we can conclude that 
the relative critical force ratio decreases with the increase of beam thickness, 
whereas with the increase of the beam number for the lowest stiffness of the 
Winkler layer, the critical force ratio decreases in beams of lesser thickness. From 
the critical force ratio, we conclude that the system is the most stable in case of a 
single beam on an elastic foundation and that the stability decreases with the 
increase of the beam number. The same tendency of the relative critical force ratio 
for different modes can be seen in Figure 4.4.2. The change in the region of the 
system’s static stability in the function of the beam number and the Winkler layer 
stiffness with the change in beam thickness is shown in Figure 4.4.3. 

The points marked in Figure 4.4.4 show the values of physical parameters for 
which the system has the same critical force value in different modes. Thus, the 
point A12 in Figure 4.4.4 represents the bifurcation point for a single-beam 
system, i.e. the value of the beam thickness to length ratio, for which the system 
has the same absolute value of critical force in the first and second mode. With the 
increase of beam thickness from A12, the system becomes more stable in the 
second mode. Point A13 presents the point in which for the value of beam 
thickness to length ratio the system has the same absolute value of critical force in 
the first and the third mode. The same holds for points B12, B13 that refer to the 
double-beam system and points C12, C13 referring to the three-beam system. 
With the increase of the beam number, it may be concluded that the system 
becomes more sensitive to the influence of elastic layer stiffness since lesser 
thickness of beams is required, for which the systems are characterized by the 
same critical force in different modes. 
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Fig. 4.4.1 The influence of beam thickness on critical force ratio ܨ௕௖௥/ ௡ܲ (ܭ0.5= ܭ଴, ,଴ܭ  (଴ܭ1.5

 

Fig. 4.4.2 The influence of thickness and the number of beams on critical force ratio ܨ௕௖௥/ ௡ܲ (n=1,2,3) 
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Fig. 4.4.3 The influence of thickness and the number of beams on critical force ܨ௕௖௥ (ܭ 
,଴ܭ0.5= ,଴ܭ  (଴ܭ1.5

 

Fig. 4.4.4 The influence of thickness and the number of beams on critical force ܨ௕௖௥ 
(n=1,2,3) 
4.5 Stochastic Stability of Three Elastical ly Connected Beams 

4.5 Stochastic Stability of Three Elastically Connected Beams 
on an Elastic Foundation 

4.5 Stochastic Stability of Three Elastical ly Connected Beams  

Physical problems of real engineering can lead to the further investigation of the 
transverse vibration instability of a complex system on elastic foundation 
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subjected to stochastic compressive axial loading [54]. It is assumed that the three 
beams of the system are under the stochastic excitation. The rotary inertia and 
shear deformation should be negligible in motion of the beams is governed by the 
partial differential equations (4.5.1 − 4.5.3). This theory is based on the 
assumption that plane cross-sections of a beam remain plane during flexure and 
that the radius of curvature of a bent beam is larger than the beam’s depth. It is 
valid only if the ratio of the depth to the length of the beam is small. We can 
obtain the general equations for transverse vibrations of elastically connected 
beams shown in Fig. 4.1.1  ܫܧଵ ߲ସݓଵ߲ݖସ + ଵܣߩ ߲ଶݓଵ߲ݐଶ + ଴ܿߝ ൬2 ݐଵ߲ݓ߲ − ݐଶ߲ݓ߲ ൰ + (ݐ)ଵܨ ߲ଶݓଵ߲ݖଶ + ଵݓ2)ܭߝ − (ଶݓ = 0,   (4.5.1) 

ଶܫܧ ߲ସݓଶ߲ݖସ + ଶܣߩ ߲ଶݓଶ߲ݐଶ + ଴ܿߝ ൬2 ݐଶ߲ݓ߲ − ݐଵ߲ݓ߲ − ݐଷ߲ݓ߲ ൰ + (ݐ)ଶܨ ߲ଶݓଶ߲ݖଶ + ଶݓ2)ܭߝ − ଵݓ − (ଷݓ = 0, (4.5.2) 
ଷܫܧ ߲ସݓଷ߲ݖସ + ଷܣߩ ߲ଶݓଷ߲ݐଶ + ଴ܿߝ ൬߲ݓଷ߲ݐ − ݐଶ߲ݓ߲ ൰ + (ݐ)ଷܨ ߲ଶݓଷ߲ݖଶ + ଷݓ)ܭߝ − (ଶݓ = 0.  (4.5.3) 

 where ݓଵ, ݓଶ and ݓଷ are transverse beam deflections which are positive if 
downward, ܫଵ, ,ଵܣ ,ଷ are the second moments of inertia of the beamsܫ ଶ andܫ  Young’s modulus and ,ߩ and ܧ ଷ are the cross-sectional area of the beams, andܣ ଶ andܣ
the mass density. Thus ܿ଴ represent the damping coefficients per unit axial length, 
respectively, and ܭ is the stiffness modulus of a Winkler elastic layer. ܨଵ(ݐ),ܨଶ(ݐ) and ܨଷ(ݐ) are stochastically varying static loads. Simply supported ends for 
the same length ݈ of the beams are satisfied with boundary conditions ݓ௜(0, (ݐ ,݈)௜ݓ= (ݐ = ߲ଶݓ௜(0, (ݐ ⁄ଶݖ߲ = ߲ଶݓ௜(݈, (ݐ ଶݖ߲ = 0, ݅ = 1,2,3⁄ .  Using Galerkin 
method only for fundamental modes are considered, boundary conditions are 
satisfied by taking and substituting ݓ௜(ݖ, (ݐ = ௜ܶ ݖߨ)sin (ݐ) ݈⁄ ), (݅ = 1,2,3. )  into 
equations of motion. Unknown time functions can be expressed as 

ሷܶଵ + ܿ଴ܣߩߝଵ ൫2 ሶܶଵ − ሶܶଶ൯ + ቆ ଵܣߩଵܫܧ ସ݈ସߨ + ଵܣߩߝܭ2 − ଵ݈ଶܣߩଶߨ ቇ(ݐ)ଵܨ ଵܶ − ଵܣߩߝܭ2 ଶܶ = 0,  (4.5.4) 
ሷܶଶ+ ܿ଴ܣߩߝଶ ൫2 ሶܶଶ − ሶܶଷ − ሶܶଵ൯ + ൭ܫܧଶܣߩଶ ସ݈ସߨ + ଶܣߩߝܭ2 − ଶ݈ଶܣߩଶߨ ൱(ݐ)ଶܨ ଶܶ − ଶܣߩߝܭ ଷܶ − ଶܣߩߝܭ ଵܶ = 0,    (4.5.5) 

ሷܶଷ + ܿ଴ܣߩߝଷ ሶܶଷ − ܿ଴ܣߩߝଷ ሶܶଶ + ቆܫܧଷܣߩଷ ସ݈ସߨ + ଷܣߩߝܭ − ଷ݈ଶܣߩଶߨ ቇ(ݐ)ଷܨ ଷܶ − ଷܣߩߝܭ ଶܶ = 0.  (4.5.6) 
Using the further substitutions ߱ଵଶ = ଵܣߩଵܫܧ ସ݈ସߨ ,  ߱ଶଶ = ଶܣߩଶܫܧ ସ݈ସߨ ,  ߱ଷଶ = ଷܣߩଷܫܧ ସ݈ସߨ , ଵߚ  = ܿ଴ܣߩଵ ଶߚ   ,   = ܿ଴ܣߩଶ , ଷߚ  = ܿ଴ܣߩଷ  , 
ଵܭ = ଵ݈ଶܣߩଶߨ , ଶܭ  = ଶ݈ଶܣߩଶߨ , ଷܭ = ଷ݈ଶܣߩଶߨ , ଵܪ = ଵܣߩܭ , ଶܪ  = ଶܣߩܭ , ଷܪ  =  ,ଷܣߩܭ
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and assume that the compressive axial forces are stochastic white-noise processes 
with small intensity ܨଵ(ݐ) = (ݐ)ଶܨ = (ݐ)ଷܨ =  we have oscillatory system (ݐ)ߛ ߝ√
in form dଶ ଵܶdݐଶ + ߱ଵଶ ଵܶ + ଵߚߝ ൬2 d ଵܶdݐ − d ଶܶdݐ ൰ + ଵ(2ܪߝ ଵܶ − ଶܶ) − (ݐ)ߛଵܭߝ√ ଵܶ = 0, 

 dଶ ଶܶdݐଶ + ߱ଶଶ ଶܶ + ଶߚߝ ൬2 d ଶܶdݐ − d ଷܶdݐ − d ଵܶdݐ ൰ + ଶ(2ܪߝ ଶܶ − ଷܶ − ଵܶ) − (ݐ)ߛଶܭߝ√ ଶܶ = 0,  
      dଶ ଷܶdݐଶ + ߱ଷଶ ଷܶ + ଷߚߝ ൬d ଷܶdݐ − d ଶܶdݐ ൰ + )ଷܪߝ ଷܶ − ଶܶ) − (ݐ)ߛଷܭߝ√ ଷܶ = 0.  (4.5.7) 

System consist of unknown generalized coordinates in functions of time  ௜ܶ , 
natural frequencies ߱௜ and viscous damping coefficients ߚߝ௜, (݅ = 1,2,3). The 
stochastic term √(ݐ)ߛ ߝpresents a white-noise process with small intensity. 
Dynamic stability of a oscillatory system can be known in case to determine the 
maximal Lyapunov exponent and the ݌th moment Lyapunov exponent which is 
described  ்ߣ = lim௧→ஶ ݐ1 logԡݐ)ࢀ; ଴ܶ)ԡ, 

Where ݐ)ࢀ; ଴ܶ)is the solution process of a linear dynamical system. The 
almost-sure stability depends upon the sign of the maximal Lyapunov exponent 
which is an exponential growth rate of the solution of the randomly perturbed 
dynamical system. A negative sign of the maximal Lyapunov exponent implies the 
almost-sure stability whereas a non-negative value indicates instability. The 

exponential growth rate ൣܧฮݐ)ࢀ; ଴ܶ, ሶܶ଴)ฮ௣൧ is provided by the moment Lyapunov 
exponent defined as (݌)்߉ = lim௧→ஶ ݐ1 log ;ݐ)ࢀԡ]ܧ ଴ܶ)ԡ௣], 

Where ܧ[ ] denotes the expectation. If (݌)்߉ < 0, then by definition ൣܧฮݐ)ࢀ; ଴ܶ, ሶܶ଴)ฮ௣൧ → 0 as ݐ → 0 and this is referred to as ݌th moment stability. 
Although the moment Lyapunov exponents are important in the study of the 
dynamic stability of the stochastic systems, the actual evaluations of the moment 
Lyapunov exponents are very difficult and the almost-sure and moment stability 
of the equilibrium state ܶ = ሶܶ = 0  of Eq. (32). Using the transformation ଵܶ = ଵ,ሶܶଵݔ = ߱ଵݔଶ , ଶܶ = ,ଷݔ ሶܶଶ = ߱ଶݔସ , ଷܶ = ,ହݔ ሶܶଷ = ߱ଷݔ଺  the equation (1) can be 
represented in the first-order form by Stratonovich differential equations 

݀ ۔ۖەۖ
଺ۙۘۖݔହݔସݔଷݔଶݔଵݔۓ

ۖۗ = ۔ۖەۖ
଺ۙۘۖݔହݔସݔଷݔଶݔଵݔۓ

ۖۗ  ݐ݀
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 (4.5.8)
 

where ℎଵ = ଵܪ ߱ଵ⁄ , ℎଶ = ଶܪ ߱ଶ⁄ , ℎଷ = ଷܪ ߱ଷ⁄ , ݇ଵ = ଵܭ ߱ଵ⁄ , ݇ଶ = ଶܭ ߱ଶ⁄ , ݇ଷ ଷܭ= ߱ଷ.⁄  is the white-noise process with zero mean and autocorrelation (ݐ)ߛ
function ܴఊఊ(ݐଵ, (ଶݐ = [(ଵݐ)ߛ(ଵݐ)ߛ]ܧ = ଶݐ)ߜଶߪ −  ଵ),                             (4.5.9)ݐ

where ߪ is the intensity of the random process (ݐ)ߛ,  is the Dirac delta ()ߜ
function and ܧ[ ] denotes expectation.  Using corresponding transformation ݔଵ = ܽ cos ߮ଵ cos ߮ଶ cos ,ଵߠ ଶݔ = −ܽ cos ߮ଵ cos ߮ଶ sin ଵߠ  , ଷݔ = ܽ cos ߮ଵ sin ߮ଶ cos ସݔ  ,ଶߠ = −ܽ cos ߮ଵ sin ߮ଶ sin ,ଶߠ ହݔ  = ܽ sin ߮ଵ cos ,ଷߠ ଺ݔ  = −ܽ sin ߮ଵ sin ܲ ,ଷߠ = ܽ௣ = ଵଶݔ) + ଶଶݔ + ଷଶݔ + ସଶݔ + ହଶݔ + ∞−  ,଺ଶ)೛మݔ < ݌ < ∞, 0 ≤ ௜ߠ ≤ ,ߨ2 0 ≤ ߮௝ ≤ 2ߨ , ݅ = 1, 2, 3, ݆ = 1, 2. Itoො’s rule get the set of equations for the ݌th power of the norm of the response 
and phase variables. Trigonometric transformation represents ܽ as anorm of the 
response, where ߠଵ, ଵߠ݀ .ଷ are the angles of the three oscillators and ߮ଵ and ߮ଶ describe the coupling or exchange of energy between the oscillatorsߠ ଶ andߠ = ݉ଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)݀ݐ + ,ଵߠ)ଵଵߪ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܹ݀(ݐ), ݀ߠଶ = ݉ଶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)݀ݐ + ,ଵߠ)ଶଵߪ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܹ݀(ݐ), ݀ߠଷ = ݉ଷ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)݀ݐ + ,ଵߠ)ଷଵߪ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܹ݀(ݐ), ݀߮ଵ = ݉ସ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)݀ݐ + ,ଵߠ)ସଵߪ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܹ݀(ݐ),  ݀߮ଶ = ݉ହ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)݀ݐ + ,ଵߠ)ହଵߪ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܹ݀(ݐ),         ݀ܲ = ܲ݉଺(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)݀ݐ + ,ଵߠ)଺ଵߪܲ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܹ݀(ݐ).     (4.5.10) 
where ܹ(ݐ) is the standard Weiner process and  ݉ଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߱ଵ − ଵߚߝ ൬sin ଵߠ2 − ߱ଶ߱ଵ cos ଵߠ sin ଶߠ tan ߮ଶ൰ 

ℎଵ(1ߝ+                              + cos2ߠଵ − cos ଵߠ cos ଶߠ tan ߮ଶ) −ߝ ݇ଵଶߪଶ8 (cos3ߠଵ sin ଵߠ + 2 sin ଵߠ2 + cosߠଵ sin ,(ଵߠ3      (4.5.11) 
 



4.5 Stochastic Stability of Three Elastically Connected Beams 93 ߪଵଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߪଵ݇ߝ√− cosଶ ଵߠ ,                        (4.5.12) ݉ଶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߱ଶ − ଶߚߝ ൬sin ଶߠ2 − ߱ଵ߱ଶ cos ଶߠ cot ߮ଶ sin ଵߠ − ߱ଷ߱ଶ cos ଶߠ sin ଷߠ tan ߮ଵsin ߮ଶ ൰ 

ℎଶߝ+ ൬1 + cos ଶߠ2 − cos ଵߠ cos ଶߠ cot ߮ଶ − tan ߮ଵsin ߮ଶ cos ଶߠ sin ߝ− ଷ൰ߠ ݇ଶଶߪଶ8 (cos3ߠଶ sin ଶߠ + 2 sin ଶߠ2 + cosߠଶ sin ,(ଶߠ3 ,ଵߠ)ଶଵߪ (4.5.13)      ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߪଶ݇ߝ√− cosଶ ,ଶߠ     (4.5.14) 
݉ଷ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߱ଷ16 ൬13 + cos2ߠଷ + 5 + 4cos2ߠଷ − cos4ߠଷ2(1 + cos2ߠଷ) ൰ 

− ଷ8ߚߝ ൤3 sin ଷߠ2 + tan ଷ(1ߠ + cos (ଷߠ2 − 4 ߱ଶ߱ଷ sin ߮ଶ cot ߮ଵ sin ଶߠ ൬cos ଷߠ + 1cos ଷߠ − tan  ଷ൰൨ߠ
+ ℎଷ2ߝ ൬1 + cos ଷߠ2 − cos ଶߠ cos ଷߠ cot ߮ଵ sin ߮ଶ − cos ଶcosߠ ଷߠ cot ߮ଵ sin ߮ଶ +cos ଶߠ cot ߮ଵ sin ଷߠ sin ߮ଶ tan ߝ− (ଷߠ ݇ଷଶߪଶ8 (cos ଷߠ3 sin ଷߠ + 2 sin ଷߠ2 + cos ଷߠ sin ,(ଷߠ3 ,ଵߠ)ଷଵߪ (4.5.15)      ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߪଷ݇ߝ√− cosଶ ,ଷߠ     (4.5.16) ݉ସ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ߝ ർℎଵ4 [cos ଶߠ sin ଵߠ sin 2߮ଵ sin 2߮ଶ − sin ଵ(cosߠ2 2߮ଶ sin 2߮ଵ + sin 2߮ଵ)] 

+ ଵ4ߚ ൜sin 2߮ଵ ൤(1 − cos (ଵߠ2 (1 + cos 2߮ଶ) − ߱ଶ߱ଵ sin ଵߠ sin ଵߠ sin 2߮ଶ൨ൠ 
+ ℎଶ4 [sin 2߮ଵ(cos 2߮ଶ sin ଶߠ2 − sin ଶߠ2 + sin 2߮ଶ cos ଵߠ sin (ଶߠ + 2 sin ଶߠ cos ଷߠ sin ߮ଶ(1 − cos 2߮ଵ)] + ଶ4ߚ ൜sin 2߮ଵ ൤(1 − cos (ଶߠ2 (1 − cos 2߮ଶ) − 2߱ଷ߱ଶ (1 − cos 2߮ଵ) sin ଶߠ sin ଷߠ sin ߮ଶ 

− ߱ଵ߱ଶ sin ଵߠ sin ଶߠ sin 2߮ଵ sin 2߮ଶ]} + ℎଷ4 [sin ଷߠ2 sin 2߮ଵ − 2 cos ଶߠ sin ଷߠ sin ߮ଶ(1 + cos 2߮ଵ)] 
+ ଷ4ߚ ൤sin 2߮ଵ(cos ଷߠ2 − 1) + 2߱ଶ߱ଷ sin ଶߠ sin ଷߠ sin 2߮ଶ (1 + cos 2߮ଵ)൨ 
+ ଶ64ߪ {2݇ଵଶ cosଶ ߮ଶ[sin 4߮ଵ sinଶ ଵߠ2 cosଶ ߮ଶ − 8 cosଶ ଵߠ sin 2߮ଵ(cosଶ ଵߠ − cos 2߮ଶ sinଶ ଵ)] +2݇ଶଶߠ sinଶ ߮ଶ[sin 4߮ଵ sinଶ ଶߠ2 sinଶ ߮ଶ −8 cosଶ ଶߠ sin 2߮ଵ(cosଶ ଶߠ + cos 2߮ଶ sinଶ ଶ)] +16݇ଷଶߠ sin 2߮ଵ cosଶ ଷ(cosߠ ଷߠ2 + cos 2߮ଵ sinଶ (ଷߠ + ݇ଵ݇ଶ sinଶ 2߮ଶ sin ଵߠ2 sin ଶߠ2 (4 sin 2߮ଵ + sin 4߮ଵ) −4݇ଵ݇ଷ cosଶ ߮ଶ sin 4߮ଵ sin ଵߠ2 sin ଷߠ2 − 4݇ଶ݇ଷ sinଶ ߮ଶ sin 4߮ଵsin ଶߠ2 sin2ߠଷ}ۧ,  (4.5.17) ߪସଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = 8ߪߝ√ sin 2߮ଵ [݇ଵ sin ଵ(1ߠ2 + cos 2߮ଶ) +݇ଶ sin ଶ(1ߠ2 − cos 2߮ଶ) − 2݇ଷ sin ଷߠ2 sin2߮ଵ],      (4.5.18) 



94 4   Static and Stochastic Stability of an Elastically Connected Beam System ݉ହ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = = ℎଵ[sinۦߝ ଵߠ sin ߮ଶ(cos ଶߠ sin ߮ଶ − 2 cos ଵߠ cos߮ଶ)] + ଵ[sinߚ ଵߠ sin ߮ଶ(2 cos ߮ଶ sin ଵߠ − ߱ଶ߱ଵ sin ଶߠ sin߮ଶ)] −ℎଶ ൤sin ଶߠ cos ߮ଶ(cos ଵߠ cos ߮ଶ − 2 cos ଶߠ sin߮ଶ + cos ଷߠ tan߮ଵ)] + ଶߚ ൤sin ଶߠ ൬߱ଵ߱ଶ cosଶ ߮ଶ sin ଵ −sinߠ ଶߠ sin 2߮ଶ + ߱ଷ߱ଶ cos ߮ଶ sin ଷߠ tan߮ଵ)] − ଶ16ߪ {[4݇ଵଶ cosଶ ଵߠ sin 2߮ଶ (cos ଵߠ2 − cos 2߮ଶ sinଶߠଵ)] −[4݇ଶଶ cosଶ ×ଶߠ sin 2߮ଶ(cos ଶߠ2 + cos2߮ଶ sinଶߠଶ)] + [݇ଵ݇ଶ sin ଵߠ2 sin ଶߠ2 sin4߮ଶ] }ۧ, (4.5.19) 
,ଵߠ)ହଵߪ  ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = 4ߪߝ√ sin 2߮ଶ [݇ଵ sin ଵߠ2 − ݇ଶ sin2ߠଶ],                       (4.5.20) 

 ݉଺(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = = ℎଵ[cosଶ}݌ߝ ߮ଵ cos ߮ଶ sin ଵߠ (2 cos ଵߠ cos ߮ଶ − cos ଶsinߠ ߮ଶ)] + ଵ[cosଶߚ ߮ଵ cos ߮ଶ sin × ଵߠ ൬߱ଶ߱ଵ sin ଶߠ sin ߮ଶ − 2 cos ߮ଶsin +[(ଵߠ ℎଶ2 [sin ߮ଶ sin ଶߠ (− cos ଷߠ sin 2߮ଵ − 2 cosଶ ߮ଵ(cos ଵߠ cos ߮ଶ − 2 cos  ଶߠ

× sin߮ଶ))] + ଶ2ߚ ൤sin ߮ଶ sin ଶߠ ൬߱ଷ߱ଶ sin ଶߠ sin 2߮ଵ + 2 cosଶ ߮ଵ ൬߱ଵ߱ଶ cos ߮ଶ sin ଵߠ − 2 sin ଶߠ sin߮ଶ))] 
+ ଶ݇ଵଶ128ߪ cosଶ ߮ଵ (2cosଶ ଵߠ cos 2߮ଶ (10 + ݌3 + 4(2 + (݌ − ݌) − 2)cos2ߠଵ(3 + 4 cos 2߮ଶ)) + ݌) − 2) sinଶ ଵ (8ߠ2 cos 2߮ଵ cosସ ߮ଶ + cos 4߮ଶ)+ ଶ݇ଶଶ128ߪ cosଶ ߮ଵ(2 cosଶ ଶߠ cos 2߮ଶ (10 + ݌3 − 4(2 + (݌ + ݌) − 2) cos × (ଶߠ2 (4 cos 2߮ଶ − 3)) + (p − 2) sinଶ ଶ(cosߠ2 4߮ଶ + 8 cos 4߮ଵ sinସ ߮ଶ))  + ଶ݇ଷଶ64ߪ (2 cosଶ ଷ(4ߠ cos 2߮ଵ − 3) cos × ଷߠ2 ݌) − 2) + ݌3 + 2 − ݌4 cos 2߮ଵ) + ݌) − 2) cos 4߮ଵ sinଶ ଷߠ2 + ଶ݇ଵ݇ଶ16ߪ ݌) − 2) sin ଵߠ2 sin ଶߠ2 cosସ ߮ଵ sinଶ 2߮ଶ + + ଶ݇ଵ݇ଷ16ߪ ݌) − 2) sin ଵߠ2 sin ଷߠ2 cosଶ ߮ଶ sinଶ 2߮ଵ + ଶ݇ଵ݇ଷ16ߪ ݌) − 2) sin ଶߠ2 sin ଷߠ2 sinଶ ߮ଶ sinଶ2߮ଵ},                                                    (4.5.21) ߪ଺ଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) =  = 2ߪߝ√݌− (݇ଵ sin ଵߠ2 cosଶ ߮ଵ cosଶ ߮ଶ + ݇ଶsin2ߠଶ cosଶ ߮ଵ sinଶ ߮ଶ + ݇ଷ sin ଷߠ2 sinଶ ߮ଵ).  (4.5.22) 
Applying a linear stochastic transformation  ܵ = ,ଵߠ)ܶ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)ܲ, ܲ = ,ଵߠ)ܶܵ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ),                              (4.5.23) 

introducing the new norm process ܵ by means of the scalar function ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) which is defined on the stationary phase process ߮௝ , the Itô 
equation for the new ݌th norm process ܵ can be obtained from Itô‘s Lemma 
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݀ܵ = ܲ ቈ12 ቆߪଵଵଶ ߲ଶ߲ܶߠଵଶ + ଶଵଶߪ ߲ଶ߲ܶߠଶଶ + ଷଵଶߪ ߲ଶ߲ܶߠଷଶ + ସଵଶߪ ߲ଶ߲ܶ ଵ߮ଶ + ହଵଶߪ ߲ଶ߲ܶ߮ଶଶቇ + ଶଵߪଵଵߪ ߲ଶ߲ܶߠଵ߲ߠଶ + ଷଵߪଵଵߪ ߲ଶ߲ܶߠଵ߲ߠଷ 

ସଵߪଵଵߪ+           ߲ଶ߲ܶߠଵ߲߮ଵ + ହଵߪଷଵߪ+ ߲ଶ߲ܶߠଷ߲߮ଶ + ହଵߪସଵߪ ߲ଶ߲ܶ߮ଵ߲߮ଶ + ݉ଵ ଵߠ߲߲ܶ + ݉ଶ ଶߠ߲߲ܶ + 

