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Praise for Crafting Conundrums

“This beautifully illustrated book is a delight for both the bead crocheter and the student of mathematics. It can be enjoyed by
the crafter without exploring the mathematics or the mathematician without trying the craft. But it will entice the crafter to do
mathematics, and the mathematician to crochet tangible displays of her work.

Mathematics at its essence is the study of patterns and bead crochet is a beautiful medium for making tangible objects to display
patterns. Here we have an extensive study of the possibilities for bead crochet by two knowledgeable mathematicians. Starting with a
simple hexagonal grid, a wealth of possibilities emerge. The surprising complexity of this medium is explored in depth.

Readers can chose from clearly illustrated patterns or design their own while learning about the underlying mathematics. With ideas
from topology, tilings, graph theory, knot theory, and group theory, an entire liberal arts mathematics course can be designed around
this text. Whether you are looking to introduce mathematics topics into your arts curriculum, generate enthusiasm in your mathematics
courses, or simply create stunning bead crochet, you will find great ideas for exploration.”

—Eve Torrence, Professor of Mathematics, Randolph-Macon College

“This book is a collection of wonderful tools for mastering geeky and beautiful projects that in a tactile and creative way explore notions

like universal covering space, four color theorem, wallpaper groups, and seven color tori that unfairly seem to be reserved for mathemati-

cians only. Crafters, puzzle lovers, and pattern designers will be delighted to find clear instructions on how to do the projects. | hope that

non-crafting mathematicians will also peek in the book to see how mathematical concepts can be expressed in amazingly visual ways.
It is indeed written with experience and love of both math and craft.”

—Daina Taimina, Adjunct Associate Professor of Mathematics, Cornell University, and

Author of Crocheting Adventures with Hyperbolic Planes

“This delightful book will give readers a visual understanding of mathematically inspired designs in bead crochet ropes. It is a well-
written book that straddles the fence between mathematics and craft. The theory, patterns, projects, and instructions are presented in
a clear and concise manner. If the technical aspects don't interest you, then skip ahead to the pattern pages for a full library of designs.
This book will keep the experienced bead crocheter busy for a long while.”

—Judith Bertoglio-Giffin, Bead Line Studios, www.beadline.com

“This is a must-have book for anybody interested in bead crochet bracelets and cords. It provides a perfect balance between the design
and construction of bead crochet, and the underlying mathematics that dictates what is and is not possible within this art form.”
—Gwen Fisher, beAd Infinitum, www.beadinfinitum.com

“Crafting Conundrums is a wonderful book that shows the unity of art, craft, and mathematics. It is a feast for the eyes as well as the mind.
The authors integrate accessible discussions of the mathematics of pattern and shape with design challenges and step-by-step instruc-
tions, so that readers can be as practical or as idea-oriented as the spirit moves them. Crafting Conundrums will join other special books, like
Taimina’s Crocheting Adventures with Hyperbolic Planes and belcastro and Yackel's Making Mathematics with Needlework, on my bookshelf.
I need only to look at them to be reminded that art and math were ‘separated at birth.’ Baker and Goldstine have reunited them. | wish math
could have been like this when | was in school!”

—Sarah Kuhn, Professor of Psychology, University of Massachusetts Lowell

“Baker and Goldstine offer a beautiful and precise mathematical introduction to the deep ideas of bead crochet, leading the reader to
feel like a participant in the development. Myriad accompanying patterns afford readers an excellent venue for experiencing the math-
ematics themselves and for becoming severely addicted to bead crochet. The mathematical theory is followed by a generous invitation
to further play with the mathematics through beading, theoretical exploration, or a combination of both. This book is a wonderful
resource for people wanting to deepen their understanding of mathematics through crafting, people who love mathematics and craft-
ing, and people who enjoy design. College libraries, parents of the mathematically gifted, and technically oriented people take note:
You want this book!”

—Carolyn Yackel, Associate Professor of Mathematics, Mercer University, and

Coeditor of Making Mathematics with Needlework and Crafting by Concepts
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Preface by Ellie Baker

ong before | learned to bead crochet, | read a

book about the search for the shape of the universe.’

The book discussed many theories, but one that
stuck in my mind was the notion that the universe might
be shaped like a torus (which is the mathematical term for
a donut shape; its plural is tori). Part of the idea was that
the universe might actually be finite, despite having no
apparent wall-like ends or edges, so that if you travelled
in a straight line, you could eventually return to where you
started. If you imagine yourself walking on the surface of
a giant donut, you can probably convince yourself that,
just like a sphere, a torus has this property. Later, when |
first saw bead crochet bracelets, | fell in love with them—
visually, tactilely, sculpturally...emotionally, really. At the
time, | couldn’t have explained what drew me to them. But
eventually it hit me—they were tori! And, in my mind, it
was a kind of mystical form—maybe even the shape of the
universe!

When | first learned the basics of bead crochet, | taught
the craft to my daughter Sophie, and together we became
obsessed with creating our own bracelet designs. But pro-
ducing new patterns turned out to be deceptively tricky,
partly because of this quality the bracelets had of being
continuous in any direction. That, combined with their
underlying spiral structure from being crocheted in the
round, seemed to be the source of much difficulty. Design
elements had to fit exactly with no gaps and to flow seam-
lessly from left to right and top to bottom. Designing was
most easily done on a flat surface with colored pencils and
paper or their computer-aided analog. But visualizing and
planning a finished bracelet from the traditional flat pat-
tern layouts we found in books often turned out to be
mind-boggling, at least for anything even slightly complex.
Despite the difficulties, Sophie worked out a few simple
but beautiful patterns. In one case, she tried crocheting a
monochrome, patternless bracelet with white beads and
then worked out her design directly on the bracelet by
coloring the beads with markers. This approach had some
merit, but was still confusing and wasteful.

" How the Universe Got Its Spots by Janna Levin.

| found myself frequently frustrated by my design
attempts. On paper, I'd be convinced something would
work, but once crocheted, the bracelets would come
out with annoying pattern discontinuities. And seeing a
problem did not mean it was easily correctable. A smooth,
seamless quality, both in form and pattern, was integral
to the beauty of each piece, and neither of us was will-
ing to tolerate flaws. | found myself thinking more about
how bracelets are topological tori (topology is a branch
of mathematics that includes the study of objects such as
tori) and wondered if perhaps there might be some use-
ful mathematics out there that would help. I also noted
that designing a valid bracelet pattern was related to tiling
problems in mathematics. Think about tiling your kitchen
floor with a limited set of ceramic tile shapes (say, trian-
gles, squares, or hexagons of a uniform size), with the con-
straint that you must cover the entire floor with no gaps
and without ever needing to cut or use a partial tile. And
now imagine that your kitchen floor is a curved surface
shaped like a donut. Could you design a set of tiles and a
visually attractive way of assembling them that would be
guaranteed to work? | tried googling “Torus Tiling,” and,
lo and behold, a link came up with a reference to a paper
by the mathematician Marjorie Senechal called “Tiling the
Torus.” | figured the math was beyond my background,
but nonetheless | gamely wrote to Dr. Senechal, sent her
some pictures of our bracelets, and asked for a copy of
her paper.

Dr. Senechal kindly replied, sending copies of two of
her papers and a brief note, in which she mentioned a col-
league who had once shown her “a beaded torus that illus-
trated a map-coloring theorem...,” although she couldn’t
remember who made it. While the papers didn't appear
directly applicable to bead crochet tilings, my interest was
piqued, and | thought, surely, if there is a beaded torus out
there that illustrates a math theorem, | ought to be able
to find it. | started googling again, adding the term “map
coloring” to my searches. | didn't find the beaded torus,
but this time | hit the jackpot. | found an amazing source
of ideas, inspiration, and mathematical expertise, my coau-
thor and collaborator, Susan Goldstine.




Susan, a math professor and long-time crafter, main-
tains a wonderful website with an abundance of links, pic-
tures, and examples of fun mathematics, many of which
are related to the arts. Her website includes a section on
map coloring titled “Seven Color Tori,” and it was this
that | stumbled upon in my search. In mathematics, map
coloring deals with a question a cartographer might ask,
namely, “What is the minimum number of colors needed
to paint any map so that no two bordering countries are
painted the same color?” It turns out that on a globe or
flat paper, the answer is four. No matter what map you
can come up with, no matter how many countries and
regardless of configuration, it can be painted with only
four different colors such that each country is clearly dis-
tinguishable from the others.” Now, suppose the Earth is
not a sphere, but is a torus instead. Setting aside all rea-
sonable questions you might have about why anyone
would consider such a supposition, how many colors
would you need now? Surprisingly, it turns out that the
answer is no longer four, but seven. And, if this is true, it
should be possible to create a specific example of a map
on a torus that absolutely can’t be painted properly with
any fewer than seven colors. This is the subject of Susan’s
webpage on seven-color tori. On it, she shows several
lovely examples of maps on tori with exactly seven “coun-
tries” in which each country shares a border with all six
others. Any such map is itself a visual proof that at least
seven colors are needed on the torus. On her website,
there were examples by multiple artists, including Susan
herself, of seven-color tori in different media, including
cloth, plaster, and ceramic. But at the time, there was no
beaded bracelet.

So | set about trying to design one—in bead crochet,
of course. Although there were flat diagrams of maps
available online, none of these translated easily into
a bracelet pattern. | tried for several days and couldn’t
get anywhere. | felt like | just couldnt wrap my head
around it. Exasperated, | showed the problem to Sophie,
who was rushing off to school. Interested, she grabbed
some graph paper, beads, and a crochet hook on her
way out the door. At the end of the school day, | got an
excited call from her. “l did it!” she said. And then | had to
wait impatiently until evening for her to return home and
show me her solution. She had crocheted the tiny torus
shown in the following photograph.

" Aslong as the countries have no noncontiguous areas.
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| checked carefully, and, sure enough, it seemed to work.
| was still skeptical, however, because some of the touch-
ing borders between “countries” were only one bead long
(such as the blue and brown in the photo above). Could
these be places where the regions didn’t really share a bor-
der, but had just a single point of intersection (like Colorado
and Arizona in the United States)?* Sophie was pretty con-
fident and proceeded to spend the evening crocheting up
a larger, bracelet-sized version with elongated borders.
Its correctness was now clearly indisputable: it had seven
identically shaped blocks of color, each one bordering all
of the other six.

Our bead crochet story started with Sophie’s seven-
color torus bracelet, but it didn't end there. Sophie and
Susan corresponded and, collaborating, we went on to
create a more refined version of the seven-color brace-
let, whose pattern, along with Sophie’s original, appears
on pp. 134-135. Sophie, after a previous exasperating
science fair project involving fruit flies, dared to wonder
if there was any way she might do her next project on
something completely different, preferably inanimate...
perhaps bead crochet? It seemed crazy at first, but it
happened, and she won an honorable mention at the
Massachusetts state science fair. Once in college, Sophie

* Think about a pie top cut into eight pieces. All the pieces touch at a
single point, the center, but they do not all share borders with each
other. Each shares a border with only two adjacent pieces, not all eight.
Thus it is possible to paint the countries (i.e., the slices) with just two
alternating colors of frosting.




had much less time for bead crochet, although she did,
to her own surprise, eventually decide to major in math.
However, for the past five years Susan and | have contin-
ued to correspond, working on a variety of bead crochet
design topics that expand on ideas and questions that
began with Sophie’s project. During this time, we've
made tremendous progress. We've developed a deeper
understanding and a new approach to creating bead
crochet patterns and asked and answered an entertain-
ing variety of mathematically inspired design questions.

In the process, we've produced a multitude of novel and
beautiful new designs unlike anything we'd seen before.
With Susan and Sophie as travel partners, I've learned
so much and covered exponentially more ground than
| ever could have alone. This book is our effort to share
with both the craft and recreational mathematics com-
munities our newfound knowledge and passion for this
fun and fascinating craft.

Ellie Baker
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Preface by Susan Goldstine

sit happens, bead crochet is not my first foray into

mathematical bracelet making. | didn’t make the

connection until some time after Ellie and | began
our beading adventures, but in the summer after my soph-
omore year of college, Rachel Wells Hall, now a mathemat-
ics professor at Saint Joseph's University, introduced me to
the world of friendship bracelets. Rachel and | were room-
mates at the Mills College Summer Mathematics Institute
in 1991, and she designed and made friendship bracelets
with more elaborate designs than | had ever seen before,
mesmerizing patterns of interlocking waves and yin-yang
signs. Armed with the techniques she taught me, | contin-
ued to design and make my own friendship bracelets well
into graduate school. | still occasionally dust off and wear
the bracelet shown here, made with extremely thin DMC
flower thread, at a time when | had more manual dexterity
and patience.

| suppose you could interpret this as a sign that | was
predestined to join Ellie and Sophie’s bead crochet proj-
ect, but in fairness, the friendship bracelets are one in
a long string of more or less mathematical crafts that |
have taken up over the years. | have always been drawn
to artistic applications and interpretations of mathemati-
cal ideas, no doubt influenced by my mother, who enjoys
woodworking and gardening and photography and all
manner of creative endeavors, and by my father, a com-
puter science professor (now retired) with a Ph.D. in math-
ematics who never lost his fascination for tinkering with
colorful math. My prebeading years were also filled with
hexaflexagons, thanks to Martin Gardner’s seminal recre-
ational math books, and modular origami, thanks to the
instigation of a college classmate, origami expert Tom
Hull, and mobile making, thanks to the tutelage of another
college classmate, board game designer and artist Alison
Frane, and so on.

In the mathematical community, people who enjoy
fusing mathematics with their creative endeavors tend to

find each other. By the time | had settled into my current
academic position, | was friends with sarah-marie belcastro
and Carolyn Yackel, the cofounders of the Knitting Circle at
the annual Joint Mathematics Meetings (JMM). | didn’t
attend the Knitting Circle for some years on the reasonable
basis that | didn’t actually knit, but when | showed sarah-
marie a topological model | had sewn based on a passage
in Lewis Carroll’s Sylvie and Bruno Concluded in 2004,” she
insisted | bring it to the circle and assured me that all crafts
were welcome there. The following year, sarah-marie and
Carolyn organized a special session at JMM on mathemat-
ics and the fiber arts, and that is where | was introduced
to Daina Taimina’s marvelous hyperbolic crochet.! | was so
excited by her models of the hyperbolic plane and their
potential use in teaching hyperbolic geometry that | pre-
vailed on my close friend and colleague Katherine Socha to
show me the rudiments of crochet.

This is where my crochet repertoire—beadless and
restricted to the single crochet stitch—remained for the next
few years. In the summer of 2008, having just survived my
tenure review, the most nerve-wracking part of my academic
career, | decided that it was time to branch out. | started visit-
ing my local yarn shop and took up crochet in earnest. At the
same time, | finally learned how to knit, and by the fall | had
worked my way up to making patterned scarves.

And so it was in the middle of my renewed interest in
fiber arts that | got an email in November out of the blue
from a woman in Massachusetts I'd never met describing
the bead crochet that she and her daughter were inves-
tigating. In addition to foreshadowing a number of the
design challenges that are at the heart of this book, Ellie’s
message included a photograph of Sophie’s first full-sized
seven-color torus map bracelet. Delighted at this marvel-
ous surprise in my inbox, | wrote back to ask if | could add
Sophie’s bracelet to my seven-color torus webpage and if
Sophie could share some insight into how she had arrived
at the pattern. Imagine my surprise when a few weeks

* The model, Fortunatus’s Purse, is described in Chapter 7 of Making
Mathematics with Needlework: Ten Papers and Ten Projects, edited by
sarah-marie belcastro and Carolyn Yackel.

* Try an Internet search for “hyperbolic crochet.” You won't regret it.




later, | found a padded envelope in my mailbox at work and
opened it to find my very own seven-color map bracelet!
Thus began the correspondence that Ellie described in
her preface and that ultimately led to this book. Ironically,
it took me another three and a half years to learn to bead
crochet, even though Sophie and Ellie gave me a short
lesson when | met them for the first time in January 2009.
In large part, their generosity is to blame, since they kept
giving me bracelets based on our work together, so | was
happy to keep knitting shawls and sweaters and working
on bead crochet in the abstract. In the end, my crafting
self overwhelmed my mathematical self—and | was a
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little sheepish when | gave math talks about bead crochet
and had to admit that | couldnt bead crochet myself.
In the spring of 2012, | picked up my own beads and hook,
and I've been hooked ever since.

Were it not for the Internet and our many wonderful col-
leagues in mathematics and art, | would never have met
Ellie Baker and would never have embarked on the longest
and most rewarding project of my mathematical career.
The fruits of our labors are here in this volume, and | hope
that it brings you as much pleasure as it has brought me.

Susan Goldstine
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Introduction

ead crochet bracelets have an allure that is hard to

resist. In their most basic form, they are hollow, seam-

less tubes of delicate beads that are flexible enough
to slip over the hand and onto the wrist. For the wearer and
her companions, the appeal is both visual and tactile; the
bracelet is firm but pliable, the beads packed into a sleek,
snake-like skin. For the crafter, the technique, once mas-
tered, is straightforward, and the choices endless; different
colors, finishes, and shapes of beads can create effects that
are simple or complex, subtle or bold, textured or smooth.
But for the analytically minded, the greatest allure is in cre-
ating bracelet patterns. Behind the deceptively simple and
uniform arrangement of beads is a subtle geometry that
produces compelling design challenges and fascinating
mathematical structures.

This book is for crafters, puzzle lovers, and pattern
designers alike. Experienced bead crochet crafters looking
for a project to curl up with may well choose to skip ahead
to the pattern pages and begin crocheting from our abun-
dance of unique, mathematically inspired designs. Those
wishing to go beyond following others’ patterns to design-
ing their own will find many useful tools, template pat-
terns, and a new methodology for understanding how to
do so. Puzzle lovers without previous knowledge of bead
crochet will find ample inspiration for learning the craft,
or they may be sufficiently compelled by the design chal-
lenges alone and never even feel an urgent need to pick
up a crochet hook. But for anyone who loves all of these
things—bead crochet, pattern design, and puzzles—our
methods, challenges, and patterns offer a cover-to-cover
springboard for creative exploration.

Our presentation is structured in three parts. In
Part One, A Design Framework, we describe the basic
requirements and constraints of a valid bead crochet pat-
tern and explain what makes designing in this medium so
tricky. We then lay out our design framework and the ideas
we've developed to facilitate easier creation of successful
designs. We also point out a few design choices and issues
unique to bead crochet patterns and offer our thoughts
on how best to approach them. Much of the material in
Part One was developed over several years as we puzzled

through many design questions we posed to ourselves.
A thorough understanding of this section will give readers
a big leg up on approaching the design challenges in the
next section.

Part Two, Design Challenges, presents a series of bead
crochet design challenges informed by colorful bits of
mathematics. Each chapter in this section begins with
a design puzzle; most of the puzzles are posed in broad,
nontechnical terms. In some chapters, we present mul-
tiple related challenges. Each challenge is presented with a
brief introduction to the mathematical idea that inspired it
written for those with an analytical bent but no particular
advanced math background. Next, we discuss what made
the challenge difficult, present some of our solutions, and
describe the thinking and ideas behind our approach. We
invite anyone who goes on to develop his or her own novel
or interesting solutions to please let us know!"

Part Three, Instructions and Patterns, contains the
bead crochet pattern pages. This is essentially the answer
sheet at the back of the textbook. It contains nearly 100
original patterns, including solutions to all the design
challenges. Readers who jump right to the patterns will
want to be sure first to inspect the guide to reading the
pattern pages (p. 133), which explains how to use and
interpret the information presented. In addition, we out-
line the basics of bead crochet technique. We encourage
anyone inspired to learn the craft (and we hope there will
be many!) also to peruse the many videos and abundant
additional teaching resources available online, includ-
ing our demonstration videos and other supplementary
materials posted on the publisher’s website. For techni-
cal basics, don't underestimate the value of interaction
with a human teacher, and be sure to check out classes
offered at your local bead store.*

* We can be contacted at craftingconundrums@gmail.com.

* http://www.crcpress.com/product/isbn/9781466588486 (under the
“Downloads/Updates” tab).

* Or start a local bead-craft group—a lovely alternative to a book
group!—to share ideas, difficulties, resources, patterns, expertise, and,
of course, conversation and fun!







PART ONE
A Design Framework







CHAPTER 1

Exploring the Bead Plane




he process of making a bead crochet bracelet

involves a sequence of five component activities:

pattern selection (or creation), stringing, starting,
crocheting, and closing. Step one, creating or choosing
a pattern, is the primary focus of this book. With a pat-
tern design in hand, step two is stringing the beads onto
thread in the order specified by the design. After the beads
are in place on the thread, step three involves creating an
initial round of stitches, analogous to casting on in knit-
ting (Figure 1.1@)). In step four, the crafter crochets the
beads in a continuous spiral, pulling one bead into each
stitch (Figure 1.1(b)) until the rope reaches the desired
length. In the final step, closing, the artist sews a seamless-
looking connection between the two ends of the rope
(Figures 1.1(c) and 1.1(d)). We provide a set of tutorials on

techniques for starting, crocheting, and closing, as well
as tips for simplifying the stringing process, in Chapter 8.
Everything else is all about pattern design!

A pattern must provide the crafter with two essential
pieces of information: which beads are strung onto the
thread in what order, and how many beads are crocheted
before the starting round is closed. The number of beads
in the starting chain is the circumference of the bracelet. For
instance, the bracelet in Figure 1.1 has circumference 6, as
seenin the 6-bead chain in the first step shown. Alternately,
we describe this as a 6-around bracelet. As for the color
sequence of the beads, most bracelets consist of a rela-
tively short color sequence that is repeated multiple times
to achieve the desired size. This segment of beads is the
repeat of the pattern. The 6-around bracelet pictured here

(a)

(b)

(0

(d

FIGURE 1.1 The poststringing stages of a bead crochet bracelet: starting, crocheting, closing, and the final bracelet. The pattern for
this bracelet, Sophie’s Herringbone, appears in the pattern pages on p. 175. Sophie Sommer designed and crocheted the bracelet
photographed for our paper “Building a better bracelet: Wallpaper patterns in bead crochet” in the Journal of Mathematics and the Arts.
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has a 26-bead repeat. There are various ways to provide
the circumference and stringing order; most frequently,
designs are presented as flat layout diagrams showing a
single pattern repeat.

Torus Basics

From a mathematical perspective, a bead crochet brace-
let is a torus, or donut shape, an object studied in the
mathematical field of topology. Mathematicians will often
represent a three-dimensional torus using a flat two-
dimensional square diagram with the opposite edges iden-
tified. By this, we mean that the diagram indicates that the
edges of the square are glued together in pairs (top and
bottom, left and right) to construct a torus. On such a two-
dimensional gluing diagram, an ant travelling across the
square would appear to exit at one edge and re-enter at
the opposite edge. Devotees of classic video games such as
Asteroids have seen this in action, since moving the space
ship across an edge of the screen causes it to reappear on
the opposite side in just this way.

To understand how a torus is constructed from a square,
imagine rolling the square sheet into a cylinder by gluing
together the top and bottom edges. Then imagine glu-
ing together the two circular ends of the cylinder, which
is tantamount to gluing together the right and left edges
of the original square. This thought experiment assumes
the square sheet can be stretched or shrunk as needed.
In the mathematical field of topology, this is a perfectly
reasonable requirement. Topology studies the properties
of objects that don’t change as the objects are deformed
by stretching, flexing, or shrinking, as long as they are not
torn, punctured, or cut. Figure 1.2 shows how to construct
a three-dimensional torus from a stretchy, flexible two-
dimensional square.

It turns out that the rectangular flat layout diagrams
used in bead crochet pattern books have a lot in com-
mon with the two-dimensional square models of tori used
in mathematics! This is because the right and left edges
are connected by the bead crochet stitch itself, while the
top and bottom of the resulting cylinder are connected
by sewing together the two ends. If the bracelet consists
of multiple identical repeats, closing involves sewing the
top of the last repeat to the bottom of the first repeat.
However, the manner in which they connect is the same
regardless of whether there is only one repeat or many.
It's interesting to note that the stretchiness of the beaded
fabric created by a crochet stitch on thread fits well with
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FIGURE 1.2 Turning a square into a torus.

the topological notion of objects that can be deformed by
stretching—although bead crochet is admittedly limited in
its stretching ability compared with the routine demands of
a topologist. One aspect of this stretchiness is that a bead
crochet bracelet can be rolled to move the beads from the
inside of the bracelet (the part nearest the wrist) to the out-
side of the bracelet and vice versa. An actual donut is much
less topological in this regard, and trying the same maneu-
ver will only yield a broken donut and lots of crumbs. As we
go along, we will point out other ways in which bead cro-
chet bracelets help model ideas used in mathematics.

Flat Layouts

The first problem encountered by any bead crochet pat-
tern designer is how to plan a design on a two-dimensional
flat layout and visualize how it will look on a finished three-
dimensional form. Although excellent software is currently
available, such as jbead by Damian Brunold, which permits
a simulated rolling of the rope from a pattern during the
design process, this procedure has its own limitations.
Our hope is that the ideas and design methods described
in this book, if incorporated into programs such as jbead,




will lead to greatly improved software for supporting bead
crochet pattern design.

The layouts we found in our early pattern book searches
were left-leaning parallelograms like the ones shown in
Figure 1.3. These particular layouts are for a 6-around
bracelet, with stringing order left to right and bottom
to top, as indicated by the numbering on the left-hand
diagram. The number of beads in each row of a traditional
diagonal layout is the circumference of the bracelet. Just
like the flat torus diagrams in topology, the opposite edges
of the parallelogram are identified. However, the identifica-
tion from the right edge to the left shifts up one bead to
account for the fact that the rightmost bead on one row is
(once crocheted) adjacent to the leftmost bead on the row
above it. This shift-up is a direct result of the bead crochet
process of crocheting continuously in the round, creating
the underlying spiral structure of bead crochet. This spiral
structure can make it tricky to align motifs and is the source
of much difficulty in designing bead crochet patterns.

The traditional bead crochet layout, which we call the
diagonal layout, works reasonably well for some simple pat-
terns, such as the blue diamonds on red shown on the right
in Figure 1.3. However, it is by no means the only flat layout
possible and, from a visualization standpoint, it turns out to
be less than optimal for many designs.

For example, consider the 7-around design in Figure 1.4
consisting of blue, green, and pink hexagons, each com-
posed of 19 beads. A single pattern repeat consists of 3
times 19, or 57, beads. There is only a single bead shown
in the last row because the repeat length happens not to
be a multiple of the 6-around circumference, a common
phenomenon that we will discuss more soon. The green
and blue hexagons are clear enough, but it's not imme-
diately obvious that the pink beads also form a hexagon.
To see that, you have to wrap your mind around exactly
how all the edges will connect in a finished bracelet.
And, unlike the simple two-dimensional torus models in

FIGURE 1.3 The traditional diagonal layout for a bead crochet
chart. Charts are read from left to right and bottom to top, as
indicated by the numbers on the leftmost chart.

FIGURE 1.4 A pattern of hexagons in the diagonal layout. In this
configuration, it is not clear that the pink beads form a hexagon.

mathematics, bead crochet’s spiral structure introduces
some funny extra constraints about exactly how the left
and right and top and bottom edges are identified. Trying
to visualize all this from a diagonal layout can be mind-
boggling. Is there a better layout that would make it easier
to visualize what is going on in the pattern?

If you imagine that you could peel a bracelet open like
an orange and flatten it out, in one piece, cutting along any
line running between beads, it is apparent that many differ-
ent layouts are possible. For now, imagine that our brace-
let is impractically tiny, consisting of just a single 57-bead
repeat (or, if it's too hard to imagine such a tiny bracelet,
imagine slicing out and laying flat a single pattern repeat
froma larger bracelet). Figure 1.5 shows the same hexagonal
pattern as in Figure 1.4, but in a variety of different possible
flat layouts. Figure 1.5(a) shows the very simplest one, the
uncrocheted strand (not shown here in its 57-bead entirety
because of page width limitations), which is quite obviously
not much help for visualization. Figure 1.5(b) shows the ver-
tical layout used in some more recent bead crochet pattern
books and websites, such as Judith Bertoglio-Giffin's pat-
tern book, Triangular Bead Crochet Ropes, in which it is called
the “zipper” layout, but it is no more helpful in this case than
the diagonal layout. Figure 1.5(c) shows a variant of the tra-
ditional diagonal layout that uses a right-leaning diagonal
instead of a left-leaning diagonal. Figures 1.5(d)-1.5(g) show
four more possible valid flat layouts.

There are some numerical patterns in the vertical and
diagonal layouts (Figures 1.4 and 1.5(b)-1.5(c)) that will
pop up in various ways as we proceed. As noted before,
in a left-leaning diagonal chart for an N-around bracelet,
each row contains N beads—which is part of the rea-
son why it is such a common chart. On the other hand,
a right-leaning diagonal chart has N + 1 beads per row.
For instance, in Figure 1.5(c), the chart for our 7-around
bracelet has 8 beads per row. In the vertical layout
(Figure 1.5(b)), the number of beads per row alternates
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FIGURE 1.5 Different flat layouts of the hexagonal pattern. Layouts (a), (b), (c), and (f) provide the stringing order if read from left to

right, bottom to top. Layouts (d), (e), and (g) do not.

between N and N + 1, creating the effect that produces its
zipper-like edges.

Although the options in Figure 1.5 are all valid flat lay-
outs for a 7-around bracelet,” you might notice that only
some of them provide a straightforward indication of the
correct stringing order. Ideally, a good layout will both add
visual clarity and clearly indicate a way of mapping itself
back into the single strand needed for stringing and cro-
cheting. Unfortunately, for this particular pattern, the lay-
outs that show the pattern most clearly (namely, (e) and (g),
the two that keep the hexagons intact), don’t provide an

" That these are all valid layouts may not seem obvious at the moment,
but we will explain how we determined this shortly (illustrated in
Figures 1.11 and 1.12).
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accurate stringing order (when read from bottom to top
and left to right). But there’s another problem that is even
more serious. When you are constructing a design, you
don’t know ahead of time what it will look like; you want
to be able to explore many possibilities. So you have no
guidance in advance about what kind of layout to choose.
Certain layouts turn out to be better for visualizing some
types of designs than others. So what'’s a designer to do?

The Infinite Bead Plane

If you imagine you are a tiny explorer charting the colored
surface of a bead crochet bracelet, you would find that,
just as on a globe, the surface seems to continue forever




FIGURE 1.6 Two possible maps of the same bracelet. An intrepid ant crawling across the bracelet and taking notes on the colors along

the way might create either of these charts.

regardless of the direction in which you choose to travel.
From your perspective, you might even think, as some
early explorers of the Earth did, that you were travelling
on a flat plane extending infinitely in all directions. After
all, you can always keep going without ever reaching an
edge, but the distances are short, so you could also eas-
ily start looping around without realizing it. As you loop,
you might notice that the terrain colors keep repeating
themselves according to a predictable pattern, so you
might begin to suspect that your theory about being on
a flat planar surface was flawed. However, without any
additional clues (like celestial bodies or a strong magnetic
pull) to sway you in favor of one theory over the other,
you could have trouble deciding whether you were on a
curved surface, such as a donut, or on a flat plane with an
infinitely extending repeated pattern. Either model works
pretty well based on the evidence.

A key insight into bead crochet pattern design is that
viewing a bracelet as just such an infinite plane is a power-
ful way to maximize a designer’s sense of freedom while
enabling a clear visualization of what is going on in a pat-
tern. As long as you obey some simple rules about how
the pattern repeats, you don’t have to constrain yourself in
advance by picking a particular flat layout shape. Designing
directly in this conceptual space, which we call the bead
plane, provides a unique way of capturing and interacting
with all visual vantage points at once. Our tiny explorer
charting a bracelet sporting the hexagonal pattern from
Figure 1.5 might come up with either of the two equally
valid “maps” shown in Figure 1.6 (or any of an infinite num-
ber of possible alternative peripheral shapes). Likewise,
either of these (uncolored) would work fine as a flat layout
with which to begin designing, mainly because either one
is big enough to give a decent sense of what’s going on in
a 7-around bracelet pattern.

Almost all the patterns we could find in books or online
prior to our own work are visibly based on the left-leaning
diagonal layout or the vertical layout. Since we designed
most of our patterns in the bead plane, they are not limited
by any particular layout shape. The pattern section in this
book contains an explosion of designs that, like the hex-
agonal example in Figure 1.6, are utterly confusing viewed
solely on a diagonal or vertical chart. Designing in the bead
plane lifts unnecessary constraints that have long plagued
bead crochet designers.

There are two points that we need to establish to
make this a workable design method: what are the repeti-
tion rules that give us a valid bracelet pattern for a given
circumference, and how do you extract the stringing order
from a pattern in the bead plane? We will address both
issues shortly. The important point for now is that, as long
as we follow appropriate rules, we could just as easily begin
with a big—or essentially infinite—uncolored sheet of
bead crochet graph paper (such as the ones provided on
pp. 247-250) and start filling it in, much as our imaginary
bead explorer might.

Hockey-Stick Translations

Imagine again that you are exploring the colored surface
of a bead crochet bracelet. Because the surface is finite but
has no edges for you to drop off, your travels may eventu-
ally bring you back to where you started. If you travel in
a fixed direction and are mapping the colors encountered
as you go, a return to where you started will cause the
colors on the map to start repeating. What type of repeti-
tions would you expect? Consider for instance a 7-around
bracelet, and choose any bead on it at which to begin
your travels. Because bracelets are crocheted in the round,
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the crocheted beads form a spiral. So, if you were to travel
in a constant direction from each bead to the next bead
on the thread, you would be travelling in a continuous
spiral moving up (or possibly down) the length of the
rope, and you would eventually spiral right back to where
you started. Whether you spiral up or down depends on
whether you move right or left and on whether the brace-
let was crocheted left- or right-handed. In general, left-
handed crocheters use the same charts as right-handed
crocheters but end up with mirror-reversed patterns.
To make the remaining discussion more straightforward,
we will describe everything in terms of right-handed cro-
chet. For more information about the relationship between
left-handed and right-handed bead crochet, see p. 111.
Alternatively, if you move exactly 7 beads horizontally to
theright and then 1 bead diagonally down and to the right,
that will bring you right back to where you started. More
generally, for an N-around bracelet, moving to the right N
beads and down-right 1 bead always brings you back to
your starting point. Note also that the inverse form of the
rule works as well: moving N beads to the left and up-left
1 bead likewise returns you to your starting position. We
call this a hockey-stick translation of length N because if you
were to map out this movement on a piece of bead crochet

graph paper, you'd find it takes the shape of a hockey stick,
as shown in Figure 1.7. If you have a bead crochet bracelet
on hand, it's helpful to try actually tracking this movement
with your finger to convince yourself that no matter where
you begin, a hockey-stick translation of length N will always
return you to your starting position. Figure 1.7 shows an
example of what the hockey-stick translation looks like on
one of our maps of the 7-around hexagonal pattern.

A quick check of the pattern should convince you that a
hockey-stick translation of length 7 away from every bead
is another bead of the exact same color. Thus this pattern
consistently obeys the hockey-stick translation rule for
hockey sticks of length 7 and is a valid 7-around pattern.
In mathematics, a translation is the name for a motion that
doesn’t involve any rotations or flipping, such as sliding
a penny from one position on a table to another without
allowing it to rotate or flip over as you slide it. Since the
hockey-stick translation rule applies to every possible start-
ing point, taking the entire bead plane design (assuming
we let it go on forever in all directions in the infinite bead
plane) and sliding it along the hockey-stick translation will
leave the color pattern entirely unchanged! As mathemati-
cians would describe this property, the pattern is preserved
by the hockey-stick translation.

FIGURE 1.7 The hockey-stick translation of length 7. The two beads at either end of each yellow arrow represent the same bead in a

7-around bracelet.
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The hockey-stick translation represents our first of two
important rules about how bead crochet patterns must
repeat. On a bead crochet graph for an N-around bracelet,
any two beads that are related to one another by a hockey-
stick translation of length N must be the same color, or
equivalently the entire bead plane pattern is preserved by
a hockey-stick translation of length N. Figure 1.8 shows a
series of patterns that you can use to test your understand-
ing of the hockey-stick translation rule. Can you identify

(@) (b)

(e) (f)

FIGURE 1.8 Some of these patterns are valid bead crochet
patterns and some are not. Can you identify which are which?
The valid patterns obey the hockey-stick translation rule for
some N. This means that every bead in the pattern is the same
color as the beads that are a hockey-stick translation of length
N away from it. For the valid patterns shown here, N is 5, 6, or 7.
(Solution: (a) is a valid 5-around pattern; (b) is not valid; (c) is a
valid 7-around pattern; (d) is not valid; (e) is a valid 6-around pat-
tern; (f) is a valid 6-around pattern.)

which of the patterns consistently obey the hockey-stick
translation rule and are thus valid bead crochet patterns,
and which are not? For the valid bead crochet patterns, can
you identify the circumference of the bracelet?

Note that patterns (d) and (f) are the same except for
coloring—one of them is a valid bead crochet pattern and
one is not. This is because only one of them is painted so
that every bead is the same color as those beads related
to it by a hockey-stick translation. Once you get used to it,
identifying and constructing valid bead crochet patterns
becomes second nature, but it can be confusing when
you're just starting out.

Repeat Translations

The hockey-stick translation is the first of two rules about
how bead crochet patterns repeat. It corresponds to how
the left and right edges of a vertical layout are fastened
together in a finished bracelet. The second rule about
how patterns repeat corresponds to the way in which the
top and bottom edges of a vertical layout are connected.
If you again imagine yourself a tiny explorer navigating
the surface of a bead crochet bracelet, the hockey-stick
translation indicates how the pattern repeats itself as
you move horizontally, circling the short way around the
rope. The second rule, which we'll call the repeat transla-
tion rule, indicates how the pattern repeats as you move
along the length of the rope. The repeat translation doesn’t
have a specific shape like the hockey stick—its shape will
change from design to design depending on the length
of the pattern repeat. It corresponds to how the first bead
of a repeat connects to the first bead of the previous or
following repeat.

In mathematical terms, the hockey-stick translation and
the repeat translation together constitute a set of two inde-
pendent translations, which creates what is called a doubly
periodic pattern in the plane. All this means is that our bead
crochet repeat in the flat layout of your choice can be used
to fill (or in the technical parlance, tile) an infinite planar
surface with no gaps or overlaps—or a finite one, like a
piece of bead crochet graph paper. (Naturally, on a finite
planar surface, some tiles may be cut off at the edges, like
the tiles on the edge of a bathroom floor that are trimmed
to fit the room.) What makes the translations indepen-
dent is that they point in two nonparallel directions as
shown on the left of Figure 1.9, which allows our repeat
to fill the entire plane. Thus, as long as we create a repeat-
ing pattern on bead crochet graph paper that includes
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FIGURE 1.9 Independence of translations. The two translations on the left are independent because they move the plane in two
nonparallel directions. By contrast, the translations on the right are not independent.

both a hockey-stick translation and another independent
repeat translation, it qualifies as a valid bead crochet pat-
tern, and it forms a doubly periodic tiling of the bead plane.
Ensuring that the pattern you are developing has a hockey-
stick translation can take some careful attention, but the
repeat translation emerges naturally from the repetition
of the color sequence that makes up the bracelet design.
Figure 1.10 shows how the hockey-stick translation (in blue)
and the repeat translation (in red) determine how layout
tiles (in this case a vertical layout) are fitted together to
tile the plane. Notice that in the bottom diagram we are
drawing the blue hockey-stick translation as a straight line
instead of the characteristic hockey-stick shape we have
been using up to now.

In Figure 1.11, we explore different layout possibilities
for a particular bracelet design, the hexagonal pattern
from Figure 1.5. Figure 1.11(a) shows a sheet of bead cro-
chet graph paper tiled with an uncolored vertical layout
for a 7-around, 57-bead repeat design (the parameters of
the hexagonal pattern). Starting at any tile, we can place
adjacent tiles with either the hockey-stick translation of
length 7 or a repeat translation of size 57, as marked by the
blue and red arrows. Figure 1.11(b) shows the hexagonal
pattern painted on the tiles constructed from the same ver-
tical layout, and Figures 1.11(c) and 1.11(d) show it painted
on two other layouts. The white arrows illustrate that the
same two independent translations are used regardless of
the choice of layout. We can draw two important conclu-
sions from these diagrams: each valid layout will tile the
bead plane with the same translations, and each layout
can be painted so that identical copies of that layout fit
together to produce the same bead plane design.

In fact, the reverse is also true: the hockey-stick and
repeat translations tell us exactly what constitutes a valid
bracelet layout. The reason we know that the unusual
3-hexagon layout in Figure 1.5(e) and Figure 1.11(d) is a
valid layout for a 7-around bracelet with a 57-bead repeat
is precisely because it tiles the bead plane with no overlaps
when we apply our hockey-stick and repeat translations.
All the other layouts in Figure 1.5 will tile the plane under
the same translations.
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FIGURE 1.10 Two independent translations in the bead plane.
The hockey-stick translation (in blue) and the repeat translation
(in red) produce a periodic tiling of the plane.

Another way to think about what constitutes a valid
layout is to consider a bead plane diagram with beads
numbered according to a particular circumference and
repeat length. Beads that are a hockey-stick or repeat
translation away from one another are assigned the same
number. Figure 1.12 (top) shows an example of a bead
plane diagram of a 4-around, 21-bead repeat pattern with
this numbering. The numbering would work for any pat-
tern like this one, with N = 4 and R = 21. It's easy to con-
struct the numbering by starting with a single horizontal
row of R sequentially numbered beads (21 in this case, for
example, the top row in Figure 1.12). We can think of this
row as the uncrocheted strand of a single repeat, or the
simplest flat layout. Then all the other numbers are filled in




(@ (d)

FIGURE 1.11 Tiling the bead plane with different layouts of the hexagon design from Figures 1.4 and 1.5. These are different ways of
giving a pattern for the same bracelet design.
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FIGURE 1.12 A numbered bead plane diagram (top) and example valid layouts (a—f) for a 4-around pattern with a 21-bead repeat.

according to the hockey-stick and repeat translation rules
for a 4-around 21-bead repeat. Once we have this num-
bering, a valid layout is any contiguous set of R beads that
includes exactly one bead of each number. Figure 1.12 shows
a variety of such valid layouts. This process is analogous to
carving out and laying flat a single tile representing one
repeat from a bracelet. Limiting the tile to only one bead
of each number on the bead plane ensures that we don't
effectively grab the same bead twice (which is possible
on a bead plane diagram, but not on a physical bracelet)
and that every bead in the repeat is represented once
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and once only. This process also makes it easy to see how
many choices there are for valid flat layouts. If the number-
ing on a layout can be read left to right, bottom to top,
without a disruption in the number sequence (as it can
in Figures 1.12(a)-1.12(d), but not 1.12(e)-1.12(f)), then that
layout also provides an easy way of reading the string-
ing order. Another nice feature of the diagonal and verti-
cal layouts (Figures 1.12(b) and 1.12(c)) is that they have a
straightforward method for adjusting the values of R and
N to get a comparable layout with a different circumfer-
ence or repeat length.




Lattices and Tilings

Every repeating pattern in the bead plane has an associ-
ated lattice based on its two independent translations.
As we will see, these lattices can aid in generating patterns.
To construct a lattice for a bracelet, we need only two
pieces of information: N, the bracelet circumference, and R,
the pattern repeat length. Patterns with the same values of
N and the same values of R will have the same underlying
lattice. A lattice consists of a set of points (or beads) that are
related to one another by combinations of the hockey-stick
translation and the repeat translation. Given a layout tiling
such as those shown in Figures 1.10 and 1.11, the lattice can
be constructed by selecting the first bead in every layout
tile (or the third, or the tenth, or the Nth). Figure 1.13 shows
two different lattices. On the left is a lattice for the hexago-
nal pattern—or any other 7-around pattern with a repeat
length of 57. On the right is a lattice for a 5-around pattern
with a repeat length of 16. In each case, the lines in the grid
between the lattice points show that you can travel from
any bead in the lattice to any other bead by following some
number of hockey-stick translations (or reversed hockey-
stick translations) and some number of repeat translations
(or reversed repeat translations). Since a valid bead plane
bracelet pattern is preserved by both the hockey-stick

translation and the repeat translation, any translation
taking one lattice bead to another will preserve the brace-
let pattern.

With a lattice in the bead plane, we can construct an
associated tiling of the plane, a way of covering the bead
plane with clusters of beads, or tiles, with no gaps or over-
laps between tiles. Even better, we can choose a com-
pletely uniform tiling, in which each tile is exactly the same
shape and contains exactly one bead from the lattice. Any
such tile will contain exactly R beads and will be a possible
flat layout for a single repeat of our bracelet.

In our terminology, the lattice refers only to the points
(the gray beads) themselves, not the grid lines. However,
drawing the grid lines to connect the lattice points can
aid in producing a nicely shaped tile associated with
the lattice, as shown in Figure 1.13. The tile (in red) also
includes one lattice bead (in gray). The rule we used to
determine each tile from the grid is that any bead on an
interior section of grid is considered part of that section’s
tile, while beads intersecting the grid are chosen to be
part of that tile or an adjacent tile using some consistent
rule. For example, the rule we used here was that if more
than half the bead was inside the grid boundary, that
bead was included in the tile, and otherwise it was part
of the adjacent section’s tile. For beads exactly halfway

FIGURE 1.13 Lattices and possible associated tiles for a 7-around, 57-bead repeat (left), and a 5-around, 16-bead repeat (right).