         ݉ଷ ଷߠ߲߲ܶ + ݉ସ ߲߲ܶ߮ଵ + ݉ହ ߲߲ܶ߮ଶ + ݉଺ܶ + ଺ଵߪଵଵߪ ଵߠ߲߲ܶ + ଺ଵߪଶଵߪ+ ଶߠ߲߲ܶ + ଺ଵߪଷଵߪ  ଷߠ߲߲ܶ

଺ଵߪସଵߪ+ ߲߲ܶ߮ଵ + ଺ଵߪହଵߪ ߲߲ܶ߮ଶ൨ ݀ܶ + ܲ ൬ߪଵଵ ଵߠ߲߲ܶ + ଶଵߪ ଶߠ߲߲ܶ + ଷଵߪ ଷߠ߲߲ܶ + ସଵߪ ߲߲ܶ߮ଵ + ହଵߪ ߲߲ܶ߮ଶ  (4.5.24)                                              .(ݐ)ܹ݀ (଺ଵܶߪ

In the case that transformation function ܶ(߮௝) is bounded and non-singular, 
both processes ܲ and ܵ possess the same stability behavior. Therefore, 
transformation function ܶ(߮௝) is chosen so that the drift term, of the Itô 
differential Eq. does not depend on the phase process ߮௝, so that ݀ܵ = ݐ݀ܵ(݌)߉ + ܵܶ ൬ߪଵଵ ଵߠ߲߲ܶ + ଶଵߪ ଶߠ߲߲ܶ + ଷଵߪ ଷߠ߲߲ܶ + ସଵߪ ߲߲ܶ߮ଵ + ହଵߪ ߲߲ܶ߮ଶ + ଺ଵܶ൰ߪ .(ݐ)ܹ݀      (4.5.25) 

  Transformation function ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)  is given by the following 
equation [ܮ଴ + ,ଵߠ)ܶ[ଵܮߝ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ,ଵߠ)ܶ(݌)߉ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ).           (4.5.26) 

Where ܮ଴ and  ܮଵ are the differential operators in the forms ܮ଴ = ߱ଵ ଵߠ߲߲ + ߱ଶ ଶߠ߲߲ + ߱ଷ          ,ଷߠ߲߲
ଵܮ = ܽଵ ߲ଶ߲ߠଵଶ + ܽଶ ߲ଶ߲ߠଶଶ + ܽଷ ߲ଶ߲ߠଷଶ + ܽସ ߲ଶ߲߮ଵଶ + ܽହ ߲ଶ߲߮ଶଶ + ܽ଺ ߲ଶ߲ߠଵ߲ߠଶ + ܽ଻ ߲ଶ߲ߠଵ߲ߠଷ + ଼ܽ ߲ଶ߲ߠଵ߲߮ଵ + ܽଽ ߲ଶ߲ߠଵ߲߮ଶ 

+ܽଵ଴ ߲ଶ߲ߠଶ߲ߠଷ + ܽଵଵ ߲ଶ߲ߠଶ߲߮ଵ + ܽଵଶ ߲ଶ߲ߠଶ߲߮ଶ + ܽଵଷ ߲ଶ߲ߠଷ߲߮ଵ + ܽଵସ ߲ଶ߲ߠଷ߲߮ଶ + ܽଵହ ߲ଶ߲߮ଵ߲߮ଶ + ܾଵ  ଵߠ߲߲

+ܾଶ ଶߠ߲߲ + ܾଷ ଷߠ߲߲ + ܾସ ߲߲߮ଵ + ܾହ ߲߲߮ଶ + ܿ.  (4.5.27) 
4.6   Moment Lyapunov Exponents  

Applying the method of regular perturbation, both the moment Lyapunov 
exponent (݌)߉ and the eigenfunction ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) are expanded in power 
series of ߝ to obtain a weak noise expansion of the Lyapunov exponent of a system 
with stochastic excitation described by six-dimensional components as                            (݌)߉ = (݌)଴߉ + (݌)ଵ߉ߝ + (݌)ଶ߉ଶߝ + ⋯ + (݌)௡߉௡ߝ + ,ଵߠ)ܶ   ,⋯ ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ߝ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଶߝ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଶߝ+         ⋯ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ⋯ ௡ߝ+ ௡ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ⋯. (4.6.1)
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Equating terms of the equal powers of ߝ the following equations may be written 
as ߝ଴: ଴ܮ    ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)଴߉ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ),  ߝଵ: ଴ܮ    ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଵܮ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)଴߉ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + (݌)ଵ߉ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ),                       ߝଶ: ଴ܮ    ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଵܮ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)଴߉ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + (݌)ଵ߉ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)                       +߉ଶ(݌) ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ),                    ߝଷ: ଴ܮ    ଷܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଵܮ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)଴߉ ଷܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + (݌)ଵ߉ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)                     +߉ଶ(݌) ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + (݌)ଷ߉ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ), 
:௡ߝ                                  , ... ଴ܮ    ௡ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଵܮ ௡ܶିଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)଴߉ ௡ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + (݌)ଵ߉ ௡ܶିଵ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)                             + ⋯ + (݌)௡߉ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ),  (4.6.2)
where each function ௦ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ), ݏ = 1,2,3, … must be positive and 
periodic in the range 0 ≤ ௜ߠ ≤  .ߨ2
4.6.1 Zeroth Order Perturbation    

The zeroth order perturbation equation is ܮ଴ ଴ܶ = (݌)଴߉ ଴ܶ and can be written as ߱ଵ ߲ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲ߠଵ + ߱ଶ ߲ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲ߠଶ + ߱ଷ ߲ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲ߠଷ  = (݌)଴߉ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ).                          (4.6.3) 

Eq. (4.6.3) can be easily solved from the moment Lyapunov exponent 
characteristic which results ߉௡(0) = 0 for ݊ = 0,1,2,3, …because of (0)߉ ଴(0)߉= + ଵ(0)߉ߝ + ଶ(0)߉ଶߝ + ⋯ + ௡(0)߉௡ߝ = 0. The eigenvalue ߉଴(݌) is 
independent of ݌. Hence ߉଴(0) =0 leads to ߉଴(݌) = 0. The solutions have a 
periodic solution if and only if  ߉଴(݌) = 0,  ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = 1.                         (4.6.4) 

4.6.2 First Order Perturbation 

Equation given from first-order perturbation is 

଴ܮ                                 ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଵܮ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)          = (݌)଴߉ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + (݌)ଵ߉ ଴ܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ),  (4.6.5)
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and Eq. (4.6.5) has a periodic solution if and only if   

න න න න න ଵܮ] ∙ 1 − గ/ଶ[(݌)ଵ߉
଴

గ/ଶ
଴

ଶగ
଴

ଶగ
଴

ଶగ
଴ ݀߮ଵ݀߮ଶ݀ߠଵ݀ߠଶ݀ߠଷ = 0,  (4.6.6) 

    which yields  ߉ଵ(݌) = ହߨ12 න න න න න ,ଵߠ)ܿ] ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)]గ/ଶ
଴

గ/ଶ
଴

ଶగ
଴

ଶగ
଴

ଶగ
଴ ݀߮ଵ݀߮ଶ݀ߠଵ݀ߠଶ݀ߠଷ 

         = ଶߪ ቈ݇ଵଶ + ݇ଶଶ1024 ݌9)݌ + 46) + ݇ଷଶ128 ݌3)݌ + 10)቉ − 4݌ ଵߚ) + ଶߚ + .(ଷߚ  (4.6.7)
The first-order perturbation equation can be rewritten as  ߱ଵ ߲ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲ߠଵ + ߱ଶ ߲ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲ߠଶ + ߱ଷ ߲ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲ߠଷ  

,ଵߠ)ܿ+         ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = .(݌)ଵ߉  (4.6.8)
It is important to take into consideration commensurable frequencies where 

exists a relation of the form of  ݉ଵ߱ଵ = ݉ଶ߱ଶ = ݉ଷ߱ଷ where  ݉ଵ, ݉ଶ and ݉ଷ 
are integers and expressions for second and third frequency are ߱ଶ = ݈ଵ߱ଵ and ߱ଷ = ݈ଶ߱ଵ respectively. The function ܿ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) can be written in the 
form  ܿ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)ଵ߉ + ଴݂(ߠଵ, ,ଶߠ (ଷߠ + ଵ݂(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ + ଶ݂(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଶ  + ଷ݂(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଵ + ସ݂(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଶ + ହ݂(ߠଵ, ,ଶߠ (ଷߠ sin 2߮ଶ + ଺݂(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ cos 2߮ଶ  + ଻݂(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ sin 2߮ଶ + ଼݂ ,ଵߠ) ,ଶߠ (ଷߠ cos 2߮ଵ cos 4߮ଶ + ଽ݂(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଵ cos 2߮ଶ  + ଵ݂଴(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଵ cos 4߮ଶ + ଵ݂ଵ(ߠଵ, ,ଶߠ (ଷߠ sin 2߮ଵ sin ߮ଶ . (4.6.9)

Functions ௥݂(ߠଵ, ,ଶߠ ,ଵߠ ଷ) are periodic inߠ  ଷ and given asߠ ଶ andߠ

௥݂(ߠଵ, ,ଶߠ (ଷߠ = ݎ    ,{୰ܛ}ۂ܃ہ = 0,1, … ,11,                                              (4.6.10) 

Where ۂ܃ہ is the vector in the form ۂ܃ہ = ଶ݇ଵ    ଶߪ    ଷߚ   ଶ    ℎଷߚ    ଵ    ℎଶߚ     ℎଵہ ଶ݇ଶ    ଶߪ    ,ۂଶ݇ଶ݇ଷߪ     ଶ݇ଵ݇ଷߪ    ଶ݇ଵ݇ଶߪ     ଶ݇ଷଶߪ  
The combination of coefficients ߮ଵ and ߮ଶ suggests that function ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) can be written as 

ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = ଵܶ଴(ߠଵ, ,ଶߠ (ଷߠ + ଵܶଵ(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ + ଵܶଶ(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଶ  + ଵܶଷ(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଵ + ଵܶସ(ߠଵ, ,ଶߠ (ଷߠ cos4߮ଶ+ ଵܶହ(ߠଵ, ,ଶߠ (ଷߠ sin 2߮ଶ + ଵܶ଺(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ cos 2߮ଶ + ଵܶ଻(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ sin 2߮ଶ + ଵ଼ܶ(ߠଵ, ,ଶߠ (ଷߠ cos 2߮ଵ cos 4߮ଶ + ଵܶଵ଴(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଵ cos 4߮ଶ + ଵܶଵଵ(ߠଵ, ,ଶߠ (ଷߠ sin 2߮ଵ sin ߮ଶ + ଵܶଽ(ߠଵ, ,ଶߠ (ଷߠ cos 4߮ଵ cos 2߮ଶ. 
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Equating terms of the equal trigonometry function to give set of partial 
differential equations  

߱ଵ ߲ ଵܶ௥(ߠଵ, ,ଶߠ ଵߠ߲(ଷߠ + ߱ଶ ߲ ଵܶ௥(ߠଵ, ,ଶߠ ଶߠ߲(ଷߠ + ߱ଷ ߲ ଵܶ௥(ߠଵ, ,ଶߠ ଷߠ߲(ଷߠ + ௥݂(ߠଵ, ,ଶߠ (ଷߠ = 0, ݎ = 0,1, … ,11.   (4.6.11) 
The functions ଵܶ௥(ߠଵ, ,ଶߠ  ଷ) can be written asߠ

ଵܶ௥(ߠଵ, ,ଶߠ (ଷߠ = {୰ܞ}ۂ܃ہ + ଶߠ)௥ܥ − ݈ଵߠଵ, ଷߠ − ݈ଶߠଵ),    ݎ = 0,1, … ,11,                     (4.6.12) 

Here ܥ௥(ߠଶ − ݈ଵߠଵ, ଷߠ − ݈ଶߠଵ) are the same arbitrary functions of three 
variables for which we make assumptions as follows ܥ௥(ߠଶ − ݈ଵߠଵ, ଷߠ − ݈ଶߠଵ) = ଵ௥ܣ + ଵ௥ܤ sin(2ߠଶ − 2݈ଵߠଵ) + ଵ௥ܥ sin(4ߠଶ − 4݈ଵߠଵ) +ܦଵ௥ sin(2ߠଷ − 2݈ଶߠଵ) + ଵ௥ܧ sin(4ߠଷ − 4݈ଶߠଵ) , ݎ = 0,1, … ,11.                     (4.6.13) 

As each function ଵܶ௥(ߠଵ, ,ଶߠ ,(ଷߠ ݎ = 0,1, … ,11 must be positive and periodic, 
unknown constants ܣଵ௥, ,ଵ௥ܤ  ,ଵ௥ܥ  ,ଵ௥ܦ  ଵ௥ܧ   can be determined using conditions 

ଵܶ௥(0, 0, 0) = ଵܶ௥(0, 0, (ߨ2 = ଵܶ௥(0, ,ߨ2 0) = ଵܶ௥(2ߨ, 0, 0) = ଵܶ௥(2ߨ, ,ߨ2 0) = ଵܶ௥(0, ,ߨ2 =  (ߨ2 ଵܶ௥(2ߨ, 0, (ߨ2 = ଵܶ௥(2ߨ, ,ߨ2 (ߨ2 = 0,                                           (4.6.14)  ߲ ଵܶ௥(0, 0, ଵߠ߲(0 = ߲ ଵܶ௥(2ߨ, 0, ଵߠ߲(0 , ߲ ଵܶ௥(0, 0, ଶߠ߲(0 = ߲ ଵܶ௥(0, ,ߨ2 ଶߠ߲(0 , ߲ ଵܶ௥(0, 0, ଷߠ߲(0  = ߲ ଵܶ௥(0, 0, ଷߠ߲(ߨ2 , ݎ = 0,1, … ,11.                                                           (4.6.15) 

4.6.3 Second Order Perturbation 

The second-order perturbation equation must satisfied the condition of periodic 
function ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) in ߠଵ, ଴ܮ ଷ given asߠ ଶ andߠ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + ଵܮ ଶܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) = (݌)ଵ߉ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ) + .(݌)ଶ߉  (4.6.16) 

We have  

(݌)ଶ߉ = ହߨ12 න න න න න ቊܽଵ ߲ଶ ଵ߲ܶߠଵଶ
గ/ଶ

଴
గ/ଶ

଴
ଶగ

଴
ଶగ

଴
ଶగ

଴ + ܽଶ ߲ଶ ଵ߲ܶߠଶଶ + ܽଷ ߲ଶ ଵ߲ܶߠଷଶ + ܽସ ߲ଶ ଵ߲ܶ ଵ߮ଶ + ܽହ ߲ଶ ଵ߲ܶ߮ଶଶ +ܽ଺ ߲ଶ ଵ߲ܶߠଵ߲ߠଶ 

+ܽ଻ ߲ଶ ଵ߲ܶߠଵ߲ߠଷ + ଼ܽ ߲ଶ ଵ߲ܶߠଵ߲߮ଵ + ܽଽ ߲ଶ ଵ߲ܶߠଵ߲߮ଶ +ܽଵ଴ ߲ଶ ଵ߲ܶߠଶ߲ߠଷ + ܽଵଵ ߲ଶ ଵ߲ܶߠଶ߲߮ଵ + ܽଵଶ ߲ଶ ଵ߲ܶߠଶ߲߮ଶ + ܽଵଷ ߲ଶ ଵ߲ܶߠଷ߲߮ଵ 

+ܽଵସ ߲ଶ ଵ߲ܶߠଷ߲߮ଶ + ܽଵହ ߲ଶ ଵ߲ܶ߮ଵ߲߮ଶ +ܾଵ ߲ ଵ߲ܶߠଵ + ܾଶ ߲ ଵ߲ܶߠଶ ܾଷ ߲ ଵ߲ܶߠଷ + ܾସ ߲ ଵ߲ܶ߮ଵ 

                 +ܾହ ߲ ଵܶ(ߠଵ, ,ଶߠ ,ଷߠ ߮ଵ, ߮ଶ)߲߮ଶ + [ܿ − [(݌)ଵ߉ ଵܶቋ ݀߮ଵ݀߮ଶ݀ߠଵ݀ߠଶ݀ߠଷ. (4.6.17) 
 



4.6   Moment Lyapunov Exponents 99 ߉ଶ(݌) can be obtained symbolically. After integrating, the solution has the 
following form ߉ଶ(݌) == (݌)ଶ଴߉ + (݌)ଶଵ߉ sin 4݈ଶߨ + (݌)ଶଶ߉ cos 4݈ଶߨ + (݌)ଶଷ߉ cos 3݈ଶߨ sin ݈ଶߨ + (݌)ଶସ߉ cos ݈ଶߨ sin 3݈ଶ߱ߨଵ(݈ଵଶ − 1)(݈ଶଶ − 1)(݈ଵଶ − ݈ଶଶ)(2 + cos 4݈ଶߨ) .  (4.6.18) 

The weak noise expansion of the moment Lyapunov exponent in the second-
order perturbation for the stochastic system is determined in the form  (݌)߉ = ε߉ଵ(݌) + εଶ߉ଶ(݌) + ܱ(εଷ).                                         (4.6.19) 

The Lyapunov exponent can be obtained by using a property of the moment 
Lyapunov exponent 

ߣ = ݌݀(݌)߉݀ ቤ௣ୀ଴ = εߣଵ + εଶߣଶ + ܱ(εଷ) = ε ൜൤ 23512 (݇ଵଶ + ݇ଶଶ) + 564 ݇ଷଶ൨ ଶߪ − 14 ଵߚ) + ଶߚ +                     ଷ)ൠߚ
  +εଶ ଶ଴ߣ + ଶଵߣ sin 4݈ଶߨ + ଶଶߣ cos 4݈ଶߨ + ଶଷߣ cos 3݈ଶߨ sin ݈ଶߨ + ଶସߣ cos ݈ଶߨ sin 3݈ଶ߱ߨଵ(݈ଵଶ − 1)(݈ଶଶ − 1)(݈ଵଶ − ݈ଶଶ)(2 + cos 4݈ଶߨ) + ܱ(εଷ),  (4.6.20) 

4.6.4 Stochastic Stability Conditions  

The values used for the parameters of the stochastic system in the calculations for 
determining Moment Lyapunov exponent and Lyapunov exponent are given as 
follows ܧ = 1 × 10ଵ଴ ܰ݉ିଶ,    ܭ = 2 × 10ହ ܰ݉ିଶ,   ߩ = 2 × 10ଷ ݇݃݉ିଷ, ݈ = ଵܣ   ,݉ 10 = ଶܣ = ଷܣ = 5 × 10ିଶ ݉ଶ,   ܫଵ = 4 × 10ିସ݉ସ, ଶܫ = 254 × 10ିସ݉ସ,   ܫଷ = 354 × 10ିସ݉ସ, (4.6.21) 

where we assume for the simplicity that ܪଵ = ଶܪ = ଷܪ = ܣߩܭ , ଵܭ  = ଶܭ = ଷܭ =  (4.6.22)                                            .ܣߩଶ݈ଶߨ

We determined analytically the ݌th moment stability boundary in the first-order 
perturbation for various values ݌ = 1,2,4, respectively with the definition of the 
moment stability (݌)߉ < 0. Using the results for the moment Lyapunov exponent 
from first order perturbation, (݌)߉ = (݌)ଵ߉ߝ + (1)߉ we obtained (ଶߝ)ܱ < 0  ௣௘௥௧.  ଵሳልልልሰ ܿ଴ > ൤ 55768 (݇ଵଶ + ݇ଶଶ) + 1396 ݇ଷଶ൨    ,ܣߩଶߪ 

(2)߉ < 0  ௣௘௥௧.  ଵሳልልልሰ ܿ଴ > 112 (݇ଵଶ + ݇ଶଶ+2݇ଷଶ) ߪଶܣߩ, 
(4)߉ < 0  ௣௘௥௧.  ଵሳልልልሰ ܿ଴ > ൤ 41384 (݇ଵଶ + ݇ଶଶ) + 1148 ݇ଷଶ൨  (4.6.23)            .ܣߩଶߪ 

Almost-sure stability boundary of the oscillatory system can be determined in 
the first-order perturbation from known that oscillatory stochastic system is 
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asymptotically stable only if the Lyapunov exponent ߣ < 0. From expression ߣ =
εߣଵ + ܱ(εଶ) we have  ߣ < 0  ௣௘௥௧.  ଵሳልልልሰ ܿ଴ > ൤ 23384 (݇ଵଶ + ݇ଶଶ) + 548 ݇ଷଶ൨  (4.6.24)                .ܣߩଶߪ 

Following the same procedure using the values of natural frequencies ߱ଵ ,ଵିݏ 19.739= ߱ଶ = ଵ and ߱ଷିݏ24.674 =  ଵ calculated for the parametersିݏ29.194
of the system we determined the moment stability boundary in the second-order 
perturbation in form of equations         (1)߉ < 0  ௣௘௥௧.  ଶሳልልልልሰ 0.0004287 + 0.02258090ܿ଴ + 1.50619 ×   10ି଺ܿ଴ଶ > 0,    

(2)߉ < 0 ௣௘௥௧.  ଶሳልልልልሰ 0.00099457 + 0.0453544ܿ଴ + 4.0165 × 10ି଺ܿ଴ଶ > 0, (4)߉ (4.6.25)  < 0  ௣௘௥௧.  ଶሳልልልሰ 0.0025176 + 0.0914795ܿ଴ + 0.00001204 ܿ଴ଶ > 0.         
We determined the almost-sure stability boundary in the second-order 

perturbation by the same procedure applied to ߣ = εߣଵ + εଶߣଶ + ܱ(εଷ) and we 
have condition 

ߣ < 0 ௣௘௥௧.  ଶሳልልልልሰ 0.0003586 + 0.022485ܿ଴ + 1.00412 × 10ି଺ܿ଴ଶ > 0  (4.6.26) 
 

 

Fig. 4.6.1 Moment Lyapunov exponent (݌)߉ for ߪ = √200 × 10ଷ, ݀ଵ = ݀ଶ = ܿ଴ = 0.01, 
thin lines - double beam [53], thick lines – three beam system on elastic foundation, dashed 
lines – second perturbation of the three beam system. 
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Fig. 4.6.2 Stability regions for almost-sure (a-s) and pth moment stability for ߝ = 0.002. 
Variation of moment Lyapunov exponent for double beam and three beam 

system on elastic foundation is presented on Fig. 4.6.1. Values for the double 
beam system in numerical experiment are chosen from present study for the 
properties of the beams 1 and 2 and compared with results for moment Lyapunov 
exponent for the three beam system on elastic foundation. The main point of the 
presented results on Fig 4.6.1.  is that the stochastic stability of three beam system 
on elastic foundation is higher then for the double beam system without 
foundation. We compared stability when one more beam and elastic foundation is 
included with simple double-beam system. Our investigation shows that regardless 
because we increased the number of freedom of the system with one more beam, 
elastic foundation has significant influence on increasing the region of the 
stochastic stability, and the system considered in the present work is more stable 
because the values of (݌)߉ is negative on the bigger region of the p. Negative 
values of the (݌)߉ shows when the system is stable. Fig. 4.6.2. just shows moment 
stability boundaries for first perturbation with respect to the damping coefficients. 
We can conclude that the stability region is increasing with increasing the 
damping coefficient what was expected.  
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Chapter 5  

The Effects of Rotary Inertia and Transverse 
Shear on the Vibrations and Stability of the 
Elastically Connected Timoshenko Beam-
System on Elastic Foundation  

The Effects of Rotary Inertia and Tra nsverse Shear on the Vibration and Stability  

Chapter 5 analyzed free vibration of the multiple elastically connected beams of 
Timoshenko’s type on an elastic foundation under the influence of axial forces. 
Analytical solutions for the natural frequencies and the critical buckling forces are 
determined by the trigonometric method and verified numerically. It is shown that 
the fundamental natural frequency in the first mode of the multiple beam system 
tends to the value of the natural frequency of the system with one beam resting on 
an elastic foundation with the tendency of increasing the number of connected 
beams with the same stiffness of the layers between. 

5.1   Free Vibration of Elastically Connected Timoshenko Beams 

Let us consider the system of m elastically connected Timoshenko beams of the 
same length l, elastically connected by Winkler-type layers with the stiffness 
modulus ܭ௜௜, (݅݅ = 0, 1, … , ݉ − 1) under the influence of axial compression forces 
of the intensity F, reference [15]. 
 