The vertical layout tile is also given in the upper left in each case.
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FIGURE 1.14 Two ways of coloring in a 57-bead tile for a 7-around bracelet to create a bracelet design.

inside the grid boundary, we simply made a consistent
choice across all tiles.

Another important observation is that every tile can be
moved into the position of any other tile with the transla-
tion that takes the lattice bead in the first tile to the lattice
bead in the second tile. Since any translation that moves
one lattice bead to another preserves a bracelet design,
the bead color choices within a single tile completely deter-
mine the entire pattern! This makes perfect sense since each
tile comprises a single repeat of the bracelet. Figure 1.14
shows how the tile produced from the lattice on the left of
Figure 1.13 can be painted two different ways to produce
two completely different looking patterns that nonethe-
less have the same lattice.

There are multiple ways to draw the grid lines of a lattice.
The grid lines that we used in Figure 1.13 were determined
by the hockey-stick translation and the repeat translation.
In the interest of full disclosure, we should point out that
while the hockey-stick translation is determined solely
by the circumference of the bracelet, there are multiple
choices for the repeat translation in a given bracelet pat-
tern, which give rise to different grids, as demonstrated in
Figure 1.15. A repeat translation moves the first bead in a
repeat (marked in yellow) onto the first bead in the next
repeat (marked in green). However, each bead in a brace-
let appears over and over again in the bead plane pattern
because of the hockey-stick translation rule, and each copy
of the green bead gives a different repeat translation that
generates the same lattice. Since a horizontal path in the
bead plane always traces the beads in their stringing order,
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one possible repeat translation is simply the horizontal
translation by R beads, where R is the repeat length, as
shown at the bottom of Figure 1.15.

The flexibility in choosing grid lines for a lattice gives
us more options for forming different tile shapes with
the technique from Figure 1.14. In Chapters 6 and 7, we will
see even more ways to use lattices and tiles to produce
bracelet designs with intricately symmetric structures.

Readers with advanced mathematical training may have
noticed that the process of extracting a bead plane dia-
gram from a toroidal bracelet and constructing the associ-
ated lattice has a familiar ring. In fact, using the language
of algebraic topology, when you imagine yourself as a tiny
explorer mapping out a bracelet in the bead plane, you
are constructing the universal covering space of the beaded
torus. If you happen to be versed in algebraic topology,
you might contemplate how the hockey-stick translation
and the repeat translation are related to the fundamental
group of the beaded torus.

Designing in the Bead Plane

How does all this help us create new designs? Designing
directly in the bead plane allows an artist to visualize more
immediately the relationships between shapes in a pat-
tern. We can effectively see what’s going on everywhere
without having to choose a particular viewing angle or
flat layout shape. With our knowledge of what constitutes
a valid bead crochet pattern in the bead plane, we can




FIGURE 1.15 Different repeat translations for the lattice corresponding to a 5-around bracelet with a repeat length of 16. The first is the
repeat translation read from the vertical layout, as used in the grid on the right of Figure 1.13. The second is the repeat translation read
from the traditional diagonal layout. The third is a horizontal translation by 16 beads.

explore in a very immediate way how all the edges connect
in a flat layout, and we can see quickly how a design change
affects overall appearance as we adjust individual bead
color choices. Although some supporting software could
certainly be helpful (and we hope that our approach will
inspire improvements in bead crochet design software),
designing in the bead plane can still be accomplished the
old-fashioned way, with bead crochet graph paper and
erasable colored pencils.”

When you work in the bead plane, as you paint a bead
blue, for example, you know that all beads that can be

" If you have it, some sort of graphics software is certainly quite helpful.
A vector graphics editor, such as Adobe lllustrator, although not essen-
tial, is a particularly wonderful tool, since it makes it easy to copy, paste,
and move entire tiles or individual design elements.

reached from it with hockey-stick translations must also
be painted blue. You can begin with a desired circum-
ference and adjust if it looks like a different circumfer-
ence might work better. If you are willing to choose both
the circumference and the repeat length in advance, the
design process becomes quite straightforward, as illus-
trated in the sequence in Figure 1.16. It is usually sufficient
to work with a grouping of tiles in which at least one tile
is fully surrounded by others. This sequence shows, for a
7-around bracelet, how a decision to color one bead propa-
gates (in this case via a hockey translation of length 7, and
a repeat translation of size 57) to other beads in the graph.
Any layout or lattice-derived tiling would work as a starting
point, but, in this case, we chose to begin with a grouping
of seven vertical layouts.

EXPLORING THE BEAD PLANE @ 15




(9)

FIGURE 1.16 A design sequence in the bead plane (a—g) using a fixed repeat length of 57 and circumference of 7, and the resulting
repeat (h) and bracelet (i). The bracelet appears in the pattern pages as Woven P3 (p. 226).

If you prefer a little more flexibility, you can simply
choose a circumference and construct a design in several
adjacent vertical layout strips, allowing the repeat length
to be determined by the pattern (or even making a nonre-
peating pattern). In fact, there are ways of designing brace-
lets without deciding on a repeat length or a circumference
in advance! But for those techniques, you will have to wait
until Part Two of this book.
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Although a design in the bead plane gives a complete
view of how the shapes and motifs in a pattern relate to
one another, it can give a misleading impression of how
the design will look on a finished bracelet. This is because
the bead plane effectively simulates a view from all vantage
points simultaneously, whereas a real bracelet exists in three-
dimensional space, and not all of it can be seen at once.
We will discuss strategies for addressing these issues shortly.




Extracting a Repeat from a
Bead Plane Diagram

Once you've created a valid bead crochet design in the
bead plane, you need the stringing order to create a
bracelet from it, so you'll need to extract a flat layout from
your design. If you've started with a clearly outlined tiling
of vertical layouts, as in the design example in Figure 1.16,
then extracting one of them is easy. But even if you
haven't, reading a single repeat from a bead plane pat-
tern is no problem at all. Moreover, this extraction can be
in whatever flat layout you prefer. To use the pattern as a
stringing guide, you should extract a layout that provides
a clear indication of the correct stringing order. We typi-
cally use the vertical layout for this purpose because it is
the most compact representation on a rectangular page,
but, for short repeats, a diagonal layout works equally
well. If your bead plane diagram is wide enough, even a
single horizontal “strand” of R beads will do the trick!
Figure 1.17 shows the hexagonal pattern in the bead
plane and, outlined in black, several different ways to

extract a single repeat from it: two placements of a vertical
layout, two placements of a diagonal layout, and two
placements of the layout from Figure 1.5(e), one of which
keeps the hexagonal motifs intact. This last layout does
not provide an easy means of reading the stringing order,
but it can nonetheless be used to tile the bead plane in this
pattern, as can any of the layout shapes from Figures 1.4
and 1.5 for a 57-bead repeat in circumference 7. You can
imagine that you are taking a cutout template of your pre-
ferred layout and that it is legitimate to translate it any-
where on the bead plane pattern.

To extract a repeat from any bead plane pattern, you
need to know the bracelet circumference, N, and the
repeat length, R, both of which are easy to work out. Take,
for instance, the bead plane design in Figure 1.18, which is
visibly doubly periodic. If you start with the upper left cor-
ner of one of the beige diamonds and scan the pattern for a
hockey-stick translation connecting it to the upper left cor-
ner of another beige diamond, you find that a hockey-stick
translation of length 6 preserves the entire design. (If you
prefer, you can read this from any other recognizable

FIGURE 1.17 A 7-around pattern in the bead plane and examples of different ways to extract a flat layout from it. The vertical layout
(top right) and diagonal layout (middle right) both provide a correct stringing order for the repeat when read from bottom to top and
left to right. Since the stringing order is cyclical, it does not matter where the template is placed on the bead plane; the resulting pattern
will be the same, although the rope’s closing seam may wind up in a different spot.
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FIGURE 1.18 A bead plane pattern preserved by a hockey-stick
translation of length 6.

pattern feature, such as the red dots in the middle of the
beige parallelograms, or the lower left corners of the red
diamonds.) In rare cases, more than one length of hockey
stick works for a particular design, and you can choose your
favorite. As we will see in Chapters 3 and 8, sometimes a
minor change in a bead plane diagram will produce a pat-
tern for a new circumference.

The design in Figure 1.18 creates a 6-around bracelet.
By peeling out either a vertical layout strip or a diagonal
layout strip of circumference 6 from the bead plane, as
in Figure 1.19, you will find the stringing order for your
bracelet, in which the repeat occurs over and over again.
To determine the length of a single repeat, simply scan the
stringing order for the point at which the color sequence
repeats. Writing out the number of beads in each color
makes it easier to confirm that the color sequence repeats
through the entire length of the bracelet. In this case, the
repeat is 24 beads long.

As we see from the two stringing patterns given in
Figure 1.19, the stringing order you extract from a pattern
varies depending on where you start your strip of the bead
plane. Since each color sequence is repeated over and over
again, the only difference between bracelets produced by

FIGURE 1.19 Extracting a single repeat of a pattern with unknown repeat length. The two color-coded numerical sequences are two
possible stringing orders for a single repeat, each determined from the strip of the bead plane above it. This design appears in the
pattern pages as Bon Bon Checkerboard (p. 223) using the first stringing order.
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the two stringing orders is the position of the seam
connecting the beginning of the bead crochet rope to the
end. At the bottom of Figure 1.19, we confirm that we have
extracted two correct stringing orders by tiling the bead
plane with a single repeat and reconstructing our bead
plane pattern.

Twists

A surprising “twist” in our bead crochet design journey was
the discovery that details of the final step, sewing the rope
closed, can have an enormous impact on the appearance
of the resulting bracelet. The story is all in the twist! It is a
confusing story, however, because there are multiple ways
to twist a bracelet before closing and each has a different
visual impact.

This section has more analytic details than the previ-
ous sections, some of which are not essential for many
aspects of bead crochet design. In making bracelets, you
can use twists to great effect without understanding all of
the theory behind them. If you are not numerically inclined
and find parts of this discussion to be overly technical, we
recommend that you glance over them and return to them
as needed when you are actually designing or closing a
bracelet. We particularly advise studying the photographs
in Figures 1.20 and 1.27, which give nice illustrations of the
effects of twisting.

As we've already noted, bead crochet rope has the won-
derful quality of being flexible and a bit stretchy, a feature
that contributes enormously to its tactile appeal. In fact, it is
often so flexible that it's easy to introduce one or more full
physical twists in one end of the rope before closing (some-
times inadvertently!), and doing so can dramatically alter
the look of a design. Figure 1.20 shows two pairs of brace-
lets crocheted with the exact same pattern but closed with
different physical twists, creating strikingly different looks.
It is always a good idea to hold the two ends of a brace-
let together in position and look carefully before closing to
make sure the bracelet is twisted in the way that you intend.

In addition to full physical twists, it is also possible to
introduce tiny partial structural twists. A structural twist is
determined by the total number of beads in the bracelet,
and many bracelets have just such a structural twist built
into them, although you might have to inspect rather care-
fully to recognize one in a completed bracelet. The key to
understanding whether or not a bracelet has a structural
twist is to look more closely at how vertical layouts work.
As we observed in Figure 1.5, the rows in a vertical layout for

FIGURE 1.20 Two pairs of bracelets with the same pattern
closed with different physical twists. The patterns are Zadie’s
Wave (p. 185) and Diamond Zigzag (p. 153).

FIGURE 1.21 The vertical separation between beads. Two beads
that are vertically “adjacent” are 2 rows apart and separated by
an interval of 2N + 1 beads in an N-around bracelet. In this case,
N=55s02N+1=11.

an N-around bracelet alternate between N and N + 1 beads.
Two consecutive rows, which we call a double row, will
therefore always contain exactly 2N + 1 beads. The offset
between beads in consecutive rows means that the bead
directly above a given bead will be two rows up—or equiv-
alently, one double row up. This is illustrated for circumfer-
ence 5 in Figure 1.21, which also shows that two vertically
“adjacent” beads (because of the row in between, they do
not actually touch) are exactly 2N + 1 beads apart.
Bracelets without a structural twist, which we call struc-
turally aligned, are those whose total number of beads
is an exact multiple of 2N + 1. All other bracelets have a
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structural twist. It's easy to see whether or not a bracelet
has a structural twist if you view it in its entirety in vertical
layout form. If it is structurally aligned, there will be a com-
plete double row at the top. Figure 1.22(a) shows a structur-
ally aligned bracelet, and Figures 1.22(b)-1.22(e) show four
others with structural twists. (These are too short to be real
bracelets, but they suffice for compact examples.)

A structural twist forces a partial twist (less than 360°)
of the bead crochet rope, which is necessary to line up the
two ends of the bracelet for sewing. The reason we refer
to this type of twist as structural (rather than physical) is
because it changes the underlying structure of the brace-
let in a way that can be detected with careful inspection.
A structural twist can be combined with any number of full
physical twists.

If the repeat of a design contains a multiple of 2N + 1
beads, it is vertically aligned, because each repeat stacks
directly above the previous one on the crocheted rope.
Vertically aligned designs guarantee a structurally aligned
bracelet, as shown in the 7-around example in Figure 1.23.
The yellow arrow in the bead plane diagram on the right
shows the vertical stacking.

On the other hand, some designs in which consecu-
tive repeats aren't vertically stacked will line up vertically
every 3 repeats, or every 5 repeats. A pattern that stacks
vertically at every Kth repeat is called vertically aligned by K.
For example, consider the pattern in Figure 1.24 with a
35-bead repeat. This is a 7-around (N = 7) design, so 2N + 1
is 15, which does not divide evenly into the repeat size
of 35. We can see this clearly in the jagged top of the single
repeat shown on the left. Yet a set of three such repeats,
shown in the middle, is 105 beads, which is evenly divisible
by 15. Thus the triangle motif stacks vertically at every third
repeat, as indicated by the yellow arrow in the bead plane
diagram on the right. A bracelet constructed from this
pattern can be made more symmetric by using a multiple
of 3 repeats, which permits lining up every third triangle
motif in a structurally aligned bracelet.

Taking a closer look at the numbers involved, we
see that it is important that the double row length, 15,
and the repeat length, 35, have a common factor of 5.
Since 15 = 5 X 3, any design whose repeat length is a
multiple of 5 that isn't already vertically aligned will be
vertically aligned by 3. On the other hand, if we work

FIGURE 1.22 A structurally aligned bracelet (a) has a multiple of 2N + 1 beads, or a whole number of double rows in vertical layout
form. All the other bracelets (b—e) are structurally twisted, which means they require the bead crochet rope to be twisted slightly to

connect the first bead to the last bead at the closure.

FIGURE 1.23 A repeat that is a multiple of 2N + 1 beads guarantees a structurally aligned bracelet and also a vertically aligned design.
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FIGURE 1.24 A pattern that is vertically aligned by three. In this case, the repeat size is 35 beads, and three such repeats is 105 beads,
which is a multiple of 2N + 1 (shown stacked in vertical layout form in the middle). Looking at the pattern in the bead plane (right),
the yellow arrow points out how the triangle in the fourth repeat will align vertically with the triangle in the first repeat.

in circumference 6, where the double row length is the
prime number 13, whose only factors are 1 and 13, any
pattern that is not vertically aligned can only be verti-
cally aligned by 13, and motifs that are 13 repeats apart
will be so far away from each other in a bracelet that the
alignment will not be readily observable. In the following
table, we give the possibilities for vertical alignment by K
in common bracelet circumferences. In practice, only ver-
tical alignments by 1, 3, and 5 will be apparent in a finished
bracelet. As we see in the table, some circumferences,
such as 7 and 10, allow more options for motif alignment
because the double row length has more factors.

Double row Possible vertical
Circumference (N) (2N +1) alignments by K
4 9 1,39
5 11 1,11
6 13 1,13
7 15 1,3,515
8 17 1,17
9 19 1,19
10 21 1,3,7,21
1 23 1,23
12 25 1,5,25

On the other hand, in many non-vertically aligned
patterns we can line up every repeat or every Kth repeat
with the right combination of structural and physi-
cal twists, like the bracelets in the upper left and lower
right of Figure 1.20. In Chapter 3, Geometric Cross
Sections, we will discuss the use of both structural and
physical twists to line up motifs, even in cases when the

bracelet itself is not structurally aligned. We will also see
in Chapter 4 that sometimes it is handy to use physical
twists to make elements that are vertically aligned appear
slanted instead.

Twisting and alignment turns out to be a much subtler
topic than one might expect! This is why we recommend
holding the two ends of a bracelet together in position
and inspecting your twist options carefully before closing.
Sometimes adding or subtracting a repeat or two, as
sizing constraints permit, can make a big difference in the
available options. Twisting decisions significantly affect
the symmetry and aesthetics of the finished bracelet,
creating an extra layer of artistic choices for the designer.
In the upcoming chapters, we will discuss much more
about how to use both physical and structural twists to
accomplish specific design goals.

Since the vocabulary introduced in this section can be
confusing, here it is again in summarized review form:

Physical twist: a manual twist of one end of the rope
before sewing closed; always a multiple of 360°
clockwise or counterclockwise.

Double row: two consecutive rows in the vertical
layout of a bracelet design. In circumference N, a
double row has 2N + 1 beads.

Structurally twisted: describes a bracelet that does
not have a multiple of 2N + 1 beads, where N is the
circumference. A structural twist forces a twist of
less than 360° in a closed bead crochet rope.

Structurally aligned: describes a bracelet that has
an exact multiple of 2N + 1 beads, where N is
the circumference. Note that a bracelet can be
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structurally aligned and also be physically twisted;
these are two independent properties.

Design that is vertically aligned: A pattern with a
repeat size that is a multiple of 2N + 1 and thus
lines up vertically at every single repeat.

Design that is vertically aligned by K: A pattern
that stacks vertically at every Kth repeat; this
occurs when the repeat length times K is a mul-
tiple of 2N + 1.

Cropping Visualization and the
Limits of Physical Twists

Although the bead plane has many advantages as a design
space, it has the drawback that it shows more of a bracelet
pattern than is visible from a single viewing angle of the
actual bead crochet rope, making it hard to judge how the
design will look on the completed bracelet. Even the ver-
tical layout can be misleading, since it shows the pattern
all the way around the bead crochet rope. In Figure 1.25,
we see the bead plane pattern and a vertical chart for
a 9-around bracelet with a design of outlined hexagons, a
pattern called Honeycomb. It is easy to make the mistake
of imagining the bracelet will resemble the vertical strip
on the right, which is 10 beads wide. Since the beads are
actually crocheted into a tube, the amount of the pattern
you can see on a bracelet from a single vantage point is
closer to 5 beads wide.

FIGURE 1.25 A bead plane pattern and the corresponding verti-
cal chart. This is the pattern for Honeycomb, which appears on
p. 154.
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Existing bead crochet software has a nice solution
to this problem. In jbead, the freeware application by
Damian Brunold mentioned earlier, the appearance of the
final bracelet is simulated with a strip that goes halfway
across the vertical chart of a bracelet pattern. In addition,
jbead simulates rolling the bead crochet rope by moving
the viewing strip horizontally across the vertical layout—
including moves that pass across the side seam in the
chart. This gives a nice way to approximate views of the
bead crochet rope from all sides.

Unfortunately, this method of simulating the bead cro-
chet rope will only display a bracelet with no twists. Since
physical and structural twists can have a strong impact on
the visual effect of a pattern, getting a sense for how a pat-
tern will appear when subjected to various twists is valu-
able. While we are unaware of any current software that
allows this type of visualization, the bead plane offers a
useful low-tech approach to the problem.

The technique described below is much easier to under-
stand if you can manipulate an actual bead crochet rope
and compare it to its bead plane pattern. If you are inter-
ested in designing your own patterns and visualizing twists
using this method, we recommend referring back to this
section after you have crocheted one of the patterns in
this book and can experiment with twists yourself. While
the nuances of twisting are subtle, they become more intu-
itive with practice and experience.

It is easy enough to isolate a 5-bead wide vertical strip
of the bead plane by covering it with two pieces of paper,
or even better, by a single piece of paper with a notch of
the right width cut into it. As we show in Figure 1.26 for the
Honeycomb pattern, rotating the paper gives us a glimpse
of what we are likely to see in a finished bracelet with a
twist. The upper left image is a completely vertical swath
of the bead plane. In this strip, you can see that the green
hexagons, which are two repeats apart in the bracelet, are
almost lined up. We can simulate lining up every other
repeat by slanting the paper about 3° to the left so that the
edges are parallel to the line of green hexagons, as seen
in the upper right. To make this alignment in the bracelet,
you would twist the top of the bead crochet rope slightly to
the right before closing to make the line of green hexagons
stack up vertically.

Instead, you might choose to line up every fifth repeat.
In the bead plane, we simulate this by rotating the paper
about 8° to the right of vertical, as in the lower left image
in Figure 1.26. The two pink hexagons at the bottom and
top of the strip, which are 5 repeats apart, are now aligned
in the strip, which you would accomplish by rotating the




FIGURE 1.26 Using pieces of paper to visualize different twists
of a bracelet.

top of the rope to the left until the pink hexagons are
vertically stacked.

With a more extreme twist, you can line up every third
repeat. This is shown in the lower right of Figure 1.26, in
which the paper is rotated around 16° to the right of
vertical. As you can see, this twist gives a very different
visual effect than the other twists because it creates a verti-
cal stack of adjacent hexagons, whereas the other twists
cause the hexagons to spiral around the bracelet.

Honeycomb has a 52-bead repeat, and since 52 has no
common factors with the length of a double row (19 beads),
this design is not vertically aligned except by 19, which is
almost the entire length of a bracelet. What the simulation
in Figure 1.26 illustrates, and what experience closing bead
crochet bracelets confirms, is that we can nonetheless line
up every other repeat if we use an even number of repeats,
or every third repeat if we use a multiple of 3 repeats, or
every fifth repeat if we use a multiple of 5 repeats, as long
as we perform the proper twist. In the pattern pages in Part
Three, we will often give suggestions of possible alignments

for patterns that aren’t vertically aligned by indicating when
every Kth repeat can be aligned with a twist. We will also
describe some more precise ways of capturing twist infor-
mation in Chapter 4. Keep in mind that twisting makes a
lot more sense when you have an actual crocheted rope in
your hands and can experiment with the available options
before closing. Figure 1.27 shows a segment of Honeycomb
twisted in each of the ways approximated in Figure 1.26.
The first alignment is the segment in its untwisted position.
We arranged the others by simply lining up the hexagons
in every other repeat, every fifth repeat, and every third
repeat, without stopping to think about whether we were
twisting to the left or to the right or about exactly how far
to twist.

One crucial question remains: how far can you actually
twist a bracelet? After all, experimenting with different
twists in the bead plane is only useful if the bead crochet
is actually flexible enough to accommodate the simulated
twist. As it happens, the final twist option in Figures 1.26
and 1.27 is close to the limit of what we have found feasible
for bead crochet bracelets. This twist and the correspond-
ing twist in the opposite direction are marked in orange on
the bead plane in Figure 1.28. Deeper twists tend to push
beads out of position and make the bead crochet too inflex-
ible, though the actual bounds of twisting vary depending

FIGURE 1.27 A segment of bead crochet rope showing all of
the twist options from Figure 1.26: untwisted, with every other
repeat lined up, with every fifth repeat lined up, and with every
third repeat lined up.
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FIGURE 1.28 The limits of bracelet twists. The orange lines are
about 16° from vertical, and twists less than or equal to the twists
that make the orange beads line up vertically are feasible for most
bead crochet bracelets. Twists between the orange and red lines
are more problematic, and twists past the red lines, which are 30°
from vertical, are not possible from a practical standpoint. The
blue arrows are hockey-stick translations for a 6-around bracelet,
which show how much of a twist results from rotating the top of
a short 6-around bead crochet rope by 360° to the left.

on bead size, circumference, and looseness or tightness of
the crochet stitches. More specific information about these
effects is in Chapter 8. The red lines in Figure 1.28 mark the
point beyond which twisting becomes physically impos-
sible because the crochet stitches themselves prevent the
beads from moving any farther.

Note that the angle seen in the bead plane is not the
same as the angle through which you rotate the top of
the bracelet to produce that alignment. Consider the two
hockey-stick translations marked in blue in Figure 1.28,
which are the translations for a 6-around bead crochet rope.
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Since a hockey-stick translation corresponds to one circuit
around the circumference of the rope, rotating the top of
a bead crochet rope that ends at the start of a blue arrow
by 360° to the left will move the part of the bead plane at
the other end of the blue arrow to the vertical axis marked
in black. Consequently, in a bead crochet rope segment of
7 double rows, one full physical twist to the left will move
the 30° right-leaning red axis to vertical, whereas in a seg-
ment of 13 double rows, one full physical twist will move the
16° right-leaning orange axis to vertical. A typical 6-around
bracelet will have around 55 double rows, so performing
one of the alignments marked in orange will take a little
over 4 full twists. In practice, you don't need to know how
many physical twists are required for the alignment you
want; you simply twist the bead crochet rope until the pat-
ternis lined up as you wish, as in Figure 1.27.

New Design Challenges

This completes our overview of the bead crochet design
framework we have developed over the past few years. We
discovered everything in this chapter—the infinite bead
plane as a design space, the translation rules for brace-
let patterns, using lattices and tilings to create bracelet
designs, the effects of twists on bead crochet—in the pro-
cess of solving some fascinating puzzles in bead crochet
design. We were spurred on by intellectual curiosity, but
also by our desire to make more beautiful and compelling
beaded bracelets.

We are now ready to move on to Part Two, in which
we present the various design challenges that caught
our imagination and discuss how to solve them using the
techniques from this chapter. But if you are so inclined,
we invite you to copy one of the bead plane templates
on pp. 247-250 (or download it from the book’s website”),
put down this book for a while, and start exploring.

* http://www.crcpress.com/product/isbn/9781466588486 (under the
“Downloads/Updates” tab).
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CHAPTER 2

Seven-Color Tori




athematicians, like artists, are concerned with the

essences of things. They can't resist taking com-

monplace objects and looking for hidden pat-
terns that reveal their fundamental structure. Consider,
for instance, the subject of maps. In our everyday lives, we
use maps for specific, practical purposes: to navigate from
place to place, to explore new terrain, to understand the
relationships between faraway nations. It is the mathema-
tician’s impulse to peer beneath the surface and ask more
elemental questions. What is a map? How does it convey
information? How does the geometry of the world being
mapped influence the underlying structure of the map
itself?

The answers to these questions depend a great deal
on what kind of map we're considering. Figure 2.1 shows
two common types of maps that convey different types
of information. On the left is a street map, charting an
interconnected network of roads. From a mathematical
standpoint, the map is a collection of intersecting lines and
curves, and the names of the particular streets and where
or whether these roads actually exist in the world are not
a part of the essential structure of the map. On therightis a
geopolitical map, showing a cluster of adjoining regions of
land. For many applications, mathematics ignores certain
features used in the practical interpretation of the map.
How big are these regions? Are they countries, states, or
territories of another type? Is the map oriented with north
pointing up, down, or in an entirely different direction?
In many mathematical endeavors, these questions are irrel-
evant: we might only care about the shapes and relation-
ships between the regions on the map.
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In 1852, a mathematics graduate student named Francis
Guthrie posed a very basic question about geopolitical
maps. He was pondering the common practice of coloring
in the regions of a map (which we will call countries regard-
less of what territories they actually represent) to make it
easier for the viewer to distinguish between neighboring
countries. Since many maps have dozens of countries and
it is hard to produce so many distinct colors, maps gener-
ally use the same color for different countries, provided
that those countries don't share a common border. Guthrie
wondered: what is the smallest number of colors that can
be used to color any map, no matter how complicated,
so that no countries with a common border are the same
color? [Explorations in Topology, pp. 23-24].

There are a couple of ground rules that make Guthrie’s
question more precise. First of all, two countries that touch
at a single point are not considered to share a border. This
is why the two countries colored in blue in Figure 2.1 are
allowed to have the same color. Second of all, each country
must consist of a single contiguous region. For instance, in
a map of the world, Alaska would be considered a sepa-
rate country from the continental United States for color-
ing purposes. These rules clearly simplify the map-coloring
question, but they also make it more interesting. If we
abandon either rule, it turns out that no number of colors is
enough to color every possible map.

The history of mathematics is full of questions that are
simple to ask but unbelievably difficult to answer. Guthrie’s
map-coloring question is a prime example. It is not hard to
establish that the magic number of colors is at least four by
constructing a map like the one in Figure 2.2. In this map,

FIGURE 2.1 Two common types of maps: a road map, showing a network of interconnected roadways, and a geopolitical map, show-

ing an area divided into separate countries.
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FIGURE 2.2 A map of four countries that all border one another.
Because every pair of countries shares a border, this map requires
four colors.

each of the four countries shares a border with every other
country, so each country requires its own color. As more
mathematicians grew interested in the map-coloring puz-
zle, they were incapable of producing a map that required
five colors, and thus the Four-Color Conjecture—stating
that four colors are sufficient to color any map—was estab-
lished. However, there is a big difference between saying
that no one has yet found a map that requires five colors
and saying that no such map is possible. And coming up
with a definitive proof that no matter how crazy a map you
make, you can always color it with four colors, stymied the
mathematical world for over a century. In an 1890 paper,
P.J. Heawood proved that the magic number of colors is no
greater than five,” and for 86 years the world’s mathemati-
cians were stuck in a map-coloring limbo: they knew that
the number of colors needed was either four or five, but
they couldn’t prove which [Explorations in Topology, p. 99].

Heawood’s 1890 paper includes another observation
that should catch the attention of the curious bead crochet
designer. As it happens, the number of colors required for
an arbitrary map depends on the shape of the surface on
which the map is drawn. Guthrie’s original question, and
the Four-Color Conjecture it produced, assumes that the
map is drawn on a plane (such as a flat sheet of paper).

" In fact, the full story is much more colorful—pardon the expression.
Eleven years earlier, in 1879, Sir Alfred Kempe announced that he
had proven the Four-Color Conjecture, and his proof was generally
accepted by the mathematical community. Until Heawood’s paper, no
one noticed that Kempe's proof had a fatal flaw, but Heawood modified
Kempe's argument to prove the Five-Color Theorem.
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But maps drawn on other surfaces may require more
colors, and Heawood exhibited a map on a torus that
has seven countries, each of which touches all the others.
[Explorations in Topology, p. 2671 This means that for a map
on a torus, at least seven colors are needed!

This leads to our first bead crochet design challenge.

Challenge A Can you design a bead crochet bracelet with
seven identically shaped regions such that each region borders
all the others?

Having identically shaped countries is not necessary to
prove that seven colors are required for torus maps, but
it creates a more symmetric and hence more attractive
bracelet.

Guthrie’s original question was finally settled in 1976,
when Kenneth Appel and Wolfgang Haken proved the
Four-Color Conjecture, transforming it into the Four-Color
Theorem. The event was somewhat anticlimactic, since
the proof involves a computer verification of hundreds
of pages of special cases and is not comprehensible to a
human reader. Work continues to this day on finding a more
streamlined and enlightening demonstration of why four
colors suffice for all maps in the plane. In a curious twist, it
happens that even though maps on the torus require three
more colors than those on the plane, it is much easier to
prove that every map on the torus can be colored with only
seven colors—so much so that Heawood proved it in his
original 1890 paper. Exhibiting a map that clearly required
seven colors was one part of the proof—it established
that at least seven colors were needed, thereby setting
a lower bound on the correct answer. The remainder of
the proof showed that one never needs more than seven,
i.e., that seven is also an upper bound. Thus the general
proof technique was to trap the correct answer tightly
between an upper and a lower bound. The mathematics
is too advanced to describe here, but we direct the inter-
ested reader to David Gay's delightful book, Explorations in
Topology: Map Colorings, Surfaces, and Knots, to learn more
about the math behind map coloring theorems.

Since the surface we live on is a sphere, it is natural to
ask whether the map-coloring number for a sphere is also
greater than four. In fact, even without knowing how many
colors are required for planar maps, we can demonstrate
that the number for spherical maps and planar maps is the
same. The procedureisillustrated in Figure 2.3 and employs
the same topological flexibility that we used in Chapter 1
when we made a torus out of a flat square. Given a map on
the sphere, we puncture the sphere in the middle of one




FIGURE 2.3 Translating a spherical map into a planar map for coloring. If we puncture the sphere in the middle of a country and
stretch it into a flat disk, we get the flat map in the upper right. A coloring of the flat map can then be transferred back to the surface

of the sphere.

of the countries and stretch the surface into a flat disk in
the plane. The sphere and the map on it will be extremely
distorted, but this will not change which countries are
adjacent in the map. The flat map can now be colored in
the plane with the minimum number of colors required,
and if we undo the flattening we obtain a coloring of our
spherical map with the same number of colors.

As we see from the stretching in Figure 2.3, the par-
ticular shapes of the countries in a map do not affect its
coloring properties; the only thing that matters is which
pairs of countries share a border. This adjacency informa-
tion can also be represented in a mathematical construct
called a graph. A graph is composed of nodes and links,”
as shown in Figure 2.4, where the nodes are dots and the
links are line segments or curves, smooth or wiggly. A link
represents a connection between two nodes in the graph,
and two nodes in a graph are considered adjacent if there
is a link between them. Notice that the term “adjacent”
is used for graphs in a different way than in common
English: two nodes connected by a link are adjacent even
if they are physically far apart. In a graph, all that matters
is how the nodes are connected to each other by links,
not where the nodes are placed in relation to each other
or whether the links are straight or curved. Close inspec-
tion of the graphs in the lower center and lower right of
Figure 2.4 reveals that they are in fact the same graph,

" In some discussions of graph theory, nodes are called vertices, and links
are called edges.

since they both have five nodes with a link connecting
each pair of nodes (or, in other words, every node is adja-
cent to every other node). If we choose, we may label the
nodes or links in a graph with colors, numbers, or names.
Mathematicians, scientists, and engineers use labeled
graphs to answer questions about all manner of phenom-
ena, from traffic regulation to online social networks to
neurons and synapses in the brain.

Starting with a map, we can construct a graph in which
each country is represented by a node and two nodes are
adjacent precisely when the two corresponding countries
share a border, as shown in Figure 2.5. We begin by plac-
ing a node in the middle of each country. We then draw
a link connecting the nodes for each pair of bordering
countries. If we are careful to draw each link so that it only
passes through the two countries it connects, we can guar-
antee that none of the links cross between nodes. In fact,
this process can also be run in reverse, and we invite the
reader to ponder how a graph whose links never cross can
be turned into a map with the same adjacencies.

Figure 2.6 shows this process applied to the map from
Figure 2.2. The resulting graph is called a complete graph
on four nodes because every node has links to every other
node, just as every country in the map is adjacent to
every other country. This graph is commonly denoted K,.
Similarly, the last two graphs in Figure 2.4 are complete
graphs on five nodes, or K.

Much of the work on map coloring in mathematics was
done using the theory of graphs, since graphs provide a
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FIGURE 2.4 Examples of graphs. The dots are the nodes of the graphs and the lines and curves connecting them are the links.
The information that specifies a graph is simply which nodes are connected by a link and does not depend on how the nodes are

arranged or whether the links are straight or curved.
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FIGURE 2.5 Extracting an adjacency graph from a map. The link representing each border between adjacent countries only crosses
the two countries sharing that border, which guarantees that the links of the graph will not cross. In the image on the right, the map is
removed and the links of the graph are straightened to simplify the diagram.

concise way of capturing all the critical adjacency infor-
mation contained in a map while leaving out extraneous
geometric details. For readers with some math background
interested in learning more about the ins and outs of graph
theory, Topological Graph Theory by Jonathan L. Gross and
Thomas W. Tucker is a terrific resource. Representing a par-
ticular map as a graph with direct links between border-
ing countries translates the problem of assigning colors to
countries into the problem of assigning colors to the nodes
in a graph so that adjacent nodes are different colors. All
maps with the same number of countries and same coun-
try adjacencies can be represented by a single graph, thus
distilling infinite possibilities into a single representative
form. A coloring solution to a graph works for all the maps
it represents.

Using the procedure in Figure 2.5, we can represent
any possible map on a surface by a graph on that surface
whose links never cross one another. Depending on the
map and choice of node placement, the links might need
to curve around to avoid crossing one another. The lower
left graph in Figure 2.4 is an example of such a graph.
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FIGURE 2.6 The adjacency graph for the four-color map from
Figure 2.2 This graph (which appears in a different configuration
in Figure 2.4) is the complete graph on four nodes, since there is
an edge connecting every pair of nodes.

Note that although it appears different, it is actually the
same graph as in Figure 2.6, the complete graph with four
nodes, containing the same adjacency information. Both
ways of drawing it are equally legitimate.

If it is possible to construct a map on a surface with
N countries that all border one another, it is also possible
to construct a complete graph on N nodes on that surface




with no link crossings. Thus, a complete four-node graph
with no link crossings is possible on a sphere or plane, and
a complete seven-node graph with no link crossings is pos-
sible on a torus.

From the Four-Color Theorem we know it is not possible
to construct a planar map with more than four countries
that all border one another. It is likewise impossible to con-
struct a complete planar graph with no link crossings with
more than four nodes since, if we could do so, we could
then construct a map from the graph that would require
more than four colors to paint. Similarly, it is impossible to
construct a toroidal map with more than seven countries
that all border one another, and thus it is impossible to con-
struct a complete graph with more than seven nodes on a
torus with no link crossings. To gain some intuition for the
truth of these statements, see if you can draw a counterex-
ample on paper, such as a complete graph on five nodes
with no link crossings. In other words, take the lower right
graph in Figure 2.4 and see if there is any way to move links
and nodes around to get rid of the crossings. Then try it
again on a bagel (permanent markers work great for draw-
ing on bagels). You can draw the complete graph on seven
nodes on a bagel without link crossings, though it is some-
what more challenging than drawing K, in the plane. Try
going up to Kz on a bagel with no crossings, however, and
you will be stymied!

An Internet search reveals many fascinating seven-
color torus maps in different media, but before our work
on the problem we found none in bead crochet. A few
particularly interesting maps in other media are shown in
Figures 2.7-2.9.

Figure 2.7 shows a K, graph on a torus with no link
crossings knitted by sarah-marie belcastro and a seven-
color torus map crocheted by Carolyn Yackel. Figure 2.8
shows a patchwork cloth torus made by Susan Goldstine.
Instructions for making your own are posted online at
http://faculty.smcm.edu/sgoldstine/torus7.html. Figure 2.9
shows two views of a hydrostone model of a seven-color
torus map created by Norton Starr, which was based on
a map developed in 1953 called the Ungar-Leech map
[Coxeter 1959, p. 288]. Following the suggestion of his stu-
dent Geoffrey Wilson, Starr used string stretched between
points on the torus to mark straight lines on the curved sur-
face as a method of marking some of the country borders
for painting. One of the interesting things about this model
is that there is a single view (Figure 2.9, bottom) in which all
seven countries can be seen touching one another, making
it easier to verify the correctness of the proof. This gave rise
to a sequel to Challenge A:

FIGURE 2.7 Seven-color tori by sarah-marie belcastro and
Carolyn Yackel. The complete seven-node torus graph at the top
was knitted by belcastro, and the seven-color torus map at the
bottom was crocheted by Yackel. Photograph by Craig Coleman,
Associate Professor of Art at Mercer University.

FIGURE 2.8 Fleece seven-color torus map by Susan Goldstine.
The torus consists of seven congruent hexagons in fleece stitched
together by hand.

Challenge B Can you design the bracelet in Challenge A so
that it is possible to see from a single viewpoint each of the
seven regions “touching” each other?

The K, graph that belcastro knit inspired a further bead
crochet challenge:

Challenge C Can you create a bracelet design that shows
a complete graph on seven nodes with no link crossings?
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FIGURE 2.9 A hydrostone seven-color torus map created by
Norton Starr, Brian E. Boyle Professor Emeritus of Mathematics
and Computer Science at Amherst College (shown from both
sides). From a single viewpoint (bottom), it is possible to see all
seven countries touching one another.

To our knowledge, the first solution to challenge A
was developed on a diagonal layout by Sophie Sommer
and was presented as part of her twelfth grade science
fair project, “Mathematical Explorations in Bead Crochet.”
Figure 2.10 shows her original pattern. This solution is too
short for a bracelet, but Sommer had a resolution to this
problem, which we’'ll discuss shortly.

When she created this design, Sommer didn't know
about designing in the bead plane, so she had to think
carefully about how all the edges would connect to confirm
that all seven countries touched one another. To prove that
it worked, she crocheted up the tiny version in Figure 2.10,
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FIGURE 2.10 Sophie Sommer’s first bead crochet seven-color
torus.

from which it was possible to verify the map’s adjacencies.
This is also easily confirmed in the bead plane, as shown in
Figure 2.11, and we can see more readily that some of the
contacts are only 1 bead long. Astute observers might be




FIGURE 2.11 The bead plane chart for the miniature bracelet in Figure 2.10.

concerned that these 1-bead adjacencies are really point
adjacencies, like Colorado and Arizona, and thus don't
count as sharing a border. This concern is put to rest in
Sommer’s next version of the design.

To address the fact that her design was too short for
a bracelet, Sommer noted that each row in the diagonal
layout was repeated twice. She realized it was possible to
lengthen the design without changing the adjacencies by
simply repeating each row a few extra times, stretching it
out lengthwise (diagonally) in a uniform fashion. This also
had the effect of elongating the borders that were previ-
ously only 1 bead long. It turns out that using 8 or 9 repeti-
tions of each row produces a nice size for a bracelet. Her
finished product is shown at the top of Figure 2.12, and the
full pattern, Sophie’s Original Seven-Color Torus, appears
on p. 134. A bead plane version elongated with 4 repeti-
tions of each row is shown at the bottom of Figure 2.12
and gives a better sense for what happens as the pattern
is stretched. Note that the 1-bead-long touching borders

have lengthened to 3 beads long in this version, removing
any doubt that these might read as single point adjacen-
cies rather than truly shared borders. In the bracelet-sized
version, these borders stretch to 4 beads in length.
Although lovely and mathematically correct, Sommer’s
original design has the drawback that it isn't easy to see
all the countries touching one another in a single view.
We set about trying to rectify this with a bracelet design
that, like Starr’s hydrostone model, would be more easily
verifiable from a single viewing angle of the three-dimen-
sional torus. Collaborating with Sommer, we first set out
to work out a vertical layout for bead crochet because it
was clear that Starr’s design, rendered on a flat torus, was
vertically based.” The final result of our collaboration is

“ At the time, we had not seen the vertical layout in use elsewhere. As
noted in Chapter 1, this layout is increasingly popular and appears in
various sources, such as Judith Bertoglio-Giffin's book Triangular Bead
Crochet Ropes, and in the freely available jbead software developed by
Damian Brunold.
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FIGURE 2.12 Expanded versions of Sophie Sommer’s bracelet
design from Figure 2.10. At the bottom is a bead plane diagram
expanded 2 times, and at the top is the full-sized bracelet, which
was expanded 4 times (to get 8 repetitions of each row).

shown in vertical layout form at left in Figure 2.13, along
with a bead plane rendition at right. The actual bracelet
shown in Figure 2.14, front and back, mimics Starr’s pho-
tos of his torus painted with the Ungar-Leech map. Our full
pattern for this design, Seven-Color Torus (Ungar-Leech
Map), appears on p. 135.

The basic structure of both seven-color designs is a
parallelogram-shaped tile on a map with exactly seven
tiles. Each tile touches one other tile on each of its long
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FIGURE 2.13 A vertical layout seven-color torus map fashioned
after Norton Starr’s hydrostone model of the Ungar-Leech map.

sides and two other tiles on both top and bottom. It is
interesting to note how important the choice of layout was
to the development of these designs. Consider cutting a
diagonal layout from the bead plane version of the vertical
design, or a vertical layout from the diagonal design. You
can see the latter on the pattern page for Sophie’s Original
Seven-Color Torus on p. 134. Although you can still extract
the correct stringing order, the resulting layouts look quite
bewildering in isolation.




FIGURE 2.14 An Ungar-Leech map bracelet made from the pat-
tern in Figure 2.13. This appears in the pattern pages as Seven-
Color Torus (Ungar-Leech Map) on p. 135.

Our next challenge was to design a K, bracelet with no
link crossings. Figure 2.15 shows how to extract a com-
plete seven-node graph directly from the Ungar-Leech
map design. Using the process from Figure 2.5, we place
a node in the center of each country and connect the
nodes with links. To make it easier to draw in the links,
many of which cross the edge of a single vertical layout,
we start with two copies of the Ungar-Leech pattern
extracted from the bead plane diagram. Because of this
duplication, each node appears twice in each diagram;
nodes that are the same color represent the same node
on the torus. By contrast, each link is drawn exactly once
in each diagram. Note that each node has three links
pointing downward and three links pointing upward,
adding up to the required six links emanating from every
node in a K, graph.

FIGURE 2.15 Converting a seven-color torus map into a com-
plete seven-node graph on the torus with no link crossings. Each
node appears twice on the flat diagram, but the hockey-stick
translation glues each pair together into a single node. Note that
each node has six links emerging from it, one connecting to each
of the other six nodes.