 
                                 a)                                                                b)           

Fig. 5.1.1 a) The system of elastically connected beams on an elastic foundation b) 
Elementary deformed beam part 
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Let the functions of longitudinal and transverse motion as well as the angle 
between the beam’s cross section and ݕ–axis be ்ݑప̃(ݕ, ,ݖ ,ݕ)ప̃ ்ݓ,(ݐ ,(ݖ ்߰ ప̃଴ ଓ̃,(ݖ) = 1,2, … , ݉.  For a clockwise angle ߰଴ of the cross-section as shown in Figure 
5.1.1 b) pursuant to the derived equations in reference [15], we define the motion 
of beam points as ்ݑప̃(ݕ, ,ݖ (ݐ = ప̃଴்ݑ ,ݖ) (ݐ − ప̃଴்߰ݕ ,ݖ) ,(ݐ ,ݕ)ప்̃ݓ ,ݖ (ݐ = ప̃଴்ݓ ,ݖ) ,(ݐ ଓ̃ = 1,2, … , ݉. (5.1.1) 

Deformation in the function of motion and the relation between stress and 
deformation according to Hooke’s law are given by ߝ௭ప̃(ݕ, ,ݖ (ݐ = ప̃଴்ݑ߲   ,ݖ) ݖ߲(ݐ − ݕ ்߲߰ప̃଴ ,ݖ) ݖ߲(ݐ , ,ݖ)௭௬ప̃ߛ (ݐ = ప̃଴்ݓ߲ ,ݖ) ݖ߲(ݐ − ்߰ప̃଴ ,ݖ) ,(ݐ  (5.1.2) 

ቄ ௭ప̃߬௭௬ప̃ቅߪ = ൤ܧప̃ 00 ప̃൨ܩ݇ ቄ ௭௬ప̃ቅ,   ଓ̃ߛ௭ప̃ߝ = 1,2, … , ݉.                       (5.1.3) 

Virtual work of inertial forces is given by 

ߜ ௜ܹ௡ప̃ = పܾ̃ప̃ߩ− න න ቈ߲ଶ்ݓప̃(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݓప̃(ݕ, ,ݖ (ݐ + ߲ଶ்ݑప̃(ݕ, ,ݖ ଶݐ߲(ݐ δ்ݑప̃(ݕ, ,ݖ ቉(ݐ ೓ഢ̃మି ೓ഢ̃మ.ݖ݀ݕ݀
௟

଴  (5.1.4) 
Virtual work of internal forces is  

ߜ ௏ܹప̃ = −ܾప̃ න න ,ݖ)௭ప̃ߪൣ ,ݖ)௭ప̃ߝδ(ݐ (ݐ + ߬௭௬ప̃(ݖ, ,ݖ)௭௬ప̃ߛδ(ݐ ೓భమି ೓భమ.ݖ݀ݕ൧݀(ݐ
௟

଴                (5.1.5) 

Virtual work of external work is expressed as ߜ ௘ܹ௫ଵ = න ቄδ்ݓଵ଴ ,ݖ) (ݐ ቂ−ܭ଴்ݓଵ଴ ,ݖ) (ݐ + ଶ଴்ݓଵቀܭ ,ݖ) (ݐ − ଵ଴்ݓ ,ݖ) ቁቃ௟(ݐ
଴ + ܨ ଵ଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓଵ଴ ,ݖ) ݖ߲(ݐ ቋ (5.1.6)  ,ݖ݀

ߜ ௘ܹ௫௜ = න ൛δ்ݓ௜଴ ,ݖ) ௜଴்ݓ௜ିଵ൫ܭ−ൣ(ݐ ,ݖ) (ݐ − ௜ିଵ଴்ݓ ,ݖ) ൯(ݐ + ௜ାଵ଴்ݓ௜൫ܭ ,ݖ) (ݐ − ௜଴்ݓ ,ݖ) ൯൧௟(ݐ
଴ + 

ܨ+ ௜଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓ௜଴ ,ݖ) ݖ߲(ݐ ቋ ,ݖ݀ ݅ = 2, 3, … , ݉ − 1,          (5.1.7) 

ߜ ௘ܹ௫௠ = න ൛δ்ݓ௠଴ ,ݖ) ௠଴்ݓ௠ିଵ൫ܭ−ൣ(ݐ ,ݖ) (ݐ − ௠ିଵ଴்ݓ ,ݖ) ൯൧௟(ݐ
଴  

ܨ+ ௠଴்ݓ߲ ,ݖ) ݖ߲(ݐ ߲δ்ݓ௠଴ ,ݖ) ݖ߲(ݐ ቋ  (5.1.8)                         ,ݖ݀

Substituting the equations (5.1.4-5.1.8) into a general equation of the virtual 
work principle ߜ ௜ܹ௡ప̃ + ߜ ௏ܹప̃ + ߜ ௘ܹ௫ప̃ = 0, ଓ̃ = 1,2, … ݉, and applying the 
Green’s theorem, we get the coupled system of partial differential equations of 
vibration in the following form ߩଵܣଵ ߲ଶݓଵ߲ݐଶ − ଵܣଵܩ݇ ቆ߲ଶݓଵ߲ݖଶ − ߲ψଵ߲ݖ ቇ + ܨ ߲ଶݓଵ߲ݖଶ + ଵݓ଴ܭ − ଶݓ)ଵܭ − (ଵݓ = 0,  (5.1.9) 
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௫ଵܫଵߩ ߲ଶψଵ߲ݐଶ − ௫ଵܫଵܧ ߲ଶψଵ߲ݖଶ − ଵܣଵܩ݇ ൬߲ݓଵ߲ݖ − ψଵ൰ = 0,  (5.1.10) 
௜ܣ௜ߩ ߲ଶݓ௜߲ݐଶ − ௜ܣ௜ܩ݇ ቆ߲ଶݓ௜߲ݖଶ − ߲ψ௜߲ݖ ቇ + ܨ ߲ଶݓ௜߲ݖଶ + ௜ݓ)௜ିଵܭ − (௜ିଵݓ − ௜ାଵݓ)௜ܭ − (௜ݓ = 0,  (5.1.11) 
௫௜ܫ௜ߩ ߲ଶψ௜߲ݐଶ − ௫௜ܫ௜ܧ ߲ଶψ௜߲ݖଶ − ௜ܣ௜ܩ݇ ൬߲ݓ௜߲ݖ − ψ௜൰ = 0, ݅ = 2, 3, ⋯ ݉ − 1,  (5.1.12) 

௠ܣ௠ߩ ߲ଶݓ௠߲ݐଶ − ௠ܣ௠ܩ݇ ቆ߲ଶݓ௠߲ݖଶ − ߲ψ௠߲ݖ ቇ + ܨ ߲ଶݓ௠߲ݖଶ + ௠ݓ)௠ିଵܭ − (௠ିଵݓ = 0, (5.1.13) 
௫௠ܫ௠ߩ ߲ଶψ௠߲ݐଶ − ௫௠ܫ௠ܧ ߲ଶψ௠߲ݖଶ − ௠ܣ௠ܩ݇ ൬߲ݓ௠߲ݖ − ψ௠൰ = 0,  (5.1.14) 

 The system of coupled differential equations (5.1.9-5.1.14) is reduced to the 
following form after the elimination of the variable ψ௠ ܧଵܫଵ ൬1 − ଵ൰ܩଵܣ݇ܨ ߲ସݓଵ߲ݖସ + ൤ߩଵܣଵ + ଴ܭ) + (ଵܭ ρଵܫଵ݇ܣଵܩଵ൨ ߲ଶݓଵ߲ݐଶ − ଵܩଵܣଵ݇ܫଵρଵܭ ߲ଶݓଶ߲ݐଶ  

 + ൤ܨ − ଴ܭ) + (ଵܭ ଵ൨ܩଵܣଵ݇ܫଵܧ ߲ଶݓଵ߲ݖଶ + ଵܭ ଵܩଵܣଵ݇ܫଵܧ ߲ଶݓଶ߲ݖଶ  

ଵܫଵߩ−  ൤1 + ଵܩଵ݇ܧ − ଵ൨ܩଵܣ݇ܨ ߲ସݓଵ߲ݖଶ߲ݐଶ + ρଵଶܫଵ݇ܩଵ ߲ସݓଵ߲ݐସ + ଴ܭ) + ଵݓ(ଵܭ − ଶݓଵܭ = 0, (5.1.15) 
௜ܫ௜ܧ  ൬1 − ௜൰ܩ௜ܣ݇ܨ ߲ସݓ௜߲ݖସ − ௜ܩ௜ܣ௜݇ܫ௜ିଵρ௜ܭ ߲ଶݓ௜ିଵ߲ݐଶ + ቈߩ௜ܣ௜ + ௜ିଵܭ) + (௜ܭ ρ௜ܫ௜݇ܣ௜ܩ௜቉ ߲ଶݓ௜߲ݐଶ − ௜ܩ௜ܣ௜݇ܫ௜ρ௜ܭ ߲ଶݓ௜ାଵ߲ݐଶ  

 + ௜ܩ௜ܣ௜݇ܫ௜ܧ௜ିଵܭ ߲ଶݓ௜ିଵ߲ݖଶ + ൤ܨ − ௜ିଵܭ) + (௜ܭ ௜൨ܩ௜ܣ௜݇ܫ௜ܧ ߲ଶݓ௜߲ݖଶ + ௜ܩ௜ܣ௜݇ܫ௜ܧ௜ܭ ߲ଶݓ௜ାଵ߲ݖଶ − ௜ܫ௜ߩ ൤1 + ௜ܩ௜݇ܧ − ௜൨ܩ௜ܣ݇ܨ ߲ସݓ௜߲ݖଶ߲ݐଶ 

+ρ௜ଶܫ௜݇ܩ௜ ߲ସݓ௜ାଵ߲ݐସ – ௜ିଵݓ௜ିଵܭ + ௜ିଵܭ) + ௜ݓ(௜ܭ − ௜ାଵݓ௜ܭ = 0, ݅ = 2, 3, ⋯ ݉ − 1,  (5.1.16) 
௠ܫ௠ܧ ൬1 − ௠൰ܩ௠ܣ݇ܨ ߲ସݓ௠߲ݖସ − ௠ܩ௠ܣ௠݇ܫ௠ିଵρ௠ܭ ߲ଶݓ௠ିଵ߲ݐଶ + ቈߩ௠ܣ௠ + ௠ܩ௠ܣ௠݇ܫ௠ିଵρ௠ܭ ቉ ߲ଶݓ௠߲ݐଶ  

+ ௠ܩ௠ܣ௠݇ܫ௠ܧ௠ିଵܭ ߲ଶݓ௠ିଵ߲ݖଶ + ൤ܨ − ௠ܩ௠ܣ௠݇ܫ௠ܧ௠ିଵܭ ൨ ߲ଶݓ௠߲ݖଶ − ௠ܫ௠ߩ ൤1 + ௠ܩ௠݇ܧ − ௠൨ܩ௠ܣ݇ܨ ߲ସݓ௠߲ݖଶ߲ݐଶ 

 + ρ௠ଶ ௠ܩ௠݇ܫ ߲ସݓ௠߲ݐସ − ௠ିଵݓ௠ିଵܭ + ௠ݓ௠ିଵܭ = 0.                                (5.1.17) 
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Initial and boundary conditions for simply supported beams are  ݓప̃(ݖ, 0) = ሶݓ        ,(ݖ)ప̃଴ݓ ప̃(ݖ, 0) = ,(ݖ)ప̃଴ݒ ψన̃(ݖ, 0) = ψప̃଴(ݖ), ψሶ ప̃(ݖ, 0) = ωప̃଴(ݖ), ,ప̃(0ݓ (5.1.18)   (ݐ = ,݈)ప̃ݓ (ݐ = ,ᇱᇱప̃(0ݓ (ݐ = ,݈)ᇱᇱప̃ݓ (ݐ = 0, ଓ̃ = 1,2,3 ⋯ ݉.  (5.1.19) 
If we assume harmonic beam motion, we may express the transverse beam 

motions as the product of the functions 

,ݖ)ప̃ݓ (ݐ =  ෍ ܼ௡(ݖ) ప̃ܶ௡(ݐ),         ஶ
௡ୀଵ ଓ̃ = 1,2, … ݉                                   (5.1.20) 

where ప̃ܶ௡(ݐ), ଓ̃ = 1,2,3 ⋯ ݉, denotes unknown time functions and Zn(z) is the 

mode shape function which satisfies boundary conditions for simply supported 

beams ܼ௡(ݖ) = sin(݇௡ݖ),          ݇௡ = ߨ݊ ݈,         ݊ = 1, 2, 3, ⋯.                           (5.1.21)⁄  

If we substitute the assumed transverse motions  (5.1.20) into equations 

(5.1.15-5.1.17), we get 
 ෍ ቊ ௦ଵଶܥ1 ݀ସ ଵܶ௡݀ݐସ + ቈ1 + ௥ଵଶܥ ቆ1 + ௦ଵଶܥ௕ଵଶܥ ௥ଵସܥ ቇ ݇௡ଶ + ௦ଵଶܥ1 ൫ܪ଴∗ + ଵܪ − ηଵ௡൯቉ܨ ݀ଶ ଵܶ௡݀ݐଶ − ௦ଵଶܥଵܪ ݀ଶ ଶܶ௡݀ݐଶஶ

௡ୀଵ  

+ ቈܥ௕ଵଶ ݇௡ସ + ൫ܪ଴∗ + ଵܪ − ηଵ௡൯ܨ ቆ1 + ௦ଵଶܥ௕ଵଶܥ ௥ଵଶܥ ݇௡ଶቇ቉ ଵܶ௡ − ଵܪ ቆ1 + ௦ଵଶܥ௕ଵଶܥ ௥ଵଶܥ ݇௡ଶቇ ଶܶ௡ቋ ܼ௡ = 0, (5.1.22) 
 ෍ ቊ ௦௜ଶܥ1 ݀ସ ௜ܶ௡݀ݐସ − ௦௜ଶܥ∗௜ିଵܪ ݀ଶ (ܶ௜ିଵ)௡݀ݐଶ + ቈ1 + ௥௜ଶܥ ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ସܥ ቇ ݇௡ଶ + ௦௜ଶܥ1 ൫ܪ௜ିଵ∗ + ௜ܪ − η௜௡൯቉ܨ ݀ଶ ௜ܶ௡݀ݐଶஶ

௡ୀଵ  

 − ௦௜ଶܥ௜ܪ ݀ଶ (ܶ௜ାଵ)௡݀ݐଶ − ∗(௜ିଵ)ܪ ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ଶܥ ݇௡ଶቇ (ܶ௜ିଵ)௡ + ቈܥ௕௜ଶ ݇௡ସ + ൫ܪ௜ିଵ∗ + ௜ܪ − η௜௡൯ܨ ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ଶܥ ݇௡ଶቇ቉ ௜ܶ௡ 

௜ܪ− ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ଶܥ ݇௡ଶቇ (ܶ௜ାଵ)௡ቋ ܼ௡ = 0, ݅ = 2,3, ⋯ ݉ − 1,  (5.1.23) 
 

෍ ቊ ௦௠ଶܥ1 ݀ସ ௠ܶ௡݀ݐସ − ௦௠ଶܥ∗௠ିଵܪ ݀ଶ (ܶ௠ିଵ)௡݀ݐଶ + ቈ1 + ௥௠ଶܥ ቆ1 + ௦௠ଶܥ௕௠ଶܥ ௥௠ସܥ ቇ ݇௡ଶ + ௦௠ଶܥ1 ൫ܪ௠ିଵ∗ − η௠௡൯቉ܨ ݀ଶ ௠ܶ௡݀ݐଶஶ
௡ୀଵ  

∗௠ିଵܪ−  ቆ1 + ௦௠ଶܥ௕௠ଶܥ ௥௠ଶܥ ݇௡ଶቇ (ܶ௠ିଵ)௡ + ቈܥ௕௠ଶ ݇௡ସ + ൫ܪ௠ିଵ∗ − η௠௡൯ܨ ቆ1 + ௦௠ଶܥ௕௠ଶܥ ௥௠ଶܥ ݇௡ଶቇ቉ ௠ܶ௡ቋ ܼ௡ = 0,     (5.1.24) 
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where ܪప̃ିଵ∗ = ప̃ܣప̃ߩప̃ିଵܭ ప̃ܪ          , = ప̃ܣప̃ߩప̃ܭ ,          ηప̃௡ = ݇௡ଶߩప̃ܣప̃,   ܥ௕ప̃ = ඨ ప̃ܣప̃ߩప̃ܫప̃ܧ ௦ప̃ܥ          , = ඨܩప̃ܣప̃݇ߩప̃ܫప̃ ௥ప̃ܥ          , = ඨ ప̃ܣప̃ܫ  ,     ଓ̃ = 1,2,3, ⋯  ݉.     
 

We assume the solutions to the equations (5.1.22 -5.1.24) in the following form 
 ప̃ܶ௡ = ప̃௡݁௝ఠ೙௧ ,     ଓ̃ܣ = 1,2,3, ⋯  ݉,        ݆ = √−1 ,                            (5.1.25) 
 

where ߱௡ is the natural frequency of the system. If we substitute the solutions 
(5.1.25) into differential equations (5.1.22-5.1.24), we get a homogeneous system 
of algebraic equations for unknowns ܣ௡ଵ, ,௡ଶܣ ,௡ଷܣ  ௡௠ in the formܣ  ⋯

ቊω௡ସܥ௦ଵଶ − ቈ1 + ௥ଵଶܥ ቆ1 + ௦ଵଶܥ௕ଵଶܥ ௥ଵସܥ ቇ ݇௡ଶ + ௦ଵଶܥ1 ൫ܪ଴∗ + ଵܪ − ηଵ௡൯቉ω௡ଶܨ  

+ ௕ଵଶܥ ݇௡ସ + ൫ܪ଴∗ + ଵܪ − ηଵ௡൯ܨ ቆ1 + ௦ଵଶܥ௕ଵଶܥ ௥ଵଶܥ ݇௡ଶቇቋ ଵ௡ܣ + ଵܪ ቈω௡ଶܥ௦ଵଶ − ቆ1 + ௦ଵଶܥ௕ଵଶܥ ௥ଵଶܥ ݇௡ଶቇ቉ ଶ௡ܣ = 0  (5.1.26) 
∗௜ିଵܪ  ቈω௡ଶܥ௦௜ଶ − ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ଶܥ ݇௡ଶቇ቉ ௡(௜ିଵ)ܣ + ቊω௡ସܥ௦௜ଶ − ቈ1 + ௥௜ଶܥ ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ସܥ ቇ ݇௡ଶ + ௦௜ଶܥ1 ൫ܪ௜ିଵ∗ + ௜ܪ − η௜௡൯቉ω௡ଶܨ  

  

+ ቈܥ௕௜ଶ ݇௡ସ + ൫ܪ௜ିଵ∗ + ௜ܪ − η௜௡൯ܨ ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ଶܥ ݇௡ଶቇ቉ቋ ௜௡ܣ + ௜ܪ ቈω௡ଶܥ௦௜ଶ − ቆ1 + ௦௜ଶܥ௕௜ଶܥ ௥௜ଶܥ ݇௡ଶቇ቉ ௡(௜ାଵ)ܣ = 0, (5.1.27) 
∗௠ିଵܪ ቈω௡ଶܥ௦௠ଶ − ቆ1 + ௦௠ଶܥ௕௠ଶܥ ௥௠ଶܥ ݇௡ଶቇ቉ ௡(௠ିଵ)ܣ + ቊω௡ସܥ௦௠ଶ − ቈ1 + ௥௠ଶܥ ቆ1 + ௦௠ଶܥ௕௠ଶܥ ௥௠ସܥ ቇ ݇௡ଶ 

+ ௦௠ଶܥ1 ൫ܪ௠ିଵ∗ − η௠௡൯൨ω௡ଶܨ + ቈܥ௕௠ଶ ݇௡ସ + ൫ܪ௠ିଵ∗ − η௠௡൯ܨ ቆ1 + ௦௠ଶܥ௕௠ଶܥ ௥௠ଶܥ ݇௡ଶቇ቉ቋ ௠௡ܣ = 0. (5.1.28) 
For determining analytical solutions, we assume the beams have identical 

material and geometric properties. The homogeneous system of algebraic 
equations (5.1.26-5.1.28) can then be written as a matrix equation  

ێێۏ
ێێێ
ۍێێ

ܵ௡ ௡ݑ− 0 ⋯ 0 0 0 ⋯ 0 0 ௡ݑ−0 ܵ௡ ௡ݑ− ⋯ 0 0 0 ⋯ 0 0 0⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯0 0 0 ⋯ ܵ௡ ௡ݑ− 0 ⋯ 0 0 00 0 0 ⋯ ௡ݑ− ܵ௡ ௡ݑ− ⋯ 0 0 00 0 0 ⋯ 0 ௡ݑ− ܵ௡ ⋯ 0 0 0⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯0 0 0 ⋯ 0 0 0 ⋯ ௡ݑ− ܵ௡ ௡0ݑ− 0 0 ⋯ 0 0 0 ⋯ 0 ௡ݑ− ܵ௡ − ۑۑے௡ݑ
ۑۑۑ
ېۑۑ

ەۖۖ
۔ۖۖۖ
ۖۖۖ
ۓ ௡௠ܣ௡(௠ିଵ)ܣ௡(௠ିଶ)ܣ⋯௡(ప̃ାଵ)ܣ௡ప̃ܣ௡(ప̃ିଵ)ܣ⋯௡ଷܣ௡ଶܣ௡ଵܣ ۙۖۖ

ۖۘۖ
ۖۖۖ
ۖۗ

=
ەۖۖ
۔ۖۖۖ
ۖۖۖ
ۓ 000⋯000⋯000 ۙۖۖ

ۖۘۖ
ۖۖۖۖ
ۗ

, (5.1.29) 
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where ܪ௜ିଵ∗ = ௜ିଵܭ
ρ௜ܣ௜ = ௜ܪ          ,ܪ = ௜ܣ௜ߩ௜ܭ = η௜௡          ,ܪ = ݇௡ଶߩ௜ܣ௜ = η௡,     ݅ = 1,2,3, ⋯  ݉, 

௕௜ܥ  = ඨ ௜ܣ௜ߩ௜ܫ௜ܧ = ௦௜ܥ          ,௕ܥ = ඨܩ௜ܣ௜݇ߩ௜ܫ௜ = ௥௜ܥ          ,௦ܥ = ඨ ௜ܣ௜ܫ = ݅     , ௥ܥ = 1,2,3, ⋯  ݉, 
 ܵ௡ = ω௡ସܥ௦ଶ − ቈ1 + ௥ଶܥ ቆ1 + ௥ସቇܥ௦ଶܥ௕ଶܥ ݇௡ଶ + ௦ଶܥ1 ൫2ܪ − η௡൯቉ω௡ଶܨ + ቈܥ௕ଶ݇௡ସ + ൫2ܪ − η௡൯ܨ ቆ1 + ௥ଶܥ௦ଶܥ௕ଶܥ ݇௡ଶቇ቉, 

௡ݑ = ܪ ቈ−ω௡ଶܥ௦ଶ + ቆ1 + ௥ଶܥ௦ଶܥ௕ଶܥ ݇௡ଶቇ቉. 
The solutions to the system of homogenous algebraic equations (5.1.26 -5.1.28) 

are different from trivial ones only if the matrix ݉ x ݉ determinant in the equation (5.1.29) equals zero. In that case, the  solution we obtain is a polynomial of the 
4݉ -th degree, the solutions to which can be determined only numerically for 
specific data.  

If the connected beam system consists of more than three beams, solutions can 
be obtained by way of the trigonometric method we used for verifying the 
analytical solutions in Chapter 4. According to the trigonometric method, 
Raskovic [28], the unknowns ܣ௡௜  are assumed as  ܣ௡ప̃ = ܰ sin(ଓ̃ϕ),    ଓ̃ = 1,2,3 ⋯ ݉.                                       (5.1.30) 

From substituting (5.1.30) into ଓ̃-th equation of the system (5.1.29),  for ଓ̃ = 1,2,3 ⋯ ݉, it follows that −ݑ௡ܰsin(ଓ̃ − 1)ϕ + ܵ௡ܰsin(ଓϕ̃) − ௡ܰsin(ଓ̃ݑ + 1)ϕ = 0,                (5.1.31) 

i.e. (ܵ௡ − ௡cosϕ)ܰsin(ଓ̃ϕ)ݑ2 = 0,                                             (5.1.32) 

the equation (5.1.32) is satisfied when ܰ ≠ 0 and sin(ଓϕ̃) ≠ 0 as the unknowns ܣప̃௡ ≠ 0, hence it must follow that ܵ௡ − ௡cosϕݑ2 = 0     ⇒      ܵ௡ =  ௡cosϕ .                           (5.1.33)ݑ2

By substituting unknowns  ܵ௡ and ݑ௡ into the equation (5.1.33), we get a 
frequency equation which is a 4th degree polynomial for the unknown ߱௡. If we 
substitute ܣ௡ଵ = ܰsinϕ and ܣ௡ଶ = ܰsin2ϕ into the first equation of the system 
(5.1.29), we have ܵ௡ܰsinϕ − ௡ܰsin2ϕݑ = 0     ⇒      (ܵ௡ − ௡cosϕ)ܰsinϕݑ2 ≡ 0.       (5.1.34) 
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The unknown ϕ  is determined from the last equation of the system (5.1.29). By 
substituting ܣ(௠ିଵ)௡ and ܣ௠௡, we get: −ݑ௡ܰsin[(݉ − 1)ϕ] + (ܵ௡ − ௡)ܰsin(݉ϕ)ݑ  = 0,                   (5.1.35) 

i.e. ܰݑ௡sin ቀϕ2ቁ cos ቀଶ௠ାଵଶ ϕቁ = 0.                                       (5.1.36) 

The solutions to the equation (5.1.36) are  

݊݅ݏ ቀϕ2ቁ = 0 ∨ ݏ݋ܿ ቀଶ௠ାଵଶ ϕቁ = 0 ⇒ ϕ௦ = ଶ௦ିଵଶ௠ାଵπ, ݏ = 1,2,3, ⋯ ݉,  (5.1.37) 
as ܰ ≠ ௡ݑ   ,0 ≠ 0 and ݊݅ݏ ቀϕଶቁ ≠ 0. By substituting the solution (5.1.37) into 

(5.1.33), we get a frequency equation in the following form 

ω௡,௦ସܥ௦ଶ − ቈ1 + ௥ଶܥ ቆ1 + ௥ସቇܥ௦ଶܥ௕ଶܥ ݇௡ଶ + ௦ଶܥ1 ൫2ܪ − η௡൯቉ω௡,௦ଶܨ + ቈܥ௕ଶ݇௡ସ + ൫2ܪ − η௡൯ܨ ቆ1 + ௥ଶܥ௦ଶܥ௕ଶܥ ݇௡ଶቇ቉ = ܪ2 ቈ−ω௡,௦ଶܥ௦ଶ + ቆ1 + ௥ଶܥ௦ଶܥ௕ଶܥ ݇௡ଶቇ቉ cos ቀ ଶ௦ିଵଶ௠ାଵπቁ,                                    (5.1.38) 

i.e. 

ω௡,௦ସ − ቄܥ௦ଶ(ܴ௡ + (௥ଶ݇௡ଶܥ + sinଶܪ4 ቂ ଶ௦ିଵଶ(ଶ௠ାଵ)πቃ − η௡ቅω௡,௦ଶܨ ௦ଶܥ+  ቄܥ௕ଶ݇௡ସ + ௡sinଶܴܪ4 ቂ ଶ௦ିଵଶ(ଶ௠ାଵ)πቃ − η௡ܴ௡ቅܨ = 0, ݏ = 1,2,3 ⋯ ݉,          (5.1.39) 

where ܴ௡ = 1 + ௥ଶܥ௦ଶܥ௕ଶܥ ݇௡ଶ.       
The equation (5.1.39) is biquadratic so the squares of natural frequencies follow 

in the form  ൣω௡,௦ଶ ൧௟ = 12 ቄቂܥ௦ଶ(ܴ௡ + (௥ଶ݇௡ଶܥ + sinଶܪ4 ቀ ଶ௦ିଵଶ(ଶ௠ାଵ)πቁ −  η௡ቃܨ
−ටቂܥ௦ଶ(ܴ௡ + (௥ଶ݇௡ଶܥ + sinଶܪ4 ቀ ଶ௦ିଵଶ(ଶ௠ାଵ)πቁ − η௡ቃଶܨ − ௦ଶܥ4 ቂܥ௕ଶ݇௡ସ + ௡sinଶܴܪ4 ቀ ଶ௦ିଵଶ(ଶ௠ାଵ)πቁ − η௡ܴ௡ቃቋܨ , (5.1.40) 

 ൣω௡,௦ଶ ൧௛ = 12 ቄቂܥ௦ଶ(ܴ௡ + (௥ଶ݇௡ଶܥ + sinଶܪ4 ቀ ଶ௦ିଵଶ(ଶ௠ାଵ)πቁ −  η௡ቃܨ
 +ටቂܥ௦ଶ(ܴ௡ + (௥ଶ݇௡ଶܥ + sinଶܪ4 ቀ ଶ௦ିଵଶ(ଶ௠ାଵ)πቁ − η௡ቃଶܨ − ௦ଶܥ4 ቂܥ௕ଶ݇௡ସ + ௡sinଶܴܪ4 ቀ ଶ௦ିଵଶ(ଶ௠ାଵ)πቁ − η௡ܴ௡ቃቋܨ ݏ    (5.1.41) , = 1,2,3 ⋯ ݉.      
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where ൣω௡,௦൧௟represents a lower and ൣω௡,௦൧௛a higher natural frequency. Static 
stability of the system depending on the stiffness of elastic layers can be examined 
based on the equation (5.1.39). The system will be in a state of indifferent 
equilibrium if subjected to axial forces under the influence of which the natural 
frequency of the system equals zero. If we apply this condition (ω௡,௦ = 0), from 
the equation (5.1.39), it follows ܥ௕ଶ݇௡ସ + ௡sinଶܴܪ4 ቂ ଶ௦ିଵଶ(ଶ௠ାଵ)πቃ − η௡ܴ௡ܨ = ݏ     ,0 = 1,2,3 ⋯ ݉.            (5.1.42) 

From the equation (5.1.42), it follows that the minimum value of the solution 
for unknown axial force F is the critical force of the system of m elastically 
connected beams corresponding to the n-th mode, ref. Stojanović et al. [15]  

௕௞௥ܨ = min௡ୀଵ,ଶ,ଷ⋯௦ୀଵ,ଶ,ଷ⋯௠ ቊܥ௕ଶ݇௡ସܴ௡η௡ + 4 ܪ
η௡ sinଶ ቂ ଶ௦ିଵଶ(ଶ௠ାଵ)πቃቋ .֞ ௕௞௥ܨ = min௡ୀଵ,ଶ,ଷ⋯௦ୀଵ,ଶ,ଷ⋯௠ ቐ πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ + 4 ଶ݈ܭ 

πଶ݊ଶ sinଶ ቂ ଶ௦ିଵଶ(ଶ௠ାଵ)πቃቑ , (5.1.43) 

For ܭ = 0 from the equation (5.1.43) it follows that 

௡ܲ = πଶ݊ଶ݈ଶܫܧ ቀ1 + ாூீ஺௞ πమ௡మ௟మ ቁ.                                         (5.1.44) 

௡ܲ is the critical buckling load of a single Timoshenko beam corresponding to 
the n-th mode. Its minimum value at which buckling takes place is obtained for 
n=1  ܲ = πଶቀ1ܫܧ + ாூீ஺௞ πమ௟మቁ ݈ଶ .                                             (5.1.45) 

5.2   Numerical Analysis in the Frequency Domain of the System 
of Elastically Connected Timoshenko Beams 

5.2   Numerical A nalysis in t he Freque ncy Domain of the Syste m  

Numerical analysis compares the results obtained for systems composed of 3, 5, 7 
and 9 elastically connected Timoshenko beams with identical material properties ܧ = 1 × 10ଵ଴Nmିଶ,    ܩ =  0.417 × 10ଵ଴ Nmିଶ,   ݇ = 5 6⁄ ଴ܭ   , = 2 × 10ହNmିଶ,                      

ߩ = 2 × 10ଷkgmିଷ, ݈ = 10 m, ܣ = 5 × 10ିଶmଶ, ܫ = 4 × 10ିସmସ.    (5.2.1) 
Table 5.2.1 shows natural frequencies of the system for different number of 

elastically connected Timoshenko beams obtained by way of trigonometric 
method or numerically. It can be concluded that with the increase of the beam 
number, the lowest natural frequency tends to the value of the frequency of a 
single beam with no elastic layers. 
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Table 5.2.1 Natural frequencies [sିଵ] of elastically connected Timoshenko beams for ݊ = 1, ܨ = 0 i ݉ = 3, 5, 7 i 9 

ref.[15] ൣ૑࢔,࢙൧࢒    Trigonometric method          Numerical solution                            (5.1.40)                       to the equation (5.1.29) 
݉ = 3 

 
ωଵ,ଵ      28.0046632875 28.0046632873 
ωଵ,ଶ      59.1263182936                     59.1263182935 
ωଵ,ଷ      82.9295278423 82.9295278423 

 

 ݉ = 5 

 
ωଵ,ଵ      23.4595097487 23.4595097486 
ωଵ,ଶ      42.0466472348                     42.0466472347 
ωଵ,ଷ      61.7777785430                     61.7777785429 
ωଵ,ସ      77.7538496710                     77.7538496709 
ωଵ,ହ      88.0208916175 88.0208916176 

 

 ݉ = 7 

 
ωଵ,ଵ       21.8125810709 21.8125810709 
ωଵ,ଶ       33.9378813493                   33.9378813494 
ωଵ,ଷ       48.8556749524                   48.8556749523 
ωଵ,ସ       62.9882585212                   62.9882585213 
ωଵ,ହ       74.9693492803                   74.9693492802 
ωଵ,଺       84.0221781219                   84.0221781219 
ωଵ,଻       89.6471858944 89.6471858945 

 

 
 ݉ = 9 

 
ωଵ,ଵ        21.0466074643 21.0466074644 
ωଵ,ଶ        29.4987136192                   29.4987136191 
ωଵ,ଷ        40.9671530516                   40.9671530516 
ωଵ,ସ        52.7236801181                   52.7236801181 
ωଵ,ହ        63.6808309227                   63.6808309228 
ωଵ,଺        73.2562413513                   73.2562413513 
ωଵ,଻        81.0640517350                   81.0640517351 
ωଵ,଼        86.8296550265                   86.8296550263 
ωଵ,ଽ        90.3637299233 90.3637299234 

 

Based on the obtained results shown in Table 5.2.1, it can be noted that the 
difference between numerical and analytical solutions obtained by way of 
trigonometric method is negligibly small. Let us now consider the influence of 
axial compression force ߣ = ܨ ⁄௕௖௥ܨ  and the stiffness of elastic layers ܭ ,଴ܭ0.5= ,଴ܭ   ,଴ on the lowest natural frequency of the system composed of oneܭ1.5
three, or five elastically connected Timoshenko beams. Analytical forms of 
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frequencies based on the expression (5.1.40) for ݉ = 1, 3, 5 beams in the first 
mode are given by 

 ൣωଵ,ଵଶ ൧௟ = 12 ቄቂܥ௦ଶ(ܴଵ + (௥ଶ݇ଵଶܥ + sinଶܪ4 π6 −  ηଵቃܨ
−ඨቂܥ௦ଶ(ܴଵ + (௥ଶ݇ଵଶܥ + sinଶܪ4 π6 − ηଵቃଶܨ − ௦ଶܥ4 ቂܥ௕ଶ݇ଵସ + ଵsinଶܴܪ4 π6 −  ηଵܴଵቃቑ, (5.2.2)ܨ

ൣωଵ,ଵଶ ൧௟ = 12 ቄቂܥ௦ଶ(ܴଵ + (௥ଶ݇ଵଶܥ + sinଶܪ4 π14 −  ηଵቃܨ
−ඨቂܥ௦ଶ(ܴଵ + (௥ଶ݇ଵଶܥ + sinଶܪ4 π14 − ηଵቃଶܨ − ௦ଶܥ4 ቂܥ௕ଶ݇ଵସ + ଵsinଶܴܪ4 π14 − ,ηଵܴଵቃቑܨ   (5.2.3) 

ൣωଵ,ଵଶ ൧௟ = 12 ቄቂܥ௦ଶ(ܴଵ + (௥ଶ݇ଵଶܥ + sinଶܪ4 π22 −  ηଵቃܨ
−ඨቂܥ௦ଶ(ܴଵ + (௥ଶ݇ଵଶܥ + sinଶܪ4 π22 − ηଵቃଶܨ − ௦ଶܥ4 ቂܥ௕ଶ݇ଵସ + ଵsinଶܴܪ4 π22 − .ηଵܴଵቃቑܨ   (5.2.4) 

   (a)                                                                     (b) 

  
                                     (c) 

                  
Fig. 5.2.1 The influence of elastic layer stiffness on the lowest natural frequency  a) ݉ = 1;    
b) ݉ = 3;    c) ݉ = 5. 
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Based on the  changes in natural frequencies shown in Figure 5.2.1, it can be 
concluded that the increase of the number of beams results in the decrease of 
natural frequencies. For the same stiffness of elastic layers in the system with a 
higher beam number, natural frequencies become close which can be significant in 
the analysis of geometric non-linear vibration of elastically connected beams. The 
advantage of derived analytical expressions for the system of elastically connected 
beams can serve as a starting point for obtaining an insight into the changes in 
vibrations which occur with the change of geometric and material properties of 
beams. It is not necessary to create a mathematical model every time – the results 
are easily obtained by changing physical parameters and the number of elastically 
connected beams in expressions. 

 

 

Fig. 5.2.2 The influence of beam number on the lowest natural frequency in the function of 
axial compression force for K=K0 

5.3   Numerical A nalysis in t he Static Stability Region for t he Syste m 

5.3   Numerical Analysis in the Static Stability Region for the 
System of Elastically Connected Timoshenko Beams 

If we substitute ݉ = 1,3,5 in the equation (5.1.42) for minimum values ݏ = 1 
and  ݊ = 1, we get analytical expressions for critical buckling force for a system 
consisting of one, three or five elastically connected Timoshenko beams, ܨ௕௖௥ = ௕ଶ݇ଵସܴଵηଵܥ +4 ܪ

ηଵ sinଶ π6,                                              (5.3.1) 

௕௖௥ܨ = ௕ଶ݇ଵସܴଵηଵܥ +4 ܪ
ηଵ sinଶ π14,                                           (5.3.2) 

௕௖௥ܨ = ௕ଶ݇ଵସܴଵηଵܥ +4 ܪ
ηଵ sinଶ π22,                                         (5.3.3) 
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Fig. 5.3.1 The influence of beam number on critical buckling force ܨ௕௖௥ in the function of 
stiffness of Winkler elastic layers  

Figure 5.3.1 shows the static stability regions for a system consisting of one, 
three or five elastically connected Timoshenko beams. Based on the data shown in 
Figure 5.3.1, it can be concluded that the system is most stable in case of a single 
beam on an elastic foundation with the decrease of the region as the number of 
elastically connected beams rises. 
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Chapter 6 

The Effects of Rotary Inertia and Transverse 
Shear on Vibrations and Stability of the System 
of Elastically Connected Reddy-Bickford Beams 
on Elastic Foundation  
The Effects of Rotary  Inertia and Transverse Shear on Vibration  
 

Chapters 6 analyzed free vibration of the multiple elastically connected beam system 
of Reddy-Bickford's type on an elastic foundation under the influence of axial forces 
with the comparison of the frequency and stability theoretical research for all four 
types of the beam’s theory. Analytical solutions for the natural frequencies and the 
critical buckling forces are determined by the trigonometric method and verified 
numerically as in case in the previous chapter. In the case of the Reddy-Bickford’s 
model, it is shown that the natural frequency provides the best solution approximation. 

6.1   Free Vibration of the System of Elastically Connected 
Reddy-Bickford Beams 

Let us examine the system of m elastically connected Reddy-Bickford beams of 
the same length l, under the influence of axial compression forces of the same 
intensity F, reference [15]. 
 

  
                                    a)                                                              b)           

Fig. 6.1.1 a) The system of elastically connected beams on an elastic foundation b) 
Elementary deformed beam part 
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Let the functions of longitudinal and transverse motion and the angle between 
the tangent of the deformed cross-section of the beam on the neutral line of ݕ –
axis be ݑோ஻ప̃(ݕ, ,ݖ ,ݕ)ோ஻ప̃ݓ ,(ݐ ,(ݖ  ߰ோ஻ప̃଴ ,(ݖ) ଓ̃ = 1,2, … , ݉ respectively. For the 
angle ߰ோ஻଴  shown in Figure 6.1.1 b) based on the derived equations in references 
[15], [29-31], we define the functions of motions as ݑோ஻ప̃(ݕ, ,ݖ (ݐ = ோ஻ప̃଴ݑ ,ݖ) (ݐ + ோ஻ప̃଴߰ݕ ,ݖ) (ݐ − ଷݕߙ ቆ߰ோ஻ప̃଴ ,ݖ) (ݐ + ோ஻ప̃଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,        ݓோ஻ప̃(ݕ, ,ݖ (ݐ = ோ஻ప̃଴ݓ ,ݖ) ,(ݐ ଓ̃ = 1,2, … , ݉.                    (6.1.1) 

Deformation in the function of motions and the relation between the stress and 
deformation according to Hooke’s law are  ߝ௭ప̃(ݕ, ,ݖ (ݐ = ோ஻ప̃଴ݑ߲ ,ݖ) ݖ߲(ݐ + ݕ ߲߰ோ஻ప̃଴ ,ݖ) ݖ߲(ݐ − ଷݕߙ ቆ߲߰ோ஻ప̃଴ ,ݖ) ݖ߲(ݐ + ߲ଶݓோ஻ప̃଴ ,ݖ) ଶݖ߲(ݐ ቇ,    (6.1.2) 

,ݕ)௭௬ప̃ߛ ,ݖ (ݐ = ߰ோ஻ప̃଴ ,ݖ) (ݐ + ோ஻ప̃଴ݓ߲ ,ݖ) ݖ߲(ݐ − ଶݕߚ ቆ߰ோ஻ప̃଴ ,ݖ) (ݐ + ோ஻ప̃଴ݓ߲ ,ݖ) ݖ߲(ݐ ቇ,    (6.1.3) 
ቄ ௭ప̃߬௭௬ప̃ቅߪ = ൤ܧప̃ 00 ప̃൨ܩ ቄ ௭௬ప̃ቅ,   ଓ̃ߛ௭ప̃ߝ = 1,2, … , ݉.                          (6.1.4) 

Virtual work of inertial forces is  

ߜ ௜ܹ௡ప̃ = ప̃ߩ− పܾ̃ න න ቈ߲ଶݓோ஻ప̃(ݕ, ,ݖ ଶݐ߲(ݐ δݓோ஻ప̃(ݕ, ,ݖ (ݐ + ߲ଶݑோ஻ప̃(ݕ, ,ݖ ଶݐ߲(ݐ δݑோ஻ప̃(ݕ, ,ݖ ቉(ݐ ೓ഢ̃మି ೓ഢ̃మ.ݖ݀ݕ݀
௟

଴  (6.1.5)
Virtual work of internal forces is given by ߜ ௏ܹప̃ = −ܾప̃ න න ,ݖ)௭ప̃ߪൣ ,ݖ)௭ప̃ߝδ(ݐ (ݐ + ߬௭௬ప̃(ݖ, ,ݖ)௭௬ప̃ߛδ(ݐ ೓భమି ೓భమݖ݀ݕ൧݀(ݐ

௟
଴ .     (6.1.6) 

Virtual work of external forces is expressed as ߜ ௘ܹ௫ଵ = න ൛δݓோ஻ଵ଴ ,ݖ) ோ஻ଵ଴ݓ଴ܭ−ൣ(ݐ ,ݖ) (ݐ + ோ஻ଶ଴ݓଵ൫ܭ ,ݖ) (ݐ − ோ஻ଵ଴ݓ ,ݖ) ൯൧௟(ݐ
଴ + 

ܨ+ ோ஻ଵ଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻ଵ଴ ,ݖ) ݖ߲(ݐ ቋ  (6.1.7)                                              ,ݖ݀

ߜ ௘ܹ௫௜ = න ൛δݓோ஻௜଴ ,ݖ) ோ஻௜଴ݓ௜ିଵ൫ܭ−ൣ(ݐ ,ݖ) (ݐ − ோ஻௜ିଵ଴ݓ ,ݖ) ൯(ݐ + ோ஻௜ାଵ଴ݓ௜൫ܭ ,ݖ) (ݐ − ோ஻௜଴ݓ ,ݖ) ൯൧௟(ݐ
଴ + 

ܨ+ ோ஻௜଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻௜଴ ,ݖ) ݖ߲(ݐ ቋ ,ݖ݀ ݅ = 2, 3, … , ݉ − 1.  (6.1.8) 
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݉ݔܹ݁ߜ      = න ቄδ0݉ܤܴݓ ,ݖ) (ݐ ቂ−1−݉ܭ ቀ0݉ܤܴݓ ,ݖ) (ݐ − 10−݉ܤܴݓ ,ݖ) ቁቃ0݈(ݐ +  ܨ

+ ோ஻௠଴ݓ߲ ,ݖ) ݖ߲(ݐ ߲δݓோ஻௠଴ ,ݖ) ݖ߲(ݐ ቋ  (6.1.9)                                       ,ݖ݀

By substituting the equations (6.1.5-6.1.9) into a general equation of virtual work 
principle ߜ ௜ܹ௡ప̃ + ߜ ௏ܹప̃ + ߜ ௘ܹ௫ప̃ = 0, ଓ̃ = 1,2, … ݉,  and applying the Green’s 
theorem, we get a coupled system of partial differential equations of vibration in 
the following form 

௪ଵସ,଴ܥ ߲ସݓଵ߲ݖସ + ௪ଵଶ,ଶܥ ߲ସݓଵ߲ݖଶ ߲ݐଶ + ௪ଵଶ,଴ܥ ߲ଶݓଵ ߲ݖଶ + ௪ଵ଴,ଶܥ ߲ଶݓଵ߲ݐଶ టଵଵ,ଶܥ+ ߲ଷ߰ଵ߲ݐ߲ ݖଶ + టଵଵ,଴ܥ ߲߰ଵ߲ݖ + టଵଷ,଴ܥ ߲ଷ߰ଵ߲ݖଷ  

ଵݓ଴ܭ+ − ଶݓ)ଵܭ − (ଵݓ = 0,  (6.1.10) 
௪ଵଷ,଴ܥ ߲ଷݓଵ߲ݖଷ + ௪ଵଵ,ଶܥ ߲ଷݓଵ߲ݐ߲ ݖଶ + ௪ଵଵ,଴ܥ ݖଵ߲ݓ߲ + టଵଶ,଴ܥ ߲ଶ߰ଵ(ݖ, ଶݖ߲(ݐ + టଵ଴,ଶܥ ߲ଶ߰ଵ ,ݖ) ଶݐ߲(ݐ + టଵ଴,଴߰ଵܥ = 0,   (6.1.11) 
௪௜ସ,଴ܥ ߲ସݓ௜߲ݖସ + ௪௜ଶ,ଶܥ ߲ସݓ௜߲ݖଶ ߲ݐଶ + ௪௜ଶ,଴ܥ ߲ଶݓ௜ ߲ݖଶ + ௪௜଴,ଶܥ ߲ଶݓ௜߲ݐଶ ట௜ଵ,ଶܥ+ ߲ଷ߰௜߲ݐ߲ ݖଶ + ట௜ଵ,଴ܥ ߲߰௜߲ݖ + ట௜ଷ,଴ܥ ߲ଷ߰௜߲ݖଷ  

௜ݓ)௜ିଵܭ+ − (௜ିଵݓ − ௜ାଵݓ)௜ܭ − (௜ݓ = 0, ݅ = 2, 3, ⋯ ݉ − 1,  (6.1.12) 
௪௜ଷ,଴ܥ ߲ଷݓ௜߲ݖଷ + ௪௜ଵ,ଶܥ ߲ଷݓ௜߲ݐ߲ ݖଶ + ௪௜ଵ,଴ܥ ݖ௜߲ݓ߲ + ట௜ଶ,଴ܥ ߲ଶ߰௜߲ݖଶ + ట௜଴,ଶܥ ߲ଶ߰௜߲ݐଶ + ట௜଴,଴߰௜ܥ = 0,   (6.1.13) 
௪௠ସ,଴ܥ ߲ସݓ௠߲ݖସ + ௪௠ଶ,ଶܥ ߲ସݓ௠߲ݖଶ ߲ݐଶ + ௪௠ଶ,଴ܥ ߲ଶݓ௠ ߲ݖଶ + ௪௠଴,ଶܥ ߲ଶݓ௠߲ݐଶ ట௠ଵ,ଶܥ+ ߲ଷ߰௠߲ݐ߲ ݖଶ + ట௠ଵ,଴ܥ ߲߰௠߲ݖ + ట௠ଷ,଴ܥ ߲ଷ߰௠߲ݖଷ + 

௠ݓ)௠ିଵܭ+ − (௠ିଵݓ = 0, (6.1.14)
௪௠ଷ,଴ܥ ߲ଷݓ௠߲ݖଷ + ௪௠ଵ,ଶܥ ߲ଷݓ௠߲ݐ߲ ݖଶ + ௪௠ଵ,଴ܥ ݖ௠߲ݓ߲ + ట௠ଶ,଴ܥ ߲ଶ߰௠߲ݖଶ + ట௠଴,ଶܥ ߲ଶ߰௠߲ݐଶ + ట௠଴,଴ܥ ߰௠ = 0,  (6.1.15)

where for ଓ̃ = 1,2, … , ݉, we have 
௪ప̃ସ,଴ܥ  = 1448 ܾప̃ℎప̃଻ߙଶܧప̃,   ܥ௪ప̃ଶ,ଶ = − 1448 ܾప̃ℎప̃଻ߙଶߩప̃, ௪ଶ,଴ܥ  = − 180 ܾప̃ܩప̃ߚଶℎప̃ହ + 16 ܾప̃ܩప̃ߚℎప̃ଷ − ܾప̃ܩప̃ℎప̃ +   ,ܨ

௪ప̃଴,ଶܥ = ܾప̃ℎప̃ߩప̃, టప̃ଵ,ଶܥ = 180 ܾప̃ℎప̃ହߩߙప̃ − 1448 ܾప̃ℎప̃଻ߙଶߩప̃, టప̃ଵ,଴ܥ = − 180 ܾప̃ܩప̃ߚଶℎప̃ହ + 16 ܾప̃ܩప̃ߚℎప̃ଷ − ܾప̃ܩప̃ℎప̃, ܥటప̃ଷ,଴ = 1448 ܾప̃ℎప̃଻ߙଶܧప̃ − 180 ܾప̃ℎప̃ହܧߙప̃, ௪ప̃ଷ,଴ܥ = 180 ܾప̃ℎప̃ହܧߙప̃ − 1448 ܾప̃ℎప̃଻ߙଶܧప̃,  ܥ௪ప̃ଵ,ଶ = 1448 ܾప̃ℎప̃଻ߙଶߩ − 180 ܾప̃ℎప̃ହߩߙప̃, ܥ௪ప̃ଵ,଴ = 180 ܾప̃ܩప̃ߚଶℎప̃ହ − 16 ܾప̃ܩప̃ߚℎప̃ଷ + ܾప̃ܩప̃ℎప̃, టప̃ଶ,଴ܥ = − 1448 ܾప̃ߙଶܧప̃ℎప̃଻ + 140 ܾప̃ܧߙప̃ℎప̃ହ − 112 ܾప̃ܧప̃ℎప̃ଷ, ܥటప̃଴,ଶ = 1448 ܾప̃ߙଶߩప̃ℎప̃଻ − 140 ܾప̃ߩߙప̃ℎప̃ହ + 112 ܾప̃ߩప̃ℎଵଷ,    ܥటప̃଴,଴ = 180 ܾప̃ߚଶܩప̃ℎప̃ହ − 16 ܾప̃ܩߚప̃ℎప̃ଷ + ܾప̃ܩప̃ℎప̃,   (6.1.16) 
 



118 6   The Effects of Rotary Inertia and Transverse Shear on Vibrations 

 

For the elimination of the variable ߰௠ we use an application developed within the 
Mathematica 9-software – Appendix 6.1.1. After applying the software and 
eliminating the variable ߰௠, the system of 2m partial differential equations 
(6.1.10-6.1.15) is reduced to the system of m partial differential equations in the 
form 

௪ଵ଺,଴(1)ܥ ߲଺ݓଵ߲ݖ଺ + ௪ଵସ,ଶ(1)ܥ ߲଺ݓଵ߲ݖସ߲ݐଶ + ௪ଵସ,଴(1)ܥ ߲ସݓଵ߲ݖସ + ௪ଵଶ,ସ(1)ܥ ߲଺ݓଵ߲ݖଶ߲ݐସ + ௪ଵଶ,ଶ(1)ܥ ߲ସݓଵ߲ݖଶ߲ݐଶ + ௪ଶଶ,଴(1)ܥ ߲ଶݓଶ߲ݖଶ  

௪ଵଶ,଴(1)ܥ+ ߲ଶݓଵ߲ݖଶ + ௪ଵ଴,ସ(1)ܥ ߲ସݓଵ߲ݐସ + ௪ଶ଴,ଶ(1)ܥ ߲ଶݓଶ߲ݐଶ + ௪ଵ଴,ଶ(1)ܥ ߲ଶݓଵ߲ݐଶ + ଴ܭ) + ଵݓ(ଵܭ − ଶݓଵܭ = 0, (6.1.17) 
௪௜଺,଴(݅)ܥ ߲଺ݓ௜߲ݖ଺ + ௪௜ସ,ଶ(݅)ܥ ߲଺ݓ௜߲ݖସ߲ݐଶ + ௪ ௜ାଵସ,଴(݅)ܥ ߲ସݓ௜ାଵ߲ݖସ + ௪ ௜ାଵଶ,ସ(݅)ܥ ߲଺ݓ௜߲ݖସ߲ݐଶ + ௪௜ଶ,ଶ(݅)ܥ ߲ଶݓ௜߲ݖଶ߲ݐଶ + ௪௜ସ,଴(݅)ܥ ߲ସݓ௜߲ݖସ ௪ ௜ାଵଶ,଴(݅)ܥ+  ߲ଶݓ௜ାଵ߲ݖଶ + ௪௜ଶ,଴(݅)ܥ ߲ଶݓ௜߲ݖଶ + ௪ ௜ିଵଶ,଴(݅)ܥ ߲ଶݓ௜ିଵ߲ݖଶ + ௪௜଴,ସ(݅)ܥ ߲ସݓ௜߲ݐସ + ௪ ௜ାଵ଴,ଶ(݅)ܥ ߲ଶݓ௜ାଵ߲ݐଶ  

௪௜଴,ଶ(݅)ܥ+ ߲ଶݓ௜߲ݐଶ + ௪ ௜ିଵ଴,ଶ(݅)ܥ ߲ଶݓ௜ିଵ߲ݐଶ – ௜ିଵݓ௜ିଵܭ + ௜ିଵܭ) + ௜ݓ(௜ܭ − ௜ାଵݓ௜ܭ = 0, ݅ = 2,3, ⋯ ݉ − 1, (6.1.18) 
௪௠଺,଴(݉)ܥ ߲଺ݓ௠߲ݖ଺ + ௪௠ସ,ଶ(݉)ܥ ߲଺ݓ௠߲ݖସ߲ݐଶ + ௪௠ସ,଴(݉)ܥ ߲ସݓ௠߲ݖସ + ௪௠ଶ,ସ(݉)ܥ ߲଺ݓଵ߲ݖଶ߲ݐସ ௪௠ଶ,ଶ(݉)ܥ+ ߲ଶݓ௠߲ݖଶ߲ݐଶ 

௪௠ଶ,଴(݉)ܥ+ ߲ଶݓ௠߲ݖଶ + ௪ ௠ିଵଶ,଴(݉)ܥ ߲ଶݓ௠ିଵ߲ݖଶ + ௪ ௠଴,ସ(݉)ܥ ߲ସݓ௠߲ݐସ + ௪௠଴,ଶ(݉)ܥ ߲ଶݓ௠߲ݐଶ + ௪௠ିଵ଴,ଶ(݉)ܥ ߲ଶݓ௠ିଵ߲ݐଶ  

௠ିଵݓ௠ିଵܭ− + ௠ݓ௠ିଵܭ = 0.  (6.1.19) 
The simplified form of the coefficients ܥ(ଓ̃)௪ప̃∗,∗, ଓ̃ = 1,2, … , ݉ is given in Appendix 
6.1.2. 