To accommodate a more detailed representation of this
K, graph on a bracelet, we expanded to circumference 8.
Even with the extra design space, we were forced to allow
some of the links to coincide as they emerge from the
nodes and later fork into separate paths. Although this
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FIGURE 2.16 A segment of a pattern for a K, graph on a torus.
Looking closely at the chart on the left, we see that only four lines
of black beads emerge from the orange node because two pairs
of links overlap. However, the sketch on the right shows that we
can easily draw all six links connected to the orange node with-
out any crossings.

technically causes the links to intersect, looking closely
at the pattern snippet in Figure 2.16, we observe that the
links can be separated into noncrossing paths by sketch-
ing in a little finer detail. One version of the resulting
bracelet, with Swarovski crystal bicones in seven different
colors representing the nodes, appears in Figure 2.17. The
links connecting these seven nodes are depicted in black
beads on a white background. The full pattern is provided
on p. 136.

While the pattern in Figures 2.16 and 2.17 fits most peo-
ple when worked in size 11 seed beads, we often like to
use the slightly smaller Delica beads for 8-around brace-
lets. Since these designs are not flexible with respect to
sizing, we also constructed a not-quite-vertical pattern
for a slightly twisted bracelet in size 11 Delica beads in
8-around that would fit an average sized wrist. A bracelet
made from this design using 3mm sterling rounds for the
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FIGURE 2.17 A complete seven-node graph bracelet. This verti-
cally aligned design appears in the pattern pages as Complete
Seven-Node Graph (p. 136). This particular example uses size
11 Delica beads, which makes an extremely small bracelet, with
3mm Swarovski crystal bicones for the nodes.

FIGURE 2.18 Another complete seven-node graph bracelet.
This design, which is more symmetric than the design in
Figure 2.17, appears in the pattern pages as Symmetric Complete
Seven-Node Graph (p. 137). This example uses size 11 Delicas in
24K gold-lined crystal and matte black with 3mm sterling rounds
for the nodes.

nodes, which are not colored in this rendition, is shown
in Figure 2.18. The pattern, Symmetric Complete Seven-
Node graph, appears on p. 137. We invite readers to try
designing their own seven-color map or K, bracelets to
meet their own particular bead size, bracelet size, and cir-
cumference wishes!

An interesting postscript to our seven-color map designs
is that both can be painted with fewer colors if the number




FIGURE 2.19 Sophie’s original seven-color tiling in a four-color
version. The repeat size reduces to four countries; two repeats, or
eight countries, are four-colorable.

of countries in the bracelet exceeds seven. For example,
Figure 2.19 shows a four-color version of the pattern with
the exact same tile used in Sophie’s original seven-color
bracelet from Figure 2.10. The repeat size changes to 96,
a multiple of four tiles rather than seven, and with two
such repeats, or eight tiles, the pattern can be painted with
only four colors. The Four-Color Theorem dictates that any
planar map is four-colorable, so it's not surprising that a
bead plane rendition of any pattern will be four-colorable.
While it is not necessarily the case that any such four-color
rendition will still be a valid bead crochet pattern—in other
words, will obey the hockey-stick translation rule—in this
case, it is. We will revisit the problem of determining a
minimum coloring for a particular pattern in Chapter 6 on
Escher designs.
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CHAPTER 3

Geometric Cross Sections




hy are people drawn to symmetry? Are objects

with symmetry inherently more beautiful? Or do

we love symmetry because it makes things more
orderly and thus more understandable? Whatever the rea-
son, symmetry compels, especially for those with an artis-
tic, scientific, or mathematical bent. Many of the design
challenges in this book originated in a quest for greater
symmetry, and that is especially true here in our treatment
of the geometric cross-section designs.

A bead crochet design that fascinated us early in our
explorations was the “caterpillar” from a pattern book by
Judith Bertoglio-Giffin." In this design, the standard bead
crochet slip stitch is used throughout, but small and large
beads are combined and carefully placed to give the
appearance of a flattened rope. If done with large drop
beads, which have the hole offset to one side, the effect is
that of a caterpillar with legs jutting out—hence the name.
Figure 3.1 shows a bracelet based on Bertoglio-Giffin's
caterpillar design. Inspecting it carefully, we noticed that
the design is not entirely symmetric: the caterpillar has
more beads on its belly than on its back.

Riffing off the caterpillar design, Sophie Sommer came
up with a related pattern that created the look of a triangu-
lar cross section, shown in Figure 3.2. Instead of drop beads
at the edges (which we sometimes also call the “spines”), it
used seed beads in a larger size. Although the design was
very satisfying, generating a nicely tactile triangular cross
section, we noticed that it, like the caterpillar, was not fully

FIGURE 3.1 A bracelet based on Judith Bertoglio-Giffin’s cater-
pillar design made by Sophie Sommer.

* Judith Bertoglio-Giffin, Patterns and Graphing for Bead Crochet Ropes,
Glass Cat Books LLC, November 1, 2004.

symmetric: not all sides of the triangle were the same.
In fact, it was an isosceles triangle, in which only two sides
were equal. Soon thereafter, Bertoglio-Giffin published
a pattern book on triangular bead crochet ropes," which
focused on this same isosceles triangle pattern. Again we
wondered why there were no equilateral triangles in her
book. Did the spiraling structure of bead crochet create
some sort of constraint that made more perfect symmetry
impossible? Likewise, we also wondered if the caterpillar
design could be made more symmetric, so that its belly
and back would be the same width. These ponderings
inspired the challenges in this chapter.

The isosceles triangle is what we refer to as a geometric
cross-section design. If you imagine slicing the bead crochet
rope in half, the two sliced ends seem to form a triangular
shaped cross section. In mathematics, an equilateral triangle
is the first of what are called the “regular polygons,” poly-
gons in which all sides and all angles are equal. The regu-
lar polygons are the most symmetric polygons. Figure 3.3
shows the regular polygons up to nine sides.

Although a caterpillar is not officially a polygonal cross
section (because the sides are curved rather than straight),
it is two sided and could be viewed as one more element
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FIGURE 3.2 Sophie Sommer’s isosceles triangle bracelet. The pink
side is wider than the other two.

00000

FIGURE 3.3 The regular polygons up to nine sides: triangle,
square, pentagon, hexagon, heptagon, octagon, nonagon.

* Judith Bertoglio-Giffin, Triangular Bead Crochet Ropes: A Pattern Book
of 3-Dimensional Bead Crochet Ropes, Glass Cat Books, LLC, January 6,
2011.
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FIGURE 3.4 The digon, a two-sided figure.

all the way to the left in the chart in Figure 3.3. So let’s
also add the two-sided shape known as a digon (shown in
Figure 3.4) to our list of regular objects.

Challenge Canyou construct an equilateral triangle design
in bead crochet? How about the other regular geometric cross
sections: square, pentagon, hexagon, heptagon, octagon,
nonagon, etc.? How about a regular digon?

Let’s begin by examining a 9-around version of the isos-
celes triangle pattern, shown with five stacked repeats on
the lower left in Figure 3.5. The dark blue beads represent
the larger spine beads. Is there a simple way to convert it
into an equilateral triangle?

The yellow section is just one column wider than the
other two sections, so why not try lopping off a single ver-
tical column of yellow to make the yellow section equal
in size to the pink and green sections? Unfortunately,
this then renders the pattern invalid as a vertical layout.
It becomes quickly apparent that reducing the circumfer-
ence (or N-around) of the pattern by one requires removing
two vertical columns, but although lopping off two vertical
columns, as shown in Figure 3.6, results in a valid vertical
layout in 8-around, the yellow section is now too narrow
instead of too wide. So neither strategy works.

The number of columns in a valid untwisted vertical lay-
out is 2N + 1, so the number of vertical columns is always
odd. Figure 3.7 shows the 2N + 1 = 19 vertical columns in
an N = 9-around vertical layout. An easy observation to
make is that 19 is not divisible by 3, so it’s not too surprising

FIGURE 3.5 An isosceles triangle 9-around (left), in which the
yellow stripe is larger than the green and pink. Can it be trans-
formed into an equilateral triangle by simply lopping off one
vertical column of yellow beads?
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FIGURE 3.6 The 9-around isosceles triangle reduces to a valid
8-around isosceles triangle by removing two vertical columns of
yellow. But now the yellow section is narrower than the pink and
green sections, so it remains isosceles.

FIGURE 3.7 A 9-around vertical layout diagram showing its
19 vertical columns.

that we were unable to create an equilateral triangle in
9-around with this type of layout. Likewise, in 8-around, we
get 2N + 1 = 17 vertical columns, which is also not divisible
by three.

Are there any circumferences that have a number of
vertical columns that is divisible by three? To answer that
question, let’s construct a quick table giving the value of
2N + 1 for different circumferences.

Divisible
N-around 2N +1 by 3?
3 7 No
4 9 Yes
5 11 No
6 13 No
7 15 Yes
8 17 No
9 19 No
10 21 Yes
11 23 No
12 25 No
13 27 Yes




FIGURE 3.8 Equilateral triangle patterns in circumferences 4, 7, 10, and 13. The bottom row shows the spine beads in black in the

leftmost column of each section.

As indicated in the table, 2N + 1 for circumferences 4,
7,10, 13,... are all divisible by three! Thus these are the
circumferences that should permit an equilateral triangle
in vertical layout format. In fact, it is no coincidence that
these circumferences are all 3 apart. Each of these numbers
leaves a remainder of 1 when you divide it by 3, or in other
words, each can be written as N = 3K + 1 for some whole
number K. This makes the number of columns equal to

N+ 1=2BK+1)+1=6K+2+1=6K+3=32K+ 1),

which is always a multiple of 3. Figure 3.8 shows what the
even division of columns looks like for these circumfer-
ences (top row), as well as what the pattern looks like with
the spine beads added in as the leftmost vertical column,
shown in black, in each section (bottom row).

Looking carefully at the 7-around design in the larger
bead plane layout shown in Figure 3.9, we can see more
easily that the apparent shifting up and down of the

FIGURE 3.9 A bead plane diagram for the 7-around pattern in
Figure 3.8.

spine-bead columns does not disrupt the overall symmetry
of the three repeating stripes and that the pattern correctly
obeys the required hockey-stick translation for N = 7.
Furthermore, it is clear that expanding or shrinking by
adding or removing two columns at a time to or from each
vertical stripe maintains the validity of the pattern, so equi-
lateral triangles in circumferences 4, 7, 10, 13, etc. are all
possible.

Figure 3.10 shows a delightful equilateral triangular
bracelet in 7-around made from the finished pattern, and
Figures 3.11 and 3.12 show a 4-around version in a necklace
and bracelet pair modeled by Sophie Sommer. Full pattern
descriptions in 4-, 7-, and 10-around appear in the pattern
pages section (pp. 138-140).

The value of 2N + 1 clearly dictates which polygonal
cross sections are possible using this type of untwisted
vertical layout. Looking again at the table on p. 40, we can
rule out some other possibilities right off the bat. Since
2N + 1 is, by definition, an odd number, an untwisted

FIGURE 3.10 Equilateral triangle in 7-around with size 8 and 11
seed beads. Pattern is on p. 139.
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FIGURE 3.11 Equilateral triangle 4-around necklace and brace-
let pair made with size 6 and 8 seed beads. The pattern is on
p. 138.

k

FIGURE 3.12 Sophie Sommer wearing the equilateral triangle
4-around necklace and bracelet pair in Figure 3.11.

vertical layout design can never be divided into an even
number of striped sections, so none of the polygonal
cross sections with an even number of sides, such as the
digon, square, hexagon, or octagon, are possible with
this type of design. How about the other polygonal cross
sections, those with an odd number of sides? A pentagon,
heptagon, and nonagon are all possible, but only when
2N + 1 is divisible by 5, 7, and 9, respectively. As can be
seen from the table, this happens at circumferences 7, 10,
and 13, respectively. The associated designs, shown in
Figures 3.13-3.15, fall out naturally. For those who want
larger circumferences, wider stripes work for each of
these as well.

Now that we have produced geometric cross-section
designs with an odd number of sides, let’s consider the
more challenging problem of cross sections with an even
number of sides, beginning with the two-sided digon.
Figure 3.16 shows two possible patterns for an asymmet-
ric caterpillar in 9-around. Both designs have asymmetric
blue and pink (or belly and back) sections of slightly differ-
ent widths.

As already noted, an untwisted vertical layout design
cannot be transformed into a symmetric caterpillar with an
equal number of beads on its belly and back because no
matter what circumference we try, 2N + 1 is not going to
divide evenly by 2. To divide by 2, we need an even repeat
length, and for that we will have to consider nonvertical
designs (i.e., those with a repeat length that is not a multi-
ple of, or divisible by, 2N + 1). A simple diagonal layout with
an even value of N, such as the 6-around pattern shown
in Figure 3.17, might seem promising. It divides beauti-
fully into two equal stripes, and perhaps the natural 30°
slant could be untwisted before sewing closed to line up

FIGURE 3.13 Designs for the remaining odd polygonal cross sections: pentagon, heptagon, and nonagon.
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FIGURE 3.14 A pair of pentagonal cross-section bracelets, one
in size 11 Delicas and size 11 seed beads, one in size 10 Delicas
and size 8 seed beads (pattern on p. 144).

p. 148).

FIGURE 3.16 Vertical layout of two different caterpillar designs
in 9-around. Neither one is symmetric: the blue and pink sections
are not identical, dividing the vertical columns into sections of 10
and 9 or 9 and 10 (including the column of dark blue spine beads).
No matter what the value of N, the required 2N + 1 columns can
never be divided into two equal halves.

FIGURE 3.17 An unsuccessful strategy for a symmetric caterpil-
lar. The diagonal spines slant too sharply to be rendered vertical
by untwisting.

FIGURE 3.18 Choosing a diagonal between vertical and 30
degrees that minimizes the distance between spine beads.

the stripes and spines. Unfortunately, we know from our
experiments with twists described in Chapter 1 that a 30°
twist goes beyond the flexibility limit of bead crochet rope.
It can be done, but the rope will be quite unpleasantly stiff
and the bead packing will be contorted beyond anything
that looks or feels like bead crochet.

A better solution is to use a diagonal that aims as close
as possible to vertical (in order to achieve a more man-
ageable twist), while also minimizing the vertical stacking
distance between spine beads. The obvious intermediate
choice in between vertical and 30° is shown in Figure 3.18.
The spine beads stack at every third rather than every sec-
ond horizontal row, but they are still close enough to read
visually as connected points on a line. Note that the only
other intermediate choices would result in a greater hori-
zontal distance between the spine beads.
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FIGURE 3.19 Constructing a symmetric caterpillar with the diagonal from Figure 3.18.

Having chosen a promising diagonal for the spines,
we can play with it on a standard vertical layout (see
Figure 3.19(a)) to see how we might use it to construct a
symmetric two-sided digon. Shifting a few beads around
with the hockey-stick translation, we can engineer a more
personalized layout that makes it easier to see the diago-
nal stripes we're trying to construct. Figures 3.19(b) and
3.19(c) show how shifting beads from the left of the diago-
nal to the right edge of the layout accomplishes this. This
shifting of beads is just a different, but equally valid, way
of mapping the three-dimensional bracelet onto a two-
dimensional plane. Note that the rearrangement conve-
niently preserves our ability to read the stringing order
from bottom to top, left to right. Once we've constructed
this new slanted layout, it is much easier to see how to
place the second set of “caterpillar legs” (shown in red) in
order to divide our bug evenly into two identically sized
and shaped stripes (Figure 3.19(e)), thus creating a caterpil-
lar with the same size back and belly. To make this chart

44 e CHAPTER 3

neater, we have trimmed the incomplete repeat from the
diagram. Figures 3.19(f) and 3.19(g) show a single repeat of
the pattern in our new personalized diagonal layout and in
standard vertical layout form, respectively.

Viewing the result in a larger bead plane diagram in
Figure 3.20, we can confirm that it divides the plane into
two-colored stripes while still obeying the hockey-stick
translation rule for a 6-around bracelet. In this particular
diagram, our caterpillar has dark blue legs on one side and
red legs on the other, with a light blue belly and a yellow
back. A gentle twist before closing the bracelet will line up
the spine beads so they appear vertical and a symmetric
digon results. By using a single color for the spine beads
and belly/back beads, the design can be transformed into
a fully symmetric caterpillar.

Exploring further, we can divide each of the 6-around
symmetric caterpillar stripes into two and also create
a 6-around square cross section, shown in Figure 3.21.
Additional square designs derived from this same general




FIGURE 3.21 Developing a 6-around square design by dividing each of the symmetric caterpillar stripes in two (with hockey-stick

translation shown by the green arrow).

structure are provided in the pattern section on pp. 141
and 143. The first two photographs in Figure 3.22 show
how the natural slant of the pattern causes the spines to
spiral around the rope. Untwisting this natural spiral before
sewing the bracelet closed creates a square cross section,
as shown in the third photograph of the same rope.
Closing this type of design can be a little tricky because
the rope tends to spring back into its more natural posi-
tion. However, because the slant is not too great, these
bracelets can be closed quite neatly. Once sewn, the brace-
let behaves as if it was always meant to be in its physically
twisted (but visually untwisted) state. Small circumfer-
ence bracelets like this 6-around tend to be fairly flexible,
so, aside from the added difficulty in closing, twisting is
not a problem. In some cases, however, larger circumfer-
ence designs (such as the Square 10-around), depending

on the beads and the amount of twisting needed, can end
up stiffer and less supple, more bangle-like, than a usual
rope. Using a looser crochet stitch helps reduce resistance
to the twisting. In cases where flexibility is an issue, we've
noted so on the pattern pages. The photos in Figure 3.22
are also a great example of how twisting options need
to be considered by a designer—both the twisted and
untwisted version of the bracelet are lovely in their own
right, and the designer gets to choose from a variety of
possibilities!

So what'’s still missing? The hexagon and octagon are
yet to go. The hexagon, as we shall discuss shortly, turns out
to be a strange beast with a somewhat more challenging
personality. But the octagon is quite straightforward.

Looking again more carefully at the 6-around symmetric
caterpillar design shown in Figure 3.20, we can see that
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FIGURE 3.22 A square geometric cross-section bracelet design,
based on the symmetric caterpillar, shown, left and top, prior to
being untwisted and, bottom, after being untwisted and closed.
This design appears in the pattern pages as Square 6-around
(p. 142).

there is also a hockey-stick translation at 26-around, which
will produce eight stripes instead of two. So the 6-around
caterpillar could actually be crocheted in 26-around to pro-
duce an octagon! Of course, 26-around is rather too big a
circumference to be practical, but, if we just squeeze a bit of
the fat out by narrowing the stripes until it is a 2-around cat-
erpillar, that problem is easily solved, as seen in Figure 3.23.
The right-hand version shows it repainted in eight rainbow
colors, but it could be crocheted in 10-around using either
color scheme.

Figure 3.24 shows the final bracelet in two variations:
with the natural spiral fully untwisted to create a proper
octagon (back bracelet in photo), and a second version
(front bracelet in photo) only partially untwisted, so that
each stripe wraps once around the meridian (see Figure 4.1,
p. 51). The design can also be done with larger spine beads
to further accentuate the octagonal cross section.

This chapter’s one remaining unsolved challenge is the
hexagon—and you are no doubt wondering why we saved
it for last. Unfortunately, this isn't a case of saving the best
for last. Rather, it's because the hexagon turns out to be the
middle schooler of the geometric cross sections: stubborn
and intractable, although not entirely hopeless.

To ward off the inevitable disappointment at this news,
we should quickly point out that a perfectly fine irregular
hexagon is easy to implement in vertical layout form using
three stripes each of two different widths. Shown in the
pattern section on p. 146, Irregular Hexagon is akin to lin-
ing up three adjacent asymmetric caterpillars.

A regular hexagon, however, turns out to be possible
only with spine beads that are quite far apart vertically,

FIGURE 3.23 Creating a 10-around octagon from a skinny 2-around caterpillar.
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FIGURE 3.24 A 10-around octagon in two different twists.
The pattern, Octagon, appears on p. 149.

so although the bracelet can still be divided into six equal
sections, the extra vertical distance between spine beads
causes them to read as less connected than the beads in the
next spine over (which are quite close together), and thus
the visual and tactile sense of a hexagonal cross section is
disrupted (see the pattern Hexagon with Spiral, p. 147).

We uncover the problem with a closer look at our diago-
nal options, shown in Figure 3.25. The gray bead and the
red bead lie on the diagonal we used for our digon, square,
and octagonal patterns. Keeping in mind that in circumfer-
ence N, the long rows of our vertical chart have N + 1 beads
and the short rows have N beads, we can see that the gray
and red beads are 3N + 2 beads apart. When 3N + 2 is divis-
ible by 2 (i.e., when N is even), we can put a bead midway
between the gray and red to get a regular digon. Similarly,
we obtain square and octagonal designs when 3N + 2 is
divisible by 4 and by 8, respectively. (You can check this
against the patterns in this chapter: the square has N = 6,
giving 3N + 2 = 20 = 4 x 5, and the octagon has N = 10,
giving3N+2=32=8x4)

Unfortunately, since 3N + 2 has a remainder of 2 when
we divide it by 3, it can never be a multiple of 3, much less

FIGURE 3.25 The hexagon diagonal problem. The gray-to-red
diagonal, used for the digon, square, and octagon, does not work
for a regular hexagon. The gray-to-blue diagonal does, but it
leaves the spines too far apart to create a convincing polygonal
cross section.

a multiple of 6. This makes it impossible to divide a brace-
let with this particular diagonal into 6 equal sides. So for a
regular hexagon, we must resign ourselves to a diagonal
running between the gray and blue beads in Figure 3.25,
which puts our spines four rows apart. You might wonder if
trying a left-leaning diagonal would help. Alas, it does not,
and we invite numerically inclined readers to confirm this.

One More Challenge: Mobius Bands

Readers of a mathematical persuasion may be familiar with
Randall Munroe’s xkcd, the self-described “webcomic of
romance, sarcasm, math, and language” that appears three
times a week at xkcd.com. As it happens, Munroe tackled
the subject of mathematical bracelets in one of his earlier
comics.” The single-panel cartoon depicts a flat bracelet
with a half-twist bearing the letters “WWED.” Figure 3.26
shows a physical recreation of the drawing using a glued
strip of paper. The caption of the comic reads, “What Would
Escher Do?”

Along with the cultural phenomenon of “WWJD” brace-
lets, the comic references the artwork of M.C. Escher, who is
famous for incorporating mathematical themes in his work.
(We will explore Escher’s work in more detail in Chapter 6.)
The bracelet is in the shape of a mathematical object called
a Mébius band (or Mébius strip), a flat strip whose ends are
connected with a single half-twist. One of Escher’s better-
known woodcut prints, Mébius Strip Il, depicts a line of ants
crawling over the surface of a Mdbius band and is doubt-
less the inspiration for the “Escher Bracelet” cartoon.

The Mdbius band is a favorite object in popular math-
ematics because of its intriguing properties. If you have
never played with one, we strongly recommend that you
make one by cutting a thin strip of paper and gluing the
ends together with a half twist. A particularly interesting
exercise is to cut a Mobius band lengthwise down the

FIGURE 3.26 “What Would Escher Do?” A reenactment of the
xkcd cartoon “Escher Bracelet,” depicting a Mdbius band.

“ xked, Escher Bracelet, http://xkcd.com/88.
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FIGURE 3.27 A cylinder and a Mobius band. While the cylinder
has two sides (one with writing on it and one without) and two
edges (the blue and the red), the M&bius band has one surface
and one edge.

middle of the strip; the result is rather surprising. (Hint:
you do not end up with two thinner Mébius bands.) Some
other curious properties of the Mébius band are illus-
trated in Figure 3.27, which shows two identical strips of
paper with the ends glued together into a cylinder with
no twist, on the left, and a M6bius band with a half twist,
on theright.

The cylinder naturally has two sides: the outside, where
the letters are printed, and the inside. On the other hand,
the half twist in the Mobius band connects the front
and back sides of the printed page, as seen in the glued
join at the front where the unlettered side of the original
paper connects to the lettered side. This means that the
Méobius band has only one side! We also see by looking
at the printing through the wrong side of the paper that
there is a strange mirror reversal in effect: the “WWED”
on the right of the join has travelled around the band and
become “MMED” on the left of the join. As if being one-
sided weren't strange enough, the Mobius band also has
only one edge. Whereas the cylinder clearly has two sepa-
rate edges, the blue edge and the red edge, following the
colors on the right of Figure 3.27 reveals that the M&bius
band has a single edge that is half blue and half red. If you
ponder this carefully, it offers a clue to what happens if you
cut the band lengthwise down the middle, as suggested
previously.

Before we had devised any of the patterns in this chap-
ter, we were inspired by the xkcd comic to attempt a beaded
M®obius bracelet. In fact, our motivation for developing a
symmetric caterpillar pattern stemmed from this desire to
construct a M6bius design. In a regular caterpillar bracelet,
which is joined like the strip on the left of Figure 3.27, it is
not critical that the two sides of the caterpillar be the same
width. However, to make a caterpillar into a Mobius brace-
let, the half twist dictates that we sew the belly and the
back of the caterpillar together, making lack of symmetry
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FIGURE 3.28 Mobius bracelets in 6- and 8-around. The patterns
are provided on pp. 150 and 151.

a serious design obstacle rather than an aesthetic quibble.
Figure 3.28 shows two Mobius bracelets made using the
techniques of this chapter.

Observant readers may notice that viewing these
bracelets as Mobius bands involves a minor cheat. Since a
bead crochet bracelet is actually a hollow tube, its surface
always has two sides: the visible outside surface and the
hidden interior surface. A bead crochet bracelet can only
be considered a Mdbius band if we view it as a flat strip
and ignore the fact that it is actually hollow. In practice,
this interpretation is natural, and the mathematicians we
have shown these bracelets have immediately recognized
them as Mobius bands. However, if you are interested in
a more faithful fiber-art representation of a Mébius band
and happen to knit, it is well worth seeking out the inge-
nious method of seamless Mobius knitting developed by
designer Cat Bordhi". At first glance, knitting a seamless
object with only one edge will seem unlikely, since casting
on a knitted piece creates one edge and binding off creates
another. Bordhi’s trick is to use a special Mdbius cast on in

* Cat Bordhi, A Treasury of Magical Knitting, Passing Paws Press, 2004.




the middle of the band, from which you knit outward in
a half-twisted surface until you bind off along the single
edge of the finished Mo6bius band. Seamless knitted
Mobius bands make lovely scarves and cowls, and their
center-out construction gives more insight into their math-
ematical structure than the seamed, not-quite-flat bead
crochet bracelet technique. Nonetheless, beaded Mobius
bracelets have an undeniable visual and tactile appeal, and
you don't have to wait for a cold day to wear one.

Faceted Bracelets: Another
Design Springboard

Part of the appeal of the bracelets in this chapter is the tex-
tural effect produced by mixing beads of different sizes.
For the geometric cross-section designs, the larger beads
are arranged in straight spines that separate long flat strips
of beads. If instead we cover our bracelet with simple geo-
metric shapes, such as hexagons or parallelograms, and
outline each shape in larger beads, we create a bracelet
covered with small facets of color.

FIGURE 3.29 A collection of faceted bracelets. The patterns
are Honeycomb (p. 154), Stained Glass Diamonds (p. 152), and
Pressed Berries (p. 231).

You will find a number of faceted bracelet designs in
the pattern pages, some of which are shown in Figure 3.29.
If you are interested in designing your own faceted pat-
terns, we recommend that you look at the techniques in
Chapter 6 for creating tessellated bracelet designs.
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CHAPTER 4

lorus Knots




ne of our early design quests was to create bracelet

patterns that illustrate torus knots. Like ballet danc-

ers who make the difficult look easy, torus knots
have a simple elegance that belies a precise choreography.
For the bead crochet designer, they are a natural focus,
since the various underlying spiral structures in all brace-
lets form some flavor of torus knot. We begin by explaining
what they are and why we find them intriguing, starting
with a few preliminary definitions.

Just as every point on a sphere or globe can be identi-
fied by its longitude and latitude, every point on a torus
can be identified with two coordinates in a similar fash-
ion. On a torus, we measure the two coordinates along
longitude and meridian lines, as shown in Figure 4.1.
In bead crochet terms, the length of a meridian line is
the circumference or thickness of the rope itself, and the
length of a longitude line is the circumference or size of
the full bracelet. A [longitude, meridian] position on a
torus also corresponds to an [X,Y] position on two per-
pendicular axes on a flat version of the torus. We will look
more closely at the relationship between tori and their
flat diagrams later.

A “knot” in this context is a length of string that has
been twisted and looped in some way prior to having
its two ends tied together (or attached somehow). In a
torus knot, the string is looped through and around a torus
before having its ends connected so that it can no longer
be unlinked from the torus without untying or cutting it
first (Figure 4.2).

More precisely, a torus knot is a knot that winds P times
around a torus meridionally and Q times longitudinally
[notated (PQ)]," where P and Q are relatively prime. Relatively
prime means that P and Q are two numbers with no com-
mon divisors other than 1, for example, 4 and 7, or 5 and 8.
Figure 4.3 shows the torus knots from P =3 to P =9 and
from Q = 2 to Q = 5. One famous knot you may have seen
or heard about is the trefoil, or (3,2) torus knot, shown at

=

Longitude line

FIGURE 4.1 Longitude lines run along the circumference of
the full bracelet. Meridian lines run along the circumference
of the rope.

" In some texts, the meaning of P and Q in this notation is reversed.

FIGURE 4.2 A length of string looped through and around a
torus before having its ends connected (top), and a computer-
generated diagram of the same knot (bottom). Notice that the
bow in the upper picture is not a part of the mathematical knot; it
is just a method of attaching the two ends of the string.

the upper left in Figure 4.3. In torus knots, the torus does
not have to be present; the string itself is the torus knot, so
an imaginary torus is sufficient, as in the (11, 2) torus knot
shown in Figure 4.4.

Elements missing from the chart in Figure 4.3 are those
where P and Q are not relatively prime. You might imme-
diately wonder what'’s so special about relatively prime
P and Q: why would we distinguish these cases from
instances where P and Q have a common divisor? The
answer to this question is related to a fun and mysterious
fact that has interesting bead crochet design implications,
namely, that the “string” in a torus knot can be embedded
into or laid onto the torus surface without ever crossing
over or under itself, a feat that is physically possible only
for a knot with relatively prime P and Q. In fact, torus knots
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P=3 P=4 P=5 P=6 P=7 P=8 P=9
Q=2
Q=3
Q=4
Q=5

FIGURE 4.3 Examples of torus knots. These torus knot images were produced using the Knotplot software created by Rob Scharein.

FIGURE 4.4 An (11, 2) torus knot without the torus. This image
was produced using the Knotplot software created by Rob
Scharein.

are precisely those knots that can be drawn on the surface
of a torus without crossings. Furthermore, this ability to
“draw” or embed the string on the torus surface without
ever crossing itself holds true for any relatively prime P
and Q, no matter how large! This might seem amazing and
mind-bending, unless, of course, you are a mathematician
who has spent time playing with such things. Try picking

52 ® CHAPTER 4

a couple of relatively prime numbers out of a hat, say,
52 and 27". Now imagine trying to wrap a single piece of
string around a bracelet so that it weaves 52 times through
the hole (i.e., meridionally) and also 27 times around the
full length of the bracelet (i.e., longitudinally) before con-
necting back to itself at the beginning, all without ever
crossing over or under itself. Aside from the problem of
avoiding crossings, you might also object that the string
had better be thin enough in relationship to the size of the
torus—a little tiny torus and a big fat string surely won't
work. However, mathematicians think in theoretical terms
and consider the string to be infinitely thin, the width of a
single point. But even if we prefer our string to have a tan-
gible width, we can always pick a torus size that is bigger in
relationship to the string.

One way to think about a torus knot is to envision a
spider traversing the torus and spinning a strand of silk to
create the knot as it goes. If the spider travels in precisely
the right unvarying direction, namely, at a slope of Q/P on
a flat model of the torus, it can produce the desired knot.
We shall see diagrams later that illustrate this more clearly,
but a slope of Q/P is just the mathematical way of say-
ing that the line changes by Q in the vertical direction as

“ We know that 52 and 27 are relatively prime because 27 is 33 and thus
its only prime factor is 3, which doesn’t divide into 52.




it changes by P in the horizontal direction. This is exactly
the direction needed to allow the spider to accomplish its
goal of precisely Q longitudinal traversals and, simultane-
ously, P meridian traversals before returning to its starting
position, where it can then glue the two ends of the strand
together. The spider’s special torus knot choreography is
to spin (in both senses) around the torus the requisite num-
ber of times, both meridionally and longitudinally, without
ever stepping on the same spot twice. While the spider’s
task might sound tricky, it is really just following a straight
line with a precisely chosen slope, and if you've ever made
a standard spiral pattern in bead crochet, you may already
have created some interesting torus knots.

Challenge Can you design a trefoil knot—or (3,2) torus
knot—in bead crochet? Can you come up with a general
method for designing any (P,Q) torus knot in bead crochet?
Asin a proper torus knot, the “string” component of the design
(in this case some “linear” pattern of contrasting color beads)
must never cross itself.

Ideally, the gaps between the “string” should remain
symmetric throughout, just as they are in the torus knots
shown in Figure 4.3. However, unlike the torus knots in
Figure 4.3, the lines need not be perfectly smooth. In fact,
given the bead-sized “pixels” on our bracelet “canvas,”
some zigzagging is likely needed.

Construction Using Physical Twists

If you have a bagel or ceramic donut and simply want to
draw a torus knot on it with a marker, it might take some
thought to figure out how to do so, even for relatively small
values of P and Q. If you have a laundry marker and a bagel
to spare, this is a fun exercise to try before reading further.
Colin Adams in The Knot Book™ (a wonderful resource for
those interested in learning more about mathematical
knot theory) gives a method for drawing a (P,Q) torus knot
that involves marking and connecting equidistant points
along the inner and outer longitudinal “equators” of the
torus. In bead crochet, we are “drawing” with beads and
are thus constrained by bead pixelation, so we can't draw
smooth curves or lines anywhere we want. Despite these
added constraints, working in bead crochet we have a

" The Knot Book, Colin Adams, American Mathematical Society, August
2004.

wonderful advantage over someone trying to draw lines
on, say, a hard ceramic donut. Crocheted rope has flex-
ibility and stretch to it, a feature that topologists dream
about, and one that we will use to great advantage in our
first set of constructions. As observed in Chapter 1, topolo-
gists study geometric properties that don’t change with
stretching and shrinking'™— so the classic joke about them
is that they don’t know the difference between a donut
and coffee cup ... because either one can be deformed by
stretching and shrinking into the other!

Overall, our approach is based upon either physical
twists of the rope, natural spiraling of the pattern, ora com-
bination of both. Before discussing bracelet design meth-
ods in detail, let’s forget about bead crochet briefly and
get oriented conceptually with a related pencil and paper
“thought experiment” on how to construct a torus knot
starting from a flat torus. This is only a thought experiment
because our paper needs to be flexible and stretchy while
still holding its shape, and most likely you don’t have any
such paper on hand (and neither do the topologists, except
in their imaginations). After our experiment, we'll see how
this method applies to bead crochet.

Consider a square flat torus with Q evenly spaced
parallel vertical lines drawn on it, as shown upper left
in Figure 4.5 for Q = 3. Now imagine gluing the identi-
fied edges together: first the right and left edges of the
paper to produce a cylinder and then the top and bottom
edges to produce the torus (using the method depicted in
Figure 1.2). What happens to the vertical lines? The top row
of Figure 4.5 illustrates this process. We can see that the
lines on the flat paper form three separate, evenly spaced,
longitudinal rings on the torus. You may notice this is
related to the geometric cross-section designs described
in Chapter 3. Now suppose we try it again, but give the
cylinder a 1/3 twist before connecting the ends. What
happens to the “vertical” lines now? Marvelously, we have
connected the first line to the second, the second to the
third, and the third back to the beginning again—to form
a single loop that wraps around the torus three times longi-
tudinally while at the same time wrapping just once merid-
ionally, all without ever crossing itself—in other words, we
have constructed a (1,3) torus knot, as shown in the bottom
row of Figure 4.5!

This same method works for any values of relatively
prime P and Q; a P/Q twist before closing on a cylinder
with Q vertical lines will always produce a (P,Q) torus knot!

* As opposed to, for example, tearing or puncturing.
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FIGURE 4.5 Thought experiment: starting with a flat torus with three evenly spaced vertical parallel lines, connect the left and right
edges to roll it into a cylinder. Next, connect the top and bottom edges (now the circular ends of the cylinder) to form a torus. What
happens to the three lines? Now try it again, but give the cylinder a 1/3 twist before closing. What happens to the lines now?

However, you may need some further convincing to see
why this is true and to gain insight into what happens when
P and Q are not relatively prime. For this, we'll turn to star
polygons, adapting a lovely instructional idea we learned
about from Sandy Spitzer at the 2012 Bridges Conference
(a yearly interdisciplinary conference on mathematics and
the arts).” Sandy presented a paper on using star polygons
to provide students with intuition for understanding cyclic
groups in mathematics. We noticed that they also provide
a nice model for conceptualizing torus knot construction
in bead crochet.

We construct a (P/Q) star polygon on a circle with Q
equally spaced perimeter points by drawing lines con-
necting every Pth point. The construction process starts
with any one of the perimeter points, and a link is drawn
between it and the point P clockwise dots away.! The next
link is drawn from that point to the following point P clock-
wise dots away, and so on, until we return to the starting
point. When P and Q are relatively prime, this process is
guaranteed to include all Q perimeter points, and the

" Sandy Spitzer, “Using Star Polygons to Understand Cyclic Group
Structure,” Bridges 2012 Conference Proceedings.

* Drawing in a counterclockwise direction is also fine, as long as the
direction is consistent throughout.
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resulting figure is called a regular star polygon.* Figures 4.6
and 4.7 show all possible star polygons produced on a cir-
cle with 8 points and 7 points, respectively. Note that differ-
ent values of P sometimes produce the same star polygon.
Testing star polygon construction using a variety of differ-
ent values for P and Q should give you some valuable intu-
ition for how the process behaves differently depending
on the values of P and Q and, in particular, why relatively
prime P and Q are needed to include all perimeter points.
For modeling purposes, we will think of the star poly-
gon circle as the place in our torus knot construction where
the two cylinder ends meet. The choice of Q represents the
number of vertical lines on the cylinder, and the circle is a
cross section (or overhead view) where all you can seeis the
circular cylinder end and dots at the endpoints of the verti-
cal lines. The choice of P represents the amount of twisting
prior to closing the two ends of the cylinder. Since the dots

# If P and Q are not relatively prime, this process will not include all the
perimeter points, in which case we obtain a star polygon for a smaller
value of Q. For example, in Figure 4.6, the (2/8) star polygon is also
a (1/4) star polygon. If the drawing process is begun again at one of
the unused perimeter points, and this is repeated until all perimeter
points have been used, the result is called a star figure (see http://math-
world.wolfram.com/StarFigure.html). Star figures have a connection to
another construct from topology called a torus link. We do not discuss
torus links in this book, but they are also interesting and can be repre-
sented in bead crochet using the techniques described here.
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FIGURE 4.6 The star polygons for Q = 8. From left toright,P=10or7, P=20r6,P=30r5,P=4.
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FIGURE 4.7 The star polygons for Q =7. From left to right,P=10r6,P=2or5, P =3 or 4. Since 7 is prime, for all P < 7, P and Q must be

relatively prime, so all the points are connected.

divide the circle into Q evenly spaced sections, a connec-
tion between a given point and the point P dots clockwise
away from it models a clockwise P/Q twist of the cylinder
end. Thus, lines drawn between points show how the cyl-
inder’s vertical lines connect with one another at a closure
sewn with a P/Q twist. For example, as shown middle right
in Figure 4.6, a circle with eight evenly spaced perimeter
points (Q = 8) linking every third point (P = 3) models the
connections on a cylinder with eight vertical lines that is
closed with a 3/8 twist at one end. Since for these values
of P and Q, all eight of the perimeter points are included in
the star, all eight of the original vertical lines would be con-
nected in a single knot.

How many meridian traversals does a 3/8 twist produce?
The physical twist of the rope causes each of the eight ver-
tical lines to travel 3/8 of the way around the meridian.
Summing all those partial traversals, we can calculate that
the entire knot will travel around the meridian a total of
8 X 3/8 = 24/8 times for a total of three full meridian travers-
als. Thus the eight vertical lines of our cylinder will connect
into a single knot that simultaneously travels around the
torus eight times longitudinally and three times meridi-
onally, which is precisely the definition of a (3,8) torus knot!

An alternate way of using a star polygon model to calcu-
late the number of meridian traversals is to count how many
times your hand has to travel around the circle during the
drawing process. This also helps distinguish between iden-
tical star polygons with differing values for P. For example,
during the drawing process of a (3/8) star polygon, as you
count out dots to skip while moving clockwise in sequence,
your pencil will travel exactly three times around the circle
before returning to the starting point again. By contrast,

if you try constructing the (5/8) star polygon, modeling a
5/8 twist, you will get the same regular star polygon, but
this time your pencil will travel five times clockwise around
the circle. So it is not just the final form of the star polygon
that is informative, but also the process of creating it that
helps model and visualize what is happening as we intro-
duce different twists before closing the cylinder ends of
the rolled flat torus.

What happens if P and Q have a common divisor, or in
other words, are not relatively prime? For example, let’s
try P = 2, which divides evenly into 8 and represents a 2/8
(or 1/4) twist. In this case we get the star polygon shown
middle left in Figure 4.6, in which only half the points on
the circle wind up interconnected. What kind of knot is
constructed now? By playing with star polygons you should
be able to make several observations about their behavior.
The first and most important is that only when P and Q are
relatively prime are all Q points in the circle included in the
polygon. Hence only in this case is a single torus knot pro-
duced that uses all Q vertical lines.

From a star polygon perspective, a clockwise twist of
P/Q is functionally equivalent to a counterclockwise twist
of 1 — (P/Q), e.g., 1/8 clockwise and 7/8 counterclockwise
produce the same star polygon. In fact, so do all twists of
1/8 and 7/8, regardless of direction. Similarly, twists of 1/8,
9/8, 17/8, etc., all produce the same star polygon. This does
not mean that the torus knots produced with these twists
are identical, only that the final star polygons are. The torus
knots are all identifiably different, depending on the direc-
tion of twist and number of meridian traversals.

Now that we know how to construct a specific (P.Q)
torus knot with our hypothetical stretchy paper by drawing
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vertical lines and applying the appropriate P/Q twist before
closing the cylinder, we can use this idea to create torus
knots in bead crochet. As mentioned earlier, our thought
experiment suggests a method based on the geometric
cross-section designs in Chapter 3. Using these designs,
for odd values of Q we can construct perfectly vertical
dotted lines equally spaced on bead crochet rope. Using
drop beads for the spines can give the lines a more solid
appearance. For example, the Equilateral Triangle 7-around
design shown on p. 41 creates Q = 3 vertical lines, and the
Pentagon design on p. 42 creates Q = 5 vertical lines.

But can we achieve a twist in the rope as desired before
closing to create a torus knot? For the types of twists we
want, the answer is yes. A single full twist, although insuf-
ficient by itself for our purposes, is generally no problem
for a bracelet length rope—in fact, if you have made a
lot of bead crochet ropes, you've probably inadvertently
closed bracelets with a full twist already. Multiple full twists
can tax the flexibility of the rope and might be more eas-
ily noticed, but if you do not limit yourself to bracelets—if
long necklaces will do—you can generally achieve mul-
tiple full twists without reaching the physical torque limit
of bead crochet.

However, by themselves, single or multiple full twists
are not useful because they always connect each vertical
line directly back to itself, so the ratio represented by the
twist can never have relatively prime P and Q. For example,
two full twists with a Q of 3 would give a ratio of 6/3, and
6 and 3 are not relatively prime. Thus, for our purposes, we
also need smaller partial twists like 1/3, 2/3, or 3/5. How can
we accomplish those? Fortunately, the regular geometric
cross-section designs are constructed symmetrically so
that each repeat is composed of Q smaller identical sec-
tions, each effectively adding 1/Qth of the rope’s circum-
ference. By using a single color for all sides of the polygon
instead of a different color for each side, we can make these
smaller sections of the repeat identical to each other. This
leaves us with a single background color and a contrast-
ing spine color that represents the “string” for our knot.
Then, due to the symmetry of the cross-section designs, it
is no problem to leave off (or add on) one or several of the
small identical sections, and doing so will induce various
fractional twists with Q in the denominator. If we need a
twist greater than one, we can accomplish this by combin-
ing full physical twists of the rope with these smaller twists
induced by partial repeats. For example, a 5/3 twist is the
same as a 1 and 2/3 twist, and it can be accomplished by
combining a full twist plus a 2/3 twist induced by omitting
2/3 of the final repeat.
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FIGURE 4.8 A (5,3) torus knot bracelet produced from the equi-
lateral triangle cross-section design on p. 41, using drop beads
and size 11 seed beads in 7-around. The final repeat on the brace-
let uses only 7 of the 21 beads in a repeat to induce a partial twist
of 2/3. This is added to a full twist to produce the requisite 5/3
twist before closing.