Let us assume that, as in the previous chapter for the case of the Timoshenko 
connected beam system, the beams have identical material and geometric 
properties.   ܣ௜ = ,ܣ ௜ܧ    = ,ܧ ௜ܩ     = ,ܩ ௜ିଵܭ   = ,ܭ ௠ܭ = 0, ௜ߩ = ߩ , ଓ̃ = 1,2,3, ⋯ ݉. (6.1.20) 
Initial and boundary conditions of simply supported beams based on (2.3.22 −2.3.24) are ݓప̃(ݖ, 0) = ሶݓ        ,(ݖ)ప̃଴ݓ ప̃(ݖ, 0) = ,ݖ)ψన̃        ,(ݖ)ప̃଴ݒ 0) = ψప̃଴(ݖ),        ψሶ ప̃(ݖ, 0) = ωప̃଴(ݖ),    ݓప̃(0, (ݐ = ,݈)ప̃ݓ (ݐ = ,ᇱᇱప̃(0ݓ (ݐ = ,݈)ᇱᇱప̃ݓ (ݐ = 0,       ଓ̃ = 1,2,3 ⋯ ݉.     (6.1.21) 

If we assume harmonic beam movement, transverse beam motions can be written 
as the product of mode shape functions and unknown time functions in the 
following form 

,ݖ)ప̃ݓ (ݐ =  ෍ ܼ௡(ݖ) ప̃ܶ௡(ݐ),         ஶ
௡ୀଵ ప̃ܶ௡ = ప̃௡݁௝ఠ೙௧ܣ , ଓ̃ = 1,2,3, ⋯ ݉, ݆ = √−1.     (6.1.22) 



6.1   Free Vibration of the System of Elastically Connected Reddy-Bickford Beams 119 

 

The function ܼ௡ meets boundary conditions for simply supported beams if 
expressed as ܼ௡(ݖ) = sin(݇௡ݖ),          ݇௡ = ߨ݊ ݈,         ݊ = 1, 2, 3, ⋯.            (6.1.23)⁄  

If we substitute the assumed transverse motions (6.1.22) into equations (6.1.17-
6.1.19), we obtain the homogeneous system of algebraic equations for unknowns ܣ௡ଵ, ,௡ଶܣ ,௡ଷܣ  ௡௠  in the formܣ  ⋯

ێێۏ
ێێێ
ۍێێ

ܵ௡ ௡ݑ− 0 ⋯ 0 0 0 ⋯ 0 0 ௡ݑ−0 ܵ௡ ௡ݑ− ⋯ 0 0 0 ⋯ 0 0 0⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯0 0 0 ⋯ ܵ௡ ௡ݑ− 0 ⋯ 0 0 00 0 0 ⋯ ௡ݑ− ܵ௡ ௡ݑ− ⋯ 0 0 00 0 0 ⋯ 0 ௡ݑ− ܵ௡ ⋯ 0 0 0⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯0 0 0 ⋯ 0 0 0 ⋯ ௡ݑ− ܵ௡ ௡0ݑ− 0 0 ⋯ 0 0 0 ⋯ 0 ௡ݑ− ܵ௡ − ۑۑے௡ݑ
ۑۑۑ
ېۑۑ

ەۖۖ
۔ۖۖۖ
ۖۖۖ
ۓ ௡௠ܣ௡(௠ିଵ)ܣ௡(௠ିଶ)ܣ⋯௡(ప̃ାଵ)ܣ௡ప̃ܣ௡(ప̃ିଵ)ܣ⋯௡ଷܣ௡ଶܣ௡ଵܣ ۙۖۖ

ۖۘۖ
ۖۖۖ
ۖۗ

=
ەۖۖ
۔ۖۖۖ
ۖۖۖ
ۓ 000⋯000⋯000 ۙۖۖ

ۖۘۖ
ۖۖۖۖ
ۗ

,   (6.1.24) 
where ܵ௡ = ൫ܥ(ସ)ௌ߱௡ସ ௡ݑ         ,ௌ൯(଴)ܥ + ௌ߱௡ଶ(ଶ)ܥ + = ௨߱௡ଶ(ଶ)ܥ + ௌ(ସ)ܥ ௨,      (6.1.25)(଴)ܥ = −3ܾℎଷߩଶ൛ߙℎଶൣߙℎଶ൫ℎଶ݇௡ଶ + 75൯ − 840൧ + 2800ൟ,           

ௌ(ଶ)ܥ = ℎܧ3]ܾ}ߩℎଶ݇௡ଶ[ߙℎଶ(2ߙℎସ݇௡ଶ + ℎଶߙ75 − 840) + 2800] + ℎଶߚℎଶ(3ߚ]ܩ35 − 40) +240)(ℎଶ݇௡ଶ + 12)] − 15ℎ[3ߙℎଶ(5ߙℎଶ − 56) + ௡ଶ݇ܨ)[560 −  ,{(ܭ2
ௌ(଴)ܥ = ଶℎଽ݇௡଺ܧଶܾߙ3− + ℎଶߙℎଶ(5ߙ3]ܨℎଶ݇௡ସ{3ܧ5 − 56) + 560] − ℎଶߚℎଶ(3ߚ]ℎܩ7ܾ − 40) + ℎଶߙℎଶ(5ߙℎଶ݇௡ଶ[3ܧ൛ܭ30− {[240 − 56) + 560] + ℎଶߚℎଶ(3ߚ]ܩ28 − 40) + 240]ൟ    +420݇ܩܨ௡ଶ[ߚℎଶ(3ߚℎଶ − 40) + ௨(ଶ)ܥ ,[240 = 15ℎଶߙ3]ߩܭℎଶ(5ߙℎଶ − 56) + ௨(଴)ܥ ,[560 = ℎଶߙℎଶ(5ߙℎଶ݇௡ଶ[3ܧ൛ܭ15− − 56) + 560] + ℎଶߚℎଶ(3ߚ]ܩ28 − 40) + 240]ൟ. 

The solutions to the homogeneous system (6.1.24) are different from trivial ones 
only if the matrix ݉ x ݉  determinant in the equation (6.1.24) equals zero. In that 
case, as a solution a polynomial of the 4݉-th degree is obtained, the solutions of 
which can be determined only numerically for specific data. The solution we 
obtained in case of m elastically connected Timoshenko beams shall be used for 
forming a trigonometric frequency equation from the following relations 

ܵ௡ − ௡cosϕݑ2 = 0     ⇒      ܵ௡ = ௡cosϕݑ2 , ϕ(ݏ, ݉) = ଶ௦ିଵଶ௠ାଵπ, ݏ = 1,2,3, ⋯ ݉,     (6.1.26) 
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where m is the number of elastically connected beams while s represents the 
ordinal number of frequency. From the relations (6.1.25) and (6.1.26) this follows ൫ܥ(ସ)ௌ߱௡ସ + + ௌ߱௡ଶ(ଶ)ܥ  ௌ൯(଴)ܥ  = −2൫ܥ(ଶ)௨߱௡ଶ + ௨൯ cos(଴)ܥ ቀ ଶ௦ିଵଶ௠ାଵπቁ,     (6.1.27) 

i.e. the biquadratic equation in the form ܥ(ସ)ௌ߱௡ସ + ቂܥ(ଶ)ௌ + ௨cos(ଶ)ܥ2 ቀ ଶ௦ିଵଶ௠ାଵπቁቃ ߱௡ଶ + ௌ(଴)ܥ + ௨cos(଴)ܥ2 ቀ ଶ௦ିଵଶ௠ାଵπቁ = 0.  (6.1.28) 
From the expression (6.1.27) follow the solutions given as the squares of natural 
frequencies 

ൣω௡,௦ଶ ൧௟ = ௌ(ଶ)ܥൣ− + ௨cos൫(ଶ)ܥ2 మೞషభమ೘శభπ൯൧2ܥ(ସ)ௌ                    
− ටൣܥ(ଶ)ௌ + ௨cos൫(ଶ)ܥ2 మೞషభమ೘శభπ൯൧ଶ − ௌ(଴)ܥௌൣ(ସ)ܥ4 + ௨cos൫(଴)ܥ2 మೞషభమ೘శభπ൯൧2ܥ(ସ)ௌ ,   (6.1.29) 

ൣω௡,௦ଶ ൧௛ = ௌ(ଶ)ܥൣ− + ௨cos൫(ଶ)ܥ2 మೞషభమ೘శభπ൯൧2ܥ(ସ)ௌ                       
+ ටൣܥ(ଶ)ௌ + ௨cos൫(ଶ)ܥ2 మೞషభమ೘శభπ൯൧ଶ − ௌ(଴)ܥௌൣ(ସ)ܥ4 + ௨cos൫(଴)ܥ2 మೞషభమ೘శభπ൯൧2ܥ(ସ)ௌ , ݏ = 1,2,3 ⋯ ݉. (6.1.30) 
where ൣω௡,௦൧௟ represents a lower and ൣω௡,௦൧௛ a higher natural frequency. Static 

stability of the system depending on the stiffness of elastic layers may be examined 
based on the equation (6.1.27). The system shall be in the state of indifferent 
equilibrium when affected by axial forces under the influence of which the natural 
frequency of the system equals zero. If we apply this condition (ω௡ = 0), from the 
equation (6.1.27) it follows that the minimum value of the solution for the unknown 
axial force F is the critical force of the system of m elastically connected beams 
which corresponds to the n-th mode and is expressed as ܨ௕௖௥ = min௡ୀଵ,ଶ,ଷ⋯௦ୀଵ,ଶ,ଷ⋯௠

ℎଶ݇௡ଶܧ)௫݇௡ଶܫܧ + ℎଶ݇௡ଶܧ85(ܩ840 + ܩ840 + ௡ଶܭ2݇ ቂ1 − cos ቀ ଶ௦ିଵଶ௠ାଵπቁቃ , ݏ = 1,2,3 ⋯ ݉.    (6.1.31) 
For ܭ = 0, this follows from the equation (6.1.30)  

௡ܲ = ℎଶ݇௡ଶܧ)௫݇௡ଶܫܧ + ℎଶ݇௡ଶܧ85(ܩ840 + ܩ840 ,                                  (6.1.32) 

In the expression (6.1.31) ܫ௫ and ௡ܲ represent the moment of inertia of the beam’s 
cross-section for x–axis and the critical buckling load of a single Reddy-Bickford  
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beam which corresponds to the n-th mode. Its minimum value at which buckling 
occurs is obtained for n=1, ref. [31], and equals 

ܲ = πଶܫܧ ቀ840ܩ + ா௛మπమ௟మ ቁ݈ଶ ቀ840ܩ + ଼ହா௛మπమ௟మ ቁ .                                     (6.1.33) 

6.2   Numerical A nalysis and the Results in t he Static and Frequency D omain  

6.2   Numerical Analysis and the Results in the Static and 
Frequency Domain for the System of Elastically Connected 
Reddy-Bickford's Beams 

6.2   Numerical A nalysis and the Results in t he Static and Frequency D omain  

In the numerical analysis of the system, the results for 3, 5, 7 and 9 elastically 
connected beams with the same material properties were compared to show the 
significance of taking into account the effects of rotary inertia and the transverse 
shear particularly in thicker beams. 

ܧ  = 1 × 10ଵ଴Nmିଶ, ߥ = 0.34, ܩ = 1)2ܧ  + (ߥ , ݇ = 5 + 6ߥ5 + ߥ5  ref. ܭ    ,[24] = ଴ܭ = ଵܭ = 2 × 10ହNmିଶ ߩ = 2 × 10ଷkgmିଷ,   ܣ = 5 × 10ିଶmଶ  ܫ = 4 × 10ିସmସ               (6.2.1) 

݈ = 10 m,    ܾ = 18 ඨ53 m, ℎଵ = 25 ඨ35 m.       
Tables 6.2.1-6.2.3 show the values of natural frequencies of the system in the 
function of the number of elastically connected beams, their thickness, the 
stiffness of Winkler’s layers and vibration modes. By eliminating the effects of 
transverse shear and rotary inertia with transverse shear from the equation system (5.1.29) provided that the beams have the same material properties and are 
connected by elastic Winkler layers with the same stiffness, we obtain the 
expressions for natural frequencies of elastically connected Rayleigh and Euler 
beams respectively as 

ℎ    ൣω௡,௦ଶ݈݃݅݁ݕܴܽ  ൧௟ = ඨܥ௕ଶ݇௡ସ − ଶߟܨ + ܪ2 ቂ1 − cosቀ మೞషభమ(మ೘శభ)πቁቃ1 + ௥ଶ݇௡ଶܥ ,         (6.2.2) 

ω௡,௦ଶൣ       ݎ݈݁ݑܧ   ൧௟ = ඨ݇ܫܧ௡ସ − ௡ଶ݇ܨ + ܭ2 ቂ1 − cosቀ మೞషభమ(మ೘శభ)πቁቃܣߩ .            (6.2.3) 

Based on analytical expressions (5.1.40) for the frequencies of Timoshenko beams 
and (6.1.28) for Reddy-Bickford beams as well as the expressions (6.2.2)  
and (6.2.3), we obtain the values of natural frequencies as shown in the tables 
(6.2.1-6.2.3).  
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Table 6.2.1 Natural frequencies [ିݏଵ] of elastically connected beams ݊ = 1, ℎ = ℎଵ, ܭ ,଴ܭ= ܨ = 0 

  ω                    ۳ܚ܍ܔܝ ܐ܏ܑ܍ܔܡ܉܀ ܗܓܖ܍ܐܛܗܕܑ܂ ܡ܌܌܍܀ −  ܌ܚܗ܎ܓ܋۰ܑ

݉ = 3 
ωଵ,ଵ 28.031426872 28.020367058 28.003561651 28.002821765ωଵ,ଶ 59.157016729 59.133676296 59.125802235 59.125455645ωଵ,ଷ 82.967436814 82.934701967 82.929164958 82.928921239 

݉ = 5 

ωଵ,ଵ 23.487538604 23.478271583 23.458193420 23.457309327ωଵ,ଶ 42.073666685 42.057066497 42.045916431 42.045425613ωଵ,ଷ 61.809198434 61.784811580 61.777285278 61.776953996ωଵ,ସ 77.790079162 77.759387044 77.753461310 77.753200481ωଵ,ହ 88.060493386 88.025749070 88.020550942 88.020322140 

 

݉ = 7 

ωଵ,ଵ 21.841381852 21.832764322 21.811164921 21.810213778ωଵ,ଶ 33.964222155 33.950821553 33.936973666 33.936364049ωଵ,ଷ 48.883907005 48.864619833 48.855047581 48.854626231ωଵ,ସ 63.020016749 62.995152167 62.987775034 62.987450318ωଵ,ହ 75.004695464 74.975102320 74.968945793 74.968674806ωଵ,଺ 84.060447236 84.027281140 84.021820224 84.021579855ωଵ,଻ 89.687335754 89.651949566 89.646851796 89.646627411
 

݉ = 9 

ωଵ,ଵ 21.075842819 21.067527333 21.045139576 21.044153681ωଵ,ଶ 29.525266456 29.513617246 29.497668145 29.496965979ωଵ,ଷ 40.994024901 40.977850686 40.966402718 40.965898783ωଵ,ସ 52.752769268 52.731955634 52.723099701 52.722709887ωଵ,ହ 63.712785077 63.687647162 63.680352865 63.680031795ωଵ,଺ 73.291052064 73.262135039 73.255828000 73.255550387ωଵ,଻ 81.101350153 81.069351570 81.063680034 81.063430394ωଵ,଼ 86.868857490 86.834583335 86.829309382 86.829077242ωଵ,ଽ 90.404122311 90.368453315 90.363398650 90.363176162
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Table 6.2.2 Natural frequencies [ିݏଵ] of elastically connected beams ݊ = 1, ℎ = 5ℎଵ,ܭ = ,଴ܭ ܨ = 0 

  ω ܐ܏ܑ܍ܔܡ܉܀                  ܚ܍ܔܝ۳         ܗܓܖ܍ܐܛܗܕܑ܂ ܡ܌܌܍܀ −  ܌ܚܗ܎ܓ܋۰ܑ

݉ = 3 

ωଵ,ଵ 99.096589290 98.132790386 95.40454845252 95.29121980836ωଵ,ଶ 101.798292501 100.808217227 98.16012190987 98.05020502668ωଵ,ଷ 105.069981178 104.048085939 101.49149714614 101.3854652178 

݉ = 5 

ωଵ,ଵ 98.860076494 97.898577878 95.16310932326 95.04947262192ωଵ,ଶ 100.085066399 99.111653711 96.41324130255 96.30118348187ωଵ,ଷ 102.112963098 101.119827384 98.48078910939 98.37125723554ωଵ,ସ 104.274834518 103.260672759 100.68237420869 100.57542156451ωଵ,ହ 105.895759734 104.865833094 102.33144489069 102.22635387173 

݉ = 7 

ωଵ,ଵ 98.784568748 97.823804509 95.08602145955 94.97228608059ωଵ,ଶ 99.467057400 98.499655377 95.78266327808 95.66981405117ωଵ,ଷ 100.702080928 99.722667247 97.04257516993 96.93129725168ωଵ,ସ 102.260873909 101.266299636 98.63149925523 98.52214749443ωଵ,ହ 103.865888042 102.855703637 100.26610997272 100.15867806020ωଵ,଺ 105.243591674 104.220007925 101.66811549425 101.56228266034ωଵ,଻ 106.168476816 105.135897770 102.60876553273 102.50398190177
 

݉ = 9 

ωଵ,ଵ 98.751304096 97.790863384 95.05205955721 94.93828065546ωଵ,ଶ 99.183315645 98.218673253 95.49307250817 95.37985643507ωଵ,ଷ 99.995419125 99.022878333 96.32178515768 96.20961317796ωଵ,ସ 101.091803642 100.108599575 97.43996296681 97.32917248273ωଵ,ହ 102.346693288 101.351284348 98.71893719109 98.60968968300ωଵ,଺ 103.620931732 102.613129736 100.01672755385 99.90900666616ωଵ,଻ 104.778182986 103.759125733 101.19460836013 101.08824024895ωଵ,଼ 105.698729940 104.670719582 102.13106586866 102.02575174257ωଵ,ଽ 106.289994339 105.256233431 102.73232232681 102.62767513291
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Table 6.2.3 Natural frequencies [ିݏଵ] of elastically connected beams ݊ = 1, ℎ = ℎଵ, ܭ ,଴ܭ2= ܨ = 0 

 ω                  ۳ܐ܏ܑ܍ܔܡ܉܀     ܚ܍ܔܝ ܗܓܖ܍ܐܛܗܕܑ܂ ܡ܌܌܍܀ −  ܌ܚܗ܎ܓ܋۰ܑ

݉ = 3 

ωଵ,ଵ 34.378560483 34.364996403 34.351317052 34.350714857ωଵ,ଶ 81.298640164 81.266563741 81.260906711 81.260657710ωଵ,ଷ 115.661379807 115.615745547 115.611878846 115.611708644 

݉ = 5 

ωଵ,ଵ 26.715025271 26.704484843 26.686845653 26.686069033ωଵ,ଶ 56.131546322 56.109399590 56.101089263 56.100723467ωଵ,ଷ 85.153494690 85.119897332 85.114510608 85.114273505ωଵ,ସ 108.226412987 108.183712197 108.179551202 108.179368048ωଵ,ହ 122.962045472 122.913530730 122.909919911 122.9097609709 

݉ = 7 

ωଵ,ଵ 23.758273470 23.748899630 23.729051486 23.728177531ωଵ,ଶ 43.789272763 43.771995681 43.761288976 43.760817679ωଵ,ଷ 66.254330908 66.228190226 66.221185217 66.220876882ωଵ,ସ 86.910348394 86.876057868 86.870786589 86.870554567ωଵ,ହ 104.219826900 104.178706910 104.174370694 104.174179828ωଵ,଺ 117.229182437 117.182929599 117.179120402 117.178952731ωଵ,଻ 125.291659839 125.242225946 125.238690813 125.2385352044
 

݉ = 9 

ωଵ,ଵ 22.332620467 22.323809119 22.302687139 22.301757041ωଵ,ଶ 36.794651167 36.780133817 36.767361943 36.766799711ωଵ,ଷ 54.510400761 54.488893652 54.480329887 54.479952934ωଵ,ସ 71.944930098 71.916544187 71.910113991 71.909830958ωଵ,ହ 87.914740518 87.880053709 87.874846414 87.874617208ωଵ,଺ 101.752249416 101.71210301 101.707652291 101.7074563850ωଵ,଻ 112.983280308 112.938702692 112.934734250 112.9345595710ωଵ,଼ 121.254939855 121.207098652 121.203430623 121.2032691656ωଵ,ଽ 126.317751317 126.267912579 126.264409944 126.2642557652
 

 
Figure 6.2.1 shows the change in natural frequencies of the system according to 

the influence of  axial compression forces defined by a non-dimensional parameter ߣ = ܨ ⁄௕௞௥ܨ  and the number of elastically connected beams of different types: 
Euler, Rayleigh, Timoshenko and Reddy-Bickford. It can be inferred that with the 
increase of the beam number, natural frequency of the system decreases. It can 
also be noted that there is a significant difference in the approximate solutions 
depending on the beam type, or the beam theory used. In the numerical 
experiment the results of which are shown in a set of Figures 6.2.7a-f, the thicker 
beam was considered where the influence of rotary inertia and transverse shear is 
stronger, hence the difference in the approximate solutions for the first natural 
frequency. In the Figure 6.2.1 b) in case of three elastically connected beams, it 
can be seen that the influence of transverse shear is minor compared to the 



6.2   Numerical Analysis and the Results in the Static and Frequency Domain 125 

 

influence of transverse shear and rotary inertia, i.e. the Rayleigh model provides 
good approximate solutions, which is not the case for more than three elastically 
connected beams where the effects of transverse shear increase, hence better 
approximation of solutions are provided by Timoshenko and Reddy-Bickford 
model. It can be noted that with the increase of the axial compression forces, the 
differences in approximate solutions decrease. Thus, in the case of a single beam 
on an elastic foundation affected by axial forces 70% higher than the critical 
value, the effects of transverse shear on natural frequencies vanish, therefore,  in 
such cases Rayleigh model may be used for thicker beams. 

Figures 6.2.2a-b show the change in natural frequencies of the system 
according to the effects of axial compression forces of Reddy-Bickford beams 
depending on their number. Figures 6.2.3 and 6.2.4 show the changes in natural 
frequencies of the system depending on beams’ thickness defined by a non-
dimensional parameter ߦ = ℎ/݈. . In Figure 6.2.3 a) it can be noted that all the 
theories give roughly the same values for approximate results up to the value ߦ = 0.2, but when it comes to cross-sections of greater thickness, the differences 
in approximate solution increase. With the increase of the number  of beams, the 
models of the Timoshenko and Reddy-Bickford system provide very similar 
results. In case of a single beam on an elastic foundation, Figure 6.2.3 a), Reddy-
Bickford’s model provides the best solution approximation. 

 

  

  
 
Fig. 6.2.1 The influence of axial compression ߣ change on the lowest natural frequency of 
the beam with a thickness of h=15h1 a) ݉ = 1;    b) ݉ = 3;    c) ݉ = 5  d)  ݉ = 7;     
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Fig. 6.2.2 The influence of compressive axial forces ߣ on the lowest natural frequency of 
the beam with a thickness of h=h1 a) ݉ = 1, 3, 5, 7;    b) ݉ = 9, 11, 15, 20 

   

  

Fig. 6.2.3 The influence of the parameter ߦ on the beam’s lowest natural frequency  
a) ݉ = 1; b) ݉ = 3; c) ݉ = 5;    d)  ݉ = 7 

Figures 6.2.4a show the region of beam thickness in which all theories provide 
good approximations according to the vibration mode for the case of three elastically 
connected beams. It can also be noted that with the increase of the vibration mode, 
the differences in approximation of frequencies rise, while the zone of beam 
thickness in which all theories provide good approximate results decreases. This 
phenomenon is the most significant in the Euler and Reddy-Bickford model. 
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Fig. 6.2.4 The influence of parameter ߦon the beam’s lowest natural frequency for different 
modes n a) ݊ = 1;    b) ݊ = 3;    c) ݊ = 5;   d)  ݊ = 7 

Figure 6.3.1 shows the static stability regions of a system consisting of one, three 
and five elastically connected beams of different types. The differences in the 
approximation of solutions across the used model types are small, although it should 
be noted that the system is most stable in case of a single beam on an elastic 
foundation. 

 
Fig. 6.2.5 The influence of beam number on critical buckling force ܨ௕௖௥/ܲ in the function of 
the Winkler’s elastic layer stiffness  
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Appendix  6.1.2-  Coefficients in partial differential equations (6.1.17-6.1.19) 

௪ଵ଴,ଶ(1)ܥ ℎଵߩଵ൛28ܾଵܩଵൣߚℎଵଶ൫3ߚℎଵଶ − 40൯ + 240൧ + ℎଵൣ3ߙℎଵଶ൫5ߙℎଵଶ − 56൯ + 560൧(ܭ଴ + ℎଵଶߚℎଵଶ൫3ߚଵൣܩଵ)ൟ28ܭ − 40൯ + 240൧(1)ܥ௪ଶ଴,ଶ ℎଵଶܭଵߩଵ[3ߙℎଵଶ(56 − (ℎଵଶߙ5 − ℎଵଶߚℎଵଶ(3ߚ]ଵܩ28[560 − 40) + ௪ଵ଴,ସ(1)ܥ[240 ܾଵℎଵଷߩଵଶ[3ߙℎଵଶ(5ߙℎଵଶ − 56) + ℎଵଶߚℎଵଶ(3ߚ]ଵܩ28[560 − 40) + ௪ଵଶ,଴(1)ܥ[240 ܨ + ℎଵଶ(56ߙଵℎଵଶ[3ܧ − (ℎଵଶߙ5 − ଴ܭ)[560 + ℎଵଶߚℎଵଶ(3ߚ]ଵܩଵ)28ܭ − 40) + ௪ଶଶ,଴(1)ܥ[240 ℎଵଶߙℎଵଶ(5ߙଵ[3ܭଵℎଵଶܧ − 56) + ℎଵଶߚℎଵଶ(3ߚ]ଵܩ28[560 − 40) + ௪ଵଶ,ଶ(1)ܥ[240 ℎଵଶߩଵ{3ߙ3]ܨℎଵଶ(5ߙℎଵଶ − 56) + 560] + ܾଵℎଵଷ[9ܧߙଵ(56 − (ℎଵଶߙ5 + ଵ(40ܩߚ7 − [(ℎଵଶߚ3 − 1680ܾଵℎଵ(ܧଵ + ℎଵଶߚℎଵଶ(3ߚ]ଵܩଵ)}84ܩ − 40) + ௪ଵଶ,ସ(1)ܥ[240 − ℎଵଶߚℎଵଶ(3ߚ]ଵܩଵଶ140ߩଶܾଵℎଵଽߙ − 40) + ௪ଵସ,଴(1)ܥ[240 184 ଵℎଵଶ{7ܾଵℎଵܧ − ℎଵଶߙℎଵଶ(5ߙ3]ܨ3 − 56) + ℎଵଶߚℎଵଶ(3ߚ]ଵܩ[560 − 40) + 240] }
௪ଵସ,ଶ(1)ܥ ℎଵଶߚℎଵଶ(3ߚ]ଵܩଵ70ߩଵℎଵଽܧଶܾଵߙ − 40) + ௪ଵ଺,଴(1)ܥ[240 − ℎଵଶߚℎଵଶ(3ߚ]ଵܩଵଶℎଵଽ140ܧଶܾଵߙ − 40) + 240]

 

௪௜଴,ଶ(݅)ܥ ℎ௜ߩ௜{28 ௜ܾܩ௜[ߚℎ௜ଶ(3ߚℎ௜ଶ − 40) + 240] + ℎ௜[3ߙℎ௜ଶ(5ߙℎ௜ଶ − 56) + ௜ܭ)[560 + ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ௜ିଵ)}28ܭ − 40) + ௪௜ିଵ଴,ଶ(݅)ܥ[240 ℎ௜ଶܭ௜ିଵߩ௜[3ߙℎ௜ଶ(56 − (ℎ௜ଶߙ5 − ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ28[560 − 40) + ௪௜ାଵ଴,ଶ(݅)ܥ[240 ℎ௜ଶܭ௜ߩ௜[3ߙℎ௜ଶ(56 − (ℎ௜ଶߙ5 − ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ28[560 − 40) + ௪௜଴,ସ(݅)ܥ[240 ௜ܾℎ௜ଷߩ௜ଶ[3ߙℎ௜ଶ(5ߙℎ௜ଶ − 56) + ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ28[560 − 40) + ௪௜ଶ,଴(݅)ܥ[240 ܨ + ℎ௜ଶ(56ߙ௜ℎ௜ଶ[3ܧ − (ℎ௜ଶߙ5 − ௜ܭ)[560 + ℎ௜ଶߚℎ௜ଶ(3ߚ)௜ܩ௜ିଵ)28ܭ − 40) + ௪௜ିଵଶ,଴(݅)ܥ(240 ℎ௜ଶߙℎ௜ଶ(5ߙ௜ିଵ[3ܭ௜ℎ௜ଶܧ − 56) + ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ28[560 − 40) + ௪௜ାଵଶ,଴(݅)ܥ[240 ℎ௜ଶߙℎ௜ଶ(5ߙ௜[3ܭ௜ℎ௜ଶܧ − 56) + ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ28[560 − 40) + ௪௜ଶ,ଶ(݅)ܥ[240 ℎ௜ଶߩ௜{3ߙ3]ܨℎ௜ଶ(5ߙℎ௜ଶ − 56) + 560] + ௜ܾℎ௜ଷ[9ܧߙ௜(56 − (ℎ௜ଶߙ5 + ௜(40ܩߚ7 − [(ℎ௜ଶߚ3 − 1680 ௜ܾℎ௜(ܧ௜ + ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ௜)}84ܩ − 40) + ௪௜ଶ,ସ(݅)ܥ[240 − ଶߙ ௜ܾℎ௜ଽߩ௜ଶ140ܩ௜[ߚℎ௜ଶ(3ߚℎ௜ଶ − 40) + ௪௜ସ,଴(݅)ܥ[240 184 ௜ℎ௜ଶ{7ܧ ௜ܾℎ௜ − ℎ௜ଶߙℎ௜ଶ(5ߙ3)ܨ3 − 56) + ℎ௜ଶߚℎ௜ଶ(3ߚ]௜ܩ(560 − 40) + 240] }
௪௜ସ,ଶ(݅)ܥ ଶߙ ௜ܾܧ௜ℎ௜ଽߩ௜70ܩ௜[ߚℎ௜ଶ(3ߚℎ௜ଶ − 40) + ௪௜଺,଴(݅)ܥ[240 − ଶߙ ௜ܾܧ௜ଶℎ௜ଽ140ܩ௜[ߚℎ௜ଶ(3ߚℎ௜ଶ − 40) + 240]
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௪଴,ଶ(݉)ܥ     ℎ௠ߩ௠{28ܾ௠ܩ௠[ߚℎ௠ଶ(3ߚℎ௠ଶ − 40) + 240] + ℎ௠ܭ଴[3ߙℎ௠ଶ(5ߙℎ௠ଶ − 56) + ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ28{[560 − 40) + ௪௠ିଵ଴,ଶ(݉)ܥ [240 ℎ௠ଶܭ଴ߩ௠[3ߙℎ௠ଶ(56 − (ℎ௠ଶߙ5 − ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ28[560 − 40) + ௪଴,ସ(݉)ܥ[240 ܾ௠ℎ௠ଷߩ௠ଶ[3ߙℎ௠ଶ(5ߙℎ௠ଶ − 56) + ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ28[560 − 40) + ௪ଶ,଴(݉)ܥ[240 ܨ + ℎ௠ଶ(56ߙ଴[3ܭ௠ℎ௠ଶܧ − (ℎ௠ଶߙ5 − ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ28[560 − 40) + ௪௠ିଵଶ,଴(݉)ܥ[240 ℎ௠ଶߙℎ௠ଶ(5ߙ଴[3ܭ௠ℎ௠ଶܧ − 56) + ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ28[560 − 40) + ௪ଶ,ଶ(݉)ܥ[240 ℎ௠ଶߩ௠{3ߙ3]ܨℎ௠ଶ(5ߙℎ௠ଶ − 56) + 560] + ܾ௠ℎ௠ଷ[9ܧߙ௠(56 − (ℎ௠ଶߙ5 + ௠(40ܩߚ7 − [(ℎ௠ଶߚ3 − 1680ܾ௠ℎ௠(ܧ௠ + ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ௠)}84ܩ − 40) + ௪ଶ,ସ(݉)ܥ[240 − ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ௠ଶ140ߩଶܾ௠ℎ௠ଽߙ − 40) + ௪ସ,଴(݉)ܥ[240 184 ௠ℎ௠ଶ{7ܾ௠ℎ௠ܧ − ℎ௠ଶߙℎ௠ଶ(5ߙ3)ܨ3 − 56) + ℎ௠ଶߚℎ௠ଶ(3ߚ)௠ܩ(560 − 40) + 240) }
௪ସ,ଶ(݉)ܥ ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ௠70ߩ௠ℎ௠ଽܧଶܾ௠ߙ − 40) + ௪଺,଴(݉)ܥ[240 − ℎ௠ଶߚℎ௠ଶ(3ߚ]௠ܩ௠ଶℎ௠ଽ140ܧଶܾ௠ߙ − 40) + 240]
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Chapter 7  

Geometrically Non-linear Vibrations of 
Timoshenko Damaged Beams Using the New  
p–Version of Finite Element Method 
7   Geometrically  Non-linear Vibrations of Timoshenko Damaged Beams  

Chapter 7 presents geometrically nonlinear forced vibrations of damaged 
Timoshenko beams. In the study it is developed new p-version of finite element 
method for damaged beams. The advantage of the new method is compared with 
the traditional p-version of finite element method and provides better 
approximations of solutions with a small number of degrees of freedom used in 
numerical analysis. 

Scientific contribution was made in two fields - computational mechanics and 
non-linear vibrations of beams. It is concluded that traditional method can’t give 
good approximations of solutions in the case of very small width of the damage. 
This benefit is also shown in comparison with obtained results in the commercial 
software Ansys. A new p-version finite element is suggested to deal with 
geometrically non-linear vibrations of damaged Timoshenko beams. The novelty 
of the p-element comes from the use of new displacement shape functions, which 
are function of the damage location and, therefore, provide for more efficient 
models, where accuracy is improved at lower computational cost. In numerical 
tests in the linear regime, coupling between cross sectional rotation and 
longitudinal vibrations is discovered, with longitudinal displacements suddenly 
changing direction at the damage location and with a peculiar change in the cross 
section rotation at the same place. Geometrically nonlinear, forced vibrations are 
then investigated in the time domain using Newmark’s method and further 
couplings between displacement components are found. 

7.1   Development of the New p–Version of Finite Element 
Method 

The development of supercomputers and numerical methods have allowed 
scholars to investigate non-linear mathematical models in a more precise  
way. Particularly, the finite element method has extensively been used for creating 
non-linear discretized structure of beams and plates. The finite element method is 
based on determining approximate solutions by solving the appropriate 
polynomial functions, ref. Petyt [32]. In general, the structure is divided into 
smaller elements defining the local function form. Shape functions are simple 
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polynomials with the fixed, lower p degree where the accuracy of approximate 
solution increases with the increased number of elements in the model. Increasing 
the number of elements results in the decrease of their width h. Another way to 
improve the precision of approximation is for the network to remain unchanged 
while the number of shape functions increases, which implies the increase of their 
degree p, hence the name the p –version of the finite element method, ref. Ribeiro 
[32]. The reasons for its wide use lie in its main advantages over classic models 
which are as follows: 

a) it does not require the change in a formed network for increasing the accuracy 
of solutions, 

b) the matrix with non-linear members of lower degree polynomial may be used 
for the derivatives of non-linear member matrixes with an improved new 
approximation 

c) linear member matrixes in p-version of the method are diagonal and easier to 
use than matrixes with already conditioned members of a classic finite element 
method, 

d) joining the polynomial elements of different degree is simple and enables easy 
introduction of additional degrees of freedom where necessary, 

e) simple structures can be modeled with a single element, which eliminates the 
problems of internal element continuity as well as their need for connecting, 

f) the possibility of choosing the number and the type of shape functions for 
different displacement allows a better insight into an interaction between 
individual component vibrations (component longitudinal vibration, component 
transverse vibration and component vibration of the cross-section rotation), 

g) with the p - version of the finite element method it is possible to get a greater 
accuracy of solutions without the increase of the elements in the structure but 
only increasing the degree of polynomials which constitute the mode shapes. 

As a consequence of these characteristics, the p -version of the finite element 
method requires less time to model and examine the structure compared to 
conventional finite element method. This is a huge advantage in non-linear analysis 
where the iterative calculation procedure requires determining the matrix of non-
linear members in each step. Quicker convergence towards the accurate solution 
thanks to the p –version of the finite element method has been confirmed in static 
linear analysis of beams, plates and shells in the paper, Szabó et Sahrmann [34], 
non-linear geometric static analysis of composite plates, Han et al. [35] as well as 
the analysis of free and forced vibration of different structures [36-43].  

The new p –version of the finite element method came as a result of research 
into geometric non-linear vibration of damaged beams. The conventional p–
version of the finite element method did not allow the recognition of a sufficiently 
small discontinuity in the beam’s cross section regardless of increasing the degree 
of polynomial shape functions of displacement within the finite element. In order 
to make this possible, it was necessary to introduce new shape functions of 
displacement which satisfy the boundary conditions and depend on the location 
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and the size of damage on the beam. Figure 7.1.1 shows a model of a 
homogenous, elastic, isotropic beam with the lengthܮ, width ܾ and thicknessℎ. 
The present damage constitutes a cut in the rectangular cross-section along the 
entire beam width with the depthℎଵ. The size of damage along the local coordinate 
axis ߦ is defined by the starting point ݈ଵ  and the end ݈ଶ  of the cross-section’s 
discontinuity.  

 

Fig. 7.1.1 The model of a damaged beam with local and global coordinate system 

Unlike the classical finite element method, the number of elements used in the 
p–version depends on the geometry of an analyzed structure. Thus in an example 
of frame beam, ref. Ribeiro [44] three elements were used. The increase of result 
accuracy in the classic finite element method in places of structure’s changed 
geometry is achieved by increasing the number of elements in its surrounding. 
However, regardless of the above mentioned basic features of the finite element 
method p–version, it will be shown that, regardless of the change in the beam’s 
geometry due to damage, it is possible to get an accurate model by introducing 
new shape functions of displacement, ref. Stojanovic et al. [22]. The relationship 
between local and global coordinates is given by the following expression ߦ = ܮݔ2 .                                                         (7.1.1) 

If we label the functions of longitudinal and transverse displacement 
corresponding to the global coordinate system as  ݔ)ݑ, ,ݖ ,ݔ)ݓ and (ݐ ,ݖ  then ,(ݐ
the following relations apply ݔ)ݑ, ,ݖ (ݐ = ,ݔ)଴ݑ (ݐ + ,ݔ)଴ߠݖ ,ݔ)ݓ     ,(ݐ ,ݖ (ݐ = ,ݔ)଴ݓ  (7.1.2)                 ,(ݐ

where ݑ଴(ݔ, ,ݔ)଴ݓ and (ݐ  represent longitudinal and transverse displacement (ݐ
of the beam’s point (ݔ, ݖ = 0, (ݐ   belonging to the ݔ –axis. The cross-section 
rotation ߠ଴(ݔ,  is defined by the change of an angle between the z-axis and the (ݐ
beam’s cross section in the ݖݔ plane around the ݕ  - axis. Considering von 
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Kármán model of geometric non-linearity, deformation along the x axis ߝ௫(ݔ,  (ݐ
and the deformation caused by transverse shear ߛ௫௭(ݔ,   are given by (ݐ

,ݔ)௫ߝ ,ݖ (ݐ = ,ݔ)଴ݑ߲ ݔ߲(ݐ + 12 ቆ߲ݓ଴(ݔ, ݔ߲(ݐ ቇଶ + z ,ݔ)଴ߠ߲ ݔ߲(ݐ ,                    (7.1.3) 

,ݔ)௫௭ߛ (ݐ = ,ݔ)଴ݓ߲ ݔ߲(ݐ + ,ݔ)଴ߠ  (7.1.4)                                     .(ݐ

In each element, vector ܌૙(ߦ, (ݐ , comprised of the motion component can be 
expressed as a combination of hierarchical shape functions 

,ߦ)૙܌       (ݐ = (ݐ)ܙ (ߦ)ۼ <=> ቐݑ଴(ߦ, ,ߦ)଴ݓ(ݐ ,ߦ)଴ߠ(ݐ ቑ(ݐ =  ቎ۼ௨(ߦ)T ૙ ૙૙ T(ߦ)௪ۼ ૙૙ ૙ T቏(ߦ)ఏۼ ቐܙ(ݐ)ܟܙ(ݐ)ܝܙી(ݐ)ቑ (7.1.5) 

where (ݐ)ܝܙ - is a vector of longitudinal generalized displacement, (ݐ)ܟܙ - a 
vector of transverse generalized displacement and ܙી(ݐ)- a vector of generalized 
rotation of the cross-section around the ݕ-axis. (ߦ)ۼis a matrix shape function 
comprised of vectors of longitudinal, transverse and rotation shape functions. The 
increase of the number of these functions in the model increases the accuracy of 
model discretization. Total number of shape functions implemented in a single 
element model presents the degree of system’s freedom.   

By introducing two new functions into the p-version of the finite element 
method, we get a new system of shape functions which allows the recognition of 
the expected increased beam flexibility in the narrow domain of damage. The two 
new shape functions introduced into the model are labeled “d” in the index and 

depend on the location of the damage centre ܮଵ = ௟భା௟మଶ , , Figure 7.1.1. The orders 

of vectors of longitudinal, transverse and rotational displacement of the beam’s 
cross-sections with discontinuity now have the following form ࡺ௨(ߦ)T = උ ଵ݂ௗ(ܮ, ,ଵܮ (ߦ ଶ݂ௗ(ܮ, ,ଵܮ (ߦ | ଵ݂(ߦ) ଶ݂(ߦ) ଷ݂(ߦ) … ௣݂௨(ߦ)ඏ, ࡺ௪(ߦ)T = උ ଵ݂ௗ(ܮ, ,ଵܮ (ߦ ଶ݂ௗ(ܮ, ,ଵܮ (ߦ | ଵ݂(ߦ) ଶ݂(ߦ) ଷ݂(ߦ) … ௣݂௪(ߦ)ඏ, ࡺఏ(ߦ)T = උ ଵ݂ௗ(ܮ, ,ଵܮ (ߦ ଶ݂ௗ(ܮ, ,ଵܮ (ߦ | ଵ݂(ߦ) ଶ݂(ߦ) ଷ݂(ߦ) … ௣݂ఏ(ߦ)ඏ, (7.1.6) 

 
where ݑ݌ ݓ݌ ,  and ߠ݌  represent the number of longitudinal, transverse and 
rotation shape functions to which the functions ଵ݂ௗ(ܮ, ,ଵܮ ,ܮ)and ଶ݂ௗ (ߦ ,ଵܮ  have(ߦ
been added. The first four functions are given by 

 

ଵ݂(ߦ) = 12 − 34 ߦ + 14 (ߦ)ଷ,   ଶ݂ߦ = 14 − 14 ߦ − 14 ଶߦ + 14                                   ,ଷߦ
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ଷ݂(ߦ) = 12 + 34 ߦ − 14 (ߦ)ଷ,   ସ݂ߦ = − 14 − 14 ߦ + 14 ଶߦ + 14  ଷ.                (7.1.7)ߦ

The remaining shape functions are obtained by way of a formula, ref. Petyt [32], 
p.298. 

௥݂(ߦ) = ෍ (−1)௡(2ݎ − 2݊ − 7)ԥ2௡݊! ݎ) − 2݊ − 1)!INTቀೝమቁ
௡ୀ଴ ,௥ିଶ௡ିଵߦ ݎ > 4,                      (7.1.8) 

where ݎԥ = ݎ)ݎ − 2) … ,(1 ݎ݋ 2) 0ԥ = (−1)ԥ=1 and INT (2/ݎ) are integers of 2/ݎ. Shape functions ௥݂(ߦ) satisfy boundary conditions for doubly clamped beams 
(functions and their first derivatives are at the boundaries of the zero element). 
Functions ଵ݂ − ସ݂  of the third-degree polynomial, also known as Hermite’s 
polynomials [33], are usually included when it is necessary to change boundary 
conditions in other types of beam support and are used for constructing and 
creating a function. New implemented functions ଵ݂ௗ(ܮ, ,ଵܮ ,ܮ)and ଶ݂ௗ (ߦ ,ଵܮ  in (ߦ
analytical form are as follows 

ଵ݂ௗ(ܮ, ,ଵܮ (ߦ = ۔ۖەۖ
ۓ (1 + ଵܮଶ[6(ߦ + 1)ܮ − ܮ8[(ߦ2 ,    −1 ≤ ߦ ≤ ܮଵܮ2 ܮ), + ߦ)ଵ)ଷܮ2 − 1)ଶ(ܮ − ଵܮ6 + ܮ)ܮ8(ߦܮ2 − ଵ)ଷܮ2 , ܮ/ଵܮ2      ≤ ߦ ≤ 1,        (7.1.9) 

ଶ݂ௗ(ܮ, ,ଵܮ (ߦ = ۔ۖەۖ
ۓ 14 (1 + ଶ(ߦ ൬ߦ − ܮଵܮ2 ൰,                   −1 ≤ ߦ ≤ ܮ)ܮ/ଵܮ2 + ߦ)ଵ)ଶܮ2 − 1)ଶ(ߦ − ଶ௅భ௅ ܮ)4( − ଵ)ଶܮ2  , ܮ/ଵܮ2                     ≤ ߦ ≤ 1.       (7.1.10) 

 

ଵ݂ୢ ,ܮ) ,ଵܮ ξ) ଶ݂ୢ ,ܮ) ,ଵܮ ξ) 

Fig. 7.1.2 Displacement shape functions 

As an example of a non-dimensional damage location given in the ratio of a 

global to local coordinate system (ܮ = ଶ௫క ) , ଵܮ = 0.5 , the newly introduced 
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functions of mode shapes are shown in Figure 7.2.1. The function ଵ݂ௗ(ܮ, ,ଵܮ  is (ߦ
introduced with its maximum at the place of the damage centre, while the function ଶ݂ௗ(ܮ, ,ଵܮ  has been introduced with its zero in the place of the damage centre. By (ߦ
including these two functions into the element, the continuity condition still applies.  