The bracelet shown in Figure 4.8 is an example of exactly
this approach based on the equilateral triangle 7-around
design. In this case, the 21-bead repeat of the original tri-
angle pattern is portioned into three identical 7-bead
sections, and the final repeat is reduced by two sections
to only 7 beads, thereby enabling a 2/3 counterclockwise
twist. This 2/3 twist was added to a full physical counter-
clockwise twist to produce the 5/3 twist needed to get a
(5,3) torus knot.”

Using partial repeats to produce fractional twists and
possibly one or more full physical twists, we can achieve a
P/Q twist of a geometric cross-section design with Q faces.
Keep in mind, however, that, depending on stitch gauge,
circumference, and bead type, multiple full twists can cre-
ate too much torque in a bracelet-sized rope, so a longer
necklace-length piece could be needed.

There is nothing like playing with the bracelets them-
selves to clarify these ideas. If the math seems confusing,
try experimenting with different twists and partial repeats
on one of the regular cross-section designs. Figure 4.9
shows the 4-around Equilateral Triangle bracelet (pattern
on p. 138) and all the (P,3) torus knots that it can produce
up to P =7.We made all the bracelets shown from the same
crocheted piece, twisted, closed, reopened, retwisted, and

“* Note that reducing the last repeat to only 7 beads could alternatively
have been used to induce a 1/3 twist clockwise, so the same exact
bracelet could also be closed into a (1,3), (2,3), or (4,3) torus knot,
depending on the direction chosen for the induced twist.
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FIGURE 4.9 All the (P,3) torus knots up to P = 7. These examples
were constructed using the exact same triangular cross-section
pattern with different closing twists: (a) (1,3), (b) (2,3), (c) (4,3),
(d) (5,3), (e) (7,3). What would be the next knot in the series and
how would you produce it?

closed again to try out all the various twist and partial
repeat options (which is why the thread tail is visible in the
photos). This particular bracelet ends with only two-thirds
of the final repeat (using 6 of 9 beads in the last repeat),
forcing either an N + 1/3 twist in the counterclockwise
direction or an N + 2/3 twist in the clockwise direction.
A 1/3 twist produces a (1,3) knot, a 2/3 twist a (2,3) knot, a
4/3 twist a (4,3) knot, etc.

So far, our examples have used only the odd geometric
cross sections (triangle, pentagon, etc.) because those are
the designs that produce perfectly vertical lines. However,
we can also use the even cross sections (digon, square, etc.),

FIGURE 4.10 A pair of mirrorimage (3,4) torus knots in 6-around.
Can you figure out the difference in the construction? Hint: the
bracelets have a slightly different number of total beads.

in which the pattern has a natural slant to it. The trick is first
to straighten out the natural slant of the spines by untwist-
ing them (as we might normally do for these designs), and
only then to apply the desired P/Q twist. Figure 4.10 shows
two (3,4) torus knot bracelets created using this approach,
based on the Square 6-around pattern on p. 142. With this
trick in mind, it should also be possible, for example, to fig-
ure out how to achieve a (3,2) torus knot using as a basis
the Mdébius band designs in Chapter 3. In fact, the Mdbius
band bracelet itself is already a (1,2) torus knot design!
Although both bracelets in Figure 4.10 are (3,4) torus
knots, you may notice that they have an interesting differ-
ence: their knots spiral in opposite directions, one clock-
wise, the other counterclockwise. In fact, they are mirror
images of one another. You may also have noticed that the
spirals in the Figure 4.9 set of bracelets alternate direction
as P increases. These observations are related to another
tidbit from knot theory, namely, that there are two dis-
tinct variants of a (PQ) knot: a knot and its mirror image.*

* The exception to this rule is when P or Q is equal to one, in which case
the mirror versions are actually the same knot, an unknotted loop.
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FIGURE 4.11 Star polygons can be constructed with P and Q reversed in meaning. This figure shows a sequence of steps relating
a (5/3) star polygon—constructed with five perimeter points on a circle with links connecting every third point—to a (5,3) torus knot.
The image on the right was generated by the Knotplot software created by Rob Scharein.

The mirror image bracelets in Figure 4.10 are both (3,4)
torus knots done in 6-around with drop beads (in white)
and size 11 seed beads (in brown), based on the Square
6-around design on p. 45. You can think of them as two
related species of the same torus knot.

When we first considered the problem of constructing
mirror image but otherwise identical torus knots in bead
crochet, we originally believed the only possible construc-
tion method was to use the same pattern and crochet one
left handed and the other right handed, which forces the
spirals to run in opposite directions. If you are ambidex-
trous, or can team up with an opposite-handed partner,
right- and left-handed crocheting is perhaps the ideal solu-
tion to this problem. Teaching yourself to crochet both
ways has the added benefit of enabling you to teach both
left- and right-handed friends to bead crochet. Eventually,
however, we realized a less taxing solution was possible,
as demonstrated by the bracelet pair in Figure 4.10, which
avoided resorting to left- and right-handed crocheting. As
an extra credit challenge, try figuring out exactly how this
mirror image pair was constructed. A hint is that one brace-
let has 10 more beads in it than the other (and both end
with fewer than the entire 20-bead repeat in the pattern).
If you are picky, you might therefore complain that the two
bracelets are not true identical mirror images. However, the
casual observer would never know, so we're quite pleased
with them. We'll have a chance to play a bit more with mirror
image knots in Chapter 5 on knotted and linked bracelets.

A final interesting side note on star polygons is that it is
also informative to construct them with P and Q reversed,
i.e., using P perimeter points on a circle with links connect-
ing every Qth point. Our original interpretation is more
useful for modeling bead crochet torus knot construction
using physical twists, but the reversed meaning is more
helpful for modeling the appearance of the knot itself,
offering yet another way to gain insight into torus knot
structure. With some modifications, a “reversed” star poly-
gon looks like a flattened, torus-less version of the actual
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knot (called a two-dimensional projection), at least when
P < Q. Figure 4.11 shows a sequence of images relating a
“reversed” (5/3) star polygon to a (5,3) torus knot. Notice
that the leftmost illustration in Figure 4.11 is also a (5,2) star
polygon. It is interesting to consider how the curving of the
lines in the first step of the progression in Figure 4.11 would
differ in a similar sequence relating the star polygon to a
(5,2) torus knot instead (see Figure 4.2 for a good illustra-
tion of a (5,2) torus knot).

Construction Using Natural Twists

So far so good—we've proposed a successful approach for
solving the torus knot challenge in this chapter. However,
these designs rely heavily on physical twisting, which has
some annoying limitations in bead crochet. Is there another
construction method that doesn’t depend so much on
physical twists, but instead develops a pattern that spirals
naturally at just the right slope and can thus be closed with-
out any significant torquing of the rope? One benefit of
untwisted bracelets is full preservation of the rope’s natural
flexibility, which is one of bead crochet’s most appealing
tactile qualities.

How can we understand and control the natural spiral of
a pattern to create torus knot designs that wrap longitudi-
nally and meridionally according to a specific desired (P,Q)
plan? This is exactly the question we address next, using
a different construction method that eliminates the need
for any significant physical twisting. Here again, before
describing how to do it in bead crochet, we return to a flat
torus thought experiment to see how it might be done in
principle. The approach might take a little mind-bending
conceptually, but it makes good intuitive sense once you
understand the ideas.

For this thought experiment, imagine constructing a
patchwork of flat tori that is P tori wide and Q tori high,
as shown on the left in Figure 4.12 for P = 3 and Q = 2.
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FIGURE 4.12 Constructing a (3,2) torus knot using a three-by-
two patchwork of flat tori. On the left is the patchwork of trans-
parent flat tori three wide and two high with a line drawn from
the lower left corner to the upper right. On the right is what it
would look like if the individual tori are stacked together like a
deck of cards, thus effectively gluing together the associated
interior points on all tori in the patchwork. If we next also identify
the exterior points (i.e., the left and right and top and bottom
edges), the result is a (3,2) torus knot drawn on the torus surface.

Then draw a straight line from the lower left corner of the
patchwork to the upper right. By design, since each square
in the patchwork is one torus, this line spans P tori in the
horizontal direction while simultaneously spanning Q tori
in the vertical direction. Thus it has exactly the slope of Q/P
required for the desired (P,Q) torus knot. With some imagi-
nation, this may conjure up the image of a two-dimensional
map produced by an explorer charting the surface of a
torus, looping three times through the hole while simulta-
neously looping two times around the long way. Keep that
image in mind as we continue.

On a standard flat torus, the left and right edges cor-
respond, as do the top and bottom edges, so you can
visualize rolling it up into a torus in three dimensions by
attaching the corresponding edge points (as shown in
Figure 1.2). Our patchwork of flat tori is likewise a two-
dimensional map of a single torus. However, in our patch-
work, there are multiple correspondences of both interior
and edge points. Here, too, one can visualize the same kind
of correspondence operation: rolling the whole patchwork
up so that all corresponding points, both edge and inte-
rior, are connected. An alternate way to think about this
is to imagine it as two sequential operations: a first step
that connects all the interior points by breaking apart the
patchwork into its constituent flat tori and stacking them
up like a deck of cards, and a second step that connects all
their edge points in the usual manner. The result will be a
single torus with interior layers, like a set of nested Russian
dolls, or layers of the earth’s crust.

One more leap of imagination is needed to complete our
thought experiment. Suppose the patchwork fabric layers
are actually transparent and infinitely thin. Because of their
transparency, even after stacking and rolling, we can still

see the entire diagonal line we've traced on the patchwork.
No matter what layer of fabric it was originally drawn upon,
it shows through on the torus surface. Furthermore, since
the diagonal line has been deliberately chosen with a slope
that will traverse three torus horizontal lengths while at
the same time traversing two torus vertical lengths, and
since 3 and 2 are relatively prime, the result is a (3,2) torus
knot drawn on the torus surface.” On the right, Figure 4.12
shows the transparent, infinitely thin, stacked tori resulting
from this process. Figure 4.13 shows, bagel-rendered, the
final result of our imaginary process applied to the patch-
work in Figure 4.12.

So, how do we extend this idea from thought experi-
ments and bagels to a practical torus knot construction
in bead crochet? Figure 4.14 illustrates a construction for
a (4,3) torus knot design using vertical bracelet layouts as
the patchwork elements. To simplify things, we've used an
untwisted bracelet (i.e., a vertical layout with an integral
number of double rows)," but as we'll see later, this is not
required. In this example, the layout length is short, only
8 double rows, which is clearly not long enough (a brace-
let made with size 11 seed beads typically requires at least
50 double rows), but it suffices to demonstrate the idea.

A decision is clearly required about which beads to
“paint” to represent the straight line. Given the coarse pix-
elation of bead crochet, which precludes painting partial
beads, the line typically needs to zigzag to stay on course.
For symmetry and aesthetics, we want a short zigzag that
closely tracks the slope of the diagonal and a rope length
that provides space for an integral number of these zig-
zags, as shown in the example in Figure 4.14.

Although the design in Figure 4.14 is not long enough
for an actual bracelet, we can use it anyway, repeating it
multiple times to get a longer rope. To get a good size for
a bracelet, 52 double rows work nicely. Since the original
patchwork design creates a traversal of the meridian every
2 double rows, 52 double rows result in 26 meridian travers-
als or a (26,3) torus knot. In this particular bracelet, how-
ever, we chose to play with the twist as well by untwisting
some of those traversals to generate the interesting look-
ing (20,3) torus knot shown at the bottom of Figure 4.15.

*

For additional insight into the importance of having relatively prime P
and Q, try drawing some patchworks with diagonal lines using P and Q
that are not relatively prime, such as P =6 and Q =4, and see how those
patchworks behave.

Recall from Chapter 1 that a vertical layout is composed of alternating
rows of N+ 1 and N beads, where N is the rope circumference. A double
row is defined as a chunk of two consecutive rows in a vertical layout,
i.e.,arow of N + 1 and a row of N beads.

—+
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FIGURE 4.13 Left: A bagel rendition of the (3,2) torus knot from the patchwork in Figure 4.12. The blue portion of the line is there, too,
but can be seen on the underside only. Right: a modified “reversed” star polygon diagram (similar to those in Figure 4.11) of the same
knot with the underside portions shown as dotted lines.

FIGURE 4.14 A (4,3) torus knot construction using a four by three patchwork of “full” bracelets in vertical layout form. The bracelet of
8 double rows here suffices for an example of the technique, but is too short for a wearable bracelet. For the construction, imagine the
patchwork material is infinitely thin and transparent. To connect the corresponding interior points, patchwork components are stacked
up like a deck of transparent cards to display the complete pattern in a single vertical layout, shown at right.
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FIGURE 4.15 A full-size bracelet made using the construction
and design shown in Figure 4.14. With 52 double rows and a twist,

the design produced a (20,3) torus knot (at the bottom). This pat- Eﬁi‘ xéx >

tern, Long Zag (P,3) Torus Knot, appears on p. 158. e e, 4
Figure 4.16 shows the patchwork method applied to a , XIE’ ;Ig

(3,2) torus knot design on a full bracelet-sized patchwork. FOHS

This design is also provided in the pattern pages as the K00

Zigzag (3,2) Torus Knot on p. 156. Although our choice of Poss oS

zigzag here resulted in the “line” stepping out of the patch- S

work bounds at the top end, this is not a problem, because SO

there really are no patchwork bounds. If you visualize an :x : ’

additional patchwork element on the upper right you can % éi ‘ig

see where that snippet of the zigzag belongs on the full RO

single layout. As long as the line begins at the lower left L S

corner of the original patchwork and ends at the upper KR

right corner (which is another way of saying it must have a P

slope of Q/P on the bead crochet grid), and the zigzagging o FIGURE 4.16 The patch-

of the line does not cause it to intersect itself, the design P e Wor_k and ﬁna! bracelet
. . . X design for the Zigzag (3,2)

will work. Too narrow a bracelet circumference or too wide RS Torus Knot pattem on

a zigzag could cause problems with self-intersection that BB p. 156 and shown bottom

on the pear of the chapter
header photo, p. 50.

would not arise with a straight, thin line, but in this case,
the design works quite well.
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We have glossed over several technical difficulties that
can arise with this type of construction method. One is
that creating a large full-sized patchwork like the one in
Figure 4.16 can be unwieldy, possibly requiring poster-
sized bead crochet graph paper. A second difficulty is that
to achieve a symmetric design we likely need to tinker with
the bracelet circumference and length parameters to find a
patchwork whose diagonal has room for an integral number
of the small repeating zigzag elements. Unfortunately, the
unwieldiness of patchwork construction makes this type of
trial and error unappealing. While the patchwork idea is use-
ful for conceptual understanding, it is possible to determine
the slope and length of a patchwork diagonal line using
simple numerical calculations and thereby avoid patchwork
construction altogether. Once we have chosen a repeating
zigzag design that tracks a particular slope, its exit point
on one side of a vertical layout determines (via a hockey-
stick translation) where it enters again on the opposite side.
So the patchwork is not needed for this task either since we
have an alternate method to determine the complete course
of a specific zigzag pattern on a full bracelet layout.

On a square flat torus, determining the slope of the
diagonal is straightforward because the slope needed for
a (PQ) torus knot is simply Q/P (i.e., a rise of Q over a run
of P). Unfortunately, a bracelet vertical layout is not square
and, complicating matters further, the relevant units on
the horizontal and vertical axes are different. So our slope
calculation is a bit more complex. For readers interested in
trying this “slope calculation approach” who don’t mind
a few gory technical details, the remainder of this section
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describes a method of calculating both the length and
slope of the diagonal based on the patchwork input values
of P, Q, the bracelet length L, and the circumference N.

Our first task is to define a coordinate system on a bead
plane grid that measures columns of beads on the horizon-
tal axis and rows of beads on the vertical axis. Figure 4.17
shows such a coordinate system. Note that, in bead cro-
chet, the columns are separated by half the width of a bead
and the rows by the height of a bead, which accounts for
the different units on the two axes. The adjacent vertical
layout elements in a patchwork are placed a hockey-stick
translation away from one another, as marked by the blue
and green beads in Figure 4.17. For bracelets of circumfer-
ence N on this coordinate system, the hockey-stick transla-
tion adds 2N + 1 in the horizontal direction and subtracts 1
in the vertical direction.

To construct a (P,Q) knot, consider a P by Q patchwork
where

L = bracelet length in double rows, and
N = bracelet circumference.

Using the bead plane coordinate system defined in
Figure 4.17, each of the Q layout elements in a patchwork
adds 2L in the vertical direction. However, due to the
hockey-stick translation, the Y-coordinate of the upper
right point on a patchwork diagonal is shortened by one
for each of the P elements in the horizontal direction.
Thus the patchwork rise is (2LQ) — P. Each of the P elements
in the patchwork adds 2N + 1 in the horizontal direction.
Thus the patchwork run is P(2N + 1). So the slope of the
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FIGURE 4.17 Abead crochet coordinate system that measures columns (half beads on the X-axis) and rows (whole beads on the Y-axis).
On this coordinate system, for bracelets of circumference N, a hockey-stick translation adds 2N + 1 horizontally and subtracts one verti-
cally. The hockey-stick translation in the diagram on the right is for N = 7.
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diagonal line running from the lower left to the upper right
corners of a patchwork (i.e., rise/run) is equal to

(2LQ)-P
P(2N+1)

For a symmetric zigzag that closely tracks this slope, we
need arise and run withacommon divisor such that rise/run
is reducible to a ratio with relatively small whole numbers
in the numerator and denominator. We can attempt to find
such a ratio by adjusting our choices for the values of N
and L. Tinkering with the length of the full bracelet, L, is
feasible, since there is always some limited flexibility in this
parameter. Tinkering with the circumference N is also an
option, and in this regard, it's useful to note that 2N + 1 is
prime for 5-, 6-, 8-, 9-, and 11-arounds and factorable for
7-, 10-, and 12-arounds. So these latter circumferences are
more likely to produce a reducible slope.

Let's try the method on an example withP=4and Q=3.
If we choose L =49 and N = 10, we get 2LQ — P = (2)(49)(3)
— 4 =290 and P2N + 1) = 4(21) = 84. So rise/run = 290/84
= 145/42, which doesn’t reduce any further. However, if we
increase Lto 52, we suddenly get arise/run of 308/84 =11/3,
which has much smaller numbers in the numerator and
denominator. This permits zigzag segments separated by
11 beads vertically and 3 half beads horizontally that fit
perfectly in the 52 double rows of a full bracelet. Using a
single full 52-double-row vertical layout as our canvas, we
can place these grid beads (the yellow beads in Figure 4.18)
accordingly. Once the grid is laid out, we can experiment
with different zigzag options on it, taking care to choose
onethat does not overlap itself. Four possibilities are shown
in gray in the upper right. We can then experiment fur-
ther with widening or otherwise modifying the design as
shown in the progression in Figure 4.18. Figure 4.19 shows
two resulting bracelets, the expected (4,3) torus knot done
on the planned 52 double rows in size 11 seed beads and
a (5,3) torus knot that resulted from using smaller size 11
Delica beads on a longer rope (i.e., with a larger L). These
bracelets, which have an identical foreground and back-
ground pattern around the accent beads, also offer a taste
of the Escher designs coming up in Chapter 6.

Combining Patchworks and Twists

All the patchwork examples above use “untwisted” brace-
let components (i.e., using the terminology of Chapter 1,
they are structurally aligned). However, as shown in
Figure 4.20, this is not necessary. On the left is an example

with untwisted components. On the right is an example
in which the bracelet components are three beads short
of a full double row at the top, forcing a slight twist at
the bracelet closure. In this latter case, we can still create
a patchwork diagonal, and the small twist at the closure
makes up for the lost bit of span in this diagonal. In this
particular example, the diagonal happens now to line up
perfectly with a natural diagonal of the bead plane, so no
zigzagging is even needed (although this won't be true
in most cases). One drawback to using twisted patchwork
components is that it can further complicate the slope cal-
culations described above.

In general, it's quite useful to combine both physi-
cal twists and natural twists to achieve a desired knot.
For example, consider the Zigzag (3,2) Torus Knot on
p. 61. For sizing purposes, you might want to adjust the
length of the bracelet to be a bit shorter by using fewer
than 45 repeats. Unfortunately, doing so removes a por-
tion of the final meridian traversal. However, strategi-
cally leaving off a few repeats permits a tiny physical
twist to replace the missing bit of natural pattern twist.
In this case, as long as the total number of repeats is odd,
you can omit a few repeats and still obtain the desired
(3,2) knot with the correct choice of twist. Since physi-
cal twists run into problems with torquing the rope and
natural twists run into sizing constraints, combining both
techniques is often the best approach to get exactly the
knot you want.

Sometimes, even armed with the slope calculations
from the previous section, it becomes clear that a nicely
reducible slope is simply not achievable on a bead crochet
grid for a workable rope length and circumference. In this
case, the only practical solution is to choose a slope that is
as close as possible to the required one, and then rely more
heavily on twisting to achieve the desired knot.

A final point worth mentioning is that we can use the
natural slant of many existing patterns to produce torus
knots designs. However, we might need a reverse engi-
neering” of the slope calculations described above to fig-
ure out in advance exactly what torus knot(s) would result.
Alternatively, we can avoid the math and try simply making
the bracelet to find out! Consider, for example, the hexago-
nal pattern shown in Figure 4.21, which you may recognize
from its frequent appearances in Chapter 1. It turns out
that it generates the Zigzag (3,2) Torus Knot trefoil design
on p. 61, as shown in the bottom example in Figure 4.21.

“ Reverse engineering would start with the known slope, L, and N and
calculate P and Q from them.
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FIGURE 4.18 (4,3) Torus Knot design and transformation. On the left is one possible complete bracelet design forP=4,Q=3,L =52,
N = 10 with a calculated slope of 11/3 on the bead crochet coordinate system. Note that this slope is easily seen in the yellow accent
beads, which are separated from one another by 11 beads vertically and 3 half beads horizontally. The basic design can then be trans-
formed as desired while still maintaining this same slope, as shown on the right. In this case, it has been transformed into two identical
interlocking (4,3) torus knots in each color with the yellow accent beads in between.
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FIGURE 4.19 (5,3) (left) and (4,3) (right) torus knot bracelets created from the design developed in Figure 4.18. The pattern, Knotted
Snakes, appears on p. 159.

FIGURE 4.20 ltis possible to create a patchwork diagonal even when the patchwork elements are not composed of an integral number
of double rows. In this case, a small amount of physical twist makes up for the smaller run of the diagonal line.

FIGURE 4.21 Generating torus knot
patterns from the natural slant of exist-
ing tilings/patterns.
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However, we can use the same pattern to generate other
(3,2) torus knot designs with a different zigzag, such as the
one in the top example.

You should now have plenty of tricks up your sleeve
for producing almost any sort of bead crochet torus
knot you desire! Using the techniques we've described,
Figure 4.22 circles back to where we began. Recreating in
bead crochet a variation of Figure 4.3 from the start of the
chapter, it displays a window into the same conceptual
infinite graph, although this time the axes are swapped,
with P on the vertical axis and Q on the horizontal axis.”
For P between 3 and 7 and Q between 2 and 4, wher-
ever the (PQ) pair is relatively prime, it shows a bead
crochet (P,Q) torus knot bracelet and also a hand-drawn,
“reversed-meaning,” (P/Q) star polygon. In the remaining
spots, where the (P,Q) pair is not relatively prime and thus
neither a (P,Q) torus knot nor (P/Q) star polygon is pos-
sible, it shows a compound star figure with component
star polygons in separate colors.

Titled The Torus Traveler’s Journey, this wall art piece
is intended to invite the viewer to ponder connections
between torus knots and star polygons.

Gf0 browel in avsingle; corefully chosen, divection,

& cow circumnavigaty the meridiawns and bongitudes
off thus ﬂ&ﬂ’lwuw tlnes,
sventually rduraing to where d Begary
Mwmxms»gamrﬂv

FIGURE 4.22 The Torus Traveler’s Journey, an art piece included
in the Joint Mathematics Meetings Exhibition of Mathematical
Artin January 2014. All but two of the patterns used are provided
in our pattern pages: the (3,2) on p. 156, the (5,2) on p. 161, the
(4,3) and (5,3) on p. 159, and the (P,4) knots on p. 162.

*

In addition to swapping axes, it displays a smaller window than the one
in Figure 4.3. Figure 4.22 can be mapped onto Figure 4.3 by rotating it
90° counterclockwise and then flipping the Q axis so the smaller num-
bers are at the top.
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CHAPTER 5

Knotted and Linkead

Bracelets




n the last chapter, we began by considering what

would happen if we wrapped a string around a torus

and fastened the ends together to obtain a torus knot.
If we dispense with the torus and explore what happens
when we take a length of string, rearrange it any way
we like, and fasten the ends together, then we enter the
more general realm of knot theory, a fascinating branch
of topology. The field originated in the 1800s, inspired
by a beautifully imaginative but utterly incorrect theory
about the nature of the chemical elements.” The study of
knots continued long after scientists came to a proper
understanding of the elements, and it blossomed into its
own field of inquiry. After all, many mathematicians don’t
care whether a subject has obvious practical applica-
tions. They are spurred on by the challenge and intrigue
of discovery for its own sake, and they understand that
a field of mathematics that seems completely useless
when it is developed is often unexpectedly useful later
on. In recent decades, the story has come full circle with
the discovery of exciting new connections between knot
theory, genetics, and molecular chemistry.

For a student of knot theory, bead crochet bracelets
offer a new avenue of fun exploration because they are, in
many ways, the perfect medium for modeling knots. And,
of course, they also offer yet another way to adorn your-
self with a mathematical model! The primary focus of knot
theory is to understand, categorize, and identify different
knots. A knot is a strand that is (perhaps) tangled in some
way and then connected at the ends. A bead crochet invis-
ible join provides the perfect way of creating such a con-
nection with a smooth seamlessness that helps capture
the essence of a mathematical knot. Unlike a piece of tied
string, bead crochet bracelets have no obstacle at the join
to interfere with manipulating and exploring the knot in its
varied forms. Additionally, the slipperiness of glass or metal
beads facilitates easy manipulation between the different
forms of a knot. A mathematical knot can be rearranged in
any way possible and still be considered the same knot, as
long as it is never cut. For example, you may find it surpris-
ing that the purple knots and the blue knots in Figure 5.1
are all different incarnations of the same knot, the trefoil
(which you may recall was introduced in Chapter 4 as a
type of torus knot). Careful inspection also reveals that the
purple and blue knots are subtly different versions of the
trefoil. In each configuration, whenever the strand of each
knot crosses itself, the part of the strand that is on the top in
the purple knot is on the bottom in the blue knot, creating

" Colin Adams, The Knot Book, American Mathematical Society, 2004.

a kind of left- and right-handed trait. Color aside, no matter
how you manipulate them, you will never be able to make
the purple knot look exactly like the blue one! They are fun-
damentally different creatures. These kinds of fundamental
traits are what knot theorists seek to identify.

One useful way of identifying a knot is to manipulate it
into a form with the least possible number of crossings, or
places where the strand crosses over or under itself. This
number is the minimum crossing number of the knot, and it
is the sort of fundamental property that helps topologists
distinguish one knot from another. The simplest knot is a
plain ring (such as a normal bead crochet bracelet), which
has zero crossings and is called the unknot. There is no knot
with a minimum crossing number of one or two; you might
attempt drawing one to convince yourself of this. The tre-
foil, with three crossings, turns out to be the simplest after
the unknot, and it is also the only three-crossing knot,
although as discussed before, it has left- and right-handed
forms. Figure 5.2 shows all the distinct knots (disregarding
handedness) up to a minimum crossing number of seven.

Bead crochet knots, depending on length, can be worn
as either necklaces or bracelets and, since there are multiple
choices for which hole the head or hand might go through,
they provide additional fun design choices. Although this
does not involve the pattern design techniques we discuss
in the other chapters, we couldn't resist including this addi-
tional lovely connection between mathematics and bead
crochet, a connection that inspired this set of challenges.

Challenge Can you make a knotted trefoil bracelet and
use it to prove that all the bracelets depicted in Figure 5.1 are
also trefoils? Can you create a set of bead crochet bracelets or
necklaces representing each of the knots up to seven crossings,
as shown in Figure 5.27

You may notice that some of the knots in Figure 5.2 are
tied (no pun intended) to the designs from Chapter 4. In
fact, three of the knots with seven or fewer crossings (not
counting the unknot) are torus knots. Of course, one of
them is the trefoil, which we have already identified as a
(3,2) torus knot. Can you spot the other two torus knots in
Figure 5.27

Another interesting characteristic of every knot is its
braid representation, which can be useful to consider when
designing knotted bracelets. In mathematics, a braid is a
set of N strands connected to two horizontal bars, one at
the top and one at the bottom; the strands may cross over
or under one another while moving from the top bar to
the bottom one. As illustrated in the braid on the left in
Figure 5.3, each strand must always travel downward from
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FIGURE 5.1 Left- and right-handed trefoil knots and some of their many forms. These bracelets are made with size 8 seed beads in
circumference 5-around (4-around works well too!) with a simple alternating bead color pattern.

FIGURE 5.2 The knots up to seven crossings. These images were produced using the KnotPlot software written by Robert Sharein.
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FIGURE 5.3 The figure-eight knot (right), in a braid representa-
tion (left), and in a closed braid representation (middle).

7

A

the top (so no doubling back upward). A strand may land in
a new position on the bottom bar by the time it reaches the
bottom. Every knot has at least one braid representation.
For example, Figure 5.3 shows a knot called the fig re-eight
knot (on the right, and also shown bottom left in the chap-
ter header photograph) and a braid representation of it (on
the left) in a three-strand braid. If we extend the strands
beyond the top bar and connect them to the strands at the
bottom bar as in the middle illustration of Figure 5.3, we
find a closed braid representation of the figure-eight knot.
A closed braid representation is simply another configura-
tion of the original knot.

A closed braid representation for a knot presents a
nice way to wear it, allowing the knotted bracelet to wrap
around your wrist in a single direction (always clockwise
or always counterclockwise). The number of strands in the
braid representation is the number of times the bracelet
winds around in that configuration, which helps determine
how long to make a bracelet if you wish to wear it this way.
For instance, to wear a figure-eight knotted bracelet in the
closed braid representation depicted in Figure 5.3, you
would make a bracelet a little more than three times the
length of a regular bead crochet bracelet; you need a bit of
extra length to accommodate the over and under crossings
in the braid. Figure 5.4 shows two arrangements of a fig-
ure-eight knotted bracelet: the three-strand closed braid
representation on the top, and a nonbraid necklace form
on the bottom.

We can further generalize the ideas of knot theory by
considering what happens when we use more than one
strand to make a link. The name is logical, since links are
simply knots that are linked together in some way. Knot
theorists also seek ways of understanding, identifying,

FIGURE 5.4 Two ways of wearing the figure-eight knot from
bottom left of the chapter header page. On the top is the three-
strand closed braid representation shown in Figure 5.3 (middle),
which works well for a bracelet. On the bottom, Teddy is model-
ing a nice form for a necklace.

and categorizing links. One obvious feature of a link is the
number of component knots it contains, and another is
minimum crossing number—just as for individual knots.
Figure 5.5 shows links with up to six crossings. The link on
the bottom left is a famous three-component link called
the Borromean Rings that has the amusing property that
if any one of the three components is removed, the other
two components are unlinked. Links offer another fasci-
nating approach to jewelry design with bead crochet. The
bracelet shown in Figure 5.6 is composed of a trefoil linked
with the unknot, forming a blue (3,2) torus knot wrapped
around an actual torus, with the brown and green bracelet
playing the role of the torus. Depending on the lengths of
the different components, linked bracelets can be worn in
an endless variety of ways. Conveniently, every link also has
a closed braid representation.
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FIGURE 5.5 The links up to six crossings. These images were produced using the KnotPlot software written by Robert Sharein.

FIGURE 5.6 A linked bracelet.

As another challenge, we suggest investigating the pos-
sibilities for creating linked bead crochet bracelets to form
interesting jewelry. Readers interested in seeking inspiration
for other possible knotted and linked bracelet ideas, or who
simply wish to learn more about knot theory, are enthusi-
astically urged to consult one of our favorite resources: The
Knot Book: An Elementary Introduction to the Mathematical
Theory of Knots by Colin C. Adams. Knotted and linked
bracelets make a wonderful teaching aid for a class in knot
theory. If you happen to be a knot theory student, we can’t
imagine a more appropriate class contribution than a set of
bead crochet knots and links, which can be used to adorn
a wall as easily as a wrist, and which will likely be employed
for years to come as treasured classroom manipulatives.

Celtic Knots: Another Design Springboard

One more interesting knot design motif is the Celtic
knot, as explored in the two bracelet designs shown in
Figure 5.7. These designs simply paint a picture of a knot
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FIGURE 5.7 Celtic knot designs. The patterns for these bracelets
are provided on pp. 163-164.

or link using color or blank space to indicate the “string”
passing over or under itself. Celtic knots have a rich his-
tory in art throughout the ages, and a little research will
reveal many beautiful knot designs that can be used
as the basis for bead crochet patterns. We hope our
readers will be inspired to explore the use of these motifs
further.










CHAPTER 6

Escher Designs




hen the subject of mathematics and art arises,

one of the first names to enter the conversation

is M.C. Escher. A 20th-century Dutch artist, Escher
is famous for his incorporation of mathematical themes in
his artwork, which includes woodcut prints, lithographs,
wood carvings, and many other forms of visual art.

One of Escher’s favorite artistic themes involves what
he termed “regular divisions of the plane.” In mathematical
language, these are known as tessellations or tilings of the
plane, and they are patterns that divide the plane into
copies of one or several shapes with no gaps between
them. Tessellations are a common feature of the traditional
decorative arts and are certainly familiar to many fiber
artists, especially quilters. What fascinated Escher and
filled pages and pages of his sketchbooks were tessella-
tions in which each shape was a recognizable form from
nature. Figure 6.1 is an example of a tessellation of the
plane by identical fish in the style of Escher (though less
sophisticated than his sketches and prints).

The marvelous volume M.C. Escher: Visions of Symmetry
by Doris Schattschneider contains a complete collection
of Escher’s tessellation sketches as well as the various
artworks they inspired. Escher often used his regu-
lar divisions of the plane as launching points for more
complex works in which the distinction between fore-
ground and background is blurred in provocative ways.
Visions of Symmetry also shows the earlier decorative arts
traditions from around the world that inspired Escher’s
experiments.

Always keen to explore new geometric challenges,
Escher modified some of his regular divisions of the plane
to other surfaces, creating carvings of tessellations of a
sphere and, most interestingly for our purposes, a set of
tiled columns in The Hague displaying tessellations of a
cylinder. This offers an intriguing invitation to the bead
crochet artist. After all, what is a cylinder but a bead crochet
bracelet that hasn't been sewn closed yet?

FIGURE 6.1 A tessellation of the plane by congruent fish. In this
tessellation, we can use two colors to ensure that neighboring
fish are different colors, but other tessellations may require more
colors.

With this motivation, we call a bead crochet design an
Escher design if it consists of copies of a single shape in mul-
tiple colors that cover the bracelet with no gaps, making
a regular division of the beaded torus. The photograph
at the head of this chapter shows two examples of such
bracelets, one tiled with fish and one with lizards. Our
terminology is admittedly somewhat arbitrary, as many
of Escher’s regular divisions of the plane use two or three
interlocking shapes instead of just one. Moreover, since
Escher incorporated Mobius bands in his artwork as noted
in Chapter 3, you could make a convincing case for naming
the Mobius bracelet after Escher. However, since the chal-
lenge that led us to the patterns in this chapter is the one
most directly inspired by Escher’s artwork, these are the
designs we choose to honor with his name.

Challenge Can you design an Escher bracelet—a bracelet
tiled by a single shape in multiple colors? Can you design one
with two colors of beads? Three colors? As many colors as you
want? Can you design an Escher bracelet with aesthetically
appealing tiles? Symmetric tiles? Tiles in recognizable shapes?

Deforming Polygonal Tilings

Designing Escher bracelets is an undertaking in which the
bead plane approach to pattern creation really shines. After
all, as we saw in Chapter 1, a bracelet pattern in the bead
plane is a tiling of the plane by pattern repeats, and we can
group the beads in a single repeat into different shapes.
In the bead plane, an Escher bracelet pattern is no more nor
less than a tessellation of the bead plane by a single shape
that incorporates a hockey-stick translation. For instance,
Figure 6.2 shows the bead plane pattern for the bracelet of
fish in the chapter header photograph. The plane is tiled by
black and blue fish, and a single repeat of the bracelet con-
sists of one fish of each color. Our challenge for this chapter
boils down to this: can you produce an aesthetically pleas-
ing arrangement of interlocking, congruent shapes in the
bead plane that is preserved by a hockey-stick translation?

A good place to start is to follow Escher’s lead. From
his sketches and his descriptions of his artistic process, we
know that he began his regular divisions of the plane into
animal forms with simple tilings by polygons. The sketches
collected in Schattschneider’s Visions of Symmetry often
reveal Escher’s penciled scaffoldings of triangles, squares,
parallelograms, pentagons, or hexagons.

The general process is shown in Figure 6.3, in which we
start with a tiling by squares. To make more interesting tiles,
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FIGURE 6.2 The pattern for the fish bracelet in the chapter header. In the bead plane, the pattern is a regular division of the plane into
fish. The red arrows in the bead plane diagram on the left show that the tiles are related by the hockey-stick translation for a 10-around
bracelet. On the right are two representations of a single bracelet repeat, one preserving the fish shapes and the other preserving the
order of bead stringing. The pattern for this bracelet, Escher Fish, appears on p. 204.

FIGURE 6.3 A common method for producing tessellations of
the plane. Starting with the square tiling in the upper left, we
deform the horizontal edges into a curve, then deform the verti-
cal edges into a different curve. Decorating the resulting curved
tiles gives a pattern of interlocking birds.
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we replace the sides of the squares with curves that strike our
fancy. If you try this, you will probably find yourself making
numerous adjustments to the curves to get exactly the shape
that you want, and this sort of tinkering with shapes is a large
component of designing Escher bracelets in the bead plane.
In Figures 6.1 and 6.3, the curved tiles are transformed into
fish and birds by drawing in fins and feathers. It is much
harder to render fine details in beads, and indeed most of our
tessellated bracelet patterns are coarser and more abstract
than Escher’s regular divisions of the plane. The larger the
bracelet circumference, the greater the opportunity for detail.

To transfer this technique of modifying polygonal tilings
to bracelet designs, we first need some polygonal bead til-
ings. Unlike Escher, we cannot start with just any polygonal
tiling of the plane. We have an extra constraint: we must
also incorporate a hockey-stick translation. One simple
starting point arises from considering the two diagonal
layouts of a bracelet chart. As we saw in Chapter 1, the
conventional left-leaning diagonal chart for an N-around
bracelet has a right-leaning counterpart, and while the left-
leaning chart has N beads per row, the right-leaning chart
has N + 1 beads per row. Overlaying these two charts gives
a parallelogram of N by N + 1 beads that tiles the plane




with a checkerboard of diamonds, as shown in Figure 6.4
for N = 6. Because these diamonds fit into both the left-
and right-leaning diagonal charts for an N-around bracelet,
their edges line up in both diagonal directions to create
this simple two-color tiling.

FIGURE 6.4 A simple polygonal tiling of a 6-around bracelet.
In the diagram on the left, the red lines mark the traditional left-
leaning diagonal bracelet chart with 6-bead rows, while the blue
lines mark the corresponding right-leaning chart with 7-bead
rows. The six-by-seven bead parallelogram in their intersection
yields the diamond tiling on the right. This pattern appears in the
pattern pages as Harlequin (p. 165).

With a little experimentation, we can create a variety of
more complicated parallelogram tilings starting from one of
the standard bracelet layouts. For instance, Figure 6.5 shows
the formation of two different tilings by parallelograms in
circumference N = 7. Each begins with the vertical layout for
a 7-around bracelet. Since this layout contains 2N + 1 =15
vertical columns of beads, we can divide it into three strips
of five columns each. These strips, marked in shades of gray,
alternate between 2 and 3 beads per row, with 5 beads in
each double row. We then cut the strips into parallelograms
with right-leaning top and bottom edges. Depending on the
height that we choose for the parallelograms, we might need
to make adjustments to account for the effect of the hockey-
stick translation. In Figures 6.5(a)-6.5(c), the parallelograms
are composed of 5 columns with 4 beads in each column.
As luck would have it, with tiles of this height the hockey-
stick translation between vertical layouts lines up the top
and bottom parallelogram edges uniformly, as marked by
the black diagonal in Figure 6.5(b). Figure 6.5(c) shows this
tiling rendered with four colors for a simpler design.

If we instead take parallelograms with 5 beads per
column, as in Figures 6.5(d)-6.5(g), we must take a little
more care in how we position the tiles. If we simply slice
up each vertical layout with right-leaning diagonals as

FIGURE 6.5 Parallelogram tilings of a 7-around bracelet. The starting point for each tiling is a division of the vertical layout for a

7-around bracelet into three equal-sized vertical strips.
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in Figure 6.5(e), the bottom edges and top edges of the
parallelograms are aligned differently between vertical
layouts than within vertical layouts, as marked by the bro-
ken black diagonal. This poses a problem for adapting the
geometric deformation technique of Figure 6.3 to this til-
ing in the bead plane. For instance, if we adjust the beads
on the right edges of the yellow parallelograms, the effect
on the neighboring tiles will be different than if we adjust
the corresponding beads on the right edges of the orange
parallelograms. On the other hand, if we realign the three
vertical strips in each vertical layout by sliding the middle
strip down 2 rows and the right strip down 4 rows, we find
the modified tiling in Figure 6.5(f), in which the relative
spacing of the parallelograms is uniform throughout the
tiling. Coloring this tiling in two colors yields the simplified
pattern in Figure 6.5(g). As a bonus exercise, see if you can
figure out which of the Escher designs at the end of the
book is based on this tiling!

We can also begin this process with diagonal strips
instead of vertical strips to get many more parallelogram
tilings. Figure 6.6 shows a few of the possibilities. The top
two tessellations are cut from left-leaning strips, and the

FIGURE 6.6 Further examples of parallelogram tilings. From
left to right and top to bottom, these tilings are in circumference
10,8,8,and 7.
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bottom two tessellations are cut from right-leaning strips.
In general, figuring out how to arrange the parallelograms
within each strip to get a uniform arrangement of tiles
involves some tinkering to find an alignment that works.

Since the bead plane forms a hexagonal grid, with each
bead surrounded by six touching beads, it should not come
as a surprise that there are also many simple hexagonal til-
ings that make nice starting points for tessellations. A little
experimentation with hexagonal clusters of beads pro-
duces tessellations like those in Figure 6.7, both of which
are excellent springboards for more complex tessellations.
You may recognize the upper pattern from Chapter 1, in
which we used it to illustrate different bracelet charts in the
bead plane. Notice that while the top arrangement of reg-
ular hexagons in a 7-around bracelet can be colored with
three colors, the bottom arrangement of irregular hexa-
gons in an 8-around bracelet needs four colors.”

So, how do you find this sort of polygonal pattern? The
simplest way is to take a promising shape (in general, hexa-
gons and parallelograms work well), tile the bead plane with
it, and then search for hockey-stick translations for reason-
able circumferences. In the case of the irregular hexagon

FIGURE 6.7 Tessellations with hexagons. The top is a 7-around
pattern of regular hexagons, and the bottom is an 8-around
pattern of irregular hexagons.

“ Recall from Chapter 3 thata polygon s regular if all of its side lengths are
the same and all of its angles are the same, and it is irregular otherwise.




FIGURE 6.8 Colorings of hexagonal tessellations in the bead plane. On the left is the 8-around hexagonal pattern from Figure 6.7 with the
hockey-stick translation marked. In the center, we see that the same tiling colored with three colors is not a valid bracelet pattern. However,
if we mirror reverse the three-colored tiling, we find a shorter hockey-stick translation that gives a valid 5-around bracelet pattern.

FIGURE 6.9 Circumference 8 and 5 bracelets tiled with hexa-
gons. For a more interesting aesthetic effect, the four center
beads in each hexagon are black. The 8-around pattern on the
left appears in the pattern pages as Diamond Glow (p. 168).

from the second tiling in Figure 6.7, there is a hockey-stick
translation of length 8 between certain pairs of hexagons.

As shown in Figure 6.8, it is the relationship between this
hockey-stick translation and the arrangement of hexagons
that forces us to use four colors. If we color the hexagons with
only three colors, hexagons at either end of the hockey stick
are different colors, and we no longer have a valid bracelet
pattern. However, if we reflect this pattern through a vertical
axis (in other words, take its mirror image), we stumble upon
a new hockey-stick translation of length 5. The reversed pat-
tern, shown on the right of Figure 6.8, actually can be colored
with only three colors. As we will see shortly, reflecting a tes-
sellation through a vertical axis can sometimes take a brace-
let pattern where the circumference is too small or too large
and turn it into a viable bracelet design. Figure 6.9 shows two
bracelets based on the two valid patterns in Figure 6.8.