We assume the beam’s is elastic and isotropic hence the Hooke’s law applies ો = ۲ઽ .֞ ቄ ௫߬௫௭ቅߪ = ቂܧ 00 ቃܩ݇ ቄ ௫௭ቅߛ௫ߝ ,                                  (7.1.11) 

where ۲ is the matrix of elastic coefficients, ો and ઽ are vectors of stress and 
deformation, ܧ is Young’s modulus, ܩ is shear modulus given by 1)2]/ܧ +  ,[(ߥ
where ߥ is the Poisson’s ratio. In the numerical experiment, the shear factor was 
used which yielded the best correspondence with experimental results, ref. [24] in 
the form of k=(5+5 ߥ)/(ߥ 6+5). Longitudinal deformation may be written as ߝ௫ = ۂݖ    1ہ ቆቊߝ଴௣ߝ଴௕ቋ + ൜ߝ௅௣0 ൠቇ.                                         (7.1.12) 

In the equation (7.1.12), the deformation consists of a linear and non-linear part, 
where ߝ଴௣  and z ଴௕ߝ  represent the respective linear longitudinal and linear 
deformation due to buckling, while ߝ௅௣   represents geometric non-linear 
longitudinal deformation. In the shown model they can be written as ߝ଴௣ = క௨,ࡺ Tܝܙ ܮ2 , ଴௕ߝ = కఏ,ࡺ Tܙી ܮ2 , ௅௣ߝ    = ଶܮ2 ,ܟܙక௪T,ࡺక௪,ࡺTܟܙ ௫௭ߛ = ඌ2ܮ క௪்,ࡺ ఏ்ඐࡺ ቄܙܟܙી ቅ,      (7.1.13) 

where ",  Integrating normal and .ߦ is the first derivative of the variable for "ߦ
shear stress and the moment of normal stress in the expressions (7.1.11), we get 
the forces in perpendicular and tangent direction respectively, as well as the 
moment in the following form 

௫ܶ =
۔ۖەۖ
ۓ න ௫dz೓మି೓మߪ , ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, 2൨ܮ

න ௫dz೓మ ି ௛భି೓మߪ , ݔ א [݈ଵ, ݈ଶ] ,                        (7.1.14) 

ܳ௫ =
۔ۖەۖ
ۓ න ߬௫௭dz೓మି೓మ , ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, 2൨ܮ

න ߬௫௭dz೓మ ି ௛భି೓మ , ݔ א [݈ଵ, ݈ଶ] ,                       (7.1.15) 

௫ܯ = ۔ۖەۖ
ۓ න ݖ ௫ߪ dz௛/ଶ

ି௛/ଶ , ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, 2൨ܮ
න ௫ߪ ݖ dz೓మ ି ௛భି௛/ଶ , ݔ א [݈ଵ, ݈ଶ] .                    (7.1.16) 



7.1   Development of the New p–Version of Finite Element Method 137 

 

By substituting the quantities marked in expressions (7.1.13) into equations 
(7.1.14-7.1.16), we determine the relation between the forces and the moment on 
the one hand and the deformation on the other hand ቄܶܯቅ = ቂܣ ܤܤ ቃܦ ቆቊߝ଴௣ߝ଴௕ቋ + ൜ߝ௅௣0 ൠቇ, 

 ܳ௫ = ۔ە
ۓ 1)2ߣℎܧ + (ߥ ,௫௭ߛ ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, ℎ)ܧ2൨ܮ − ℎଵ)1)2ߣ + (ߥ ,௫௭ߛ ݔ  א [݈ଵ, ݈ଶ] , 
,ܣ ,ܤ ܦ = න (1, ,ݖ ܧ(ଶݖ dz௭

௭ ,    (7.1.17) 

where ܣ is the coefficient of extension, ܤ the coupling coefficient between the 
bending and extension deformation (occurring as a consequence of beam damage, 
in other cases of classic beams it equals zero) and ܦ  the bending coefficient 
which have the following form 

ܣ = ቐ ,ℎܧ ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, ℎ)ܧ2൨ܮ − ℎଵ), ݔ  א [݈ଵ, ݈ଶ] ,     
ܤ = ൞ 0, ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, ℎଵ(ℎଵܧ2൨ܮ − ℎ)2 , ݔ א [݈ଵ, ݈ଶ] ,                               
ܦ = ۔ە

ۓ ℎଷ12ܧ , ݔ א ൤− 2ܮ , ݈ଵ൨ ׫ ൤݈ଶ, ℎଷ]ܧ2൨ܮ + (ℎ − 2ℎଵ)ଷ]24 , ݔ א [݈ଵ, ݈ଶ] ,                
(7.1.18) 

We can notice that B is different from zero on the beam part with the change of 
shape with the damage in the form of a geometric change on the beam. Equations 
of motion are derived based on the principle of virtual work for which the 
following holds ߜ ௜ܹ௡ + ߜ ௏ܹ + ߜ ௘ܹ௫ = 0,    (7.1.19) 

where ߜ ௜ܹ௡, ߜ ௏ܹ and ߜ ௘ܹ௫ are virtual work of inertial, internal and external 
forces on virtual displacement ܌ߜ in the form ܌ߜ = ൝ߜuߜwߠߜ ൡ = ۼ .ܙߜ     (7.1.20) 
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Virtual work of internal forces is  ߜ ௏ܹ = − න .ઽTોdܸߜ
௏ = 

= −ܾ න ൭ቊߝߜ଴௣ߝߜ଴௕ቋT + ൜ߝߜ௅௣0 ൠT൱ ቂܣ ܤܤ ቃܦ ቆቊߝ଴௣ߝ଴௕ቋ + ൜ߝ௅௣0 ൠቇ dx௭
௅ − ܾ න ௫௭ߛߜ 1)2ߣℎܧ + (ߥ ௫௭ dx௟భߛ

ିಽమ − 

                 −ܾ න ௫௭ߛߜ ℎ)ܧ − ℎଵ)1)2ߣ + (ߥ ௫௭ߛ dx௟మ
௟భ − න ௫௭ߛߜ 1)2ߣℎܧ + (ߥ ௫௭ߛ dx௅/ଶ

௟మ =  ,ܙ(ܙ)T۹ܙߜ
(7.1.21) 

where ߜઽ is the vector of virtual deformation. Virtual work of inertial forces is 
given by ߜ ௜ܹ௡ = − න .ሷdܸ܌T܌ߜߩ

௏ = 

= −ܾ න න ሷݑݑߜ)ߩ + ሷݓݓߜ ) dx dz௟భି௅ ଶ⁄
௛ ଶ⁄

ି௛ ଶ⁄ − ܾ න න ሷݑݑߜ)ߩ + ሷݓݓߜ ) dx dz௟మ௟భ
(௛ ଶ)⁄  ି ௛భି௛ ଶ⁄ − 

−ܾ න න ሷݑݑߜ)ߩ + ሷݓݓߜ ) dx dz௅ ଶ⁄
௟మ =௛ ଶ⁄

ି௛ ଶ⁄ ሷ,ܙۻTܙߜ  
(7.1.22) 

where ܌ሷ is component acceleration of the beam point. Virtual work of external 
forces is  

ߜ ௘ܹ௫ = න ቀൣ ௨ܲ௝(ݐ)ߜ൫ݔ − ௝൯ݔ + ௨ܲௗ(ݔ, ,ݔ)ݑߜ൧(ݐ (ݐ + ൣ ௪ܲ௝(ݐ)ߜ൫ݔ − ௝൯ݔ + ௪ܲௗ(ݔ, ,ݔ)ݓߜ൧(ݐ ቁ(ݐ  dx௭
௅ + 

     + න ݔ൫ߜ(ݐ)௝ܯൣ − ௝൯ݔ + ,ݔ)ௗܯ ,ݔ)ߠߜ൧(ݐ (ݐ dx௭
௅ = උܝܙߜT Tܟܙߜ ીTඏܙߜ ቐ .ቑ(ݐ)۳ۻ(ݐ)۳ܟ۴(ݐ)۳ܝ۴     (7.1.23) 

If we substitute the equations (7.1.21-7.1.23) into the equation (7.1.19), we get a 
non-linear system of partial differential equations for forced vibrations of the 
damaged Timoshenko beam in the following form 

൥ۻ௟ ૙ ૙૙ ௕ۻ ૙૙ ૙ ௥൩ۻ ൝ܙሷ ሷܙܝ ሷܙܟ ી ൡ + ൥ ૙ ૙ ௟௥૙ۻ ૙ ૙ۻ௟௥T ૙ ૙ ൩ ൝ܙሷ ሷܙܝ ሷܙܟ ી ൡ + 

+ ൦۹௟ ૙ ૙૙ ۹ఊభభ ۹ఊభమ૙ ۹ఊమభ ۹௕ + ۹ఊమమ൪ ൝ܙܟܙܝܙી ൡ + ቎ ૙ ૙ ۹௟௥૙ ૙ ૙  ۹௟௥T ૙ ૙ ቏ ൝ܙܟܙܝܙી ൡ + 

+ ቎ ૙ ۹௡૛ (ܟܙ) ૙۹௡૜ (ܟܙ) ۹௡૝ (ܟܙ) ૙૙ ૙ ૙቏ ൝ܙܟܙܝܙી ൡ + ቎૙ ૙ ૙૙ ૙ ۹௡௕௥(ܟܙ)૙ ۹௡௕௥T(ܟܙ) ૙ ቏ ൝ܙܟܙܝܙી ൡ = ቐ  ,۳ቑۻ۳ܟ۳۴ܝ۴
(7.1.24) 

where {۴(ݐ)۳ܝ, ,(ݐ)۳ܟ۴ {(ݐ)۳ۻ  is the vector of generalized external forces. 
Matrixes ۻ  and ۹  are comprised of constants, ۹୬૛ , ۹୬૜  and ۹୬௕௥  matrix  
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members depend linearly on the solution while the matrix ۹୬૝  members 
depend squarely on the solution (i.e. in the general form they present the 
members of cubic non-linearity). The labels in the indexes ݈, ܾ, ݎ  and ߛ 
represent the effects of longitudinal displacement, deflection, component 
rotational displacement of beams’ cross-sections and shear respectively. The 
label ݈ݎ  in the index represents the coupling of longitudinal and rotational 
displacement which occurs in mass and stiffness matrixes as a consequence of 
beam damage. The ܾݎ  label represents the coupling of transverse and 
rotational displacement of the cross-section which also occurs in the matrix 
with non-linear members. If we introduce the Rayleigh damping type defined 
by coefficients ߙ and β, we obtain 

ۻ) + ሷܙ(௖ۻ (ݐ) + ۹)ߙ + ۹௖)ܙሶ (ݐ) + β(ۻ + ሶܙ(௖ۻ (ݐ) +              +{۹ + ࢉ۹ + ۹୬ [(ݐ)ܙ] + ۹୬ࢉ (ݐ)ܙ{[(ݐ)ܙ] =  (7.1.25)               .(ݐ)۴

The matrixes ۻ௖, ۹௖ and ۹୬ࢉ ൫(ݐ)ܙ൯ represent the coupling of motion between 
independent displacement occurring due to discontinuity in the cross-section. 
Mass and stiffness matrices with linear and non-linear members are given in 
Appendix 7.1.1. 
7.2   Mode Shapes of Compone nt Longit udina l and Transverse Vibration  
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7.2   Mode Shapes of Compone nt Longit udina l and Transverse Vibration  

 
The p-version model of the finite element method was applied to a doubly 
clamped beam whose characteristics have been given in the papers [17], [45], 
[46]. Depending on the damage depth in the numerical experiment, the following 
cases were considered: 
 Case 1.1. Ref. ܮ[13] = 1330 mm, ܾ = 25.3 mm, ℎ = 25.3 mm, ܧ = 203.91 GNmିଶ, ߩ = 7800 kgmିଷ. Damage position:  ݈ଵ = 222.5 mm, ݈ଶ = 247.5 mm, ݓௗ = 1.87%. Damage depth: a) 4 mm b) 8 mm c) 12 mm.
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Case 2.1 Ref. [35],[36]ܮ = 406 mm, ܾ = 20 mm, ℎ = 2 mm, ܧ = 7.172 GNmିଶ, ߩ = 2800 kg mିଷ. 
2.1.1. Damage position:  ݈ଵ = 68 mm, ݈ଶ = 75.5 mm, ݓௗ = 1.7%. Damage depth: a) 0.3 mm b) 0.6 mm c) 0.9 mm.

2.1.2. Damage position: ݈ଵ = −5 mm, ݈ଶ = 5 mm, ݓௗ = 2.4%.Damage depth: a) 0.9 mm
Case 2.2. Ref [35]ܮ = 406 mm, ܾ = 20 mm, ℎ = 20.3 mm, ܧ = 7.172 GNmିଶ, ߩ = 2800 kg mିଷ. Damage position:  ݈ଵ = 68 mm, ݈ଶ = 75.5 mm, ݓௗ = 1.7%.Damage depth: a) 5mm b) 9 mm

 
In the numerical experiment, ݓௗ  represents the relative damage length of 

shown in percentages. The beams with such geometric and material characteristics 
were chosen in order to verify the obtained results against experimental findings 
already existing in literature. Experimental results obtained in the paper by Sinha 
[17] were compared to the obtained results for the case of damage occurring in the 
same place. Experimental results obtained for a non-damaged beam, ref. Wolf [46] 
were numerically compared with the results for the same beam in non-linear 
vibration mode, ref. Ribeiro [45]. We verified the known numerical and 
experimental results using the new p-version of the finite element method on the 
same beam model assuming the damage depth in the model to be zero. In the 
paper [45], the non-damaged thicker beam (L/h=20) was analyzed and its 
characteristics used for considering the vibration of thicker beams with damage. 
The Ansys software pack [47] was used for the comparison of  models in terms of 
vibration freedom degree.    

The results in Tables 7.2.1, 7.2.2 and 7.2.3 show transverse natural beam 
frequencies for different damage depths. For result comparison using the Ansys 
software pack, the h–version of the “BEAM189” element was used which is based 
on Timoshenko’s theory and has three binding points with six degrees of vibration 
freedom for each of them. The results shown in Ansys-created tables were 
obtained using the model with 300 elements. Such a dense network was used to 
verify the p–version of the finite element method although convergence is 
achieved by using only thirty elements. The tables also show the results obtained 
through traditional p-version of the finite element method which use the shape 

functions shown in paper [49] without the implemented functions 1
df  and

 1
df . 
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Table 7.2.1 Natural frequencies [Hz] of clamped-clamped beam for case 1.1 

 

Table 7.2.2 Natural frequencies [Hz] of clamped-clamped beam for case 2.1 
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Table 7.2.3 Natural frequencies [Hz] of a clamped-clamped beam for case 2.2 

 

 
The results in Tables 7.2.1-7.2.3 show that the new p- version of the finite 

element method yields accurate results with a lower number of the used 
vibration freedom degrees compared to the h–version of the commercial Ansys 
software. The matching with experimental results confirms the accuracy and 
the value of the new method. It should be noted that the traditional version of 
the finite element method does not allow obtaining good results in damaged 
beams since the frequencies higher than those for the non-damaged beams are 
obtained.  

The change in natural frequencies does not give a complete picture on the 
influence of damage on structure vibration. Natural frequency can be the same 
for the cases of different damage location, therefore it is necessary to determine 
the change of other characteristics describing the vibration. One such 
characteristic is the change in independent components of mode shapes. With 
non-damaged doubly clamped beams only two component vibration modes are 
possible, transverse displacement of beams’ centre lines and rotation of cross-
sections. In case of a damaged model, anti-symmetry occurs in the beam 
geometry which leads to the coupling of transverse rotation and longitudinal 
displacement (B is different from zero – second equation 7.1.18) and is 
displayed through changes in mass and stiffness submatrixes of linear members. 
Such a model of damaged beams allows us to determine longitudinal 
components of mode shapes. Figure 7.2.1 shows mode shapes of longitudinal 
vibration for characteristic modes of a beam described in case 1.1 c). It can be 
seen from a diagram that sudden changes in longitudinal vibration occur in 
geometric place of damage. In the first and the sixth mode a maximum 
longitudinal displacement of the beam occurs in the place of damage onset on 
the side of the beam farther from the clamp. In higher modes, maximum 
longitudinal displacement of the beam is in the place of damage onset on the 
side of the beam closer to the clamp. The described occurrence of longitudinal 
vibration is an important dynamic feature of the model since it occurs 
exclusively as the consequence of beam damage. 
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Fig. 7.2.1 Longitudinal components of mode shapes 

Transverse and rotational components of beams’ mode shapes (case 1.1) are 
shown in Figures 7.2.2-7.2.3. To facilitate the comparison, component mode 
shapes were normalized so that the amplitudes are equal in the occurrence point of 
the first local extreme on the left side of the non-damaged beam. The natural 
frequencies shown in table 7.1.1 correspond to the component mode shapes in 
Figures (7.2.2-7.2.3.). Figures clearly show the deviation in mode shapes in the 
place of damage location which becomes more significant in higher modes.  
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       Transverse component – mode 1            Transverse component – mode 2 

                    (a)                                      (b)             
 
 

 
        Transverse component – mode 3            Transverse component – mode 4 

                     (c)                                      (d)             

Fig. 7.2.2 Transverse component of mode shapes: Case 1.1 ▬▬ non-damaged beam; ----- 
8mm damage; ▬▬ 12mm damage 

Mutual coupling of longitudinal vibration with rotational component of cross-
section vibration results in new mode shapes as shown in Figure 7.2.3. The first 
thing we notice is that with the increase of damage depth, the amplitude of 
transverse vibration rises in the damaged area. It is interesting to note that the 
cross-section rotation angle in component rotation vibration of the cross-section in 
the centre of damage is the same regardless of damage depth, whereas in the area 
stretching from the centre of damage to its ends the cross-section rotation angle 
rises after which it tends afterwards the values of cross-section angles of a non-
damaged beam. This is a characteristic phenomenon and occurs regardless of the 
vibration mode. The qualities of changes in the cross-section angle are not easily 
determined experimentally. If this were possible, the component mode shapes of 
the component rotation of beams’ cross-section vibration could be used for 
damage detection with great accuracy. 
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Rotational component of cross-section - mode 1 

(a) 
Rotational component of cross - section - mode 2 

(b) 

 

  
Rotational component of cross-section - mode 3 

(c) 
Rotational component of cross-section - mode 4 

(d) 

Fig. 7.2.3 Rotational components of beams’ cross-sections mode shapes: Case 1.1 ▬▬ non-
damaged beam; ----- 8mm damage; ▬▬ 12mm damage 

7.3   Geometrically  Non-linear Vibrations of a Damaged Timoshenko Beam  
7.3   Geometrically Non-linear Vibrations of a Damaged 

Timoshenko Beam in the Time Domain 

7.3   Geometrically  Non-linear Vibrations of a Damaged Timoshenko Beam  

Consideration of geometric non-linear vibration of a damaged beam can be applied 
in technical practice. In addition to numerical tools for damage detection, the 
dynamic behavior of the damaged structure in the time domain also has an important 
role. This implies determining the displacement of the damaged beams’ centerline in 
the function of location and damage depth. The system of non-linear partial 
differential equations 7.1.24 was solved by Newmark method [32]. In the numerical 
experiment, transverse forced action on the beam was taken as a harmonic 
concentrated external excitation in the form ݂(ݐ) = ܨ cos(߱௘ ݐ),  where ߱௘ and F 
are the frequency and amplitude respectively. The new p –version of the finite 
element method was first tested for case 2.1 – the case of a non-damaged beam 
considered experimentally [46] and numerically [45]. The model of a non-damaged 
beam with newly implemented shape functions was derived and tested in a non-
linear domain whereby damage depth equals zero. Figure 7.3.1 shows transverse 
displacement of the point on the centre of a non-damaged beam and the beam with 
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different damage depth in the case when the amplitudes of external concentrated 
harmonic excitation equals 0.134 N and frequency ω௘ = ω௟ଵ . For determining the 
amplitudes  of a non-damaged beam in the time domain, 15 shape functions were 
used in the new p model. The vertical axis shows the values of transverse beam 
displacement divided by its thickness h, while the horizontal axis shows non-
dimensional frequency. The amplitude of a non-damaged beam corresponds well to 
the results obtained by way of a shooting method as well as the traditional p -version 
of the finite element method [45]. As an example of maximum amplitude of 
transverse displacement of the centre point of the non-damaged beam calculated at 
the excitation frequency of ω௘ = 1.02 ω௟ଵ obtained by the new p-version of the 
finite element method is 0.425, the value which is close to the experimental result 
obtained in the same conditions 0.43 given in reference [46].   

 

Fig. 7.3.1 Amplitude-time diagram, ݔ = 0, Case - 2.1.1, external excitation - 0.134 N, 
ω௘ = ω௟ଵ, ▬▬ non-damaged beam; ■■■ 2.1.1. b); ▲▲▲ 2.1.1. c). 

The diagram 7.3.1 shows a barely noticeable difference in the amplitude size of 
beam’s centre lines at external excitation of the beam’s centre point. However, in 
the points of the beam’s centre line closer to damage, it has stronger influence and 
more noticeable differences in amplitude of beam vibration appear. Figure 7.3.2 
illustrates the amplitudes of two symmetrically chosen beam points in relation to 
vertical axis z. It can be concluded that asymmetry occurs in vibration as a 
consequence of the beam’s changed geometry due to its damage and is visible  
by comparing the obtained results for the point closer to the damage centre = 71.75 mm. . The effect of a constant member on a beam’s deflection can be 
seen in Fourier’s spectrum diagram 7.3.5 c), which, coupled with non-linear 
members, increases the effect of square non-linearities and does not allow 
disregarding the second harmonic at vibration. 
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Fig. 7.3.2 Amplitude-time diagram of beam’s symmetric points case 2.1.1 c), external 
concentrated excitation at beam’s centre with the amplitude of 0.134 N, ω௘ = ω௟ଵ;──ݔ =−78mm; ••• ݔ = 78 mm; ▬▬ݔ = −15 mm;●●●ݔ = 15 mm 

 

Fig. 7.3.3 Amplitude-time diagram ݔ = 62.4 mm for case 2.1.1 c) external concentrated  excitation ݔ = 62.4mm, 0.134 N, ω௘ = ω௟ଵ,(a) linear mode (b) non-linear mode ▬▬ non-
damaged beam; ▲▲▲2.1.1 c) 

Diagrams 7.3.3 a) and b) show the amplitudes at external concentrated 
excitation for a linear and non-linear model respectively. It is important to note 
that the non-linear influence is displayed through the appearance of symmetry in 
vibration in relation to the horizontal axis x which cannot be concluded from a 
linear model. Greater vibration amplitude thus occurs on the side of the damage 
(in this model it is the beam’s top side). Such phenomenon occurs as a 
consequence of coupling of transverse and rotational displacement of the cross-
section in the stiffness matrix of non-linear members (equation 7.1.24). 

 

(a) (b) 
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Fig. 7.3.4 Amplitude –time diagram ݔ = 62.4 mm, case 2.1.1, amplitude of forcing 0.134 N, ω௘ = ω௟ଵ,▬▬ non-damaged beam; ■■■  2.1.1. b); ▲▲▲  2.1.1. c) 

The effect of geometric non-linearity for different values of damage depth is 
shown in Figures 7.3.4-7.3.5. The increase of damage depth yields increased  
amplitudes of transverse displacement of the beam’s centre line which is more 
dominant in the points near damage. In the phase diagram 7.3.5 a) asymmetry in 
vibration as a consequence of damage and geometric non-linearity can also be 
noted. The points in the Poincaré diagram 7.3.5 b) show the difference between 
the vibration of a non-damaged beam and the beam with different damage depths.  

   

 
Fig. 7.3.5 Case 2.1.1 amplitude  of forcing x = 0, 0.134N, ω௘ = ω௟ଵ  (a) Phase diagram ݔ = 62.4 mm;(b) Poincaré diagram ݔ = 62.4 mm; (c) Fourier spectrum ݔ = 62.4  mm.  
▬▬, ●non-damaged beam; ■■■ 2.1.1. b); ▲▲▲ 2.1.1. c) 

(b)

(c) 

(a) 
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The difference between the amplitude of a beam with different depth damages 
increases in higher modes of forcing. Figure 7.3.6 shows the amplitude-time 
diagram at external excitation frequency which equals linear frequency in the 
third mode. It can be noted that with the parameters of such excitation a more 
dominant asymmetry in vibration take place, as well as the movement of  
the beam towards the side where the damage has been detected. With the increase 
of damage depth at higher vibration modes, the asymmetry in beam vibration 
rises. 

 
 

   
 
 

    

Fig. 7.3.6 Case 2.1.1 amplitude of forcing 0. 4N, x= 101.5mm, ω௘ = ω௟ଷ Amplitude-time 
diagram ; (b) Phase diagram; (c) Poincaré diagram; (d) Fourier spectrum;  ( ݔ =62.4 mm)▬▬, ● non-damaged beam; ■■■ 2.1.1. b); ▲▲▲ 2.1.1. c) 

The new p–version of the finite element method can be applied in the 
consideration of thicker beams. The results obtained for a thicker beam (Figure 
7.3.7) show the same qualitative effect of the geometric linearity and damage as in 
the case of slender beams.  

 
 
 
 
 

(a) (b)

(d)(c) 
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Fig. 7.3.7 Case 2.2 amplitude of forcing 2000N,x= 0, ω௘ = ω௟ଵ  (a) Amplitude-time 
diagram; (b) Phase diagram; (c) Poincaré diagram; (ݔ = 62.4 mm) ▬▬, ● non-damaged 
beam; ■■■ 2.2 a); ▲▲▲ 2.2 b) 

7.4   Free Geometric Non-linear Vibration of the Damaged Timoshenko Beam  

7.4   Free Geometric Non-linear Vibrations of the Damaged 
Timoshenko Beam in the Frequency Domain 

7.4   Free Geometric Non-linear Vibrations of the Damaged Timoshenko Beam  

Through the application of the harmonic balance method and the Continuation 
method [49] we can determine bifurcation points which are very common in non-
linear mechanics. If we consider the system of damaged beam which is not affected 
by external forces ߜ ௘ܹ௫ = 0, by applying the virtual work principle, we obtain 

൥ۻ௟ ૙ ૙૙ ௕ۻ ૙૙ ૙ ௥൩ۻ ൝ܙሷ ሷܙܝ ሷܙܟ ી ൡ +  ൥ ૙ ૙ ௟௥૙ۻ ૙ ૙ۻ௟௥T ૙ ૙ ൩ ൝ܙሷ ሷܙܝ ሷܙܟ ી ൡ +        
+ ൦۹௟ ૙ ૙૙ ۹ఊభభ ۹ఊభమ૙ ۹ఊమభ ۹௕ + ۹ఊమమ൪ ൝ܙܟܙܝܙી ൡ + ቎ ૙ ૙ ۹௟௥૙ ૙ ૙  ۹௟௥T ૙ ૙ ቏ ൝ܙܟܙܝܙી ൡ +                (7.4.1) 

+ ቎ ૙ ۹௡૛ (ܟܙ) ૙۹௡૜ (ܟܙ) ۹௡૝ (ܟܙ) ૙૙ ૙ ૙቏ ൝ܙܟܙܝܙી ൡ + ቎૙ ૙ ૙૙ ૙ ۹௡௕௥(ܟܙ)૙ ۹௡௕௥T(ܟܙ) ૙ ቏ ൝ܙܟܙܝܙી ൡ = ൝૙૙૙ൡ. 

(c) (b) 

(a) 
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The products [ۻ௟]{ܙሷ ,{ܝ ሷܙ}[௟௥ۻ] ી} and ൣۻ௟௥T൧{ܙሷ  represent small quantities and {ܝ
do not affect the solutions in a non-linear mode as shown in ref. [44] and can be 
disregarded 

൤ۻ௕ 00 ௥൨ۻ ൜ܙሷ ሷܙܟ ી ൠ + ቈ ۹ఊభభ ۹ఊభమ۹ఊభమ T തതതത૞૞቉ۺ۹ ቄܙܟܙી ቅ + ቂ۹1ۺۼ 3ۺۼ2۹ۺۼ۹ 0 ቃ ቄܙܟܙી ቅ = ቄ૙૙ቅ.   (7.4.2) 

where ۹ۺതതതത૞૞ = ۹௕ + ۹ఊమమ −  ۹௟௥T۹௟ ିଵ۹௟௥, 1ۺۼ۹ =  ۹௡૝ (ܟܙ) − ۹௡૜ 2ۺۼ૚૚ିଵ۹૛૚૜, ۹ۺ۹(ܟܙ) =  ۹௡௕௥ − 2۹૛૚૜T۹௟ ିଵ۹௟௥, 3ۺۼ۹ =  ۹௡௕௥T −  ۹௟௥T۹௟ ିଵ۹௡૛  .(ܟܙ)

The vector of generalized coordinates and their second derivative (acceleration) 
can be shown as a sum of first three members of a trigonometric order (first three 
members are sufficient based on the results of the Fourier spectrum) in the 
following form 

൜ܙ(࢚)ܟܙી(࢚)ൠ = 12 ൜ܳ௪೎బܳ஘೎బ ൠ + cos(߱ݐ) ൜ܳ௪೎భܳ஘೎భ ൠ + cos(2߱ݐ) ൜ܳ௪೎మܳ஘೎మ ൠ + cos(3߱ݐ) ൜ܳ௪೎యܳ஘೎య ൠ,     (7.4.3) 
൜ܙሷ ሷܙ(ݐ)ܟ ી(ݐ)ൠ = −߱ଶ cos(߱ݐ) ൜ܳ௪೎భܳ஘೎భ ൠ − 4 ߱ଶ cos(2߱ݐ) ൜ܳ௪೎మܳ஘೎మ ൠ − 9 ߱ଶ cos(3߱ݐ) ൜ܳ௪೎యܳ஘೎య ൠ.      (7.4.4) 

where ߱ represents the system’s natural frequency. The vector of new unknowns 
is now 

{ܳு஻ெ} =
ەۖۖۖ
۔ۖ
௪೎బܳ௪೎భܳ௪೎మܳ௪೎యܳ஘೎బܳ஘೎భܳ஘೎మܳ஘೎యܳۓۖۖ ۙۖۖۖ

ۘۖ
ۖۗۖ .                                              (7.4.5) 

If we substitute the expressions (7.4.3) and (7.4.4) into the initial set of equations 
of motion (7.4.2), we get (−߱ଶۻHBM + HBMۺ۹ + HBM){ܳு஻ெ}ۺۼ۹ = {0},                   (7.4.6) 
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where 

HBMۻ =
ێێۏ
ێێێ
00000000ۍێ

௕000000ۻ0

௕00000ۻ004

௕0000ۻ0009

00000000

௥00ۻ00000

௥0ۻ0000004

ۑۑے௥ۻ00000009
ۑۑۑ
ېۑ ,             (7.4.7) 

HBMۺ۹ =
ێێۏ
ێێێ
ۍێ (1/2)۹ఊభభ000(1/2)۹ఊభమT000

0۹ఊభభ000۹ఊభమT00

00۹ఊభభ000۹ఊభమT0

000۹ఊభభ000۹ఊభమT

(1/2)۹ఊభమ000(1/2)۹ۺതതതത૞૞000

0۹ఊభమ000۹ۺതതതത૞૞00

00۹ఊభమ000۹ۺതതതത૞૞0

000۹ఊభమ000۹ۺതതതത૞૞ۑۑے
ۑۑۑ
 (7.4.8)    .ېۑ

Amplitude-frequency characteristic of the model’s first and third harmonic is 
shown in Figure 7.4.1. 