With a collection of polygonal tilings at our disposal,
we are ready to experiment with deforming polygons. While
the process is analogous to the deformation of squares in
Figure 6.3, the pixilated quality of the bead plane gives the
technique a different feel in practice. Instead of bending

straight edges into curves, the bead designer is adjusting
the colors of beads in each tile to gradually change the tile
shapes a few beads at a time. Figure 6.10 shows the pro-
cess in stages applied to the second hexagon tiling from
Figure 6.7. At each step, one or two beads from each tile
are colored to put them in an adjacent tile. These changes
are applied uniformly so that within each pattern in the
progression, all the tiles have the same shape.

In most of the transitions in Figure 6.10, the color
changes occur in the same position in each tile. However, if
you look closely at the center design in the bottom row, you
will see that the blue tiles are altered at the top, while the red
and cream tiles are altered at the bottom, resulting in two
different orientations of the tile shape: the blue tiles are ori-
ented as 2's, and the red and cream tiles as upside down 2's.
In the final pattern, a similar adjustment gives Z-shaped tiles
that are once again all oriented the same way. Figure 6.11
shows bracelets made with these final two patterns.

Assembling Shaped Tiles

There is nothing to stop us from applying the same trial-and-
error process we used to form hexagonal tilings directly to
nonpolygonal shapes. For instance, consider the 7-bead
snowflake tile in Figure 6.12. The shape is simple enough that
with a little experimenting, you can fill the bead plane with
snowflakes. In fact, since the arrangement is not mirror sym-
metric, you can do this in two ways. The first way, with each
snowflake slightly to the left of the snowflake below it, only
has a hockey-stick translation of length 3. Even if this weren't
too short to be practical, it would force neighboring snow-
flakes to be the same color. (Technically, this tiling also has a
hockey-stick translation of length 16, but that circumference
is too large for any but the most intrepid bead crocheter.)
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FIGURE 6.10 Deforming a polygonal tiling into a more elaborate Escher bracelet design. In each successive chart, at most two beads

from each tile change color.

FIGURE 6.11 Bracelets based on the last two patterns from
Figure 6.10. The patterns are sections U and W of Tessellation
Evolution Necklace, which is on p. 214 in the pattern pages.

FIGURE 6.12 Creating a tessellation directly from a shaped tile.
The snowflake tile tessellates the plane in two different ways
that are mirror reflections of each other. The tiling on the left
has a 3-around hockey-stick translation, making it unsuitable
for a bracelet. Fortunately, the tiling on the right has a 9-around
hockey-stick translation.
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However, if we reflect the tiling so that each snowflake is
slightly to the right of the one below it, we find a hockey-stick
translation for a 9-around bracelet, and we're in business!
Now, we need to decide how to color the snowflakes.
One way is to use the smallest number of colors possi-
ble, and we can determine this number by following the
process in Figure 6.13. Each time we color in a snowflake,
we need to apply the same color to any snowflake that
is a hockey-stick translation away. First, we color a snow-
flake and its translations light blue, then we color one of its
neighbors and its translations dark blue. Next, we observe
that the purple snowflakes touch both light blue and dark
blue snowflakes, so we are forced to use a third color.
Similarly, the green snowflakes touch snowflakes of all
three colors so far, so we add a fourth color. From this point
on, we can fill the remaining snowflakes with the four col-
ors we have already used. It is not difficult to fill in the rest
of the color pattern, since we can always find an uncolored
snowflake that touches three different colors, which tells us
that we must apply the fourth. The collection of bracelets
in Figure 6.25 contains a four-color snowflake bracelet.
Just because we only need four colors doesn't mean
we have to use four colors. For aesthetic reasons, we might
want to incorporate more, and once we know the minimum
number of colors, it is easy to add more in a systematic way.
In Figure 6.13, we can see that if we follow a line of snow-
flakes by going to the right and slightly up, we cycle through
all four colors. If instead we put a cycle of five colors in this
line, as in Figure 6.14, then applying the hockey-stick trans-
lation repeatedly generates a pattern of snowflakes in five
colors. By the same process we can add even more colors,




FIGURE 6.13 Coloring the snowflake tessellation. To color the tiling, we go snowflake by snowflake, giving snowflakes separated by a
hockey-stick translation the same color. For this tiling, we find that at least four colors are required. The four-colored pattern appears in
the pattern section as Snowflakes (p. 197).

FIGURE 6.14 Four-color and five-color snowflake patterns. In each case, once we pick a color order in the strips shown on the left,
the remaining colors are determined by the hockey-stick translation.
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but the more colors we add, the longer the repeat length of
the pattern, which can make bracelet sizing more difficult.

So far, we have seen Escher bracelet patterns that require
three colors (Figures 6.7 and 6.8) or four colors (Figures 6.10
and 6.13) to ensure that neighboring tiles have different
colors. This raises the natural question of how many colors
are required for tessellated bracelet patterns in general.
Not surprisingly, this issue is closely related to our very first
design challenge from Chapter 2, that of designing seven-
color torus map bracelets. In fact, each of the seven-color
torus map bracelets (pp. 134-135) also fits our definition of
an Escher bracelet, since all seven countries in our bracelet
map have exactly the same shape. However, these patterns
have a different flavor than the tessellated bracelets in this
chapter, since there is only one tile of each color. As it hap-
pens, for many of the tilings we have shown in this chapter so
far, if it were physically possible to make a bracelet with only
seven tiles, the bracelet would also be a seven-color torus
map; two examples are shown in Figure 6.15. It is not as clear
how many colors are required in a pattern with multiple tiles
in each color, though the seven-color map theorem on the
torus guarantees that we will need no more than seven.

The Four-Color Theorem for maps on a plane also
applies to maps on a cylinder. If you haven't seen this result
before, it's worth pondering how to take a map on a cylin-
der and stretch it into a map on the plane; the process is
analogous to stretching a spherical map into the plane as
described on p. 29, with the bonus that you don’t need to
poke a hole in your map first. This means that any Escher
tiling of a bracelet can be colored with four colors—until
we sew the ends together to form a torus. This leads us to
suspect that most tessellated bracelets with relatively small
tiles can be colored with four colors.

On the other hand, by choosing the number of tiles in
your bracelet carefully, itis no great feat to force a fifth color
into the picture. For instance, suppose you make a bracelet

FIGURE 6.15 Escher designs as seven-color torus maps. These
charts have too few beads in them to be shaped into a torus and
sewn together, but if they could be, each of the seven tiles would
touch all of the others.
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FIGURE 6.16 A four-color impasse. Here are two hypothetical
snowflake bracelets that fasten together across the gap in the mid-
dle of each bead strip. If the total number of snowflakes is a mul-
tiple of four, then the colors line up properly at the seam as on the
left. If the total number of snowflakes is not a multiple of four, then
the last few tiles touch all four colors and cannot be colored at all.

with the snowflake tiling using exactly 95 tiles. As we saw
in Figures 6.13 and 6.14, if you use only four colors, once
you have colored in the first four tiles, all the other colors
are determined. Since the total number of tiles is not a mul-
tiple of four, an attempt to color a 95-tile bracelet with four
colors will reach an impasse at the last few tiles. Figure 6.16
illustrates the problem with two bracelets, sliced along
the edges of the snowflake tiles and laid flat in the plane.
However, since 95 is a multiple of five, the five-color pattern
from Figure 6.14 works perfectly here.

What is not clear to us is whether there is a tessellated
bracelet pattern with multiple tiles of each color that
requires more than five colors. We invite you to ponder this
question—perhaps you will come up with the answer that
has thus far eluded us!

Generating Tiles from Lattices

The hexagon and snowflake tessellations began with a prom-
ising tile shape. Full of hope, we pushed copies of our shape
around the bead plane to find a configuration that covered
the plane and then searched for a hockey-stick translation.




This gave us very little control over the bracelet circumfer-
ence and how the tiles were arranged in the final pattern.
Is there a technique that allows us to have more influence
over the size of our bracelet and the arrangement of tiles?

Let's take a closer look at the 5-around hexagon tiling
from Figure 6.8. There are 14 beads in each hexagon and
three colors of hexagons that are repeated to cover the
bracelet. Consequently, the repeat for this bracelet pattern
is 3 X 14 = 42. Because the tiles are all the same shape and
the same orientation and the colors are arranged symmet-
rically, the pattern breaks down nicely into three segments
of 14 beads each that are identical except for a shuffle of
the colors we use. For instance, if we start at the leftmost
bead in a hexagon, the stringing pattern is

42332
42332
233

Since moving horizontally in the bead plane gives us a
readout of the beads as they are strung on the thread, this
tells us that if we move 14 beads to the right (or left) of the
leftmost bead in a hexagon, we will land on the leftmost
bead in another hexagon. In Figure 6.17, the leftmost beads
of each hexagon are marked in black to illustrate this rela-
tionship. Furthermore, we know that applying a hockey-
stick translation of length 5 will also take us from a black
bead to another black bead. The horizontal and hockey-
stick translations point in two independent directions,
so by the mathematics of lattices explained in Chapter 1,
we can travel from any black bead to any other with some
combination of these two translations.

Armed with this understanding of the lattice connected
to a known tiling, we can now run the process in reverse.
Let’s say we want to make a 5-around Escher bracelet, but
instead of having 14 beads in each tile, we want 13 beads in
each tile. In this case, our lattice should be generated by the
hockey-stick translation of length 5 and a horizontal transla-
tion by 13 beads. The resulting lattice appears in Figure 6.18.

FIGURE 6.17 The lattice for the 5-around hexagonal tiling from
Figure 6.8. Each hexagon contains 14 beads, which produces a
14-bead horizontal translation in the lattice.

FIGURE 6.18 Creating a lattice for a specific circumference and
tile size. On the left, the blue arrow indicates the hockey-stick
translation for a 5-around bracelet and the green arrow is a hori-
zontal translation by 13 bead lengths. Applying all possible com-
binations of these translations produces the lattice on the right,
which marks the relative positions of 13-bead congruent tiles in a
pattern of circumference 5.

With our lattice in hand, we can fill in tile shapes by
coloring beads around the lattice as shown in Figure 6.19.
The tiles are grown incrementally from the top of the figure
to the bottom in three different patterns (shown in columns
left, middle, and right). Lattice points that are separated by
a hockey-stick translation represent the same bead in the
bracelet, so we always color them the same color. As long
as we keep each tile the same shape with respect to the
lattice point as we color in beads and make sure not to over-
lap our colors, once each tile has 13 beads in it we will have
an Escher bracelet design. Figure 6.20 shows the middle
design from Figure 6.19 in bead crochet.

Growing Symmetric Tilings

In the previous design method, we used the regularity of our
starting lattice to produce tiles that were all the same shape.
Since each tile grew from its lattice point in the same way,
translating the entire bead plane to move one lattice point
into the position of a second lattice point will cause the tile
around the first lattice point to fill exactly the same space
as is vacated by the tile around the second. A more sub-
tle way to evolve an Escher design in the bead plane is to
use symmetry to create tiles that have the same shape.
Take the design that emerges in Figure 6.21, for example.
In this case, we have chosen a circumference of 6 and a two-
color palette of light and dark blue. To force the light and
dark tiles to have the same shape, we gradually color them in
while maintaining symmetry around a center point, marked
with a red dot that is midway between a light bead and a dark
bead. Since we are making a 6-around design, the red dot is
repeated at hockey-stick intervals of length 6 just like the rest
of the pattern. Every time we color a bead in light blue, we
color the bead on the opposite side of the center in dark blue,
and vice versa. By following this procedure, we ensure that
the light and dark tiles have exactly the same shape, because

ESCHER DESIGNS e 83




FIGURE 6.19 Three tessellations produced with the lattice from Figure 6.18. Since the lattice accommodates a 13-bead tile, we add
beads incrementally to all the tiles in a given pattern until every tile has 13 beads.

FIGURE 6.20 A bracelet made with the design in the bottom
center of Figure 6.19. The pattern appears in the pattern pages
as Naptime (p. 171).

if we rotate the pattern of light beads by 180° around the
center point, it will exactly cover the pattern of dark beads.
In the pattern section, you will find many two-color Escher
designs with a similar 180° symmetry. Some of them were
made with this method of growing tiles, while others began
with symmetric polygonal tilings of the type discussed earlier
in the chapter. The frequency of this design element in our
patterns reflects an inherent symmetry in the bead crochet
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process: if you rotate any bead crochet chart by 180°, thereby
reversing the order in which you string the beads, there will
be no detectable difference in the final bracelet. This sym-
metry also appears in the numerical stringing pattern for the
design in Figure 6.21. Starting at a point midway between
two red dots, the pattern of beads on the strand is

1T11117211231613211211111
17111211231613211211111

Notice that if you read this pattern backward, you get
the identical pattern but with the two colors swapped,
demonstrating the symmetric design process.

By using the bead plane more adventurously, we can
generate more complex symmetries between tiles. Consider
the two regular division drawings in Figure 6.22, in which the
tiles appear in three different orientations, one for each color.
In each design, the black tiles are rotated from the blue tiles
by 120° which are rotated from the red tiles by 120°, which
in turn are rotated from the black tiles by 120°. Patterns with
this type of symmetry appear frequently in Escher’s regular
division sketches and are also popular in quilting. In fact,
readers who quilt will recognize the design on the left as the
traditional tumbling blocks quilt pattern.

We can emulate this type of symmetry in the bead plane
with an analogous process to the one from Figure 6.21 by




FIGURE 6.21 Growing a two-color Escher pattern using symmetry. We start with a seed pattern of the two colors, then add beads
symmetrically around the center point, marked in red, so that a 180° rotation interchanges the colors. This design is the pattern for the

Crashing Waves bracelet (p. 189).

FIGURE 6.22 Three-color tessellations of the plane by congru-
ent tiles. The tiling on the left is the classic tumbling blocks pat-
tern used in quilting, and the tiling on the right is a deformation
of it. In each tessellation, tiles of different colors are the same
shape but rotated by 120°.

starting with a symmetric three-color seed pattern and
maintaining the 120° relationships between tiles as we color
in the plane. However, there is a significant difference intro-
duced by the 120° angle. While a hockey-stick translation
rotated by 180° is simply a reversed hockey-stick translation,
a hockey-stick translation rotated by 120° is an entirely differ-
ent type of translation, as shown in Figure 6.23 for a 7-around
bracelet. In our seed pattern, the black tiles must have a
hockey-stick translation of length 7. Since rotating by 120°
counterclockwise around the center of the pattern will place
the black tiles on top of the red tiles, the red tiles—and thus

FIGURE 6.23 Translations for a three-color tessellation with tiles
rotated by 120°. Since the black tile is translated by the hockey-
stick translation, the red and blue tiles must be translated by rota-
tions of the hockey-stick translation, as marked in the left diagram.
On the right, we see the lattice formed by our three translations.

the entire Escher design—must have the translation marked
in red that we get by rotating the hockey stick by 120° around
the center. The relationship between the red and blue tiles
gives us a translation in a third direction marked in blue.

As shown in the diagram on the right of Figure 6.23, if we
apply all three translations in turn, we end up back where
we started. This means that we really only have two inde-
pendent translations; for instance, we can achieve the red
translation by performing the reverse of the blue transla-
tion and then the reverse of the black translation (or vice
versa). Since our entire Escher pattern will be preserved by
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FIGURE 6.24 Growing a three-color Escher pattern using symmetry. At each stage, we apply the three translations shown in Figure 6.23.

all three translations, the final pattern will correspond to
the lattice marked in yellow. In particular, the repeat length,
as determined by the lattice, must be 57 beads.” Since we
are forming congruent tiles in three colors, we know in
advance that when we are done, each tile will contain 57/3
=19 beads.

Notice what has happened here; we picked a circumfer-
ence of 7 and added a symmetry condition on our three
colors of tiles, and that information alone completely
determined the size of our tiles! We will look more closely
at different types of symmetry in the next chapter, and we
will see that imposing symmetry forces all sorts of inter-
esting constraints on bracelet designs. Upon reflection,
you might be struck by how lucky we were that the repeat
length forced by our choice of symmetry was evenly
divisible by 3, and you might suspect that the game was
rigged. In fact, it was. If you would like a little geometric
puzzle, try applying the same 120° rotation condition in

" You can read the repeat length from the lattice using the principles
outlined in Chapter 1. In this case, it is easiest to use the traditional left-
leaning diagonal layout: starting at one of the lattice beads, it takes
8 rows of 7 beads each plus one extra bead to reach the next lattice bead.
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circumference 6; you will find that the repeat length is not
divisible by three and if you try to form an Escher design
with this method, you will always have beads left over. For
a bigger challenge, see if you can figure out which circum-
ferences do work!

Fortunately for us, this process does work for a
7-around bracelet, as confirmed in Figure 6.24. Here, we
start with our seed pattern, translated by the lattice from
Figure 6.23. At each stage, we add more beads of each
color while preserving the 120° rotations that take one
tile color to another. Since we only have 19 beads of each
color to fill in, it is not long before we have colored the
entire plane. What is particularly interesting about this
pattern, and what makes it unique among the Escher
designs we've seen here, is that the tiles are only truly
congruent in the bead plane. In an actual bracelet, which
you can see at the top of the assortment of Escher brace-
lets in Figure 6.25, the tiles are curved around the merid-
ian of the bracelet in different orientations, making the
three-dimensional shape of the black tiles quite different
than the three-dimensional shape of either the blue tiles
or the red tiles.




FIGURE 6.25 An assortment of Escher bracelets. The bracelet at the top is from the pattern in Figure 6.24, the bracelet on the
lower left is from the snowflake tiling in Figure 6.13, and the center and lower right bracelets are the same patterns as in the
chapter header. The center bracelet is Escher Fish (p. 204), and the remaining bracelets, clockwise from the top, are Flying Z's
(p. 172), Gliding Vines (p. 218), Escher Lizards (p. 201), Four-Color Flowers (p. 198), Snowflakes (p. 197), and Interlocking Vines (p. 192).

FIGURE 6.26 Beaded Deformation: From Kepler’s Star to the Night Sky, by Florence Turnour. In this piece, the pattern gradually evolves
from the Kepler's Star weave, developed by Gwen Fisher, on the left, to the Night Sky Weave, also by Fisher, on the right.

Escher Transformations: Another
Design Springboard

Through our bead crochet adventures, we've gotten to
know the extraordinary bead weaver and mathematician
Gwen Fisher. She and Florence Tumour, also a mathemati-
cian and bead artist, are the women behind BeAd Infinitum,
which produces intricate bead weaving patterns and tuto-
rials and jewelry. After reading a blog post about a bead

crochet sampler lariat, Fisher emailed us with a design chal-
lenge of her own. The lariat she had seen online contained
over a dozen patterns in succession with abrupt transitions
between consecutive patterns. Fisher wondered if we could
use our design techniques to create bead crochet ropes in
which each design transitions smoothly into the next to
create a pattern that subtly evolves along the length of the
rope. In her message, she included a link to an astonishing
piece of Turnour’s bead weaving, shown in Figure 6.26.
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FIGURE 6.27 An Escher transformation necklace. This neck-
lace appears in the pattern pages as Waves and Diamonds
Transformation Necklace (p. 208). For a chunkier effect, the
necklace is worked in larger beads (size 8 seed beads) than we
typically use for 6-around patterns.

FIGURE 6.28 A chart for the upper section of the necklace in
Figure 6.27. The design was created by deforming the pattern
from Figure 6.21 in both directions. In this chart, each motif
appears only once, but in the necklace each is repeated twice.

In Beaded Deformation: From Kepler's Star to the Night
Sky, Turnour interpolates between two of Fisher's bead
weaving patterns in a slowly transforming sequence of
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FIGURE 6.29 Marian Goldstine modeling her Waves and
Diamonds necklace with a matching set of bracelets. These
pieces are made with size 11 black seed beads and 1.8mm ster-
ling silver beads.

beaded tilings. She took her inspiration from the work of
the mathematician and artist Craig Kaplan, and also from
the gradually transforming designs of another artist ...
M.C. Escher.

Escher bracelet patterns lend themselves naturally to
this type of subtly shifting design. After all, one of the prin-
cipal methods for making elaborate tessellations in bead
crochet is to deform simpler patterns a few beads at a time,
as we saw in Figure 6.10. To make a transforming Escher
design, we simply place these deformations in sequence on
a single bead crochet rope. In practice, this often involves
tinkering to create smooth transitions between the defor-
mations, a process that incorporates a great deal of trial and
error, a large design space (a computer graphics package
that allows you to copy and rearrange designs is extremely
helpful), and a great deal of patience. The necklace pat-
tern shown in Figures 6.27-6.29 is an example of this tech-
nique in action, and there are several more transformation
designs at the end of the book.
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CHAPTER 7




n our bead explorations so far, we have frequently been

guided by a search for symmetry. When we constructed

seven-color torus maps on bracelets, we wanted all of the
countries to be the same shape. When we made bracelets
with geometric cross sections, we were particularly inter-
ested in cross sections that were regular polygons. When
we tiled our bracelets with Escher designs, we sometimes
used symmetry as a tool to create pleasing tessellations.
In all of these endeavors, we have danced around a cen-
tral question, one of great significance to mathematics, the
sciences, and the arts: what is symmetry?

Different disciplines have different answers to this ques-
tion. Not surprisingly, mathematics takes a precisely targeted
approach. Rather than thinking of symmetry in its entirety
as a concept, mathematicians prefer to discuss a specific
symmetry of a particular object. To keep things simple, let’s
consider symmetry in the context of patterns in a flat plane.
A symmetry of a pattern is a way of moving the plane that
repositions the pattern but does not change its appearance.
As it happens, our design techniques have been forged by
symmetries from the very beginning. Every bracelet design
in the bead plane has a hockey-stick translation and a repeat
translation that preserve it; if you apply these translations
to the bead plane, the bracelet design remains unchanged.
In other words, the hockey-stick translation and the repeat
translation are symmetries of the bead crochet design!

Consider the patterns in Figure 7.1, each excerpted from
a bracelet pattern in this book. The markings in orange and
red indicate the symmetries of each pattern. The line of
blue waves at the top, which we view as repeating forever
to the left and to the right, has a translational symmetry:
if we perform a translation of the plane along the orange
arrow, each wave will move into the position of the next
wave in the line, and we won't notice that the pattern has
changed in any way. In fact, this is a hockey-stick transla-
tion, though the bead plane is rotated to make the transla-
tion horizontal. The yellow and black star has a rotational
symmetry: if we rotate the plane by 60° around the green
bead in the center, the star will look exactly the same as
before the rotation. Notice that since we can rotate the star
repeatedly, the star is also preserved by rotations of 120°,
180° 240° and 300° around the same center. A rotation of
the plane by 360° doesn't count as a symmetry,” since all
points in the plane return to their original positions.

" From a technical viewpoint it does, but it is the same symmetry as the
one that doesn't move the plane at all. Since every possible pattern has
this symmetry (if you don’t move it, it looks the same), mathematicians
consider it a trivial symmetry—important for mathematical bookkeep-
ing, but not a significant feature of a pattern.

The symmetries of the remaining patterns involve reflec-
tions, which are a little harder to visualize because they
require moving the plane in three dimensions. For instance,
the pattern of white flowers and green leaves in Figure 7.1
has a refl ction symmetry across the red line in the middle
of the pattern, the axis of refl ction. If we imagine that the
page is detached from the book and that the ink has soaked
through to the other side of the page, then spinning the
page by 180° around the red line would not change the
appearance of the design of flowers and leaves. In theory,
we can achieve the same effect by holding the page up to
a mirror, but we would have to be very careful about where
we held the page and the mirror to align the pattern prop-
erly. By contrast, the black vine at the bottom of Figure 7.1,
which we view as continuing forever in a line like the blue
waves, almost has a reflection symmetry across its red axis,
except that the fronds on the top and the fronds on the bot-
tom aren’t lined up properly. However, if we also translate—
or glide—the vine to the right by half the distance between
fronds, the vine will fill the same space in the plane that it
did before. This combined movement, a reflection and a
translation parallel to the axis of reflection, is a glide refl c-
tion, and so the vine has a glide refl ction symmetry.

As it happens, the only ways of rearranging the plane
without stretching, compressing, folding, or tearing it—
commonly known as the rigid motions of the plane—are trans-
lations, rotations, reflections, and glide reflections It is not
immediately obvious that there are no other types of rigid
motions. For instance, since a reflection followed by a transla-
tion produces a new type of motion called a glide reflection,
we might imagine that a rotation followed by a reflection
would produce a new type of motion, a “rotation reflection.”
In fact, it turns out that a rotation followed by a reflection is
merely another reflection across a different axis.

To understand the full symmetry structure of a shape or
pattern, mathematicians look at the collection of its sym-
metries and how they interact with each other. This way
of viewing symmetry allows us to recognize the common
structure of designs that superficially look quite different.
For instance, Figure 7.2 shows three different repeating
designs in the plane with the same essential symmetry
structure. The top row shows the three unadorned designs,
while the middle and bottom rows are labeled to illustrate
the symmetries of each pattern: axes of reflection and glide
reflection are marked with colored lines, and centers of
rotation are marked with colored dots. Since each design

* For an accessible proof of this fact, see Dorothy K. Washburn and
Donald Crowe, Symmetries of Culture: Theory and Practice of Plane
Pattern Analysis, University of Washington Press, 1998, p. 271.
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FIGURE 7.1 The four types of planar symmetries. The top design is preserved by a horizontal translation, the middle left design by
a rotation by 60°, the middle right design by a reflection across a horizontal axis, and the bottom design by a glide reflection with a

horizontal axis.

fills the infinite plane and repeats over and over again,
the axes and centers of symmetry also repeat throughout
the plane, and marking them all would make the symme-
try types hard to discern. However, the bottom diagram
in each column shows representatives of all the types of
nontranslational symmetry, including a center of rotation
for each possible angle and axes of reflection and glide
reflection in each possible direction. Each axis of reflection
or glide reflection can be reached from the marked axes
by a translational symmetry of the design, and each center
of rotation can be reached from the marked centers by a
combination of reflections and translations of the design.
To make it easier to inspect the individual reflections and
glide reflections of the patterns, the middle row marks only
two reflections and two glide reflections per pattern.

We describe the specific symmetries in Figure 7.2 and
their relationships to each other in more detail below. Some
of these symmetries are more readily apparent than others,
and it is not essential to fully understand all of them. What
isimportant is that all three patterns have exactly the same
types of symmetries.

In each pattern in Figure 7.2, we have rotations by 60°
(centers marked in red), rotations by 120° (centers marked
in blue), and rotations by 180° (centers marked in green).
Notice that while we can also rotate each pattern through
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a red center by 120° or 180° because we can repeat the 60°
rotation, we cannot rotate around the green or blue centers
by 60° without visibly changing the pattern. Through each
red center, there are six axes of reflection (marked in orange)
arranged 30° apart. There are glide reflections (axes marked
in purple) in six directions. And finally, each design has trans-
lation symmetries along each of the reflection axes.

By contrast, while the two designs in Figure 7.3 are both
based on the same triangular grid, the symmetry structures
of the designs are different. The uncolored triangular pat-
tern on the left is the middle pattern from Figure 7.2 and
has the symmetries described before. However, in the pat-
tern on the right, the upward-pointing triangles are gray
and the downward-pointing triangles are white. Since any
rotation by 60° or 180° turns the upward-pointing triangles
downward and vice versa, the design on the right has no
symmetries of this type. Similarly, half of the reflections
and glide reflections of the design on the left do not pre-
serve the design on the right. Notice that although all three
centers of rotation marked in the design on the right are
for rotations by 120° they are fundamentally different in
their relationship to the design itself. For instance, no rigid
motion of the gray and white triangular grid could move
the center of a gray triangle to a point where six triangles
meet without changing the appearance of the pattern.
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FIGURE 7.2 Designs with the same symmetry structure. Even though these three patterns are quite different in appearance, they all
have the same symmetry structure. In the bottom two rows, representatives of each kind of nontranslational symmetry are marked
as follows: centers of 60° rotations are red, centers of 120° rotations are blue, centers of 180° rotations are green, axes of reflection are
orange, and glide reflection axes are purple. The bottom row shows reflection axes and glide reflection axes in every direction that gives
a symmetry for the pattern, while the middle row shows fewer axes to make it easier to study the individual symmetries.

The collection of symmetries of a pattern is called the
symmetry group of the pattern, and it is an example of a
much more general type of mathematical object called
a group. The theory of groups is rather abstract and intri-
cate, and we will not describe it in any detail here, since
the information that we can glean from the figures in
this chapter will suffice for our purposes. If you are inter-
ested in learning more about group theory, Keith Devlin’s
Mathematics: The Science of Patterns: The Search for Order in
Life, Mind, and the Universe has a nice chapter on the subject,
and Nathan Carter’s Visual Group Theory is a lovely intro-
duction to the field that goes into more technical detail.

An excellent undergraduate text on the subject is Dan
Saracino’s Abstract Algebra: A First Course.

Each of the designs in Figures 7.2 and 7.3 has trans-
lational symmetries in two independent directions, just
like bracelet patterns in the bead plane. This means that
we can reproduce each design by taking a finite piece of
the design and filling the plane with copies of that piece,
in the same way that we can tile the bead plane with a
single repeat of a bracelet pattern. For example, we can
build the design on the right of Figure 7.2 by translations of
any one of the three tiles shown on the right of Figure 7.4.
As you may have noticed if you spend time in wallpapered
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FIGURE 7.3 Designs with different symmetry structures. In the design on the right, all of the gray triangles point upward. Consequently,
the rotation by 60° centered at the red dot in the left pattern does not preserve the pattern on the right, since it would make all of the
gray triangles point downward.
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FIGURE 7.4 Building an infinite plane pattern from a finite pat-
tern. We can form the design on the left by fitting together trans-
lations of any of the tiles on the right.

rooms, the designs on wallpaper fall into this category
for practical reasons, since repeating patterns allow effi-
cient printing of strips of wallpaper that cover a wall of
any size easily. For this reason, any design in the plane
with two independent translations is called a wallpaper
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pattern, and its group of symmetries is a wallpaper group.
Since symmetry groups of repeating patterns are used in
crystallography, wallpaper groups are also known as plane
crystallographic groups, and in fact the notation that we
will use to describe the different wallpaper groups in this
chapter, one of several in common use, is the notation
adopted by the International Union of Crystallography
[Washburn and Crowe, Symmetries of Culturel. For instance,
the common symmetry group of the patterns in Figure 7.2
is denoted P6M, while the symmetry group of the pattern
on the right of Figure 7.3 is denoted P3M1. We will say more
about this notation and its meaning shortly.

Extrapolating from the variations in Figure 7.2, it is not
hard to see that there is an infinite variety of planar designs
for the wallpaper group P6M. In the rightmost design,
for example, we can expand or contract the dark circles,
or make the stars more or less pointy, or make countless
other changes as long as we make them symmetrically.
Thus, there are infinitely many patterns that share the same
symmetry structure. This raises a natural question: if there




are infinitely many patterns corresponding to each wallpa-
per group, are there also infinitely many possible wallpaper
groups?

Surprisingly, the answer is no. An amazing theorem,
proved independently by Evgraf Fedorov in 1891 and by
George Pdlya in 1924, tells us that there are exactly 17 dif-
ferent wallpaper groups. This means that out of the end-
less variety of wallpaper patterns, there are only 17 possible
symmetry structures! In other words, all the patterns that
can be used to tile the plane belong to one of only 17 basic
categories.

There are lovely systems for recognizing which wallpa-
per group a particular design exhibits, and we will describe
one of them in detail presently. But first, we present our
final design challenge.

Challenge Every bead plane design for a bracelet is a
wallpaper pattern. Which of the 17 wallpaper groups are pos-
sible in a bracelet design? Can you create a bracelet pattern
demonstrating each?

Identifying Wallpaper Groups

While symmetry groups were first studied by mathema-
ticians and crystallographers for purely scientific reasons,
they have important applications in the humanities as
well. One of the most intriguing uses of symmetry classifi-
cation is in the work pioneered by anthropologist Dorothy
K. Washburn and mathematician Donald W. Crowe in
their seminal 1988 book, Symmetries of Culture: Theory and
Practice of Plane Pattern Analysis. Washburn and Crowe
studied the decorative art traditions of various ancient
and contemporary cultures, and they found that different
cultural groups favor different symmetry structures. These
preferences for certain symmetries in pottery, fabrics,
and other decorated artifacts are pronounced enough
to shed light on trade routes in antiquity through the
spread of various symmetric design schemes. To help oth-
ers perform similar pattern analysis, Symmetries of Culture
includes flowcharts for recognizing the symmetry groups
of the wallpaper patterns, as well as the symmetry groups
of frieze patterns, which repeat in only one direction
(like ornamental stitching on a garment hem), and other
types of symmetries.

In Figure 7.8, we present a similar flowchart based on
the wallpaper-pattern recognition algorithm of math-
ematician Brian Sanderson.! Proving that this classifica-
tion gives all the possible wallpaper groups is beyond the
scope of this book, but interested readers will find proofs
of this and several other symmetry classification theo-
rems in the excellent volume The Symmetries of Things by
Conway, Burgiel, and Goodman-Strauss. Even without a
rigorous proof, the material that follows is fairly techni-
cal. If you prefer not to delve into the details of wallpa-
per group structure but would like to incorporate some
interesting rotations or reflections into your bead crochet
designs, we suggest that you skip ahead to the section on
designing wallpaper bracelets on p. 104. Whether or not
you skip ahead, if you happen to own an iPad or iPhone,
we strongly recommend that you acquire Jiirgen Richter-
Gebert’s phenomenal (and rather addictive) app iOrna-
ment, which allows you to draw designs for any of the
wallpaper groups with a wide array of artistic effects. In
addition, iOrnament features explanations of the theory
of wallpaper groups with interactive illustrations that you
can manipulate on your touch screen.

The first step in our pattern recognition scheme is to
search for rotational symmetries. Any rotational sym-
metry of a wallpaper pattern has the property that if we
repeat it enough times, the plane returns to its original
position. The number of times we must apply the rotation
to return to our starting point is called the order of the
rotation. For instance, the star on the left of Figure 7.5 has
a 60° rotational symmetry, and 60° is the smallest angle of
rotation that preserves the design. Since performing six
60° rotations gives us a full 360° rotation, returning the
plane to its starting position, a rotation of 60° has order 6.
We can also describe this by saying that the star has

TS

FIGURE 7.5 Designs with rotation order 6, 4, 3, and 2, from left
to right. These are the only rotation orders in any of the wallpa-
per groups, in which the only possible angles of rotation are mul-
tiples of 60° and 90°.

" Dorothy K. Washburn and Donald W. Crowe, Symmetries of Culture:
Theory and Practice of Plane Pattern Analysis, University of Washington
Press, 1988.

* Dror Bar Natan's Image Gallery: Symmetry: Tilings: Sanderson’s Algorithm,
http://www.math.toronto.edu/~drorbn/Gallery/Symmetry/Tilings/
Sanderson/index.html.
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sixfold rotational symmetry. This reflects the fact that the
star has six equally spaced points, each of which is carried
to the next by rotation by 60°. The remaining shapes
in Figure 7.5 have rotational symmetries with order 4, 3,
and 2, respectively, corresponding to rotations by 90°
120° and 180°.

The only rotations that occur in the wallpaper groups
are rotations with order 6, 4, 3, or 2. There are also wall-
paper groups with no rotational symmetries at all.” Notice
that since a rotation by 60° can be repeated to achieve
rotations by 120° and 180° any wallpaper group with
rotations of order 6 also has rotations of orders 3 and 2.
Likewise, since a rotation by 90° can be repeated to achieve
a rotation by 180° any wallpaper group with rotations of
order 4 also has rotations of order 2. In the flowchart in
Figure 7.8, our recognition algorithm first divides the wall-
paper patterns into clusters based on the largest order of
rotational symmetry. Within each cluster, the patterns are
distinguished by the types of reflections and glide reflec-
tions that preserve it.

At this point, you may be wondering why there are no
rotations of order 5, or order 7, or any higher order. While
this is easier to prove than the full classification of the
wallpaper groups, the math is still more technical than
appropriate in this discussion. However, it is related to the
analogous and less cryptic phenomenon, illustrated in
Figure 7.6, that the only regular polygons that can tile the
infinite plane are the equilateral triangle, the square, and
the regular hexagon. Each of these polygons fits neatly in a
tiling, with six triangles to a corner, four squares to a corner,
and three hexagons to a corner. By contrast, any attempt
to tile the plane with regular pentagons is doomed to fail-
ure: three pentagons to a corner leaves a gap, and four
pentagons don't fit around a corner without overlapping.

@K

FIGURE 7.6 Why the only regular polygons that can tile the
plane are the triangle, the square, and the hexagon. If we attempt
to fill a plane with regular pentagons, we reach an impasse and
are forced to either leave gaps or overlap the pentagons.

" Except the trivial symmetry, which is a rotation by 0°. Since performing
this symmetry a single time returns the plane to its original position,
this is considered a rotation of order 1.
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Regular polygons with more than six sides, and correspond-
ingly larger angles, fare even worse. Notice that between
them, the uncolored tilings of regular triangles, squares,
and hexagons have rotational symmetries of orders 6, 4, 3,
and 2—oprecisely the orders that appear in the wallpaper
groups.

In order to complete the wallpaper pattern analysis, we
need to take a closer look at glide reflections. Any pattern
with a reflection and a translation parallel to its reflection
axis, such as the pattern at the top of Figure 7.7, has glide
reflection symmetry in an incidental way, since we can
combine its reflection and its translation. Because this glide
reflection breaks down into a reflection that preserves the
pattern and a translation that also preserves the pattern, it
is a decomposable glide reflection. On the other hand, the
vine pattern at the bottom of Figure 7.7 has an indecom-
posable glide reflection. As we observed while investigat-
ing the same design in Figure 7.1, the reflection through
the red axis changes the alignment of the top and bottom
fronds, so this glide reflection cannot be separated into
a reflection and a translation each of which preserve the
pattern. In spite of this, there is a translation by twice the
marked distance that does preserve the design, but with-
out a reflection symmetry, the glide reflection is none-
theless indecomposable. Among the wallpaper groups,
reflections and indecomposable glide reflections are pres-
ent or absent in all possible combinations: there are groups
with reflections but no indecomposable glide reflections,
groups with indecomposable glide reflections but no
reflections, groups with both symmetry types, and groups
with neither.

The Figure 7.8 flowchart identifies each wallpaper
pattern by considering several aspects of the pattern:
what is its maximum order of rotational symmetry
(or equivalently, what is its smallest angle of rotational
symmetry), does it have reflection symmetries, does it
have indecomposable glide reflection symmetries, and
what is the relationship between its reflection axes and its
centers of rotation? Some of these symmetries are tricky
to spot without practice. To make them easier to detect,
Figures 7.9-7.15 show each of the representative patterns
from the flowchart with markings to illustrate the rota-
tions, reflections, and glide reflections of each pattern.
Many of the symmetries marked are not needed for the
pattern recognition algorithm; for instance, none of the
indecomposable glide reflections in Figures 7.9-7.11 are
relevant in distinguishing the groups with maximum rota-
tion order 6, 4, and 3.
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FIGURE 7.7 Decomposable vs.indecomposable glide reflections. The top design has a glide reflection, but it is a combination of a reflec-
tion that preserves the design and a translation that also preserves the design and is thus decomposable. By contrast, only performing
both the marked reflection and the marked translation preserves the bottom design; either symmetry by itself does not preserve the
pattern because the hooks will not line up properly. The bottom design therefore has an indecomposable glide reflection symmetry.

The crystallographic notation that identifies the 17 wall-
paper groups is closely related to the questions that drive
the flowchart. Explaining the notation in full detail is rather
complicated (for instance, the rationale behind CMM vs.
PMM and P3M1 vs. P31M is tricky), and readers who wish
to see a complete account of its intricacies should con-
sult Washburn and Crowe. However, a few salient points
are easy to glean from the symbol for a given group. In a
symbol with numbers, the largest (often only) number is
the maximum rotation order. The letter M, which stands
for “mirror” to avoid confusion with R for “rotation,” indi-
cates a reflection symmetry, and the letter G indicates an
indecomposable glide reflection symmetry. So, for exam-
ple, P6M has a rotation of order 6 and a reflection, while P2
has a rotation of order 2 but no rotations of higher order,
no reflections, and no glide reflections. As you can see by
inspecting Figures 7.9-7.15, some of the groups have sym-
metries that are not included in their symbols; examples

include P4M, which contains a glide reflection, P4G, which
contains a reflection, and CMM, which contains a rotation
of order 2.

Wallpaper Groups in the Bead Plane

Now that we have an algorithm for recognizing the 17 wall-
paper groups, we can consider which of these groups are
symmetry groups for bead crochet patterns in the bead
plane. To begin, let’s take a closer look at the geometry of
the bead plane itself.

As we have seen since our introduction to this design
tool in Chapter 1, the bead plane is a conceptual space—
an infinite plane that is extrapolated from the design of a
bead crochet bracelet. The conceptual nature of the bead
plane extends to our idealized representation of the beads.
Crafters who have worked with seed beads before know
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FIGURE 7.8 A flowchart for identifying the symmetry structure of a wallpaper pattern.
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FIGURE 7.9 Wallpaper patterns with maximum rotation order 6: P6M and P6. Centers of 60° rotations are marked in red, centers of 120°
rotations are marked in blue, and centers of 180° rotations are marked in green. The orange lines are reflection axes, and the purple lines
are glide reflection axes.
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FIGURE 7.10 Wallpaper patterns with maximum rotation order 4: PAM, P4G, and P4. Centers of 90° rotations are marked in yellow, and
centers of 180° rotations are marked in green. The orange lines are reflection axes, and the purple lines are glide reflection axes. What
distinguishes PAG (middle) from P4M (left) in the flowchart in Figure 7.8 is that the center of 90° rotation does not lie on a reflection axis.

FIGURE 7.11 Wallpaper patterns with maximum rotation order 3: P3M1, P31M, and P3. Centers of 120° rotations are marked in blue, the
orange lines are reflection axes, and the purple lines are glide reflection axes. What distinguishes P31M (middle) from P3M1 (left) in the
flowchart in Figure 7.8 is the presence of a center of a 120° rotation that does not lie on a reflection axis.
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FIGURE 7.12 Wallpaper patterns with maximum rotation order 2 and reflections: CMM, PMG, and PMM. Centers of 180° rotations are
marked in green. The orange lines are reflection axes, and the purple lines are glide reflection axes. What distinguishes PMG (middle) from
CMM (left) in the flowchart in Figure 7.8 is that none of its centers of rotation lie on a reflection axis (as opposed to a glide reflection axis).
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FIGURE 7.13 Wallpaper patterns with maximum rotation order 2 and without reflections: PGG and P2. Centers of 180° rotations are

marked in green, and the purple lines are glide reflection axes.
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FIGURE 7.14 Wallpaper patterns with reflections and without rotations: CM and PM. The orange lines are reflection axes, and the
purple lines are glide reflection axes. The difference between the symmetry groups is that CM has an indecomposable glide reflection

and PM does not.
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FIGURE 7.15 Wallpaper patterns with neither reflections nor rotations: PG and P1. The purple lines are glide reflection axes. Notice that
P1, the simplest of the wallpaper groups, has no symmetries at all except translations.

that the perfect circles we use in our bead plane diagrams
are not an accurate representation of the most common
shape of seed beads, which are actually slightly flattened on
the top and bottom. The middle diagram in Figure 7.16 gives
a closer approximation of the profile of a typical seed bead,
also known as a rocaille bead. Many of the rotations and
reflections of the idealized bead plane, such as the reflection

shown on the left of Figure 7.16, are not quite symmetries
of this more realistic bead plane because they change the
orientation of the beads, as shown on the right of Figure 7.16.

On the other hand, most of the symmetries in the bead
plane will not translate into symmetries of an actual brace-
let no matter what shape of bead we use, since the bead
plane pattern is wrapped up into a tube and then sewn
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FIGURE 7.16 Idealized bead shapes compared to actual bead shapes. In the grid of perfect circles on the left, this pattern from Shadow
Boxes (p. 220) has a reflection symmetry along the orange axis. However, most seed beads have a flattened profile closer to that in the
middle diagram. Reflecting the entire diagram around the yellow axis produces the pattern on the right, which is not quite the same as

the pattern in the middle because of the bead shape.
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FIGURE 7.17 Bracelets from the pattern in Figure 7.16 made from
beads of different shapes. The bracelet on the left contains gem-
stone and metal round beads, which are essentially spherical and
have a circular profile. By contrast, the bracelet on the right con-
tains standard glass seed beads with a flatter profile.

into a toroidal bracelet. Figure 7.17 shows two bracelets
made from the pattern in Figure 7.16, Shadow Boxes: one
with spherical beads and the other with rocaille beads. In
both bracelets, the reflection axes in the bead plane trans-
late into two spirals that wrap around the bead tube, one
through the larger green and silver diamonds in the pattern
and one through the smaller diamonds. The remnants of
the planar symmetry appear in the reflection symmetry of
the individual diamonds in the pattern, which is somewhat
more apparent in the bracelet with spherical beads, and in
the uniformity of the black gaps between the diamonds.

In answering this chapter’s challenge for ourselves, we
have chosen to use the idealized bead plane with circular
beads in a perfect hexagonal packing. We have done so
partly because it is a much more interesting mathematical
exercise, and partly because we have found that, as with
Shadow Boxes, bead plane patterns with symmetries of
the plane that are not symmetries of the bracelet, such as
reflections through oblique axes and rotations by 60°, often
make compelling bracelets.
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FIGURE 7.18 Why order 4 rotations are impossible in the bead
plane. Rotating the bead plane by 90° changes the arrangement
of the beads, so no matter how we color in the bead plane, the
design cannot be preserved by a 90° rotation.

Looking over the 17 wallpaper groups, we find that we
can cross three of them off the bead crochet listimmediately.
Without any coloring, the bead plane itself has no symmetries
of order 4, because rotating it by 90° changes the arrange-
ment of the beads, as shown in Figure 7.18. Therefore, we can-
not possibly make bead crochet patterns for the groups P4M,
P4G, and P4.

In an interesting counterpoint, some needle crafts work
on a square grid instead of a hexagonal grid, which yields an
entirely different set of symmetry constraints. In her chapter,
“Symmetry Patterns in Cross Stitch,” of the book Making
Mathematics with Needlework: Ten Papers and Ten Projects,
Mary D. Shepherd demonstrates that counted cross stitch
can produce all of the wallpaper groups with no rotations
of order 6 or 3. There are 12 such groups, and Shepherd
includes cross-stitch designs for all 12 groups in photo-
graphs taken from her artwork, “Wallpapers in cross stitch.”

While rotations by 90° are excluded in bead cro-
chet, all the other types of symmetries in the wallpaper
groups—rotations by multiples of 60°, reflections, and glide




reflections—are symmetries of the uncolored bead plane.
To determine which of the remaining groups are actually
possible in a bracelet, we need to think more carefully about
how the bead plane is colored. It should come as no surprise
that the major constraint on symmetries in bead crochet
patterns is imposed by the hockey-stick translation.

Although it may not be immediately obvious why, the
hockey-stick translation forces any bead plane pattern with
either a vertical or horizontal reflection axis to be verti-
cally striped: all the beads in each vertical column must be
the same color. The cause of this restriction is illustrated
in Figure 7.19, which shows the consequences of a vertical
reflection on the left and the consequences of a horizon-
tal reflection on the right. At the top, we have a section of
the bead plane with a single reflection axis marked and
one bead colored in light blue. The hockey-stick translation
of the bead plane must preserve the entire pattern, so the
translations of the reflection axes in the middle diagrams
must also be reflection axes. (For the purposes of this illus-
tration, the circumference is 5, but a similar phenomenon
arises in any circumference.) At the bottom, applying the
hockey-stick translation and the various reflections (follow-
ing the arrows from top to bottom in each case) forces the
entire column of the light blue bead to be light blue. The
same analysis will show that every other column has to have
a single color.

With this fact and our wallpaper flowchart in hand, it is
not difficult to show that any bead plane bracelet pattern
with both a reflection and a 120° rotation is severely con-
strained. In fact, it turns out that the only possible patterns
for these groups are those shown in Figure 7.20. A com-
plete proof of this fact appears in our article “Building a
better bracelet: Wallpaper patterns in bead crochet” in the
Journal of Mathematics and the Arts, and if you are inter-
ested in the details, we invite you to peruse the paper or,
better yet, formulate your own proof.

The groups represented by the patterns in Figure 7.20 are
P6M and P3M1. However, there is one other group that con-
tains both a reflection and a 120° rotation, P31M, which leads
us to the inescapable conclusion that just like P4M, P4G, and
P4, P31M is impossible in bead crochet. We are left with 13
of the 17 wallpaper groups that are hypothetically realiz-
able in bead crochet, though two of them, P6M and P3M1,
offer only the very limited design possibilities of Figure 7.20.
Figure 7.21 shows sample bracelets for both groups.

Fortunately, the remaining 11 wallpaper groups are all
attainable in bead crochet with much greater design flex-
ibility, as demonstrated in Figure 7.22. The artwork photo-
graphed here is Crystallographic Bracelet Series, a framed
piece we made for the Exhibition of Mathematical Art at
the national Joint Mathematics Meetings. For each of the
11 wallpaper groups P1, P2, P3, P6, PG, PMG, PGG, PM,

FIGURE 7.19 Constraints caused by vertical or horizontal reflections. In the sequence on the left, we consider the effects of a vertical
reflection axis, and in the sequence on the right, we consider a horizontal reflection axis. In each case, the hockey-stick translations
(in red) and the reflections (in black) force all the beads in a vertical column to be the same color.
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FIGURE 7.20 The only possible bracelet designs whose wallpa-
per group has a 120° rotation and a reflection. Left to right, these
patterns have symmetry groups P6M, P6M, and P3M1, respec-
tively. The second and third patterns are only valid in circumfer-
ences of the form 3K + 1, such as 4, 7, and 10.

FIGURE 7.21 Bracelets for wallpaper groups P6M and P3M1. The
bracelet on the left appears in the pattern pages as Porcupine
Pentagonal (p. 145). It is based on the two-color pattern in
the middle of Figure 7.20, but the isolated beads are protruding
drop beads in purple, and the background beads are smaller size
11 seed beads in black, making the bracelet appear different than
the charted design. The bracelet on the right is a 4-around brace-
letin 3mm round beads in three colors following the chart on the
right of Figure 7.20.

CMM, CM, and PMM (appearing from left to right and top
to bottom), there is a segment of a bead plane pattern with
that group of symmetries together with the corresponding
bead crochet bracelet. We invite you to analyze each bead
plane pattern using the flowchart in Figure 7.8 to verify
the identities of the different groups. All of the patterns
are shown in more detail in the Journal of Mathematics and
the Arts paper mentioned above, and all of them except
those for PM and CMM in the bottom left (which we have
replaced with improved bracelet designs) appear in the
pattern pages for this book.
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FIGURE 7.22 Crystallographic Bracelet Series, an art piece by the
authors included in the Joint Mathematics Meetings Exhibition
of Mathematical Art in January 2012. This framed artwork
includes a bracelet for each of the bead crochet wallpaper groups
except for P6M and P3M1 and swatches of the corresponding
bead plane patterns. Nine of these patterns appear in the pattern
section (pp. 200-233).

Designing Wallpaper Bracelets

The most powerful method for designing bracelets for
a given wallpaper group in a given circumference is to
evolve a design using symmetries, much as we grew sym-
metric Escher designs at the end of the previous chapter.
Figure 7.23 shows this process in action for a P6 bracelet in
circumference 6. In order to have a P6 design, we must have
a rotation by 60°. We choose a center for our rotation and
coloritand its hockey-stick translations green, as in the first
diagram. But since the green bead in the middle is a cen-
ter of rotations by 60° and 120°, rotating this line of green
beads around the middle bead shows that all seven of the
beads in the second diagram must be green and must also
be centers of rotation by 60°. From here on, we gradually fill
in new colors, making sure that each time we color a bead
we color in all the beads that are symmetrically placed
around each of the green centers. After seven steps, we
have filled in all of the beads inside the original hexagon of
green beads and created a pattern that can tile the entire
bead plane. Since the design has a 60° rotational symmetry




FIGURE 7.23 Evolving a P6 design. At the top left, we begin with a green bead marking the center of a 60° rotation along with its hockey-
stick translations for a 6-around bracelet. In the top middle, we apply rotations by 60° and 120° around the middle green bead to determine
four more beads that must be colored green. From this point onward, we color in the beads around the green beads using two constraints:
the pattern must be the same around each green bead, and rotating by 60° around each green bead must preserve the pattern. This pat-

tern is a variation of Rattan 6-around (p. 234).

and is not one of the P6M patterns from Figure 7.20, its
wallpaper group must be P6.

In the diagrams in Figure 7.23, we created our pattern
at the same time that we uncovered the constraints forced
by a 60° rotation, choosing colors as we went according
to our aesthetic judgment. Instead, we could take a more
systematic approach, first determining all of the con-
straints of a given symmetry and making our bead color
choices afterward. While the second approach requires
us to delay the gratification of seeing a beautiful pattern
emerge, it can uncover fascinating geometric and numeri-
cal patterns.

For instance, suppose we want to make a bracelet
whose bead plane pattern contains a reflection. Since a

vertical or horizontal reflection inevitably leads to a ver-
tically striped bracelet, we choose an oblique reflection
axis that is 30° counterclockwise from vertical, as shown
in Figure 7.24. Once again, we set a circumference of 6 and
mark the hockey-stick translations of our reflection axis.
We now start with a bead in the bead plane and trace all
of the beads that must be the same color under the vari-
ous reflections and the hockey-stick translation, as in the
middle diagram. If we repeat this process and use a new
color for each starting bead and its reflections and transla-
tions, we get the diagram on the right of Figure 7.24, which
serves as a universal template for a bead crochet pattern
in circumference 6 with the chosen reflection axis. Beads
that are the same color in the universal template must be
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FIGURE 7.24 A universal template for a 6-around bracelet with a left-leaning reflection axis. On the left is the reflection axis along with
all of its hockey-stick translations. In the middle, we take a single bead and fill in all of the beads that must be the same color because
of the hockey-stick translation (red) and the reflection (yellow). On the right, we have repeated this process with all the other beads to

give a color-coded diagram of which beads must be the same color.

the same color in any pattern that has the marked reflec-
tion! Conversely, if we take the 28 different colors in the
universal template and replace them with the colors of
our choosing, we will produce a pattern with the marked
reflection.

Notice that the universal template in Figure 7.24 has
a 48-bead repeat. This is not a repeat length we chose;
rather, it was forced upon us by our circumference and the
symmetry we desired. Similarly, the repeat length of 43
in Figure 7.23 is completely determined by our choice of
circumference and rotational symmetry. This is an indica-
tion that symmetry comes at a cost. If we pursue a particu-
lar symmetric structure, we lose control over the repeat
length for our circumference of choice.

The universal template in Figure 7.24 has no rotations,
has a reflection of our choosing, and has an indecom-
posable glide reflection (with an axis along a line of red
beads) that emerges from the bead crochet structure.
Consequently, its wallpaper group is CM, and most of the
patterns we can make by coloring in the template to our
liking will also have wallpaper group CM. However, if we
prefer to make a pattern with no indecomposable glide
reflections, we can simply match the colors on either side
of each red axis to produce arefl ctionthereinstead. In fact,
as Figure 7.25 demonstrates, we can make a universal tem-
plate for the corresponding symmetry structure, which
gives us a pattern with symmetry group PM. The middle
diagram in Figure 7.25 is this universal PM template, and on

FIGURE 7.25 Constructing a PM bracelet pattern. On the left is the reflection template from Figure 7.24, which corresponds to the
wallpaper group CM because it contains an indecomposable glide reflection. A minor modification gives the middle template, which
no longer contains an indecomposable glide reflection and thus has symmetry group PM. On the right is the pattern for the Yin-Yang

Reflection bracelet (p. 169), derived from the PM template.
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the right is a bracelet pattern, Yin-Yang Reflection, created
from the template. As a bonus, Yin-Yang Reflection is also
an Escher design.

As you might imagine, this is only the beginning of the
wallpaper bracelet story. There are all sorts of little tricks
that go into making bracelets for groups like PG and CMM.
There are fascinating numerical patterns in the repeat

lengths of bracelets with different circumferences and
reflection axes. There is the question of which wallpaper
groups can support Escher designs. We encourage you to
explore these ideas by making your own wallpaper brace-
let designs and templates and asking your own questions,
and we hope that you find the journey as intriguing as ours
has been.

WALLPAPER GROUPS e 107







PART THREE
Instructions and Patterns







How to Bead Crochet

CHAPTER 8




he process of making a bead crochet bracelet
Tinvolves five main steps: pattern selection, stringing,
starting, crocheting, and closing. In this chapter we
will go through each of these steps in turn to give you the
skills you need to use the patterns in this book—or better
yet, to use the principles from the previous chapters to
design and make your own bracelets! Even if you already
bead crochet, we hope you will find some of the tips and
techniques here a useful supplement to your crafting skills.
Bead crochet is a challenging skill to teach yourself, and
the best way to learn is to find a class at a local bead shop
or persuade a friend who already bead crochets to show
you the ropes. Fortunately, even if you don't have access to
these opportunities, there are many resources besides this
book to help you pick it up on your own. There are numer-
ous demonstration videos online, including a set of sup-
plementary videos for Crafting Conundrums that you can
find through the publisher’s website (http:/www.crcpress.
com/product/isbn/9781466588486). There is also a lovely
way to practice bead crochet at a larger scale before
attempting to make a bracelet with seed beads (which
generally range from 1 to 4 millimeters in diameter) and a
tiny crochet hook. We strongly recommend that if you are
teaching yourself to bead crochet, you acquire some large
plastic craft beads, called pony beads, which are available at
most major craft stores, along with the other supplies listed
below. In fact, because these larger beads are also much
easier to photograph clearly, most of the demonstration
photos in this chapter show bead crochet with large pony
beads. Marian Goldstine was kind enough to take all of the
pony-bead crochet photographs for us.
Before we delve into the bracelet-making process, here
is a quick checklist of the supplies that you will need no
matter what type of beads you are using:

® Beading needle for stringing

® Sewing or tapestry needle for closing
® Crochet hook

® Thread

® Beads

® Scissors

As we discuss the bead crochet process, we will talk
about how to choose the size and type of the beads, nee-
dles, string, and crochet hook. Different-sized tools and
materials affect the ultimate appearance of the bracelet,
and selecting the thread, beads, and crochet hook size are
an important part of the creative process.

If you are attempting your first bead crochet piece and
would like to make the sample in large plastic beads that
is demonstrated here (and whose pattern is given at the
end of the section on pattern selection), you will need the
following supplies:

® 9mm plastic pony beads in five colors, about
40 beads of each color.

® Thick yarn (labeled as Aran weight, or as using a
crochet hook of size |, J, or K), preferably in white
or a light color. You only need about 12 yards of
yarn, so any ball or skein you can buy will have
enough.

® Asizel, J, or Kcrochet hook.

® A yarn needle with an eye small enough to fit
through the beads. You will use this for both
stringing and closing.

® Scissors.

Because both of the authors and the majority of readers
are right handed, the photographs here demonstrate stan-
dard right-handed crochet, in which the right hand holds
the hook and makes all of the stitches while the left hand
holds the bracelet and thread. However, the exact same
method can be performed in left-handed crochet. Here is
how the instructions in this chapter are modified for left-
handed crocheters:

® Stringing is precisely the same as for right-handed
crochet. If you are reading the beads off of a chart,
you read them from left to right and bottom to
top no matter which hand you crochet with.

® Starting, crocheting, and closing are exactly mirror
reversed from the techniques shown in the pho-
tographs. As far as possible, we have written the
instructions in a hand-neutral way, but the images
will all be reversed from left to right. (Front, back,
top, and bottom stay the same.) While right-handed
crochet will add beads counterclockwise (as viewed
from the top), left-handed crochet will add beads
clockwise, and the final bracelet will be the mirror
reverse of its right-handed counterpart.

Pattern Selection

The most important feature of a design from a practical
viewpoint is its circumference. Not only will the circumfer-
ence determine how many beads you need to string and
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crochet—larger circumference, more beads—but it will
also determine what kind of beads you use and impact the
flexibility of the final bracelet. We have more precise infor-
mation about which beads work for which circumferences
in the stringing section, but the general principle is that
larger circumferences require smaller beads. As a general
rule, larger circumferences also create stiffer bracelets, so
if you are looking for a more supple form you will do best
with circumferences 7-around and under until you have a
sense of how tightly you crochet with different hooks and
thread types.

After circumference, the next most important aspect
of a bracelet pattern is the repeat length. Bracelets with
shorter repeats are generally easier to string and easier
to size, since you have more options for the total bracelet
length with a short repeat than with a long one. While you
consider repeat length, it is also worth looking at the com-
plexity of the color sequence in a repeat; the more compli-
cated the numerical pattern and the more colors appear,
the more you will have to concentrate to make sure you
string the beads in the right order. (There are tricks for
checking your stringing even for long, complex repeats, as
described in the stringing section.)

The pattern pages in this book are designed to make it
easy to find the circumference and repeat length of each
pattern along with suggestions about bead choices, twist
choices, and sizing. On p. 133, we have a guide to how this
information is presented on the pattern pages.

Our information on bracelet sizing is always approxi-
mate, since there are many factors that make size infor-
mation vary sharply from crafter to crafter and project
to project. First of all, bead sizes are far from precise.
While there is a standard sizing system that is used across
bead manufacturers, the actual dimensions of beads of
a given size fluctuate between bead makers. As if that
weren’t enough of a confounding factor, how loosely or
tightly you crochet also affects the length of your over-
all bracelet, as well as the flexibility of the bead crochet
rope. The tightness or looseness of your crochet and the
corresponding size of your stitches is known as the cro-
chet gauge. Finally, the sweet spot of sizing, a bracelet
small enough to hug the wrist without slipping off, but
big enough to roll over the hand with gentle stretching,
is actually fairly broad for most people. This means that
there is a range of lengths that each person can comfort-
ably wear.

As an illustration of why bracelet sizing is finicky, con-
sider the three bracelets in Figure 8.1, which were all made
by the same person from the same pattern in beads that
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FIGURE 8.1 The reason sizing information is imprecise. Here are
three bracelets made from the same pattern by the same per-
son with size 8 seed beads and 3mm silver rounds. Although
the bracelets are the same size, they have 18, 17, and 16 pattern
repeats, respectively, because of differences in bead measure-
ments and crochet gauge. The pattern is a simple variation of
the 4-around hexagonal tiling on p. 12, with a silver bead in the
middle of each hexagon.

are officially the same size. As you can see in the photo-
graph, these bracelets are all roughly the same length.
However, each was made with a different number of
repeats. The bracelet on the left and the bracelet in the
middle were both made with a size 8 crochet hook on
heavy-duty topstitching thread, but because the first
bracelet contains smaller beads than the second, the first
bracelet uses 18 repeats while the second bracelet only
uses 17 repeats. The bracelet in the middle and the brace-
let on the right use exactly the same beads, but because
the bracelet on the right uses thicker crochet thread and
a larger size 6 hook to get a larger gauge, it uses only 16
repeats to achieve the same bracelet size.

The best way to deal with this uncertainty is to try
some patterns with short repeat lengths and see how
your gauge compares to ours. Then you can either adjust
our sizing notes to account for how much smaller or larger
your stitches are than ours, or you can try to adjust your
gauge by holding your thread more loosely or tightly or by
changing to a different hook size. In general, the larger the
hook, the looser the stitches. However, some people find
that a smaller hook eases the struggle to push the hook
into each stitch, allowing them to keep their hands more
relaxed and loosen their stitches. If you find that your bead
crochet is especially tight, then another way to loosen it up
that works nicely for smaller circumferences is to crochet




around a toothpick, as described later in the section on
starting a bracelet.

If you are just beginning to bead crochet, or if you are
trying our patterns for the first time and are unsure of how
your gauge compares to ours, then we suggest you begin
with one of the patterns listed below. The first three are
particularly good for novice bead crocheters, because they
are 5-around bracelets and use larger beads that are easier
to see and manipulate. The remaining patterns are circum-
ference 6 or 7 and all have short, simple repeats for easy
stringing and flexible sizing.

® Trefoil Dissection, p. 160

® Naptime, p. 171

® Herringbone Reflection in 5-around, p. 176
® Escher (P,2) Torus Knot, p. 161
® Tricolor Zigzag, p. 173

® Four-Color Sawtooth, p. 174

® Sophie’s Herringbone, p. 175
® Aztec Wave, p. 184

® Googly Eyes, p. 217

® Shadow Boxes, p. 220

® Brick Walkway, p. 222

® Bon Bon Checkerboard, p. 223
® (aged Zigzag, p. 224

® Triangle Twist, p. 227

For your very first bead crochet project (or your first proj-
ect in small beads), we strongly recommend that you string
a 5-around bracelet in five colors by stringing the colors in
cyclic order: ABCDE, ABCDE, ABCDE, etc. Crocheting this
pattern will create five colored spirals around your crochet
rope and is particularly easy to work with because the color
of the bead you are stitching onto the rope will always be
the same as the color of the bead where you insert the cro-
chet hook, so it's always clear where your next stitch goes.
If you are making the five-spiral pattern in seed beads, try
using size 8 seed beads, which have the virtue of being
larger than the size 11 seed beads we most commonly use,
and string around 90 beads of each color or 450 beads in
total. As mentioned at the beginning of the chapter, the
pony-bead bracelet shown in the photographic dem-
onstration that follows takes 40 beads of each color or
200 beads in total.

Stringing

Most of the beads we use for bead crochet bracelets are
glass seed beads, which have the virtue of coming in a vari-
ety of colors, finishes, and sizes. The sizes of seed beads
are given numerically—the larger the number, the smaller
the size. For instance, the seed beads we most commonly
use are size 11 seed beads, which are roughly 1.5mm in
diameter.” This size is also commonly denoted as size 11/0
or size 11°, but we will stick with the simpler numerical
notation, which is prevalent among retail bead suppliers.
We also use size 8 seed beads, which are about 2.5mm, and
size 6 seed beads, which are about 3mm. The other sizes
of seed beads that are readily available are size 15, which is
smaller than warranted for the bead crochet patterns in this
book but can be used for designs with very large circumfer-
ences, and size 10, which is less common and which we use
only occasionally. The beads in the top row of Figure 8.2 are
sizes 11, 11, 8, and 6, respectively.

The bead sizes and measurements above are for stan-
dard glass seed beads in the rocaille form, which looks
more or less like a bagel. However, there is a separate class
of seed beads called precision cylinder beads that have
completely flat sides with no rounding at the top and bot-
tom. The most common type of precision cylinder bead
is the Delica, and since this is the name that you are most
likely to see when you are bead shopping, we use Delica
as the generic term for precision cylinder beads. However,
Toho also makes a precision cylinder bead called Aiko, and
Toho Aiko beads can be used interchangeably with Delicas
and are exactly the same size. Confusingly, although
Delicas use the same size numbers as standard rocaille
seed beads, they are substantially smaller. In the bottom
left of Figure 8.2 are Delicas in sizes 11 and 10, and you
can see that the size 10 Delicas are closer in size to the size
11 rocaille beads above them. As the term “precision cylin-
der” implies, Delicas are extremely uniform in size, and this
regularity together with their smaller size make them an
excellent choice for bracelets in circumference 8 or higher.

In addition to seed beads and Delicas, there are also small
round beads in metals and gemstones. Metal round beads
are relatively easy to string, combine nicely with seed beads,
and give bracelets an extra bit of luxury. We often use ster-
ling silver or gold-filled beads in our designs, and we find
that 2mm round metal beads mix well with size 11 seed
beads and size 11 Delicas, as do 1.8mm and 2.5mm rounds,

* The bead measurements we give here are from the website of Fusion
Beads, a great all-purpose online bead store, at http://www.fusion-
beads.com/Seed-Bead-Q-and-A.
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FIGURE 8.2 Beads of various sizes, types, and finishes. Left to right and top to bottom, the beads are size 11 color-lined glass seed
beads, size 11 transparent glass seed beads with a matte finish, size 8 opaque glass seed beads with a matte finish, size 6 opaque glass
seed beads, size 11 Delicas with a luster finish, size 10 semi-matte silver-lined Delicas, 3.4mm drop beads with an AB (iridescent) finish,
2mm sterling silver rounds, and 2mm black onyx rounds. Above the beads are two stringing needles, a collapsing-eye needle at the top

and a big-eye needle beneath it.

with different textural effects. We use gemstone beads
more sparingly, not only because they are harder to find in
small sizes and more expensive, but also because their siz-
ing is less reliable and their holes are often so small that it
is very hard to string them on thread thick enough for bead
crochet. In the bottom right of Figure 8.2 are 2mm sterling
silver rounds and 2mm black onyx rounds.

Finally, some of our designs, like the M6bius band brace-
lets on pp. 150-151, use drop beads (also called fringe
beads), which are shaped like teardrops and jut outward
from the core of a bead crochet rope. The most common
size of drop bead, and the one used in our designs, is the
3.4mm drop bead, shown in the bottom center of Figure 8.2.

In addition to size and color, it is important to pay atten-
tion to the finish on your beads. Many beads have shiny
finishes, and the glittering highlights can obscure intri-
cate color patterns. If you are crocheting a pattern such
as a multicolor Escher bracelet where the shapes of the
colored regions are an important feature of the pattern,
it is best to ensure that all or most of your beads have a
matte finish. Unfortunately, since sparkly beads are flashy
and sell better, bead shops tend to carry more glossy beads
than matte beads, so we often supplement our bead store
purchases, where we can inspect the beads in person and
be sure what we're getting, with online shopping, where
it is harder to tell what the beads look like but the selec-
tion is much wider. We are also guided by bead weaver
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Gwen Fisher’s observation that bright highlights on dark
beads are especially confusing to the viewer’s eye, so when
we do incorporate shiny beads, we usually choose them
for the lighter colors in our designs. Glittery beads can also
confuse the eye while crocheting, so matte colors are a
good choice for the novice bead crocheter as well.
Naturally, since this step of the process is stringing, you
will also need some string. For most of our bracelets, we use
heavy-duty topstitching thread, which is thin enough to pass
through all of the beads described above (with the possible
exception of some gemstone rounds) but strong enough
hold up to the wear and tear of bead crochet. Along with
many other bead crochet practitioners, we favor Gutermann
topstitch thread, a high-quality thread that is available at
many major fabric stores. The thread is not cut from the
spool until after the entire bracelet is crocheted, and it is
important to make sure your spool has enough thread on
it before you begin. A spool of Gutermann’s thread is gen-
erally enough to make two bracelets in 6- or 7-around with
size 11 seed beads, but a higher circumference bracelet in
Delica size 11 beads can use up more than half the spool.
For higher circumference bracelets, topstitching thread is
too thin to support larger beads. Here we follow bead cro-
chet expert Linda Lehman’s lead and turn to size 20 crochet
cotton, which is thicker than topstitching thread but still thin
enough to pass through seed beads of sizes 11 and larger as
well as metal round beads and drop beads. Size 20 crochet




cotton is harder to find than topstitching thread, so unless
you have a local store that specializes in crochet, you will
probably need to order it online.

To help you choose the appropriate bead and thread size
for your pattern, here is a table showing which circumfer-
ences we have found most feasible for the different types of
beads and thread. Since different people crochet at differ-
ent gauges, your results may vary, so please experiment to
see what works best for you. We should also point out that
other bead crochet crafters make bracelets and necklaces
in much larger circumferences than we do. Some of them
use an alternate method of bead crochet that replaces slip
stitches, as described in the method outlined below, with
a different stitch known as single crochet that produces a
more solid fabric tube inside the beads. All of our patterns
and design techniques work with both types of stitch.

Bead Size and Type Thread Circumferences

Size 6 seed beads Size 10 or 20 crochet 4-6
cotton

Size 8 seed beads Size 20 crochet 4-6
cotton or

topstitching thread

Size 11 seed beads | Size 20 crochet 8-10
cotton

Size 11 seed beads | Topstitching thread 4-7

Size 11 Delicas Topstitching thread 8-11

While the thread is mostly hidden inside the bead cro-
chet tube, it is visible around the edges of rocaille and
round beads and can have an effect on the final appear-
ance of a crochet piece. In most cases, we pick either a neu-
tral thread color or a thread color that coordinates with our
beads. It is much harder to see what you are doing if you
work with dark thread, so it is best to stick with light colors,
especially when you are just starting out.

The last thing you will need to string your beads is a string-
ing needle. Most seed beads are small enough to require a
specialty needle that can accommodate the thread while still
being thin enough to pass through the beads. The two most
common types of stringing needles are shown at the top
of Figure 8.2. For most purposes, we recommend a big-eye
needle, which is a long, straight strip of metal with a slit down
the middle that can be opened to insert the thread and then
released. Big-eye needles will pass through all but the small-
holed gemstone beads and are as easy to manipulate as a
conventional sewing needle. If you have beads with smaller
holes, then you will need to switch to a collapsing-eye nee-
dle, which is thinner and more flexible—and consequently
somewhat more challenging to handle while you string.

Once you are ready to string, you will need a clear sur-
face, good lighting, and your pattern all at hand. A piece
of felt, foam, or other soft fabric is useful so that you can
arrange your beads on a flat surface to pick them up easily
without having them roll away. A small toaster-oven size
tray lined with soft fabric that you can hold on your lap is
also useful. You may find it helpful to rewrite the numerical
stringing pattern using colors that match the beads you are
actually stringing to make the pattern easier to follow. It is
exceedingly important that you string the beads in the cor-
rect order to produce the design you want, so just as wood
workers measure twice and cut once, you want to check
your stringing very carefully before you begin to crochet.
Placing removable markers such as bits of paper, string, or
pipe cleaner between repeats helps keep track of the string-
ing order and how many repeats you have already strung.
Markers can also help you directly compare the color
sequence in different repeats as shown in Figure 8.3, which
is an easy way to check for errors in complicated patterns.
For some relatively short repeats, creating a row of small
bead piles that exactly matches your pattern sequence can
simplify the stringing process by enabling you to pick up
beads in order without having to think about the pattern.

FIGURE 8.3 Proofreading patterns with long repeats. In this strand, segments of supermarket twist ties separate the repeats. Lining
one repeat up against another makes it easy to check that they have the same bead color sequence without counting beads.
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If the unthinkable happens and you discover a stringing
error as you are crocheting a bracelet, there are a couple
of options for correcting the mistake without tearing out
your crochet and starting over. Sometimes, the error can
be corrected by removing a small number of beads. If none
of these beads are metal, then you may be able to break
off the offending beads with a pair of pliers. When trying
this approach, be careful not to damage the thread as you
crack the beads you are discarding. Wrapping the bead
in a soft cloth before applying the pliers can help avoid
thread damage, as can practicing your cracking technique
on spare beads and thread first. Alternately, you can stop
crocheting, cut your thread (being sure to leave a tail a few
inches long), correct the stringing error, and then join the
newly severed thread to your bracelet using the method
on p. 127. While this does make crocheting more compli-
cated during the joining process, this correction technique
allows you to repair more convoluted stringing errors and
only requires the standard tools for bead crochet.

Unless your pattern has a particularly long repeat, it is
worth stringing an extra repeat or two, since it is easier to
stop crocheting before you reach the end of your beads
than to add more beads to a strand in progress. If you reach
the end of your beads and you find that your bracelet is
shorter than you'd like, you can cut your thread and string
the beads from the other end. In this situation, you need
to be careful of two things: unwind a generous amount of
thread before you cut so that you have enough to finish
crocheting, and be sure to string your beads in the reverse
order from the pattern, since you are now stringing them
from the opposite end of the thread.

Starting

Now that your beads are strung, you are ready to begin the
crochet process. This means that it is time to decide which
size hook you will use. As noted above, for bead crochet
with large plastic beads, you will use a size |, J, or K hook,
but the crochet hooks for bracelets with seed beads and
thread are much smaller and measured on a different size
scale, using numbers instead of letters. As with seed beads,
the larger the size number, the smaller the hook. We recom-
mend that new bead crocheters start with a size 11 (1.1mm)
hook for topstitching thread or a size 9 (1.5mm) hook for
size 20 crochet thread, then adjust the hook size once you
have a sense of your gauge. Optimal hook size varies a lot
from person to person; one of us uses a size 11 hook and
the other uses a size 8 hook to get roughly the same gauge.
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The fine details of hand positioning can vary a lot from
person to person, and the illustrations here represent
just one approach. What is important to focus on in these
instructions is how the beads and thread are formed into
stitches. With practice, you will discover precise hand
motions and positioning that are most comfortable and effi-
cient for you. In the beginning, however, getting the thread
and beads to do what you want can feel quite awkward.

Throughout the instructions that follow, we describe
the string supporting the beads as “thread,” even though
the photographs depict yarn, since thread is what you will
use for most of your bead crochet projects.

Here is how you make your initial crochet chain
(Figures 8.4-8.27). While we show the process for large
plastic beads, at the end of this section we give a tip for
transitioning to smaller beads.

FIGURE 8.4 Begin a slip knot by making a loop in the thread and
laying the tail end of the thread (on the right) under the loop.
Stick the crochet hook under part of the tail of thread that is
underneath the loop.

FIGURE 8.5 Pull both ends of the rope to tighten the slip knot.




FIGURE 8.6 Start the initial bead chain by pulling the first bead
all the way down to the slip knot.

FIGURE 8.7 Keeping the bead close to the slip knot, wrap the
thread from the back of the crochet hook to the front, trapping
the first bead between the thread in the hook and the slip knot.
You will always wrap your thread around the hook from back
to front.

FIGURE 8.8 Pull the thread through the loop on the crochet
hook.

FIGURE 8.9 You have completed your first chain stitch. You
should have a single loop of thread on your crochet hook, and
the yarn will form a V shape coming out of the slip knot.

FIGURE 8.10 Repeating the steps from Figures 8.6 and 8.7, pull
the second bead down next to the crochet hook and wrap the
thread around the crochet hook.

FIGURE 8.11 Repeating the step from Figure 8.8, pull the thread
through the loop on the crochet hook to create the second chain
stitch. Continue with the remaining beads in the initial chain,
pulling each down, wrapping the thread around the hook, and
pulling the thread through the loop that is on the hook.
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FIGURE 8.12 When you have as many beads on your chain as
the circumference of your bracelet (which is 5-around in this
example), you have completed the initial chain. The thread
should form a line of V shapes as shown here, with all the beads
on the same side of the V's.

FIGURE 8.15 Insert the crochet hook from the inside to outside
through the loop of thread holding the first bead.

FIGURE 8.13 In preparation for closing the chain, hold the initial FIGURE 8.16 Push the first bead back behind the crochet hook.
chain as shown in the photograph. Keep the hook in your domi- Looking closely at the photograph, you can see the first bead
nant hand and grasp the tail with your other hand. Let the beads sitting behind the hook with the hole pointing up and down.
hang down below the V-shaped chain stitches.

FIGURE 8.14 With the hand thatis grasping the tail of the thread, FIGURE 8.17 Pull the next bead on the strand of thread down
rotate the first bead forward and upward. It is very important to toward the crochet hook. Hold the bead close to the previous
rotate the bead toward you to make sure that the chain stitches stitch, making sure the thread is pulled taut so there is no loose
stay on the inside of the bead crochet rope. thread between the bead and the stitch on the hook.
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FIGURE 8.18 Wrap the thread around the crochet hook.

FIGURE 8.19 Pull the thread through both loops on the crochet
hook. It is helpful to twist the hook so that the notch points down-
ward when you are pulling the thread through. There will be a sin-
gle loop of thread remaining on your hook at the end of the stitch.
If you find it easier, you can pull the thread through the two loops
in two separate steps, one loop at a time. You have now com-
pleted your first bead crochet slip stitch and closed the round.

FIGURE 8.20 Here is a closer look at the beads after the first
slip stitch. Viewing the crochet from the side, with the new stitch
rotated downward, you can see that the first bead is lying flat
with its hole pointing up and down, while the bead you have just
stitched on is sitting on its side with its hole pointing sideways.

FIGURE 8.21 Insert the crochet hook from the inside of the
ring of beads to the outside through the loop of thread holding
the next bead in the initial chain. Push the bead back behind
the crochet hook.

FIGURE 8.22 Repeating the steps from Figures 8.17 and 8.18,
pull the next bead on the strand of thread all the way down to
the crochet hook and wrap the thread around the crochet hook.

FIGURE 8.23 Repeating the step from Figure 8.19, pull the
thread through both loops on the crochet hook. You will have
one loop of thread remaining on your hook. This completes your
second bead crochet slip stitch.
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FIGURE 8.24 Here is a closer look at the beads after the second
slip stitch, viewed from the side. You can see how the two initial
chain beads (rotated to the top) are lying flat side by side, and
the two newly stitched beads are sitting on their sides with their
holes pointing sideways.

FIGURE 8.25 Continue to crochet on new beads until you have
stitched into each of the initial chain stitches. When you are done,
you will have a round of beads all sitting on their sides on the top
of the bead crochet rope as shown here.

FIGURE 8.26 Here is the bottom of the rope after a few rounds.
Note that all the initial chain beads are lying flat.
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FIGURE 8.27 Crocheting a seed bead bracelet around a tooth-
pick. Putting a toothpick into the center of the round in the early
stages of crochet can help ensure that you insert your hook into
the correct bead for each new stitch. If you have trouble crochet-
ing loosely enough to get a nice, flexible bead tube, leaving the
toothpick inside the bracelet may keep your stitch work more
open. Pull the toothpick forward when it is more than halfway
covered by the crochet.

The first time you close up an initial chain (as in Figures
8.13-8.25) using seed beads in a pattern where bead col-
ors are often repeated, it is easy to mix up the order of the
chain beads. To keep the chain untangled and make sure
you don't skip any beads, you may find it helpful to start
crocheting around a toothpick, as shown in Figure 8.27. As
mentioned earlier, keeping the toothpick in the middle of
your tube as you work can also help you keep your stitches
loose, especially for size 11 seed beads in circumferences 6
and 7. However, working around a toothpick is a bit cum-
bersome, so in the long run switching to a larger hook may
be a better strategy.




Crocheting

Once the first round of stitches is complete, you will keep
using the same bead crochet slip stitch until you reach the
end of your rope (literally, not metaphorically). In particu-
lar, the only difference between the stitch shown in the
following photographs (Figures 8.28-8.35) and the last
stitch from the previous section is that you will insert your
hook into a slip stitch instead of a chain stitch. Crocheting
the middle of a bead crochet rope is much easier than
crocheting the first few rounds, when the rope is still a
bit floppy and you don’t have an established tube to grip.
If you have a friend who already knows how to bead cro-
chet, see if you can prevail on him or her to start a bead
crochet rope for you so that you can begin learning at this
stage.

FIGURE 8.28 Here is a bead crochet rope in progress. There will
always be as many beads as the circumference of the bracelet sit-
ting on their sides in a circle at the top of the rope. In this photo-
graph, the blue bead is the last bead that was stitched onto the
rope. The last bead will be on the side of the hook toward your
dominant hand, and the bead directly on the other side of the
hook (in this case, yellow) is the bead you will stitch into next.

FIGURE 8.30 Push the bead on top of the hook back behind the
crochet hook. With some experience, you may find that you can
insert the hook and push the bead back into place at the same
time. The yellow bead is now lying flat, just like all the beads
below the top of the rope.

FIGURE 8.31 Pull the next bead on the strand of thread down
toward the crochet hook. Hold the bead close to the previous stitch,
making sure the thread is pulled taut so there is no loose thread
between the bead and the stitch on the hook. Notice that the work-
ing thread is coming up from the previous stitch between the blue
bead and the yellow bead. Be sure that the thread doesn’t acciden-
tally wrap itself around any of the beads already in the rope.

FIGURE 8.29 Insert the hook from the inside of the rope to the
outside through the loop of thread holding the next (yellow) bead.

FIGURE 8.32 Wrap the thread around the crochet hook. As
always, wrap the hook from back to front.
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FIGURE 8.33 Pull the thread through both loops on the crochet
hook. You can do this in one smooth step or in two steps, one per
loop, if you find that easier.

FIGURE 8.34 The bead crochet slip stitch is complete. There is
one loop of yarn left on the crochet hook. In this photograph, the
next stitch goes into the orange bead. To make the photographs
here easier to follow, we only show one bead at a time on the
working thread. In practice, pulling the beads down one at a time
is absurdly inefficient. When you have enough experience that
the bead crochet slip stitch feels somewhat natural, try holding a
stack of beads in your nondominant hand and feeding them one
atatime asin Figure 8.35.

As you bead crochet, you will use up your thread in the
stitches until you find that there is virtually no thread left
between your crochet hook and the new beads waiting to
be fed into the stitches. When this happens, stop crochet-
ing and slide all of the remaining beads down the thread
until you have a good length of thread between the beads
waiting to be crocheted and the bead crochet rope. As you
do this, be careful not to tangle the thread. (Some people
drape the thread and beads loosely around a finger in
such a way that it feeds continuously as they crochet and
are thus able to avoid having to periodically stop and slide
beads—but this is a fine point for very experienced bead
crocheters only!)
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FIGURE 8.35 Holding a stack of beads ready to feed into the
crochet stitches. Once you are comfortable with the basic bead
crochet stitch, sliding multiple beads down at a time will make
the bead crochet process more streamlined and efficient.

No matter how much bead crochet experience you
have, mistakes happen. Maybe you forgot to slide a new
bead down or to flip the old bead over before making your
slip stitch. Maybe you were holding the yarn too loosely
and the last few beads look wobbly. Maybe you don't
know if you made a mistake but something just doesn’t
look right. The good news is that you can always pull out
stitches (or in crochet parlance, rip them out) until you are
back to a point where everything looks okay and you can
get a fresh start (Figures 8.36-8.38).

It usually takes at least a few hours to crochet a bracelet, so
you might not want to do it all in one sitting. If you are going
to put a bead crochet rope aside for a while, it is a good idea
to enlarge the final loop so that the stitches you have already
made are less likely to come undone (Figure 8.39). You can
also secure it by fastening a safety pin through the loop.

FIGURE 8.36 Hereisabead crochet rope after a few stitches were
ripped out. In order to start again, you need to find the loop of the
last stitch on the rope and insert your hook into it. Here, the loop is
coming out of the blue bead and pointing down and to the right.




FIGURE 8.37 If the loop is too tight to insert the crochet hook,
loosen it with something narrower. A tapestry or sewing needle
works well. If you really can’t force the loop open, gently rip out
another stitch and try again with the previous loop.

FIGURE 8.38 Insert the crochet hook through the last stitch
from the inside of the bead crochet rope to the outside, and
you're ready to start crocheting again.

FIGURE 8.39 Securing a bead crochet rope in progress. Pull
on the crochet hook to expand the final loop and make the last
stitch harder to pull out by accident. When you are ready to begin
crocheting again, put the crochet hook into the enlarged loop
and pull it taut. If you find that the last bead you crocheted onto
the rope has come loose, rip out the last stitch and reinsert the
hook as shown previously.

Closing

When you have crocheted your final bead, you are ready to
begin the closing process by fastening off the end of your
bead crochet rope (Figure 8.40).

You are now ready to sew the ends of the rope closed
in an invisible join using a tapestry or large sewing needle.
The sewing can be done with either the thread tail at the
initial chain or the thread tail at the end of the rope, and
different bead crocheters prefer to use different ends.
In these instructions, we show how to sew with the ini-
tial thread tail, but closing with the end tail is very similar.
In both cases, you alternate between the start and end of
your rope, sewing the beads on each side in the order they
were crocheted. When sewing the join, the tapestry needle
never passes through a bead hole, which is why you can use
a larger needle.

Each circular end of the rope has a step or notch in it
where it drops off after the final bead. These two notches

FIGURE 8.40 Fastening off the end of a bead crochet rope. After
your final bead crochet slip stitch, cut off the thread leaving a
tail of at least several inches. Wrap the thread around the hook
and pull the tail of the thread all the way through the final stitch,
tugging the end to tighten the final loop. The final stitch is now
secure, and the crochet will not unravel.
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will lock together like puzzle pieces at the join. Although
the rope can be twisted one or more times before joining,
there is only one correct way to align the beads at the top.
Before sewing, hold the beads aligned in position and
inspect how the pattern connects at the two ends. If the
pattern does not continue smoothly at the join, there is a
stringing error at the join, which you must correct before
proceeding. The more you twist a bracelet, the harder it is
to hold the ends together as you close, so novices should
stick with gentle twists or untwisted bracelets.

The diagram in Figure 8.41 shows a conceptual over-
view of the closing process, in which you use the thread
tail to sew the ends of the bracelet together for an appar-
ently seamless join. The process is shown step by step in
Figures 8.42-8.53.

The last step is to secure the thread ends into the center
of your bead crochet rope. In order to make sure that they
don't slip out of the crochet, do the following.

® Tie a knot in your thread as close as possible to
your crochet rope. With your closing needle, pull
the thread into the body of the bracelet until you
feel the knot pop through the crochet stitches.
(Sometimes, you can actually hear the little pop.)
You can skip this step as long as you secure the
thread end thoroughly in the next step.

® With the needle, insert the thread between stitches
into the hollow core of the bracelet, pulling the
thread so that it travels along the length of the
bead crochet rope, and then pull the needle out
between stitches. Repeat this several times to
secure a long segment of the tail in the interior of
the bracelet. Be careful not to stick your needle into
the hole of a bead.

When your thread ends are secure, hide them as shown in
Figure 8.54.

— — —
) D D
FIGURE 8.41 A schematic of the closing process. You sew with
the blue thread, alternating between the initial chain beads

(shown at the bottom) and the final beads (shown at the top),
using the closing thread to push the final beads flat.
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FIGURE 8.42 To begin closing the bracelet, thread the tail of
your initial chain into a tapestry or sewing needle and bring the
two ends of the bracelet together. This is the point at which you
will decide what twist to use in closing your bracelet, so inspect
the pattern carefully to make sure the design elements are
arranged as you would like them.

FIGURE 8.43 The final bead that you crocheted onto the rope
(in this image, the red bead) is raised above the rest of the round.
This is the last bead you will sew through. Stick your needle under
the bead below and to its left (or to its right if you are crocheting
left handed), from the inside of the rope toward the outside.

FIGURE 8.44 Pushthebeadonthe needle back behindthe needle.
You are pushing the bead the same way you push it for each crochet
stitch, after which the bead will lie flat like all the beads below it.