 

Fig. 7.4.1 Amplitude-frequency diagram for case 2.1.1 

From Figure 7.4.1 it can be concluded that the interaction between the higher 
vibration modes for different positions of damage on the beam, results in 
bifurcations marked on the diagram, Stojanovic et Ribeiro [23]. Their occurrence 
brings the beam into a state of internal resonance, hence it is essential to know in 
which amplitude-frequency relation it takes place. The diagram 7.4.1 shows the 
locations of possible dual solutions for the first and third harmonics for the 
vibration of a damaged beam. 
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Based on the shown results, Stojanović et al. [50], we conclude that the change 
in geometry of the beam caused by the occurrence of damage introduces new 
coupling between component mode shapes in both linear and non-linear vibration 
mode. Certain deviations in component mode shapes can be used for creating a 
model for damage detection. The results obtained from the occurrence of 
longitudinal vibration and asymmetry in transverse vibration present novelties in 
displacement dynamics of damaged beam’s points and can be used in the analysis 
of actual constructions.  

Appendix 7.1.1 - Mass and stiffness matrixes of linear and non-linear members 
in the expression (7.1.24) 

ۻ             = ൥ۻ௟ ૙ ૙૙ ௕ۻ ૙૙ ૙ ௥൩ۻ + ൥ ૙ ૙ ௟௥૙ۻ ૙ ૙ۻ௟௥T ૙ ૙ ൩, 
where ۻ௟ = ℎܾ݈2ߩ න మ೗భಽିଵߦ૚d࢛ࡺ૚T࢛ࡺ + 2݈ܾߩ න න మ೗భశೣ೎ಽమ೗భಽߦ૚d࢛ࡺ૚T࢛ࡺ

೓మି௛భି೓మ  

+ 2݈ܾߩ න න మ೗మಽమ೗భశೣ೎ಽߦ૛d࢛ࡺ૛T࢛ࡺ
೓మି௛భି೓మ + ℎܾ݈2ߩ න ଵ,ߦ૛d࢛ࡺ૛T࢛ࡺ

మ೗మಽ  

௕ۻ = ℎܾ݈2ߩ න మ೗భಽିଵߦ૚d࢝ࡺ૚T࢝ࡺ + 2݈ܾߩ න න మ೗భశೣ೎ಽమ೗భಽݖdߦ૚d࢝ࡺ૚T࢝ࡺ
೓మି௛భି೓మ  

+ 2݈ܾߩ න න మ೗మಽమ೗భశೣ೎ಽݖdߦ૛d࢝ࡺ૛T࢝ࡺ
೓మି௛భି೓మ + ℎܾ݈2ߩ න ଵ,ߦ૛d࢝ࡺ૛T࢝ࡺ

మ೗మಽ  

௥ۻ = ℎܾ݈2ߩ න మ೗భಽିଵߦ૚dࣂࡺ૚Tࣂࡺ + 2݈ܾߩ න න మ೗భశೣ೎ಽమ೗భಽݖdߦଶdݖ૚ࣂࡺ૚Tࣂࡺ
೓మି௛భି೓మ  

+ 2݈ܾߩ න න మ೗మಽమ೗భశೣ೎ಽݖdߦଶdݖ૛ࣂࡺ૛Tࣂࡺ
೓మି௛భି೓మ + ℎܾ݈2ߩ න ଵ,ߦ૛dࣂࡺ૛Tࣂࡺ

మ೗మಽ  

௟௥ۻ = 2݈ܾߩ න න ݖ૚ࣂࡺ૚T࢛ࡺ dߦdݖమ೗భశೣ೎ಽమ೗భಽ
೓మି௛భି೓మ + 2݈ܾߩ න න ݖ૛ࣂࡺ૛T࢛ࡺ dߦdݖ.మ೗మಽమ೗భశೣ೎ಽ

೓మି௛భି೓మ  

 

(ܙ)۹ = ۹ + ࢉ۹ + ۹୬ (ܙ) + ۹୬ࢉ (ܙ) = ቎۹௟ ૙ ૙૙ ۹ఊభభ ۹ఊభమ૙ ۹ఊమభ ۹௕ + ۹ఊమమ቏ + ቎ ૙ ૙ ۹௟௥૙ ૙ ૙  ۹௟௥T ૙ ૙ ቏ + 

+ ቎ ૙ ۹௡૛ (ܟܙ) ૙۹௡૜ (ܟܙ) ۹௡૝ (ܟܙ) ૙૙ ૙ ૙቏ + ቎૙ ૙ ૙૙ ૙ ۹௡௕௥(ܟܙ)૙ ۹௡௕௥T(ܟܙ) ૙ ቏,  
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۹௟ = ܮℎܾܧ2 න ߦ૚T࢛݀ࡺ݀ ߦ૚࢛݀ࡺ݀ dߦ + ܮܾܧ2 න න ߦ૚T࢛݀ࡺ݀ ߦ૚࢛݀ࡺ݀ మ೗భశೣ೎ಽమ೗భಽݖdߦଶdݖ
೓మି௛భ

ି೓మ
మ೗భಽିଵ + 

+ ܮܾܧ2 න න ߦ૛T࢛݀ࡺ݀ ߦ૛࢛݀ࡺ݀ మ೗మಽమ೗భశೣ೎ಽݖdߦଶdݖ
೓మି௛భ

ି೓మ + ܮℎܾܧ2 න ߦ૛T࢛݀ࡺ݀ ߦ૛࢛݀ࡺ݀ dߦଵ
మ೗మಽ  

 

۹ఊభభ = ܮℎܾܩ2݇ න ߦ૚T݀࢝ࡺ݀ ߦ૚݀࢝ࡺ݀ dߦ + ܮܾܩߣ2 න න ߦ૚T݀࢝ࡺ݀ ߦ૚݀࢝ࡺ݀ dߦdݖమ೗భశೣ೎ಽమ೗భಽ
೓మି௛భ

ି೓మ
మ೗భಽିଵ + 

+ ܮܾܩ2݇ න න ߦ૛T݀࢝ࡺ݀ ߦ૛݀࢝ࡺ݀ dߦdݖమ೗మಽమ೗భశೣ೎ಽ
೓మି௛భ

ି೓మ + ܮℎܾܩߣ2 න ߦ૛T݀࢝ࡺ݀ ߦ૛݀࢝ࡺ݀ dߦଵ
మ೗మಽ  

 

۹ఊభమ = ℎܾܩ݇ න ߦ૚T݀࢝ࡺ݀ మ೗భಽିଵߦ૚dࣂࡺ + ܾܩ݇ න න ߦ૚T݀࢝ࡺ݀ మ೗భశೣ೎ಽమ೗భಽݖdߦ૚dࣂࡺ
೓మି௛భ

ି೓మ + 

ܾܩ݇ න න ߦ૛T݀࢝ࡺ݀ మ೗మಽమ೗భశೣ೎ಽݖ݀ߦ૛݀ࣂࡺ
೓మି௛భ

ି೓మ + ℎܾܩ݇ න ߦ૛T݀࢝ࡺ݀ ଵ,ߦ૛݀ࣂࡺ
మ೗మಽ  

 

۹ఊమభ = ℎܾܩ݇ න ૚Tࣂࡺ ߦ૚݀࢝ࡺ݀ ߦ݀ + ܾܩ݇ න න ૚Tࣂࡺ ߦ૚݀࢝ࡺ݀ మ೗భశೣ೎ಽమ೗భಽݖ݀ߦ݀
೓మି௛భ

ି೓మ
మ೗భಽିଵ + 

ܾܩ݇+ න න ૛Tࣂࡺ ߦ૛݀࢝ࡺ݀ dߦdݖమ೗మಽమ೗భశೣ೎ಽ
೓మି௛భ

ି೓మ + ℎܾܩ݇ න ૛Tࣂࡺ ߦ૛݀࢝ࡺ݀ dߦ,ଵ
మ೗మಽ  

 

۹ఊమమ = ܮℎܾܩ2݇ න ߦ૚dࣂࡺ૚Tࣂࡺ + ܮܾܩ2݇ න න మ೗భశೣ೎ಽమ೗భಽݖdߦ૚dࣂࡺ૚Tࣂࡺ
೓మି௛భ

ି೓మ
మ೗భಽିଵ  

+ ܮܾܩ2݇ න න మ೗మಽమ೗భశೣ೎ಽݖdߦ૛dࣂࡺ૛Tࣂࡺ
೓మି௛భ

ି೓మ + ܮℎܾܩ2݇ න ଵ,ߦ૛dࣂࡺ૛Tࣂࡺ
మ೗మಽ  

 

۹௟௥ = ܮܾܧ2 න න ߦ૚T࢛݀ࡺ݀ ߦ૚݀ࣂࡺ݀ ݖ dߦdݖమ೗భశೣ೎ಽమ೗భಽ
೓మି௛భ

ି೓మ + ܮܾܧ2 න න ߦ૛T࢛݀ࡺ݀ ߦ૛݀ࣂࡺ݀ ݖ dߦdݖ,మ೗మಽమ೗భశೣ೎ಽ
೓మି௛భ

ି೓మ   

۹௕ = ܮܧ2 ܾℎଷ12 න ߦ૚T݀ࣂࡺ݀ ߦ૚݀ࣂࡺ݀ dߦ + ܮܾܧ2 න න ߦ૚T݀ࣂࡺ݀ ߦ૚݀ࣂࡺ݀ మ೗భశೣ೎ಽమ೗భಽݖdߦଶdݖ
೓మି௛భ

ି೓మ
మ೗భಽିଵ + 

+ ܮܾܧ2 න න ߦ૛T݀ࣂࡺ݀ ߦ૛݀ࣂࡺ݀ మ೗మಽమ೗భశೣ೎ಽݖdߦଶdݖ
೓మି௛భ

ି೓మ + ܮܧ2 ܾℎଷ12 න ߦ૛T݀ࣂࡺ݀ ߦ૛݀ࣂࡺ݀ dߦ,ଵ
మ೗మಽ  

 

۹௡૛ (ܟܙ) = ଶܮℎܾܧ2 න ߦ଴݀ݓ݀ ߦ૚T࢛݀ࡺ݀ ߦ૚݀࢝ࡺ݀ dߦ + ଶܮܾܧ2 න න ߦ଴݀ݓ݀ ߦ૚T࢛݀ࡺ݀ ߦ૚݀࢝ࡺ݀ dߦdݖమ೗భశೣ೎ಽమ೗భಽ
೓మି௛భ

ି೓మ
మ೗భಽିଵ  

+ ଶܮܾܧ2 න න ߦ଴݀ݓ݀ ߦ૛T࢛݀ࡺ݀ ߦ૛݀࢝ࡺ݀ dߦdݖమ೗మಽమ೗భశೣ೎ಽ
೓మି௛భ

ି೓మ + ଶܮℎܾܧ2 න ߦ଴݀ݓ݀ ߦ૛T࢛݀ࡺ݀ ߦ૛݀࢝ࡺ݀ dߦ,ଵ
మ೗మಽ  
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۹௡૜ (ܟܙ) = 2۹௡૛ T(ܟܙ),  

۹௡૝ (ܟܙ) = ଷܮℎܾܧ4 න ൬݀ݓ଴݀ߦ ൰ଶ ߦ૚T݀࢝ࡺ݀ ߦ૚݀࢝ࡺ݀ dߦమ೗భಽିଵ + 

+ ଷܮܾܧ4 න න ൬݀ݓ଴݀ߦ ൰ଶ ߦ૚T݀࢝ࡺ݀ ߦ૚݀࢝ࡺ݀ dߦdݖమ೗భశೣ೎ಽమ೗భಽ
೓మି௛భ

ି೓మ + 

+ ଷܮܾܧ4 න න ൬݀ݓ଴݀ߦ ൰ଶ ߦ૛T݀࢝ࡺ݀ ߦ૛݀࢝ࡺ݀ dߦdݖమ೗మಽమ೗భశೣ೎ಽ
೓మି௛భ

ି೓మ + ଷܮℎܾܧ4 න ൬݀ݓ଴݀ߦ ൰ଶ ߦ૛T݀࢝ࡺ݀ ߦ૛݀࢝ࡺ݀ dߦ,ଵ
మ೗మಽ  

 

۹௡௕௥(ܟܙ) = ଶܮܾܧ4 න න ߦ଴݀ݓ݀ ߦ૚T݀࢝ࡺ݀ ߦ૚݀ࣂࡺ݀ మ೗భశೣ೎ಽమ೗భಽݖdߦdݖ
೓మି௛భ

ି೓మ + 

+ ଶܮܾܧ4 න න ߦ଴݀ݓ݀ ߦ૛T݀࢝ࡺ݀ ߦ૛݀ࣂࡺ݀ మ೗మಽమ೗భశೣ೎ಽݖ݀ߦdݖ
೓మି௛భ

ି೓మ  
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Chapter 8 

Conclusion 

The problems of beam vibration present a basic mechanical system encountered in 
mechanical engineering, civil engineering, aeronautical and transportation 
industry. Determining solutions of greater accuracy becomes increasingly 
significant in the reality of technical practice in cases the analysis of the motion of 
complex systems as deformable bodies with indefinite degree of vibration freedom 
is required. The existence of more precise approximations of solutions for certain 
elements allows the elimination a cumulative error effect in finding the solutions 
for complex dynamic systems. One model of a complex system is a system of 
elastically connected beams. Having regard to the influence of rotary inertia and 
transverse shear, the effects of which are familiar in the literature, the problem of 
establishing analytical solutions for linear vibrations of two or more elastically 
connected beams of greater thickness with indefinite degree in vibration freedom 
was analyzed in the present research. The problems of two elastically connected 
beams attracted a great deal of researchers’ attention for practical reasons of 
determining the conditions under which the system acts as a dynamic absorber. In 
cases of multiple elastically connected beams, the investigation focused on the 
stability and establishing the analytical forms of the system’s natural frequencies, 
the number of which increases with the increased number of connected elements 
resulting in a greater likelihood of a system going into the resonant state. Wide 
application of such mechanical systems in civil engineering, models of multistory 
buildings or the associated reinforcement grids, prompted the researchers to start 
taking a greater number of physical influences into account in formulating 
mathematical models that shall provide better approximations of solutions. 

In addition to dynamic systems which are complex by their nature, in real 
technical circumstances – civil and mechanical engineering, aeronautical and 
transportation industry, dynamic problems of elastic bodies that are not 
necessarily of a complex structure but are characterized by a very complex 
movement (complex is taken to mean express deviation in motion compared to 
classical models of mechanical systems) start to appear particularly in a non-linear 
vibration mode. Damaged beams constitute one such group of practically essential 
mechanical systems. In most cases, the oscillatory motion of such systems can 
only be determined experimentally. The development of satisfactory mathematical 
models, numerical methods and software tools enabled a more thorough analysis 
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of damaged beams. Thus, the obtaining of more precise solutions for system’s 
vibration was facilitated in terms of less time-consuming calculations for the 
motion of mechanical systems in non-linear conditions. In the present research on 
non-linear oscillatory motion of damaged beams, numerical solutions were 
determined under the influence of rotary inertia and transverse shear by using a 
newly developed finite element method.  

In the analysis of elastically connected beams as complex structures and 
damaged beams with deviations in motion, the influences of rotary inertia and 
transverse shear were included, allowing the investigation of thicker beam 
dynamics and more exact approximations of solutions for slender beams. The 
present paper comprises seven parts individually formed as chapters. The first 
chapter includes introductory remarks and the overview of research conducted 
thus far in the theory of elastically connected and damaged structures. It presents 
one of the procedures used to derive partial differential equations for describing 
the movement of mechanical systems and gives a summary of the applied 
methods. Chapters 2-6 deal with the analysis of linear vibration of elastically 
connected beams, while the seventh chapter focuses on geometric non-linear 
vibration of damaged beams with the use of the new finite element method. 

Free vibration and static stability of two elastically connected beams were 
discussed in Chapter 2, reference Stojanovic et al. [12]. Different examples were 
used to show the analytically obtained results and the influences of certain 
mechanical parameters of the system on natural frequencies and vibration 
amplitude. The obtained analytical results were verified by way of their 
comparison with the results attained for the model with identical geometric and 
material properties acquired through the classical Euler-Bernoulli beam theory. 
This chapter formulates the equations of free vibration for two elastically 
connected beams joint by a Winkler layer with the influence of rotary inertia (the 
Rayleigh’s model) and the effects of rotary inertia with transverse shear 
(Timoshenko’s model, Reddy-Bickford’s model). The final part of the chapter 
examines static stability of two elastically connected beams of different types and 
provides analytical expressions for the values of critical forces. A numerical 
experiment confirmed the validity of analytically obtained results by comparing 
them with the results of the models existing in literature. The entire Chapter 2 
leads to the conclusion that the effects of rotary inertia and transverse shear must 
be taken into account with thicker beams, as the errors which occur multiply with 
the increase of the vibration mode if these are ignored. Changes in natural 
frequencies and the stability regions were shown for different values of the 
parameters pertaining to the mechanical system, according to which it can be 
concluded that the deformation theory of a higher order yields the most precise 
approximation of solutions.  

Chapter 3 analyses forced vibration of two elastically connected Rayleigh, 
Timoshenko and Reddy-Bickford beams under the influence of axial forces. It 
provides analytical forms of solutions for three types of external excitation – 
arbitrarily continuous harmonic excitation,  uniformly continuous harmonic 
excitation and harmonic concentrated excitation. Analytical solutions were 
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obtained by way of modal analysis, ref. Kelly [25]. In this chapter, partial 
differential equations were derived for vibrations of a forced system for three 
types of beam models under the influence of axial compression forces. In addition, 
it presents general solutions for forced vibration of a system comprising two 
elastically connected beams under the influence of axial compression forces 
having taken into account the effects of rotary inertia and transverse shear. The 
chapter on forced vibration for arbitrarily  continuous harmonic external 
excitation affecting one of the beams subjected to axial compression forces, 
derives analytical solutions and presents the conditions of resonance and dynamic 
vibration absorption. Analytical solutions for forced vibration for concentrated 
harmonic excitation on one of the beams affected by axial compression forces are 
also determined. Based on the results provided in this chapter, it can be concluded 
that the increase of axial compression forces up to their critical value under the 
influence of external  continuously uniform harmonic excitation, results in the 
increase of the beam vibration amplitude ratio. The differences in the 
approximations of these solutions are given according to the used beam model. 
Reddy-Bickford and Timoshenko model, Stojanovic et Kozic ref. [13] provided 
more precise solutions compared to those of Rayleigh, ref. [13] and Euler, Zhang 
et al. ref. [5]. The increase of vibration mode leads to increased differences in 
solutions and it is therefore necessary to take the effects of rotary inertia and 
transverse shear into account in such cases.  

Chapter 4 discusses static and stochastic stability of two or three elastically 
connected beams as well as the case of a single Timoshenko beam on an elastic 
foundation. Partial differential equations for the motion of points on the beams’ 
centre lines at deformation were derived and the critical buckling force determined 
for each system. It has been concluded that the system is most stable in case of a 
single beam on an elastic foundation. 

Chapters 5 and 6 analyze free vibration of m elastically connected Timoshenko 
and Reddy-Bickford beams on an elastic foundation under the influence of axial 
compression forces. Analytical solutions for natural frequencies and critical 
forces, ref. Stojanovic et al. [15] were determined by way of trigonometric 
method, ref. Raskovic [28] and numerically verified. Closing remarks on 
numerical experiments presented in this chapter are given on the basis of results 
which show that the most precise approximations are provided by the Reddy-
Bickford beam model which gives the lowest natural frequencies. Through Reddy-
Bickford’s model lower values were obtained compared to Timoshenko’s model, 
which can be significant in beams with large cross-sections whereby it is most 
appropriate to use the deformation theory of a higher order. 

Chapter 7 discusses forced geometric non-linear vibration of a doubly clamped 
Timoshenko beam with damage. The analysis used the newly developed p-version 
of the finite element method which enabled solving the problems of small width 
damages. The advantage of this new method over its traditional version is 
providing better approximations of solutions using lower number of freedom 
degree in numerical analysis. In addition, traditional method could not provide 
good approximations of solutions for small width damage regardless of the 
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increase of polynomial degree. This advantage was also shown in comparison with 
the results obtained using the Ansys commercial software. Newly formed shape 
functions depending on damage location may also be used in non-linear analysis 
of non-damaged beams. Open crack beam model was created by the geometric 
change on the beam which implies the open crack type with a rectangular cross-
section. The changed geometry of the beam resulted in the discovery of coupling 
between longitudinal and rotational displacement of the beams’ cross-section in 
mass and stiffness matrixes of linear members and also between transverse and 
rotation motions in stiffness matrixes of non-linear members. In chapter 7.1 non-
linear partial differential equations were derived for forced vibration of the 
Timoshenko damaged beam. As a consequence of damage, the existence of 
longitudinal vibration of a doubly clamped beam was detected with their 
component mode shapes having a graphic representation (in case of a doubly 
clamped beam with no damage, there are no longitudinal motions). It has been 
concluded that the existence of longitudinal vibration may be used to detect and 
localize damage more easily than changes in component mode shapes (rotational 
vibration of cross-sections are difficult to use for experimental purposes). Greatest 
longitudinal motions of the beam do not depend on the system vibration mode and 
occur in places of boundary damage areas. Depending on the damage depth and 
location, mode shapes of transverse and rotational displacement of beams were 
determined. It has been concluded that the deviation in mode shape in relation 
with a non-damaged beam, rises with the increase of damage depth and vibration 
mode. It can be noted in the tables representing the natural frequencies that they 
have lower values for damaged beams. Numerical experiment included 
experimentally treated instance of a damaged beam showing an excellent 
correspondence with obtained results. In chapter 7.2 using the Newmark method 
the solutions to the set of non-linear partial differential equations were obtained 
which describe the displacement of the system in the time domain. It has been 
concluded that amplitudes of the damaged beam increase with the increase of 
damage depth. This occurrence is greater in the region of damage. In addition to 
amplitude alteration resulting from changed geometry, vibration asymmetry 
occurs, which is particularly prominent in higher modes of forced vibration. In 
higher modes of forced action, beams move in a vertical plane towards the side of 
damage orientation. By analyzing the system in a frequency domain, the 
bifurcation points and amplitude-frequency characteristics were obtained for the 
first and third harmonics. Based on the results shown, it can be concluded that in 
case of damaged beams internal resonance occurs in places depending on damage 
location. General conclusion may be reached that due to the interaction of 
frequencies between higher modes, it is necessary to perform the amplitude-
frequency beam analysis for each case of damage (the problem may be solved 
only numerically – Continuation method was used and yielded no analytical 
solution).  

Formulated mathematical models in present research can be used for forming 
new models which would take into account the geometric type of non-linearity 
and the change in the stiffness of elastic inter-layers with the component motions 
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under damping. The present research forms a complete whole for comprehensive 
further analysis of non-linear vibration of damaged dynamic systems giving the 
possibility of determining conditions for the behavior of such a system as non-
damaged by including the elastic foundation with variable stiffness, the study of 
which could have wide application in technical practice. Determined conditions 
for the behavior of thicker beams as the dynamic absorber can be very useful in 
the construction of bridges exposed to aero-elastic vibration. The present research 
may serve as the basis for further analysis of non-linear free and forced vibrations 
of elastic bodies in the mechanics of a continuum (forming of a mathematical 
model which takes into account the coupling of longitudinal, transverse, torsion 
and rotary vibration of cross-sections of elastically connected beams and beams 
with three-dimensional damage). This would enable detailed understanding of 
three-dimensional behavior of oscillatory continuous dynamic systems which 
could play a part in constructing active two-layered bridges of greater thickness 
with the new generation suspension systems. Evolution in the technology of 
bridge construction and monitoring extends to this day, but the boundaries could 
be further expanded though new research and development. The possibility of 
building various dynamic continuous systems made of composite plates and shells 
in cosmic, aeronautical and military industry, robust bridge systems of various 
types with an even greater span and other types of non-linear problems in the 
mechanics of the continuum can be achieved through further scientific research, 
new theories in the field of vibration and material resistance, the development of 
new software, numerical methods and the verification of obtained results in 
experimental laboratory conditions.   

Based on the foregoing, further scientific research by this author shall focus on 
the development of new theories in non-linear mechanics of deformable bodies, 
development of new numerical methods enabling their solution and the 
development of software for determining stress-deformation state of mechanical 
systems with damage, the field in which the first step towards a new approach of 
finite element method has already been made. 
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