FIGURE 8.45 Pull the thread through, being careful not to knock FIGURE 8.48 Stick the needle from the inside of the bead crochet
the bead out of position. rope to the outside under the next bead at the end of the rope.

FIGURE 8.49 Push the bead on the needle back behind the nee-

FIGURE 8.46 Pass the needle through the yarn above the sec-  dle and pull the thread through.
ond bead in the initial chain. Keep the needle pointing in the

direction that you are sewing the seam (right to left, if you are

working right handed).

a

FIGURE 8.50 Here is what the closing seam looks like so far.
At this point, it is a good idea to check and make sure that your
bracelet has the twist that you intended. If not, pull out the
stitches you have sewn, correct the twist, and start over. If so,
tighten your stitches and keep sewing, alternating between the
FIGURE 8.47 Pull the thread through. beads in the initial chain and the beads at the end of the rope.
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FIGURE 8.51 At this stage, there are two beads (both red) left to
sew into place. Pull your needle through the thread over the last
bead in the initial chain.

FIGURE 8.52 Stick your needle under the last bead in the bead
crochet rope, push the bead back behind the needle, and pull the
thread through.

FIGURE 8.53 You have now sewn all of the beads of the final
seam together. Take a look at your seam and decide whether you
are satisfied with it before securing the ends of the thread. If you
like, you can continue to sew a few more beads together to help
stabilize the join.
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FIGURE 8.54 Hiding the ends of the thread. After you have
woven in the end of the thread to your satisfaction, give the
thread a firm tug in the direction that you are sewing and cut it
off about 1/4 inch from the bracelet. Tug the bracelet on either
side of the thread end until the end retracts into the middle of
the bead crochet rope.




Joining New Thread

In most cases, a bead crochet rope is made with a single
spool of thread. However, there are some cases in which
you need to join a new piece of thread onto your work.
For instance, if you are making a long bead crochet neck-
lace, the beaded strand will be so long that even if it can
hypothetically fit onto a single spool of thread, it will be
such a nuisance to manage all the beads in a single strand
that it is easier to divide the beads among several spools.
Alternately, if you string your beads onto a partially used
spool of thread and find that you don't have enough
thread to finish, you may have to restring the remaining
beads on another spool and join the new thread to the old.
Finally, if you are in the middle of a rope and find an egre-
gious stringing error that cannot be fixed by breaking a few
beads off of the strand, you can always cut the thread, fix
the stringing error, and then join the remainder of the bead
strand to your rope.

Here, we demonstrate a simple method for incorporat-
ing a new beaded strand into a rope in progress. For clarity,
we show two different colors of thread in the photographs
(Figures 8.55-8.64), but in practice both strands would be
the same color.

FIGURE 8.55 When you reach the second-to-last bead on the
old thread (shown in white), lay your new thread (shown in blue)
against it so that the working ends of the two strands of yarn
are pointing in the same direction. Here you can see the tail of
the blue thread pointing away from the working yarn, and the
orange bead, ready to be stitched on, is on the white thread.
Wrap both threads around the crochet hook.

FIGURE 8.56 Pull both threads through both loops on the
crochet hook.

FIGURE 8.57 The second to last bead from the first thread is now
stitched onto the rope. Notice that both threads are looped around
the crochet hook, and the new thread is now attached to the rope.
For the next couple of stitches, you will hold both threads together.

FIGURE 8.58 Make another bead crochet slip stitch using both
threads. Here, after inserting the hook into the red bead on the
rope and pushing it back (notice that the hook only passed
through the old thread), pull the final bead down the first thread
and wrap both threads around the crochet hook. Pull both
threads through both loops.
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FIGURE 8.59 The stitch is complete, and there are no more
beads left on the first thread.

FIGURE 8.60 In the next stitch, pull the first bead from the sec-
ond thread down toward the crochet hook, still holding both
threads together. Pull both threads through both loops.

FIGURE 8.62 Make the next stitch using only the new thread. Pull
the second bead on the new thread down to the hook, wrap the
thread around the crochet hook, and pull it through both loops.

FIGURE 8.63 Now you are back to crocheting with a single thread.
Continue crocheting as usual, pulling the tails of the old and new
thread into the center of the bead crochet rope and stitching around
them. You may need to give both tails a firm tug to make sure that
youdon't have aloop of thread poking out of the bead crochet rope.

FIGURE 8.61 When this stitch is complete, drop the first thread.
If you haven't cut the first thread from its spool, do so now, leav-
ing a tail a few inches long. Pull the tail of the first thread under
the crochet hook and into the middle of the ring of beads at the
top of the rope. From here on, you will crochet around that tail to
hide it in the interior of the crochet rope.
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FIGURE 8.64 This is what the rope looks like a full round
after the join. Notice that all of the visible stitches are in the new
blue thread, and that the white and blue tails are protruding from
the center of the bead crochet rope. Once you have a couple of
inches of the tails secured in the middle of the rope, you can snip
off the ends, being careful not to sever the working thread.




FIGURE 8.65 Stringing a transformation necklace. This is the Waves and Diamonds Transformation necklace (p. 208), strung with size
11 black seed beads and 1.8mm sterling silver rounds, with a paper tag marking the end of each segment of the pattern. The necklace

itself is in Figure 6.29.

Tips for Transformation Designs

Most of the patterns in the pages that follow are for brace-
lets and use a single pattern repeat throughout the whole
design. By contrast, the Escher transformation patterns on
pp. 207-216 are mostly necklaces and contain a number of
different color sequences, so stringing them is a little more
challenging. For the three necklace designs (and any other
particularly long piece of bead crochet), it is best to string
the beads on several different spools of thread and use the
join technique described above to crochet them together.
Even if a single spool has enough thread to crochet your
entire necklace, managing that long a string of beads—
especially when you need to slide them down the thread
as you crochet—is much more cumbersome than joining
strands together as you crochet.

Since you are stringing different color sequences as
you progress through the pattern, it is helpful not only
to place a tag at the end of each repeat but also to label
the repeats so that you know which part of the pattern is
on each section of your bead strands. Figure 8.65 shows
the bead strands for a transformation necklace with bits
of paper marking each segment of beads. A stringing
needle is generally not sharp enough to pierce paper, so
use a sewing needle or straight pin to poke a hole before
you thread the paper onto your strand. We recommend
leaving the tags on the thread and tearing them off as you
crochet so that you can keep track of how far you are in
the design and correct any unfortunate stringing errors
as they arise.

We hope you find these instructions and tips useful as
you explore our patterns or your own. Happy crocheting!
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Anatomy of a Pattern Page

Pattern Name
Notes: Pattern Notes

7-around The notes include the circumference
of the bracelet, the length of the

A

50 bead repeat . .
repeat, and information about bead
There are 18 repeats in an [
average to large sized bracelet types’ thread type’ bracelet sizing,
using size 11 seed beads. and twist options.
This design is vertically aligned
by 3. lt!s: algnultiple of 3th. | As noted in the how-to section, seed
repeats to line up ever Ire .
,ezea., asin the'.’,,acef;t bead sizes vary from brand to brand,
shown. which can affect bracelet sizing.
= Tags: Escher, Wallpaper group Delicas (cylindrical beads that are
> 32123111112211111 P2 7-around smaller and more precisely formed
32123111112211111 than regular seed beads) can be used

interchangeably with Toho Aiko
Cylinder Beads.

When no thread is specified, we
recommend heavy duty topstitching
thread.

Tags
These indicate the major features of
the pattern including geometric

— content and circumference to make it
easier to find patterns with various
attributes. The pattern index (p. 239)
includes page references to where
certain tags are discussed.

Bead Plane Pattern

This is a patch of the infinite bead plane pattern
for the bracelet. The borders of the patch are
chosen to highlight features of the design and
have no bearing on making a bracelet.

Repeat Chart

This chart duplicates the information
given in the numerical patternin a
vertical layout. In a few cases, the
numerical pattern begins in a differ-
ent place than the repeat chart.

The beads are strung in order from
left to right and bottom to top.

Numerical Pattern

For a single repeat, the number of beads of each
L color to be strung in order from left to right, top

to bottom. In some patterns, we use shorthand

for repeated segments as follows:

[T1Tx4]means11111111

Bracelet Photograph

134 ® PATTERN PAGES




Sophie’s Original Seven-Color Torus

Notes:
6-around
No repeat (672 beads)

Uses size 11 seed beads.

This pattern is easier to read (but
harder to fit on a page) in a
traditional diagonal chart. For a
longer bracelet, repeat each
segment 9 times instead of 8.

Tags: Seven-Color, Escher,
6-around

[12 x 8][2 2 2 x 8]
[122 x8][222x8]
[1221x8][222x8]
[T221%x8][222x8]
[ 221%x8][ 22x8]
[ 21 x8]I x 8]
[1 1x8][2 x 8]
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Seven-Color Torus (Ungar-Leech Map)

136 ® PATTERN PAGES

Notes:
7-around

No repeat. The entire bracelet
of 840 beads is shown at right,
and we omit the numerical
pattern for lack of space. There
are 120 beads of each color.

There is no sizing flexibility
except by changing tension or
bead size. The bracelet shown is
done in size 11 seed beads and
fits a small to average size hand.

This seven-color torus design is
based on the Ungar-Leech map,
in which each of seven counries
touchs all the others.

Use care to choose colors that
all contrast one another well for
the best effect. Be careful not to
twist when closing.

Tags: Seven-Color, Escher,
7-around




Complete Seven-Node Graph

Notes:
8-around
136 bead repeat

Use exactly 7 repeats with size
11 seed beads and seven larger
beads for an average sized
bracelet that shows a complete
graph on seven nodes with no
link crossings. Use seven
different color Swarovski crystal
bicones in place of the red bead
on the graph (photo on left) or
try all 3mm sterling silver rounds
(photo on right). Use size 20
crochet thread to avoid pattern

1 1 1 1 1 1 1 2 shift problems with a loose
11271 1 1 1 1 1 1 stitch.

Tags: Seven-Color, 8-around
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Symmetric Complete Seven-Node Graph
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ed before closing. The node beads
(3mm sterling silver rounds in the
bracelet shown, red on the chart)

natural twist that must be untwist-
should line up when closed.

K, bracelet, fully connected graph
on seven nodes with no link

Use exactly 7 repeats to create a
crossings.

This pattern is designed for size
11 Delicas and produces an
average-sized bracelet. It has a
Tags: Seven-Color, Wallpaper

152 bead repeat
Group P2, 8-around

8-around
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Equilateral Triangle 4-around

Notes:

4-around

9 bead repeat

Use 34 repeats in an average sized
bracelet using size 8 seed beads
and size 6 seed beads for the
spines (shown in black on bead
plane diagram) as in the bracelet
on theright.

A great quick bracelet using large
beads! Try about 86 repeats for a
matching slip-on necklace (check
sizing for your head). Use care to
avoid introducing a twist when

closing. This pattern is vertically
T 111 aligned, and the short repeat
length makes sizing totally
flexible. For a bolder effect, try
4mm semiprecious stones for the
spines as in the bracelet on the
left.

Tags: Geometric Cross Section,
4-around
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Equilateral Triangle 7-around
Notes:
7-around

15 bead repeat

»

Use 54 repeats in an average sized
bracelet using size 11 seed beads
and size 8 seed beads for the spines
(shown in black).

1

1

A

Ny

This pattern is vertically aligned and
has extremely flexible sizing.

Tags: Geometric Cross Section,
7-around

21 212 12
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Equilateral Triangle 10-around

Notes:

10-around

21 bead repeat

Use 58 repeats in an average sized bracelet
using size 11 Delicas and size 10 Delicas

(shown in black) for the spines.

Tags: Geometric Cross Section, 10-around

3131331
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Square 5-around

1111111111111 111

142 ® PATTERN PAGES

Notes:
5-around
16 bead repeat

Use 24 repeats in an average
sized bracelet using size 8 seed
beads and size 6 seed beads
(shown in black) for the spines.

Carefully untwist the natural
spiral before joining to get the
square cross section. A fun, fast
bracelet (although untwisting at
the join takes a little extra care).
This makes a nice chunky pair
with the Equilateral Triangle
4-around (p. 138).

Tags: Geometric Cross Section,
5-around




Square 6-around

Notes:
6-around
20 bead repeat

There are 34 repeats in an
average sized bracelet using size
11 seed beads and size 8 seed
beads for the spines (shown in
black). Or use 22 repeats with
size 6 and 8 seed beads and size
20 crochet thread. Both
bracelets are shown.

This bracelet uses a twist of
more than 360° to create the
appearance of an untwisted
square cross section. Alternate
twists in which each color forms
eithera (3,1) or (2,1) torus knot
are also possible (and are less
tricky to close).

1172711211 2111 1

Tags: Geometric Cross Section,
6-around
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Square 10-around

1232
1232
1232
1232

144 ® PATTERN PAGES

Notes:
10-around
32 bead repeat

There are 42 repeats in an average
sized bracelet using size 11 Delicas and
size 11 seed beads for the spines
(shown in black).

The bracelet in the photograph uses a
twist to create the appearance of an
untwisted square cross section.
Alternate twists and/or fewer colors are
also possible. The twist shown here
tends to make a stiffer bangle-like
bracelet.

Tags: Geometric Cross Section,
10-around




Pentagon

Notes:
7-around
15 bead repeat

The upper bracelet uses 61
repeats and size 11 Delicas with
size 11 seed beads for the spines
(shown in black). Using the
slightly larger beads for the
spines creates the pentagonal
(five-sided) cross section. The
lower bracelet uses 45 repeats
with size 10 Delicas and size 8
seed beads for the spines.

This pattern is vertically aligned
and has extremely flexible sizing.

Tags: Geometric Cross Section,
7-around
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Porcupine Pentagonal

Notes:
7-around

3 bead repeat

There are 240 repeats in an average
sized bracelet, using size 11 seed
beads and 3.4mm drop beads (in
brown). The bracelet requires a
multiple of 5 repeats for the spines
to line up. The bracelets shown are
closed with no twist (top photo)
and closed with four full twists
(bottom photo).

Because of the short repeat, sizing
is extremely flexible.

Tags: Geometric Cross Section,
Wallpaper Group P6M, 7-around

21
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Irregular Hexagon

Notes:
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There are 144 repeats in an
average sized bracelet using size
11 seed beads and size 8 seed
beads (shown in black) for the
spines with size 20 crochet thread.
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Use a multiple of 3 repeats and
close without a twist to get the
hexagonal cross section.
Alternatively, use a number of
1711112 repeats that is not a multiple of 3
to construct torus knot designs.

Because of the short repeat, sizing
is very flexible.

Tags: Geometric Cross Section,
Wallpaper Group P2, 10-around
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Hexagon with Spiral

121211121211

148 ® PATTERN PAGES

Notes:
9-around
16 bead repeat

There are 72 repeats in an average
sized bracelet using size 11 Delicas
and size 11 seed beads (shown in
black) for the spines. Use a multiple
of 3 repeats to form the hexagonal
shape. This bracelet has a less
distinct hexagonal feel than other
geometric cross-section designs due
to the greater vertical distance
between the spine beads.

Carefully untwist the natural spiral
of the six sides before joining to
achieve the hexagonal cross section.

Tags: Geometric Cross Section,
Wallpaper Group P2, 9-around




Heptagon

Notes:

10-around

21 bead repeat

There are 60 repeats in an average sized
bracelet using size 11 Delicas and size 11
seed beads (shown in brown) for the

spines.

This pattern is vertically aligned and has
extremely flexible sizing.

Tags: Geometric Cross Section, 10-around
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Octagon
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=

-t )

- )

- )

Notes:
10-around
32 bead repeat

There are 40 repeats in an average sized
bracelet using size 11 Delicas and size 11
seed beads (shown in black) for the
spines. Because the repeat is short
compared to the circumference, sizing is
very flexible.

The two bracelets shown below use two
different twist variations.

Tags: Geometric Cross Section, 10-around




Mobius Band 6-around

Notes:
6-around
10 bead repeat

There are 75 repeats in an
average sized Moébius bracelet
using size 11 seed beads with
3.4mm drop beads (shown in
gray). Use an odd number of
repeats for a Mobius band.

The pattern will naturally spiral
once around the meridian
about every 26 repeats. Thus
the natural spiral of a 75 repeat
bracelet will include about
three wraps of the drop beads
and make a (3,2) torus knot.
The bracelets shown were
made by partially untwisting
before sewing to create a (1,2)
torus knot. This pattern can
also be made with an even
number of repeats to create a
two-sided symmetric
caterpillar bracelet.

Tags: Mobius, Torus Knot,
Wallpaper Group P2, 6-around

19
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Mobius Band 8-around

152 ® PATTERN PAGES

Notes:
8-around
13 bead repeat

There are 83 repeats in an average
sized bracelet using size 11 Delicas
and 3.4mm drop beads (shown in
black).

Use an odd number of repeats for a
Méobius band. To create the Mobius
half-twist, untwist the pattern’s
natural spiral until the spines only
wrap once around the meridian of
the bracelet before sewing closed.
For a solid color version, replace the
pink and blue with a single color. For
a chunkier effect, try this pattern
with size 11 seed beads instead of
the Delicas, and use size 20 crochet
thread.

Tags: Mobius, Torus Knot, Wallpaper
Group P2, 8-around




Stained-Glass Diamonds

Notes:
8-around
60 bead repeat

For the faceted effect, use larger beads
for the diagonals than for the
diamonds. The average sized bracelets
photographed here have 17 repeats in
size 10 and size 11 Delicas (in front)
and 14 repeats in size 8 and size 11
seed beads (behind). Use size 20
crochet thread for the seed bead
version.

A minor twist lines up every repeat as
in the bracelets shown.

To create the appearance of stained
glass, use foil-lined or color-lined
transparent beads for the colored
diamonds and outline them in dark,
matte beads.

Tags: Faceted, 8-around

NNNNNDN
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Diamond Zigzag

Notes:
6-around

33 bead repeat

There are 19 to 20 repeats in an
average sized bracelet using size
11 seed beads for the diamonds
and size 8 seed beads for the
outlines. The different bead sizes
create the bracelet’s faceted
texture.

Every repeat can be aligned with
a minor twist, as shown in the
bottom right of Figure 1.20 on

p. 19.The bracelet in the
photograph, which is closer to
the natural alignment of the

22111112 design, allows each color to
22111112 wrap twice around the bracelet.
22111112

Tags: Faceted, 6-around
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Honeycomb

Notes:
9-around
52 bead repeat

With an even number of repeats (20 or
22 in an average sized bracelet), every
other repeat can be aligned.The
textured effect comes from using

size 11 Delicas for the hexagons and
size 10 Delicas for the outlines.
Outlining with size 11 seed beads
produces a similar effect. The larger
beads in circumference 9 give this
bracelet a bangle-like stiffness.

While the pattern diagrammed here
uses four colors for the hexagons
(shown in the left of the photograph),
it can be modified to incorporate more

42131 colors. The upper bracelet on the right
4 2 1 1 has five colors; the lower bracelet,

4 1 1 2 seven.

421312

Tags: Faceted, 9-around
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(P4) Torus Knot 6-around

156 ® PATTERN PAGES

Notes:
6-around
5 bead repeat

There are 135 repeats in an average
sized bracelet using size 11 seed
beads and 2.8mm drop beads for the
spines (shown in off-white). You can
make a (3,4) torus knot like the one
photographed here with an odd
number of repeats and an appropriate
twist before closing to achieve the
desired P = 3 meridian wraps. Note
that a multiple of 4 repeats gives a
square cross-section bracelet.

Because of the short repeat, sizing is
very flexible.

Tags: Torus Knot, Geometric Cross
Section, Wallpaper Group P2,
6-around




Zigzag (3,2) Torus Knot

Notes:
7-around
19 bead repeat

There are 45 repeats in a large
sized bracelet using 2mm
sterling silver rounds and size
10 seed beads, making a (3,2)
torus knot with no twist. For a
smaller bracelet, leave off a
few repeats, but make sure
the total number of repeats is
odd. Take care to ensure the
twist you use creates the
torus knot you want. This
pattern is based on the
Hexagonal Grid pattern

(p. 166). In addition to a single
repeat, we show below a
vertical segment of 15 repeats
that completes a single
meridian wrap.

1412131312

Tags: Torus Knot, Wallpaper
Group P2, 7-around
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Squiggly (3,2) Torus Knot

158 ® PATTERN PAGES

Notes:
7-around
19 bead repeat

There are 41 to 45 repeats in
an average sized bracelet
using size 11 seed beads
and size 10 seed beads for
the “string.” A bracelet with
exactly 45 repeats forms a
(3,2) torus knot with no
twist, whereas one with

43 or 41 repeats will have a
small structural twist.

A torus knot requires an odd
number of repeats. This
pattern is based on the
Hexagonal Grid pattern

(p. 166). An alternate
variation is given in green
and cream.

Tags: Torus Knot, 7-around




Long Zag (P,3) Torus Knot

Notes:
7-around
30 bead repeat

There are 26 repeats in an average
sized bracelet using size 11 seed
beads.

This pattern is vertically aligned, and
each repeat produces a meridian
wrap, so P repeats with no twist
forms a (P,3) torus knot or link. If Piis a
multiple of 3, a torus link results;
otherwise, a torus knot results.

Use a physical twist before closing if
you want to change the alignment
and the number of meridian wraps.
The bracelet shown uses 26 repeats
and two full twists to create a (20,3)
torus knot instead of the (26,3) torus
knot that would have resulted
without the twist.

Tags: Torus Knot, Wallpaper Group P2,
7-around
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Knotted Snakes

Notes:

10-around
39 bead repeat

There are 28 repeats in a small sized
bracelet with no twist using size 11
seed beads and size 20 crochet
thread. You can also use size 11
Delicas with additional repeats and
a twist.

This design is vertically aligned by 7
and was constructed to produce
interlocking (4,3) torus knots with
no twist using the patchwork design
method described in Chapter 4. As
long as the number of repeats is not
a multiple of 3, you can obtain (4,3)
torus knots with a suitable twist.
The interlocking knots are rotated
180° from one another around the
gold accent beads.

Tags: Torus Knot, 10-around
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Trefoil Dissection
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There are 57 repeats in an average
sized bracelet using size 8 seed
Use an odd number of repeats to
make a torus knot. The natural
spiral of the bracelet forms an
interlocking pair of (5,2) torus
untwist the spiral until the beads
of each color only cross the
meridian of the bracelet three
Wallpaper Group P2, 5-around

knots. To obtain a pair of trefoil
times instead of five.

Notes

5-around

8 bead repeat

beads. The short repeat makes
sizing very flexible.

knots as in the photograph,
Tags: Torus Knot, Escher,
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Escher (P,2) Torus Knot

Notes:
6-around
10 bead repeat

The average sized bracelet shown
here has 71 repeats using size 11
seed beads. The short repeat makes
sizing very flexible.

Use an odd number of repeats with
an appropriate twist to construct
interlocking torus knots in the two
colors. The amount of twist deter-
mines the value of P.In the bracelet
photographed here, there are two
interlocking (5,2) torus knots, so P =5.
If the pattern is instead twisted so
that P = 3, the result is two interlocking
trefoil knots.

311311
Tags: Torus Knot, Escher, Wallpaper

Group P2, 6-around
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Escher (P4) Torus Knot 10-around

Notes:
10-around
8 bead repeat

Use a multiple of 4 repeats to get
two sets of four identical stripes.
Use an odd number of repeats to
get a (P4) torus knot. For example,
the bracelet in the larger photo
has 157 repeats in size 11 Delicas
and is twisted to create a (5,4)
torus knot. The smaller photo
shows an alternate non-Escher
variation with a different twist
used to create a (7,4) torus knot.

Because of the short repeat, sizing
is very flexible.

Tags: Torus Knot, Escher, Wallpaper
Group P2, 10-around

1172112

or try the non-Escher variation
at left:

121211
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Single Strand Celtic Knot

Notes:

9-around

399 bead repeat

There are 3 repeats in an average
sized bracelet using size 11
Delicas. Because of the extreme
length of the repeat, we omit the
numerical pattern.

Tags: Celtic Knot, Wallpaper
Group P2, 9-around
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Three-Strand Celtic Knot
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Notes:

9-around

152 bead repeat

There are 8 repeats in an average sized
bracelet using size 11 Delicas. This

pattern is vertically aligned.

Tags: Celtic Knot, Wallpaper Group P2,
9-around
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Harlequin

166 ® PATTERN PAGES

Notes:

6-around

84 bead repeat

There are 8 repeats in an average sized
bracelet using size 11 seed beads.

A small twist lines up every repeat as in

the bracelet shown.

This design is useful as a template for
creating other Escher designs.

Tags: Escher, Wallpaper Group P2,
6-around

121524334251
121524334251



Hexagonal Grid

Notes:
7-around
57 bead repeat

There are 14 repeats in an average
sized bracelet using size 11 seed
beads.

Use a multiple of 2 repeats and a
twist to line up every other repeat
as in the bracelet shown. This
pattern is a useful template for
other designs.

Tags: Escher (tricolor), Wallpaper
Group P3, 7-around
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Four-Color Valentine
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Notes:

7-around

48 bead repeat

There are 18 repeats in an average
sized bracelet using size 11 seed
beads.

Use a multiple of 3 repeats and a

small twist to line up every third
repeat as in the bracelet shown.

Tags: Escher (four-color), 7-around




Diamond Glow

Notes:

8-around

56 bead repeat

There are 20 repeats in an average
sized bracelet using size 11 Delicas.
Be sure to choose four colors that
contrast well for the outlines of the

diamonds.

Tags: Escher (four-color), 8-around

1721111111
121271 111
22 1 171 2
2 1T11 717 2
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Yin-Yang Reflection

Notes

6-around

24 bead repeat

There are 33 repeats in an average

sized bracelet using size 11 Delicas, or

30 repeats using size 11 seed beads.

Use a multiple of 3 repeats and a slight
twist before sewing to line up every

third repeat, as in the bracelet shown.

6-around
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Five-Color Jigsaw

Notes:
8-around
60 bead repeat

Use 18 repeats in size 11 Delicas for
an average sized bracelet. The
number of repeats does not affect
the alignment, so sizing is flexible.

A minuscule twist lines up every
repeat, as in the bracelet on the
right. The bracelet on the left is
twisted in the opposite direction
nearly two full twists.

Tags: Escher (five-color), 8-around

32271111
3221111
322171711
32211111
2211711
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Naptime
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Notes:

5-around

39 bead repeat

There are 11 repeats in an average
sized bracelet using size 8 seed
beads. Use a small twist to line up
every repeat as in the bracelet

shown.

Tags: Escher (tricolor), 5-around




Flying Z's

Notes:
7-around
57 bead repeat

There are 14 or 15 repeats in an
average sized bracelet using size
11 seed beads.

The bracelet pictured below has
15 repeats and no twist, which
lines up every fifth repeat. A small
twist will align every third repeat
instead. Alternately, if you use a
multiple of 2 repeats, you can line
up every other repeat with a
small twist in the opposite
direction.

Tags: Escher (tricolor), 7-around

16521422221
32411231426
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Tricolor Zigzag
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Notes:
6-around
24 bead repeat

There are 30 repeats in an
average sized bracelet using size
11 seed beads. Since the repeat is
short and alignment does not
have a significant effect on the
appearance of a bracelet, sizing is
very flexible.

Tags: Escher (tricolor), Wallpaper
Group PM, 6-around




Four-Color Sawtooth

Notes:
7-around
24 bead repeat

There are 33 to 35 repeatsin an
average sized bracelet using size 11
seed beads. Sizing is very flexible.

This pattern is related to a common
left-leaning sawtooth design in two
colors. The smaller teeth in this
design allow two parallel tracks of
two colors each to spiral around the
bracelet.

Using two colors instead of four can
produce either of the designs in the
right of the photograph.

Tags: Escher (four-color), Wallpaper
Group PM, 7-around
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Sophie’s Herringbone

Notes:
6-around
26 bead repeat

There are 28 repeats in an average
sized bracelet using size 11 seed beads.
Since the pattern is vertically aligned
and the repeat is short, sizing is
extremely flexible.

<
(
>0
@
.> b
@™
.‘.

The bracelet shown has 26 repeats in
2mm sterling silver rounds and size 11
seed beads. Use care when closing to
avoid a twist, unless you want one!

Tags: Escher, Wallpaper Group P2,
6-around
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Herringbone Reflection

Notes:

6-around or 5-around
12 bead repeat

There are 62 repeats in an
average sized 6-around bracelet
using size 11 seed beads, as
shown in the photograph.

This bracelet can also be done
as a 5-around in size 8 beads
with the same numerical repeat,
as shown in the green chart
below. In the 5-around version,
which takes around 35 repeats,
the reflection axis leans right
instead of left. Sizing is
extremely flexible in both
circumferences.

Tags: Escher, Wallpaper group
CMM, 6-around, 5-around

411411
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Ultimate Swirl

bracelet using size 11 Delicas. Given
the large repeat, sizing is not very
five colors that all contrast well with
one another.

Tags: Escher (five-color), 9-around

165 bead repeat
There are 8 repeats in a large sized
flexible with this design. Choose

9-around
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Coils and Diamonds

Notes

9-around

95 bead repeat

There are 13 repeats in an

average sized bracelet using size

11 Delicas
shown

as in the bracelet

7

front and back

This

).

(

design is vertically aligned.

Tags: 9-around

5414131131121 112

1T1T1T1T1T1T1T1T11112

T1T1T1T1T1T1T1T1T11112

1172111313114419
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Foamy Wave

Notes:
10-around
158 bead repeat

There are 7 repeats in an
average sized bracelet using
size 11 seed beads and size 20
crochet thread. Or use 8 repeats
with size 11 Delicas.

Twist when closing to line up
every repeat as in the bracelet
shown (front and back).

Tags: 10-around

1T15[11x3]42[71x2]
3[11x4]12[11x4]
2[11x4]2[11x2]214
[1T1x3]15[11x2]7[71x33]
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Escher Foamy Wave

Notes

10-around

320 bead repeat

There are 4 repeats in an average sized
bracelet using size 11 Delicas. Twist

when closing to line up the repeats as
in the bracelet shown. This design has

no sizing flexibility.

Tags: Escher, 10-around
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Hooked Harlequin

Notes:
6-around
126 bead repeat

There are 6 repeats in a small
sized bracelet using size 11 seed
beads.

A twist of more than 360° lines
up every repeat as in the brace-
let shown (front and back). This
design is based on the Harlequin
pattern on p. 165.

Tags: Escher (tricolor), 6-around

2112122243342 :221
117212324334232
2112723243423 21
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Ocean Waves

Notes:
6-around
84 bead repeat

There are 8 repeats in a small
sized bracelet using size 10
seed beads. Or try 9 repeats in
size 11 seed beads for a larger
bracelet. A small twist lines up
every repeat, as in the bracelet
shown.

Tags: Escher, Wallpaper Group
P2, 6-around

18332112211233
18332112211233
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Rough Sea Waves

PATTERN PAGES

Notes:
7-around
80 bead repeat

There are 12 repeats in a large
sized bracelet using size 11 seed
beads. Twist to line up every third
repeat as in the bracelet shown. Or
try using 12 repeats in size 11
Delicas for a smaller bracelet.

Tags: Escher, 7-around



Aztec Wave

Notes:

7-around

24 bead repeat

There are 33 to 35 repeats in an
average sized bracelet using size 11
seed beads. Because of the short

repeat, sizing is very flexible.

Tags: Escher, Wallpaper Group P2,
7-around
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Zadie's Wave
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Notes:
9-around
66 bead repeat

There are 17 or 18 repeats in an
average sized bracelet using size

11 Delicas. The bracelet on the right
uses 24K gold-lined crystal with matte
black Delicas.

Consider the twist options before
closing! Two of our favorites are shown
below.

This design is dedicated to Adolph
Baker, who always reminded us to
“ride the waves!”

Tags: Escher, Wallpaper Group P2,
9-around




Tridelta Wave Rider

Notes:
6-around

78 bead repeat, with three
different versions shown at left.
The numerical pattern is for the
first version only.

There are 9 repeats in an average
sized bracelet using size 11 seed
beads. Distribute the repeats as
desired. A suggested complete
bracelet is charted and a slightly
different version (with only one
plain repeat separating the
triangle segments) appears in the
photo below.

The bracelet has three colors and
a total number of beads and
waves divisible by 3.

This design is dedicated to the
Colgate University Tridelta
Sorority.

Tags: Escher, 6-around

112424334242
112433333342
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Wave Rider 5-around

112211
1423
323232
112211
232323
3241

PATTERN PAGES

Notes:

5-around

66 bead repeat

There are 6 repeats in a small to
average sized bracelet using size 8
seed beads. This design is vertically
aligned.

Crochet loosely or 6 repeats may not
be big enough (and 7 repeats will
likely be too big).

Tags: Escher, 5-around




Tricolor Wave
Notes:
9-around
48 bead repeat

There are 23 or 24 repeats in an
average sized bracelet using size
11 Delicas. The bracelet on the left
uses 1.8mm sterling silver rounds
for one wave. Two twist possibilites
are shown: one that lines up every
repeat and one that winds the
waves once around the meridian
of the bracelet. Consider your
options before closing!

Tags: Escher (tricolor), 9-around
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Crashing Waves

Notes:
6-around
72 bead repeat

There are 10 repeats in an
average sized bracelet using
size 11 seed beads. Use a
small twist to line up every
repeat as in the bracelet
shown (in two different views).

Tags: Escher, Wallpaper Group
P2, 6-around

31613
2112
T1T11T111111
2112
31613
2112
1111111111
2112
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Greek Columns
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6-around

74 bead repeat

There are 10 repeats in an

Ing size

d bracelet us

11 seed beads.

average size

Use a multiple of 2 repeats to
line up every other repeat as in

the bracelet shown.

Escher, Wallpaper Group

around
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Viny Wave
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Notes:
9-around
16 bead repeat

There are 75 repeats in an average sized
bracelet using size 11 Delicas. Use a
multiple of 3 repeats and a twist to line
up the vines if desired. This design can be
modified to use three colors or six colors
for the different vines with a 48 bead
repeat.

Tags: Escher, 9-around




Interlocking Vines

This design is vertically aligned by 3.
Use a multiple of 3 repeats to line up
every third repeat as in the bracelet

shown.
Tags: Escher, Wallpaper Group P2,

to large sized bracelet using size 11
7-around

There are 18 repeats in an average
seed beads.

50 bead repeat

Notes
7-around
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Tricolor Vines

PATTERN PAGES

Notes:

6-around

66 bead repeat

There are 11 repeats in an
average sized bracelet using
size 11 seed beads. A minor

twist aligns every repeat.

Tags: Escher (tricolor), 6-around



Pinwheel

Notes:
11-around
76 bead repeat

There are 19 repeats in an average
sized bracelet using size 11 Delicas.

Choose four colors that all constrast
one another well to display this
pattern to full effect.

Tags: Escher (four-color), 11-around
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Pinwheel Star
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Notes:
7-around
57 bead repeat

There are 14 repeats in an average
sized bracelet using size 11 seed
beads.

Use a multiple of 2 repeats and a
twist when closing to line up every
other repeat as in the bracelet
shown.

This design is based on the
Hexagonal Grid pattern on p. 166.

Tags: Escher (tricolor), Wallpaper
Group P3, 7-around




Notes:

Pinwheel Snowflake
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Snowflakes

Notes:
9-around
52 bead repeat

There are 22 or 23 repeats in an
average sized bracelet using
size 11 Delicas.

The numerical pattern is given in two
variations, one with the snowflake
centers painted black as in the bead
plane chart shown, and one with solid
snowflakes as in the bracelet shown,
which uses 23 repeats. Use a multiple
of 2 repeats instead if you prefer to
line up every other snowflake with a

twist.
212211112 5211112 The variation in the chart works nicely
212211112 5211112 with 2mm sterling silver or gold-filled
rounds in the center of each
212211112 or 5211112 snowflake.
212211112 5211112

Tags: Escher (four-color), 9-around
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Four-Color Flowers

Notes:

9-around

52 bead repeat

There are 22 or 23 repeats in an
average sized bracelet using

size 11 Delicas.

Use a multiple of 2 repeats to line
up every other repeat as in the

bracelet shown.

Tags: Escher (four-color), 9-around

PATTERN PAGES @ 199




Tiny Flowers

Notes:
9-around
35 bead repeat

There are 33 repeats in an average
sized bracelet using size 11 Delicas.
The bracelet shown uses 2mm
sterling silver rounds for the flower
centers.

Use a multiple of 3 repeats to line
up every third repeat as in the
bracelet shown. Choose five colors
that all contrast one another well
to display the design to full effect.

Tags: Escher (five-color), 9-around
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Jaguar

Notes:
7-around
50 bead repeat

There are 18 repeats in an average to
large sized bracelet using size 11 seed
beads.

This design is vertically aligned by 3.
Use a multiple of 3 repeats to line up
every third repeat, as in the bracelet
shown.

Tags: Escher, Wallpaper group P2,
7-around
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Escher Lizards

Notes:

9-around
135 bead repeat

There are 9 repeats in an average sized
bracelet using size 11 Delicas. Choose
contrasting colors carefully to make the
lizard forms pop out clearly. Use a minor
twist before closing to line up every
repeat as in the bracelet shown.

Tags: Escher (tricolor), 9-around
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Four-Color Escher Birds

Notes:
10-around
140 bead repeat

There are 9 repeats in an average sized
bracelet using size 11 Delicas and
1.8mm sterling silver rounds for the
eyes.

This design is vertically aligned by 3.
Use a multiple of 3 repeats to line up
every third repeat as in the bracelet
shown. Restricting to a multiple of 3
repeats does make sizing fairly
inflexible.

Tags: Escher, 10-around

21811811 221222
18118111221222
21811811 221222
2181181 2122
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Little Fishes

51313

513131

513131
13131
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Notes:
10-around
56 bead repeat

There are 24 repeats in a large sized
bracelet using size 11 Delicas.

Use a multiple of 3 repeats to line
up every third repeat as in the

bracelet shown.

Tags: Escher (four-color), 10-around




Escher Fish

Notes:
10-around
70 bead repeat

There are 18 repeats in an average sized
bracelet using size 11 Delicas and 2mm
sterling silver rounds for the eyes.

This design is vertically aligned by 3.
Use a multiple of 3 repeats to line up
every third repeat as in the bracelet
shown. Restricting to a multiple of 3
repeats does make sizing fairly
inflexible.

Tags: Escher, 10-around

441231 411251
41231 41125

N =
HN
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Snake Eyes
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Notes:
10-around
70 bead repeat

There are 18 repeats in an average
sized bracelet using size 11 Delicas.
This design is based on the Escher
Fish pattern. Use a multiple of 3
repeats to line up every third repeat
as in the bracelet shown.

Tags: Escher, Wallpaper Group P2,
10-around




Fish Transformation

Notes:
10-around

70 bead repeat for the
nontransitional segments

A and C. General notes about
making transformation
patterns appear on

p. 129.

The numbers given make a
small sized bracelet using
size 11 Delicas and 2mm
sterling silver rounds for the
eyes. This pattern can be
elongated into a necklace by
cycling through the pattern
more than once and/or by
repeating segments A and C
more than 8 times.

Tags: Escher, Transformation,
10-around

Ctimes 8
12222
322324
222
222
223

4
2

A times 8
117124

PATTERN PAGES e 207




208 ® PATTERN PAGES




Waves and Diamonds Transformation Necklace

Notes:
6-around

The repeat on the nontransitional
segments varies between 72 and 86
beads. General notes about making
transformation patterns appear on
p. 129.

Sections that are repeated more than
once (B,C E FGH,J L M,O, and Q) can
be repeated more or fewer times to
adjust the length of the necklace or the
emphasis on the different designs. The
necklace in size 11 seed beads
photographed here is 28 inches long.
The chart on the preceding page shows
an abbreviated version of the necklace in
which one repeat of each motif is
removed; this is the version shown in size
8 seed beads at the end of Chapter 6.

The three bracelets in the lower
photograph are made with 10 repeats of
section O, 8 repeats of section C, and

10 repeats of section H (also given as
Crashing Waves on p. 189),

respectively.

Tags: Escher, Transformation, Necklace,
6-around
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E times 3

616 L times 3

23111211132
211
1

1122271 Qtimes 2
121524
34251

K once
27112221

Jtimes 3
171111111
112
11712111

111
113
112
Htimes 3
6132112
1171111111
112321
12211
117111711711
21123
B times 3
1924244242
2424424
1
112
111 2121222
M times 3
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Tricolor Transformation Necklace

Notes:
6-around

66 bead repeat for the nontransitional
segments.

General notes about making transforma-
tion patterns appear on p. 129.

Sections that are repeated more than
once (A,B,C,D,E G,I, K M,O,and P) can
be repeated more or fewer times to
adjust the length of the necklace or the
emphasis on the different designs. The
chart on the preceding page shows an
abbreviated version of the necklace in
which these sections are repeated twice
instead of three times. The necklace in
size 11 seed beads photographed here,
which follows the numerical pattern as
written, is 25.5 inches long.

The five bracelets in the second photo-

graph are made with 11 repeats each of
sections A, B, E, K, and I. Section E is the

same pattern as Tricolor Vines (p. 193).

Tags: Escher (tricolor), Transformation,
Necklace, 6-around
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Qonce

1524333
243342
H once
221 1131 2121 P times 3
1524334
Gtimes3 1524324
21217117111112121 574°3
1212 11111 12 2 1
1111 171 112111
O times 3
15225
F once 6152251
12211711711 711121211 61521
E times 3
12111 1 112 11 N once
17211 1111 2211 1616 5 21
112211111 121 1
M times 3
D times 3 -1|6-1|6161
1T 211" 1 1 11111 616161
1721 1T 1111 2121
1122 1111 1 12 2 1
L once
) 11121111
Ctimes 3 616161
1T 2 1111111
122111131151
1122 1113 15 1 K times 3
11121111
51 51 51
) 15715 15 1
B times 3
4 13 12711
213141

42133 24 1 Jonce

1212711571571

Atimes3 ‘ »»»»» I times 3

4 4 32 1212 15 12 21
24334 D 1212111121211
4243342 221 51 2121
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Tessellation Evolution Necklace

Notes:
8-around

56 bead repeat for most nontransitional
segments. General notes about
making transformation patterns
appear on p. 129.

This necklace was made for the art
exhibit at the national Joint Mathematics
Meetings in January 2013. It contains
16 different four-color tilings, some of
which are repeated more often than
others for aesthetic reasons. The ends
of the necklace are attached to the
clasp with bead-woven caps to match
the colors in the necklace. Another
option is to use end cap beads,
available from most bead suppliers. Not
counting the clasp, the necklace, made
in size 11 Delicas, is 28 inches long.

The top photograph shows the
necklace as it was mounted for exhibit.
The strips of beads at the top and
bottom of the framed necklace were
woven with brick stitch to show the
shapes of the 16 different tiles. The
bracelets on the lower right were made
with sections E, M, U, and W of the
necklace pattern.

Tags: Escher (four-color),
Transformation, Necklace, 8-around
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Qtimes 2
27112112 1

G once 11711 1 1
3324 1 1 1
233 1 2112
2 2
P times5
. 27112112 2
F times 2 11 1 1
3324 11211211
2:32 2112112112
2 2
3 4
O once
E times 5 111711 11121
4294 2121112
2422
2 2 N times 2
4 4 11171 2121
111212121
171721 2
D times 3 11 212
202 2
4 4 M times 5
111711 2121
1111712121
A : 11111 2
Ctimes 4 11 112
2066
L times 2
11171 2211
B once 11117112211
71717177 1111111221
717171717 1 112
771717
3271717 K times 2
371717 113 2211
2:6.6'6 31112211
2:6.6'6 111 1
11 112
Jtimes 2
113 24
311124
111
11 112
I times 2
1173224
A once 3324
120 123
11 2
Htimes 4
3:24
3324
223
2 2
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Z times 3

1271213
121 1
1 173 GG once
1737113713
Y times 2
12737113
121 1
1 121
17313173
X once
1313713 FF once
121 121 1°4°-4°4
121 1 12121:-4°4
17113113 12121:-4°4
1212121° 4
W times 5 12191215-4
1111 3713 121212121
11111 121
1
1113113
V once
111173713
17111 121
121 11
11 2173
U times 2 EE once
1111137112 1414
111111 131 14414
121 11 1171
11 2173
DD times 2
114
T once 14 14
11117112112 1124
111111 121
1 11 ;1 ;1 CCtimes 2
1214
Stimes3 4144
11117112112
T ! 1 BB times 3
1 1 11 114
11 21121 14744
4144
Ronce
2112712 ! AA once
Trrreraeta 1311213
1 1 1171 13141
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Googly Eyes

327111
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11261111

Notes:

7-around

24 bead repeat

There are 33 to 35 repeats in an
average sized bracelet using size

11 seed beads. Because of the short
repeat, sizing is very flexible.

The bracelet shown has 33 repeats in
size 11 seed beads and 2mm sterling

silver rounds.

Tags: Wallpaper Group PG, 7-around




Gliding Vines

Notes:

9-around

40 bead repeat

There are 30 repeats in an average
sized bracelet using size 11 Delicas.

Sizing is very flexible.

Tags: Escher, Wallpaper Group PG,
9-around

—
—
—
—
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Springtime

Notes:
7-around
63 bead repeat

The large bracelet shown uses 12
repeats with 2.5mm sterling silver
rounds, 2mm green glass rounds,
2mm black onyx rounds, and
3mm amethyst rounds. In size 11
seed beads, use 13 or 14 repeats
for an average sized bracelet or 15
repeats for a large bracelet.

You can line up every second,
third (as in the bracelet shown), or
fifth repeat with multiples of 2, 3,
or 5 repeats, respectively.

Tags: Wallpaper Group CM,
7-around

1351721112122431
4432121114112
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Shadow Boxes

Notes:

6-around

24 bead repeat

The bracelet in the photograph contains
28 repeats with 2mm rounds in black
onyx, sterling silver, and adventurine.

In size 11 seed beads, an average sized
bracelet takes 30 repeats. Use a
multiple of 3 repeats and a small twist to

line up every third repeat.

Tags: Wallpaper group PM, 6-around
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Greek Key

2112111112112
[1T1Xx9]1
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Notes:
5-around
36 bead repeat

18 repeats in a large sized bracelet
using size 10 seed beads, as in the
bracelet shown. Or try 12 repeats in
size 8 seed beads for an average
sized bracelet. Use a multiple of

2 repeats to line up every other
repeat for greater symmetry, as in
the bracelet shown.

Tags: Wallpaper Group P2, 5-around




Brick Walkway

Notes:
7-around
24 bead repeat

There are 31 repeats in an average
sized bracelet using 2mm sterling
silver and hemalyke rounds, as in
the bracelet shown. In size 11 seed
beads, use 33 to 35 repeats for an
average sized bracelet.

Tags: Wallpaper Group PGG,
7-around

8213121312
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Bon Bon Checkerboard
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Notes:
6-around
24 bead repeat

There are 30 repeats in an average
sized bracelet using size 11 seed
beads. Or try 24 repeats in 2mm
semiprecious, glass, and/or metal
rounds. The bracelet shown has
31 repeats in size 11 seed beads.

Use a multiple of 3 repeats to line up
every third repeat, if desired.

Tags: Wallpaper Group PMM,
6-around




Caged Zigzag

Notes:

6-around

24 bead repeat

There are 30 repeats in an average
sized bracelet using size 11 seed

beads. Sizing is flexible.

Tags: Wallpaper Group PMG,
6-around
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Woven Ribbons

226 ® PATTERN PAGES

Notes:
6-around
48 bead repeat

There are 14 to 15 repeats in an
average sized bracelet using size 11
seed beads. The large bracelet in the
photograph has 15 repeats in

2mm black onyx rounds, 2mm
gold-filled rounds, and size 11 seed
beads.

Use a multiple of 3 repeats to line up
every third repeat, if desired.

Tags: Wallpaper Group CMM,
6-around




Woven P3

using size 11 seed beads. Use

There are 14 or 15 repeats in
an average sized bracelet

a multiple of 2 repeats to
align every other repeat as in
the bracelet shown.

Tags: Wallpaper Group P3,

57 bead repeat
7-around
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Triangle Twist

Notes:
7-around
19 bead repeat

There are 43 to 45 repeats in an
average sized bracelet using size 11
seed beads. The bracelet pictured
contains 49 repeats in black size 11
seed beads, blue and green size 11
Delicas, and 2mm sterling silver
rounds. Using the slightly smaller
Delicas gives the design a subtle
textured effect.

With a multiple of 2 repeats and
essentially no twist, the design will
stack the blue triangles and green
triangles in vertical lines, yielding a
fairly dull composition. This bracelet
uses an odd number of repeats and is
twisted so that the silver beads follow
81 a (5,2) torus knot.

Tags: Wallpaper group P3, 7-around
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Star of David Twist

Notes:
9-around
13 bead repeat

An average sized bracelet uses

91 repeats in size 11 Delicas. Because
of the short repeat, sizing is extremely
flexible.The bracelet on the left has
2mm sterling silver rounds in the
centers of the hexagons and uses
only 85 repeats. The bracelet on the
right uses the second version of the
pattern, in which the dots in the
hexagon centers are omitted.

The hexagons and triangles are small
enough compared to the circumference

2 1 1122 of the bracelet that no special twist is
or needed to make the design clear. The
2213122 small motifs also make the 120°

rotations in this pattern, centered at
the silver beads, more apparent than
in other patterns with the same
symmetry.

Tags: Wallpaper Group P3, 9-around
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Big Star of David

230 ® PATTERN PAGES

Notes:
9-around
91 bead repeat

There are 12 repeats in a small sized
bracelet, or 13 repeats in an average
one, using size 11 Delicas. The long
repeat and the need for a multiple of

2 repeats to line up every other repeat
makes sizing trickier. The two bracelets
shown demonstrate the dramatic
impact of different color choices.

A version with 12 repeats with the stars
lined up is shown on the left, and a
version with 13 repeats, in which the
stars cannot be lined up, is shown on
the right.

Tags: Wallpaper Group P3, 9-around




Threefold Pinwheel

Notes:

7-around

19 bead repeat

There are 36 repeats in an average to
large sized bracelet using 2.5mm gold-
filled rounds and 2mm glass rounds.
Use a multiple of 2 repeats and a twist

to line up every other repeat as in the
bracelet shown.

Tags: Wallpaper Group P3, 7-around
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Pressed Berries

232 ® PATTERN PAGES

Notes:
7-around
19 bead repeat

A comparison of the charts shows
that this design differs from Threefold
Pinwheel by a single bead. Its
significantly altered appearance is
created by using larger beads to
outline the hexagons.

The bracelet on the left contains 42
repeats in 2mm gold-filled rounds,
size 11 red seed beads, and size 8
black seed beads, which make the
bracelet lie almost flat. The bracelet
on the right has 2mm black onyx
rounds in place of the size 8 seed
beads, creating a more rounded
effect. It has 49 repeats and is twisted
so that the hexagons alignin a

(3,2) torus knot.

Tags: Faceted, Wallpaper Group P3,
7-around




Grapevine

Notes:

6-around

43 bead repeat

There are 14 repeats in an average
sized bracelet using 2mm hemalyke
and glass rounds with 3mm sterling
rounds.

Use a multiple of 2 repeats to line up
every other repeat, as in the bracelet

shown.

Tags: Wallpaper Group P3, 6-around

PATTERN PAGES @ 233




Snowflake and Triangle

234 ® PATTERN PAGES

Notes:
7-around
57 bead repeat

There are 14 repeats in an average
sized bracelet using size 11 seed
beads with 2mm sterling rounds for
the snowflakes and triangle centers.
Use a multiple of 2 repeats and a twist
to line up every other repeat as in the
bracelet shown.

Tags: Wallpaper Group P6, 7-around




Rattan 6-around

Notes:
6-around
43 bead repeat

There are 16 repeats in an aver-
age sized bracelet using size 11
seed beads. Use a multiple of

2 repeats and a twist to line up
every other repeat as in the
bracelets shown. The variation in
the photograph on the right uses
2mm gold-filled and black onyx
rounds with 2mm green glass
rounds in the hexagon centers.

Tags: Wallpaper Group P6,
6-around
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Rattan 8-around
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8-around

73 bead repeat

There are 12 repeats in an average
sized bracelet using size 11 seed

beads and size 20 crochet thread.

Use a multiple of 2 repeats and a

twist to line up every other repeat

as in the bracelet shown.

Tags: Wallpaper Group P6, 8-around
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Skating Key

Notes:
8-around
68 bead repeat

There are 15 repeats in an average
sized bracelet using size 11 Delicas.
Or try 13 repeats with size 11 seed
beads and size 20 crochet thread. This
design is vertically aligned; use care to
avoid a twist when closing.

Tags: 8-around
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Music

Notes

10-around

210 bead repeat

There are 6 repeats in an average sized

bracelet using size 11 Delicas, as in the

bracelet shown (front and back). Since

there is no sizing

the repeat is so long,

flexibility.

Tags: 10-around
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Pattern Index

Italic page numbers indicate pages with illustrations.

Alphabetical

Aztec Wave, 113, 184

Big Star of David, 229

Bon Bon Checkerboard, 18, 113, 223

Brick Walkway, 113, 222

Caged Zigzag, 113, 224

Coils and Diamonds, 178

Complete Seven-Node Graph, 36, 136

Crashing Waves, 85, 189

Diamond Glow, 79, 168

Diamond Zigzag, 19, 153

Equilateral Triangle 4-around, 42, 57,
57,138

Equilateral Triangle 7-around, 47, 56, 139

Equilateral Triangle 10-around, 140

Escher (P,2) Torus Knot, 113, 161

Escher (P,4) Torus Knot 10-around, 162

Escher Fish, 74-76, 74-76, 87, 204

Escher Foamy Wave, 180

Escher Lizards, 87, 201

Fish Transformation, 129, 206

Five-Color Jigsaw, 170

Flying Z's, 87, 172

Foamy Wave, 179

Four-Color Escher Birds, 202

Four-Color Flowers, 87, 198

Four-Color Sawtooth, 113, 174

Four-Color Valentine, 167

Gliding Vines, 87,218

Googly Eyes, 113, 217

Grapevine, 232

Greek Columns, 190

Greek Key, 221

Harlequin, 77, 165

Heptagon, 42, 148

Herringbone Reflection, 113, 176

Hexagon with Spiral, 47, 147

Hexagonal Grid, 166

Honeycomb, 22, 22-23, 49, 154

Hooked Harlequin, 181

Interlocking Vines, 87, 192

Irregular Hexagon, 46, 146

Jaguar, 200

Knotted Snakes, 65, 159

Little Fishes, 203

Long Zag (P,3) Torus Knot, 67, 158

Méobius Band 6-around, 48, 48, 114, 150

Mobius Band 8-around, 48, 48, 114, 151

Music, 237

Naptime, 84, 113, 171

Ocean Waves, 182

Octagon, 46, 47,149

(P,4) Torus Knot 6-around, 57, 57, 155

Pentagon, 43, 144

Pinwheel, 194

Pinwheel Snowflake, 196

Pinwheel Star, 195

Porcupine Pentagonal, 145

Pressed Berries, 49, 231

Rattan 6-around, 705, 234

Rattan 8-around, 235

Rough Sea Waves, 183

Seven-Color Torus (Ungar-Leech Map),
31,34, 34,135

Shadow Boxes, 102, 102, 113, 220

Single Strand Celtic Knot, 163

Skating Key, 236

Snake Eyes, 205

Snowflake and Triangle, 233

Snowflakes, 87, 197

Sophie’s Herringbone, 3, 113, 175

Sophie’s Original Seven-Color Torus,
33,33,134

Springtime, 219

Square 5-around, 141

Square 6-around, 45, 57, 142

Square 10-around, 143

Squiggly (3,2) Torus Knot, 157

Stained-Glass Diamonds, 49, 152

Star of David Twist, 228

Symmetric Complete Seven-Node
Graph, 137

Tessellation Evolution Necklace,
80,129, 214

Threefold Pinwheel, 230

Three-Strand Celtic Knot, 72, 164

Tiny Flowers, 199

Trefoil Dissection, 113, 160

Triangle Twist, 113, 227

Tricolor Transformation Necklace, 129, 211

Tricolor Vines, 193

Tricolor Wave, 188

Tricolor Zigzag, 113, 173

Tridelta Wave Rider, 186

Ultimate Swirl, 177

Viny Wave, 191

Wave Rider 5-around, 187

Waves and Diamonds Transformation
Necklace, 88, 129, 129, 208

Woven P3, 16, 226

Woven Ribbons, 225

Yin-Yang Reflection, 706, 107, 169

Zadie's Wave, 19, 185

Zigzag (3,2) Torus Knot, 61, 61, 63, 156

N-around

4-around, 10-12, 12, 70, 104
Equilateral Triangle 4-around, 42, 57,
57,138
5-around, 13, 15, 70, 79, 83, 113
Greek Key, 221
Herringbone Reflection, 113, 176
Naptime, 84, 113, 171
Square 5-around, 141
Trefoil Dissection, 113, 160
Wave Rider 5-around, 187
6-around, 3, 5, 18, 24, 42, 44, 45-46, 77, 83,
85,113,106, 106
Bon Bon Checkerboard, 18, 113, 223
Caged Zigzag, 113, 224
Crashing Waves, 85, 189
Diamond Zigzag, 19, 153
Escher (P,2) Torus Knot, 113, 161
Grapevine, 232
Greek Columns, 190
Harlequin, 77, 165
Herringbone Reflection, 113, 176
Hooked Harlequin, 181
Mobius Band 6-around, 48, 48,
114, 150
Ocean Waves, 182
(P,4) Torus Knot 6-around, 57, 57, 155



Rattan 6-around, 105, 234

Shadow Boxes, 102, 102, 113, 220

Sophie’s Herringbone, 3, 113, 175

Sophie’s Original Seven-Color Torus,
33,33, 134

Square 6-around, 45, 57, 142

Tricolor Transformation Necklace,
129,211

Tricolor Vines, 193

Tricolor Zigzag, 113, 173

Tridelta Wave Rider, 186

Waves and Diamonds Transformation
Necklace, 88, 129, 129, 208

Woven Ribbons, 225

Yin-Yang Reflection, 706, 107, 169

7-around, 5-8, 13-14, 15-16, 16, 20, 41, 41,

77-78,85-86, 85-86, 112-113

Aztec Wave, 113, 184

Brick Walkway, 113, 222

Equilateral Triangle 7-around,
41,56, 139

Flying Z's, 87, 172

Four-Color Sawtooth, 113, 174

Four-Color Valentine, 167

Googly Eyes, 113, 217

Hexagonal Grid, 166

Interlocking Vines, 87, 192

Jaguar, 200

Long Zag (P,3) Torus Knot, 67, 158

Pentagon, 43, 144

Pinwheel Star, 195

Porcupine Pentagonal, 145

Pressed Berries, 49, 231

Rough Sea Waves, 183

Seven-Color Torus (Ungar-Leech Map),
31,34,34,135

Snowflake and Triangle, 233

Springtime, 219

Squiggly (3,2) Torus Knot, 157

Threefold Pinwheel, 230

Triangle Twist, 113, 227

Woven P3, 16, 226

Zigzag (3,2) Torus Knot, 61, 61, 63, 156

8-around, 78, 79

Complete Seven-Node Graph, 36, 136

Diamond Glow, 79, 168

Five-Color Jigsaw, 170

Mébius Band 8-around, 48, 48, 114, 151

Rattan 8-around, 235

Skating Key, 236

Stained-Glass Diamonds, 49, 152

Symmetric Complete Seven-Node
Graph, 137

Tessellation Evolution Necklace,
80, 129, 214
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9-around, 22, 40, 40, 43, 80, 80
Big Star of David, 229
Coils and Diamonds, 178
Escher Lizards, 87, 201
Four-Color Flowers, 87, 198
Gliding Vines, 87,218
Hexagon with Spiral, 47, 147
Honeycomb, 22, 22-23, 49, 154
Single Strand Celtic Knot, 163
Snowflakes, 87, 197
Star of David Twist, 228
Three-Strand Celtic Knot, 72, 164
Tiny Flowers, 199
Tricolor Wave, 188
Ultimate Swirl, 177
Viny Wave, 191
Zadie's Wave, 19, 185
10-around, 46-47, 76
Equilateral Triangle 10-around, 140
Escher (P4) Torus Knot 10-around, 162
Escher Fish, 74-76, 74-76, 87, 204
Escher Foamy Wave, 180
Fish Transformation, 129, 206
Foamy Wave, 179
Four-Color Escher Birds, 202
Heptagon, 42, 148
Irregular Hexagon, 46, 146
Knotted Snakes, 65, 159
Little Fishes, 203
Music, 237
Octagon, 46, 47,149
Pinwheel Snowflake, 196
Snake Eyes, 205
Square 10-around, 143
11-around
Pinwheel, 194

Other Tags

Celtic Knot, 72, 72
Single Strand Celtic Knot, 163
Three-Strand Celtic Knot, 72, 164
Escher, 47, 47, 74-88, 74,75, 80, 82, 85-86,
87,87,104
Aztec Wave, 113, 184
Crashing Waves, 85, 189
Diamond Glow, 79, 168
Escher (P,2) Torus Knot, 113, 161
Escher (P,4) Torus Knot 10-around, 162
Escher Fish, 74-76, 74-76, 87, 204
Escher Foamy Wave, 180
Escher Lizards, 87, 201
Fish Transformation, 129, 206
Five-Color Jigsaw, 170
Flying Z’s, 87,172

Four-Color Escher Birds, 202

Four-Color Flowers, 87, 198

Four-Color Sawtooth, 113, 174

Four-Color Valentine, 167

Gliding Vines, 87,218

Greek Columns, 190

Harlequin, 77, 165

Herringbone Reflection, 113, 176

Hexagonal Grid, 166

Hooked Harlequin, 181

Interlocking Vines, 87, 192

Jaguar, 200

Little Fishes, 203

Naptime, 84, 113, 171

Ocean Waves, 182

Pinwheel, 194

Pinwheel Snowflake, 196

Pinwheel Star, 195

Rough Sea Waves, 183

Seven-Color Torus (Ungar-Leech Map),
31,34,34,135

Snake Eyes, 205

Snowflakes, 87, 197

Sophie’s Herringbone, 3, 113, 175

Sophie’s Original Seven-Color Torus,
33,33,134

Tessellation Evolution Necklace, 80,
129, 214

Tiny Flowers, 199

Trefoil Dissection, 113, 160

Tricolor Transformation Necklace,
129,21

Tricolor Vines, 193

Tricolor Wave, 188

Tricolor Zigzag, 113,173

Tridelta Wave Rider, 186

Ultimate Swirl, 177

Viny Wave, 191

Wave Rider 5-around, 187

Waves and Diamonds Transformation
Necklace, 88, 129, 129, 208

Yin-Yang Reflection, 706, 107, 169

Zadie's Wave, 19, 185

Faceted, 49

Diamond Zigzag, 19, 153
Honeycomb, 22, 22-23, 49, 154
Pressed Berries, 49, 231
Stained-Glass Diamonds, 49, 152

Geometric Cross Section

Equilateral Triangle 4-around, 42, 57,
57,138

Equilateral Triangle 7-around, 41,
56, 139

Equilateral Triangle 10-around, 140

Heptagon, 42, 148




Hexagon with Spiral, 47, 147
Irregular Hexagon, 46, 146
Octagon, 46, 47,149
(P,4) Torus Knot 6-around, 57, 57, 155
Pentagon, 43, 144
Porcupine Pentagonal, 145
Square 5-around, 141
Square 6-around, 45, 57, 142
Square 10-around, 143
Méobius, 47-48, 57, 75
Méobius Band 6-around, 48, 48, 114, 150
Méobius Band 8-around, 48, 48, 114, 151
Necklace, 42, 56, 69, 71, 88, 88, 127, 129, 129
Equilateral Triangle 4-around, 42, 57,
57,138
Fish Transformation, 129, 206
Tessellation Evolution Necklace, 80,
129, 214
Tricolor Transformation Necklace,
129, 211
Waves and Diamonds Transformation
Necklace, 88, 129, 129, 208
Seven-Color Torus, xii, xv—xvi, 26-37, 32-34
Complete Seven-Node Graph, 36, 136
Seven-Color Torus (Ungar-Leech Map),
31,34,34,135
Sophie’s Original Seven-Color Torus,
33,33,134
Symmetric Complete Seven-Node
Graph, 137
Torus Knot, 50-66, 69, 71
Escher (P,2) Torus Knot, 113, 161
Escher (P,4) Torus Knot 10-around, 162
Knotted Snakes, 65, 159
Long Zag (P,3) Torus Knot, 67, 158
Mébius Band 6-around, 48, 48, 114, 150
Mébius Band 8-around, 48, 48, 114, 151
(P, 4) Torus Knot 6-around, 57, 57, 155
Squiggly (3,2) Torus Knot, 157
Trefoil Dissection, 113, 160
Zigzag (3,2) Torus Knot, 61, 61, 63, 156
Transformation, 87-88, 129, 207-216,
207-216
Fish Transformation, 129, 206
Tessellation Evolution Necklace, 80,
129, 214
Tricolor Transformation Necklace,
129,211
Waves and Diamonds Transformation
Necklace, 88, 129, 129, 208
Wallpaper Group CM
Springtime, 219
Wallpaper Group CMM
Herringbone Reflection, 113, 176
Woven Ribbons, 225

Wallpaper Group P2
Aztec Wave, 113, 184
Crashing Waves, 85, 189
Escher (P,2) Torus Knot, 113, 161
Escher (P4) Torus Knot 10-around, 162
Greek Columns, 190
Greek Key, 221
Harlequin, 77, 165
Hexagon with Spiral, 47, 147
Interlocking Vines, 87, 192
Irreqular Hexagon, 46, 146
Jaguar, 200
Long Zag (P,3) Torus Knot, 67, 158
Mo&bius Band 6-around, 48, 48,
114,150
Méobius Band 8-around, 48, 48, 114, 151
Ocean Waves, 182
(P4) Torus Knot 6-around, 57, 57, 155
Single Strand Celtic Knot, 163
Snake Eyes, 205
Sophie’s Herringbone, 3, 113, 175
Symmetric Complete Seven-Node
Graph, 137
Three-Strand Celtic Knot, 72, 164
Trefoil Dissection, 113, 160
Zadie's Wave, 19, 185
Zigzag (3,2) Torus Knot, 61, 61, 63, 156
Wallpaper Group P3
Big Star of David, 229
Grapevine, 232
Hexagonal Grid, 166
Pinwheel Snowflake, 196
Pinwheel Star, 195
Pressed Berries, 49, 231
Star of David Twist, 228
Threefold Pinwheel, 230
Triangle Twist, 113, 227
Woven P3, 16, 226
Wallpaper Group P3M1, 104
Wallpaper Group P6
Rattan 6-around, 105, 234
Rattan 8-around, 235
Snowflake and Triangle, 233
Wallpaper Group P6M
Porcupine Pentagonal, 104, 145
Wallpaper Group PG
Gliding Vines, 87,218
Googly Eyes, 113, 217
Wallpaper Group PGG
Brick Walkway, 113, 222
Wallpaper Group PM
Four-Color Sawtooth, 113, 174
Shadow Boxes, 102, 102, 113, 220
Tricolor Zigzag, 113, 173
Yin-Yang Reflection, 706, 107, 169

Wallpaper Group PMG
Caged Zigzag, 113, 224
Wallpaper Group PMM
Bon Bon Checkerboard, 18, 113, 223

Repeat Length

3, Porcupine Pentagonal, 145

5, (P4) Torus Knot 6-around, 57, 57, 155

7, Irregular Hexagon, 46, 146

8, Escher (P,4) Torus Knot 10-around, 162

8, Trefoil Dissection, 113, 160

9, Equilateral Triangle 4-around, 42, 57,
57,138

10, Escher (P,2) Torus Knot, 113, 161

10, M6bius Band 6-around, 48, 48,
114,150

12, Herringbone Reflection, 113, 176

13, MObius Band 8-around, 48, 48, 114, 151

13, Star of David Twist, 228

15, Equilateral Triangle 7-around,
41,56, 139

15, Pentagon, 43, 144

16, Square 5-around, 141

16, Hexagon with Spiral, 47, 147

16, Viny Wave, 191

19, Threefold Pinwheel, 230

19, Squiggly (3,2) Torus Knot, 157

19, Pressed Berries, 49, 231

19, Triangle Twist, 113, 227

19, Zigzag (3,2) Torus Knot, 61, 61, 63, 156

20, Square 6-around, 45, 57, 142

21, Equilateral Triangle 10-around, 140

21, Heptagon, 42, 148

24, Shadow Boxes, 102, 102, 113, 220

24, Caged Zigzag, 113, 224

24, Tricolor Zigzag, 113, 173

24, Bon Bon Checkerboard, 18, 113, 223

24, Brick Walkway, 113, 222

24, Yin-Yang Reflection, 706, 107, 169

24, Aztec Wave, 113, 184

24, Four-Color Sawtooth, 113, 174

24, Googly Eyes, 113, 217

26, Sophie’s Herringbone, 3, 113, 175

30, Long Zag (P,3) Torus Knot, 61, 158

32, Octagon, 46, 47, 149

32, Square 10-around, 143

33, Diamond Zigzag, 19, 153

35, Tiny Flowers, 199

36, Greek Key, 221

39, Naptime, 84, 113, 171

39, Knotted Snakes, 65, 159

40, Gliding Vines, 87,218

43, Grapevine, 232

43, Rattan 6-around, 105, 234
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48, Woven Ribbons, 225

48, Four-Color Valentine, 167

48, Tricolor Wave, 188

50, Interlocking Vines, 87, 192

50, Jaguar, 200

52, Honeycomb, 22, 22-23, 49, 154

52, Four-Color Flowers, 87, 198

52, Snowflakes, 87, 197

56, Diamond Glow, 79, 168

56, Little Fishes, 203

56 (varies), Tessellation Evolution
Necklace, 80, 129, 214

57, Flying Z’s, 87,172

57, Woven P3, 16, 226

57, Hexagonal Grid, 166

57, Pinwheel Star, 195

57, Snowflake and Triangle, 233

60, Stained-Glass Diamonds, 49, 152

60, Five-Color Jigsaw, 170

63, Springtime, 219
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66, Tricolor Vines, 193

66, Zadie's Wave, 19, 185

66, Wave Rider 5-around, 187

66 (varies), Tricolor Transformation
Necklace, 129, 211

68, Skating Key, 236

70, Escher Fish, 74-76, 74-76, 87, 204

70, Snake Eyes, 205

70 (varies), Fish Transformation, 129, 206

72, Crashing Waves, 85, 189

72 to 86 (varies), Waves and Diamonds
Transformation Necklace, 88,
129, 129, 208

73, Rattan 8-around, 235

74, Greek Columns, 190

76, Pinwheel, 194

78, Tridelta Wave Rider, 186

80, Rough Sea Waves, 183

84, Ocean Waves, 182

84, Harlequin, 77, 165

91, Big Star of David, 229

95, Coils and Diamonds, 178

111, Pinwheel Snowflake, 196

126, Hooked Harlequin, 181

135, Escher Lizards, 87, 201

136, Complete Seven-Node Graph,
36, 136

140, Four-Color Escher Birds, 202

152, Symmetric Complete Seven-Node
Graph, 137

152, Three-Strand Celtic Knot, 72, 164

158, Foamy Wave, 179

165, Ultimate Swirl, 177

210, Music, 237

320, Escher Foamy Wave, 180

399, Single Strand Celtic Knot, 163

672 (or 756), Sophie’s Original Seven-Color
Torus, 33, 33, 134

840, Seven-Color Torus (Ungar-Leech
Map), 31, 34, 34, 135




Subject Index

Italic page numbers indicate pages with illustrations.

A

Abstract Algebra: A First Course, 93
Adams, Colin C., 53,72
Adjacency, 29
Adjacency graph, 30
Adjacency map, 32-33, see also Map
Alignment, 5, 19-21

at the join, 124
Appel, Kenneth, 28
Axis of reflection, 91-92, 96, 98-99
Axis of glide reflection, 98-101

Baker, Sophie, see Sommer, Sophie
Bead crochet graph paper, 7-10, 15, 62,
247-250
Bead crochet, how to, 111-129
Bead crochet rope, 121, 121-123
BeAd Infinitum, 87
Bead plane, 7
coordinates, 62
designing in the, 14-16
geometry of, 97, 101
infinite, 6-7
reflections, 101-102, 102
rotations, 101-102, 7102
symmetries, 101-103
symmetric caterpillar, 45
wallpaper groups in, 97, 101-104
Beaded Deformation: From Kepler’s Star to
the Night Sky, 87-88
Beads
finishes, 114
removing, 116
sizes, 113-114, 114
types of, 113-115, 114
belcastro, sarah-marie, xv, 31
Bertoglio-Giffin, Judith, 5, 33, 39, 39
Bordhi, Cat, 48-49
Borromean Rings, 71
Braid, 69, 71
closed braid representation, 71, 71
representation, 69, 71, 71

Brunold, Damian, 4, 22

“Building a better bracelet: Wallpaper
patterns in bead crochet,”
103-104

C

Carter, Nathan, 93

Caterpillar design, 39, 39, 42-43, 43-45
asymmetric, 39, 39, 46
symmetric, 44, 48

Celtic knot, 72, 72

Center of rotation, 91-92, 96, 98-101

Chain, initial, 178

Chain stitch, 117

Circumference, 3-7, 12-17, 16, 42, 51, 51,

111-112

changing, 15, 18, 35, 40-42, 56, 62-63,

79, 116
and choice of thread, 114-115
and detail, 76
and pattern selection, 111-112
and repeat length, 106-107
of rope, 24, 51, 56, 59
and slope of torus knot, 62-63, 62
and tiling, 83, 86
and twisting, 23-24, 45, 56
and vertical alignment, 21
and vertical columns, 40-41
Closing, 3-4, 19, 123-126, 123-126
Coloring tessellation patterns, 80-82,
81-82
Columns, 40-41, 40, 77,102
Complete graph, 29, see also K, graph
Coordinates
bead plane, 62
torus, 51
Correcting bead-stringing mistakes, 116
Correcting crochet mistakes,
122, 122-123
Crochet chain, initial, 3, 116, 116-118
Crochet cotton, 114-115
Crochet gauge, defined, 112,
see also Gauge

Crochet hook, 111

sizes, 116

technique, 116-120, 127-128
Crossings, 69, 70,71, 72

links, 30-31, 35-36

minimum number of, 69, 71

torus knots, 51-53
Crowe, Donald, 91, 94, 95, 97
Crystallographic Bracelet Series, 104
Crystallographic notation, 97, 98-101

D

Deformation of polygonal tilings, 75-79,
76, 80
Delica beads, 36, 36,43, 65, 113, 133
sizes, 113, 114
Design challenges, xv, xix, 24, 28, 31, 40,
53,69, 75, 87,95
Designing, in the bead plane, 14-16
Devlin, Keith, 93
Diagonal chart
left-leaning, 5, 7, 76-78, 77-78
right-leaning, 5, 76-78, 77-78
Diagonal layout, 5, 47, 47
Digon, 40, 40, 42, 44
Double row, 19-20, 19-20, 21
Doubly periodic pattern, 9-10, 17
Drop beads, 114, 114

Edge, see Link
Equilateral triangle, 39-41, 41
Escher, M.C., 47,75
Escher bracelet, 47, 47, 75, 80, 87, 87
defined, 75
designing, 75-76, 76
Escher designs, 74-88, 74, 80, 82,
85-86, 104
Escher transformations, 87-88, 129,
207-216, 207-216
Evolving a design, 83-86, 85, 86,
104-107, 105



Explorations in Topology: Map Coloring,
Surfaces, and Knots, 28

Extracting a repeat from a bead plane
diagram, 17-19

F

Faceted bracelets, 49
Fastening off, see Closing
Fedorov, Evgraf, 95
Figure-eight knot, 68, 71, 71
Fisher, Gwen, 87-88, 114
Five-Color Theorem, 28
Flexibility
of bead crochet rope, xix, 19, 23, 43, 45,
53,56, 58, 112, 120
of sizing, 113
topological, 4, 19, 28
Frane, Alison, xv
Four-Color Conjecture, 28, see also Map,
coloring
Four-Color Theorem, 28, 31, 37, 82
Fractional twist, see Partial twist
Frieze patterns, 95
Fringe beads, 114, 114
Fundamental group, 14
Fusion Beads website, 113

G

Gardner, Martin, xv
Gauge, 112-113, 116
Gay, David, 28
Gemstone beads, 114, 114
Geometric cross sections, 38-49, see also
Pattern Index
Glide reflection, 91-92, 92-93, 96, 97-101,
106, 106, see also Translations
axis, 98-101
decomposable, 96, 97
indecomposable, 92, 96-97, 97-101,
106, 106
Goldstine, Marian, 88, 111
Graphs, 29-31, 30
adjacency, 30
coloring, 30, 30, 31, 35, see also Map,
coloring
complete, 29-31
K, 29, 31
K, 29
K, 31, 31,35-36, 36
Ke, 31
K,, 29-32
Grid lines, using, 13
Gross, Jonathan L., 30
Group theory, 93
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Gutermann topstich thread, 114
Guthrie, Francis, 27-28

H

Haken, Wolfgang, 28
Hall, Rachel Wells, xv
Heawood, P. J,, 28
Heptagon, 39-40
Heptagonal cross-section bracelet, 42
Hexaflexagons, xv
Hexagon, 39-40
Hexagonal grid, 78, 102
Hexagonal tiling patterns, 5-8, 11, 13, 17,
46,79, 83,83,112
Hockey-stick translation, 8, 13, 17-18, 18,
24,44-46,62,75-76, 76,77,
78-82, 83, 83, 85, 85, 91
constraint on symmetry, 103, 103
rule, 7-9, 9,37
Horizontal translation, 14, 15, 83, 83
How to bead crochet, 111-129
Hull, Tom, xv
Hyperbolic crochet, xv

Identified edges or points, 4, 5, 53, 59

Infinite plane, 6, 7, 92

Infinite plane pattern, 92, 94

Invisible join, see Closing

iOrnament software, 95

Isosceles triangle, 39-40

International Union of
Crystallography, 94

J

jbead software, 4, 22, 33

Join, 48, 69, 123-126, 124, 126

Joining, 116, 124, see also Closing

new thread, 127-129, 127-128

Joint Mathematics Meetings (JMM), xv, 66,
103, 104

Journal of Mathematics and the Arts,
3,103-104

K

Kaplan, Craig, 88

Kempe, Sir Alfred, 28

Kepler's Star weave, 87

K., graph, see Graphs

Knot, 69
Celtic, 72, 72
left-handed and right-handed, 69, 70
minimum crossing number, 69, 70

trefoil, 69, 70
torus, 36, 48, 48,50-66, 57,61, 65,
69,113
Knot Book, The: An Elementary Introduction
to the Mathematical Theory of
Knots, 53,72
Knot theory, 69, 71-72
connection to genetics, 69
connection to molecular
chemistry, 69
Knotplot software, 57, 52, 52, 58, 70, 72
Knotted bracelets, 68-72

L

Lattices, 13-14, 83-84, 84-85, 86
Layouts, 5-7, 6, 10-12, 11,62, 133-237
diagonal, 5, 5,7,12, 15, 17-18, 17,32-34,
42,44,76, 86
flat, xi, 4-7,6,9-13, 12,15, 17
valid, 6, 10, 12, 12, 40
vertical, 5,7,9-10, 12, 13, 14-22, 15, 17,
20-21,33-35, 34, 40-44, 40, 43,
59, 60, 62-63,77-78, 77
zipper, 5
Left-handed bead crochet, 8, 111
Lehman, Linda, 114
Link (edge), 29-31, 29
torus, 54
Link (knot), 71, 72
Linked bracelets, 68-72
Longitude line, of a torus, 51, 51

M

Making Mathematics with
Needlework, 102
Map, 27-31, 27, 31
coloring, xii, 27-30, 29
cylinder, 82
sphere, 29, 29
translating spherical into planar, 28-29,
29,44
torus, xv, 28-31, 31-32, 34-35, 82, 82,91
Ungar-Leech, 31, 34-35, 34-35
Mathematics: The Science of Patterns, 93
M.C. Escher: Visions of Symmetry, 75
Meridian line, of a torus, 51, 57
Metal beads, 113
Mills College Summer Mathematics
Institute, xv
Minimum crossing number, 69, 70
Mirror image, 57-58, 57
Mirror reverse, 8, 48, 79
Mistakes in bead stringing,
correcting, 116




Mistakes in crochet, correcting, 122, 122-123

Méobius band, 47-48, 57,75
Méobius strip, see Mobius band
Mébius Strip Il, 47-49

Munroe, Randall, 47

N-around, see Circumference;
Pattern Index
N-around bracelet, generalizations about,
8,40-41,40,76-77,77
Natural spiraling, of a pattern, 53
Needle
beading, 111
big-eye, 114,115
collapsing-eye, 174, 115
sewing, 111, 115, 123
stringing, 174, 115
tapestry, 111, 123
Night Sky weave, 87
Nodes, 29-31, 29
Nonagon, 39-40

(o)

Octagon, 39-40

P

Parallelogram, 5, 18, 34, 49

tiling, 76-78, 77-78
Partial repeat, 56-57
Partial twist, 20, 20, 56, 56
Patchwork

combined with twists, 63-66

and torus knots, 58-63, 58, 59, 60, 64
Patterns, see Pattern Index
Pentagon, 39-40
Pentagonal cross-section bracelet, 42
Physical twist, 19-21, 19

limits of, 22-24

in torus knot construction, 53-58
Plane crystallographic groups,

see Wallpaper groups

Pélya, George, 95
Polygons

irregular, 46

regular, 39-40, 39, 46-47, 47, 55,56, 78
Pony beads, 111, 113
Prime number, 21
Proofreading patterns, 115
Puzzles, design, see Design challenges

Q
Quilting, 75, 84, 85

R

Reflection, 91-96, 92, 93, 94, 97-103,
102-103, 105-106, 106
axis, 91-92, 96, 98-101, 105-106, 106
Regular division of the plane, 75-76, 76
Regular polygons, 39-40, 39, 46-47, 47, 55,
56,78
that tile an infinite plane, 96, 96
Relatively prime numbers, 51-52, 52
Removing beads, 116
Repeat
length, 4-5, 10, 12-18, 12-16,
18,20-23, 20-21, 37, 42,
86, 106-107, 112, see also
Pattern Index
partial, 56-57
pattern repeat, 3-5, 7,9-10, 13, 17-18,
17-18,20-23, 23, 56, 75, 82-83,
94-95
translation, 9-15, 15, 91
Repetition rules, 7,9-12
Richter-Gebert, Jirgen, 95
Right-handed bead crochet, 8, 111
Rigid motions of the plane, 91
Ripping out stitches, 122, 122-123
Rocaille bead, 101-102, 113
Rotation, 24, 84-86, 85, 91-92, 93, 96,
98-101, 105, 105
center of, 91-92, 96, 98-101
order of, 95-96, 95, 98-101

S

Sanderson, Brian, 95

Saracino, Dan, 93

Scharein, Robert, 52,72

Schattschneider, Doris, 75

Seed beads, 36, 39, 47-43, 56, 58-59,
63, 70,88,97,101, 102, 104,
11,113, 114

Seed pattern, 85-86

Senechal, Marjorie, xi

Seven-Color Theorem, 31-33

Seven-color torus, xii, xv—xvi, 26-37, 32-34,

see also Pattern Index
in different media, 31-32, 31-32

Seven-node graph bracelet, 34-36

Shepherd, Mary D., 102

Simulating twists, 22-23, 23

Single crochet stitch, xv, 115

Size of bracelet, 112-113, 112, see also
Circumference, of rope

Slip knot, 1716117

Slip stitch, 39, 115, 119-120, 121, 122,
123,127

Slope, related to torus knot, 52-53, 59,
61-63, 64
Snowflake tiling, 79-80, 80-82, 87
Socha, Katherine, xv
Software, bead crochet, 4-5, 22, 52
Sommer, Sophie, xi—xiii, xv-xvi,
32-33,32-34,37, 37,39, 39,
41,42
Spherical map translated to planar map,
29,29, 82
Spine beads, 40-41, 41, 43, 46-47
Spiraling, of a pattern, 53
Spitzer, Sandy, 54
Square, 39-40
Star figure, 54
Star polygon, 54-55, 55, 58, 58, 59, 66
Starr, Norton, 31, 32, 33-34, 34
Starting, 3, 116-120, 116-120
Stitches, 115
single crochet, 115
slip stitch, 115
String, see Thread
Stringing, 3, 113-116
Stringing order, 12, 17-18, 18
extracting from a pattern, 17
Structural twist, 19-21
Structurally aligned bracelets, 19-22, 20
Supplies, necessary, 111
Swarovski crystals, 36, 36
Symmetries of Culture: Theory and Practice
of Plane Pattern Analysis, 91, 94,
95,97
Symmetries of Things, The, 95
Symmetry, 14, 20-21, 39, 44-45,
45,56, 62, 83-86, 85, 86,
91-92, 93
glide reflection, 91, 92, 96, 98-99
reflection, 91, 92
rotational, 91, 92, 95-96
translational, 91-94, 92-94
Symmetry group, 93-95, see also
Wallpaper groups
“Symmetry Patterns in Cross Stitch,” 102
Symmetry structure, 91, 93
flowchart, 96-97, 98-99

T

Taimina, Daina, xv
Tessellations, 75-76, 75-76
of a cylinder, 75
hexagonal, 78-79, 78-79
of nonpolygonal tiles, 79-82, 85
see also Tilings
Thought experiment, 4, 53, 54, 56, 58-59
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Thread, 111, 114-115, 133
choice of color, 115
securing ends of, 124, 126
topstitching, 114-115
Tiles, generated from lattices, 82-83
“Tiling the Torus,” xi
Tiling, xi, 9-12, 13-14, 75
by pattern layouts, 10-11
polygonal, 75-76, 77-78, 79
snowflake, 79-80, 80-82, 87
symmetric, 83-87
Toho Aiko beads, 113, 133, see also
Delica beads
Toothpick, as an aid, 130, 120, 120
Topological Graph Theory, 30
Topology, xi, 4, 5, 27, 28, 54, 69
algebraic, 14
Torque limit, of bead crochet, 56
Torus, xi, 4, 71
coordinates, 51
construction from a square, 4
link, 54
longitude line, 51, 57
map, see Map, torus
meridian line, 51, 57
Torus knots, 50-66, 69, 71
Patchwork construction method,
58-63, 58, 59, 60, 64
see also Pattern Index
Torus Travelers’ Journey, The, 66, 66
Transformation necklaces, 88, 129, 129,
207-216, 207-216
Translations, 7, 8,9, 10, 12-15, 17, 18, 24, 35,
41,44-46, 62, 75-86, 92-94, 96,
97, 103-106
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hockey-stick, see Hockey-stick
translation
horizontal, 14, 15, 83, 83
independent, 9-10, 85
repeat, 9-15, 15, 91
Treasury of Magical Knitting, A, 48
Trefoil knot, 51-53, 52, 68, 69, 70,71, 72
Triangle, 39-40
equilateral, 39-41, 41
isosceles, 39
Triangular Bead Crochet Ropes, 5, 33, 39
Tucker, Thomas W., 30
Turnour, Florence, 87-88
Twist, 19-24, 124, 124-125
fractional, see Partial twist
limits of, 23-24, 24
natural, 58-63
partial, see Partial twist
physical, 79, see also Physical twist
structural, 19, see also Structural twist

U

Ungar-Leech map, 31, 34-35, 34-35,
see also Seven-color torus

Universal covering space, 14

Unknot, defined, 69

Using Star Polygons to Understand Cyclic
Group Structure, 54

Vv

Vertical alignment by K, 20-21, 22
Vertical layout, 7

compared to diagonal layout, 77
Vertically aligned design, 19-22

Vertices, see Nodes
Visions of Symmetry, see M.C. Escher: Visions
of Symmetry
Visual Group Theory, 93
Visual proof, xii
Visualization
cropping, 22-24
problems with, 6-7

w

Wallpaper bracelets, designing, 104-107
Wallpaper groups, 90-107, 104

defined, 94

design constraints, 102-103, 703-104

flowchart for, 95, 97, 98-99

identifying, 95-97

see also Pattern Index
Wallpaper pattern

defined, 94

flowchart, 95, 97, 98-99

rotation order, 95-96, 95, 98-101
“Wallpapers in cross stitch,” 102
Washburn, Dorothy K., 91, 94, 95, 97
Wilson, Geoffrey, 31

X
xkcd, 47

Y

Yackel, Carolyn, xv, 31

Y4
Zipper layout, 5-6
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Mathematics

Crafting Conundrums

Puzzles and Patterns
for the Bead Crochet Artist

“This book is a collection of wonderful tools for mastering geeky and beautiful projects that in
a tactile and creative way explore notions like universal covering space, four color theorem,
wallpaper groups, and seven color tori that unfairly seem to be reserved for mathematicians
only. Crafters, puzzle lovers, and pattern designers will be delighted to find clear instructions
on how to do the projects. | hope that non-crafting mathematicians will also peek in the book
to see how mathematical concepts can be expressed in amazingly visual ways. It is indeed
written with experience and love of both math and craft.”

—Daina Taimina, Adjunct Associate Professor of Mathematics, Cornell University, and Author
of Crocheting Adventures with Hyperbolic Planes

“This is a must-have book for anybody interested in bead crochet bracelets and cords. It
provides a perfect balance between the design and construction of bead crochet, and the
underlying mathematics that dictates what is and is not possible within this art form.”
—Gwen Fisher, beAd Infinitum, www.beadinfinitum.com

Designed for crafters, puzzle lovers, and pattern designers alike, Crafting Conundrums:
Puzzles and Patterns for the Bead Crochet Artist provides methods, design challenges,
and patterns that offer a springboard for creative exploration. Experienced bead crochet
crafters looking for a project may choose to skip ahead to the pattern pages and begin cro-
cheting from an abundance of unique, mathematically inspired designs. Those wishing to
design their own patterns will find many useful tools, template patterns, and a new methodol-
ogy for understanding how to do so even without using math. Puzzle lovers without previous
knowledge of bead crochet will also find ample inspiration for learning the craft. Supplemen-
tary materials, including demo videos, are available on the book’s CRC Press web page.
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